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Part I

The Gaussian white noise model has been used as a general framework for
nonparametric problems. The asymptotic equivalence of this model to density
estimation and nonparametric regression has been established by Nussbaum
(1996), Brown and Low (1996).

In Chapter 1, we consider testing for presence of a signal in Gaussian white
noise with intensity n~'/?, when the alternatives are given by smoothness ellip-
soids with an L,-ball of radius p removed. It is known that, for a fixed Sobolev
type ellipsoid (8, M) of smoothness B and size M, the radius rate p < n~#/@+D
is the critical separation rate, in the sense that the minimax error of second kind
over a-tests stays asymptotically between 0 and 1 strictly (Ingster, 1982). In ad-
dition, Ermakov (1990) found the sharp asymptotics of the minimax error of
second kind at the separation rate. For adaptation over both g and M in that
context, it is known that a log log-penalty over the separation rate for p is neces-
sary for a nonzero asymptotic power. Here, following an example in nonpara-
metric estimation related to the Pinsker constant, we investigate the adaptation
problem over the ellipsoid size M only, for fixed smoothness degree 8. It is
established that the Ermakov type sharp asymptotics can be preserved in that
adaptive setting, if p — 0 slower than the separation rate. The penalty for ada-

pation in that setting turns out to be a sequence tending to infinity arbitrarily



slowly.

In Chapter 2, motivated by the sharp asymptotics of nonparametric estima-
tion for non-Gaussian regression (Golubev and Nussbaum, 1990), we extend Er-
makov’s sharp asymptotics for the minimax testing errors to the nonparametric
regression model with nonnormal errors. The paper entitled “Sharp Asymp-
totics for Risk Bounds in Nonparametric Testing with Uncertainty in Error Dis-
tributions” is in preparation.

This part is joint work with Michael Nussbaum.

Part II:

Consider a linear model ¥ = X8 + z, z ~ N(0,1,). Here, X = X, ,, where
both p and n are large but p > n. We model the rows of X as iid samples from
N(O, %Q), where Q is a p X p correlation matrix, which is unknown to us but is
presumably sparse. The vector §is also unknown but has relatively few nonzero
coordinates, and we are interested in identifying these nonzeros.

We propose the Univariate Penalization Screeing (UPS) for variable selec-
tion. This is a Screen and Clean method where we screen with Univariate
thresholding, and clean with Penalized MLE. It has two important properties:
Sure Screening and Separable After Screening. These properties enable us to
reduce the original regression problem to many small-size regression problems
that can be fitted separately. The UPS is effective both in theory and in compu-
tation.

We measure the performance of a procedure by the Hamming distance, and
use an asymptotic framework where p — oo and other quantities (e.g., n, s-
parsity level and strength of signals) are linked to p by fixed parameters. We

tind that in many cases, the UPS achieves the optimal rate of convergence. Al-



so, for many different Q, there is a common three-phase diagram in the two-
dimensional phase space quantifying the signal sparsity and signal strength. In
the first phase, it is possible to recover all signals. In the second phase, it is
possible to recover most of the signals, but not all of them. In the third phase,
successful variable selection is impossible. UPS partitions the phase space in the
same way that the optimal procedures do, and recovers most of the signals as
long as successful variable selection is possible.

The lasso and the subset selection are well-known approaches to variable
selection. However, somewhat surprisingly, there are regions in the phase space
where neither of them is rate optimal, even in very simple settings such as Q is
tridiagonal, and when the tuning parameter is ideally set.

This part is joint work with Jiashun Jin, and has appeared in Annals of S-

tatistics.
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CHAPTER 1
SHARP ADAPTIVE NONPARAMETRIC HYPOTHESIS TESTING FOR
SOBOLEV ELLIPSOIDS

1.1 Introduction and main result

Consider the Gaussian white noise model in sequence space, where observa-
tions are

Y;=fi+ ”_1/2§j, j=1,2 .., (1.1.1)

with unknown, nonrandom signal f = ( DR and noise variables ¢; which are
iid. N(0,1). It can also be written in the form of the stochastic differential
equation

dy(t) = f(dt + n” 2 dW (), te[0,1],

where W is a standard Wiener process on [0, 1], given an orthonormal basis. The
asymptotic equivalence to nonparametric regression and density estimation has

been established by Brown and Low (1996), and Nussbaum (1996).

We intend to test the null hypothesis of “no signal” against nonparametric
alternatives described as follows. For some 8 > 0 and M > 0, let (8, M) be the
set of sequences

S8, M) = {f = (F)i 1 )PP f < M,
j=1

this might be called a Sobolev type ellipsoid with smoothness parameter g and
size parameter M. Consider further the complement of an open ball in the se-

quence space b: if || f ||§ =2 f/.2 is the squared norm then

B,={feb:|fl=>p)



Here p'/? is the radius of the open ball; by an abuse of language we call p itself

the “radius”. We study the hypothesis testing problem
Hy:f=0 against H,:feX(B,M)NB,.

Assuming that n — oo, implying that the noise size n~'/? tends to zero, we expect
that for a fixed radius p, consistent a-testing in that setting is possible. More
precisely, there exist a-tests with type II error tending to zero uniformly over
the nonparametric alternative f € (8, M) N B,. If now the radius p = p, tends
to zero as n — oo, the problem becomes more difficult and if p, — 0 too quickly,
all a-tests will have the trivial asymptotic (worst case) power @. According to
fundamental results of Ingster (1982, 1984), there is a critical rate for p,, the so-
called separation rate

P =< nBIEBED (1.1.2)

at which the transition in the power behaviour occurs. More precisely, consider
a (possibly randomized) a-test ¢, in the model (1.1.1) with respect to H : f =0,
that is, a test fulfilling E, ¢, < @ where E, ; (-) denotes expectation in the model
(1.1.1). For given ¢,, we define the worst case type II error over the alternative

feXPB,M)N B, as

V(¢ p M) = sup (1= E,s4,).
fEX(B,M)NB,

The search for a best a-test in this sense leads to the minimax type II error

m(a,p,8,M) = inf W(p,,p,B,M).

¢11:En,0¢n§a’
An a-test which attains the inf above for a given n is minimax with respect to
type Il error. Ingster’s separation rate result can now be formulated as follows:

if p, < /@D and 0 < @ < 1 then

0 < lim 7, (a, p,, 8, M) and lim 7,(, py, B, M) < 1 — a.



Moreover, if p, > n=#/“*D then m,(, p,, 5, M) — 0, and if p, < n~*/“+D then

ﬂn((I’pn’ﬁ’ M) — 1 — .

These minimax rates in nonparametric testing, presented here in the sim-
plest case of an l,-setting, have been extended in two ways. Firstly, Ermakov
(1990) found the exact asymptotics of the minimax type II error n,(a, p, 8, M) (e-
quivalently, of the maximin power) at the separation rate. The shape of that
result and its derivation from an underlying Bayes-minimax theorem on ellip-
soids exhibit an analogy to the Pinsker constant in nonparametric estimation.
Secondly, Spokoiny (1996) considered the adaptive version of the minimax non-
parametric testing problem, where both g and M are unknown, and showed
that the rate at which p, — 0 has to be slowed by a loglogn-factor if nontriv-
ial asymptotic power is to be achieved. Thus an “adaptive minimax rate” was
specified, analogous to Ingster’s nonadaptive separation rate (1.1.2), where the
additional log log n-factor is interpreted as a penalty for adaptation. However a
corresponding sharp adaptive type II error asymptotics in the sense of Ermakov

(1990) has not been obtained.

It is noteworthy that in nonparametric estimation over f € X(8, M) with /-
loss (as opposed to testing), where the risk asymptotics is given by the Pinsker
constant, there is a multitude of results showing that adaptation is possible with
neither a penalty in the rate nor in the constant, cf. Efromovich and Pinsker
(1984), Golubev (1987, 1992), Tsybakov (2009). The present paper deals with
the question of whether the sharp risk asymptotics for testing in the sense of
Ermakov (1990) can be reproduced in an adaptive setting, in the context of a

possible rate penalty for adaptation.

Let us first present the well known results on sharp risk asymptotics for



testing in the nonadaptive setting. Let ® be the distribution function of the
standard normal, and for @ € (0,1) let z, be the upper e@-quantile, such that

®(z,) = 1—a. Write a, > b, (or b, < a,) iff b, = o(a,), and a, ~ b, ifflim, a,/b, = 1.

Proposition 1. (Ermakov, 1990) Suppose @ € (0, 1),and that the radius p, tends to

zero at the separation rate, more precisely

pn ~ ¢ - BIEBHD

for some constant ¢ > 0.
(i) For any sequence of tests ¢, satisfying E, ¢, < a+o(1), we have the following lower

bound
(@, on, B, M) = P(z, — A(c, B, M)/2) + o(1) as n — oo,

where

A(c,B, M) = Ao(ﬂ)M_l/(zﬁ)C2+l/(2ﬁ)
and Ao(B) is Ermakov’s constant

2028+ 1)

Ao(B) = @B + 1)+1/CH”

(1.1.3)

(ii) For given 8 and M > O there exists a sequence of tests ¢, satisfying E, op, < a+o(1)

such that

V(s pn: B, M) < D(zo — VA(c, B, M)/2) + o(1).

This gives the sharp asymptotics for the minimax type II error at the separa-
tion rate, analogous to the Pinsker constant for nonparametric estimation. The
optimal test attaining the bound of (ii) above, as given by Ermakov (1990), de-
pends on S and M. As regards adaptivity in both of these unknown parameters,

a test can not depend on them and the following result is known.



Proposition 2. (Spokoiny, 1996). Let T be a subset of (0, 00) X (0, o) such that there

exist M > 0,8, > B > 0and

T 2{(B, M) : B <B< Bl

(i) If t, < (loglogn)'* and p, ~ c - (n/t,)"¥/“F*V  then for any constant ¢ > 0 and any

adaptive test ¢, satisfying E, o¢, < a@ + o(1), we have

sup WY(dn, 00,8 M) > 1 —a+o(1).
B.M)eT

(ii) For any 8* > 1/2 and 0 < M, < M,, let
T ={B.M):1/2<B<p M <M < M}

Then there exist a constant ¢, = c¢,(8*, M\, M>) and an adaptive test ¢, satisfying
E, o9, = o(1), such that, if

n —4B/(4B+1)
w~Cl | ————= 1.1.4
P 1 ((log log n)l/z) ( )
then
sup WY(d,, pu, B, M) = 0o(1). (1.1.5)

B.M)eT

Here the criterion to evaluate a test sequence has changed, to include the
worst case type II error over a whole range of 8, M. Hence the critical ra-
dius rate (1.1.4) has to be interpreted as an adaptive separation rate. It differs
by a factor (loglogn)*?/“*D from the nonadaptive separation rate (1.1.2); this
factor is an example of the well-known phenomenon of a penalty for adapta-
tion. Furthermore, as noted in Spokoiny (1996), a degenerate behaviour oc-
curs here, in that both error probabilities at the critical rate tend to zero. Thus

any sequence ¢, of tests fulfilling (1.1.5) should be seen as adaptive rate optimal,



comparable to rate optimal tests in the nonadaptive case (that is, tests fulfilling
lim, ¥ (¢, pn, B, M) < 1 — @ at p,, given by (1.1.2)). In Ingster and Suslina (2003),
chap. 7, the worst case adaptive error (1.1.5) is further analyzed, with a view to a
sharp asymptotics, but the results are not conclusive with regard discriminating

between different adaptive rate optimal sequences of tests.

In this paper we address the question of whether an exact type II error
asymptotics in the sense of Ermakov(1990) is possible in an adaptive setting. In
our approach g is kept fixed and known, while we aim for adaptation over the
ellipsoid size M. First, we present a negative result for adaptation at Ingster’s

separation rate.

Theorem 1. Suppose ¢ > 0,0 < M; < M, < oo and p, ~ ¢ - n=#/@+V_ Then there is

no adaptive test ¢, satisfying E,op, < @ + o(1), such that

\Pn(¢n’pn9ﬁ’ Ml) < (D(Za - VA(C’ﬁ’ Mt)/z) + 0(1)’

fori=1,2.

This result states sharp adaptation even just for M at the separation rate is
impossible, and the adaptation for even just M is not trivial as some might think.
Instead, we enlarge the radius slightly and examine how the minimax error
approaches zero. To be specific, we replace the constant ¢ in p, ~ ¢ - n#/@+D
by a sequence c¢, tending to infinity slowly. In that case the minimax type II
error bound of Proposition 1, namely ®(z, — \/W) will tend to zero.
To this error probability we apply a log-asymptotics as in moderate and large
deviation theory and show that in this sense, adaptation to Ermakov’s constant

is possible.

Theorem 2. Assume ¢, — oo and ¢, = o(n*) for every constant K > 0. If p, =



Cn - n~ IO there exists a test ¢, not depending on M such that
En,0¢n <a+ 0(1)’

and for all M > 0,

AO(IB)M—l/@ﬁ)

— 1
llgnmlogly((pmpmﬁ, M) < - 4

However now, since the optimality criterion has been changed, a formal ar-
gument is needed that no a-test can be better in the sense of the log-asymptotics
for the error of second kind. Such a result is implied by Theorem 3 in Ermakov
(2008), where the nondaptive sharp asymptotics was studied in a setting where
Pn = ¢ - 1~ PI#D with ¢, — oo, hence error probabilities tending to zero. Since
the nonadaptive minimax lower risk bound for fixed c is based on a Gaussian
limit argument, the case of ¢, — oo (sufficiently slowly) should be treated with

the methodology of moderate deviations.

Theorem 3. Under the same assumptions as in the last theorem, if p, = ¢, - n= /4D,

then for any test ¢, (possibly depending on M) satisfying E,op, < a + o(1), we have

Ao(ﬁ)M—l/(Zﬁ)

. 1
hTmmlog‘P(fﬁmpn,ﬁ, M) > - 1

This result is implied by Theorem 3 in Ermakov (2008), and hence the proof
is omitted.
We have a few remarks to address the relation to the literature.

1.) Ermakov (2008) also shows that, for nonadaptive testing, these asymp-

totics of moderate deviation probabilities are valid in a sharper sense, i.e., there



are tests ¢, depending on M such that

(B s B, M) = (1 + 0(1)) - @ (za - \/AOM-”(zmci“/“ﬁ)/z).

This is in the same spirit of the Cramer type of moderate deviation, as discussed
for the central limit theorem by Chen et al. (2011), chap. 11. The question
whether this sharper asymptotics can be replicated in the adaptive setting is

open.

2.) Ingster(1993a, 1993b, 1993c, 1998) discussed the “detection” problem for
7 ball using the sum of the type I error and the maximum type II error. The
conditions for which the sum of is bounded away from 0 and 1 are given. But

no sharp or adaptive asymptotics is obtained.

3.) Golubev(1987) studied the adaptive estimation with g fixed, but incorpo-
rates local aspects (twofold, both local with respect to x € [0, 1] and smoothness
class) to construct the optimal test. In the current paper, we do not use the local

aspects.

4.) In the literature, the testing problem considered here has sometimes
been connected with the estimation problem of the quadratic functional Q(f) =
> jz, Ibragimov and Hasminskii(1980), Bickel and Ritov(1988) found that
when the unknown function is sufficiently smooth, quadratic functionals can
be estimated with parametric +/n rate, otherwise the rate is slower. More pre-

cisely, the minimax rate with the parameter space (8, M) is n™" with an exponent

48
48+1

ro= < % when 0 < 8 < 1/4, but when g > 1/4, the minimax rate becomes

n~'2. Efromovich(1994) showed that at the point 8 = 1/4 the optimal adap-

tive rate is n=1'/2

¢, where ¢, — oo slower than any power function of n, and for
B > 1/4, the optimal adaptive rate is n~'/2. Efromovich and Low(1996) showed

that, in the case 8 < 1/4, the optimal adaptive rate is (nlog vn)™", which is larger



than the nonadaptive rate by a logarithmic factor. See Tsybakov (1998) for more
discussion of the adaptive rates and of the boundary effects. Klemela (2006)
found sharp adaptive estimators for the irregular case 8 < 1/4. That is, first, the
constant Kj  is found such that

fiminf sup (Kpu(nlog viy ") " sup 10 (NP = 1.
where B = [B1,8:] X [M,M>], B, < 1/4 and p > 1. Second, the estimators which

do not depend on (8, M) and achieve the infimum are obtained.

The rest of the paper is organized as follows. In Section 2, we show that the
minimax quadratic test is asymptotically minimax over all tests, and provide
the idea of the proofs in Sections 3, 4 and 5. Finally, in the appendix, we re-
cap the ideas for adaptive estimation of Golubev (1992) to help the readers to

understand the idea of adaptive testing.

1.2 The Bayes-minimax problem for nonparametric testing

The purpose of this expository section is to elucidate the analogy between the
Pinsker constant for L,-estimation over ellipsoids and the constant found by
Ermakov (1990) for nonparametric testing over ellipsoids with an L,-ball re-
moved. We draw on the backgound explanation given in Ingster and Suslina
(2003), sec. 4.1, but we focus specifically on the fact that very similar Bayes-
minimax problems are at the root of the estimation and testing variants. For the
theory underlying the Pinsker constant cf. Belitser and Levit (1995), Nussbaum
(1999), Tsybakov (2009).

For this exposition, we shall assume that observations (1.1.1) are for j =



1,...,n; we will thus assume f € R" and understand the sets (8, M) and B,
accordingly, i.e. they refer only to the first n coefficents of f. By ||| and (-, -) we
denote euclidean norm and inner product in R". Since most expressions will
depend on n, for this discussion we shall often suppress dependence on 7 in
the notation. Assume that the radius p tends to zero at the critical rate, that
is p < n¥/@D Let R? = [0,00)"; for a certain d € R”?, consider a quadratic
statistic of the form T = n 3, d;Y;. Under H,, we have E.oT = ¥ d; and
Var, T = 2||d|I*. Since we will work with the normalized test statistic, obtained
by centering and dividing by the standard deviation, it is obvious that we need
only consider coefficients d fulfilling ||d||* = 1. Accordingly define, for such co-
efficients d, the statistic

T=—

V2

Under H,, we now have EyT = 0 and Var,T = 1. We will consider quadratic tests

T - Z dj]. (1.2.6)

J=1

o= 1T > z,). (1.2.7)

A further condition on d is imposed by requiring d € D, a set which is defined

for a given sequence ¢ = (log n)"" as

D={deR} :|ld|’=1and supd; < i}. (1.2.8)
j np

For any test, we are interested in the worst case type Il error under the constraint
f € Z(B8,M) n B,. A monotonicity argument shows that for every y,, this is
attained when ||f|* is minimal, i.e. at ||f]]* = p. It follows that for quadratic tests

¥4, we may replace the restriction f € B, by f € B, where

B, ={feR":p<|IfI} <2p).

For f € R" we set f? := ( sz)j:l. For d € D and g € R define the functional
L(d,g) = —=(d.g)
b ﬁ b M

10



Lemma 1.2.1. (a) Under Hy, we have T ~» N(0, 1) uniformly over d € D.
(b) The statistic T given by (1.2.6) fulfills

T — L(d, f*) ~ N(0, 1)

uniformly over d € D and f € B,
(c) Suppose f is random such that f; ~ N (O, o-ﬁ) for a certain o € R". Then the statistic
T given by (1.2.6) fulfills

T — L(d, %) ~» N(0,1)

uniformly over d € D and o € B,

Denote the expectation under the model of (c) by E. The lemma implies

that for uniformly over d € © and f € {0} U (2(,8, M)N B/’J)

Ef(1 =) = Oz, — L(d, f7)) + o(1) (1.2.9)

= EX(1 - yq) + o). (1.2.10)

In particular, all quadratic tests ¥, with d € O are aymptotic a-tests un-
der Hy : f = 0. To characterize the worst case error under the alternative
H,: f e X(B, M)NB,, we use (1.2.9) and the strict monotonicity of ® and look for

a saddlepoint of the functional L(d, f?).

Lemma 1.2.2. For n large enough, there exists a saddlepoint dy € D, fy € (8, M) N B,
of the functional L(d, f*) such that

L, f3) < L(dy, f3) < L(do, )

foralld € D and all f € (8, M) N B,
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The normal distribution on the signal f postulated in (c) will be interpreted
as a prior distribution. The next result shows that the Bayesian tests in this con-
text are quadratic tests ¥, and in particular, if the o is taken at the saddlepoint

(05 = f3) then d € D, i.e. it fulfills the infinitesimality condition d; < &/np.
Lemma 1.2.3. (a) For any o* € R", the Neyman-Pearson a-test for simple hypotheses

H()Z YJ'NN(O,I’l_l), j: 1,...,1’1

H: Yj~N(O,0'§+n‘1), j=1,...,n

a

is equivalent to a quadratic test pof form gy = 1(T >t} where T = ¥_, d;Y;, d € RY,
lld|l = 1.

(b) If 0> = 3 then the pertaining d is in D for n large enough, and t — z,.

Part (b) implies that

inf E;(1-¢) = inf Ef(1 - ) +o(1). (1.2.11)

¢:Epp<a

We are now ready to present the essence of the argument underlying the result
of Ermakov (1990). Recall that 7,(a, p,8, M) denotes the minimax type II error

over all a-tests. Denote the value of L(d, f?) at the saddlepoint
Lo:= L(dy, fy)=sup _inf L,d,f>)= _inf supL,(d,f>). (1.2.12)

deD fEZ(ﬂ,M)ﬂB;) fEZ(,B,M)ﬁB;, deD

We begin with an @’ > @ such that asymptotic a-tests are o’-tests for n large

12



enough. Then

m.(a’,p,B,M) = inf sup E;(1-¢)<inf sup Eq(1-y, (1.2.13)
¢:Eo¢<e” res (g M)NB, d€D fes (B M)NB,

=inf su E«(1 -4,
deD er(,B,/EI))mB/’) ! ¢

=inf sup D(z, — L,(d, f*)) + o(1) [relation (1.2.9)]
€D fes(p,MNB,

= ®d(z, — L,(dy, foz)) + o(1) [monotonicity of ® and (1.2.12)]

= ‘llng; E% (1 = q) + o(1) [relation (1.2.10)]

= inf E}(1—¢)+o(1) [relation (1.2.11)].

¢:Eop<a
The main term of the last expression is the Bayes risk for a prior distribution
fi ~ N(, fozj) in the original model Y; ~ N(fj, n‘l). Since f, € X(8, M) N B, and is

extremal there, it fulfills

S R#=m Y f=p
=1 =1

(see the precise description of the saddlepoint (dy, f;) in Lemma 1.5.1 below).
It can therefore be shown that (as in the original Pinsker [1980] result) that this
prior distribution asymptotically concentrates on every set of the form X(8, M(1+

e)NB,,_, fore > 0. A standard reasoning by truncation shows that in this case,

(1-¢)
for a certain probability measure G strictly concentrated on X(8, M(1+€))NB),

inf E}O(l—¢)sqﬁ:‘i%lqﬁfsafEf(l—¢)dG(f)+o(1).

¢:Epp<a

However, by the relation between Bayes and minimax risk

¢_‘ign¢f< fEf(l - $)dG(f) < my(a,p(1 — €),8, M(1 + €)). (1.2.14)
Summarizing (1.2.13)-(1.2.14) we have obtained for every € > 0

(a1 + &), 0,8, M) < B(zo = Ly(do, f)) + 0(1) < m,(@, p(1 = &), 8, M(1 + €)) + o(1)

13



Below in Lemma 8, it is shown that if p = ¢ - n=%#/4*D_where c is constant, then

Ldo, 2) ~ \AGM~1/Hc2+11CP |2

Since the right side is continuous in M and ¢, the result of Proposition 1 follows.

1.3 Proof of Theorem 1

For brevity we write A; = A(c, 8, M;),i = 1,2 in this section. Assume there exists

a test ¢, not depending on i such that

E,o¢n < @+ o(1), (1.3.15)

sup  E, /(1 —¢,) < Dzo — YA/2) + 0(1), (1.3.16)

FEZ(B,M)NB,
fori = 1 or 2. Let G, », be the Gaussian prior for f with f; ~ N(0, O'j.z) indepen-
dently, where

M) = A—pjP),, j=1,2,...

and where A and p are determined by

Y Fot=M, and > ot=p.

It can be shown that G, y;, asymptotically concentrates on (8, M;). Then

sup  Enp(1=¢,) 2 (1+o0(1)- f Eny(1 = $,) G (d). (1.3.17)

fEX(B.M;)NB,
p Recall Y; = f; + n7'2¢;. Let the joint distributions of (¥;); under the priors

G0, Gny, and Gy, be Qo , 01, and Q,,,, respectively, i.e.,

Qon:Y;~N@O,n"), j=1,2,...
Qi Yy ~NO,n "+ (My), j=12,...

Qo Y; ~NO,n ' + 0P (M)), j=1.2,...

14



Therefore,

EQO.n¢n = En,0¢n’

Eg,(1-¢,) = f E,y(1 = $) Gu(@f), i=1,2.
Combining these with (1.3.16) and (1.3.17) gives

Eg,, ¢y < a+o(1), (1.3.18)

Eg (1—-¢,) < D(zy — VA/2) +0(1), i=1,2. (1.3.19)

The likelihood ratio of Q;, against Qy, is

d0;. 1 v v it )"
=XP|1735 Z T 2my ] H 1 4+ 2( M.
dQo,, 2 nt+ oA (M) n jnt 4o (M)

J

2 %2 _ 1/2
el T )
2 1+ no"‘l‘.z(Mi) J n!+ O';Z(M,-) '

J J

Therefore, by the factorization theorem, it is seen that the bivariate vector

nzajz(Ml)(Y? -nh nZG;Z(MZ)(Yf —n)

T, = >
T (L e M) 22 ot (M) T (L e (M) (202 B o (M)

is a sufficient statistic for the family of distributions {Qy,, Q1 ., Q2,}. Write the

T
1,n°

induced family for T, as {Qa - Qg’ .} and take the conditional expectation
¢:(T,) = Eg,,(¢,IT,). By sufficiency (Bahadur’s theorem, cf. Lehmann and Ro-
mano, 2005, chap. 11), the (possibly randomized) test ¢;(T,) for {Q] ,, 07 ,. 0} ,}

1,n°

is as good as ¢,, i.e.,

Egr &, = Evotu < a + o(1), (1.3.20)

Egr (1= ¢,) = Eg,¢n < ®(za — VAI/2) +0(1), i=1,2. (1.3.21)

Then we have the following lemma, which is proved later.
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Lemma 1.3.1. Under {Qo, Q1.1 Q2,}, the law of the statistic T, converges in total

variation to N(0,%), N(u, X) and N(uy, X) respectively, where

Hr = (VA/2,rVA/2),
o = (rvAz2/2, VA2 /2),
1 r

Y= ,
r 1

(1.3.22)

M\ A1 - MMy
M, 4B

Then by the weak compactness theorem (c.f. Lehmann and Romano, 2005,
Appendix), there exists a test ¢* and a subsequence ¢;, such that ¢, converges

weakly to ¢*. Thus

Ean(P* S CY,

Egr (1-¢") < Oz — VA/2), i

By the Neyman-Pearson lemma and some direct calculations, the right hand
side of the previous inequality is the type II error of the uniformly most pow-
erful test for N(0,X) against N(u;,X), for i = 1,2, respectively. Therefore, ¢* is a

uniformly most powerful test for N(0, X) against {N(u;, Z), N(u2, X)}.

On the other hand , note that r in Lemma 1.3.1 is monotone increasing with
respect to M,/M,, and then 0 < r < 1 for M, > M, > 0. Thus, y;, 1» and the
origin are not on the same line. For i = 1,2 respectively, the log-likelihood
ratio for N(u;, X) against N(0,%) is 7""'y; = T; - A;. Then by the necessity part
of the Neyman-Pearson lemma, (cf. Lehmann and Romano, 2005, chap. 3), the
uniformly most powerful test for N(0, X) against N(y;, X) has the form of {7, >

k;}. But since these two types of tests can never coincide, there is no uniformly

16



most powerful test for N(0,X) against {N(u;, X), N(uz, Z)}. By this contradiction,

Theorem 1 is proved.

Proof of Lemma 1.3.1. For simplicity, we only show the result for the first coordi-

nate of 7,,. The proof can be extended to 7, naturally. Under Q,,, the character-

n 2.— n
istic function of "= ~ N(0, 1) is g(1) = exp(~*/2). Note g(r) = 1 - 12 + o(), as
t — 0 and f lg(#)| < oo. The density of T, can be written as
*2
_ 1 —itx O-j (Ml) !
Pa(x) = — f e ]—[ 8

(1 + no2(M) S oMy |

where, by the central limit theorem and Levy’s continuity theorem, the inte-
grand converges to ¢ "* exp{—*/2}. By splitting the integral into two parts and
using dominated convergence, it can be shown that the integral converges to
-x*/2

1 . 2 e
e—ltxe—t /2 dt —

2n N

Then an application of Scheffé’s theorem (c.f. van der Vaart, 1998) establishes

convergence in total variation. The correlation r can be calculated directly. O

1.4 Proof of Theorem 2

Choose N and y, = o(1) such that

%1!/25 L I v C;l/(Zﬁ) . g2/ (1.4.23)
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e.g. vy =c,? N =c,"/% . n2/@+D Define

N
Mo = Mo(f) = > 217 +
j=1

1/2B)
e

1= /Nl(Mo) — (Zﬁ+1)/(25)’

28+ 1 1 1/@p)
() ¢

2B My(4p + 1)
d; = d;(My) = A[1 - (j/N)*1.,

J

which all depend on the unknown f. Define the oracle statistic

. n* % JJ(MO)Y? —nY;d;(My)

" NS

and the oracle test ¢, = 1{T; > z,}. The following lemma holds; it is proved later.

Lemma 1.4.1. Under the assumptions of Theorem 2, the oracle test ¢;, is an asymptotic

a-test and
AO(IB)M—I/(Zﬁ)

llr{nmlogq’((ﬁnapmﬁ, M) < - 4

Define )
N
M= = 1/m* +y,
=1
and introduce the statistic
n* X d (MY} —n Y d(M)
T =

' 22 d2(M)

and also the test

(pn = l{Tn > Za}-

For M, we have the following lemma, which is proved later.
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Lemma 1.4.2. Under the assumptions of Theorem 2, we have

A

M
Moy(f)

~1=0,1),

uniformly for f € (8, M) N B,,.

Now rewrite
Y]? -1/n

d (M)
T, = ! s
Zjl \/z 2ar  V2n?

where d;(M) = A(1 - (j/N(M))%),. Since 1 in the last display can be canceled, for
simplicity we write d j(M )= —-(j/N (M))*), from now on in this section. First,

since N(M) > N(y,), we have

%00 - 3175

1
~N(M)f(1—t2ﬁ)idt
0

2

+

= N(M)K(B).

Therefore,

1.(M Yi-1
T,=(+o(1) Y i X

N
By Lemma 1.4.2,

(i  Yi-ln
~ NMo()KB) V2n?

At this point, make M independent of Y2 by sample splitting. Set n = tn+(1-7)n,
p p i Py plesp g

T,=({+o0(1))

where 7 is close to 1 but fixed, and n; = ™n,n, = (1 — 7)n. Assume two sets of

observations

Ylj — fj i l’l;l/zflj’j =1,2,... (1424)

Yoy = f+n, %6 j=1,2,... (1.4.25)
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Use {Y,;} to obtain M, and now replace T, by

Py YZ._ -1
I= (o) Y o) T

7 NM(FDKB)  Vant
Denote the difference of coefficients by A; = d j(M) -d {(Mo(f)). Note the largest
difference is obtained at j ~ min{N(M), N(My(f))}. Then

Al < |M — My(f)l

n

uniformly for all j. Note in T there are at most C,c; P p2éB+h nonzero coeffi-

cients. Then

C, C;l 12B),2/4p+1)

5 M)
o NM(MKB

T = (1+o(1)

-1

Y2 —n
where n; = i/jin*ll ,and
1

Cs C;l/<2ﬁ)n2/(4ﬁ+1)

. Z Ajn; '
=1 VN(Mo(f)K(B)

Under H,, the r.v.”s 5; are independent of M and Ep ; = 0, Var(y;) = 1. Thus

Var(r,) = Erﬁ = EE(rﬁI{Yzj}) and
fo 6;1/(2/3> R2/(@B+1)

A2 -
E(rjl{Y2;) = E J - M= My

NM(f)KB) ~— 21

=1
Therefore, by the result for Var(M) in the proof of Lemma 1.4.2,

EIM — Mo(f)* _ Var(M) - 2K(B)N+1 4ANPM

= +
2+1/(2B) 2+1/2B) — 2+1/(2B) 2+1/(2B)°
y e A i TV

where the last two terms converge to 0 by the first inequality in (1.4.23). Hence,

Var(r,) <

under Hy, the r.v.’s T, and T, converge to N(0, 1) in law.

Next, we consider 7, or 7, under the alternative. The worst case type II error
is determined by the following quantity
Y f2d (M)

n
L,=— in _
n ~ A2
\/j FEX(B.M)NB, (Z dj( M))
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1/(2B)
First, since N(M) > ( ) n¥ D 5 oo,

N
2= 3 (1= GNP,

j=1
=(+ o(l))Nf (1 - PYdr
0

83>
Q2B+ DB+ 1)

= (1 +o(1)N - (1.4.26)

Second, consider
N o N
DURAWN =Y £ - GNP,
=1 =1

Note

N o0 0
=258

J=1 J=1 j=N+1

p—N*M

= p(1 + o(1)), (1.4.27)

\%

where the last step is refers to the second inequality of (1.4.23). On the other

hand, since N > N and N(M) = [(48 + 1)Mp~'1"/@P,

Z FLGINY? + Z 1< Z FRGINY?

j=N+1
< N My(f)
=p(1 +4B)7". (1.4.28)
Combining (1.4.30)-(1.4.32) gives
N 4ﬁ
Z:; (1 + o(1)p - BT
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Combining this with (1.4.29) gives

N
nZFlNZfJ s (1))_ 208+ 1) ,
(ZZdj)”2 46+ 1

28+ 1) 2+1/(2B)
> (1+o0(1)) \/(4,3 n 1)1+1/(2ﬁ)(M + ,yn)l/(Zﬁ)

> (1+0(1)) \/ %Ao(ﬁ)ci““zﬁ)M-l/@ﬁ)

Theorem 2 is proved.

Proof of Lemma 1.4.1. Rewrite
d(My(f)) Y71/

T, = .
T &y Ve

Under H,y, we have f = 0, and My(f) = . Since
1

D= G/NPLE~N- f (1= )2 dt = K(B) - (ya/cy)" /¥ n?/ D,
0

then
d(Mo(f)) - 1
\/Z J?(Mo(f)) - \/K(ﬂ) - (yn/ca) 12PN/ @D

uniformly for all j. It can be shown that T, converges to N(0, 1) in law.

= o(l),

By similar arguments, the worst type II error is (1 + o(1))®(z — L,) where

L, = inf ———.
fEL@MNB, (23 d?)l/Z

Note d; = d;(My(f)) depending on f. By the second inequality of (1.4.23), we

have N > N(My(f)) and d; = 0, for j > N,

nooL Zjlfzd
\/_fEZ(M)mB (Zd2)1/2

n
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First, since N(My(f)) > ( ) ves n?/“*D — oo uniformly for f € (8, M) N B,,

N
5= (1),

j=1
1

=(1+ 0(1))712Nf (1 — *P)*dt
0

83>
2B+ DHEB+1)

= (1 + o(1))A’N - (1.4.29)

uniformly for f € X(8, M) N B,. Second, consider

N N N
D Fidi= 1) = GINP). —J[fo [Zf(J/N)2ﬁ+ > f]] (1.4.30)
J=1 J=1 J

Jj=N+1
Note
N o .
2.5=2. 0508
=1 =1 P
>p-N*M
_ 1— M
= (1 + o(1)), (1.4.31)

where the last step is due to the second inequality of (1.4.23). On the other hand,
since N > N and N = [p™' (48 + 1)My(/)]"/P,

Zf INY? + Z £ < Zf (JINY*

Jj=N+1

< N My(f)
=p(1 +4pB)7" (1.4.32)
Combining (1.4.30)-(1.4.32) gives

4/3

N
Zl > (1 +o0(1))1p - B
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uniformly for f € (8, M) N B,. Combining this with (1.4.29) gives

nyN, f? 3 | 206+1)
(deJZ,)l/z - ol ))_ 4,6’+1

(2[)) 4 1) 2+1/(2B)
> (1 +o0(1)) \/(4[3 + DIFUCH(M + y,)1/2D

(2ﬁ+ 1) 2+1/(2B)
2 (1 + 0(1)) J(4ﬁ+ 1)1+1/(2ﬁ)M1/(2ﬁ)’

uniformly for f € £(8, M) N B,. Therefore,

1
L,>(+o0(1)) \/EAO(ﬁ)C’21+1/(2ﬂ)M—1/(2/3)’

and the result follows. O

Proof of Lemma 1.4.2. Since

K(ﬂ)N“B“ ANPM
n b

< (1 +o(1))

by the first inequality of (1.4.23),

Var(M )

=0(1)

I’l

uniformly for f € X N V,. Combining with EM = My(f) and using Chebyshev’s

inequality give
|¥ - Mo(f)|

n

op(D),

and then
[M - Mo(f)| _

‘Mo(f) ) | 7
uniformly for f € 2NV, o

op(1),
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1.5 Appendix

1.5.1 Ideas on adaptive estimation

Consider the estimation problem for the Gaussian sequence model

Y, = fi+n "%

with Y j# sz < M. Tt is known, for given M, the optimal filter is (1 — u /)., where
u is determined by

1
- P =nf) =M.

Since

2

Bon! BICp+D)
’“«Mw+mm+n)

the optimal truncation is of the order n'/@*D,

Choose n'/@8+1/2 > N > p!/@*D and 1 > v, > N**1/2/n, and define
N
28 2
Moy = f}+7n
=1

Define N = N(My;) = a - n!/ (2'3“)M(1)/f(.2ﬁ *D, where « is a constant to be chosen.
Define

d; = d(j/N) = (1 - G/NY), .

Consider the oracle estimator (d;Y;){". Its risk is

1
Sa-arsiet S
N
=Y (A=dpfi+ Y (1=d)fl+ % > &
J=1 >N

=A+ Ay + A3.
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First,

Ay <sup(1 = d;)’ Moy < NP Moy = o PP/ + y,) /D
j<N

Second, A = Y ;o f7 < N"#M = o(n™#/%F*V). Third,
N1 o
Ay=—= > (L=GINPL
anBICB DM 1 o, Y128+ f (1 - )2t
0

282
B+ DB+ 1)

These results hold uniformly over f. Combine these and choose a =

IA

= an BIBD(N 4 ,) OB

((ﬁ+1)(2ﬁ+1))1/(2ﬁ+1)

5 , and we have the supremum risk of the oracle estimator over

f is at most

c(m) - n~2BICB+D 1128+

where

B 2B/(2+1)
) . (1 + 2ﬁ)l/(2,8+1)

(5

is the Pinsker constant.

Let M, = Z?V:”I jzﬁfj2 + ¥, Where fAj2 =y; —n"'. Then

,
EWN) =) f} = Moy <M+,
=1

and

N
Var(M) = Z j#Var(r?)

j=1

N N
=2n7? Z ¥+ 4n! Z j4ﬁfj2
=1 =1

:J1+J2,
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where the first term
~ 1 N _\48 N
Jy = 2n 2N i/IN)" ~2n2N%¥*1 . K = o(1
i < 2, (i1%) (1)

=1
since N = o(n'/®+1/2) and the second term

n

N
Ty 4w WP Y S = A WY My g < AKMn R o

J=1

o(Jy)

uniformly for f € £(8, M) since N > n'/®*)_ Combining these gives Var(M) =

o(1) uniformly for f € £(8, M). Recalling y, > N**12/n gives

M-M 2Kn 2N+
Var( O’f) ~ > = o(1),
Vn n
and then
it it -
_ ‘ < l U1 = 0,(1) (1.5.33)
O’f n
uniformly.

The last result is crucial for the next step, i.e. showing that the difference

between oracle estimator (d Y ]):o and the estimator (d(N(#M)Y j):o is negligible. Re
call that N = N(M,); now (1.5.33) is used to replace M, by estimate M. The

remainder of the proof consists of showing

E Y (dGINMop) — dGINGD)) V2 = o(n /08D,

1.5.2 Proofs for Section 1.2

Proof of Lemma 1.2.1. (a) Under the null hypothesis we have Y7 = n™'¢?, hence
T =3d; (gf - 1) / V2. Then it follows from (1.2.8) and np — oo that the CLT
infinitesimality condition

supd; = o(1)
J
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holds uniformly over d € D, proving the assertion.

(b) Since Y? = f2 + 2n7 2 ¢ + n71¢2, we have
J J J>J J

T= % D di(nf7 + 202 g + (& - 1)), (1.5.34)
T-La.f)= % D d;i(2n' 21+ (8 - 1)), (1.5.35)

An easy calculation gives
1
Var,T = 3 ) di (4nff +2) = 1+2n ) diff
where in view of (1.2.8) we have for f € B,
n)y dff<sp™t Y f1<25=o(l).

Consequently, Var;T — 1 uniformly. Now the CLT infinitesimality condition on

the sum (1.5.35) amounts to
supd? (nf? + 1) = o(1). (1.5.36)
J
For f € B, we have sz < 2p, hence in view of (1.2.8)
&} (nf? +1) < d 2np + 1) < 26

for n sufficiently large. Hence (1.5.36) is fulfilled uniformly over d € O and

f € B}, and the claim follows.
(c) Set f; ~ N(O, 0'?),' then in view of (1.5.34)
1 n
T - L(d,0) = 7 D d;(2n' 2 fig+ (& - 1))+ 7 .di(ff-0%). (1537

An easy calculation gives

Var,T = % > & (4no3+2)+n > &

:1+n2d12-(20'§+0'j)
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where in view of (1.2.8) we have for o € B,

nZd?oﬁ < 5p‘1 Z 0'? <26 =o0(1),

nz d?(fj- < 2pn Z dfcri <4p6 = o(1).

Consequently, Var;T — 1 uniformly. Now the infinitesimality condition on the
sum (1.5.37) amounts to
sup djz. (1 + no’? + nof}) = o(1). (1.5.38)
J

For o € B, we have o7 < 2p, hence in view of (1.2.8)
djz. (1 + noﬁ + nO'jf) < d? (1 + np + npz) <36

for n sufficiently large. Hence (1.5.38) is fulfilled uniformly over d € O and

oEB), and the claim follows. O

Proof of Lemma 1.2.2 . Let D be defined as D in (1.2.8) but with condition ||d I =1
replaced by ld|* < 1. Then, since L(d, f) is linear in d, for every d € D there is a
d € Dsuch that L(d, %) < L(d, f?) for every f. Hence it suffices to prove the claim
for D replaced by the compact convex set D. The restriction f € (8, M) N B, is

equivalent to f? being in the set

(geRl: > gi¥ <Mp< > g <2 (1.5.39)

which is convex and compact (and nonempty for large enough n since p — 0).
The functional L is bilinear in d and f?; the standard minimax theorem now

furnishes the result. |
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Lemma 1.5.1. For n large enough, the saddlepoint d, fy of Lemma 1.2.2 is given by

I
[}

where A,y are the unique positive solutions of the equations

do =

fii=(2 —ﬂjzﬁ)+,j:l,...,n

Zfﬁ (A-u®) =m, Z (41— (1.5.40)
The value of L at the saddlepoint is

n
Lo = Ldy, o) = — || ]| 1.5.41
o = L(do, fo) \5||fo|| ( )

Proof. Ignore initially the restriction sup,;d; < &§/np and consider maximizing
L(d, f?) in d for given f. Under the sole restriction ||d|| = 1, by Cauchy-Schwartz

the solution is found as
f2
1zl
It remains to minimize L(d(f), f) = n || f2|| / V2 under the restrictions on 12, Set-

d(f) =

ting g; = J.z, one has to minimize ||g|| on the convex set (1.5.39). This is solved

using Lagrange multipliers A, u.
To show that the solution d fulfills the restriction sup; j d2 < 6/np, we note that
foi=(a —,1]'2/3)+ = 2(1 - pa” 1]2/5) <A (1.5.42)

below (cf. (1.5.49), Lemma 1.5.2) it is shown that A < n~'=V/#*D and n||f2| =

L, = 1. This implies

npdan, j=np-0 (nz/lz) ,

n3p/12 =n- n—4/3/(4,8+1) A n—2/(4B+1) — l’l_l/(4‘3+l; (1543)

thus for 6 = (logn)™' we have that d, € D for n large enough. ]
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Proof of Lemma 1.2.3. The log-likelihood ratio is

n ]_gilog(n0'§+l).
=1

n 2
1 o’
= — Y2 J
32" f(mrul
j=1 J
2

This shows (a) by setting d = d/||d|| for d; = —%. Now for o2 = f2, we have, as

A= n—]—l/(4ﬂ+l),
nfy; = n/l(l - /l_lﬂjzﬂ)+ <nd =< np-n” VD = gt VERD = (1),

hence d; ~ nf;; uniformly over j = 1,...,n. This implies ||c?|| ~n ||f02|| = nand

&I‘Sﬂ

7
uniformly in j < n. The proof of npd; ; < 6 now exactly follows (1.5.42), (1.5.43)

(CHECK). The convergence t — z, now is a consequence of Lemma 1.2.1 (a). O

Lemma 1.5.2. Suppose p = ¢ - n= /%D ¢ constant. Then the saddlepoint value Ly of

(1.2.12) fulfills

Lo = L(do, f2) ~ NAQM~11CBc2+1/2B) /2,

Proof. The proof of Lemma 1.5.1 shows that L(dy, f;) is also the saddlepoint val-

ue under the weaker restrictions ||d|]* < 1, f € Z(8, M) N B,. Let us sketch a

derivation of the asymptotics by a renormalization technique. Suppose that
d; = h'?d(hj), j < n where h is a bandwidth parameter tending to 0, and the

continuous function d : [0, c0) — [0, c0) satisfies

f ) d*(x)dx < 1. (1.5.44)
0

Consider another continuous function o : [0, ) — [0, o) satisfying

f x#o?(x)dx <1 and f c*(x)dx > 1 (1.5.45)
0 0
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and set 0'5 = Mh*#*'0?(hj), j < n. Choose h = (o/M)"/??. The coefficient vector

d= (d j)jzl satisfies
I = ) d(hj) — f d(x)dx < 1.
J=1 0

Identifying f*> € R/ with (0)1_,, the restriction f € Z(8, M) is asymptotically

=1

satisfied since
> Pt =My (i (k) — M f Po(x)ydx <M, h— 0.
=1 j=1 0

The restriction f € B, is also asymptotically satisfied since

Z 0'? = Mh*PH! Z a?(jh) = phz a*(jh) ~ pf a*(x)dx > p.
; = 0

j=1 j=1
Therefore,
oy do? = iMhzﬂ“/zhid( (k)
\/i j=1 ! \/5 j=1
1+1/(4B) p—1/(4B) co
~E f d(x)o?(x) dx.
V2 0

The saddle point problem (1.2.12) for each n is thus asymptotically expressed in
terms of a fixed continuous problem with constraints (1.5.44) and (1.5.45). There

is unique positive solution (1%, u*) for the equations (cp. Golubev, 1982),
f ¥ —ux#ydx =1, (1.5.46)
0

f m(ﬂ —pux*ydx = 1. (1.5.47)
0

Let ||-|l, and (-, -), denote norm and scalar product in L, (R;). Then the saddle
point (d*, 0*?) is given by
*2

=2 o?x) = (' - u' P, (1.5.48)

- )
”U 2
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Then the value of the game is

su inf d,c*) = inf sup d, o
din (1.I5).44) oin (1~5~45)< > 2 oin(1545) 4in (1.5.44) < >2

:<d*,a'*2> :|

2

0_*2

, = VAo(B),

where the sup is taken for d satisfying (1.5.44), the inf is taken for o satisfy-
ing (1.5.45), and Ay(B) is Ermakov’s constant in (1.1.3). The continuous sad-
dlepoint problem arises naturally in a continuous Gaussian white noise setting
and a parameter space described by the continuous Fourier transformation, e.g.

a Sobolev class of functions on the whole real line (cf. Golubev 1982, 1987).

The above argument provides the guideline for a more rigourous proof,
based on calculating the sharp asymptotics of A and u directly from (1.5.40).

The rough order of 1 can be found as follows. By equating f; = 0?, we find

(A= uf*), = MP* 0,

= (1= (' ))

+

we find A < h%#*! | h < (u/2)"* and thus

A= WP = (p)BHVICB) o 11 /Eps (1.5.49)

O

Remark 1.5.1. The paper of Ermakov (1990), when calculating the asymptotics of A, u
in (1.5.40) and of A = 2L (in a more general framework where ¥, a;f; < Po, ¥ b;f7 >
p), contains an error for A. Here is the correction using the notations therein. Let
aj = Lj*, b; = Mj*, where y > v > 0, L and M are positive constants, and set
€ =n"'2. Then as € — 0 we have that

Qy +2v + 1)( L )2‘35(1 o

2(y-v)
2(y —v) Py(4y + 1) M) [,0(4V + ])] W

4y+1

A
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(4v + 1)pa 4 Ay -4y
~— ~ € 'pAd .
Po(4y + 1) 4y + 1
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CHAPTER 2
SHARP ASYMPTOTICS FOR RISK BOUNDS IN NONPARAMETRIC
TESTING WITH UNCERTAINTY IN ERROR DISTRIBUTIONS

2.1 Introduction

We are interested in the hypothesis testing problems for nonparametric regres-

sion. Consider the observations
yi=fx)+& xel01], i=12,..n, (2.1.1)

where {¢;,} are independent random variables with zero expectation, and the
function f is to be tested. The nonradom points x; are assumed to be generated

by a density g on [0, 1] such that

fx‘;n g(dt =i/n.
0

We define some smoothness class of functions. Let L, = L,(0, 1) be the Hilbert
space of square integrable functions on [0, 1] and let || - || denote the usual norm
therein. Let, for natural m and f € L,, D"f denote the derivative of order m in

the distributional sense and let
W(m)={fel,: D"f € Ly}

be the corresponding Sobolev space on the unit interval. The Sobolev class of

order m and radius M is defined by
W(m, M) = {f € W(m) : [ID" I < M)
for given m and M > 0. The periodic Sobolev class is

W(m, M) = {f € W(m, M) : D'f(0)=D/f(1), j=0,1,...m—1}.
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Let {y/;, j = 1,...} be a orthonormal basis such that

(o9

Wan, M) =f: f= ) fss ) aif] < M),

=1 =1

where a; ~ (mj)*".

Define the complement of an open ball in L,
B, ={feLy: IfI*=p}
We consider the hypothesis testing problem of
Hy:f=0 against H,:fe€ W(@m,M)NB,.

If the radius p, tends to zero too quickly, all tests will have tivial asymptotic
power; if it tends to zero too slowly, there exists an a-test such that the type
IT error tends to zero and consistent testing is possible. Brown and Low [3]
established the asymptotic equivalence of the regression model to the Gaussian
white noise model,

dY = f(t)dt + cdW (),

where W(t) is the Browning motion. In the more general framework of the Gaus-

sian white noise model, Ingser [7, 6] established the separation rate of

On = n—4m/(4m+l)
n =<

for Sobolev ellipsoids, for which the asymptotic type II error is bounded away

from 0 and 1. More precisely, define the minimax type Il error as
m(a, pp,m,M) ;= inf su (1 —-E, ¢dp).
P Gn:Enopn<a feW(m,]B)ﬁBp f¢

If p, < n=%/4*D then

0 < limn,(a, p,,m,M) and lim (e, pu, B, M) < 1 — a.
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Ermakov [4] found the exact asymptotics of the minimax type II error at the

separation rate. More precisely, if

Dy ~ ¢ - n-YBIEBD

for some ¢ > 0, then

m(a, pp,m, M) = O(z, — VA(c,3,M)/2) + o(1) asn — oo,

where A(c, 8, M) = Ay(B)M~/CP 213 and A((B) is the Ermakov’s constant

2028+ 1)

Ao(B) = @B + I+

(2.1.2)

In the present paper we consider the sharp asymptotics of the minimax type
IT error for the model (2.1.1) with uncertain error distributions. This notation
of uncertainty is related with robustness, e.g. [2]. As shown below, the mod-
el giving meaning meaningful results here is one the nonidentical distributed
errors. The distributions of & will still vary in a small neighborhood of some

(unknown) central measure Q,, but will in general be different.

In contrast, it is noteworthy that substantial attention has been devoted to
asymptotically minimax estimation for integrated mean square error. For the
Sobolev class of problems, it has been possible to improve the results on best
obtainable rates of convergence by find the exact asymptotic value of the mini-
max risk in the class of all estimators. The key original result is due to Pinkser
[9] for a filtering problem over ellipsoids in Hilbert space. Nussbaum [8] and
Speckman [10] considered the regression model with Gaussian errors. Golubev
and Nussbaum [5] extended the sharp asymptotics to non-Guassian regression
for which the error distributions are from a neighborhood of some central mea-

sure, and may be nonidentical.
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2.2 The lower bound

Our main interest is the testing problem for regression with uncertain error dis-
tributions. We adopt the same formulation for the uncertain error distributions

asin [5].
Let, for distributions Q, and Q,

1/2
H(Qu ) = ( | (won- (dQ)”Z)Z)

be the Hellinger distance. Consider a sequence 7, such that

1/2

7, —0, T,n'" > oc0asn— co.

Introduce the set of probability measures on the real line:

Q" = {Q; H(Q, Q) < 1,, Egé = 0}. (2.2.3)

The central measure Q, has zero expectation, second moment o and fulfills the
following regularity condition: If Qg denotes the shifted measure Qo = Qo(- + 1),
then

H(Qu, Op) = O(t) ast— 0. (2.2.4)

We assume a € (0, 1).

Theorem 2.2.1. Assume in the model (2.1.1), & are independent with distribution

n/’

fulfills (2.2.4).

Q € Qf, where the central measure Qq has zero expectation, second moment o and

(i) If 8* = ¢ - n~*™@m*D then, for any test ¢, satisfying Eop, = a + o(1),

lim B(¢,) > D(za — (4/2)'72),
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where

Ao(m)62+1/(2m)

A=AM,m,c,0) = ocAptiem

(2.2.5)

and Ag(m) = % is Ermakov’s constant.

(it) If 6* = o(n~*™“m*D) Then for any test ¢, satisfying Eop, = a + o(1), we have

lim, B(¢,) = 1 - a.

2.3 Attainment

A complete argument for attainment is beyond the scope of the paper, but we
provide theoretical backings for our claim that the lower bounds are indeed

attainable.

Consider first the regression model (2.1.1) with g = 1 and normal noise with
variance 0. It is known that the error bound in Theorem 2.2.1 is attained by a
quadratic statistic given in the frequency domain, [4]. In the time domain 2.1.1,
this corresponds to a quadratic statistic given by some linear spline smoothing

procedure.

In the nonnormal case, when the noise in 2.1.1 is uncorrelated with zero
expectation and variance o7, the risk behavior of the quadratic statistics men-
tioned above remains valid. Actually, the proofs show that the error II error
depends only on the first two moments of the noise. The noise distribution

model in Theorem 2.2.1 ensures that Varé ~ . Indeed, for Q € Q7 N QY, we
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have

|Egx® =0 = | f X d(Q - Qo) (2.3.6)
< ( f ((dQ)'"? + (on)”z)z) H*(Q0, Q) (2.3.7)
< 4cH?*(Qy, Q) = o(1). (2.3.8)

Thus it obvious that the bound of Theorem 2.2.1 is attainable for g = 1 and

known M and o2.

For adaptation for unknown M, we conjecture the plug-in-type method de-
veloped in the last chapter still works, and some sharp asymptotics can be es-

tablished by an adaptive smoother. But we leave this study to the future.

2.4 Proofs

Consider the Sobolev space W with boundary conditions on [0, 1]:
W = {f € W, (D*)(0) = (D")f(1) =0,k =0,...,m— 1}.

It is a Hilbert subspace of W} with respect to the norm (||f]* + [ID™fI*)'/2. We
will make use of the results on the spectral theory of differential operators; see,

e.g., Agmon [1].

There exists a basis ¢;, j = 1,2, ..., in VV;’ such that, if (-, -) denotes the inner

product in L,(0, 1),

(@i ¢j) = 0ij, (2.4.9)

(D"¢;,D"p;) = A;6;5, 1,j=1,2,..., (2.4.10)
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where

O<A<A<---

and the asymptotics of the eigenvalues 4, is given by
A~ @)™, o eo.

The boundary conditions ensure that, when the functions ¢; are continued by
zero outside [0,1], the functions belong to the Sobolev space of order m on any
interval containing [0,1]. Furthermore, this property allows the construction of
another orthogonal system in W which is obtained by a change of scale. Fix a

natural number q. Later we will let g tend to infinity with n. Define functions

Cig =q0ilgx—k+1), k=1,..,q,j=1,2....

Each function ¢, is in VV;’, has support [(k — 1)g~', kg™'] and

(Pjkg> Pikg) = 0ij (2.4.11)

(D" @irg: D" jkg) = 47" ;64;. (2.4.12)

Furthermore, fix a natural s and define W(g, s, M) as the intersection of the linear
spanof @i, j=1,...,5, k=1,...,q, with VV;"(M). From (2.4.12), we obtain that for
feW,s, M), ,

D" AP = " " A(jeg 1)

j=1 k=1

and obviously W(g, s, p) is nonempty. Restricting f to this set, we reduce the
problem to the one of testing the local Fourier coefficients fjx, = (¢jq, f). The

indices ¢ and n will frequently be dropped from the notation in the sequel.

By restricting f to the subset W(q, s, M), we achieve that the observations y;

have a structure

yi = Z ‘pjk('xl)_fjk + é:i, l = 1, 2, . n, (2'4'13)

=1
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where k is uniquely defined by i € F(k) := {i;x; € ¢”'(k — 1,k]}. This may be
constructed as a collection of g linear regression models, each accounting for

observations in the interval ¢! (k—1, k] and having s parameters. The parameters

fir satisfy
s q
Z Z(]zm/lj j2k < M,
j=1 k=1
and
s q
> fizd
j=1 k=1
Let

52 =c- n—4m/(4m+l)

2

A=q.p /@D

g= [b . n2/(4m+l)]’
where a and b do not depend on n and will be selected later.

Introduce the column vectors, for k = 1,2, ..., q,

e =" (fires ooy ) (2.4.14)

& = 1" (@u(x), s (). (2.4.15)
Then the model (2.4.13) transforms to
Vi = @il + &, i€ F(k), (2.4.16)

fork = 1,2,...,q. Now we will select the disturbance distributions in Q” N QY in
accordance with the method of least favorable parametric subfamilies. Consider

a bounded function ¢ on R such that, if u is the identity map in R,

f wdQy = 0, f wdQo = 1.
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Set hy = 1'%g,. For g € R?, let Qi(g) be the measure defined by

dQi(g) = (1 + 1'*@.gy)d Q.

Let Q:(g) be the shifted measure
0i(9)() = Qig)(- + '*@}g).

Lemma 2.4.1. Let 7, be the sequence in the definition Q" and let t, be such that 1, —
oo, t, = o(t,n""?) as n — oo. Then for sufficiently large n, the set of measures

{07(9); lIgll < 1,0 € (1,2, ...,n}} is contained in QF N QY.

Define
K?z(l—(j/s)2m)+, i=12,..

and introduce the prior distribution on g as independent N(0, K?), =12, ...
Let v, be the product prior on g. Obviously v, k = 1,2, ..., g are iid. The induced

product prior on all fy, j=1,2,...,q = 1,2, ...,g will be denoted by II,.

Lemma 2.4.2. For given ¢ > 0 and a small number T > 0, set

1 (2m+1)/(2m) K 1/(2m)
s[4+ (B , (2.4.17)
K, M1 - 1)
1 (MK, -1)\""
=——7 241
s ( cKr(1 + 1) ) ( 8)
where K\ = st and Ky = gt Then, for sufficiently large s, we have

I1,(W(m, M) N\ B,) = 1 as n — .

Consider the corresponding Bayesian testing problem

H; @ y; ~ Qp, iid.

Hy @y ~ Qi(gr), where g ~ v, i€ F(k), k=1,2,....q.
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We have the log likelihood ratio

q
A=) log f [ [+ ggptmane.
k=1

ief (k)
Lemma 2.4.3. Under the previous assumptions, A converges to N(—A/2,A) weakly

under Hy, and to N(A/2, A) under H}, where
A
A=A(s,t,o,m,M,c) — 5 ast— 0and s — oo,

and A is as defined in (2.2.5).

The limit experiments give the lower bound for the minimax type II error

and concludes the proof.

2.4.1 Proof of Lemma 2.4.1

For the expectation,
[udcio) = [udo-are=o
Let 0™ (g) be the shifted measure Qy(- + ¢/g). Then for the Hellinger distance,
H(Q;(2), Qo) < H(Q)i(8), 0i"(8)) + H(Q("8), Qo) (2.4.19)

Here the first term on the right hand side equals H(Q;(g), Qo) and can be bound-
ed by
0((¢:)'"?) = 0((Atn"™")'"?) = oz},

The second term on the right hand side of (2.4.19) can be bounded similarly

in view of condition (2.2.4). Hence all Qi(g) are in QY, for n sufficiently large,

gl < 2.
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For the fourth moment, we have
fu4 dQ;i(g) = f(u — ¢ (1 — +Ag/gdQy = fu4on +0(¢;2)),

so that all Q:(g) are in Q¥ for sufficiently large n. O

2.4.2 Proof of Lemma 2.4.2

First, we show for for sufficiently large s,

N q
P(ZZ]‘]%(<62)—>O, asn — oo.

=1 k=1
We have
N q N
EY > fi=qun™ )y (1-Gi/s™), (2.4.20)
j=1 k=1 =1
1 S
= L pdm/Gml) 1= (j/s)*" 2.4.21
abs -n s;( (j/s) )+ ( )
(2.4.22)
Since
1< ®
Ii - 1=(i 2m — 1 - 2m . - K ,
we have, for sufficiently large s,
IS . Om T
= > (1=GirsPm), > (1= D)K.
s 4 + 2
j=1
Then plugging (2.4.17) and (2.4.18) in gives
N q
E Z Z 2> 1 +0)(1-1/2)8° > (1 +1/4)6% (2.4.23)

j=1 k=1
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The variance is

s q s

f,i] = 242072 Y (1= (i/9™")) = 0w™),

=1

,]:1 k=1

where we used the fact

lim = Z (1= Giro™) )—f (1-£™2dt = K

Therefore, by Chebyshev’s inequality, we have

)
P(Z Zf/k <) < 54(1( /)4)2 = O 2@y 5 0,
=1 k=1

Second, we show for sufficiently large s

P(Zs: zq: " f; > M) — 0.

j=1 k=1

For the mean, we have

EZZqzm/l] = =g ™! Z/l 1—(]/s)2m

Jj=1 k=1

1< 4 o
= ap! = S S (1= G, -
Jj=1

A

Since 4; ~ (jm)*" and it is seen that

tm 3 (1), = [ (=) = g

j=1

we have for sufficiently large s
! Z 4 (1= Gi/sym), < (1 +7/2)Ka.
s 4 §2m +

Combining these with (2.4.17) and (2.4.18) gives

s q
E (Z > ]i] < -7)(1 +7/2)M < (1 - 1/2)M.

j=1 k=1
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The variance is

N

22
Z qz ] n72q4m+l 4m+1 1 Z — J (1 _ (]/S)2m)

q
j=1 k=1 Jj=1

_ 0(a2b4m+1S4m+1n—2/(4m+1))
= o(1),

where we used the fact

2 oo
lim © Z STJ (1- (]/S)Zm) = fo ()" (1 — P2 dt = K

s§—0 §
j=1

Then by Chebyshev’s, we have

S q
PO q"AifE > M) > 0.
=1 k=1
o
2.4.3 Proof of Lemma 2.4.3
Without loss of generality, assume d = n/q is an integer.
Recall the logarithm likelihood ratio is
q
A= log f Mg (1 +2'26()@ig) dv(g) (2.4.26)
k=1
q
= Zl gf 1+ Z 12o(y)gig + Z AW(y)P(y)@igg pi + Rem | dv(g).
k=1 ieF (k) i> .7 (k)
(2.4.27)
Write ® = (¢y,...,$,)" as a matrix, and rewrite the quadratic term above as

Z f WP )Pigg pi dv(g)

i>j,F (k)

A
==k — J2p),
2( 1k = J2x)
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where
T =o' (Egg) ®y(n)  and  Jox= > w00)*F (Evgg) i
ief (k)
Recall E,g = 0 and E,gg’ = R, = diag{«i,...,k}. Then the log likelihood can be

expanded further as

q
A
A= Z lOg(l + E(Jl’k - J27k) + Rem)

k=1

L (2 2
= (E(Jl,k - J27k) - Z(Jl’k - Jz’k)z + Rem) . (2428)

k=1
Consider the means and variances of J;; and J,; under Hj. Asn — oo,

EJii = (1 +0(1)) - tr(dR, D)

1
=(1+o(1) ) >~

ieF k) j=1

= (1+o(1) Y &,
j=1

Var(Jyx) = (1 + 0(1))2tr(PR;D'OR,D")

= 2tr(DRD’)

=2(1 +o(1)) Z K5

J=1

EJy, = Z Z %(b?k(xi)’(j’

ieF (k) j=1

Z% P

J=1 ' ieF (k)

= (1+o(1) ).,
j=1
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51
Var(Jo) = 0 - () ~$(0)°)
=1

= 0(dq*In®)

=0(/d) =o(1).

Therefore, by the law of large numbers and the central limit theorem (cf. [11]),
under H; the log likelihood ratio converges weakly to N(-=A/2,A), and under H;
to N(A/2, A), where

1, - 2
A:EabZKj
=1

1 c2+1/(2m) A (1 + T)Z—l/(Zm) 1 s
= 2 T pem . (1 —7)-1/em Ty Lat

Letting s — co and 7 — 0 gives

1 Ao(m)c2+l/(2m)

A= T o

as claimed. O
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CHAPTER 3
UPS DELIVERS OPTIMAL PHASE DIAGRAM IN HIGH DIMENSIONAL
VARIABLE SELECTION

3.1 Introduction

Consider a sequence of regression problems:
y® = X(p)ﬁ(p) + Z(p)’ Z(p) ~ N(O, I,), n=n,. (3.1.1)

Here, X is an n, X p matrix, where both p and n, are large but p > n,. The
p % 1 vector g7 is unknown to us, but is sparse in the sense that it has s, nonze-
ros where s, < p. We are interested in variable selection: determining which
components of 8% are nonzero. For notational simplicity, we suppress the su-

perscript ) and subscript p whenever there is no confusion.

A well-known approach to variable selection is subset selection, also known as
the L-penalization method (e.g., AIC [2], BIC [24], and RIC [13]). This approach

selects variables by minimizing the following functional:

1 A58 2
EIIY - XBIl; + %Ilﬁllo, (3.1.2)

where A*° > 0 is a tuning parameter and ||- ||, denotes the L9-norm. The approach
has good properties, but the optimization problem (3.1.2) is known to be NP

hard, which prohibits the use of the approach when p is large.

In the middle 90’s, Tibshirani [26] and Chen et al. [6] proposed a trail-
breaking approach which is now known as the lasso or the Basis Pursuit. This

approach selects variables by minimizing a similar functional, but ||8]|, is re-
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placed by ||8l;:
1
SIY - XBl5 + “|1Blls. (3.1.3)

A major advantage of the lasso is that (3.1.3) can be efficiently solved by the In-
terior Point method [6] even when p is relatively large. Additionally, in a series
of papers (e.g. [9, 10]), it was shown that in the noiseless case (i.e. z = 0), the
lasso solution is also the subset selection solution, provided that g is sufficient-
ly sparse. For these reasons, the lasso procedure is passionately embraced by

statisticians, engineers, biologists, and many others.

With that being said, an obvious shortcoming of these methods is that the
penalization term does not reflect the correlation structure in X, which prohibits
the method from fully capturing the essence of the data (e.g. Zou [33]). How-
ever, this shortcoming is largely due to that these methods are one-stage proce-

dures. This calls for a two-stage or multi-stage procedure.

3.1.1 Screen and Clean

An idea introduced in the 1960’s, Screen and Clean has seen a revival recently
[30, 12]. This is a two-stage method, where at the first stage, we remove as many
irrelevant variables as possible while keeping all relevant ones. At the second
stage, we reinvestigate the surviving variables in hope of removing all false
positives. The screening stage has the following advantages, some of which are

elaborated in the literature:

e Dimension reduction. We remove many irrelevant variables, reducing the

dimension from p to a much smaller number [12, 30].
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o Correlation complexity reduction. A variable may be correlated to many oth-
er variables, but few of which will survive the screening; it is only corre-

lated with a few other surviving variables.

o Computation complexity reduction. Under some conditions (e.g. Section 3.2),
surviving variables can be grouped into many small units, each has a size
< K, and correlation between units is weak. These units can be fitted sep-

arately, with computational cost < # of units x2¥.

Despite the perceptive vision and philosophical importance in these works [12,
30], substantial vagueness remains: How to screen? How to clean? Is Screen
and Clean really better than the lasso and the subset selection? This is where

the Univariate Penalization Screening (UPS) comes in.

3.1.2 UPS

The UPS is a two-stage method which contains an U-step and a P-step. In the
U-step, we screen with Univariate thresholding [9] (also known as marginal
regression [16] and Sure Screening [12]). Fix a threshold ¢ > 0 and let x; be the
J-th column of X. We remove the j-th variable from the regression model if and
only if |[(x;, Y)| < t. The set of surviving indices is then U,(t) = U,(; ¥, X) = {j :

(x;, Dl 21, 1 <j<p}

Despite its simplicity, the U-step can be effective in many situations. The key
insight is that, U,(¢) has the following important properties.
e Sure Screening (SS). With overwhelming probability, U, (f) includes all but

a negligible proportion of the signals (i.e. nonzero coordinates of §). The
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terminology is slightly different from that in [12].

e Separable After Screening (SAS). Define a graph where {1,2, ..., p} is the set
of nodes, and nodes j and k are connected if and only if |(x;, x;)| is large (i.e.,
columns j and k are “significantly” correlated). The SAS property refers to
as that, with overwhelming probability, U ,(¢) splits into many disconnect-
ed small-size components (a component is a maximal connected subgraph

of U,(1)).

We now explain how these properties pave the way for the P-step. Let 7 =
{ir,...,ix} and Jo = {Jj1,...,ji} be two subsets of {1,2,...,p}, 1 < K,L < p. We

have the following definition.

Definition 3.1.1. For any p x 1 vector Y, Y?* denotes the K x 1 vector such that
Y¥o(k) = Y, 1 <k < K. Forany p X p matrix Q, Q*Jo denotes the K x L matrix such

that QX0 (k, £) = Qiy, j), 1 <k <K, 1 << L.

Note that the regression model is closely related to the model X'Y = X"X8 +

X'z. Restricting the attention to U = U,(f), we have
XN = XX+ X" = XX+ (X',

where V = {1,2,...,p}. Three key observations are the following: (a) s-
ince z ~ N(0,1,), X'2% ~ N(0,(X’X)“¥), (b) by the Sure Screening property,
X' X)UVB ~ (X' X)"UBY, and (c) by the SAS property, (X'X)“ approximately e-
quals a block diagonal matrix, where each block corresponds to a maximal con-
nected subgraph contained in U, (7). As a result, the original regression problem
reduces to many small-size regression problems that can be solved separately,

each at a modest computational cost.
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In detail, fix two parameters A*?* and u*?*. Let Iy = {i), is,...,ix} C U,(t) be
a component, and let u be a K x 1 vector the coordinates of which are either 0
or u"?*. Write A = (X’X)?>0 for short. Let (7o) = i(Zo; Y, X, t, 1P, u"P*, p) be the

minimizer of the functional:
1 ’ — 7 1 ups
(XN = Apy ATV = Ap) + S lllo- (3.1.4)

Combining all such estimates across different components of U, (¢) gives the

UPS estimator, denoted by Bers = BUrs(Y, X t, AP, utPS p):

(ﬁ([o))k, lf] =i € Io for some IO = {i], Iy ..., l[(} - (Llp(t),

Sups

0, if j & Uy t,).

The UPS uses three tuning parameters (¢, 1*7*, 4"?*). In many cases, the per-
formance of the UPS is relatively insensitive to the choice of ¢, as long as it falls
in a certain range. The parameter 17* has a similar role to those of the lasso and
the subset selection, but there is a major difference: the former can be conve-
niently estimated using the data, whereas how to set the latter remains an open

problem. See Section 3.2 for more discussion.

We are now ready to answer the questions raised in the end of Section 3.1.1:
UPS indeed has advantages over the lasso and the subset selection. In Sections
3.1.3-3.1.7, we establish a theoretic framework and investigate these procedures
closely. The main finding is the following: for a wide range of design matrices
X, the Hamming distance of the UPS achieves the optimal rate of convergence.
In contrast, the lasso and the subset selection may be rate non-optimal, even for

very simple design matrices.

57



3.1.3 Sparse signal model and universal lower bound

We model g by

/3/-@'51(1—6)1/0+671, O<e<l, I<j<p, (3.1.5)

where v is the point mass at 0 and r is a distribution that has no mass at 0. We
use p as the driving asymptotic parameter, and allow (e, 7) to depend on p. Fix

0 < ¢ < I and recall that s, is the number of signals. We calibrate
e=¢=p", so that s, ~ pe, = p'™7. (3.1.6)

For any variable selection procedure g = (Y|X), we measure the loss by the
Hamming distance

P

o BoBIX) = (BB €0, 1y 1) = Eep| D 150 (B) # sen(6)],

j=1
where sgn(0) = 0. In the context of variable selection, the Hamming distance is
a natural choice for loss function. While the focus of this paper is on selection
error where we use Ly-loss, the idea can be extended to the estimation setting
where we use L,-loss (0 < g < o), but we have to perform an additional step of

least square fitting after the selection.

Somewhat surprisingly, there is a lower bound for the Hamming distance
that holds for all sample size n and design matrix X (and so “universal lower

bound”). The following notation is frequently used in this paper.

Definition 3.1.2. L, > 0 is a multi-log(p) term which may change from occurrence to

occurrence, such that for any fixed 6 > 0, lim,_, L, - p° = 00 and lim,_,, L,p™° = 0.

Now, fixing r > 0, we introduce

T, = 7,(r) = y/2rlog p, (3.1.7)
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72 = . .
and 1, = A,(€,,7p) = #[log(%) + ). Let ® = 1 — ® be the survival function of

N(0, 1). The following theorem is proved later.

Theorem 3.1.1. (Lower bound). Fix 9 € (0,1), r > 0, and a sufficiently large p. Let
€, Sy, and 1, be as in (3.1.6)-(3.1.7), and suppose the support of r, is contained in

[-7,,0)U (0, 7,]. Forany fixed n and matrix X = X' such that X’X has unit diagonals,

hyB.BIX) = s, - [(1 = €)D(A,)/€, + (T, — A,)].

Note that as p — oo,

1-¢ - L, p =6, r> 9,
D1, + D(r, - 4,) > (3.1.8)
€p (1 +o(1)), r <.

It may seem counter-intuitive that the lower bound does not depend on #n, but
this is due to the way we normalize X. In the case of orthogonal design (i.e.,
coordinates of X and iid from N(0, 1/n)), the lower bound can be achieved by
either the lasso or marginal regression [16]. Therefore, the orthogonal design is

among the best in terms of the error rate.

Theorem 3.1.1 says that if we have p'™?

signals and the maximal signal
strength is slightly smaller than +/291log(p), then the Hamming distance of any
procedure can not be substantially smaller than s,, and so successful variable
selection is impossible. In the sections below, we focus on the case where the

signal strength is larger than +/2¢1log(p), so that successful variable selection is

possible.

The universality of the lower bound hints it may not be tight for nonorthog-
onal X. Fortunately, it turns out that in many interesting cases, the lower bound

is tight. To facilitate the analysis, we invoke the random design model.
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3.1.4 Random design, connection to Stein’s normal means mod-

el

Write X = (x1,x2,...,%,) = (X1,X>, ..., X,)’. We model X; as iid samples from a

p-variate zero-mean Gaussian distribution,

i 1
X; “ N, -Q). (3.1.9)

The p x p matrix Q = Q® is unknown but for simplicity we assume it has unit
diagonals. The normalizing constant 1/n is chosen so that the diagonals of the

Gram matrix X’X are approximately 1. Fixing 6 € (1 — ¢, 1), we let
n=n,=7p’ (3.1.10)

Note that 5, < n, < p as p — oo. For successful variable selection, it is almost
necessary to have s, < n, [9]. Also, denoting the distribution of X by F = F,
note that for any variable selection procedure, the overall Hamming distance is

Hamm, (8,B8) = Er[h,(BIX)].

Model (3.1.9) is called the random design model which may be found in the

following application areas.

o Compressive Sensing. We are interested in a p-dimensional sparse vector
B. We measure n general linear combinations of 8 and then reconstruct it.
For 1 <i < n, choose a p x 1 coefficient vector X; and observe Y; = X/ + z;,
where z; ~ N(0, 0?%) is noise. For computational and storage concerns, one
usually chooses X;’s as simple as possible. Popular choices of X; include
Gaussian design, Bernoulli design, Circulant design, etc. [9, 3]. Model

(3.1.9) belongs to Gaussian design.
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e Privacy-preserving data mining. The vector f may contain some confidential
information (e.g. HIV-diagnosis results of a community) that we must
protect. While we can not release the whole vector, we must allow data
mining to some extent, because, for example, the study is of public interest
and is supported by federal funding. To compromise, we allow queries as
follows. For each query, the database randomly generates a p x 1 vector
X;, and releases both X; and Y; = X8 + z; to the querier, where z; ~ N(0, o?)
is a noise term. For privacy concern, the number of allowed queries is
much smaller than p. Popular choices of X; include Gaussian design and

Bernoulli design [8].

Random design model is closely related to a Stein’s normal means model
W ~ N(B,%), where £ = Q7!. To see the point, recall that Model (3.1.1) is closely
related to the model X'Y = X'XB + X’z. Since the rows of X are iid samples
from N(O, %Q) and s, < n, < p, we expect to see that X'Xg = Qp and X'z ~
N(0,Q), and so that X'Y ~ N(QB, Q). Therefore, Stein’s normal means model can
be viewed as an idealized version of the random design model. This suggests
that solving variable selection problem opens doors for solving Stein’s normal

means problem, and vice versa.

3.1.5 Optimality of the UPS

The main results of this paper are Theorems 3.2.1-3.2.2 in Section 3.2. To state
such results, we need relatively long preparations. Therefore, we sketch these
results below, but leave the formal statements to later. In Model (3.1.1), (3.1.5),

and (3.1.9), let (s,, 1), n,) be as in (3.1.6), (3.1.7), and (3.1.10). Suppose
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e Each row of Q satisfies a certain summability condition, so it has relatively

few large coordinates.

e The support of x, is contained in [7,, (1 + 1)7,], where 7, = /2rlog(p) and
n is a constant to be defined later. We suppose r > @, so that successful

variable selection is possible; see Theorem 3.1.1.

e Either all coordinates of Q are positive, or that /¢ < 3 +2 V2 (so that we

won’t have too many “signal cancellations” [30]).

Fix 0 < g < (¢ + r)?/(4r), and set the tuning parameters (z, A“7*, u""*) by

t,=1t(q) = y2qlogp, A" =7 = 20log(p), u"’ =wul =1,

The main result is that, as p — oo, the ratio between the Hamming error of the
UPS and s, is no grater than L,p®""/#)_ Comparing this with Theorem 3.1.1

gives that, the lower bound is tight and the UPS is rate optimal.

3.1.6 Phase diagram for high dimensional variable selection

The above results reveal a watershed phenomenon as follows. Suppose we have

17 signals. If the maximal signal strength is slightly smaller than

roughly s, = p
\291og p, then the Hamming distance of any procedure can not be substantially
smaller than s,, hence successful variable selection is impossible. If the minimal
signal strength is slightly larger than /29 log p, then there exist procedures (UPS

is one of them) whose Hamming distances are substantially smaller than s,, and

they manage to recover most signals.

The phenomenon is best described in the special case where 7, = v, is the

point mass at 7, with 7, = 4/2rlog p as in (3.1.7). If we call the two-dimensional
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domain {(¢,r) : 0 < ¥ < 1, r > 0} the phase space, then the theorems say that the

phase space is partitioned into three regions:

e Region of No Recovery (0 < ¢ < 1,0 < r < ¥). In this region, the Ham-
ming distance of any procedure > s,, and successful variable selection is

impossible.

e Region of Almost Full Recovery (0 <& < 1,9 < r < (1 + VI —9)?). In this
region, there are procedures (e.g. UPS) whose Hamming errors are much
larger than 1 but are also much smaller than s,. In this region, it is possible

to recover most of the signals, but not all of them.

e Region of Exact Recovery (0 <& < 1, r > (1 + V1 —)?). In this region, there

are procedures (e.g., UPS) that recover all signals with probability ~ 1.

See Figure 3.1 (left panel) for these regions. Note that the partitions are the same
for many choices of Q. Because of the partition of the phases, we call this the
phase diagram. The UPS is optimal in the sense that it partitions the phase space

in exactly the same way as do the optimal procedures.

The phase diagram provides a benchmark for variable selection. The lasso
would be optimal if it partitions the phase space in the same way as in the left
panel of Figure 3.1. Unfortunately, this is not the case, even for very simple Q.
Below we investigate the case where X'X is a tridiagonal matrix, and identify
precisely the regions where the lasso is rate optimal and where it is rate non-
optimal. More surprisingly, there is a region in the phase space where the subset

selection is also rate non-optimal.
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Exact Recovery Exact Recovery

| Non—optimal

Almost Full Recovery

Optimal

No Recovery No Recovery

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
o O

Figure 3.1: Left: Phase diagram. In the yellow region, the UPS recovers all
signals with high probability. In the white region, it is possible
(i.e., UPS) to recover almost all signals, but impossible to recov-
er all of them. In the cyan region, successful variable selection
is impossible. Right: partition of the phase space by the lasso
for the tridiagonal model (3.1.11)-(3.1.12) (¢ = 0.4). The lasso
is rate non-optimal in the Non-optimal region. The Region of
Exact Recovery by the lasso is substantially smaller than that
displayed on the left.

3.1.7 Non-optimal region for the lasso

In Section 3.1.7-3.1.8, we temporarily leave the random design model and con-
sider a Stein’s normal means model, which is an idealized version of the for-
mer. Using an idealized version is mainly for mathematical convenience, but the
gained insight is valid in much broader settings: if a procedure is non-optimal
in simple cases, we should not expect them to be optimal in more complicated

cases.
In this spirit, we consider a Stein’s normal means model
Y=X'Y ~ NQB,Q), (3.1.11)

where $ is as in (3.1.5) with 7, = v, and 7, = /2rlog(p). To further simplify the
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study, we fix a € (0, 1/2) and take Q as the tridiagonal matrix 7'(a):
T(a)i,j)=UHi=j}+a-l{li-jl=1}, 1<i,j<p. (3.1.12)
Note that in this case, the UPS partitions the phase space optimally.

We now discuss the phase diagram of the lasso. The region {(},r) : 0 < ¢ <

1,r > 9} is partitioned into three regions as follows (see Figure 3.1).

e Non-optimal region: 0 < ¢ < 2a(l + @)™ and (1 + V1-a®)¥ < r <
(1+ 1%3)2(1 — ). In this region, the lasso is rate non-optimal (i.e., the
Hamming distance is L, - p° with constant ¢ > 1 — (¢ + r)?/(4r)), even when

the tuning parameter is set ideally.

e Optimal region: 0 <9 <land ¥ <r < 1(1+ Vl-a>)¥and r < (1+ V1 -9~
In this region, if additionally a > 1/3, then the lasso may be rate optimal if
the tuning parameter is set ideally. The discussion on the case 0 < a < 1/3

is tedious so we skip it.

e Region of Exact Recovery: 0 < 9 < land r > (1 + VI—=9)? and r > (1 +
\/%)2(1 — ). In this region, if the tuning parameter is set ideally, the
lasso may yield exact recovery with high probability. Region of Exactly
Recovery by the lasso is substantially smaller than that of the UPS. There
is a sub-region in the phase space where the UPS yields exact recovery, but

the lasso could not even when the tuning parameter is set ideally.

For discussions in the case where Q is the identity matrix, compare [16, 28].
The above results are proved in Theorem 3.4.1, where we derive a lower bound
for the Hamming errors by the lasso. In a manuscript, we show that the lower

bound is tight for properly large ¢, but is not when ¢ is small. It is, however,
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tight for all 4 € (0, 1) if we replace Model (3.1.5) by a closely related model,
namely (2.2)-(2.3) in [17]. For these reasons, the non-optimal region of the lasso
may be larger than that illustrated in Figure 3.1. The discussion on the exact

optimal rate of convergence for the lasso is tedious and we skip it.

Why the lasso is non-optimal? To gain insight, we introduce the term of fake

signal, a noise coordinate that may look like a signal due to correlation.

Definition 3.1.3. We say that Y; is a signal if ; # 0, is a fake signal if (QB); # 0 and
B; =0, and is a (pure) noise if B; = (QB); = 0.

With the tuning parameter set ideally, the lasso is able to distinguish signals
from pure noise, but it does not filter out fake signals efficiently. In the opti-
mal region of the lasso, the number of falsely kept fake signals is much smaller
than the optimal rate, so it is negligible; in the non-optimal region, the num-
ber becomes much larger than the optimal rate, and so is non-negligible. This
suggests that when X’X moves away from the tridiagonal case, the partitions
of the regions by the lasso may change, but the non-optimal region of the lasso

continues to exist in rather general situations.

The non-optimality of the lasso is largely due to that it is a one-stage method.
An interesting question is whether UPS continues to work well if we replace the
univariate thresholding by the lasso in the screening stage. The disadvantage of
this proposal is that, compared to the univariate thresholding, the lasso is both
slower in computation and harder to analyze in theory. Still, one would hope

the lasso could perform well in screening.

With that being said, we note that the implementation of the lasso only needs

minimal assumption on the model, which makes it very attractive, especially
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in complicated situations. In comparison, we need both signal sparsity and
graph sparsity to implement the UPS, and how to extend it to more general
settings remains unknown. The exploration along this line is continued in our

forthcoming manuscripts [20, 21, 11]; see details therein.

3.1.8 Non-optimal region for the subset selection

The discussion on the subset selection is similar to that for the lasso so we keep

it brief. Introduce v,(a) = #ﬁf—_az) and v;(a) = 2V1 —a? — 1. Similarly, the

phase space partitions into three regions as follows.

e Non-optimal region: 0 < 9 < —219D_ and vi(@)9 < r < [=(V1 =29 +
p 8

(v1(a)+1)? va(a)

VI =29 + 9n()]".

e Optimal region: 0 < ¥ < land d <r <vi(@¥and r < (1 + V1 —9)>.

e Exact Recovery region: 0 <& < 1,r > (1 + V1 -8 and r > [ (V1 - 20 +

VI =20 + 0w ()]’

See Theorem 3.4.2 for proofs and Figure 3.2 for illustration. Similar to the re-
marks in Section 3.1.7, the Region of Exact Recovery and the optimal region of

the subset selection may be smaller than those illustrated in Figure 3.2.

The reason why the subset selection is non-optimal is almost the opposite
to that of the lasso: the lasso is non-optimal for it is too loose on fake signal-
s, but the subset selection is non-optimal for it is too harsh on signal clusters
(pairs/triplets, etc.). With the tuning parameter set ideally, the subset selection

is effective in filtering out fake signals, but it also tends to kill one or more signal-
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Figure 3.2: Left: a re-display of the left panel of Fig 3.1. Right: partition
of the phase space by the subset selection in the tridiagonal
model (3.1.11)-(3.1.12) (a = 0.4). The subset selection is not rate
optimal in the Non-optimal region. The Exact Recovery region
by the subset selection is substantially smaller than that of the
optimal procedure, displayed on the left.

s when the true signals appear in clusters. These falsely killed signals account

for the non-optimality. See Section 3.4.2 for details.

3.1.9 Connection to recent literature

This work is related to recent literature on oracle property [33, 23], but is dif-
ferent in important ways. A procedure has the oracle property if it yields ex-
act recovery. However, exact recovery is rarely seen in applications, especially
when p > n. In many applications (e.g. genomics), a large p usually means that
signals are sparse or rare, and a small n usually means signals are weak. For
rare and weak signals, exact recovery is usually impossible. Therefore, it is both
scientifically more relevant and technically more challenging to compare error

rates of different procedures than to investigate when they satisfy the oracle

property.
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The work is also related to [5, 31] on asymptotic minimaxity, where the lasso
was shown to be asymptotic rate optimal in the worst-case scenario. While their
results seem to contradict with that in this paper, the difference can be easily rec-
onciled. In the minimax approach, the asymptotic least favorable distribution
of Bis given by ; Y- €)Vo + €V, where €, = p™?, 7, = \/2rlog p and notably
¢ = r, which corresponds the boundary line of the Region of No Recovery in the
phase space (e.g. [31, Page 18-19], [1, Section 3]). This suggests that the minimax
approach has limitations: it reduces the analysis to the worst-case scenario, but
the worst-case scenario may be outside the range of interest. In our approach,
we let (9, r) range freely, and evaluate a procedure based on how it partitions

the phase space. Our approach has a similar spirit to that in [10].

The work is also related to the adaptive lasso [33]. The adaptive lasso is
similar to the lasso, but the L'-penalty 1**||8||; is replaced by the weighted L'-
penalty ¥ w|8)l, where w = (w,...,w,)" is the weight vector. Philosophically,
we can view the adaptive lasso as a Screen and Clean method. Still, the pro-
posed approach is different from the adaptive lasso in important ways. First,
Zou [33] suggested weight choices by the least squares estimate, which is only
feasible when p is small. In fact, when p > n, our results suggest that feasible
weights should be very sparse, while the weights suggested by the least squares
estimates are usually dense. Second, for the surviving indices, we first partition
them into many disjoint units of small sizes, and then fit them individually. The
adaptive lasso fits all surviving variables together, which is computationally
more expensive. Last, we use Penalized MLE in the clean step while the adap-
tive lasso uses L'-penalty. As pointed out before, the L'-penalty in the clean
step is too loose on fake signals, which prohibits the procedure from being rate

optimal.
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The work is also related to other multi-stage methods, e.g., the threshold las-
so [32] or the LOL [22]. These methods first use the lasso and the OLS for vari-
able selection, respectively, followed by an additional thresholding step. How-
ever, by similar argument as in Sections 3.1.7-3.1.8, it is not hard to see that these

procedures do not partition the phase diagram optimally.

3.1.10 Contents

In summary, we propose the UPS as a two-stage method for variable selection.
We use Univariate thresholding in the screening step for its exceptional conve-
nience in computation, and we use Penalized MLE in the cleaning step because
it is the only procedure we know so far that yields the optimal rate of con-
vergence. On the other hand, the lasso and even the subset selection do not

partition the phase space optimally.

The remaining sections are organized as follows. Section 3.2 discusses the
UPS procedure and the upper bound for the rate of convergence. The section al-
so addresses how to estimate the tuning parameters of the UPS, and the conver-
gence rate of the resultant plug-in procedure. Section 3.3 discusses a refinement
of the UPS for moderately large p. Section 3.4 discusses the behavior of the lasso
and the subset selection. Section 3.5 discusses numerical results where we com-
pare the UPS with the lasso (the subset selection is computationally infeasible

for large p so is not included for comparison).

The corresponding paper [19] is to appear in Annals of Statitics with the sup-

plementary material for proofs [18].
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Below are some notations we use in this paper. Fix 0 < g < co. Fora p x 1
vector x, ||x]|, denotes the L7-norm of x and we omit the subscript when g = 2.
For a p x p matrix M, |[M||, denotes the matrix L?-norm, and [[M|| denotes the

spectral norm.

3.2 UPS and upper bound for the Hamming distance

In this section, we establish the upper bound for the Hamming distance and
show that the UPS is rate optimal. We begin by discussing necessary notations.
We then discuss the U-step and its Sure Screening and SAS properties. Next,
we show how the regression problem reduces to many separate small-size re-
gression problems, and explain the rationale of using the Penalized MLE in the
P-step. We conclude the section by the rate optimality of the UPS, where the

tuning parameters are either set ideally or estimated.

Since different parts of our model are introduced separately in different sub-

sections, we summarize them as follows. The model we consider is
Y = XB+z, z~ N(Q,I,), (3.2.1)

where

iid

iid
X; ™

1
N@O,-Q), Bi~U-evy+em, 1<i<n 1<j<p. (3.2.2)
n

Fixing 6 > 0,9 > 0, and r > 0, we calibrate

e =p?,  1,= \Irlogp, iy =p (323)
assuming that
0 < (1-9). (3.2.4)
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1=@+r?/(4n  n this section, we

Recall that the optimal rate of convergence is L,p
focus on the case where the exponent 1 — (¢ + r)*/(4r) falls between 0 and (1 — ),
or equivalently,

9<r<+VI-97>. (3.2.5)

In the phase space, this corresponds to the Region of Almost Full Recovery. The
case r < ¥ corresponds to the Region of No Recovery and is studied in Theorem
3.1.1. The case r > (1 + V1 —)* corresponds to the Region of Exact Recovery.

The discussion in this case is similar but is much easier, so we omit it.
Next, fixing A > 0 and y € (0, 1), introduce

P
M, (y,A) = {Q: p X p correlation matrix, Z Q3G I <A, Y1 <i<p}l
=1
For any Q, let U = U(Q) be the p X p matrix satisfying U(, j) = Q(, j)1{i < j}, and
let d(Q) = max{||[UQ)|l;, [[U(Q)ll}. Fixing wy € (0,1/2), introduce M (wo,y,A) =

{Q e M,(y,A): d(Q) < wp}, and a subset of M} (wy,7,A),
M (wo,7,A) = {Q € M (wo,7,A) : Qi j) 20 forall 1 <i,j<p).

For any Q € M (wj,7,A), the eigenvalues are contained in (1 — 2wy, 1 + 2wy), so

Q is positive definite (when w, > 1/2, Q may not be positive definite).

Last, introduce a constant n = (¢, r, wy) by

Vir {219 ) )
- {1 - S BT —ep -1+ o) (326
L T W 620

We suppose the support of signal distribution r,, is contained in

[7p, (1 + 7,1, (3.2.7)

where 7, = /2rlog(p) as in (3.1.7). This assumption is only needed for proving

the main lemma of the P-step (Lemma 3.6.5), and can be relaxed for proving
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other lemmas. Also, we assume the signals are one-sided mainly for simplicity.

The results can be extended to the case with two-sided signals.

We now discuss the U-step. As mentioned before, the benefits of the U-
step are threefold: dimension reduction, correlation complexity reduction, and
computation cost reduction. The U-step is able to achieve these goals simulta-
neously because it satisfies the Sure Screening property and the SAS property,

which we now discuss separately.

3.2.1 The Sure Screening property of the U-step

Recall that in the U-step, we remove the j-th variable if and only if |(x;, Y)| < ¢
for some threshold ¢ > 0. For simplicity, we make a slight change and remove
the j-th variable if and only if (x;,Y) < t. When the signals are one-sided, the
change makes negligible difference. Fixing a constant ¢ € (0, (9 + r)?/(4r)), we

set the threshold 7 in the U-step

£ =1(q) = y2qlog(p). (3.2.8)

Lemma 3.2.1. (Sure Screening). In Model (3.2.1)-(3.2.2), suppose (3.2.3)-(3.2.7) hold,

and t;, is as in (3.2.8). For sufficiently large p, if QP ¢ M (wo, v, A), then as p — oo,

(9+1)?

5=1 P(XY < 1,,B; # 0) < L,p'~ . The claim remains true if alternatively QP €

Mi(wo, v, A) but /9 < 3 +2V2.

This says that the Hamming errors we make in the U-step are not substan-

tially larger than the optimal rate of convergence, and thus negligible.
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3.2.2 The SAS property of the U-step

We need some terminology in graph theory (e.g. [7]). A graph G = (V, E) consists
of two finite sets V and E, where V is the set of nodes, and E is the set of edges. A
component I, of V is a maximal connected subgraph, denoted by 7 < V. For any

node v € V, there is a unique component 7, such thatve 7, < V.

Fix a p X p symmetric matrix Qy which is presumably sparse. If we let V,, =
{1,2,...,p} and say nodes i and j are linked if and only if Q(i, j) # 0, then we
have a graph G = (V,€). Fix t > 0. Recall that U,(¢) is the set of surviving

indices in the U-step:
U0 =UY,X)={j: (x,Y)>1, 1 <j<p) (3.2.9)
Note that the induced graph (U, (1), Qo) splits into many components.

Definition 3.2.1. Fix an integer K > 1. We say that U, (t) has the Separable After
Screening (SAS) property with respect to (Vy, Qo, K) if each component of the graph

(U (1), Qo) has no more than K nodes.

Note that if U,(¢) has the SAS property with respect to (Vj, Qo, K), then for

all s > t, U,(s) also has the SAS property with respect to (Vj, Qo, K).

Return to Model (3.2.1)-(3.2.2). We hope to relate the regression setting to
a graph (V,Q), and use it to spell out the SAS property. Towards this end,
we set Vo = {1,2,...,p}. As for Q, a natural choice is the matrix Q in (3.2.2).
However, the SAS property makes more sense if Q is sparse and known, while
Q is neither. In light of this, we take Q, to be regularized empirical covariance

matrix.
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In detail, let Q@ = X’X be the empirical covariance matrix. Recall that X =
X1, Xs,...,X,) and X; ~ N(O, %Q). It is known [4] that there is a constant C > 0

such that with probability 1 — o(1/p?), forall 1 <i,j < p,

1, j) — QG )l < C +flog(p)/ Vn. (3.2.10)

For large p, Q is a noisy estimate for Q, so we regularize it by
(i, ) = Qi N1 ya pistos ()- (3.2.11)

The threshold log™'(p) is chosen mainly for simplicity and can be replaced by
log™(p), where a > 0 is a constant. The following lemma is a direct result of

(3.2.10); we omit the proof.

Lemma 3.2.2. Fix A > 0,y € (0,1), and wy € (0,1/2). As p — oo, for any Q €
M (wo,y,A), with probability of 1 — o(1/ p?), each row of Q" has no more than 2log(p)

nonzero coordinates, and ||Q* — Q.. < C(log(p))~"=7.

Taking Q) = Q*, we form a graph (V;, Q). The following lemma is proved
later, which says that except for a negligible probability, U, (t,) has the SAS prop-
erty.

Lemma 3.2.3. (SAS). Consider Model (3.2.1)-(3.2.2) where (3.2.3)-(3.2.7) hold. Set t,,
—(@3+r)?/(4r)

as (3.2.8). As p — oo, there is a constant K such that with probability 1 — L,p
U, (t,) has the SAS property with respect to (Vo, Q*, K).

3.2.3 Reduction to many small-size regression problems

Together, the Sure Screening property and the SAS property make sure that
the original regression problem reduces to many separate small-size regres-

sion problems. In detail, the SAS property implies that U, (z;) splits into many
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connected subgraphs, each is small in size, and different ones are disconnect-
ed. Given two disjoint connected subgraphs 7, and J, where 7, < U, (t) and
Jo <UD),

Q' j) =0, Viely, jeJo. (3.2.12)

Recall that the regression model (3.1.1) is closely related to the model XY =

X'Xp + X'z. Fixing a connected subgraph 7, < U,(#}), we restrict our attention to

I by considering (X'Y)" = (X’ XB)"* + (X'z)*°. See Definition 1.1 for notations. S-
iid

ince X; ~ N(O, }lQ) and 7, has a small size, we expect to see (X' XB)"° ~ (QB)** and

(X'z)0 ~ N(0, QFo-70). Therefore, (X'Y)'* ~ N(QB)*, Q7-0). A key observation is
Qp)’o ~ Qfologlo, (3.2.13)

In fact, letting 7§ = {j: 1 < j < p, j & 1o}, it is seen that
Qp)Po — Qlologlo — (1Toloplo 4+ (Q — Qo loplo = [ + 1. (3.2.14)

First, by Lemma 3.2.2, |11| < C||Q—-Q"||«||Bll = o( +/l0og(p)) coordinate-wise, hence
11 is negligible. Second, by the Sure Screening property, signals that are false-

1=@+1%/4n and therefore have a

ly screened out in the U-step are fewer than L,p
negligible effect. To bring out the intuition, we assume U, (t,) contains all sig-
nals for a moment (see Lemma 3.6.4 for formal treatment). This, with (3.2.12),

implies that / = 0, and (3.2.13) follows.

As a result, the original regression problem reduces to many small-size re-

gression problems of the form
X'y ~ NQople, QFel0) (3.2.15)

that can be fitted separately. Note that Q70 can be accurately estimated by

(X’ X)oTo, due to the small size of 7. We are now ready for the P-step.
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3.24 P-step

The goal of the P-step is that, for each fixed connected subgraph 7y < U, (t,), we
fit Model (3.2.15) with an error rate < L,p "/ This turns out to be rather
delicate, and many methods (including the lasso and the subset selection) do

not achieve the desired rate of convergence.

For this reason, we proposed a Penalized-MLE approach. The idea can be
explained as follows. Given that 7 < U,(7}) as a priori, the chance that 7, con-
tains k signals is ~ 61’§. This motivates us to fit Model (3.2.15) by maximizing
the likelihood function e’; . exp[—%[(X’Y)I 0 — Aul’ AT [(X'Y)Po — Au]], subject to
lullo = k. Recalling A = (X’X)70/0 ~ Qf0o, this is proportional to the density
of (X’Y)* in (3.2.15), hence the name of Penalized MLE. Recalling €, = p~ and

A7 = 2¢1og p, it is equivalent to minimizing

[(X'V)T0 = Au] A7 [(X'Y)T0 = Ap] + (A% - [Iullo. (3.2.16)

Unfortunately, (3.2.16) does not achieve the desired rate of convergence as
expected. The reason is that we have not taken full advantage of the informa-
tion provided: given that all coordinates in 1, survive the screening, each signal
in 7 should be relatively strong. Motivated by this, for some tuning parameter
u"?* > 0, we force all nonzero coordinates of u to equal »*”*. This is the UPS pro-
cedure we introduced in Section 3.1. In Theorem 3.2.1 below, we show that this
procedure obtains the desired rate of convergence provided that u*”* is properly

set.

One may think that forcing all nonzero coordinates of u to be equal is too
restrictive, since the nonzero coordinates of g7° are unequal. Nevertheless, the

UPS achieves the desired error rate. The reason is that, knowing the exact values
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of the nonzero coordinates is not crucial, as the main goal is to separate nonzero

coordinates of f° from the zero ones.

Similarly, since knowing the signal distribution 7, may be very helpful, one
may choose to estimate 7, using the data first, then combine the estimated distri-
bution with the P-step. However, this has two drawbacks. First, Model (3.2.15)
is very small in size, and can be easily over fit if we introduce too many degrees
of freedom. Second, estimating m, usually involves deconvolution, which gen-
erally has relatively slow rate of convergence (e.g. [29]); a noisy estimate of «),

may hurt rather than help in fitting Model (3.2.15).

3.2.5 Upper bound

We are now ready for the upper bound. To recap, the proposed procedure is as

follows.

With fixed tuning parameters (¢, 7%, u"?*), obtain U,(t) = {j : 1 < j <

D, (x;,Y) > 1}.

e Obtain Q" as in (3.2.11), and form a graph (Vj, Q) with V, = {1,2,...,p},
and Qg = Q*.

e Split U, (1) into connected subgraphs where different ones are disconnect-

ed. For each connected subgraph 7y = {i, i, ..., ix}, obtain the minimizer

of (3.2.16), where each coordinate of u is either 0 or u"”*. Denote the esti-

mate by i(To) = i(To; Y, X, 1, A"P%, 'S, p).

e Forany | < j < p,if j ¢ U, set B; = 0. Otherwise, there is a unique

Ty =it iz, ..., ik} SUN(1), where i} < i, < ... < ik, such that j is the k-th
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coordinate of 7. Set ,éj = (L))

Denote the resulting estimator by ,B(Y, X; 1, 1'%, u""*). We have the following the-

orem.

Theorem 3.2.1. Consider Model (3.2.1)-(3.2.2) where (3.2.3)-(3.2.7) hold, and fix 0 <
q < (9 +r)*/(4r). For sufficiently large p, if Q7 € M} (wo,,A), and we set the tuning
parameters of the UPS at

t = t; = 1/2q log(p)’ Aups — /l[M)PS — /219 lOg P, s = uzps =1,

~ . ) -0 .
then as p — oo, Hamm,,(5"*(Y, X; 1, A ), 9, r,QP) < L, - s, p~ . The claim

remains valid if r/9 < 3 + 2 V2 and QP € M (w9, v, A) for sufficiently large p.

Except for the L, term, the upper bound matches the lower bound in Theo-

rem 3.1.1. Therefore, both bounds are tight and the UPS is rate optimal.

3.2.6 Tuning parameters of the UPS

The UPS uses three tuning parameters (7, A7, u,”). In this section, we show

that under certain conditions, the parameters (1,”", u,”’) can be estimated from

the data.

In detail, recall that ¥ = X’Y. For ¢ > 0, introduce F,(1) = 1—1) = HY; >t} and

pp(®) = 5 35, ¥; - {Y; > 1). Denote the largest off-diagonal coordinate of Q by

8o = 00(2) = max(i<; j<pixj |Q3, j)|. Recalling that the support of 7, is contained in
[7,, (1 +n)7,], Wwe suppose

(& + r)?

260(1 +1) = 1 <9/, sothat  &3(1 +n)’r < 1
p

(3.2.17)

Let u;(m,) be the mean of 7. The following is proved later.
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Lemma 3.2.4. Fix q such that max{63(1 + n)*r,9} < q < (9 + r)*/(4r), and let 1, =

v2qlog p. Suppose the conditions in Theorem 3.2.1 hold. As p — oo, with probability
of 1 —o(1/p),

Fpt) /€] = 11 =0(1), and  |[u,(t;)/ (€ (mp)] = 1] = o(1). (3.2.18)

Motivated by Lemma 3.2.18, we propose to estimate (1"7*, u""*) by

L= A (g) = \[=2log(Fy(ty), il = (@) = ()| Fy(1). (32.19)

Theorem 3.2.2. Fix g such that max{S3(1 + n)’r,9} < g < (9 + r)*/(4r), and let 1, =
v2qlog p. Suppose the conditions of Theorem 3.2.1 hold. As p — oo, if additionally

15(m,) < (1 + o(1)7,, then Hamm,(B**) < L, - 5, - p~=7/6n,

As a result, 7, is the only tuning parameter needed by the UPS. By Theorem
3.2.2, the performance of the UPS is relatively insensitive to the choice of 7, as
long as it falls in a certain range. Numerical studies in Section 3.5 confirm this
for finite p. The numerical study also suggests that the lasso is comparably more

sensitive to its tuning parameter 5%,

3.2.7 Discussions

While the conditions in Theorems 3.2.1-3.2.2 are relatively strong, the key idea
of the paper applies to much broader settings. The success of UPS attributes to
the interaction of the signal sparsity and graph sparsity, which can be found in
many applications (e.g. Compressive Sensing, Genome-wide Association Study

(GWAS)).
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In the forthcoming papers [11, 20, 21], we revisit the key idea of this paper,
and extend our results to more general settings. However, the current paper is
different from [11, 20, 21] in important ways. First, the focus of [11] is on ill-
posed regression models and change-point problems, and the focus of [21] is
on Ising model and network data. Second, the current paper uses the so-called
“phase diagram” as a new criterion for optimality (e.g., [10]), and [20] uses the
more traditional “asymptotic minimaxity” as the criterion for optimality. Due
to the complexity of the problem, one type of optimality usually does not imply
the other. The current paper and [20] have very different targets, objectives, and
underlying mathematical techniques, and the results in either one can not be

deduced from the other.

The current paper is new in at least two aspects. First, given that marginal
regression is a widely used method but is not well justified, this paper shows
that marginal regression can actually work, provided that an additional clean-
ing stage is performed. Second, it shows that L°-penalization method—the tar-
get of many relaxation methods—is non-optimal, even in very simple settings

and even when the tuning parameter is ideally set.

3.3 A refinement for moderately large p

We introduce a refinement for the UPS when p is moderately large. We begin by
investigating the relationship between the regression model and Stein’s normal

means model.
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Recall that the Model (3.1.1) is closely related to the following model:
XY =XXB+Xz, 7~ N(0,1,), (3.3.1)
which is approximately equivalent to Stein’s normal means model as follow:
X'Y =~ QB8+ N(0,Q) = QXY ~ NB,Q™). (3.3.2)

In the literature, Stein’s normal means model has been extensively studied, but
the focus has been on the case where Q is diagonal (e.g. [29]). When Q is not
diagonal, Stein’s normal means model is intrinsically a regression problem. To

see how close Models (3.3.1) and (3.3.2) are, write

XY =[QB+ ﬁX’z] +[(X'X -Q)B + (M - l)ﬁX’

1zl vVn llzll

First, note that I ~ N(QB, Q). For 11, we have the following lemma.

Z=1+II (3.3.3)

Lemma 3.3.1. Consider Model (3.2.1)-(3.2.2) where (3.2.2)-(3.2.4) hold. As p — oo,

there is a constant C > 0 such that except for a probability of o(1/p),

|||Z|| 0-(1-9)

i 1| < C(Wlog p)p™2, IX'X — DBl < CIIQNI(V2og p)p~ =

It follows that |I1] < C+2log(p) - p1*-1="V/2 coordinate-wise. Therefore,
asymptotically, Models (3.3.1) and (3.3.2) have negligible difference. However,
when p is moderately large, the difference between Models (3.3.1) and (3.3.2)
may be non-negligible. In Table 3.1, we tabulate the values of +/2log(p) -

pl-U=DI2 which are relatively large for moderately large p.
)4 400 | 5x 400 | 52 x 400 | 5° x 400 | 5% x 400 | 5> x 400
6,9) =(0.91,0.65) | 0.65 | 0.46 0.33 0.22 0.15 0.10
6,9) =(0.91,0.5) | 1.01 | 0.82 0.65 0.51 0.39 0.30

Table 3.1: The values of +/2log(p)p~ =112 for different p and (6, ).
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This says that, for moderately large p, the random design model is much
noisier than Stein’s normal means model. As a result, in the U-step, we tend
to falsely keep more noise terms in the former than in the latter; some of these
noise terms are large in magnitude, and it is hard to clean all of them in the

P-step. To see how the problem can be fixed, we write
X'XB=(X'X - Q)8+ QB (3.3.4)

On one hand, the term (X’X — Q*)B causes the random design model to be much
noisier than Stein’s normal means model. On the other hand, this term can be
easily removed from the model if we have a reasonably good estimate of 8. This

motivates a refinement as follows.

For any p x 1 vector y, let S%(y) = p%l X7 (v~ ) where y = %Z?Zl y;. We
propose the following procedure: (1) Run the UPS and obtain an estimate of
B, say, B. Let WO = XY and B© = . (2) For j = 1,2,3, respectively, let W =
X'Y=(X'X-Q)BVV. If S(WP)/S (WU=D) < 1.05, run the UPS with XY replaced by

W and other parts unchanged, and let 3 be the new estimate. Stop otherwise.

Numerical studies in Section 3.5 suggest that the refinement is beneficial for
moderately large p. When p is sufficiently large (e.g. +/2log(p) - p1-(=112 <
0.4), the original UPS is usually good enough. In this case, refinements are not

necessary, but may still offer improvements.

3.4 Understanding the lasso and the subset selection

In this section, we show that there is a region in the phase space where the las-

so is rate non-optimal (similarly for subset selection). We use a Stein’s normal
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means model instead of the random design model (as the goal is to understand
the non-optimality of these methods, focusing on a simpler model enjoys math-

ematical convenience, yet is also sufficient; see Section 3.1.7).

To recap, the model we consider in this section is ¥ ~ N(QB, Q), where ¥ is
the counterpart of X'Y in the random design model. Fix a € (-1/2,1/2). Asin
Section 3.1.7, we let Q be the tridiagonal matrix as in (3.1.12), and r, be the point
mass at 7, = +/2rlog p. In other words,

Bj S (I -€)vo + €vr,, € = p, T, = y2rlogp. (3.4.1)

Throughout this section, we assume r > ¥ so that successful variable selection is
possible. Somewhat surprisingly, even in this simple case and even when (¢, 7))
are known, there is a region in the phase space where neither the lasso nor the
subset selection is optimal. To shed light, we first take a heuristic approach

below. Formal statements are given later.

3.4.1 Understanding the lasso

The vector ¥ consists of three main components: true signals, fake signals, and
pure noise (see Definition 1.3). According to (3.4.1), true signals may appear as
singletons, pairs, triplets, etc., but singletons are the most common and there-
fore have the major effect. For each signal singleton, since Q is tridiagonal,
we have two fake signals, one to the left and one to the right. Given a site j,

1 < j < p, the lasso may make three types of errors:

e Type I. Y, is a pure noise, but the lasso mistakes it as a signal.

e Type II. Y, is a signal singleton, but the lasso mistakes it as a noise.
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e Type III. Y, is a fake signal next to a signal singleton, but the lasso mistakes

it as a signal.

There are other types of errors, but these are the major ones.

To minimize the sum of these errors, the lasso needs to choose the tuning
parameter 1 carefully. To shed light, we first consider the uncorrelated case
where Q is the identity matrix. In this case, we do not have fake signals and it is
understood that the lasso is equivalent to the soft-thresholding procedure [29],

where the expected sum of Type I and Type Il errors is
pl(1 = €,)DA ) + €, - 7,)]. (34.2)

Here, ® = 1 — @ is the survival function of N(0, 1). In (3.4.2), fixing 0 < ¢ < 1 and
taking 2% = 214% = {[2q1log(p), the expected sum of errors is

L,[p'~1 + pl=@+(Na-V)], if0<g<r,

p'i+p', ifg>r.

The right-hand side is minimized at g = (¢ + r)*/(4r) at which A4+ = 27, and

1=@+1*/4n which is the optimal rate of convergence. For

the sum of errors is L,p
a smaller ¢, the lasso keeps too many noise terms. For a larger ¢, the lasso kills

too many signals.

Return to the correlated case. The vector Y is at least as noisy as that in the
uncorrelated case. As a result, to control the Type I errors, we should choose
O+r

A% to be at least %7,,. This is confirmed in Lemma 3.4.2 below.

In light of this, we fix ¢ > (#+r)*/(4r) and let 2" = /2qlog(p) from now on.
We observe that except for a negligible probability, the support of 5/**°, denoted

by § lasso, splits into many small clusters (i.e. block of adjacent indices). There
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is an integer K not depending on p that has the following effects: (a) If ¥; is
a pure noise, and there is no signal within a distance of K from it, then either
ﬁ;‘”“” =0, or ﬁ;‘”“” # 0 but [3’?‘;?” =0, and (b) If ¥; is a signal singleton, and there is
no other signal within a distance of K from it, then either ,[31.””0 =0, or B’.‘”“’ #0
but 3., = 0 and at least one of {5/ "““’} is 0. These heuristics are justified in

J+l 2

[l (we use such heuristics to provide insight, but not for proving results below).

At the same time, let 7y = {j—k+1,...,j}c S a3 be a cluster, so that ﬁi“_sk‘” =
Ai.‘ff" = 0. Since Q is tridiagonal, (3/***)?0, the restriction of 5** to I, is the

solution of the following small-size minimization problem:
1 -
E;/(QIOJO)y — (/Yo 4+ A1y, where yis a k x 1 vector. (3.4.3)

See Definition 1.1. Two special cases are noteworthy. First, 7, = {j}, and the
solution of (3.4.3) is given by ,@i.“”” = sgn(¥;)(|¥;| — As*°)*, which is the soft-
thresholding [29]. Second, 7 = {j — 1, j}. We call the solution of (3.4.3) in this
case the bivariate lasso. We have the following lemma, where all regions I-/11d

are illustrated in Figure 3.3 (x-axis is ¥;-;, y-axis is ¥;).

Lemma 3.4.1. Denote A = 2. The solution of the bivariate lasso (B, B4**) is
given by (B, B4y = (sgn(¥;)(1Vjol = D, sgn(Y)(¥)| = V) if (¥, ¥)) is in
Regions I, Ila-1Id, and (Bﬂ“j{",ﬁ’?‘”") = =5(Zj.1 —aZ;, Z; — aZiy) if (Y21, Y)) is in
Regions Illa-111d. Here, Z;_y = Y;-y — A if (Y;_1,Y)) is in Regions Illa, I1ld, and Z;_; =
Y1 + A otherwise; Z; = Y; — A if (Y;_1,Y;) is in Regions Illa, I1Ib, and Z; = Y; + A

otherwise.

In the white region of Figure 3.3, both l‘”‘” and ,Bi.‘”“” are 0. In the blue re-
gions, exactly one of them is 0. In the yellow regions, both are nonzero. Lemma

3.4.1 is proved later.
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As a result, the following hold except for a negligible probability.

e Type I. There are O(p) indices j where ¥; is a pure noise, and no signal
appears within a distance of K from it. For each of such j, the lasso acts on

¥; as (univariate) soft-thresholding, and 3" # 0 if and only if |¥;| > Al

e Types II-III. There are O(pe,) indices where ¥ is a signal singleton, and no
other signal appears within a distance of K from it. The lasso either acts
on ¥; as soft-thresholding, or acts on both ¥; and one of its neighbors as
the bivariate lasso. As a result, 8** = 0 if and only if |¥;| < A% (Type II),
and both 3 and '} are nonzero if and only if (¥, ,, ¥;)’ falls in Regions

I11a-111d, with I11a and I11b being the most likely (Type III).

Noting that ¥; ~ N(0, 1) if it is a pure noise and ¥; ~ N(7,, 1) if it is a signal single-
ton, the sum of Type I and Type Il errors is L,p[ P(N(0, 1) > A195%°) + €,P(N (7, 1) <
s = L, p[®(A45) + €,0(A*° — 7,)]. Also, when ¥; is a signal singleton,
(Y;-1,¥)y is distributed as a bivariate normal with means ar, and 7,, variances
1, and correlation a. Denote such a bivariate normal distribution by W for short.
The Type Il error is L,p - P(B;-1 = 0,8; = 7,,(Y;-1,¥;)’ € Regions I1la or I1Ib) ~

L,pe, - P(W € Regions I1la or 111b). Therefore, the sum of three types of errors is
L,p - [DL) + €, @15 - 1,) + €,P(W € Regions I11a or 111b)], (3.4.4)

which can be conveniently evaluated. Note that the sum of Type I and Type II
errors in the correlated case is the same as that in the uncorrelated case, which
is minimized at /lff”(’ = (¢ + r)/(2r)t,. Therefore, whether the lasso is optimal
or not depends on whether the Type III error is smaller than the optimal rate
of convergence or not. Unfortunately, in certain regions of the phase space, the

Type III error can be significantly larger than the optimal rate. In other words,
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provided that the tuning parameters are properly set, the lasso is able to sepa-
rate the signal singletons from the pure noise. However, it may not be efficient

in filtering out the fake signals, which is the culprit for its non-optimality.
For short, write Hamm,,(ﬁ’“”(’(/lifm)) = Hamm([i’“”"(/lif”o); €, Tp,a). The fol-
lowing lemma confirms the above heuristics.

Lemma 3.4.2. Fix 9 € (0,1), r > 9, q > 0and a € (-1/2,1/2). Set the lasso tuning

parameter as 245 = 2qlog p. As p — o,

A Lpp_min{};—ljj}q, =9, if0<qg< %,
Hamm(ﬁlasm(/llasso))
» —min{'%@q, (\/~_ q)Z} . (19+r)2
Sp 2 Lpp l Ve ’ lfT<q<r’
(1 + o(1)), ifq>r.

The exponent on the right-hand side is minimized at ¢ = (& + r)?/(4r)
when r < [(1 + VI=a®)/la]l9 and ¢ = (1 + la)(1 = VI —a®)r/(2a*) when
r > [(1 + VI—a?)/|al]9, where we note that r < [(1 + VI-a?)/lall¢ and
r> [(1+ V1=a?)/la]d correspond to the optimal and non-optimal regions
of the lasso, respectively. This shows that in the optimal region of the lasso,
/11’,)“”” = (9 + r)/(2r)t, remains the optimal tuning parameter, at which the sum of
Type I and Type II errors is minimized, and the Type III error has a negligible
effect. In the non-optimal region of the lasso, at 4% = (& + r)/(2r)7,, the Type
III error is larger than the sum of Type I and Type II errors, so the lasso needs
to raise the tuning parameter slightly to minimize the sum of all three types of
errors (but the resultant Hamming error is still larger than that of the optimal
procedure). Combining this with Lemma 3.4.2 gives the following theorem, the

proof of which is omitted.

Theorem 3.4.1. Set /11’!,“”" = +/2qlog p. For all choices of ¢ > 0, the error rate of the

2

lasso satisfies Hammp(ﬁl"”o(/lﬁf”")) >L,-s, - p~ T when r/9 < (1 + V1 — a@)/|a| and
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Figure 3.3: Partition of regions as in Lemma 3.4.1 (left) and in Lemma 3.4.3
(right).

Hamm, (B (952)) > L, -5, - p'~ 22 when /9 > (1 + V1= a)/lal.

In [] we show that when r/9 < 3 + 22, the lower bound in Theorem 3.4.1 is

tight. The proofs are relatively long, so we leave the details to [].

3.4.2 Understanding subset selection

The discussion is similar, so we keep it brief. Fix 1 < j < p. The major errors that
subset selection makes are the following (Type III is defined differently from

that in the preceding section):

e Type I. Y, is a pure noise, but subset selection takes it as a signal.
e Type II. Y, is a signal singleton, but subset selection takes it as a noise.

e TypeIIl. (Y;-1,Y;) is a signal pair, but subset selection mistakes one of them

as a noise.

Suppose that ¥; is either a pure noise or a signal singleton, and for an ap-

propriately large K, no other signal appears within a distance of K from it. In
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this case, except for a negligible probability, ’“”” = 0, and the subset selec-
tion acts on site j as hard thresholding [29]: ﬁjﬁ‘ =Y, - H|¥;] > 2**}. Recall that
Y; ~ N(0, 1) if it is a pure noise, and ¥; ~ N(z,, 1) if it is a signal singleton. Take
A* =0 = \2qlog p as before. Similarly, the expected sum of Type I and Type II

errors is

o , Ly(p"0+ p'= (V") if0 < g <,
Lypl®W) + p 0y — 1) =4 " (3.4.5)
Lp(pl‘q +p'™), if g >r.
On the right-hand side, the exponent is minimized at ¢ = (¢ + r)*/4r, at which

1—(9+r)?/

the rate is L,p /41 which is the optimal rate of convergence.

Next, consider the Type Il error. Suppose (Y1, Y)) is a signal pair and no
other signal appears within a distance of K for a properly large K. Similarly,
since Q is tridiagonal, (,8] l,ﬁ 55) is the minimizer of the functional %,B?_l + %ﬁf +
aBj B — (VB + V85 + 221 (I{,Bj 1 # 0} + 1B, # 0} ) We call the resultant pro-
cedure bivariate subset selection. The following lemma is proved later, with the

regions illustrated in Figure 3.3.

Lemma 3.4.3. The solution of the bivariate subset selection is given by (B] . ﬁs.s) =

(0,0) if (Y;-1, ¥;) is in Region I, (B“Isl,ﬁ“is) = (Y,.,0)if (Y;-1,Y)) isin Regzons IIa, IIc,

i 1,,3”) =(0,Y)) if (Y1, Y)) is in Regions IIb, I1d, and (ﬁ”l,ﬁ”) Vioizal Yi—a¥ L)

1-a> ° 1-a2

if (Y;_1,Y)) is in Regions Illa-111d.

When (Y1, Y)) falls in Regions I, Ila or IIb, either Bj{l or Bjs is 0, and
the subset selection makes a Type III error. Note there are O(pe;) signal
pairs, and that (¥, ;,¥;) is jointly distributed as a bivariate normal with
means (1 + a)t,, variances 1 and correlation a. The Type III error is then
Lpp“(w*mi“{[( V=)= ) P AR~ V) P, Combining with (3.4.5) and Mills’ ra-

tio gives the sum of all three types of errors. Formally, writing for short
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Hammp(ﬁ”(/ljf)) = Hammp(B”(/ljf);ep,Tp,a), we have the following lemma

proved later.

Lemma 3.4.4. Set the tuning parameter A, = +/2qlog p. The Hamming error for the

subset selection Hammp(ﬁ”(/l‘l‘;")) is at least

. n . 2

L,- s, p~ Ml 9+l Vri-a)-yay' 1), if0<q< %
g _ 29 w/ 1—a2)— +12 . (194.,)2

LP . S]? . p mln{(\/F \/5) +[( I’( a) \@) ] }’ l_fT < q < r’

s, (1 +0(1)), ifg>r.

The exponents on the right-hand side are minimized at ¢ = (¢ + r)*/(4r) if

r/9 < [2- V1 -a?]/[V]1 —a*(1 = V1 —a?)], and at ¢ = [29 + r(1 — a®)1?/[4r(1 — a?)]
if r/9>[2- V1 -a21/[V1 —a®(1 = V1 — a?)]. As a result, we have the following

theorem, the proof of which is omitted.

Theorem 3.4.2. Set the tuning parameter A} = +/2qlogp. Then for all g > 0, the
Hamming error of the subset selection satisfies
Vi—a2(1-V1-a2)’

2112
S s i
’ L Vi—a2(1- V1-a?)~

Hammp(ﬁ”(/lzs)) N Lpp—(ﬁ—r)z/(4r)’ lfl% < 2-Vi-a?

Sp L,p

This gives the phase diagram in Figure 3.2, where (¢, r) satisfying r/¢ <

[2 - V1-a?]/[V] - (1 — V1 - a?)] defines the optimal region, and (¢, r) with

r/9 > [2- V1 -a]/[ V1 — a2(1 — V1 — a?)] defines the non-optimal region. Simi-
lar to the lasso, the subset selection is able to separate signal singletons from the
pure noise provided that the tuning parameter is properly set. But the subset s-
election is too harsh on signal pairs, triplets, etc., which costs its rate optimality.
In [Jwe further show that in certain regions of the phase space, the lower bound

in Theorem 3.4.1 is tight.
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3.5 Simulations

We have conducted a small-scale empirical study of the performance of the UPS.
The idea is to select a few interesting combinations of (4, 6, 7, Q) and study the
behavior of the UPS for finite p. Fixing (p,7,,Q,9,0), letn, = p’ and €, = p™*

We investigate both the random design model and Stein’s normal means model.

In the former, the experiment contains the following steps: (1) Generate a
p X 1 vector 8 by B; Y- €0 + €m,, and an n, X 1 vector z ~ N(0,1,). (2)
Generate an n, x p matrix X the rows of which are samples from N(0, %Q); let
Y = XB +z. (3) Apply the UPS and the lasso. For the lasso, we use the glmnet
package by Friedman et al. [14] (Q is assumed unknown in both procedures).

(4) Repeat 1-3 for 100 independent cycles, and calculate the average Hamming

distances.

In the latter, the settings are similar, except for (i) n, = p, (i) ¥ ~ N(Q'?B,1,)
in Step 2, and (iii) Q is assumed as known in Step 3 (otherwise valid inference
is impossible). We include Stein’s normal means model in the study for it is the

idealized version of the random design model.

Experiment 1. In this experiment, we use Stein’s normal means model to in-
vestigate the boundaries of Region of Exact Recovery by the UPS and that by the
lasso. Fixing p = 10* and Q as the tridiagonal matrix in (3.1.12) with a = 0.45,
we let ¢ range in {0.25,0.5,0.65}, and let r, = v, with 7, = m, where r is
chosen such that 7, € {5,6,...,12}. For both procedures, we use the ideal thresh-
old introduced in Section 3.2 and Section 3.4, respectively. That is, the tuning
parameters of the UPS are set as (£, 4, u,”") = (’9“7,,, \/Wg(p), 7,), and the
tuning parameter of the lasso is set as 4 = max{%Z, (1+ V(1 —a)/(1 + a))™!
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The results are reported in Table 3.2, where the UPS outperforms consistently
over the lasso, most prominently in the case of # = 0.25. Also, for ¢ = 0.25,0.5,
or 0.65, the Hamming errors of the UPS start to fall below 1 when 7, exceeds 8,7
or 7, respectively, but that of the lasso won't fall below 1 until 7, exceeds 12, 8 or

7, respectively. In Section 3.1, we show that the UPS yields exact recovery when

7, > (1+ V1 -19) v/2log p, where the right-hand side equals (8.01,7.32,7.01) with

the current choices of (p,#). The numerical results fit well with the theoretic

results.

T 5 6 7 8 9 10 11 12

9 = 025 UPS | 49 11.1 | 1.79 | 0.26 | 0.02 0 0 0
lasso | 186.7 | 99.35 | 58.26 | 38.53 | 25.97 | 18.18 | 12.94 | 10.57

9 = 0.50 UPS | 10.06 | 2.11 | 0.37 | 0.09 0 0 0 0
lasso | 16.36 | 5.11 | 1.47 | 051 | 0.28 | 0.33 | 0.26 | 0.09

9 = 0.65 UPS | 549 | 1.29 | 0.33 | 0.06 0 0 0 0

lasso | 7.97 | 243 | 0.69 | 0.18 | 0.07 | 0.03 .02 .01

Table 3.2: Hamming errors (Experiment 1). UPS needs weaker signals for
exact recovery.

Experiment 2. We use a random design model where (p,9,6) = (10%,0.65,
0.91),and 7, € {1,2,...,7}. The experiment contains three parts, 2a—2c. In 2a, we
take Q to be the penta-diagonal matrix Q(i, j) = l{i = j} + 0.4 - 1{|i — j| = 1} + 0.1 -
I{|i - jl = 2}. Also, for each 7,, we set 7, as Uniform(r, — 0.5,7, + 0.5). In 2b, we
generate Q in a way such that it has 4 nonzero off-diagonal elements on average
in each row and each column, at locations randomly chosen. Also, for each 7,
we take 7, to be Uniform(r, — 1,7, + 1). In 2¢c, we use a non-Gaussian design for
X. In detail, first, we generate an n x p matrix M the coordinates of which are iid
samples from Uniform(— V3, V3). Second, we generate Q as in 2b. Last, we let
X = (1/yn)MQ'2. Also, for each 7, we take 7, to be the mixture of two uniform

distributions %Uniform(fp -05,7,+0.5) + %Uniform(—rp -0.5,-1,+0.5). Inall
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these experiments, the tuning parameters are set the same way as in Experiment
1. The results are reported in Table 3.3, suggesting that the UPS outperforms the

lasso almost over the whole range of 7,,.

7, 1 2 3 4 5 6 7
Da | 1.01 1.02 | .96 1.04|.82 97 | .51 .64 |.24 28 .09 .10 | .04 .04
2b | 1.00 1.00 | .98 1.04 | .84 96 | .55 .67 | .26 .32 | .10 .12 | .05 .05
2c| 94 95 | .90 91 | .89 95| .48 .60 |.18 27 | .05 .11|.01 .03

Table 3.3: Ratios between Hamming errors and pe, (Experiment 2a-2c).
Bold: UPS. Plain: lasso.

Experiment 3. The goal of this experiment is twofold. First, we investigate
the sensitivity of the UPS and the lasso with respect to their tuning parameters.
Second, we investigate the refined UPS introduced in Section 3.3. Fix g > 0.
For the lasso, we take A% = \2qlog(p). For the UPS, set the U-step tuning
parameter as 7, = \2g1log(p) and let the P-step tuning parameters be estimated
as in (3.2.19). Theorem 3.2.2 predicts that the UPS performs well provided that
g € (max{d,65(1 + n)*r}, (& + r)*/(4r)), so both the lasso and the UPS are driven
by one tuning parameter q. We now investigate how the choice of g affects the
performances of the UPS and the lasso. The experiment contains three sub-

experiments 3a-3c.

1501 ~ 12 6
* < — = — lasso
L 10 s\ —e— uPs
e \ \
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o o o

0.7 0.8 0.7 0.8 0.9 1 0.7 0.8 0.9 1 1.1

Figure 3.4: Experiment 3a. x-axis: g. y-axis: Hamming error. Left to right:
©#=0.2,0.5,0.65.

In 3a, we use a Stein’s normal means model where (p,r) = (10%,3), 7, = Vi,

with 7, = 4/2rlog p, Q is the penta-diagonal matrix satisfying Q(, j) = 1= +
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0.45 - 1{|i—j|:1} + 0.05 - 1{|i—j|:2}/ and 9 € {02,05,065} Note that when ¢ = 065,
(max{d, 65(1 + n)*r}, (& + r)*/(4r)) = (0.65, 1) (similarly for other ), so we let g €
{0.7,0.8,...,1.1}.

In 3b, we use a random design model where (p,r,7,,Q,q) and the tuning
parameters are the same asin 3a, but § = 0.8 and ¢ € {0.5, 0.65} (the case ¥ = 0.2 is
relatively challenging in computation so is omitted). We compare the lasso with
the refined UPS where in each iteration, we use the same tuning parameters as

in 3a.

251y 151y
20 » —e— UPS

\
10 \
15 ~ ~ \

10

Figure 3.5: Experiment 3b. x-axis: g. y-axis: Hamming error. Left: ¢ = 0.5.
Right: ¢ = 0.65.

In 3c, we use the same setup as in 3b, except that we fix ¢ = 1 and let 7, range

in {6,6.5,...,9}.

The results of 3a-3c are reported in Figures 3.4-3.6, correspondingly. These
results suggest that, first, the UPS consistently outperforms the lasso, and, sec-

ond, the UPS is relatively less sensitive to different choices of g.

Experiment 4. In this experiment, we investigate the effect of larger p and n,

respectively. The experiment includes two sub-experiments 4a and 4b.

In 4a, we use a Stein’s normal means model where (¢, r) = (0.5, 3), Q as in Ex-
periment 2¢, 7, = v, with 1, = /2rlog p, and we let p = 100x{1, 10, 10%,10°,10*}.

The lasso and the UPS are implemented as in Experiment 3a, where ¢ = 1. The
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results are reported in the left part of Table 3.4, where the second line displays
the ratios between the Hamming errors by the lasso and that by the UPS. The-
oretic results (Sections 3.1.7 and 3.4) predict that for (¢, r) in the non-optimal
region of the lasso, such ratios diverge as p tends to co. The numerical results fit

well with the theory.

LY — *# — lasso
N —e— UPS

w—
°~°5<\\9_6§9_H OVOSK\\&—N_Q_G OVOS<\\3\9-—:;;:;

Figure 3.6: Experiment 3c. The x-axis is 7,, and the y-axis is the ra-
tio between the Hamming error and pe,. Left to right: J =
0.65,0.5,0.2.

In 4b, we illustrate that in a random design model, if we fix p and let n
increase, then the random design models get increasingly close to a Stein’s nor-
mal means model. In detail, we take a random design model where (p, 9, r) =
(10%,0.5,3), Q and =, as in Experiment 2¢, and n, = 300 x {1,3,3%,3%,3%}. We
also take a Stein’s normal means model with the same (p,#,r, Q,x,). The per-
formance of the UPS in both models is reported in the right part of Table 3.4,
where the last line is the ratios between the Hamming errors by the UPS for the
random design model and that for the Stein’s normal means model. The ratios

effectively converge to 1 as n increases.

p| 10° [ 10° | 10* | 10° | 10° | n | 300 900 | 2700 | 8100 | 24000
243 | 5.81 | 6.25 | 8.80 | 10.37 479.25 | 54.04 | 12.66 | 1.08 | 1.01

Table 3.4: Left: Ratios between the Hamming errors by the UPS and that
by the lasso (Experiment 4a). Right: Ratios between the Ham-
ming errors by the UPS for the random design model and that
for Stein’s normal means model (Experiment 4b).
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3.6 Proofs

3.6.1 Proof of Theorem 1.1

Fixing 1 < j < p, by basic algebra,
P(sgn(B;)) # sgn(B))) = P(B; = 0,8; # 0) + P(B; # 0,3; = 0). (3.6.1)
Consider the hypothesis testing
Hy; : B;i=0, VS. Hy;: B; # 0.

Note that any variable selection procedure 3 can be viewed as a test which re-
jects Hy; if and only if B ; # 0. Let féj)(y) and fl(j)(y) be the joint densities of ¥
under H,; and H, j, respectively. The superscript ” is tedious, so we suppress

it. Recall that P(3; # 0) = €,. By Neyman-Pearon’s fundamental lemma,
A A 1
PB;=0,8;#0)+PB; #0,5; =0) > 5[1 =11 = &) fo = & filli], (3.6.2)
where || - ||; denotes the L' distance. Combining (3.6.1) and (3.6.2) gives

" 1
P(sgn(B;) # sgn(B))) > 5[1 =10 =) fo — e filli]- (3.6.3)

We now study [|(1 — €,)fo — €,/illi. For any realization of the mean vector g,
let § = B — Bje;, where e; is j-th basis of R”. Let h(y; 5, @) be the joint density of
Y ~ N(X(B + ae)), I,). It follows that

h(y; B, @) = h(y, B, 0) - ™10 XPrail2, (3.6.4)
and that
Jo(y) = f h(y; B, 0)dF (B), f) = f h(y; B, @)dn,(a)dF (B), (3.6.5)
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where F(B) denotes the cdf of 3. Using elementary calculus and Fubini’s Theo-

rem,
100 = e = enfill = [| (1= 00 5.0) = ey o) amy(ardr @y
< f f (1 - €)h(y..0) - €,h(y, B, @)|dn,(@)dF (B)dy
. f | f (1= A0, 8.0) = 0y, B )y |dr, (@) F B
= f H(B, a)dn (a)dF (B), (3.6.6)

where HB, @) = HB, a;€,) = [|(1 — €)h(y,B,0) — €,h(y; . @)|dy. For any fixed j,
it is seen that H(B,@) = H(B,-a) and that H(B, @) is monotonely increasing in

@ € (0, 00). Therefore, for all @ € [-7,,0) U (0,7,],
HB,a) < HB,T)). (3.6.7)

Recall that the support of 7, is contained in [-7,,0) U (0, 7,,]. Inserting (3.6.7) into
(3.6.6) gives

(1= €&)fo— € filli < f H(B,7,)dFP). (3.6.8)

The following lemma is proved in Section 3.6.1.

Lemma 3.6.1. Suppose the same conditions as in Theorem 1.1 hold. For any realization

of B,
1 N 3 _
5[1 - f (1 - €)h(.B.0) = €h(y, B, T,)|dy] = (1 — €,)D(,) + £,P(2, — 7)),

7.2
where A, is defined as in A, = A,(€,,7,) = #[log(ﬁ) +2].

Using Lemma 3.6.1, it follows from (3.6.8) and definitions that
1 -
S =10 = €)fs = & fill] 2 (1= €)B,) + gD, —T,). (3.6.9)
Inserting (3.6.9) into (3.6.3) and noting s, = pe, give the first claim.
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Additionally, plugging in €, = p™ and 7, = +/2rlog p and using Mills’ ratio

[29] give that as p — oo,

9?2
1-¢,_ )2 L,p~ %, r>1,
“dW,) =Lp T, O, -1)=1 " (3.6.10)
€ (1 + o(1)), r <,
and the second claim follows. O

Proof of Lemma 3.6.1

For any realization of 3, let D,(B) = Dp(B: 65,75, X) = {y : €,¢™ 052 5 (1-¢,)).

By (3.6.4), y € D,(p) if and only if €,h(y,3,7,) > (1 — €,)h(x,3,0). It follows that

1= epm05.0) - gy Borlay

= f 3 [(1 - Ep)h(y’B’ O) - eph(y’ﬁ’ Tp)]dy + f
Dy(B)

D

B [(1 - Ep)h(y’B’ O) - Eph(y’B’ Tp)]dy
®B)

At the same time,

I = f[(l - Ep)h(yug’ O) + Eph(y’ﬁ’ Tp)]dy

= f _ [(1 - ep)h(y’B’ O) + Eph(y’B’ Tp)]dy + f [(1 - Ep)h(yng’ 0) + eph(y’B’ Tp)]dy
D

»(B) DS(B)

Combining these gives
1 ~ ~ ~ -
S[1- f |(1-€)h(y. B, 0)—,h(y, B, 7)|dy] = (1-€,) f v B O)dy+e, f BT,y
2 Do) D5(B)

(3.6.11)
Let Wj(B) = x;.(Y — XB). Note that Y ¢ D,,(B) if and only if Wj(ﬁ) > A,. It follows

that

f h(y,B.0)dy = Po(W; > 4,), f h(y.B.tp)dy = Py(W; £ 4,),  (3.6.12)
D,(B) Dy, (B)

where P and P, denote the law Y ~ N(XB,1,) and Y ~ N(X(B + 7,¢;), 1), respec-

tively. Recall that X’X has unit diagonals. It follows that W; ~ N(0, 1) under P,
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and W, ~ N(t,, 1) under P,. Combining these with (3.6.12) gives

[ mepoty=day [ nopra=on-n. @61y
D,(B) Dy(B)

The claim follows by inserting (3.6.13) into (3.6.11). ]

3.6.2 Proof of Lemma 2.1

Let D, be the event
, (=1 Il _
{IX'X = @Bl < ClIQI yIog(p) p~ =172, IW — 1] < Cylog(p)p™?}.  (3.6.14)
By Lemma 3.1, P(D}) < o(1/p) for a properly large constant C > 0.

Consider the first claim. In this case, Q(i,j) > O forall 1 < i,j < p. Itis

sufficient to show foreach 1 < j < p,
P(x}Y <t,,B;#0,D)) < Lpp_(ﬂ+f)2/(4r).

Let e; be the j-th basis of the R”. It is seen that over the event D), XY ~ ¢/Qf +
\/ﬁx}z/ llzll, where the error is algebraically small (i.e. O(p~) for some constant c).
Note that \/ﬁx}z/Hzll ~ N(0, 1), and that when g; # 0, QB > B = 1. It follows

that
P(XY <t,,B;#0,D)) < P_ﬂP(e}Q,B + \/ﬁx;z/llzll <18 =7, < P_ﬁq)(f; —Tp).

Recall that 7, < (9 + r)/(2r))7, and 7, = +/2rlog p. The claim follows from Mills’
ratio [29].

Consider the second claim. In this case, /9 < 3 +2V2. Fix 1 < j < p, let
S;=8iQ) =1{k: 1 <k< p,IQk )l =log™ (p),
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and let B; be the event {8, =0forallk# jand k€ S;}. By the definition of
M (wo,7,A), 1S | < 2log(p), so

P #0,B) < > PB;#0,p #0) < 2log(p)e; = 2log(p)p™.  (3.6.15)

keS jk#j

Since r/9 <3 +2V2,29 > (@ + r)?/4r). Compare (3.6.15) with the desired claim,

it is sufficient to show
P(XY <1,B; #0,B)) < L,p~ /60, (3.6.16)

Towards this end, write €}08 = £, QU k)i = Ties, QU KBe + Tugs, Qi KB
Over the event {8; # 0} N B;, note that first, Y5, Q(j, k)Bx = B; = 7, and second,
| > Qi kB < Clog(p) D19, kI < € Vlog(p)og™ () > 100G, k)P,

kS ; k¢S ; keS ;
where by the summability condition of Q, the right-hand side = o(+/21og p). It
follows that €’QB > 7, over the event {8; # 0} N B;. By similar argument as in the

proof of the first case, (3.6.16) follows. m]

3.6.3 Proof of Lemma 2.2

Write for short ¢, = log™'(p). Let D, be the event (190G, j) — QG, )l < C+flogp -
p "2 foralll < i,j < p}. By (2.10), for an appropriately large constant C > 0,
P(D;) < o(1/ p?). Tt is sufficient to show that for sufficiently large p, both claims

hold over D,,.

Consider the first claim. By the definition of M;(wo,y,A), each row of Q
has at most 2log(p) coordinates exceeding (1/2 + wy)d, in magnitude, where

(1/2 + wy) < 1. It follows that for sufficiently large p, each row of Q has at most
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2log(p) coordinates exceeding J, in magnitude over the event D,. The claim

follows from the definition of Q*.

Consider the second claim. The goal is to show that over the event D,,

20193, j) = QG )l < Cs, ", forall 1 <i < p. Write

P
106G, ) - QG pl =T +11, (3.6.17)
j=1

where I = 3 i jyiso,) [0 ) — Q7@ Pl and 11 = 3 a0 jyi<s,) 1920 )I- First, by the

definition of D, and the first claim,
I < 2log(p) max {|3(i. j) - Q. I} < L, p~"2. (3.6.18)
<i,j<p

Second, note that over the event D,, |Q(i, j)| > 26, whenever |Q*(i, j)| > ¢,. It

follows that

< QG D 196 HNIG I, (3.6.19)

{J: 19, HI<26p} {J: 19, HI<26p}
where by the definition of M (wo,7,A), the last term < (25,)'™” X196, P <
C6},‘7. Inserting (3.6.18)-(3.6.19) into (3.6.17) gives the claim. O

3.6.4 Proof of Lemma 2.3

Denote all size £ Connected sub-Graph (CG) with respect to (V, ) that contain
Jby
N](f) = {Io = {il,iz,...,ig}isaCGZ 1 <ih<...< ig,jefo}.

The following lemma is proved in Frieze and Molloy [15].

Lemma 3.6.2. Fix 1 < j< pand 1 <k < p — 1. If each row of Q* has at most (k + 1)

nonzeros, then IN;(€)| < (ek)"".
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For any ¢ > 1, since a CG with size (¢ + 1) always contains a CG with size ¢,
P(U (1) contains a CG with size > ¢) < P(U,(t;) contains a CG with size ¢).
To show the claim, it is sufficient to show that for a constant ¢, to be determined,

P(U (1) contains a CG with size {y) < o(1/p). (3.6.20)

Recall O = X’X. Introduce events Dfpl) = {1QG, 7) = Q@, )l < C+Jlog(p)p~2,1 <

1] < C(ylog pyp 2 XX — @Bl < C(+flog p)p@-1-72),
and D, = DE,I) N DE,Z). By (2.10) and Lemma 3.1, P(Dy) < o(1/p) for a properly

i,j<pl, DY ={

large constant C > 0. So to show (3.6.20), it is sufficient to show
P(U,(t;) contains a CG with size ¢y, D,) < o(1/p). (3.6.21)

Recall that by Lemma 2.2, each row of Q* has at most 2log(p) nonzero coor-
dinates. Using Lemma 3.6.2, there are at most p(2e¢log(p))® CG with size ¢.
So to show (3.6.21), it is sufficient to show for any fixed CG of size ¢,, say
Ty =i, ia,..., 0},

P(Iy C UL, D,) < o(1/p). (3.6.22)

We now show (3.6.22). Let 9, = {1,2,..., p}, and write for short M = Qf0-J,
W = X'V, n = (VnX'z/llzI)?°, and Q, = Q7o Note that n is independent of 8
and n ~ N(0,Qy), so

7' ~ x* (o). (3.6.23)

Note that W = Mp + n, or more precisely, by definitions and Schwarz inequality,
1
Inl* > 5||W||2 — IMB|* - rem, over the event D, (3.6.24)

where the reminder term rem is non-stochastic and algebraically small, and so

has a negligible effect. Since the largest eigenvalue of Q, does not exceed that of
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Q, where the latter < 2,

' Qy'n > %Ilnllz. (3.6.25)
Recall r, = \/m. By definitions, if 7o ¢ U (1), then
IWIP > €oti? > 2qty log(p). (3.6.26)
Combining (3.6.24)-(3.6.26) gives that over the event {Z, C U, (1;)} N D,
' 2 %unn2 > %[6150 log(p) - MBI — rem). (3.6.27)
The following lemma is proved in Section 3.6.4.
Lemma 3.6.3. Fixk > 1. As p — oo, there is a constant C > 0 such that
P(IMBIP > (1 +m)*(4k + Clo(log(p)) ™' ™)1;, D,) < 226y log”(p))' p™™.
Let ko = ko(o;q.y,n.1r.p) be the largest k satisfying (1 + n?(4k +

Clo(log(p))2'"™M)12 < 3gtylog(p). Denote the event {[MBI* > (1 + n)*(4ko +
Cto(log(p))>""")12} by D,. By Lemma 3.6.3 and (3.6.27),

P(D,ND,)<L,p™"™, and  7Q;'n 2 1qtolog(p) over D, N D5 (3.6.28)
As a result,
P(Zo C U, (1), D,) < P Q'n 2 %qt’o log(p)) + P(D, N D,,).
Using (3.6.23) and (3.6.28), it follows from basic statistics that
P(Zo C U, (L5), D) < Ly(p540 + p~o), (3.6.29)

By definitions, (ko + 1)/ 2 q/(16(1 + n)*r). Choosing ¢, sufficiently large en-
sures the existence of ko, the right-hand side of (3.6.29) < o(1/p?) and then gives
(3.6.22). O
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Proof of Lemma 3.6.3

LetS ={j: 1<j<p, Q(,j) # 0 for some i € 7}. Recall that over the event D,,

each row of Q* has at most 2 log(p) nonzero coordinates. Since |Z| = ¢,
IS] < 260 log(p). (3.6.30)

Denote for short M; = Q%5 and ¢ = p5. Note that MB — M& = QIoS°BS" =
(Q - Q)75 5. By Lemma 2.2 and assumptions, [|Q* — Q| < C(log(p))~'" and

1Bl < (1 + 1)7,. Therefore, [|MB — M€l < C(1 + n)(log(p)) "1, and
IMB — M| < C(1 + '7)250(10g(p))_2(1_”712,- (3.6.31)

At the same time, by basic algebra, the largest eigenvalue of MM, does not

exceed that of Q?, where the latter < 4. By ||l < [1Bllo < (1 +17)7),
IMLEIP < AlEIR < Aliéllo(1 + )T, (3.6.32)
Combining (3.6.31)—(3.6.32) gives
IMBII* < (1 + n)*(4liéll + Clo(log(p) )7,

Recall that €, = p™ and ||¢|y is distributed as Binomial(|S|, €,) (see (2.2)). Using
(3.6.30),

IS1 S ' IS1 . .
P(lllo = ) = ) (ljl)ej,(l &) < 32t log(p))' p" < 224y log(p))p™*.
=k Jj=k

(3.6.33)
Combining (3.6.33)-(3.6.32), the claim follows by recalling 7, = +/2rlog p. ]

3.6.5 Proof of Theorem 2.1

By (2.2), with probability at least I - o(),

(X' X)(, j) - QG, j)l < L,p~?, V1<i,j<n. (3.6.34)
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Fix K > 1. It is seen that for all connected subgraph 7, of size { < K,
(X X)Tot0 — QFeTo)|, < L,p~P2. (3.6.35)

Write for short 8 = pA“(Y,X; t, A7, u,”). By definitions, Hammp(ﬁ, B =
E [hp(ﬁlX)], where hp(ﬁlX) < p for all X. So the event where X does not satisfy
either (3.6.34) or (3.6.35) only has a negligible effect on the claim. All we need to
show is that, for any X satisfying (3.6.34)-(3.6.35), h,(B1X) < L,p'~"+7/4) where

the right-hand side does not depend on X.

We now show the last inequality. Given X satisfying (3.6.34) and (3.6.35),
write h,(81X) = e P(sgn(B;) # sgn(B;)|X) = I + II, where I = /- P(sgn(B;) #
sgn()), j & Uy(t;)1X) and 11 = 37 P(sgn(B;) # sgn(B;), j € U,(t;)|X). The depen-
dence on X is tedious and we drop the “|X” part below. Consider I. When
Jj ¢ Uy, XiY < 1, and ,31- = 0. Combining this with Lemma 2.1 gives

I<3! P(XY < t3,B; # 0) < L,p!~?*""/@"_ Tt remains to show I1 < L, p! ="+ /6",

By Lemma 2.3, there are constant K > 0 and event A, such that P(A)) <
L,p~ @140 and that U,(f;) has the SAS property with respect to (Vo, ', K) over
the event A,,. It is sufficient to show that for all 1 < j < p, P(sgn(3)) # sgn(B;), j €
U,(£;),Ap) < L,p~ @714 By the definition of the SAS property, over the event
{je (L(p(t;j)} NA,, there exists a unique component 7 = {i, iz, ..., i¢} with size £ <
K satistying j € o < U,(t)). In other words, P(sgn(ﬁj) # sgn(B)), j € U,(t,),Ap) <
270 P(sgn([%j) # sgn(B)),j € Lo < Uy(t)),A,), where the summation is over all
connected subgraphs T, of (V,, Q") that contains j and that has a size < K. By
Lemma 2.2, each row of Q* has no more than 2log(p) nonzero coordinates. It
follows from Lemma 3.6.2 that there are at most C(2elog(p))*X of such 7,. It
remains to show for any fixed connected subgraph 7 of (Vy, Q) that contains j,

P(Sgl’l(Bj) #sgn(B;), j € Iy« (L[p([;)) < Lpp_(ﬂ+’)2/(4r).
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Introduce the event B,(Iy) = B,(J.B;X,j) through its complement
B}(Zy) = {There are indices i ¢ I and k € I, such that §; # 0, Q"(i, k) # 0}. In the
event B (Io)N{j € To<U,(1;)}NA,, we must have i ¢ U,(,) and so that X]Y < 1.
In other words, the event B (Zo) N {j € Iy < U,(1)} N A, is contained in the

following event:
{There are indices i ¢ I and k € I such that8; # 0, Q*(i, k) # 0, and x]Y < 1,}.

It follows that P(j € Iy < U, (1)), B, N A, < 2, P(B; # 0,xY < 1), where the
summation is over all indices i satisfying that Q*(i, k) # 0 for some index k € 7.
Since each row of Q* has at most 2 log(p) nonzero coordinates, there are at most
2K log(p) such indices i. Additionally, for any fixed i, by the Sure Screening
property, P(3; # 0,x]Y < t;) < L,p"?*"/%)_ Combining these gives that P(j €
Ty <UL, B N Ay) < L,p™ "4 Comparing this with what remains, it is

sufficient to show P(sgn(B)) # sgn(B)), j € I < U,(15),B,NA) <L, PN,

A key fact s that, over the event {j € T < U,(1;)} N B,NA,, (QB)"* =~ Qo-Toplo,

This is the following lemma, which is proved in Section 3.6.5.

Lemma 3.6.4. Over the event {j € Ty < U,(£3)} N A, N B, [(QBYY — Qloloph||, <

Ct,(log(p) 7.

We now relate the event Q, = {sgn(8;) # sgn(Bj),j €Ly U, )INB,NA,tO
the P-step. Let 2(Z) = A(Zo; Y. X, £, 1", u?", p) be the minimizer of the Penalized
MLE

(770 — ' X)" o ou] (X' X)7) [P0 = (X' X) 0] /2 + (A% lullo/ 2,

where the coordinates of u take values from {0, u},”}, 2,”* = /28 1log p, and u,”* =

7, = 4/2rlog p. By the definition of the UPS, the event Q, is contained in the
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event {sgn(1(1y)) # sgn(B’°), j € I, < U,(1,), B, N Ay}, where sgn(B) is the vector
of signs of 8. The claim follows from the following lemma, which is proved in

Section 3.6.5.

Lemma 3.6.5. Suppose the conditions of Theorem 2.1 hold. For the event Q) =

{sen(a(Zo; Y, X, 15, A", u,””, p)) # sgn(Bl0), je Iy« U, NB,NA,. Fix1<j<p.

As p — oo, for any fixed I, with size < K that contains j, P(Q;) < L, p /D) 4 =20

If furthermore all coordinates of Q770 are non-negative, then P(Q%) < L,p~ @+,

O
Proof of Lemma 3.6.4
Let Ig={j: 1 <j<p,j¢ Lo} Itisseen that
(Qﬂ)[g _ QIO’[OﬁIO — QIO’IOﬂIO + QJO,]gﬁIB — QIO’]OﬁIO = QIO’IBﬁIB, (3636)

Since 1< ’Llp(t;), and over the event B, k € 1y and i € I{ imply that either §; = 0
or Q*(k,i) = 0, we have

Q@HZoplo = 0. (3.6.37)

Combining (3.6.36)-(3.6.37) gives
Q)" = QIR = (Q - Q).
By assumptions and Lemma 2.2,
I(Q = Q)L < IIQ = QY 0]l - 18”0l < Crp(log(p) ™. (3.6.38)

The claim follows. O
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Proof of Lemma 3.6.5

Write for short (7o) = a(Zo; Y. X, 1, 4, u,”, p), B* = 7,8gn(B) and 1 = A, =
v/2%log p. Introduce the event

D, = Dy(z.X) = {IX'4ll < C ylog p)

Choosing the constant C appropriately large, P(DS) < o(1/p). So all we need to

show is
P(sgn(i(Z)) # sgn(B™), j € To QU (1)), B, N A, N D,) < L,p "4 (3.6.39)

Now, if the sign vector of i(Z,) does not match that of 8¢, it does not match that
of (8*)’°. By the definitions of 4(Zy),

1. 3 22
E(on — (X' X))o 0 (T o)) (X' X) Ty (FTo — (X' X) oD f(T o)) + S Mol

1 v : ’ ’ —1/v/ / # /12 #
<SFP = (X0 TE) Y (X)) THET = (XX)TBD) + S 1B lo.
By (3.6.35), [|(X’ X)To-To—QTo-T0||  is algebraically small. So up to a negligible effect,

2

1 U g . A
E(YIO — Qo lop(To)y (@I (¥ — Qfolop(Ty)) + S Moo

1 B B 2
<5 (TP = QIrt By (@) TH (I - QI B + %u(ﬁ*)ﬂ)no. (3.6.40)

Denote d = d(Zy) = 1Bl — la(Zo)llo- Reorganizing, it follows from (3.6.40)

that
- 1
(Y = AT 77 < S[d +(BYY QY ~ f T)Q T (3.641)

where by Lemma 3.6.4, there is an | 7| x 1 vector Z ~ N(0, Q’*7°) independent of

B0 such that

yio = Qfodoplo 4 7 4 rem, |lrem||., < o(+/log p). (3.6.42)
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Now, for notational simplicity, we drop 7, everywhere in (3.6.40)—(3.6.42).
This is a slight misuse of the notations. Note that 8 and Q below are low-

dimensional. Write
A 1 % ~ 1 %
B—i=T1,(A +Ay), where A = T—(B -, Ay = T—(,B -B9). (3.6.43)
p p

Plug (3.6.42)-(3.6.43) into (3.6.41) and reorganize. We conclude that over the
event (3.6.39),
AZ 1
- > —d(@/r)+2A QA+ AN QA1) /2rlog p+o(+/log p), (3.6.44

where the o(4/21og(p)) term is non-stochastic and has a negligible effect.

Let B,, be the number of zero coordinates of 8 estimated as 0, B, be the
number of those estimated as 7,. Let B,, be the number of nonzero coordinates
of 8 that are estimated as 0, and B,, be the number of those estimated as 7,.
Note that, first, over the event in (3.6.39), B,, + B,, > 1. Otherwise, the sign
vector of ji matches that of 8. Second, the probability that 7, contains By, + By,
signals ~ €, = p=?®«+Bw) Third, since Z ~ N(0,Q), (A}z/ /ATQA}) ~ N(O, 1).

Combining these with (3.6.44), to show (3.6.39), it is sufficient to show

_((=d@/r) + 2N QA;, + A/QA
P—19(Bm+Bm)q)(( @/r) kit 1241 v2rlog p)
2 \JAJQA,
+r 2
Ly et if Q only has non-negative coordinates, (3.6.45)
- 9+r)2 -
L, p—<’4,‘) +p~?, if Q may have negative coordinates,

where ® = 1 — @ is the survival function of N(0, 1).

First, we consider (3.6.45) for the case where Q only has non-negative co-
ordinates. Before we proceed further, we note that, first, when a zero coor-
dinate of g is estimated as 0, it has no effect on the desired inequality. So

without loss of generality, we assume B,, = 0. Second, the proof for the case
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B, + By, > (9 + r)?/(49r) is trivial, so we assume By, + B, < (¢ + r)?/(49r). Third,
the case By, + B,; = 0 is easy. In fact, note that d = By, — B,; < -1, AJQA, > 1, and
AZ =0. So

~d(®/r) + 28,00 + QA 1+ (@/r)
2 /N QA, S22

By, + By = 0,

The left-hand side of (3.6.45) is

—d®/r) + 20,QA, + A, QA,
2 /N QA,

V2rlogp| < @(%ﬂ/”) V2rlog p),

and the claim follows from Mills’ ratio [29]. Last, the case B,;, = O but By, + B, < 1

p_ﬁ(B.m"'Bsx) . (_D[

is also relatively easy. In this case, as sgn(1) # sgn(B), B,, and By, can not be 0
at the same time, and we must have By, = 1 and B, = 0. It follows that d = 1,
Ai=1,A,>0,and Q = 1. So

~d(9/r) + 28 QA + QAL 1 - (@)

Bsn + Bss = 19 =
2 JAQA, 2

Using Mills’ ratio [29], the claim follows from

V2rlogp| < epﬁ)(# v2rlog p).

—d(@/r) + 2N, QA + N QA,
2 A QA,

_ﬂ(Bsn"'Bss) . é

p

In light of these observations, below, we assume B, = 0 and
1 < By, + By, < (8 + 1)*/(4097), and  when B,; =0, By, + By, > 2. (3.6.46)
The following lemma is proved in Section 3.6.5.

Lemma 3.6.6. Fix w, € [0,1/2). Suppose that Q has unit diagonals and only non-

negative coordinates, and that

max{||U(Q)lle, U1} < wo. (3.6.47)
Then
2Bsn - sz(ZBsn - 1)9 By, = B, > I,
AQA; >
(Bsn + an) - 4(/‘)0 min{Bsm an}’ Bsn * an-
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By Cauchy-Schwarz inequality,

A1 Q8] < \JAQA A0, (3.6.48)
First, by assumptions, the largest eigenvalue of Q is bounded by 1 + 2wy, so
AL QA < (1 + 2w0)1Asl2- (3.6.49)

Second, recall that the support of r, is contained in [, (1 +17)7,]. By definitions,
A, has (By,+ B,,) nonzero coordinates, each of which < nin magnitude. It follows
that

AQA; < (1 + 20)l|1A23 < (1 + 2wo)(Bss + By (3.6.50)

Recall that By, + By, < (9 + r)?/(4r9). Combining this with (3.6.48)-(3.6.50) gives

0+ r)?
AT QA| < \/(1+2a)0)( :) - JANQA,. (3.6.51)

Write for short ¢ = c(n; 9, r, wo) = (1 +2w0)(i;rr) 2. By the definition of ; (i.e. (2.6)),

29 9 9
24 <min{=—,1 - =, 2 - 2w, — 1 + —}. (3.6.52)
r r r

Combining these with (3.6.51) gives

—d(/r) + 2N QA; + AJQA, S —d(3/r) + AJQA,

> - e 3.6.53
2 JAQA, 2 JAQA, (3659

We now discuss three different cases (a) B,; = By, > 1, (b) B,; > B,,, and (c)

B,;s < By, separately.

Consider (a). In this case, d = 0, and by Lemma 3.6.6, A]QA| > 2B,,(1 —2wy) +
2wo > 2 — 2wy. It follows that

1 1
— Ve = 5 ,/A;QAl — V> 5( V2 = 2wy — 2+0). (3.6.54)

—d@/r) + NQA,
2 /A QA,

By (3.6.52),
2V < V2= 2wo - 1+ ®1). (3.6.55)
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Combining (3.6.53)-(3.6.55) gives

—d(9/1) +20,QA; + N,QA; 1
2\[AOA, 20 o

Inserting this into (3.6.45) and noting By, + By, > 1, the claim follows by Mills’
ratio [29].

Consider (b). In this case, B,; > B,, and so d < —1. First, by (3.6.52), v/c < ¥/r.

@/n+x
2+x

in the range of x > 1, and that by Lemma 3.6.6, A{QA, > 1. It follows that

Second, note that the function [ Y] is positive and monotonely increasing

—d@/r) + NQA,
2 JAQA,

1 (VA | J
—\/525(1"‘7)— :E(l_?)'

r

By (3.6.46), B,, + B,, > 1. Inserting these into (3.6.45), the claim follows by Mills’
ratio [29].

Consider (c). In this case, B,; < By,. We have either B,; = 0 or B,; > 1. By
(3.6.46), we have that in either case, By, + B, > 2. First, suppose ¢#/r > 1/3. In
this case, 20 > (¢ + r)*/(4r), and the claim follows by p~?B»*Bs) < p=27  Next,

suppose 0 < ¢#/r < 1/3. Note that d = By, — B,; > 1. By Lemma 3.6.6, AJQA; >

—-d(®/r)+x
2+x

and monotonely increasing in the range of x > d. Combining these gives

By, — B,. Recall that, for given d > 1 and r > ¢, the function is positive

~d(@/r) + NQA,  —d@/n+d _ 1
2 JAOA, 2vd 2

9
1--).
r

At the same time, by (3.6.52), /¢ < 6/r. It follows that

—d(9/r) + N QA
2 JAQA,

1 1
— Ve > 5(1 —9/r)—=9/r = 5(1 = 39/r).
Inserting this into (3.6.45) and recalling B, + By, > 2, the claim follows from

=20 F 1 =29-(r— r —(O+r r
pB(5(1-30/r) 2rlog p) = Lp™"™ BRI < [ pm 0D,
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where we have used Mills’ ratio [29]. This proves (3.6.45) for the case where Q

has only non-negative coordinates.

Next, consider (3.6.45) for the case where Q2 may have negative coordinates.
The proof for the case By, + B,, > 2 is trivial, so we only consider the case B, +

By, < 1. By similar arguments as in Lemma 3.6.6,
ATQA; > 1. (3.6.56)

We now consider three cases (a) By, + B;; = 0, (b) B, = 1 and B, = 0, and (¢)

By, = 0 and B, = 1, separately.

Consider (a). In this case, B,; > 1 and so d < —1. Also, we must have A, = 0.

By (3.6.56) and the monotonicity of the function ((#/r) + x)/ Yx in x € [1, o),

~d@/r) + AJQA +28QA;  /r + A QA 1(1 19)
2 \/ATOA, T 2 /AQA, ’

and the claim follows by similar arguments.

Consider (b). In this case, d < 1 and A{QA, > 0. By (3.6.56) and the mono-
tonicity of the function (—(¢#/r) + x)/ Vx in x € [1, ),

~d(@/r) + M QA +2A1Q0;  ~(/r) + AjQA,
2 JNQA, T 2 JAQA,

1
5(1 —3/r).
Noting that B, + By, = 1, the claim follows by similar arguments.

Consider (c). In this case, AJQA; > —wyn > —1}/r, where we have used the
condition n < 2¢/r. Note that in this case, we must have B,; > 1,s0d < —1. By
(3.6.56) and the monotonicity of the function (—=(#/r) + x)/ Vx in x € [1, ),

—d(@/r) + A|QA| + 2A1QA, S —(/r) + AJQA, 1
2 /N QA, T 2 NQA T2

and the claim follows similarly. O
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Proof of Lemma 3.6.6

Without loss of generality, assume all coordinates of A, are nonzero. Write for
short A; = By,, A, = By, and k = A + A,. Introduce a k X k diagonal matrix A
such that A(i, i) is the sign of the i-th coordinate of A;. For notational simplicity,
we write A = A, and let A; be the i-th coordinate of A, 1 <i < k. Let Q = A’QA.
Note that [QG, j)| = [QG, j)l for all 1 < i, j < k, and so max{[|U(Q)ll«, 1T} < wy.
It is seen that

ANQA =TNQAL =1'Ql, (3.6.57)

where 1 is the k x 1 vector of ones. We discuss the case A; = A, > 1 and the case

A, # A, separately.

In the first case, A} = A, > 1. By the assumptions of the lemma and direct

calculations,
k k-1 k k—1
1’01 = Z QG, i) + 22 Z QOG, j) > k-2 Z wo = k—=2k—Dwy.  (3.6.58)
i=1 i=1 j=i+l i=1

In the second case, A; # A,. By symmetry, we only show the case A; > A,. Let
S;={1<i<k: Aj=1}and S, ={1 <i < p, A; = —1}. Note that |S;| = A; and
IS,| = Ay, and that Q(i, j) < Oif and only ifi € S, and j € Sy, orie€ S, and j€ 5.
It follows that

k
101 = Z QG, i) + Z QOG, j) = k+ (I + 1), (3.6.59)

i=1 i)
where I = s, jes, QG, j) and I = DlieS,,jes, Qa, j). By the assumptions of the
lemma and the symmetry of Q, for each fixed j € S,, Dlies, 1QG3, j)| < 2wy. Simi-
larly, for each fixed i € S5, ¥ s, 103, j)| < 2w,. Inserting these into (3.6.59) gives

1’'Q1 > (A, + Ay) — 4wpA,, and the claim follows. |
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3.6.6 Proof of Lemma 2.4

In this section and Sections 3.6.6 and 3.6.6, we denote ¢ = ¢, for simplicity. S-
ince the proofs are similar, we only show the first claim. Note that except for
a probability of o(1/p), |¥,| < C \/@ for some constant C > 0. Write for
short 6, = 1/log(p), and let Q be the matrix where Q@, j) = QG, 1o s,
1 < i,j £ p. By the summability assumption of Q and elementary algebra,
we have (i) each row of Q has no more than 2log(p) nonzero coordinates, (ii)
1Q - Q| < C(log(p))™', and (iii) there is a non-stochastic term a, = (1 + o(1))
such that a,,f! — Q is positive semi-definite (note I — Qll = 0(1)). Recall that
Y = X’XB + X'z, where \nX'z/|lzll ~ N(0,Q). Let n ~ N(O, apfl — Q) be a Gaussian
random vector that is independent of VnX'z/||zll. Introduce

1

\a,

W=08+ (VnX'z/llzll + ).

It is seen that W ~ N(QB, Q). Additionally, there is a non-stochastic term b, =

o(1) such that except for a probability of o(1/p),
W = Pl < b, - \210g(p). (3.6.60)
In fact, letting W = QB + vnX'z/|lzll, we write
W = Ylleo < IIW = Wleo + IW = ¥l|co. (3.6.61)
First, by Lemma 3.1, except for a probability of o(1/p),

1Y = Wl < C/log(p)(p~@-0=72 4 p=012y, (3.6.62)

Second, by definitions, W = Wik < (2 = )flle + (== = DI + il
It follows from (i)—(iii) and elementary statistics that except for a probability of
o(1/p),

W — Wlle < o(+/210g(p)). (3.6.63)
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Inserting (3.6.62)-(3.6.63) into (3.6.61) gives (3.6.60).

Now, introduce event A, = Y = Wl < b,+21og(p)}, and F;(t) =
S 2 Lw,an, N e Comparing F;(r) with F,(1), it is seen that over the event
A

24

Fo (1) < Fp(t) < F3(0).

The claim follows from the following lemma, which is proved in Section 3.6.6.

Lemma 3.6.7. Under the conditions of Lemma 2.4, there is a constant ¢ = c(9,r) > 0

such that, with probability 1 — o(1/p),

Proof of Lemma 3.6.7
Let Q be defined as above. The following lemma is proved below in Section
3.6.6.
Lemma 3.6.8. Suppose Y ~ N(0,Q), and S ,() = "1 L2y Fixing an integer m > 0,
E[(S ;)™ < C(m)(1 + 2ep log(p)D(D)".

As a result, for any fixed constant co > 0, P(S ,(t) > p®E[S ,(1)]) < o(1/p).

We now proceed to prove Lemma 3.6.7. Write W = f + Z, where we bear
in mind that (i) 8 = Q8 and z ~ N(0,Q), (ii) B and % are independent, (iii) each
row of Q has no more than 2 log(p) nonzero coordinates, and (iv) if 8 ; # 0, then

7, <B;<(+mr, Poreach1 < j<p,letD;={l <k<p: QQk) # 0}, and let

Apj, Ayj, and A,; be correspondingly the events where there are none, one, and
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two or more indices k € D; such that g, # 0. Write

)4

1
E Loy = —(I + 1+ I1D),
= p

1
p

— p _ 14 _ p
Where I = Zj:l l{WjZI}I{Aoj}I 1l = =1 I{W,'Zl‘ll{Azjll and 11l = Zj:l thZl}l{Alj}'

Consider I first. Note that over the event A}, 5, = 0. It follows from (i) that
I< Zle L >13,-0p < Zi.’:l 1>y By Lemma 3.6.8, for any fixed ¢y > 0,as p — oo,
except for a probability of o(1/p),

I < p® Zp: P(Z; > 1) = p'tod(). (3.6.64)
=1

Consider /1. Introduce the set
H={(k,0): k< ¢ and Q(j,k) # 0,Q(j,€) # 0 for some 1 < j < p}.

It is seen that |H| < 4log*(p)p, and that

P
Zl{Am SZ Z Ligzop20) = Z Ligiz0p20)-

p
j=1 j=1 {keDj,leD;k<t) {(k,O)eH)
Define a graph where each element of H is a node, and two nodes (k, ) and
(k',t’) are connected if and only if {k, £} N {k’, ¢’} # 0. Fixing a node (k, ), we
calculate the number of nodes (k’, ') that are connected to (k, £). Note that two
nodes are connected if and only if k = k’, k = ¢/, { = k', or £ = ¢'. Take the first
case for example. By definition, there is a j such that Q(j,k) # 0and Q(j, ) # 0.
By (iii), for a given k, there are 2log(p) different choices of j, and for a given j,
there are 2log(p) different choices of ¢’'. It follows that there are no more than
410g2(p) nodes (k’, {') that may be connected to (k, £). By similar argument as in
the proof of Lemma 3.6.8, except for a probability of o(1/p),

Z Lig08200 < PUE[ Z Ligez08,201] < 4log2(p)p1+"°elz,, (3.6.65)

{(k,0)eH} {(k,0)eH}
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where we have used |H| < 4plog*(p). It follows that

P
1<) 1iay) < 4logX(p)p'*el. (3.6.66)

J=1

Consider I11. Write 111 = IIICl+IIIb—IIIC, where I1la = Zj‘jzl I{W_/Zt}l{Alj}l{ﬁ.i:O}’

111b = Z] 1 1{A11}1{ﬂ];ﬁ0}/ and Illc = Z l{Wj<t}1{Alj}l{ﬁj¢Q}. Consider I11a. Write for

j=1

short 6y = 0y(Q). Note that over the event A;; N {8, = 0}, B; < do(1 + n)7,. Fix a
realization of 8, let j; < j, < --- < j, be all the indices at which 1j4,,1i3-0) = 1.

Using (i)-(ii),

p ¢
Hla < Z Ligze-so14me, Lian Ligi=0) < Z Lz 2-s014m, ) -
j=1 k=1

Using Lemma 3.6.8, for any ¢, > 0, as p — oo, except for a probability of o(1/p),

£
> i ertime) < P° Z PG, = 1= 6o(1 +m)7,) < pOld(t — 6o(1 +1)7,). (3.6.67)
k=1 k=1

Since (3.6.67) holds for all the realizations of 8, and that except for a probability

of o(1/p), € < ||Bllo < 2pe,, it follows that

Hla < 2p"e,®(t — 5o(1 + n)7)). (3.6.68)

Consider I11b. Write

p p
IIIb = Z 1{;3/'#0} - Z 1{,Bj$0}1{A2j}, (3669)
j=1 j=1

where we have used the fact 14,15,z = 0. Note that except for a probability of

o(1/p), | ZI, Lig;20 — P&yl < C y/log(p)/(pe,), and that by (3.6.66), X7_; L2011 <
ijl L, < 4log 2(p)p'toe? €,. It follows that except for a probability of o(1/p),

\I11b - pe,| < C/ \JPE, + 4log’(p)p'*“e,. (3.6.70)

Consider I11c. Note that over the event A;; N {B; # 0}, B; = B; > 7,,. By (i)-(ii),

Hle < 35 Ywanlipar,) < X Lig<ir,) 113,20 Note that except for a probability
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of o(1/p), Zle 13,40, < 2log(p) Zj’zl Lig20) < 4log(p)pe,. By similar arguments as
in the proof of I11a, for any fixed ¢y > 0, as p — oo, except for a probability of
o(1/p),

p
e <Y Loyl < 4log(p)p' ™ e,d(r, - 1). (3.6.71)
j=1

Combining (3.6.68), (3.6.70), and (3.6.71) gives that except for a probability of

o(1/p),

111 - pe,| < Clogz(p)[p“coef,&)(t —8o(1 +m)7,) + p' e, (1, — ) + |— + p'* e ]

Pép

(3.6.72)

Recall 7 = # = +/2¢log p where max{62(1+1)*r, 9} < ¢ < %22 Combining (3.6.64),
p 0 4r g

(3.6.66), and (3.6.72), the claim follows by Mill’s ratio [29].

Proof of Lemma 3.6.8

The second claim follows directly by Chebyshev’s inequality, so we only show
the first claim. Write
asgo1=3 3 3 E| (o (i)™ |
=1 aj+...ag=m i1 <...<i}
where a; > 1 are integers, 1 < i < k. By basic combinatorics,

E[Szl(l‘) i Z Z E[(lY >) -+ (lyy, >t})]

k=1 a)+..ax=m i;<...<iy

Zml (’Z__ 1) Z E[(lml >) - (1{y,.k2t})]. (3.6.73)
k=1

i1 <...<ij

IA

Form a graph where {1,2,..., p} are the nodes and nodes {i, j} are connect-
ed if and only if QG,j) # 0. For 1 < ¢ < k, let M(t;k) = {{iy < ... <
ix} = {i1,.... i} splits into ¢ different CG}, where CG stands for connected sub-

graph as before. First, by Lemma 3.6.2 and basic combinatorics, |[M(£;k)| <
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(N)(i2))elog(p))f < C(m)p‘(2elog(p)F. Second, note that for any {ir.....i} €
M), El(Ly, 20) - .- (Liy, 20)] < (@(n))°. Combining these gives that for each
1 <k<m,

i1<...<ik 1 {{il ..... ik}GM(f;k)}

k
Z El(Ly, >0) - - (Lyy, 20)] = Z Z E[(Lyy, 1) - - - (1yy, 20)]
=
k
<
=1

k
D @elog(p)) > (p®®) < k(2e log(p)D())".
(=1

Inserting this into (3.6.73) gives the claim. |

3.6.7 Proof of Theorem 2.2

Let (1, u,”’) be the tuning parameters as in Theorem 2.1. Write for short
A, up) = (AP, uy") and (A, i) = (A7, i;”"). The proof is similar to that of Theo-
rem 2.1 except one difference: the non-stochastic tuning parameters (4,,u,) are
replaced by stochastic tuning parameters (4, ii,). By a close investigation of the
proof of Theorem 2.1, it is sufficient to show that Lemma 6.5 continues to hold
if we replace (1,,u,) by (1, i,), except for that the generic logarithmic term L,

may be different. Towards this end, note that by Lemma 2.4, there is a positive

number J, = o(1) such that except for a probability of o(1/p),
(1=6), <A, <A +6,)2,,  (1=6,)u, <it, <(1+65,)u,. (3.6.74)

Note that Lemma 3.6.5 continues to hold if we replace 1, by (1 +6,)1, and u, by
(1 £6,)u,. The claim follows by (3.6.74) and a close investigation of the proof of

Lemma 3.6.5. O
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3.6.8 Proof of Lemma 3.1

The first claim follows directly from [4], so we only show the second claim. Let
e; be the j-th basis of the R”. All we need to show is that for each 1 < j < p,
except for a probability of o(1/p?), le’(X'X — Q)pl < ClIQll ylog p pl=(1=012 By
symmetry, it is sufficient to show this for j = 1 only. Denote a = (X’X — Q)e; and
write €/ (X'X -Q)B = 37| a;B8;. It is sufficient to show that except for a probability

of o(1/p?),

p
| > aBil < ClIQllyiog p p*-=P1, (3.6.75)
i=1
Towards this end, let u, = p,(a,n,) = % " ElaB) and o7 = oo(a,7m,) =
% P a*Var(B;). Direct calculation shows that

P P
Py < €,4/logp ) a;, 190'127 = €, log(p) Z a. (3.6.76)

i=1 i=1

First, let Z = XQ71/2, £ = Q2¢;,and n = #Q‘/zlp/ VIIQIl. Note that [|£]]* = €| Qe =

1 and ||nl|> = ”—(lzn(él;,le) < 1. It follows that

a; = &{(X'X -1, = \plQIEZ Zn - &'n). (3.6.77)

)4
i=1

Write Z = (Z1,2,,...,2Z,) and £Z'Zn — &0 = + YL (&' Z)(\n'Z;) — €. Note
that for 1 < i < n, (\Vn&'Z;, \ny'Z;) are iid samples from a bivariate normal with
variances ||£]* and |j7|*, and covariance &n. By similar arguments as in [4] and

that n = p?, except for a probability of o(1/p?),

€'Z'Zn — €71 < Cflog(n)/ Vn < Cp~"* \flog(p). (3.6.78)

Combining (3.6.76)-(3.6.78), we have that except for a probability of o(1/p?),

i, < Ce,log(p) VplIQlp™"2 < Clog(p) VilQp~ s 1-(1-712, (3.6.79)
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Second, write

)4
Z @ =(X'X - QXX - Qe, = &(Z'Z - 1,)AZ'Z - ). (3.6.80)

i=1
It is known [27] that except for a probability of o(1/p?), the largest eigenvalue of

(Z'Z - 1,,) is no greater than C /p/n in absolute value. Recalling [|¢]| = 1,
EZ'Z-1,)UZZ-1,)¢L|QUEZZ - 1,0Z'Z - 1,)¢ < ClIQlI(p/n). (3.6.81)
Combining (3.6.76), (3.6.80) and (3.6.81) gives

> < ClIQlllog(p)e,p/n < ClIQ||Tog(p)p =", (3.6.82)

Last, since 8; < C +/log p, using Bennett’s lemma [25], for any 4 > 0,

A2 /lC \/log
Tp \/_

where (x) > 0 and xy(x) is monotonely increasing in x € (0, ). Choose 4 such

Vpa = ClIQI \/log(p)e,(p/n) = ClIQI y/log(p) p~ =12,

Using (3.6.82), it follows from (3.6.83) that

P<Z aif; 2 pip + \P) < exp(=3— (3.6.83)

that

P
P(Y" aiB; > puy + P = o(1/p?). (3.6.84)
i=1
Combining (3.6.84) with (3.6.79) and (3.6.82) gives (3.6.75). O

3.6.9 Proof of Lemma 4.1

For notational simplicity, write for short 8, = 8,1, 8> = 8;, ﬁ 1 = ,’3’/—1, ﬁz = /3’,,', =

¥,.1,and , = ¥;. By the KKT condition [28], (3:,3,)’ minimizes the functional if
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and only if there is a sub-gradient a = (@, @,)" such that

1 allB y a; = sgn(B), ifBi #0,
e + Aa =0, and

a 1 B> Vs lai] <1, otherwise.
(3.6.85)

Since the proofs are similar, we only show that for Regions /, I1a, and I11a.

Consider Region /. For i = 1,2, construct Bi = 0 and «; = y;/A. It is seen that
the first requirement in (3.6.85) is satisfied. Moreover, note that |j;| < 1 in the
current region. It follows that |@;| < 1, and the constructions satisfy the second

requirement in (3.6.85) as well. So in this case, the minimizer is (31, 3,) = (0, 0).

Consider Region //a. Construct Bi=%-4,B,=0,a =1,and @, = [, —
ay) + ad)]/A. Direct calculations show that these satisfy the first requirement
of (3.6.85). Moreover, since —(1 + a)d < (J, — ay;) < (1 — a)4, |ay| < 1, so this
construction also satisfies the second requirement of (3.6.85). So in this case,

B1,B>) = 31 — 2,0).

Consider Region /11a. Set @; = @, = 1 and

1
1-a?

a 1 "
B = m[@l =) —a, - D], B> = (2 — ) —a( — D]

Direct calculations show that these constructions satisfy the first requirement
of (3.6.85). Moreover, by the definition of Region I/1a, Bi > 0and B, > 0, so
@; = sgn(B;) and the second requirement of (3.6.85) is also satisfied. Combining

these gives the claim. o
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3.6.10 Proof of Lemma 4.2

Write for short 8 = g**° and 4, = 14 = 2qlog(p). Introduce events Ay; =

{Bk—o.] 2<k<]+1 A]] {BJZ—IBJ]—ﬁjH OIBJ—Tp BO] {BJZ_ﬁ] =
B;=Bjs1 =0}, and By; = {B;-2 = Bj-1 = Bjs1 = 0,3; # 0}. The Hamming distance

satisfies
P . pzl 1 p-l

D Psen(B) # sen(B) = > [P(B; # 0.8, = 0)+ P(B; = 0.8, % 0)] = = (1, +11)).

j=1 Jj=3 Jj=3

where
Jj+1

Ii= > PB#0.=0), I;=PB;=0p=1)+ >  PB+#0,p=0)
k=j-2 ke{j=2,j-1,j+1}

By basic algebra and definitions, I; > Z,’;}_z P, # 0, Aoj) 2 P(Ag; N By)), and

A

II]' > P(ﬁ} = O,Alj) + Zke{j—Z,j—l,jH}P(ﬁk * O,Alj) > P(Alj N Bi]) It follows that

)4 A 1 -1
D" P(sgn(B)) # sgn(g)) - D [P(A0; N B)) + P(Ay; 0 B, (3.6.86)
=3

J=1

Let R be a two-dimensional region as follows

ay y—ax

>/1ad

{(x y): y = Ap, Or > A, and =—2 < —/1,,}.

-a l+a l+a
We introduce the events
= {|?j| > Aph Dy ={Y i< Ah Dlj:{(f’j—l,f/j)' € R}.
Note that D;; N Dy; = 0. We now show that
2 {|Y)] > A, B{; 2 (Dy; U Dy)). (3.6.87)
This is equivalent to show that

Boy; N Dy; = 0, By;N(Dy;UDy;)=0. (3.6.88)
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Towards this end, we note that by the KKT condition [28],
Q=7 - 4,0, (3.6.89)

where « is the vector of sub-gradients (i.e. a; = sgn(3;) if 8, # 0 and || < 1
otherwise). Consider the first claim in (3.6.88). Recall that Q is a tridiagonal
matrix. When By; happens, it follows from (3.6.89) that 0 = 3; = ¥, - 2,a;.
Therefore, |¥;| < 1,, and the claim follows. Consider the second claim of (3.6.88).

When B ; happens, it follows from Lemma 4.1 that
?j <-4 Y] > A

P> P

or
~(1-a)d, <Y, 1 —a¥; < (1 +a),, ~(1+a)d, <Y, —a¥; <1 -a),.

Then (3.6.88) follows by noting that

{I¥,l > 4, nDy; =0,
Vi <-2,,-(1-a)1, < ¥, —a¥; <1 +a)4,} nDy; =0,

{Yj > /lp, —(1+ a)/lp < Yj—l - af/j <({- a)/lp} N Dlj =0.

Next, note that D;; N D;; = 0. Combining (3.6.86) and (3.6.87) gives

—-1

[P(Ag; N Dyj)+P(A1;NDyj)+P(A;;N Dlj)]. (3.6.90)

]

| -

p
D Psgn(B)) # sgn(B))

J=1 J

Il
o8}

By definitions, P(Ay;) = (1 — ¢,)*, P(A1;) = (1 — ¢€,)’¢,, that conditional on Ay,
Y; ~ N(0, 1), and that conditional on A;;, ¥; ~ N(7,, 1). It follows from elementary

statistics and definitions that

P(Ag; N Do) = (1 = €)*P(N(0, 1) 2 A,) = L,p ™, (3.6.91)
and that
L,p™ (Va1 g<r
P(Alijlf) = (1_EP)36PP(N(T1), 1)< /117) = (3692)
p(1+o(1)), q>r
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At the same time, P(A;)) = (1 — €,)°¢,, SO

P(A ;N D)= -¢)e,P(Yi1,Y;) € RIA})).

Note that conditional on Ay, ¥;-; ~ N(at,, 1), ¥; ~ N(t,, 1), and Cov(¥,_1, ¥)) = a.

Directly evaluating P((Y;_1, ¥;)’ € RIA;;) gives

1-|a|
. Lpp_ﬂ_'ﬂa\q, O<g<r,
P(A]j N D]j) =

Lpp—ﬂﬁla‘(hﬁ(1+|a\)r—2(1+|a|)\/Lﬁ)’ r<gq.

Inserting (3.6.91)-(3.6.93) into (3.6.90) gives the claim.

3.6.11 Proof of Lemma 4.3

(3.6.93)

For simplicity, write for short 4, = 4%, B1 = B;-1, B2 = B, Bi = ,gj—ll B = ,3,', =

4 i-1,and ¥, = 4 ;. Direct calculations show that the minimum of the functional is

0, if8 =0&pB =0,
A2 - 5)/2, if B #0& B, =0,
(A2 - 52)/2, if B =08&p, #0,
X — (57 + 55 — 2a5,5,)/2(1 - a*)), if 8, #0& B, # 0,

(3.6.94)

obtained at (81,8,)" = (0,0), (51,0), (0,52), and ((51~ay)/(1-a*), Gr—ai1)/(1-a*))’,

correspondingly. Write for short Ay, = (15 - 37)/2, A;, = (15 - 3D)/2, and A, =

X — (7 + 55 — 2a9152)/(2(1 — a*)). We now discuss the regions one by one. By

symmetry, we only show that for Regions 7, I/a and I11a.

In Region ], it is seen that A;, > 0, A;, > 0, and A, > 0. By (3.6.94), the min-

imum of the functional is achieved at (8;,5,)" = (0,0), and the claim follows. In

Region I1a, we have || > 4,, [72| < [§1], and |ay; — 72| < 4, V1 — a?. Correspond-

ingly, it follows that A, < 0, A}, < Ay, and A}, < A, and the claim follows. In
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Region I11a, we have 3] + 75 — 24515, — 2A45(1 — a®) > 0, |ay, — 52| > 4, V1 —a?,
and |ay, — | > 1, V1 — a?. Correspondingly, it follows that A, < 0, A, < A,,, and

A, < Ay, and the claim follows. O

3.6.12 Proof of Lemma 4.4

Write for short 8 = 3** and A, =) = \/Zng(p). Introduce events Ay; = {82 =
Bi-1 = Bj =B = 04, Aj = {Bj2 = Bj-1 = Bjr1 = 0.8 = 7}, Azj = {Bj-2 = Bjn1 =
0.8j-1 = Bj = T}, Boj = {Bj-a = Bj-1 = Bj = Bjx1 = 0}, Bij = {Bjoa = Bj1 = Bt =
O,,Bj # 0}, and B,; = {,szl :,8j+1 = O,,Bj_l * O,Bj # 0}. The Hamming distance is

p pP-
> P(sgn(B)) # sgn(B)) = Z #0,8,=0)+ P(B; = 0,8, # 0)
=1

j=3
pP—
Z +11; + 111)),

1
Z —
9 =3
where
j+1
=Y P(i#0.,=0)
k=j—2
II]:P(éIZO,ﬁj:Tp)'F Z P(ﬁk?ﬁo,ﬁk:O),
ke{j=2,j—1,j+1}
and

11, = Z P(pic # 0, = 0) + Z P = 0,8 = 7))

ke{j=2,j+1} ke{j—1,j}

By basic algebra and definitions,

j+l
Iz > P #0,A0) = P(Ag; N BS)),
k=j-2

1I; > P(B; = 0,A,)) + Z P(Bi # 0,A1)) > P(A;; N BY),
ke{j=2,j-1,j+1}
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and

Hz2 0 P #0,A)+ > PBi=0,Ay) 2 P(Ay; N BS)).
ke{j-2,j+1} ke{j—-1,j}

It follows that

pP—

P
, 1
D" P(sgn(B)) # sgn(B)) > 5 Z[P(AOJ N B+ P(A; N BS,) + P(As; 0 B (3.6.95)

j=1 j=3
Introduce the events
={IVj >4}, Dy={¥l<a,), H={Vi +¥;-2a¥;,¥; <201 -a")},
and
Dyj = H;U{la¥; .1 =¥l < , V1 =a2,|¥,.1| > 3, U{la¥; = ¥, 1| < 2, VI = a2,V > 4,).
We now show that

ng 2 D0j7 B Dl/a BS] 2 ng, (3696)

1j =

or equivalently, that
BojﬂDoj:(Z), B]jﬂDlj:(b, szﬂDzj:(b.

Consider the first claim. Recall that Q is a tridiagonal matrix. When By; or B;

happens, 3,5 = B;-1 = 811 = 0, and 3; minimizes the functional

Elementary calculus shows that the minimum is achieved at u = 0 if and only if
¥;| < 4,. Therefore, when By, happens, 3; = 0, the minimum is achieved at u = 0.
Therefore, |¥ il < 4, and the claim follows. Consider the second claim. Similarly,

when B, ; happens, 3; # 0 and |¥;| > 1, and the claim follows. Consider the third
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claim. Let W; = (8,1, 3;)’ and u be a two-dimensional vector. Similarly, when B,;

happens, W; minimizes the following functional

1 1 a Yj—l A2

’ ’

p
—u Uu—u + —||ullo.

By Lemma 4.3, both coordinates of the minimizing vector u are nonzero if and

only if

(Y, ¥) ellaVi -Vl > 4, VI —a2, |a¥;- ¥4 >, V1 -a?,

Vi + V] —2aY,,¥; > 20501 - ).

When B,; happens, both coordinates of W; are nonzero. This implies that

(Y;.1, 7)) € D, and the claim follows.

Now, combining (3.6.95) into (3.6.96) gives

p . 1 p-l
D PlsgnB)) # sgn(B)) = 3 Y [P(A0;1 Do)+ P(A;;N D1+ P(Ay; N Dyl (3.6.97)
j=1 J=3

By definitions, P(Ay;) = (1 — ¢,)*, P(A1;) = (1 — €,)’¢,, that conditional on Ay,
Y, ~ N(0, 1), and that conditional on A;;, ¥; ~ N(t,, 1). It follows from elementary

statistics and definition that

P(Ag; N Dy;j) = (1 - €)*P(N(0,1) = 4,) = L,p™, (3.6.98)
and that
P(A;NDy;j) = (l—ep)3epP(N(Tp, H<a,) = (3.6.99)
p?(1+o(1)), q>r.

Furthermore, we have that P(4;;) = (1 — ¢,)’¢, and that conditional on A,
(17]-_1, 4 ;) is distributed as a bivariate normal with equal means (1 + a)7,, unit

variances and correlation a. Let R denote the region in the two-dimensional
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Euclidean space

R = {(xy) :lay—xl<A,Vl-a?and |y| > 1,}
Uf(x,y) : lax —yl < 4, V1 —a? and |x| > 2,)}

Ul(x,y) : X+ y2 —2axy < 2/12(1 —-a®)}.
By direct calculations,

P(A3; N Dyj) = (1 - €V P((Yj1,¥)) € R) = L, p 2V -a)= v FACTFa= Vi)',
(3.6.100)
Inserting (3.6.98)-(3.6.100) into (3.6.97) gives the claim. O
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