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We investigate the problem of falling paper by solving the two dimensional Navier-

Stokes equations subject to the motion of a free falling body at Reynolds numbers

around 103, which is typical for a leaf or business card falling in air, and exper-

imentally, by using a quasi two dimensional set up and high speed digital video

at sufficient resolution to determine the instantaneous accelerations and thus de-

duce the fluid forces. We compare the measurements with the direct numerical

solutions of the two-dimensional Navier-Stokes equation and, using inviscid theory

as a guide, we decompose the fluid forces into contributions due to acceleration,

translation, and rotation of the plate. The aerodynamic lift on a tumbling plate is

found to be dominated by the product of linear and angular velocities rather than

velocity squared as appropriate for an airfoil. This coupling between translation

and rotation provides a mechanism for a brief elevation of center of mass near the

cusp-like turning points. The Navier-Stokes solutions further provides the missing

quantity in the classical theory of lift: the instantaneous circulation, and suggests

a revised ODE model for the fluid forces. Experimentally and numerically, we

get access to different dynamics by exploring the phase diagram spanned by the

Reynolds number, the dimensionless moment of inertia, and the thickness to width

ratio. In agreement with previous experiments, we find fluttering (side to side os-

cillations), tumbling (end over end rotation), and apparently chaotic motion. We

explore further the transition region between fluttering and tumbling using both

direct numerical solutions and the ODE model. In particular, by increasing the



non-dimensional moment of inertia in the direct numerical simulations, we observe

a wide transition region in which the cards flutter periodically but tumble once

between consecutive turning points. In this region, we also observe a divergence of

the period of oscillation, with the cards falling vertically for distances of up to 50

times the card width. We analyze the transition between fluttering and tumbling

in the ODE model and find a heteroclinic bifurcation which leads to a logarithmic

divergence of the period of oscillation at the bifurcation point.
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Chapter 1

Introduction

Leaves, tree seeds, and paper cards which flutter (oscillate from side to side) or

tumble (rotate and drift sideways) are beautiful everyday examples of solid objects

moving in a fluid. To predict their complex trajectories requires the knowledge

of the instantaneous fluid forces. Although determining the forces on a moving

geometry in a fluid is a classical problem, only few analytical results exist and

they are in special limits such as Stokes flow and inviscid irrotational flow around

a steadily translating airfoil. In these steady flows, the fluid forces on a given

object depend purely on the kinematic variables, e.g., the translational velocity

and the angle of attack in the case of a simple glider. In contrast, most objects

moving in a fluid encounter unsteady flows for which it is not clear to what degree

quasi-steady models based on inviscid theory apply.

We choose to study freely falling plates for three reasons. First, it is a natural

towing tank experiment with gravity being the driving force. Because the plates

fall freely, the net force is directly related to the plate acceleration, which can

be determined by tracking the motion with high speed digital video. This gives

us a method for quantifying simultaneously the instantaneous kinematics and the

fluid forces, thus providing a ground to test models of fluid forces. In addition, it

is straightforward to generate a wide range of complex motions by changing the

properties of the plates such as the thickness to width ratio of the plate cross-

section. Second, the unconstrained dynamics of freely falling plates driven by

gravity is interesting in its own right, and it is analogous to problems such as seed

dispersal by wind [25, 5] and air bubbles rising freely in a liquid [21]. Improved force

1
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models have important applications for these complex problems, e.g., to elucidate

instability mechanisms and transitions related to change in bubble geometry and

boundary conditions. Third, our study is in part motivated by our interest in

flapping flight. There has been much recent progress in studies of the unsteady

forces on flapping wings with wing kinematics similar to those of flying insects in

flapping flight [40, 12, 8, 29, 38]. From this perspective, studies of freely falling

plates give us access to a different family of periodic solutions, where the external

driving force is prescribed instead of the wing kinematics.

Studies of freely falling plates have a long history starting with [24] who de-

scribed tumbling qualitatively before the development of classical aerodynamics.

However, most experiments have focused on qualitative and average properties

and not on deducing the instantaneous fluid forces [10, 41, 33, 13, 7, 23]. Dupleich

measured the angle of descent and the average tumbling frequency as functions of

wing loading and ratio between plate length and width [10]. Willmarth, Hawk &

Harvey measured a phase diagram for falling disks with steady descent, fluttering,

and tumbling, and in the limit of small thickness to width ratio, they found that the

final state depends only on the Reynolds number and the dimensionless moment

of inertia [41]. Smith measured a phase diagram for falling plates qualitatively

similar to the one for falling disks [33], Field, Klaus, Moore & Nori made further

experiments on freely falling disks with apparently chaotic motion [13], Belmonte,

Eisenberg & Moses quantified the transition from fluttering to tumbling in a quasi

two-dimensional experiment [7], and Mahadevan, Ryu & Samuel observed a scaling

law for the dependence of the rotational speed on the width of a tumbling card

[23]. Jones & Shelley proposed a falling card model based on inviscid theory and

the unsteady Kutta condition, but the method has so far not been implemented
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numerically to model periodic fluttering and tumbling [17].

Tumbling has also been studied in the context of free and fixed axis auto-

rotation as reviewed by [19]. Wind-tunnel experiments on fixed axis auto-rotation

of plates [33, 31] and polygonal objects [32] were carried out at Reynolds numbers

in the range 104 − 105. Fixed axis auto-rotation and tumbling of a freely falling

plate have some similarities, but there are significant differences between the two

phenomena. The most important difference is that fixed axis auto-rotation involves

only the rotational degree of freedom of the plate, and thus the coupling between

translation and rotation is absent. Therefore it is not clear a priori how results on

the two different types of auto-rotation are related.

What appears to be lacking is a model of the fluid force and torque that is

constructed and tested against experiments or computations. The force predicted

by inviscid theory includes added mass and a lift proportional to the product of

velocity and circulation[18]. An unresolved issue is the choice of the circulation

around the falling object, which cannot be determined from inviscid theory. Pre-

vious models either assumed the circulation to be a constant [22] or to be linearly

proportional to the translational velocity[3, 34, 7]. The latter is appropriate for a

steady translating airfoil at small angle of attack, as given by the celebrated Kutta-

Joukowski condition which requires flow velocity to be finite at the singular trailing

edge[6]. The resulting lift is quadratic in velocity. While the Kutta-Joukowski con-

dition works remarkably well in this special case, there is no direct evidence that

it holds for an object fluttering or tumbling in a fluid.

Theoretical progress is in part hindered by the lack of simultaneous measure-

ments of instantaneous forces and flows around a falling object. Here we solve

the Navier-Stokes equations for the fluid subject to the dynamics of a falling body
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Figure 1.1: Rise of a falling journal cover under windless conditions, selected frames

from a footage filmed at 300 fps.

in two dimensions. Solving the falling paper problem in the most general case,

i.e., free fall of a three dimensional flexible sheet, is daunting and unrealistic at

Reynolds numbers of the order of 103. To simplify the problem, we note that

bodies of relatively large span-to-chord ratios fall essentially along a two dimen-

sional plane[19]. In the case of a business card, the span-to-chord ratio is about

1.8, and the chord remains in a vertical plane as it falls, i.e., the motion in the

span-wise direction is negligible. Taking advantage of these observations we focus

on a falling rigid plate in a two dimensional fluid governed by the incompressible

Navier-Stokes equations. The choice of a rigid plate is convenient for numerics and

for comparison against existing theories. Obtaining accurate numerical solutions

in this regime turns out to be non-trivial due to the thin tip of the geometry, the

moving boundary coupled to the fluid forces, and the small fluid torque. Our nu-

merical method is based on a vorticity-stream function formulation in a conformal



5

grid fitted to the plate [37, 39]. The conformal grid concentrates points at the

edges of the plate and can be mapped onto a Cartesian grid in which we discretize

and solve the Navier-Stokes equations efficiently via FFT [11].

In addition, we investigate the aerodynamics of freely falling plates experi-

mentally at Reynolds number of 103 in quasi two-dimensional setup. Chapter 4

describes the motion of freely falling rigid plates based on detailed measurement of

the plate trajectories and from this to learn about the instantaneous fluid forces.

We record the trajectories using high speed digital video, which gives us sufficient

temporal and spatial resolution to obtain instantaneous translational and rota-

tional velocities and to extract the instantaneous fluid forces and torques on the

plates. The experiment is essentially two-dimensional, and it allows us to compare

the measurements with direct numerical simulations of the Navier-Stokes equation

for a rigid body falling in a two-dimensional flow. In this way we supplement the

experiment with numerical flow visualizations. We describe the computed wake

structure and compare the measured and the computed fluid forces.

The measured and the computed forces allow for a direct test of the force models

proposed in the literature [34, 22, 7, 27]. Our force model is based on Kirchhoff’s

equations governing the motion of a solid in an inviscid fluid [18]. By comparing

the model predictions with the measured forces, we find that the fluid circulation

is dominated by a rotational term proportional to the angular velocity of the plate,

rather than to the translational velocity as appropriate for a glider with fixed angle

of attack. We use the ODE model to analyze the transition between fluttering and

tumbling and show that the transition is a heteroclinic bifurcation which leads to

a logarithmic divergence of the period of oscillation at the bifurcation point.

The work described in this thesis has been published in [27], where the numeri-
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cal simulations and the ODE model were developed, in [1], where the experimental

studies and their comparison with the numerical results have been performed, and

in [2] where the transition between fluttering and tumbling was analyzed.



Chapter 2

Numerical Method

In order to compute the trajectory and the flow around a free falling body in two

dimensions one has to solve Navier-Stokes equations for an incompressible fluid.

∂u

∂t
+ u · ∇u = −∇P

ρ
+ ν∇2u (2.1)

∇2u = 0 (2.2)

where u is the fluid velocity, P is the pressure, ρ the density of the fluid and t is

time.

In the two dimensions, it is computationally efficient to rewrite the Navier-

Stokes equations as a function of the stream function ψ and of the vorticity ω,

defined such that u = (u, v) = (−∂ψ/∂y, ∂ψ/∂x) and ω = −∂u/∂y + ∂v/∂x.

This change of variables eliminates the pressure from the governing equations and

reduces the number of fields to be considered from P ,u and v to just ψ and ω. The

Navier-Stokes equations in the vorticity stream function formulation are [6]

∂ω

∂t
+ (u · ∇)ω = ν∇2ω (2.3)

∇2ψ = ω (2.4)

2.1 Solution on a Cartesian grid

The motion of a body falling freely in an incompressible fluid is governed by a

coupled system of the Navier-Stokes equations and Newton equation. In the case

of a symmetric free-falling plate the fluid force acts near the center of mass (see

chapter 5), and the resulting torque relative to the center of mass is small. The

accuracy of the solution of the coupled system is therefore determined by the

7
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error in the pressure torque. To obtain sufficient accuracy we use a 4th order

finite difference scheme introduced by [11] and a body fitted computational grid

generated by a conformal mapping. To avoid singularities at the corners of the two-

dimensional plates we use an elliptical cross-section and the method applied by [37]

for the two-dimensional flow around a flapping wing with prescribed kinematics.

The first step in this procedure is to solve equations 2.3 and 2.4 on a Cartesian

grid. Here we used the method described in [11] where equations 2.1 and 2.2 are

discretized respectively as
(

1 +
h2

12
∇2

h

)

∂ω

∂t
= ν

(

∇2
h +

h2

6
D2

xD
2
y

)

ω −
(

1 +
h2

6
D2

xD
2
y

)

ω

−
(

1 +
h2

12
∇2

h

)(

∂uω

∂x
+
∂vω

∂y

)

(2.5)

(

∇2
h +

∂h2

∂6
D2

xD
2
y

)

ψ =

(

1 +
h2

12
∇2

h

)

ω (2.6)

where ∇2
h is the 5-point discrete Laplacian and D2

x and D2
y are the 3 point discrete

second derivatives on a grid of spacing h.

(D2
xf)(x, y) =

f(x + h, y) − 2f(x, y) + f(x− h, y)

h2
(2.7)

(D2
yf)(x, y) =

f(x, y + h) − 2f(x, y) + f(x, y) − h

h2
(2.8)

(∇2
hf)(x, y) =

f(x + h, y) + f(x− h, y) + f(x, y + h) + f(x, y − h) − 4f(x, y)

h2
(2.9)

On a Cartesian grid equations 2.5 and 2.6 can be solved successively by FFT.

The boundary condition on ψ and ω are given by the no-slip and no penetration

conditions at the boundaries of the body. In particular, the no slip condition

∂ψ/∂n = 0 is converted into a boundary condition on ω by using Briley’s formula

ω0,j =
108ψ1,j − 27ψ2,j

+
4ψ3,j18h2 − 3

11

(

∂ψ

∂x

)

(2.10)

where the boundary is at (1,j) and the points at (0,j) are an extension of the compu-

tational domain, known as ghost points, used in order to implement the boundary
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condition on the vorticity for the Poisson solver. At infinity, the boundary condi-

tions are prescribed by using the stream function ψ for the inviscid solution of the

flow around an ellipse [6] and by using ω = −2Ω for the vorticity, where Ω is the

angular velocity of the body. With the boundary conditions described above, the

calculation sequence of the method is the following:

1. calculate ψn+1 by solving equation 2.6 by FFT;

2. calculate un+1 from ψn+1;

3. calculate ωn+1 from ωn by using equation 2.5.

The procedure described above is explicit and is integrated forward in time using

a 4th order Runge-Kutta scheme.

2.2 Conformal Mapping

The numerical method described above solves Navier-Stokes equations for an in-

compressible fluid in a rectangular domain where arbitrary velocity profiles or

periodic conditions can be imposed at the boundaries. In order to compute the

flow around a fixed object it is necessary to establish a conformal mapping from

the exterior of the object to such a rectangular domain. Navier-Stokes equations

are invariant under conformal mapping up to a scaling factor, so that one can

equivalently solve the following equations on the Cartesian grid discussed in the

previous section. In body-fixed elliptical coordinates (µ, φ) we have

∂ (S ω)

∂t
+
(√

S u · ∇
)

ω = ν∇2ω , (2.11)

∇ ·
(√

S u
)

= 0 , (2.12)
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where u is the velocity field, ω the vorticity field, and ν the kinematic viscosity of

the fluid. In the case of the computations presented here, the conformal mapping

from the exterior of the ellipse with major axis l = 2 c coshµ0 to a semi-infinite

strip, where µ = µ0 at the boundary of the ellipse is given by

x+ iy = c cosh(µ+ iφ) (2.13)

and the scaling factor associated with the map is

S(µ, φ) = c2
(

cosh2 µ− cos2 φ
)

, (2.14)

The mapping concentrates grid points at the edges of the plate (see figure 2.1)and

casts Navier-Stokes equation onto a Cartesian grid, allowing for an efficient solver.

We use body-fixed coordinates to eliminate spatial interpolation as the plate moves

with respect to the fluid. This turns out to be crucial for obtaining long free fall

trajectories. Although the absence of sharp corners makes ellipses good choices

of geometry for studying free-falling bodies the method described above can be

generalized to any shape. For example a conformal grid around any closed polygon

can be generated numerically using standard packages [35]. An example of such

grid is shown in Fig. 2.1.

2.3 Integration of forces and torques

In the following we derive the force and torque on an ellipse moving in a fluid. In

the numerical computations presented here, these quantities are evaluated in the

reference frame moving with the falling object. The Navier-Stokes equations for

the fluid around the ellipse in the non inertial frame co-moving with the ellipse

with velocity u acceleration a, angular velocity Ω and angular acceleration Ω̇ are

∂u

∂t
+ u · ∇u = −∇P

ρ
+ ν∇2u − Ω × (Ω × r) − 2Ω × u − Ω̇ × r − ȧ (2.15)
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Figure 2.1: (a) the grid around an ellipse of β = 1/8 obtained by the analytic confor-

mal of equation (2.13). (b) conformal grid around a rectangle with the same width to

thickness ratio obtained numerically



12

The pressure and viscous force and torque on a stationary plate can be calcu-

lated by integrating the stress tensor along the surface [20]. We parametrize the

boundary of the ellipse as

r = (x, y) = a(cosh µ0 cos θ, sinhµ0 sin θ) (2.16)

the tangent and the normal vector can then by expressed by derivatives of r with

respect to the arc length s along the boundary of the ellipse

t̂ =
∂r/∂s

|∂r/∂s| =
(− coshµ0 sin θ, sinhµ0 cos θ)

√

cosh2 µ0 − cos2 θ
(2.17)

n̂ =
∂2r/∂s2

|∂2r/∂s2| =
(− sinh µ0 cos θ,− coshµ0 sin θ)

√

cosh2 µ0 − cos2 θ
(2.18)

Since

∂r

∂s
=

1√
S

∂r

∂θ
(2.19)

where the scaling factor is defined as equation (2.14) for and ellipse, we can rewrite

n̂ as a function of r = (x, y) as

n̂ =

(

∂y

∂s
,
−∂x
∂s

)

(2.20)

2.3.1 Pressure force

The pressure force can be written as an integral of the pressure over the boundary

Γ of the body

Fp = −
∫

Γ
P n̂ds = −

∫

Γ
P

(

−∂y
∂s
,
∂x

∂s

)

ds = −
∫

Γ
(−y, x)∂P

∂s
ds (2.21)

in other cases it is also convenient to formally express it as an integral over the

area A of the interior of the body

Fp = −
∫

Γ
P n̂ds =

∫ ∫

A
∇Pdxdy (2.22)
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In the non-inertial frame co-moving with the ellipse the left hand side of equation (2.15)

vanishes so that we can solve for the pressure gradient

∇P
ρ

= ν∇2u − Ω × (Ω × r) − 2Ω × u − Ω̇ × r − a (2.23)

In the following we evaluate the contributions of the terms in the right end side

of equation (2.23) to the integral (2.22). The contributions of the term ν∇2u in

equation (2.23) corresponds to the pressure force and a stationary ellipse. The

other four terms give the non-inertial contributions to the pressure force. The

contribution of the first term is evaluated more conveniently integrating along the

boundary according to equation (2.21), where its contribution to ∂P
∂s

is evaluated

by projecting ν∇2u onto ŝ.

∂P

∂s

(ν∇2
u)

= −ŝ · ν∇2u = −νŝ · ∇ × ω = −νŝ
(

n̂
∂ω

∂s
− ŝ

∂ω

∂n

)

= ν
∂ω

∂n
(2.24)

so that

F(ν∇2u)
p = −ν

∫

Γ
(−y, x)∂ω

∂n
ds (2.25)

The contributions of the non-inertial terms can be conveniently evaluated by using

equation (2.22) and integrating formally over the area of the body. The only

non-inertial correction that contributes to the force is associated with the plate

acceleration a

F(−a)
p = −

∫ ∫

A
ρ(−a)dxdy = ρAa (2.26)

The contributions of −Ω × (Ω × r) and −Ω̇ × r vanish for a symmetric body

F(−Ω×(Ω×r))
p = −ρ

∫ ∫

A
−Ω × (Ω × r)dxdy

= ρ
∫ ∫

A

(

(Ω · r)Ω − Ω2r
)

dxdy = ρΩ2
∫ ∫

A
rdxdy = 0 (2.27)

F−Ω̇×r

p dxdy = −
∫ ∫

A
ρ(−Ω̇ × r) = ρΩ̇

∫ ∫

A
rdxdy = 0 (2.28)
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The contribution due to Coriolis force F−2Ω×u

p also vanishes, since u = 0 at the

boundary. The total pressure force is then

Fp = −ν
∫

Γ
(−y, x)∂ω

∂n
ds+ ρAa (2.29)

2.3.2 Viscous Force

The viscous force is obtained by integrating the stress tensor σij = ν( ∂ui

∂xj
+

∂uj

∂xi
)

along the boundary of the ellipse

F ν
i = ν

∫

Γ
σijn̂jds = ν

(

∂ui

∂xj

+
∂uj

∂xi

)

n̂jds (2.30)

= ν
∫

Γ

(

∂ui

∂xj
− ∂uj

∂xi

)

n̂jds+ 2ν
∫

Γ

∂uj

∂xi
n̂jds (2.31)

= ν
∫

Γ
wŝds+ 2ν

∫ ∫

A
(∇ · u)dA = ν

∫

Γ
wŝds (2.32)

2.3.3 Pressure torque

The pressure torque is also obtained by integrating along the boundary of the

ellipse

τp =
∫

Γ
P (r× (−n̂)) ds (2.33)

using equation (2.16) and equation (2.20) we rewrite r × n̂ as

−r × n̂ = x
∂x

∂s
+ y

∂y

∂s
=

1

2

∂R2(s)

∂s
(2.34)

by using the identity above and integrating by parts we have

τP =
∫

Γ
P ((r̂) × (−n̂)) ds =

1

2

∫

Γ
P
∂R2(s)

∂s
ds = −1

2

∫

Γ
R2(s)

∂P

∂s
ds (2.35)

Again ∂P
∂s

can be obtained projecting both sides of equation (2.23) onto ŝ. The

first term of the on the right hand side corresponds to the pressure torque on a
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body at rest and by using equation (2.24) we have

τ (ν∇2
u)

p = −ν
2

∫

Γ
R2(s)

dω

dn
ds (2.36)

this integral can be simplified further for an ellipse where the radius in given by

R2 = (cosh2 µ0 cos2 θ + sinh2 µ0 sin2 θ)a2 =
(

(sinh2 µ0 − cosh2 µ0) sin2 θ + cosh2 µ0

)

a2

so that

τ (ν∇2
u)

p =
νa2

2

∫

Γ

∂ω

∂µ
sin2 θds− νa2

2
cosh2 µ0

∫

Γ

∂ω

∂µ
ds =

νa2

2

∫

Γ

∂ω

∂µ
sin2 θdθ

where the integral
∫ ∂ω

∂µ
ds vanishes by equation (2.24) since the pressure along the

body is a one-valued function. Because of the sensitivity of the trajectories of free-

falling bodies on the value of the aerodynamic torque, being able to calculate the

second integral in the expression above analytically is crucial for the stability of

the numerical scheme. This is not possible, for example, for a conformal mapping

obtained numerically, as in the case of the rectangular shape shown in figure 2.1,

where equation (2.36) has to be used instead.

As in the force calculation, the other terms on the right end side of equation

2.23 give the non inertial corrections to the pressure torque.

τ (−Ω̂×r)
p = −ρ

2

∫

Γ
R2(s)

(

−ŝ · (Ω̇ × r)
)

ds

=
ρ

2

∫

Γ
R2(s)Ω̇ · (r × ŝ)ds =

ρΩ̇

2

∫ 2π

0
R2(θ)(a coshµ0 cos θ, a sinhµ0 sin θ)

× (−a cosh µ0 sin θ/
√

S, a sinhµ0 cos θ/
√

S)
√

Sdθ = 2IfΩ̇

where If is the moment of inertial of the displaced fluid. All the remaining terms

vanish for an ellipse.

τ−ȧ

p =
ρ

2
=
∫

Γ
R2(s)(ŝ · ȧ) =

ȧ

2

∫

Γ
R2(s)ŝds = 0 (2.37)
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τ−Ω×(Ω×r)
p =

−ρΩ2

2

∫

Γ
R2(s)ŝ

(

(Ω · r)Ω − Ω2r
)

ds = −ρΩ
2

2

∫

Γ
ŝ · rdr

= −ρΩ
2

2

∫ 2π

0
R2(θ)(cosh µ0 cos θ, sinhµ0 sin θ) ·

( − coshµ0 sin θ/
√

S, sinh µ0 cos θ/
√

S)
√

Sdθ = 0

Again the Coriolis contribution vanishes, τ−2Ω×u

p = 0, since u = 0 at the boundary.

Thus the pressure torque is given by

τp =
νa2

2

∫ 2π

0

∂ω

∂µ
sin2 θdθ + 2IfΩ̇ (2.38)

2.3.4 Viscous torque

The viscous torque is also obtained by integrating the stress tensor σij = ν( ∂ui

∂xj
+

∂uj

∂xi
) along the boundary of the ellipse

τ ν =
∫

Γ
εlirlσijn̂j = ν

∫

Γ
εlirl

(

∂ui

∂xj
+
∂uj

∂xi

)

n̂jds (2.39)

= ν
∫

Γ
εlirl

(

∂ui

∂xj

− ∂uj

∂xi

)

n̂j + 2ν
∫

Γ
εlirl

∂uj

∂xi

n̂jds (2.40)

= ν
∫

Γ
εlirlεijωn̂jds+ 2ν

∫

Γ
εlirl

∂uj

∂xi
n̂jds (2.41)

= −ν
∫

Γ
rjωn̂jds+ 2ν

∫

Γ
εlirl

∂uj

∂xi
n̂jds (2.42)

where the identity εliεij = −δlj has been used to contract the first integral above.

We evaluate the first term of equation (2.42) for an ellipse

−ν
∫

Γ
rjωn̂jds = (2.43)

= −ν
∫

Γ
ω

(

−x∂dy
∂ds

+ y
∂dx

∂ds

)

ds = −ν
∫ 2π

0
ω

(

−x∂dy
∂dθ

+ y
∂dx

∂dθ

)

dθ (2.44)

= −ν
∫ 2π

0
ωa2(− cosh µ0 sinh µ0 cos θ2 − cosh µ0 sinh µ0 sin2 θ)dθ (2.45)

= νa2 cosh µ0 sinhµ0

∫ 2π

0
ωdθ (2.46)
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The second term vanishes

2ν
∫

Γ
εlirl∂iujn̂jds = 2ν

∫ ∫

A
∂j(εlirl∂uj)dA (2.47)

= 2ν
∫ ∫

A
εli(∂jrl)(∂iuj)dA+ 2ν

∫ ∫

A
εlirl∂i(∂juj)dA (2.48)

= 2ν
∫ ∫

A
εliδjl(∂iuj)dA = 2ν

∫ ∫

A
εji∂iujdA (2.49)

= −2ν
∫ ∫

A
∇× u dA = −2ν

∫

Γ
u · ds = 0 (2.50)

So that the viscous torque is given by

τν = νa2 coshµ0 sinhµ0

∫ 2π

0
ω dθ (2.51)

2.4 Force summary

The contributions from the plate acceleration to the pressure force, Fp, and the

pressure torque, τp, are given by the a and Ω̇ terms in equations (2.52) and (2.53).

The viscous force, Fν , and torque, τν , have the same form as for a stationary

ellipse. The integral equations for the aerodynamic force and torque on an moving

ellipse in a two-dimensional incompressible fluid as a function of of its kinematic

variable and the vorticity at its boundary are

Fp = ν ρf c
∫ 2π

0
(sinh µ0 sin θ,− coshµ0 cos θ)

∂ω

∂µ
dθ +

1

4
πρf l h a , (2.52)

τp =
1

2
ν ρf c

2
∫ 2π

0

∂ω

∂µ
sin2 θ dθ +

1

32
πρf l h (l2 + h2) Ω̇ , (2.53)

Fν = ν ρf c
∫ 2π

0
ω (− coshµ0 sin θ, sinh µ0 cos θ) dθ , (2.54)

τν = νρfc
2 coshµ0 sinhµ0

∫ 2π

0
ω dθ , (2.55)

where ρf is the density of the fluid, h is the minor axis of the ellipse, and a and Ω̇

are the translational and the angular acceleration of the plate, respectively. The
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plate dynamics follows Newton’s 2nd law, and the updated plate velocity is fed

back to the Navier-Stokes solver through the boundary conditions. The terms

depending on the accelerations a and Ω̇ in equations 2.52 and 2.53 can moved to

the left end side of Newton’s equation. However, in order to improve the numerical

stability of the method, it is convenient to leave them on the right end side and

use the accelerations calculated in the the previous time step.

With this computational method it typically takes 10 to 20 times longer to

resolve the free fall of a plate than to compute the flow past the same plate under-

going a similar but prescribed motion in which the feed back step is not needed.

The simulations of freely falling plates discussed in the following are obtained using

a 512 × 1024 grid and were repeated using a 256 × 512 grid to check the compu-

tational accuracy. The results presented here hold for both resolutions, although

details in the trajectories might differ (see figure 2.2).
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Figure 2.2: Trajectory of a tumbling ellipse with β = 1/8 and Re = 103 computed with

resolution 512×1024 (solid line) and 256×512 (dashed line). The details of the solution

differ but the qualitative features are the same.



Chapter 3

Experimental Method

We measure the trajectories of small aluminum plates which fall in a water tank

in an essentially two-dimensional experiment. The experiment is conducted using

a rectangular glass container which is 30 cm wide, 45 cm high, and 75 cm long,

see figure 3.1(a). The container is filled with water, and a release mechanism

on top of the container allows us to drop the plates below the water surface with

well-controlled initial conditions. The release mechanism consists of a metal clamp

which holds the plates at their midpoint and opens using a small electromagnet as

shown in figure 3.1(b). The plates are 19 cm long and between 0.6 cm and 1.1 cm

wide. The large length to width ratios between 15 and 30 make the influence of

three-dimensional effects at the ends negligible.

We record the trajectories using high speed digital video at 400 to 500 frames

per second. The frame-rate is sufficient to resolve both the translational and the

rotational motion during all parts of the descent, including the turning points

which are dominated by fast rotational motion. The camera is positioned on one

side of the transparent glass container, see figure 3.1(a), and illuminate a white

background homogeneously on the opposite side of the container. In each frame

we observe the dark plate cross-section on the white background and identify the

center and the orientation of the plate cross-section (see figure 3.2). The measured

trajectories are smooth, and we are able to obtain instantaneous velocities using

a finite difference scheme (see figure 3.3). However, we have to filter out high

frequency noise using the Fourier transform to obtain instantaneous accelerations.

In the following we present velocities and forces where high frequency noise is

20
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Water tank

Video camera

Plate

mechanism
Release (a) (b)

Figure 3.1: The experimental apparatus. (a) the transparent glass container, the

release mechanism, the falling plate, and the high speed digital video camera shown

schematically. (b) the release mechanism mounted on top of the container. The

aluminum plate (1) is held at its midpoint by the clamp (2) below the water surface

and it is aligned horizontally using the two bars (3). The plate is released when

the clamp is opened using the small electromagnet (4).

filtered out.

This setup is different from those used in previous experimental works on free-

falling bodies. In [7] the container is narrow and the plates touch the sides of the

container to constrain their motion to be two-dimensional. In the setup used by [33]

the length to width ratio was between 3 and 4, and tip plates were used to reduce

three-dimensional effects. In the present experiment the plates are released so that

they rotate about their axis of symmetry in the length direction and fall with two-

dimensional trajectories in the plane normal to the length direction. The plates

thus fall through the water without any constraints on their motion and without

touching the walls of the container. Since the plate motion depends sensitively

on the drag and the dissipative fluid torque, any additional damping from friction

between the plate and the container walls could affect the behavior at the turning
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(a) (b)

Figure 3.2: (a) A frame from the high speed video of the tumbling trajectory shown in

figure 4.1. (b) The same frame converted to the black and white image used to determine

the center of mass and orientation of the plate.

points in particular. Here such additional damping is absent since there are 5 cm

between the plate tips and the container walls. The results of this experiment

are compared with two dimensional numerical simulations in section 4.3. This

comparison shows that the experiment described above produces trajectories that

are qualitatively the same as those displayed by a system that is strictly two-

dimensional. The difference in the setups might explain the discrepancies between

the findings in the transition region between fluttering and tumbling presented in

[7] and those discussed in chapter 4.
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Figure 3.3: Horizontal and vertical components of the velocity vx and vy and angular

velocity ω of the plate shown in figure 4.1 (c). The solid lines show velocities obtained by

filtering the noise with a Fourier filter. The dots show velocities obtained with a single

stencil derivative of the center of mass position.



Chapter 4

Trajectories and flows

4.1 Non-dimensional parameters and phase diagram

A freely falling plate is characterized by six dimensional parameters, i.e., the width

of the plate, l, the thickness of the plate, h, the density of the plate, ρs, the density

of the fluid, ρf , the kinematic viscosity of the fluid, ν, and the acceleration due

to gravity, g. From the six dimensional numbers we form three non-dimensional

numbers, i.e., the thickness to width ratio, β, the dimensionless moment of inertia,

I∗, and the Reynolds number, Re. Specifically we define the thickness to width

ratio of the plate cross-section

β =
h

l
, (4.1)

and the dimensionless moment of inertia [33]:

I∗ =
32 I

π ρf l4
, (4.2)

where π ρf l
4/32 is the moment of inertia per length about the axis of symme-

try of a cylinder of density ρf and diameter l. With rectangular cross-section

we have I∗ = 8 ρs h (l2 + h2) /(3 π ρf l
3) and with elliptical cross-section I∗ =

ρs h (l2 + h2) /(2 ρf l
3). We define the Reynolds number using the width of the

plate and the descent speed

Re =
l V

ν
. (4.3)

A simple estimate of the average descent speed, V , at intermediate Re gives:

24
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V ≈
√

2 (ρs/ρf − 1) h g . (4.4)

The estimate is obtained by balancing the buoyancy corrected gravity, (ρs −

ρf ) h l g, with the quadratic drag, ρf l V
2/ 2. However, [41] and [33] used the mea-

sured value of the average descent speed in the definition of the Reynolds number

and we shall follow their convention.

[33] found a phase diagram for rectangular plates qualitatively similar to the

phase diagram for circular disks measured by [41]. The plates descend steadily

when Re is below 100, and a transition from fluttering to tumbling takes place

with increasing I∗ at larger values of Re. [33] measured the transition value of

I∗ to be 0.2 – 0.3, whereas [7] found a transition value of 0.4 in their quasi two-

dimensional experiment.

4.2 Trajectories

The measured trajectories of aluminum plates with different thickness to width

ratio show a number of interesting characteristics. We use plates with rectangular

cross-section and thickness to width ratio between β = 1/14 and β = 1/5. Figure

4.1 shows the trajectories of three of the four experimental plates, and table 4.1

summarizes the experiment, a fluttering plate with β = 1/14, two tumbling plates

with β = 1/5 and β = 1/8, respectively, and a plate with β = 1/6 showing

apparently chaotic motion. The nature of the transition between these qualitatively

different behaviors is studied in chapter 6 by direct numerical simulations and by

analyzing a reduced model of ordinary differential equations.
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Figure 4.1: Measured plate trajectories. (a) the fluttering plate with h = 0.081 cm

and β = 1/14, (b) two apparently chaotic trajectories for the h = 0.162 cm and

β = 1/6 plate, and (c) the tumbling plate with h = 0.162 cm and β = 1/5. For

clarity the two trajectories in (b) are displaced from each other 0.5 cm horizontally

and 1.5 cm vertically. The thick line segments show the plate cross-sections with

time-intervals of 0.04 s in (a) and 0.025 s in (b) and (c).
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Table 4.1: The thickness h, the non-dimensional parameters β, I∗, and Re, and

the measured average horizontal velocity 〈vx〉, vertical velocity 〈vy〉, and angular

velocity 〈ω〉. The Reynolds number defined in equation (4.3) is obtained using

〈vy〉 and the kinematic viscosity of water at 25◦ C, i.e., ν = 0.0089 cm2 s−1. The

averages for β = 1/5 are based on 10 trajectories with 8 periods each, the averages

for β = 1/8 are based on 20 trajectories with 3 periods each, and the averages for

β = 1/14 are based on 10 trajectories with 5 periods each. For the plates with

β = 1/6 and β = 1/14 we report the averages of the absolute values of vx and ω.

h [cm] β I∗ Re 〈vx〉 [cm s−1] 〈vy〉 [cm s−1] 〈ω〉 [rad s−1]

0.162 1/5 0.48 737 14.2 ± 0.1 −8.1 ± 0.3 25.5 ± 0.3

0.162 1/6 0.39 1770 15.2 ± 0.7 −16.2 ± 2.9 16.1 ± 1.1

0.081 1/8 0.29 837 15.9 ± 0.3 −11.5 ± 0.5 14.5 ± 0.3

0.081 1/14 0.16 1147 19.8 ± 0.3 −9.0 ± 0.2 6.8 ± 0.1
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4.2.1 Fluttering

Figure 4.1(a) shows the trajectory and the solid lines in figure 4.2 show the velocity

components for the fluttering plate with h = 0.081 cm and β = 1/14. The plate

oscillates from side to side as it descends with alternating gliding at low angle of

attack and fast rotational motion at the turning points. The center of mass elevates

at the turning points, and the turning points are cusp-like since the translational

motion almost ceases. This is a signature of the dependence of the aerodynamic

lift on the rotation of the plate (see section 5.3).

The periodic motion of a fluttering plate is in general complex and not easy to

describe by simple functions. However, it is evident from the measured transla-

tional velocity components shown in figure 4.2 that the fluttering of the plate with

β = 1/14 is dominated by the lowest harmonics. The trajectory is well-described

by the simple curve

x(t) =
V1

Ω
sin(Ω t) , (4.5)

y(t) = −V2 t −
V3

2 Ω
cos(2 Ω t) , (4.6)

where Ω, V1, V2, and V3 are constants. The constant Ω is the angular frequency

of the periodic motion, V2 is the average descent speed, and V1 and V3 describe

the amplitudes of the oscillations in vx and vy, respectively. Figure 4.3 shows the

curve (4.5) and (4.6) with the parameters Ω = 9.8 rad s−1, V1 = 32.6 cm s−1,

V2 = 9.1 cm s−1, and V3 = 14.5 cm s−1 obtained from the fits shown by the two

dotted lines in figure 4.2.

The frequency of the oscillatory component of the vertical velocity is twice the

frequency of the oscillatory horizontal velocity component because of the symme-
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Figure 4.2: The measured velocities (solid lines) for fluttering with h = 0.081 cm

and β = 1/14, and the best fits (dotted lines) of the velocity expressions derived

from equations (4.5) and (4.6). (a) the horizontal velocity component vx, (b) the

vertical velocity component vy, and (c) the angular velocity ω. Both vx and vy are

well-described by a single harmonics, whereas 3 harmonics are needed to capture

the main features of ω with three local extrema for each half-period.
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try of the fluttering motion. Any solution with periodic and symmetric side to side

oscillations and constant average descent speed will therefore in general contain

terms like (4.5) and (4.6). A special example of such motion is that of a rigid

object with elliptical cross-section in a two-dimensional inviscid flow without grav-

ity and circulation [18]. The problem is described by Kirchhoff’s equations, and

the small amplitude analytical solution consists of symmetric side to side oscilla-

tions. However, the phase difference between the two oscillatory components and

the rotational motion in the ideal fluid problem are different from the fluttering

trajectory of a thin plate falling in a viscous fluid.

4.2.2 Tumbling

Figures 4.1(c) shows the trajectory and figure 4.4 the velocity components as func-

tions of time for the tumbling plate with h = 0.162 cm and β = 1/5. The

plate is released at an angle of 60◦ with the horizontal, and it settles into periodic

motion after one to two complete rotations. The periodic motion alternates be-

tween short and long gliding segments, and tumbling motion has the pronounced

period-two structure also observed in the direct numerical simulations presented in

chapter 6. The plate rotates fast at the turning points with angular velocities up

to ω = 40 rad s−1 as shown in figure 4.4(c). The center of mass elevates following

the long gliding segments whereas it does not elevate following the short gliding

segments as shown in figure 4.4(b).

4.2.3 Apparently chaotic motion

Figure 4.1(b) shows two typical trajectories for the h = 0.162 cm and β = 1/6

plate with apparently chaotic motion, and figure 4.5 shows the velocity components
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Figure 4.3: The simple analytical curve (4.5) and (4.6) describes the fluttering tra-

jectory for the plate with β = 1/14 shown in figure 4.1(a). The curve parameters

are obtained by fitting the translational velocity components as shown by the two

dotted lines in figure 4.2.
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Figure 4.4: Measured velocities as functions of time for the tumbling plate with

h = 0.162 cm and β = 1/5. (a) the horizontal velocity component, (b) the vertical

velocity component, and (c) the angular velocity. The plate elevates (vy is positive)

after the long gliding segments whereas it does not elevate after the short gliding

segments. The local maxima for vy and ω almost coincide, and we note that vx is

large and ω is small during the long gliding segments.
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as functions of time for plate (1) in figure 4.1(b). The motion in the transition

region between fluttering and tumbling alternates between fast complete rotations

and segments where the plate glides at low angle of attack for distances up to 15

times the plate width. The two trajectories start out with similar initial condi-

tions, but the dynamics is very sensitive to the initial conditions of the plate and

the water. Both plates end up almost at rest and oriented vertically after a few

complete rotations, and in this state it is undetermined whether the plates will

flutter or tumble. Plate (1) therefore glides to the left whereas plate (2) glides to

the right. The apparently chaotic motion is radically different from the periodic

fluttering and tumbling with short transients, and when the plates are almost at

rest and oriented vertically the dynamics is much more sensitive to experimental

noise than in the periodic regions. We note that [13] observed similar apparently

chaotic motion for freely falling disks, whereas apparently chaotic motion was not

found in the experiment by [7].

In chapter 6 we have present direct numerical simulations at somewhat lower

Reynolds number showing a wide transition region between fluttering and tum-

bling in which the plates flutter periodically but tumble once between consecutive

turning points [2]. Within the framework of a quasi-steady model we analyze

the transition between fluttering and tumbling for plates with small thickness to

width ratio for which the dimensionless moment of inertia is the relevant control

parameter. We identify the transition in the quasi-steady model as a heteroclinic

bifurcation, and using the direct numerical simulations we found that the transi-

tion between fluttering and tumbling does not always take place via a sequence of

chaotic solutions. These results could suggest that the apparently chaotic trajec-

tories are observed in the present experiment because the system is very sensitive
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to noise in the transition region and that the trajectories only appear to be chaotic

due to experimental noise.

4.3 Comparison between experiment and direct numerical

simulations

To validate and check the measurements and the direct numerical simulations we

compare measured and computed trajectories for the tumbling plate with β =

1/8. We keep the width and the thickness the same in the experiment and the

simulations, but the plate in the experiment has rectangular cross-section whereas

the plate in the simulations has elliptical cross-section to take advantage of a

conformal mapping with a simple analytic form and no singular corners. Both

the mass and the moment of inertia are therefore smaller in the simulations in

comparison with the experiment. With the rectangular cross-section we have I ∗ =

0.29 and Re = 837 and with the elliptical cross-section I∗ = 0.17 and Re = 1025.

The measurements were repeated 20 times with initial conditions set by releasing

the plate at an angle of 45◦ with the horizontal, and the simulations were carried

out with the 5 different sets of initial conditions (I – V) specified in table 4.2.

Figure 4.6(a) shows the plate trajectories and figure 4.6(b) shows vx versus vy

for two representative trajectories, one measured and one computed. The trajec-

tories are qualitatively similar, but the period-two structure is more pronounced

in the simulations as shown in figure 4.6(b). We ascribe the differences between

the trajectories to the differences between the rectangular and the elliptical cross-

section. The average velocity components, angular velocity, and angle of descent

are reported in table 4.3. The average tumbling frequency in the simulations is
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Figure 4.5: Measured velocities as functions of time for the plate with h =

0.162 cm and β = 1/6 displaying irregular motion, see trajectory (1) in figure

4.1(b). (a) the horizontal velocity component, (b) the vertical velocity component,

and (c) the angular velocity. The irregular motion involves long gliding segments

at low angle of attack with descent velocities up to vy = −50 cm s−1 followed by

center of mass elevation with upward velocities up to vy = 20 cm s−1.
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Table 4.2: Initial conditions for the plates in the direct numerical simulations.

I – V: β = 1/8, h = 0.081 cm, ρf = 1.0 g cm−3, ρs = 2.7 g cm−3, and ν =

0.0089 cm2 s−1; VI – VII: β = 1/4, h = 0.05 cm, ρf = 1.0 g cm−3, ρs = 2.0 g cm−3,

and ν = 0.0089 cm2 s−1.

β Run vx[cm s−1] vy[cm s−1] ω[rad s−1] θ[deg]

1/8 I 0.00 0.00 0.00 11.5

- II 0.00 0.00 -16.50 -11.5

- III -8.92 -8.92 0.00 45.3

- IV -17.90 -17.90 0.00 45.3

- V -35.70 53.40 0.00 45.3

1/4 VI 0.00 0.00 0.00 11.5

- VII 0.00 0.00 -2.90 -11.5
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Table 4.3: Average velocities 〈vx〉 and 〈vy〉, angular velocity 〈ω〉, and angle of

descent for the tumbling plate with β = 1/8 in the experiment (rectangular cross-

section) and in the direct numerical simulations (elliptical cross-section) with initial

conditions (I – V) in table 4.2.

〈vx〉 [cm s−1] 〈vy〉 [cm s−1] 〈ω〉 [rad s−1] Descent angle [deg]

Experiment: 15.9 ± 0.3 −11.5 ± 0.5 14.5 ± 0.3 35.8 ± 1.3

Simulation: 15.6 ± 0.2 −7.4 ± 0.3 18.0 ± 0.3 25.3 ± 0.9

25 % higher than the average tumbling frequency in the experiment. The average

angle of descent relative to the horizontal is 25.3◦ in the simulations and 35.8◦

in the experiments, and the average descent velocity is about 50 % larger in the

experiments than in the simulations. The standard deviations are comparable in

the experiments and in the simulations as reported in table 4.3.

4.4 Sensitivity to initial conditions

In order to average different experimental runs, it is important to know how the

trajectories obtained depend on the initial conditions. We investigate numerically

the dependence on initial conditions by specifying different initial conditions of the

plate as summarized in table 4.2. Figure 4.7(a) shows the trajectories of the plate

with β = 1/8 in two simulations with 10 complete periods and initial conditions

I and II from table 4.2. The initial transients of the two runs are very different,

as expected, but after two complete rotations the two trajectories span the same

region in the vx versus vy plot and exhibit similar period-two dynamics as shown in

figure 4.7(b). However, the initial conditions have significant importance in some
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Figure 4.6: Tumbling dynamics with β = 1/8 from the experiment (blue) and

the direct numerical simulation (red) with initial condition I in table 4.2. (a)

trajectories and (b) vx versus vy. The trajectories are qualitatively similar, and

we ascribe the quantitative differences to the difference in geometry between the

rectangular and the elliptical cross-section.
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Figure 4.7: Dependence on initial conditions of periodic solutions. (a) trajectory

and (b) vx versus vy for a tumbling plate with β = 1/8, Re = 1025, and I∗ = 0.17

with initial condition I (blue) and II (red) from table 4.2; (c) trajectory and (d) vx

versus vy for a tumbling plate with β = 1/4, Re = 102, and I∗ = 0.36 with initial

condition VI (blue) and VII (red) from table 4.2.
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cases. The apparently chaotic trajectories shown in figure 4.1(b) depend sensitively

on the initial conditions, and periodic solutions can also depend sensitively on the

initial conditions as shown in figures 4.7(c) and 4.7(d). One trajectory (blue)

displays a pronounced period-two structure whereas the other trajectory (red)

displays a simple period-one structure. Dependence on initial conditions is also

observed in the band of periodic states observed numerically in the transition from

fluttering to tumbling (see chapter 6).

4.5 Vortex shedding and wake structure

Measuring the wake a free falling body experimentally is a very difficult task.

On the other hand direct numerical simulations can provide very high resolution

vorticity fields in both time and space. Two representative cases of tumbling and

fluttering ellipses are shown in the following.

4.5.1 Tumbling

The wake of the tumbling plate with β = 1/8 consists of vortices shed at the

turning points plus vortex pairs formed by the breakup of the extended wake

formed during gliding. Figure 4.8 shows snapshots of the vorticity field around

the plate. The vortex pair in the top left corner of each frame was shed after the

initial fluttering transient. The plate starts gliding after the transient, and the

trajectory alternates between short and long gliding segments separated by 180◦

rotations. As the plate initiates a turn, the wake developed during the previous

gliding segment becomes unstable and breaks up into vortices with a characteristic

size of half the plate width. In addition, two vortices are shed when the plate

undergoes a 180◦ rotation and resumes gliding. The short gliding segments are
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similar to the long gliding segments except that the wake of the plate has less time

to develop and generates fewer vortices as it breaks up.

4.5.2 Fluttering

Figure 4.9 shows the vorticity field around a fluttering plate with elliptical cross-

section, β = 1/18, I∗ = 0.057, and Re = 412. Numerically we have not resolved the

β = 1/14 fluttering, and to illustrate the wake structure in fluttering we consider

an example at somewhat lower Reynolds number. The vortex dipole shed during

the initial transient is visible at the top left corner in figure 4.9(a). A similar dipole

is shed during the transient of the tumbling plate shown in figure 4.8. In both cases

the plate glides at small angle of attack after the transient until it starts to pitch

up and approach the turning point. As the plate pitches up it decelerates, its wake

becomes unstable, and its center of mass elevates. The old leading and trailing

edge vortices are shed as the plate resumes gliding.

4.6 The Strouhal number for a freely falling plate

Figure 4.10(a) shows the vorticity field for a tumbling plate with elliptical cross-

section and β = 1/2, I∗ = 0.84, and Re = 832. The freely falling plate rotates

continuously and an extended wake is therefore not formed. Two vortices of similar

magnitude but opposite sign are shed during each half period as the plate rotates,

and the wake therefore consists of a sequence of vortex dipoles. For comparison

figure 4.9(b) shows a numerical simulation of the flow around a plate with β = 1/2,

which is translating with fixed angle of attack equal to 45◦ and velocity equal to

the average translational velocity of the tumbling plate. The vortex shedding

frequency, f , the vortex strengths, and the distances between vortices of the same



42

−1[s  ]ω
0−35 35 100−100

t=0.356 s
(a)

(d)

(c)

(f)

(g) (i)

t=0.293 s t=0.375 s

t=0.393 s t=0.411 s t=0.448 s

(b)

(e)

(h)
t=0.521st=0.475 s t=0.493 s

Figure 4.8: The vorticity around the tumbling plate with β = 1/8, I∗ = 0.17,

and Re = 1025. The grid resolution was 512 × 1024. Positive vorticity in red and

negative vorticity in blue. (a) onset of the wake instability; (b) the instability is

fully developed, and the plate has initiated its first turn; (c)–(d) a vortex pair is

formed as the plate completes its turn; (e) the plate glides for a short distance;

(f)–(h) the plate makes a second 180◦ turn; and (i) the plate resumes gliding.
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Figure 4.9: The vorticity around the fluttering plate with β = 1/18, I∗ = 0.057,

and Re = 412. The grid resolution was 512 × 1024. Positive vorticity in red and

negative vorticity in blue. (a) the plate glides at small angle of attack; (b) the

plate pitches up and its center of mass elevates; (c) the plate slows down; (d)–(f)

the plate rotates and starts to shed its old leading edge vortex (red); (g)–(h) the

old trailing edge vortex (blue) is shed; (i) the plate resumes gliding.
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Figure 4.10: Vorticity fields with positive vorticity in red and negative vorticity in

blue. The grid resolution was 512× 1024, and the time between consecutive fields

was 0.0193 s. (a)–(f) tumbling plate with β = 1/2, I∗ = 0.84, and Re = 832; (g)–

(i) plate with β = 1/2 translating with velocity equal to the average translational

velocity of the tumbling plate. In (a)–(f) a vortex pair is shed during every 180◦

rotation and in (g)–(i) a von Kármán vortex street is formed.

sign for the tumbling plate in figure 4.10(a) are comparable to those of the von

Kármán vortex street of the translating plate in figure 4.10(b). The Strouhal

number, St = lf/V , for the freely falling plate is St = 0.24. For plates in a fixed

oncoming flow we find 0.23 < St < 0.43 as the angle of attack is decreased from 90◦

to 0◦, and with angle of attack equal to 45◦ as in figure 4.9(b) we have St = 0.32.



Chapter 5

Fluid forces: measurements and

quasi-steady model

5.1 Experiment and direct numerical simulations

In the quasi two-dimensional experiment described in chapter 3, we extract the

fluid force, F, and the fluid torque, τ , per unit length on the plate directly from

the measured accelerations, i.e., Fx = m v̇x, Fy = m v̇y + m′ g, and τ = I θ̈,

where m = ρs h l, m
′ = (ρs − ρf ) h l, and I = ρs h l (l

2 + h2)/12. Figure 5.1

shows Fx, Fy, and τ as functions of the angle θ. In the following we compare

the forces measured experimentally with those obtained numerically for β = 1/8.

For numerical reasons the numerical forces are obtained with an elliptical cross-

section, while the experiments where conducted with a rectangular cross-section.

The period of oscillation of the plate with elliptical cross-section is shorter than

the period of oscillation of the rectangular plate, and for comparison we show the

force components and the torque as functions of θ and not as functions of time

directly. The measured and the computed forces have qualitatively similar angular

dependence and the peak values are comparable.

The buoyancy corrected gravity is (ρs − ρf ) l h g = 88 g s−2 for the rectangular

plate and π (ρs − ρf) l h g/4 = 69 g s−2 for the plate with elliptical cross-section.

The measured torque is approximately twice as large as the computed torque. How-

ever the moment of inertia of the rectangular plate is also approximately twice as

large as the moment of inertia of the plate with elliptical cross-section. The com-

puted and the measured torque normalized by the moment of inertia are therefore

45
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Figure 5.1: The fluid force components and the fluid torque as functions of the angle

θ for the tumbling plates with β = 1/8. (a) – (c) experiment and (d) – (f) direct

numerical simulation with initial condition I. In both cases we use units wherem′ =

(ρs − ρf ) h l. The measured and the computed force and torque are qualitatively

similar and we ascribe the quantitative differences between measurements and

computations to the differences in geometry.
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comparable. The net fluid force acts close to the center and the arm of the fluid

force is only about 1/100 of the width of the plate. The fluid torque is very small

in comparison with the fluid torque on a glider with fixed angle of attack as shown

in figure 5.2 for both small and large angle of attack.

5.2 Quasi-steady force model

In order to quantify the main contributions to the fluid forces we consider a phe-

nomenological model based on ordinary differential equations. We model the two-

dimensional dynamics of a rigid card falling in a fluid by ordinary differential

equations with fluid force contributions from lift, drag and added mass. We apply

a quasi-steady approximation in which the fluid forces are expressed in terms of

the kinematic variables of the card alone. The Reynolds number based on the

semi-major axis and the average descent velocity of a paper card falling in air is

of the order of 103. The quadratic lift and drag terms in the model are designed

to describe the aerodynamics at such intermediate Reynolds numbers between 102

and 103. We assume that the card has elliptical cross-section with half-major

axis, a, and half-minor axis, b. We write the equations in the coordinate sys-

tem co-rotating with the plate, and we define vx′ , vy′ , and θ as shown in figure

5.3. The velocity components vx′ and vy′ are related to the horizontal velocity

component, vx, and the vertical velocity component, vy, by the transformation:

vx = vx′ cos θ − vy′ sin θ and vy = vx′ sin θ + vy′ cos θ.

Our model consists of the following set of coupled ordinary differential equations

(m+m11) v̇x′ = (m +m22) θ̇vy′ − ρfΓvy′ −m′ g sin θ − F ν
x′ , (5.1)
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Figure 5.2: The computed lift and fluid torque on steadily translating plates with

β = 1/8 and fixed angle of attack, α, as functions of the distance traveled. The

plates were impulsively started and the Reynolds numbers based on the width and

the translational speed were 103. (a) – (b) low angle of attack α = 10◦ and (c) –

(d) high angle of attack α = 40◦. The torques are one to two orders of magnitude

larger than the torques on the freely falling plates in figure 5.1.
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Figure 5.3: The velocity components vx′ and vy′ in the laboratory reference frame

are defined with respect to the coordinate system following the rotation of the

body, whereas vx and vy are the horizontal and the vertical velocity component

in the laboratory reference frame, respectively. The angle of attack, α, satisfies

α ∈ [−π/2, π/2] and it is negative in the example sketched.
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(m +m22) v̇y′ = −(m +m11) θ̇vx′ + ρfΓvx′ −m′ g cos θ − F ν
y′ , (5.2)

(I + Ia) θ̈ = (m11 −m22) vx′vy′ + lτ ρf Γ
√

v2
x′ + v2

y′ − τ ν . (5.3)

The terms m θ̇ vy′ and −m θ̇ vx′ arise due to the co-rotating coordinate system, and

the terms involving m11, m22, and Ia are due to added mass effects. The added

mass coefficients m11 and m22, and the added moment of inertia, Ia, are given by

inviscid theory [30]. We use the coefficients for a plate with elliptical cross-section:

m11 =
π

4
ρf h

2 , m22 =
π

4
ρf l

2 , Ia =
π

128
ρf

(

l2 − h2
)2

. (5.4)

In the absence of viscous effects the model reduces to Kirchhoff’s differential

equations for a solid body in an inviscid and irrotational flow. In Kirchhoff’s

equations the fluid circulation has an arbitrary constant value. For discussion and

analysis of the solutions of Kirchhoff’s equations see [18], [16], and [4].

We decompose fluid forces into lift and drag. The lift is orthogonal to the

direction of motion and proportional to the circulation, Γ = Γ(vx′, vy′ , θ̇). The

drag, Fν = Fν(vx′, vy′ , θ̇), and the dissipative fluid torque, τ ν = τ ν(vx′, vy′ , θ̇),

are opposite to the direction of translation and rotation, respectively. In classical

aerodynamics for wings with fixed angle of attack the fluid forces are conveniently

decomposed into lift and drag. The situation is more complicated in fluttering

and tumbling, since the center of mass velocity can point in any direction and

almost vanishes at the turning points, where the angle of attack is large and the

magnitudes of lift and drag are comparable. However, it is nevertheless convenient

to use lift and drag terms to model the fluid forces in a quasi-steady model.
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5.2.1 Circulation and Lift

The fluid circulation around the plate is not specified in Kirchhoff’s equations

and it must be modeled to complete equations (5.1) – (5.3). The plate dynam-

ics is characterized by two velocity scales, i.e., the translational velocity and the

rotational velocity of the plate, and we assume that the circulation depends on

both velocities. We write the circulation as the sum of a term proportional to the

translational speed and a term proportional to the angular velocity of the plate

Γ = −1

2
CT l

√

v2
x′ + v2

y′ sin 2α +
1

2
CR l

2 θ̇ , (5.5)

where α is the angle of attack defined in figure 5.3, and CT and CR are non-

dimensional constants. By definition we have α ∈ [−π/2, π/2] and the sign con-

vention described in the caption of figure 5.3. In terms of vx′, vy′ , and θ̇ we write

the circulation

Γ = −CT l
vx′ vy′

√

v2
x′ + v2

y′

+
1

2
CR l

2 θ̇ . (5.6)

At low angles of attack the translational lift term reduces to the classical Kutta-

Joukowski lift for a translating wing with constant angle of attack, and at high

angles of attack it takes stall into account [39]. The rotational lift term has the

same form as the lift on a pitching plate at zero angle of attack for which CR = π

as calculated by [26]. In the quasi-steady model we assume that the functional

form is valid in general, but we determine CR by fitting the measured lift. A

justification for this choice based on numerical evidence is presented in section 5.3.

The present model of the circulation is different from previous models. [22]

assumed a constant circulation, and [34] and [7] assumed that Γ = −π l (v2
x′ +

v2
y′)1/2 sinα, i.e., the classical Kutta-Joukowski model. We show in the following
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that neither of the previous lift models can account for the measured lift, and that

the rotational lift dominates in tumbling.

The term lτ ρf Γ (v2
x′ + v2

y′)1/2 describes the torque due to the translational

and rotational lift. For a plate with elliptical cross-section in an ideal fluid with

constant circulation we have lτ = 0, and for a translating wing at low angle of

attack satisfying the Kutta condition we have lτ = l/4. In section 5.5 we compare

the contributions to the fluid torque with the measured torque and discuss the

value of lτ further.

5.2.2 Drag and dissipative torque

We describe the drag using a standard model, which is valid for a translating wing

with constant angle of attack at intermediate Reynolds number [39]. The drag

model is quadratic in the translational velocity and it has the following dependence

on the angle of attack

Fν =
1

2
ρf l

[

CD(0) cos2 α + CD(π/2) sin2 α
] √

v2
x′ + v2

y′ (vx′ , vy′) , (5.7)

where CD(0) and CD(π/2) are the drag coefficients at α = 0 and α = π/2, re-

spectively. The model of the pressure contribution to the drag can be motivated

theoretically by assuming that the local drag on the plate is proportional to the

square of the local velocity component normal to the plate

dFν =
1

2
ρf CD(π/2) |vn| vn (− sin θ, cos θ) dr , (5.8)

where we write the drag components in the laboratory coordinate system and define

vn as the local velocity component normal to the face of plate, i.e., vn = vy′ + r θ̇.
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We use −l/2 ≤ r ≤ l/2 to denote the position of a plate segment relative to the

center. In the absence of rotation we obtain the term used in equation (5.7) to

model the pressure contribution to the drag

Fν =
1

2
ρf CD(π/2) l sin2 α

√

v2
x′ + v2

y′ (vx′, vy′) . (5.9)

In the following we apply the local drag term (5.8) to describe the dissipative fluid

torque

dτ ν =
1

2
ρf CD(π/2) |vn| vn r dr , (5.10)

and by integration we obtain the dissipative torque model

τ ν =
1

2
ρf CD(π/2)

∫ l/2

−l/2
|vn| vn r dr . (5.11)

The torque term vanishes for a purely translating plate, and in the absence of

translation we can directly perform the integral: τ ν = (1/64) ρf CD(π/2) l4
∣

∣

∣θ̇
∣

∣

∣ θ̇.

In section 5.5 we compare the dissipative torque with the experiment.

5.3 Circulation and Center of Mass Elevation

A falling leaf or paper, while falling downward on average, can rise momentarily

as if picked up by wind. In Fig. 1.1 we verify this observation by filming a falling

journal cover at high speed. The case shown in Fig. 5.4 is an example of center of

mass elevation for a rigid plate without ambient wind. At sufficiently high Reynolds

numbers, Joukowski’s theory predicts phugoid motion which swings up periodically

in the special case where the angle of attack is constant and drag is negligible [3].

The situation here is different. The Reynolds number is relatively low, about 103,
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and drag is non-negligible. A straightforward modification of Joukowski’s model to

incorporate the lift-drag polar at Reynolds number about 103 predicts no center of

mass elevation. Center of mass elevation can be related to the circulation around

the falling plate, i.e. the quantity that, within inviscid theory, gives the lift on the

plate.

In inviscid theory, the circulation Γ is unknown and needs to be modeled to

complete the equations for the pressure force. Figure 5.5 shows the best fit of

the pressure force from the Navier-Stokes solution of a tumbling ellipse by using

equations (5.1-5.2) where the added mass coefficients are left as free parameters

and Γ has two contributions, one proportional to the angular velocity of the ellipse

Ω and the other given by the Kutta-Joukowski condition, as in equation 6.7.

For the falling ellipse shown in Fig. 5.4, the rotational contribution is about 10

times larger than the translational one. The lift corresponding to the circulation

Γ is about 75% of the total lift, the remaining lift being generated by the added

mass terms with coefficients m12 and m21. It is worth noting that values mij from

the force fit differ from those given by inviscid theory (see caption of Fig. 5.5).

Skin friction gives a contribution of about 25% of the total force and can be

approximated with an expansion in the kinematic variables the ellipse vx, vy, and

θ̇ (see caption in Fig. 5.5).

The circulation model of equation (5.5) can be validated by integrating the

velocity field outside the ellipse. Fig.5.6 shows the circulation obtained both by

fitting the pressure force with equations (5.1-5.2) and by integrating the velocity

field. The circulation displays a strong dependence on the motion of the ellipse and

can not be modeled by a constant value as in [22] or by the classical expression for

a translating airfoil as in [34, 7]. Instead, the circulation is better approximated by
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equation (5.5). The negative peaks in the circulation correspond to vortices shed

at the turning points of the ellipse trajectory.

In terms of the traditional decomposition of forces into lift and drag, the pro-

portionality between the circulation around the ellipse and its rotational velocity

corresponds to a lift proportional to Ω|v| instead of |v|2 as in the case of a translat-

ing plate. In the classical context, Ω|v| is the predicted lift for an airfoil translating

and pitching at small amplitude [26]. This is particularly important at the turn-

ing points of the trajectory, where the translational velocity is small. There, the

increased angular velocity Ω compensates for the decreasing translational velocity

|v| and the lift generated is sufficient for the center of mass of the ellipse to elevate.

This mechanism for lift augmentation has also been recently emphasized in insect

hovering[9].

To further verify the connection between center of mass elevation and rota-

tional lift, we arbitrarily vary the coefficients of the rotational and translational

contributions in equation (5.5). The tumbling trajectories obtained with such a

procedure are shown in Fig. 5.7. Models without rotational lift display center of

mass elevation only for unphysical values of the lift coefficient (cL > 7). On the

other hand, models including rotational lift show center of mass elevation for the

coefficients obtained from Navier-Stokes solutions (cL = 0.49 and cR = 2.6 in the

case shown in Fig. 5.7). The comparison between the two trajectories obtained

with and without rotational lift with the direct numerical simulation shown in fig-

ure 5.4 provides another qualitative validation of the circulation model of equation

5.5.

Finally the flow-induced coupling between translation and rotation can decrease

the speed of descent. The tumbling ellipse shown in Fig. 5.4 has an average descent
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speed of 0.4ut. In contrast, an identical ellipse parachuting down with its major

axis perpendicular to the direction of motion would reach a terminal velocity of

0.77ut. It would be interesting to find out whether the slow descent and the

stable direction of tumbling motion are exploited by nature, for example in seed

dispersion.

5.4 Measured and quasi-steady fluid forces

Figure 5.8 shows the measured and the quasi-steady force vectors at different

instances during tumbling and fluttering. The quasi-steady model describes the

measured fluid forces well during most parts of the trajectories, but underestimates

the fluid forces immediately after the 180◦ rotations following the short gliding

segments at position (1) in figure 5.8(a). This is to be expected since the plate

velocities are small and the wake effects are strong (see figure 4.8(h) for illustration

of the wake structure).

Figure 5.9 shows the measured and the quasi-steady lift and drag as functions

of time. We decompose the buoyancy corrected fluid force, F, in lift and drag,

F = L + D, where we define the lift, L, the drag, D, and their magnitudes L

and D as follows

L = (ev × F) × ev = L ez × ev , D = (F · ev) ev = −D ev . (5.12)

We let ev denote a unit vector in the direction of the center of mass velocity and

ez a unit vector in the z-direction orthogonal to the plane of motion. Positive and

negative values of D correspond to drag and thrust, respectively.

The quasi-steady model includes four lift terms, i.e., translational and rota-
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tional lift as shown in equation (5.6) with coefficients CT and CR, respectively,

and translational and rotational added mass terms. We use CT = 1.0 in all four

experimental cases and fit the measured lift to obtain the value of CR. The pro-

cedure gives the lift coefficients summarized in table 5.1, and the quasi-steady

lift plotted together with the measured lift in figures 5.8 and 5.9. In tumbling the

translational lift alternates between pointing up and down with respect to the plate

velocity as the plate pitches up at points marked (2), (3), and (5) and down at

points marked (1) and (4) as shown in figure 5.8(a). The average vertical compo-

nent of the translational lift is thus only 5 % of the buoyancy corrected gravity, and

an unrealistically high translational lift coefficient of CT = 20 would be required

for the quasi-steady forces to balance the buoyancy corrected gravity if rotational

lift were neglected. In tumbling the quality of the fit of the lift is therefore not very

sensitive to the value of CT , and with values of CT = 0.5 and CT = 1.5 we obtain

similar values of CR as with CT = 1.0. For the fluttering plate shown in figure

5.8(b) the translational and rotational lift balance 30 % and 70 % of the buoyancy

corrected gravity, respectively. We note that the lift contribution of added mass

is small for both tumbling and fluttering in comparison with the measured lift as

shown in figure 5.9.

The difference between the rotational and the translational lift is further il-

lustrated in figure 5.10 which shows the translational and the rotational lift con-

tributions together with the measured lift as functions of time. Figure 5.10(a)

shows tumbling with β = 1/5 for which the functional form of the rotational lift

resembles the functional form of the measured lift, whereas the translational lift

has a markedly different functional form with approximately zero average. Fig-

ure 5.10(b) shows fluttering with β = 1/14 for which both the rotational and the
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Table 5.1: Lift and drag coefficients in the quasi-steady model.

β CT CR CD(0) CD(π/2)

1/5 1.0 1.4 0.28 2.0

1/6 1.0 1.2 0.15 2.0

1/8 1.0 1.0 0.13 2.0

1/14 1.0 1.1 0.08 2.0

translational lift provide important contributions to the total lift and the functional

forms are similar.

We model the drag using equation (5.7) with CD(π/2) = 2.0 and CD(0) de-

termined by the best possible fit to the measured drag. We expect that the drag

model performs well during gliding at small angle of attack, see figure 5.8(b) po-

sitions (3) – (7), whereas we expect that it does not capture the wake dominated

fluid forces at the turning points, see figure 5.8(b) positions (1) and (8). The values

of CD(0) are in the range 0.1 – 0.3, and the value of CD(0) decreases with decreas-

ing thickness to width ratio as expected. The quasi-steady model predicts added

mass effects to overcome viscous drag and result in a net thrust at the turning

points for the plates with β = 1/5, β = 1/6, and β = 1/8 as shown in figure 5.9.

A net thrust is also observed experimentally with β = 1/5 and β = 1/6, but the

magnitude is smaller. An estimate of the added mass coefficients based on the

thrust peaks yields coefficients about 50 % smaller than the inviscid values.
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5.5 Measured and quasi-steady fluid torque

Figure 5.11 shows the measured fluid torque (black) in comparison with the torque

term, (m11−m22) vx′ vy′ , from ideal fluid theory (magenta), the torque term, −Ia θ̈,

related to the added moment of inertia (cyan), the torque from the translational

lift acting halfway between the leading edge and the center of the plate (blue), the

dissipative torque term (red), and the sum of the torque from translational lift and

dissipation (green).

The ideal fluid torque (m11 − m22) vx′ vy′ is one to two orders of magnitude

larger than the measured fluid torque, and the torque term −Ia θ̈ is comparable

in magnitude to the total measured fluid torque. The forces that produce the

(m11 −m22) vx′ vy′-term in ideal fluid theory do not give rise to a net fluid force on

the plate, and it is therefore possible for the ideal fluid torque to be large although

the forces due to added mass effects are small. In other words we observe that

Kirchhoff’s equations in the absence of circulation do not account for the measured

lift and overestimate the fluid torque significantly.

The translational and the rotational lift give rise to fluid torque terms, but the

values of lτ are in general different for the two lift terms and theoretical values

are only known in special cases, e.g., lτ = 0 for a plate with elliptical cross-

section in an ideal fluid with constant circulation and lτ = l/4 for a translating

wing at low angle of attack satisfying the Kutta condition. Figure 5.11 shows the

torque from the translational lift with the assumption that the force acts halfway

between the leading edge and the center of the plate, i.e., lτ = l/4 as in the case

of a wing translating with constant and low angle of attack. The magnitude of the

translational torque term is between two and four times larger than the magnitude

of the measured fluid torque in the four experimental cases, and for fluttering the
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translational torque term clearly overestimates the measured fluid torque. With

the assumption that lτ = l/4 also for the rotational lift we overestimate the

measured torque by one to two orders of magnitude. On the other hand the

magnitude of the dissipative torque (5.11) with CD(π/2) = 2.0 is comparable

with the magnitude of the measured fluid torque in the four experimental cases,

and the term provides a possible model of the dissipative part of the fluid torque.

5.6 Validity of the quasi-steady approximation

There are two main types of effects which are not accounted for in the quasi-

steady approximation, i.e., unsteady corrections to specific force terms and effects

due to the interaction of the plate with existing vortex structures. The first type of

unsteady effects include development of lift during translational acceleration from

rest at low angle of attack [36] and unsteady forces due to vortex formation at

both leading and trailing edge during translational accelerating at high angle of

attack [28]. An example of such unsteady effects is also shown in figure 5.2. The

second type of effects can be significant when the quasi-steady approximation is

applied to problems like flapping flight in which a wing is oscillated back and forth

and moves into its own wake [9]. However, a freely falling plate does not interact

with its own wake during gliding (see figures 4.8 and 4.9) and such effects are of

little significance except at the turning points.
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Figure 5.4: Navier-Stokes solution of a tumbling ellipse at Re = 1100, I∗ = 0.17 and

e = 0.125. (a) Body-fixed coordinate system and kinematic variables. (b) Trajectory

and orientation of the chord (major axis of the ellipse) over five periods of motion. (c)

the history of the chord (in red) and the force vector (in black), equally spaced in time

for the first period of the trajectory in (b). The chords numbered from 1 to 4 correspond

to the frames shown in (d) and to the times marked with dots on the force history of

Fig. 5.5. (d) Vorticity field at four instants during a full rotation. The frames display an

area of 5 × 2.5 chords and they are 4 a/ut time units apart. The vorticity field is color

coded on a logarithmic scale.
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Figure 5.5: The fluid force and torque on the tumbling ellipse shown in Fig. 5.4. Solid

lines are computed forces, with total force in red and the pressure force in blue. The

corresponding dashed lines are the best fits of the data based on the quasi-steady model of

equations (5.1-5.3). The added mass tensor m11 = 0.53m and m12 = 3.1m, m22 = 1.5m,

m21 = 0.56m and the circulation around the ellipse Γ = 2.6a2Ω + 0.49a|v| sin(2α) are

obtained from the pressure force. These mij differ from those predicted by inviscid

theory (minv
11 = minv

21 = 0.0491m and minv
22 = minv

12 = 3.14m) The viscous corrections

are modeled with the expansions F ν
x = −ν11u − ν12u

2, F ν
y = −ν21v − ν22v

2 and τν =

ν31uv − ν32Ω − ν33Ω|Ω|, with ν11 = 0.18, ν12 = 0.0075, ν21 = 0.070, ν22 = 0.054,

ν31 = −0.31, ν32 = −0.05, and ν33 = 0.16.
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Figure 5.6: Circulation as a function of time for the falling ellipse of Fig. 5.4. In blue,

the value of the circulation found integrating the vorticity field up to a radius of 3/2

chords from the center of the ellipse. The dashed line corresponds to the circulation

obtained from fitting the pressure forces, the red dashed line to the contribution of the

rotational term of equation (5.5) alone. The peaks of negative circulation not captured

by the fit correspond to the vortices shed by the ellipse at the turning points of its

trajectory.
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Figure 5.7: Trajectories obtained from ordinary differential equations (5.1-5.3) for dif-

ferent values of the translational and rotational lift coefficients cL and cR: a) cR = 2.6,

cL = 0.49, from the fit of Fig. 5.5; b) cR = 0, cL = 1.5, as in classical translational lift.

Center of mass elevation occurs in (a), but is absent in (b).
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Figure 5.8: Measured fluid force (black), total quasi-steady force (green), transla-

tional lift (blue), and rotational lift (red). (a) tumbling plate with β = 1/5 and

(b) fluttering plate with β = 1/14. In (a) the translational lift points down at (1)

and (4) and up at (2), (3), and (5), and the quasi-steady model underestimates

the fluid forces at (1) after the short gliding segments.
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Figure 5.9: Lift and drag components of fluid forces. Measured forces (black), total

quasi-steady forces (green), and quasi-steady forces without added mass (blue). (a)

– (b) tumbling with β = 1/5, (c) – (d) apparently chaotic motion with β = 1/6,

(e) – (f) tumbling with β = 1/8, and (g) – (h) fluttering with β = 1/14. Added

mass effects give negligible contributions to the lift. The relative contributions to

the drag are larger, but the resulting thrust peaks (negative drag) are not always

observed experimentally as with β = 1/8. In (g) the sign of the lift defined in

equation (5.12) depends on whether the plate moves left or right.
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Figure 5.10: Measured (black), translational (blue), and rotational lift (red). (a)

tumbling with β = 1/5 and (b) fluttering with β = 1/14. In (a) the average

value of the translational lift is small and its functional form is markedly different

from the measured lift, whereas the rotational lift captures the main features of the

measurements. In (b) both the translational and the rotational lift have significant

contributions to the total lift and the functional forms are similar.
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Figure 5.11: Measured torque and quasi-steady torque contributions. Measured

torque (black), the term (m11 − m22) vx′ vy′ from ideal fluid theory (magenta),

the term −Ia θ̈ related to the added moment of inertia (cyan), the torque from

translational lift (blue), the dissipative torque (red), and the sum of the torque

from translational lift and dissipative effects (green). (a) – (b) tumbling with

β = 1/5, (c) – (d) apparently chaotic motion with β = 1/6, (e) – (f) tumbling

with β = 1/8, and (g) – (h) fluttering with β = 1/14.



Chapter 6

ODE Model Analysis and bifurcations

Despite that fluttering and tumbling bodies are common everyday phenomena that

have interested scientists for centuries, see the qualitative discussion of tumbling

by [24], it turns out that little is known theoretically about the nature of the

transitions between fluttering, tumbling, and steady descent.

[41] measured a phase diagram for falling disks with fluttering, tumbling, and

steady descent. Both the three-dimensional motion of a falling circular disk and

the two-dimensional motion of a falling card depend on six dimensional quantities,

i.e., the diameter or the width of the object, 2a, the thickness of the object, 2b,

the density of the object, ρs, the density of the fluid, ρf , the kinematic viscosity

of the fluid, ν, and the acceleration due to gravity, g. From the six dimensional

quantities it is possible to form three non-dimensional numbers. The phase dia-

gram was constructed using the ratio between the thickness and the diameter of

the disk, β, the dimensionless moment of inertia, I∗, and the Reynolds number,

Re. The experiment focused on the small β limit in which the dynamics is in-

dependent of β and the phase diagram depends on Re and I∗ alone. The disks

fall steadily and broadside on for Re below 100, and for larger values of Re they

flutter when I∗ is small and tumble when I∗ is large. [13] made further experi-

ments on falling disks and found a chaotic transition region between fluttering and

tumbling, [33] measured a qualitatively similar phase diagram for falling plates,

and [7] studied the transition from fluttering to tumbling with increasing I∗ in

a quasi two-dimensional experiment with a narrow container in which the plate

motion was constrained mechanically to be two-dimensional. Here we measure the

69
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trajectories of fluttering and tumbling plates using a quasi two-dimensional setup

and obtained the instantaneous fluid forces from the measured accelerations. In

the experiment the plates were released in a water tank and allowed to fall freely

without any constraints on their motion. The plate length was much longer than

the width and the thickness of the plates, and the plates were released so that they

rotated about their long axis. Three-dimensional effects at the tips were therefore

negligible in the experiment, and the motion was effectively two-dimensional.

In this chapter we describe the phase diagram and the transitions using di-

rect numerical simulations of the two-dimensional Navier-Stokes equation and a

fluid force model based on ordinary differential equations derived from the direct

numerical simulations and experiments discussed in the previous chapters. By in-

creasing the thickness to width ratio and thereby the reduced moment of inertia

we find a transition between periodic fluttering and periodic tumbling. We observe

a wide transition region with periodic motion in the direct numerical simulations

and compare the findings with the apparently chaotic trajectories observed in the

quasi two-dimensional experiment on falling plates by [1] and the chaotic transition

region found in the three-dimensional experiments on falling disks by [41] and [13].

We show that the model introduced in chapter 5 depends naturally on the three

non-dimensional parameters suggested by [41]. The model has two different steady

solutions in which the card falls edge on and broadside on, respectively. The edge

on fixed point is always unstable, whereas we find a transition between steady

broadside on descent and oscillatory motion via a supercritical Hopf bifurcation

in which the broadside on fixed point changes stability. We further analyze the

transition between fluttering and tumbling in the fluid force model and show that

the transition is a heteroclinic bifurcation which leads to a logarithmic divergence
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of the period of oscillation at the bifurcation point. We conclude with a compar-

ison of the bifurcation scenarios of the fluid force model and the direct numerical

simulations.

6.1 Solutions in transition range between fluttering and

tumbling

Figure 6.1 shows a family of trajectories with different thickness to width ratio,

which range from periodic fluttering with β = 1/18 in figure 6.1(a) to periodic

tumbling with β = 1/8 in figure 6.1(d). The density ratio was ρs/ρf = 2.05 in

the simulations and the Reynolds number based on the semi-major axis and the

average descent speed was between 400 and 600. The trajectories in figures 6.1(a)

and 6.1(d) are similar to the periodic trajectories measured by [1] and alternate

between gliding at low angle of attack and fast rotational motion at the turning

points. In the parameter range between periodic fluttering and periodic tumbling

we observe a transition region with either asymmetric fluttering, as shown in figure

6.1(b), or solutions in which the plate flutters in an apparently periodic fashion

but tumbles once between consecutive turning points as shown in figure 6.1(c).

A characteristic feature of the dynamics in the transition region is that the

plates fall vertically and edge on for long distances as shown for β = 1/12 in figure

6.1(c). The time spent during the vertical edge on descent is much longer than the

time spent during gliding in periodic fluttering and periodic tumbling outside the

transition region as shown in figures 6.1(a) and 6.1(d). The length of the vertical

descent and therefore the period of oscillation diverges in the transition region.

The periods of oscillation are reported in non-dimensional form in the caption
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Figure 6.1: Trajectories obtained from direct numerical simulations of the two-

dimensional Navier-Stokes equation around freely falling plates in the transition

range between fluttering and tumbling. (a) periodic fluttering with the non-

dimensional period of oscillation T = 8.1, (b) fluttering close to the transition

between fluttering and tumbling with T = 17.3, (c) mixture of fluttering and

tumbling with T = 34.1 for β = 1/11 and T = 43.4 for β = 1/12, and (d)

periodic tumbling with T = 12.1. The semi-major axes of the plates have unit

length in the four plots, and the periods of oscillation are made non-dimensional

as described in § 6.4.
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Figure 6.2: Dependence on initial conditions of falling ellipses in the transition between

fluttering and tumbling (β = 1/12.75). The initial conditions for the trajectories in

black, blue and red are respectively (θ, vx, vy, ω): (0.2, 0, 0, 0), (0.2, 6.76, 3.38, 0) and

(0.2, 0, 0, 0.68).

of figure 6.1 for comparison with the results of the non-dimensional quasi-steady

model in § 6.6.2. We find that the period of oscillation increases by a factor of

5 in the transition region relative to the period of oscillation for fluttering and

tumbling outside the transition region, but due to the large computational cost in

the transition region and the dependence of the trajectories on initial conditions

(see figure 6) we have not been able to determine the precise functional form of

the divergence based on our direct numerical simulations.
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Figure 6.3: Vorticity field around an ellipse in the transition region (β = 1/12).
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6.2 Direct numerical solutions versus previous experiments

The presence of a transition region between periodic fluttering and periodic tum-

bling is in agreement with the quasi two-dimensional experiment on falling plates

by [1], but in disagreement with the quasi two-dimensional experiment by [7] in

which a sharp transition is found. We speculate that the sharp transition observed

by [7] arises because the quasi two-dimensional flow is established using a narrow

flow tank in which the falling plates touch the container walls in order to constrain

their motion to be two-dimensional. Another qualitative difference between the

experiment by [7] and the experiment by [1] is related to center of mass elevation.

The trajectories reported by [7] do not display center of mass elevation, whereas

we find numerically [27] and experimentally [1] that the center of mass elevates at

the turning points in fluttering and tumbling. The absence of center of mass ele-

vation in the experiment by [7] could be due to friction between the plates and the

container walls. In the experiment by [1] such additional damping is not present,

since the plates fall without touching the container walls.

The direct numerical simulations show that the transition between periodic

fluttering and periodic tumbling does not always take place through a sequence of

apparently chaotic states like the trajectories observed in the quasi two-dimensional

experiment by [1] and in the three-dimensional experiments on circular disks by

[41] and [13]. The results of the direct numerical simulations could suggest that

apparently chaotic trajectories are found experimentally because the dynamics in

the transition range is very sensitive to experimental noise. However, it could

also be that the transition between fluttering and tumbling in some cases, e.g., at

higher values of the Reynolds number, takes place through a sequence of chaotic

solutions.



76

6.3 Phenomenological model of a falling card

To gain further insight into the nature of the transition between fluttering and

tumbling we consider the phenomenological model of the card aerodynamics based

on ordinary differential equations introduced in chapter 5. We aim to identify the

bifurcation between fluttering and tumbling in the ODE model and to quantify

the divergence of the period of oscillation at the transition point.

The Reynolds number enters the model implicitly through the values of the non-

dimensional coefficients CT , CR, A, B, µ1, and µ2. In the following we shall use lift

and drag coefficients from the literature [39], whereas we will fix the coefficients for

the dissipative torque so that the time-scale for the oscillatory motion is correct

and leads to qualitatively correct solutions with periodic fluttering and periodic

tumbling. We conjecture that out of the six non-dimensional coefficients the two

dissipative torque coefficients depend most sensitively on the Reynolds number,

and that µ1 and µ2 increase with decreasing Reynolds number corresponding to

an increase in the damping of the oscillatory motion with decreasing Reynolds

number.

6.4 Non-dimensional equations

We write the governing equations (5.1) – (5.3) in dimensionless form using the

length scale, L, and the velocity scale, U , which we define by the expressions

L = a , U =
√

(ρs/ρf − 1) g b . (6.1)

The average terminal velocity, U , is estimated by balancing gravity with a quadratic

drag. Three non-dimensional parameters can be constructed from the six dimen-
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sional quantities describing a free falling card. We follow [41] and apply the thick-

ness to width ratio, β = b/a, the dimensionless moment of inertia

I∗ =
ρs b

ρf a
, (6.2)

and the Reynolds number based on the semi-major axis and the terminal velocity

Re =
aU

ν
. (6.3)

Using the characteristic scales and the three non-dimensional numbers we obtain

the following non-dimensional governing equations

(

I∗ + β2
)

v̇x′ = (I∗ + 1) θ̇vy′ − Γvy′ − sin θ − F ν
x′ , (6.4)

(I∗ + 1) v̇y′ = −
(

I∗ + β2
)

θ̇vx′ + Γvx′ − cos θ − F ν
y′ , (6.5)

1

4

[

I∗
(

1 + β2
)

+
1

2

(

1 − β2
)2
]

θ̈ =
(

β2 − 1
)

vx′vy′ − τ ν , (6.6)

where we differentiate with respect to the non-dimensional time and use vx′, vy′ ,

Γ, Fν, and τ ν to denote the non-dimensional quantities. We apply the lift and the

drag (5.6) – (5.11) which are valid in the intermediate to high Re range and for

which the coefficients depend implicitly on Re. In non-dimensional form we have

Γ =
2

π



−CT
vx′ vy′

√

v2
x′ + v2

y′

+ CR θ̇



 , (6.7)

Fν =
1

π

[

A−B
v2

x′ − v2
y′

v2
x′ + v2

y′

]

√

v2
x′ + v2

y′ (vx′ , vy′) , (6.8)

τ ν =
[

µ1 + µ2

∣

∣

∣θ̇
∣

∣

∣

]

θ̇ . (6.9)
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In the following we investigate the dependence on the non-dimensional parameters

and solve the equations numerically in the range of small thickness to width ratio.

6.5 Numerical solutions with small thickness to width ratio

6.5.1 Small thickness to width ratio

In the limit of small thickness to width ratio, β � 1, equations (6.4) – (6.6) reduce

to

I∗v̇x′ = (I∗ + 1) θ̇vy′ − Γvy′ − sin θ − F ν
x′ , (6.10)

(I∗ + 1) v̇y′ = −I∗θ̇vx′ + Γvx′ − cos θ − F ν
y′ , (6.11)

1

4

(

I∗ +
1

2

)

θ̈ = −vx′vy′ − τ ν . (6.12)

In this limit the model depends on Re and I∗ alone in agreement with the phase

diagrams measured by [41], [33], and [13]. The equations do not depend on the

density ratio, but explicitly on the non-dimensional moment of inertia defined in

equation (6.2).

6.5.2 Numerical solutions of the ODE model

Figure 6.4 shows numerical solutions of equations (6.10) – (6.12) supplemented

by the terms (6.7) – (6.9) with CT = 1.2, CR = π, A = 1.4, and B = 1.0,

see [39]. For the dissipative torque we set µ1 = µ2 = 0.2, which determines the

time-scale for the oscillations relative to the time-scale characterizing the vertical

descent and leads to solutions with periodic fluttering and periodic tumbling in
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qualitative agreement with the direct numerical solutions shown in figure 6.1.

Figure 6.4 shows periodic fluttering for I∗ = 1.1, period-one tumbling for I∗ =

1.4, period-two tumbling for I∗ = 1.45, periodic mixture of fluttering and tumbling

for I∗ = 1.6, chaotic dynamics for I∗ = 2.2, and small amplitude broadside on

fluttering for I∗ = 3.0. As expected from the phase diagram measured by [41] and

the study by [7] we observe a transition from fluttering to tumbling with increasing

I∗ as shown in figures 6.4(a) and 6.4(b). The periodic solutions are independent

of the initial conditions and follow after short transients. The fluttering with

I∗ = 1.1 and the tumbling with I∗ = 1.4 alternate between gliding at low angle

of attack and fast rotational motion and center of mass elevation at the turning

points in agreement with the direct numerical simulations and the experiment

discussed in chapter 4. We find a period-doubling bifurcation between I∗ = 1.4

and I∗ = 1.45, and we note that the typical tumbling motion has a period-two

structure as illustrated by the direct numerical solution shown in figure 6.1(d).

With I∗ = 1.6 we find a periodic solution in which the card displays a mixture

of fluttering and tumbling, and with I∗ = 2.2 we find a chaotic solution with a

maximum Lyapunov exponent of λmax = 0.13±0.01. Chaotic solutions, for which

the solution with I∗ = 2.2 is a typical example, are found with µ1 = µ2 = 0.2

and I∗ in the range between 1.8 and 2.8 as shown in figure 6.6(b). The card in

figure 6.4(f) oscillates about the broadside on fixed point. The broadside on fixed

point becomes stable and the oscillations are damped out if the dissipative torque

is increased and the characteristic dissipative time-scale for the decay of angular

momentum is decreased. In the following we describe this bifurcation and the

bifurcation between fluttering and tumbling.
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Figure 6.4: Numerical solutions of the non-dimensional equations (6.10) – (6.12)

showing the card trajectories. (a) periodic fluttering for I∗ = 1.1, (b) period-one

tumbling for I∗ = 1.4, (c) period-two tumbling for I∗ = 1.45, (d) periodic mixture

of fluttering and tumbling for I∗ = 1.6, (e) chaotic dynamics for I∗ = 2.2, and (f)

small amplitude broadside on fluttering for I∗ = 3.0.
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Figure 6.5: Amplitude of oscillation for I∗ = 3 as a function of µT − µ, where

µ = µ1 = µ2 and muT is the critical value of µ, obtained by solving the ODE

system 5.1-5.3 numerically. The size of the oscillation grows continuously from

zero, indicating that the Hopf bifurcation between steady descent and oscillatory

motion is supercritical.
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6.6 Fixed points and bifurcations

6.6.1 Transition between steady descent and oscillatory

motion

The differential equations have four steady solutions in which the card falls verti-

cally and gravity is balanced by drag, i.e., two fixed points for which the card falls

edge on:
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(6.13)

and two fixed points for which the face of the card is normal to the direction of

motion:
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(6.14)

Figure 6.6(a) illustrates the edge on and the broadside on steady solutions. We

use V and W to denote the edge on descent speed and the broadside on descent

speed, respectively.

The linearized equations in the neighborhood of the edge on fixed point (θ =

π/2) are

I∗ ˙̃vx′ = − 2

V
ṽx′ (6.15)
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(I∗ + 1) ˙̃vy′ = V
(

I∗ − 2CR

π

)

ω̃ + θ̃ −
(

2V CT

π
+

1

V

)

ṽy′ (6.16)

˙̃θ = ω̃ (6.17)

1

4

(

I∗ +
1

2

)

˙̃ω = V ṽy′ − µ1ω̃ (6.18)

where we define ω = θ̇ and use a tilde to denote the perturbation of the steady

solution. We similarly linearize the equations in the neighborhood of the broadside

on fixed point with θ = 0 and write them as a system of coupled 1st oder equations

I∗ ˙̃vx′ = −W
(

I∗ + 1 − 2CR

π

)

ω̃ − θ̃ +
(

2WCT

π
− 1

W

)

ṽx′ (6.19)

(I∗ + 1) ˙̃vy′ = − 2

W
ṽy′ (6.20)

˙̃θ = ω̃ (6.21)

1

4

(

I∗ +
1

2

)

˙̃ω = Wṽx′ − µ1ω̃ (6.22)

In the following we obtain the phase diagram for the system (6.10) – (6.12) in

the I∗ versus µ1 plane and show that the transition between steady descent and

oscillatory motion and the transition between fluttering and tumbling are related

to the fixed points. Figure 6.6(b) shows the phase diagram in the I∗ versus µ1 plane

with fluttering, tumbling, and steady broadside on descent as we vary I∗, µ1, and

µ2 while keeping µ1 = µ2 and CT , CR, A, and B fixed. The transition between

steady broadside on descent and oscillatory motion takes place as the broadside

on fixed point goes from being stable to being unstable via a Hopf bifurcation.

Equation 6.20 is decoupled from the three other equations and the direction is

stable. The equation for the eigenvalues, λ, for the three linearly coupled modes

follows from equations 6.19, 6.21, 6.22. With CT = 1.2, CR = π, A = 1.4, and

B = 1.0 we find

3I∗(2I∗ + 1)λ3 + 24I∗µ1λ
2 + 10(I∗ − 1)πλ+ 4

√
15π = 0 (6.23)
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In the transition region the cubic equations has one negative real root and a pair of

complex conjugate roots. The real part of the complex conjugate roots is negative

in the stable region and positive in the unstable region, and the two roots are

purely imaginary along the bifurcation curve:

µ1 =
1

4

√

3

5 π

2I∗ + 1

I∗ − 1
. (6.24)

The solid line in figure 6.6(b) shows the bifurcation curve which separates solutions

with steady broadside on descent and solutions with oscillatory motion. We find

numerically that the size of the limit cycle grows continuously from zero (see figure

6.5) and that the oscillation frequency in the neighborhood of the bifurcation curve

is equal to the absolute value of the imaginary parts of the complex conjugate

eigenvalues along the bifurcation curve. These numerical results indicate that the

Hopf bifurcation is supercritical.

The edge on fixed point is unstable for all values of I∗ and µ1 since the vx′vy′-

term in equation (6.12) acts to rotate the card in the same direction as any small

perturbation away from the edge on orientation. For the broadside on fixed point

the vx′vy′-term instead acts in the opposite direction to any small perturbation

away from the broadside on orientation and the fixed point is stable if I∗ and µ1

are sufficiently large.

6.6.2 Transition between fluttering and tumbling

The transition from fluttering to tumbling with increasing I∗ and constant µ1 and

µ2 shown in figures 6.4(a) and 6.4(b) is a heteroclinic bifurcation. The critical

value of I∗ increases when the dissipative torque is increased as shown in the

inset of figure 6.6(b). Figure 6.8(a) shows numerical solutions of equations (6.10)
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Figure 6.6: (a) fixed points and descent velocities and (b) phase diagram in the

I∗ versus µ1 plane with the inset showing a magnification of the transition region

between periodic fluttering and periodic tumbling. Numerical solutions of equa-

tions (6.10) – (6.12) and stability boundary for the broadside on fixed point (solid

curve). Periodic fluttering (circles), steady broadside on descent (plus signs), peri-

odic broadside on fluttering (crosses), periodic tumbling (stars), periodic mixture

of fluttering and tumbling (diamonds), and chaos (triangles).
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– (6.12) in the vicinity of the bifurcation point I∗C ≈ 1.2191. The cards fall

edge on and accelerate downward for approximately 25 card widths, and when the

cards reach the maximum descent speed they flutter for I∗ = 1.2190 and tumble

for I∗ = 1.2192. Figure 6.8(b) shows the phase space trajectory for fluttering

projected onto the three-dimensional space spanned by vy′ , θ, and ω, where we use

the definition ω ≡ θ̇. The trajectory spirals in toward one of the edge on fixed

points, moves away on the unstable manifold, and follows the heteroclinic orbit

to the other edge on fixed point. Figure 6.8(c) shows the phase space trajectory

in the neighborhood of the edge on fixed point. The linearized equation for vx′

in the neighborhood of the edge on fixed point is decoupled from the three other

linearized equations and the direction is stable, λs = − 0.5854. The three other

linearized equations are coupled and the eigenvalue equation has one positive real

root, λu = 0.3813, and a pair of complex conjugate roots with negative real part,

λ± = − 0.9861 ± i 2.5949. The dynamics in the three-dimensional space spanned

by vy′ , θ, and ω therefore resembles Silnikov’s phenomenon [15]. In general the

existence of a Silnikov bifurcation opens the possibility for chaos, but in the present

case the solutions in the vicinity of the bifurcation point are not chaotic. However,

the solutions close to the bifurcation are sensitive to noise, and the numerical

integration must be carried out with high accuracy in the transition region.

The period of oscillation, T , diverges logarithmically at the bifurcation point

T = T0 +
2

λu
log

1

|I∗ − I∗C |
. (6.25)

The logarithmic prefactor is inversely proportional to λu evaluated at the bifur-

cation point, and the logarithmic divergence of T is a characteristic signature of

homoclinic and heteroclinic bifurcations [14]. The factor of 2 in equation (6.25) ap-
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pears because the saddle fixed point is encountered twice during each full period of

oscillation as shown in figure 6.8(b). Figure 6.8(d) shows a semi-logarithmic plot of

|I∗ − I∗C | versus T obtained numerically with I∗ < I∗C (circles) and I∗ > I∗C (stars).

The numerical results are in perfect agreement with the theoretical prediction

(solid line) with the eigenvalue λu = 0.3813 and the fit parameter T0 = 4.3629.
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Chapter 7

Conclusions

We have presented an experimental and numerical study of the unsteady aero-

dynamics of freely falling plates in a quasi two-dimensional flow. We have shown

that the fluid forces for both fluttering and tumbling plates are markedly different

from the fluid forces on a simple gliding airfoil with constant angle of attack. In

particular, the lift is dominated by the rotational velocity of the plate, so that a

quasi-steady model with only translational lift is unable to explain the observed

plate trajectories. With the exception of the neighborhoods of the cusp-like turning

points, the fluid forces are described well by our revised quasi-steady model and

dominated by rotational lift. The rotational lift provides the main mechanism of

coupling between plate translation and rotation, and added mass effects play a

negligible role in the plate dynamics.

The total fluid force on a freely falling plate acts close to the center of mass at

about 1/100 of the width from the center and results in a torque which is one to two

orders of magnitude smaller than the torque on a plate translating at the same

speed. The quasi-steady model correctly predicts the magnitude of the torque

in direct numerical simulations of plates translating steadily with constant and

low angle of attack, where the pressure force acts approximately halfway between

the leading edge and the plate center. In contrast the fluid torque on a freely

falling plate does not build up to a similarly large value, since the plate is free to

rotate, and the fluid torque therefore depends sensitively on the precise locations

of vortices and low pressure regions relative to the plate. For these reasons it is

more difficult to apply the quasi-steady approximation to model the fluid torque

90
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than to model the fluid forces on freely falling plates.

By varying the three non-dimensional parameters, i.e., the thickness to width

ratio, the dimensionless moment of inertia, and the Reynolds number, we observed

periodic fluttering, periodic tumbling, and apparently chaotic motion. Experimen-

tally we found a transition from fluttering to tumbling with increasing thickness to

width ratio, and we observed apparently chaotic motion and sensitivity to initial

conditions in the transition region. We investigated the transition region numer-

ically by changing the thickness to width ratio and thereby the non-dimensional

moment of inertia. In the wide transition region we have observed periodic solu-

tions in which the plates flutter periodically but tumble once between consecutive

turning points, and we have found that the period of oscillation diverges.

To further investigate the transition between fluttering and tumbling we have

analyzed a phenomenological model with both translational and rotational lift for

a rigid card falling in air, and we have shown that the model depends on the thick-

ness to width ratio, the non-dimensional moment of inertia, and the Reynolds

number. We have shown that the transition between stable broadside on descent

and oscillatory motion is a supercritical Hopf bifurcation. By investigating the

numerical solutions of the phenomenological model we have shown that the tran-

sition between fluttering and tumbling in the model is a heteroclinic bifurcation

which leads to a logarithmic divergence of the period of oscillation with a prefactor

that is inversely proportional to the eigenvalue of the unstable mode at the edge

on saddle fixed points.

The bifurcation scenario of the phenomenological model agrees with important

features of the transition between fluttering and tumbling observed in the direct

numerical simulations, including the long vertical gliding segments and the diver-
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gence of the period of oscillation. However, the phenomenological model predicts

a sharp transition between fluttering and tumbling, whereas the direct numerical

simulations show a wide transition region with solutions that are mixtures of flut-

tering and tumbling. Such solutions are also found in the phenomenological model,

but at larger values of the reduced moment of inertia, and they are apparently not

related to the transition between fluttering and tumbling. The direct numerical

simulations show that the transition between fluttering and tumbling does not have

to take place through a sequence of chaotic solutions, but they do not exclude the

possibility of chaos at the transition, e.g., at higher Reynolds numbers. We hope

that the present work will encourage further studies of the bifurcation structure of

the Navier-Stokes equation for the flow around a falling card.

Far from the transition value, the plates flutter or tumble after short transients

and display periodic motion with alternating gliding at low angle of attack and

fast rotation and center of mass elevation at the turning points. The periodic

dynamics observed experimentally was independent of initial conditions. However,

with special choices of the non-dimensional parameters we found numerically that

the final periodic solution depends on the initial conditions. It will be interesting

to study the dependence on initial conditions further and to clarify under what

conditions periodic solutions of freely falling plates depend on initial conditions

and whether or not chaotic dynamics is possible.

Understanding free-falling bodies might also have interesting applications to in-

sect flight, an area of research that partly motivated this study. Although insects

might take advantage of both active and passive mechanisms to control their flap-

ping wings, only prescribed motions have been considered so far [29, 38]. Falling
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paper is a beautiful example of a passive flight. We hope that the model presented

here will be also relevant to descriptions of forces in general flapping motion.
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