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Abstract 

The effects of density-dependence on the coevolution of virulence in 
superinfection models is the theme of this paper, The qualitative dynam
ics of three host-pathogen systems are studied numerically in a virulence
superinfection parameter landscape. It is shown numerically that pathogen's 
competitive exclusion, coexistence and host population extinction depend 
heavily on the population dynamics of the host population Reported pat
terns of diversity found using models without demography; are insufficient to 
account for the coevolutionary dynamics under defined selective pressures. 
Specifically, virulence and superinfection in the presence of a variable host 
population give rise to threshold values that divide (as switches) the regions 
of coexistence and competitive exclusion. Tight coevolution on a variable 
host population may occur within regions of parameter space that are not 
connected. We present our numerical results using a simple host-disease 
system where a homogeneous host population is invaded by two competing 
pathogen strains (partial analytical results will be published elsewhere). 

Keywords: Superinfection, competitive exclusion, evolution of virulence, 
theoretical ecology, mathematical epidemiology. 



......................................................................... 2 

1. Introduction 

Virulence v and superinfection u are two of several factors capable of ex
plaining the observed coexistence of pathogenic parasitic strains in host pop
ulations. The population dynamics of host populations may dramatically 
affect the likelihood of coexistence or pathogen diversity-as measured by 
the shape, size, and properties of regions in parameter space. We argue in 
this article that reported patterns of diversity found using models without 
demography, are insufficient to account for the coevolutionary dynamics un
der defined selective pressures. Specifically, virulence and superinfection in 
the presence of a variable host population give rise to threshold values that 
divide (as switches) the regions of coexistence and competitive exclusion. 
Tight coevolution (Janzen, 1980; Levin and Castilla-Chavez, 1988)on a vari
able host population may occur within regions of parameter space that are 
not connected. 

We present our results using a simple host-disease system where a ho
mogeneous host population is invaded by two competing pathogen strains. 
In general, in the absence of superinfection (here a measure of the competi
tive ability of the most virulent strain) competitive exclusion of one strain is 
the generic outcome (Bremerman and Thieme, 1989; Castilla-Chavez et al. 
1995). Levin and Pimentel (1981) were the first to show that the inclusion 
of superinfection makes coexistence possible. 

The results of this article are supported by extensive numerical simu
lations. The partial analysis of Model (1) can be found in 11ay and Nowak 
(1994) while the partical analysis of Models (2) and (3) can be found in 
Mena-Lorca et al. (1995). The characterization of the qualitative effects of 
frequency- and density-dependent population dynamics on disease dynamics 
as a function of superinfection ( u) and virulence ( v) is a rather formidable 
challenge. However, the numerical simulations of this article give a qual
itative picture that seriously questions the value of using frequency and 
density-independent models to study the evolution of virulence. 

2. Competitive systems and superinfection 

Superinfection ( u), virulence ( v) and demography are mechanisms re
sponsible for the competitive exclusion and/or coexistence of two related 
pathogen strains. Existence and stability of equilibria are viewed as functions 
of virulence and superinfection in a two-dimensional parameter landscape in 
various situations. 

It is known (Nowak and May, 1994; May and Nowak, 1994) that popula
tions that do not change under demographic preassures can be characterized 
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in 0'-V landscapes by connected regions of coexistence. However, the dynam
ics of populations subject to variability in density may be characterized by 
qualitatively different 0' - v-landscapes. In this article we assume, follow
ing Bremerman and Thieme (1989) and Nowak and May (1994) that the 
reproductive numbers of each competing strain are convex functions of the 
virulence, specifically we let the per-capita infection rate f3i = C?.Vd ( m + vi) 
(with Ci and m parameters that regulate the concavity of of f3i as Vi changes), 
that is, an optimal value of the reproductive number associated with the 
survival of each competing strain is achieved at the virulence Vi = vi > 0 
for each strain, respectively. This (convexity) assumption supports coexis
tence (for populations with reproductive numbers satisfying R1 > R2 > 1) 
of strains with superoptimal virulences, that is, with virulences satisfying 
v* < v1 < v2 (Bremerman and Thieme, 1989). 

In the following sections we look at the shape and stability properties 
of regions of the 0'-V landscape for various models. The models may have 
equilibrium points with both pathogen strains present. We call these 'co
existence' equilibria. However, 'coexistence' equilibria may be unstable or 
locally asymptotically stable. 

2.1 Superinfection with constant population size 

We review first qualitative properties of the two-strain version of the 
model used by May and Nowak (1994) and Tilman (1994). Let S, I1 and 
I 2 represent the densities of hosts, infected individuals with strain 1, and 2, 
respectively. The equations that govern the dynamics of these variables are: 

S' = k -uS - (31SI1 - f32Sh, 

I~ = f31Sfr- 0'(32I2I1 - (u + vi)I1, 

I~ = f32SI2 + (]' fJ2I2I1 - ( u + v2)I2, 

(1) 

where k denotes the recruitment rate explicitly defined in May and Nowak 
(1994) by k = u(I1 + I 2 ) + v1Ir + v2J2 ; f3i is the per capita infection rate 
associated with strain i; u is the natural mortality rate; and Vi is the virulence 
or disease-induced mortality due to type i pathogen. It is assumed that 
v2 > v1 . Studies of this two-strain superinfection model or its generalizations 
have been carried out recently (see Nowak and May, 1994; May and Nowak, 
1994; Tilman, 1994). Figure 1 shows the region of coexistence predicted 
by the constant population size Model (1) of May, Nowak and Tilman. All 
parameters are fixed except 0' and v2. 
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The main features of the u- v-landscape are: 

1. An increase in superinfection (u) widens the connected region of coex
istence. 

2. For large values of u, the lower bound for the virulence v2-below which 
coexistence is no longer possible- is practically constant. 

3. For small values of u a narrow band appears where coexistence is possible 
(only Figures 1 and 5). 

4. The two regions of coexistence described in 2.) and 3.) can be clearly 
separated in the proximity of a value u* (in the case of the examples 
shown in Figures 1, 3 and 5 we have u* ~ 0.5). 

5. In the region of coexistence Ro, the basic reproductive number of the 
disease (as a whole), is always greater than 1. 

In this model, each pathogen's basic reproductive number is given by 

In the u-v landscape of Model (1), the region to the left of u* = 0.5 contains 
only unstable equilibria; the region to the right contains only asymptoti
cally stable equilibrium points. In Figures 2.1 and 2.2 we show computer 
simulations of Model (1) for each of these cases. Figure 2.1 illustrates the 
case of a typical outcome in the region to the left of u*. Strain 2 eventually 
excludes strain 1 from the system regardless of the relatively high level of 
cross-immunity (measured by the small value of u) that the latter induces 
in the host. To the right of u*, there is stable coexistence with strain 1 
achieving higher prevalence than its competitor (as expected, the roles may 
shift as u increases further). 

In summary, the region of coexistence where the equilibria are asymptot
ically stable is connected and to the right of u*. To the left of u* competitive 
exclusion of the first strain takes place. 

In the Appendix we write explicit formulae for the equilibria of (1). 

2.2 Superinfection with constant recruitment 

The inclusion of demographic dynamics in the host population produces 
regions of coexistence in parameter space that differ from those found in 
Nowak and May (1994; Figures 1 and 2). We introduce variability in the total 
population and hence, the contact rates that describe the infection process 
are now frequency dependent. The population dynamics are governed by the 
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following set of equations: 

S' = k- uS- f3tSitfN- {32SI2/N, 

I~ = f3tSitfN- uf32I2IdN- ( u + Vt)It, 

I~= f32SI2/N + uf32I2It/N- (u+ v2)I2, 

(2) 

where N = S + It + I2 and all other parameters are defined as before with 
k a fixed constant. 

Model (2) with constant recruitment rate k (but variable population 
size) has the strain-specific basic reproductive rate given by (Bremermann 
and Thieme, 1989) as 

In the absence of disease or when virulence is negligible (vi = 0), the total 
population N tends asymptotically to the value kju. In this case, Models 
(1) and (2) are equivalent. However, if virulence significantly affects the 
natural demographic processes in the host population the equivalence breaks 
down. Figure 3 shows the parameter landscape for this situation-N not 
constant. This landscape possesses the same features listed in the previous 
section except for item 3. To the right of u* (u* ~ 0.5), the upper bound of 
the coexistence region increases less steeply than in the previous case but it 
only contains asymptotically stable equilibrium points. However, for values 
of u < u*, there is no coexistence region with asymptotic stability. In this 
region the total population becomes extinct. Thus, in the region where the 
constant population size model ( 1) predicts persistence of the disease (only a 
single strain present), the variable population model (2) predicts extinction 
of the host population. There is, therefore, a net reduction in the region 
where the disease may successfully (e.g. invade and remain in the host). In 
Figures 4.1 and 4.2 we present the asymptotic trends of the interaction. As 
expected for u < 1 (induccion of cross-immunity) the first strain has higher 
prevalence. For u > 1 (increased susceptibility to secondary infections), 
I 2 > It. In the Appendix we show explicitly the formulae for the equilibria 
in this case. 

2.3 Superinfection with density-dependent mortality 

A significative qualitative change in the region of coexistence is observed 
when density-dependent recruitment and mortality are assumed. Let X, Y1 

and Y2 be the susceptible, infective hosts with strain 1 and infective hosts 
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with strain 2, respectively. The model that we use in this case is (see Mena
Lorca et al., 1995): 

X'= bN- B(N)X/N- fJ1XYi/N- fJ2XY2/N, 

Y{ = fJ1XYi/N- uf32~Yi/N- B(N)Yi/N + v1Yi., (3) 

Y; = fJ2SY2/N + uf32~Yi/N- B(N)~/N + v2~, 

where all parameters are defined as before except that N =X+ Yi + ~' 
B(N) = (u + rN/K)N with r = b- u the per-capita birth rate, and K 
the carrying capacity. Density-dependent mortality is proportional to the 
number of individuals in each compartment. Model (3) assumes logistic 
density-dependent mortality but our results are valid for more general ftmc
tions (Mena-Lorca et al., 1995). 

Using the rescaled variable variables 

and 

X 
8=N' 

t = Tjr, ~i = f3dr, Vi= vifr, u = ujr, N = N/K, 

we obtain the system: 

I~ = (~18- u~2I2- u- v1- 1 + v1I1 + v2I2 )I1, 

I~= (~28 + u~2I1- u- v2- 1 + v1I1 + v2I2 )I2, (4) 

N' = (1- N- v1I1- v2I2)il, 

where (1 = d/dT). The basic reproductive numbers for each strain in Model 
(3) are 

Both depend on the demographic parameter r. Figure 5 shows the parameter 
landscape for Equation (4). The area associated with coexistence is smaller 
relative to the range of values of u and v2 used in the two prior examples. 
Moreover, this region is qualitatively different. To the right of u* (u* ~ 0.5 
in Figure 5), the upper bound of the region is roughly below the correspond
ing lower bound of the two previous cases; to the left of u*, the region of 
coexistence is wider than in Figure 1 but now it is a region of asymptotically 
stable equilibria. Competitive exclusion does not occur and the population 
does not become extinct. Figure 6.1 uses parameters in the region to the 
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left of u*. 12 reaches higher prevalence than 11 but cross-immunity support 
coexistence of both strains. To the right of u* the same trend observed in 
Model (2) occurs, namely density-dependence gives rise to au- v parameter 
landscape with two disconnected regions where coexistence is stable. 

3. Conclusions 

Virulence and superinfection play an essential role on the tight coevolution 
of pathogens whose fate is intimately connected to that of the host (Levin 
and Pimentel, 1981; Mena-Lorca et al. 1995). Tight coevolution often has 
a dramatic effect on the long-term interaction of hosts and pathogens and, 
hence, it must be a key mechanism in the study of the evolution of virulence. 
Ignoring host demography reduces the effect of tight coevolution. 

Mechanisms of patch generation and extinction (the selection factors) 
constitute the main difference among the models in Section 2. In Model(1) 
patch replacement is the only process capable of generating new patches. 
Extinction is crucially coupled with recruitment as there is no net increase 
or decrease in total number of patches. Model (2) assumes that external 
disturbances generate new patches ( cf. Levin and Paine, 1974 and Paine and 
Levin, 1981). Disturbance (patch production represented by k) and patch 
extinction (represented by v1 and v2) are independent of each other. Model 
(3) assumes a feedback in patch production rate whereby new patches are 
produced as function of the total number of patches present. In Models (2) 
and (3) the total number of patches may increase or decrease depending upon 
the balance between patch generation and extinction (recruitment rate and 
virulence). 

In the v2 - u parameter landscape represented in Figures 1, 3 and 5, 
we can identify two main regions: one of low virulence-low superinfection 
(located in the lower left-hand side) and another of high virulence-high su
perinfection (upper right-hand side). In all cases the high virulence-high 
superinfection region contains asymptotically stable equilibria where both 
strains coexist. However, for patch production feedback and patch replace
ment models (Eq. (1) and (3) respectively) the corresponding low virulence
low superinfection regions have different properties. Model (1) supports the 
competitive exclusion of the inferior competitor occurs; Model(3) supports 
the coexistence of both strains. Apparently in this low virulence-low super
infection region, feedback production of patches increases diversity whereas 
replacement mechanisms produce monospecific epidemics. In Model (2)
external generation of patches-, this same parameter region cannot sustain 
a host population (the host is extinct). 
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Models designed to study the evolution of virulence of viruses such as 
HIV in terms of diversity indexes and superinfection (Nowak and May, 1994; 
May and Nowak, 1994) must evaluate their conclusions after the effects of 
tight coevolution have been incorporated through selective coefficients of 
recruitment, invasion and mortality. 

In the ecological context Tilman (1994) developed a patch occupancy 
model to study coexistence patterns of species. His model shares the same 
mathematical structure of that of Nowak and May (1994) and assumes that 
the number of patches available for colonization is constant. If selection is 
going to play a role in this system, Tilman's assumption of a fixed number 
of patches demands (mathematically), instantaneous recruitment that com
pensate for the differences between colonization and extinction rates of each 
species. 

The models described in this work are 'simple' in the sense that they 
have as few compartments as possible. They constitute the 'simplest' versions 
of the multicompartment models studied by Tilman (1994) and Nowak and 
May (1994). Their multicompartment models fall within the larger class of 
models often referred as metapopulation models. The analysis that supports 
the biological conclusions of Tilman and Nowak and May can be handled 
relatively straightforward because it assumes that each species or each host 
population is at equilibrium, that is, the total population size of host types 
(Nowak and May, 1994) or patches (Tilman, 1994) are unchanged throughout 
the process. The incorporation of selective effects makes the mathematical 
study of multispecies models for coevolution very difficult. However, simu
lations can be very useful in our qualitative study of multispecies models. 

It is necessary to incorporate selective factorsto gain further understand
ing of the evolution of virulence. Spatial models are needed to better under
stand host-parasite coevolutionary interactions (Dwyer et al., 1990). Models 
that take into account spatial heterogeneities may be fundamental for under
standing plant-disease dynamics (Durret and Levin, 1994). However, while 
dealing with plant disease dynamics one must also consider the role of diffuse 
coevolution (Erlich and Raven, 1969) for which metapopulation models may 
be too simple of an approximation. 
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Appendix 

In this section we give the formulas that were used to compute the 
parameter landscapes of Figures 1, 3 and 5. 

A.l Equilibria of the constant size model (1) 

For Model (1) the total population was rescaled to N = 1. Thus we 
have 

The stability analysis of these equilibria in a neighborhood of a = 1 is given 
in May and Nowak (1994). 

A.2 Equilibria of the constant recruitment model (2) 

For Model (2) we use the equivalent system that inculdes the equation 
for the total population size N: 

and the equations for 1I and 1z given in (2). Of course we haveS= N -11-12 . 

The formulae for the equilibrium densities are 

N* = · f3z k a (f3I - f3z + f3z a) , 
(f3z a + vi - vz) (f3I u - f3z u + f3z O" u - f3z VI + {31 vz) 

12 = _ k (- ({31 f3z O") + f3I u - f3z u + f3z O" u - f3z vi + f3z O" VI + f3I vz). 
(f3z a+ VI - vz) (f3I u- f3z u + f3z O" u- f3z VI + f3I vz) 
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The local stability analysis of this model is not presented here since our objec
tive is to compare different parameter landscapes and associated asymptotic 
dynamics. Extensive numerical explorations of the model were, however, 
performed to support our claims. 

A.3 Equilibria of the density-dependent model ( 4) 

Using the change of variables of section 2.3, the basic reproductive num
bers of each strain are given by 

Let 

R·- ~i 
~-1+u+~\ 

Then the coexistence equilibrium points are given by 

where fr = 1- fhli- vzl2, with Ji, 12 representing the first and second 
components of the vector. 

The stability analysis of this model can be found in Mena-Lorca et al., 
1995). 
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Figure Captions 
Figure 1 v2-o- parameter landscape of Model (1). We considered infection 

rates of the form f3i = cvi/(m+vi). Parameter values are: c = 5, v1 = 0.5, 
m = 1, and u = 0.01. The value of vi is varied between 0.51 and 4; 
o- is varied between 0.01 and 2. For Model (1), the coordinates of the 
equilibrium are not defined for o- = 0. The boundary lines of the regions 
describe 1i = 0 and 12 = 0. In the shadowed area 0 < 1i ,12 :::; 1. The 
plot was obtained using the command Contour Plot of Mathematica with 
the option PlotPoints set to 100. Further smoothing of boundary lines 
was obtained with Matlab. 

Figure 2 1.) Numerical simulations of Model (1) with parameter values: 
c = 5, v1 = 0.5, m = 1, u = 0.01, o- = 0.25 < o-* and v2 = 1.5. 
The values of the (unstable) equilibrium coordinates are 1i = 0.299048 
and 12 = 0.272381. 2.) Numerical simulations of Model (1) with the 
parameter values: c = 5, v1 = 0.5, m = 1, u = 0.01, o- = 0.9 > o-* 
and v2 = 3.25. The values of the (stable) equilibrium coordinates are 
1i = 0.349386 and 12 = 0.112446. In both plots time units are arbitrary. 

Figure 3 v2-o- parameter landscape of Model (2). We considered infection 
rates of the form f3i = cvi/(m+vi)· Parameter values are: c = 5, v1 = 0.5, 
m = 1, k = 1 and u = 0.01. The value of vi is varied between 0.51 and 
4; o- is varied between 0.01 and 2. The boundary lines of the regions 
describe N* = 0, 1i = 0 and 12 = 0. In the shadowed area 0 < 1i, 12, N*. 
The plot was obtained using the command ContourPlot of Mathematica 
with the option PlotPoints set to 100. Further smoothing of boundary 
lines was obtained with Matlab. 

Figure 4 1.) Numerical simulations of Model (2) with parameter values: 
c = 5, v1 = 0.5, m = 1, u = 0.01, o- = 0.25 and v2 = 1.5. The values 
of the equilibrium coordinates are 1i = 0.635083 and 12 = 0.204394. 2.) 
Numerical simulations of Model (2) with the parameter values: c = 5, 
v1 = 0.5, m = 1, u = 0.01, o- = 1.2 and v2 = 3.25. The values of the 
equilibrium coordinates are 1i = 0.138377 and 12 = 0.28113. In both 
plots time units are arbitrary. 

Figure 5 v2-o- parameter landscape of Model (4). We considered infection 
rates of the form f3i = cvi/(m +vi)· Parameter values are: b = 2, c = 5, 
v1 = 0.5, m = 1, and u = 0.01. The value of Vi is varied between 1 and 4; a

is varied between 0.01 and 1.4. The boundary lines of the regions describe 
N* = 0, 1i = 0 and 12 = 0. In the shadowed area 0 < 1i, 12, N* :::; 1. 
The plot was obtained using the command ContourPlot of Mathematica 
with the option PlotPoints set to 100. Further smoothing of boundary 
lines was obtained with Matlab. 
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Figure 6 1.) Numerical simulations of Model (4) with parameter values: 
b = 2, c = 5, v1 = 0.5, m = 1, u = 0.01, u = 0.01 and Vz = 2.47v1. The 
values of the equilibrium coordinates are fl* = 0.584017, 1i = 0.00200165 
and 12 = 0.336018. 2.) Numerical simulations of Model (4) with the 
parameter values: c = 5, v1 = 0.5, m = 1, u = 0.01, u = 1 and v2 = 
5.3v1. The values of the equilibrium coordinates are fl* = 0.906135, 1i = 
0.0942871 and 12 = 0.0176307. In both plots time units are arbitrary. 
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