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The study of polymeric particle suspensions has been the subject of a number of
past experimental and theoretical studies. However, fundamental questions about
suspension rheology and shear flow-induced microstructural effects remain. First,
a quasi-analytical study is presented that gives the first theory-based predictions
on the effects of finite polymer relaxation time on rheological properties. In a
constant viscosity, low polymer concentration fluid, the addition of particles is
found to have a strong shear thickening effect on the first normal stress difference
coefficient and the shear viscosity. In contrast, the second normal stress difference
coefficient is shear thickening at low shear but shear thinning at higher shear.
Next, an analytical and computational study is presented that sheds light on the
widely studied phenomenon of cross-streamline particle migration in Poiseuille
flow. Particles are found to experience a cross-stream force toward the channel
center when they are freely suspended in the fluid, while they experience a crossstream force toward the wall when they are fixed in place.
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Chapter 1
Introduction
Particle suspensions have been extensively studied, in part due to the large number and varied nature of applications in which they are employed, including the
areas of food processing, cosmetics, and biomedical materials. The reasons that
manufacturers add polymers and particles to solutions are many. The addition
of polymers can improve solution stability as well as change the aesthetics of the
resultant solution, making it “thicker or creamier” [1]. The addition of particles
can be useful for a variety of reasons, including applications where abrasive properties (e. g. toothpaste) or scratch-resistance (e. g. car paint) are important. The
addition of polymers and particles leads to a change in the bulk stresses of the
solution, and these additional non-isotropic stresses may require the manufacturer
to change the industrial process. Examples of possible changes include a different
bottling process due to die swell at the exit of a pipe or larger pumps to drive the
solution through the piping. Microstructural effects are also a concern for manufacturers, as they can cause inhomogeneities in the suspension. These effects can
be partly controlled by processing methods, as different imposed flow fields give
different resultant suspension microstuctures. Inhomogeneities can be beneficial
or detrimental to different products, depending on the desired properties of the
processed suspension. Flow time is an important processing concern, as longer
flow times lead to more inhomogeneities.
Thus, the challenges of describing the material properties of suspensions are
many, and they lead to some of the exciting unresolved problems that researchers in
the field are currently tackling. As suspensions display a range of behaviors based
on the physical and chemical properties of the particles and the suspending fluid, no
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theory fully describes their rheology. This thesis considers rigid, neutrally buoyant
particles in the dilute limit (low particle concentration) where particle-particle
interactions are negligible. It neglects any particle-fluid chemical interactions, thus
considering effects solely derived from the rheological properties of the suspending
fluid and the choice of bulk flow field. It examines non-Newtonian suspending
fluids in the creeping flow limit, where inertial effects are negligible. The results
apply for particle sizes that are large enough that Brownian motion is negligible
and small enough that the creeping flow limit is satisfied.
The challenge of obtaining flow field solutions for a particle suspension in viscoelastic shear flow combines the complexities associated with flow modifications
due to the presence of both 1) suspended particles and 2) polymers. The effects of
the addition of each of these modifiers to the flow field and appropriate flow field
solution techniques will briefly be introduced before discussing the specifics of the
overall problems that are investigated in this thesis.

1.0.1

Particle suspensions

Einstein did some of the first work in the field of particle suspensions, finding
that the relative viscosity ηr = η/η0 of a suspension was related to the particle
volume fraction φ by the simple expression ηr = 1 + 52 φ. Here, η is the viscosity
for the suspension at a given particle volume fraction and η0 is the zero shear rate
viscosity of the suspending fluid. Since this equation was developed, researchers
have further developed Einstein’s theory by considering the effects of high particle
concentration [3], Brownian motion [2], particle-particle non-hydrodynamic interactions [22], particle-fluid non-hydrodynamic interactions [1], and particle shape
[20] on the suspension viscosity. In addition to the bulk fluid viscosity change,
2

Einstein found that the addition of particles gives rise to an extra stress in the
suspension. This extra stress, called a stresslet, is proportional to the first power
of the particle concentration in the dilute limit, given as

20
πφE,
3

where E is the

mean rate of strain in the suspension.
In order to determine the flow field around a particle, the Newtonian velocity
and pressure fields for an imposed shear flow are found by performing a multipole
expansion of the fluid velocity and pressure fields. A torque-free, force-free boundary condition is applied on the particle surface. In the study of particle migration
outlined in Chapter 3, the flow field equations are complicated by additional flows
that must be superpositioned on top of this bulk shear flow in order to accurately
write the equations for a migrating particle or a stationary particle. With the
solutions to these Newtonian equations, the constitutive equations outlined in the
following section can be solved either analytically or numerically, depending on the
mathematical complexity of the constitutive model.

1.0.2

Polymer rheology

Polymer solutions have a variety of unique properties and can be labeled as a class
of materials that lie somewhere in between ordinary liquids and solids. They are
described as “viscoelastic” because they can flow like viscous liquids and deform
like elastic solids, with properties ranging from completely viscous to completely
elastic behavior. Some factors affecting how viscous or how elastic the solution is
include the choice of polymer species, the choice of solvent, the particle concentration, and external properties such as the flow geometry and the temperature.
Often the first property that is considered when examining a polymeric fluid is

3

how the viscosity changes based on shear rate. Polymeric liquids display a range
of behaviors as the shear rate increases, from solutions that “thin”, exhibiting a
decrease in viscosity with increasing shear rate, to solutions that “thicken”, exhibiting an increase in viscosity with increasing shear rate. Other key suspension
properties that are studied are the first (N1 ) and second (N2 ) normal stress differences, defined as N1 = σ11 − σ22 and N2 = σ22 − σ33 , where σ is the stress tensor, 1
is the direction of the flow, 2 is the direction of the velocity gradient, and 3 is the
direction of the vorticity. Normal stress differences give rise to some of the unique
elastic behaviors observed in polymeric solutions and are important in polymer
suspension processing applications due to their effect on suspension microstructure. In elastic polymer solutions in simple shear flow, the polymers stretch along
the elongational axis and thus cause the fluid to have a positive first normal stress
difference [27] and a weaker negative second normal stress difference.
In this thesis, the second-order fluid and Oldroyd-B constitutive equations are
used to describe the stress in the polymeric solution. Both of these constitutive
equations are excellent for studying elastic effects and the resulting microstructural
changes in the suspension. The second-order fluid stress is derived from a polynomial expansion involving powers of the rate of strain tensor and its convected
derivative. Unlike most other complex fluid models, the second-order fluid model
has the advantage of being analytically tractable. The primary limitations of the
model are the requirements that the flows be slowly changing, such that the rate
of strain tensor and vorticity tensor are small, and that the time derivatives of
fluid quantities be small. These requirements are satisfied at low Deborah number (De), where De is defined as the ratio of the polymer relaxation time to the
characteristic flow time (such as the inverse shear rate). As the second-order fluid
accurately describes all fluids in the low De limit, it serves as a good model for
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elastic effects in a viscoelastic fluid with a small polymer relaxation time. It is also
very useful in giving physical insight into polymeric behaviors due to its relative
mathematical simplicity. Lastly, it is useful in verifying (in the appropriate low De
limit) and complementing computational results obtained with other constitutive
models.
The Oldroyd-B fluid expands upon the idea of a second-order fluid by adding a
convected time derivative of the stress tensor, thus allowing convection of both the
rate of strain tensor and the fluid stress tensor. The constitutive model is derived
from kinetic theory for a dilute polymer solution in a viscous Newtonian solvent,
which can be replicated experimentally for a class of fluids known as Boger fluids.
It is one of the most widely studied because it accurately predicts the viscoelastic
behavior and the first normal stress difference for this class of fluids. It should
be noted that the model has some limitations. First, the model gives a constant
viscosity and first normal stress difference for all shear rates, thus not predicting the
common effect of shear thinning seen in many polymeric solution. Also, the model
gives no second normal stress difference; generally, real viscoelastic solutions have
a negative second normal stress difference that is around an order of magnitude
smaller than the first normal stress difference. Unlike the second-order fluid, the
Oldroyd-B fluid can predict time-dependent behavior and thus eliminates the low
De requirement. In addition to exploring higher De flows, the simulations using the
Oldroyd-B equation allow us to examine complex flow configurations that cannot
be determined analytically due to geometric or flow constraints.
The constitutive models introduced above relate the flow field to the stress
field; thus, the Newtonian flow field solutions discussed in the previous section can
be substituted into a constitutive model to give a prediction of the non-Newtonian
suspension behavior, using appropriate theorems and/or numerical solutions. In
5

the case of the second-order fluid, the Tanner-Pipkin theorem states that the O(De)
velocity field is the same as the Newtonian one, and for the Oldroyd-B fluid in the
rheology study, we make use of the reciprocal theorem in order to avoid explicitly
calculating the flow modification due to non-zero polymer concentration.
Having given a background in polymer suspension fluid mechanics, introductions to the specific investigations undertaken in this thesis are now presented.
First, in order to understand the effects of finite polymer relaxation time on the
bulk stress of a suspension, the rheology of spherical particles in a non-Newtonian
suspension is studied. Second, one of the principal microstructural effects observed
in polymer-particle suspensions—cross streamwise particle migration—is investigated. For each of these studies, a thorough literature review will outline past
findings and motivate the further study of the systems in question.

1.0.3

Suspension rheology

Expanding upon the initial work of Einstein discussed in Section 1.0.1, several
investigators have examined the non-Newtonian rheology of suspensions. NonNewtonian effects can occur due to a polymeric solvent or high particle concentration. Past work for each of these cases will be reviewed below, along with the
combined case of a polymeric, highly concentrated particle suspension.
The use of a polymeric solvent yields non-Newtonian effects in both dilute
and concentrated suspensions. In the dilute particle limit, the bulk properties
of the suspension are given by the sum of the solution properties plus a term
that is linear in particle concentration. Hence, the suspension displays the nonNewtonian behavior of the solution alone plus additional contributions arising from
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the polymer-particle interactions. Several theoretical studies have addressed this
problem using a second-order fluid model, which gives qualitative predictions for
the slow deformation limit (where De is small), as discussed in Section 1.0.2. In a
recent study, Koch & Subramanian [17] found enhancement of both the first and
second normal stress differences due to the presence of particles. Numerical work
by Patankar & Hu [19] demonstrated a linear scaling with De of the first normal
stress difference up to De = 0.2. These Finite Element Method simulation results
qualitatively agree with the second-order fluid studies at low De. However, they
are limited to two dimensional effects and thus do not examine the second normal
stress difference. They also examine a small range of De, leaving the question of
the effect of finite polymer relaxation time on suspension rheology unanswered.
Experimental work in the area of suspension rheology is a bit more extensive, but
most of the experiments study systems that do not conform to the restrictions of
the theoretical and numerical work and cannot easily be compared. It also should
be noted that one or more microstructural effects can occur in an experiment that
alter suspension rheology, depending on the set-up. These include particle-particle
and particle-wall interactions, as well as cross-streamline particle migration, which
is thoroughly introduced in the following section. The result of these effects is
a complex, inhomogeneous particle distribution. While experimental studies are
useful for studying suspension properties and their effects on processing properties,
the isolation of the effect of polymer-particle interactions at the particle length
scale is limited by the complexity introduced by the other microstructural effects.
Highgate & Whorlow [11] tried to avoid some of the problems mentioned above by
taking measurements at very short times and found that the addition of particles
shifted the viscosity and normal stress differences by an amount independent of
shear stress. They found that the viscosity increased by a greater amount than
the first normal stress difference, which led to a decrease in the fluid elasticity.
7

Newtonian suspensions can also display non-Newtonian behavior, with normal
stress differences developing in concentrated particle systems due to asymmetrical
microstructure caused by particle-particle flow field interactions [23]. No other
non-Newtonian effects such as shear thinning/thickening occur in these suspensions. The irreversible interactions can occur due to the surface roughness [23] or
Brownian motion [10] of the particles. Experiments [28] and simulations [26],[10]
show that particle suspensions in Newtonian flows give negative first normal stress
differences for most cases. Foss & Brady [10] found that the sign of the first normal stress difference depends on the Péclet (P e) number, defined as P e =

LV
D

,

where L is the characteristic length, V is the characteristic velocity, and D is the
diffusion coefficient. High P e (where hydrodynamic interactions dominate) gives
a negative first normal stress coefficient and low P e (where Brownian interactions
dominate) gives a positive first normal stress coefficient. Zarraga [28] and Foss &
Brady [10] found negative second normal stress differences for all P e, with |N2 |
being significantly greater than |N1 |.
Researchers have also investigated the combined effect of concentrated suspensions in non-Newtonian fluids. Based on the individual contributions to the normal
stress difference due to the polymers and to the high particle concentration, the
second normal stress difference should be negative, while the first normal stress
difference could be positive or negative due to the competition between the two
terms. All of the experimental data for non-Newtonian suspensions has shown a
positive first normal stress difference, although it is likely that with the proper
choice of polymer and concentration of particles, one could observe a negative first
normal stress difference. Mall-Gleissle et al. [18] plotted the first normal stress
difference against the shear stress, showing that the first normal stress difference is
positive, but it decreases in magnitude with higher volume fraction at a given shear
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stress. They found that the second normal stress difference, in contrast, increases
in magnitude with increasing particle concentration. Zarraga et al. [29] found that
the properties of the non-Newtonian polymer solution were more important in
defining the first normal stress difference than the polymer-particle interactions,
but the polymer solution was irrelevant in the case of the second normal stress
difference, which was approximately the same as that found in the Newtonian suspension. They found a linear relationship between the first normal stress difference
(normalized by the shear stress) and De in the high volume fraction systems that
they studied. In a computational study examining the rheology of of circular particles suspended in an Oldroyd-B fluid, Hwang et al. [15] showed results for the
first normal stress difference for a dilute suspension up to W e = 1, also finding
it to be positive and increasing with increasing particle concentration, in contrast
to the experimental results. However, their results seem to show clustering effects
even in the limit of low particle concentration, as the scaling of the ratio of the
first normal stress difference to the shear viscosity with the particle concentration
is quadratic in particle concentration for the dilute limit. This is possibly due to
the fact that they only used a maximum of six particles in their simulations.
In summary, based on the past literature, one can conclude that the overall
bulk stress is governed by the competition between the polymeric fluid-particle interactions and the inhomogeneous microstructure in concentrated systems. These
two contributions are in the opposite direction for the first normal stress difference
and the same direction (negative) for the second normal stress difference. However,
despite some advances in the general understanding of particle concentration on
suspension rheology, many questions remain in the field of rheology. This thesis
will address one important question, which is the determination of the effects of
finite polymer relaxation time on polymer-particle interactions. While some exper-
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imental work has examined this effect, the results are difficult to interpret due to
the many simultaneous flow field effects that occur. The normal stress differences
change based on the particle concentration and the polymeric solution properties;
in addition, the shear rate dependent polymer-particle interactions are difficult to
measure, as they are masked by the changes in the polymer solution itself. In
order to isolate the effect of the polymer-particle interaction, it is necessary to use
a polymeric fluid that is entirely elastic and does not have shear rate dependent
properties (Boger fluid described by the Oldroyd-B constitutive model), which is
what is done in this thesis. Other complicating inhomogeneous microstructural
effects due to particle migration or clustering are avoided by studying a dilute suspension without particle-particle and particle-wall hydrodynamic effects. It would
be of interest to continue the work of this thesis by performing experiments on
highly elastic Boger fluids in a dilute suspension in order to verify the predictions
of the quasi-analytical method presented in Chapter 2.

1.0.4

Particle migration

Inertia-induced particle migration was first experimentally observed by Segré and
Silberberg [24], [25]. They found that neutrally buoyant, rigid spheres suspended
in a Poiseuille flow migrated to an equilibrium point between the center and wall
of the channel. Since their discovery, a number of other investigators have studied
the curious effect of particle motion perpendicular to the bulk streamlines. Several
factors have proved important in characterizing the magnitude and direction of
the cross-stream force or velocity of a suspended particle and will be summarized
briefly.
In a series of theoretical investigations, Leal & coworkers [13], [12], [8], [7]
10

performed second order fluid perturbation analyses to further the fundamental
understanding of particle migration. Ho & Leal [12] found that in an inertial flow,
spherical particles migrated to the center of the channel in a Couette flow, while
they migrated to a position of 0.6 times the channel half width from the center
line in a Poiseuille flow. In the area of viscoelastic flow, Ho & Leal [13] found
that rigid, neutrally buoyant spheres migrate to the center of a Poiseuille flow
and to the outer wall of a circular Couette flow, in both cases where the absolute
shear rate is at its minimum. Chan & Leal expanded upon the previous analyses,
relaxing the condition of a rigid particle by applying a deformable surface boundary
condition in order to study drops [8], [7]. While the overall qualitative result of the
direction of migration did not change, the equations differed significantly, and thus
the predicted migration velocity changed based on complexity of the 3D bulk flow.
The perturbation analyses, while useful for describing predominantly elastic flows,
do not describe the shear thinning behavior that many polymer solutions exhibit
at higher shear rates. Experiments are useful in filling in the gaps for which the
theory does not apply. Jefri & Zahed [16] corroborated the previous theoretical
findings with experiments of spheres in different types of polymeric fluids. They
found spheres suspended in a Boger (highly elastic) fluid migrate toward the center
of the channel in 2D Poiseuille flows, as predicted by the theory. However, they
found that spheres suspended in fluids with low elasticity and high shear thinning
actually migrate toward the wall in a 2D Poiseuille flow.
The overall conclusions that one can draw from these studies are that there are
two principal ways in which to induce particle migration—through an appropriate
selection of a low viscosity fluid or a large particle size to give rise to inertial effects
or through the use of a viscoelastic solvent. Inertial migration can be described as
a competition between two terms, one which comes from the interaction of the par-
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ticle stresslet with the bulk shear and the other which comes from the interaction
of the particle stresslet with the curvature of the bulk velocity field. These two
competing forces point in opposite directions, with the first term pointing toward
the center of a flow, and the second toward the the direction of increasing shear
rate [12]. Particle migration due to a polymeric fluid is governed by inhomogeneous
stretch of the suspended polymers, with the larger polymer stresses occurring in
areas of larger shear rate, thus causing the particle to migrate to the area with the
lowest absolute shear rate.
More recent studies in particle migration added confusion to the fundamental
understanding of the phenomenon, finding that elastic fluids sometimes caused
particles to migrate in the opposite direction from that which was predicted by
the perturbation analyses. Carew & Townshend [6] found that a fixed cylinder
experienced a cross-stream force toward the wall in a viscoelastic Poiseuille flow.
Dhahir & Walters [9] performed experiments in a Poiseuille flow device in which
they measured the cross stream force acting on a large, freely rotating cylinder
fixed in the bulk flow direction. They found that for both Boger and pseudo plastic
fluids that the cross-stream force pointed toward the wall. Huang, Hu, & Joseph
[14] performed a computational particle migration study on inertial, viscoelastic
fluids. Examining the limit of low Re, where inertial effects are negligible, they
dropped the nonlinear inertial term in the Navier-Stokes equation, but they kept
the transient inertial term (∂u/∂t). They found that the migration direction of a
cylinder in an Oldroyd-B Poiseuille flow depends on the particle size, with large
particles migrating to the wall and small particles migrating toward the center.
The more recent experimental and numerical results raised questions such as what
effects the particle boundary condition, the suspending fluid type, and the particle
size have on the qualitative results. The fundamental explanations for the impact
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of these parameters also remained unresolved, motivating a theoretical study in
the area of particle migration to explain the contradictory phenomena occurring.

1.0.5

Motivation and summary of results

From an overall standpoint, research in the field of viscoelastic suspensions seeks to
determine macroscopic rheological properties while also characterizing microstructural effects such as particle migration and particle-particle interactions, with the
goal of being able to develop overall constitutive models that accurately describe
the suspension stress. Some progress has been made in the area of concentrated
Newtonian particle suspensions [21], [4], where constitutive models were developed
that predict concentration-dependent non-linear behaviors in the suspension viscosity and normal stress differences. However, most of the individual microstructural effects are studied in isolation; in many cases, the current literature does
not agree on many fundamental qualitative behaviors on the particle scale. There
is significant confusion in the literature over microstructural effects such as the
correct direction of particle migration. Further, some essential questions have not
been answered such as the behavior of the shear rate dependent rheological properties of η, N1 , and N2 in a particle suspension with a finite relaxation time. Without
a basic understanding of polymer-particle interactions on the particle scale, it is
impossible to accurately predict suspension inhomogeneities, and thus suspension
properties based on particle, fluid, and flow properties.
Motivated by the applications and fundamental understanding of polymer suspension applications, a further understanding of the fluid behavior at the particle
level is necessary in order to accurately predict macroscopic suspension properties.
In the rheology study discussed in chapter 2, contributions at O(c) to the suspen13

sion stress include the modification of 1) the polymer stress due to the particleinduced changes in the Newtonian flow field 2) the Newtonian particle stresslet by
the polymeric fluid, and 3) the Newtonian flow field due to the polymer, which
changes the particle stresslet. The shear viscosity and first normal stress difference
are found to shear thicken while the second normal stress difference coefficient is
found to thicken at low shear rates and thin at high shear rates.
Due to confusion in the literature over even the direction of particle migration
in a viscoelastic suspension, it was appropriate to re-examine the problem from a
fundamental theoretical standpoint, resolving the discrepancies between previous
theoretical [13], [5], experimental [16], [9], and simulation [14], [6] work. In the
particle migration study discussed in chapter 3, it is found that a neutrally buoyant
particle migrates toward the center of the channel for all particle sizes and crossstream positions. In contrast, a cylinder fixed in position is found to experience a
cross-stream force directed toward the wall. These findings resolve the contradictory results in the literature, showing that the direction of the cross-stream force
depends on the particle boundary condition.
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Chapter 2
The stress in a dilute suspension of
spheres in a dilute polymer solution at
finite Deborah numbers subject to
simple shear flow
2.1

Summary

The ensemble average stress in a dilute suspension of spheres is determined for the
low polymer concentration limit. Contributions to the non-Newtonian bulk stress
arise from the interaction of particles and polymers in the suspension. The coupled
effects give rise to a contribution to the particle stresslet due to the presence of
the polymer and an extra polymer stress due to the alteration of the flow field by
the particles. Employing an Oldroyd-B constitutive equation, this study predicts
behavior at high Deborah number (De), defined as the fluid relaxation time divided
by the characteristic flow time. At finite De, the viscosity and first normal stress
difference coefficient display shear thickening behavior while the second normal
stress difference coefficient shows positive deviations for low De but switches sign
at approximately De = 4.

2.2

Introduction

The rheology of non-Newtonian particle suspensions is of practical significance
in a variety of industrial applications, including tissue engineering [8], injection
molding [15], cosmetics [13], and food science [3]. The complex behaviors of vis18

coelastic suspensions give rise to challenges in material processing, affecting fluid
properties such as die swell and the onset of flow instabilities. These challenges
have motivated numerous studies that examine the stress fields and the resultant
rheological properties of polymeric suspensions. However, previous work in the
development of the theory for suspension rheology has been confined to low Deborah number (De) and thus has not shown the effect of finite relaxation time on
suspension rheology. Previous numerical studies, although performed at a higher
range of De, have been confined to 2D flows and thus do not provide a complete
understanding of real systems with 3D rheological effects. Thus, to date, there is
an incomplete understanding of the effects of finite polymer relaxation time on the
flow and stress fields and the associated changes in the rheological properties of
dilute non-Newtonian particle suspensions.
Many authors have modeled the rheology of dilute suspensions with a secondorder fluid stress equation, which has the advantage of being analytically tractable
due to its relative mathematical simplicity. Recently, Koch & Subramanian [10]
found expressions for the particle contributions to the first and second normal
stress difference coefficients (ψ1P and ψ2P , respectively) in a perturbation expansion
about small De. They found that the particle contributions are related to the
suspending fluid normal stress difference coefficients (ψ10 and ψ20 ) and the particle
volume fraction (φ), with the final expressions given as ψ1P =
75
5
φψ20 + 56
φψ10 .
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5
φψ10
2

and ψ2P =

As can be seen, they predicted enhancement of both of the normal

stress differences due to the presence of particles. They found that the O(De)
particle contributions to the ensemble average suspension stress arise from 1) the
polymer stress field altered by the particle-induced velocity disturbance, 2) the
polymeric fluid altering the particle stresslet, and 3) the changes in the Newtonian
velocity and pressure fields caused by the polymeric fluid, which alter the particle
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stresslet.
Several earlier investigators (Kaloni & Stasna [9], Sun & Jayaraman [16], and
Mifflin [12]) attempted to determine the expression for all or part of the secondorder fluid suspension stress; however, Koch & Subramanian [10] found that each
of these authors made conceptual errors or omitted certain terms in the calculation
of the bulk stress. In a recent study, Greco et al. [4] found the same expression
for the particle stresslet as Koch & Subramanian [10] but argued that the average
polymer stress should be zero. This argument did not make sense, given the fact
that the average of the deviation of the rate of strain tensor from its mean value
dotted with itself (a contribution arising from the second-order fluid constitutive
equation) is the average of a positive definite quantity.
All of the theoretical studies, by virtue of the choice of constitutive equation,
are limited by the requirement of low De in order to satisfy the conditions necessary for a second-order fluid, and thus the results do not apply to non-Newtonian
suspensions where the polymer relaxation time is high or the fluid relaxation time
is low. The present study is important in expanding the theory of non-Newtonian
suspensions to predict high De conditions. We use the Oldroyd-B constitutive
model, which in addition to being valid for finite De, has the advantage of describing a polymeric fluid with a viscosity and a first and second normal stress difference
that are independent of shear rate. This property makes it possible to isolate the
particle-polymer interactions by removing any shear rate dependent effects arising
from the fluid itself.
The experimental work to date unfortunately has not used fluids that decouple
the particle-polymer interactions from the shear rate dependent nature of the base
fluid, which prevents the direct comparison of results between experiment and
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the present study. Experiments with Boger fluids (which are accurately described
by the Oldroyd-B constitutive equation) would enhance the understanding of the
shear rate dependent effects on the particle-polymer interactions, without having
the common problem of the shear rate-dependent particle-polymer interactions
being masked by the shear rate-dependent polymeric solvent effects. Nevertheless,
past experimental studies, along with some 2D numerical work, provide qualitative
information useful in understanding suspension rheology.
In the dilute limit, Highgate & Whorlow [6] did some of the first experimental
work in determining the rheological properties of viscoelastic suspensions. They
attempted to avoid the common experimental problems of particle migration and
clustering by performing experiments on short time scales. For a range of different
viscoelastic solutions, they found that the addition of particles to a viscoelastic
fluid yielded an increase in both the viscosity and normal stress differences that was
independent of shear stress of the base fluid for a given particle concentration. They
found that the addition of particles increased the viscosity and the first normal
stress difference by appoximately the same percentage in the dilute particle limit.
In a numerical study, Patankar & Hu [14] performed finite element simulations
using the Oldroyd-B constitutive equation, finding that the first normal stress
difference in a dilute suspension increases linearly up to De = 0.18. They noted
that the addition of a particle enhanced the first normal stress difference and that
this enhancement increased with the elasticity of the fluid. These results agree
with the qualitative predictions of the second-order fluid investigations but do not
extend to a De high enough to see finite polymer relaxation time effects.
In the realm of more concentrated suspensions, Hwang et al. [7] performed a
2D Oldroyd-B computational study that examined particle concentration effects
on suspension rheology. They looked at systems consisting of one, two, and six
21

particles, with Weissenburg numbers ranging from zero to 2.5. For dilute systems,
they presented results up to De = 1, finding that their results matched the secondorder fluid limit predictions. For systems at higher concentration, they found that
the suspension exhibited shear-thickening behavior for both the shear viscosity and
the first normal stress difference. Systems at higher De displayed greater shear
thickening than low De simulations at the same concentration. However, their
results seem to show clustering effects even in the limit of low particle concentration, as the scaling of the ratio of the first normal stress difference to the shear
viscosity with the particle concentration is quadratic in particle concentration for
the dilute limit. In an experimental study, Zarraga et al. [18] did measurements on
high concentrations (≥30%) of particles suspended in a viscoelastic fluid, finding
that ψ1 was positive and ψ2 was negative. These results are in contrast to Newtonian results Zarraga et al. [17] which have a positive first normal stress difference,
thus indicating that viscoelasticity is more important than particle concentration
in determining qualitative trends. Zarraga et al. [18] concluded that the second
normal stress difference was largely independent of the viscoelastic fluid, with their
results approximating Newtonian results at high particle concentration. While the
signs of the normal stress differences match the second-order fluid results of Koch
& Subramanian [10], the quantitative results do not match nearly as well. This
can be attributed to several possible factors. At sufficiently high particle volume
fraction, particle aggregation or chaining occurs [11], leading to inhomogeneous
systems with different rheological properties. Particle-wall hydrodynamic interactions can also be significant. Additional interactions between the particles and the
polymer phase can occur as well, with polymers absorbing on the particle surface,
effectively increasing the particle size [1].
In light of the past work, we examine the effects of finite polymer relaxation
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time on particle-polymer interactions in a dilute suspension in the low polymer
concentration limit, seeking to understand the associated non-linear behaviors of
the viscosity and normal stress differences. The Oldroyd-B fluid, which is ideally
suited for studying the low concentration limit, is employed in order to determine
the suspension stress through the computational integration of the quasi-analytical
formulation of the particle stresslet and average polymer stress differential equations. Our small polymer concentration perturbation analysis has many similarities
to the small De perturbation analysis of Koch & Subramanian [10], which will be
highlighted in the formulation of the stress. These include the use of an ensemble average approach in order to formulate a well posed integral of the polymer
stress and the use of the reciprocal theorem to avoid solving explicitly for the
non-Newtonian perturbation to the Newtonian velocity and pressure fields, which
contribute to the particle stresslet. The first section will outline the governing
equations and will show the contributions to the bulk suspension stress due to
polymer-particle interactions. The next section will delineate the details of the
perturbation analysis about concentration for the particle suspension and describe
the computational method. The last section will present the results of the computation, confirming the stress contributions in the low De limit with previous
theoretical work and then expanding these results up to a Deborah number of 19.

2.3

Stress formulation

We first consider the stress in the pure fluid phase without any particles. Since the
fluid viscosity is high in most viscoelastic fluid applications, the Reynolds number is
negligibly small, and we neglect inertial terms in the Cauchy momentum equation.
The equations describing a general Stokes flow are the continuity and momentum
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equations, written as follows—
∇ · u = 0,

(2.1)

∇ · σ = 0,

(2.2)

where u is the velocity field and σ is the overall stress tensor.
The flow field is specified to be a simple shear flow—
ũ = e1 r2 ,

(2.3)

where the tilde indicates a pure fluid quantity without the presence of particles.
The coordinate system is defined such that coordinate 1 is the direction of the flow,
2 is the direction of the velocity gradient, and 3 is the direction of the vorticity.
The quantities above are non-dimensionalized with the characteristic length scale
a and the characteristic velocity scale aγ̇, where a is the particle radius and γ̇ is
the shear rate.
The stress is written as
σ̃ = −p̃δ + 2ẽ + Π̃,

(2.4)

where Π̃ is the polymer stress tensor and the rate of strain tensor ẽ is defined as
1
ẽ = (∇ũ + ∇ũT ).
2

(2.5)

The stress is non-dimensionalized by ηs γ̇, where ηs is the solvent viscosity. All
quantities that follow will be non-dimensionalized using the same scales as defined
above, unless otherwise noted.
The polymer stress Π̃ is defined as

cA
,
De

where c is the polymer concentration and

A is the polymer conformation tensor, defined as hqqi, where q is the connector
vector defining the end to end position vector for the polymer. The Oldroyd-B
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constitutive equation gives the polymer stress and is defined in terms of A as
follows—
∂ui
1
∂uj
DAij
= Akj
(Aij − δij ),
+ Aik
−
Dt
∂rk
∂rk
De

(2.6)

where A is equal to hqqi and q is defined as the bead separation position vector for
the polymer dumbbell model, normalized by the radius of gyration of the polymer.
The Oldroyd-B equation is developed from kinetic theory, with polymer molecules
considered as two beads connected by a Hookean spring. The Deborah number De
is thus defined as λH γ̇, where λH is the relaxation time for the Hookean spring.
In order to determine the suspension stress from the constitutive equation
(Equation 2.6), we write Equation 2.4 in terms of the polymer conformation
tensor—
cÃ
.
De

σ̃ = −p̃δ + 2ẽ +

(2.7)

We next need a similar equation for the combined particle and fluid system in
order to determine the bulk stress of the suspension. In order to do this, we
consider a system in which the microscopic particle scale is much smaller than the
macroscopic system length scale; with this condition, the suspension can be seen
as a homogenous fluid with unique rheological properties that can be determined
through an averaging technique. Batchelor [2] derived the general expression for
the stress in a particle suspension, which is reproduced here, with the additional
polymer stress included—
chAi
hσi = −psusp δ + 2hei +
+n
De

Z

|r−r1 |≤1

dr1 hσ E i1 (r|r1 ),

(2.8)

where n is the number of particles per volume. The brackets indicate an ensemble
averaged quantity and hσ E i1 (x|r1 ) is the conditional ensemble average of the extra
stress at a position r over configurations in which a particle is centered at r1 . An
ensemble includes all possible configurations of particles and these are averaged in
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order to find mean values of pertinent quantities (in this case, the extra polymer
stress and particle stresslet), with the ensemble average of a quantity A formally
defined as
hAi =

Z

dr1 . . . drN P (r1 , . . . rN )A

(2.9)

where P is a probability function. See Batchelor [2] for a complete theory on
ensemble averaging. The last term in Equation 2.8 (σ E ) is defined as the extra
stress term, which includes the additional stress in the particle phase and the
additional stress that would occur if the fluid stress equation applied inside the
particle [2]. The stress in the particle phase is not equal to the stress in the fluid
phase at the particle boundary because of the zero rate of strain in the particle
phase, and thus there is a step change in the stress at the particle boundary.
However, this step change in rate of strain at the particle surface only gives a
contribution to the isotropic part of the average stress [10]. Since we are only
interested in determining the normal stress differences and the viscosity, we will
only consider the deviatoric part of the dimensional stress; then, Equation 2.8
becomes
hσ̂i = 2hêi +

c
hÂi + nŜ.
De

(2.10)

dr1 hσ̂i1 (r|r1 ),

(2.11)

Here, the stresslet Ŝ is defined as
Ŝ =

Z

|r1 −r|≤1

where the hats in the preceding two equations denote the deviatoric part of a
quantity. Applying the divergence theorem, the stresslet can be written as a surface
integral as follows—
Ŝ =

Z

|r1 −r|≤1

dAsym[nn · hσ̂i1 (r|r1 ),

(2.12)

Using the conditions that 1) the particle volume fraction is small enough that
particle-particle interactions are negligible and 2) the fluid velocity approaches the
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ensemble average velocity far from the particle, the particles in the suspension can
be treated as isolated spheres [2]. Then, the average ensemble stress is related to
the product of the stress around a single particle and the particle volume fraction
φ. Using these conditions and applying the divergence theorem, the stresslet in
Equation 2.11 can then be expressed in a simpler form—
Z
Ŝ =
dAsym[nn · σ̂].

(2.13)

r=1

For the equations that follow, in order to simplify the presentation, the nonbracketed quantities will denote the case of an isolated particle, with the coordinate
system centered at the particle center.
Having defined the stresslet, we can now begin to calculate the individual terms
in Equation 2.10. In order to do this, we will expand about small polymer concentration, keeping the leading order and first order terms—
hτ̂ i = hτ̂0 i

(2.14)

chÂi = chÂ0 i + O(c2 )

(2.15)

Ŝ = Ŝ0 + cŜ1 + O(c2 ).

(2.16)

From the above equations, it is clear that we need to calculate four terms— hτ̂0 i,
hcÂ0 i, hŜ0 i, and hcŜ1 i. It should be noted that chτ̂1 i is zero, as the average
rate of strain is specified as he0 i, and thus higher order rate of strain terms are
zero. We will consider each of the contributing terms in turn, starting with the
Newtonian stress. To calculate the leading order velocity and pressure fields, a
multipole expansion of Equation 2.2 for a particle of radius r centered at r = 0 is
performed, giving—
ui,0

5
= ẽji rj + ω̃ji rj +
2



1
1
− 5
7
r
r



ẽjk rj rk ri −

ui,0 = ω̃ji rj , for r < 1,
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1
ẽji rj , for r ≥ 1,
r5

(2.17)
(2.18)

and
p0 = −

5
ẽjk rj rk , for r ≥ 1,
r5

(2.19)

where
1
ω̃ = (∇ũ − ∇ũT ).
2

(2.20)

The leading order stress tensor is then


1
1
τ̂il,0 =(ẽil + ẽli ) + 5 7 − 5
ẽlk rk ri + ẽjl rj ri + 2ẽjk rj rk δil
r
r
 

35 25
1
+ ẽik rk rl + ẽji rj rl −
+ 5 ẽjk ri rj rk rl − 5 (ẽli + ẽil )
9
r
r
r


5
5rj
(2.21)
+ 7 ẽji rl + ẽjl ri + 5 ẽjk rj rk δil .
r
r

2.3.1

Average Polymer Stress

Having calculated the Newtonian stress, we next find the average polymer stress
hΠ̂0 i. Due to the slowly decaying terms associated with the polymer stress, the
calculation of hΠ̂0 i and hence hÂ0 i over an infinite domain is not a well posed
problem. Considering the second-order fluid constitutive equation (see Koch &
Subramanian [10]), hÂ0 i must include e · e terms that go like 1/r3 and only
converge if the integration volume is spherical. The integrals must converge for an
arbitrary volume for the problem to be well posed. In order to find the average
polymer stress then, we circumvent the calculation of the non-convergent terms by
defining a new tensor A′0 :
A′0 = A0 − Ã0 − AL
0,

(2.22)

where Ã0 is the conformation tensor for the simple shear flow and AL
0 is the
conformation tensor that includes all terms that are linear with respect to the
particle disturbance velocity u′ (that is, terms that do not converge).
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The fluid velocity can be written as a sum of the undisturbed simple shear flow
(ũ) and the particle velocity disturbance (u′):
u = ũ + u′.

(2.23)

In order to find Ã0 , we include only the terms in the Oldroyd-B consitutive equation (Equation 2.6) that are independent of u′:
1
Ã0 = ∇ũT · Ã0 + Ã0 · ∇ũ.
De

(2.24)

The above equation can be solved analytically, and the components of the leading
order of Ã0 are as follows— Ã11 = 1 + 2De2 , Ã12 = De,Ã22 = Ã33 = 1, Ã13 =
Ã23 = 0.
In order to find AL
0 , we write all of the terms that are linear in the disturbance
velocity take the most slowly decaying A terms that are proportional to 1/r3 :
T
L
L
ũ · ∇AL
0 − ∇ũ · A0 − A0 · ∇ũ +

1 L
T
A0 = ∇u′ · Ã0 + Ã0 · ∇u′.
De

(2.25)

We take the ensemble average, noting that h∇ui = ∇ũ by definition, and thus
the right hand side is zero:
T
L
L
ũ · ∇hAL
0 i − ∇ũ · hA0 i − hA0 i · ∇ũ +

1
hAL
i = 0.
De 0

(2.26)

Without the disturbance velocity terms, the linear conformation term hÂL
0 i is also
equal to zero. Thus, our final equation for the deviatoric part of the polymer
conformation tensor is
hÂ0 i = Ãˆ0 + n

Z

dV Â′0 .

(2.27)

The above integral is convergent for an arbitrary volume since the non-convergent
terms (ÂL
0 ) are removed with subtraction in Equation 2.22. At finite De, far from
the particle, we can perform a perturbation about the disturbance rate of strain
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e′ which is much smaller than ẽ. Then, ÂL is linear in e′ and Â′ is quadratic in
e′. Even though the differential equations for Â′ and ÂL must be solved at finite
De, the dominant contribution determining the solution of these equations comes
from the behavior at a distance of order r when computing Â(r) as long as De is
order one. It should also be noted that this integral requires the inclusion of points
inside the sphere, which give a contribution to the second term in Equation 2.10.
Inside the particle, the only non-zero term is ÂL
0.

2.3.2

Stresslet

Lastly, the two stresslet terms from Equation 2.10 are determined. The Newtonian
term was calculated by Einstein, who found that for a dilute Newtonian suspension
of spheres, the particle stresslet is given by
hŜ0 i =

20 ˆ
πhẽi,
3

(2.28)

The calculation of the first order contribution chŜ1 i requires more effort on our
part. This O(c) contribution to the particle stresslet arises from two polymerparticle interactions: one due to the polymer stress that arises from the leading
order disturbance velocity field and the other due to the Newtonian stress arising
from the O(c) perturbation to the velocity field. We will first consider the contribution due to the Newtonian disturbance velocity field acting on the polymers.
This contribution is easily calculated by performing the integral of Equation 2.13
over the surface of the particle —
Ŝ1A

1
=
De

Z

1
[(n · Â0 )r + r(n · Â0 )]dA.
2

30

(2.29)

Next, the contribution to the stresslet based on the change in the Newtonian stress
due to the polymer is defined as follows—
Z
1
B
Ŝ1 =
[(n · τ̂1 )r + r(n · τ̂1 )]dV.
2

(2.30)

This equation cannot be easily integrated, however, because of the difficulty in
determining τ̂1 . Instead, a comparison problem is defined, and the solution is
found with the reciprocal theorem. This allows Ŝ1B to be expressed in terms of the
leading order rather than first order velocity field.
Considering the first order stress equation, such that
∇ · τ̂1 = −∇ · Π̂0 ,

(2.31)

∇ · u1 = 0,
u1 = 0,

at r = 1,

u1 → 0 as r → ∞,
the comparison problem is a Stokes flow, with
∇ · Σ̂ = 0,

(2.32)

∇ · v = 0,
v = B · r,

at r = 1,

v → 0 as r → ∞.
Dotting Equation 2.31 with u and Equation 2.32 with v1 and then integrating
over the fluid volume gives—
Z
Z
(∇ · τ̂1 ) · v − (∇ · Σ̂) · u1 dV = −
Vf

Vf

∇ · Π̂0 · vdV.

Rearranging, we find
Z
Z
∇ · (τ̂1 · v − Σ̂ · u1 )dV = −
(∇ · Π̂0 ) · u1 dV.
Vf

Vf
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(2.33)

Now we use the divergence theorem and apply boundary conditions to obtain
Z
Z
Z
n · (τ̂1 · v − Σ̂ · u1 )dA −
n · (τ̂1 · B · r)dA = −
(∇ · Π̂0 ) · v1 dV, (2.34)
r→∞

r=1

Vf

where n is the unit outward normal vector. The first integral is negligible, as u1
and v go to zero as r → ∞, and the stresses do not grow with r. The second
integral is the ij component of the stresslet, using a definition of B as follows—
1
2
Bijkl = (δki δlj + δli δkj − δkl δij ).
2
3

(2.35)

The overall equation for Ŝ1B is
Ŝ1B

=

Z

(∇ · Π̂0 ) · v1 dV,

with v1 = B · r,

at r = 1.

(2.36)

The solution to the comparison velocity field is found to be—




5
1
5
5
1
vjkl =
rj rk rl + 5 (rk δjl + rl δjk ) +
rj δkl .
−
−
2r5 2r7
2r
2r5 6r3

(2.37)

In order to more easily calculate the integral in Equation 2.36, we rearrange
the integrand and apply the divergence theorem—
Z
Z
Z
B
Ŝ1 = (∇ · Π̂0 ) · vdV = ∇ · (Π̂0 · v)dV − (Π̂0 : ∇v)dV,

Ŝ1B

=−

Z

r=1

n · (Π̂0 · v)dA +

Z

r=∞

n · (Π̂0 · v)dA −

Z

(Π̂0 : ∇v)dV.

(2.38)

The second term is zero because the integrand goes like 1/r3 , and hence the
integral can be neglected far from the particle. Thus, we have now determined
expressions for all of the terms up to O(c) in Equation 2.10. The overall solution
is summarized as—
nc
hσ̂i = hτ̂0 i +
De

Z

r>1

Â′0 dV

cÃˆ0
+
+ nŜ0 + ncŜ1A + ncŜ1B .
De
32

(2.39)

Figure 2.1: Different types of trajectories calculated with the computational
method.

2.3.3

Computational Method

We now turn to the quantitative calculation of the bulk stress. We use a Runge
Kutta four parameter equation in order to integrate the different systems of partial
differential equations (including Equations 2.6 and 2.17, and the appropriate stress
equations for each of the terms given in Equation 2.39). We convert one spatial
dimension of the area or volume integrals into a time dimension by using the idea
that the velocity of the fluid multiplied by the integral of a quantity over time is
equivalent to the volume integral obtained using a finite control volume approach.
Physically, in our case, this method of calculating the volume integral of the stress
is equivalent to calculating the rate at which polymers enter the volume times the
integral of their residence time in the volume. For a more rigorous proof, consider
a quantity P that is equal to the time integral along a streamline of a quantity
Q—
P =

Z

t

Q dt′ ,

t−entry
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(2.40)

where
Q=

DP
= ∇ · (u).
Dt

(2.41)

Performing a volume integral on both sides of Equation 2.41, we obtain—
Z

QdV =

Z

∇ · (uP )dV.

(2.42)

Z

n · (uP )dA.

(2.43)

Applying the divergence theorem,
Z

QdV =

Applying Equation 2.43 to the volume integrals in Equation 2.39, we obtain —
Z

r>1

Â′0 dV

=

Z

(n · u)dA

Z

Â′0 dt

=

Z

uinit · ndA

Z

Â′0 dt,

(2.44)

where uinit is the velocity field at the starting point on the streamline trajectory.
The area integrals given by Equations 2.29 and the first term of 2.38 are calculated with a similar conversion, except that in this case, we solve the ODEs along a
trajectory on the particle surface at the speed of the particle rotation rate, yielding
(for the first term of 2.38)—
Z

r=1

eφ ·(Π̂0 ·u)dA =

Z

(eφ ·u)dφ

Z

eφ ·(Π̂0 ·u)dt =

Z

ωsin(θ)dφ

Z

eφ ·(Π̂0 ·u)dt.
(2.45)

where ω is the rotation speed of the sphere. Streamlines for open and closed loop
trajectories must be calculated (see Figure 2.1). For the closed streamlines, the
integration is performed over loops that begin at r2 = 0 for all r1 and r3 . As the
equilibrium state of the polymer conformation tensor is unknown at the beginning
of the closed loop, we must integrate around the closed loop trajectory multiple
times in order to determine a steady state solution where two successive loops give
the same value of the integral around the particle. Due to the system symmetry,
the calculation for the positive r3 values is performed and the numerical results
34

are multiplied by 2 to obtain the overall integral. For the open streamlines, the
integration is performed on streamlines that begin at r1 ≪ 0, for all r2 and r3 . As
with the closed streamlines, symmetry is used to simplify the calculation, which
is performed only for positive r2 and r3 values. The final result is obtained by
multiplying the numerical results by 4.
It should be noted that an additional type of integration must be performed
in order to solve Equation 2.27. In that case, we solve Equation 2.25, integrating
from a point far from the particle along an undisturbed velocity streamline in order
to find ÂL
0 at the point of interest. To make the calculation tractable, a grid of
′
ÂL
0 points is found before integrating Â0 , and a 3D interpolation is performed for

each point.
In all cases, solutions for characteristic curves are found at increasing distances
from the particle center until the contributions are negligible.

Convergence

Several types of convergence had to be achieved in order to yield an accurate computational result. First, the spatial and time steps had to be sufficiently small.
Second, for the closed loops, the integration along a streamline was repeated until the different values of the integral along two successive loops was within the
specified tolerance (less than 0.1% error). Third, for the integrals along the open
streamlines, the domain size was required to be large enough to capture the entire
volume integral.
A principal limitation in the convergence of the contribution from the extra
polymer stress is the integration of AL
0 . The grid of points determined from the
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Table 2.1: Comparison between Oldroyd-B and 2nd order fluid results in the
limit of low De.
Quantity

Oldroyd-B 2nd Order Fluid

Π0,11 − Π0,22

0.002πDe

0

Π0,22 − Π0,33

2.24πDe

2.38πDe

A
B
S1,12
+ S1,12

3.31π

3.33π

A
A
S1,11
− S1,22

3.96πDe

4.00πDe

A
A
S1,22
− S1,33

−1.98πDe

−2.00πDe

B
B
S1,11
− S1,22

2.67πDe

2.67πDe

B
B
S1,22
− S1,33

-0.142πDe

-0.143πDe

integration of AL
0 were calculated and stored so that they could be interpolated
when the overall equation was solved, and thus there was a computational limit
based on the number of points that could be stored in memory. While this memory
limitation posed no problem for open streamlines, which could be broken up into
many smaller volumes, the closed streamlines required a large volume of calculation
and also required a finer mesh due to their proximity to the particle, where the
flow field is changing more rapidly than for the streamlines far from the particle.
The volume of integration used for the calculations was 1603 for the stresslet
calculation and 803 for the average polymer stress calculation. For the stresslet
calculation, doubling the volume from 403 to 803 yielded a less than 0.1% change
in the both of the normal stress differences at the highest De. For the average
stress calculation, doubling the volume from 403 to 803 yielded a 9.6% decrease in
the first normal stress difference and a 0.3% increase in the second normal stress
difference at the highest De.
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2.3.4

Comparison

In order to verify the computational results, we compare each term in the limit of
low De to the terms obtained by Koch & Subramanian [10] in their second-order
fluid study. The overall result, written in terms of De for the Oldroyd-B fluid,
from Koch & Subramanian [10] is
N1 =

20
πDe
3

N2 =

5
πDe,
21

(2.46)

where N1 and N2 are the first and second normal stress differences, respectively,
and are related to the normal stress difference coeffecients by N1 = ψ1 γ̇ 2 and N2 =
ψ2 γ̇ 2 . It should be noted that the definition of De is different in the second-order
fluid constitutive equation, defined in terms of the first normal stress difference
as De2nd−order = ψ10 γ̇/η0 , where η0 is the zero shear rate viscosity, rather than
the Hookean spring relaxation time. The two equations can be compared directly
using an appropriate parameter choice to make the second normal stress difference
in the fluid equal to zero. The results of the comparison are shown in Table 2.1.
As can be seen, the results match very well, with all simulation results within 5%
of the theoretical results for the different contributions to the suspension stress.

2.3.5

Results and Discussion

Figures 2.2, 2.3, and 2.4 show the overall results for the shear stress and normal
stress differences due to the addition of polymer to the suspension as a function of De, scaled with the particle concentration φ. As can be seen, the shear
stress and first normal stress increase with increasing De, while the second normal stress difference decreases slightly with increasing De. Since the stresses are
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Figure 2.2: Overall non-Newtonian shear
stress as a function of De.
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Figure 2.3: Overall first normal stress difference as a function of De.
non-dimensionalized with shear rate, the non-dimensional shear stress is a scaled
viscosity, and the non-dimensional normal stress differences divided by De are
scaled normal stress difference coefficients. In order to gain a more physical understanding of the nature of the polymer-particle interactions, we examine the
contributions of the individual components of the different rheological properties
of the suspension. Figures 2.5–2.9 give the individual contributions to the shear
stress, the first normal stress difference divided by De, and the second normal stress
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Figure 2.4: Overall second normal stress difference as a function of De.
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Figure 2.5: Contributions to the non-Newtonian shear stress.

difference divided by De. First, we consider the contributions due to leading order
polymer stress tensor (Π0 ). At low De, the shear stress grows with De2 , as would
be expected based on the asymptotic ordered fluid expansion. Considering only
the 1 and 2 directions, there are deviations from the constant Newtonian viscosity
at third order, when there are shear components arising from the terms cubic in
the rate of strain tensor. Similar arguments can be made for the first and second
normal stress differences. The normal stress difference coefficients are predicted
to be constants at second order. Third order terms only contribute to the shear
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Figure 2.6: Stresslet contributions to the non-Newtonian shear stress.
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Figure 2.7: Contributions to the first normal stress difference.

stress, but at fourth order (with terms quartic in the rate of strain tensor), there
are contributions proportional to De. Thus, we expect quadratic scaling at low
De for the normal stress coefficients as well. This scaling is observed for the first
normal stress difference coefficient. The second normal stress difference coefficient
appears to decrease linearly at low De.
Koch & Subramanian [10] proposed that at finite De the first normal stress
difference due to the polymers near the particle is enhanced due to the fluid rotation
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Figure 2.8: Stresslet contributions to the first normal stress difference.
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Figure 2.9: Contributions to the second normal stress difference.

near the particle. They noted that at leading order, the polymers align in the
extensional axis of the mean extension rate, which is 45 degrees to the 1 and
2 axes in the case of a simple shear flow. Then, the rotational field near the
particle both rotates and translates the polymers such that the 11 component of
the stress is significantly enhanced near the particle. A close examination of the
flow fields in our Oldroyd-B calculations in this study shows that this indeed occurs.
Figures 2.11 and 2.12 show the evolution of the polymer conformation tensor along
an open streamline. As is seen, the polymers rotate when they approach the
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Figure 2.10: Components of the polymer conformation tensor A.
streamline starting at r1 =-200, r2 =0.5, r3 =0. De = 1.
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Figure 2.11: 11 component of the polymer conformation tensor A at different
De. Open streamline starting at r1 =-200, r2 =0.5, r3 =0. De =
1.

Figure 2.12: Evolution of polymer at De = 1. Open streamline starting at
r1 =-200, r2 =0.5, r3 =0.
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Figure 2.13: Integral of Π′ along a streamline starting at r1 =-200, r2 =0.5,
r3 =0. De = 1.

particle, and the 12 and 22 components of the stress are enhanced while the 11
component decreases. As the polymers continue approaching the particle, they
translate and rotate with the flow around the particle, and the 11 component
has a large peak near r1 = 0. On the downstream side of the particle, some of
the polymer stress is rotated to the 12 and 22 direction, and Figure 2.10 shows
a second peak for these components. As the polymers leave the region near the
particle, the flow rotates and translates them again, realigning the polymers with
the flow direction, where the 11 component has a second peak before the polymer
relaxes to its equilibrium length for the simple shear flow. This description of the
polymer behavior explains the observed contributions to the bulk stress from the
polymer, including the contribution from the alteration of the polymer stress field
due to the particle velocity disturbance and the polymer stress contribution to the
particle stresslet. The particle disturbance flow enhances the 12 component of Â,
leading to increasing shear stress. It also enhances the 11 and 22 components,
although the 11 component is enhanced to a greater degree, leading to positive,
increasing contributions to both normal stress differences. The components of the
conformation tensor are enhanced for higher De, with both larger peaks and longer
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relaxation times.
Figure 2.13, which plots the total integral of different components of Π′ as a
function of r1 , the largest contributions to the different components of Â occur
after the polymers have passed the particle. The disturbance velocity stretches the
polymer to a longer length than the equilibrium length in shear flow and the particle
disturbance flow rotates and translates the polymer to an orientation that is aligned
with the flow direction, with the 22, then 12, and lastly 11 components of the
polymer contributions due to the particle disturbance to the bulk suspension stress
all increasing. It is of note that the observations here are in agreement with Harlen
& Koch [5], who found that this transferral of stress due to disturbance velocity
fields was seen in the case of a fiber in a low concentration polymer suspension
and also observed an enhancement of the same evolution of the 22 component to
11 component of the polymer conformation near a fiber.
Next we consider the stresslet contributions to the suspension stress. In the
limit of De = 0, the total stress (derived from the two parts of the stresslet)
matches the Einstein result in Equation 2.28. The contribution due to the Newtonian disturbance flow acting on the polymers (S1A) is equal to

8π
ẽ
3 12

and the

contribution due to the alteration of the Newtonian velocity field by the polymers
(S1B ) is equal to 4πẽ12 . On the surface of the particle, the polymer gives a much
smaller contribution to the particle stresslet (S1A). For this case, the streamlines
are simply circles around the sphere surface, and in the rotating reference frame,
the polymer sees an oscillating shear flow. At lower De < 0.3, the polymer stress
grows as the second-order fluid equation would predict; the normal stress differences scale with De, and the shear stress is a constant. However, at higher De, the
polymer stresses actually go to zero, with the normal stress differences scaling with
1/De and the shear stress scaling with 1/De2 . To understand this behavior, first it
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should be noted that the mean shear rate in the rφ direction is zero, which can be
determined by integrating the gradient of Equation 2.17 in spherical coordinates
over 0 < φ < 2π and r = 1. From this zero mean shear rate, the polymer stresses
would not be expected to grow with De at high De. Instead, the components of
Â oscillate with the oscillating shear flow, at first out of phase but asymptotically
becoming in phase. The out of phase nature of the two oscillations gives small
normal stresses; the shear stress, on the other hand, has no net contribution to the
polymer stress from the leading order conformation tensor due to symmetry of the
12 component of A.
The stresslet contributions due to the alteration of the Newtonian flow field by
the polymers (S1B ) oppose the contributions due to the alteration of the polymer
stress by the leading order disturbance flow field (Π0 ). The S1B contributions to
the shear stress and first and second normal stress differences are all negative, in
contrast to the positive contributions from the Π0 term. These opposing contributions arise because the polymer resists the particle disturbance flow field, thus
weakening the Newtonian flow. Their effects are not as strong for the cases of the
shear stress and the first normal stress difference, but are slightly stronger for the
case of the second normal stress difference.
In summary, the rheological properties of particle suspensions are significantly
altered at high De, with the shear stress and first normal stress difference divided
by De growing with De and the second normal stress difference divided by De
decreasing with De for De > 4. The principal contributions at higher De to the
different rheological properties are 1) the extra polymer stress due to the Newtonian particle disturbance flow field and 2) the Newtonian stresslet contribution
due to changes in the Newtonian velocity field by the polymers. These two contibutions are of opposite sign, with the latter being caused by a resistance to the
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Table 2.2: Fitted equations to simulation data for different rheological properties. Maximum error is less than 1% for all equations.
Quantity

Fitted Equation

Range

N1 /De

(21.4589 − 3.8607De + 3.0064De2 )φ

De ≤ 1

N2 /De

(0.6495 + 1.1271De − 0.8280De2 )φ

De ≤ 1

Shear Stress

(10.4835 + 0.2496De + 2.2712De2 )φ

De ≤ 1

N1 /De

(−13.7539 + 22.7277De − 0.2994De2 )φ

De > 1

N2 /De

(1.6713 − 0.4101De + 0.0055De2 )φ

De > 1

Shear Stress

(−8.5448 + 15.0821De − 0.1960De2 )φ

De > 1

former. The results presented here extend the theory of non-Newtonian suspension
rheology to include polymers that have large relaxation times, a system common
in practice. It would be of great interest to have experimental measurements with
non-shear thinning Boger fluids at a range of De to verify the elastic polymer
behavior predicted by this work. Equations fitted to the simulation data for the
different rheological properties are given in Table 2.2 for two different ranges of De,
which can be used to compare with experimental data. While some experimental
work predicting the suspension stress for spheres in a polymeric solvent has been
performed, experimental studies to date have used fluids whose properties change
based on De, making it a a prohibitive task to separate the pure fluid effects of the
suspension from the particle-polymer interactions due to finite polymer relaxation
time.
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Chapter 3
Cross-stream forces and velocities of
fixed and freely suspended particles in
viscoelastic Poiseuille flow: Perturbation
and numerical analyses
3.1

Summary

The cross-stream migration of circular particles (or infinitely long cylinders) in two
dimensional viscoelastic pressure-driven flows is examined through complementary
second-order fluid perturbation analyses for small Deborah number (De), where De
is defined as the fluid relaxation time divided by the characteristic flow time, and
Oldroyd-B fluid finite element simulations. A neutrally buoyant, freely suspended
particle is found to migrate toward the center of the channel for all particle sizes
and cross-stream positions due to the coupled effects of the linear and quadratic
variations of the imposed velocity. A particle that is held at a fixed position, on the
other hand, experiences a cross-stream force directed toward the wall as a result
of the coupled effects of the local shear flow and the flow relative to the particle.

3.2

Introduction

Particles migrate in viscoelastic suspensions to preferred cross-stream positions
due to external surface forces perpendicular to the fluid streamlines. These forces
occur due to inhomogeneous velocity and/or temperature fields that alter fluid
properties near the particle. As a result of particle migration, inhomogeneous
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suspensions form that can have significantly different rheological properties, with
consequences for processing applications such as injection molding. These applications have motivated several studies that have looked at the forces acting on a
particle suspended in a viscoelastic Poiseuille flow, but the previous literature has
not shown a clear result for the parameters that affect the direction and magnitude of the cross-stream force on a particle. No study to date has included an
extensive comparison of quantitative simulation and analytical results, which is of
great value in a topic with contradictory findings on even the most fundamental
qualitative result of the migration direction. In light of this, the current study
develops a full 2D theory to predict the cross-stream force and migration velocity
for a particle in a Poiseuille flow at low De, for both a particle moving with the
fluid and a particle fixed in place. Trajectories for a freely suspended particle at
low De are computed based on the analytical predictions. Finite element method
(FEM) simulations balance a cross-stream body force with the migration force in
order to validate the perturbation analysis results in the appropriate asymptotic
limits and to perform a parametric study examining the effects of De, particle size,
particle location, and polymer concentration.
Previous theory-based attempts to explain the migration phenomenon have examined the fluid-particle interactions of stress and velocity fields (e. g. [1],[14],[18]).
In an inertia-less flow, migration in a dilute suspension is only predicted to occur in
non-Newtonian fluids; with these types of suspending fluids, particles are predicted
to migrate preferentially to either the wall or the center of a bounded flow, depending on system conditions. Ho & Leal [6] studied the particle migration of a sphere
through a small De perturbation analysis in a second-order fluid. They derived an
expression for the cross-stream migration force on a small particle (radius≪channel
height) in Poiseuille flow, finding that the particle always migrates to the center of
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the channel. They found that the migration force is a function of the ratio of the
particle size to the channel height, the position of the particle, and the first and
second normal stress differences. Ho & Leal [6] also investigated circular Couette
flow, finding that particles migrate to the outer wall, where the absolute shear rate
is at a minimum.
Several numerical studies have also addressed the pheonomenon of particle
migration. Carew & Townsend [4] found in their finite element simulations that
a fixed cylinder in a Poiseuille flow has a cross-stream force toward the wall in
both Oldroyd-B and Phan-Thien-Tanner fluids. Huang, Hu, & Joseph [7] also
performed Oldroyd-B FEM simulations on a cylindrical particle in a Poiseuille
flow, although the particle was allowed to move with the fluid. They found that
the direction of the cross-stream force depended on the particle size. While their
simulation conditions are the most similar to those in this study, their method
differs significantly in that they determined the actual motion of the particles by
simulating the trajectory of the particles based on surface forces at each time
step. In contrast, a trajectory cannot be plotted from the simulation results in
the present study (although analytical trajectories are presented). Rather, the
cross-stream migration tendency is determined by examining the stresses normal
to the channel walls acting on a particle that is fixed in the cross-stream direction.
While Huang et al. ’s approach does provide the advantage of showing the particle
trajectory, the principal disadvantage is that since the initial condition for the
particle is a zero-velocity, zero-rotation condition, there is a transient period where
the particle does not have the proper force-free, torque-free boundary condition.
Their results primarily addressed flows with finite De and finite Reynolds number
(Re), defined as uH/ν, where u is the characteristic velocity, H is the channel
height, and ν is the kinematic viscosity. When they addressed the low Re limit,
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they omitted the nonlinear inertial term in the Navier-Stokes equation, but kept
the transient particle and fluid inertia; thus, not all inertia was neglected. They
found that larger particles migrated toward the wall and smaller particles migrated
toward the center. Thus, although two computational studies have been performed,
there are no studies that have modeled freely suspended particles in inertia-less
shear flows, the emphasis of this study and often the system of interest for theory
and experiments, as well as applications requiring high viscosity fluids and/or small
particles.
No experimental studies to date have exactly mimicked the conditions of the
previous analytical and numerical studies. Nevertheless, several investigators have
studied particles in creeping, viscoelastic Poiseuille flows, finding contrasting results for the direction of the cross-stream force. Karnis and Mason [11] did some of
the first work on a highly concentrated (particle weight fraction of 0.125) suspension of spheres in a shear thinning polymer solution, finding the spheres migrated
to the center of a pipe, regardless of their initial position. More recently, Jefri
and Zahed [10] found that spherical particles in a constant viscosity suspension
migrated toward the center plane, while particle in shear-thinning fluids migrated
toward the plates (or walls) of the channel in a creeping Poiseuille flow. They
used a particle volume fraction of 0.02, so there were some hydrodynamic particleparticle effects in the system, with most particles aggregating into short chains of
2-10 particles. However, even though Jefri and Zahed’s study examined multiple
particles rather than a single particle, their work provides a good source of qualitative comparison in the experimental realm because they performed experiments
in the appropriate particle size limit and flow regime of the perturbation analysis
of Ho & Leal [6]. In contrast to the results of Jefri and Zahed [10], Dhahir and
Walters [5] found that a fixed, freely rotating single cylinder felt a cross-stream
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force toward the channel wall in Poiseuille flow conditions for both Boger and
pseudoplastic fluids. The experimental data from Dhahir & Walters [5] for a fixed
particle in a suspending Boger fluid will be compared with FEM simulation results
obtained in this study.
In summary, the past investigations have come to varied conclusions on the
direction of particle migration in a non-Newtonian Poiseuille flow. While perturbation analyses indicate that a particle always experiences a cross-stream force
toward the channel center, some simulations and experiments have shown a crossstream force in the opposite direction. The only explanation for the switch in
cross-stream force direction that has been advanced is that particle size is the main
parameter affecting the cross-stream force direction. We do not reach the same
conclusion and find that in fact the direction of the cross-stream force is related to
the boundary condition on the particle. We hope to clear up the discrepancies in
the literature in this 2D perturbation analysis and computational study through
a detailed study of the flow and stress profiles on the surface of the particle and
a thorough examination of the effects of flow geometry, fluid parameters, and the
particle boundary condition on the particle cross-stream force. The 2D perturbation analysis will allow for a direct comparison between analytical and numerical
work. This was previously not possible since all of the theoretical work has been in
3D while the previous numerical work has been in 2D. The theory of Ho and Leal
[6] for migration of a spherical particle at low Deborah number in a Poiseuille flow
required an application of the generalized reciprocal theorem to obtain the crossstream force without an explicit determination of the perturbed fluid velocity and
pressure field. However, particle-wall hydrodynamic reflections could be neglected
to leading order for small particle sizes. In contrast, the Tanner-Pipkin theorem
allows us to determine the cross-stream force on a circular particle without appli-
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Figure 3.1: Diagram of the flow situation.

cation of the generalized reciprocal theorem. The Tanner-Pipkin theorem states
that the Newtonian and second-order fluid velocity fields are the same in a twodimensional flow and it provides a prescription for the perturbed pressure field.
In the two-dimensional problem, hydrodynamic particle-wall interactions are important in evaluating the migration velocity of a particle owing to the logarithmic
nature of the fluid velocity produced by a translating cylinder.
In the first section, we will outline the system in consideration, a description
of the problem, and the methodology for solution. In the next section, we will
present the derivation of the expressions for the cross-stream force and velocity for
a freely suspended particle along with complementary FEM simulations results. In
the last section, we will derive the cross-stream force for a fixed particle and compare the expression to previous experimental results from the literature. We will
also present complementary FEM simulation results, and the effects of extending
various parameters past the analytical limits will be explored.
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3.3

Approach

The system under consideration is a 2D cylinder in a creeping pressure-driven
(Poiseuille) planar flow, with an imposed velocity field that remains parabolic
at all De for both the analyses and simulations due to the choices of non-shear
thinning constitutive equations. Figure 3.1 shows a diagram of the situation with
the variables that will be used in the derivations and discussion that follow.
The overall goals of the analytical part of this study are to (1) find expressions
for the cross-stream force acting on a particle in Poiseuille flow for both freely
suspended and fixed boundary conditions, (2) find an expression for the migration
velocity of a freely suspended particle in Poiseuille flow, and (3) understand the
mechanism by which the migration velocity and cross-stream forces arise. The
numerical work complements the perturbation analysis by verifying the analytical predictions in the appropriate limits and extending the results to perform a
parametric study for the cross stream force on both a freely suspended and a fixed
particle.
In the analyses that follow, we use the second-order fluid constitutive equation to perform perturbations about De = 0. For this constitutive equation, the
Tanner-Pipkin theorem [3] states that the O(De) contribution to the velocity field
is zero and gives an analytical expression for the non-Newtonian pressure. In the
case of the FEM simulations, the Oldroyd-B constitutive equation is employed,
which allows us to calculate high De results.
Due to the complexities of a deformable mesh code, we consider a single, unchanging mesh for a given particle/channel geometry. In order to simulate the flow
field, a Galilean transformation is performed by adding a uniform velocity field in
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the opposite direction of the pressure gradient which ensures no net force on the
particle in the streamwise direction. In contrast, the particle does experience a
force in the cross-stream direction, but since the particle is not allowed to move,
this is physically equivalent to a particle translating in a channel with some external body force acting on it in the cross-stream direction, such as gravity in a
horizontal channel.

3.3.1

Analysis

We first consider the case of a freely suspended cylinder in a Poiseuille flow that
does not move in the x2 direction due to a body force equal in magnitude to the
cross-stream migration force. For the analysis of this case, we first write the Cauchy
momentum equation and continuity equation for Newtonian creeping flow—
∇ · τ = 0,

∇ · u = 0,

(3.1)

where τ is the fluid stress tensor and u is the fluid velocity. We then perform a
multipole expansion of the fluid stress tensor in the preceding equation in order
to find the Newtonian flow field. Next, we find the non-Newtonian stress and flow
fields by employing the second-order fluid constitutive equation, which is derived
by a “retarded motion” expansion of the Newtonian fluid stress for powers of
the rate of strain tensor and its convected derivative. This constitutive equation
describes all fluids at small De but deviates from experimental data at finite shear
rate and/or polymer relaxation time. The second order terms describe elastic
polymer stresses but do not model shear-thinning effects, which arise at third
order. However, since De is a small parameter, the effects of shear thinning are
expected to be small in the analytical cases examined. The stress is written as—


ψ2
∂
e + u · ∇e − e · ω + ω · e + 8 De e · e,
(3.2)
τ = 2κe − 2De
∂t
ψ1
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where

1
∇u + uT ,
2

1
∇u − uT ,
ω=
2
e=

(3.3)
(3.4)

η0 is the zero shear viscosity, and ψ1 and ψ2 are the first and second normal
stress coefficients, respectively. In the preceding equations, the variables are nondimensionalized by a combination of the characteristic force per length (η0 Umax ),
time (H/Umax ), and length (a) scales. These scaling choices give order 1 parameters
near the particle; for example, the stress is non-dimensionalized by η0 Umax /a, which
is the viscous stress on the particle surface.
The Deborah number is defined as the relaxation time λr of the fluid multiplied
by the absolute value of the average rate of strain in the undisturbed flow—
De =

Umax λr
,
H

(3.5)

ψ1
.
2η0

(3.6)

where
λr =

Note that the choice of characteristic flow time ensures that De is constant for all
positions in the channel; however, the local rate of strain and characteristic fluid
time are not constant, changing based on x2 . Most of the parametric study results
are at a position λ = 0.416667, which has a local rate of strain that is 1.5 times
lower than the mean rate of strain.
The velocity, pressure, and stress are expanded in small De, with effects up to
order De considered—
u = u(0) + O(De2 ),

(3.7)

p = p(0) + De p(1) + O(De2 ),

(3.8)

τ = τ (0) + O(De2 ).

(3.9)

57

10

x2

5

0

-5

-5

0

5

x1

Figure 3.2: Typical FEM mesh.

The Tanner-Pipkin theorem specifies that the velocity field of a planar flow for the
second-order fluid is the same as the one found in the Newtonian fluid, and thus
the O(De) velocity and shear stress terms are zero. The second-order fluid pressure
is determined by substituting the Newtonian pressure expression (Equation 3.16)
into the Tanner-Pipkin pressure, given by Bird, Armstrong & Hassager [3] as


De D (0)
ψ2
(0)
p=p −
p + 4 + 1 De(e(0) : e(0) ).
(3.10)
κ Dt
ψ1
In summary, to find the cross-stream force, we must find the Newtonian velocity
and pressure fields with Equation 3.1 and the non-Newtonian pressure field with
Equation 3.10 and then integrate the stress from Equation 3.2 on the surface of
the particle.

3.3.2

Finite element simulations

FEM simulations of a cylinder in a Poiseuille flow are performed in order to validate
the analytical predictions in the appropriate limits, as well as to extend the results
to parameters outside of the validity of the analysis. The finite element method is a
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computational approach that is used to find solutions to boundary-value problems,
essentially discretizing the overall domain into a series of sub-domains, and solving
appropriate equations for each element within this mesh. These equations are
weighted along each element, and the overall error in each element is minimized
such that the solution satisfies the governing equations over the entire domain.
A good description of the method can be found in [2] or [8]. Figure 3.2 shows a
mesh with the typical refinement used, although most of the meshes in this study
have a larger height and longer length. The number of elements for the different
meshes used ranges from 1,488–5,328, and the number of unknowns ranges from
26,065–92,281.
The FEM formulation solves a time-dependent problem, employing a 4th order
Runge-Kutta method for time integration [15] and a DEVSS-G/SUPG spatial
discretization [12]. A principal advantage of the code is its use of operator splitting,
which splits the momentum equation and the constitutive equation, decoupling the
stress term. The code simultaneously solves the Cauchy momentum, conservation
of mass, and constitutive equations for each element.
The FEM simulations use an Oldroyd-B constitutive equation—

τ + (1 − β)De τ(1) = −(1 − β)κ ∇u + ∇uT ,

(3.11)

where
τ(1) =


∂τ
+ u · ∇τ − ∇uT · τ + τ · ∇u
∂t

(3.12)

and β is the ratio of solvent viscosity (ηs ) to zero shear rate viscosity (η0 ). The
definition of DeOB for the Oldroyd-B fluid usually differs because the relaxation
time is solely defined by the polymer, whereas the second-order fluid De relaxation
time (Equation 3.6) is defined in terms of both the polymer and solvent. The
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relationship between DeOB and the second-order fluid De is as follows—
DeOB =

De
.
1−β

(3.13)

For consistency, the second-order fluid De definition is used throughout the discussion, except where noted. The Oldroyd-B fluid has an advantage over the
second-order fluid in that it can capture high deformation rates. It successfully
models a class of fluids known as Boger fluids, which are non-Newtonian fluids that
are created by dissolving a low concentration of high molecular weight polymer in
a highly viscous fluid. These fluids exhibit constant viscosity over all shear rates
and thus are useful in isolating elastic effects of a polymeric solution. Since the
Oldroyd-B constitutive equation can predict high shear rate behavior, we can perform finite De simulations to expand upon the predictions of the second-order fluid
analysis. It should be noted that many polymeric fluids exhibit a departure of the
first normal stress difference from the quadratic scaling with the shear rate or a
departure from constant shear viscosity at high shear rates, and for these solutions,
the Oldroyd-B equation is accurate only in the low shear rate region. The second
normal stress difference for an Oldroyd-B fluid is equal to zero, in contrast with the
second-order fluid. However, we find no contribution to the cross-stream force or
migration velocity that is proportional to the second normal stress difference in the
second-order fluid analyses (see Equations 3.27 and 3.69), so this difference in the
constitutive equation predictions will not affect the comparison of the simulation
and analytical results.
Having defined the numerical framework, we can discuss the details of the use
of the FEM code for the calculation of the flow and stress fields with different
boundary conditions. For the case of the freely suspended particle that is not
moving in the cross-streamwise direction because the migration force is balanced
by a body force, we use periodic boundary conditions on the two boundaries per60

Table 3.1: Parameters for FEM simulations
Parameter Typical Value
De

Range

–

0.00171–0.288

0.85

0.25–0.95

λ

0.4167

0.0175–0.5

κ

0.01667

0.005667–0.3

β=

ηs
η0

pendicular to the streamwise direction, specifying the pressure drop over the length
of the channel, and we use a constant rotation velocity boundary condition on the
particle surface. In order to ensure no force on the particle in the streamwise
direction, constant wall velocity boundary conditions are imposed in the direction opposite the imposed pressure gradient. An iterative process, employing the
Newton-Raphson method with the rotation velocity of the particle and the wall
velocity as variables, is used to determine the conditions in which the particle is
both torque-free and drag-free. The appropriate wall velocity specifies the point
at which the undisturbed flow velocity is zero in the fixed frame of reference. With
this Galilean transformation, the mesh does not change during the calculation
which considerably simplifies the numerical implementation.
Additional FEM boundary conditions used in this study logically follow from
the freely suspended particle case described above, such as the use of a zero velocity boundary condition on the surface of a fixed particle. After iterating where
appropriate to find the proper boundary condition, the cross-stream force can be
calculated by dotting the stress vector with the unit normal vector in the cross
stream direction and then integrating this stress over the surface of the particle.
The general parameters used for the simulations are summarized in Table 3.3.2.
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Figure 3.3: Effect of refining the FEM mesh on τrθ cos θ. Points are on the
surface of the near-center half of the particle. Mesh parameters
are given in Table 3.2.

For comparison with the perturbation analysis, the polymer characteristic relaxation time λr is set at a low value in order to make De small. The ratio of solvent
viscosity to zero shear rate viscosity, β, is set to a high value in order to give only
a small deviation from Newtonian behavior. λ is chosen to be near the channel
center, although slightly offset in order to give a significant cross-stream force. The
ratio of the particle radius to the height of the channel κ is chosen to be sufficiently
small so that particle size effects do not significantly alter the bulk Poiseuille flow.
Each of these variables is altered from the typical value (where the second-order
fluid analysis is valid) to find how it changes the stress and velocity fields near the
particle (and thus, the cross-stream force on the particle).
The mesh refinement is checked so as to ensure that there are a sufficient
number of elements to accurately capture the velocity and stress fields. Figure
3.3 shows the shear stress contribution to the cross-stream force n2 · τrθ on the
near-center half of the particle based on differing meshes described in Table 3.2.
∆z is the length of the smallest element near the particle in the outward normal
direction (non-dimensionalized by a). The simulation parameters for these graphs
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Table 3.2: Mesh refinement values.
Mesh

No. of Elements No. of Eqs.

∆z

1

632

11201

0.25

2

1592

27681

0.019

3

2552

43089

0.009

are κ = 0.0333, λ = 0.41667, De = 0.015, and β = 0.85. As can be seen, the
modification to the fields is almost not noticeable, except that the coarsest mesh
gives a profile that does not match the analytical results very well. The level of
refinement in mesh number 2 is used for all simulations, as further refining the
mesh only adds computational time without changing the velocity and stress fields
significantly (the x2 force changes by 1.4% between the two refinements). The
Tanner-Pipkin theorem is verified for a range of β and De, giving only minor
deviations of less than 1% in the velocity field for De < 0.2 for all λ. The crossstream forces on different channel lengths of the periodic cell are also checked,
and the domain size used is found to be sufficiently long, giving approximately a
2% change in the predicted cross-stream force for κ = 0.0167 and a 0.02% change
for κ = 0.25 for a doubling of periodic length from L = 18 to L = 36. For the
fixed particle, longer meshes (L = 480) were used due to the larger disturbance
caused by the particle. For the fixed particle case, doubling the mesh length from
L = 480 to L = 960 yielded a 2% change for κ = 0.0556. A modest change ( 3%)
in the rotation rate of the particle occurs in the simulations at De > 0.15 and high
polymer concentration (β < 0.5), which would be expected due to the appearance
of higher order De effects.
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3.4

Freely suspended particle

3.4.1

Cross-stream force on a particle in Poiseuille flow

We first consider a freely suspended particle in a Poiseuille flow that has a body
force that balances the cross-stream force arising due to the non-Newtonian flow,
and thus does not move in the x2 direction. We perform a parameter study in order
to determine the effects of fluid properties and system geometry on the particle
cross-stream force. For this system of consideration, the overall flow field must
first be determined. Equation 3.1 must be solved, using a constant rotation speed
boundary condition equal to the fluid rotation rate at the surface of the cylindrical
particle. The wall velocity boundary conditions do not need to be specified because
the linear part of the flow field decays like 1/r and the quadratic part decays like
1/r2 . The Newtonian fluid velocity and pressure fields for a parallel flow are found
to be—


4E21 x21 x2 1
−2x2 8x21 x2
=−
+ E21 x2 − Ω21 x2
+ E21
+
r4
2
r4
r6


1 x21 4x21 x22
1
4x21 x22
2
+ A122 x2 − + 4 −
,
− 4+
2 r
r6
2r
r8


4E21 x1 x22 1
−2x1 8x1 x22
(0)
u2 = −
+ E21
+
r4
2
r4
r6


2x1 x2 2x1 x2 4x1 x32 4x1 x32
,
−
−
−
+ A122
r4
r6
r8
r6


8E21 x1 x2 κ
2x1 8x1 x22
=−
κ + 2A122 x1 κ,
− A122 − 4 +
r4
r
r6

(0)
u1

p(0)

(3.14)

(3.15)
(3.16)

where r is the radial coordinate, Aijk is half of the second derivative of the undisturbed velocity with respect to position, E is the undisturbed rate of strain tensor,
and Ω is the undisturbed vorticity tensor, all evaluated at x1 = x2 = 0—


1 ∂U1
,
A122 =
2 ∂x22 x1 =x2 =0
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(3.17)

1 ∂U1
2 ∂x2

E12 = E21 =

Ω21 = −Ω12 =

,

(3.18)

x1 =x2 =0

1 ∂U1
2 ∂x2

.

(3.19)

x1 =x2 =0

Here, U is the undisturbed velocity field. It should be noted that the particle
translates with a different velocity than the imposed flow, as described by Faxén’s
law:
U1 =



1 ∂2
1−
4 ∂x22



u1

(3.20)
x1 =x2 =0

Subtracting the difference in velocity between the particle and the imposed flow, at
an infinite distance from the particle (r → ∞), Equations 3.14 and 3.15 yields the
correct equation for a general 2D unbounded quadratic flow in the x1 direction—
U1 = A122



x22

1
−
2



+ E12 x2 + Ω12 x2 ,

U2 = 0.

(3.21)
(3.22)

With the Newtonian solution to the velocity field, we can apply the TannerPipkin theorem in order to find the non-Newtonian velocity field. This theorem
states that the O(De) contribution to the second-order fluid velocity u(1) is zero
and thus the velocity field equal to the Newtonian or leading order velocity solution.
This is a significant departure from the second-order fluid 3D analysis of Ho & Leal
[6], where the Tanner-Pipkin theorem is not applicable and the reciprocal theorem
is required in order to find the particle velocity without needing to find the fluid
velocity field.
To gain more physical understanding of the stresses acting on the particle, we
can also write the velocity field in cylindrical coordinates r and θ and expand the
θ component of velocity about y = 0, defined as y = r − 1. In this coordinate
system, the velocity field consists of a simple shear flow and a solid body rotation
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due to the rotation of the particle. The two parts of the velocity field can be found
handily by expanding Equations 3.14 and 3.15 about y = 0 to yield
uSS
θ = 4y(E12 cos(2θ) + A122 sin(θ) cos(2θ)),

(3.23a)

uSBR
= −Ω12 r,
θ

(3.23b)

where the the SS superscript represents the component due to shear stress, and
the SBR superscript represents the component due to solid body rotation.
With the velocity and pressure fields from the Equations 3.23 and 3.16, the different components of the cross-stream force can be determined by calculating force
contributions from the the constitutive equation (Equation 3.2) and the TannerPipkin pressure (Equation 3.10). It is found that the largest force contribution
comes from the non-Newtonian pressure—
−

Z

2π

0





De SBR
ψ2
SS
SS
(0)
κ −
sinθ dθ
De e : e
u
· ∇p + 1 + 4
κ
ψ1
ψ2
=(−6 − 32 )De κπE12 A122 .
ψ1

(3.24)

The solid body particle rotation stretching the nearby polymers also gives a
cross-stream force contribution toward the center of the channel—
Z

0

2π



SBR
SS
SS
SBR
SBR
SS
κn· −2De(u
· ∇e − e · ω
+ω
· e ) · e2 dθ
= − 2De κπE12 A122 .

(3.25)

The normal stresses due to the polymer extension in shear flow only give a
cross-stream force contribution that is proportional to the second normal stress
difference, which cancels the contribution proportional to the second normal stress
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difference arising from the pressure exactly—
Z

0

2π


κn· −De(−4eSS · eSS − 2eSS · ω SS
+ 2ω
= 32

SS


ψ2
SS
SS
· e2 dθ
· e ) + 8 De e · e
ψ1
SS

ψ2
De κπE12 A122 .
ψ1

(3.26)

Summing the individual contributions to the cross-stream force, we obtain the
overall result—
2

F2 = 128πκ De




1
−λ .
2

(3.27)

Here, E12 = 4 (1/2 − λ) and A122 = −4κ are substituted into the final result in
order to write the cross-stream force in terms of the non-dimensional flow geometry
parameters. Equation 3.27 shows that the direction of the cross-stream force is
toward the center for all particle x2 positions. The force comes entirely from the
non-Newtonian components of the stress and pressure, and thus at De = 0, there
is no force, consistent with Stokes flow reversibility.

Components of cross-stream force

A detailed look at the dominant contributions to the cross-stream force gives a
physical understanding of the physical interactions of the particle and the polymeric fluid. Figures 3.4(a), 3.4(b), and 3.4(c) elucidate the mechanism of migration
in the second-order fluid limit, showing the analytical predictions for the migration force integral contributions for a particle at λ = 0.41667, κ = 0.0167, and
De = 0.00863.
From the analysis, we find that the cross-stream force is not proportional to
the second normal stress difference coefficient. Considering terms not proportional
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Figure 3.4: Contributions to the non-Newtonian part of the analytical expression for overall stress on the particle surface. κ = 0.0167,
De = 0.00863, λ = 0.416667.
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to ψ2 , we find that contributions to the cross-stream force arise from the pressure
(75% of the total contribution) and the rθ component of the stress (25% of the
total contribution). The integrals of the rr and θθ components of the stress are
zero, and thus these components of the stress are non-contributing. The pressure
contribution arises because the non-Newtonian pressure on the near-wall side of
the particle is significantly higher than that on the near-center side, due to a
higher shear rate on the near-wall side, as described below. In Figures 3.4(a)
and 3.4(b), the first and second terms of Equation 3.24, respectively, are plotted.
The first term is the convection of the Newtonian pressure, and the second term
is the deformation of the fluid due to the shear stress around the particle. The
convective pressure term actually gives a contribution to F2 toward the wall, arising
due to the larger pressure gradient on the near wall side of the cylinder. However,
the total contribution to the force due to the pressure is principally derived from
the difference in the deformation of the polymer at the near-wall surface of the
particle and the near-center surface of the particle (shown in Figure 3.4(b)), with
a contribution four times larger than the convection of pressure term. A second
contribution to the force comes from the shear stress τrθ ; as shown in Figure 3.4(c),
the τrθ contribution arising from the convection of e points toward the center of the
channel. The τrθ contribution arises mainly from the differences in the near-center
shear stress peaks at θ = π/4 and θ = 3π/4 and the near-wall shear stress peaks
at θ = 5π/4 and θ = 7π/4 of the particle, which are larger in magnitude on the
near-wall half of the particle than on the near-center half of the particle.
Thus, in total, the non-Newtonian contributions to the cross-stream force toward the center come from the convection of e and the deformation of the fluid
(e : e), while the convection of the Newtonian pressure provides a contribution
toward the wall.
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Related to this discussion, an explanation proposed by Ho and Leal [6] for this
difference in stress is related to the so-called hoop stress on the particle surface.
In inhomogeneous shear flows, polymers will stretch different amounts depending
on the local shear rate. The polymer strands have greater extensions at higher
shear rates; hence, they will provide a greater normal stress on the particle, and
the particle will move toward the direction of the lower shear rate.

Comparison of analytical and FEM results

In the limits of slow flow (De ≪1), small particle size (κ ≪1), and particle location far enough from the wall (λ ≫ κ and 1 − λ ≫ κ), the analytical and simulation results converge. This can be seen in Figure 3.5, which is for λ = 0.41667,
De = 0.00863, and κ = 0.0167. The curves on the near-center side of the particle
are multiplied by −1 to aid in comparison. The particle coordinate position x1
varies from x1 = −1 to x1 = 1 and increases in the direction of U . The analytical
points are determined by substituting the Newtonian velocity and pressure fields
(Equations 3.14, 3.15 and 3.16) into the second-order fluid stress and pressure
(Equations 3.2 and 3.10, respectively). The FEM points for the velocity gradient
and the non-Newtonian shear stress are obtained directly from the simulation output. However, the pressure is output as a combined Newtonian and non-Newtonian
pressure, and thus the non-Newtonian pressure must be determined in a different
manner. We assume that at low De, the pressure scales with De based on the
expression for the second-order fluid pressure (Equation 3.10). Thus, we perform
a second simulation at De = 0.00877 and combined that with the first simulation
to find the non-Newtonian pressure—
p(1) =

psim2 − psim1
,
Desim2 − Desim1
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(3.28)
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Figure 3.5: Comparison of the velocity gradient, pressure, and shear stress
on the surface of a freely suspended particle. λ = 0.41667, κ =
0.0167, De = 0.00863, β = 0.85.
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As the comparison shows, the stress, pressure, and velocity gradient fields from
the analytical predictions and the simulation results have very good agreement.
We can also use Figure 3.5 to analyze the contributions to the cross-stream
force in terms of the flow field properties rather than the individual terms in the
force integrals, as was done in Section 3.4.1. First, from Figure 3.5(a), there is
an imbalance of shear stress on the near-wall and near-center sides of the particle,
causing an increased pressure (Figure 3.5(b)). The shear stress (3.5(c)) contribution arises from near the sides of the particle, pointing toward the center of
the channel. The rr component of the stress is not shown, as it is zero. The
only contributions to the force come from the non-Newtonian pressure and the rθ
component of the u · ∇e term.
Streamlines for the flow around the cylinder are presented in Figure 3.6, showing
a section of closed streamlines near the cylinder and a section of open streamlines
farther away from the cylinder. The velocity field for this zero Re, finite De case
exhibits two stagnation points and wakes with reversing trajectories. In order to
understand this flow field, it is helpful to review past studies that have examined
the streamlines around a cylinder in shear flow. For an unbounded Newtonian
shear flow at Re = 0, for both a cylinder and a sphere, there is a region of open
streamlines and a region of closed streamlines that extends to x1 → ±∞ with no
saddle point [16]. Two different flow cases where a saddle point has appeared have
been previously identified—1) for a Newtonian flow past a cylinder at finite Re
[13], and 2) for a Newtonian flow past a sphere at Re = 0 in a bounded domain
[19]. We do not observe saddle points for the Newtonian flow for κ = 0.01667, due
to large size of the domain relative to the particle size; thus, the saddle points only
arise at finite De. Subramanian & Koch [17] showed that the fluid velocity field
is qualitatively similar for small De and small Re flows near a freely suspended
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Figure 3.6: Streamlines near freely suspended particle. De = 0.288, λ =
0.41667, κ = 0.01667, β = 0.25.
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Figure 3.7: Cross-stream force dependence on De for a freely suspended particle. λ = 0.41667, κ = 0.0167, β = 0.85.

sphere in shear flow; based on this result along with Robertson & Acrivos’s [13]
finding for a cylinder, the presence of saddle points in the finite De cylinder case
would be expected.
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De effect

FEM simulations are used to extend the O(De) analytical results to higher De
by changing the relaxation time of the fluid (and thus from an experimental point
of view, the choice of polymer). The simulation results show O(De2 ) effects; the
simulation points can be fitted to a quadratic curve F2 = 0.00135De + 0.00104De2 .
The linear term matches very well with the analytical prediction of F = 0.00139.
A finite relaxation time shifts the stress peaks in the direction of the fluid rotation,
causing a departure from the predicted linear scaling. The pressure term is the
main source of this deviation, with a contribution three times larger than that
from the shear stress term.
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Figure 3.8: Cross-stream force dependence on the ratio of solvent viscosity
to zero shear rate viscosity (β) for a freely suspended particle.
DeOB = 0.384, λ = 0.41667, κ = 0.01667.

Polymer concentration effect

The contribution by the polymer to the solution viscosity is given by 1 − β, where
β is defined as the ratio of the solvent viscosity to the zero shear rate viscosity.
Simulations at several values of β are carried out, and the results are shown in
74

4000

κ=1/60
κ=1/30
κ=1/18
κ=1/12
κ=1/5
κ=3/10
Analysis

3500

F2/De/κ2

3000
2500
2000
1500
1000
500
0
0.1

0.2

λ

0.3

0.4

0.5

Figure 3.9: Cross-stream force dependence on particle size and cross-stream
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Figure 3.8. In the figure, DeOB is kept constant, which physically is the same as
varying the polymer concentration of a high molecular weight polymer in a solvent
(Boger fluid) while keeping its relaxation time constant. For the limit of 1−β ≪ 1,
the velocity field is unaltered by the polymer for all De because the dilute polymers
in solution do not interact. As long as the velocity field is the same, there should
still be a linear scaling of 1 − β with De. Thus, the non-Newtonian stresses are
proportional to 1 − β for all De; however, the slope of this line changes with De
due to the finite relaxation time of the polymers, which affects the cross-stream
force scaling with De, as seen in Section 3.4.1. Due to the high DeOB of 0.384
used in this comparison study, a significant deviation due to finite De is shown
by the included dashed line, which is formed from the first point and the limit of
zero polymer concentration. A second deviation occurs due to the change in the
velocity field at lower β, where higher polymer concentration causes the flow and
stress fields to change. As Figure 3.8 shows, the cross-stream forces at lower β
values deviate from the predicted linear scaling given by the dashed line.
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particle size for a freely suspended particle. β = 0.85.

Particle-wall hydrodynamic interactions

Particles close to the wall and particles that are large are studied with FEM simulations, since the theory requires that the particle disturbance to the velocity and
stress fields decay rapidly and thus, that the reflection of the disturbance off of
the wall be negligible. As can be seen in Figure 3.9, the analysis gives accurate
predictions for a wide range of particle positions and sizes, but near the wall, the
force on the particle increases dramatically. Points in Figure 3.10 show that for a
large particle size, there is also a deviation from analytical prediction for the crossstream force, although the deviation is small compared to the large forces on the
particles near the wall. For the largest size particles that is simulated (κ ≥ 0.2),
the simulations for particles positioned near the wall do not converge, and thus
only the points where the particle is nearer to the channel center are shown.
A requirement of the analysis outlined in Section 3.4.1 is that the particle radius
be much smaller than the distance of the particle to the nearest wall. This condition
is allowed in the system of consideration because for most particle locations, the
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force on the particle due to the shear rate gradient in the undisturbed Poiseuille
flow is much greater than the force due to the reflection of the particle disturbance
to the velocity, pressure, and stress fields off the wall. This is in contrast to a
linear flow, where the shear rate in the undisturbed flow is uniform and hence does
not provide a driving force for migration, so the reflections of the disturbance to
the flow field by the cylinder must be included in order to obtain a net migration
force [6]. However, near the wall in a Poiseuille flow, the reflection of the flow field
disturbance off the walls due to the particle becomes larger than the force due to
the shear. In this region, the particle rotates at a slower rate than predicted by
theory, and the surface velocity gradient is noticeably higher on the near-wall side
of the particle, indicating that the disturbance that the particle creates in the flow
field does not decay completely. Accompanying changes in the shear stress and
non-Newtonian pressure fields on the near wall side of the particle surface occur,
resulting in a larger cross-stream force than predicted.
Larger particle sizes magnify the changes in the flow fields due to a particle’s
proximity to the wall, causing even larger deviations from the analysis. It should
also be noted that due to the larger size of the particle, the values of the undisturbed rate of strain tensor on the near-wall and near-center sides of the particle
are not the sufficiently close to the value of the undisturbed rate of strain tensor
at the λ value for the center of the particle, as is assumed in the analysis. These
factors lead to a net cross-stream force on the larger particle that is higher than
that predicted by the analysis. There is also an increase in the deviation from the
analysis for larger particles near the center of the channel. For large particles near
the center line, the particle crosses over the channel centerline, and the velocity
gradient is no longer in the same direction on the near-wall and near-center sides
of the particle. At very larger particle sizes (κ ≥ 0.2), the deviations in the lift
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force continue to grow. Due to the difficulty of convergence, only a few points
are shown, but all simulations show cross-stream forces on the particle pointing
toward the channel center. These results contrast with the simulation results of
Huang et. al [7], who found that cylindrical particles experienced a migration force
in Poiseuille flow that pointed toward the channel wall for a large particle of size
κ = 0.25. The current study, on the other hand, finds no switch in the particle
migration direction. Possible reasons for the discrepancy are discussed in Section
3.5.2.

Lubrication interactions

Nearer to the wall, particles in the lubrication regime experience a very high crossstream force pointing toward the center of the channel. In this section, the reasons
for this large force will be discussed, and an analytical solution for the lubrication
regime will be developed. In order to account for interactions of the particle very
near to the wall, we perform a separate analysis that is valid in the lubrication
regime. Previous investigators determined the velocity, pressure, and stress fields
for a lubricating particle. The resultant force and torque due to lubrication will be
summed with a second force and torque derived from a shear flow on a stationary
particle and set to zero in order to obtain the correct force-free, torque-free particle
boundary condition. These equations will give us the particle rotation speed and
translation velocity, which we will compare to simulation data. We will also find
the second-order fluid lubrication force by applying the Tanner-Pipkin theorem to
determine the non-Newtonian flow field and then integrating Equations 3.2 and
3.10 on the surface of the particle,
Jeffrey and Onishi [9], who studied the motion of a cylinder near a wall sus-
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Figure 3.11: Comparison of the magnitude of the force and torque on a stationary particle near the wall due to Newtonian Poiseuille flow.
κ = 0.01667.

pended in a Newtonian fluid, examined the lubrication regime by extending their
results to the limit of small gap thickness and found the following expressions for
the velocity and pressure fields for a rotating, translating cylinder—


X2
2X12
1
lub
(ω + v1 ),
u1 = − 2 + 3 X2 (X2 − h)(ω − v1 ) +
h
h
h
plub =

2X1
(ω + v1 ).
h2 ǫ1/2

(3.29)
(3.30)

where ǫ is the non-dimensional gap distance between the particle and the wall,
X1 = x1 /ǫ1/2 and X2 = (x2 + d)/ǫ are stretched coordinates, h is the value of
the X2 coordinate at the cylinder surface and is equal to h = 1 + X12 /2, ω is the
particle rotational speed, and v1 is the particle translational velocity.
They found the lubrication force and torque to be–
−4πv1 κ
√
,
2ǫ
−4πωκ
.
= √
2ǫ

F1lub =

(3.31)

Llub
3

(3.32)

Jeffrey and Onishi’s solution method can also be used to find the force and
torque on a stationary particle near the wall (ǫ << 1) for a velocity field that
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approaches a linear shear flow far from the particle. First, the general solution
∇ψ 4 = 0 (where ψ is the stream function) for a Stokes flow field in bipolar coordinates is expressed as an infinite sum. The gap is assumed to be very small, allowing
appropriate approximations for trigonometric functions in the velocity expression.
Then, the disturbance velocity is set equal to the particle velocity minus the velocity due to the shear flow. This yields an expression that can be solved to find the
velocity and pressure fields around the cylinder. With the appropriate coefficients
determined for the velocity field, the drag force and torque on a stationary particle
in a shear flow are found—
F1stationary = 8πγκ,

(3.33)

Lstationary
= −4πγκ,
1

(3.34)

where γ is the non-dimensional shear rate and is equal to two for a Poiseuille flow.
We compare the results from Equations 3.33 and 3.34 to simulation results
where the particle is held fixed in a Poiseuille flow. Results in Figure 3.4.1 show
good agreement for the force and torque on a stationary particle in the lubrication
regime. Since there is no net force or torque on the particle, the lubrication force
and torque exactly cancel the force and torque from the shear flow, and from this
relationship, the particle translation and rotation velocities can be found.
Setting the sums of Equations 3.31 and 3.33, and Equations 3.32 and 3.34,
respectively, equal to zero, we find the translation and rotation velocities to be—
√
v1 = 4 2ǫ,

(3.35)

√
ω = −2 2ǫ.

(3.36)

Equations 3.35 and 3.36 are compared with simulation results in Figure 3.12, again
showing agreement. Thus, all of the Newtonian analytical results are verified by
FEM results.
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Figure 3.12: Comparison of translation velocity and rotation speed of a lubricating particle in a Newtonian Poiseuille flow. κ = 0.01667.

Next, in the same manner as the freely suspended particle analysis, we invoke
the Tanner-Pipkin theorem in order to use the Newtonian velocity field from Jeffrey
and Onishi’s analysis as the second-order fluid velocity field. The non-Newtonian
pressure field, as before, is given by Equation 3.10. The cross-stream force on the
particle is then found by integrating the stress (Equation 3.2) over the surface of
the particle to find—
F2,lub

√

3π 2κDe  2
=
ω + v12 .
3/2
2ǫ

Substituting Equations 3.35 and 3.36 into the result, we obtain—
√
60π 2κDe
.
F2,lub =
ǫ1/2

(3.37)

(3.38)

The analytical and simulation results in the lubrication regime do not match.
The non-Newtonian pressure, which is the dominant contribution to the crossstream force, does not decay in the lubrication gap as it would be expected to. This
leads the authors to believe that the smallest gap that was simulated (ǫ = 0.0275
at κ = 0.01667) was not sufficiently close to the wall. At the closest point, the
simulation predicted a lubrication force of 0.024 while the analysis predicted a
much smaller force of 0.011. Further simulations with smaller gaps rendered the
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code unstable, and thus no convergent results were obtained. Nevertheless, the
analytical result provides a good prediction of the behavior of the particle as it
approaches the wall, showing that the lubrication force points toward the channel
center.

3.4.2

Particle migration velocity

Having performed an extensive parameter study for the case in which a particle
has a hydrodynamic force from the fluid that is balanced by a body force, we
now remove the body force and allow the particle to migrate in the cross stream
direction. In contrast to Section 3.4.1, the O(De) hydrodynamic force is balanced
now by the Newtonian viscous resistance to translation normal to the wall, which
yields the correct force-free particle boundary condition. In order to find the O(De)
migration velocity, a relationship between the particle translation velocity and the
force that resists the translation must be determined. This expression is found
by considering the case of a particle that is translating perpendicular to the wall
without an imposed flow. The resultant velocity field can be superimposed with
Equations 3.14 and 3.15 to obtain the overall velocity field for the case where the
particle is simultaneously translating in the cross stream direction (migrating) and
streamwise direction in a Poiseuille flow.
In order to understand the scaling arguments for the migration velocity, let
us first consider the case of the particle that is migrating in the cross-stream
direction with an imposed Poiseuille flow. Due to Stokes reversibility, there is no
cross-stream force or migration velocity at O(1), and thus the force on the particle
from the flow field and the particle migration velocity are written as–
(1)

F2 = DeF2 + O(De2 ),
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(3.39)

(1)

v2 = Dev2 + O(De2 ).

(3.40)

This cross-stream force is opposed by a Newtonian resistance force, which can be
determined by considering the case of a particle that is translating perpendicular
to the wall without an external flow field—
(1)

F̄2 = DeF̄2 + O(De2 ),
(1)

v̄2 = Dev̄2 + O(De2 ),

(3.41)
(3.42)

where the bar denotes a quantity for the case in which we consider a particle translating perpendicular to the walls. The velocity field ū2 found from the Newtonian
flow for a particle translating in the 2 direction creates a disturbance that drives an
order De velocity field, which creates an order De force that balances the order De
force that arises from the Poiseuille flow. The leading order term in the Newtonian
translation problem is based on O(De) effects from the Poiseuille flow. Thus, the
cross-stream force from Equation 3.27 is balanced by F̄2 , yielding no net force on
the migrating particle.
As outlined above, we must first find the relationship between the particle force
and velocity on a particle translating perpendicular to the wall. In order to simplify
the presentation, we do not include the superscript (1) to indicate that all of the
stress and velocity field variables are O(De). We start by writing the governing
equations for this situation—
∇ · τ̄ = 0,

∇ · ū = 0,

τ̄ = −p̄I + 2ē.

(3.43)
(3.44)

where ē is of the same form as given by Equation 3.18. Note that the nondimensionalization for this case is different, with a force scale of η v¯2 and a time
scale of a/v¯2 , where v¯2 is the particle translation velocity. In order to solve this
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set of equations, the system is divided into inner and outer regions. In the inner
region, the walls are not taken into account, which is valid when the radial coordinate r from the particle center is much less than 1/κ = H/a. The flow field is
calculated by taking a multipole expansion of the fluid velocity and pressure fields
and applying a constant rotation speed boundary condition on the surface of the
particle. An additional expression that relates the force of the fluid on the particle
to the particle velocity is found by integrating the stress tensor on the particle
surface. This expression is incorporated into the equations for the velocity and
pressure fields, giving the following—
 

F̄j
1
1
ūi,inner =
δij ln(r) − 2 +
4π
2r
2


1
xi xj
+ v̄i ,
− 2 1− 2
r
r

p̄i,inner = −

F̄i xi
.
2πr2

(3.45)

(3.46)

where F̄ is the force of the fluid on the particle and v¯i represents the translation
velocity of the particle. In order to match the inner solution with the outer one,
only the terms that do not decay are kept—
 


xi xj
1
F̄j
δij ln (r) +
− 2 + v̄i .
ūi,matching =
4π
2
r

(3.47)

Taking the Fourier transform of the spatially varying terms in Equation 3.47
with respect to x1 and noting that F̄i and v̄i are only in the 2 direction gives
iF̄2
sgn(k1 )x2 e−2π|k1 ||x2 | ,
4


F̄2 −1
=
− π|x2 | e−2π|k1 ||x2 | ,
4π 2|k1 |

ū˜1,matching = −
ū˜2,matching

(3.48)
(3.49)

where the tilde above the variables indicates a Fourier transform in the x1 direction.
Now turning to the outer region, a system at a distance r >> 1 is considered. For
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this region, we use H as the length scale and H/v¯2 as the time scale. To find the
solution in the outer region, the Stokes and continuity equations (Equations 3.43
and 3.44) are solved using Fourier transforms, assuming that the particle is a point
force and using a zero velocity boundary condition at the walls. Writing Equations
3.43 and 3.44 in Fourier space gives
−(2πk1 )2 ū˜i,outer +

d2 ū˜i,outer

=
dx§2
2
dp̄˜outer
δi1 2πik1 p̄˜outer + δi2
,
dx§2

x§2 6= 0

(3.50)

where the § superscript indicates an outer solution position. Using the fact that
for a creeping flow, the laplacian of the pressure is zero, we find—
p̃ = Ae−2π|k1 |x2 + Be2π|k1 |x2

(3.51)

The solution to Equation 3.50 is then—




§
§
§
−2π|k1 |x§2
˜
+ D1 + Bi sgn(k1 )x2 e2π|k1 |x2 , (3.52)
ū1,outer = C1 − Ai sgn(k1 )x2 e




§
§
(3.53)
ū˜2,outer = C2 − Ax§2 e−2π|k1 |x2 + D2 + Bx§2 e2π|k1 |x2 .
It should be noted that Equations 3.52–3.53 have the same form for both x§2 < 0
and x§2 > 0, although the coefficients are different, depending on the sign of x§2 .
For example, Ci for a positive x§2 would be Di for a negative x§2 .
Based on the force terms in the inner solution, some of the coefficients in the
Equations 3.52 and 3.53 should have Heaviside step functions (H(x§2 )) associated
with them, and thus new coefficients are defined as follows—
F̄2
H(x§2 ),
4
i
F̄2 h
H(x§2 ) − 1 ,
B = B′ −
4
F̄2
C2 = C2′ −
H(x§2 ),
8π|k1 |
i
F̄2 h
1 − H(x§2 ) .
D2 = D2′ −
8π|k1 |
A = A′ −
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(3.54)

The primed coefficients (A′ , B ′ , C2′ , and D2′ ) are continuous at x§2 = 0 whereas the
unprimed coefficients (A, B, C2 , and D2 ) are discontinuous at x§2 = 0.
Next, we apply zero velocity boundary conditions at the walls and mass conservation to obtain six equations for the six unknowns. After lengthy algebraic
manipulations, the expressions for all of the coefficients are obtained. With these
coefficients, we then take Equation 3.53 and set x§2 = 0 in order to match the
solutions near the particle. The outer solution velocity field is found to be—

Z ∞
§
1
§
′
′
ū2,outer (x2 = 0) = −2π
C2 + D2 +
(3.55)
e2πik1 x1 dk1 .
2π|k1 |
−∞
After this step, the inner and outer solutions for the translating particle system
are matched by setting the inner solution fluid velocity field as x1 → ∞ equal to
the outer solution fluid velocity field as x§1 → 0:

ln κ1
1
ln |x1 | 4v̄2
+
+
−
=
lim
x1 →∞
π
2π
π
F̄

Z ∞2 
§
1
′
′
− lim
C2 + D2 +
e2πik1 x1 dk1 .
2π|k1 |
x§1 →0 −∞

(3.56)

This step is valid because both solutions apply in the region where the coordinate r is such that 1 ≪ r ≪ 1/κ. As the limits on the left and right hand sides of
the equation are approached, the expressions become singular. In order to write
the equation in a form such that it is continuous, we find a quantity c that we
know the Fourier transform of and that decays as q → ∞ with 1/q and approaches
a constant as q → 0. This is in order to ensure no singularities in the integral
derived from the outer solution. We determine the constant to be—
1 p
c = − Y0 ( ζr).
2

(3.57)

where Y0 is a Bessel function. Taking the Fourier transform of Equation 3.57, we
obtain
1
.
ĉ = − p
4π 2 k12 + ζ
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(3.58)
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Figure 3.13: Dependence of Z2 on particle position in the channel.

Adding the quantities from Equations 3.57 and 3.58 to the left and right sides,
respectively, of Equation 3.56 yields the end result for the particle translation
velocity—

  
1
F̄2
v̄2 = −
ln
+ Z2 .
4π
κ

(3.59)

where Z2 is a function of λ that arises from the Fourier transforms—
1
Z2 =0.616 − lim ln(ζ)
2 ζ>>1

Z ∞
+ 2π
lim C2′ + D2′ −
0

ζ>>1

1
1
+p
2πk1
4π 2 k12 + ζ



dk1 .

(3.60)

In this equation, ζ is a constant that must be much smaller than 2πk1 and
much larger than 1/λ2 . C2′ and D2′ are functions of λ, but the expressions are too
lengthy to reproduce here. Figure 3.13 shows the dependence of Z2 on x2 .
FEM simulations are used to verify the validity of Equation 3.59. The domain
is made very large (1/κ = 100) in order to satisfy the small particle limit of the
theory. A constant fluid velocity boundary condition is specified in the x2 direction
on the cylinder surface, and the wall velocity boundary conditions are set to zero.
The cylinder is fixed in place, and the force on the particle due to the fluid motion
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Figure 3.14: Comparison of translation force for particle motion perpendicular to the channel wall. κ=0.01.
near the surface of the particle is calculated. This implementation is valid as a
result of the quasi-steady nature of Stokes Newtonian flow, where the fluid velocity
and pressure only depend on the instantaneous position and velocity of the particle.
The comparison to simulations is performed by matching the particle velocity
from Equation 3.59 to the value of the particle velocity used in the simulation.
Figure 3.14 shows good agreement for all values of λ, validating the analytical
expression. The force that opposes particle migration increases dramatically at
the walls and has a minimum at the middle of the channel.
With Equations 3.27 and 3.59, the particle migration velocity can be found by
summing the cross-stream force contributions from the problem of the torque-free,
no streamwise force particle in Poiseiulle flow and the problem of the translating
particle and setting them to zero, so that there is the correct no net force boundary
condition on the particle. The result for the dimensional migration velocity is as
follows—
v2∗

3

= 32κ Umax De



1
−λ
2


  
1
+ Z2 .
ln
κ

(3.61)

With this expression for the migration velocity, the effects of the fluid properties,
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Figure 3.15: Dependence of freely suspended particle migration velocity on
channel position. The plot is antisymmetric about the centerline, where there is no migration. v2 is non-dimensionalized by
Umax κ. De = 0.1, κ = 0.01.
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Figure 3.16: 2D freely suspended particle trajectories for different κ values.
t is non-dimensionalized by H/Umax .

the distance from the wall, and the particle size on the migration velocity can
be determined. Migration velocity as a function of vertical position is plotted in
Figure 3.15.
Figure 3.16 shows the non-dimensional plot of the particle migration dependence on the particle size, showing that even when scaling out the κ dependence,
the ln(κ) term is an important factor. The trajectory plot is made by first finding
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the velocity of the particle based on the fluid position and then multiplying the
fluid velocity by a sufficiently small time step δt, assuming constant particle and
fluid velocity over that time. After each step, a new λ value is calculated and the
next change in position is determined. In this method, the time derivatives are
ignored, and therefore transient effects due to the particle migration are assumed
to be minimal.

Comparison of migration velocity of cylinders and spheres at low De

The 2D result shares many of the same features with the 3D solution found by Ho
& Leal [6], rewritten here in the notation used in this paper:
∗
v2,3D

160 2
=
κ De
9



1
−λ
2



ψ2
1−2
ψ1



.

(3.62)

However, there are some key differences that should be noted. First, in three
dimensions, the velocity has an additional term that is proportional to the ratio
of the second to first normal stress difference coefficients. Since most fluids have a
positive first normal stress difference and a negative second normal stress difference,
the migration velocity should be enhanced due to this additional term. In contrast,
there is no second normal stress difference effect in the 2D case. Secondly, in the
2D case, due to the particle-wall hydrodynamic interaction (Figure 3.14), the drag
force on the particle is very high and migration velocity is very small for particles
close to the wall; the 3D case does not have this effect due to the fact that the
walls do not affect the drag on the particle, as given by Stokes’s drag law. Lastly,
the dependence on κ is different in the two geometries: the velocity of the cylinder
is proportional to κ3 , while the velocity of the sphere is proportional to κ2 . This is
to be expected because the Newtonian drag on the cylinder is a factor of κ larger
than the Stokes drag on a sphere, so the sphere migrates at a faster velocity.
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Figure 3.17: Direction of cross-stream force for different boundary conditions.

3.5

Fixed particle

We now turn our attention to a fixed particle in a Poiseuille flow. The fixed particle boundary condition is examined in light of other experimental and simulation
work. As mentioned in the introduction, both Dhahir & Walters [5] and Carew
& Townshend [4] found that cylinders fixed in the streamwise direction in nonNewtonian Poiseuille flow experience a force that is directed toward the wall. We
also find this overall qualitative result, with the direction of the cross-stream force
for the freely suspended particle opposite that of the fixed particle, as depicted in
Figure 3.17. We find that the rotation of the particle does not affect the quantitative force results (up to order 1/(ln(κ))), with the freely rotating particle that is
fixed in the streamwise direction feeling the same cross-stream force as the fixed
particle that is not allowed to rotate.
In order to find the cross-stream force on a fixed particle in a shear flow, methods previously introduced in the freely suspended particle section will be appropriate. As with the freely suspended particle, it is necessary to have a superposition
of an even and odd rate of strain field in order to obtain a net lift force. In the
freely suspended particle case, this was achieved from a combination of the shear
and quadratic flows. In the fixed particle case, on the other hand, this is achieved
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through a combination of the shear flow and the flow due to the relative velocity
of the fluid to the particle. The combination of the shear and quadratic flows still
gives a net lift force in the fixed particle case; however, the quadratic term is proportional to κ and the relative velocity term is order 1/κ, so as long as κ is small,
the contribution due to the quadratic flow is not important. From this scaling, we
expect that the cross-stream force on the fixed particle should be order 1/κ2 larger
than that on the freely suspended particle.
The fixed particle analysis includes flow fields due to— 1) a freely suspended
particle translating in the streamwise direction in a Poiseuille flow (outlined in
Section 3.4.1) and 2) a particle translating in the −x1 direction with a velocity
equal to the imposed velocity at a given x2 (a variation of the solution outlined in
Section 3.4.2). The inner solutions for the fixed particle are matched to an outer
solution. The flow fields can then be combined to give the overall flow field, from
which the cross-stream force acting on the fixed particle can be calculated.

3.5.1

A particle with a streamwise force in Poiseuille flow
with variable rotation

Flow relative to the particle

First we consider a particle moving in the x1 direction with a velocity of the same
magnitude as the undisturbed bulk velocity in the Poiseuille flow. This is similar
to the previously discussed system (see Section 3.4.2) of a particle translating in
the 2 direction. We seek a relationship between the translation velocity and the
force on the particle: in this case, the relative velocity of the fluid is equal to the
imposed velocity in the overall flow field at the particle position λ. The velocity
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and pressure fields take the same form as the inner solution to the translation
problem normal to the walls (Equations 3.45 and 3.46)—
ūi,inner

 



F̄j
xi xj
1
1
1
=
δij ln(r) − 2 +
− 2 1− 2
+ v¯i ,
4πκ
2r
2
r
r

p̄i,inner = −

F̄i xi
,
2πr2

(3.63)

(3.64)

where the bar denotes a quantity for the problem in which we consider a particle
translating parallel to the walls. The above equations are written using the same
non-dimensionalization as the perpendicular translation case. The relationship
between the force on the particle and the velocity of the undisturbed flow at the
particle position is determined in the same way as the force-velocity relationship
in the perpendicular translation case, shown in Section 3.4.2. The only difference
in the two solutions is that for the parallel translation case, F̄i is in the 1 direction
rather than the 2 direction.
The final relationship between the undisturbed velocity U1 and the force on the
particle in the x1 direction is similar to Equation 3.59—
  

F̄1
1
U1 = −
ln
+ Z1 ,
4πκ
κ

(3.65)

where
1
Z1 = − 0.384 − lim ln(ζ)
2 ζ>>1
Z ∞
C1′ + D1′ −
+ 2π lim
ζ>>1

0

1
1
+p
2πk1
4π 2 k12 + ζ



dk1 .

(3.66)

Figure 3.18 shows Z1 as a function of λ.
FEM simulations similar to those described in the freely suspended particle
case are performed in order to validate Equation 3.65 by specifying a constant fluid
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Figure 3.18: Dependence of Z1 on particle position in the channel.
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Figure 3.19: Comparison of force between simulation and analysis due to flow
relative to the particle. κ=0.01.

velocity boundary condition in the x1 direction on the particle surface. Again, the
particle is fixed in place, and the force due to the fluid motion is calculated, which
is valid because of the quasi-steady nature of Stokes Newtonian flow. Figure 3.19
shows good agreement for all values of λ, validating the analytical expression and
the simulation results. The force that opposes the particle translation increases
dramatically near the walls but is fairly constant elsewhere.
Relevant to the overall velocity field calculation, due to the relative velocity
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of the fluid to the particle, an additional contribution to the velocity gradient
arises for particles that are not positioned at the channel center. The outer flow
has a velocity gradient as the inner region is approached. In order to find this
velocity gradient, the matching solution is subtracted from the outer solution,
thus removing the singular (and non-contributing) part of the velocity field—
u˜′1 =u˜1 outer − u˜1 matching
=(C1′ − A′ i sgn(k1 )x2 )exp(−2π|k1 |x2 )
+ (D1′ + B ′ isgn(k1 )x2 )exp(2π|k1 |x2 ),

(3.67)

where u′1 is the non-singular outer solution. A′ , B ′ , C1′ , and D1′ are found in a
similar manner as in the problem of the particle translating in the cross stream
direction. Next, the derivative with respect to x2 is found and then the Fourier
transform is inverted for x1 = x2 = 0—
Z ∞
du′1
=
dk1 [−2π|k1 |C1′ − A′ isgn(k1 ) + 2π|k1 |D1′ + B ′ i sgn(k1 )].
dx2
−∞

(3.68)

This velocity gradient contribution is added to the shear flow-induced velocity
gradient to give the overall velocity gradient in the 12 direction and calculate the
cross-stream force correctly.

Shear flow

Next, we consider the general case of a particle in shear flow that is allowed to
rotate at a different speed than a freely rotating particle. For this case, The inner
solution velocity field ui determined in Section 3.4.1 must be modified by adding
a perturbation due to the different rotation rate, yielding an extra term equal to
− r12 (Ωij − ǫijk · ωk ). Otherwise, the velocity and pressure fields are the same as
the previous results for the freely suspended particle (see Equations 3.14, 3.15 and
3.16).
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Cross-stream force

We sum the velocities and pressures for the relative velocity and particle in shear
flow formulations to find the overall flow field. With this determined, the crossstream force can be found by integrating the second-order fluid stress over the
particle surface area in the same manner as is done in Section 3.4.1. The end
result for the x2 force on the fixed particle is



du′
−8De 4 21 − λ + 23 dx21 (1 − 4( 12 − λ)2 )π


F2 =
,
ln κ1 + Z1

(3.69)

where the velocity gradient du′1 /dx2 due to the relative motion of the particle to
the walls is given by Equation 3.68 and the non-dimensionalization is the same as
for the cross-stream force on the freely suspended particle. The force on the fixed
particle is in the opposite direction of the force on the freely suspended particle
(cf. Equation 3.27), indicating that the fixed particle experiences a force toward
the walls of the channel. From an overall perspective, the reason for the switch in
the direction of the cross-stream force is because the overall velocity and velocity
gradient fields are significantly altered. The higher velocity gradient is at the nearcenter side rather than the near-wall side, as is the case in the freely suspended
particle. This switch is due to the fact that the cross-stream force on a fixed
particle arises from the relative velocity of the fluid to the particle, rather than
the gradient of the imposed flow shear rate. Another difference in the two forces
discussed earlier is that the cross-stream force arises from the coupling between
the linear shear flow and the x1 relative fluid velocity, since the scaling shows that
this is the dominant contribution to the force.
To determine the individual contributions to the cross-stream force on a fixed
particle, we can write the velocity field in cylindrical coordinates—


F1 sin(θ)
SS
.
uθ = y 4E12 cos(2θ) −
2πκ
96

(3.70)
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Figure 3.20: Pressure contribution to F2 on the surface of a fixed particle:
e : e. κ = 0.0167, De = 0.0001, λ = 0.416667.

There is no additional contribution to the cross-stream force for a particle that is
rotating, and thus the solid body rotation is not included. Hence, the only possible contributions to the cross-stream force could come from the rate of strain
tensor and the non-Newtonian pressure, since the convection terms must be zero.
In fact, the rate of strain tensor provides a contribution proportional only to the
second normal stress difference coefficient, which is exactly canceled by part of
the deformation term in the non-Newtonian pressure. The third term from the
second-order fluid pressure (Equation 3.10) is the only contributing part of the
non-rotating terms to the particle cross-stream force. In order to calculate it, the
expression for the rate of strain tensor must be found, with the velocity gradient
including Equation 3.68 and the velocity gradient of Equation 3.70. The contribution to the cross-stream force arises from the deformation of the fluid due to
the shear stress around the particle. Figure 3.20 shows that there are unequal
contributions to the force from the near-center and near-wall sides of the cylinder,
yielding a net force toward the wall. Physically, the particle has a higher shear
rate on the near-center half of the particle that arises from the combination of the
relative velocity and shear flows. Using the same hoop stress argument as in the

97

FEM
Dhahir & Walters

−0.01

F2

−0.015

−0.02

−0.025

0.36

0.38

0.4

0.42

λ

0.44

0.46

0.48

Figure 3.21: Comparison to Dhahir & Walters [5] experiments. De = 0.865,
κ = 0.3, β = 0.75.

freely suspended particle, the particle has an imbalance in the normal forces, with
a larger near-center contribution due to the fact that the polymer is more highly
stretched on the near-center side.
In the appropriate limits of low De, small κ, and λ far from the wall, the
analytical and simulation results for the fixed, non-rotating particle match each
other, as can be seen in Figures 3.22, 3.24, 3.26, and 3.25.

Comparison to experiments

Fixed, rotating particle FEM simulation results at the conditions for the Boger
fluid studied by Dhahir & Walters [5] are compared to their experimental results
in Figure 3.21. Dhahir & Walters specify a flow rate for their experiments; this flow
rate was matched in the simulations in a periodic cell of length 480 by iteration.
The data do not agree very well, but all data points are within a factor of two
between the simulation and experiment. In the simulations, as the particle moves
closer to the wall, at first the difference in velocity gradient between the two sides of
the cylinder increases, causing a larger force due to the inhomogeneous stretching
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Figure 3.22: Cross-stream force dependence on De for a fixed, non-rotating
particle. κ = 0.01667, λ = 0.4167, β = 0.85.

of the polymers near the particle surface. However, as the cylinder gets even closer
to the wall, very little fluid flows through the small gap and the rotation velocity
of the cylinder. In addition, the velocity gradients on the two surfaces decreases,
and the cross-stream force decreases with increasing ǫ. It is uncertain why the
experimental results do not show the same behavior as the cylinder approached
the wall, but one possible explanation for the discrepancy is the three dimensional
nature of the flow in the experimental channel, which had a height to width ratio
of 1:1.

De effect

The results of the FEM simulations performed at low De match those of the
second-order fluid analysis, but begin diverging at De > 0.01, as seen in Figure
3.22. The onset of deviation from analytical results for the fixed particle occurs
at a much lower De than is seen in the freely suspended particle (cf. Figure 3.7).
This behavior is expected since the shear rate is significantly higher on the surface
of a fixed particle due to the relative velocity of the fluid to the particle. Hence,
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Figure 3.23: Comparison of velocity profiles near a fixed, non-rotating particle for Newtonian and non-Newtonian flows. κ=0.01667, x1 = 1;
De = 0.0263 and β = 0.85 for non-Newtonian curve.

for the fixed particle case, a second characteristic flow time Umax /a based on the
particle radius could be defined in addition to the undisturbed characteristic flow
time Umax /H based on the channel height. Both of these characteristic flow times
are important, since the cross-stream force is derived from a coupling of the shear
flow and relative velocity of the particle. Thus, we would expect that De be much
less than 1 for the second-order fluid analysis of the shear flow to be valid, and De
be much less than κ for the analysis of the relative velocity flow field to be valid.
The finite De deviations from the analytical predictions of the velocity field
itself are much higher for the fixed particle case than for the freely suspended
particle case. These flow field modifications are shown for De = 0.0263 in Figure
3.23, where Newtonian and non-Newtonian velocity fields with the same geometry
and pressure gradient are plotted. The velocity gradient field also changes at
higher De, becoming smaller than the analytical predictions. This change yields a
smaller fluid deformation, which in turn stretches the polymers near the particle to
a degree lower than would be predicted. The result is then a smaller cross-stream
force than that which would be predicted by the second-order fluid analysis. In
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Figure 3.24: Cross-stream force dependence on the ratio of solvent viscosity
to zero shear rate viscosity (β) for a fixed, non-rotating particle.
DeOB = 0.062, λ = 0.4167, κ = 0.01667.

addition to the changes in the velocity and velocity gradient fields, the longer
relaxation time shifts the stress and non-Newtonian pressure downstream, so they
do not peak at the center of the particle as in the case for very small De.

Polymer concentration effect

In the limit of low polymer concentration and low De, the analytical and simulation
results match. However, as the polymer concentration increases (or β decreases),
the cross-stream force deviates from the analytical predictions due to higher order
De effects and coupling between the polymer stress field and the velocity field,
as shown in Figure 3.24. As with the freely suspended particle, a dashed line
is included in Figure 3.24 to differentiate two types of deviation from analytical
predictions. First, there is a deviation due to the O(De2 ) effects arising due to
the finite DeOB used in the comparison, which gives a change in the slope of the
F2 /DeOB vs. β line. As the polymer concentration increases (and β decreases),
there is a second deviation due to the change in the velocity field (and hence stress
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field) and thus gives a different cross-stream force on the particle than would be
predicted.
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Figure 3.25: Cross-stream force dependence on cross-stream position for a
fixed, non-rotating particle. κ = 0.01667, β = 0.85.

Particle position

Figure 3.25 shows the relationship between the position λ of the particle and the
cross-stream force. The analysis is valid in the limit when the particle is not
close to the wall. Unlike the freely suspended particle, the fixed particle does
not experience a diverging lubrication force near the wall due to the zero velocity
surface boundary condition. The shear rate in the gap does become larger as the
gap becomes smaller, but it does not blow up. Rather, the cross-stream force
reaches a maximum at about λ = 0.2, where the difference between the nearcenter and near-wall shear rates is maximum. As the particle nears the wall,
its hydrodynamic interaction with the wall alters the velocity field such that the
velocity gradient on both sides of the particle is smaller than analytically predicted,
yielding negative deviations in the magnitude of the cross-stream force.
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Figure 3.26: Cross-stream force dependence on particle size for a fixed, nonrotating particle. λ = 0.4167, β = 0.85.

Particle size effect

The perturbation analysis requires a small particle radius, and Figure 3.26 shows
the deviation from this assumption at larger particle radii. As with the freely
suspended particle, deviations from the analysis occur because the particle size
is large enough to allow the hydrodynamic reflections off of the channel walls to
become non-negligible and give an additional contribution to the cross-stream force
on the particle.

3.5.2

Freely Suspended and Fixed particles: Discussion

Simulations by Huang et al. [7] indicated that sufficiently large freely suspended
cylindrical particles migrate toward the wall rather than the center of a channel in a
Poiseuille flow. However, a notable difference between their study and the present
study is the boundary condition used on the particle surface. Huang et al. [7] used
a condition in which the cylinder was placed in a Poiseuille flow; then, they solved
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Newton’s equations of motion, calculating the particle motion based on the stress
on the exterior of the cylinder. At the initial condition, the particle was stationary,
and based on the present study, it should have experienced a cross-stream force
pointing toward the wall due to the relative motion of the fluid to the particle.
In our analyses and simulations, we find that the cross-stream force arising from
the coupling of the relative velocity and the linear part of the Poiseuille flow is
order 1/(κ2 ln(κ)) larger than the force arising from the linear and quadratic parts
of the Poiseuille flow (compare, e. g. Figures 3.7 and 3.22), and thus a cylinder
that has a stationary initial condition will not necessarily have the time required
to eliminate the transient effects before reaching the wall. While it is possible that
the approach of Huang et al. [7] would have eventually yielded migration toward
the center of the channel, the simulations were stopped when the particle reached
the wall. Thus, the transient effects built into the study likely do not allow the
particle to migrate to the final location that it would have reached if it were to
have been at steady state in the beginning. In addition, Huang et al. [7] kept an
inertial term (∂u/∂t) in their Re = 0 calculation. Even if the transient effects
were eliminated, the non-transient cross-stream force would be balanced by this
inertia, giving another reason for the direction of migration to be the opposite to
the direction observed in the present study.

3.6

Conclusions

Migration of a freely suspended particle in a creeping Poiseuille flow in a secondorder fluid is toward the center of the channel regardless of De, polymer concentration, particle size or initial location. The cross-stream force that produces particle
migration occurs due to the inhomogeneous polymer stress in a Poiseuille flow, with
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contributions from the convection of the Newtonian pressure, the deformation of
the fluid, and the convection of the rate of strain tensor.
Relaxing the conditions necessary to solve the perturbation analysis and extending these results with FEM simulations for an Oldroyd-B fluid shows that
higher De, higher polymer concentration, larger particle size, and particles nearer
to the wall all will experience forces that are greater than those that would be
predicted by the perturbation analysis expanded to order De. Closer to the wall
and/or for larger particles, the hydrodynamic reflection of the particle with the
wall contributes to the migration of the particle toward the center plane. Very
close to the wall, the lubrication flow leads to a diverging non-Newtonian crossstream force on the particle although the Newtonian normal motion lubrication
force maintains a small migration velocity. Finite element simulations confirm
the accuracy of the asymptotic analysis for Deborah numbers less than about 0.5
and reveal modifications of the analytical predictions of migration force and fluid
velocity with increasing De and polymer concentration.
The cross-stream force on a fixed particle in the same system points toward the
wall. In this case, the relative motion of the fluid to the fixed particle significantly
changes the undisturbed velocity field and causes the shear rate to be greater on
the near-center side of the particle, which in turn increases the polymer stress on
that side of the particle. The dominant contribution to the cross-stream force is
the deformation of the fluid, which is much higher in the fixed particle case than
in the freely suspended particle case. At larger particle sizes and higher De, the
fixed particle has a smaller cross-stream force than predicted by the theory.
The previously posited idea by Huang and coworkers [7] that the migration
direction for a freely suspended particle is based on the size of the particle, with
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a critical size causing a flip in the migration direction, is refuted. The direction of
the cross-stream force is found to be a function of the boundary condition on the
particle surface rather than a property of the particle.
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