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ABSTRACT 

A representation method is given for constructing completely general multidimensional (m ~ 2) 

joint distributions, given the marginals and a set of arbitrary bounded functions. Any existing contin

uous, discrete, or mixed type density function can in principle be represented in this manner, but a 

more useful application is the construction of new forms with specified characteristics, which is 

relatively straightforward. Proofs and examples are presented. 
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1. INTRODUCTION 

Multivariate distributions other than the multinormal or (a few) other standard forms have an 

intrinsic interest in distribution theory, as well as some utility in certain applications. For example, in 

stochastic simulation, and the attendent stochastic analysis, it can be useful to have a specified joint 

distribution of linked events. While there has been considerable effort in developing bivariate results, 

particularly in terms of expansions ( c.f. Johnson and Kotz, 1972), and some one-parameter "general" 

joint distributions have been offered (e.g. that of D. Morganstern (Plackett, 1965),; see also Far lie, 

1960; Gumbel, 1960; Plackett, 1965; Johnson and Kotz, 1972), there has been. little practical help in 

the construction of arbitrary distributions. For dimension greater than two, one must usually fall back 

on modified-:Pearson, or exponential-family, distributions. 

Recent theoretical and practical work on the epidemiology of sexually transmitted diseases 

(greatly fueled by the HIV I AIDS epidemic) has caused considerable attention to be paid to the 

problem of generating symmetric arbitrary bivariate joint density functions, where the marginals are 

known (for a review, see Castilla-Chavez, 1989, and Blythe et al. 19906). In that context the marginal 

density is the probability density function of sexual activity (new partners per unit time) in a human 

population, and the conditional density is a "mixing function"~ describing the probabilities of sexual 

contact between people of given activities. A nuinber of highly parameterized families have been 

suggested ( op. cit.), one of which (Blythe and Castilla-Chavez, 1989, Castilla-Chavez and Blythe, 1989) 

was soon extended to give an extremely useful result: a parameterized representation of all viable 

"mixing functions" was developed by Busenberg and Castilla-Chavez (1989, 1990), Castillo-Chavez and 

Busenberg (1991). Results for homo5exual and heterosexual populations, including age-structure effects, 

are now available ( op. cit.), as well as arbitrarily structured populations (Blythe 1990), and these are 

just starting to be implemented in practical disease models ( c.J. Blythe et al. 19906). 

The existence of the Busenberg/Castillo-Chavez representation of the symmetric bivariate case 

(activity x activity), and partially symmetric four-dimensional case (activity x activity, age x age), 

suggested that a further extension of these ideas might have utility outside epidemiology. It has been 

demonstrated (Blythe et al. 1990) that applications exist in affinity I association analysis, and in stat

istical distribution theory. This paper enters the latter area, by extending the representation thereom to 

arbitrary dimensions, and disposing of the requirment that the joint distribution be symmetric. It is 

shown that any (real) joint distribution may be constructed using this method, given knowledge of the 

marginals, and a set of arbitrary non-negative functions. 
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2. MULTIDIMENSIONAL JOINT DENSITY FUNCTIONS 

Let m ~ 2 be the number of dimensions, i.e. the number of i?dependent random variables. Let 

fj{:xi) be the marginal probability density function of the ith variable, with domain set Qi = {Xj : fi(4) 

> 0}, and let Qi E <!R. exist. Clearly, fi{xi) = 0 for Xj ~ Qi. Note that 4 may thus be of continuous, dis

crete, or mixed type, depending only upon the continuity of Qi. 

Let f ;(x11x2, ••• ,~) be the joint probability density function of the m variables, with domain set 

QJ= { x1,x2, ... ,~ : 4 E Qi, i E [1,mH,·, Again f ;{x1,x2, ... ,~) = 0 for (x1,x2, ... ,~) ~ Q1. A valid 

joint probability density function must satisfy 

and 

Also note that by definition, 

and 

(1) 

+oo I f;{u1,u2, ••• ,ui-l•Xj_,ui+l•····~) du1 ••• dui_1dui+1 •.• dum 
~=-00 

(2) 

+oo +oo I ... I f ;(u1, ... ,~) du1 ... d~ - 1 , (3) 
u1 =-00 ~=-00 

+oo I fi(ui) dui - 1 , i E [1,m]. (4) 
ui=-00 

We can then construct the following Thereoms (see also Busenberg and Castilla-Chavez 1989, 1990, 

Castilla-Chavez and Busenberg 1990, and Blythe et al., 1990): 
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Thereom 1. 

Let W'(x1,x2, ••• ~) : c:A,m-+c:R:.2m be an arbitrary function such that W'(x1,x2, ••• ,~) > 0 if 

(x11~, ••• ,~) E Q1, W'(x1,~, ... ,~) = 0 if (x1,x2, ••• ,~) ~ Q1, and 

[n ~(uj)Jx 
j :1: i 

= 1, (5) 

· for all i E [1,m]. Then 

{6) 

is a valid joint probability density function. 

We must show that Eq (6) satisfies Eqs (1)- (3). First, note that by the definition of the sets Qi, 

i E [1,m], we have 

> 0 if (xpx2, ••• ,~) E Q J 

= 0 if (x1,x2, .•• ,~) ~ Q1 
(7) 

and that by definition W'(x1,x2, ••• ,~) > 0 only for (x1,x2, ••• ,~) E QJ. Hence f jx1,x2, ••• ,~) as given 

by Eq (6) is positive for (x1,x2, ••• ,~) E Q1, and zero for {x1,~, ••• ,~) ~ Q1, so that Eq (1) is satisfied. 

Substituting Eq (6) into Eq (2), and extracting the ith marginal, gives 
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+oo +oo +oo +oo +oo 

fi(~) J J ... J J ... J 
u1=-00 ~=-00 llj_l =-00 llj+l=-00 ~=-00 

which by Eq (5) is equal to fi(~), so that Eq (2) is satisfied for all i E [l,m]. Using this result, we see 

· that Eq (3) is automatically satisfied by Eq (4). This completes the Proof. 

Thereom 2. 

All valid joint probability density functions may be represented in the form of Eq (6), given 

w(x1,x2, ... ,JCUt) as defined in Ther~m 1. 

Let f ;(x1,x2, ••• ,xm) be a valid joint probability density function on (x1,~, ••• ,y E Q1, with mar

ginal probability density functions fi(Jti) on Qi, i E [l,m]. Then define 

f ;(xl~, ..• ,xm) 

W(x1,x,, .• .,x,J = { 
m 

u~<~> 
J=l (8) 

0' 

We see at once that w(x1~, ... ,xm) > 0 for (x1,x2, ... ,xm) e Q1, and w(x1,~, ... ,xm) = 0 for 

(x1,x2, ... ,xm) '1. Q1. Substituting Eq (8) into Eq (5), we see that 

+oo +oo +oo +oo +oo 

f.(~·) j j ··· j j ... j f;{u1,u2, ... ,ui-l,xi,ui+I'···t'\n) du1 ... dui_1dui+I ... d'\n 
1 1 u1=-00 ~=-00 llj_1=-00 llj+l=-00 ~=-00 

.. 
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(9) 

by Eq (2). Hence 'lli(x1,x2, ... ,~ satisfies the constraints defined in Thereom 1, and the Proof is 

complete. 

Thereom 3. 

The function 'lli(x1 ,~, .•. ,~) may always be represented in the form 

m 

II~<Xj> 
'lli'(xl,~, .•. ,~) = j=~-1 + ¢(xl,x2, .•. ,~) ' {10) 

where 

+oo 

~(Xj) = J 
u 1=-oo 

and 

+oo 
V = J fk(uk) ~(uk) duk, (12) 

-00 

. for any k E [1,m], with 

¢(x1,x2, ... ,~) ;::: 0, (x1,x2, ... ,~) E QJ; 

and (13) 

¢(xvx2, ... ,~) = 0 , (x1 ,x2, ... ,~) ¢. Q J. 



-8-

We also have the restrictions Ri(Xj) ~ 0 (i E [1,m), Xj E Qi), V ~ 0, and 

(14) 

By definition, w(x1,x2, ... ,~) > 0 for (x1,~, ... ,~) E Q1, so that it will always be possible to 

find a set of functions that are less than W at every point in (x1,x2, ••• ,~) E Q1. We may generate 

these functions arbitrarily using ei(Xj) ~ 0 on (x1,x2, ••• ,~) E Q1 , zero elsewhere, such that 

m 

w(x11x2, ••• ,~> ~ II ej(Xj) . (15) 
j=l 

Then, introducing a function ¢(x1,x2, ••• ,~) ~ 0 ((x1,x2, ••• ,~) E Q1, zero elsewhere) as the difference 

between the lower bound of Eq (15) and the value of w(x1,x2, ••• ,~), we may represent w(x1,x2, ••• ,~) 

in the form 

m 

w(x1,x2, ••• ,~> = II ej(Xj) + ~<x1,x2, ... ,~) , 
j=l 

m 

(16) 

for all (xl,x2,·· .,~). If we now multiply both sides of Eq (16) by n ~(Xj) ' and integrate over all X·, 
. j=l J 

j =I= i 
j =I= i, we are left with ei(Xj) outside the multiple integral, so that upon rearranging, we see that ei(xi) 

must satisfy 

, i E [1,m] , (17) m +oo 
jU _J00~(uj) ej(Xj) duj 

jjti 
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where the ~(~) are as defined in Eq {11). A final multiplication by ~(Xj), and integration over ~' 

reveals that 

so that we may write 

fi 
i=1 

m-1 
=V . 

Hence we may write the product 

= 

~-1 

regaining, through Eq {16), Eq {10) for w(xvx2, ••• ,~),and the Proof is complete. 

Corollary 1. 

{12) 

{13) 

{14) 

From Thereoms 1 - 3 it follows that all multivariate joint probability density functions 

f ;(x1,x2, ••• ,~) may be represented in a single generic form, given the m marginal densities fi(~), and 

arbitrary non-negative functions ¢(x1,~, ••. ,~): 

(15) 
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with (x1,x2, ••• ,JSn_) E QJ, and Ri(xi) and Vas given in Eqs (11) and (12), respectively. 

Remark 1. 

Because we have defined our formulae in (x1,x2, ••• ,JSn_) E QJ, Eq (15) covers continuous, discrete, 

and mixed distributions. For purely discrete distributions, however, it is usually more convenient to 

deal directly with sums; the alterations required in the definitions of the Ri(xi) and V are trivial. 

Remark 2. 

Because the representation thereoms involve only a lower bound on ~(x1,x2 , ••• ,JSn_), the result Eq 

(15) should be true whether 

is bounded or not. 

3. NON-UNIQUENESS OF THE REPRESENTATION. 

It is clear that <P(x1,~, ... ,JSn_) has more "degrees of freedom" than f jx1,x2, ... ,JSn_), being 

restricted only by inequalities, so that we may expect that there will be many <P(x1,x2, ••• ,JSn_) which 

will satisfy Eq (15), for given f jx1,x2, ... ,JSn_) and {~(JC_j)}. We can demonstrate that this is the case as 

follows. Say we have some w(x1,x2, ... ,~), and a <P(x1,x2, ... ,JSn_) which generates it, for given {fj(JC_j)}. 

If we wish to find a <P'(x1,~, ... ,~) which generates ~'(x1,x2, ... ,JSn_) = ~(x1,x2, ... ,JSn_), for all 

(x1,x2, ... ,JSn_) E QJ, we must have 

(16) 
yu-1 
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for all (x1,x2, .•• ,~) E Q1. There is (at least) one family of .P'(x1,~, .•• ,~), transformations of 

f/l{xl,x2, ••• ,~), such that Eq {16) is satisfied and w'(xl,x2, ... ,~) = w(xl,x2, ••• ,~): 

(17) 

This may readily be verified by substitution into Eq (16). In Eq (17), the upper limit on c keeps the 

R{(xi) ~ 0, as ~'(Je.i) = ~(JC.i) (t-en) if c = 1 then l/l'(x1,~, ... ,~) = w(x1,~, ••• ,~), while if c = 0 

then .P'(x1,x2, ••• ,~) = f/l(x1,x2, ••• ,y. Thus every f/l{x1,x2, ... ,Xm) which generates a specific 

W{zt,x2, ••• ,~) (and hence a specific f jx1,~, ••• ,y ) may be transformed into another, slightly 

larger, f/l(x1,x2, ••• ,y which generates the same w(x1,x2, ••• ,~). It is interesting to consider the 

outcome of repeating this transformation. If we start with some f/l(x1,~, ••• ,~) and its generated 

'l'(x1,x2, ••• ,~), say t/J(o) and '1', and denote by t/J(k) the 1/1 obtained by iterating the map Eq (17) k 

times, keeping c constant, then we have 

(18) 

This is a geometric series, so we may write at once that 

{19) 

or 
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~(k+l) =em W + (1- em) ~(k) ' (20) 

so that that ~(k) -+ w ask-+ oo. Inverting Eq (19), we get a decreasing series 

so that we may establish that 0 < ~'(x1,x2 , ... ,~) < 1 , by one step of this inverse recurrence, if 

(21) 

for some 0 < fJ < 1, and (x1,x2, ••• ,~) E QJ. Hence, if we start with~ outside [0,1], then provided ~hat 

we can find c such that the inequality (21) is satisfied, then a single transformation gives us a ~1 in 

[0,1]. For purposes of parameter estimation (Blythe et al. 199la) it would be useful to know if a 

0 ::; ~1 ::; 1 always exists. 

3.1 Independent Joint Density 

A case of interest is the independent form of joint probability density function, 

m 

f jxl,x2, ... ,~) = IT~(~) . {22) 
j=l 

Thereom ,4. 

For 0::; ~(x11x2, ••• ,~)::; 1, all joint probability density functions of the form Eq (22) arise from 

~(x1,x2 , ••• ,~) which are given by 

m 

~(x1 ,x2 , ••• ,~) = 1- II wj(~), 
j=l 

(23) 
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First, define the non-negative function 

so that 

and 

+OO 

Oi(Xj)::: J 
u1::-oo 

Then, noting that Eq (22) requires 

+oo 

V = j fi(ui) Oi(ui) dui , any i. 
-oo 

(24) 

(25) 

(26) 

(27) 

(28) 

we substitute Eq (26)- (28) into Eq (15), to see that Eq (28) requires that the w(x1,x2, ••• ,~) satisfy 
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Clearly Eq (29) implies that w(x1,x2, ... ,~) is separable, i.e. 

m 

w(x1,x2, ••• ,~) = IT wj(~) , 
j=l 

so that Eq (24) follows, and the Proof is complete (see also Blythe et al., 1990). 

4. EXAMPLES. 

4.1 Bivariate Distributions. 

(29) 

{30) 

Of particular interest is the bivariate case (m = 2) of Eq (15). Here the marginals are fx(x) and 

fy(y), and the joint density function is fj(x,y), given by 

. +oo +'I' x,y 
[ 

Rx(x) Ry(y) "'( ) ] 

f ;(x,y) ~ fx( x) fy(Y) }oo fx( u) Rx( u) du ' (31) 

where 

+oo 
Rx(x)= j fy(v)(1-¢(x,v))dv, _(32) 

-00 

and 
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+oo 

Ry(y) = j fy(u) ( 1- ,P(u,y)) du (33) 
-:-00 

(note that the denominator in Eq (31) could equally well be in terms of theY-variables). This result is 

implicit in that of Busenberg and Castillo-Chavez (1990) for "two-sex mixing". 

ExampleJ. 

A useful particular case (Blythe and Castillo-Chavez 19906, Blythe et al. 1990) is the so-called 

"diagonal" result when ,P(x,y) is given by 

,P(x,y) = c5(x-y) a +(1- c5(x-y)) b, (34) 

where 0 ::5 a, b ::51, and c5(z) is a Dirac delta function. Then Eq (31) is simply 

f./ )-f ( )f--' >[{1-b-(a-b)fx(Y)}{1-b-(a-:b)fy(x)} ( ) } (35) 
J,x,y -X x Y\Y . 1-b-(a-b) S . +c5(x-y) a+ 1-c5(x-y) b 

where 

+oo 
S = j fx(u) fy(u)du • 

-oo 
(36) 

(Note that x andy appear, in Eq (35), as the argument for the other marginal density function. Dep

ending on the domain of ea,ch marginal, this is how mixed distributions can arise even when the margin

ala are continuous). The use of delta functions with continuous marginals means that we must be 

careful in the choice of a and b, as R( ·) must be non-negative; from Eq (35), we see that this implies 

(1-b) { } (a-b) ~MAX SUP{fx(x)},suP{fy(y)} , (37) 
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so that we require a ;::: band b ::/= 1. For example, if both fx{x) and fy(Y) are given by f(x), a normal 

distribution with mean p. and variance u2, Eq (37) implies that a, b and u 2 must satisfy 

{38) 

In this case the product-moment correlation coefficient of the joint density function Eq (35) may be 

shown to be (Blythe et al. 1990) 

with range {from Eq (38)) 

(a-b) 
p---

- ~41fu2 1 

0 <_ p < (1 - b) < 0.707107 • 
- ..J2 

The regression of Y on X in this example is given by 

y = S[Y I X]= 1-b-(a- b)p. + (a- b){x-1) f(x) 

{39) 

(40) 

(41) 

where the same restrictions on a, b, p and u2• Eq (41) is highly -nonlinear, possessing two turning 

points: 

(42) 

The symmetric bivariate case {f ;(x,y) = f ;(y,x), fx{x) and fy(y) have the same distribution) 

has been much studied in recent years in the epidemiological literature, where the conditional density 

function f t~~) is known as a "mixing function", describing the distribution of rates of sexual contact 

within a population. A number of new specific parametric forms for this conditional have been found, 
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some of which may be of use in the context of constructing symmetric joint distributions (see Blythe 

and Castillo-Chavez (1990a), Blythe {1991), and Blythe et al. (19916). for the functions </J which 

generate all of these mixing functions). Blythe .and Castillo-Chavez {1989), Castillo-Chavez et al. 

(1989), and Castillo-Chavez and Blythe (1989) have looked at the symmetric case of Eqs (31)- (33) 

(i.e. when the two marginals are the same function, and </J(y,x) = </J(x,y), so that Rx(x) and Ry(y) are 

the same function), for marginal f(x) given by a first-order Erlang distribution, and a variety of </J(x,y) 

of the form </J(x- y), including double exponential, normal, and log-normal forms. 

4.2 Multivariate Case. 

Example~. 

For general m, a example that is easy to calculate arises when the marginals are all functions on 

the unit interval (e.g. Beta distributions), and a sufficient number of moments exist. Then a convenient 

choice of </J(x1,~, ••• ,~) is 

m n· 
</J(xl,~, •.• ~) = II JC_j J ' 

j=l 

where the nj are non-negative integers. AB all~ lie in (0,1), so do the </J(x1,x2, ••• ,JSn)· Writing 

1 

"j = ~x_tj] = j u_tj ~(llj) duj, j e [1,m], 
0 

the n/h moment of the jth mar~inal, we have 

where 

m 

V=1- II "k· 
k=l 

(43) 

(44) 

(45) 

(46) 
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Note that if we use ¢(x1,x2, ••• ,~) given by one minus the RHS of Eq (43), then by Eq (23) the 

f jx1 ,x2, ••• ,~) would consist only of the product of the marginals. 

The matrix of correlations between pairs of variables, given Eq (45), is then simply 

PiJ = { 

where 

and 

1 . 

(1- V) ( ><+1)( •/') 
Vuiuj Pi -Kl Pj -~ 

Jl· = .d"X·] ' J I. J 

are simply the means and variances of the variables, and 

' i =j 

' i jl j 

(47) 

(48) 

(49) 

(50) 

Thus, at least the first, second, ll_jth, and ll_j+Ith moments for each variable JC_j must exist. As a trivial 

example let all the marginals in Eq (45) be uniform on (0,1). Then Eq (47) becomes 

1 ' i =j 

PiJ = { ' 
(51) 

· 12 n· n· 
1 J 

' i jl j 
(2+ni) (2+nj){kn1(1+nk)-1} 

so that correlation is always positive. If all the nj some n, then the Pi,j (i jl j) are all equal and positive, 

but tend rapidly towards zero as m (the number of variables) increases, or if n becomes large. 
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5. CONCLUSIONS 

The method presented appears to be completely general, in that the representation thereom (Cor

ollary 1) states that any joint density function, of any type, may be expressed in the form of Eq (15). 

To construct a joint function of any desired form, then, one must know the m marginals, and choose a 

¢(x1 ,x2, ••• ,JSn) which produces the required characteristics (e.g. correlation and variance-covariance 

matrices, number of free parameters, regression characteristics). It is considerably more difficult to find 

the ¢(x1,x2, ••• ,JSn) (other than the trivial solution ¢(x1,x2, ••• ,JSn) = w(x1,x2, ••• ,JSn)) which exactly 

reproduce a known equation for f Jx1,x2, ••• ,JSn), even when the marginals are known (for some known 

examples, see Blythe 1990, Blythe and Castillo-Chavez 1990a, Blythe et al. 1990), but is in principle 

possible for all distributions. However, unless an alternative ¢-representation to ¢ = W has some 

advantage, such as more readily interpretable or estimable parameters, there seems little reason to 

construct one. The construction, ab initio, of new multivariate froms seems to be a much more useful 

application of the representation thereom, Eq (15). 

The problem of estimation of the ¢(x1,x2, ••• ,JSn) has yet to be addressed in great detail; some 

preliminary heuristic results, in the context of sexual mixing, have been presented (Blythe et al. 1991a), 

and the considerably easier problem of estimation in the context of ecological associations or affinities 

has begun to be addressed (Blythe et al. 1990). 

Finally, there is the question of how best to generate random variates from a joint distribution as 

specified by Eq (15). This is an open problem, which is the subject of further investigation. 
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