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Stabilized string compactifications give rise to effective four-dimensional super-

gravities at energies below the compactification scale, and in this thesis, we in-

vestigate how these theories may be constrained by physical observables from

particle physics and cosmology. A number of physically well-motivated sce-

narios such as cosmic inflation, intermediate-scale supersymmetry breaking,

and a particular mechanism for baryogenesis, all rely on the form of the non-

renormalizable, Planck-mass suppressed operators in the Lagrangian, which

can be computed only in a quantum theory of gravity. With this motivation, we

investigate supersymmetry breaking in stabilized compactifications of type IIB

string theory, and find that experimental constraints from flavor physics impose

severe restrictions on certain interesting compactification scenarios. Moreover,

we point out that the Affleck-Dine scenario is incompatible with some mod-

els of string inflation, e.g. brane inflation in warped throats, and we show that

versions of Affleck-Dine baryogenesis with non-trivial field dynamics during

observable inflation induce features in the spectrum of the cosmic microwave

background radiation, which may be observable by upcoming satellite experi-

ments, such as Planck. Furthermore, there is compelling cosmological evidence

for a ‘dark energy‘ currently dominating the energy density of the universe, but

accommodating this fact by direct constructions of de Sitter string vacua has

proved challenging. Here, we use random matrix theory to show that in super-



gravities with many scalar fields, an exponentially small fraction of the de Sitter

critical points are metastable vacua. This result significantly affects the counting

of de Sitter vacua in the string landscape.
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CHAPTER 1

INTRODUCTION

1.1 Fundamental physics in a data driven era

At the dawn of September 10, 2008, the Large Hadron Collider commenced its

operation by circulating bunches of protons through its cold, underground tun-

nel at the feet of the French and Swiss Alps. At the time, the project had been

under way for more than twenty years, and, as it turned out, it was still a full

year from producing its first collisions. Currently, the collider is pushing the

frontier of particle physics by operating at unmatched energies and intensities.

The LHC explores energy scales at which the physics is largely unknown, and

at which new discoveries are anticipated. In December 2011, the experiments

ATLAS and CMS jointly announced tentative signs of a Higgs boson at energies

around 125 GeV [1]. While the findings are not yet conclusive, the accumulation

of more data during 2012 is expected to either confirm the existence of a Higgs

boson, or decisively exclude it at these energies. The discovery of a Higgs boson

would confirm the Standard Model explanation of the generation of mass and

the breaking of the electroweak symmetry down to electromagnetism.

However, as we will review in this introductory chapter, strong theoretical

arguments can be made for the Higgs boson not being the only new physics

result that may be discovered at the LHC. In particular, an additional symme-

try of space-time in the form of so called supersymmetry, is theoretically well-

motivated to appear at this energy scale, and the experiments at the LHC is

currently investigating whether this symmetry is realized in nature close to the

electroweak scale or not.
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Meanwhile, observational cosmology has evolved into a science of remark-

able accuracy and predictive power. Over the past fifteen year, studies of distant

supernovae have provided strong evidence for the existence of a positive vac-

uum energy density, or ‘dark energy‘, which currently is dominating the energy

density of the universe. Satellite experiments exploring minute deviations in

the spectrum of the cosmic micro-wave background radiation (CMB) have pro-

vided substantial evidence for a period of inflation, or something very similar

to it, taking place in the early universe. Current and upcoming experiments,

such as Planck, will further explore the polarization of the cosmic microwave

radiation, and may within the coming year determine the energy scale of in-

flation. Experiments studying the large-scale structure of the universe, as well

as dark matter, have also contributed to the progress in cosmology, and taken

together, these experiments have prompted scientists to describe the current era

of cosmological research as a ‘golden age’.

Consequently, the current epoch of physics offers an exploration of our uni-

verse from multiple angles and energy scales, ranging from the small scales

probed at the LHC to the large scales of the cosmos, and experimental data is

guiding the way into these yet unknown realms of reality. In the light of this

progress, it is interesting to explore the limits of how much can be learned from

the outcomes of these experiments — in particular, one may wonder how much

we can learn about the underlying fundamental theory of quantum gravity. This

theory may first become important at as high energies as the Planck scale, and

since,

MEW

MPl
≈ 10−16 , (1.1)

one may fear that the underlying structure of fundamental physics completely

decouples from the relatively low energy physics currently probed at the LHC,
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and that it therefore will be extremely difficult to bridge the gap between the

scale of the experiments and the scale of the fundamental physics. While such

an argument may ultimately not be unfounded, we will in this thesis demon-

strate how some of the most promising scenarios for particle physics and cos-

mology from string theory can indeed be constrained by experiments. For in-

stance, in Chapter 2, we show that, once supersymmetry breaking is taken into

account, experimental results from flavor physics impose severe constraints on

some of the most successful models of particle physics in string theory [2]. Fur-

thermore, it is well known that cosmic inflation is sensitive to high-scale physics

such as string theory, and we note that this is also true for certain mechanisms

explaining the asymmetry between matter and antimatter in the universe. In

Chapter 3, we explain how such a mechanism may leave an imprint in the cos-

mic microwave background radiation, and how evidence for the mechanism

automatically would be evidence against certain models of inflation in string

theory [3].

In Chapter 4, we study the typical structure of the low-energy effective de-

scriptions arising from string theory, and we pay particular attention to the sta-

bility of critical points in these theories. We show that meta-stable vacua are

exceedingly rare as compared to the number of unstable critical points, and we

argue that this affects the counting of vacua in string theory. For typical critical

points these considerations turn the ‘landscape’ of string vacua into a ‘waste-

land’ [4]. This work has important consequences for how one may anticipate to

solve the cosmological constant problem in these theories. We note that certain

non-typical critical points are more stable, and we conclude that while there is

a landscape of string vacua, it appears quite different from prior expectations.
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In sum, the experiments of the current data-driven era are pushing the

boundaries of what is known about the electroweak scale and about the early

universe. The experimental constraints that follow come with highly interest-

ing opportunities for improving our understanding of fundamental physics. In

this thesis, we illustrate this point by providing three examples of where ex-

perimental results from particle colliders, CMB experiments, and supernovae

observations lead to constraints on the underlying high-energy theory.

1.2 Effective Field Theory from String Theory

In the remainder of this Chapter, we will review the background material neces-

sary for understanding the research results of Chapters 2 through 4. In particu-

lar, this involves the structure of the Wilsonian effective quantum field theories

arising from string compactifications as low-energy theories, supergravity and

moduli stabilization. We will furthermore motivate the statistical studies of the

effective theories discussed in Chapter 4 by reviewing the current understand-

ing of the ‘landscape’ of string vacua.

1.2.1 Wilson’s effective field theory

For the development of physics, effective descriptions have been of singular

importance. For instance, Newton’s highly successful theory of mechanics con-

stitute an effective theory of matter, which breaks down and must be replaced

by a more fundamental theory in certain limits, such as at high velocities or

for microscopic amounts of matter. Quantum field theories have been highly

4



successful in describing particle physics, with the ‘Standard Model’ of parti-

cle physics describing the physical world up to at least the electro-weak scale.

However, quantum field theories which do not include gravity are always ef-

fective theories, and should be replaced by a theory of quantum gravity for

processes at energies in which the fundamental theory may be important. In

fact, the standard model may very well be an effective field theory description

of a more fundamental, non-gravitational, theory at energies just slightly above

the electro-weak scale, and the framework for describing how an ‘ultra-violet’

theory gives rise to an ‘infra-red’, low-energy description is the topic of effective

field theory, to which we now turn.

There are two distinct notions of effective field theory, Wilson’s prescription

which involves integrating out high-scale physics to obtain an effective low-

energy description [5], and the 1-particle irreducible (1PI) effective theory, in

which modes at all masses contribute to the effective action. Here we will re-

view some elementary properties of the Wilsonian effective theory, and only al-

lude to the 1PI effective action in passing. These topics are treated in full detail

in numerous textbooks and review articles, see e.g. [6].

Wilson’s effective field theory is concerned with theories which are valid be-

low some cut-off energy Λ0, for which we are interested in processes occurring

at a low energy scale E, where E � Λ0. We may derive an effective theory

valid below Λ satisfying E < Λ < Λ0 by integrating out high-frequency modes.

Schematically, a weakly-coupled field φ can be split into a high-frequency and a

low-frequency part as φ = φH + φL, where the frequencies of φH exceed Λ, while

the frequencies of φL are less than Λ. By integrating out the high-frequency

modes, i.e. by performing the path integral over φH, the Wilsonian low-energy
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theory for φL can be written as,∫
DφLeiS Λ(φL) , (1.2)

where eiS Λ(φL) =
∫
DφHeiS (φL,φH). The action S Λ(φ) typically differs from the high-

scale action by values of coupling constants — or even by containing new cou-

plings not present in the high-energy theory. By lowering the cut-off of the

theory by a small amount, Λ = (1 − ε)Λ0, for some small ε > 0, the evolution of

a coupling constant gi of some local operator Oi of dimension ∆i, can be viewed

as a renormalization group flow in the space of Lagrangians. At weak coupling

and to linear order, the coupling constant gi with dimension 4 − ∆i then satisfies

the differential equation,

dgi

dΛ
= (∆i − 4)

gi

Λ
, (1.3)

which is solved by,

gi(Λ) = ci Λ
4−∆i
0

(
Λ

Λ0

)∆i−4

, (1.4)

for some dimensionless constants ci. Operators with dimensions ∆i > 4 become

less important at low energies and are called irrelevant, while operators with

∆i = 4 and ∆i < 4 are called marginal and relevant, respectively. The flow of

relevant operators is divergent, signaling that significant fine-tuning in the high-

energy theory of the order of
(
mµ/Λ2

0
)4−∆ is necessary for a relevant operator

to appear with a modest value, m4−∆i , at the low scale µ. Relevant operators

are therefore said to typically not be natural in effective theories. This point is

evident also in the 1PI-effective action, which can be illustrated in a toy-model

consisting of a light real boson, φ, of mass m, and a heavier Dirac fermion, Ψ,

with mass M, and with an action given by,

S =

∫
d4x

(1
2
∂µφ∂

µφ −
1
2

m2φ2 −
λ

4!
φ4 + iΨ̄/∂Ψ − MΨ̄Ψ + yφΨ̄Ψ

)
. (1.5)

6



The 1PI effective action for processes at energies µ � M . Λ is obtained by

methods described in e.g. [6]. The effective boson mass in the low-energy theory

with cut-off Λ, in which the fermion has been integrated out, is given by,

m2
e f f = m2 +

y2

16π2

(
c1Λ

2 + c2M2 + c3m2 ln
µ

Λ
+ O

(
M4

Λ2

) )
. (1.6)

Here, the dependence of the effective mass on the cut-off Λ is an artifact of

this particular regularization method, however, the dependence on the fermion

mass M, is not, and appears in any regularization scheme. For the effective

mass to be small with respect to Λ and M, the one-loop corrections on the right-

hand side of equation (1.6) must cancel to a high accuracy. This indicates that

relevant operators introduce a detailed sensitivity to high-scale physics at scale

Λ which does not decouple at low energies. In the standard model, the mass of

the Higgs boson is the only relevant operator, and its un-naturalness is known

as the gauge hierarchy problem.

This sensitivity to high-scale physics is particularly troublesome for the di-

mension zero operator O = 1, the vacuum expectation value of which is inter-

preted as a cosmological constant in the low-energy theory. Contributions from

high-scale physics naturally make the coupling constant of this operator of or-

der M4
Pl (at which point quantum field theory without gravity breaks down),

however the observed value is around 120 orders of magnitude smaller than

this. We will return to the cosmological constant problem in §1.5.

In contrast, the flow of irrelevant operators converges to small coupling con-

stants (as the energy scale is decreased) and thereby acts to erase detailed in-

formation of the high-scale physics. On the other hand, by ‘reversing’ the flow

of the irrelevant operators, we note that the effective theory breaks down as

these become of the order of the cut-off scale. The Fermi theory of weak interac-
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tions provides an illuminating example of this: the low-energy effective theory

contains no relevant operators, and one of its dimension six operators mediate

muon decay to an electron, a µ-neutrino and a electron-anti-neutrino. The cou-

pling constant in the effective theory, GF , has dimension −2, and is given by the

matching condition, GF = g2
√

2
8M2

W
, in terms of the coupling g of the high-energy

Weinberg-Salam theory. The effective theory breaks down at energies compara-

ble to MW , at which point more degrees of freedom — in this case the W±-bosons

— need to be included to render the theory consistent beyond the low-energy

cut-off. In Chapters 2 and 3 of this thesis, we investigate physical processes

in which Planck-mass-suppressed non-renormalizable operators are important.

Since these operators are suppressed by the scale at which gravity is expected

to become important, they can only be computed in a high-energy theory that

includes quantum gravity, such as string theory. Hence, questions of this type

provide a particularly clear window towards high-scale physics.

At the quantum level, the dimensions ∆i deviate from the classical scaling

dimensions due to the effect of interactions. For marginal operators at weak

coupling, the quantum contributions give rise to a logarithmic running with the

energy scale. For example, gauge couplings are marginal at tree-level, and run

like,

Λ
dg(Λ)

dΛ
= b g2(Λ) (1.7)

at the one-loop level.1 The sign of the b determines whether or not the coupling

is marginally relevant or marginally irrelevant, and is determined by gauge group

factors and the charged matter content of the theory. For the weak S U(2) ×

U(1) interactions, the sign of b is positive and the coupling becomes irrelevant

1The value of the coupling constant at scale Λ, given its value at scale Λ0 is g(Λ) =
g(Λ0)

1+bg(Λ0) ln(Λ0/Λ) .
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in the infra-red, while for QCD, the coupling famously grows in the infrared,

eventually making the theory strongly coupled at the scale,

ΛQCD = Λ0e1/bg(Λ0) ≈ 200 MeV , (1.8)

and the low-energy theory below this energy scale is a theory of mesons which

exhibits chiral symmetry breaking. This generation of a hierarchy between the

ultraviolet scale and the low-energy scale due to the logarithmic running of the

coupling constant is called dimensional transmutation. It can be shown that non-

Abelian gauge couplings are the only marginally relevant operators, and thus

are the only marginal operators supporting dimensional transmutation [7].

Symmetries can change the renormalization group flow and make relevant

operators technically2 natural, as is exemplified by fermion masses: the theory

satisfies an enhanced, chiral symmetry as M = 0, which means that corrections

to the fermion masses must be proportional to M, and receive no linear contri-

bution in Λ. Vectors can be made natural if they are gauged, and scalar bosons

can be naturally light by shift symmetry or supersymmetry. Let us now turn to

the latter topic, which is not only well motivated by low-energy effective theory

considerations, but also by the effective theories arising from string theory, as

we will discuss in §1.2.3.

1.2.2 Supersymmetry and supergravity

This aim of this section is to set up the supersymmetric formalism used in Chap-

ters 2, 3, and 4, and to review some of the aspects of supersymmetry of partic-
2Here, the term ‘technical‘ serves to distinguish this type of naturalness, where a coefficient

of a relevant operator is small due to some symmetry in the limit of vanishing coefficient, to
true naturalness, which would require an explanation in the ultraviolet theory of the origin and
breaking of this symmetry.
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ular importance in this work. We will discuss both global supersymmetry, and

supersymmetry in the presence of gravity, but our presentation of both topics is

necessarily brief. For more thorough and detailed reviews, see e.g. [8, 9, 10].

Supersymmetry is a non-trivial extension of the space-time symmetries of

the Poincaré group (the generators of which include translations, rotations,

and Lorentz boosts). In fact, inspired by the ‘no-go’ theorem by Coleman

and Mandula [11], which states that there is no non-trivial extension of the

Poincaré group consistent with a non-trivial S-matrix for tensor generators, su-

persymmetry was discovered as a “counter-example” based on Grassmannian,

spinor, generators, and later proven to be the unique non-trivial extension of the

Poincaré group that does not over-constrain the corresponding S-matrix [12].

This is not only a mathematically beautiful result, but supersymmetric theories

are also very powerful, as supersymmetry can render relevant operators techni-

cally natural.

For instance, for unbroken supersymmetry the value of the cosmological

constant vanishes, i.e. 〈V(φ)〉 = 0, and even for supersymmetry which is broken

at scale m, the expected scale of the cosmological constant is smaller by a factor

of
(
m/MPl

)4
, as compared to the non-supersymmetric case. Supersymmetry also

shields scalar masses from detailed sensitivity to ultraviolet physics, which in

particular means that the one-loop contributions proportional to M2 and Λ2 in

the equation (1.6) do not appear, and bosonic masses only run logarithmically

with the energy scale. Historically, supersymmetry has also been motivated by

the support they give for gauge coupling unification at scales EGUT = 1015 GeV,

and for providing natural candidate states for dark matter.

Current bounds from the LHC on superpartner masses are very interesting
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in this context, and the fact that supersymmetry has not yet been found could be

a hint that the supersymmetric solution to the gauge hierarchy problem is not

realized in nature. On the other hand, many natural models of supersymmetry

are still not ruled out by experiments, and whether or not any of these models

are realized in nature will hopefully be settled within a few years. With this

introduction, let us begin by reviewing the notation and basic features of global

supersymmetry in Minkowski space.

Global N = 1 supersymmetry in four dimensions

In N = 1 global supersymmetry, fields can be organized in either chiral multi-

plets, vector multiplets, or linear multiplets. Linear multiplets are dual to chi-

ral multiplets, so it will suffice to discuss the chiral (matter) fields, and vector

(gauge) fields. The superspace formalism, in which space-time is extended to

also include the Grassman spinors θα and θ̄α̇, i.e. xµ → (xµ, θα, θ̄α̇), is convenient

for writing general actions that are invariant under supersymmetry.

In superspace, the supercharges can be written as Qα = ∂
∂θα
− iσµ

αα̇θ̄
α̇∂µ, and

Q̄α̇ = − ∂
∂θ̄α̇

+ iσµ
αα̇θ̄

α̇∂µ, and satisfy the supersymmetry algebra,

{Qα,Qβ} = {Q̄α̇, Q̄β̇} = 0 , (1.9)

{Qα, Q̄β̇} = 2Pαβ̇ , (1.10)

where Pαα̇ = Pµσ
µ
αα̇. Covariant derivatives on superspace can be defined as,

Dα = ∂
∂θα

+ iσµ
αα̇θ̄

α̇∂µ, and Dα̇ = + ∂
∂θ̄α̇

+ iσµ
αα̇θ̄

α̇∂µ, in terms of which a chiral superfield

can be defined as a field Φ(x, θ, θ̄) on superspace which satisfies,

Dα̇Φ = 0 . (1.11)
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In terms of component fields which only depends on the superspace coordinate

yµ = xµ + iθσµθ̄, condition (1.11) gives,

Φ(y, θ) = φ(y) +
√

2θψ(y) + θ2F(y) , (1.12)

where φ is a scalar, ψ a Weyl spinor, and F(y) is an auxiliary, non-physical degree

of freedom. The action for a collection of chiral superfields, denoted Φi, is com-

pletely specified in terms of a real Kähler potential K(Φi, Φ̄ī), and a holomorphic

superpotential W = W(Φi) as,

L =

∫
d4θ K(Φi, Φ̄ī) +

( ∫
d2θ W(Φi) + h.c.

)
= (1.13)

= KiīF iF̄ ī − Kiī ∂µφ
i∂µφ∗ī − iKi j̄ ψ̄

j̄σ̄µ
(
∂µψ

i + Γi
jk∂µφ

kψ j
)

−
1
4

Ki j̄kl̄ ψ
iψ̄ j̄ψkψ̄l̄ −

1
2

(
F iKiī Γ̄ī

j̄k̄ ψ̄
j̄ψ̄k̄ + h.c.

)
+
(
WiF i −

1
2

Wi jψ
iψ j + h.c.

)
. (1.14)

Here, a sub-index on K and W denotes a partial derivative, and Kiī is the Kähler

metric on field space, with inverse given by Kiī. With this metric, the field space

is a Kähler manifold and consequently the Christoffel symbols on field space, Γi
jk

and Γ
ī
j̄k̄, have no non-vanishing components with mixed holomorphic and anti-

holomorphic indices. Consistently, the action is invariant under Kähler trans-

formations: K(Φ, Φ̄)→ K(Φ, Φ̄) + f (Φ) + f ∗(Φ̄).

From equation (1.14), the algebraic equation of motion for the auxiliary field

F i is solved by F i = 1
2Γi

jkψ
jψk − KiīW ī, which upon substitution back into the

Lagrangian gives the scalar potential,

V(φi, φ∗ī) = Kiī∂iW ∂̄īW . (1.15)

The scalar potential is clearly positive definite, and for unbroken supersymme-

try the auxiliary components F i are set to zero, and the potential vanishes identi-
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cally, consistently with the statement above that supersymmetric solutions have

a vanishing cosmological constant.

Non-renormalization theorems in supersymmetric field theory

An extremely powerful feature of supersymmetry is that the superpotential is

not renormalized at any order in perturbation theory. This can be seen by ‘spu-

rion’ analysis, in which one regards the coupling constants in the superpotential

as the scalar vacuum expectation values of some non-dynamical background

fields. These fields must appear holomorphically in the superpotential and will

furthermore be subject to certain super-selection rules. Examples and details are

given in e.g. [8], here, let us just exemplify this line of reasoning by considering

a superpotential, W =
µ

2 Φ2, with a single chiral superfield, Φ, with a dimension–

one supersymmetric mass, µ. Treating the coupling constant as a spurion, we

note that it can be assigned the charge −2 under a U(1)-symmetry under which

Φ has unit charge. Furthermore, the superpotential has U(1)R charge +2, which

can be attributed to the field Φ alone, which then has R-charge +1. Thus, we

have two algebraic equations constraining any effective superpotential at any

energy (under the assumption that it is described by a single chiral superfield):

the U(1) global symmetry, and the (also U(1)) R-symmetry. Satisfying charge

conservation in the effective theory requires the effective superpotential to be

of the form We f f =
µ

2 Φ2, which can be matched to the ultra-violet theory in per-

turbation theory. The only difference between the ultra-violet theory and the

low-energy effective theory will then be the renormalization of the kinetic term,

which induces a logarithmic — as opposed to polynomial — running of the

physical mass-term.
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Similar non-renormalization theorems can be proven in string perturbation

theory, where an axion pairs up with the universal volume modulus in a chiral

multiplet in the four-dimensional supersymmetric effective theory. The axion

transforms under a shift symmetry which is unbroken in perturbations theory,

which together with holomorphy leads to a non-renormalization theorem for

this chiral multiplet [13].

Gauge fields and non-perturbative effects

Gauge multiplets can be included in the theory by using real vector multiplets,

which in the Wess-Zumino gauge can be written as,

Va = θσµθ̄ Aa
µ + θ2θ̄ λ†a + θ̄2θ λa +

1
2
θ2θ̄2 Da , (1.16)

where Aa
µ is a non-abelian gauge potential in the adjoint representation of the

gauge group, and λa denotes its fermionic superpartner, the gaugino, and Da is

an auxiliary field. Under generalized gauge transformations by the chiral super-

field Λa, the vector multiplet transforms as eT aVa
→ eT aΛ†aeT aVa

eT aΛa . For practical

applications, it is often convenient to work directly with the field strength chiral

superfield,

Wa
α = −iλa

α(y) + θαDa(y) − (σµνθ)αFa
µν(y) − θ2σµDµλ

†a , (1.17)

where σµν = i
4

(
σµσν

− σνσµ), and Dµ denotes the ordinary covariant derivative.

The super Yang-Mills action can be written in superspace as,

LS Y M =
i

16π

∫
d2θ τWa

αW
a
α + h.c.

= −
1

4g2 FaµνFa
µν −

θY M

32π2 FaµνF̃a
µν +

i
g2λ

†aσµDµλ
a +

1
2g2 DaDa , (1.18)
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where τ = θY M
2π + 4πi

g2 , is the holomorphic gauge kinetic function, including the

gauge coupling and the θ-angle. The gauge coupling is clearly marginal at tree-

level, but at one loop the gauge kinetic function is renormalized, and can be

written as,

τ1−loop =
θY M

2π
+

4πi
g2(µ)

=
b

2πi
ln

(Λ

µ

)
, (1.19)

where Λ = |Λ| exp
( iθY M

b

)
is the ‘holomorphic scale’, and b = 3N − F for S U(N)

Yang-Mills theory with F flavors. As for the superpotential, the holomorphic

gauge kinetic function also abides a certain non-renormalization theorem, en-

suring that the one-loop contribution is in fact the only contribution to the run-

ning of the gauge coupling constant to all orders in perturbation theory. Non-

perturbatively, the gauge kinetic function is renormalized by instantons, and

may in general be written as,

τ =
b

2πi
ln

(Λ

µ

)
+

∞∑
n=1

an

(Λ

µ

)bn
, (1.20)

exactly, for some constants b, and an.

Charged matter in chiral multiplets transform under gauge transformations

as,

Φ→ egT aVa
Φ , (1.21)

and gauge invariance of the kinetic terms require K = K(Φ†, egT aVa
Φ). Charged

matter leads to a D-term potential in addition to the F-term potential (1.15),

which for canonical kinetic terms is given by,

VD =
∑

a

D2
a , (1.22)

where Da =
∑

i φ
∗ iT aφ, and the sum over a is over gauge group generators, and

the sum over i is over the correspondingly charged multiplets.
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Furthermore, non-perturbative effects such as gauge instantons or gaugino

condensation can induce a non-perturbative contribution to the superpotential

of the form,

We f f = aµ3 e2πiτ/N . (1.23)

These non-perturbative contributions to the superpotential will be important

when discussing moduli-stabilization in type-IIB string theory.

Four-dimensional N = 1 supergravity

Supersymmetry is clearly a very beautiful symmetry with the power of turning

un-natural operators into technically natural ones, however, as we have pre-

sented it in so far, it is a global symmetry, requiring the supersymmetry trans-

formations to act the same way on any field through the entire space-time. Ex-

perience from particle physics on the other hand suggests that global symme-

tries in nature are accidental, in the sense that they happen to be obeyed by the

most relevant operators in the theory, but are fundamentally broken. This point

of view is corroborated if dynamical gravity is included, as it is common lore

that gravity does not obey any global symmetries — a point which also holds

true for string theory. Turning to supersymmetry into a local symmetry is the

topic of supergravity, to which we now turn. Supergravity is well-motivated

also for phenomenological reasons: the non-observance of a massless Goldstino

from spontaneous supersymmetry breaking suggests that — if supersymmetry

is relevant for our world — the Goldstino has been ‘eaten’ in a super-Higgs

mechanism, which requires gravity. Furthermore, important phenomenological

questions such as supersymmetry breaking and cosmic inflation requires the

consideration of gravitation, and the effective theories derived from string the-
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ory that we will discuss are all supergravities. Therefore, we will give a brief

review of supergravity for the purpose of introducing the notation and basic

concepts on which the latter Chapters of this thesis rely. For a full treatment of

the basics of supergravity, see [9].

In N = 1 supergravity in four dimensions, the massless graviton, here rep-

resented by the vielbein ea
µ, is complemented with a helicity 3/2 fermion called

the gravitino, ψµα. For an off-shell description in the superspace formalism, ad-

ditional auxiliary degrees of freedom in the form of two vectors need to be in-

cluded. We will briefly mention the off-shell, conformal compensator formal-

ism of supergravity in Chapter 2, while here we will restrict our attention to the

physical component fields.

As in global supersymmetry, the scalar potential for the lowest component

of a chiral superfield has two possible contributions: the F-term potential,

VF = eK/M2
Pl

(
Kab̄DaW Db̄W − 3

∣∣∣∣ W
MPl

∣∣∣∣2) , (1.24)

and the D-term potential,

VD =
1
2

∑
i

g2
i D2

i . (1.25)

In the F-term potential, the globally supersymmetric contribution is supple-

mented by MPl-suppressed terms through the Kähler covariant derivative,

DaW = ∂aW + 1
M2

Pl
KaW, and the negative definite contribution proportional to

the gravitino mass, m3/2 = eK/2M2
Pl

∣∣∣∣ W
M2

Pl

∣∣∣∣. Kähler transformations are given by,

K → K + f (Φ) + f ∗(Φ̄) , (1.26)

W → e− f /M2
PlW . (1.27)

The D-term potential is specified in terms of the D-terms for the gauge groups,

Di = φaT iKa + ξi, where φA is the scalar component of ΦA, and ξi is the corre-
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sponding field dependent Fayet-Iliopoulos term. In this thesis, we will focus

on the F-term potential, and refer the interested reader to references [14] for a

recent discussion on the consistency of the D-term potential in supergravity.

1.2.3 Effective field theories from string theory

String theory is a theory of quantum gravity which reduces to ordinary quan-

tum field theory at low energies. For phenomenology, this is a mixed blessing

— while the theory does not necessarily predict any spectacular features at low

energies that are incompatible with field theory, the compatibility with the ef-

fective field theory formalism is helpful in constructing controlled models of

low-energy physics. In the subsequent chapters of this thesis, we will discuss

some aspects of ultraviolet sensitivity of the theory which still provide a link

between compactifications of string theory and phenomenology. References for

this section include [15, 16, 17, 18, 19].

The string S-matrix

In the path integral formalism of quantum mechanics, the partition function can

be viewed as a sum over histories, or world-lines in spacetime, of each particle

in the theory. Similarly, first quantized string theory can constructed from a

path integral over string histories — or world- sheets — through the Polyakov

path integral as,

Z =
∑

world−sheets

∫
DX Dg

V(diff ×Weyl)
e−(S +λχ) . (1.28)
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Here, DX denotes the functional integral over space-time embeddings of the

string world-sheet, and Dg denotes the functional integral over world-sheet

metrics. The partition function thus denotes the sum over connected world-

sheets of different topologies, and each topology is embedded in space-time

by Xµ, and weighted by the action of the embedding and the exponential of

the Euler number of the string topology, χ. This topological weight can be un-

derstood as arising from the two-dimensional Einstein-Hilbert action, which in

two dimensions is non-dynamical and serves as a loop counting parameter in

the theory. The corresponding coupling constant, exp(λ), is given by the string

coupling which is dynamically determined in the theory. For the bosonic string,

the action is given by,

S =
1

2πα′

∫
d2σ

√
g gab∂aXµ∂bXν Gµν , (1.29)

where µ, ν are a space-time indices, Gµν is the space-time metric, and a, b, and gab

are the corresponding quantities on the world-sheet. The theory is diffeomor-

phism and Weyl invariant on the world-sheet, so the path integral is divided

by the volume of these symmetries to account for over-counting. In fact, as in

quantum field theory, concrete computations requires the fixing of these sym-

metries through the introduction of Faddeev-Popov ghosts in the path integral,

as is discussed in e.g. [15].

In this formalism, S-matrix elements of asymptotic states are, schematically,

given by,

S j1... jk(k1, . . . , kk) =
∑

Σ

∫
DX Dg e−(S +λχ)

V(diff ×Weyl)

 k∏
l=1

∫
d2σl

√
g(σl)V jl(kl, σl)

 , (1.30)

where V jl(kl, σl) denotes the vertex operators of the states in the S-matrix, and

the sum over Σ is a short-hand for the sum over the relevant world-sheet topolo-

gies.
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Figure 1.1: The string S-matrix elements are computed in a topological expan-
sion of the world-sheet, here showing the first two orders (corresponding to
g = 0 and g = 1) in a closed string expansion with three vertex operators.

For flat space-time, Gµν = ηµν, the action (1.29) is that of D non-interacting,

massless scalar fields. More general space-time metrics with radius of curvature

r can be expanded in the so called sigma model expansion, for which the loop

counting parameter is α′/r2.

Three ways to derive effective supergravities

Effective supergravities can be derived from string theory in at least three ways:

from consistency conditions in the world-sheet theory, from scattering ampli-

tudes, and — when applicable — from supersymmetry.

Consistency conditions on the world-sheet string theory can give rise to

equations which can be interpreted as effective space-time equations of motion.

To see this, consider the contributions to the Weyl anomaly of the bosonic theory

at linear order in α′ [19],

〈T a
a〉 = −

1
2πα′

βG
µν gab∂aXµ∂bXν −

i
2α′

βB
µν ε

ab ∂aXµ∂bXν −
1
2
βΦ R(2) , (1.31)
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with,

βG
µν = α′Rµν −

α′

4
HµλρH λρ

ν + 2α′∇µ∇νΦ , (1.32)

βΦ =
ctot

6
−
α′

2
∇2Φ + α′∇ρΦ∇

ρΦ −
α′

24
HµνρHµνρ , (1.33)

βB = −
α′

2
∇ρHρλν + α′

(
∇ρΦ

)
Hρµν . (1.34)

Here Φ is the dilaton,3 and Hµνρ is an anti-symmetric three-tensor. Furthermore,

the zeroth order contribution to the β-functions in the α′-expansion is propor-

tional to ctot, which in a D space-time dimensional bosonic theory with a ‘bc’

CFT on the world-sheet is equal to D − 26. Consistency requires that all β-

functions vanish, why the zeroth order contribution in the α′-expansion implies

that D = 26, and higher orders specify the equations of motion for the fields in

the effective low-energy theory. To linear order in α′, these equations include the

Einstein equation for the space-time metric, while higher order terms provide

corrections to these equations. A field theory that reproduces these equations to

linear order in α′ and satisfies the condition D = 26 is given by,

S e f f =
1

2κ2

∫
d26x

√
G e−2Φ

(
R −

1
12

HµνλρHµνλρ + 4∂µΦ∂µΦ
)
, (1.35)

which is the effective action of bosonic string theory with a cut-off scale of Λ0 =

Mstring to leading order in α′. We note that quantum loop computations in this

field theory matches the quantum string loop expansion.

Effective supergravities can also be derived in a ‘coupling-by-coupling’ fash-

ion by matching the amplitudes of an effective field theory to the string theory

computation of the same coupling. In Chapter 2, we will briefly allude to how

this method can be used to understand the effects of moduli stabilization on the

spectrum of models of particle physics with broken supersymmetry.

3The string coupling is given by eΦ.
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Type II supergravity in ten dimensions

Finally, in ten-dimensional4 superstring theory with maximal space-time super-

symmetry, i.e. 32 supercharges in ten dimensions, one can show that there are

only two possible effective supergravities,5 and by inspection of the low-energy

spectrum of each of the string theories, one can easily identify the correct ef-

fective theory. These supergravities, called type IIA and type IIB supergravity,

respectively, are given by the actions,

S IIA =
1

2κ2
10

∫
d10x

√
−Ge−2Φ

(
R + 4∂µΦ∂µΦ −

1
2
|H3|

2
)

−
1

4κ2
10

∫
d10x

√
−G

(
|F2|

2 + |F̃4|
2
)
−

1
4κ2

10

∫
d10x B2 ∧ F4 ∧ F4

+ fermions , (1.36)

where in the NS-NS sector, Φ is the dilaton, B2 is an antisymmetric two-tensor,

and H3 = dB2. In the R-R sector, the IIA theory contains the potentials C1 and

C3, from which the two-form and four-form fluxes F2 = dC1, and F4 = dC3 can

be constructed. Here, dF̃4 = F4 − C1 ∧ H3. This field content corresponds to

the massless states of type IIA string theory, and is therefore only valid up to

energies of Mstring, above which the full string theory must be considered.

The type IIB supergravity action has the same NS-NS sector as type IIA, but

differs in the R-R sector, which in IIB involves the gauge potentials C0, C2, and

4For the superstring, for the left-moving and right-moving sectors separately, ctot = cX, ψ +

cghost = cX, ψ − 15, which implies that the theory of bosons need cX, ψ = 15. Since each bosons
contribute with one, and each fermion with 1/2 to the central charge, this condition can be
satisfied by taking the space-time dimension to be ten for both left- and right movers.

5The uniqueness follows from restricting the supergravities to not involve higher spin fields,
which are problematic to couple to gravity.
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C4. The ten-dimensional action is given by,

S IIB =
1

2κ2
10

∫
d10x

√
−Ge−2Φ

(
R + 4∂µΦ∂µΦ −

1
2
|H3|

2
)

−
1

4κ2
10

∫
d10x

√
−G

(
|F1|

2 + |F̃3|
2 +

1
2
|F̃5|

2
)

−
1

4κ2
10

∫
d10x C4 ∧ H3 ∧ F3 + fermions , (1.37)

where F̃3 = dC2 − C0 ∧ H3, and F̃5 = dC4 −
1
2C2 ∧ H3 + 1

2 B2 ∧ F3. In fact, the

above action must be supplemented with a self-duality condition on the five-

form, F̃5 = ?F̃5. The action (1.37) is given in the ‘string frame’ and does not have

canonically normalized gravitational terms. A simple re-definition of the metric,

gE MN = e−Φ/2GMN , puts the action in the ‘Einstein frame’, with the standard

Einstein Hilbert term6,

S IIB =
1

2κ2
10

∫
d10x
√
−g

R −
∂Mτ∂

Mτ̄

2(Im τ)2 −
G3 · Ḡ3

12Im τ
−

F̃2
5

4 · 5!


−

i
8κ2

10

∫
C4 ∧G3 ∧ Ḡ3

Im τ
, (1.38)

where G3 = F3 − τH3, and τ = C0 + ie−Φ.

The low-energy D-brane action

D-branes appear in string perturbation theory as objects onto which open

strings can end, and are dynamical objects in the low-energy theory. The world-

volume action for a Dp-brane contains two parts: the first corresponds to a

generalization of the Born-Infeld non-linear action, initially suggested for elec-

trodynamics, while the second part encodes the coupling between a D-brane

and the RR-forms to which it appears ’electrically’ charged. In more detail,

6In this form, the action has a manifest S L(2,Z) symmetry.
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S = S DBI + S CS , where for a stack of p-branes [20],

S DBI = −Tp

∫
dp+1σ tr

(
e−φ

√
− det(P[Eab + Eai(Q−1 − δ)i jE jb] + λFab) det Qi

j

)
,(1.39)

where Eab = Gab + Bab, Qi
j = δi

j + iλ[Φi,Φk]Ek j, and P denotes the pull-back onto

the world-volume of the D-brane stack. The Chern-Simons can in general be

written as,

S CS = −µp

∫
tr

(
P[eiλ iΦiΦ

(∑
C(n)eB

)
] eλF

)
, (1.40)

where iΦ C(p) = 1
(p−1)! ΦµC(p)

µν1...νp−1 . Turning off the world-volume flux and NS-flux,

and restricting to a single Dp-brane, this action simplifies to,

S DBI = −Tp

∫
dp+1σ e−φ

√
− det (P[−G]) , (1.41)

S CS = −µp

∫
P[C(p+1)] . (1.42)

A chiral spectrum for a stack of branes can be obtained by placing the branes at

singular points in the internal geometry, or by turning on fluxes on the world-

volume of the branes.

Compactification and moduli

In order to connect the above theories to the apparently four-dimensional real

world, the extra dimensions need to be compactified, i.e. the ten dimensional

integral in the action is taken over a space which has some product structure,

M10 = M4 × M6, where, in order to describe our universe, M4 should be well

approximated by Minkowski space, and M6 should at least be small enough to

have avoided detection as until now. Compactifications have the further virtue

of breaking some of the supersymmetry, e.g. type II theories compactified on a

Calabi-Yau manifold preserves an N = 2 supersymmetry in four dimensions.
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While four dimensional N = 2 supergravity in four dimensions is still too re-

strictive to allow for even semi-realistic phenomenology, understanding this

type of compactifications is important in order to understand a class of more

phenomenologically successful compactifications with N = 1 supersymmetry,

which are constructed from orientifold compactifications of type IIB theory. In

string theory, there also exists a number of other ways of obtaining N = 1 in

four dimensions, including type IIA orientifolds, M-theory on G2-manifolds,

and heterotic compactifications.

With this motivation, we here review the basics of compactifications of ten-

dimensional supergravity on six-dimensional manifolds in the absence of flux,

i.e. F5 = F3 = F1 = H3 = 0 in type IIB, and F4 = F2 = H3 = 0 in type IIA. Com-

pactifications which preserve some supersymmetry in this background (with

∂µΦ = 0), can be shown admit a covariantly constant spinor, which is equiva-

lent to requiring the compactification manifold to have S U(3) holonomy and a

vanishing first Chern class. By Yau’s theorem, such a Kähler manifold admits

a Ricci-flat metric. The spectrum of the four-dimensional theories compactified

on the Calabi-Yau can be obtained by dimensional reduction, i.e. by integrat-

ing out the dependence on the internal dimensions. Schematically, a p-form

potential Ap (here representing the potentials in either sector) satisfies the ten-

dimensional equation of motion,

d10 ?10 d10 Ap = 0 , (1.43)

where we have neglected possible source terms coming from the Chern-Simons

action. For a more detailed discussion, we refer the reader to [16]. In a gauge in

which d†Ap = 0, equation (1.43) implies that,

∆10 Ap = (�4 + ∆6) Ap = 0 , (1.44)
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where we have decomposed the Laplace equation onto Minkowski space and

the internal manifold, while consistently assuming the metric to be separable.

From equation (1.44), it is evident that an expansion of Ap in eigenmodes of

∆6 gives a Kaluza-Klein tower of four dimensional modes with masses corre-

sponding to their eigenvalue of ∆6. The mass scale of these modes is set by

the compactification scale, ∼ (1/VolCY)1/6, and we can consider an effective the-

ory below the compactification scale in which only the massless modes are in-

cluded. Geometrically, this corresponds to the modes of Ap which are harmonic

on the compactification space. By Hodge’s theorem, the space of these modes is

isomorphic to the homology space Hp(M6) of closed up to exact p-forms. By be-

ing able to relate the massless spectrum to topological (Hodge) numbers, much

can be said about the low-energy physics without knowing the details of the

Calabi-Yau geometry.

The metric can be perturbed without changing the supersymmetry condi-

tion, Rmn(g + δg) = 0, for m, n being indices on the internal space, as long as the

metric perturbations, δg satisfy the Lichnerowicz equation, which on a Kähler

manifold reduces to requiring that δg is harmonic. It can be shown that these

metric perturbations separate into h2,1 ‘shape’ perturbations,

Ωabcgcd̄δgd̄ē dza ∧ dzb ∧ dz̄ē , (1.45)

and h1,1 ‘volume’ perturbations,

δgab̄ dza ∧ dz̄b̄ , (1.46)

and the corresponding moduli are called complex structure and Kähler, respec-

tively.

To leading order in α′ (and in the absence of D-branes), the Kähler metric on

the moduli space factorizes on the complex structure and Kähler moduli spaces,
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and the Kähler potential is given by,

K = KC.S . + KK = − ln
(
i
∫

M
Ω ∧ Ω̄

)
− − ln

(
4
3

∫
M

J ∧ J ∧ J
)
, (1.47)

where J is the Kähler form and Ω is the holomorphic three-form on the moduli

space [21].

All things considered, the closed string spectrum of type IIB theory com-

pactified on a Calabi-Yau three-fold consists of a gravity multiplet, h1,1 + 1 hy-

permultiplets and h2,1 vector multiplets. Type IIA compactified on a Calabi-Yau

has, apart from the gravity multiplet, a spectrum consisting of h1,1 vector multi-

plets and h2,1 + 1 hypermultiplets [17].

Let us summarize: after Calabi-Yau compactification, we have arrived at a

theory which do not yet contain the Standard model, which have N = 2 super-

symmetry and are therefore non-chiral, and have a typically large number of

massless moduli which only couple gravitationally to matter. All these things

are phenomenologically problematic, and we will now turn to the issue of sta-

bilizing the moduli in type II theory.

1.2.4 Moduli stabilization and the landscape of string vacua

We have reviewed how controlled string theory compactifications all come with

light massless degrees of freedom which only couple to matter gravitationally.

Naively, one might expect that constraints on this type of matter to be weak,

since the coupling to any measurement apparatus is very small. However, the

non-observance of any ‘fifth forces’, as well as cosmological constraints on light

matter restrict the allowed spectrum of moduli, which is typically taken to mean
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that the moduli-masses should be of the order of 10 TeV or heavier. It is therefore

necessary to generate a potential for the moduli in such a way that they become

stabilized with non-vanishing masses.

However, it has been long known that stabilization of the moduli can be

quite complicated, as was illustrated for the universal volume modulus by a

simple argument by Dine and Seiberg [22]: in all compactifications, there exists

a decompactification limit where the potential goes to zero as the volume mod-

ulus, ρ, diverges. The regime of large ρ is also the regime of weak coupling, and

under the assumption that quantum corrections are necessary to generate con-

tributions to the potential with different volume scaling, a meta-stable solution

at finite values of ρ necessarily involves quantum corrections to the potential.

However, if the first few quantum corrections are important enough to change

the structure of the potential, it is typically not consistent to truncate the expan-

sion at a finite order, and the potential must be computed to all orders to find

a well-controlled solution. The Dine-Seiberg problem can be avoided in certain

scenarios, but it still serves as a reminder that there is no guarantee that the

four-dimensional, low-energy effective description is related in weak coupling

to the ultraviolet complete theory.

The ‘no-go’ theorem of Maldacena and Nũnez

Furthermore, a celebrated theorem by Maldacena and Nũnez shows that com-

pactifications to maximally symmetric four-dimensional spaces (i.e. Minkowski,

anti-de Sitter or de Sitter) necessarily are quite complicated [23]. The ‘no-go’

theorem considers a general D-dimensional theory of Einstein-Hilbert grav-

ity which includes massless scalar fields, such as could arise from e.g. p-form
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fluxes, with arbitrary couplings, positive kinetic terms, and zero or negative po-

tential. The theorem states that, except if there are fluxes with p = 1 or p = D−1,

there are no warped compactifications to de Sitter space or Minkowski space of

the form,

ds2
D = Ω(y)

(
ds2

4(x) + ds2
D−4(y)

)
, (1.48)

where y is the coordinate on the internal space (which is assumed to be com-

pact), and the warp-factor Ω(y) is assumed not to diverge anywhere. If p = 1 or

p = D − 1, compactifications to Minkowski space, but not de Sitter, are possible,

with a trivial, constant, warp factor.

To understand the implications of this, let us exemplify the theorem by con-

sidering warped compactifications to Minkowski space of type IIB supergravity

in which the Einstein metric takes the form,

ds2 = e2A(y)ηµνdxµdxν + e−2A(y)g̃mn(y)dymdyn , (1.49)

the five-form flux is given by,

F̃5 = (1 + ?10) dα(y) ∧ dv̂ol4 , (1.50)

where dv̂ol4 is the Minkowski space volume form, and the three-form flux, G3,

is assumed not to break four-dimensional Poincaré invariance. In general, the

axio-dilaton τ may vary holomorphically in the internal space: τ = τ(y).

With this Ansatz, the trace-reversed external components of the Einstein

equation are given by,

∇̃2e4A(y) = e2A(y) GmnpḠmnp

12Im τ
+ e−6A

[
∂mα∂

mα + ∂me4A∂me4A
]
, (1.51)

as reviewed in e.g. [24]. Now, the theorem of Maldacena and Nũnez — adapted

to this specific context — is based on noticing that the integral of the left hand
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side of equation (1.51) over the internal space vanishes, while the right hand-

side only has positive definite contributions. The only consistent solution to

this equation is then, e4A = constant, α = constant, and Gmnp = 0, which is a direct

product compactification without flux.

Flux compactifications

String theory manages to avoid the conclusions of the ‘no-go’ theorem by not

quite satisfying the assumptions of pure supergravity. On top of the IIB action,

string compactifications allow for localized sources in the form of D-branes and

O-planes, and α′-corrections to the Einstein-Hilbert action. The impact of the

Maldacena-Nũnez theorem is therefore not to show that compactifications to de

Sitter or Minkowski vacua are impossible, but rather that they necessarily are

quite complicated. Giddings, Kachru and Polchinski (GKP) famously consid-

ered warped compactifications to Minkowski space in string theory, and found

that upon inclusion of an action for localized sources, S tot = S IIB + S loc., the ex-

ternal Einstein equations are given by,

∇̃2e4A(y) = e2A(y) GmnpḠmnp

12Im τ
+ e−6A

[
∂mα∂

mα + ∂me4A∂me4A
]

+
κ2

10

2
e2A(T m

m − T µ
µ)

loc. ,(1.52)

where T loc.
MN = − 2

√
−g

δS loc.
δgMN [24]. The flux may be quantized as,∫

Mq

Fq = N
(
2π
√
α′

)q−1
. (1.53)

For a p-brane wrapped on a p − 3-cycle Σ, the contribution from the localized

source is given by,

(T m
m − T µ

µ)
loc. = (7 − p)Tp δ(Σ) . (1.54)

A negative contribution can come from p < 7 and Tp < 0, which is the case for

e.g. O3-planes. After inclusion of the leading α′-corrections to the Chern-Simons
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action, it can be shown that wrapped D7-branes also give a negative contribu-

tion to the right hand-side of equation (1.54). Giddings, Kachru and Polchinski

furthermore noted that in the special case that all local sources saturates the in-

equality

(T m
m − T µ

µ)
loc. ≥ 4T3ρ

loc.
3 , (1.55)

the form of the solution is completely determined, and is given by an imaginary

self-dual three-form (ISD) flux,

?6 G3 = iG3 , (1.56)

and the warp factor that is related to the five-form flux as,

e4A(y) = α(y) . (1.57)

The ISD-condition on the three-form flux requires G3 only to be a linear combi-

nation of primitive (2, 1)-flux and (0, 3)-flux, and the solution is supersymmetric

only if the (0, 3) part vanishes.

At the level of the four-dimensional effective action, the inclusion of the non-

trivial three-form flux gives rise to a Gukov-Vafa-Witten superpotential [25],

W =

∫
Ω ∧G3 , (1.58)

where Ω is the holomorphic three-form on the compactification manifold. The

Kähler potential is given by,

K = −3 ln (−i(ρ − ρ̄)) − ln (−i(τ − τ̄)) − ln
(
−i

∫
Ω ∧ Ω̄

)
. (1.59)

The superpotential (1.58) can supersymmetrically stabilize the complex

structure moduli and the dilaton — but not the Kähler moduli — and the cor-

responding model is of no-scale type, in which the overall volume is a flat direc-

tion.
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A number of more or less successful variants of the GKP-compactifications

have been suggested in order to stabilize the Kähler moduli as well as the com-

plex structure moduli, and here we will briefly review two of the most impor-

tant scenarios: the KKLT-scenario [26], and the Large Volume Scenario [27].

The KKLT scenario

The no-scale structure of GKP-compactifications results in solutions in which

the overall volume modulus — and all other Kähler moduli — are flat directions

in the low-energy theory to lowest order in gs and α′. Corrections to the scalar

potential will generically break the no-scale structure and stabilize the Kähler

moduli, and obtaining reliable and computable models for how this happens is

crucial for understanding the low-energy physics.

The KKLT scenario, [26], achieves this breaking by working with relatively

large volume in string units, and by invoking non-perturbative effects to stabi-

lize the Kähler moduli. As in reference [26], we will here confine our discussion

to the case of a single Kähler modulus, denoted ρ, and flux compactifications

in which there are no light D-brane degrees of freedom.7 With these assump-

tions, the four-dimensional low-energy theory only contains the light volume

modulus chiral superfield with a Kähler potential,

K = −3 ln(−i(ρ − ρ̄)) , (1.60)

and, at tree-level and to leading order in α′, a constant superpotential W = W0.

More generally, the Kähler potential will receive no-scale breaking perturbative

corrections in gs and α′, and the superpotential will receive non-perturbative

7In §2, we will discuss a version of this scenario in which light D3-brane moduli are included
in the low-energy effective theory.
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corrections involving ρ. A controlled regime can be obtained if the volume is

sufficiently large with respect to the string scale, which corresponds to tuning

the constant W0 to be smaller than its natural value at the flux scale. In this

regime, the corrections to the Kähler potential — which are volume suppressed

— can controllably be made smaller than the non-perturbative corrections to the

superpotential, and we can consistently include only the latter type of no-scale

breaking corrections in the effective theory [26].

The non-perturbative corrections to the superpotential may arise from either

Euclidean-D3-branes, in which case,

Wnp = A e2πiρ , (1.61)

or from gaugino condensation in the gauge theory of a stack of N D7-branes

wrapping the four-cycle corresponding to ρ, in which case

Wnp = Λ3 = A e2πiρ/N . (1.62)

In both cases, the value of the pre-factor A typically depends on the vacuum

expectation values of the stabilized complex structure moduli. Including cor-

rections of this form, the supersymmetry condition for ρ, DρW = 0 implies that,

Wnp = −
3N

2π(ρ − ρ̄)
W , (1.63)

where N = 1 for non-perturbative effects arising from ED3-branes, and N is

equal to the number of D7-branes if gaugino condensation is responsible for the

non-perturbative superpotential. The corresponding equation for σ = Im ρ is

transcendental, and can be solved for large volumes only for W0 � 1.

Finally, the authors of [26] argued that de Sitter vacua can be obtained if

supersymmetry breaking effects, such as an anti-D3 brane at the bottom of a
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warped throat.8 In Chapter 2, we will discuss a simple example of the KKLT

scenario more explicitly, and in Chapter 4, we will discuss the typical spectrum

of scalar fields in the AdS vacuum.

The scale of supersymmetry breaking in this scenario is m3/2 ≈ |W0|/V, where

V is the volume of the internal dimensions in string units. To connect this model

to phenomenology, one may embed a visible sector, including the standard

model matter spectrum, in a number of different ways, e.g. through branes at

singularities or through intersecting branes. We will return to the phenomenol-

ogy of models of particle physics in §2.

The Large Volume Scenario

As a second example of variations of the GKP-compactifications in which no-

scale breaking effects stabilize the volume modulus, let us briefly review the

Large Volume Scenario [27], in which the leading α′-corrections to the Kähler

potential are included, and a regime in which W0 ≈ 1, and the volumeVCY � 1

in string units. The Kähler potential is in this case given by,

K = Kcs − 2 ln
e−3φ0/2V +

ξ

2

(
−i(τ − τ̄)

2

)3/2 , (1.64)

where ξ = −
ζ(3) χ(M6)

2(2π)3 [28]. The superpotential is of the form

W = W0 +
∑

n

An eianρn . (1.65)

Even after integrating out the complex structure moduli and the dilaton —

which again are assumed to be supersymmetrically stabilized by three-form flux

— the scalar potential for the Kähler moduli is quite complicated, and we refer

8The warping is necessary to tune down the energy density of the supersymmetry breaking
and to avoid a run-away of the volume modulus.
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the reader to reference [27] for the full details. For our purposes it is sufficient

recapitulate the main argument: at large volumes of the constituent four-cycle,

the potential approaches zero from below, while at smaller volumes, the poten-

tial is positive. It follows by continuity that there is a vacuum at intermediary

values of the volume, and this intermediary volume can be shown to be quite

large in string units.9 In this scenario, W0 ≈ 1, and the resulting scales and spec-

trum of soft masses are non-trivial, and we will discuss them in more detail in

§2.

Bousso-Polchinski and the landscape

Even before the flux compactifications of the GKP form were discovered, it had

been noticed that the quantization of flux wrapped on internal cycles in a string

theory compactification could have highly interesting physical consequences.

For instance, Bousso and Polchinski noted in [29] that a large number of flux-

cycles can result in vacua with tightly spaced cosmological constants. To see

this, consider a ten-dimensional action including p-form flux,

S 10 =
1

2κ2
10

∫
d10x

√
−g

(
R −

Fp · Fp

2p!
+ . . .

)
, (1.66)

where the ellipsis may include fermionic terms as well localized sources. The

number of non-trivial p-cycles in the internal manifold onto which the p-form

flux can be quantized is determined topologically, and is here denoted by J.

The flux on cycle i is then by Dirac quantization fully specified by an integer Ni,

and after dimensional reduction to four dimensions the effective cosmological

9 E.g.V ≈ 108 in string units in the first implementations of the model, however see Chapter
§2 for a more detailed discussion of the different versions of the scenario.
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constant is given by,

Λ = Λ0 +

J∑
i

kiN2
i , (1.67)

where Λ0 denotes an assumed negative ‘bare’ cosmological constant, which

could arise from curvature in the internal dimensions, or from negative tension

objects. The constants ki depend on the compactification geometry, and since

the flux scale is much larger than the scale of the four-dimensional effective cos-

mological constant, it may appear that obtaining a small effective cosmological

constant requires a large fine-tuning of Λ0 or ki. However, if the number of

flux-cycles is large, the condition 0 < Λ < ∆Λ for some small ∆Λ ≈ 10−120 M4
Pl,

amounts to counting the number of lattice points in a J-dimensional shell with

radial width given by,

∆r =
∆Λ

2
√

2|Λ0|
. (1.68)

The volume of the shell is then ∆Vol = ωJ−1rJ−1∆r, where ωJ−1 = 2πJ/2/Γ(J/2)

denotes the volume of the unit (J − 1)-sphere. The typical number of lattice

points in the shell is then,

∆Vol∏J
i ki

=
π |2πΛ0|

J/2−1 ∆Λ

k̄J Γ(J/2)
. (1.69)

If the geometric average of ki, here denoted k̄, is not too large, this is a rapidly in-

creasing function of J in the most interesting range of O(100) flux cycles, which,

for example, is larger than unity for J ∈ [191, 2810], for the parameter values

k̄ = .1, Λ0 = 1, and ∆Λ = 10−120 in natural units. The values of ki can be computed

from the ten-dimensional theory, and are typically proportional to the inverse

volume of the compactification in string units, and is therefore appropriately

small in well-controlled supergravity compactifications [29].

The resulting distribution of the effective cosmological constant has support

for both positive and negative values, and range up to the scale |Λ0|. For large
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enough J, certain choices of flux result in an effective cosmological constant, Λ,

at the scale of the observed cosmological constant.

While this pioneering work suggests that a small cosmological constant is

possible to accommodate in flux compactifications, it does not explain why in

our particular universe, this value should be small. ‘Anthropic’ arguments sim-

ilar to the ones used by Weinberg in reference [38] to predict the value of the

cosmological constant have been proposed as a key part of the explanation,

however, the resulting ‘anthropic landscape’ relies on assumptions about quan-

tum gravity and the cosmology of the universe, such as eternal inflation. In this

thesis, we will not discuss these assumptions any further, but in Chapter 4, we

will revisit the question of the apparent abundance of vacua in the low-energy

effective theory of flux compactifications.

The statistics of the string landscape

As we have reviewed, the Bousso-Polchinski landscape indicates how the cos-

mological constant problem may be solved in string theory, and since this pio-

neering work was published, a number of authors have developed the heuristic

picture of [29] into more concrete realizations, while also taking into account

the shape of the potential for the moduli fields. Of particular importance are

the works of Ashok and Douglas [30], Douglas [31], and Denef and Douglas

[32, 33], part of which we will review in Chapter 4.

The statistical distribution of vacua in the low-energy effective theory can,

schematically, be found by considering the sum,

Nvac =
∑

a

∑
i

Vacuai(Theorya) , (1.70)
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where the sum over a is over all effective theories arising from string compactifi-

cations, and the sum over i counts the number of meta-stable vacua in each such

theory. The different theories enumerated by a differ e.g. by different choices of

flux, or by brane content. In the low-energy theory these choices are reflected in

different values for parameters of the Lagrangian, and different gauge groups

and matter contents. For a supersymmetric theory, here simplified as to involve

only chiral superfield, the discrete sum over vacua can be approximated by the

continues measure,

Nvac =

∫
DWDW̄DK f (K,W, W̄) δ(2N)(∂aV) | det(∂abV)| , (1.71)

where f (K,W, W̄) is a measure on the space of effective theories, which in prin-

ciple could be derived from string theory. Given such an ensemble of vacua,

one may condition on values of parameters in the effective theory, such as the

cosmological constant, the supersymmetry breaking scale, and the Yukawa cou-

plings, so as to obtain a class of vacua which are compatible with experiments.

More details on this methodology can be found in e.g. [31]. A much studied

corner of the landscape is given by flux vacua of type IIB, in which statistical

studies have predominantly focused on the complex structure moduli, za, of

the theory. In this case, the superpotential is given by W =
∑K

i=1 N iΠi(z) and

the Kähler potential is K(z, z̄) = − ln(Qi jΠiΠ̄ j), where Π(z) is a complicated, but

computable, holomorphic function of the moduli, and K denotes the number

of flux cycles, K = 2b3. The tadpole condition becomes 1
2 Qi jNiN j ≤ L, where L

depends on the details of the compactification, with typical values in the range

10 − 1000. An approximate expression for the density of supersymmetric vacua

was derived in [32], and is given by,

dNvac(z) =
(2πL)K/2

(K/2)! πK/4 det (R(z) + J(z)) , (1.72)
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where R(z) = i
2Ra

bcd̄
dzc ∧ dz̄d̄ is the curvature form on the field space and J(z) =

i
2gab̄dzadz̄b̄ is the Kähler form on the field space.

1.3 Supersymmetry Breaking and Sequestering

Let us now turn to the particular questions addressed in this thesis, starting

with the question of supersymmetry breaking and sequestering in string com-

pactifications, which is discussed in full detail in Chapter 2.

Whether or not supersymmetry is realized close to the electroweak scale

is currently a question under experimental investigation, and the LHC experi-

ments ATLAS and CMS have both produced improved and fairly strong bounds

on masses of e.g. the strongly coupled gluinos, mg̃ & 500 GeV [34]. Furthermore,

if the tentative evidence for a Higgs boson at around 125 GeV turns into a dis-

cover of the particle at these energies, this would impose a strong constraints on

some models of supersymmetry breaking, see e.g. [35]. These new constraints

are highly interesting for model building, yet they do not mean that supersym-

metry is not a part of the solution to the gauge hierarchy problem, since this

only requires the superpartner of the top-quark to have a mass of the order of

the electroweak scale.

In Chapter 2, we discuss how a different type of experimental bounds, aris-

ing from bounds on rare flavor changing processes, can already be used to con-

strain some models of supersymmetry breaking in string theory. As we will re-

view in great detail in §2.1, well-motivated models of supersymmetry breaking

in string compactifications give rise to computable versions of so called ‘grav-

ity mediation’, in which the soft masses and interactions of the visible sector

39



superpartners arise from operators which can be written in spurion form as,

W ⊃
ai jk

3! MPl
XΦiΦ jΦk +

µi j

2 MPl
XΦiΦ j , (1.73)

K ⊃
ci j̄

M2
Pl

|X|2Φ̄īΦ j +

(
nī j

MPl
XΦ̄īΦ j + h.c

)
, (1.74)

fab ⊃
f(a)

g2
a MPl

X , (1.75)

where X = θ2F, is the chiral superfield parametrizing the supersymmetry break-

ing sector, and Φi denotes a field in the visible sector. By integrating out the aux-

iliary fields of the visible sector fields, these terms can be seen to give rise to soft

scalar masses, gaugino masses, pure ‘holomorphic’ masses, and cubic scalar in-

teractions. These terms would all be of the electro-weak scale if F ≈ 1021 (GeV)2.

Historically, it has been common to assume that the coefficients of these su-

perpotential and Kähler potential terms are ‘flavor blind’, and therefore univer-

sal, i.e. proportional to the unit matrix in flavor space, however this assump-

tion is in general not well-motivated and natural theoretically. On the other

hand, off-diagonal coefficients of say ci j̄ are tightly constrained by bounds on

flavor changing neutral currents, so if this mediation scenario is realized in

nature, these coefficients must be small. This discrepancy between what ap-

pears ‘generic’ in the low-energy effective theory, and the experimental bounds

is called the supersymmetric flavor problem.

Clearly, the mediating terms in equations (1.73), (1.74), and (1.75) are non-

renormalizable and Planck-mass suppressed, why they according to the gen-

eral framework of effective field theory discussed in §1.2, should be computed

in a theory at the energy-scale MPl, i.e. in a quantum theory of gravity. This

motivates the study of supersymmetry breaking in string theory.

In type II string theory, as well as in M-theory and F-theory, the visible spec-
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Figure 1.2: The mediation of supersymmetry breaking may proceed through
a hidden supersymmetry breaking sector inducing an F-term of the volume
modulus, which in turn may induce soft terms in the visible sector.

trum can be located on a stack of branes which are geometrically separated from

the visible sector in the extra dimensions, and it has been suggested that such

a separation will automatically solve the flavor problem of intermediate-scale

mediation [43]. In Chapter 2, we will argue that in stabilized string compactifi-

cations, the flavor problem typically re-appears after the stabilization of moduli

has been taken into account. The reasoning for this is given pictorially in figure

2.1, which illustrates how a geometrically sequestered supersymmetry breaking

sector interacts with the overall volume modulus of the compactification, forc-

ing this modulus to participate in the supersymmetry breaking through a non-

vanishing F-term of the corresponding chiral superfield. The volume modulus

is prohibited to appear in the superpotential to any order in perturbation the-

ory, but non-perturbative effects can induce cross-couplings between the visible

sector and the volume superfield, which in term give rise to soft terms of the

form of equations (1.73), (1.75).
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In Chapter 2, we consider the consequences of this type of supersymmetry

breaking in full detail, and we find that for moduli stabilization mechanisms

of the LVS type, new non-trivial constraints arise. In the KKLT scenario, the

constrains are milder, but contributions to the µ and Bµ parameters in the Higgs

sector can in general not be ignored [2].

1.4 Baryogenesis as a Probe of High-Scale Physics

The discrepancies in the densities of matter and antimatter is one of the most

striking features of our universe: while matter make up galaxies, stars and hu-

mans, antimatter on the other hand, is nowhere found in large quantities. Fur-

thermore, even the matter content of the universe only make up around 5% of

the total energy density of the universe, and understanding the smallness of

these numbers is the topic of baryogenesis.

While historically, the baryon asymmetry was conceived of as a cosmological

initial condition, it has by now long been understood that the this asymmetry

may arise from dynamics satisfying the three Sakharov conditions [36]:

1. The theory must admit baryon number violation.

2. The theory must admit CP-violation, so as to produce a difference in the

production rates between particles and antiparticles.

3. The physics must at some point have been out of thermal equilibrium.

A number of physically well-motivated models satisfying these three conditions

have been proposed over the years. In GUT baryogenesis, the additional gauge
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bosons of the unified gauge group that do not correspond to gauge bosons

of the standard model mediate baryon number violating interactions, and CP-

violation arise in these models at loop level. Furthermore, as the temperature

drops below the GUT-scale of around 1016 GeV, the thermal production of the

additional gauge bosons freeze out, and an asymmetry between matter and

antimatter may be produced. Electroweak baryogenesis, on the other hand, pro-

ceed through the interactions of the standard model, which classically preserve

baryon number. At the quantum level, tunneling transitions between different

vacua with different baryon numbers occur, and for temperatures of the order of

the electroweak scale, baryogenesis could proceed. Furthermore, in leptogenesis,

the baryon asymmetry proceeds through an initial creation of lepton number,

which then may decay to a non-vanishing baryon number. Finally, baryogen-

esis may proceed through the Affleck-Dine mechanism, in which a vacuum ex-

pectation value of a scalar carrying baryon number decays into the baryons of

our universe.

All these models have strengths and weaknesses. In particular, GUT baryo-

genesis typically requires a reheat temperature of the order of the GUT scale,

which can be hard to accommodate in theories of inflation — in particular when

considering also other cosmological constraints, e.g. those following from the

cosmological gravitino problem. Electroweak baryogenesis does not produce

a sufficiently large baryon number, unless specific extensions of the standard

model is included in the model. While in neither of these two models are firmly

excluded experimentally, they do not appear to readily account for the baryon

asymmetry of the universe, and we will now turn to leptogenesis and Affleck-

Dine baryogenesis, which both appear to naturally be able to produce a suffi-

ciently large baryon number.
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Leptogenesis may be implemented through a number of microscopic mod-

els, the simplest involving the ‘see-saw‘ mechanism for neutrino masses, in

which each left-handed neutrino of the Standard Model is paired with a right-

handed neutrino, which obtains a mass at some high scale, M. The see-saw

mechanism can explain the smallness of the Standard Model neutrino masses,

and if the right-handed neutrino violates lepton number, then quantum effects

can lead to a sufficiently large baryon number. We refer the interested reader

to e.g. [37] for a more detailed review of this model. In its simplest implemen-

tations, the scale of the mass of the right-handed neutrino must be at least a

couple of orders of magnitude below the Planck mass, and it is not obvious that

this mechanism gives rise to any strong constrains on string theory models of

particle physics.

In Affleck-Dine baryogenesis, baryon number and CP-violation is explicit in

the Lagrangian through the structure and phases of the non-renormalizable op-

erators of supersymmetric extensions of the MSSM, and since the mechanism

relies on the non-thermal creation of a scalar condensate, the last Sakharov con-

dition is also satisfied. As we will review in §3.1.1, the Affleck-Dine mechanism

is particularly interesting from a string theory perspective as it relies on the

structure of Planck-mass suppressed operators in the Lagrangian. This struc-

ture can be re-phrased as a geometric condition on the field space geometry, and

we will show in §3.2.2 how particular models of inflation in string theory are

incompatible with Affleck-Dine baryogenesis [3]. Furthermore, we will show

that models of Affleck-Dine baryogenesis with non-trivial field dynamics dur-

ing inflation can be constrained by the high-precision studies of the temperature

anisotropies of the CMB, and satellite experiments such as Planck may exclude

most models of this type.
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1.5 de Sitter Vacua and the String Landscape

In Chapter 4, we will discuss the abundance of metastable vacua with a pos-

itive cosmological constant, and we will in particular compute the ratio of the

number metastable critical points to the number of saddle points and local max-

ima [4]. In this section, we will put this analysis in perspective by reviewing a

heuristic — yet ultimately flawed — argument for the density of vacua in the

string landscape. Consider a theory with N scalar fields, which are assumed

to model the light moduli in the effective theory. For large N, computing the

potential explicitly for a specified string compactification is prohibitively com-

plicated, but the number of vacua of the theory can be estimated for potentials

which are separable into single-field potentials, i.e.

V(φ1, . . . , φN) =

N∑
i=1

Vi(φi) . (1.76)

Critical points satisfy ∂iV = 0, and if for each single-field potential, the equation

∂iVi = 0 has a (geometric) average of α solutions, then the total number of critical

points is αN . If the single-field potentials with many critical points, the number

of local minima approximately equals the number of local maxima. It follows

that the curvature of the potential (or, equivalently, the mass-squared) at each

critical point is positive for about half the total number of critical points and

negative for the other half. The number of meta-stable vacua is then given by,

Nvac,N = αN

(
1
2

)N

, (1.77)

which is a rapidly growing number with N for α > 2. As an example, for α = 10,

the number of vacua for systems with less than 2000 fields is,

Nvac,tot =

1999∑
N=1

Nvac,N ≈ 2 · 101397 , (1.78)
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which far exceeds the 10120 vacua necessary for solving the cosmological con-

stant by having many solutions.

However, in Chapter 4, we will find that the fraction of meta-stable critical

points typically scale like e−cN p with p ≈ 2 for sufficiently large N, and this has

important consequences. For example, for c = .3, and p = 2, while still keeping

the scaling of critical points exponential in N with α = 10, the total number of

vacua for any number of fields is given by,

Nvac,tot =

∞∑
N=1

Nvac,N =

∞∑
N=1

αNe−cN2
≈ 267 , (1.79)

which is far fewer than the 10120 required for a solution of the cosmological

constant problem based on many solutions. Of course, here the assumption of

the scaling of the number of critical point with N was still obtained from the

simplistic argument based on single-field potentials, and the full supergravity

expression for the density of vacua is more complicated [41], and we will not

discuss it here.

The key insight of [4], is that the spectrum of the Hessian matrix can be mod-

eled by a matrix model to a surprisingly high accuracy, and that these model

allows for an analytic understanding of the stability properties of random su-

pergravity Hessians. A matrix model for an ensemble matrices denoted M can

be defined through a partition function,

Z =

∫
DM e−βU(M) , (1.80)

where the entries of the matrix M are assumed to be independent and identically

distributed, (i.i.d.). The ‘free energy’ U, provides a weight for the different ma-

trices in the ensemble, and has to be choosen a priori. The strength of the topic

of random matrix theory is that, at large N the matrices exhibit universality,
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and under mild restrictions on U, the details of the initial distribution does not

matter for the most interesting question. Instead, the matrix models fall into dif-

ferent universality classes that can be distinguished based on their symmetries.

For diagonalizable matrices such as the Hermitian mass matrix of supergrav-

ity, equation (1.80) can be expressed after diagonalization of each constituent

matrix M of the ensemble, as an integral over the unitary matrices (by the Haar

measure), multiplied by an integral over the eigenvalues. This change of coordi-

nates comes with a Jacobian in the form of the Vandermonde determinant, which

is interpreted as an interaction term between the eigenvalues. In these coordi-

nates, and after suppressing the integration over the unitary group, the partition

function is given by,

Z = CN

∫
Ω

 N∏
i

dλi

 e−βV(λ1,...,λN ) , (1.81)

which can now be interpreted as a statistical system of N particles with poten-

tial V(λ1, . . . , λN). The domain of the eigenvalues can be taken to be (−∞,∞).

To compute the probability of a fluctuation to positivity of all eigenvalues of a

matrix, the restricted partition function can be found as [39, 40],

Z[a] = CN

∫ ∞

a

 N∏
i

dλi

 e−βV(λ1,...,λN ) , (1.82)

in terms of which,

P(λmin ≥ a) =
Z[a]

Z[−∞]
. (1.83)

In forthcoming publications [42], we use this formalism to address a number of

interesting questions, including an analytical determination of the value of p in

the parametrization of the fraction of vacua to critical points as e−cN p , to 2 for an

approximate model of random supergravity discussed in Chapter 4. Extensions

of this formalism appears very powerful in addressing a number of interesting
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physical questions in cosmology and particle physics, but a discussion thereof

would go beyond the scope of this thesis. In Chapter 4, we apply the results of

[39, 40] directly to obtain an analytical understanding of the high suppression

of the fluctuation probability.

With this review, let us now turn to the individual research questions ad-

dressed in this thesis, starting with the topics in which Planck-suppressed op-

erators play an important role: sequestering in string compactifications is dis-

cussed in Chapter 2, and Affleck-Dine baryogenesis in 3. We will close the the-

sis by addressing the question of the number of vacua in the string landscape in

Chapter 4.

48



CHAPTER 2

SEQUESTERING IN STRING COMPACTIFICATIONS

2.1 Introduction

The stabilization of the electroweak scale is one of the most significant open

questions in theoretical physics. Low-energy supersymmetry provides an ele-

gant solution, but supersymmetry must be broken, and the experimental signa-

tures are principally governed by the supersymmetry-breaking soft terms. In

the most plausible scenarios, supersymmetry is broken in a hidden sector and

this breaking is mediated to the visible sector by some form of interaction. The

structure of the resulting soft terms is largely controlled by the nature of the me-

diating interaction, motivating efforts to study the mediation of supersymmetry

breaking without making reference to the details of the hidden sector.

Naturalness suggests that the visible and hidden sectors should be coupled

by non-renormalizable operators induced by integrating out new interactions

near the Planck scale. In the celebrated gravity mediation scenario, these cou-

plings provide the leading interaction between the two sectors, and give rise to

soft scalar masses of order the gravitino mass m3/2. Unfortunately, extremely

little is known about Planck-scale interactions, yet some detailed properties of

these interactions — at least, as encoded in the structure of the effective theory

below the Planck scale — are required in order to make predictions. For in-

stance, strong bounds on flavor violation force the fermion and sfermion mass

matrices to be diagonal in the same basis, to high accuracy. It has proved diffi-

cult to justify symmetries of a Planck-scale theory that can enforce such a flavor

structure. This supersymmetric flavor problem is a serious obstacle to success-
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ful phenomenology in high-scale mediation.

The flavor problem in gravity-mediated supersymmetry breaking could be

ameliorated if the soft masses in the visible sector were parametrically sup-

pressed compared to m3/2. In this case it is possible for scalar mass contributions

from some other mediation mechanism, e.g. anomaly mediation, to give rise to

visible sector masses with acceptable flavor structure. In such a situation, one

says that the source of supersymmetry breaking is sequestered from the visible

sector [43].

Sequestering amounts to a suppression of the soft terms compared to the nat-

ural level induced by ‘generic’ Planck-suppressed operators coupling the hid-

den and visible sectors. This state of affairs is unnatural unless it is enforced

by a symmetry or other structure in the Planck-scale theory, e.g. extradimen-

sional locality, and the success or failure of sequestering depends very sensi-

tively on Planck-scale interactions. This strongly motivates studying sequester-

ing in string theory, where such contributions can in principle be computed.

Randall and Sundrum originally proposed that sequestering could arise as

a result of geometric separation in an internal space [43]: locality in the extra

dimensions, where only gravity was assumed to propagate, severely restricted

the form of the lower dimensional effective theory. At first sight the extradimen-

sional construction in [43] appears amenable to a realization in string theory, but

on closer examination the mechanism of spatial separation does not manifestly

extend to string compactifications with moduli: light moduli could easily medi-

ate interactions of gravitational strength, while sequestering requires far feebler

interactions. Indeed, Anisimov et al. [44] have argued that for precisely this

reason, sequestering is difficult to obtain in certain classes of string compactifi-
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cations, while Kachru et al. [45] observed that even stabilized moduli are very

generally too light to decouple in the manner required.

Nevertheless, it was shown in [46] that sequestering of a large class of op-

erators is natural in certain highly-warped string compactifications: this is the

gravity dual of conformal sequestering [47] (see also earlier work in [48]). In

the language of the dual approximately-conformal field theory, a contribution

to the soft terms of the visible sector fields C mediated by a coupling of the form∫
d4θC†C O∆ , (2.1)

where O∆ is an operator of dimension ∆ in the CFT, is suppressed by a factor

M2 ∼

(
ΛIR

ΛUV

)∆−4

m2
3/2 , (2.2)

with ΛIR,ΛUV the infrared and ultraviolet scales, respectively, in the CFT. In

gravity language, supersymmetry breaking is mediated by perturbations to

the supergravity background, and in suitable warped throat solutions – e.g.,

a Klebanov-Strassler throat attached to a compact space – these perturbations

decay rapidly away from the source, sequestering the breaking of supersymme-

try.

Crucially, the analysis of [46] was performed in the no-scale limit, i.e. with

the complex structure and dilaton stabilized by fluxes, but with the Kähler mod-

uli unstabilized. One should therefore ask whether the sequestering observed in

[46] persists upon stabilization of the Kähler moduli. More specifically, the ab-

sence of superpotential cross-couplings between the visible and hidden sectors

is a requirement for sequestering, as we shall review in more detail in §??; by

nonrenormalization of the superpotential it is straightforward to arrange that

no such coupling arises in perturbation theory. However, such cross-couplings
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are likely to arise at the nonperturbative level. Nonperturbative superpoten-

tials for the Kähler moduli T can induce new contributions to the soft masses

via interactions of the form

∆W = Ovis e−aT , (2.3)

where a is a constant and Ovis is a gauge-invariant chiral operator composed

of visible sector superfields, which to cubic order in the MSSM fields can be

written as

Ovis = µHuHd + λu
i jQ

iu jHu + λd
i jQ

id jHd + λl
i jL

ie jHd . (2.4)

We have used the standard notation for the chiral superfields of the MSSM, the

indices i, j = 1, 2, 3 run over families, and µ and λu,d,l
i j are constants that are not

necessarily related to the tree-level µ term and Yukawa matrices, respectively

(cf. §??).

One might be tempted to ignore nonperturbatively-small interactions, but

this is not consistent in vacua for which nonperturbative effects play a criti-

cal dynamical role. In particular, when the Kähler moduli are stabilized by a

nonperturbative superpotential, one must ask whether this superpotential also

spoils sequestering. Answering this question is the primary goal of this chapter,

and [2].

In brief, we shall find that in very simple toy models of sequestering in

KKLT vacua, the nonperturbative superpotential for the Kähler moduli induces

soft B terms of order m3/2 in a D3-brane ‘visible sector’, spoiling sequestering,

as expected from the above arguments. In more realistic models, the gauge

symmetry of the MSSM partially protects the sfermions from superpotential

de-sequestering, and the flavor structure depends on the moduli stabilization

scenario. In KKLT vacua with a single volume modulus, the sfermions re-
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ceive flavor-diagonal masses that are suppressed with respect to the gravitino

mass, as well as highly suppressed A-terms. On the other hand, the Higgs and

Higgsino masses receive corrections of order m3/2.1 For multiple Kähler mod-

uli, these conclusions remain true as long as the Kähler potential is of the se-

questered form. We note that the Higgs sector is very sensitive to the details of

the global compactification and is thus in no sense sequestered. We then argue

that for certain parameter regimes in the Large Volume Scenario, the corrections

to the masses of the sfermions are larger, and can introduce significant flavor vi-

olation.

The outline of this Chapter is as follows. In §2.1 we critically review argu-

ments for sequestering in supergravity and in string compactifications. In §2.2

we incorporate nonperturbative stabilization of a Kähler modulus in a simple

and explicit string theory toy model. In §2.3 we consider nonperturbative super-

potential contributions to the soft masses of a more realistic, MSSM-like, visible

sector. In §2.3 we comment on issues that depend on the specific realization of

the standard model in string theory, and in §2.3.3 we indicate future directions.

We close with conclusions in §2.4. In Appendix A.1 we show that warped se-

questering survives the relaxation of a technical assumption made in [46], and

in Appendix A.2 we give details of the calculation of soft masses in our explicit

example.

2.1.1 Extra-dimensional locality and sequestering

In [43], Randall and Sundrum argued that locality in a higher-dimensional

spacetime strongly constrains the soft terms observed in a lower-dimensional
1Higgs sector masses of this form were considered in [49].
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world. Their observation has three key ingredients. First of all, assuming that

only the gravity multiplet propagates in the bulk, higher-dimensional locality

restricts the form of the Kähler potential, the superpotential and the gauge ki-

netic function. In [43], this was demonstrated by considering an off-shell for-

mulation of supergravity in which the field Φ = 1 + θ2FΦ houses some of the

auxiliary degrees of freedom for the supergravity multiplet. The relevant por-

tion of the Lagrangian is given by

1
√
−g
L =

∫
d4θ f (C†, e−VC, X†, X)Φ†Φ +

∫
d2θ

(
Φ3W(C, X) + τ(C, X)Wα

2
)

(2.5)

−
1
6

f (c̃∗, c̃, x∗, x) (R + . . .) .

Here the visible sector chiral superfields are collectively denoted by C and the

hidden sector fields are denoted by X, with lowest components c̃ and x, respec-

tively. The visible sector vector multiplets are collectively denoted by V , with

Wα the gauge field strength superfields, and τ the corresponding gauge kinetic

functions, while R is the four-dimensional Ricci scalar. The f function is related

to the Kähler potential by

f = −3M2
Pl e−K/(3M2

Pl). (2.6)

The assumption that the visible sector communicates with the hidden sector

only through the gravity multiplet implies that in the supersymmetric flat space

limit, the visible and hidden sectors must decouple. Formally, in this limit R = 0

and Φ = 1, so that one finds

f (C†, e−VC, X†, X) = fhid(X†, X) + fvis(C†, e−VC) , (2.7)

W(C, X) = Whid(X) + Wvis(C) , (2.8)

τ = τhid(X) + τvis(C) . (2.9)
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We will refer to these conditions collectively as separability. The condition (2.7)

is equivalent to the statement that the Kähler potential takes the special form

K = −3M2
Pl ln

(
−

fvis + fhid

3M2
Pl

)
. (2.10)

The second observation in [43] concerns the vanishing of the tree-level soft

terms. Let us define as usual the Bµ term, the trilinear A terms Aabc, and the

soft masses M2
ab̄

of the MSSM as

Lso f t = M2
ab̄C

aC̄b̄ +

(
1
2

BabCaCb +
1
6

AabcCaCbCc + h.c.
)
, (2.11)

where the visible sector fields Ca include the Higgses, and in the MSSM Bhuhd =

Bµ is the ordinary Bµ term. Then for superpotentials and Kähler potentials of

the form2 (2.7) - (2.8), one can verify that Aabc = M2
ab̄

= 0.3 Summarizing, the

separable structure (2.7) - (2.8) combined with the absence of supersymmetric

visible sector masses leads to sequestering, in that the hidden sector does not

induce any soft terms in the visible sector at tree level in supergravity.

When the Planck-scale theory does not respect any flavor symmetry, ac-

ceptable flavor structure in the low-energy theory requires suppression of the

gravity-mediated soft terms. Sequestering due to extradimensional locality pro-

vides a promising mechanism for such suppression, but does not constitute a

complete mediation scenario. Instead, sequestering clears the way for small

contributions to the soft masses — which would be overwhelmed by gravity-

mediated contributions if the latter were present — to dictate the visible sector

spectrum. The third key ingredient in [43] was the proposal that anomaly medi-

ation could yield satisfactory soft terms in sequestered configurations. The goal
2We will see in §2.1.4 that separability to all orders in the visible sector fields is an unneces-

sarily strong requirement, and in fact a weaker condition is sufficient to suppress the soft terms.
3The separable structure of (2.7) - (2.8), already noticed in [50], does not automatically imply

that the Bµ term is small, but does ensure the vanishing of gravity-mediated Bµ terms in the
absence of supersymmetric mass terms for the visible sector fields.
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of the present Chapter is to investigate the possibility of sequestering in string

compactifications, leaving for the future the task of constructing a mediation

scenario, and so we will not have more to say about anomaly mediation.

2.1.2 Corrections from moduli-mediated interactions

A key requirement for the argument of [43] is that the extra dimensions must be

barren, with only the gravity multiplet propagating in the bulk. The proposal

was that any fields not in the gravity multiplet would obtain masses at least as

large as the Kaluza-Klein scale,

m &
1
R
, (2.12)

with R a typical length scale of the compactification. This would lead to an e−mR

Yukawa suppression of the real-space propagator of these fields, which in turn

would give rise to a large suppression of any effect these fields might have on

the soft terms of a visible sector separated from the hidden sector by a distance

R.

In practice, barren extra dimensions are quite rare, both in string compact-

ifications and in more general extradimensional model-building: compactifica-

tion moduli typically induce new gravitational-strength interactions that medi-

ate supersymmetry breaking and hence spoil sequestering. The authors of [44]

examined a variety of string theory models with calculable Kähler potentials,

and found that the special form (2.10) does not seem to be generic in M-theory

or string theory with branes, despite the manifest extradimensional locality of

such models. The unwanted couplings arise from the exchange of bulk super-

gravity fields, particularly moduli.
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Along the same lines, the authors of [45] gave a general argument showing

that the assumption of barren extra dimensions does not hold in string com-

pactifications, even after stabilization of the moduli. In any compactification for

which moduli stabilization can be described in the four-dimensional effective

theory, the moduli masses will be no larger than the cutoff scale of the four-

dimensional effective theory, and in particular will not exceed the Kaluza-Klein

scale, so that mR � 1. Thus, the effects transmitted by massive, stabilized mod-

uli cannot be neglected in general.

The importance of moduli stabilization for sequestering was first empha-

sized by Luty and Sundrum in [51]. They considered five-dimensional super-

gravity compactified on S 1/Z2 and asked whether supersymmetry breaking on

the hidden orbifold boundary gave rise to sequestered supersymmetry break-

ing for matter fields on the visible brane. Prior to stabilization of the radion

controlling the interval size, the Kähler potential took a sequestered form. To

stabilize the radion, they invoked gaugino condensation in a bulk gauge group

and in a boundary gauge group, yielding a superpotential

W = c + b e−aT , (2.13)

for constants a, b, c, and with T the radion. Luty and Sundrum then showed that

with this superpotential, sequestering survives the stabilization of the radion.

In string theory, the situation is somewhat more complicated, for several rea-

sons. To assist the reader in navigating the remainder, we briefly sketch these

complications. First, even before stabilization of the moduli, the Kähler po-

tential for an unwarped string compactification does not generically take the se-

questered form (2.10), as we have just reviewed. However, strong warping ame-

liorates some of the moduli-mediated interactions, as we shall explain in §2.1.3.
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Moreover, a criterion weaker than (2.7) for the suppression of Kähler poten-

tial couplings appears well-motivated in certain unwarped examples, and may

allow effective sequestering even in compactifications violating (2.7) (§2.1.4).

Most importantly, nonperturbative stabilization of the Kähler moduli intro-

duces new interactions that violate (2.8) and spoil sequestering, even in the

presence of warping, as we will explain in §2.1.5.

2.1.3 Sequestering in warped compactifications

Although moduli-mediated interactions render sequestering non-generic in un-

warped string compactifications [44], some of the problematic effects are sup-

pressed by strong warping [46]. Suppose that the supersymmetry-breaking sec-

tor is localized at the bottom of a warped throat. From the ten-dimensional

perspective, the mediation of supersymmetry breaking to a visible sector some

distance up (or even outside) the throat will proceed through perturbations of

the supergravity fields sourced in the infrared, i.e. from the bottom of the throat.

Taking the throat to be a warped Calabi-Yau cone with Sasaki-Einstein base X5,

the bulk fields ϕ can be expanded in eigenmodes on X5, so that schematically

one has

ϕ =
∑
α

cαr−∆αYα(Ψ). (2.14)

Here α indexes the quantum numbers under the isometries of X5, cα are con-

stants, r is the radial coordinate, Ψ denotes the angular coordinates on X5, Yα is

an angular harmonic on X5, and ∆α is the dimension of the operator that is dual,

via AdS/CFT, to the corresponding supergravity mode. Couplings between a

supersymmetry-breaking sector located at the tip of the throat and a visible sec-

tor located at the top of the throat are suppressed by powers of the hierarchy of
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scales in the throat. When all operators inducing cross-couplings have ∆ > 4,

the gravity-mediated soft terms are highly suppressed, and the system experi-

ences warped sequestering, which is the gravity dual of conformal sequestering

[47].

Warped sequestering in the Klebanov-Strassler throat

Let us briefly review and clarify the results of [46], which analyzed the me-

diation of supersymmetry breaking from an anti-D3-brane to a D3-brane by

normalizable profiles of the supergravity fields in a Klebanov-Strassler throat

region of a no-scale compactification. The leading effects arose from the lightest

Kaluza-Klein modes on T 1,1 — and correspondingly the lowest-dimension oper-

ators in the Klebanov-Witten theory [52] — with two properties: the mode must

be sourced by an anti-D3-brane, and it must induce supersymmetry-breaking

masses for the D3-brane fields. A particular supergravity field, denoted by Φ−

in the conventions of [53] (their equation (2.5)), controls D3-brane scalar masses,

and so the task was to determine the lowest modes in the spectrum of Φ− exci-

tations that are sourced by an anti-D3-brane.4

In [46] (to which we refer for explanation of our notation) it was argued, fol-

lowing [56], that the lowest-dimension operator dual to a normalizable mode

of Φ− is a non-chiral operator O√28 with quantum numbers (3, 3, 1) under the

S U(2) × S U(2) × U(1) global symmetry, and with dimension ∆ =
√

28 ≈ 5.29.

However, upon comparing to the result of [57] for the Coulomb potential be-

tween a D3-brane and an anti-D3-brane in a warped throat, the authors of

4We implicitly assume that the anti-D3-brane configuration corresponds to a
supersymmetry-breaking state of the cascading gauge theory, as in [54], but it would be
valuable to confirm or exclude this along the lines of [55].
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[46] found that this mode is apparently not sourced by an anti-D3-brane, and

the leading mode of Φ− in the actual solution is dual to the non-chiral singlet

O8 =
∫

d4θ tr
(
WαW

αWβ̇W
β̇
)

with dimension ∆ = 8. This result, which was

subsequently confirmed in [58, 59], might lead one to expect that there exists a

different supersymmetry-breaking state (potentially preserving different global

symmetries) in which the apparently more relevant operator O√28 obtains an

expectation value and leads to less-sequestered soft terms.

This expectation would be erroneous: although the operator O√28 is indeed

present in the Klebanov-Witten theory, the vev of O√28 is not dual to a normal-

izable perturbation of Φ−, and moreover the lowest-dimension operator whose

expectation value is dual to a normalizable perturbation of Φ− is precisely the

operator O8 induced by an anti-D3-brane. Therefore, the anti-D3-brane acti-

vates the most relevant Φ− perturbation available in the theory, and moreover

this mode is a singlet, as one would expect at leading order in a multipole ex-

pansion.

To correct the assignments of operators to supergravity modes, we refer to

the discussion in §3.3 of [53]. There it was observed that a mode of Φ− dual to the

vev of an operator with dimension ∆ has a radial profile δΦ− ∝ r4−∆, which dif-

fers by a factor r4 from the result for a scalar field in AdS 5 with the standard nor-

malization. As a result, a given operator in the Klebanov-Witten theory whose

expectation value is dual to a normalizable mode of Φ− will have its source dual

to a non-normalizable mode of an independent supergravity field [53], which

we denote Φ+. In particular, as explained in [53], the simplest operators dual to

normalizable Φ− profiles are of the form Tr
(
WαW

αWβ̇W
β̇
(AB)k

)
, with k a non-

negative integer. The lowest operator in this tower is the ∆ = 8 singlet described
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above.

What of the operator O√28? Its expectation value is dual to a normalizable

mode of Φ+ (while a source for this operator is dual to a non-normalizable mode

of Φ−). Therefore, a vev of this operator does not induce soft terms for a D3-

brane visible sector in the ultraviolet.

However, there is a mode with much lower dimension that could potentially

induce soft terms at the nonlinear level: this is a mode of flux dual to the chiral

operator O5/2 =
∫

d2θ tr(AiB j) with quantum numbers (1
2 ,

1
2 ,−1) and dimension

∆ = 5/2 (cf. [60]). In Appendix A.1 we demonstrate that this mode does not

alter the conclusions of [46].

In conclusion, for anti-D3-brane supersymmetry breaking in the Klebanov-

Strassler solution, the lowest-dimension operator mediating soft terms to a D3-

brane ‘visible sector’ has ∆ = 8, so that the sequestering is very strong.

The considerations described above are directly applicable only to a non-

compact Klebanov-Strassler throat. For a finite throat region attached to a com-

pact space, there is at least one new light degree of freedom, the Kähler modulus

T controlling the overall volume. Because T is not part of the CFT, it is natural

to expect that T will mediate soft terms that are not suppressed by the hierarchy

of energy scales in the throat. In §2.1.5 we will observe that nonperturbative

superpotentials for the Kähler moduli indeed generically spoil warped seques-

tering. However, we first describe a weaker criterion for sequestering which is

applicable in certain cases with a well-localized visible sector.
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2.1.4 Sort-of sequestering

We have reviewed how extradimensional locality and the assumption of barren

extra dimensions imply the separability of W and f , as in (2.7) and (2.8), and

how (2.7) and (2.8) in turn imply sequestering of supersymmetry breaking. Be-

cause light moduli in string compactifications violate (2.7), it is reasonable to

ask whether a weaker assumption might suffice to ensure suppression of the

soft masses in comparison to m3/2.

To identify this weaker condition, we expand a general Kähler potential and

superpotential in powers of the visible sector fields Ca as

K = K̂(X, X̄) + K̃ab̄(X, X̄)CaC̄b̄ +
[
Z(X, X̄)HuHd + h.c.

]
. . . (2.15)

W = Ŵ(X) + µ(X)HuHd +
1
6

Yabc(X)CaCbCc + . . . (2.16)

and then require the separability of the f function only at leading order5 in the

visible sector fields [61]. This condition, which is related to the “extended no-

scale structure” in [61], reads

K̃ab̄ = eK̂/3M2
Plκab̄ , (2.17)

with Fm∂mκab̄ = 0, i.e. κab̄ does not depend on the moduli that get non-vanishing

F-term vevs. In particular this means that one can always rotate and rescale6

the Ca such that κab̄ → δab̄. Using (2.17) and the standard supergravity formulae

[102, 63, 64] it is easy to verify that a series of cancellations leads to the following

result for the soft terms of the MSSM fields (not yet canonically normalized,

5In terms of the notation of §2.1 this means that f can have a part fmix involving both
the hidden sector fields and the visible sector fields as long as it satisfies ∂a fmix(X, X̄,C, C̄) =

∂a∂̄b̄ fmix(X, X̄,C, C̄) = 0.
6For a generic moduli dependence, it is possible to diagonalize K̃ab̄(X, X̄) only at a single

point in the moduli space. As computing the soft terms (2.61)-(3.84) requires differentiating
with respect to the moduli, this is not sufficient.
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which we emphasize with the hats):

M̂2
ab̄ =

2
3

V0

M2
Pl

K̃ab̄ ' 0 , (2.18)

Âabc = eK̂/2M2
Pl Fm∂mYabc , (2.19)

Bµ̂ = eK̂/2M2
Plµ

Fm

∂m log µ −
Ŵm

3Ŵ

 + µ
V0

3Ŵ
+ O(Z) , (2.20)

where V0 is the vacuum energy at the minimum of the F-term potential, which

we are assuming is negligibly small, and O(Z) stands for terms proportional to

Z and its derivatives, which we omit for simplicity. It is clear from (2.19) that in

order to ensure the absence of gravity/moduli mediated A terms7 one needs to

assume the separability (2.8) of the superpotential, such that Fm∂mYabc = 0.

As for the all-orders separability in (2.7) and (2.8), the leading-order sep-

arability condition (2.17) is also not generically satisfied in string compactifi-

cations. Nevertheless, there are arguments that (2.17) might be valid, at least

approximately. In fact, in [65] it was argued that the combination of locality

and holomorphicity enforces a special form of the metric on the visible sector

moduli space. Their argument, which we will review in §2.3.2, suggests that

Kab̄ ∼ eK/3M2
Plκab̄ with κab̄ independent of the Kähler moduli. When all other mod-

uli have only small or vanishing F-terms then interesting suppressions of the

soft terms as in (2.18) and (2.19) might arise.

2.1.5 Superpotential de-sequestering

Even when the separability (2.7) of f can be justified in a scenario with barren

extra dimensions, or when the weaker criterion (2.17) follows from locality and
7For Bµ even the separability of both f and W is not sufficient to ensure sequestering. In-

stead one needs to make further assumptions, e.g. the absence of supersymmetric visible sector
masses, i.e. µ = Z = 0.
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holomorphicity, the separability (2.8) of W is necessary to prevent flavor viola-

tion in the soft trilinear A terms.

We now make a critical observation: the separability of W, (2.8), is generi-

cally violated in string compactifications stabilized by nonperturbative effects,

and the resulting soft terms therefore require careful study. This is one of the

main goals of the present Chapter.

The best-understood scenarios for complete moduli stabilization in type IIB

string theory [26, 27, 66] incorporate nonperturbative contributions to the su-

perpotential, e.g. from gaugino condensation on a stack of D7-branes wrap-

ping a four-cycle, to lift the Kähler moduli. Consider a visible sector residing

on (possibly fractional) D-branes in a compactification of type IIB string the-

ory. Suppose that a Kähler modulus T describing the volume of some four-

cycle Σ is stabilized by gaugino condensation in a super Yang-Mills sector on

Nc D7-branes wrapping Σ. Even if Σ is distant from the D-branes constituting

the visible sector, strings stretching between the hidden and visible D-branes

carry charges under both sectors. Integrating out these strings will generically

induce couplings between the sectors. This computation has been performed

explicitly in toroidal orientifolds (i.e. without warping), with the result that D-

branes distant from the hidden sector give unsuppressed threshold corrections

to the nonperturbative superpotential [67]. An important question is whether

these stretched strings can be massive enough to decouple if the hidden and vis-

ible sectors are well-separated along a warped direction. A precisely analogous

question arises in D3-brane inflation, in which significant contributions to the

inflaton potential arise from strings stretched between the inflationary D3-brane

and the D7-branes whose strong gauge dynamics stabilizes the Kähler moduli.
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Explicit computation of the nonperturbative superpotential has revealed that

the induced cross-couplings are not negligible, even in strongly warped back-

grounds [68]. The physical explanation for this was provided in [69], which

showed that in any warped throat with Sasaki-Einstein base, the mass of a string

stretching up the throat is small compared to the four-dimensional Planck mass.

We therefore expect that nonperturbative stabilization of the Kähler moduli

can induce new contributions to the soft masses via superpotential interactions8

as in equation (2.3), ∆W = Ovis e−aT .

Nonperturbative stabilization of the radion was also considered in [51], and

was found to be compatible with sequestering. The critical difference between

[51] and the present work is that we allow couplings to the visible sector in the

nonperturbative superpotential for the Kähler moduli, so that b in (2.13) would

be a gauge-invariant combination of visible sector fields, cf. (2.4), rather than

a pure constant. Clearly, this dramatically changes the physical outcome. Let

us stress that the superpotential (2.13) of [51] does follow upon assuming the

absence of couplings between the hidden and visible sectors. However, in string

compactifications for which the hidden and visible sectors are composed of D-branes,

one invariably has a spectrum of massive strings stretching between these D-

branes, and integrating out these strings induces cross-couplings of the form

(2.3).
8We remark that perturbative nonrenormalization cannot forbid nonperturbative couplings

of this form. Moreover, as long as T is not charged under the symmetries of the Standard Model,
these symmetries also cannot forbid the couplings (2.3).
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2.2 The Effects of Moduli Stabilization: A Toy Model

We have argued above that in a compactification whose Kähler moduli are stabi-

lized by a nonperturbative superpotential, superpotential cross-couplings (2.3)

between the visible sector and the Kähler moduli induce soft supersymmetry

breaking in the visible sector. To assess the form of the resulting soft terms, we

turn to a string theory toy model with stabilized moduli in which the resulting

soft terms can be computed explicitly.

2.2.1 Supersymmetric vacuum for a D3-brane

As in [46], we consider a D3-brane in a Klebanov-Strassler throat [70]. The D3-

brane will serve as a proxy for the visible sector, not because its low-energy ef-

fective theory gives a good approximation to the phenomenological features of

the standard model, but because it is a simple but nontrivial case where one can

test the warped sequestering proposal. First, in §2.2.1, we recall the essentials of

KKLT moduli stabilization [26] and then, in §2.2.1, we obtain a supersymmetric

vacuum9 for a D3-brane in the conifold. The soft terms induced by supersym-

metry breaking are then obtained in §2.2.2 and evaluated in §2.2.3. In §2.2.4 we

extract a few lessons from the toy model.

9The solution that we will investigate in detail was first noticed in [71], but we mention in
§A.2.2 how this extends to a broader class of solutions.
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The KKLT scenario

In warped compactifications of type IIB string theory on conformally Calabi-

Yau three-folds with flux and O-planes, the four-dimensional effective theory

contains complex structure moduli, Kähler moduli, and the axio-dilaton, as well

as open string moduli due to branes. For simplicity, we will consider the case

of a single Kähler modulus T , and a single spacetime-filling D3-brane whose

position is parameterized by three complex scalars φi, i = 2, 3, 4. Three-form flux

generates a classical superpotential for the axio-dilaton and complex structure

moduli,

W0 =

∫
G3 ∧Ω, (2.21)

providing these moduli with reasonably large masses. After integrating out

the massive moduli10 and introducing a nonperturbative superpotential from

gaugino condensation on n D7-branes, the N = 1 effective theory for the Kähler

modulus and D3-brane matter fields takes the form:

K = −3M2
Pl ln

(
T + T̄ − γk(φ, φ̄)

)
≡ −3 ln U, (2.22)

W = W0 + Wnp = W0 +A(φ)e−aT , (2.23)

where k(φ, φ̄) is the Kähler metric on the Calabi-Yau manifold, γ = 1
3M2

Pl
, U =

T + T̄ − γk(φ, φ̄) = V2/3, and a = 2π
n .

Before delving into the particulars of explicit models, we readily observe that

the nonperturbative effect responsible for the stabilization of the D3-brane and

the Kähler modulus involves a direct cross-coupling between these two sectors,
10The Kähler potential including the complex structure moduli and dilaton is not of the form

(2.10), and thus one might be tempted to conclude that these models do not sequester. However,
in the case that the complex structure moduli and axio-dilaton do not obtain large F-terms after
supersymmetry breaking [72, 73], these moduli are not part of the supersymmetry-breaking
hidden sector, and the condition (2.10) need not apply to these moduli for sequestering to work.
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as in equation (2.23). If the D3-brane is regarded as a toy visible sector, a large F-

term for T would indeed violate the separability condition (2.8) for sequestering.

We now turn to quantifying this contribution to the D3-brane soft mass.

Supersymmetric D3-branes in the conifold

To incorporate moduli stabilization explicitly, we follow [68, 74] and embed a

stack of n D7-branes in the throat region, along a divisor z2 = µ [75]. Here µ is

a complex constant that encodes the D7-brane location, and we are using the

standard coordinates in which the deformed conifold is defined by the locus

4∑
A=1

z2
A = ε2 (2.24)

in C
4. Gaugino condensation on the D7-branes then yields the nonperturbative

superpotential [68, 76]

Wnp = A0

(z2 − µ

µ

)1/n
e−aT , (2.25)

where A0 is a constant with dimensions of (mass)3. Before incorporating the

effects of supersymmetry breaking, we obtain a supersymmetric AdS solution

by solving the F-flatness equations for the ansatz (2.22), (2.23):

DT W = 0 , (2.26)

DiW = 0 . (2.27)

Using (2.26), the F-flatness conditions (2.27) for the three independent D3-brane

coordinates zi, i = 2, 3, 4, can be written as

∂i

[
ln

(
z2 − µ

µ

)]
− anγki = 0 , (2.28)

which, we observe, does not depend on T . This makes it convenient to first find

the position of the D3-brane, and then feed this information into (2.26). Each
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solution has a two real-dimensional moduli space, consistent with the residual

S O(2) symmetry of the solution.

We now expand in | z2
µ
| ≡ 1

B , keeping only the leading term, to obtain a solu-

tion in which the D3-brane is at much smaller radial position than the D7-brane,

but is still far above the tip. As we will demonstrate in §2.2.3, this leads to the

hierarchy of scales

0 ≈
∣∣∣∣∣ εµ

∣∣∣∣∣ � ∣∣∣∣∣z2

µ

∣∣∣∣∣ � 1, (2.29)

and we can consistently set ε = 0. We choose to study a D3-brane localized at a

specific point in this moduli space, which to this order is defined by z3 = z4 = 0

and

z2 =
|µ|

B
=

1

4
(

4πγ
3

)3
|µ|3

, (2.30)

where we have taken z2 real. In this class of solutions we have r3 = 2|z2|
2, and

z1 = ±iz2 is purely imaginary. In our discussion of the masses we will consider

the upper sign. Once the location of the D3-brane is found, (2.26) becomes a

single-variable transcendental equation, which can be solved numerically. We

now turn to the effects of supersymmetry breaking on this vacuum.

2.2.2 Soft masses for the D3-brane

We will break supersymmetry, as in KKLT, by adding an anti-D3-brane at the

tip of the throat, which contributes the ‘uplift’ potential

Vup =
D

(T + T̄ − γk(z, z̄))2
, (2.31)
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where the constant D is determined by requiring the approximate cancellation

of the cosmological constant. The results of [46] ensure that higher-order terms

in the expansion of the brane-antibrane potential are negligible.

The supersymmetry-breaking contribution (2.31) to the potential for T and

φi will in general induce shifts in the vevs. Let us use ZM to denote the vevs

of T, T̄ , zi, z̄i, with ZM
0 denoting the vevs in the supersymmetric solution, and

ZM
? ≡ ZM

0 + δZM denoting the vevs in the supersymmetry-breaking solution. We

will be interested in configurations for which δZM � ZM
0 , i.e. the shifts induced

by the uplifting are small. In this approximation, we can obtain the shifts δZM

by solving

0 = ∂M(VF + Vup) Z? ≈ ∂MVupZ0 + δZN
[
∇N∇M(VF + Vup)

]
Z0 . (2.32)

This amounts to inverting the total mass matrix evaluated at the supersymmet-

ric point, δZM = −
(
∂N∂M(VF + Vup)

)−1
Z0∂NVupZ0 . One finds (see §A.2.4 for de-

tails, including justification for dropping covariant derivatives) that the volume

modulus shifts to a slightly larger value. However, the D3-brane remains at

the point where it was supersymmetrically stabilized, to leading order in 1/B

and to quadratic order in 1
aU , despite the fact that Vup depends on the D3-brane

coordinates.

We can now obtain the mass matrix for the supersymmetry-breaking vac-

uum in a Taylor expansion around the supersymmetric point: at leading order

we find

∇M∇N(Vtot) Z? = ∂2
MN

(
VF + Vup

)
Z? (2.33)

= ∂2
MN

(
VF + Vup

)
Z0 + δZP ∇P∂

2
MN

(
VF + Vup

)
Z0 . (2.34)

In fact, the contribution proportional to δZT turns out to be negligible in this
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example: explicit evaluation of

(∆M2
tot)MN = δZP ∇P∂

2
MN

(
VF + Vup

)
Z0 (2.35)

shows that these contributions are suppressed by at least one power of 1/(aU)

or 1/B with respect to the zeroth-order contribution in the expansion of the mass

matrix. Thus, to lowest order in 1/B, 1/(aU), the mass matrix is given by the full

mass matrix evaluated at the supersymmetric point,

∂2
MN (Vtot) Z? ≈ ∂

2
MN (Vtot) Z0 . (2.36)

We refer the interested reader to §A.2.4 for the full details.

Now, the scalar masses at the supersymmetric point (DAW = 0) are easily

obtained by differentiating the F-term potential (A.9) twice,

∂a∂b̄VF Z0 = eK/M2
Pl

(
KAB̄∂a(DAW)∂b̄(D̄B̄W) − 2

|W |2

M4
Pl

Kab̄

)
, (2.37)

∂a∂bVF Z0 = −
eK/M2

PlW
M2

Pl

∂aDbW. (2.38)

The holomorphic masses in (2.38) would not be present in unbroken rigid super-

symmetry, where holomorphic masses only appear in the form of soft B terms.

In local supersymmetry, however, these terms can be nonzero without breaking

supersymmetry, as discussed in e.g. [9]. The ordinary masses in equation (2.37)

are better understood when considered in conjunction with the fermion masses

evaluated at the supersymmetric point,

mab

∣∣∣∣
Z0

= e
K

2M2
Pl ∂aDbW , (2.39)

m2
3/2Z0 = eK/M2

Pl
|W |2

M4
Pl

, (2.40)

so, expressed in terms of fermion masses evaluated at the supersymmetric

point, we have

∂a∂b̄VF Z0 = Kcd̄macmb̄d̄ − 2m2
3/2Kab̄ . (2.41)
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The uplift potential (2.31) induces supersymmetry-breaking masses of the form

∂2
MNVup =

2Vup

3M2
Pl

(
KMN +

2
3M2

Pl

KMKN

)
, (2.42)

where M,N can be either holomorphic or antiholomorphic. Using that VtotZ0 =

(VF + Vup)Z0 ' 0, we can write

∂2
ab̄VtotZ0 = Kcd̄macmb̄d̄ +

4
3

m2
3/2

M2
Pl

KaKb̄ , (2.43)

∂2
abVtotZ0 = m2

3/2

[
Kab +

4
3M2

Pl

KaKb −
M2

PlWab

W

]
. (2.44)

The fermion mass-squared now appears in the expression for the nonholomor-

phic scalar mass-squared, which will be useful when we consider mass split-

tings.

2.2.3 Evaluated soft masses

In §A.2.4, we express our results for the mass matrix in terms of VF , aU, and B.

While the first two of these quantities are determined completely once A0,W0

and a = 2π
n are specified, the latter is a parameter of the solution describing the

position of the D7-brane in the throat. In this section, we explicitly evaluate the

mass matrices for a particular set of values for W0,A0, n and B. We caution the

reader not to attach undue weight to the precise numbers presented here, which

serve only to allow comparison of various contributions to the soft masses.

We will consider the case |A0| = M3
Pl, |W0| = 10−13M3

Pl, and a = 2π
32 , for which

aU ≈ 66. The gravitino mass is then given, to lowest order in 1/(aU) and in 1/B,

by

m2
3/2

∣∣∣∣
Z∗
'

∣∣∣∣∣∣ W0

M2
Pl

∣∣∣∣∣∣2 eK/M2
Pl

∣∣∣∣
Z0
≈ 1.3 · 10−31M2

Pl ≈ (867 GeV)2 . (2.45)
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We now specialize to the case11 B = 400, still using aU ≈ 66 as above, so that

working to lowest order in an expansion in these two quantities provides suffi-

cient accuracy.

The eigenvalues of the full scalar mass-squared matrix at the previously

supersymmetric point are (aU)2m2
3/2 ≈ 4400 m2

3/2 with multiplicity two, corre-

sponding to the real and imaginary parts of the Kähler modulus. There are

two flat directions, which in this case are in the imaginary z3, z4 directions.

The corresponding real directions both have masses 2m2
3/2. The last eigenvec-

tors are almost aligned with the real and imaginary parts of the z2 direction.

While the imaginary direction has a mass of 3
4m2

3/2, the real part is tachyonic

with a mass-squared of −1
4m2

3/2. Several tachyons with mass-squared above the

Breitenlohner-Freedman bound were present in the AdS vacuum, but most of

these obtained nonnegative masses after uplifting. It is possible that this last

tachyon is cured in regions of parameter space that are not accessible to our

perturbative expansion in 1/(aU) and 1/B, but as our primary goal is to under-

stand the transmission of soft masses rather than to construct a fully realistic

model, we will not consider this point further.

The masses of these real fields will be interpreted in part as supersymmetric

masses in Minkowski space, and in part as soft masses. We identify the soft

part of the ordinary, non-holomorphic, masses as the mass splittings between

bosons and fermions in Minkowski space, while any holomorphic mass term

is regarded as a soft B term mass. Evaluating the normalized soft masses, we

11See §A.2.5 for consideration of microphysical upper bounds on B.
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obtain

M2
ab̄

∣∣∣∣
Z∗

= ∂2
ab̄(VF + Vup)

∣∣∣∣
Z0
− mabKbc̄mc̄b̄

∣∣∣∣
Z0

=
4m2

3/2

3M2
Pl

KaKb̄

∣∣∣∣
Z0

(2.46)

= 4m2
3/2

δρρ̄ab̄
−

√
3

2(πUB)1/2 (δρ2̄
ab̄

+ δ
2ρ̄
ab̄

) +
3

4πUB
δ22̄

ab̄

 (2.47)

= 4m2
3/2



1 −1.3 · 10−3

−1.3 · 10−3 1.8 · 10−6

0

0


. (2.48)

The normalized soft B terms are evaluated to

Bab ≡ ∂abVtot

∣∣∣∣
Z∗

= m2
3/2

[
Kab +

4
3M2

Pl

KaKb −
M2

PlWab

W

]
(2.49)

= m2
3/2

aUδρρab −

√
3a
2

( U
πB

)1/2

δ
ρ2
{ab} −

1
2
δ22

ab + δ44
ab + δ33

ab

 (2.50)

= m2
3/2



66 −8.8 · 10−2

−8.8 · 10−2 −1
2

1

1


. (2.51)

For completeness, we also list the F-term vevs at the non-supersymmetric

solution to the lowest non-vanishing order in the perturbative expansion,

FaZ? = DaW Z? = DaW Z0 + δZM∇MDaW Z0 (2.52)

= δXT

(
∂T DaW +

KT̄ a

M2
Pl

W
)

Z0 . (2.53)

For the canonically normalized volume modulus, we obtain |FT |
1/2 ≈( √

3U
a m3/2MPl

)1/2
≈ 5.8 · 1011 GeV. In the visible sector, the canonically normal-

ized field corresponding to z2 gets an F-term with |F2|
1/2 ≈

(
m3/2MPl

3
2a

1
√
πB

)1/2
≈

2.1 · 1010 GeV.
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Figure 2.1: A D3-brane which is stabilized far from the tip of the conifold by
non-perturbative effects on a bulk cycle receives contributions to the soft masses
from a number of sources: uplifted, previously AdS supersymmetric mass-
splittings, direct contributions from the uplift pontetial, and by superpotential
couplings between the volume modulus and the D3-brane.

2.2.4 Lessons from the toy model

Our explicit computation demonstrates that when including the effects of mod-

uli stabilization, even a ‘visible sector’ separated from the supersymmetry

breaking by a highly warped region can acquire substantial soft masses, pri-

marily through B terms induced by the nonperturbative superpotential.

We now briefly show how the supersymmetry-breaking mass splittings in

the visible sector can be interpreted as stemming from an array of different ef-

fects. The divisions presented here are somewhat artificial, but can be helpful

in tracing the origin of the soft masses; we will give a unified treatment in §2.3.

First, supersymmetric Bose-Fermi mass splittings in AdS 4 will be incompati-
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ble with Minkowski-space supersymmetry, so that the uplift transforms AdS-

supersymmetric mass splittings into non-supersymmetric Minkowski mass

splittings.

Second, the uplift induces small shifts of the vevs; in particular, the shift of

the (lowest component of the) Kähler modulus superfield results in a nonvan-

ishing vev for the corresponding F-term FT . Then, nonperturbative superpoten-

tial couplings between the visible sector and the Kähler modulus T of the form

(2.4) give rise to soft masses in the visible sector of the form

δLso f t = −aOvis e−aT FT + c.c. . (2.54)

Finally, direct communication through the bulk can induce non-holomorphic

masses, which in the four-dimensional theory arise from Kähler potential cou-

plings of the form

δK =

∫
d4θQ†QX†X , (2.55)

with X a spurion for hidden-sector supersymmetry breaking. However, as we

have reviewed, [46] demonstrated that couplings of this third type are sup-

pressed in warped backgrounds, by the gravity dual of conformal sequestering.

In our explicit example, the leading contribution arose from soft masses

of the first kind, i.e. AdS-supersymmetric mass splittings transposed to

Minkowski space. Soft masses of the second kind, i.e. soft masses arising from

F-terms induced by uplifting, turned out to be subleading in 1/(aU), 1/B, cf. the

discussion surrounding (2.35), but we expect that in more general models these

masses will not be negligible. We now turn to applying these considerations to

a more realistic model.
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2.3 Soft Terms in Realistic Models

The results of the preceding sections have shown that in a simple string theory

toy model for the visible sector — a single D3-brane — soft masses of order

m3/2 are induced by superpotential cross-couplings. This model differs from the

MSSM in two very important respects. First, the ‘visible sector’ scalar super-

fields, i.e. the superfields whose lowest components are the D3-brane coordi-

nates zi, appeared in a rather complicated way in the superpotential (2.25). Of

course, in the MSSM, gauge invariance and R-symmetry severely restrict the

form of the superpotential, and the only allowed terms up to cubic order in the

visible fields are those in (2.4). As we will see, the structure in (2.4) provides

the squarks and sleptons with some degree of protection from superpotential

de-sequestering, but the Higgs sector enjoys no such protection a priori.12

Second, while some visible sector fields in the model in §2.2 obtained signif-

icant vacuum expectation values and F-terms, this is not a desired feature of a

realistic visible sector (before electroweak symmetry breaking). In the models

that we will consider subsequently, the vanishing of the visible sector F-terms

will be an assumption, while in a complete string theory construction it should

be the outcome of a computation.

In this section we instead assess the effect of superpotential cross-couplings

for MSSM-like models that we assume are embedded in a string compactifi-

cation through an otherwise unspecified D-brane construction. The details of

the moduli stabilization scenario have important consequences for the result-

ing soft terms. In §2.3.1 we study the KKLT model [26], assuming that the

12It is conceivable that a mechanism that solves the tree-level µ-problem could also protect
the Higgs sector against superpotential de-sequestering, but this is highly model-dependent.
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supersymmetry-breaking sector is localized far down a warped throat, so that

the Kähler potential is of the form (2.10), while in §2.3.2 we study the Large

Volume Scenario (LVS), where extended no-scale has been argued to imply a

special form of the metric on the visible sector moduli space, as discussed in

§2.1.4. In both cases, soft masses can be computed within a general framework

that we now outline.

Along the lines of [102], let us consider a supergravity theory containing

visible sector fields Ca and a modulus field T . (We will consider multiple moduli

fields later.) In an expansion around zero vacuum expectation values for the

visible sector scalars, the superpotential and Kähler potential can be expanded

as

W = Ŵ(X) + µ(X)HuHd +
1
6

Yabc(X)CaCbCc + . . . , (2.56)

K = K̂(X, X̄) + K̃ab̄(X, X̄)CaC̄b̄ + . . . , (2.57)

where we are assuming that no holomorphic or anti-holomorphic terms such as

Z(X, X̄)HuHd + h.c. are present13.

As discussed in §2.2.2, a supersymmetry-breaking Minkowski vacuum is ob-

tained by adding an additional uplift contribution to the scalar potential. This

uplift potential is in general dependent on both the visible sector fields and the

Kähler moduli.

Then in order to compute the soft scalar masses [77] (not yet canonically

normalized, which we indicate with the hats) in (2.11) one has to expand the

total potential Vtot = VF + Vup (where the standard supergravity F-term potential

13The effects of Z , 0 are discussed e.g. in [63].
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VF is given in (A.9)),

Bµ̂ = ∇hu∇hd (VF + Vup)
∣∣∣
C=0

, (2.58)

M̂2
ab̄ = ∇a∇b̄(VF + Vup)

∣∣∣
C=0
− mabKbc̄mc̄b̄

∣∣∣
C=0

, (2.59)

Âabc = ∇a∇b∇c(VF + Vup)
∣∣∣
C=0

. (2.60)

Here mab denotes the fermion masses, which in general are given by equation

(A.13) and are not corrected by the uplift potential. The contributions to the un-

normalized soft terms from VF were obtained a long time ago [102, 63, 64], and

in this notation can be written as

∇hu∇hd VF = eK̂/2M2
Plµ

Fm

(
∂m log µ +

K̂m

M2
Pl

− Γ
hu
mhu
− Γ

hd
mhd

)
−

Ŵ

|Ŵ |
m3/2

 , (2.61)

∇a∇b̄VF − mabKbc̄mc̄b̄ =

(
FmKmn̄F̄ n̄

M2
Pl

− 2m2
3/2

)
K̃ab̄

−Fm̄Fn
(
∂n∂̄m̄K̃ab̄ − Γd̄

m̄āKcd̄Γc
nb

)
, (2.62)

∇a∇b∇cVF = eK̂/2M2
Pl Fm

∂mYabc +
K̂m

M2
Pl

Yabc −
(
Γd

ma Ydbc + (a↔ b) + (a↔ c)
) ,(2.63)

where every expression is to be evaluated at C = 0 and we have specialized

to Minkowski space. The gravitino mass is given by m3/2 = |W |
M2

Pl
eK/2M2

Pl and we

have also defined14 Fm = eK/2M2
Pl Kmn̄D̄n̄W for m, n taking values over all relevant

moduli fields. Notice that corrections to the µ and Y terms in the superpotential

(2.16) lead to corrections in the holomorphic quadratic and cubic terms (2.61)

and (3.84), but not in (2.62).

Turning our attention to the uplift potential, we will assume, as we did in

§2.2.2, a term of the form

Vup = De
2K

3M2
Pl =

D
U2 , (2.64)

14With this definition of Fm, care is needed in lowering and raising indices, since Fm ≡ DmW =

e−K/2M2
Pl Kn̄mF̄ n̄.
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where D is a constant, corresponding for example to supersymmetry breaking

by an anti-D3-brane. The vanishing of the visible sector vevs together with the

absence of visible sector gauge-invariant linear terms in the Kähler potential

implies that Ka = 0 (note that this is quite different from the toy model we

considered earlier), so the only contribution to the soft terms from the uplift

potential is to the soft scalar masses:

∇a∇b∇cVup = ∇a∇bVup = 0 , (2.65)

∇a∇b̄Vup =
2K̃ab̄

3M2
Pl

Vup . (2.66)

In order to proceed further we need to specify a scenario for Kähler moduli

stabilization.

2.3.1 KKLT stabilization

Soft terms in the KKLT scenario have been previously studied by a number of

authors [78, 49, 73]. In this section we investigate the effects of superpotential

de-sequestering for a MSSM-like visible sector. To be concrete, in a theory with

one volume modulus T and visible sector chiral superfields Ca ≡ Qi, ui, di, Li, ei,

Hu, Hd, the separability of the f function (which can be justified e.g. by warped

sequestering [46]), implies that the lowest-dimension terms in the Kähler poten-

tial are (again omitting purely holomorphic terms, as in (2.57))

K = −3M2
Pl ln

T + T̄ −
1

3M2
Pl

∑
a

CaC̄a

 = −3M2
Pl ln U. (2.67)

The Peccei-Quinn symmetry of the axion field which is the imaginary part of T

is only broken by nonperturbative effects, so the leading superpotential terms

consistent with Standard Model gauge symmetry and with the PQ symmetry
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are

W = W0 + W tree +

+ A0

(
1 +

µ̂

M2
Pl

HuHd +
λu

i j

M3
Pl

Qiu jHu +
λd

i j

M3
Pl

Qid jHd +
λl

i j

M3
Pl

Lie jHd

)
e−aT .(2.68)

The detailed structure of the tree-level superpotential,

W tree(C) = λu,tree
i j Qiu jHu + λd,tree

i j Qid jHd + λl,tree
i j Lie jHd + W tree(Hu,Hd) , (2.69)

is dependent on the exact realization of the visible sector, but it is generally true

that W tree does not depend on the modulus T . We also remark that A0 may

in general depend on additional hidden sector fields, but for our purposes it

suffices to treatA0 as a constant. For a discussion of the sizes of the couplings µ̂

and λu,d,l
i j , see §??. Let us consider in turn the various soft terms.

Bµ term

The leading contribution to the Bµ term comes from the F-term potential be-

cause of (2.65). Since K is of the sequestered form (2.67), only the first and

the last terms in (2.61) contribute, to leading order in 1/U. The first term is

of the form expected from global supersymmetry as the T modulus obtains

a non-vanishing F-term vev, while the last term, which is proportional to the

gravitino mass, can be interpreted in KKLT as an uplifted, previously AdS-

supersymmetric B term. In a perturbative expansion around the supersymmet-

ric solution, we find FT ≈ δXT∂2
TT W Z0 = −3aW

U δXT , where δXT is the shift in the

real part of the volume modulus due to the uplift. Since KTT̄ = U2

3M2
Pl

, we find that

FT = eK/2M2
Pl KTT̄ F̄T̄ = −

3a
U

U2

3M2
Pl

δXT eK/2M2
PlW = −aU

W
|W |

m3/2 δXT . (2.70)

The leading contribution to the shift in the vacuum expectation value of T is

given by δT = −∂NVup(∂2
T NVtot)−1, which in the case of vanishing visible sector
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vevs evaluates to δT = 2
a2U for the dimensionless modulus. It follows that the

dimension one F-term FT is

FT = −
2

a2U
aU

W
|W |

m3/2 = −
2
a

W
|W |

m3/2. (2.71)

Neglecting a possible contribution to the µ term from the tree-level superpo-

tential15 W tree, we have ∂T log µ(T ) = −a, and the un-normalized Bµ term, Bµ̂,

becomes

Bµ̂ ' eK̂/2M2
Plµ

Fm∂m log µ − m3/2
W
|W |

 = eK̂/2M2
Plµ m3/2

W
|W |

= −m2
3/2

3µ̂
aU

. (2.72)

After canonically normalizing the Higgs field kinetic terms, the physical Bµ

term becomes

Bµ ' −
3µ̂
a

m2
3/2. (2.73)

We emphasize that this µ̂ is the coefficient in the nonperturbative contribution

2.68.

Soft non-holomorphic masses

The soft masses receive contributions both from the F-term potential (2.62) and

from the uplift potential (2.66). If the uplift had been achieved purely through

the F-term vevs of the moduli fields, so that FmF̄ n̄Kmn̄ = 3m2
3/2M2

Pl, the first line

of the right-hand side of (2.62) could have been written simply as +m2
3/2K̃ab̄ in

Minkowski space. In KKLT, however, the uplift is obtained by adding an explicit

uplift potential, so for the F-terms in equation (2.71) we instead find

FT KTT̄ F̄ T̄ =
4

(aU)2 · 3m2
3/2M2

Pl. (2.74)

15A tree-level µ term of O(v) would result in corrections to this estimate of the order of v
U1/2m3/2

.
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These terms are then a priori subleading with respect to the contribution propor-

tional to m2
3/2. However, after adding the contribution from the uplift potential

as in (2.66),

∇a∇b̄Vup =
2Vup

3M2
Pl

K̃ab̄ = 2m2
3/2K̃ab̄ , (2.75)

the leading contribution to the sfermion and Higgs un-normalized soft masses

cancels precisely. Retaining the first subleading term, one finds

M̂2
ab̄ '

[
2 − 2 +

8
(aU)2

]
m2

3/2K̃ab̄ . (2.76)

The leading-order contribution shows an exact cancellation between two terms

of very different physical origin. While the negative contribution to the soft

masses can be interpreted as mass splittings that were supersymmetric in AdS,

the positive contribution is a direct effect of the supersymmetry-breaking up-

lift potential. The exact cancellation is a consequence of the fact that the uplift

potential for an anti-D3 brane is given by D
Un for n = 2.16 For n , 2 — as can be ex-

pected for uplifts corresponding to objects extended in the internal dimensions

— the soft masses would be of the order of m3/2. In conclusion, for the Kähler

potential in (2.67), the superpotential in (2.68) and for anti-D3-brane uplifting,

we find that the total soft mass for the normalized visible sector fields can be

written as

M2
ab̄ =

8
(aU)2 m2

3/2 δab̄ , (2.77)

which is flavor-universal and does not induce additional flavor-changing neu-

tral currents.
16The uplifting was described in terms of a spurion superfield in [78], where the cancellation

for n = 2 was also noticed. An off-shell formulation of this sort is not required for our purposes.
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A terms

Finally, let us consider the soft trilinear A terms. We first note that KT =

−3M2
Pl/U, Γc

Ta = −δc
a

1
U , and the Yukawa coupling can be written as Yui j =

A0/M3
Ple
−aTλu

i j + λu,tree
i j for the up-type quark superfields and similarly for the

down-type quarks and for the leptons. Using this in the expression (3.84) for

the un-normalized A terms results in an exact cancellation of everything but the

first term, as expected from the extended no-scale discussion in §2.1.4. Thus, the

un-normalized scalar trilinear A term is given by

Âui j = eK̂/2M2
Pl Fm∂mYui j

= −
6

aU
m3/2

MPl
m3/2 λ

u
i j . (2.78)

After electroweak symmetry breaking 〈H0
u,d〉 ≡ vu,d, the A terms will contribute

to the sfermion masses. Unless A is real and has very special flavor structure,

this will induce FCNC and CP violation. A useful quantity for which model-

independent experimental constraints are available [79] is δ ≡ ∆ab/M2
soft, where

∆ab is the flavor-off-diagonal contribution to the propagator of the sfermions in

the basis in which the couplings to neutral gauginos are flavor diagonal, and

Msoft is the average sfermion mass. In principle the soft terms we compute are

valid at some high supersymmetry breaking scale and should be run down to

the scales where experiments are performed using RG equations. The largest

running appears in the third-generation quarks because of the large top Yukawa

coupling. Since the experimental data we focus on does not involve the third

generation, we ignore the effects of RG running.

E.g. for canonically normalized up-type squarks we find

δ ≡
∆ab

M2
soft

= −
6U1/2

a

(
m3/2

MPl

) (
m3/2vu

M2
soft

)
λu

i j . (2.79)
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For a numerical estimate, as in §2.2.3, we take m3/2 ∼ aUMsoft [78, 49], aU ∼ 66

and a = 2π
32 . We find

δu,d ∼ 10−11
( vu,d

100GeV

)
λu,d

i j , (2.80)

which for |λu,d
i j | ∼ 1 is at least four orders of magnitude away from any experi-

mental constraint from FCNC and CP violation [79].

Summary of KKLT phenomenology

In sum, in the single volume modulus KKLT scenario, flavor diagonal squark

masses of the order of 1
(aU)m3/2 are induced, resulting in negligible flavor vi-

olation [78, 49]. For multiple Kähler moduli, this conclusion holds as long

as the Kähler potential is of the sequestered form (2.10). Superpotential de-

sequestering in the Higgs sector can lead to a significant Bµ term of order m2
3/2,

and to supersymmetric masses of order m3/2, which can create serious problems

for electroweak symmetry breaking.

We note that as the vacuum expectation value of FT becomes important for

the soft terms, sequestering breaks down severely, in that modifications to the

compactification located far from the visible sector in the internal dimensions

can have a significant impact on FT , which in turn affects the physics of the vis-

ible sector. For instance, the value of FT in §2.2.3 where the effects of a nearby

D3-brane are taken into account is exactly half of that for the KKLT scenario in

the absence of the D3-brane, cf. the discussion around equation (2.53). Regard-

ing the D3-brane as a part of the hidden sector, we note that this reduction in FT

leads to a cancellation of the leading-order Bµ term (2.72). Instead of being of

order m2
3/2, the Bµ term will in this case enter at O(m2

3/2/U). A similar sensitivity
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to the global compactification — though perhaps not as striking — is a general

feature of the contributions proportional to FT that are induced by superpoten-

tial de-sequestering.

2.3.2 The Large Volume Scenario

So far we have only discussed the effects of superpotential de-sequestering in

KKLT compactifications, but we expect significant effects whenever a nonper-

turbative superpotential plays an important role in the stabilization of the mod-

uli. We illustrate this point by turning to the Large Volume Scenario (LVS), one

of the most promising areas for successful phenomenology from string com-

pactifications [27]. In LVS, α′-corrections to the Kähler potential are included in

addition to the the same nonperturbative superpotential as in KKLT (2.68), both

effects breaking no-scale. For Calabi-Yau manifolds of the Swiss-cheese type,17

V ' τ3/2
b − τ

3/2
s , (2.81)

a non-supersymmetric AdS vacuum exists where the overall volume V is ex-

ponentially large, V ' τ3/2
b ' eaτs , with τ ≡ (T + T̄ )/2. Hence in W only the

nonperturbative terms for the small volumes τs are relevant. So we have

W = W0 + W tree +

+ A0

(
1 +

µ̂

M2
Pl

HuHd +
λu

i j

M3
Pl

Qiu jHu +
λd

i j

M3
Pl

Qid jHd +
λl

i j

M3
Pl

Lie jHd

)
e−aTs .(2.82)

It is important to notice that LVS crucially requires at least two Kähler moduli,

in which case, as opposed to the case of a single overall volume, the separability

17To avoid cluttering our notation with another index we write formulae for a single Ts. The
generalization to many Ts’s is straightforward. Moreover, adding a vanishing four-cycle Ta as
in [61, 80] would not change our discussion.
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(2.7) of f into hidden and visible sector contributions is far from established.

Despite this fact, the milder condition of extended no-scale discussed in §2.1.4

has been argued to hold at least to leading order in four-cycle volumes. Let us

review the argument given in [65]. Recall that for a diagonal visible sector mat-

ter metric, K̃ab̄ = K̃aδab̄ (no sum), the physical Yukawa couplings in supergravity

are given by

Yphys
abc = eK/2M2

Pl
Yhol.

abc
√

KaKbKc
, (2.83)

and can be computed from first principles in a given localized model by com-

puting the overlap of the corresponding normalized wavefunctions. In [65], it

was argued that locality implies that the physical Yukawa couplings should be

independent of the volume modulus to leading order in perturbation theory.

Since the holomorphic Yukawa couplings are independent of the volume mod-

ulus to all orders in perturbation theory by holomorphy combined with the

Peccei-Quinn symmetry, this requirement enforces a special form of the met-

ric on the visible sector moduli space: K̃a ∼ eK̂/3M2
Pl . This leads to the structure

studied in §2.1.4 [61],

K̃ab̄ = eK̂/3M2
Plκab̄ , (2.84)

with Fm∂mκab̄ = 0, i.e. κab̄ does not depend on the moduli that get non-vanishing

F-term vevs. In [72], the virtue of this condition was emphasized in the con-

text of LVS. Volume-suppressed violations of this form generically lead to non-

universal soft masses, as discussed in [81].

Superpotential cross-couplings induce corrections to the Bµ terms and A

terms but not to the nonholomorphic sfermion masses M2. Given (2.65), the

corrections δBµ and δA can be computed from the first term on the right hand
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side of (2.61) and (3.84), respectively. We now consider these contributions in

turn.

Bµ term

We want to compute the contribution to the Bµ term from superpotential cross-

couplings, which is given by the first term in (2.61). To canonically normalize

the visible sector fields we need K̃ab̄. For our purposes, it is sufficient to know

it at leading order in the large volume expansion, since there are no precise

cancellations that make the subleading orders important. We can hence use the

extended no-scale relation [65] and rotate and rescale the fields to have K̃ab̄ =

eK̂/3M2
Plδab̄. Then we find the correction from superpotential cross-couplings to

the canonically normalized Bµ term to be

δBµ = eK̂/6M2
Pl Fm∂mµ (2.85)

= −
a
V1/3 FTse−aτs

A0µ̂

M2
Pl

. (2.86)

For an estimate, we assume |A0| ∼ M3
Pl, |µ̂| ∼ 1 (we will discuss this assumption

in §??), and use the facts that in LVS, the volume at the minimum of the potential

isV ' eaτs and |FTs | ' m3/2. Keeping track only of volume factors we find

δBµ ∼
M2

Pl

V7/3 . (2.87)

For successful electroweak symmetry breaking, Bµ should not be far from the

weak scale. Hence, unless this contribution is absent, (3.22) puts a strong lower

bound on the size of the overall volume: V & 1014 in string units.
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A terms

Now let us turn to the contribution to the soft A terms from superpotential cross-

couplings. This is given by the first term in (3.84). After canonically normalizing

the visible sector fields using K̃ab̄ = eK̂/3M2
Plδab̄ [65] at leading order (since again

there is no relevant cancellation for the terms we are computing), we have

δAui j = e−K̂/2M2
PleK̂/2M2

Pl Fm∂mYui j

= −
A0λ

u
i j

M3
Pl

aFTse−aτs , (2.88)

and similarly for δAdi j and δAli j. As we saw in §2.3.1, an efficient way to estimate

the phenomenological effect of this correction,18 e.g. in terms of FCNC and CP

violation, is to compute the parameter δ defined in (2.79). Using eaτs ' V as

above, we write

δ =
A0λi j

M3
Pl

a
V

vFTs

M2
soft

. (2.89)

Let us focus just on the scaling with the overall volume, neglecting factors of a

and Ts and setting |FTs | ' m3/2. The size of Msoft, being the average value of the

relevant soft terms, is still a matter of debate [82, 83, 61], so we parameterize it

as

M2
soft ∼

m2
3/2

Vn , (2.90)

where n has been claimed to be {0, 1/3, 1 or 2} in [82, 83, 61] respectively. Putting

things together we find

δ ∼ Vn10−16
( v
100 GeV

) (
A0

M3
Pl

)
λi j . (2.91)

One of the strongest experimental constraints on δ comes from bounds on µ →

eγ and gives |(δl
12)LR| < 2 · 10−6 [79]. Other strong constraints arise due to the CP

18Again, for the quantities of interest here we expect the RG evolution to give only negligible
corrections.
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violation induced by Im δ, e.g. from electric dipole moments. Figures of merit

are |Im(δd
11)LR| < 3 · 10−6, |Im(δu

11)LR| < 6 · 10−6 and |Im(δl
11)LR| < 4 · 10−7.

Unless the nonperturbative correction is real and respects flavor (more on

this point in §??), we find the following upper bound on the size of the overall

volume in LVS:

V < 1010/n
(
100 GeV

v

)1/n

. (2.92)

For a crude estimate, here we have assumed |λi j| ∼ 1 and A0 ∼ M3
Pl. For n =

0, 1/3, as claimed in [82, 83], respectively, this bound is irrelevant. On the other

hand, in the case considered in [61] for |λi j| ≈ 1 andA0 ≈ M3
Pl one finds the upper

bounds V < 1010 and V < 105 for n = 1 and n = 2, respectively. Since in [61] it

was argued that the smallest possible volume isV ∼ 106−7 in string units, for n =

2 there might already be some tension with experiments due to superpotential

de-sequestering. A careful analysis keeping track of all O(10) factors neglected

in the above estimate would be desirable. Finally, notice that this bound is in

contradiction with the one obtained from the size of the Bµ term (3.22), leading

to an inconsistency unless one of the two contributions is forbidden by some

additional mechanism. Summarizing, the bound (2.92) shows that data on CP

violation and FCNC could be used to rule out an interesting region of parameter

space.

2.3.3 On nonperturbative corrections to visible sector superpo-

tentials.

Our discussion so far has assumed that because nonperturbative superpotential

couplings between the visible sector and the Kähler moduli are not forbidden

90



by known symmetries, these couplings are in fact present, and are not simply

proportional to the tree-level Yukawa couplings. That is, if the visible-sector

superpotential includes terms of the form19

Wvis = λu,tree
i j Qiu jHu + λu

i jQ
iu jHu e−aT , (2.93)

then our working assumption has been that λu,tree
i j and λu

i j are not proportional.

This assumption is strongly supported by the abundance of examples in the

literature in which string instantons or D-brane instantons give rise to Yukawa

couplings that are forbidden in perturbation theory (see [84] for a comprehen-

sive review in the context of intersecting D6-branes in type IIA orientifolds, and

[85] for a discussion of D-brane instantons stretched between the visible and

hidden sectors.) In F-theory GUT models, contributions from nonperturbative

effects on D7-branes have been argued to solve the ‘rank problem’ of the tree-

level Yukawa couplings [86], which obviously requires an adjustment of the fla-

vor structure. Thus, flavor violation by nonperturbative effects is well-attested

in string-theoretic realizations of the MSSM.

It would be interesting to obtain further details on the form of nonpertur-

bative superpotential couplings by direct computation in string models. A full

treatment of this point is beyond the scope of the present work, but we now

outline what needs to be done to evaluate this.

A terms

To acquire a more detailed picture of nonperturbative contributions to A terms

in type IIB compactifications, we now examine an analogous computation for
19To simplify our expressions, in this section we will focus on u-type quarks; the extension to

the remaining fermions is trivial.
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adjoint open string fields [67]. There, the moduli-dependent string S-matrix of

D7-brane gauge field vertex operatorsVAµ was considered:20

〈VAµVAν〉background φ = function of moduli S ,T,U, φ . (2.94)

From this string correction to the physical gauge couplings one extracts a cor-

rection to the holomorphic gauge kinetic function of gauge fields on D7-branes:

f1−loop = −2 lnϑ1(φ,U) + . . . (2.95)

where the omitted terms are independent of φ and ϑ1(φ,U) is a Jacobi theta

function. Now, substituting f1−loop in the nonperturbative superpotential on D7-

branes,

W = Ae−a( ftree+ f1−loop) , (2.96)

we obtain

W = A(φ)e−aT , (2.97)

where

A(φ) = (ϑ1(φ,U))2a . (2.98)

This is a toy model, but it was shown in [68] that analogous expressions appear

in the backgrounds of interest. The key point here is simply that A inevitably

depends on φ, and the dependence is not in any way negligible.

We expect a similar calculation to be feasible also for chiral matter fields,

though more challenging. In that case, one would expand the function A in

gauge-invariant operators,21

A(φi) = A0 +Au
i jQ

iu jHu + . . . , (2.99)

20To be precise, the string S-matrix is only obtained as an explicit function when the world-
sheet moduli are integrated over, as in [67]. See also recent related work in [87].

21A variation on this is quite common in D-brane models: T may be charged under an anoma-
lous U(1), so that A(φ) must also transform under the U(1). To exclude this possibility, we will
assume any anomalous U(1)’s are broken near the string scale, as is often the case.
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where it is understood that these are small fluctuations around the final, non-

supersymmetric, minimum.22 We cannot turn on a background for chiral fields,

so this coupling needs to be probed by the S-matrix due to the following five-

point function:

〈tr(VAµVAν)tr(VφiVφ jVφk)〉 , (2.100)

where the traces are over the respective gauge groups. This is a double trace op-

erator and so will appear at loop level. The vertex operatorsVφi for chiral fields

are given by the usual vertex operators for open string scalars φ but with bound-

ary changing operators σ that change boundary condition from one brane stack

i to the next stack j. The cylinder diagram one needs to compute is shown in the

left panel of figure 2.2. As shown in the right panel, this can factorize onto some

closed string field, call it X.23 If the field X appears in the moduli-dependent

superpotential as Au
i j(X)Qiu jHu (this is sometimes described as X “carrying fla-

vor”), the resulting coupling will be problematic in general, as we do not expect

λu,tree
i j ∝ λu

i j.

However, let us mention a possible mechanism by which the nonperturba-

tive contributions might respect the flavor symmetry preserved by the tree-level

couplings. In intersecting brane models, and for some models with branes at

singularities (e.g. O(−3)P2 ∼ C
3/Z3) the Yukawa couplings arise as triple inter-

sections between three brane stacks. Consider the D3-brane part of the right

panel of figure 2.2; without the closed string insertion X, the tree-level three-

point diagram is what generates Yukawa couplings yi j in the first place. It is

possible that in the low-energy limit, the coupling λu
i j that is generated could

22Another example of charged fields analogous to (2.99) is [88].
23Because of the PQ symmetry, X cannot be T .
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Figure 2.2: D7-branes on the left of cylinder (in red), D3-branes on the right of
cylinder (in blue). Left panel: Five-point function analogous to the two-point
function considered in [67]. Right panel: the factorized limit. The flavor struc-
ture of λu

i j may in principle be determined by that of the tree-level (disk) three-
point function.

satisfy

λu
i j = c λu,tree

i j (2.101)

for some constant c, so that no new flavor-changing effects are induced. How-

ever, a much more detailed investigation would be required to establish a mech-

anism along these lines.

In some circumstances, a mechanism ensuring the smallness of the tree-level

Yukawas can also control the structure of λu
i j, but it remains an open question to

embed such a mechanism in a string model. We conclude that there is no evi-

dence that the couplings in (2.99) should vanish, nor is there currently a com-

pelling argument that these couplings should generically preserve the tree-level

flavor structure.
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µ terms

It is not inconceivable that whatever physics causes the vanishing of the tree-

level µ-term also requires a large suppression of the constant µ̂ of (2.68). The

µ term is often prohibited at a high scale by a continuous PQ symmetry that

leaves a remnant discrete symmetry. In such a case, one should ask whether T

is charged under the PQ symmetry: if not, then the PQ symmetry forbids non-

perturbative corrections to the (prohibited) tree-level µ term. If instead T carries

a PQ charge, one would have to explain why the moduli-stabilizing superpoten-

tial itself is not forbidden (see also [89]). This question depends in some detail

on the particular realization of the MSSM, and as such is beyond the scope of

this work.

2.4 Conclusions

Higher-dimensional locality provides a promising organizing principle for the

suppression of the phenomenologically dangerous flavor-violating soft terms

of gravity-mediated supersymmetry breaking. Although locality in barren ex-

tra dimensions leads to sequestering, moduli-mediated couplings in the Kähler

potential prevent sequestering in generic unwarped compactifications of string

theory [44], even after moduli stabilization [45]. Strong warping suppresses

Kähler potential couplings [46] via the gravity dual of conformal sequestering,

but we have shown that nonperturbative stabilization introduces new superpo-

tential couplings between the Kähler moduli and the visible sector. As analo-

gous couplings are known to violate tree-level flavor symmetries in many ex-

amples, it is reasonable to expect flavor violation in this case as well.
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In a very simple and explicit toy model involving a D3-brane in a conifold re-

gion of a KKLT compactification, we showed that some of the soft scalar masses

induced by the superpotential cross-couplings are of order the gravitino mass.

Therefore, supersymmetry breaking in this model does not sequester, in con-

trast to the positive result obtained by [46] for the corresponding configuration

before Kähler moduli stabilization.

Our considerations also apply to more realistic visible sectors. In a KKLT

compactification with an MSSM-like sector assumed to be supported on a collec-

tion of D-branes separated from the supersymmetry-breaking sector by warp-

ing, there are flavor-universal contributions to the sfermion masses of the or-

der of m3/2/(aU). In the Higgs sector, nonperturbative superpotential cross-

couplings induce µ and Bµ terms of order m3/2 and m2
3/2, respectively, with a

detailed sensitivity to the global compactification. Thus, in KKLT compactifica-

tions, the sequestering described in [46] does not survive moduli stabilization.

However, the corrections due to superpotential de-sequestering are rather mild:

depending on the full mediation scenario, the corrections to the squark and slep-

ton masses due to superpotential de-sequestering can be made sub-dominant,

while for the Higgs sector the nonperturbative superpotential contributions to

the µ and Bµ terms are not necessarily fatal but must be properly incorporated,

as in [49].

In the case of the Large Volume Scenario — in which the supersymmetry

breaking sector is in no way geometrically separated from the visible sector

— ten-dimensional locality can still result in a significant suppression of the

soft masses with respect to the gravitino mass [61]. However, the nonpertur-

bative superpotential is an essential ingredient in the moduli stabilization, and
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we found that in certain parameter regimes, soft trilinear A terms induced by

nonperturbative superpotential couplings can be dangerously large, so that pre-

cision results from flavor physics constrain the model parameters. Intuitively,

scenarios with large hierarchies between m3/2 and Mso f t are the most vulnerable

to small corrections from nonperturbative superpotential cross-couplings, and

indeed we found a flavor and CP problem only in the scenario of [61], where

such a hierarchy is present, while non-negligible corrections to the Bµ term are

to be expected in essentially all scenarios.

Our work sharpens the criteria for sequestered supersymmetry breaking in

a string compactification: examination of the Kähler potential alone is insuf-

ficient when nonperturbative superpotential terms control the stabilization of

moduli. Two additional tasks are required: one should provide a mechanism

that controls nonperturbative contributions to Bµ, and one must ensure that

any flavor-violating nonperturbative contributions to the A terms are consistent

with experiment.

A very interesting task for the future is the construction of an explicit, realis-

tic visible sector in string theory for which the soft masses are sequestered.
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CHAPTER 3

TOWARDS CONSTRAINING AFFLECK-DINE BARYOGENESIS

3.1 Introduction

While several ostensibly viable mechanisms for generating the observed baryon

asymmetry of the universe have been proposed, which of them — if any — is

actually responsible for the discrepancy between the densities of matter and an-

timatter is not known. A beautiful mechanism of baryogenesis which appears

very natural in models with supersymmetry was proposed long ago by Affleck

and Dine. In the seminal paper [93], it was noticed that baryogenesis may pro-

ceed through the dynamics of flat directions, which in a supersymmetric theory,

like the MSSM, generically exist in abundance before supersymmetry is broken.

These flat directions may lead to several important cosmological consequences

(for reviews see [37, 94]), out of which baryogenesis is perhaps the most spec-

tacular.

The Affleck-Dine scenario provides a robust mechanism for baryogenesis

and can easily produce a significant baryon number, large enough to reproduce

the observed ratio of baryons over photons,

nB/nγ ' 6 · 10−10 , (3.1)

even in the presence of late-time entropy releases. Intriguingly, the viability of

the mechanism is contingent upon the structure of Planck-suppressed operators

in both the Kähler potential and the superpotential, thus providing a window

of sensitivity to high-scale physics like string theory. For several interesting

examples of inflation in string theory where these operators can be computed,
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Affleck-Dine baryogenesis is impossible. Therefore, if this mechanism would

be observationally confirmed, it would provide important information guiding

string theory constructions of inflation and the standard model.

A number of correlated predictions of the Affleck-Dine mechanism have

been noted, including the prediction of so called Q-balls [95] and — as have

received much attention recently — the ease with which the near equivalence of

the abundance of dark matter and baryons can be explained in this framework

[96], see also [37]. Nonetheless, it can been argued that due to its apparent ro-

bustness together with the wide range of possible resulting baryon numbers, the

scenario can be quite hard to falsify, thus making it less attractive as a physical

theory.

The purpose of §3 is to further explore the correlated predictions on the

Affleck-Dine scenario. In doing so, we give a clear geometric characterization

of the conditions under which the mechanism is viable in §3.2, and exploit the

nontrivial structure of N = 1 supergravity to extract correlated predictions for

various couplings in the Lagrangian in §3.4.

Furthermore, a potentially interesting consequence of the Affleck-Dine sce-

nario is the ‘backreaction’ of the flat direction on the inflaton potential, and in

§3.3 we discuss in detail how this can give rise to constraints on the parame-

ters of the model. These constraints necessarily involve multi-field inflation,

but here we use a simplified single-field model to give a rough estimate its

relevance. The strongest constraints are obtained from the anomalies in the

temperature anisotropies of the cosmic microwave background at l ∼ 20 and

l ∼ 40, which from the temperature measurements alone are only marginally

significant. Future observations of the polarization of the cosmic microwave
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background will decisively determine the severity of the constraints that can be

imposed on the Affleck-Dine mechanism from precision cosmology.

We discuss this consequence for both thermal and non-thermal initial condi-

tions for the flat directions, and in both cases the effect is observationally rele-

vant only if a flat direction is displaced from the global minimum of the poten-

tial at the time when cosmological scales left the horizon. This can be avoided in

a number of ways, e.g. by inflation persisting for much longer than the around

sixty e-folds required to solve the horizon problem.

3.1.1 The Affleck-Dine mechanism

For Affleck-Dine baryogenesis to be successful, it is crucial that the scalar com-

ponents ψa of one or several chiral superfields (denoted Ψa) parametrizing

gauge invariant, renormalizably flat directions, obtain large vacuum expecta-

tion values (vevs) with nontrivial phases during inflation. However, there are

a number of effects that can trap the flat direction at the origin in field space,

inhibiting the subsequent baryogenesis [97]. For instance, thermal effects will

aspire to achieve a configuration of thermal equilibrium with vanishing con-

densate vev through Yukawa and gauge interactions, leading to a potential for

any flat directions of the form V(ψ, ψ̄) ∼ T 2|ψ|2. Furthermore, soft masses of the

order of the electroweak scale give rise to contributions to the potential of the

order V(ψ, ψ̄) ∼ m2
so f t|ψ|

2. Even more important are the Hubble induced masses

of the form V(ψ, ψ̄) ∼ H2|ψ|2, which for the simplest possible Kähler potentials

corresponding to flat field space geometry, rapidly and classically evolve any

initially displaced flat direction vev to the origin in field space and efficiently
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prohibit the development of a non-vanishing condensate.

Nevertheless, in the formative paper [97], Dine, Randall and Thomas

demonstrated that by adjusting the numerical coefficients of certain non-

renormalizable operators in the Kähler potential, the sign of the Hubble induced

mass-squared can be changed, thus giving rise to a tachyonic contribution to

the total mass of the condensate at the origin in field space. For a non-vanishing

initial vev of the flat direction at the beginning of inflation, the thermal interac-

tions freeze out1, thus removing the thermal contribution to the scalar potential.

Moreover, since for most models O(m2
so f t) ≈ m2

EW � H2 during inflation, the soft

terms are negligible in comparison to the Hubble induced contribution. The re-

sulting tachyonic mass of the Affleck-Dine field causes a prompt development

of a significant condensate vev. The flat direction eventually settles down, sta-

bilized by contributions to the potential arising from Planck-suppressed non-

renormalizable operators in the superpotential, or, in the absence of a superpo-

tential for the flat direction to all orders, by non-renormalizable operators in the

Kähler potential.

To be explicit, a field lifted by operators of dimension n ≥ 4 in the superpo-

tential,

W ⊃
λ

n
Ψn

Mn−3
Pl

, (3.2)

will have a scalar potential in which the dominant contributions during F-term

inflation are given by2:

V(ψ, ψ̄) = −cIH2|ψ|2 +

(
a
λHψn

nMn−3
Pl

+ c.c.
)

+ |λ|2
|ψ|2n−2

M2n−6
Pl

, (3.3)

1More precisely, the freeze-out of thermal interactions requires the initial vev of the scalar
component of the flat direction to be ψin > T/g, as discussed in [97].

2Here we have made the natural assumption that the cutoff scale in the holomorphic su-
perpotential is given by MPl, since lower scales arising from string compactifications typically
depend non-holomorphically on moduli.

101



where H is the Hubble constant, and cI and a are constant. Apart from ne-

glecting the thermal and the electroweak scale soft contributions to the scalar

potential as discussed above, here also contributions arising from a nontrivial

Kähler potential have been neglected apart from their influence on cI . We will

have more to say about this consistent approximation in §3.4.

For cI and λ of order one, the flat direction becomes stabilized at

ψ f ' MPl

[
cI

(n − 1)|λ|2

] 1
2(n−2)

(
H

MPl

) 1
n−2

≈ MPl

(
H

MPl

) 1
n−2

, (3.4)

while the (order n) A-term of equation (3.3) fosters a nontrivial phase upon the

condensate. For small cI , quantum fluctuations will contribute to the formation

of the condensate.

After inflation, the (overdamped) condensate tracks an instantaneous mini-

mum of the potential until the effects of the electroweak scale soft terms become

non-negligible. At H ' mEW the torque exerted on the condensate by the soft A-

terms triggers a spiraling motion of the vev towards the origin in field space.

If the condensate is charged under a global U(1) baryon symmetry3 acting like

ψ → eiαψ on the field, the rotation gives rise to a non-vanishing global charge

density e.g,

q = −i
(
ψ∗ψ̇ − ψψ̇∗

)
. (3.5)

For small vevs, the electroweak scale A-terms are subdominant to the soft

masses, and the resulting baryon number is approximately conserved. In [97],

3In the MSSM the relevant symmetry is the accidental B− L, since baryon number by itself is
not invariant under non-perturbative sphaleron processes, which are in equilibrium in the early
universe.
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the resulting fraction of baryon number over the number of photons was esti-

mated to

nB

nγ
∼ 10−10

( TR

109 GeV

) ( MPl

mso f t

) n−4
n−2

, (3.6)

after the decay of the condensate through thermal scattering with the cosmo-

logical plasma. Subsequent late-time entropy releases can be necessary in order

to achieve a small enough baryon asymmetry. The vev of the flat direction has

also other important consequences for the thermal history of the universe, as

discussed in e.g. [94, 98], and references therein.

3.2 Geometric Condition

The purpose of this Chapter is to survey the correlations in the Affleck-Dine

scenario, and, fortunately, the structure of N = 1 supergravity is highly non-

trivial and the condition cI ≈ 1 leads to a small array of correlated predictions

for various couplings in the Lagrangian. A number of authors have previously

discussed the conditions under which Affleck-Dine baryogenesis is attainable

(see e.g. [97, 100, 101, 99]). In this section we add to this work by obtaining

a very transparent representation of the geometric condition in terms of a sec-

tional curvature on the field space manifold, which incorporates the full inflaton

dependence of the flat direction mass.

The scalar potential of N = 1 supergravity is given in terms of an effective

Kähler potential K and a superpotential W as,

V = VF + VD = eK/M2
Pl

(
KAB̄FAF̄B̄ − 3

|W |2

M2
Pl

)
+

1
2

∑
i

g2
i D2

i , (3.7)
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with the F-terms FA = DAW = (∂A + KA
M2

Pl
)W, where A runs over all the chiral

superfields ΦA in the theory. We have included the D-term potential for Abelian

gauge groups in equation (3.7), with Di = φAqi
AKA + ξi, where φA is the scalar

component of ΦA, qi
A is the U(1)i charge of φA and ξi is the corresponding field

dependent Fayet-Iliopoulos term.

The mass-term for the flat directions arising from the potential (3.7) is easily

obtained from first principles by following the standard prescription for com-

puting soft masses in supergravity [102]: The chiral fields can be separated into

the set of visible sector fields Ca (including the flat directions) and the hidden

sector fields Xm (including the inflaton), where, in the visible sector, the F-terms

are assumed to vanish and the vevs are taken to be small compared to MPl. It is

then appropriate to make a partial Taylor expansion of the Kähler potential and

superpotential around the origin in the visible sector field space:

K = K̃ + K̃ab̄C
aCb̄ +

1
2

(K̃(2,0)
ab CaCb + c.c. ) + . . . ,

W = W̃ +
1
2
µabCaCb +

1
6
λabcCaCbCc + . . . , (3.8)

where all the expansion coefficients are function of the hidden sector fields,

e.g. K̃ = K̃(X, X̄) , µab = µ(X)ab. Additional information about the chiral and

gauge structure of the theory needs to be supplied separately; for instance in

the MSSM, the only non-vanishing constant contribution to the µ-term in the

superpotential allowed by gauge and R-parity invariance is HuHd. The same

symmetries similarly severely restrict the allowed operators in the Kähler po-

tential.

We will be particularly interested in the renormalizably flat directions of the

globally supersymmetric theory, for which no gauge and R-parity invariant op-

erator in the superpotential below order n ≥ 4 exist. In the MSSM, the numerous
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gauge invariant monomials corresponding to single flat directions were listed in

[103], and recently in full detail in [104].

The renormalizable superpotential gives rise to interactions between differ-

ent independently flat directions, so that the presence of a vev of one field may

lift many others. We will subsequently refer to a set of flat directions that re-

main renormalizably flat in the presence of arbitrary vevs of the other elements

of the set, as a sector of flat directions. The different sectors can be studied by

constructing gauge invariant polynomials, as discussed in [105, 106], where the

HuLi directions were explicitly constructed.

Denoting the flat directions in some sector by Ψa, the superpotential in this

sector can be written,

W = W̃(X) +
1

nMn−3
Pl

λ(n)
a1...an

(X) Ψa1 . . .Ψan + . . . (3.9)

The leading order terms in the resulting Lagrangian are easily obtained [102]:

under these assumptions the holomorphic bilinears, holomorphic trilinears and

fermion masses all vanish for vanishing flat direction vevs (i.e. Bab = 0, Aabc = 0

and mψ = 0 at ψa = 0), and the mass matrix for the scalars with kinetic terms

given by K̃ab̄ is given by,

∂a∂̄b̄VF =

(
eK̃/M2

Pl
F n̄F̄n̄

M2
Pl

− 2m2
3/2

)
K̃ab̄ − eK̃/M2

Pl Fm̄F̄nRnm̄ab̄

=

(
3H2 −

VD

M2
Pl

+ m2
3/2

)
K̃ab̄ − eK̃/M2

Pl Fm̄F̄nRnm̄ab̄ ,

(3.10)

where we have used VF + VD = V ' 3H2M2
Pl, and introduced the gravitino mass

m2
3/2 = eK̃/M2

Pl | W̃
M2

Pl
|2, and the field space curvature Rm̄

n̄ab̄
= ∂aΓ̃

m̄
n̄b̄

. Furthermore, here

K̃mn̄F̄n̄ = F̄m. For a non-vanishing U(1) D-term potential, this contribution to the
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scalar mass matrix should be complemented with the contribution from VD, as

discussed in e.g. [100, 107].

The n-th order A-term of (3.3) can similarly be worked out from VF , and

includes contributions from the superpotential as well as from the n-th order

terms in the partial Taylor expansion of the Kähler potential, i.e. K̃(n,0)(X, X̄)ψn.

We will have more to say about this coupling in §3.4.

3.2.1 Holomorphic Bisectional Curvature

Specializing to the particularly illuminating case of a single hidden sector field,

φ, supporting the energy density of the early universe and driving inflation

(hence, the inflaton) and a single flat direction, ψ, while momentarily special-

izing to the case VD = 0, we find that the canonically normalized mass for the

flat direction at the origin in field space is given by,

m2
ψψ̄

= 3H2
([

1 +
1
3

(m3/2

H

)2
]
−

[
1 +

(m3/2

H

)2
]

M2
PlK̃

φφ̄K̃ψψ̄Rφφ̄ψψ̄

)
. (3.11)

The gravitino mass, m3/2, may during inflation take on values as large as H with-

out fine-tuning, and is not necessarily related to the late time gravitino mass.

The expression,

B[φ, ψ] = −M2
PlK̃

φφ̄K̃ψψ̄Rφφ̄ψψ̄ , (3.12)

is the (dimensionless) holomorphic bisectional curvature between the holomorphic

curves — or, equivalently, between the real planes invariant under the complex

structure rotations — defined by φ and ψ respectively, evaluated at ψ = 0. The

holomorphic bisectional curvature, first introduced in [108], is one of the most

natural concepts of curvature on a Kähler manifold and has recently proven
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to be a very useful concept in relating local quantities in complex geometry to

global theorems, see e.g. [109].

Of direct relevance for Affleck-Dine baryogenesis is that the the parameter

cI in equation (3.3) is given by

cI = −3
(
1 + B[φ, ψ] +

(m3/2

H

)2
(
1
3

+ B[φ, ψ]
))
. (3.13)

Since during inflation, H necessarily remains approximately constant and so

does m3/2 for most reasonable models, the functional dependence of cI on the

inflaton vev φ is determined solely by B[φ, ψ].

Thus for F-term inflation, tachyonic masses at the origin in field space re-

quire a negative holomorphic bisectional curvature. In particular, in the inter-

esting case when m3/2 ' H during inflation, Affleck-Dine baryogenesis is con-

ditioned on B[φ, ψ] . −2
3 , while for m3/2 � H during inflation, the condition

sharpens slightly to B(φ, ψ) < −1.

To illustrate the utility of equation (3.13), let us consider the canonical exam-

ple of Affleck-Dine baryogenesis in F-term inflation with m2
3/2 ' H2, previously

discussed in e.g. [97, 100], in which the transition of the condensate is triggered

by a non-renormalizable Kähler potential of the form

K = |φ|2 + |ψ|2 +
β

M2
Pl

|φ|2|ψ|2 . (3.14)

Since the Hubble parameter is approximately constant during inflation, the non-

trivial inflaton dependence of cI comes entirely from B[φ, ψ], which in this case

is given by,

B[φ, ψ] = −

(
β

(1 + β|φ̃|2)2

)
, (3.15)
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where φ̃ =
φ

MPl
. Clearly, the condition B(φ, ψ)|φ=0 < −

2
3 translates into β > 2

3 , and

equation (3.13) becomes,

cI = −4
(
1 +

3
2

B[φ, ψ]
)

= −4
(
1 −

3β
2(1 + β|φ̃|2)2

)
. (3.16)

This illustrates a point that we will return to in §3.3: cI is already classically a

nontrivial function of the inflaton, and keeping this function sufficiently nega-

tive for the condensate to remain displaced during inflation and until H2 ≈ m2
so f t

results in a nontrivial condition on the Kähler potential. From the simple exam-

ple (3.16) it follows that for a field excursion of the inflaton larger than φ̃ =
√

3/8,

there is no value of the constant β that can keep the condensate from transition-

ing back to the origin [100]. A reincarnation of this point will become particu-

larly important for the discussion of large-field inflation in §3.3.3.

Let us comment on the generalization of the above considerations to multi-

ple flat directions: clearly the negative contribution to the masses comes from

the Riemann curvature Rab̄φφ̄, which certainly is not necessarily proportional to

the metric on the moduli space Kab̄. It follows that the matrix (cI)ab̄ is in general

not universal or even diagonal.

Let us end this section by commenting on the case when a non-vanishing

D-term potential is included, and the total mass for the flat direction is given by,

m2
ψψ̄

= m2
3/2

(
1 + 3B[φ, ψ]

)
+ 3H2

(
1 −

VD

V

)(
1 + B[φ, ψ]

)
+ K̃ψψ̄∂2

ψψ̄
VD . (3.17)

If the Affleck-Dine field is charged under the anomalous U(1) in VD, the last

term of (3.17) can contribute with a mass-squared of order VD
M2

Pl
of either sign.

If the Affleck-Dine field is uncharged under the anomalous U(1), then the

contribution to the mass matrix from the D-term potential, i.e. K̃ψψ̄∂2
ψψ̄

VD, will

arise only at loop-order. The relative magnitude of the D-term potential and the
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total potential affects the F-term contribution to the flat direction mass, which

for a single flat direction can be written,

c(F)
I = −3

(
4
3
−

VD

V
+

(
2 −

VD

V

)
B[φ, ψ]

)
. (3.18)

In this case, still assuming m2
3/2 ' H2 and now specializing to the case ∂2

ψψ̄
VD �

H2, the origin in field space become unstable for the flat direction for

B[φ, ψ] < −

4 − 3(VD
V )

6 − 3(VD
V )

 , (3.19)

which for VD
V < 4

3 bounds B[φ, ψ] from above by some negative number. In the

window VD
V ∈ ( 4

3 , 2), Affleck-Dine baryogenesis may proceed with a positive

holomorphic bisectional curvature. Examples of the Affleck-Dine mechanism

in this range can be constructed — at least in field theory — by lifting an AdS

minimum of VF by a D-term potential, to the positive energy density of the

inflationary epoch. Finally, we note that for a vanishing expectation value of the

F-term potential, i.e. VF = 0, the mass of the flat direction is (1 + 3B[φ, ψ])m2
3/2 +

K̃ψψ̄∂2
ψψ̄

VD, where the first term arises from nontrivial derivatives on the F-term

potential that only vanish in the W → 0 limit.

3.2.2 String Theory Examples

We have shown that the holomorphic bisectional curvature determines the mass

of the flat direction in supergravity and that a successful Affleck-Dine baryo-

genesis places certain upper bounds on B[φ, ψ]. Since the connection between

the inflaton and the standard model provided by B[φ, ψ] arises from Planck-

suppressed operators in the Kähler potential, the mechanism provides a win-

dow of ultraviolet sensitivity to string theory, in which such operators, at least
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in principle, can be computed. In this section we will illustrate how this can be

done through examples of inflation in string compactifications, demonstrating

that B[φ, ψ] is not an arbitrary function of the inflaton vev in some well-defined

string constructions, and that Affleck-Dine baryogenesis in fact can be shown

to be impossible in broad classes of scenarios. Consequently, if it can be estab-

lished that the Affleck-Dine mechanism is indeed responsible for the observed

baryon asymmetry of the universe, this would serve as a nontrivial selection

criterion for string theory realizations of inflation and the standard model.

First, let us review the feasibility of Affleck-Dine baryogenesis in the volume

modulus inflation of [110], in the Large Volume Scenario, [27], as previously dis-

cussed in [99]. In this model, the large volume modulus with scalar component

τb, is displaced far from its final, approximately Minkowski, vacuum, and dur-

ing inflation m2
3/2 � m2

EW . Assuming that the visible sector is localized in the

internal dimensions, and that the visible sector fields have a diagonal Kähler

metric, K̃ab̄ = K̃(a)δab̄, it can be argued that the physical Yukawa couplings should

be independent of the overall volume [65]. Since the holomorphic Yukawa cou-

plings are independent of the Kähler moduli to all orders in perturbation theory,

it follows from the supergravity formula for the physical Yukawa couplings,

YPhys.
abc = eK̃/2M2

Pl
YHol.

abc
√

K̃(a)K̃(b)K̃(c)
, (3.20)

that the overall volume moduli dependence of the kinetic terms of the visible

sector fields is related to K̃ by

K̃(a) = eK̃/3M2
Pl κ̃(a) , (3.21)

where κ(a) is independent of the overall volume modulus. This determines the

coupling between the inflationary and the visible sector to be,

B[φ = τb, ψ] = −
1
3
, (3.22)
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which is identical to the holomorphic bisectional curvature for no-scale Kähler

potentials. It follows from equation (3.13) that for F-term inflation, the contri-

bution proportional to m2
3/2 famously drops out, while the Hubble induced mass

gives,

cI = −4 − 6B[φ, ψ] = −2 . (3.23)

It follows that Affleck-Dine baryogenesis is not possible for volume modulus

inflation, or for any F-term inflationary model based on a no-scale Kähler po-

tential [99].

A second, slightly more nontrivial example that to our knowledge previ-

ously has not been discussed in the literature is Affleck-Dine baryogenesis in the

context of brane inflation in the KKLT scenario of moduli stabilization [26, 57].

At the level of the four-dimensional effective theory, this system can be modeled

by supplementing the supergravity F-term potential by an explicitly supersym-

metry breaking uplift potential,

Vtot. = VF + Vup , (3.24)

and the masses in the visible sector are given by equation (3.17), after replacing

VD by Vup. There exists an interesting class of models in which warping has been

argued to ensure a sequestered form of the Kähler potential [111, 112],

K = −3M2
Pl ln

(
−

1
3

( fvis. + fhid.)
)
, (3.25)

we again find that,

B[φ, ψ] = −
1
3
. (3.26)

In KKLT, the vev of the F-term potential during inflation is approximately given

by VF ' −3m2
3/2M2

Pl, and the Hubble constant during inflation can not exceed the
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gravitino mass [113]. Writing m2
3/2 = (1+β)H2, it follows that Vup

V = 2+β, for some

constant β > 0. Using equation (3.17), we find that

c(F)
I = 2 + 2β . (3.27)

However, the uplift potential depends on the visible sector fields, and con-

tributes to cI with [2],

c(up)
I = −

2
3

Vup

M2
PlH

2
= −4 − 2β . (3.28)

In conclusion, we find that

cI = −2 , (3.29)

from which it follows that Affleck-Dine baryogenesis is not possible in brane

inflation in KKLT with a sequestered visible sector.

The Affleck-Dine mechanism can be embedded in some string models, see

e.g. [100], in which it was noticed that the tree-level Kähler potential in orb-

ifold theories gives rise to, in our notation, a constant holomorphic bisectional

curvature,

B[T, ψi] =
ni

3
(3.30)

where T is the overall volume modulus and the candidate inflaton to boot, and

ni, being an integer in the interval [−1,−5], is the modular weight of the chiral

field ψi. Further examples of the viability of the Affleck-Dine mechanism in

effective theories coming from string theory can be found in [99].

The difficulty in obtaining positive cI in string theory models of inflation can

be traced back to the fact that though the underlying no-scale symmetry is bro-

ken in stabilized compactifications, it can still importantly influence the Planck
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suppressed operators determining the coupling between the visible sector and

the inflaton. While in Minkowski space the no-scale structure cause vanishing

scalar masses, in the quasi-de Sitter space relevant for inflation on the other

hand, the cancellation is only partial [114], and the resulting mass-squared is

always positive.

3.3 Correlated Predictions: Backreaction on the inflaton

In §3.2 we have discussed how the necessary condition for Affleck-Dine baryo-

genesis can conveniently be written in terms of B[φ, ψ] in the single flat direction

case, and how this bisectional curvature captures the functional behavior of the

mass of the flat direction at the origin in field space as a function of the inflaton

vev. In §3.4 we will discuss how B[φ, ψ] appears in other places in the supergrav-

ity Lagrangian, and thus gives rise to correlated predictions of the Affleck-Dine

scenario. In this section, however, we focus on a particular cosmological con-

sequence of the Affleck-Dine scenario which potentially can severely constrain

the mechanism, namely the what can be thought of as the ‘backreaction’ of the

transitioning flat direction on the inflaton. Two questions are especially perti-

nent for this analysis: First, if the Affleck-Dine field transitions from some initial

vev to ψ f of equation (3.4) during the circa ten e-folds when the cosmological

scales left the horizon, what are the resulting cosmological signatures? Second,

to what extent can it be natural to expect a flat direction transitioning during

this period?

The first question closely connects to a large body of work on the cosmo-

logical effects of features in the inflaton potential, and, in particular, it partially
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overlaps with the “multiple inflation” scenario of [115]. More generally, a tran-

sitioning field gives rise to a short period of multi-field, non-slow roll inflation,

and a complete analysis of this period requires an extension of the works of

e.g. [116, 117, 118] to apply also for swiftly turning field trajectories. A full

treatment of this multi-field system is a very interesting future direction, here,

however, we take a first step towards understanding what cosmological con-

straints can be placed on these systems by comparing it to known constraints

on simpler single-field systems. This simplified analysis can be thought of as

modeling the behavior of the longitudinal component of the multi-field system,

while neglecting the effects of fluctuations transverse to the evolution of the

field. We therefore expect that the resulting constraints from the multiple-field

analysis to be even more severe than the corresponding parameter bounds ob-

tained below from the single-field analogy, which motivates the study of these

bounds in the simplified system.

Concretely, by mapping the effects of a transitioning field to a step in an

effective, single-field inflaton potential, and by using bounds on the height and

width of the step from [119] (see also [120, 121, 122, 123, 124, 125, 128]) extracted

from the seven year WMAP data of the CMB temperature anisotropies, we find

in §3.3.2 that the level, n, at which the flat direction is lifted in the superpotential

and the value of the function cI , can both be severely constrained in certain

versions of the scenario.

In §3.3.3, the question of naturalness is addressed for both small-field and

large-field models of inflation, for both thermal and non-thermal initial condi-

tions. For small-field inflation with initially thermally trapped flat directions,

we find that observing traces of a transitioning flat direction through the CMB
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can be perfectly natural during the first 20 to 30 e-folds of inflation, and modest

fine-tuning can prolong this period substantially. For large-field inflation, tran-

sitions might not only be natural, but also abundant during inflation. The near

scale-invariance of the CMB on the other hand severely constrains any tran-

sitions occurring at random places during inflation, which forces the Kähler

potential of the large-field model to have a very special form.

For earlier discussions of the possibility of constraining the initial configura-

tion of the flat directions in the context of Affleck-Dine baryogenesis using scale

invariance, see [129].

3.3.1 Constraining the transitioning field

While the analysis of the temperature anisotropies of the cosmic microwave

background has given substantial evidence that a period of inflation occurred

in the early universe, there are still many open questions regarding the exact

nature of this period of accelerated expansion. For example, in theoretical mod-

els of slow-roll inflation, certain flatness conditions are enforced on the inflaton

potential, features in the inflaton potential however, can be admissible or even

favored by the current WMAP data [121, 119]. In fact, recent analysis of the

temperature anisotropies measured by WMAP [130], QUaD [131] and ACBAR

[132] find an improved fit for inflaton potentials with a small step located at a

specific location of the inflaton potential [119], consistent with earlier analysis

[121, 122, 128]. The size of the step is constrained from data to be no larger than

around .1% in large classes of inflationary models. While these results are in-

triguing, future observations of the E-mode polarization of the CMB spectrum
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as well as improved bounds on the bispectrum will be able to determine the

cosmological significance of these features [123, 134, 135, 133].

Historically, transitioning flat directions have served as one of the main mo-

tivations for the study of localized features in the inflaton potential. Here, we

discuss the effects of transitioning flat directions in the context of Affleck-Dine

baryogenesis by mapping the system onto a simplified single-field model with a

step in the potential, for which the cosmological constraints from the CMB spec-

trum are known. The subset of models of Affleck-Dine baryogenesis that can be

constrained this way partially overlap with the scenario of multiple inflation

of [115], in which an initially thermally trapped supersymmetric flat direction

transitions to a significant vev, and while doing so ‘backreacts’ on the inflaton

potential. However, while [115] and the subsequent works [124, 125] focus on

a specific small-field inflationary model with a rather small Hubble constant

(H ' 10−8MPl), it is certainly interesting to generalize these considerations to

broader classes of inflationary models as well as considering more general ini-

tial conditions, as we will do in §3.3.3.

To motivate the mapping of the multiple-field system to a single-field system

with a localized step, we consider the Affleck-Dine potential (3.3) supplemented

with an inflaton potential V0(φ), supporting small-field slow-roll inflation,

V(φ, ψ) = V0(φ) − cI(φ)H2
Iψ

2 + |λ|2
ψ2n−2

M2n−6
Pl

, (3.31)

where we have neglected the order-n A-term as well as the phase of the conden-

sate. The equations of motion of the system are given by,
ψ̈(t) + 3H(t)ψ̇(t) +

∂V(φ,ψ)
∂ψ

= 0

φ̈(t) + 3H(t)φ̇(t) +
∂V(φ,ψ)
∂φ

= 0

H(t)2 = 1
3M2

Pl

(
1
2 φ̇

2 + 1
2 ψ̇

2 + V(φ, ψ)
)
.

(3.32)
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While a transitioning flat direction affects the cosmological perturbations for a

variety of initial conditions, for concreteness let us consider the case when ψi '

H at some time t = 0 when the transition begins, and postpone the discussion

of initial conditions to §3.3.3. In this case, an analytic solution for ψ(t) is readily

obtained at early times, i.e. for ψ . ψ f ,

ψ(t) = ψie
3Ht

2

(√
1+ 8

9 cI−1
)
, (3.33)

where we have assumed that the transition is prompt so that H and cI(φ) are

approximately constant during the transition. During the transition, the two-

field system (φ, ψ) evolves from a ‘ridge’ of the potential to settle down in the

‘valley’ at ψ f , much like a gentle version of the waterfall transition common in

models of hybrid inflation (where cI � 1, and the transitions terminates the in-

flationary era). Longitudinal fluctuations of the fields along the instantaneous

tangent vector of the field trajectory give rise to curvature perturbations, while

fluctuations orthogonal to the field trajectory result in entropy perturbations, as

discussed in the case of slow-roll inflation in [116, 126]. Futhermore, for cI of

order one and with an unsuppressed dependence on φ, a large-field version of

this system has been analyzed in [127], where it was noticed that quantum back-

reaction can typically not be neglected. Extending the two-field analysis to the

system of equations (3.32) is beyond the scope of this thesis. Fortunately how-

ever, much can be learned by mapping the two-field system onto a single-field

system with a potential with a small step, corresponding to the step induced by

the transition of the flat direction along the longitudinal motion in the (φ, ψ) field

space. In this sense, the transitioning flat direction ‘backreacts’ on an effective,

longitudinal, single-field inflaton potential to induce a step in it.

To estimate the steepness of the step in the single-field potential, we note

that the duration, t?, of the transition from ψi = H to ψ f > ψi of (3.4), can be
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estimated as,

t? =
2

3kH
ln

(
ψ f

ψi

)
'

1
H

(
n − 3
n − 2

)
2
3k

ln
(MPl

H

)
, (3.34)

which provides a lower bound on — and a good approximation to — the actual

transition time. Here we have abbreviated k =

√
1 + 8

9cI − 1. Expressed in terms

of the longitudinal velocity |φ̇‖| ≡
√
φ̇2 + ψ̇2, the slow-roll parameters,

ε = −
Ḣ
H2 , (3.35)

η‖ =
φ̈‖

H|φ̇‖|
, (3.36)

deviate significantly from their initial, slow-roll, values during the transition.

On the other hand, the speed in the φ-direction does not change abruptly

during the transition and can be approximated by its initial slow-roll value4

φ̇ ' −
√

2εV(φi)HMPl, where εV =
M2

Pl
2

(
∂φV
V

)2
and φi denotes the inflaton vev just

before the transition. The change in the inflaton vev during the transition can

then be estimated as,

∆φ ' −
√

2εV(φi)
2
3k

ln
(
ψ f

ψi

)
MPl ' −

√
8/3

2.72k
· 104

(
n − 3
n − 2

)
ln

(MPl

H

)
H , (3.37)

assuming that the transition happens reasonably close to the time when cosmo-

logical scales left the horizon, so that εV is related to the Hubble scale by the

COBE normalization,

V1/4

ε1/4 = 2.7 · 10−2MPl . (3.38)

The size of the step can readily be obtained by evaluating ∆V = V(φ, ψ f ) −

V(φ, ψi), for which we find,

∆V
V0
' −

(
n − 2
n − 1

)
cI

3

[
cI

(n − 1)|λ|2

] 1
n−2

(
H

MPl

) 2
n−2

. (3.39)

4This approximation breaks down if cI(φ) contains a linear term in φ with an order one coef-
ficient, as we discuss below.
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Thus, we propose to model the two-field model as a single-field model with

a step, parametrized as,

V(ϕ) = V0(ϕ)
(
1 − c f tanh

(
ϕ − ϕ f

d f

))
, (3.40)

with size and width approximately given by

c f =

(
n − 2
n − 1

)
cI

3

[
cI

(n − 1)|λ|2

] 1
n−2

(
H

MPl

) 2
n−2

,

(3.41)

d f '
φ‖

4MPl
=

1
4MPl

∫ t?

0
dt

√
ψ̇2 + φ̇2 (3.42)

where φ‖ denotes the path length from (φi, ψi) to (φ f , ψ f ) as measured with the

approximately Euclidean field space metric, and is easily evaluated using the

approximate solutions for ψ and φ. The single-field model thus corresponds to

the longitudinal coordinate along the field trajectory in the (φ, ψ)-plane.

In §3.3.2, we perform a more detailed numerical analysis of an example of

a transitioning flat direction during inflation, and discuss how the bounds on

the parameters c f and d f can be interpreted as bounds on n and cI for a given

inflationary model.

Consequences of an inflaton dependent cI

While the mapping of the transitioning system to an inflaton potential with a

step is well motivated and serves to give a rough idea of what constraints can be

imposed on the system, the multi-field system contains a rich variety of physics,

that can not all be captured by a single-field inflaton potential with a step [136,

133].
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The neglect of multi-field effects is most severe when the fields evolve

through a sharp turn in field space, as happens when the ψ undergo damped

oscillations to settle down at ψ f ,

ψ(t) = ψ f

(
1 + Ae−

3Ht
2 cos(ωt + ϑ)

)
, (3.43)

with ω2 =
(
4c(0)

I (n − 2) − 9
4

)
H2, and for integration constants A and ϑ. Comput-

ing the perturbations around this background solutions is an interesting future

problem.

Futhermore, the function cI(φ) is typically not a constant, as we have argued

in §3.2.1, and can be Taylor expanded in φ̃ =
φ

MPl
,

cI(φ) = c(0)
I + c(1)

I φ̃ +
1
2

c(2)
I φ̃

2 + . . . (3.44)

Once multiplied by the vacuum expectation value of a flat direction, the infla-

ton dependence in equation (3.44) leads to corrections to the inflaton potential in

the single-field model, that can not be captured by a step in an otherwise unper-

turbed inflaton potential. The importance of these corrections can be estimated

by considering the effects of a flat direction transitioning during observable in-

flation, as the unperturbed inflaton potential satisfies the COBE normalization

(3.38). The unperturbed inflaton potential can be Taylor expanded around φ0,

such that

V0(φ) = 3H2M2
Pl

(
1 − a1∆φ̃ +

a2

2

(
∆φ̃

)2
+ . . .

)
, (3.45)

where ∆φ̃ =
φ−φ0
MPl

. This expansion is good for all small field models, in which

∆φ̃ � 1, as well as for some large-field models, e.g. those with monomial poten-

tials, since in that case the structure of the expansion coefficients ai ensure that

the true expansion parameter is ∆φ

φ0
, which is smaller than unity before the end

of inflation. The slow-roll parameters at φ0 are given by, ε(0)
V = 1

2a2
1 and η(0)

V = a2.
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Imposing the COBE normalization of equation (3.38) on the inflaton potential

(3.45) at φ0 gives that,

a1 =

√
6 · 104

2.72

(
H

MPl

)
. (3.46)

A flat direction transitioning just as the inflaton passes φ0 changes the inflaton

potential by

∆V(φ) = −
(
c(0)

I + c(1)
I ∆φ̃+

1
2

c(2)
I ∆φ̃2 + . . .

)
H2

(
H

MPl

) 2
n−2

. (3.47)

The slow-roll parameters change correspodingly: in terms of the Lagrangian

cofficients a1 and a2, we find that

∆a1

a1
=

2.72

3
√

6
c(1)

I 10−4
(MPl

H

) n−4
n−2

, (3.48)

∆a2

a2
=

c(2)
I

3η(0)
V

(
H

MPl

) 2
n−2

. (3.49)

From (3.48), we find that the condensate vev changes εV by an O(1) factor if

n ≥ 2


log

(
|c(1)

I |
(

MPl
H

)2
)
− 4

log
(
|c(1)

I |
(

MPl
H

))
− 4

 , (3.50)

while ηV is sensitive for transitioning flat directions with an n greater than

n ≥ 2

1 +
log

(
MPl
H

)
log

∣∣∣∣∣ c(2)
I

η(0)
V

∣∣∣∣∣
 . (3.51)

For example, the large-field model with a quadratic potential V0(φ) = 1
2m2φ2 =

1
2m2φ2

0

(
1 − ∆φ

φ0

)2
and a Hubble scale close to 10−4MPl is rather insensitive to cor-

rections in the the tilt (εV) but is sensitive to corrections in the curvature (η) for

condensates transitioning with n & 6. Once the condensate has formed, it will

in general not be possible to reassemble the inflaton potential to a monomial

potential again.
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Backreaction on moduli fields

Known ultraviolet-complete models of inflation typically have a spectrum that

contains comparatively light particles with masses around H. It is therefore im-

portant to understand if a transitioning Affleck-Dine field can affect the moduli

in a way that could possibly give rise to additional observational signatures.

In order to be concrete, we will discuss this question in a particular example

based on the “Kähler moduli inflation” in the Large Volume Scenario, see [137].

In this case, the mass of the lightest (and largest) Kähler modulus is given by

[138],

m2 '
1

lnV
H2 '

1
15

H2 , (3.52)

where we have used that the volume is large in string units,V ≈ 105.

From the special form of the Kähler potential determined by equation (3.21),

the coupling between ψ†ψ and the canonically normalized volume modulus Φ =√
2
3 lnV, includes the term

V ⊃ ψ†ψ
1
V2/3

VF

M2
Pl

≈ 3H2M2
Pl

(
ψ f

MPl

)2

e−
√

2/3Φ . (3.53)

If the modulus Φ is stabilized at the vev Φ0 with mass m during inflation, the

transitioning flat directions induce a shift in the modulus which to leading order

in δΦ/MPl is given by,

δΦ =
√

6
H2

m̃2

(
H

MPl

) 2
n−2 1
V2/3 MPl , (3.54)

where we have defined m̃2 = m2 + 2H2( H
MPl

)
2

n−2 1
V2/3 . Thus for m ≈ H during in-

flation, the shift in the vev of the modulus due to the displaced flat direction is

small with respect to MPl, and will not give rise to an observable signature. In
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the Large Volume Scenario, the volume suppression of equation (3.54) makes

the shift truly negligible. In the broader class of models in which the moduli

couples to the flat direction only through the Kähler potential, the suppression

in powers of
( H

MPl

)
is generic, and the resulting shifts in moduli vevs are small.

3.3.2 Numerical Analysis

Let us now discuss a specific toy model of an Affleck-Dine transition during in-

flation, in order to demonstrate in detail how bounds on the size and width of

the step in the potential in the single-field model can provide interesting con-

straints the parameters n and cI for flat directions transitioning during observ-

able inflation.

Specifically, we consider a two-field potential for the real, scalar, inflaton φ,

and the radial component of a flat direction, represented by the real scalar field

ψ, given by

V(φ, ψ) = VI(φ) − c(0)
I H2

Iψ
2 − c(1)

I

H2
I

MPl
φ ψ2 + |λ|2

ψ2n−2

M2n−6
Pl

, (3.55)

where VI(φ) is the unperturbed, initial, inflaton potential, HI is a constant ap-

proximately equal to the value of the Hubble parameter during inflation, and

we have included a linear term in the Taylor expansion of cI(φ). Considering a

small-field model of inflation, for which the inflaton potential, at least locally,

can be Taylor expanded as,

VI(φ) = V0 + V1φ + V2φ
2 , (3.56)

we investigate the effects of varying c(0)
I and n for fixed λ and for fixed pa-

rameters of VI(φ). We specialize to the particular case of HI ' 10−6MPl, and
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ηV ' .67 · 10−2 initially, while imposing the COBE normalization on the inflaton

potential just before the transition.

For an initial vev of the flat direction, ψi = HI , the initial conditions for the

inflaton were chosen so that the system starts out in slow-roll close to the origin

in field space. The naturalness of these assumptions will be discussed in §3.3.3.

As ψ condenses, the two-field system slants from the ‘ridge’ in the potential at

ψ = 0, down to the ‘valley’ at ψ = ψ f , where it settles down during a short period

of damped oscillations, while simultaneously slowly rolling in the φ-direction.
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(a) The evolution of the condensate
vev.
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(b) The evolution of the longitudinal
speed.
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(c) The evolution of the slow-roll pa-
rameter εH of equation (3.35).
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(d) The evolution of the slow-roll pa-
rameter η‖ of equation (3.36).

Figure 3.1: The evolution of the condensate vev, the longitudinal speed in field
space, and the slow-roll parameters for cI = 1

2 , 1, 2 and n = 12. Please note that the
total transition times are well approximated by equation (3.34), which predicts
Ht? ≈ 41, 22, and 12 respectively for each of the parameter values above. Due
to the exponential condensation of the flat direction, the dominant effects of the
transition will be localized to a much shorter period of time.
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As discussed in length in section 3.3.1, we map the longitudinal projection

of this two-field system to a single-field system with a potential with a step,

V f (ϕ) =
(
Ṽ0 + Ṽ1ϕ + Ṽ2ϕ

2
) (

1 − c f tanh
(
ϕ − ϕ f

d f

))
, (3.57)

by determining the parameters Ṽ0, Ṽ1, Ṽ2, c f , ϕ f , d f by numerically fitting V f (ϕ)

to V(φ‖
∣∣∣φ⊥ = 0), where φ‖ is defined through equation (3.42).

While Ṽ0, Ṽ1, Ṽ2 only differ insignificantly from the inflaton potential param-

eters V0,V1,V2, the transition inscribes a small step in the overall value of the

potential, changing its value by at most a few percent. The system (3.32) under

the influence of (3.55) can be regarded as a local approximation of the inflaton

potential around the location at which the transition occurs, and, as such, it does

not describe the full inflationary dynamics until the end of inflation and beyond.

In particular, this means that in this simplified model, constraints on the loca-

tion of the effective step in the inflaton potential (determined by ϕ f ) cannot be

meaningfully interpreted as a constraint on any model parameters. However,

constraints on the width (d f ) and the size (c f ) of the step do provide constraints

on c(0)
I and n.

In figure 3.2, we plot the the best fit values for c f and c f

d f
for c(0)

I ∈ { 12 , 1, 2}

and n ∈ {4, . . . 12}, obtained numerically from simulating the system (3.55) in

Mathematica, and thereafter fitting V f (ϕ) to V(φ‖
∣∣∣φ⊥ = 0). The dashed lines in

figure 3.2 correspond to the best-fit-values, i.e. c f = 1.6·10−4 and c f /d f = 1.7·10−2,

together with the one-sigma constrained errors adapted from one-dimensional

sections of the likelihood function of the small-field model in [119]. Since the

constrained errors are given by sections of the 68% confidence curve, they only

provide lower bounds on the errors. In particular, at a larger confidence level,

the likelihood function is expected to plateau towards a vanishing step, thus
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Figure 3.2: The best-fit value of c f and c f

d f
(dashed lines) together with the con-

strained errors for the small-field model of [119]. For n ∈ {4, . . . , 12}, the red
circles, white squares and black diamonds correspond to the best-fit values of
the parameters for c(0)

I ∈ {
1
2 , 1, 2}, respectively. In all cases, c(1)

I = .1, λ = 1, and
the Hubble constant just before the transition is H = 10−6MPl, consistent with the
COBE normalization of the potential.

only providing an upper bound on the values c f and c f

d f
, [122]. For n . 5,

all points lie in the lower left quadrant, and thus may not be constrained at a

higher confidence level. Figure 3.2 illustrates however, that for this subset of

Affleck-Dine models of baryogenesis, bounds on features in the potential can

impose severe and interesting constraints on the scenario and may prove useful

in singling out the flat sector responsible for the generation of baryon number.

Let us discuss the limitations of our analysis in detail: While the small-

field inflationary model with a step analyzed in [119] using QUaD, ACBAR
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and WMAP five-year as well as seven-year data resulted in an improved fit5

with an effective χ2
e f f of about 7 to 9, a similar analysis in the two-field case

can be expected to differ in many details. In the context of multiple inflation,

this question has been addressed in the works [124, 125], where the inclusion of

the transitioning field did not result in an as large improvement of the fit for a

model with HI ' 10−8MPl and for n taking on half-integer values between 7 and

9.5. However, it would be interesting to extend these works to broader classes

of inflationary models and to a broad range of transitioning fields.

The largest limitation to this analysis comes from the particular assumptions

made about the initial configuration of the system. We will therefore now turn

to the question of naturalness of the chosen initial conditions, as well as the fea-

sibility of extracting correlated predictions from the flat direction backreaction

on the inflaton for more general initial configurations.

3.3.3 Initial Conditions

The transitioning Affleck-Dine condensate will necessarily backreact on the in-

flaton potential; however, these effects will be observationally irrelevant if the

transition ends before the cosmological scales probed by the CMB left the hori-

zon. For the transition to leave an observable imprint it should terminate be-

tween 60 and 50 e-folds before the end of inflation. Clearly, any statement about

the naturalness of this happening depends on the physics before observable

inflation, out of which very little is known, and what is known is model depen-

dent. In this section we discuss different assumptions about the initial config-

uration of the system, and provide bounds from above on the duration of the
5For a discussion of the significance of the improved fit, see [134]
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period in which transitions are likely. For a determination of the likelihood of a

flat direction transitioning during the observable period of inflation, this analy-

sis should be supplemented with an embedding of the inflationary scenario in

a UV-complete theory, like string theory. This last task is not addressed in this

thesis.

Independently of baryogenesis, we find that for large-field inflation, a partic-

ular manifestation of the supergravity η-problem restricts the form of the metric

on the visible sector field space to be an approximate solution of the equation,

Rmn̄ab̄ = A K̃mn̄K̃ab̄ , (3.58)

while Affleck-Dine baryogenesis is only viable for certain values of the constant

A.

Small-field inflation

Let us first discuss small-field inflation, such that ∆φ � MPl during inflation

and all the way until H ∼ mEW . We will discuss the case when the Affleck-Dine

field starts out in thermal equilibrium with a vanishing vev separately from the

case when case when the vev is large enough for the equilibrating interactions

to freeze out. The former case is essentially the framework of multiple inflation,

discussed in [115].

At the onset of inflation, a flat direction can be trapped in a thermal potential

of temperature Ti, which can be no larger than Ti ∼ (HI MPl)1/2 in order for the

inflaton to dominate the energy density of the universe. In the inflating back-

ground the temperature drops exponentially with the number of e-folds, becom-

ing smaller than the Hubble scale of inflation after NT ∼
1
2 ln

(
MPl
HI

)
e-folds. For
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Hubble scales between 10−8MPl and 10−4MPl, this period therefore only lasts for

about 5 to 10 e-folds. As the temperature drops below the scale H, the Hubble-

induced terms become important, and the value of the holomorphic bisectional

curvature between the flat direction and the inflaton— and thereby cI — deter-

mines whether the flat direction transitions or not. For cI . −1, the flat direction

remain trapped at the origin in field space even after the thermal effects have

ceased to be important. As we have emphasized, cI is in general a function of

the inflaton vev, but for small-field inflation, the leading order contribution in

the φ/MPl expansion should well approximate the true value of cI throughout

the inflaton trajectory.

In case cI > 0, the field will transition as soon as the thermal effects become

unimportant. The full transition typically takes several e-folds to complete, and

the transition time is logarithmically sensitive to the initial value of the field

ψi. To estimate the initial vev of thermally trapped field, we note that the dis-

placement from the origin will be a result of criticality in the period when the

temperature and curvature contribution to the mass approximately cancel. The

two-point correlation function in de Sitter space grows for long wave-length

fluctuations [139],

〈ψ2〉 '
H2

4π2 Ht . (3.59)

As an estimate, the period of criticality occurs for between T 2
i = 2H2 and T 2

f '

1
2 H2, which corresponds to period of about a ln(2) fraction of an e-fold. During

this period, the quantum fluctuations of the condensate results in a vev of the

condensate of the order of,

〈ψ2〉1/2 '
H
2π

√
ln(2) ≈

1
10

H . (3.60)

The analytic solution of ψ for small vevs, equation (3.34) then gives an ap-
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proximation and a lower bound for the transition time,

∆N ≈
2(n − 3)
3(n − 2)

1√
1 + 8

9cI − 1
ln

(
MPl

ψi

)
, (3.61)

which, as an example, for ψi = H = 10−6MPl, n = 12, and cI = ( 1
2 , 1, 2) evaluates

to ∆N ≈ (12, 21, 39), in good agreement with numerical simulations, c.f. Table

1. Furthermore, for cI ≤
1
3 , the transition period lasts for at least 50 e-folds

for n ≥ 6, and for more than 60 e-folds for n ≥ 12, which demonstrates that

transitioning flat directions can also be relevant far past the beginning of the

inflationary era. Since the condensation develops exponentially in time, most

of the field excursion of the flat direction, and thereby most of the effects of the

transition, will be confined to a much shorter period of time of a few e-folds

before and after the end of the transition. As a demonstration of this fact, we

note that by the numerical analysis of the preceding section (as is illustrated by

the red circles in figure 3.2), even transitions taking as long as 40 e-folds in total,

give rise to localized features in the effective inflaton potential V f (ϕ), which are

large enough to be easily excluded by CMB data.

For a model like the MSSM with many flat directions, there can be a number

of flat directions eligible for transition by all having cI > 0. The field with the

maximal cI will transition first, and in the process, lift all flat sectors it does not

belong to through the renormalizable superpotential, leaving a smaller subset

of flat directions still eligible for transition. For a mass estimate of the lifted

directions, see §3.4.3. This suggests that cI may in fact have a typical value that

is larger than unity for the flat direction that transitions first. For O(cI) ' 10, the

transition is prompt and over within the first five e-folds after the temperature

drops below H. Other flat directions in the same sector may also transition

during the same period, and thus may extend the period during which it is
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reasonable to expect transitioning flat directions.

It is interesting to ask whether the transition of a flat direction may “trigger”

the transitions of other flat directions, which presumably could extend the total

transition period. In §3.4.3, we discuss the different interactions in a flat sec-

tor, and classify under what conditions such a triggering may occur. In sum, in

the absence of non-holomorphic tri-linears that can induce negative contribu-

tions at either quadratic and linear order in the fields, triggering is potentially

possible through superpotential couplings between different flat directions. As

we discuss in §3.4.3, triggering is only possible if these superpotential operators

satisfy certain conditions.

In conclusion, we find that for small-field inflation with initially thermally

trapped flat directions, a mild fine-tuning of cI of an order of magnitude is suf-

ficient to extend the transition time to more than 50 e-folds for most flat direc-

tions, and for cI = 1, transitions can be expected during the first 12 to 22 e-folds

after the thermal potential has subdued — or equivalently, for the first 20 to 30

e-folds of inflation — for 4 ≤ n ≤ 12. Since cI is essentially constant in slow-roll

inflation, the number of transitions is bounded from above by the number of

fields in the flat sector that transitions.

Turning to the large class of small-field inflationary model in which the flat

directions are not thermally trapped at the onset of inflation, we first consider

the case where one or several of the flat directions initially have large vacuum

expectation values with ψi > ψ f . The relaxation of these fields will again result

in a ‘backreaction’ on the inflaton potential. Focusing on the period of slow-

roll inflation during which the inflaton φ is assumed to dominate the energy

density of the universe, the initial vevs of the fields are bounded from above
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by ψmax ∼ MPl

(
H

MPl

) 1
n−1 , as discussed in [97]. The potential is steeper for fields

transitioning from large vevs to ψ f , than for those transitioning from close to the

origin in field space, and consequently the period during which it is reasonable

to expect relaxation of flat directions is more limited. Also in this case, multi-

field effects such as “triggering” can be very important and may prolong the

period during which it is reasonable to expect condensates to develop, but the

details are highly model-dependent.

In general, an entire flat sector will transition at the onset of inflation: some

to the origin and some to the minimum ψ f (the magnitude of which may of

course differ between the different flat directions, since they can be lifted at dif-

ferent orders and are subject to different coupling constants), depending on the

sign of the respective cI’s. If all cI ≥ 1, and in the absence of multi-field effects,

these transitions will be over within the 20 first e-folds, from which it follows

that the backreaction on the inflaton during this period can be substantial. Since

multiple fields may transition simultaneously, the induction of “bumps” in the

inflaton potential is not at all unlikely at the early stages of inflation [125].

Large-field inflation

Let us now discuss the naturalness of observing transitions during large-field

inflation, by which we mean inflationary scenarios in which the inflaton field

excursion from the onset of inflation and until H ≈ mEW is of order MPl or larger.

Such models suffer more severely from the supergravity η-problem, and the

Affleck-Dine mechanism analogously requires a very special form of the Kähler

potential, as we will now discuss.
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An initially thermally trapped field will experience a thermal potential dur-

ing the first couple of e-folds of inflation after which the exponentially decreas-

ing temperature drops below HI , and the curvature induced masses become

important. After this point the fields may transition — just as in small-field

inflation — if the corresponding holomorphic bisectional curvature so permits.

However, crucially, the holomorphic bisectional curvature (and thereby cI), typ-

ically experience an O(1) variation over a field excursion of MPl. This is exem-

plified by the simplest possible model of the Affleck-Dine mechanism in super-

gravity, cf. equation (3.16), which successfully can be embedded in small-field

inflation, but not in large-field inflation.

For monomial potentials of the form m2φ2, the field excursion from the last 60

e-folds and until the inflaton settles down after reheating is a distance of 15 MPl

in field space. Thus, during this period it is perfectly natural to expect the value

of cI to change, possibly several times, and for the flat direction to make a num-

ber of excursions during inflation. In fact, since in this case transitions every 4

or so e-folds may occur, the Affleck-Dine fields will cause significant deviations

from a scale invariant primordial spectrum of fluctuations on all scales. Since

this is not observed, clearly cI cannot be a generic function of the inflaton vev

and the Kähler potential must be of some restricted form.

Similarly, if the flat directions are not thermally trapped at the onset of infla-

tion, transitions can be expected at any point during inflation.

We conclude that in large-field models the transitions of the Affleck-Dine

field are generically ubiquitous, however the non-observance of significant de-

viations from scale invariance in the primordial power spectrum is suggestive.

If the physics of the early universe was indeed governed by F-term large-field
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inflation, then B[φ, ψ] should be at least approximately constant, with or without

Affleck-Dine baryogenesis. This in turn requires — at least to a good approxima-

tion — the Riemann tensor to take the form6,

Rmn̄ab̄ = A K̃ab̄K̃mn̄ , (3.62)

evaluated at ψa = 0, as always. The scalar A is in general an inflaton depen-

dent function, but for B[φ, ψ] to be slowly varying over Planckian distances, A

should similarly be slowly varying and can, at least approximately, be treated

as a constant. In the simplified case of a single visible sector field, ψ, and a

single inflaton, φ, equation (3.62) is the Poisson equation in the flat φ-plane for

f (φ, φ̄) = ln K̃ψψ̄,

∇2
(φ) f (φ, φ̄) = AK̃φφ̄(φ, φ̄) . (3.63)

Denoting the Green’s function in the domain D of the φ-plane by G(φ, φ′), we

find that

f (φ, φ̄) = AK̃(φ, φ̄) − A
∮
∂D

ds′K̃(φ′, φ̄′)∂nG(φ, φ′) , (3.64)

where we have assumed that the Green’s function vanish on the boundary of

D. If K̃ can be made to vanish on ∂D by a suitable Kähler transformation, the

condition of approximately constant masses further simplifies to,

K̃ψψ̄(φ, φ̄) = eAK̃(φ,φ̄) . (3.65)

Similar equations can be derived for multiple visible sector fields, if the metric

K̃ab̄ has some special structure.

Motivated by the constant cI found in the string theory realizations of §3.2.2,

we can without any loss of generality write the full Kähler potential of the form
6Note however that Rab̄cd̄, and Rmn̄lk̄ are not necessarily proportional to the corresponding

metric-elements.
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K = −α ln U, where U is a real function of the visible and hidden sector fields

and α is a constant. In terms of this parametrization of the Kähler potential, the

relevant components of the Riemann tensor are

Rmn̄ab̄ =
1
α

K̃ab̄K̃mn̄ + Vab̄mn̄ , (3.66)

where

Vab̄mn̄ = −
α

U

(
Uab̄mn̄ −

(
U−1

)c̄d
Uac̄mUb̄dn̄

)
. (3.67)

Clearly, the tensor Vab̄mn̄ has to be either proportional to the product of the met-

rics on the moduli space, or vanish in order for the condition (3.62) to hold.

For example, in no-scale supergravity and Kähler potentials of the sequestered

form, α = 3 and Vab̄mn̄ vanish since the function U is separable, c.f. equation

(3.25). We discussed in §3.2.2 how these types of models indeed gives rise to a

constant holomorphic bisectional curvature, but do not allow for Affleck-Dine

baryogenesis. Indeed, for Vab̄mn̄ vanishing, successful Affleck-Dine baryogenesis

bounds the constant α from above,

α <


3
2 if m2

3/2 � H2

1 if m2
3/2 = H2 .

(3.68)

For a single visible sector field and a single inflaton, equation (3.65) imply that

Uψψ̄ is a constant and that the tensor Vψψ̄φφ̄ vanish if K̃ can be chosen to vanish

on ∂D.

3.4 Further Correlated Predictions

The holomorphic bisectional curvature appears in a number of different places

in the supergravity Lagrangian, and the geometric condition of the Affleck-Dine
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scenario discussed in §3.2.1 thus leads to a number of definite correlated predic-

tions for various couplings. In this section we discuss (classical) wave-function

renormalization, fermion terms, and couplings between multiple flat directions.

3.4.1 Wave-function normalization

The function cI of equation (3.13) determines the canonically normalized mass

of a flat direction, and thereby accounts for any changes in the metric on the

moduli space K̃ψψ̄. In the simplified model we used for numerical analysis in

§3.3.2 however, we assumed that the inflaton and flat direction were canonically

normalized throughout the relevant part of inflation, despite the fact that the

kinetic terms can be expanded as,1 − B[φ, ψ]
(
ψ

MPl

)2

−
1
4

B[φ, φ]
(

∆φ

MPl

)2 ∂µφ∂µφ∗ , (3.69)

1 − B[φ, ψ]
(

∆φ

MPl

)2

−
1
4

B[ψ, ψ]
(
ψ

MPl

)2 ∂µψ∂µψ∗ , (3.70)

where the bisectional curvatures are evaluated at some reference point φ0 along

the inflationary trajectory at which the fields are canonically normalized, and

∆φ = φ − φ0. This omission is well motivated: for small field inflation ∆φ � M2
Pl,

and the inflaton-dependent correction can be neglected, and while the transi-

tioning flat direction will induce a change in normalization for both the flat di-

rection itself and for the inflaton, this results in small changes in the parameters

of the inflaton potential and negligible changes in cI and λ for the flat direction.

For concreteness, in the model of §3.3.2 with potential given by equations (3.55)

and (3.56), the change in canonical normalization of the inflaton due to the tran-

sitioning field leads to a redefinition of the parameters of the inflaton potential
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of the form

V0 → V0 , (3.71)

V1 →

1 − B[φ, ψ]
(

H
MPl

) 2
n−2


− 1

2

V1 , (3.72)

V2 →

1 − B[φ, ψ]
(

H
MPl

) 2
n−2


−1

V2 . (3.73)

As a result, the inflaton potential for the canonically normalized field will ap-

pear slightly tilted after the transition of the flat direction. Nevertheless, the

effect of the field-redefinition is small for most values of n, which motivates the

omission of this effect in §3.3.2.

3.4.2 Fermion couplings

The Riemann tensor on the field space is well-known to appear in the quartic

fermion quartic couplings. The holomorphic bisectional curvature will thus nec-

essarily gives rise to an additional coupling between the visible sector fermions

(denoted χa), and fermions in the multiplet of some hidden sector field (denoted

χm),

1
√
−g
L = −

1
4

(
1

M2
Pl

Kmn̄Kab̄ + 2Rab̄mn̄)χmχ†n̄χaχ†b̄

= −
1

4M2
Pl

[
1 − 2B(φ, ψ)

]
K̃φφ̄K̃ψψ̄χ

φχ†φ̄χψχ†ψ̄ ,

(3.74)

for non-canonically normalized fields. In the last step of equation (3.74), we

have again specialized to a single flat direction and a single inflaton. However,

even though the holomorphic bisectional curvature predicted by the Affleck-
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Dine mechanism changes the numerical value of this coupling, it is hardly im-

portant for the physics of the early universe.

For completeness as well as for the potential embeddings of fermionic pre-

heating in a complete supergravity model, the masses of the flat direction

fermions receive contributions from both supersymmetric and supersymmetry

breaking sources during inflation, which for the non-canonically normalized

field is given by,

mψa = eK/2M2
PlDψDψW . (3.75)

At vanishing vev of ψ, its fermionic partner is massless, while for a displaced

flat direction with vacuum expectation value ψ f , the mass is to leading order in
ψ f

MPl
given by,

mψ = K̃ψψ̄

[(
W
|W |

m3/2 − k1

√
H2 + m2

3/2

)
K̃ψψ̄(

ψ∗f

MPl
)2

+ k2

√
H2 + m2

3/2K̃ψψ̄|
ψ f

MPl
|2
]
, (3.76)

where

k1 =
√

3M3
Pl

Fφ

|Fφ|

(
K̃φφ̄

)1/2 (
K̃ψψ̄

)2
∂φK̃(2,2)

ψψ̄ψψ̄
, (3.77)

and,

k2 =
√

3M3
Pl

Fφ

|Fφ|

(
K̃φφ̄

)1/2 (
K̃ψψ̄

)3
K̃(2,2)
ψψ̄ψψ̄

∂φK̃ψψ̄ . (3.78)

The mass of the canonically normalized fermion is therefore of the order of

H
(

H
MPl

) 2
n−2 during inflation.

After inflation, once H ' m3/2 ' mEW , the mass of the flat direction fermion is

of the order of m3/2

(
m3/2

MPl

) 2
n−2
� m3/2.
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3.4.3 Consequences for multi-field dynamics

Any supersymmetric extension of the Standard Model will involve many renor-

malizably flat directions — in the MSSM they add up to hundreds — and the

Affleck-Dine mechanism is consequently concerned with a multi-field system.

In this section we survey the leading couplings between different flat directions

with a particular focus on the interactions in multi-dimensional flat sectors, as

well as the possibility of a developing Affleck-Dine condensate “triggering”

a transition of other flat directions. We discuss how triggering may proceed

through superpotential interactions or through the supergravity induced non-

holomorphic tri-linear C-term.

To avoid unnecessary cluttering, we will in this section assume that eK̃/M2
Pl ' 1

and that all fields are canonically normalized. It is not hard to generalize the

following equations to the more general case.

Interactions induced by the renormalizable superpotential

While any flat direction per definition is F- and D-flat in global, Minkowski,

supersymmetry with respect to the renormalizable superpotential, this does not

mean that all flat directions can simultaneously obtain large vacuum expecta-

tion values. The renormalizable superpotential introduces interactions between

different flat directions, and the presence of a condensate can significantly re-

strict the number of dynamically interesting fields.

For example, in the MSSM both the Ψ2
1 = HuHd operator and the Ψ3

2 = L1L3e1

operator correspond to supersymmetric flat directions. The lepton Yukawa cou-
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pling,

W ⊃ λi j
e HdLie j , (3.79)

gives rise to an F-term for Lαi , (here α is an S U(2) index and i a flavor index),

which in global supersymmetry is given by,

FLαi = Hα
d ei = 0 , (3.80)

where invertibility of the lepton Yukawa matrix has been assumed. Clearly,

simultaneous vacuum expectation values of Ψ1 and Ψ2 give rise to a non-

vanishing F-term.

In general, the renormalizable superpotential contains couplings between

different flat directions of the form,

W ⊃ λΨ1Ψ
2
2 , (3.81)

which, in the globally supersymmetric scalar potential, results in a quartic cou-

pling of the form

V(ψ1, ψ2) ⊃ 4|λ|2|ψ1|
2|ψ2|

2 . (3.82)

If either of the fields transitions to a magnitude of ψ f , as in equation (3.4),

the other will obtain a mass-squared of the order of

|λ|2M2
Pl

(
H

MPl

) 2
n−2

= |λ|2H2
(MPl

H

) n−4
n−2

, (3.83)

where λ denotes to the relevant Yukawa coupling. For small n, and for the

smaller of the Yukawa couplings, this contribution of the mass is much smaller

than the Hubble constant during inflation, and thus a subleading contribution

to the total mass of the flat direction, while for larger n and for Yukawa cou-

plings λ & 10−3, it can lead to induced masses of the order of Hubble or larger.
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In the former case, we would regard the fields to belong to the same flat sec-

tor with respect to the renormalizable superpotential, while in the latter case

they would belong to different sectors. To our knowledge, there is no complete

classification of simultaneous flat directions, however see [106, 105] for some

interesting special cases.

Order-n A-terms

The most important contribution from the non-renormalizable superpotential

terms of the form (3.9) is to generate the stabilizing term proportional to |ψ|2n−2

in the scalar potential, as well as the order-n A-term, as in (3.3). In supergravity,

the A-term arises from contributions to the scalar potential of the form

VF ⊃
1
n

( ˜̄Fφ̄K̃φφ̄(Dφλ)M3
Pl − 3λ

W̃∗

|W̃ |
m3/2M3

Pl

) (
ψ

MPl

)n

=
1
n

(√
3(H2 + m2

3/2)
˜̄Fφ

| ˜̄Fφ|
Dφλ − 3λ

W̃∗

|W̃ |
m3/2M3

Pl

) (
ψ

MPl

)n

. (3.84)

where we have specialized to a single hidden sector field and neglected higher

order terms in Kähler potential of type K̃(n,0) contribute with H
MPl

suppressed cor-

rections to the coupling (3.84).

Triggering

More interesting are the contributions to the non-renormalizable superpotential

that mix different flat directions, as in equation (3.9). Cross-couplings between

flat directions in the same sector can be present at order k > 3. For concreteness,

suppose that the field ψ1 appears at quadratic order in a contribution to the

141



superpotential at order k which couples it to a second flat direction ψ2, i.e.

W ⊃
λ(k)

k
M3−k

Pl Ψ2
1Ψ

k−2
2 . (3.85)

If ψ2 obtains a vev of the order of ψ f , then the resulting mass-squared for the

field ψ1 will obtain a positive definite contribution of the form,

|λ(k)|2H2
(
2
k

)2 (
H

MPl

) 2(k−n)
n−2

. (3.86)

The superpotential coupling (3.85) also gives rise to an order-k holomorphic A-

term in the scalar potential of the type (3.84). After ψ2 condenses, this coupling

will schematically contribute to the ψ1 mass with,

|λ(k)|

k
H

√
H2 + m2

3/2

(
H

MPl

) k−n
n−2

cos(β) , (3.87)

The angle β depends on the phases of ψ1, ψ2 and Dφλ
(k), and — in the absence

of other contributions to the mass of ψ1 — the cosine dependence of (3.87) will

cause two tachyonic directions to open up in the ψ1 plane, under the condition

that

1
k
|λ(k)|

(
H

MPl

) k−n
n−2

/ 1 . (3.88)

For k < n, this equation requires fine-tuning of the coefficient λ(k) to be satisfied,

and triggering due to condensation does not appear to be generic. For k > n on

the other hand, equation (3.88) only imposes mild restrictions on the value of λ(k)

to be satisfied. In this case however, the magnitude of the tachyonic contribution

to the mass in equation (3.87) is suppressed with respect to H2, and may not

render the total mass-squared negative.

“C-terms”

The phenomenological potential (3.3) gives a clear view of the dominant effect

for Affleck-Dine baryogenesis involving a single field. For multiple fields how-
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ever, there are more terms that potentially can produce interesting effects. In

particular, the nontrivial Kähler potential can induce terms at all orders, and

thus introduce operators with a much lower dimension than those originating

from the superpotential. For flat directions, the lowest dimensional contribu-

tions of this sort arise at cubic order, in terms of the non-holomorphic tri-linears

sometimes called “C-terms” [10],

VF ⊃
1
2

c(2,1)
abc̄ ψaψbψ∗c̄ + c.c. . (3.89)

As we will see, C typically is of the order H H
MPl

, and the C-term gives rise to a

mass term of the order of

H2
(

H
MPl

) 1
n−2

, (3.90)

for a flat direction appearing quadratically in the C-term, coupling to another

flat direction that is lifted at order n with vev given by (3.4). On the other hand,

a field appearing linearly in the C-term may experience a linear instability of the

order of

H2MPl

(
H

MPl

) 2
n−2

, (3.91)

if the other field appearing in the C-term have condensed.

This type of non-holomorphic — sometimes called “maybe soft” — tri-

linears are severely restricted by gauge invariance and R-parity [10]. For in-

stance, in terms of the ordinary MSSM fields, the only operators of this form are

[140]

Q̃ũH∗d , Q̃d̃H∗u , L̃ẽH∗u . (3.92)

To assess the importance of these operators, we first note that all the C-terms

involve a Higgs field and thus couples the only two flat directions including

143



the Higgs fields, HuHd and HuLi, to operators involving squarks or sleptons.

For the HuHd direction, F-flatness of the renormalizable superpotential requires

both Q̃i = 0 and ẽi = 0, thus enforcing the vanishing of all C-terms coupling to

the HuHd-direction. In other words, for the HuHd operator, the C-terms lift no

directions that are not also lifted by the renormalizable superpotential.

The HuLi direction is simultaneously F-flat with some operators of the form

LiL jek, and studying this sector in detail — including the possibility of a non-

vanishing C-term — could be very interesting.

The supergravity induced C-terms can easily be given a geometric interpre-

tation, since when phrased in terms of the covariant fluctuation obtained by the

background field method, explained in [141], they are given by

ĉ(2,1)
abc̄ =

2
3

(∇a∇b∇c̄VF + ∇a∇c̄∇bVF + ∇c̄∇a∇bVF) =

= 2
(
∇3

abc̄ −
1
3

RB
ac̄b∇B

)
VF

= −2eK̃
(
Fm̄F̄n∇aRm̄nc̄b +

1
3

Rac̄bm̄(K̃mm̄F̄ lDmFl + Fm̄W̄)
)
, (3.93)

whereDmFl = ∂mFl + KmFl − Γ
p
mlFp, all in natural units.

Since, by gauge and R-parity invariance, there is no allowed cubic self-

interaction from the C-terms in the MSSM for any flat direction, we have

ĉ(2,1)
ψψψ̄

= 0 . (3.94)

The three terms contributing to ĉ(2,1)
ψψψ̄

in (3.93) are in general independent func-

tions of the inflaton which (depending on the inflationary scenario) may even be

of different orders of magnitude, and we will not consider the case when there

are nontrivial cancellations between them. It then follows that each term has to
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cancel separately so that at vanishing vev of the flat direction, ψ = 0,

Rψψ̄ψφ̄ = 0 , (3.95)

and the relevant holomorphic bisectional curvature is covariantly constant

along the flat direction,

∇ψB[φ, ψ] = 0 . (3.96)

Quartic interactions

Finally, the quartic interactions couple all flat directions to each other and gener-

ically gives rise to contributions to the squared masses of a flat direction of the

order of

H2
(

H
MPl

) 2
n−2

, (3.97)

in the background of another condensed flat direction, stabilized at order n in

the superpotential. In case a given flat direction is not stabilized by any non-

renormalizable operator in the superpotential, the quartic self-interactions will

stabilize the condensate to a vev of the order of MPl.

The quartic scalar couplings for the covariant fluctuations, ψ̂a,

VF ⊃
1
4
λab̄cd̄ψ̂

aψ̂b̄ψ̂cψ̂d̄ , (3.98)

are given by the symmetrized covariant derivative 1
3!∇

4
(ab̄cd̄)

VF , which can be

written in natural units as,

λab̄cd̄ = eK̃
[ (

FmF̄m − |W |2
)

K̃b̄{aK̃c}d̄ + F̄mF n̄(KAĀRmn̄cĀRAb̄ad̄ − KAĀRmn̄Ad̄RĀab̄c

+ KAĀRmĀ{ad̄RAn̄c}b̄ − K{ab̄Rmn̄c}d̄ − K{ad̄Rmn̄c}b̄ − ∇
2
b̄aRmn̄cd̄

)
− Rab̄cd̄|W |

2

− WF̄n∇aRnd̄cb̄ − W̄F n̄∇b̄Rn̄ad̄c

]
(3.99)
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where braced indices are symmetrized (i.e, T{ab}... = Tab... + Tba...), and capital

letters run over both the visible and hidden sectors. For a single inflaton and a

canonically normalized flat direction, the expression simplifies to

λψψ̄ψψ̄ = 6H2
(
(1 + B[φ, ψ])2 +

1
2
∇2
|ψB[φ, ψ]

)
− 2m3/2Re

(
W
|W |

F̄φ∇ψRφψ̄ψψ̄

)
+ m2

3/2

(
6 (1 + B[φ, ψ])2

− 2 + 3∇2
|ψB[φ, ψ] + B[ψ, ψ]

)
, (3.100)

after using (3.95) and (3.96). Here ∇2
|ψB[φ, ψ] = K̃ψψ̄∇2

ψψ̄
B[φ, ψ]. Evidently, the

quartic interaction term depends on the holomorphic bisectional curvature, and

thus provide a nontrivial correlation of the scenario.

3.5 Conclusions

The generation of the observed baryon asymmetry is one of the outstanding

problems of twentieth century physics which remains unsolved a decade into

the twenty-first century. Fortunately, as cosmological observations continue to

become ever more exact, one may ask to what extent the rise of precision cos-

mology can help solve the question of baryogenesis.

In this Chapter, we have explored a prediction of a sub-class of Affleck-Dine

scenarios, in which a flat direction transitions from a small vev to a larger vev

during the period of inflation when cosmological scales left the horizon. In this

case, we found that the near scale invariance of the cosmic microwave back-

ground places severe restrictions on the nature of the flat direction.

A two-field system with a transitioning flat direction can be modeled — at

least as a rough, first approximation — as a single-field model with a step in the

potential. Since the temperature spectrum of the CMB appears to favor a largely
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featureless inflaton potential, observations of the temperature anisotropies im-

pose strong constraints on the location, the size and the width of any step ap-

pearing in the inflaton potential. Interestingly, the ΛCDM cosmological model

with a step located at a specific position in the inflaton potential can improve

the fit to WMAP data by a marginally significant amount.

In the sub-class of models considered in §3.3, the corresponding constraints

on the size and width of the step can be interpreted as constraints on the pa-

rameters of the transitioning flat direction, namely the dimension at which the

flat direction is lifted in the superpotential, n, and the holomorphic bisectional

curvature between the inflaton and the flat direction, denoted B[φ, ψ], which

determines the (tachyonic) mass of the flat direction at the origin in field space.

In the toy model considered in §3.3.2 with a Hubble parameter during infla-

tion given by H ' 10−6 MPl, no flat direction with a tachyonic mass in the range

−H2

2 and −2H2 and n in the range from 4 to 12 could produce a step in the infla-

ton potential of the size and width included within the 68% confidence region

of the best-fit value. This suggests that transitioning flat directions during infla-

tion can be severely constrained by CMB data. However, our analysis in §3.3.2

should be regarded as a first step towards a better understanding of the cosmo-

logical predictions of this sub-class of Affleck-Dine models, and a full analysis,

like the one of [124, 125] done in the context of multiple inflation would be very

interesting to pursue for a broader range of inflationary models.

Future precision cosmology observations of the E-mode spectrum and, pos-

sibly, of a non-vanishing non-Gaussianity of the temperature anisotropies will

determine the nature and significance of the features in the temperature spec-

trum responsible for the improved fit for a potential with a step. Either outcome
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will provide important information about the naturalness of the Affleck-Dine

scenario. Since observations of non-Gaussianities can potentially serve to dis-

criminate between a single-field model with a step and a multiple-field model

with a transitioning flat direction (see e.g. [135, 133]), it would certainly be in-

teresting to study the non-Gaussianities produced by a transitioning field in a

variety of inflationary models.

From the point of view of string phenomenology, the Affleck-Dine mecha-

nism is a particularly attractive scenario for the generation of the baryon asym-

metry. By being sensitive to Planck-suppressed operators whose structure are

dictated by the string theory realization, the mechanism can potentially provide

clean information about the coupling between the visible sector and the infla-

tionary sector. For instance, if the Affleck-Dine mechanism indeed is responsible

for the observed baryon asymmetry, then it immediately follows that the early

universe cannot be described by brane inflation together with a sequestered vis-

ible sector, as we have discussed in §3.2.2.

In this Chapter, we have also elaborated on the possibility of extracting cor-

related prediction from the nontrivial structure of N = 1 supergravity. In par-

ticular we have discussed fermion couplings, multi-field couplings and higher-

order Planck-suppressed interaction terms, which are completely or partially

correlated with the magnitude of the tachyonic mass of the flat direction at the

origin in field space through the holomorphic bisectional curvature that appear

repeatedly in the supergravity Lagrangian.

An attractive feature of the Affleck-Dine mechanism is that it not only solves

the problem of baryogenesis, but that it appears to provide a robust frame-work

for production of dark matter and for explaining the approximate coincidence
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of the dark matter and the baryon densities. If supersymmetry is relevant for the

description of our universe, then the Affleck-Dine mechanism could very well

play a key role in the unification and solution of several cosmological problems.
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CHAPTER 4

THE WASTELAND OF RANDOM SUPERGRAVITIES

4.1 Introduction

Perhaps the most pressing question in string theory is whether the theory ad-

mits solutions consistent with all observations. In light of the discovery of the

acceleration of the universe, it is essential to pursue de Sitter solutions of string

theory, and to understand whether these solutions are so numerous that they

can account for the smallness of the vacuum energy. After a decade marked

by significant advances in understanding flux compactifications [142], there is

now compelling, but still largely indirect, evidence for the existence of a vast

landscape of metastable de Sitter vacua. Direct enumeration of explicit de Sitter

vacua remains a distant goal.

The cardinal difficulty in constructing de Sitter solutions is that in the ab-

sence of supersymmetry, the scalar potential can have instabilities along one or

more directions in the scalar field space. When the number of fields is large

– which is both generic in Calabi-Yau flux compactifications, and indispensable

for providing an astronomical number of vacua – direct examination of the Hes-

sian matrix of the scalar potential becomes impractical. This impasse motivates

a statistical approach, in which the compactification data are taken to be random

variables.

As a metastable vacuum is a critical point of the scalar potential at which

the Hessian matrix is positive definite, it is natural first to ascertain the statis-

tical properties of general critical points, and then to characterize the subset of
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critical points that are in fact metastable vacua. In the seminal work [33], Denef

and Douglas formulated this problem for a general four-dimensional N = 1

supergravity theory, taking the superpotential W and Kähler potential K to be

random functions, in a precise sense that we shall review. Denef and Douglas

studied the eigenvalues of the Hessian matrix H and argued that a significant

fraction of critical points are metastable vacua.

In this work we reexamine the stability of de Sitter critical points in a gen-

eral four-dimensional N = 1 supergravity. Our tool is random matrix theory:

H is a large matrix, and a great deal can be said about its eigenvalue spectrum.

Moreover, given an ensemble of random matrices that typically have negative

eigenvalues, the Tracy-Widom theory of fluctuations of extreme eigenvalues al-

lows one to compute the probability of drawing a positive-definite matrix from

the ensemble [143]. The key phenomenon is eigenvalue repulsion: a large fluc-

tuation through which all eigenvalues become positive generally requires an

increase in the local eigenvalue density, which is statistically costly.

We obtain results that depend on the relative sizes of the soft

supersymmetry-breaking masses and the supersymmetric masses. At a generic

critical point, the supersymmetric masses are not hierarchically larger than the

soft masses, and supersymmetry provides negligible protection from instability.

We develop a random matrix model for H and obtain an analytic expression

for its eigenvalue spectrum. The spectrum has considerable support at negative

values, so that tachyons are generic. Building on extensions of the Tracy-Widom

theory due to Dean and Majumdar [39, 40], we then argue that the probability

P of a fluctuation renderingH positive-definite is

P ∝ exp(−c N p) , (4.1)
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at leading order in large N, where N is the number of complex scalar fields,

and c, p are constants, with p ≈ 1.5. This is qualitatively similar to the original

results of Aazami and Easther [144], who obtained p ≈ 2 in a simpler model of

the Hessian matrix. We conclude that an exceedingly small fraction of generic

critical points are metastable.

The more promising regime, as stressed by Denef and Douglas, is that in

which approximate supersymmetry protects against instabilities. When the soft

masses are small compared to the supersymmetric masses, the only significant

risk of an instability arises from the direction parameterized by the scalar su-

perpartner of the Goldstino,1 and we show that at a critical point that is generic

apart from this requirement of approximate supersymmetry, there are almost al-

ways two tachyons. We identify a negative-definite contribution to these eigen-

values that is a manifestation of eigenvalue repulsion between the Goldstino

directions and the supersymmetrically-stabilized scalars. The eigenvalue re-

pulsion contribution is dominant at large N, so that it is extremely improbable

that both eigenvalues fluctuate to become positive: the probability of positivity

again takes the form (4.1), but now with p ≈ 1.3.

Although our results clearly demonstrate that an exponentially small

fraction of the critical points of a generic random supergravity theory are

metastable, this finding in no way precludes the existence of a landscape of

metastable de Sitter vacua. First of all, the actual number of metastable vacua

can be extremely large – and in particular, larger than 10120 – while still be-

ing exponentially small compared to the number of critical points. Second, our

analysis applies when K and W are generic functions of all of their arguments.

A well-motivated configuration violating this assumption is a theory involving

1For extensive investigations of this unstable direction, see [145].
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two decoupled sectors, containing NH and NL scalar fields, respectively. If the

NH fields receive large supersymmetric masses and dynamical supersymmetry

breaking occurs at a lower scale in the sector containing NL fields, then the dom-

inant factor in the number of critical points can be exponential in NH, while the

fraction of critical points that are unstable is proportional to exp(−cN p
L). Thus,

for NH � NL our findings yield only a modest reduction in the number of vacua.

The organization of this Chapter is as follows. In §4.2 we set our notation

and review the structure of the Hessian matrix H at a critical point in a gen-

eral four-dimensional N = 1 supergravity, following [33]. In §4.3 we introduce

the ideas from random matrix theory that are essential in this work, review-

ing the relevant ensembles and assembling results from the theory of fluctua-

tions of extreme eigenvalues. In §4.4 we apply these methods to study H at

a generic critical point. We compute the eigenvalue spectrum analytically and

obtain the probability of a large fluctuation that renders H positive-definite. In

§4.5 we study H at an approximately-supersymmetric critical point. We show

that eigenvalue repulsion typically leads to two negative eigenvalues associated

to the Goldstino, and we again compute the probability of a fluctuation to pos-

itivity. In §4.6 we discuss extensions of our assumptions, and we illustrate our

results in the KKLT scenario. We conclude in §4.7.

4.2 Critical Points in N = 1 Supergravity

In this section we will discuss the form of the critical point equation, and de-

scribe the structure ofH at a critical point, in a general four-dimensional N = 1

supergravity. In §4.2.1 and §4.2.2 we closely follow the work of Denef and Dou-
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glas [33], reviewing how the critical point equation can be written as an eigen-

value equation, and we establish notation for the different contributions to the

Hessian matrix. Then, in §4.2.3, we give a precise definition of a random super-

gravity, whose critical points will be the object of study in §4.4 and §4.5.

The F-term potential in an N = 1 supergravity with N chiral superfields is

given by

V = eK
(
FaF̄a − 3|W |2

)
, (4.2)

with a = 1, . . .N, in units in which 8πG ≡ M−2
Pl = 1. Here F̄a = Kab̄F̄b̄ = Kab̄D̄b̄W,

where Da is the Kähler covariant derivative, DaW = ∂aW + KaW, and Kab̄ is the

Kähler metric. We will use the shorthand FaF̄a ≡ F2.

We consider a set of critical points {q}, satisfying

∂aV |q = eK
(
Da(Fb)F̄b − 2FaW

)
= 0 . (4.3)

Here and henceforth Da denotes the appropriate Kähler and geometrically co-

variant derivative. At any given point q the scalar potential can be simplified by

specifying the Kähler gauge such that 〈K〉q = 0 and performing an appropriate

coordinate transformation such that Kab̄|q = δab̄.

4.2.1 Matrix form of the critical point equation

The critical point equation (4.3) can be written as an eigenvalue equation of a

particular Hermitian matrix,M, formed from the second covariant derivatives

of the superpotential [33]. Defining

Zab ≡ DaFb , (4.4)
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and with ϑW ≡ Arg(W), equation (4.3) can be expressed as

MF̂ = 2|W |F̂ , (4.5)

where

M =

 0 e−iϑW Zab

eiϑW Z̄āb̄ 0

 , (4.6)

and the 2N-dimensional vector F̂ is given by

F̂ =

 e−iϑW F b̄

eiϑW F̄b

 . (4.7)

The eigenvalues of M come in real pairs with opposite signs, ±λa, with λa ≥ 0

and a = 1, . . . ,N. Thus, at any critical point,M must have an eigenvalue equal

to 2|W |, and the vector F̂ must be proportional to the corresponding eigenvector.

In §4.3.1 we will discuss the spectrum of eigenvalues ofM.

4.2.2 Structure of the Hessian matrix

For a critical point q to be a metastable vacuum, the eigenvalues of the Hessian

matrix of the scalar potential evaluated at q must all be positive. Denoting Uabc =

DaDbFc , and writing the curvature of the field space2 in terms of the partial

derivatives of the Kähler potential as Rab̄cd̄ = δa f̄ ∂cΓ̄
f̄
b̄d̄

= Kab̄cd̄ − K e
ac Kb̄d̄e, the

bosonic mass matrix can be written

∂2
abV = UabcF̄c −WZab , (4.8)

∂2
ab̄V = δab̄

(
F2 − 2|W |2

)
− FaF̄b̄ − Rab̄cd̄F̄cF d̄ + Z c̄

a Z̄b̄c̄ , (4.9)

2Our sign convention differs from that of [33].
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where indices are raised and lowered with δab̄. The Hessian matrix H is thus

given by

H =

 ∂
2
ab̄

V ∂2
abV

∂2
āb̄

V ∂2
ābV

 (4.10)

=

 Z c̄
a Z̄b̄c̄ − FaF̄b̄ − Rab̄cd̄F̄cF d̄ UabcF̄c − ZabW

U āb̄c̄F c̄ − Z̄āb̄W Z̄ c
ā Zbc − FbF̄ā − Rbācd̄F̄cF d̄

 +

+ 1

(
F2 − 2|W |2

)
, (4.11)

where 1 denotes the 2N × 2N unit matrix. The Hessian matrix is most conve-

niently analyzed in a ‘Goldstino’ basis in which Fa = δ 1
a FeiϑF . In this basis the

critical point equation (4.5) can be written

Z11 = 2|W | ei(2ϑF−ϑW ) , Z1a′ = 0 , (4.12)

while the components Za′b′ remain unconstrained for a′, b′ = 2, . . . ,N. The Hes-

sian matrix can be decomposed into constituent matrices as follows:

H = Hsusy +Hpure +HK(4) +HK(3) +Hshift , (4.13)

where

Hsusy =

 Z c̄
a Z̄b̄c̄ 0

0 Z̄ c
ā Zbc

 , (4.14)

Hpure =

 0 Uab1F̄1 − ZabW

U āb̄1̄F 1̄ − Z̄āb̄W 0

 , (4.15)

HK(4) = F2

 −Kab̄11̄ 0

0 −Kbā11̄

 , (4.16)

HK(3) = F2

 K e
a1 Kb̄1̄e 0

0 K ē
ā1̄

Kb1ē

 , (4.17)

Hshift = 1

(
F2 − 2|W |2

)
− F2δ 1

a δ
1̄

b̄ − F2δ 1̄
ā δ

1
b . (4.18)
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A few remarks are appropriate at this point. First, Hsusy and HK(3) are positive

semidefinite. Second, the mass scale msusy of the supersymmetric masses is set

by the eigenvalues of Hsusy, and can be larger or smaller than the scale F that

determines the soft supersymmetry-breaking masses. The ratio F/msusy (recall

that we have set MPl = 1) has a significant effect on stability. In §4.4 we will

study generic critical points, at which3 F ∼ msusy, and in §4.5 we will consider

‘approximately-supersymmetric’ critical points at which F � msusy.

In §4.3, we will explain how the constituent matrices ofH given in equations

(4.14)-(4.18) can be identified as — or well-approximated by — elements of clas-

sical random matrix ensembles with well-known emergent eigenvalue spectra

at large N. The distribution of the eigenvalues of the Hessian matrix can then

be obtained as the free convolution [146] of the eigenvalue distributions of the

constituent matrices, just as the distribution of a scalar random variable that

is the sum of terms with known distributions can be obtained by the ordinary

convolution of the constituent probability density functions.

4.2.3 Defining a random supergravity

To proceed further, we must specify the statistical properties of the entries of

the matrices (4.14)-(4.18) constituting the Hessian matrix H . Our fundamental

assumption — consistent with that of [33] — is that the components of ten-

sors formed by covariant differentiation of W and K are independent, identically

distributed (i.i.d.) variables drawn from some statistical distribution Ω. We will

occasionally abbreviate this by saying that W and K are random functions. Note

that this assumption is quite different from taking the entries of H itself to be
3See Appendix B.1 for a discussion of the distribution of F/msusy in the set of all critical points.
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i.i.d. variables drawn from a distribution Ω, which omits the structure and cor-

relations implicit in (4.13).

We will use Ω(µ, σ) to denote a complex4 distribution whose magnitude has

mean µ and standard deviation σ, with a uniform distribution for the phase.

In §4.6.1 we explain that as a consequence of the well-known phenomenon of

universality in random matrix theory, the precise choice of Ω is immaterial, pro-

vided that the higher moments of Ω are appropriately bounded.

The Kähler potential and its derivatives

Suppose we took the Kähler potential to be a random function such that in a

generic coordinate basis,

Kab̄|q ∈ Ω(0, 1) . (4.19)

Performing an orthogonal rotation to diagonalize Kab̄|q, the resulting eigenval-

ues will generically be of order N (see §4.3 for details), and the GL(N,C) transfor-

mation required to achieve Kab̄ = δab̄ involves rescaling by factors of order N. To

avoid performing this rescaling in all terms involving K, we find it convenient

to take

Kab̄|q ∈ Ω(0, 1√
N
) . (4.20)

Then, the GL(N,C) transformation leading to Kab̄ = δab̄ does not involve any N-

dependent rescalings. More generally, the choice Ω(0, 1√
N
) is convenient because

the random matrix eigenvalue spectra presented in §4.3 then have support in

the same domain for all N.

Next, we need to specify the properties of Kab̄c and Kab̄cd̄ at q, in the basis

4The diagonal elements of Hermitian matrices will of course be real.
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in which Kab̄ = δab̄. Ideally, the statistics of these objects would follow from a

theory of general Kähler metrics (see e.g. [147] for a very recent discussion of

related issues), but for our purposes it will suffice to stipulate that the Kähler

potential K is a random function of its arguments, in the sense described above.

Then, Kab̄c and Kab̄cd̄ do not take a special form in the basis in which the metric

is diagonalized, and imposing the critical point equation (4.5) does not change

this situation. In the ‘Goldstino’ basis in which Fa = δ 1
a F eiϑF at q, we have

Kab̄|q = δab̄ , (4.21)

Kab̄1|q ∈ Ω(0, 1√
N
) , (4.22)

Kab̄11̄|q ∈ Ω(0, 1√
N
) . (4.23)

The assumptions (4.22),(4.23) are well-motivated for general Kähler mani-

folds, but we note that there are interesting exceptions, including the special

geometry of the vector multiplet moduli space inN = 2 supergravity, for which

the curvature tensor is given by

Rab̄cd̄ = Kab̄cd̄ − K e
ac Kb̄d̄e = Kab̄Kcd̄ + Kad̄Kcb̄ − e2KK pq̄FacpF̄b̄d̄q̄ , (4.24)

where F is the prepotential. Repeating the analyses of §§4.4,4.5 with the special

geometry relationship (4.24) is straightforward, and we find a decreased likeli-

hood of stability compared to the more general assumptions (4.22),(4.23) that

are used throughout this work.

The superpotential and its derivatives

Turning now to the superpotential and its derivatives, we begin with a warmup

in global supersymmetry. Fixing a point q in field space and working with
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canonically-normalized fields φA, A = 1, . . .N, we may write W in the form (mo-

mentarily restoring factors of the Planck mass for clarity)

W = M3 w(φ1/MPl, . . . , φN/MPl) , (4.25)

where M is a mass scale. Our assumption is that w is a random function of its

dimensionless arguments xA ≡ φA/MPl, so that

∂w
∂xA

∣∣∣∣
q
∈ Ω(µ, σ) ,

∂2w
∂xA∂xB

∣∣∣∣
q
∈ Ω(µ, σ) , (4.26)

etc. At a typical point the various derivatives of the superpotential will be of

the same order of magnitude, set by the physical effect responsible for the su-

perpotential. (For example, in type IIB flux compactifications, the sizes of the

superpotential and its derivatives are set by the flux scale.) However, atypical

points will play an important role in §4.5: it can happen that the superpotential,

as well as its first derivative Fa, are small compared to higher derivatives. The

result is a significant change in the stability criteria [33].

In supergravity, the relevant expansion around q is in (Kähler and geometri-

cally) covariant derivatives of the superpotential. We take

Fa ≡ DaW ∈ msusy Ω(0, 1√
N
) , (4.27)

Zab ≡ DaDbW ∈ msusy Ω(0, 1√
N
) , (4.28)

Uabc ≡ DaDbDcW ∈ msusy Ω(0, 1√
N
) . (4.29)

We will assume that supersymmetry is spontaneously broken by an F-term;

for a discussion of the possible effects of D-term energy (cf. [33]), see §4.6.3. The

requirement of nonnegative vacuum energy then becomes

F ≥
√

3|W | , (4.30)

160



so that in particular, |W | . O(F). It is useful to define

ω2 ≡
3|W |2

F2 , (4.31)

so that V = F2(1 − ω2), and equation (4.30) translates to ω ≤ 1. The stability

properties of critical points depend on ω, so we will repeat our analysis for a

collection of fixed values of ω ∈ [0, 1]. Thus, |W | is determined in terms of F and

ω. For more details on this point, see Appendix B.1.

We can now construct a model of a random supergravity by drawing Fa, Zab,

Uabc, K(3)
ab̄c

, and K(4)
ab̄cd̄

independently from the distributions specified above, at

each point q. As we are primarily interested in critical points, we should study

the set of points {q} subject to the critical point equation (4.5). Such points are not

completely generic: equation (4.5) enforces a particular correlation between Zab,

W, and Fa, as reviewed in the discussion following equation (4.5). Following

[33], we will carefully incorporate the restriction implied by equation (4.5).

4.3 Random Matrix Theory for Supergravity

In this section we will briefly review a few important concepts and results from

random matrix theory, in order to make our analysis more self-contained. An

accessible and fairly recent introduction can be found in [148]; see also the text

by Mehta [149].
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4.3.1 Classical ensembles

A foundational idea in random matrix theory is that given only limited statis-

tical information about the entries of a diagonalizable N × N matrix, for large

N one can make incisive statements about the statistical properties of the eigen-

values. For our purposes, the properties of principal interest are the eigenvalue

spectrum for a typical matrix, and the probability of a large fluctuation of the

smallest eigenvalue.

We begin by reviewing the ensembles relevant for this work.

The Wigner ensemble

One of the simplest and best-known ensembles of random matrices is the Wigner

ensemble of Hermitian matrices, also referred to as the Gaussian Unitary Ensem-

ble [150, 151, 152]. Elements of this ensemble, which we refer to as Wigner

matrices, are N × N Hermitian matrices M given by

M = A + A† , (4.32)

where Ai j for i, j = 1, . . . ,N are i.i.d. variables drawn from Ω(0, σ), and the dagger

denotes Hermitian conjugation.

The measure on the space of matrices is

dP(M) =
∏

1≤i≤ j≤N

f (Mi j) dMi j , (4.33)

where f (Mi j) denotes the probability density of observing Mi j. For normally-

distributed entries of M, the joint probability density of the eigenvalues
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λ1, . . . , λN is obtained by a unitary change of coordinates,

f (λ1, . . . , λN) = C exp
(
−

1
σ2

N∑
i=1

λ2
i + 2

N∑
i< j

ln|λi − λ j|
)
, (4.34)

where C is an N-dependent normalization constant. As conceived in the famous

work of Dyson [153], this joint probability density can be given a physical in-

terpretation in terms of a one-dimensional Coulomb gas of N charged particles

executing Brownian motion under the influences of a confining quadratic poten-

tial and of mutual electrostatic repulsion. This physical picture has proved to

be very fruitful in deriving exact results for a variety of properties of the eigen-

value spectrum (see e.g. [39, 40]), and in §4.4 and §4.5 we will see that repulsion

between pairs of eigenvalues significantly impacts the stability of critical points

in supergravity.

At large N, the eigenvalue spectrum of a Wigner matrix converges to the

celebrated Wigner semicircle law,

ρ(λ) =
1

2πNσ2

√
4Nσ2 − λ2 . (4.35)

where ρ is the eigenvalue density. Setting σ = 1
√

N
, the eigenvalue spectrum has

support in the interval [−2, 2], cf. Figure 4.1.

The Wishart ensemble

The second class of random matrices we will need are complex Wishart matrices,

which take the form

M = AA† , (4.36)

where A is an N×Q complex matrix with entries drawn from Ω(0, σ), and Q ≥ N.

The study of this ensemble dates back to Wishart’s investigation of sample co-

variance matrices [154], and the universality evident in the Wishart ensemble
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Figure 4.1: The eigenvalue spectra for the Wigner ensemble (left panel), and the
Wishart ensemble with N = Q (right panel), from 103 trials with N = 200.

provided some of the inspiration for Wigner’s subsequent development of ran-

dom matrix theory.

As a Wishart matrix is the Hermitian square of another matrix, it is neces-

sarily positive semidefinite. The joint probability density of a complex Wishart

matrix is (cf. e.g. [148])

f (λ1, . . . , λN) = C exp
(
−

1
σ

N∑
i=1

λi + 2
N∑

i< j

ln|λi − λ j| + (Q − N)
N∑
i

lnλi

)
. (4.37)

In the Coulomb gas picture, the non-negativity of a Wishart matrix corresponds

to the presence of a hard wall at λ = 0.

The eigenvalue distribution in the Wishart ensemble is given by the

Marčenko-Pastur law [156], which takes the form

ρ(λ) =
1

2πNσ2λ

√
(4Nσ2 − λ)λ , (4.38)

for the special case N = Q that will be relevant in our analysis, cf. Figure 4.1.

The probability density function of the smallest eigenvalue λ1 was first com-

puted by Edelman [155], and for our purposes it suffices to note that for N = Q

and σ = 1
√

N
, its average position 〈λ1〉 scales as 1

N2 .
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The Altland-Zirnbauer CI ensemble

The matrix M appearing in the critical point equation (4.5) has an eigenvalue

spectrum that is broadly reminiscent of the Wigner semicircle law, but the 2N

eigenvalues of M come in opposite-sign pairs ±λa, with 0 ≤ λ1 ≤ . . . ≤ λN . As

observed in [33], matrices M of the form (4.6) belong to the Altland-Zirnbauer

CI ensemble [157]. For normally-distributed entries of M, the joint probability

density of the eigenvalues is

f (λ1, . . . , λN) = C exp
(
−

1
σ2

N∑
i=1

λ2
i +

N∑
i, j

ln|λ2
i − λ

2
j | +

N∑
i=1

ln |λi|
)
. (4.39)

In the Coulomb gas picture, the additional term
∑N

i=1 |λi| can be interpreted as

encoding a repulsive force between each mirror pair of eigenvalues, ±λi [157].

This repulsion is particularly important for the smallest eigenvalue of M, and

leads to a linear cleft in the eigenvalue spectrum for small λ:

ρ(λ) ≈ kλ + O(λ3) , (4.40)

with k a constant of order unity, so that the eigenvalue density vanishes at λ = 0,

cf. Figure 4.2. Recalling that the critical point equation (4.5) requires thatM has

2|W | as an eigenvalue, we see that critical points with very small |W | are rare in

comparison to those with 2|W | ≈ 1.

4.3.2 Fluctuations of extreme eigenvalues

The eigenvalue spectra presented above describe the typical configurations of

eigenvalues: for example, the eigenvalue spectrum for an ensemble of Wigner

matrices with entries drawn from Ω(0, σ) is zero outside [−2
√

Nσ, 2
√

Nσ], but

165



-2 -1 0 1 2 -0.005 0.000 0.005 0.010

Figure 4.2: The eigenvalue spectrum for the CI ensemble, from 105 trials with
N = 200. The full spectrum appears in the left panel, while the right panel shows
the details of the cleft at λ = 0. Notice that the boundary of the linear regime
occurs for λ ∼ 1

N .

this does not mean that no matrix in the ensemble has eigenvalues outside this

range. Instead, the Wigner spectrum has a ‘soft edge’ at each end of the semi-

circle: there is a nonzero probability that one or more eigenvalues can be found

beyond this edge. In contrast, the Wishart spectrum has a ‘hard edge’ at λ = 0,

as the matrices in question are necessarily positive semidefinite, while the other

edge of the spectrum is soft.

As we shall soon establish, the spectrum of the Hessian matrixH extends to

negative values, so that the presence of tachyons is generic, but not guaranteed.

It is therefore essential to determine the probability that the smallest eigenvalue

of H happens to be large enough so that H is positive definite. We refer to this

occurrence as a fluctuation to positivity.
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Eigenvalue fluctuations and the Tracy-Widom law

The study of fluctuations of the smallest (or largest) eigenvalue was initiated

in the pioneering work of Tracy and Widom [143]; see also [158]. The theory

of fluctuations is best-developed when the fluctuations are suitably small, with

the deviation of the extreme eigenvalue from its mean position being O(N−1/6)

for the case of the Wigner ensemble. In this case, the smallest eigenvalue λ1 is

given by (cf. [159] for a useful summary)

λ1 ≈ −2
√

N + N−1/6χ , (4.41)

where for N → ∞, χ is a random variable that follows the Tracy-Widom distri-

bution F2 [143]. Extension of the Tracy-Widom law to the Wishart ensemble was

achieved for real matrices in [160], and for complex Wishart matrices in [161].

In §4.4 we will find that for a typical supergravity critical point, a fluctua-

tion of size O(N−1/6) of the smallest eigenvalue of H is insufficient to render H

positive definite. We therefore require an extension of the Tracy-Widom theory

describing large fluctuations, with the deviation from the mean position being

as large as O(
√

N). The theory of large fluctuations has been developed5 in a se-

ries of works by Majumdar and collaborators [39, 164, 40, 165, 166, 159], which

we now briefly review, focusing on the Wigner ensemble.

Through a saddle point computation of the partition function in the

Coulomb gas model, Dean and Majumdar [39, 40] were able to evaluate the

probability of a large fluctuation of the smallest eigenvalue λ1 of a Wigner ma-

trix to the right of its mean position 〈λ1〉 ≡ −2
√

N. The result, at leading order in

5Earlier work on related fluctuations appears in [162]. For applications to counting critical
points of random functions, see e.g. [163].
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large N, is [39, 40]

P
(
λ1 ≥ t

)
∝ exp

[
−2N2ψ−

(
t/
√

2N
)]
, (4.42)

for t ≥ −2
√

N and t + 2
√

N ∼ O(
√

N). Although ψ−(y) is known in closed form,

we present here only the result relevant for a fluctuation to positivity:

ψ−(0) =
ln(3)

4
. (4.43)

(The corresponding result of [39, 40] for real Wigner matrices agrees very well

with the earlier numerical results of Aazami and Easther [144] for the same en-

semble.) In summary, the probability that an N × N complex Wigner matrix is

positive-definite is given by [144, 39, 40]

P ∝ exp
[
−cN2

]
, (4.44)

with c ≈ ln(3)
2 . At large N this is exceptionally small compared to the estimate

P ≈ 2−N that follows from the naive assumption that the N eigenvalues are inde-

pendent. Of course, eigenvalue interactions are fundamental to random matrix

theory, so it is no surprise that omitting these interactions gives an entirely in-

accurate result for the probability of positivity.

An intuition from the Coulomb gas model will be helpful in our analysis.

Consider a fluctuation of the smallest eigenvalue λ1 to roughly the midpoint of

the spectrum, as would be required for a fluctuation to positivity in the Wigner

ensemble. The distance involved is O(
√

N), and O(N) eigenvalues need to be

displaced. As these eigenvalues experience a quadratic potential, the total ener-

getic cost is O(N2), consistent with the detailed results of [39, 40]. Similar results

have been obtained for inward fluctuations of the soft and hard edges of the

Wishart spectrum in [164] and [167], respectively. The lesson is that a substan-

tial inward shift of one or more eigenvalues has a statistical cost ∼ exp(−N2), and

is hence extremely unlikely at large N.
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Having assembled the necessary tools, we now turn to studying the stability

of the Hessian.

4.4 Stability of Generic Critical Points

In this section we will study the HessianH at a generic critical point, where

Fa ∼ Zab ∼ Uabc . (4.45)

We refer the reader to Appendix B.1 for a detailed demonstration that such

points are indeed generic.

In §4.4.1 we examine the decomposition (4.13) of the Hessian matrix into a

sum of terms and argue that each term is well-approximated as a member of

one of the classical ensembles reviewed in §4.3.1. We then obtain the eigenvalue

spectrum analytically from the free convolution of the constituent spectra. In

§4.4.2 we argue that the probability that a given critical point is a metastable

vacuum can be obtained by adapting the results of [39, 40] to the free convolu-

tion model. We then perform an extensive numerical analysis of the full Hes-

sian matrix, finding that a generic critical point is exponentially unlikely to be a

metastable vacuum. Thus, despite the abundance of critical points, this region

of the random supergravity landscape is indeed a wasteland.

4.4.1 The Hessian spectrum from a free convolution

The Hessian H can be decomposed according to (4.13) as H = Hsusy + Hpure +

HK(4) +HK(3) +Hshift.

169



From §4.3 we immediately recognize that each ofHsusy andHK(3) is very sim-

ilar to a double copy of an N-dimensional complex Wishart matrix. The corre-

spondence is imperfect because Z (respectively K(3)) is symmetric, so that the

diagonal entries have twice the variance of the off-diagonal entries. We have

verified that this minor difference does not significantly affect the eigenvalue

spectrum.

Next, Hpure and HK(4) can be modeled as 2N-dimensional Wigner matrices.

Once again, this is an approximation: the actual Hessian matrix at a critical

point must incorporate the critical point constraint (4.5). The sum of two Wigner

matrices is again a Wigner matrix, so we may writeHpure +HK(4) ≈Wigner.

Assembling the pieces, and noting that the effect of Hshift on the bulk of the

eigenvalue spectrum is simply a translation, our model amounts to

H ≈Wigner(Hpure +HK(4)) + Wishart(Hsusy) + Wishart(HK(3)) . (4.46)

Free convolutions and sums of random matrices

To obtain the spectrum, we need to address a problem of the general form: “if

A and B are random matrices with known eigenvalue spectra µA, µB, what is the

spectrum µA+B of their sum A+B?” If A and B were to commute, µA+B would be

the convolution of µA and µB, but there is no justification for this assumption in

our case. The solution of the general problem is provided by Voiculescu’s theory

of free probability. We will describe here only the immediately relevant tools of

free probability, referring the reader to the text [146] for details and references.

Given two ensembles A, B of random matrices, the free convolution � is de-

170



fined such that

µA � µB = µA+B , (4.47)

i.e. the free convolution of the spectra of the summands is the spectrum of the

sum. Just as cumulants are additive under ordinary convolution of random

variables, free cumulants can be defined with the same additivity property un-

der the free convolution. In principle µA+B can be obtained from the R-transform,

which is the generating function of the free cumulants [168], but inversion of the

R-transform can be rather cumbersome. For the large class of algebraic random

matrices [169], which includes sums of Wigner and Wishart matrices, a more

efficient approach [156, 169] is to work with the Stieltjes transform [169].

The Stieltjes transform of a probability measure dµ(x) = ρ(x)dx with support

on a real interval I is defined by

mµ(z) =

∫
I

dµ(x)
z − x

, (4.48)

where Im(z) > 0. Algebraic random matrices are random matrices for which

mµ(z) is the solution of a polynomial equation in mµ and z, e.g. the Stieltjes trans-

form of the Wigner density solves the equation

m2
µ + a zmµ + a = 0 , (4.49)

where a =
(
Nσ2)−1. The probability density is readily obtained from mµ(z) using

the Stieltjes-Perron inversion formula,

ρ(x) =
1
π

lim
ε→0

Im mµ(x + iε) . (4.50)

Edelman and Rao have shown that the free convolution can be implemented

efficiently through manipulations of polynomials involving the Stieltjes trans-

form [169].
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The spectrum as Wigner �Wishart �Wishart

In terms of the free convolution � defined in equation (4.47), we may write the

eigenvalue spectrum ρ(H) as

ρ(H) ≈ ρ(Wigner) � ρ(Wishart) � ρ(Wishart) , (4.51)

where ρ(Wigner) is given in equation (4.35) and ρ(Wishart) is given in equation

(4.38). Obtaining the Stieltjes transforms of ρ(Wigner) and ρ(Wishart) and using

the polynomial method of [169], we find the spectrum

ρ(λ) =
3ω4 + 117 + 9

(
ω2 − 4

)
λ + 9λ2 −

(
3
2

)2/3
ψ(λ)2/3

22/3 35/6 π ψ(λ)1/3 (
ω2 + 6

) , (4.52)

where ω =
√

3|W |
F , ψ(λ) is given by

ψ(λ) = 9ω4(λ + 1) + 27ω2
(
λ2 − 5λ + 24

)
−
√

3τ + 18λ3 − 108λ2 + 216λ + 1314 ,(4.53)

and

τ = −
(
ω2 + 6

)2 [
81λ4 + 162λ3

(
ω2 − 7

)
+ 9λ2

(
13ω4 − 180ω2 + 621

)
+ (4.54)

+ 18λ
(
2ω6 − 35ω4 + 333ω2 − 630

)
+ 4ω8 − 48ω6 + 873ω4 − 12636ω2 − 9396

]
.

This is one of our primary results. Figure 4.3 illustrates the remarkably good

agreement between (4.52) and simulations of the fullH .

4.4.2 Eigenvalue fluctuations and de Sitter vacua

Although we now have an analytic result for the eigenvalue spectrum in the

Wigner � Wishart � Wishart model, which gives an excellent approximation

to the spectrum of H itself, computing the probability of a large fluctuation
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Figure 4.3: The histogram shows the spectrum of eigenvalues of the full Hessian
matrix H (4.13) for N = 200 and ω = .1, in units of F2, while the curve gives
the analytic result (4.52) from the Wigner � Wishart � Wishart model, with no
adjustable parameters.

for this model is rather involved. The literature summarized in §4.3.2 contains

detailed characterizations of the fluctuations of extreme eigenvalues of Wigner

or Wishart matrices, but a direct computation of the large fluctuations in the

Wigner � Wishart � Wishart model would require a dedicated saddle point

analysis along the lines of [39, 40], and is beyond the scope of the present work.

From the Coulomb gas model, it is clear that a sufficiently large fluctuation

of the smallest eigenvalue will be sensitive to the global shape of the spectrum:

such a fluctuation will displace the eigenvalues to its right, with an energy cost

that depends on their density. However, a small fluctuation will displace only

the eigenvalues near the edge of the spectrum, and the likelihood of such a fluc-

tuation should therefore depend only on the edge shape. Correspondingly, it

has been conjectured [169] that Tracy-Widom fluctuations will be seen in essen-

tially any algebraic random matrix whose eigenvalue density has square root

behavior at its edge. As our Wigner � Wishart � Wishart model falls in this
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class, we expect that small fluctuations of the smallest eigenvalue of H will be

governed by the Tracy-Widom law.

Examining the position of the left edge in the Wigner � Wishart � Wishart

model, we see that a fluctuation to positivity is not a small fluctuation in the

sense of [143]: the distance to the origin is6 O(
√

N), not O(N−1/6). However,

between the left edge and the origin, the spectrum has a shape very reminiscent

of the semicircle law. Emboldened by this, we anticipate that the probability of

a large fluctuation of the smallest eigenvalue of H is accurately modeled using

the corresponding probability (4.44) in the Wigner ensemble, i.e. we expect P ∝

exp(−c N p) with p ∼ 2.

4.4.3 Numerical results

We now report on the results of extensive simulations of fluctuations to positiv-

ity in the fullH model. These simulations make no approximation. We include

the full structure of H (e.g., the slight difference between Hsusy and a Wishart

matrix), and we do not rely on any of the analytical results reviewed in §4.3. No

expansion in 1
N or in F is used. We simply create an ensemble of realizations of

H , following the prescription of §4.2, and directly determine the fraction that

are positive definite.

Naturally, these simulations could still fail to yield an accurate picture of the

positivity probability in the supergravities derived from string theory: in par-

ticular, our definition of a random supergravity could be non-representative.

Moreover, computational cost imposes an upper limit on N, and our extrapola-
6For ease of comparison to [143], we take Ω = N(0, 1) in this discussion, although we set

Ω = N(0, 1
√

N
) elsewhere.
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tion to larger N could be inaccurate.

One detail of H requires further explanation. The critical point condition,

equation (4.5), enforces that M has eigenvalue 2|W |. For a given W, no matrix

drawn randomly will have a precisely correct eigenvalue (this reflects the fact

that critical points are a measure zero subset of all points). To impose this con-

straint, we note that if M has an eigenvalue λW ∈ [(2 − 2ε)|W |, (2 + 2ε)|W |], but

λW , 2|W |, the distortions of the spectrum compared to that found at a genuine

critical point will be of order ε. In our simulations, we have taken ε = 10−2. In

§4.5 this issue will pose a greater challenge: for |W | � 1/N, a very small fraction

of randomly drawnMwill fall in [(2−2ε)|W |, (2+2ε)|W |], cf. equation (4.40), and

it becomes computationally costly to find examples.

Figure 4.4 presents the results of simulations of the full Hessian matrix H

(upper curve) and of the Wigner �Wishart �Wishart model (lower curve). The

qualitative properties are similar, but the best-fit values of p are somewhat dif-

ferent. This is not surprising, as the numerically-accessible values of N are not

large: for N & 20, stability is extremely rare, and it is difficult to obtain sufficient

statistics to characterize the probability of positivity. For N . 20, the large N ex-

pansion underpinning our random matrix theory approach is marginal at best,

with two important consequences. First, the correspondence between the model

and simulation spectra is imperfect for N ∼ 20 (contrast the superb agreement

for N = 200 shown in Figure 4.3), and the corresponding difference between the

left edges of these spectra contributes to a different fluctuation probability. A

primary cause of the difference between the spectra of the the full Hessian ma-

trixH and the analytical model (4.52) is thatHpure involves the matrix Z, as does

Hsusy, so that in the Wigner � Wishart � Wishart model, the Wigner matrix is
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Figure 4.4: The logarithm of the probability P(λmin > 0) that the smallest eigen-
value ofH is positive, as a function of N, with ω = 1. Upper branch: simulations
of the full Hessian matrixH , with best-fit values p = 1.50 ± 0.10, c = 0.29 ± 0.06.
Lower branch: simulations of the Wigner �Wishart �Wishart model, with best-
fit values p = 1.90 ± 0.04, c = 0.21 ± 0.02. The error bars give the 2σ statistical
uncertainty.

correlated with one of the Wishart matrices. For N � 1 (and also for ω � 1) this

correlation becomes less important. Second, for small enough N, fluctuations to

positivity are governed by the Tracy-Widom law (4.41) rather than by the con-

siderably steeper large-fluctuation expression (4.42), so that a fit that includes

data points starting from N = 2 will result in a value of p that is smaller than the

asymptotic large N value.

In summary, due to the challenges inherent in studying extremely rare

events numerically, we have not obtained sufficient data at large N to make a

definitive determination of the large N behavior of the probability, and this is an

interesting problem for the future. In light of the arguments of §4.4.2, it remains

reasonable to conjecture that p ∼ 2 at sufficiently large N.

Next, Figure 4.5 shows the trends in c and p, cf. equation (4.1), as ω is var-
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Figure 4.5: The ellipses show the 2σ allowed regions of the p− c plane, cf. equa-
tion (4.1), for ω = 0.1, 0.2, . . . , 1.0, from left to right, with 2 ≤ N ≤ 23. As ω
increases (so that for fixed F the cosmological constant decreases), c increases
substantially, while p increases slightly.

ied in [0.1, 1]. There is a distinct increase in c as ω increases, while p shows

a barely significant increase, so that overall the probability of positivity drops

substantially as ω increases. This trend can be understood as follows: increas-

ing ω at fixed F reducesHshift, and hence shifts the entire spectrum toward more

negative values, making a fluctuation to positivity more improbable.

We note that for fixed F, increasing ω reduces the cosmological constant, so

within this class of critical points, the probability of stability is higher at higher

cosmological constant. One should not read too much into this, however, as one

can increase the cosmological constant by increasing F, |W |,msusy by a common

factor without affecting the probability of stability.
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4.5 Stability of Critical Points with Small F-terms

The conclusions of §4.4 apply to a generic critical point, by which we mean

one at which the functions K,W are random functions that do not automati-

cally manifest any special hierarchies.7 However, it is far from clear a priori

that a typical metastable vacuum arises from among the set of generic critical

points: a tiny subclass of critical points that enjoy a high likelihood of stability

as a consequence of some special structure might well account for most of the

metastable vacua.

As originally noted by Denef and Douglas in [33], a particularly interesting

class of critical points are those at which the F-terms are small compared to the

supersymmetric masses: approximate supersymmetry can be expected to make

stability more likely. Specifically, we will consider de Sitter critical points at

which

√
3|W | < F � |Zab| ∼ |Uabc| . (4.55)

In this section we will reexamine the stability of critical points in this

approximately-supersymmetric corner of the supergravity landscape. As will

become clear, our conclusion differs from that of Denef and Douglas, and we

will carefully explain the reason for the disparity.

We will see that eigenvalue repulsion in the mass matrix between the bulk

of the eigenvalues and the Goldstino direction typically generates at least two

tachyonic directions, rendering generic critical points unstable. This effect sig-

nificantly influences the fine-tuning needed to obtain a metastable de Sitter so-

lution in supergravity. Through numerical simulations and through statistical
7Of course, large ratios can arise in this setting by chance, but this possibility is already

encoded in the results of §4.4.
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analysis we will show that metastable critical points constitute an exponentially

small fraction of all critical points: Nvacua ' Ncrit.pts.e−cN p , with p ≈ 1.3 and c ≈ 0.08.

4.5.1 The Denef-Douglas landscape of de Sitter vacua

In order to analyze the stability properties of the mass matrix in the regime

where F � msusy, we writeH as [33],

H = V ′′0 + V ′′1 + V ′′2 , (4.56)

with

V ′′0 = (M + |W |1) (M− 2|W |1) , (4.57)

V ′′1 =

 0 S 1

S̄ 1 0

 , S 1 = UabcF̄c , (4.58)

and

V ′′2 =

 S 2 0

0 S̄ 2

 , S 2 = δab̄F2 − FaF̄b̄ − Rab̄cd̄F̄cF d̄ , (4.59)

whereM is the matrix given in equation (4.6).

When msusy � F, all but two of the eigenvalues of H are generically of or-

der m2
susy, and are predominantly determined by V ′′0 , with corrections of order

F from V ′′1 , and of order F2 from V ′′2 . However, the critical point condition,

equation (4.6), requires thatM has an eigenvalue 2|W |, with the corresponding

eigenvector pointing in the Goldstino direction. The eigenvalues ofM come in

pairs differing only in sign, and the eigenvalues λ± = ±2|W | ofM correspond to

eigenvalues m2
0 = 0, m2

0 = 4|W |2 of V ′′0 . The larger of these ‘Goldstino’ eigenvalues

is O(F2), so that one cannot a priori neglect the effects of V ′′1 , V ′′2 on the stability
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of the Goldstino direction. This section is dedicated to a careful examination of

these effects.

Setting Fa = δ 1
a FeiϑF and performing a unitary transformation that diagonal-

izes Za
c̄Z̄b̄c̄, we obtain the simplified mass matrix

H? =

 m2
ab̄

m2
ab

m2
āb̄

m2
āb



=



m2
11̄

O(F2)

O(F2) diag(λ2
a′)

m2
ab

m2
āb̄

m2
11̄

O(F2)

O(F2) diag(λ2
a′)


. (4.60)

The eigenvalues of Za
c̄Z̄b̄c̄ have been denoted λ2

a′ , for a′ = 2, . . .N, while by the

critical point equation we have m2
11̄

= 2|W |2 − R11̄11̄F2. In the approximately-

supersymmetric regime, λ2
a′ � msusyF, and we have correspondingly omitted

O(F2) contributions to the diagonal entries (H?)a′ā′ for a′ = 2, . . .N. The notation

H? emphasizes that the matrix appearing in (4.60) is not a truncation of H to

some order in F. Instead, H? has been strategically simplified so that, while it

efficiently yields results for the two smallest eigenvalues ofH that are accurate

up to O(F3) corrections, the higher eigenvalues of H?, which are generically

positive in any case, do not coincide with those ofH to this accuracy.

Following the discussion of [33], we focus on the submatrix spanned by the

normalized eigenvectors ofMwith eigenvalues ±2|W |, which in the above basis

can be expressed as

(
Ψ+

11
)

a =
1
√

2

(
ei∆ϑ δ 1

a + e−i∆ϑδ N+1
a

)
and

(
Ψ−11

)
a =

i
√

2

(
ei∆ϑ δ 1

a − e−i∆ϑ δ N+1
a

)
, (4.61)

where ∆ϑ = ϑF − ϑW . Neglecting for the moment mixings with the other eigen-
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vectors ofM, this 2 × 2 Goldstino submatrix of the full mass matrix is

Hsub =

 m2
11̄

m2
11

m2
1̄1̄

m2
11̄

 . (4.62)

While a diagonalization of this subsystem by itself does not in general corre-

spond to a diagonalization of the corresponding directions in the full mass ma-

trix, it is instructive to attempt to treat the off-diagonal mixings in perturbation

theory. The eigenvalues of the submatrix are given by

h± = m2
11̄ ± |m

2
11| , (4.63)

which can be written as

h± = 2|W |2 − R11̄11̄F2 ±

∣∣∣∣U111Fe−ϑF − 2|W |2e2i(ϑF−ϑW )
∣∣∣∣ . (4.64)

The dominant contribution to h± for |U111| ∼ |R11̄11̄| ∼ O(F0) is the term U111F, so

that generically h− < 0.

In [33], it was observed that fine-tuning |U111| to be O(F) is necessary for

stability of the mass matrix. However, [33] also argued that this condition is

sufficient, and concluded that metastable critical points are fairly common in

a supergravity landscape. We will now show that the eigenvalues h± of the

submatrix Hsub of H cannot be regarded as good approximations to the actual

eigenvalues of H . Upon computing the leading-order corrections to (4.63), we

will find that metastable critical points constitute an exponentially small fraction

of all de Sitter critical points.

4.5.2 Eigenvalue repulsion induces tachyons

In this section we discuss the correction to the eigenvalues of the mass matrix

induced by V
′′

1 , equation (4.58). To determine the two smallest eigenvalues to
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O(F2), we may neglect O(F2) contributions to m2
a′b̄′

for a′ , b′. With this simplifi-

cation, equation (4.60) can be written as

H? '



m2
11̄

0 s vT
a′

0 diag(λ2
a′) va′ Ta′b′

s∗ v†ā′ m2
11̄

0

v∗ā′ T ∗
ā′b̄′

0 diag(λ2
a′)


. (4.65)

In equation (4.65) we have introduced the U(N − 1) scalar s = m2
11, the vector

va′ = m2
1a′ , and the symmetric tensor Ta′b′ = m2

a′b′ . The unitary transformation

U =



− eiα
√

2
0 eiα

√
2

0

0 δa′b̄′ 0 0

1
√

2
0 1

√
2

0

0 0 0 δa′b̄′


, (4.66)

with α = arg(s), diagonalizes the sub-matrixHsub, i.e.

H̃? = U†H?U =



h− u†a′ 0 wT
a′

ua′ diag(λ2
a′) ua′ Ta′b′

0 u†ā′ h+ −wa′

w∗a′ T ∗
ā′b̄′

−w∗a′ diag(λ2
a′)


, (4.67)

where ua′ = 1
√

2
va′ , wa′ = − 1

√
2
e−iαva′ , and h± is given by equation (4.63). The

conclusion of [33] is that modest fine-tuning of s ensures the positivity of h±, and

hence of H . Here we investigate the effect of the vector va′ on the eigenvalues

of H . The leading-order effect of the tensor Ta′b′ is to induce O(msusyF) shifts

of the eigenvalues λ2
a′ � msusyF, so that we may consistently neglect Ta′b′ . The

characteristic polynomial of H̃? is then given by

C(ρ) = C0(ρ)
[
1 −

N∑
b′=2

|vb′ |
2

(h+ − ρ)(λ2
b′ − ρ)

−

N∑
b′=2

|vb′ |
2

(h− − ρ)(λ2
b′ − ρ)

+

N∑
a′,b′=2

|va′ |
2|vb′ |

2

(h+ − ρ)(h− − ρ)(λ2
a′ − ρ)(λ2

b′ − ρ)

]
, (4.68)
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where C0(ρ) denotes the characteristic polynomial for va′ = 0, i.e.

C0(ρ) = (h− − ρ)(h+ − ρ)
N∏

a′=2

(
λ2

a′ − ρ
)2
. (4.69)

The leading-order effect of the vector va′ is evidently to induce an ‘inter-

action’ between the approximate eigenvalues h± and λ2
a′ . This interaction is a

manifestation of eigenvalue repulsion, and indeed, the effect of each term in the

sum is to increase the splitting between h± and λ2
a′ . Restricting the polynomial

to small values of ρ close to the smallest eigenvalues of the mass matrix and

dividing by the overall factors of the larger eigenvalues, equation (4.68) can be

rewritten as

C(ρ)∏N
a′=2 λ

2
a′

= (h+ − ρ)(h− − ρ) − (h− − ρ)
N∑

b′=2

|vb′ |
2

λ2
b′
− (h+ − ρ)

N∑
b′=2

|vb′ |
2

λ2
b′

+

N∑
a′, b′=2

|va′ |
2 |vb′ |

2

λ2
a′λ

2
b′

. (4.70)

The smallest eigenvalues of the mass matrix are thus given by

m2
± = h± −

N∑
b′=2

|vb′ |
2

λ2
b′

= m2
11̄ ± |m

2
11| −

N∑
b′=2

|m2
1b′ |

2

λ2
b′

= 2|W |2 + K e
11 K1̄1̄eF2 − K11̄11̄F2 ±

∣∣∣∣U111Fe−ϑF − 2|W |2e2i(ϑF−ϑW )
∣∣∣∣

− F2
N∑

b′=2

|U11b′ |
2

λ2
b′

. (4.71)

This is one of our main results. The smallest eigenvalue m2
− of the Hessian ma-

trix H differs from that of [33] by the non-positive term −F2 ∑N
b′=2

|U11b′ |
2

λ2
b′

, in a

manifestation of eigenvalue repulsion between the Goldstino and the super-

symmetrically stabilized moduli with masses of order λ2
b′ .

We now turn to assessing the impact of this contribution to m2
−.
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4.5.3 Eigenvalue fluctuations and de Sitter vacua

In this section we will determine the probability that a randomly chosen

approximately-supersymmetric critical point is metastable by computing the

probability that m2
−, as given in equation (4.71), is positive. Our approach is to

determine the statistical properties8 of each term in the sum, i.e. we will obtain

the cumulative distribution function (cdf) for each term, from which the corre-

sponding probability density function (pdf) can be obtained by differentiation.

Although in principle one might hope to convolve the constituent probability

density functions to obtain the pdf of m2
−, this is rather involved. Fortunately,

we will find that one of the terms of equation (4.71) dominates both in magni-

tude and in the probability of fluctuations, and it suffices to examine this term.

For the analytical estimates provided here, we will assume Ω = N(0, 1√
N
),

though similar arguments could be made for e.g. the uniform distribution.

We find it convenient to rewrite (4.71) as

m2
− = F2T + F2S (4.72)

with

T =
2
3
ω2 + K e

11 K1̄1̄e − K11̄11̄ − |thol| , (4.73)

and

S ≡ −

N∑
b′=2

|U11b′ |
2

λ2
b′

, (4.74)

where

|thol| ≡

∣∣∣∣U111e2iϑW−3iϑF F−1 −
2
3
ω2

∣∣∣∣ , (4.75)

and we have used the definition (4.31).
8Recall from [33] that a fine-tuning of |U111F| . F2 is necessary for stability, and granting this

fine-tuning, all the terms in equation (4.71) are of the same order, O(F2).
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Subdominant contributions

We will begin by studying the terms collected in T , which do not involve the

vector va′ .

At the critical points of interest,
√

3|W | ≤ F, so that the total energy density

is nonnegative. Thus, the first term in equation (4.73) gives a contribution in the

range [0, 2
3 ].

The second term of equation (4.73) is |K(3)|2 ≡ K e
11 K1̄1̄e, which is the sum of

squares of N random variables, each drawn from N(0, 1√
N
). Thus, |K(3)|2 is dis-

tributed as 1
Nχ

2
N , where χ2

N is a chi-square distribution with N degrees of free-

dom. Since χ2
N has mean N, we conclude that

〈 |K(3)|2 〉 = 1 . (4.76)

To find the probability of fluctuations, we note that the corresponding cdf is

given by

P
(
|K(3)|2 ≤ x

)
= P

( 1
N
χ2

N ≤ x
)

=
1

Γ(N/2)
γ
(N

2
,

Nx
2

)
, (4.77)

where γ denotes the lower incomplete gamma function. The asymptotic be-

havior can be obtained as follows: by the central limit theorem, the cdf of a

chi-square distributed variable for N � 1 degrees of freedom tends to that of a

Gaussian distributed variable with unit variance, P(χ2
N ≤ y) ≈ P(N(0, 1) ≤ x) ,

where x =
y−N
√

2N
[170].

We are particularly interested in the probability of |K(3)|2 fluctuating to a large

value and thereby stabilizing the smallest eigenvalue m2
− of H . As we will de-

scribe below, large in this context means O(N), so that we consider

P
(
|K(3)|2 ≤ N

)
≈ P

(
N(0, 1) ≤ 2−1/2N3/2

)
, (4.78)
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for N � 1, from which we obtain

P
(
|K(3)|2 ≥ N

)
.

1
√
πN3/2

e−
N3
4 . (4.79)

Fluctuations of |K(3)|2 may therefore be neglected in comparison to the much

more probable fluctuations we will discuss in §4.5.3.

The third term in (4.73), K(4)
11̄11̄

, is normally distributed with a vanishing ex-

pectation value, and with a variance no larger than 2
N , so that large deviations

of the order N are likewise so improbable as to be negligible:

P
(
K(4)

11̄11̄
≥ N

)
∼ e−N3

. (4.80)

The fourth term in (4.73), −|thol|, is negative semidefinite, and only one entry

(not eigenvalue) of H , namely U111, needs to be adjusted in order to change

the size of |thol|. Therefore, it is straightforward to fine-tune |thol| to be small. It is

clear from the discussion above that, as originally noted in [33], m2
− is generically

negative unless U111 is fine-tuned to make |thol| . O(1). For our goal of obtaining

a conservative estimate of the probability that m2
− > 0, it suffices to set |thol| = 0.

The eigenvalue repulsion term

Finally, the last term in equation (4.72) is the sum of squares of N − 1 terms.

The numerators of the terms in equation (4.74) are the squares of independent

normally distributed variables, while the denominators are the squares of the

eigenvalues ofM.

The eigenvalues of M range from around O( 1
N ) to 2 in units9 of msusy, so

9Since by assumption Uabc ∼ Zab, the dependence on the supersymmetric mass scale msusy

cancels between the numerator and denominator in equation (4.74).
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〈|S|〉 ∼ O(N). Recalling that the contributions to T have mean sizes indepen-

dent of N, we conclude that S provides the dominant contribution to m2
− at large

N. Since 〈S〉 < 0, this term destabilizes generic critical points in the approximately-

supersymmetric regime.

To determine the (small) probability that m2
− is nevertheless positive, we will

now estimate the probability that S & −1, so that T +S can be positive. First, we

recognize that in light of the discussion in §4.3, fluctuations that increase the de-

nominators appearing in S, corresponding to inward fluctuations of the eigen-

values of a Wishart matrix, are extremely unlikely at large N [167]. Fluctuations

of S toward smaller magnitude are principally determined by the fluctuations

of the numerators. (We have explicitly verified this in simulations.) This justifies

simplifying the problem by fixing the factors of λ2
b′ to their mean values, 〈λ2

b′〉,

as determined by the bulk distribution given by equation (4.38). Henceforth we

consider the sum

S′ =

N∑
b′=2

|U11b′ |
2

〈λ2
b′〉

, (4.81)

which is the weighted sum of N − 1 variables that are all independently dis-

tributed as χ2
1. Weighted sums of χ2-distributed variables (or, equivalently, sums

of Γ-distributed variables with different scale parameters) occur frequently in

statistics, and in particular in the theory of the distributions of quadratic forms.

While we have not found a closed-form expression for the convolution of N − 1

such terms, approximations for expressions like (4.81) have been developed.

An approximation by Solomon and Stephens has been argued to be particularly

accurate in the small-argument regime of interest [171], but we will find that

for our purposes it does not constitute a close approximation to the cumulative

probability for small arguments. By matching the first three algebraic moments

µ1, µ2, µ3 of S′ to those of a ·wb, where w is χ2
r -distributed and a, b, and r are con-
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stants, this approximation is obtained10 by numerically solving the equations

µ1 = a 2b Γ(b + r
2 )

Γ( r
2 )

, (4.82)

µ′2
µ2

1

= Γ
( r
2

) Γ(2b + r
2 )[

Γ(b + r
2 )

]2 , (4.83)

µ′3
µ3

1

=
[
Γ
( r
2

)]2 Γ(3b + r
2 )[

Γ(b + r
2 )

]3 . (4.84)

Thus, in this approximation,

P
(
S′ ≤ s

)
≈ P

(
a(χ2

r )b ≤ s
)

= P
(
χ2

r ≤
( s
a

)1/b)
. (4.85)

As T ∼ O(1), m2
− could be positive if S′ fluctuates down to be O(1), for which we

obtain

P
(
m2
− > 0

)
≈ P

(
S′ . 1

)
≈ e−c·N p

, (4.86)

where c ' 23, and p ' 0.24. As we will see in §4.5.4, even though this approx-

imation qualitatively matches the shape of S′, for N � 1 it severely overesti-

mates the probability of a fluctuation of S′ to be of O(1), and it remains an open

question to obtain a good analytic or semi-analytic approximation of equation

(4.81).

4.5.4 Numerical results

Figure 4.6 shows a histogram of m2
− and its constituent terms T and S, for

N = 40. It is clear that S gives the dominant contribution to m2
−. Moreover,

the narrow support of the T histogram illustrates the finding of §4.5.3 that large

fluctuations of T are much less probable than correspondingly large fluctua-

tions of S.
10There is a misprint in the fifth equation of §3.1 of [171].
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Figure 4.6: Histograms of the smallest eigenvalue m2
−, cf. equation (4.72), and its

constituent terms T and S, for N = 40, in units of F2. The eigenvalue repulsion
sum S has the leftmost peak, the total mass m2

− has the central peak, and T
appears on the right. Note that S, and consequently m2

−, has support over a
range of size N (not fully shown in the figure), while T has variance 2

N .

Finally, Figure 4.7 presents the result of simulations of the mass matrix in the

approximately-supersymmetric regime. (The value of ω has a negligible effect

on stability in this regime.) The data agrees well with (4.1), with p = 1.28 ± 0.03

and c = 0.083±0.008.11 This is a much larger value for p than that obtained by the

analytical estimate of §4.5.3, so that the latter gives an extremely conservative

upper bound on the asymptotic large N probability of positivity.

4.6 Beyond Random Supergravity

In this section we will discuss potential extensions of our assumptions (§4.6.1),

explain the consequences of decoupling for the probability of positivity (§4.6.2),

and illustrate our results in the example of the KKLT scenario (§4.6.3).

11To obtain a conservative bound, we fit to the data points with N ≥ 7.
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Figure 4.7: The logarithm of the probability P(λmin > 0) that the smallest eigen-
value of H is positive, as a function of N. Each point corresponds to 106 real-
izations of the full mass matrix, and the error bars give the 2σ statistical uncer-
tainty. The curve shows the best fit to equation (4.1), with p = 1.28 ± 0.03 and
c = 0.083 ± 0.008. The dashed line with p = 1 is for reference.

4.6.1 Universality

The results of §4.4 and §4.5 were obtained from the assumptions enumerated in

§4.2.3: most notably, K and W were taken to be random functions of N scalar

fields, so that their various (appropriately covariant) derivatives are i.i.d. vari-

ables drawn from a distribution Ω(µ, σ). Equivalent assumptions are standard

in the statistical study of flux compactifications, cf. [142], and in particular are

fully consistent with the assumptions of [33]. Nevertheless, in this section we

will venture a few remarks about possible extensions of this simplest definition

of a random supergravity.

First, we have taken the random variables to be normally distributed, Ω =

N(0, 1
√

N
), throughout this work, and now we justify this assumption. The cel-

ebrated phenomenon of universality in random matrix theory ensures that at

large N the eigenvalue spectrum, and also the fluctuations of extreme eigen-
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values, are independent of the statistical details of the inputs. Universality has

been demonstrated in a staggering array of physical and mathematical systems,

many with N . O(102), including interfaces in liquid crystals [172], the timing

of buses in Cuernavaca [173], and the power output of coupled lasers [174].

See [175, 176] for overviews of universality and [177, 178] for results with close

connections to ensembles studied here; extensions to ensembles in which the

matrix entries have power-law tails include [179]. The lesson is that the particu-

lar choice of Ω is immaterial, provided that the moments of Ω are appropriately

bounded. (One should compare distributions Ω1, Ω2 yielding the same root-

mean-square size for entries inH , as this sets the physical scale.)

Despite the strong expectation that universality should be applicable for our

system, it is still reasonable to ask whether the values of N in our analysis are

large enough for these asymptotic results to apply in practice. We have ad-

dressed this point directly by repeating our simulations for different choices of

distribution, with excellent agreement.

A more fundamental question is whether in the effective theories derived

from string compactifications, the derivatives of K and W are accurately mod-

eled as i.i.d. variables drawn from any distribution, or if instead these quantities

are not i.i.d.12 Microphysical constraints, for example the relics of extended su-

persymmetry,13 might be expected to introduce correlations among these vari-

ables, as in the special geometry relation of (4.24), cf. [33, 145], so that the deriva-

tives of K and W are not all independent. A definitive answer to this question is

beyond the scope of this work, but it is encouraging that in simpler cases such

as the Wigner ensemble, universality has been shown to apply to matrices with

12We thank M. Douglas for instructive correspondence on this point.
13See [180] for related work in maximal supergravity.
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highly correlated entries [181].

It would also be interesting to understand the possible impact of global con-

straints on our considerations. We have studied the ensemble of critical points

arising in a general supergravity theory, and we have taken the derivatives of K

and W evaluated at each such point to be random functions. To understand the

distribution of vacua within the moduli space, one should incorporate further

structure. The (index) density of supersymmetric vacua is well known to be

correlated with the curvature of the moduli space [30], while the global struc-

ture of the superpotential is better modeled as a random holomorphic section

of a line bundle over the moduli space (see [182] for a definitive treatment of

the density of supersymmetric vacua in this context). Extending the study of

non-supersymmetric vacua to this level of detail is an interesting problem for

the future.

One might expect that constraints from Morse theory will require some small

deviations from the purely statistical results obtained here.14 The random ma-

trix ensembles we have described (as in [33] and earlier works) predict certain

ratios between the numbers of saddle points of varying index, which are not au-

tomatically consistent with the Morse inequalities. The necessary adjustments

can be accommodated without changing the number of minima relative to sad-

dle points, and we find it plausible that any effect on the relative number of

minima can be neglected.

14We thank B. Czech for very helpful correspondence about these constraints.
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4.6.2 Decoupling improves stability

A significant assumption in our analysis is that W and K are general random

functions of N scalars. In physically well-motivated examples, there can of

course be two or more sectors of fields with distinct mass scales. For instance,

consider15 a two-sector supergravity theory with N = NH + NL fields, in which

the heavy scalars φa
H, a = 1, . . .NH, receive large supersymmetric masses mH, and

supersymmetry is dynamically broken in a decoupled system of lighter scalars

φi
L, i = 1, . . .NL, at a much lower scale mL.

Explicitly, such a model can be constructed from a superpotential and a

Kähler potential that are additively separable. In a convenient Kähler gauge,

one has

K(φH, φ̄H, φL, φ̄L) = KH(φH, φ̄H) + KL(φL, φ̄L) ,

W(φH, φL) = WH(φH) + WL(φL) . (4.87)

By assumption Zab ∼ mH and Zi j ∼ mL, while by (4.87), the cross-couplings in

the supersymmetric mass matrix are small: Zai = KaWi ∼ O(F). Thus, at small F,

Hsusy separates into two distinct Wishart matrices. (If F is not small compared to

mL, or if the separability of the superpotential is imperfect, then the off-diagonal

masses inHsusy cannot be neglected.)

A cautionary remark is necessary at this point. The masses-squared in a

supersymmetrically-stabilized sector are not necessarily positive: setting F = 0

in equation (4.13), the contribution of Hsusy is nonnegative, but Hshift and Hpure

make tachyonic contributions that will be significant unless W � msusy. Of

course, the resulting masses do obey the Breitenlohner-Freedman (BF) bound,

15We are indebted to S. Kachru for emphasizing the importance of this example.
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but this in itself does not guarantee that this sector will remain stable after super-

symmetry is broken badly enough to make the cosmological constant positive.

We now recall from §4.5 that for F � msusy, superpotential couplings of the

form |U11A′ |
2

λ2
A′

contribute to the destabilization of the Goldstino direction, cf. equa-

tion (4.71), where A′ runs over all fields. The numerator of this contribution to

the Goldstino mass from the heavy, supersymmetric subsystem is

|U11a|
2 = |DaZ11|

2 = |∂aZ11 + KaZ11|
2 , (4.88)

which under the decoupling assumptions of equation (4.87) is of order |W |2. (For

a non-decoupled system one finds instead |U11a|
2 ∼ m2

susy.)

Since the denominator λ2
a is of order m2

H, the separability of equations (4.87)

leads to a suppression of order |W |
2

m2
H

of the heavy fields’ negative contribution

to the Goldstino direction mass-squared. Thus, even for a modest hierarchy

between the supersymmetric masses, m2
H & NH |W |2, the high-scale sector decou-

ples, and does not contribute significantly to the mass of the Goldstino.

In conclusion, the relevant number of fields for the stability analysis of §4.5

is NL, the number of ‘light’ fields that participate in dynamical supersymmetry

breaking (the superpartner of the Goldstino is assumed to be entirely among

these fields.) The fraction of critical points that are metastable is then propor-

tional to exp(−cNL
p). Provided that the heavy sector, taken in isolation, contains

a number of supersymmetric vacua that is exponential in NH, then the net result,

for NH � NL, is a mild reduction in the number of metastable vacua.
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4.6.3 Stability in the KKLT scenario

The KKLT scenario [26] provides a useful setting to illustrate our findings. Con-

sider a model with NK ≡ h1,1
(+) Kähler moduli Ti, i = 1, . . .NK , and NC ≡ h2,1 com-

plex structure moduli ζa, a = 1, . . .NC. Suppose that the superpotential takes the

form

W =

∫
G ∧Ω +

NK∑
i=1

Ai(ζ) exp
(
2π
ni

Ti

)
, (4.89)

where ni is the dual Coxeter number for superpotential terms generated by

gaugino condensation, ni = 1 for terms generated by Euclidean D3-branes, and∫
G ∧ Ω depends on the ζa. Finding a compactification with many moduli for

which each Kähler modulus appears in the nonperturbative superpotential is a

difficult task (cf. [183, 184] for detailed examples). Our purpose is to show that,

granting a superpotential of the form (4.89), then for NK � 1, an exponentially

small fraction of de Sitter critical points are metastable vacua.

An important scale in the problem is the flux scale mflux, which sets the typical

size of the supersymmetric masses for the ζa. In light of the very large number of

choices of quantized flux [29], one can find configurations in which the vacuum

expectation value of the classical superpotential obeys 〈
∫

G ∧ Ω〉 � m3
flux. This

fine-tuning is necessary in order to obtain a parametrically controlled vacuum

with a reasonably small cosmological constant. Given such a flux superpoten-

tial, one can find [26] a supersymmetric AdS vacuum with all moduli stabilized.

Our goal is to assess the stability of such a configuration after uplifting to

de Sitter space. As a conservative first step, we imagine that the uplifting in-

creases the cosmological constant without creating new instabilities, as a (fic-

titious) moduli-independent D-term would do. We expect that more plausible

sources of positive energy will worsen any instability problems seen in this sim-

195



ple case.

To begin, we will examine the masses in the supersymmetric AdS vacuum,

and ask whether these masses can be made positive definite and large compared

to |W |.16 If they can, then after a rigid uplifting to de Sitter space (in the sense

described above), the mass matrix will be dominated byHsusy, which is positive

definite.

The dependence ofAi on the ζa can be neglected self-consistently for Zab, but

since the nonperturbative contributions lead to an imperfect separability of the

superpotential, mass mixings through terms of the form Zai cannot be neglected,

and the scale of the entries Zai and Zi j is now |W |. Specifically,

Zi j ≡ DiD jW = ∂i∂ jW +
(
Ki j − KiK j

)
W , (4.90)

Za j ≡ DaD jW = ∂a∂ jW − K jKaW , (4.91)

where we have used the F-flatness conditions DiW = DaW = 0. The derivatives

of K will not lead to enhancements in a controllable regime, while from (4.89) it

follows that ∂i∂ jW ∼ ∂a∂ jW ∼ W.

The entries ofHsusy with both indices in the complex structure directions are

of order m2
flux � |W |

2, while the mixed entries in Hsusy receive contributions of

order mflux |W | from terms of the form Z c̄
a Z̄ j̄c̄. The entries in the Kähler mod-

uli directions are of order |W |2. As in the discussion in §4.6.2, the eigenvalues

of H split into two groups: the first consisting predominantly of the complex

structure moduli and axiodilaton, which are stabilized at a high scale without

BF-allowed tachyons, and the second consisting predominantly of the Kähler

moduli, which have masses of order |W |. Since the supersymmetric Kähler mod-

uli masses are not parametrically larger than the negative shift termHshift, or the
16We assume throughout that F . few × |W |.
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off-diagonal contribution Hpure, BF-allowed tachyons are typically abundant in

the Kähler moduli sector in the supersymmetric AdS vacuum.

Assuming a rigid uplifting to a de Sitter critical point, we recognize that the

Kähler moduli sector constitutes a particular variant of the analysis of §4.4 with

F = 0: the somewhat more favorable regime described in §4.5, which requires

|W | � |Zi j|, is inaccessible. Notice that in the generic regime of §4.4, the Goldstino

is by no means the only tachyon, so that instabilities will arise in the Kähler

moduli sector even if the Goldstino direction belongs to some other sector, e.g.

a local dynamical supersymmetry breaking sector that engineers the positive

vacuum energy.

We conclude that if a system described by a superpotential of the form (4.89)

is rigidly uplifted to positive vacuum energy, the fraction of de Sitter critical

points that are metastable vacua is proportional to exp(−c N p
K), with p > 1. For

compactifications in which NK ≡ h1,1
(+) is not large, this is not a serious constraint,

but it has significant impact for h1,1
(+) � 1, and particularly for h1,1

(+) � h2,1.

One might object at this point that the arguments in favor of the existence

of an approximately-supersymmetric regime [33], as in §4.5, should hold for

general functions W, K, so why are they not applicable here? The answer is sim-

ply that a superpotential of the form (4.89), which contains one single-instanton

term for each Kähler modulus, is not a sufficiently general function. An ob-

vious extension is to consider multiple terms (i.e., a racetrack) for each of the

Ti. For the purposes of this discussion, we grant any topological prerequisites

for such a multiple racetrack, e.g. we suppose that the compactification admits

more than one stack of D7-branes in each homology class. Then, by fine-tuning

the fluxes to adjust the prefactors Ai, cf. [113], one can plausibly arrange that
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the diagonal entries of Zi j are large compared to |W |. However, there is a statisti-

cal price for this fine-tuning, of order (|W |/msusy)NK . Recalling that the boundary

between the regimes of §4.4 and §4.5 occurs for |W |/msusy ∼ 1/NK , this fine-tuning

is of order N−NK
K , which can be significant.

To recap, if one assumes a rigid uplifting that changes the cosmological con-

stant without changing the moduli mass matrix, then for a superpotential of the

form (4.89), the Kähler moduli sector will have supersymmetric masses of order

|W |, and will be governed by the instability analysis of §4.4 (with F = 0, W , 0),

with positivity probability P ∝ exp(−c N p
K), with p > 1. By fine-tuning a superpo-

tential involving O(NK) racetracks, requiring a statistical price ∼ N−NK
K , one can

make the supersymmetric masses large enough to guarantee stability.

The situation is considerably worse if supersymmetry is spontaneously bro-

ken by an F-term in the Kähler moduli sector: again the analysis of §4.4 applies

generically, but even after fine-tuning O(NK) racetracks as above, the Goldstino

instability will still fall in the Kähler moduli sector, so that the instability analy-

sis of §4.5, with p ≈ 1.3, is applicable.

In summary, instabilities appear generic in the Kähler moduli sector after

uplifting, with metastable de Sitter vacua constituting a fraction . exp(−c NK) of

all de Sitter critical points. However, for h2,1 � h1,1
(+), the number of KKLT vacua

remains astronomically large, and the overall status of the model is not altered

by our findings.
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4.7 Conclusions

We have considered a general four-dimensional N = 1 supergravity theory

whose superpotential and Kähler potential are random functions of N � 1

scalar fields, and asked what fraction f of de Sitter critical points, with super-

symmetry spontaneously broken by an F-term, are metastable vacua rather than

unstable saddle points. Our conclusion is that an exponentially small fraction of

critical points are vacua: f ∝ exp(−cN p), with p & 1.3, which differs significantly

from earlier results implying f ∼ 1
N .

The character of the instabilities that arise depends on the relative sizes of

the supersymmetric and supersymmetry-breaking masses. At a generic criti-

cal point, the soft masses are comparable to the supersymmetric masses, and

supersymmetry provides limited protection from instabilities. We developed a

random matrix model for the Hessian matrix H at a generic critical point and

obtained an analytic formula for its eigenvalue spectrum, finding that a signifi-

cant fraction of the eigenvalues ofH are negative. Eigenvalue repulsion makes

large fluctuations of the spectrum statistically costly, and by building on the

theory of fluctuations of extreme eigenvalues — and through extensive simula-

tions of the full Hessian matrix — we argued that the probability P of a large

fluctuation rendering H positive definite is P ∝ exp(−cN p), with p ≈ 1.5 and

c ≈ 0.3.

Eigenvalue repulsion also controls the stability properties of approximately-

supersymmetric critical points, at which the F-term F is small compared to the

supersymmetric mass scale msusy. In this regime, only the two eigenvalues corre-

sponding to the Goldstino direction risk becoming tachyonic. We computed the

199



two smallest eigenvalues to quadratic order in F/msusy, and showed that mixing

with the supersymmetric masses shifts these lowest eigenvalues to negative val-

ues. We then studied the probability of a fluctuation to positivity, through anal-

ysis of the corresponding univariate statistical distribution and through simula-

tions of the full mass matrix. In the approximately-supersymmetric regime we

found P ∝ exp(−cN p), with p ≈ 1.3 and c ≈ 0.1.

We emphasize that the assumption that W and K are random functions

— and in particular that their derivatives are independent random variables

drawn from some statistical distribution — is essential. There are, however,

physically-motivated situations in which W and K are not general random func-

tions of all of their arguments. An important example consists of two decoupled

sectors: if NH heavy scalars receive large supersymmetric masses, and super-

symmetry is dynamically broken in a decoupled system of NL lighter scalars at

a much lower scale, then for a single vacuum configuration of the light fields

the corresponding number of vacua of the full system can be exponential in NH.

It seems reasonable to expect decoupling of this sort, into a ‘degeneracy sector’

at high scales, and a dynamical supersymmetry breaking sector at low scales,

in a variety of compactifications. Restricting to the NL light fields, our analysis

suggests that the fraction of critical points that are metastable is proportional

to exp(−cN p
L). For NH � NL, the result is a mild reduction in the number of

metastable vacua.

Let us reiterate: our finding that an exponentially small fraction of critical

points in a generic supergravity theory are metastable vacua in no way excludes

the existence of a tremendously large landscape of vacua. There are two primary

reasons, one conceptual and one quantitative. The conceptual reason is the pos-
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sibility explained in §4.6.2 and reviewed above of a decoupled system (violating

our assumptions on W, K) in which the vacuum degeneracy is ensured by NH

fields that receive large supersymmetric masses. The quantitative reason is that

the values of c, p that we have obtained are not so large as to entirely overwhelm

the vast number of critical points in flux compactifications.

The methods and results of this work could be of use in understanding

the statistical properties of the moduli mass spectrum in string compactifica-

tions, and in guiding the search for de Sitter vacua. One clear implication of

our findings is that a direct search for explicit de Sitter vacua in systems with

O(10) or more fields and reasonably general W and K is likely to be frustrated

by the appearance of tachyons. Correspondingly, the most promising regimes

are those in which our assumptions are strongly violated, e.g. approximately-

supersymmetric critical points for which the superpartner of the Goldstino en-

joys special couplings to the remaining fields. Understanding the incidence of

such couplings in well-motivated supergravity theories, particularly those de-

rived from string compactifications, is an important problem for the future.
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APPENDIX A

APPENDIX FOR CHAPTER 2

A.1 Smeared Sources and Warped Sequestering

In this Appendix we show that warped sequestering in the no-scale setup of [46]

survives the relaxation of an assumption made for technical simplicity in [46]:

smearing of the supersymmetry-breaking anti-D3-brane around the S 3 tip of the

warped deformed conifold is not required for the basic conclusion to hold.

DeWolfe, Kachru and Mulligan [58] considered a D3-D3 pair smeared

around the S 3 tip of a Klebanov-Strassler throat, and obtained a supergravity so-

lution at large radius in which all fields were invariant under the S U(2)L×S U(2)R

isometry.1 However, it is clear that a brane placed at a particular position on

the S 3 will break some of the symmetries of the system, and can be expected

to source modes that are not global symmetry singlets. One can ask whether

such modes will, at the nonlinear level, induce Φ− perturbations, and hence D3-

brane soft terms, that compete with those mediated by O8. That is, one should

ask whether soft masses computed in the smeared solution of [58] are in fact the

leading soft masses in a full, unsmeared solution. We will now argue that a solu-

tion describing a single anti-D3-brane placed at the tip of the deformed conifold

enjoys an S U(2) symmetry in S U(2)L × S U(2)R and that this residual symmetry

forbids the ∆ = 5/2 operator tr(AiB j) , which might otherwise be expected to

induce problematic soft masses.2

1See [90, 55, 59] for further work on supergravity solutions for antibranes in the background
of [70].

2See [60] for a setting in which nonlinear effects of this operator indeed give the dominant
contribution to the D3-brane potential.
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The deformed conifold can be defined as the a subset of C4 satisfying

det W = −
ε2

2
, (A.1)

with

W =

 −w3 w2

−w1 w4

 =
−1
√

2

 z3 + iz4 z1 − iz2

z1 + iz2 −z3 + iz4

 . (A.2)

The radius r is given by

trW†W =
∑

i

|zi|
2 = r3. (A.3)

In the matrix representation of the coordinates of a point p, it is easy to convince

oneself that S U(2)L × S U(2)R acts transitively on the T 1,1 base of the cone as

σ(W(p), g)→ L(g)W(r)R(g)† , (A.4)

g ∈ S U(2)L × S U(2)R. (A.5)

This means that we can choose an origin, W0, and specify all other points by

S U(2)L × S U(2)R transformations away from this point. It is standard to choose

W0 =


ε
√

2

√
r3 − ε2

0 − ε
√

2
,

 , (A.6)

and then any point on T 1,1 at this radius can be obtained through

W = LW0R†. (A.7)

The background geometry and the smeared solution are symmetric under all

these rotations. The subset of these rotations that are still symmetries once an

anti-D3-brane is placed at a specific point p is by definition the stabilizer H(p).

Since T 1,1 is a coset space of the above S U(2)L × S U(2)R action, the stabilizer is

(cf. e.g. [91]),

H(p) =


U(1) r3 > ε2

S U(2) r3 = ε2 .
(A.8)
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We denote the stabilizer of our chosen origin W0 by S U(2)S , and we must im-

pose the S U(2)S symmetry on any solution corresponding to perturbing the su-

pergravity solution by placing an anti-D3-brane at p. Clearly, for this specific

W0, the stabilizer is the subgroup of S U(2)L × S U(2)R that leaves σ3 invariant.

Now, because deti, j tr(AiB j) = 0, tr(AiB j) cannot be a singlet under S U(2)S .

Geometrically, this is the natural outcome of the fact that AiB j can be thought

of as coordinates on the singular conifold. Thus, the operator tr(AiB j) has an

interpretation as a point on the conifold (far) away from the tip. Such a point

has a U(1) stabilizer, and thus cannot be invariant under a full S U(2) in S U(2)L×

S U(2)R . We conclude that the corresponding supergravity mode will not be

turned on even in an unsmeared solution.

A.2 A D3-brane on the Conifold

In this Appendix we give a detailed treatment of the toy model of §2.2, after

collecting the relevant supergravity formulas in §A.2.1.

A.2.1 General strategy

We first assemble some well-known expressions pertinent for the evaluation of

mass matrices for general chiral superfields. As in the bulk of the Chapter, we

will work with the Kähler potential K and the superpotential W for some chiral

superfields in fixed Kähler gauge. The F-term scalar potential is

VF = eK/M2
Pl

(
KAB̄DAWDB̄W − 3

|W |2

M2
Pl

)
, (A.9)
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where the Kähler covariant derivative is DAW = (∂A + KA
M2

Pl
)W. We are interested

in expressions for the masses Taylor expanded around a supersymmetric point

denoted Z0, for which FA ≡ DAW Z0 = 0, for all values of the index A. The scalar

mass matrices at this point are given by

∇a∇b̄VF |Z0 = ∂a∂b̄VF |Z0 = eK/M2
Pl

(
KAB̄∂a(DAW)∂b̄(D̄B̄W) − 2

|W |2

M4
Pl

Kab̄

)
, (A.10)

∇a∇bVF |Z0 = ∂a∂bVF |Z0 = −
eK/M2

PlW
M2

Pl

∂aDbW, (A.11)

where we have used that ∂VF Z0 = 0 to replace the covariant derivatives

with partial derivatives. The first-order corrections from the F-term potential,

δZM∇M∂
2
ab̄

VF and δZM∇M∂
2
abVF , are obtained by taking three derivatives on the

F-term potential:3

∂ab∂c̄VF |Z0 = ∂{a(eK/M2
Pl Kcd̄)∂b}(Fc)∂c̄(F̄d̄) + ∂{a(eK/M2

Pl Kcd̄)∂c̄(Fc)∂b}F̄d̄+

+ ∂{a(Fc)∂b}(F̄d̄)∂c̄(eK/M2
Pl Kcd̄)+

+ eK/M2
Pl Kcd̄

[
∂2

ab(Fc)∂c̄F̄d̄ + ∂2
c̄{a(Fc)∂b}(F̄d̄)+

+∂{a(Fc)∂2
b}c̄(F̄d̄) + ∂c̄(Fc)∂2

ab(F̄d̄)
]
− 3

[
eK/M2

Pl
W

M2
Pl

∂2
abF̄c̄

]
. (A.12)

The fermion masses are

mab = eK/2M2
Pl

[
∂aDbW +

Ka

M2
Pl

DbW − Γd
abDdW

]
, (A.13)

where the Christoffel symbol is constructed out of the Kähler metric, Γd
ab =

Kdc̄Kac̄b. In an expansion around Z0, we will be interested in the first-order cor-

rections to the supersymmetric masses, which are given by

mabZ? = mabZ0 + δZM(∇Mmab)Z0 , (A.14)

3Since the expressions turn out to be slightly lengthy, only the terms with two holomorphic
indices and one anti-holomorphic index are worked out here. To obtain the complete set of
corrections it is necessary to also work out the case when all indices are holomorphic.
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where M runs over both holomorphic and anti-holomorphic indices. The

lowest-order contribution is then

mab|Z0 = e
K

2M2
Pl ∂aDbW. (A.15)

The vanishing of the F-terms implies that ∂aDbW Z0 = ∂bDaW Z0 .

The gravitino mass is given by m2
3/2 = eK/M2

Pl

∣∣∣∣ W
M2

Pl

∣∣∣∣2. At the supersymmetric

minimum, m2
3/2Z0 = |VF |

3M2
Pl

, and to linear order in the expansion around this mini-

mum,

m2
3/2 = m2

3/2

∣∣∣∣
Z0

+ δZM∂M

eK/M2
Pl

∣∣∣∣∣∣ W
M2

Pl

∣∣∣∣∣∣2
∣∣∣∣Z0

= m2
3/2

∣∣∣∣
Z0
, (A.16)

where the last step follows from F-flatness at Z0. The small mixing terms be-

tween the gravitino and the chiral fermions are proportional to eK/2M2
Pl

Fa
M2

Pl
, and

will henceforth be neglected.

Specializing to the KKLT scenario with Kähler potential K = −3M2
Pl ln U and

an uplift potential of the form Vup = D
U2 = 3m2

3/2M2
Pl, the masses from the uplift

potential can be written as

∂2
MNVup =

2Vup

3M2
Pl

(
KMN +

2
3M2

Pl

KMKN

)
. (A.17)

To obtain the first-order correction to the mass matrix, following the logic for

corrections from VF above, we take three derivatives of the uplift potential,

∂3
MNPVup =

2|VF |

3M2
Pl

[
KMNP +

2
3M2

Pl

(KMKNP + cycl.perm.) −
16

(3M2
Pl)

2
KMKN KP

]
. (A.18)

We will discuss the role of the first-order corrections in §A.2.4. Adding the

lowest-order contributions to the scalar masses from VF and Vup, we obtain

∂2
ab̄VtotZ0 = Kcd̄macmb̄d̄ +

4
3

m2
3/2

M2
Pl

KaKb̄ , (A.19)

∂2
abVtotZ0 = m2

3/2

[
Kab +

4
3M2

Pl

KaKb −
M2

PlWab

W

]
. (A.20)
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Equation (A.20) gives the lowest-order contribution to the B terms, while the

mass splittings between the scalars and fermions are given by

M2
ab̄

∣∣∣∣
Z∗

=
4
3

m2
3/2

M2
Pl

KaKb̄ , (A.21)

to this order in perturbation theory.

A.2.2 Vacua for a D3-brane on the conifold

We remind the reader that the four-dimensional effective theory we are study-

ing is given by

K = −3M2
Pl ln U = −3M2

Pl ln(T + T̄ − γk) , (A.22)

W = W0 + Wnp = W0 +A0e−ξ . (A.23)

Here ξ = aT +ζ, ζ = −1
n ln f (z), and k = r2. The number n of D7-branes determines

a = 2π/n, and f is the dimensionless embedding function of the four-cycle re-

sponsible for the nonperturbative superpotential. Since we will need to be care-

ful about the dimensions, it is worth mentioning that the volume modulus T

is dimensionless, and γ has mass dimension −2. One can introduce fields with

canonical dimension 1, e.g. ZT = λT , Zi = σizi where dimensionful constants

[λ] = 1, [σi] = −1/2 have been introduced. These constants are fixed by the ki-

netic terms, by requiring canonically normalized fields at the supersymmetric

minimum, as discussed in §A.2.3.

Supersymmetric AdS solution

As discussed in the bulk of the Chapter, we find supersymmetric AdS vacua by

solving the F-term equations. The equation (2.26) for the volume modulus can
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be written as

W = −
aU
3

Wnp , (A.24)

which, upon defining ξ = aT + ζ, with ζ = −1
n ln f (z), leads to an algebraic,

transcendental equation for U(
1 +

aU
3

)2

e−aU−aγk−ξ−ξ̄ =

∣∣∣∣∣W0

A0

∣∣∣∣∣2 . (A.25)

Equation (2.26) also determines the axionic, imaginary part of T ,

=(T ) = −
1
a

arg
(
−W0eζ

A0

)
. (A.26)

In a chart where we use z2, z3 and z4 as independent complex coordinates on the

conifold and for the Kuperstein embedding f (z) =
z2−µ

µ
, equation (2.28) becomes

−
1

n(z2 − µ)
+

2aγ
3r

(
z̄2 −

z̄1z2

z1

)
= 0 , (A.27)

2aγ
3r

(
z̄3 −

z̄1z3

z1

)
= 0 , (A.28)

2aγ
3r

(
z̄4 −

z̄1z4

z1

)
= 0 , (A.29)

after using that k = r2 far from the tip of the conifold, and that ∂iz1 = − zi
z1

for

i = 2, 3, 4 in this chart. The radius is related to the standard complex coordinates

on the conifold by
∑4

a=1 |za|
2 = r3. Writing zA = |zA|eiηA , equations (A.28, A.29)

imply that η1 = η3 = η4, but they do not restrict the norms of z3, z4. Equation

(A.27) on the other hand can be written as

1
(|z2| ± |µ|)3 = 4

(
4πγ

3

)3

|z2| . (A.30)

The different signs come from choosing either η2 = ηµ for the upper sign or η2 =

ηµ+π for the lower, reflecting the fact that there are two distinct supersymmetric

loci for the D3-brane: one located just above the D7-branes, and the other located

far down the throat. Since the norms of z3 and z4 are undetermined, we have

a two-dimensional moduli space. We choose to do our analysis for the point

where z3 = z4 = 0 and z2 is real by choice of the phase of µ.
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Other D7-brane embeddings

As an illustration of the fact that our supersymmetric solutions are generic for

a large class of D7-brane embeddings, we derive the kindred solution for the

Ouyang embedding [92] specified by the embedding function f (w) =
w2−µ

µ
when

written in terms of the w-coordinates of equation (A.2). The solution has a mod-

uli space consisting of two isolated points satisfying the equation

ω

ω ± µ
=

2anγ
3

ω4/3 , (A.31)

One of these solutions is located at ω & µ, while the other is at ω & 0. In this

notation w2 = ωeiη, where the phase η is fixed to be the phase of µ — possibly up

to a phase difference π, and here r = ω2/3. This illustrates that supersymmetric

solutions are generic, and that the pairing of solutions that we have commented

upon may be a feature of a wide variety of D7-brane embeddings.

A.2.3 Canonical Normalization

In order to correctly assess the scaling of the masses, we obtain the canonically

normalized fields. With the Kähler potential (A.22), the Kähler metric is given

by

Kab̄ = 3M2
Pl

[UaUb̄

U2 −
Uab̄

U

]
. (A.32)
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We find that, in our case, the diagonalization of this metric is essentially cap-

tured by choosing the constants λ, σi appropriately:

λ :=
(
3M2

Pl

U2

)1/2

, (A.33)

σ2 :=
(

M2
Pl

U

[
B
πµ2

0

])1/2

, (A.34)

σ3 :=
(
3M2

Pl

U

[
B

4πµ2
0

])1/2

. (A.35)

This normalization gives KT 2̄ = −
√

3
2(πUB)1/2 . Thus, this entry is suppressed by

O( 1
√

UB
) with respect to the other entries in the metric, and does not affect the

determinant of the metric to the order that we are working. A completely diag-

onal metric may be chosen by performing a unitary transformation after speci-

fying the constants λ, σ. However, encouraged by the relative smallness of the

off-diagonal metric elements — for the values of U and B discussed in §2.2.3,

the off-diagonal metric elements are of order 10−3 — we will not perform this

unitary transformation that would mix the hidden sector Kähler modulus with

our proxy D3-brane visible fields. To be explicit, taking two derivatives on the

Kähler potential and evaluating it at the supersymmetric point with this defini-

tion of λ and σi for the canonically normalized fields gives

KMN = δTT̄ ,z2 z̄2,z3 z̄3,z4 z̄4
MN −

√
3

2(πUB)1/2

(
δT 2̄
{MN} + δT̄2

{MN}

)
+ (A.36)

+

δTT,33,44
MN −

1
2
δ22

MN −

√
3

2(πUB)1/2 δ
T2
{MN} + c.c.

 . (A.37)

Here, a δ-function with two indices is a shorthand for two delta functions. The

curly braces correspond to symmetrization, without a factor of 1
2 , i.e. δPQ

{MN} =

δP
Mδ

Q
N + δP

Nδ
Q
M. As usual, only the holomorphic+antiholomorphic derivatives cor-

respond to metric elements. The inverse Kähler metric is given, to leading order

in 1/B and to second order in 1/(aU), by Kab̄ = δab̄+
√

3
2(πUB)1/2 δ

ab̄
T 2̄,2T̄

. It is well-known
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and easy to verify that the Kähler metric is no-scale, KAB̄KAKB̄ = 3M2
Pl, and that

KAB̄KA = −λU δB̄
T̄ , by using

KM = −
√

3MPlδ
T
M +

3MPl

2(πUB)1/2 δ
2
M + c.c. (A.38)

A.2.4 Details of the mass matrix

Using equation (A.37) and the fact that

∂aDbW = −
W

M2
Pl

(aU + 2)δTT
ab +

1
2
δ22

ab − δ
33,44
ab −

√
3(aU + 2)

2(πUB)1/2 δT2
{ab}

 , (A.39)

the AdS supersymmetric masses (A.10) and (A.11) are easily evaluated. We find

that in our case, the AdS supersymmetric B terms, denoted Bab to distinguish

them from the Minkowski space B term, turn out to be real. Thus, the mass

matrix separates into two blocks when written in terms of real fields, Za = Xa +

iYa, as VF ⊃ (M2
tot)ab̄ZaZ̄ b̄ + 1

2 (BabZaZb + h.c.) =M2
XaXb XaXb +M2

YaYbYaYb, with

M2
XaXb =

(
(M2

tot)ab̄ + Bab

)
, (A.40)

M2
YaYb =

(
(M2

tot)ab̄ − Bab

)
. (A.41)

Here Bab = ∂a∂bVF |Z0 , and (M2
tot)ab̄ = ∂ab̄VF |Z0 denotes the total AdS scalar mass.

After the canonical normalization discussed in §A.2.3, the resulting scalar mass

matrices are most transparently written in terms of real fields for which we have

— to leading order in 1/B and to second order in 1/(aU) — the supersymmetric

masses:

∂2
MNVF Z0 =
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=



m2
TT̄

+m2
TT m2

T 2̄
+m2

T2

m2
T 2̄

+m2
T2 m2

22̄
+m2

22

m2
33̄

+m2
33

m2
44̄

+m2
44

m2
TT̄
−m2

TT m2
T 2̄
−m2

T2

m2
T 2̄
−m2

T2 m2
22̄
−m2

22

m2
33̄
−m2

33

m2
44̄
−m2

44


(A.42)

=
|VF |

2M2
Pl



2
3 (a2U2+5aU) − a2U2+5aU

√
3(πUB)

1
2

− a2U2+5aU
√

3(πUB)
1
2

a2U
2πB −

5
6

− 4
3

− 4
3

2
3 (a2U2+3aU) − a2U2+3aU

√
3(πUB)

1
2

− a2U2+3aU
√

3(πUB)
1
2

a2U
2πB −

3
2

0

0



. (A.43)

Here VF = VF Z0 = ΛAdSM2
Pl = −3m2

3/2M2
Pl. From this expression, it is evi-

dent that there are several tachyonic directions at this AdS vacuum. The sta-

bility of the solution requires masses larger than the Breitenlohner-Freedman

mass, which in AdS 4 is M2
BF = −3

2
|VF |

M2
Pl

. The eigenvalues of matrix (A.43) are

|VF |

M2
Pl

[
1
3 (a2U2 + 5aU),− 5

12 ,−
2
3 ,−

2
3 ,

1
3 (a2U2 + 3aU),−3

4 , 0, 0
]
, to leading order in 1/B

and to second order in 1/aU, so as expected there is no instability. The super-

symmetric mass-splittings can be read off from equation (2.46),

M2
ab̄

∣∣∣∣
Z0

= −2eK/M2
Pl
|W |2

M4
Pl

Kab̄ = −2 m2
3/2Kab̄ (A.44)
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at the AdS supersymmetric point, while the B term masses are proportional to

the fermion masses,

Bab|Z0 = ∂2
abVF

∣∣∣∣
Z0

= −
eK/M2

PlW
M2

Pl

∂aDbW (A.45)

=
|VF |

3M2
Pl

(aU + 2)δTT
ab +

1
2
δ22

ab − δ
33,44
ab −

√
3(aU + 2)

2(πUB)1/2 δT2
{ab}

 . (A.46)

Mass matrix after uplift

After incorporating the supersymmetry breaking by adding the uplift potential

to the F-term potential, the vacuum expectation values of the moduli get slightly

modified. In this section we confirm that this shift in vevs is indeed small, and

we demonstrate the surprising fact that the D3-brane does not move upon up-

lifting to this order in perturbation theory. To compute the shift we need the

inverse of the total mass matrix at the supersymmetric point, 4

δZM = −
(
∂N∂M(VF + Vup)

)−1
Z0∂NVupZ0 . (A.47)

It is easy to see that ∂NVup = 2
3
|VF |

M2
Pl

KN = 2m2
3/2KN , while two derivatives on the up-

lift potential can be written as in equation (2.42). Together with the contribution

from the F-term potential and expressed in the real basis, the full mass matrix at

Z0 is

∂2
MN (Vtot) Z0 =

4This formula applies to all coordinates except Y3 and Y4. In these directions there is no shift
to this order by the vanishing of the mass matrix and first derivative on the uplift potential.
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=
|VF |

2M2
Pl



2
3 (a2U2+5aU) − a2U2+5aU

√
3(πUB)

1
2

− a2U2+5aU
√

3(πUB)
1
2

a2U
2πB −

1
6

+ 4
3

+ 4
3

2
3 (a2U2+3aU) − a2U2+3aU

√
3(πUB)

1
2

− a2U2+3aU
√

3(πUB)
1
2

a2U
2πB + 1

2

0

0



. (A.48)

Inverting, we find that to this order the only shift is in the real part of T and is

given by 1
2 (δZT + δZ̄T̄ ) =

√
3MPl

aU(aU+5) .

To order 1/(aU)2, 1/B the fermion mass matrix at Z0 is obtained by evaluating

(A.15),

mab

∣∣∣∣
Z0

= eK/(2M2
Pl)

W
M2

Pl

−(aU + 2)δTT
ab −

1
2
δ22

ab + δ33,44
ab + (aU + 2)

√
3

2(πUB)1/2 δ
T2
{ab}

 .(A.49)

The prefactor eK/2M2
Pl W

M2
Pl

is just m3/2Z0 . The gravitino mass is unchanged to this

order from its value in AdS,

m2
3/2 =

|VF ||Z0

3M2
Pl

. (A.50)

The mass splittings between the scalars and fermions in the Minkowski solution

are, to this order,

M2
ab̄|Z? =M2

ab̄|Z0 + ∂2
ab̄Vup|Z0 = (A.51)

= 4m2
3/2



1 −
√

3
2(πUB)1/2

−
√

3
2(πUB)1/2

3
4πUB

0

0


. (A.52)
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The B terms are, to this order,

Bab ≡ ∂abVtot|Z? = Bab|Z0 + ∂abVup|Z0 = (A.53)

= m2
3/2



aU −
√

3a
2 ( U

πB)1/2

−
√

3a
2 ( U

πB)1/2 −1
2

1

1


. (A.54)

Corrections to the mass matrix due to the shift in the volume modulus

We determine the relative importance of the different contributions by comput-

ing the first-order correction to the mass matrix in perturbation theory. The

contribution from the uplift potential comes from evaluation of equation (A.18).

Three derivatives on the Kähler potential, evaluated at Z0, can be written as

KMNP|Z0 =
1

MPl

{
(πUB)1/2

(
2
9
δ222

MNP +
2
3
δ332̄,442̄

MNP −
4
3
δ332,442

MNP −
1
3
δ222̄

MNP −
1
3
δ33̄2,44̄2
{MN}P

)
−

−
1
√

3

(
δ22̄T,33̄T,44̄T
{MN}P +

2
3
δTTT

MNP + 2δTTT̄
MNP −

1
2
δ22T

MNP −
1
2
δ22T̄

MNP + δ33T,44T
MNP + δ33T̄ ,44T̄

MNP

)
+

+
1

2(πUB)1/2

[
5
2
δTT2

MNP + 2δTT 2̄
MNP + 2δTT̄2

{MN}P

]
+ c.c. + perm(M,N)↔P

}
.

(A.55)

After taking perm(M,N)↔P into account we read off that e.g. K222 = 2
√
πUB

3MPl
. Re-

membering that the shift is only in the direction of the volume modulus, we can

immediately estimate the size of the contributions to the mass matrix from equa-

tion (A.18). Recall from equations (A.37, A.38) that KMN is no larger than O(1)

and that KM is no larger thanO(1). With one index being canonically normalized

T or T̄ , equation (A.55) gives that KMNP is no larger than O(1). All together, ∂3Vup

is no larger thanO( |VF |

M3
Pl

), but the shift in the real part of the Kähler modulus scales

like δXT ∼
MPl

(aU)2 . The contribution to the mass matrix from the uplift potential
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will therefore scale like δXT ∂3VupZ0 ∼
|VF |

M2
Pl

1
(aU)2 . The smallest non-vanishing en-

try in ∂2VtotZ0 ∼ 1, so we conclude that the first-order correction from the uplift

potential will come in at a subleading order in 1/(aU) and can consistently be

dropped. By direct evaluation we find that δm2
33̄

= δB33, which means that the

flat directions are not lifted by the uplift potential.

The first-order correction from the F-term potential is more tedious to ob-

tain, but follows from straightforward evaluation of equation (A.12) and the

corresponding equation for all holomorphic indices. These terms also do not

contribute before order 1/aU.

Finally, the magnitude of the F-terms for the canonically normalized fields

can be found to linear order by contracting equation (A.39) with the shift (A.47).

A.2.5 A bound on B

Requiring that both the D3-brane and D7-brane are located in the warped region

gives a bound on B. Since we are considering only solutions in which the D3-

brane lies deeper down in the throat than the D7-brane, B is bounded from

below: B > 1. The upper bound comes from considering the arguments in [69]

and [74], in which a bound on k is obtained in terms of N, the number of D3-

branes that make up the throat before we add our toy visible sector:

γk
T + T̄

≤
2
3

1
N
. (A.56)

For the D7-brane to extend down the throat, the bound (A.56) should apply if

evaluated at the point of lowest descent of the D7-brane into the throat. We have
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γkD7 = 3
4πB1/3, which follows from direct evaluation of B. It follows that

B ≤
(
8π
9

)3 (
T + T̄

N

)3

. (A.57)

In this case U = T + T̄ − γkD7 = T + T̄ − 3
4πB1/3. If 43U3 � B, then the above bound

can be written as

B ≤ L3 . (A.58)

Together these bounds imply that 1 < B ≤ L3. In particular, a consistent solution

requires that L > 1, from which it follows that

L =
8π
9

U
N
≈ 2.79

U
N
> 1 . (A.59)
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APPENDIX B

APPENDIX FOR CHAPTER 4

B.1 The distribution of critical points

In this appendix we briefly review some pertinent results from the the study of

the distribution of non-supersymmetric vacua by Denef and Douglas [33]. In

particular, we will review how, for any fixed cosmological constant, the density

of critical points — stable and unstable — grows linearly with F towards the

boundary of the approximately-supersymmetric regime. This gives evidence

for the expectation that a “generic critical point” typically does not exhibit any

particular hierarchy between msusy and F, i.e. typical critical points in random

supergravity are not predominantly of the approximately supersymmetric kind.

We also comment on how the distribution of metastable vacua is modified by

the exponential suppression of the probability density found in §4.5.

The density of critical points with cosmological constant 〈V〉 = v can be eval-

uated from

Ncrit.pts.(v) =

∫
dµ[W, F,Z,U] δ2N(

∂V
) ∣∣∣detH

∣∣∣ δ(V − v) . (B.1)

Just as in reference [33], we assume flat prior probabilities for W, F, Z and U

between 0 and a cutoff Λ. Although this assumption is made here for simplicity,

interesting domains of the string theory landscape have been argued to be well-

described by these priors. The measure used in this appendix is

dµ[W, F,Z,U] = C d2W d2N F dkZ Z dkU U , (B.2)

where kZ = N(N + 1), kU = N
3 (N + 1)(N + 2), and C is a normalization constant.
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As reviewed in §4.2, the critical point equation can be written as an eigen-

value equation for the matrix M of equation (4.6), enforcing that M has an

eigenvalue equal to 2|W | with F̂ being proportional to the corresponding eigen-

vector. Thus, the critical point equation can be simplified by expressing the in-

tegration over Zab (and therebyM) as an integral over the ordered eigenvalues,

λ1 ≤ . . . ≤ λN , and unitary rotationsU. Let us denote an orthonormal eigenbasis

ofM as e±a , with corresponding eigenvalues ±λa. In this basis F̂ has components

|F|η±a , with
∑N

a=1

(
(η+

a )∗η+
a + (η−a )∗η−a

)
= 1. In this notation,

δ2N(
∂V

)
= δ2N

(
(M − 2|W |)F̂

)
=

1
|F|2N

N∏
a=1

δ
(
η+

a (λa − 2|W |)
)
δ
(
η−a (−λa − 2|W |)

)
=

1
|F|2N

N∏
a=1

δ
(
η+

a (λa − 2|W |)
) δ(η−a )
λa + 2|W |

. (B.3)

The cosmological constant constraint δ(V − v) can be written as

δ(V − v) = δ(F2 − 3|W |2 − v) =
δ(|W | − w)
3(|W | + w)

, (B.4)

where w2 = 1
3

(
F2 − v

)
. Although the integral (B.1) can also be estimated in

the generic regime in which F ∼ msusy, this evaluation is slightly technical,

and for the purpose of this appendix it suffices to discuss the approximately-

supersymmetric regime of Denef and Douglas [33]. In this case, the integration

over F is cut off before F = msusy/N, and the determinant of the Hessian appear-

ing in the integrand of equation (B.1) is well-approximated by

|detH| ≈ m2
+ m2

−

N∏
a′=2

(
λ2

a′
)2
, (B.5)

with m2
± as in equation (4.71). The number of critical points is

Ncrit.pts.(v) = C

∫
dµ[ϑF ,ΩF ,U,U]

∫ Λ2

0
d|W |2

∫ ε msusy

0

dF
F

δ(|W | − w)
3(|W | + w)

×

×

[ N∏
a=1

∫ λa+1

λa−1

dλa δ
(
η+

a (λa − 2|W |)
) δ(η−a )
λa + 2|W |

]
f (λ1, . . . , λN) | detH| , (B.6)
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where f (λ1, . . . , λN) denotes the joint probability density of equation (4.39), ε is

a small number, and for notational convenience we have defined λ0 = 0 and

λN+1 = Λ. In the approximately-supersymmetric regime, only λ1 has a non-

negligible probability density at 2|W |. With this observation, the integral simpli-

fies to

Ncrit.pts.(v) = C

∫
dµ[ϑF ,ΩF ,U,U]

( N∏
a′=2

δN(η+
a′)

)( N∏
a=1

δN(η−a )
) ∫ ε′λ2

0

dF
F

w
6w
×

×

∫ λ2

0
dλ1

δ(λ1 − 2w)
λ1 + 2w

 N∏
a′=2

∫ λa′+1

λa′−1

dλa
1

λ2
a′ − 4w2

 f (λ1 = 2w, . . . , λN) | detH| ,(B.7)

where now the constant ε′ < 1 encodes the assumed hierarchy between λa′ and

F. Since the probability density of the smallest eigenvalue exhibits a linear cleft

for small arguments, cf. equation (4.40), we can (heuristically) write f (λ1 =

2w, . . . , λN) = 2kw f̃ (λ2, . . . , λN), where k is an O(1) constant. This simplifies the

integral to

Ncrit.pts.(v) ≈
k C
12

∫
dµ[ϑF ,ΩF ,U,U]

( N∏
a′=2

δN(η+
a′)

) ( N∏
a=1

δN(η−a )
)
×

×

∫ ε′λ2

0

dF
F

m2
+ m2

−

 N∏
a′=2

∫ λa′+1

λa′−1

dλa

 f̃ (λ2, . . . , λN) | detH ′|1/2 , (B.8)

where H ′ denotes the truncation of H to exclude the Goldstino direction. The

scaling of the number of critical points with F at fixed cosmological constant is

evidently determined by the factor∫ ε′λ2

0

dF
F

m2
+ m2

− . (B.9)

For typical values of U111 ∼ msusy, the Goldstino masses-squared m2
± are each of

order F, and the number of critical points scales with F as

Ncrit.pts.(v) ∼
∫ ε msusy

0
dF F , (B.10)
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and thus, for any given scale of the supersymmetric masses, the critical points

are more numerous towards the upper edge of the domain of approximate su-

persymmetry.

We conclude with some simple remarks. This scaling of the number of crit-

ical points with F is consistent with the computation by Denef and Douglas of

the scaling of metastable vacua with F,

Nvacua ∼

∫ ε msusy

0
F5 dF , (B.11)

which is not surprising since the above computation closely mimics that of

[33]. The different scalings of the number of critical points and the number

of vacua can be understood from the additional fine-tuning necessary to ob-

tain stability. In the approximately-supersymmetric regime it is necessary to

tune |U111| . O(F), which gives an additional factor of F2 from the measure

d|U111| |U111|. Furthermore, as reviewed in §4.5, the intent of this fine-tuning is to

lower the scale of the Goldstino mass-squared to O(F2) in order to improve the

probability of positivity ofH . By equation (B.9), this provides two more powers

of F, from which equation (B.11) follows.

Finally, with these flat priors the additional N-dependent (but F-

independent) fine-tuning explored in this Chapter modifies the density of non-

supersymmetric vacua in the approximately supersymmetric regime by

∏Nα

a′=2

∫ msusy
N

0
d|U11a′ | |U11a′ |∏Nα

a′=2

∫ msusy
√

N
0 d|U11a′ | |U11a′ |

∼ e−Nα ln N , (B.12)

where Nα, with α ≤ 1, parameterizes the number of terms in S of equation (4.74)

that need to be fine-tuned in order for a fluctuation to positivity of the smallest

eigenvalue to become likely.
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