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1. Abstract 

For a population that grows according to the rules of a pure birth process, the 

probability that it will reach a certain size by timet is usually derived by solving a system 

of differential equations. Students may find an alternative derivation based on elementary 

statistical properties useful. We present a solution that relates a pure birth process with a 

pure death process. Although the concept of integration is required, no actual integration 

is needed. Familiarity with some basic properties of the geometric, exponential, binomial 

and negative binomial distributions is assumed. 

Keywords : Birth death process, Yule process, Exponential Distribution. 

2. Introduction 

The pure birth process (PBP) was first proposed by Yule (1925) to describe the 

rate of evolution of a new species within a genus. In this process, every individual 

(species) acts independently of the others and gives birth to a new individual at a random 

time which follows the exponential distribution with parameter A. We can assume that 

individuals do not die or that each birth consists of a splitting of an individual. The 

population size at time t is the number of births up to time t plus the initial population 

size n0 . It is also assumed that births occur instantaneously and that offspring are ready to 

reproduce immediately. Although the set of assumptions is unrealistic, it is the simplest 

stochastic process which involves reproduction by "splitting" (see Renshaw,1991). 

3. Methodology 

3.1 Initial Population size equal to 1 

Consider first a population that starts with one individual. In order to compute the 

probability that the population size at timet will ben in a PBP, we must calculate the 

probability of having n - 1 births before time t. In contrast with the pure death process 

(PDP) case, calculating this probability is rather difficult, since in a PDP, deaths are 

independent and the probability that a single individual is alive at timet is n en-1(1- 0), 

where 0 is the probability that an individual dies before timet. Moreover, in a PBP, the 

number of individuals by time t could be in theory any positive integer, and we think of 

events as not so independent, since the i th individual must have born before the i + 1st. It 
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will be shown that this is a fallacy and that the logic behind the two processes is very 

simple. 

LetPx:Y(t) denote the probability that the population becomes of size Y by time 

t starting from size X. If X < Y this is a PBP and conversely if X > Y we have a 

PDP. Notice that "by timet" implies that the population needes to became of size Y at 

some timet' prior tot and remained that size during t- t'. Define also fx:y(t) as the 

density function "time to reach size Y starting from X". We can write P1:n(t) as 

where the last term inside the integral is the probability that once the process reached size 

nat time t2, no births occured in (t- t2). Notice f1:2 (tl) is the pdf of an exponential 

random variable with parameter A, therefore we can rewrite the last expression as 

follows: 

(1) 

On the other hand, Pn:I (t) can be expressed as: 

where the last term reflects the fact that no deaths occur once the population reaches size 

1. Since fn:n-l (t1) is the pdf of an exponential random variable with parameter n>., the 

last expression can be rewritten as: 
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Now, notice that f2:n(t) is the pdf of the sum of n- 2 exponential random 

variables whose rates are 2,3,4, ... ,n- 1, and similarly fn-1:1 (t) is the pdf of the sum of 

n - 2 random variables whose rates are n - 1, n - 2, ... ,2. It turns out that 

In (2) apply the change variable t 1 = t - t2 and t2 = t - t1 and we get: 

that is 

(3) 

Having developed a simple relationship between the processes, we now derive the 

formula for Pn:1(t).In a PDP, the probability that a given individual is alive by timet is: 

1- F(t) = e->-t 

Since deaths are independent events, the number of individuals alive by time t is a 

binomial random variable with parameters nand e-At, then 

In view of (3), we finally arrive to an expression for P1:n(t): 

(5) 
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3.2 General Expressions 

Now we use the properties of some well known distributions to generalize (5) to 

an initial population size n0 . From (5) we can see that the number of individuals at timet 

in a PBP that starts with a single individual follows a geometric distribution with 

parameter e->..t, therefore, the number of individuals at timet starting from n 0 is the sum 

of no of these random variables, which is a negative binomial random variable with 

parameters n 0 and e->..t. Hence: 

( 
1

) 
n-no 

n- ->..t ->..t Pn0:n(t) = e (1- e ) no < n 
no -1 

On the other hand, (4) can be generalized to any kin [0, n] since the number of 

individuals alive is binomial; thus 
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