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Abstract 

A data-based mathematical model to assess the effectiveness of one species of 
parasitoid as a control agent to fly pupae is introduced and analyzed. 

The analysis of this distributed-delay model provides us with several ideas regarding 

biological control. For example, a host-parasitoid model in which the recruitment of 

susceptible hosts is unaffected by local dynamics, has a tendency to converge to a stable 
equilibrium whether or not the parasitoids can persist. This equilibrium can have 
arbitrarily small numbers of susceptible hosts when the parasitoids are extraordinarily 

efficient. Finally, we show that the ability of paras ito ids to persist can be established in 
terms of basic fly and parasitoid life history parameters. 
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In several instances, parasitoids have proven to be effective biological control agents of agricul- · 

tural pests (Caltagirone, 1981; Huffaker and Messenger, 1976; Greathead, 1986). A number of 

models have been designed to indicate the stability properties of parasitoid-host systems under a 

variety of assumptions about the parasitoids (Hassell, 1986; Hassell and May, 1973; Murdoch et al., 

1985). Our objective is the development of models that will be quantitatively predictive in a con

trolled environment in order to establish bounds on the effectiveness of this parasitoid over a range of 

environmental conditions. In this paper we develop a data-based model designed to assess the 

effectiveness of one species of parasitoid in a laboratory situation. We have therefore chosen to 

ignore the difficulties associated with measuring and modelling the spatial patterns of searching and 

foraging which may control the dynamics in the real world (Hassell, 1978; Reeve and Murdoch, 

1985). 

Smith and Rutz (1985,1986,1987) have recently described the demographic statistics of the 

parasitoid Urolepis rufipes Ashmead (Hymenoptera: Pteromalidae) parasitizing Musca domestica L., 

the house fly, in New York State. To assess the possible value of this parasitoid for biological con

trol, we have constructed a simple model for the dynamics of this parasitoid in a controlled environ

ment. The parameters for this model have been measured at a variety of temperatures (Smith and 

Rutz, 1986), and analysis of the model with these values will be soon forthcoming. 



The life cycle of U. rufipes has been described by Smith and Rutz (1985). The following 

features have formed the basis of our model. First, in contrast to the systems studied by Hassell 

( 1978), the summer breeding seasons of both flies and parasitoids are characterized by multiple over

lapping generations. We have thus modelled using continuous rather than discrete time. Second, this 

particular parasitoid appears to avoid super-parasitism; adult parasitoids do not lay their eggs in fly 

pupae which have already been stung. Extensive super-parasitism is characteristic of many species, 

and could substantially complicate the dynamics. Finally, we assume that the flies disperse over a 

larger scale than that of the model, whereas local parasitoid densities respond only to local conditions 

(Danthanarayana, 1986). This formulation is thus most appropriate for modelling local sources, rather 

than local control, of adult flies which are usually considered the pest. 

Development of the Model 

The dynamics we model follows the flow pictured in Figure 1. 

Recruitment Maturation Death Death 

/ 

Parasitism 

Figure 1. Diagram of the basic model. S - susceptible hosts, 
L- parasitized hosts (=parasitoid larvae), P- parasitoid adults. 

Assuming an exponentially distributed development time for the parasitoid larvae and fly pupae, 

and ignoring age structure in the larval and adult parasitoids, seasonality in the life history parame

ters, and changes in the parasitoid sex ratio, we arrive at the following model: 



S'=l3-l P s -vs 
L'=lPS-mL-8L 

P'=mL-nP 

where '=d. !dt, and the parameters are defined in Table 1 

Parameter Meaning 

13 Rate of addition of fly pupae from the environment 

l Some measure of adult parasitoid fecundity 

v Fly maturation rate 

m Parasitoid larval maturation rate 

8 Parasitoid larval death rate 

n Adult parasitoid death rate 

(la) 

(lb) 

(lc) 

This model, which follows closely the framework of Anderson and May (1981), can be made 

far more realistic for the system under consideration without becoming intractable, so analysis is 

postponed until the general model has been developed. 

In reality, larval development time is very ill-matched by the exponential removal rate (Smith 
.. 

and Rutz, 1986). Following Murdoch et al (1987), we could utilize a discrete delay of the mean 

development time. However, analysis with a distributed delay describing the full structure of 

development times not only poses no more difficulties but is more realistic. 

Some data on the development times of U. rufipes are available in Smith and Rutz (1986). We 

incorporate this into our model by introducing a density of development times p (u ). Figure 2 illus

trates a typical form of such data. Denoting by q the fraction of parasitoid larvae which complete 

development yet fail to emerge, we have 

-
J p (u )du = 1-q, 
0 

-
q can be quite large at high temperatures (Smith and Rutz, 1986). We observe that J p (u) e-a" du 

0 

represents the expected fraction of eggs laid which will mature successfully into adult parasitoids. 

This fraction includes losses due both to larval death during development and to the failure of fully 

developed larvae to mature, and plays a critical role in determining the location and stability of 

equilibria in the system. The maturation term m L appearing in equations (1b) and (lc) is then 

replaced by 

J l P(t-u)S(t-u)p(u)e-a"du. 
0 



If p (u) = m e-mu this model reverts to model (1) under suitable initial conditions (see Appendix A). 
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Figure 2. Typical shape of adult emergence as a 
function of development time. 

The oviposition rate, IPS, analogous with the transmission rate in epidemiological models, fails 

to correspond very accurately to observed behavior (Hassell, 1986; Holling, 1959). In particular, ovi

position rate per adult does not increase indefinitely with increasing availability of fly pupae, since it 

is limited by the number of eggs or by the handling time required for stinging and oviposition. 

Furthermore, this term fails to take into account the effect of interference from other adult parasi

toids. This interlerence can take two forms: direct interference due to contact between adult parasi

toids, and indirect interference due to the presence of parasitized pupae which take time to recognize 

as unsuitable hosts. We replace the term !P S by !P r (S, L, P) where l is now the potential maximum 

oviposition rate of an adult parasitoid, and r (S, L, P ), the fraction· of maximum rate of locating and 

attacking unparasitized hosts by a female parasitoid, takes on values between 0 and 1. One expects a 

biologically reasonable r to have the following properties: 



r ( oo, 0, 0) = 1 (Potential maximum) 

r (0, L, P ) = 0 (No super-parasitism) 

~~ > 0 (A vail ability of unparasitized hosts) 

:~ ~ 0 (Indirect interference) 

~; ~0 (Direct interference) 

This leads to the following distributed delay model. 

S' = j3 -I Pr (S, L , P ) - v S 

L '=I Pr(S ,L ,P )- f I P (t-u) r(S (t-u),L(t-u ),P(t-u ))p (u)e~"du -8L 
0 

P '= J I P (t-u) r(S (t-u ),L(t-u),P (t-u ))p (u )e~" du-n P, 
0 

(2) 

(3) 

where the state variables are evaluated at time t if not otherwise indicated, and u is a dummy vari

able representing development time. Initial conditions for this model must specify all populations 

from time immemorial to the present (Bellman and Cooke, 1963). Since development times are 

bounded in practice, one only needs to look back as far as the oldest potential immature parasitoid. 

A reasonable form for the function r (S , L , P ) can be derived from a simple time budget 

analysis (as in Arditi, 1983). We set hs to be the handling time for unparasitized fly pupae, hL to be 

the handling time for parasitized pupae, and St 0 to be time to find one pupa, assumed here for con
+L 

venience to decrease linearly with increasing density of parasitized and unparasitized pupae. We 

assume no direct interference. Then the fraction of time spent stinging will be 

which can be written in the form 

h s 
s S+L 

s r(S,L,P)=----
K+S +c L · 

(4) 

The assumptions behind this model would not be difficult to check in the laboratory, and the parame

ters probably not unduly difficult to estimate. 



Analysis of the Model with no Direct Interference 

Throughout this section we will assume that there is no direct interference between the adult 

. "d . ar 0 paras1t01 s, 1.e. (jp = . 

If S *, L * , P * is any equilibrium of system (3), writing 

= l P * iJr (S * L *) 
a as ' 

e = l P * iJr (S * L * ) 
iJL ' 

r=r(S* ,L *) 

k(z)=Je- 0"e-z"p(u)du, 
0 

and linearizing around the equilibrium, we obtain the characteristic equation of the system as 

(5) 

det [ :(~=:~;) 8(1-k;~H-z I :·~:~:(z)) ] (6) 
ak(z) Sk(z) l r k(z)-n -z 

The roots of the characteristic equation determine the local stability of the equilibrium (Bellman and 

Cooke, 1963). 

The system always has a parasitoid free equilibrium at 

* * * ~ (S , L , P ) = (-, 0, 0). 
v 

At this equilibrium a=8=0, so that the roots of the characteristic equation are determined by the 

diagonals of the above matrix. Thus, the roots are - v, - 8 and the roots of 

j(z)=-n -z +I r k(z)=O. (7) 

Define R 0 to be the expected number of adult female offspring produced by an emerging adult 

female parasitoid when r = 1. We may express R 0 as 

R 0 =rate of oviposition expected lifespan expected offspring survivorship 

00 

= j__ J e-ou p (u )du 
n o 

= j__ k(O). 
n 

(8) 

At an equilibrium (S *, L *, P * ), the expected lifetime offspring production R of an emerging adult 

will be 



• I • R =R 0 r =- k(O)r . 
n 

Thus we can rewrite equation (7) as 

k(z) 
-n -z +n R --=0. 

k(O) 
(9) 

Global stability of this equilibrium would imply the extinction of the parasitoids under any initial 

conditions. Since we are interested in biological control, we need to establish the conditions under 

which this equilibrium is unstable and the parasitoids can invade the system. We have established 

the following conclusion, proven in Appendix B, which is weaker than demonstrating global stability. 

The parasitoid free equilibrium is locally stable if and only if R < 1. If R > 1, equation (9) has a 

positive real root. Computer simulations indicate that the parasitoid-free equilibrium is globally 

stable if it is locally stable. 

Parasitoid
free 

equilibrium 

s 

r (S, L) = 1/R 0 

L 

Figure 3. Equilibria of the model when there is no 
direct interference between adult parasitoids. See 
text for explanation. 



When R crosses 1, the parasitoid-free equilibrium becomes unstable by a transcritical bifurca

tion, producing an internal equilibrium. This equilibrium is characterized by two conditions: the first 

indicating that the expected number of adult offspring of an adult parasitoid must be exactly 1, and 

the second relating equilibrium numbers of parasitoid larvae and fly pupae. 

* 1 r =-
Ro 

J3-vS*(l-k(0)) 
8 

(lOa) 

(lOb) 

These conditions are sketched in figure 3. Appendix C provides a proof that this sketch is justified. 

One can see that there can be only one internal equilibrium when there is no direct interference. 

At this internal equilibrium, we can write the characteristic equation as 

n 
(v+z)(O+z)(n +z)+a(O+z)(n +z)- k(O) k(z)(O+z)(v+z)-8(1-k(z))(n +z)(v+z)=O 

Evaluating this expression at z =0 gives a8n -8(1-k(O))nv which is always greater than 0. 

Therefore z = 0 is never a root. Stability can only be lost through a Hopf bifurcation, if at all. 

We wish to determine whether predator-prey type oscillations are possible around this equili

brium. We have only been able to successfully analyze the case with no indirect interference, that is 

8 = 0. In this case, where adult parasitoids essentially do not interact, we show in Appendix D that 

the internal equilibrium is always locally stable. 

This is not the most interesting case biologically, since it assumes that adult parasitoids do not 

waste any time or energy in recognizing parasitized :fly pupae or in fighting with each other. Com

puter simulations indicate that stability is preserved in the case of indirect interference, and a com

puter algebra proof using MACSYMA has been produced for p(u) of the form m 2e-m" for an arbi

trary biologically reasonable function r (S ,L ). We conjecture that this stability property holds for 

arbitrary unimodal p (u ). 

As shown in Nisbet and Gurney (1976), strong direct interference producing overcompensation 

is almost certain to produce oscillations. Further experments are needed to determine whether this is 

a possibility, and what the mechanism for such interference might be. 

Effects of parasitoid parameters on internal equilibrium 

In Nicholson-Bailey style models (see Beddington et al., 1978), the internal equilibrium number 

of hosts cannot be driven to zero with increasing predator efficiency. In our model, for some forms 

of the function r, the equilibrium value S * can be arbitrarily small. Of course, much of the 

difference here concerns our assumptions about the dynamics of the :fly population; no matter how 

low the pupal population becomes, there is still a constant supply of fresh pupae. 

Using the handling time derivation of r as in equation (4), condition (9a) for an equilibrium 

becomes 



S(R 0 -l)=K+c L, 

where K represents a measure of searching efficiency and c is the ratio of handling times of parasi

tized to unparasitized fly pupae. We can thus solve for s* as 

S"'= K+~c~ 
(R 0 -1)+vc ~ 

(11) 

where ~ = 1 - ~ (O) . ~ has a biological interpretation as the mean amount of time spent in the larval 

stage, at least in the case where q (the fraction of larvae which mature but fail to emerge) is equal to 

0. This is shown in Appendix E. 

We also know that the existence of an internal equilibrium requires R 0 r ( ~, 0, 0) > 1, or with 
v 

this r , R 0 > 1 + ~ v . We can therefore write 

for ~ > 1. Then 

KV 
Ro=l+~T 

(12) 

We can thus see immediately that if R 0 increases due to changes in the adult parameters l and n , 

that the equilibrium level of pupae decreases. Also, S * increases monotonically with increasing lar

val residence time, as expected, since this indicates a slower rate of natural increase for the parasitoid 

population. This result exposes another weakness of the model assumptions, in that fly pupae only 

affect adult parasitoid searching behavior while they contain live fly or parasitoid larvae. This is 

probably not the case for parasitoids of house fly pupae. We expect experiments to indicate that 

unoccupied or dead fly pupae have a decreasing interference effect as they age. This component 

could be incorporated into the model by addition of a class of dead fly pupae. 

CONCLUSIONS AND FURTHER DmECTIONS 

The analysis of the distributed-delay model developed in this paper indicates several ideas 

regarding biological control. A host-parasitoid model in which the recruitment of susceptible hosts is 

unaffected by local dynamics, has a tendency to converge to a stable equilibrium whether or not the 

parasitoids can persist. This equilibrium can have arbitrarily small numbers of susceptible hosts 

when the parasitoids are extraordinarily efficient. We show that the ability of the parasitoids to per

sist can be established in terms of basic fly and parasitoid life history parameters. 

Even without including the difficulties associated with dispersal and foraging behavior, several 

modifications may be necessary to use this model in the field. Adult parasitoids sting fly pupae, 

without laying eggs, in order to drink the hemolymph (Patterson and Rutz, 1986). This direct preda

tion could be easily incorporated into the model if measurements indicate that it takes place at a rate 



. 
roughly proportional to the rate of oviposition. Super-parasitism occurs in many species of parasitoid, 

especially when unparasitized hosts are scarce. Tests need to be made of this potentially complicat

ing factor. The sex ratios of parasitoid progeny can vary in response to host abundance and quality, 

interference, and environmental conditions (Waage, 1986). This could invalidate the total population 

number approach taken in this model. Also, as noted above, after a fly or parasitoid emerges from a 

fly pupa, the puparium remains in the environment and may be confusing to foraging parasitoids. 

Measures of the indirect interference component of the model need to incorporate this effect. 

Two plausible and tractable modifications could be incorporated in the model to make the host 

dynamics more realistic. One could make the local recruitment rate 13 a function of temperature or 

time, perhaps fitting it to measured abundance throughout the summer breeding season. Alternatively, 

by modelling as a closed system, one could estimate the ability of parasitoids to control hosts below 

their environmental carrying capacity (Andreasen, ms.). Most simply, one could set the local fly 

recruitment rate to be 13 S, which assumes that the fly life cycle is significantly shorter than that of 

the parasitoid. 

Experimental tests will show whether this model framework warrants extension to more realistic 

situations. 
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Appendix A 

We wish to show that the system of delay differential equations (AI) 

00 

S'=f3-/ P s -vs 
L'=l P S -mi -f>L 

P'=mi-nP 

I= J I P(t-u)S(t-u)p(u)e-~" e-mudu 
0 

(Al) 

has solutions coinciding with those of the system of ordinary differential equations (A2) under suit

able initial conditions 

S'=f3-/ P s -vs 
L'=IPS-mL-f>L 

P'=mL-nP. 

Suppose the initial conditions of (AI) satisfy (A2) on (oo,O). Then 

I' =-(m +f> )I +IPS. 

Hence if I(O)=L(O), we have that I(t)=L(t) for all times t >0. 

Appendix B (Proof of threshold result) 

(A2) 

The parasitoid free equilibrium is locally stable if and only if R < 1. If R > 1, equation (8) 

has a positive real root. 

Suppose R < 1 and z =a + ro i is a root of (8) with a > 0. We have that 

I Re(k(iro))= J e-aucos(rou)e-~"p(u)du I <k(O), 
0 

so the real part of equation (8) satisfies 

-n -a +n R Re(k(iro)) < n +n R <0 
k(O) - . 

Therefore all characteristic roots lie in the negative half plane when R < 1. It is obvious that z = 0 is 

a root when (and only when) R = 1. By the implicit function theorem, there is a real solution z (R) 

for R near I if 

a r k(z) l a; l-n -z +n R k(O) :;eO. 



But for real z we have that 

and 

"df l n R oof -z u ( )d O -=- --- ue p u u<, 
dz k(O) o 

2.1_= k(z) >O 
"dR n k(O) . 

Therefore 

Thus there is always a real root, which is positive for R > 1. 

Appendix C (Uniqueness of internal equilibrium) 

We have that r ( ..(! , 0) > R1 , hence r (S O• 0) = - 1-, for some unique S 0 < ..(!. By the implicit 
v 0 R 0 v 

function theorem, the equation r (S (L ), L )=-1- will have a solution for the function S (L) if ~r :;:. 0, 
R 0 uS 

which is assumed. The conditions (5) imply that ~ > 0. This shows that figure 3 is correct and that 

there is necessarily a unique intersection. 

Appendix D (Stability in no interference case) 

Equation (10) can be factored as 

(li+ z) [<v + z )(n + z )+ct.(n+ z)- k ~O) k (z )(v+ z)] = (0+ z) g (z) 

Evaluating g (z) at z = i co, we get 

k(i ro) = [ [e-6• cos(rou )p (u )du] -i [ 1 e-6 • sin(rou) p (u )du] 

The real and imaginary parts of g (i ro) are 

kR(w) k1(w) 
nv-w2+an-n v -nw-- =0 

k (0) k (0) 



k1(ro) kR (ro) 
ro(n+v+a.)+nv---nro =0 

k(O) k(O) 

Multiplying the first equation by v and the second by ro and adding gives 

kR(ro) 
a(n v +ro2)+n (v2+ro2)[1- ] =0 

k(O) 

But kR (ro) ~ k (0), hence there is no solution and no Hopf bifurcation in this case. 

Appendix E (The interpretation of .6) 

If p (u) is 8 't (u ), the point density at 't corresponding to constant development time and a 

discrete delay, the density of disappearance times from the larval stage due to either death or matura

tion is 

where I represents the indicator function of the given interval. Evaluating the mean of this density 

gives 

1 -1: -e 
8 

For a general p (u) then, the mean time in the larval state will be 

OOJ 1-e--r ( )d = 1-k(O) 
8 p 't 't 5 . 

0 
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