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Abstract: A model for the transmission dynamics of Chagas' disease is
presented. The structure of the model is similar to that of the RossMacdonald model for malaria but includes an extra infectiow compartment {chronically ill individuals} which is characteristic of Chagas' dis.ease. In Chagas' disease there are two main forms of transmission which
are transmission by blood transfwion and by vector biting. The former is
more common in urban environments and the latter is characteristic of
roral settings. The characteristic long chronic (frequently asymptomatic)
stage of Chagas' disease is potentially a risk factor that could enhance disease transmission by blood transfwion. The model evaluates the relative
importance of both transmission modes in populations of constant size.

1 Introduction
Chagas' disease is a major health problem in several countries of Latin America.
The World Health Organization reports this tropical infection (Vector Biology
and Control Division, 1989; Training and Information Guide, 1987) as the second
major endemic disease after malaria. The population at risk reached around 64
million in 1984 {Zeled6n and Rabinovich, 1981) with around 24 million of infected
individuals . Chagas' disease or American trypanosomiasis was discovered by
Carlos Chagas, a brazilian physician, around 1909 {Chagas, 1911). Chagas linked
the disease with the insect that transmits it and identified other alternative
routes of transmission as, for example, congenital transmission. Chagas' disease
is characterized by the existence of one acute short duration stage and a chronic
stage that can last from 10 to 20 years {Texeira, 1979; Coura, 1988; Garcia
and Bruckner, 1988) After this long period the disease can develop into three
forms. One is the asymptomatic form in which individuals are seropositive for
T. cruzi antibodies but present no noticeable symptoms and appear to be in
good health; the second form is characterized by the presence of megasyndromes
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or pathological hypertrophy of portions of the digestive tract such as colon and
esophagus. Finally, the third form develops into miocarditis (Coura, 1988) and is
the one with the worst prognosis: individuals affected by this form have a mean
life expectancy of two years once diagnosed (Texeira, 1979). The existence of the
long chronic stage enhances the likelihood of transmission by blood transfusion
especially through tha asymptomatic patients. Also, if the infectivity period of
a chronically infected human hosts is comparable to the average duration of the
stage, then very high values for the basic reproductive number of the disease may
be achieved; that is, the number of expected secundary infections that arise from
the introduction of an infective individual in a completely susceptible population
is larger that one.
Previous published modeling efforts for the understanding of Chagas' disease
dynamics exists but are scarce. Rabinovich and Rossell (1975) developed a computer model to study strategies for vector control but were not concerned, as we
are here, with the long term behavior of the disease on the human population
nor with the relative weight of the two main forms of disease spread and dynamics: vectorial and blood transfusion transmission. Two more recent papers
by Busenberg and Vargas (1989) and Velasco-Hernandez (1991a) are the immediate predecessors of this work. Both of these models analyze disease dynamics
in human populations whose net growth rate is significantly different from zero
and, furthermore, evaluate the relative importance of vectorial and horizontal
transmission in the existence and stability of endemic states. Both, however,
aggregate in only one compartment the acute and chronic stage.
In this paper we analyze models in which the total host population remains
constant in time. From the perspective of the real phenomena this is only a
very rough approximation of what actually happens in the field since Chagas'
disease develops during long periods of time, 20 or more years, in which the
total population may indeed increase. One very important aspect of the disease
that has been left out is the existence of very important alternative hosts or
reservoirs ofT. cruzi. Chagas' disease thrives in rural areas of tropical America
where human settlements are in close contact with the natural environment.
Several wild animal species exist that can carry the parasite without the need
of intermediate human hosts as well as domestic or semidomestic animals that
serve as links between the so-called wild and human cycles of Chagas' disease
transmission (Coura, 1988).

Nevertheless, the models that assume constant population and do not involve
other alternative hosts, can be helpful in the description of general trends of the
disease, especially the relative importance of vector transmission as opposed to
horizontal transmission by blood transfusion, and the effect on the two different
infective stages on the existence and stability of endemic and disease-free stages.
Let x denote the susceptible proportion of the total population, let y denote the
proportion of individuals who are infected and in the acute phase, and let z to
represent the proportion of those individuals who are infected but in the chronic
phase of the disease. Also consider the vector population divided into susceptible
and infected proportions, this last denoted by v.

,,

An epidemiological model for the dynamics of Chagas' disease

3

We assume that both populations remain constant and so 1- v is the proportion
of susceptible vectors, and 1 - 11 - z = x, the proportion of susceptible hosts.
Let a represent the number of bites per vector per host per unit time; b is the
proportion of infected bites that give rise to infections; c is the proportion of
bites on infective host that give rise to infections in the vector; m is the ratio of
vector numbers to host numbers; 6 is the vector per capita mortality rate; JL is
the proportion of new acute infections that develop into chronic cases; h is the
horizontal transmission rate; 0 is the removal rate of chronic individuals. The
model is closely related to the Ross-MacDonald model for malaria (Aron and
May, 1982) and assumes that encounters between infective vectors and susceptible host occur at random.
Define a := abm, and {3 := ac. For easier reference we write the model with the
parameters just defined. The equations of the model are as follows

y(t) = a(1- y( t) - z(t))v(t)- p,y( t) + hz( t)(1- y( t)- z(t)),
-'Ct) = p,y(t)- Oz(t),
.J( t) = {3(11( t) + z( t))(1- v( t)) - 6v( t)

(1)

with initial conditions y(O) = YJ, z(O) = .zo, v(O) = t.b, and the two auxiliary
conditions x( t) = 1 - y( t) - z( t) and w( t) = 1 - v( t), where w( t) denotes the
susceptible vector population.

2 Analysis of the vector-host model
Notice that in this model we are assuming that the fraction of infected vectors
is in direct proportion of the fraction of total infected hosts. This means that
the fraction of infected vectors is small when compared with the total vector
population. If the proportion v were near one, then a more appropriate model
would be to consider v as constant, as in the model analyzed by Busenberg and
Vargas (1989). It is a simple task to verify that the model is well-posed and that
all solutions are non-negative and, thus, biologically feasible.
Setting the right hand sides of (1) equal to zero we derive the following set of
equations that determine the values of the coordinates of the equilibria which
we denote by ( 1f, z*).
v=

--:-'{3>.%
--___,-6 + {3>.z

v=

--'---:"'~--:--.:...

z(O-h+h>.z)
a(1- >.z)

(2)

The second equation in (2) is monotonically increasing in the region where v > 0
and has an asymptote at z = >.- 1 < 1. Furthermore, when ()- h ~ 0 a unique
positive solution to (2) exists and, in the case where h < 0, solution exists only

(d_\) > 1 which gives average the

if the basic reproductive number Ro = 8
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number of infections that an infective individual produces during the length of
the infectious period, when introduced in an all susceptible population. Thus we
have the following

Result 1 If (} ~ h, then there always ezist a unique endemic equilibrium
point (tf,y*,z*) for system {1). If(}> h the unique endemic equilibrium

t!-\)

point ezist only if the quantity Ro = 6

is larger than one.

In order to study the stability of the endemic (non-trivial) equilibrium point we
use the equivalent system of equations which is obtained by using x = 1 - y- z,

31 = -(axv + hzx t = p(1 - x - z) -

(Jz],
(Jz,

J = /3(1- x)(1- v) - 6v
The Jacobian matrix evaluated at the equilibrium point is

A= (

-ow• - kz•
-p
-(1 - t!)/3

-hx* + (}

-ax•

-(6+p)
0

0

)

-/3(1 - x•) - 6 '

To determine sufficient conditions for the local asymptotic stability of the endemic equilibrium we look at two cases. The first requires h;:: (J, and assumes
that the condition
(3)
and the condition

x•

< v•

x• < z•

(4)

hold. Note that h-1 can be interpreted as the average length of the infectious
period of a blood donor. Thus, condition (3) says that in equilibrium, the susceptible fraction of the population must be greater than the proportion of chronically
infected individuals removed from the population during the average duration
of infectiuosness of a blood donor. If (3) and (4) are satisfied, then -A is a nonnegative matrix. Moreover, its eigenvalues have non-negative real part as can
be easily verified from the corresponding characteristic polynomial. holds. Thus,
conditions (3) and (4) together imply local asymptotic stability of the endemic
equilibrium point (which is the only equilibrium of the system by Theorem 1).
Notice also that, in the case

.

(}

= -,
h
one can guarantee the existence of an eigenvalue >.:• = 6+p. of -A, that satisfies
>..•;:: 1>..~:1, where >..1: is the kth eigenvalue of the matrix.
X

We now consider the case (} > h. From Theorem 1 we know that, in this case,
there exist two equilibria for the model, namely the disease-free and endemic
states. When (} > h, the structure of A is lost and the stability analysis is not so
simple. In particular in the stability analysis of the endemic equilibrium point
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(x•, z•, tf) the multitude of combinations in which the parameters in the model
appear prevent a meaningful biological interpretation if one tries to analyze the
problem by directly using the expression for Jl{,, for example. This fact, made it
necessary to provide an extra condition to be satisfied by A in order to give a
clear, although not so general, result on the stability of the equilibria.
This extra condition can be justified biological without difficulty and it is not
really a restriction within the context of disease dynamics. We require p. > 0.
Recall that p.-1 represents the average length of the acute stage which is very
small compared with the length of the chronic stage o- 1• Thus the inequality
holds. We have the following
Prediction 1 Suppose that condition (4-) holds. Then, if 0 > h and p. > 0,
the endemic equilibrium point of {1) is locally asymptotically stable. If 0 ~
h, the unique equlibrium point (x•, z•, tf) is locally asymptotically stable.
A£, a summary of the previous results we present the following result whose proof
can be found in Velasco-Hemandez (1991b).

Result 2 For system (1) the behavior of the equilibria is as follows:
1. When 0 ~ h the origin is unstable and the non-trivial positive equilibrium point is locally asymptotically stable if condition (4.) holds.
2. When 0 > h we have two cases.
2.1 If Jl{, > 1 the unique non trivial equilibrium point is locally asymptotically stable, if condition {4) holds, and the origin is locally unstable.
2.2 If Ii{) ~ 1 the origin is the unique equilibrium point of the system
and it is locally asymptotically stable.

3 Introducing removal rates in both infective stages.
A variant of the previous model can be constructed to evaluate and compare the
qualitative behavior of the spread of the disease when both infective stages are
aggregated and collapsed into only one. Assume that the horizontal transmission
of the disease is not only dependent of the contacts between chronically infected
and susceptible individuals, but also depends on the contacts between individuals in the acute stage and susceptibles. Assume also that there is removal of
individuals from the acute stage of the disease. This removal rate can actually be
thought as a rough approximation to the phenomenon of superinfectivity (Aron
and May, 1982). It seems that infected individuals in endemic regions are subject to continuous attacks by vectors thus potentially producing a new infection
when one is already present. This process could be the cause of the onset of the
acute stage of the disease in endemic areas (Coura, 1988). Here we assume that
the rate of reversion to the uninfected state (Aron and May, 1982) is equal to
the rate of removal of chronically infected individuals, given by 0. Keeping the
meaning of the parameters used in the previous model we have
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y( t) = av( t)(1- y( t) - z( t)) - py( t)
+ h(y(t) + z(t)){1- y{t)- z(t))- 9y(t)
:I( t) = py( t) - 9z( t)
tf( t) = {3 (y( t) + z( t)) {1- v( t)) - c5v( t).
By adding up the first and second equations, we reduce the model to a two
dimensional system by defining i( t) = y( t) + z( t), the total proportion of infected
individuals regardless of the stage of the diSease. Thus we have

t"(t)
tf( t)

= (1- i(t))(av(t) -hi(t)]- Oi(t)
= {3i( t)(1- v( t)) - 6v( t).

(5)

We proceed now to the analysis of the asymptotic behavior of (5). First we
compute the feasible equilibrium points ( ,.. , v*) which satisfy:

.0- h(1- f)
v =' a(1- t} '
{3i
v= 6+{3{

(6)

It can be proved (Velasco-Hernandez, 1991b) that for model (5) an endemic
equilibrium always exists and it is unique provided 9 ::::; h. H, on the contrary,

Ro = c5(~ h) is greater that one, there exist a
unique endemic equilibrium point. If, on the contrary, Ro ::::; 1 then the only

(} >

h we have two cases: If

equilibrium point is the disease-free state.
The quantity Ro is the basic reproductive number for these model equations.
Notice that the only difference b.'ltween this reproductive number and the one
for model (1) is that there is no dependence on the parameter A that measures
the net recruitment rate of individuals into the chronic stage of the disease. In
this new variant of the model the spread of the disease depends essentially on
the vector population.
The stability analysis of the model is straightforward and guaranties the global
asymptotic stability of the endemic equilibrium when it exists. The reader is
referred to Velasco-Hernandez {1991b) for the technical details of the proof.

Prediction 2 The asymptotic behavior of (5) is as follows.
1. If(}< h then the origin is unstable and the unique non-trivial equilibrium is globally asymptotically stable.
2. If 9 ~ h then there are two cases.
2.1 If Ro > 1, then the origin is unstable and the unique endemic equilibrium point is globally asymptotically stable.
2.2 If Ro ::::; 1 then the disease-free equilibrium is globally asymptotically
stable.
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4. Endemism in the absence of horizontal transmission
In rural communities where Chagas' disease is endemic, the most important
mode of transmission is through vector biting {Zeled6n and Rabinovich, 1981;
Coura, 1988). Transmission through blood transfusions can be considered absent
although its importance must be considered in urban or semi-urban locations
(Pinto Dias and Brener, 1984; Pinto Dias et al., 1985; Platero et al. 1983). In a
later section we will analyze the case when horizontal transmission can not be
neglected and, for the moment, we take the rate of horizontal transmission of
the disease to be zero.

For the case h = 0 in model (1) the basic reproductive number is

o{3>..

Ro := -e6'
with>..:= 1+ ~.

J.£

In terms of the reproductive number, the endemic equilibrium point has compo.

~~

y• = (Jz"fp,,

z•- (} ( Ro- 1 )
- p,>.. Ro +PI>.. '

•
t1

=

Ro-1
II{, + o:)..j (}'

where {3 = ac and a = abm are the effective biting rates of triatominae, that
is, those bites that effectively transmit the disease to the vector and to the host
respectively.
Notice also that model (1) assumes that deaths occur only at the end of the
cltronic infective period and that eventually all individuals with the acute Chagas' infection will enter the chronic phase. ·
From the expressions for the endemic equilibrium we can give the following
interpretation of the parameter relations involved.
1.
is the effective number of bites per vector which transmit the acute Chagas' infection to humans during the length of the chronic phase of the disease.

i

2.

~ is the effective number of bites per vector which transmit the infection to
susceptible vectors during their life span.

3.

~ is the fraction of humans already in the chronic stage of the disease that

J.£

die during the length of the acute infection.
4. >..-l = -9 J.£ is the proportion of hosts in the acute stage on the disease that

+J.£

transfer to the chronic phase during the total duration of Chagas' disease.
We rewrite now

Ro as
Ro =

(i) (~'; 9 ) ( ~).
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Recall that if Ro > 1 there exist a unique endemic equilibrium point that is
asymptotically stable. The condition on Ro is equivalent to require that the slope
of the isocline dy/ dt = 0 evaluated at the origin be less that the slope of the

/3:

isocline dvfdt = 0 also evaluated at the origin. Thus, large values of
would
guarantee the existence of endemic equilibria for Chagas' disease. It is worth
noting that the ratio

/3: is related to the S<H:alled 'MacDonald stability index'

(Aron and May, 1982) developed for malaria. In Chagas' disease the 'stability
index' depends not only on the biting rate but on the infectivity of those bites
to the host population.
It is very likely, as some authors (Coura, 1988, Schoefield, 1980, 1982) point out,
that the infectivity of triatominae bites is actually enhanced by the frequency
with which a susceptible individual is bitten during his/her life, and that the
biting frequency depends on both the infectivity of individual bites and on the
number of triatominae allocated in average to the human host, i.e., it depends
on the ratio m. This effect is not included in the present model.

4.1 Some quantitative results on the threshold parameters
Visits by this author to endemic zones in the State of Oaxaca, Mexico, indicate a
rough conservative estimate of 5 vector bugs per individual although in regions
of Brazil, Argentina and Chile the number of bugs per individual fluctuates
between 20 and 45 (Rabinovich and Leal, 1979). &timates of the biting rate
are reported by Rabinovich and Leal (1979). Bites do not necessarily indicate
infection. Recall that the insect must defecate near the feeding spot in order
to have some positive probability of infection. Thus we count only actual blood
meals as our 'effective bites'. Since vectors of Chagas' disease go usualy through
five nimphal stages (Rabinovich and Leal, 1979) before reaching reproductive
age, and a blood meal is necessary for individuals to moult, we take a = 6.
2

Since there can be roughly two generations of insects in one year then ~

= 18,

approximately. Now, assume that the mean length of the infectious period (1/ 8)
is 10 years. This renders
Ro =180m· b· c.
H b = c = 0.1, then Ro = 1.8 which indicates existence of a stable endemic
state. However, as it can be easily seen, Ro is very sensitive to changes in be.
For example, if be= 0.1, then Ro = 18m which is a very high value for the basic
reproductive number. Notice that the equivalent 'stability index' of MacDonald

in malaria, ~, is high but does not determine the type of endemic level that the
disease reaches in the host population. In fact, the major contribution for the
very high value of Ro in Chagas' disease comes from the length of the chronic
stage and from the ratio m. Notice that if (1 1 = 2 in the above example, then the
value of Ro = 1.8m would be reduced provided be= .1. Thus, early detection of
chronic cases together with vector control measures aimed to reduce the biting
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rate a and the ratio m would eventually lead perhaps not to the eradication
of the disease but to its confinement within socially acceptable low prevalence
values.

5. Endemism in the presence of horizontal transmission
In urban centers Chagas' disease is transmitted by the vector and by contam-

inated blood through blood transfusions (Coura, 1988; Pinto Dias and Brener,
1984). Migratory movement of the rural poor from highly endemic areas tourban centers has increased during this decade in most countries of Latin America
bringing with it, in regions close to Chagas' disease endemic zones, an increase
in the incidence and prevalence of the infection in, urban populations. (Cairnbra, 1988; Coura, 1988; Pinto Dias et al., 1985). Lack of jobs, failed or inexistent
agrarian reform, and other complex socio-economic causes are factors motivating
this migratory movements. Since we are concerned here only with the mechanisms of transmission of Chagas' disease, we focus on the impact that these
migrants have on the troubled health care systems in Latin America and, in
particular, to the increasing risk of infection that results from T; cruzi contaminated blood banks. In fact, lack of adequate screening of blood samples have
increased the chances of Chagas' disease transmission by blood transfusion. In
this section we analyze some quantitative consequences of horizontal transmission on the endemic levels predicted by model (1).
Recall that we have two cases predicted by model (1) as outcome of the interaction vector-host-blood transfusion. First, if the rate of blood transfusion h is
greater that or equal to the removal rate of chronically ill individuals 9, then
the endemic equilibrium always exist an it is unique and globally asymptotically
stable: there is no hope of eradication. The stated condition means that the
fraction of susceptible host becoming infected during the average duration of
the chronic phase must exceed or be equal to one. When this fraction goes below
one we are in the second situation predicted by the model. In this case there
exist the possibility of eradication although the value of Jl{1 is even higher than
when h = O, all other parameters held equal. The 'stability index' 136>... remains
the same but the other factor involved changes to (}~h.
Thus, in the presence of blood transfusion it is not only important to have early
detection of chronic cases and vector control programs but also to diminish h.
In fact, even if all acute cases are detected promptly, which makes the duration of the chronic phase practically zero, the endemic level of the disease will
persist unless h drops nearly to zero. Thus, in urban regions, Chagas' disease
transmission must be independent of vector transmission in order to persist in
the population.
Model (1) assumes that the removal rate of the acute stage is zero. However
this is not a realistic assumption (Coura, 1988; Texeira, 1979). In fact, the onset
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of the acute infection is produced after continuous reinfections of the parasite
(Coura, 1988). This phenomenon was modeled, as the reader may recall, by the
introduction of a removal rate in the acute stage (superinfectivity) in the system
of equations (5). Model (5) also introduces the effect of horizontal transmission
but now the recruitment rate of new infecteds by this transmission mode depends
in both infective stages.
There are no major changes on the behavior of the net reproductive number
~ as compared with the case studied in the previous section. The only change
is the removal of the factor ;\ from ~ which is a minor modification since its
value is always very close to 1 within the range of parameter values feasible
for Chagas' disease. Thus, aggregating in one the acute and chronic stages (by
means of the introduction of the removal rate in the acute stage) does not affect
the net qualitative long term behavior of the disease.
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