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A coarse-grained kinetic simulation approach is used to better understand dynamics of 

entangled polymers during tensile strain experiments of a diverse range of polymer 

systems.  Building on two previous meso-scale simulation models from literature, the 

polymer systems studied include semi-crystalline, polymer network, and 

nanocomposite systems.  One of these models (Smith and Termonia) formulates the 

free energy of an entanglement network based exclusively on interactions between 

neighboring entanglement points and uses temporary bonds which break as the 

simulation progresses to recover a semi-crystalline stress response.  Another method 

(Terzis, Theodorou and Stroeks) treats the coarse-grained units as delocalized polymer 

density clouds and formulates an expression for the free energy based on local 

polymer density.  Both methods have been studied and compared to a simple model 

system, revealing semi-crystalline and soft rubbery behaviors with and without the 

temporary bond, respectively.  Additionally, elements of the existing entanglement 

network models have been extended in the two following ways:  (1) The temporary 

bond from Smith and Termonia’s model is combined with the DCM framework to 

simulate rigid domains within a matrix of soft polymer network.  The modulus of the 

additional bond sets the elastic properties of the rigid domain, and entanglement 



relaxation using the DCM assures local deformation remains consistent with the bulk 

polymer density. The effect of the size of rigid domain on initial modulus is reported. 

(2) Secondly, the role of entanglements in polymer networks is studied by employing 

different representations of entanglements, including non-affine tethering from 

theoretical models and the introduction of an entanglement bond potential acting 

internally at each entanglement. This potential mimics the non-affine tethering from 

network theories, and in combination with slippage shows qualitative agreement to 

Non-Affine Slip-Tube behavior.  This polymer network framework can easily be 

extended to study various elements of polymer architecture, while incorporating 

realistic network behavior.  
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PREFACE

While the overall objective of this thesis project -- to develop a coarse-grained kinetic 

model for entangled polymer systems – has remained constant, the specific systems 

being simulated have evolved with the discoveries along the way.  Considering this, a 

chronological perspective of this work can be insightful.

Work on this thesis project began with two models from literature in mind, the 

Temporary Bond Model (TBM) of Smith and Termonia and the Density Cloud Model 

(DCM) of Terzis, Theodorou and Stroeks.  Particularly in mind was the apparent 

ability of these models to simulate complex phenomena such as the impressive 

mechanical properties of spider silk, in the case of the TBM, and the failure of an 

adhesive interface, in the case of the DCM.  However, to understand these models 

more closely meant a simplification in the systems treated, and a careful study of each 

individual element.  The vehicle for this study became a detailed comparison of the 

two models (Chapter 2), something that seemed feasible considering the original 

formulations of each were used to model semi-crystalline polymers.

This led to the extension of the TBM to three dimensions and to studying the spatial 

discretization of the density cloud integration for the DCM, the latter proving to be the 

much more challenging objective.  Achieving a consistent stress response over 

multiple stress cycles occupied the initial portion of research time.  The challenge 

arose because the simulations were computationally expensive, and also because 

dominant numerical effects from finite size effects, spatial discretization, and 

overpowering density cloud equation of state could not be distinguished 

xiv



independently.  When the desired effects were believed to have been achieved, the 

result was a soft rubbery response for the DCM, one that seemed to capture realistic 

non-affine slip-tube behavior of polymer networks.  The inherent non-affine behavior 

of the density clouds was shortly dispelled, but a major twist in the polymer system of 

interest resulted.  Recovering a realistic polymer network response from and 

entanglement network simulation became a major goal.

Alongside simulation of polymer networks, another complexity was added in attempts 

to highlight the advantages of the DCM.  This complexity was rigid domains using 

clusters of temporary bond elements from the TBM.  This system is the spiritual 

combination of the two models studied.

Rather than a quantitative study of an increasingly complex system, this work builds 

on previous efforts through focusing more closely on the existing elements.  By doing 

so, this effort demonstrates a set of tools for incorporating molecular details into the 

simulation of polymer systems as diverse as semi-crystalline, network and 

nanocomposites.
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CHAPTER 1

INTRODUCTION

1.1 Objective

The objective of the following study is to develop a coarse-grained model towards the 

simulation of structurally complex polymer systems.  It is desired to accomplish this 

through the use of fundamental polymer properties, derived from the molecular details 

of the system, to maintain a strong connection between microscopic representation and 

macroscopic properties.

This chapter contains an overview of fundamental concepts relevant to polymer 

simulation, followed by a review of the Temporary Bond Model (TBM) and Density 

Cloud Model (DCM) from literature.  Also contained is a review of polymer network 

theories, and a mention of other molecular based simulation methods motivated by 

connecting molecular details to macroscopic phenomena.

1.2 Overview

Since their discovery, polymers have rapidly become an important part of everyday 

lives and have diverse applications ranging from plastic bags to bullet proof clothing. 

The reason that their applications are so many and so varied is because polymers 

themselves can be tailored by their chemistry and processing conditions to have the 

desired macroscopic properties.  Polymers derive much of their properties from being 

a long flexible chain, or a complex architecture of several long flexible chains.  This 
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has lead to many interesting and insightful models, based on the fundamental concept 

of long flexible chains, being used for explaining and predicting polymer properties.

As polymers have been discovered relatively recently, the development of physical 

models has been greatly aided by modern computational efforts.  This condition has 

lead to a rapidly growing field of computer simulation evolving hand-in-hand with 

experimental investigations.

The method used in this study is focused on polymer systems which are derived from 

conditions where inter-chain interactions, or entanglement interactions, dominate the 

mechanical response.  A common system where this occurs is a molten sample of a 

highly entangled polymer with high molecular weight.  Under the right conditions 

these entanglement interactions lead to elastic behavior over laboratory time scales. 

Another polymer system with soft elastic behavior is a cross-linked network.  Both 

highly entangled melts and polymer networks have behaviors suggestive of a network 

of deformable springs, and both theories and simulation models have been proposed 

based on this concept.

An additional polymer phenomena relevant to this study is the three distinct phases a 

polymer can experience; molten, crystalline, and glassy states.  Whether a polymer is 

above or below its glass transition temperature, and the degree to which, if any, the 

polymer is crystalline can determine whether the polymer exhibits a high modulus and 

brittle properties or highly extensible, ductile properties, or other unique properties.  In 

fact, there are systems in nature, such as spider-silk, which use a combination of 

crystalline and entangled soft polymer regions to help achieve highly desirable 
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mechanical properties[1-2].  Additionally, synthetic systems such as nylon have been 

discovered in search of similar mechanical properties[3].

Coarse-graining is a technique commonly applied to polymer simulation to increase 

the feasibility of simulating large or complex systems.  The amount of coarse-graining 

required to simulate a phenomena of interest reflects the complexity of the system and 

the size and time-scale of interest.  One class of simulation model uses a level of 

coarse-graining based on the entanglement spacing of the molten polymer counterpart, 

and is represented by an entanglement network (Figure 1).  This class of simulation 

can also use a Kinetic Monte Carlo algorithm to describe their dynamic behavior 

enabling timescales on the order of system failure to be modeled, as is done in the 

TBM and DCM.

Traditionally polymer simulation belongs to one of two isolated fields, continuum and 

molecular level modeling.  Continuum level modeling had the ability to model system 

sizes and time scales relevant to polymer processing, and molecular level modeling 

specialized in understanding subtle differences in polymers arising from the molecular 

level chemistry.  Now, there are strong efforts to bring molecular level details to 

continuum modeling, as well as scaling up the systems sizes that can be addressed by 

molecular simulation.  This has created a field in itself, commonly referred to as multi-

scale modeling or meso-scale modeling.

The method used in this study is a meso-scale technique based on the entanglement 

network framework.  The following section is a review of the TBM, which is work 

that introduces these concepts.
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1.3 Temporary Bond Model

Smith and Termonia [4-8] developed a two-dimensional representation of an 

entanglement network and focused their study on the stress-strain relationship of 

polyethylene (PE).  Their study showed promising results while testing a variety of 

experimental variables including molecular weight, entanglement molecular weight, 

strain rate, and temperature. Their model introduces the temporary bond (Figure 1), 

which they claimed accurately reproduced a semi-crystalline stress response of 

polyethylene.  Sample morphologies also show similarities to experimental 

systems[6].  These studies relied on a lateral affine assumption, which fixes the 

entanglement points in the lateral dimension to conserve simulation sample area.  

The TBM introduces a Kinetic Monte Carlo (KMC) framework for handling the 

dynamics of entanglement slippage and temporary bond breakage.  This technique 

provides a computationally feasible path to simulating long time scales.  In the case of 

entanglement slippage, it is reasonable to expect molecular level insight into systems 

that are dominated by polymer entanglement, such as  melts experiencing reptative 

dynamics.

A promising extension of entangled polymer simulations is the application to more 

complex systems, including systems with heterogeneous microstructure, free surfaces, 

or networks with novel architectures.  Microstructure can be explicitly included to 

help interpret the behavior of novel systems such as spider-silk [1-2].  Additionally, 

with the incorporation of accurate surface free energy to entanglement network 
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simulations, systems such as fibril formation of adhesive interfaces could be studied.

Figure 1:  Schematic representation of the frameworks for the coarse-grained models. 

Above is a representation of entangled polymer and its reduction to primitive paths 

between entanglement points.  Below are the schematic representations of the TBM 

and the DCM.  The TBM is two dimensional, spatially uniform, and has linear elastic 

temporary bonds (dashed lines) acting between all of its segments.  The DCM is 

naturally three dimensional and uses overlapping density clouds to represent monomer 

units of each coarse-grained polymer segment.

The pioneering work on the TBM [4-8] involved a series of comparisons between 

experiments and the mesoscopic model for which the variation of a experimental 

condition yielded qualitative and at times semi-quantitative agreement with the TBM. 

The polymer system of these studies was linear polyethylene. 
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The first of this work focused on the effect of molecular weight [4].  In this case the 

higher molecular weight directly leads to more entanglements per polymer chain and a 

lower concentration of chain ends in the entanglement network.  All reported systems 

have an initial linear region of stress response.  This region has the modulus of the 

value selected for that of the temporary bonds, 4MPa.  This linear region ends at a 

yield point, characterized by a sharp drop in the stress response, which is due to the 

beginning of temporary bond breakage.  When the first bond breaks, a cooperative 

loading of neighboring bonds leads to heightened temporary bond breakages in the 

immediate vicinity.  The response of the different molecular weight systems beyond 

this strain is very different.

The reported molecular weights (1900, 9500, and 250,000) were chosen to display the 

different stress responses due to characteristically different fracture behavior.  The low 

molecular weight system has brittle fracture, where the temporary bonds along a 

horizontal section (strain is applied “vertically”) of the sample broke with few or no 

chain segments bridging the temporary bond fracture zone.  The middle molecular 

weight sample showed a formation of a neck; that is, a horizontal region of broken 

temporary bonds with high local strain, that grew steadily through the draw region of 

the stress response.  Finally, in the high molecular weight case the deformation is 

spatially uniform, with the temporary bond breakages occurring throughout the sample 

but not leading to necking behavior.  The morphology of an additional simulation with 

MW=20000, omitted from the stress comparison, was displayed and described to have 

multiple necks forming and growing as in the single neck case.

In the molecular weight study, only the intermediate molecular weight system was 
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affected by activation of entanglement slippage.  Simulations with and without 

slippage implementation were reported and show characteristic differences.  In the 

case with slippage occurring, a dramatic hardening at high strains due to the finite 

extensibility of the chain segments was offset by their ability to slip through 

entanglement to relax the segments of high strain.  This leads to a prolonged drawing 

region and a higher maximum draw ratio.  The effect of slippage was undetectable in 

the other cases of low and high molecular weight.  The conclusions of this study 

focused on the interplay of the concentration of chain ends and how it leads to load 

transfer and the resulting patterns of temporary bond breakage.  Additionally slippage 

was shown to have a significant effect in some instances, something that would be 

explored in later studies by same authors [5-8].

The molecular weight study was shortly followed by a study of the effect of 

entanglement spacing on the stress response of the TBM [5].  An experimental 

comparison was made possible by diluting a polymer with a solvent prior to 

crystallization.  This study would make comparisons to solution-crystallized thin films 

of Ultra-High Molecular Weight (UHMW) polyethylene, in both stress response and 

morphological characteristics.  Simulation and experiments agreed with a dramatic 

effect on the post-yield strain hardening as well as the strain at break.  The observed 

trend is that a higher entanglement spacing leads to a longer draw region and  a higher 

maximum strain.  This is in part because the longer chain segments between 

entanglement points can stretch farther, from a random coil configuration to a fully 

stretched one, once the accompanying temporary bond is broken.  The trend continues 

until the entanglement network has a high enough concentration of chain ends relative 

to entanglement points, that brittle fracture occurs.  This is analogous to the response 
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of the low molecular weight study from earlier.

The entanglement spacing study involved four different entanglement spacings, each 

simulated at two temperatures (109 ºC and 130 ºC) [5].  Slippage has no effect in the 

low temperature case.  To investigate further, a power law was fit to data relating 

maximum elongation to entanglement spacing.  The simulations result in a  exponent 

of -1/2, which was in conflict with another study from around that time [9].  The 

prefactor of this relation can be shown to be 6.5 for the case when no slippage is 

occurring which is consistent with the simulations at temperatures of 109ºC which 

results in a prefactor value of 6.4.  However; at the simulation temperature of 130ºC 

slippage is affecting the maximum draw ratio, with the prefactor from fitting the set of 

entanglement spacing simulations to the power-law trend is significantly higher.

When comparing the morphologies of the TBM simulation to micrographs of the 

strained UHMW polyethylene films, four noticeably different morphologies occur 

consistently between simulation and experiments.  Although simulation size scales are 

smaller (~μm) than those of the experimental micrographs (0.1mm) [5], the 

resemblance is a promising result in support of the ability of this type of model to 

incorporate molecular details to predict macroscopic deformation properties.

Based on the temperature dependent description of the slippage and temporary bond 

breakage, it can be expected that the simulation parameters of temperature and strain 

rate will have similar effects on the stress response.  This is largely confirmed by the 

model authors as they study these effect independently [5].  Again this study was 

compared to an experimental system of polyethylene, and the authors report semi-
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quantitative agreement to the experimental system for the maximum draw ratio.

A following study [6] reported the stress response of the simulated system over several 

temperatures at a single strain rate and over several strain rates at a single temperature. 

The focus of the comparison to experiments was with the maximum draw ratio.  The 

polyethylene system has a draw ratio at failure that is sensitive to both temperature 

and strain rate and a maximum in this property is observed over the range of systems 

studied.  This maximum has significant importance when considering tailored 

applications for polymers.  The simulation system used a monodisperse molecular 

weight of 143000, and the experimental polymer was supplied as close to mono 

disperse with molecular weight of 125000, and a semi-quantitative agreement was 

achieved.

The trends observed supported the close relationship between rate of strain and 

temperature, in that they both invoke the same trends.  Decreasing the elongation rate 

is analogous to increasing the temperature.  This is intuitive as raising the temperature 

will directly raise the rate of kinetic events which is equivalent to reducing the strain 

rate which will allow more time for the kinetic events to occur.

The behavior of the stress response shows a drastic effect on the deformation 

hardening, in the region beyond the yield point.  At high strain rates or low 

temperatures this hardening is clearly present and then subsides, in effect “making 

way” for the increase of the maximum draw ratio.  Beyond the maximum, at low strain 

rates and high temperatures, temporary bond breakage and slippage occur to an extent 

that the failure occurs at a low strain.  An interesting interpretation of this behavior is 
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that an increased temperature can prevent catastrophic failure by “smoothing out” the 

deformation hardening.  This occurs directly through slippage leading to 

disentanglement of two polymers, which is suppressed at lower temperatures.

The optimum temperature and strain conditions for the studied systems results in a 

maximum draw ratio of 23, in agreement with the experimental system.  However; the 

conditions themselves, temperature and strain rate at optimal terminal strain, do not 

agree as well.  The authors propose that the model parameters U (activation energy of 

slippage) or equivalently β (slippage volume) could be used as fitting parameters to 

obtain better agreement.

A final trend reported in this study[6] was the trend of optimum drawing temperature 

based on the molecular weight.  This involved simulating a series of different 

molecular weights (~104 to 105) each under a series of temperatures to find the optimal 

condition.  The trend was reported to be in agreement with experimental observation 

and followed a linear trend of optimal temperature to the logarithm of molecular 

weight.  The increase in the optimal drawing temperature with increasing molecular 

weight can be explained by the needed increase in slippage to accommodate the lower 

concentration of chain ends available to slip.

The TBM prevents a comparison of initial modulus upon changing temperature and 

strain-rate, it has a constant parameter of Kvdw, the modulus of the temporary bonds. 

This fixes the initial modulus as constant.

The earlier publications from the TBM series [5-6] reported trends based on molecular 
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weight of the PE system, but these studies used a monodisperse molecular weight 

distribution, which are not always available experimentally.  Many of the properties 

reported were expected to have an averaging of properties when considering a 

distribution of polymer molecular weights.  The next paper in the series [7] was 

dedicated to studying the effect of polydispersity of the linear polyethylene system. 

When considering the maximum drawability from previous studies [6], one would 

expect that property to be sensitive to the higher moments of molecular weight, and 

not just the average molecular weight.  The authors report that no systematic 

correlation of the number average molecular weight and maximum drawability is 

observed.  It had been shown elsewhere [10] that log normal MW distributions are 

correlated to maximum draw ratio, and accordingly the TBM simulations were studied 

under varying conditions of polydispersity ratio Mz/Mw and the Mt average molecular 

weight from Graessley[10].

A general trend was observed, where a decrease in maximum draw ratio and a 

broadening of the window of optimal drawability resulted from an increase in 

polydispersity.  Stated another way, to reach a high maximum draw ratio, having low 

polydispersity can compensate for a lower molecular weight.  Experimental evidence 

was provided to show a qualitative agreement of simulation and experiments.  The 

authors were careful to note that when reporting the clear dependence of maximum 

draw ratio on both average MW and polydispersity the trend is not uniquely defined 

by just these variables.  They argue that for high polydispersity ratio Mz/Mw it is likely 

that higher moments control the optimal drawability.

To illustrate the dependence on higher order moments of molecular weight the authors 
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choose to study a system of a bimodal blends of low and high molecular weight 

polyethylene (M1=6240 and M2=148200), each of the components being near 

monodisperse.  The motivation for this selection was the observation of bimodal 

distributions in polymer networks leading to interesting properties [11].  A highly non-

linear relationship between composition of blend and maximum draw ratio was found. 

The study found a local maximum in maximum draw ratio at the composition of 50/50 

weight percent.

The analogous relationships of both temperature and strain rate to the optimal draw 

ratio was also explored.  It was proposed that under some conditions blending may be 

used to reduce the temperature of maximum drawability to below the melting point for 

commercially interesting polymers.

The final paper by Termonia and Smith in the series on the TBM deals with the effect 

of temperature on orientation efficiency [8].  This study was motivated by earlier 

work, on a two state model, involving one of the authors [12-13], which aimed to 

account for the relationship of draw-ratio to modulus for a broad range of polymer 

systems.  That work captured some essential behavior but assumes macroscopically 

affine deformation, which was used to explain disagreement with experiments at 

elevated temperatures [14-15].

The two state model [12-13] involved treating a chain segment as a coil and helix 

element, decoupling the moduli of the polymer segments in the strain direction and in 

the direction orthogonal to the strain direction.  This treatment was a natural fit for a 

simulation methodology which microscopically tracked chain segments, like the TBM. 
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In fact, this pairing comes with the added benefit of being able to apply the two state 

model to each element individually, and avoids the need to assume microscopically 

uniform deformation.  The coil-helix element is assumed to take the place of the 

temporary bond element.  Another addition is made to this version of the TBM; chain 

re-entanglement is allowed to occur through two possible scenarios.  Firstly, two 

interpenetrating chain ends may re-entangle with one another provided their number of 

segments are both greater than the average number of segments at the starting 

condition.  The second scenario is a re-entanglement of a chain end with another chain 

segment (not a chain end) provided the center point of the chain segment is within the 

radius of gyration of the chain end.  Combined with slippage this will set up a 

relationship of disentanglement due to slippage out and the formation of new 

entanglement points.

The authors report that the TBM without slippage matches the original two-state 

model as the TBM without slippage or temporary bond breakage was known to result 

in affine deformation.  However, with slippage a reduction of the modulus at high 

draw ratio is observed due to the disentanglement and then redistribution of 

entanglements that are not oriented due to strain.  The temperature dependence of this 

phenomenon is reported and the authors observe that there is a critical temperature 

above which the reduction in moduli at high strain is large.  The increasing 

temperature directly increases the kinetic process of slippage which accounts for the 

reduction in moduli.  They compare the model predictions, for this maximum 

temperature where tensile deformation is efficient, to experimental observations for a 

range of molecular weights (ranging from 105 to 107).  Again, the authors propose 

fitting of the slippage parameters to achieve quantitative agreement, but that was 
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beyond their intentions with the study [8].

Termonia continued to study similar systems including composites [16-20], and 

network systems [21-22] along the lines of the initial configuration procedure of the 

TBM.  The TBM would go on to inspire others to study similar computer models.

In addition to inspiring the DCM which will be covered later, Termonia's kinetic 

model was adopted by others in a more similar form.  Bicerano et. al. used a similar 

model with the goal of predicting stress-strain curves of a range of different 

amorphous and semicrystalline elastomers [23].  Significant changes were made to the 

model.  Firstly, the formation of the initial condition involved an algorithm to alter the 

connectivity of the polymer chains on the densely packed grid.  This algorithm seeks 

to explore the phase space of chains on a densely packed grid to alleviate some the 

issues brought up in  Mansfield's [24] criticism of the forward seeking algorithm.  The 

other major change is a more intricate morphology of crystalline links and tie chain 

links as apposed to uniformly distributed temporary bonds used by Termonia.  These 

authors use a conjugate gradient method for relaxing the entanglement network, as 

opposed to the block relaxation method of Termonia.  They implement the lateral 

affine assumption and slippage as in the original model.

An important improvement of this model is that crystallinity is accounted for in an 

explicit manner, through the crystalline links and tie chain links.  This version of the 

TBM can more directly account for different morphologies of the starting condition. 

To specify the starting morphology these simulation accept parameters for the 

percentage of junctions that are crosslinks, volume percent crystallinity, crystal size, 
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and a force constant for the crystalline links.

The authors find a good general agreement to an impressive range of polymer systems 

simulated but fall short in achieving quantitative accuracy.  They report that the more 

complex semicrystalline version was less accurate, and the author's attribute this to 

simplifications they were forced to make to reduce computer time, as well as being the 

target of future study.

More recently Reddy et. al. have revisited the Termonia and Smith model [25].  They 

conduct an extensive parametric study of the original TBM, including the slippage 

parameters which were not modified in the original author's publications.  They also 

report the stress decoupled into its components, whether they be elastic entropy spring 

contributions or the loading the temporary bonds and use this to describe the observed 

semicrystalline stress response.

The algorithm used to generate the initial condition used in the TBM [4] was similar to 

other Monte Carlo studies which were going on at the time [26-30].  These studies 

focus on the phase transitions in polymers on a two-dimensional lattice.  Later, 

Mansfield [24] found that a three dimensional system undergoes an order-disorder 

transition that is first-order, but for a two-dimensional system the transition is second-

order and critical.  In addition to these findings the author also provides a critical 

analysis of the scanning technique, used by Termonia, which was noted by Bicerano 

et. al. [23] and used as grounds to introduce a different technique for generating the 

initial condition for their version of the TBM.
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1.4 Density Cloud Model

The density cloud model (DCM) was introduced as part of a study to address the 

mechanical reinforcement via in situ copolymerization of an immiscible 

polypropylene and polyamide (PP/PA6) system [31-33].  The study involved i) 

creating a theoretical expression for grafted and free polypropylene densities away 

from the polyamide interface [31], ii) generating an explicit entanglement network 

consistent with this result [32], and iii) deforming the entanglement network using the 

DCM which does not use any fitting parameters [33].

Work had been conducted on improving the fracture strength of immiscible 

polymer/polymer interfaces [34-36], via the compatibilizing of polymers via an in situ 

reaction of the two polymers creating a diblock copolymer at the interface.  To study 

this system, it was desired to have a theoretical treatment which uses a hierarchical 

approach [31].  Parameters used in the study would be from the experimentally 

determined values for the system of PP/PA6 compatibilized with the reaction product 

between PP-g_MA (maleic anhydride-grafted PP) and PA6, of which experimental 

studies existed [37-39].  The hierarchical coarse-grained simulation approach is 

appropriate because the fracture properties of the composite system are believed to be 

directly related to entanglements [31].

In order to generate entanglement networks representative of an interface, an interface 

with grafted and free PP chains was modeled using the self-consistent field (SCF) 

theory [31].  The resulting grafted and free chain profiles could be used to help 

generate an explicit entanglement network.  The grafted and free PP chain system is 
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appropriate considering the experimental system modeled.  The compatibilized 

interface is formed by clamping sheets together and reacting the compatibilizer at a 

temperature above melting temp of PP but below PA6 [38-39].  The temperature and 

time of this reaction control amount of grafted chains, and the reaction is believed to 

be limited by the diffusion of PP to interface [39].  For this reason the theoretical study 

treats the PA6 phase as an impenetrable wall, and the affect of grafting density is 

studied [31].

The SCF theory was originally published by Scheutjens and Fleer [40-42].  The 

original theory was extended to combining methods from earlier studies[43-47], and a 

multicomponent SCF model with stiffness effects was used for the system with free 

and grafted chains at the interface [31].  The authors point out that semicrystallinity is 

ignored like the  TBM study of Termonia [4], and state a future goal of incorporating 

the crystallinity of the PP phase.

Literature parameters, such as volume fraction and bond order parameters were used 

to calculate the polymer species profiles [31].  A systematic study was conducted for 

influence of molecular weight distribution of grafted and free chains and surface 

density of the grafted chains on the structure of the interface.  It was concluded that 

the effect of MW distribution of grafted chains on structure is much greater than that 

of the free PP chains.  It was also found that for realistic systems (matching MW 

distribution of grafted and free chains to experimental studies) the grafted chains are 

significantly stretched, transitioning from a random coil to brush configuration at 

small grafting densities.  It was noted that for the systems studied, some free chains 

penetrate to the interface at realistic grafting densities, and the amount is sensitive to 
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the graft density.  Additionally, with close to monodisperse systems, a maximum in 

region length where grafted and free chains intermingle is observed.  Alternatively, for 

polydisperse systems this region rises to an asymptote with increase surface density of 

grafted chains.

The second step of the hierarchical approach is to generate an explicit entanglement 

network, by placing entanglement points of polymer chains in continuous three 

dimensional space [32].  The positions of chain ends and entanglement points conform 

to the density and conformation distributions given by the SCF model of interface or 

PA6, PP, and compatibilizer, as follows.  For a given polymer chain, entanglements 

are placed along its contour at a separation equal to the entanglement molecular 

weight from experimental studies [48-49].  Polymer entanglements are placed based 

on the statistical weights for grafted and free chains from the SCF results from their 

previous study [31].  Although the initial placement also follows Gaussian statistics, 

with respect to relative stretch, the entanglement points are not in mechanical 

equilibrium.  To equilibrate the system, a random rearrangement of entanglement 

points is conducted without perturbing entanglements lateral placement from the 

interface.

This method was successful at generating an explicit entanglement network , as 

desired [32].  The configurational and conformational profiles (i.e. free or grafted 

polymer profiles and degree of stretching) are consistent with the SCF predictions. 

From the explicit entanglement network, it can be calculated the number of 

entanglement points between one grafted and one free chain.  For a monodisperse MW 

system studied, a maximum of such entanglements occurs with respect to grafting 
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density, leading to a prediction of optimal surface density for experimental systems. 

Alternatively for polydisperse free chain MW systems, a plateau value for the amount 

of free-grafted entanglements is observed.  An increase in entanglements between free 

and grafted chains is found in response to an increase in surface density of grafted 

chains.  This behavior is in agreement with the trend of the region of interpenetrating 

free and grafted chain from the earlier SCF study [31].  The authors point out, that 

although this method is successful at generating an explicit entanglement network 

consistent with SCF results, at the time of publishing new information about 

entanglement distributions along chains was already underway [50-53].

The third and final step of the hierarchical approach is to deform the entanglement 

network and observe the mechanical response up to and through the fracture process 

[33].  The density cloud model (DCM) used for the deformation is a coarse-grained 

approach as apposed to direct Monte Carlo or Molecular Dynamics, such as the Monte 

Carlo bond-fluctuation model study that had already been conducted [54-55].  Terzis, 

Theodorou and Stroeks [33] created the DCM for the large scale deformation of a 

semicrystalline PP system, inspired by the Temporary Bond Model (TBM) for PE [4]. 

A valuable improvement in this model was incorporating the details of the monomer 

units of a segment between entanglement points as a density cloud (Figure 1).  This 

made calculating the free energy of the entanglement network an integration over 

simulation space and dependent on more than a linear combination of functions of 

neighboring bond vectors.  Additionally, the Density Cloud Model (DCM) allows for 

the relaxation of all degrees of freedom of the entanglement points and circumvents 

the need for the lateral affine assumption. The density clouds represent an average of 

all possible configurations of the chain with known end-points in space. These added 
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details come at the cost of a more computationally expensive calculation of free 

energy of the entanglement network.  The authors of this model have used it to study 

the failure of an adhesive interface, but did not compare it directly to the TBM.

The DCM of Terzis et. al. used a MC integration of and ideal chain to generate the 

density clouds used in the simulation.  Earlier work by some of the same authors 

explored an alternative method to calculate such systems, including those with more 

complexity, such as diblock copolymer chains [46].  The goal is to have a 

representation of all possible monomer units of an ideal chain where they are likely to 

be located when both ends are tethered to a certain position.

The deformation of the entanglement network under the DCM leads to fracture in the 

intermingling region of free and grafted chains [33].  The Young's modulus of the PP/

PA6 compatibilized interface is approximated to be 0.49GPa, smaller by a factor of 

two from experimental studies [56-59].  Additionally, the deforming system 

experiences a yield point when chain rupture is occurring at a significant rate and a 

reduction in stress results.  This is in contrast to the yield point of the TBM resulting 

from breakages of the temporary bonds only [4].  This deformation model concludes 

the simulation methodology that relies only on experimentally know parameters, and 

presents a roadmap for studying microscopic effects on macroscopic properties.

1.5 Polymer Network Theories

Polymer Network theories have developed over many years, and recently the Non-

Affine Slip-Tube (NAST) model combining ideas of earlier models has predicted a 
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universal behavior for polymer networks in tensile experiments[60].  This model and 

earlier models are based upon an effective chain picture of a single network strand 

connected to a deforming background.  All possible arrangements and connectivity of 

the effective strands are incorporated into the theory's prediction of the stress 

response.  The simplest model is the affine network model where the effective chain is 

simply a Gaussian chain anchored in the affinely deforming background.  The ideas of 

later models that were incorporated into the NAST model are: fluctuations of the 

network chains end points represented by a virtual chain attaching the network chain 

to the deforming background; entanglement effects represented by additional virtual 

chains located at distinct points along the network strand; and the ability of virtual 

strands representing entanglements to slide along the contour of the network strand. 

The virtual chains are not Gaussian chains, but have a force response that is changing 

to represent the deformation of the confinement tube a network strand belongs to.

The basic idea behind network theories is to translate the microscopic deformation of 

an individual network chain into a collective macroscopic response.  Mathematically, 

this involves treating an effective network chain, and considering all possible ways of 

internally connecting the network strands, while having some strands connected to the 

boundaries of the system.  This is done by evaluating the end-to-end vector correlation 

function, the statistical average of the product of two segment vectors.  The expression 

for the end-to-end correlation function changes based on the formulations of the 

model.

All the network theories described here rely on the Gaussian approximation for the 

polymer segments to readily describe, mathematically, the thermodynamics of 
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stretching such a segment.  Several models have been proposed, and they differ based 

on how they treat an effective network strand.  They vary in how the anchor points of 

the network strand are allowed to fluctuate and how intersegment interactions, or 

entanglement effects, are introduced.

The first model to describe polymer network behavior is the affine network model 

[61-62], the theory which introduced the connection between the molecular 

description and the deformation properties of a  network.  No entanglement effects 

enter this model so the effective network chain is simply the linear polymer chain 

whose ends are at two crosslink points.  These crosslink points are embedded in the 

affinely deforming elastic background.  By evaluating the end-to-end correlation 

function of this model, the classical affine network result is recovered.

The model description of the affine network model serves as the foundation for all the 

other network theories.  Additionally, the tensile and compressive stress response of 

this theory is the basis for comparison of these theories and network stress responses 

are commonly reported as a reduced stress, normalized to the affine theory result, 

known as the Mooney ratio [63-65].

The first model to build upon the affine network model was the phantom network 

model [66-67].  The main addition to this model is that the crosslink points at the end 

of the effective chains were not embedded in the elastic background but were allowed 

to fluctuate.  This provides a more consistent picture to a real network crosslink which 

would be undergoing thermal fluctuations.  Expressions for this model have been 

derived generally for different functionalities of the crosslink junction [68].  It has 
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been pointed out [60] that the phantom network model is equivalent to a combined 

chain of the network chain and virtual chains tethering the crosslinks to the affine 

background.  In this equivalent description the amplitude of fluctuations are controlled 

by another Gaussian chain, or virtual chain, which is itself embedded in the affine 

background.  Deriving the result of the phantom network model from either 

representation yields the same result for the network stress.  The functional form of the 

elastic stress is the same for the affine model and the phantom network model.  The 

expressions differ only by a prefactor.

Later, the constrained network model introduced the idea of non-affine tethering of 

network crosslinks.  Instead of having a harmonic potential confining the crosslinks 

that does not change with the deformation, the potential deforms with the macroscopic 

deformation.  As the elongation in the strain direction becomes large, the fluctuations 

in that dimension deform similarly.  This interaction is accomplished by a non-

constant and also non-linear expression for the virtual chains number of segments in 

any of the principle directions, with respect to the elongation in that dimension.  When 

formulated in the correct way, these confining virtual chains only affect the end-to-end 

distribution function of the chains and do not directly contribute to the elastic stress. 

This model was first solved using an approximation [69-70], which was used in later 

generalizations [71-72], and only recently [60] solved exactly.  The approximate 

solution captures qualitatively the results but deviates by up to 20% in certain regions 

of the stress response [60].

It is clear that an accurate description of a network chain needs to incorporate 

topological constraints, and this is a focus of modern network models.  These models 
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involve adding additional constraints along the network chain which reduce the 

conformations the chain can take.  Klocszkowski et. al.[73] proposed a diffused-

constraint model in attempts to have the confining effects on all points along the 

network chain, not just at the crosslinks.  This constraint was averaged over all 

possible locations along the network chain, and thus was allowed to “diffuse” along 

the chain.  Rubinstein and Panyukov [60] point out that this method ignores the 

connectivity of the chains and thus the correlations between connected fluctuations, 

and thus ignores an important aspect of being an polymer network.  They also provide 

an approximate solution to this model [60].

Early work by Edwards [74] introduced the concept that a polymer was surrounded by 

topological constraints which can collectively be thought of as confining the single 

chain to a tube.  This idea has been appropriately dubbed the Edwards Tube Model. 

Mathematically this model consists of a potential acting on each monomer of the 

polymer chain.  This potential, or equivalently the tethering virtual chain embedded in 

the elastic background, does not deform with the macroscopic deformation as in other 

later models.

From the tube model one can develop an expression for the tube diameter, which is an 

approximate measure of where the monomers of the chain will lie along the center line 

of the chain.  This tube diameter is a non-linear expression dependent upon the length 

of a monomer unit and the number of monomer units between the topological 

constraints.

Rubinstein and Panyukov [60] point out some limitations of the Edwards tube model. 
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Firstly, from the microscopic definition of stress the virtual chains will directly 

contribute to the stress of deformation, something that is not consistent with the 

fundamentals of the model.  The stress of the system should be described solely by the 

elastic contributions of the real chains and the topological effects should be 

independent of strain.  Secondly, the Edwards tube model predicts a strain 

independent Mooney ratio, like the affine and phantom network models, something 

that is not observed experimentally.

An important development in polymer network theories involved the combination of 

two existing ideas, when Rubinstein and Panyukov [75-76,60] added deforming 

topological constraints to the Edwards tube model.  The deforming constraint was 

taken directly from the constrained junction model, but now this non-affine constraint 

was applied to each monomer along the tube as laid out in the Edward's Tube model, 

with some subtle differences.  Tethering chains are attached differently than in the 

Edwards tube model.  Instead of being attached along the center line of the chain, they 

are attached randomly in space to ensure Gaussian statistics at the starting condition.

From the model formulation, one can deduce that in the highly entangled limit N>>Ne, 

the behavior of the non-affine tube model is equivalent to the constrained junction 

model with a functionality of 2.  A direct result of the non-affine tethering is that the 

tube diameter is changing similarly with the network deformation, a result that had 

also been obtained by others [77-78].

The non-affine tube model was compared to experiments [79] and captured some of 

the behavior of the real system.  This is evident when comparing the Mooney ratio of 
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the model and experiment and realizing they share some features.  However, this 

model would later be improved upon by its authors to provide an even better 

description of the experimental behavior.  The resulting expression for the network 

stress is a two parameter expression, and those parameters are the crosslink and 

entanglement moduli, with the crosslink modulus equal to the modulus of the affine 

system without entanglements, and the entanglements contributing the non-affine 

effects to the stress response through the entanglement modulus.

The concept of a slip-link was introduced in the context of polymer network theories 

by Edwards et. al. [80-82], which formed the basis for being later incorporated into 

Brownian Dynamics simulations and Entanglement Network simulations.  The 

concept is that polymer entanglements arise from two segments of polymer chains 

inability to pass through one another.  This behavior can be approximated by a point at 

which the two chains coincide and segments of the same polymer chain may move 

from one side of the slip-link to the other side.  Mathematically, this situation can be 

described and total number of slip-links is expected to be given as a parameter of the 

theory, or derived form the plateau modulus of the network system.  The results of 

these models gave correct limiting behavior and agreement with experiments; 

however, the later theories of Rubinstein and Panyukov treated entanglements in a 

different fashion, as a single network chain with a virtual chain attached to the 

deforming background.

In 2002, a network theory was proposed [60] that shows an impressive matching to a 

large range of polymer network experiments, and seems to capture the universal 

behavior of such systems.  The Non-Affine Slip-Tube (NAST) theory, builds directly 
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on the authors' earlier work with the Non-Affine Tube Theory.  Tethering virtual 

chains are allowed to move along the chain, as if they were rings instead of 

permanently attached, which is a consistent representation of the topological 

constraints ability to slip by one another. While a slip-link involved two network 

chains, the topological constraints in the slip-tube model are a virtual slip ring attached 

at one end to the network chain and on the other end, embedded in the elastic 

background (i.e. the slip-link involves two network strands and the slipping element of 

the slip-tube theory involves one network strand and one virtual chain).

The slippage elements of this theory can slide along the network chain but cannot pass 

through each other.  The authors show that in the limit when each monomer has a slip-

link, the result is non-affine tube behavior, since the slippage elements cannot pass 

through each other.  Conversely, when the slip links are separated by the entanglement 

molecular weight, the fluctuations are of the same size as the Gaussian stretch distance 

of the entire network strand and no confining tube is established.  The added degrees 

of freedom of the slippage alter the stress response expression, through the 

denominator in the term for the entanglement contribution to the stress.

The effect of this slippage is to relax highly strained network segments by allowing 

some monomers to slip from other parts of the chain which are aligned in a less 

extended dimension.  This is an additional degree of freedom when considering all 

possible conformations of the network.

Rubinstein and Panyukov solve the slip-tube model and present a universal plot of 

experimental data [65,83-84,79] fitted to the slip-tube result [60].  This involves fitting 
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two parameters, the cross-link modulus and the entanglement modulus.  The crosslink 

modulus has a direct analogue to the contribution of an affine network if the 

entanglements were to be turned off, and the entanglement modulus is a measure of 

how much non-affine behavior arises due to topological constraints.

1.6 Molecular Simulation Techniques for Entangled Polymer Systems

Explicit simulation of individual polymer molecules enables the highest level of 

molecular insight.  Molecular simulation techniques such as molecular dynamics and 

bond fluctuation Monte Carlo offer a clear picture of individual polymer chains, while 

simultaneous allowing for the approximation of bulk macroscopic properties.  These 

techniques have been applied to all types of polymer systems, from dilute polymers to 

dense polymer systems and complex composite systems.  Following is the review of 

some work most relevant to the entanglement network model framework.

Monte Carlo simulation has proven to be an effective tool for understanding the 

thermodynamics of polymer systems.  The tensile response of end-linked polymer 

networks have been studied using the bond fluctuation model [85-86].  In these studies 

the topological interactions of the polymer chains are handled via the excluded volume 

interactions of the coarse-grained polymer representations.  The network topology is 

generated using a Monte Carlo technique to mimic the end-linking chemical reaction 

of experimental counterparts.  This molecular simulation framework allows for the 

study of how microscopic effects such as chain stiffness affect the macroscopic stress 

response.  A model system of an entanglement-free network was also studied and 

found to have peculiar stress response similar to other complex biological systems 
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[87].  Other studies have used similar approaches including the simulation of a 

network of helix polymers [88-89].

Atomistic simulations of polymer networks are also possible through conventional 

molecular dynamics simulation.  This technique helped establish the importance of 

trapped entanglements [90-91].  More recently Grest et. al. [92] has used atomistic 

simulation to shed light on a previous observation of inter-chain interactions 

dominating the microscopic stress of dense polymer systems [93-94].  With a careful 

presentation of the non-linear stress response of polymer networks, the authors were 

able to present scaling relationships and arguments to the feasibility of existing 

network models, as well as comparing to experimental studies using end-linked 

networks [95-96].

Additionally, nonequilibrium molecular dynamics can be used to study polymer 

systems, such as was done by Kroger et. al. in investigating the crossover molecular 

weight of polymer melts [97].

A simulation method used to compare with network models, and account for 

discrepancies between model and theory, is primitive chain network simulations 

[98-109].  This method is based on Brownian dynamics and can incorporate ideas such 

as tube length fluctuations, and thermal and convective constraint release, with the 

added benefit of explicitly accounting for topological interactions through 

entanglement points.  This topological treatment is in contrast to the mean-field 

treatment of these interactions in theories [110-120].  The primitive chain network 

simulations consists of a three-dimensional network of polymer segments between 
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tetra-functional slip-links.  Chain sliding through slip-links is incorporated into the 

stochastic equations of motion, and the distribution of overall network conformations 

are solved as in conventional Brownian dynamics.

Recently, a method of generating an entanglement network from an atomistic 

description of a polymer melt has been proposed, called Primitive Path Analysis 

(PPA) [50-51].  This method produces the primitive path for each polymer chain, a 

concept originally proposed by Doi and Edwards [112].  In this method, an 

equilibrated polymer melt is simulated with modified atomistic potentials.  The end 

points of the chains are not allowed to move and the new atomistic potentials drive the 

chains to completely collapse, except that they are prevented from crossing other chain 

segments.  The results are segments of the chain arranged linearly between points of 

uncrossibility which represent the primitive entanglement mesh.  This method was 

compared to an analytical expression for the primitive path length [121], and has 

inspired Brownian dynamics studies to correlate primitive path parameters to a 

polymer's viscoelastic response [122-124].

Similarly, Tzoumanekas et. al. used a Monte Carlo method of producing a primitive 

path [52-53].  In this method a new Monte Carlo move is introduced which attempts to 

straighten, by arranging linearly in space, a variable size region of the polymer.  The 

move is not allowed to lead to the centerline of chains crossing one another.  The 

result is analogous to the molecular dynamics method of PPA.
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CHAPTER 2

TEMPORARY BOND AND DENSITY CLOUD MODEL COMPARISON

2.1 Introduction

The two dimensional Temporary Bond Model (TBM) and fully three dimensional 

Density Cloud Model (DCM) share many similarities, but have yet to be applied to the 

same polymer system for direct comparison.  A primary objective of the current study 

is to understand the fundamental units of coarse-grained simulation, including the 

temporary bond and the density cloud treatment for excluded volume.  To study this, 

the TBM will be extended to three dimensions so that identical starting conditions can 

be shared between it and the DCM.  To simulate analogous systems, the DCM is 

carefully studied with respect to minimizing numerical affects associated with the 

numerical integration of the density clouds.

The two models are compared directly using the system simulated in the original 

publication of the TBM [4], but in three-dimensions.

2.2 Simulation Models

Both the TBM and the DCM rely on an entanglement network and keep track of the 

evolution of the entanglement points through the course of the simulation.  Polymer 

contours are accounted for, because a single polymer molecule will connect several 

entanglement points.  In this manner the entanglement effects of the polymer 

molecules are concentrated at tetra-functional entanglement points which represent 
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two participating strands which cannot cross.

The primary component of the entanglement network is the segment of polymer 

tethered between entanglement points.  The concept of an ideal chain held at a certain 

stretch amount is well studied and the entropy spring representation of the following 

form is used to model the contributing force of the polymer chains between 

entanglement points.

(2.1)

In the expression above kB is Boltzmann's constant, T is temperature, r is the segments 

stretched distance, n is the number of monomers of the ideal chain and l is the 

monomer length.  This study uses the Pade approximation to the inverse Langevin 

equation.

(2.2)

As in the original formulation [4], the temporary bonds are present uniformly and 

completely between neighboring entanglement points (Figure 1) at the start of a 

simulation and break according to Transition State Theory. The mechanical response 

of the temporary bonds is linear and serves as the primary component of the initial 

modulus, since the entropy spring contributions are small in the initial unstretched 

regions.  It is important to note that the temporary bond does not align with the vector 

between entanglement points but responds to the component of deformation in the 

strain dimension (εy in the equation below).

(2.3)
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Alternatively, the DCM accounts for all configurations of polymer segments in the 

entanglement network, represented in an averaged way by the polymer density clouds. 

The density cloud represents all possible configurations of an ideal chain tethered at 

ends according to where its terminal entanglement points lie.  The authors proposed 

accurately generating the density clouds using Monte Carlo simulation of ideal chains. 

In our study the density clouds are Gaussian density clouds to ensure that they are 

smooth and well behaved, and can be generated from the following equation.

(2.4)

This expression represents the cumulative probability of finding any one of the 

monomers in the segment at a position in space such that the end points of the segment 

are separated by R and Re1 and Re2 are the distances between the position in space and 

each of the end points.  Ne is the number of monomers in the segment.  In the current 

study, we used the Gaussian form of the end to end probability in three dimensions.

(2.5)

In this expression n is the number of statistical segments and l is the length of a 

statistical segment.  The tabulated density clouds are generated from an integration of 

equation for the probability of finding any segment at a certain location in space, 

which represents the cylindrical symmetry of the density clouds.  Density clouds were 

calculated and tabulated, so that the simulation could evaluate a density cloud through 

a less computational expensive linear interpolation, as was done by the original 

authors [33].
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In the DCM framework, the entanglement network is a series of overlapping density 

clouds in addition to the network of entropy springs.  To be physically consistent, the 

overlapping polymer density should evolve to the uniform bulk density of the 

simulated polymer, which is controlled by the equation of state for the probability 

density.  Two affects make it desirable to modify the original equation of state for the 

density clouds.  Firstly, the coarse-grained nature of the density clouds does not have 

enough detail to accurately resolve a realistic interface at the boundaries of the 

simulation.  Secondly, it is desirable to have an energy landscape for the entanglement 

points such that a conjugate gradients relaxation method will find the global minimum 

in free energy for the entanglement network at each simulation step [33], something 

difficult with the original formulation.  To accommodate these affects the equation of 

state was simplified to the equation below, a form that can be intuitively modified to 

achieve consistent results over several stretching cycles.

 (2.6)

This expression was modified for constants ρm and C.  The constant ρ0 is chosen to be 

the bulk density of the polymer, because the minimum of the normalized free energy 

density is where the entanglement network relaxes to.  The equation of state can be 

interpreted as a rule to force the entanglement points to adjust such that the polymer 

density is uniform throughout the simulation space.  The final parameters were chosen 

so the system maintains the bulk polymer density and the conjugate gradient 

relaxation method produces consistent results over multiple stress cycles.  Along with 

the simplification of the equation of state, we have assumed that fluctuations in the 
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density are constant throughout the simulations and the reported stress is not directly 

affected by the density cloud free energies.

The density cloud simulations use periodic boundary conditions in the uniaxial strain 

dimension.  The lateral dimensions involve a free surface whose thermodynamics are 

governed by the density cloud equation of state.  Periodic conditions in all simulation 

dimensions would be difficult with the density clouds as the numerical discretization 

used to integrate the density clouds needs to be relatively large (~10 Angstroms) and 

thus preserving volume is difficult as each dimension of the simulation cell must be an 

integer multiple of the density cloud discretization length.  With the free surface in the 

lateral dimension the system can continuously adjust to preserve volume.  Simulating 

an interface is also attractive for capturing effects such as the failure of an adhesive 

interface [33].

Two additional simplifications to the DCM are introduced for convenience.  The first 

is that segment breakages are not allowed to occur.  In this work, the full non-linear 

potential is used to represent the entropy spring terms of the free energy, and thus the 

rest positions of entanglement points always settle on positions where no chains are 

fully stretched, or over-stretched representing a non-physical condition.  The second 

omission is that chains are allowed to cross one another without forming an additional 

entanglement point.  The DCM authors chose to detect segment crossing and represent 

it by the addition of an entanglement point.  The simulations reported here would 

differ with this consideration as a modest amount of chain crossings were observed; 

however, this study is limited to systems without loss of entanglement points due to 

slippage out, thus the number of entanglement points is constant.
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Long time simulations are feasible due to the Kinetic Monte Carlo description of the 

entanglement dynamics and temporary bond breakage.  Reptation dynamics are 

accounted for by allowing slippage at entanglement points, where polymer from one 

side of the entanglement point will transfer to the other side of the entanglement point 

which belongs to the same molecule.  Instead of calculating particle trajectories, each 

simulation time step involves relaxing to an overall system minimum free energy. 

This is similar in spirit to traditional Monte Carlo, which has been used to calculate 

network stress [85-87], but in addition captures a sense of real time by defining rates 

of slippage and temporary bond breakage.  The added benefit of simulating real 

dynamics is that failure of the polymer system may be captured more naturally 

compared to pure Monte Carlo methods.

Figure 2:  Schematic diagram of the simulation algorithm.  This KMC/energy 

relaxation scheme handles the dynamics of the system through specified kinetic events 

and at each time step the system is relaxed to its global free energy minimum.
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A simulation consists of repeating the following steps; relax the entanglement network 

to its free energy minimum, simulate Kinetic Monte Carlo events, and finally evolve 

the system the according amount of time from time dependent straining (Figure 2).  It 

is important to note that although this method does handle dynamics, entanglement 

points do not have velocities or momentum at each time step, rather the free energy of 

that configuration is calculated through the entropy spring treatment of polymer 

segments.

The considered simulation events are described using Transition State Theory.

(2.7)

For this equation r is the rate of the kinetic event.  For the temporary bond kinetic 

event, υ is the thermal vibration frequency of the temporary bond taken to be 1012, U is 

the activation energy for breaking the bond taken to be 20 kcal/mol, ΔA is the energy 

stored in the temporary bond, and the simulation temperature is 25C.  These 

parameters are the same used in the studies by Termonia [4-8].  To simplify the 

comparison of the TBM and DCM the studies reported here are limited to systems 

without entanglement slippage.  This simplification may more closely represent 

crosslinked networks with chain length equal to the molecular weight between 

entanglements; however, they will still be referred to as entanglement networks.

The overall stress of the simulation is calculated differently for the TBM and the 
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DCM.  In the TBM conditions are not periodic and the stress is the sum of the strain 

dimension components of the forces of each of the elements involving the fixed 

entanglement points at the top or bottom of the simulation.  The DCM stress must be 

calculated by taking the derivative of the free energy, which can be readily calculated 

at each step.  The numerical method used for calculating this derivative was a five-

point finite difference method.

2.3 Extension to 3D of Temporary Bond Model

The temporary bond model from literature was in 2D.  A fully three-dimensional 

representation of the entanglement network is desired for comparison to the density 

cloud model, as well as for future inclusion of three dimensional microstructure.  In 

the transition to three dimensions, Gaussian statistics for the segments between 

entanglement points should be maintained (i.e. initial stretched distance is that of a 

random coil ).  In order to achieve this and also have a physically accurate 

polymer density, the simple "diamond" connectivity, named such for its equivalence to 

the carbon crystal structure for diamond, cannot be used.

The regular two-dimensional connectivity used in the original study [5-8] is only one 

of the possible configurations of connecting the entanglement points, and its ordered 

nature may not be physically realistic.  Ways of producing entanglement networks 

from more detailed simulations have been conceived using the Primitive Path 

Algorithm (PPA) [50-51]. For this study a simpler method is used. The connectivity of 

the entanglement points are altered in a random fashion using a Reverse Monte Carlo 

algorithm, while preserving the polymer density until the segments between 
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entanglement points are acceptably close to their random coil configuration.

First a three-dimensional network of diamond connectivity is made such that the bulk 

density matches that of the polymer bulk density.  In this configuration the stretched 

distance of the segments between entanglements is roughly half of the random coil 

configuration for MWe equal to 14 statistical segments used for the temporary bond 

simulations (Figure 3).  After this a reverse Monte Carlo algorithm is started that seeks 

a configuration where the segments are closely matched to the random coil 

configuration.  The Monte Carlo move involved is a switching of one segment end 

point with that of another segment (Figure 4).  The Metropolis algorithm is used with 

the artificial internal energy of the network below.

(2.8)

In this equation C is a constant selected so that configuration space is sampled at a fast 

rate, r is the segment stretch distance, n is the number of statistical segments and l is 

the length of the statistical segment.  When using this procedure to generate an initial 

condition for the density cloud model, a second iteration of the reverse Monte Carlo is 

needed after the initial configuration is simulated to find the zero strain condition.  The 

zero strain condition may have some artificial segment alignment if the simulation 

length is different from the initial condition length, and a second iteration of 

connectivity alteration fixes this.  The zero strain condition of the TBM is controlled 

by the temporary bonds and does not require the second iteration.  The segment stretch 

histograms at various stages of this procedure is shown in Figure 2.  The final relaxed 

condition for the density cloud simulation has an average somewhat less than the 
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random coil statistics after the RMC procedure, but the orientation of the segments 

remains uniform.

Figure 3:  Segment stretch histograms for entanglement networks with: diamond 

connectivity; realistic connectivity from the Reverse Monte Carlo; relaxed zero strain 

condition after the second iteration. Vertical line is the value for random coil statistics 

for segments of 34 statistical units.  The final average stretch of the Density Cloud 

simulations is between random coil statistics and diamond connectivity assumption.

When preparing systems involving polymer of a known molecular weight, a second 

reverse Monte Carlo treatment is used.  In this instance, the internal connectivity of 

the entanglement points is important for keeping track of which direction each of the 

polymer chains involved in the entanglement point enter and exit the entanglement 

point.  The Monte Carlo moves involved are; switching the internal connectivity of an 

entanglement point, and switching the marking a segment to be cut, which later will 

resulting in two chain ends (Figure 4).  Both these moves alter the polydispersity of 

the entanglement network and the following equation for the internal energy is used to 

guide the system to monodispersity.
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(2.9)

Using this treatment after the first reverse Monte Carlo treatment will result in an 

entanglement network with the desired molecular weight of polymer chains and the 

segments between entanglement points close to the random coil configuration.  This 

method was used for the reported 3D TBM simulations.  In contrast to the self-

avoiding walk method used in the original TBM publication, this method does not 

concentrate chain ends around regions where a full length chain cannot fit into the 

entanglement network.

Figure 4:  Schematic representation of the RMC moves (from top to bottom): 

entanglement point/crosslink point switch; chain end entanglement strand switch; 

segment neighbor switch; and internal connectivity change.
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2.4 Temporary Bond Model Results

The authors of the temporary bond model [4-8] studied the model while varying many 

conditions including temperature, MWe and MW.  Here we are taking a single 

condition from their first publication as the system for extension to the three-

dimensions.  The system is polyethylene with molecular weight of 9500 and without 

slippage.  A constant rate of elongation of 5 min-1 was used, whereas the authors use 

the same value for a constant rate of strain.  All other simulation parameters are taken 

from the original publication [4], representing a mapping to molten polyethylene, 

including MWe=14 statistical segments and density of 0.96 g/cm3 or 4.13 statistical 

segments/l_Khun
3.

Figure 5:  Comparison of the stress response of the 2D TBM with the 3D TBM with 

realistic connectivity and as density cloud simulation of an analogous system. 

Differences in the 2D and 3D TBM are strictly related to the changes in initial 

configuration due to the realistic connectivity.
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As seen in Figure 5, the stress response is largely intact from the translation to three 

dimensions and using the Reverse Monte Carlo algorithm.  The difference for the 

realistic connectivity is understandable considering starting conditions contain all 

possible starting orientations of segment vectors rather than the limited orientations 

from the diamond-connectivity network.  For example, the upturn at high strain due to 

the finite extensibility is sharper due to shorter paths of elastically active chains 

bridging the neck of broken temporary bonds, accomplished by containing some 

oriented segments.  All expected regions of the stress response are present, and thus 

their molecular interpretations remain unchanged from when originally published.

Figure 6:  Visual representations of the 2D and 3D TBM highlighting the regions with 

existing temporary bonds to show consistencies between their morphological 

characteristics.  Large regions of cooperatively broken temporary bonds represent 

necks which grow as the sample is stretched further.
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An important success of the TBM is its ability to predict the evolution of morphology 

of the polymer sample [6].  The cooperative nature of the temporary bond breakage 

leads to heterogeneous regions of broken or still existing temporary bonds.   The 

predicted morphologies of the two dimensional and three dimensional TBM are in 

good agreement with one another, as can be readily seen in Figure 6.  These 

morphological characteristics are likely determined from the locations of the chain 

ends in the initial condition of the simulation.  Temporary bonds over a segment 

representing a chain end are likely to break first, because they are not reinforced by 

the entropic spring of a polymer segment.

2.5 Density Cloud Model Results

The density cloud model involves discretizing space in order to numerically evaluate 

the free energy due to the overlapping density clouds.  The value of the spatial 

discretization length was studied, and a value was found such that repetitive straining 

of a sample, without dynamic events, resulted in a consistent stress response between 

cycles.  Achieving this also involved modifying the equation for the density cloud free 

energy such that interface effects on the lateral dimensions of the simulation would not 

dominate the relaxed positions of the nodes and the entropy spring contributions to 

entanglement point rest positions were balanced with the density cloud contribution. 

This involved a manual tuning of the minimum of the normalized free energy to a 

shallower profile, compared to the value used by the model authors.  Our studies use 

ρ0=0.90 g/mL or 4.54 statistical segments/lKhun
3 to represent polypropylene, as the 

original density cloud authors used. ρm was set to 3.0 statistical segments/lKhun
3 and C 
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was set to 0.003kBT.  These values represent an alteration to the original density cloud 

free energy expression of roughly scaling down by two orders of magnitude.  The 

value for spatial discretization that was 1*lKhun or 12.0 Angstroms for the model 

system of polypropylene and Ne=34 uniformly throughout the density cloud 

simulation.  For illustration purposes, visualizations of a relaxed system with 

discretization lengths of 1*lKhun and 3*lKhun is shown in Figure 7.  For comparison to 

the TBM, the parameters of ρ0=4.13 statistical segments/lKhun
3, ρm=2.75 statistical 

segments/lKhun
3,  and C=0.01 kBT  were selected.

The discretization length of 1*lKhun was selected as the maximum special discretization 

to accurately capture the density cloud behavior for the polypropylene system.  This 

can be illustrated by observing the force an entanglement point feels with respect to it 

position in an entanglement network of diamond connectivity (Figure 8).  It is 

important to ensure that the deviation from the finer results is not due to resolution of 

the density clouds and only to the discretization of the integration of the equation of 

state.  To ensure this the 3*lKhun discretization employed a nine point weighted 

averaging technique when calculating the contribution of a density cloud to a given 

volumetric unit.  In the finer systems the contribution of a density cloud was 

calculated via the probability density at the center of each volumetric unit.  Thus, the 1 

and 3 lKhun have the same density cloud resolution, while the discretization for free 

energy integration are different.  Slight low amplitude periodicity in the force profile 

for 1*lKhun spacing is due to entanglement point moving in and out of the sampling 

locations, and is small enough to be ignored.  For the 3*lKhun system without the nine 

point averaging technique, this periodic effect dominates the force profile. 

Additionally, using the original equation of state for the density clouds would result in 
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a roughly two orders of magnitude increase in the density cloud contribution for that 

shown in Figure 9.  For the comparison to the TBM the discretization needed to be 

scaled down to 0.4*lKhun to represent segments of 14 statistical segments as apposed to 

34.

Figure 7:  Orthographic projections of relaxed entanglement networks (34 statistical 

segments) with actual spatial discretization superimposed (spatial discretization 

lengths, top: 3.0*lKhun, bottom: 1.0*lKhun.  Spatial discretization of 1.0*lKhun was needed 

to produce consistent results over multiple stretching cycles.
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Figure 8:  Local force profiles of a single entanglement point in a network of diamond 

connectivity.  Three different spatial discretizations are shown, with the middle 

precision being the one selected for use (spacing=1.0*lKhun).

Much can be said about the behavior of the density cloud from observation of their 

shape and individual entanglement point energy landscapes.  The density clouds have 

the highest concentration of density at their fixed points of entanglement.  The size of 

this peak decreases as the stretch of the polymer segment increases.  In this manner the 

density clouds seem to adopt a configuration of entanglement point proximity such 

that no peaks are overlapping with one another.  In the force profiles (Figure 8) the 

maximum associated with a high density cloud contribution is due to the entanglement 

point moving to a point of closest proximity to two neighboring entanglement points 

in the diamond connectivity entanglement network.
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Figure 9:  Histogram of the density of the volumetric discretized space superimposed 

on the modified equation of state for the overlapping density clouds.

As shown in Figure 9, the density clouds evolve the bulk density specified by the 

minimum in the normalized free energy expression for the density cloud equation of 

state.  The average density, calculated by a weight average, stays virtually constant 

throughout the strain simulation.  It varies by less than 5% over a strain range of 0 to 

1.5, due to the growth of volume of the interfacial region.

In order to report the tensile stress of a sample, the simulation was allowed to undergo 

repetitive stress cycles from strains between -0.5 and 3.5 for five cycles.  Typically 

after a small fraction of a single cycle the system settled into a stress response that was 

matched in subsequent cycles.  Simulations using the original expression for the 

density cloud free energy exhibited hysteresis and a large amount of numerical noise 

suggestive of entanglement points being trapped in the non-global energy minimum 
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arrangements.

The density clouds serve to hold the entanglement network at its correct bulk density 

while allowing free relaxation of the entanglement points in all dimensions.  The result 

of this is that the entanglement network stress (1/A0*dAes/dl) is close to that of the 

affine network theory (Figure 7), and not to that of semi-crystalline polymer.  This 

suggests that the density clouds could serve as a framework of incorporated explicit 

crystallinity into an entanglement network to produce the semicrystalline response.  In 

Figure 10, the density cloud result is compared to a result where all degrees of 

freedom of the entanglement points are fixed to their affine position and the lateral 

affine case.  Each of these systems share the same starting point of the zero-strain 

density cloud entanglement network.  Plotting the reduced stress of the affine network 

theory will produce a flat line and deviation from this in the affine simulation is due to 

the non-linear potential of the entropy springs.  When modeled as linear springs the 

flat affine result is reproduced (not shown).  The reduced stress of the density cloud 

simulation is of slightly lower value than the affine and lateral affine case because of 

the additional degrees of freedom to allow slightly non-affine deformation to occur.
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Figure 10:  Reduced stress result for the density cloud simulation compared to the 

affine result and lateral affine result.  Also shown is a density cloud simulation with 

non-affine tethering to and affine background and the fit to the Non-Affine Slip-Tube 

Theory.

Also shown in Figure 10 is a density cloud simulation with the addition of non-affine 

tethering to the affine background.  Universal behavior of polymer networks have 

been shown to be modeled well by the Non-Affine Slip-Tube theory [60], and with 

that addition of the same non-affine tethering and entanglement slippage, behavior 

close to the universal behavior is captured.  Carefully gauging the non-affine tethering, 

slippage and density cloud interactions is the topic of a later chapter.  Non-affine 

tethering parameters are m0=1, and the non-affine tethering are randomly displaced by 

an amount representative of the average random coil stretch distance of a 34 segment 

polymer.  This random displacement leads to further stretching of the entanglement 

network strands and thus the higher reduced stress values.
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The stress response of a system with 14 statistical segments between entanglement 

points and chain ends for the desired MW, analogous to that studied with the 

temporary bond model, is reported earlier in Figure 5.  The chain ends in the density 

cloud simulation are modeled as an additional node for relaxation, but only affect one 

segment density cloud.  The resulting stress calculated from the entropy spring 

contributions is suggestive of a polymer network response.

Figure 11:  Free energy and reduced stress profiles for four density cloud simulations, 

with four different orders of magnitude for the equation of state constant C.  The 

lowest in of the free energy profile is for the case with parameters reported in the text. 

The other three use each of the configurations from the base case and the energy 

relaxation is carried out again with the new equation of state with one order of 

magnitude greater value for C.
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In order for the conjugate gradients relaxation scheme to find a global minimum at 

each simulation steps the simplified potential was introduced.  The steepness of the 

normalized free energy curve at the minimum was roughly two orders of magnitude 

smaller than that of the function used by the original authors.  This was a condition 

that led to reproducible stress response over several cycles; however, it is important to 

check that no other effects were lost in this large change.  The density clouds have 

inherent behavior in common with non-affine network theories, which will be 

discussed in a later chapter, and it may be possible that certain types of interactions are 

affected differently by the simplified potential.  To investigate this, the configurations 

at each step in the simulation was treated to another energy relaxation procedure with 

a different equation of state for the density clouds.  Since these starting configuration 

are expected to be global minima, they should be a good starting point to see if any 

lost physics resurface.  Using each configuration from the previously performed 

density cloud simulation assures that the artificial hysteresis from trapping in local 

energy minima does not occur.  Figure 11 shows that no new physics are recovered 

from this process.  The three orders of magnitude scaling factor of the simplified 

potential do have an affect of increasing the overall free energy of the system, the 

alteration is in such a fashion that the resulting stress, calculated from the derivative of 

the free energy, is unchanged.  The larger free energy is a result of the packing of the 

density clouds being even more rigid with respect to the entropy spring terms that 

some additional local stretching occurs even though the overall density does not 

change.

Although a polymer chain made of several density clouds does have some 
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resemblance to a non-affine tube, the density clouds themselves still represent an ideal 

chain and are not generated in the presence of an external confining potential.  One 

could speculate that: if the density clouds were generated with this in mind their shape 

would be different and may influence non-affine behavior.

2.6 Summary

The TBM was extended to three dimensions with characteristic stress response and 

morphologies of deformation intact.  This involved introducing a RMC algorithm to 

generate a realistic initial condition for the entanglement network, and also allows for 

the direct comparison to the DCM.

By modifying the density cloud equation of state the DCM a consistent stress response 

from repetitive straining was recovered.  This method has been shown to intrinsically 

handle excluded volume interactions of polymer segments between entanglement 

points, an improvement to the lateral affine assumption of the TBM.  Furthermore, the 

DCM produces a soft rubbery stress response in contrast to the more rigid response 

from the original study of an adhesive interface.  A study was conducted to confirm 

that a loss of some physics of the model was not a direct result of the modified density 

cloud equation of state.

The density cloud simulations involve an interface which was well behaved, but not 

characterized specifically.  The level of coarse-graining makes constructing a first 

principles treatment of interfacial energies difficult; however, the density cloud 

equation of state may be tailored to a specific energy and this topic should be studied 
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further.

Elements may be added to a coarse-grained entanglement network to construct diverse 

behaviors, such as the temporary bond to recover a semi-crystalline stress response. 

Additionally, the level of coarse-graining of these models makes them promising to 

simulate long time and large length scale systems experiencing reptative dynamics. 

There are numerous complex systems that can be addressed in this framework, 

providing molecular level insight.
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CHAPTER 3

HETEROGENEOUS MICROSTRUCTURE SIMULATION

3.1 Introduction

A key advantage to polymer simulation techniques is that they provide a 

straightforward way to introduce explicit phases into the system, and addressing 

complex systems is the motivation of many coarse-grained simulation techniques.  In 

light of the DCM and lateral affine simulations producing a soft rubbery stress 

response (see Chapter 2), simulating a system with explicit rigid domains will serve as 

an additional system which will probe the behavior of the models in a new way.

A common method to achieve desired mechanical properties of polymer systems is 

combine different materials or other polymers with the system of interest.  Polymer 

network nanocomposites are one such system that achieves desired mechanical 

improvements by the formation of clusters of rigid nanoparticles within a soft polymer 

matrix [125-126].  Such systems will be convenient for the desired coarse-grained 

simulation study because of the soft polymer matrix and cluster size scales feasible for 

entanglement network simulation.

One key application of nanocomposite polymer networks has been the addition of 

fillers, especially carbon black and silica, to rubber tires to enhance various properties, 

such as wet skid resistance, rolling resistance, and wear resistance [127].  Early studies 

in the 1960's were classified by Payne, who explained the non-linear viscoelastic 

behavior of carbon-black-filled rubber [128-130], by attributing the significant drop in 
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the storage modulus G' and the appearance of a maximum in the loss modulus G'' to 

the breaking and reforming of aggregates of filler particles.

With the growth of nanoscale fabrication techniques, polymer composite research has 

expanded and aims to achieve properties unattainable by conventional fillers [131]. 

Current research includes systems such as silica/PDMS nanocomposites [125-126], 

alumina/PMMA [132], and polyhedral oligomeric silsesquioxane (POSS)/PDMS 

[133].  Additionally, theoretical and simulation studies of nanocomposites have 

received much interest.  These include theoretical studies of the hydrodynamic 

reinforcement [134], phase separation [135], and scattering patterns [136] of 

nanocomposite systems.  Simulation studies using molecular dynamics [137-140] and 

Monte Carlo [131], have provided valuable insight to the development of model 

nanocomposites.

The following study aims to demonstrate the advantages of the DCM over an affine 

deformation assumption, and the nanocomposite topologies are not formulated from a 

first principles approach.  The random formation of the network topologies bare 

similarities of the in situ formation of silica PDMS nanocomposites and reinforcement 

due to rigid domain loading will be studied.

3.2 Simulation Results

To test the models with a non-affine deformation, a spatially heterogeneous system 

was modeled.  Such a system should highlight the ability of the DCM to allow for 

entanglement relaxation on all degrees of freedom, and to accurately account for 

56



excluded volume interactions intrinsically through the individual simulation units.

To mimic in-situ generated silica nanocomposites, it is desired to generate 

entanglement networks with isolated rigid domains of tens of nanometers in diameter, 

representing small clusters of silica nanoparticles [125-126].  Under some conditions 

these domains will be chemically grafted to the surrounding network.  To create such 

an entanglement network, rigid domains are superimposed on an entanglement 

network of zero strain from a Density Cloud simulation.  To accomplish this, 

permanent bonds are added to segments which lie within the volume designated for a 

rigid domain.  The centers of the rigid domains are not allowed to be within the 

diameter of the domains plus a small extra distance to ensure that no domains overlap. 

They are also required to be in the interior of the entanglement network.

For the reported experiments the diameter of the rigid domains is 10*lKhun or roughly 

10nm with an extra excluded distance of 0.2nm.  Once an acceptable center is found 

for a rigid domain, all segments whose center point lies within the specified radius of 

the domain have a permanent bond activated, which behaves as a temporary bond but 

does not break.  Activating these bonds does not ensure that all segments included in 

this domain are connected directly via permanent bonds.  To correct this, additional 

segments with a permanent bond only are added as necessary to achieve a 

continuously connected rigid domain.  The procedure for adding these additional 

bonds is as follows.  If the next segment to be added to the rigid domain is not directly 

attached to any segment already in the rigid domain through an entanglement point, 

then a permanent bond is added between it and another segment already in the rigid 

domain.  These added bonds will increase the modulus of these domains.  The 
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modulus of these permanent bonds is set to a value such that the completely bonded 

entanglement network will produce an overall modulus of 1.6GPa, and with the 

additional bonds the modulus of the rigid domains will be larger than this by a small 

amount.  This value for the permanent bonds was selected to be several orders of 

magnitude greater than the modulus of the underlying entanglement network, to 

ensure the domains are rigid.

Figure 12:  Visualization of a starting relaxed condition for an entanglement network 

with rigid domains of permanent bonds, with diameter 10nm.  Temporary bonds are 

active in darkened segments.  This sample dimensions are roughly 40nm per side and 

has 3500 entanglement points, the size used in all rigid domain simulations.

Formation of the rigid domains in this fashion does not alter the entanglement 

connectivity of the underlying network, and the domains are fully grafted to the soft 

matrix.  A visualization of a starting entanglement network with rigid domains is 

shown in Figure 12.
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This spatially non-homogeneous system was selected to highlight the advantages of 

having an intrinsic treatment of excluded volume, as in the DCM.  The rigid domains 

should not deform throughout a strain experiment and all deformation will be 

concentrated in the entangled matrix and is no longer macroscopically affine in nature. 

Simulations using the lateral affine assumption will capture the rigid nature of the 

domains in the strain dimension but will not conserve the volume of the rigid domain. 

Additionally, domains will not have freedom to migrate laterally due to the lateral 

affine assumption, an effect that may be relevant at high particle loadings.  The DCM 

framework handles these considerations intrinsically.

Figure 13:  Reduced stress of rigid domain composites using the lateral affine 

assumption without density clouds.  Results from entanglement networks without rigid 

domains and with four varying volume fractions of rigid domains are shown.  High 

strain values can be easily achieved relative to the computationally expensive density 

cloud integration.
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Figure 14:  Reduced stress of rigid domain composites.  The symbols represent 

simulations with density clouds for various rigid domain loadings.  The lines represent 

data for 0%, 3% and 6% loading from the simulations without density clouds.

Lateral affine and DCM simulations are reported in Figures 13 and 14, respectively. 

For simplicity slippage and chain ends are not simulated to help isolate the comparison 

of the two models.  In both cases the deformation is concentrated in the soft matrix as 

is evident by visualizing the simulations as well as by the reinforced modulus being of 

the order of magnitude of the non-reinforced system and not that of the rigid domain 

modulus.

In the case of no rigid domain placement, the system is behaving as a polymer 

network with molecular weight between crosslinks equal to the molecular weight 

between entanglements.  This is because slippage is not modeled and the entanglement 

points are effectively crosslink points.  This leads to a non-linear upturn at an earlier 
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strain than most experimental networks or nanocomposites.

Figure 15:  Effect of rigid domains on initial modulus in entanglement network 

simulations with and without density clouds.  Plotted is the average reinforcement 

over a small range of low strain (~0.16-0.7).  Both experience concentration of 

deformation in the soft matrix as the reduced stress is of the order of the soft matrix. 

The linear reinforcement from the density cloud simulations is suggestive of isolated 

particles.

The degree of reinforcement at low strain for the two models is summarized in Figure 

15.  The proportionality of the reinforcement and volume fraction of rigid domains 

suggests the rigid domains are behaving independently of one another.  As noticed 

from the reduced stress curves, the DCM generally produces smaller stress values than 

the lateral affine assumption due to retaining all three dimensional degrees of freedom 

of the entanglement points.  By comparing the relative reinforcements of the two 

methods the models predict the same trend of reinforcement.  The trend suggests the 
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factor of reinforcement is equal to the fraction of rigid domains, i.e. a volume fraction 

of 20% rigid domains produces a 20% increase in modulus, an effect of isolated 

reinforcement of the rigid domains.  At higher loadings or higher strains the rigid 

domains interact in a more complex way.

Figure 16:  The elongation when reduced stress equals 0.45MPa, of the heterogeneous 

systems compared to the volume fraction of rigid domains.

The final strain from the lateral affine simulations is reported in Figure 16.  The 

simulated stress turns upward rapidly near the final strain, as some chains approach 

fully stretched.  The value of elongation is reported when the reduced stress reached 

0.45MPa.  At this value the all reduced stress plots have a very high slope and will be 

a good measure of when the entanglement network will ultimately fail.  The final 

elongations for the systems with rigid domain loading of ~5%-10% are very similar 

due to a finite size effect.  This is attributed to the same path of polymer segments 

becoming fully stretched leading to the stress upturn, as the higher domain loading 
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contain domains at the same positions of those in lower domain loadings.  This could 

be addressed by much larger system size or an ensemble of rigid domain simulations 

with the use of considerable additional computation effort.

3.3 Summary

Entanglement network simulations of polymer network nanocomposites are achieved 

through the use of regions of permanent bonds of high force constant between 

entanglement points.  Separate simulations involving the DCM or lateral affine 

assumption are used to report the reinforcement of mechanical properties based on the 

rigid domain loading of the nanocomposites.  The rigid domains are shown to act 

independently at low strains before having multi-domain affects as is evident from the 

trend of final elongation to rigid domain loading.

The nanocomposite system highlights the intrinsic excluded volume interactions of the 

DCM, yet in extension, reinforcement effects are very similar between the DCM and 

lateral affine simulations.  This study serves to demonstrate the potential of 

entanglement network models to simulate complex systems such as nanocomposites.
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CHAPTER 4

POLYMER NETWORK SIMULATION

4.1 Introduction

Polymer networks have been a good system for developing theoretical ideas alongside 

experiments and simulations.  In fact, many commonly accepted ideas in polymer 

physics, such as tube theories for polymers, were being developed with networks in 

mind.

The polymer network system is suitable to the entanglement network framework 

because of the elastic nature of the system, while being theoretically described by the 

tube picture of a polymer.  The simulation protocol of energy minimization at each 

timestep fits well into an elastic polymer system, where momentum effects of the 

polymer units are ignored.  Such is the case with the semi-crystalline systems of the 

TBM and DCM and here is applied to polymer networks.  In this framework the 

dynamics of the system are described solely by the kinetics of slippage and/or 

temporary bond breakage, where applicable.

Furthermore, simulations of polymer networks analogous to the physical picture from 

network theories can lead to further insight into such models.  This serves as the 

motivation to apply network theory ideas to the entanglement network framework.

Network theories are based on the idea of tethering a effective chain to a background 

that is deforming uniformly according to the macroscopic deformation of interest. 
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This allows the system to maintain its macroscopic shape without the explicit 

inclusion of excluded volume interactions.  Secondly, the network theories are 

developed from the single chain picture and the network connectivity is accounted for 

through an end-to-end correlation function, thus forgoing an explicit representation of 

the connectivity of network strands.

These two fundamentals of network theories may be responsible for the lack of 

application of these theories to complex systems, such as nanocomposite networks, or 

bimodal networks.  Likely, either of these ideas could be conceptually laid out in a 

straightforward manner, but may not have convenient mathematical representations.

A simulation analogue to these theories could handle the added complexity, as they 

would fundamentally rely on an explicit representation of connectivity of the network 

as apposed to ensemble average of effective chains.  Similarly, the macroscopically 

deforming background can be abandoned to accommodate heterogeneous deformation 

which would be expected in heterogeneous systems.

4.2 Simulation Model

The TBM and DCM are already laid out in the tube-model representation of a 

polymer.  In fact, the simulation unit of interest is the segment of polymer representing 

the molecular weight between entanglements.  Polymer networks reported here are 

represented in a similar fashion with two slight modifications.  Firstly, no chain ends 

will be represented as a perfect polymer network is a single molecule with no dangling 

ends.  Secondly, some entanglement points will represent crosslinks, which will be 
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identical in their treatment except they will not be allowed to have slippage occur 

through them.

Keeping these considerations in mind, the previous method of entanglement network 

generation can be identically applied to the formation of the polymer network.  The 

molecular weight altering RMC scheme can be slightly modified to allow for the 

specification of the crosslink strand molecular weight, as would be controlled in a 

physical network formed through an end-crosslinking reaction.

Figure 17:  Schematic representation of the similarities of the DCM (left) and the NAT 

model (right).  Two entanglement segments are shown for orientation along different 

axes where macroscopic deformation is extended along the vertical dimension.  Notice 

the apparent similarities in the effect of orientation on tube diameter of the two 

models.
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There are some apparent similarities in the model construction of the DCM and the 

Non-Affine Tube (NAT) model for polymer networks (Figure 17).  The NAT model 

accounts for intersegment interactions by placing virtual chains regularly along the 

network polymer chain.  The non-affine behavior of these tethering chains enters into 

the model solution by modifying the number of segments along the principle axes 

according to the macroscopic deformation, according to the following equation.

(4.1)

where  is the number of segments of the virtual chain in a principle direction (α), 

 is the starting number of segments, and  is the elongation in the principle 

dimension.  Figure 17 shows a rendition of the density clouds capturing a similar 

behavior to the tethering virtual chains.  In both cases the axes of high deformation 

have extended segments and narrower confining tubes when compared to an axis of 

compression.

In addition to these possible similarities, the theoretical concepts themselves from 

polymer network theories can be added to a simulation.  In fact, modifications to these 

proven concepts can be introduced without the worry of escaping a convenient 

mathematical form.  Figure 18 illustrates this idea by comparing variations of the 

theoretical slip-tube from the Non-Affine Slip-Tube (NAST) theory [60] to slight 

variations used in this study.
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Figure 18:  Conceptual representations of (counterclockwise from top right): 

entanglement from the NAST theory showing the slip ring attached to a virtual chain 

attached to the elastic background; virtual chain tethering added to a tetra-functional 

slip-link; decoupling of the tetra-functional slip link into two entanglement points each 

with a tethering virtual chain; the entanglement bond.

Since a tetra-functional slip-link is the fundamental unit of the entanglement network 

simulations, the most convenient way to introduce the non-affine behavior is by 

tethering the slip-ring to an affinely deforming background via a virtual chain. 

Additionally the entanglement points can be decoupled into two separate bi-functional 

entanglement points.  This is technically the type of slip-link used in the NAST theory. 

A final representation in figure 18 is an entanglement bond.  This concept is 

introduced as a way to introduce non-affine affects to the entanglement network 

without relying on a macroscopically deforming background.
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4.3 Formation of Gaussian Entanglement Strands

Unique to the NAT and NAST theories is that the virtual chain tethers the 

entanglement points in such a way as to preserve the Gaussian nature of the segments 

between entanglements [60].  To accomplish this in the analogous simulations the 

following procedure is used.  Starting from an entanglement network with specified 

molecular weight between crosslinks, all entanglement points are decoupled.  The 

crosslinks maintain their positions in simulation space, but the entanglement points 

positions are disregarded and generated by simulating an ideal chain of entanglement 

points between the crosslinks.  Firstly a zig-zag arrangement of the entanglement 

points is generated between the crosslinks such that the length of all segments between 

entanglement points is exactly the Gaussian average for the number of monomers it 

represents.  It is believed that this is what the NAT author's meant from their 

explanation of the model.  This is followed by random rotation moves of the 

entanglement points with respect to their neighbors, conserving the distances between 

the neighbors, a move typically used in Monte Carlo equilibration of chain systems. 

Enough of these moves are done for the system to represent a random flight of an ideal 

chain.  The final step is to assign the virtual tether to each entanglement point in the 

exact location as to balance the forces of the two segments representing the polymer 

chain, and ensuring the initial condition is already at a free energy minimum with 

respect to the entropy springs.
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Figure 19:  A single network strand highlighted in an initial configuration of an 

entanglement network representing a polymer network with Gaussian entanglement 

strands.  In this diagram entanglement points and crosslink points are tethered to the 

elastic background.  The virtual and real chains form a comb polymer, analogous to 

the effective strand of the NAT and NAST theories.

As seen in Figure 19, a large number of crosslink strands can be easily generated 

while conserving the network connectivity.  In this fashion the simulation maintains 

the macroscopic shape of the polymer system rather than using an end-to-end 

correlation function from a single effective chain model.

Other initial conditions used in this study are slight variations to the one described 

above.  A system generated by decoupling the entanglement points as above but 

keeping them at their initial locations, is used in the molecular weight study.  Staying 
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at their initial location ensures that the starting condition of the entanglement network 

is uniform no matter which, or what fraction of entanglement points are converted to 

crosslinks.  This is how networks of varying molecular weights between crosslinks can 

be generated and have very close to the same zero strain condition.  Finally, in the 

study involving entanglement bonds, rather than completely decoupling the tetra-

functional entanglements they are instead tethered to each other by an entanglement 

bond.  The resulting rest position after this alteration will differ from before and the 

RMC condition before this treatment targets artificially stretched segments to 

compensate for the initial relaxation associated with the entanglement bond loading.

4.4 Effect of Slippage

The effect of slippage was not considered in the earlier study of comparison of the 

TBM and DCM; however, slippage was included in the original models, and its effect 

will be important here for reproducing realistic network behavior.  Slippage accounts 

for the additional degrees of freedom when considering an entanglement point can 

move along either of the participating chains, or in the case of the NAST theories, the 

participating chain and the virtual tethering chain.  Slippage in the TBM and DCM 

was modeled kinetically and was affected greatly by whether a yield point had been 

reached in the stress response.  In the network theories, slippage is not a kinetic event 

but an additional degree of freedom leading to new configurations of the affective 

chain, all of which are considered in deriving the final stress.   The simulations here 

are of the latter type, accomplished by giving the entanglement points an artificially 

high rate of slippage such that the minimum free energy configuration is achieved at 

each step with respect to entanglement slippage.
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Figure 20:  Reduced stress response of simulated polymer networks, with and without 

slippage.  The networks represent an initial condition with crosslinks and 

entanglement points embedded in the elastic background throughout the simulation, to 

help highlight the affects of entanglement slippage.  Upturns at high extension and 

compression are due to the fully non-linear representation of the entropy spring 

contributions of the polymer segments.

The affect of slippage is highlighted in Figure 20 where tetra-functional entanglement 

points are allowed to slip.  The other degrees of freedom are removed and no excluded 

volume effects, density clouds or Lennard-Jones, are active.  The system used the full 

non-linear representation of the entropy spring forces which leads to the stress upturn 

at high extension and compression.  With the slippage events allowing to occur the 

upturns are delayed, by monomers from outstretched dimensions pass through 

entanglement points to segments that are more stretched.  This effect under high 

extension is more pronounced because in this region the two non-strain principle 

72



dimensions are under compression and are giving monomers to the segments oriented 

with the one dimension aligned with the strain.  This interpretation is consistent with 

the network theories [60].

The system simulated in Figure 20 is has simulation parameters analogous to the 

system used for the DCM study, including Ne equal to 34 statistical segments and ρ0 

of 0.90 g/mL or 4.54 statistical segments/lKhun
3.

It is important to note that there is a fundamental difference between considering all 

configurations as the network theories in contrast to just the minimum free energy 

configuration from this simulation methodology.  The operating assumption is that the 

minimum energy configuration considered at each point in the simulation, which 

represents fixing entanglement and crosslinks in space, is such a degenerate 

configuration that is will dominate the statistics of all other configurations.  This 

assumption seems reasonable as several monomer units are between each fixed point; 

however, some considerations of the theories will be restricted.  For example, applying 

entanglement effect to each monomer is not possible in simulation, but possible with 

the NAT theory [141][60].

4.5 Molecular Weight Study Using Decoupled Tethering Entanglement Points

The network simulation will be fit the the functional form of the NAT and NAST 

theories and in doing so will have values for the crosslink and entanglement moduli, 

parameters Gc and Ge from the theories.  These parameters serve as a direct measure of 
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independent contributions of the crosslinks and entanglement points respectively and 

observing these contributions independently is the goal of the molecular weight study. 

The molecular weight between crosslinks is directly correlated to the concentration of 

crosslinks.  The concentration of crosslinks plus entanglement points is constant, by 

requiring a consistent bulk density and the molecular weight between entanglements is 

assumed to be independent of the crosslink molecular weight.

Figure 21:  Simulations of polymer networks using decoupled entanglement points 

with non-affine tethering.  Each curve represents a different crosslink strand molecular 

weight from MWe to ~50 MWe from top to bottom on the reduced stress plot.  Each 

simulation is fit to the NAST theory and Gc and Ge are reported in the next figure.

Figure 21 shows a collection of simulations which vary only by which nodes are 

entanglement points and crosslinks, in accordance with the specified molecular weight 

of the crosslinks.  The zero-strain condition is consistent between each molecular 
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weight sample as the decoupling and tethering of the entanglement points is done such 

that the entanglement points start at equilibrium.  The parameter for the non-affine 

tethering chains are mα the number of segments in the tethering virtual strand at zero 

strain is 10, and the number of segments change appropriately.

Figure 22:  The crosslink and entanglement moduli plotted against the fraction of 

entanglements for the molecular weight study.  In the framework of this study both 

moduli are directly proportional the concentration of the element they represent, 

crosslinks or entanglements.

The crosslinks in this study are not tethered to the affine background via virtual 

chains, but are rigidly embedded.  This was chosen in contrast to the treatment in the 

NAT and NAST theories so that the system of entirely crosslinks would not have any 

non-affine effects, purely contributions from the crosslink modulus, Gc.  This effect 

can be seen in Figure 21 and Figure 22.  Under this simulation framework Gc and Ge 

are directly proportional to the concentration of the components that they represent. 

This relation provides a simple insight into how the molecular properties of the 

simulated networks influence the macroscopic stress response.  This result serves as a 
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demonstration of the potential of such a technique and does not address the existence 

of diverse behavior for different networks, in terms of their relation of their bulk 

properties (MWe and ρ) on the network moduli, Gc and Ge.  Such a study would likely 

depend on the careful fitting of the tethering virtual chains as this will also have an 

impact on the reported Ge.  A more careful analogue to the network theories will be 

addressed below.

4.6 Entanglement Bond Model

A main advantage to simulation is the ability to layer complexity in an explicitly into a 

model system.  Many novel techniques exist to enhance polymer network mechanical 

properties, such as nanocomposites, or using model architectures such as bimodal 

networks.  Such systems have not been addressed in theoretical models or with 

atomistic simulations, so the possibility of simulating them in a coarse-grained manor 

could be rewarding.  This is the idea behind the entanglement bond formulation. 

Enhanced network properties will be dependent on adding inhomogeneities and thus 

the deformation can not be assumed to be macroscopically uniform.  The 

entanglement bond formulation can bring the non-affine tube behavior of network 

theories into systems such as nanocomposites.

The entanglement bond will be different from the non-affine virtual tethering in some 

fundamental ways.  Firstly, the entanglement bond should be isotropic so that they can 

freely rotate without introducing new stress.  This is different from the non-affine 

virtual tethering which is anisotropic and assumes an affine deformation throughout 
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the sample space.  Additionally, the entanglement bond should also be independent of 

the macroscopic strain.  In light of these differences a potential for the entanglement 

bond can be fashioned in a consistent mean-field manor to capture some of the 

underlying physics of the non-affine tethering.  The approach, proposed here, to 

evaluating this average is through an entanglement network simulation of tethered 

chains rather than evaluating an integral analytically.

Figure 23:  Plot of the force response of tethering virtual chains from a density cloud 

simulation with non-affine tethering.  Plotted are the force response of the chains from 

all orientations, to represent the scatter of force profiles over which an ensemble 

average must be taken for a simple functional form of the entanglement bond.

Figure 23 shows the superposition of all virtual tethering potentials from all 

orientations and degrees of macroscopic deformations.  Naturally a single expression 
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for all the virtual tethering chains will not be equivalent to the orientation and 

macroscopic strain dependent virtual tethering chains, but a potential representing the 

average of all the points above may go far to capture the behavior.  The data seems to 

be consistent with the idea that as network chains become more stretched, the potential 

softens reducing the overall stress.  This behavior was accounted for by explicitly 

modifying the tethering potentials based on the macroscopic strain, and could be 

handled by the entanglement bond through the network strands being of a lower 

stretch at zero-strain conditions, irrespective of orientation.  Fitting a curve via least 

squares would be approximate to the ensemble average of all possible force profiles of 

a non-affine tethering simulation.

Figure 23 show an artifact from an early implementation of the network formation 

algorithm.  The concentration of collinear data is due to identically oriented segments 

with the strain dimension on the edge of the initial conditions.  This exists because of 

the non-periodic boundary conditions leave dangling ends of the “diamond” lattice 

formulation.  This artifact was later resolved by pairing these dangling ends, resulting 

in completely tetra-functional nodal points, and is described in the Appendix.

Prior to performing the curve-fitting to the non-affine tethering behavior a functional 

form of softening potential was naively chosen.

(4.2)

This equation for the force of the entanglement bond was chosen to have the same 

stiffness at zero extension of the tethering virtual chains and share the expected 
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softening behavior through the incorporation of the logarithmic dependence on bond 

stretch, rather than linear of the Gaussian chain approximation.

Figure 24:  Plot of entanglement network simulations with periodic conditions in all 

dimensions to preserve volume.  The three plots (from highest reduced stress to 

lowest) are with slippage activated but without entanglements converted to 

entanglement bonds; no slippage but entanglements converted to entanglement bonds; 

combination of slippage and entanglements converted to entanglement bonds. 

Entanglement bond function is logarithmic, and parameters from the density cloud 

study with 34 statistical segments between entanglements are used.  Solid lines are 

least-squares fits to the Non-Affine Slip-Tube theory.

The logarithmic potential for the entanglement bond was used to simulate the behavior 

with and without slippage, and reported in Figure 24.  Both slippage and entanglement 
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bond reduce stress from the affine network state, with a constant reduced modulus of 

~0.2MPa.  The affect of slippage on the reduced modulus has a characteristic of a 

uniform trend of higher modulus in towards compression.  This is a reflection of 

uniaxial compression leading to the two, non-strain dimensions to have highly stretch 

chains whereas the remaining one dimension provides compressed chains to feed 

segments to the stretched chains.  The converse is true in extension.

Alternatively, the entanglement bond effect results in a maximum in reduced stress at 

zero strain.  This affect is attributed to zero strain being the configuration where the 

fewest segments are highly stretched.  In compression or extension chains aligned with 

dimensions of extension pull on the entanglement bond function into the softening 

behavior of the logarithmic form resulting in a lowering of the reduced stress.  Finally, 

in the case where both slippage is occurring and entanglements have been converted to 

entanglement bonds, a combination of the effects is scene and the shape of the curve 

resembles a balance of the two effects.

Figure 24 uses a least-squares curve fitting to NAST theory for the cases involving the 

entanglement bond.  The universal behavior of the NAST theory is the ultimate goal of 

the entanglement bond formulation.  NAST is a combination of slippage and non-

affine tethering [60], just as the entanglement bond simulation with slippage combines 

these two affects.  This provides a new interpretation of the NAST behavior as the best 

fit occurs when both slippage and entanglement bonds are present.  This provides a 

possible insight into the Non-Affine Slip-Tube behavior by presenting the two effects 

decoupled from one another.
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In light of this interpretation, a more refined simulation of both NAT and NAST 

theories was conducted to attempt to validate these observations.

4.7 Non-Affine Tube Model and Non-Affine Slip-Tube Model Simulation Analogues

To more closely match the NAT and NAST models, involves using the initial 

condition with decoupled entanglement points, with each entanglement point tethered 

to the affine background (Figure 18).  Using the preparation procedure described 

above tetra-functional entanglement networks have their entanglement points 

decoupled and entanglement point positions randomly generated at the average 

Gaussian stretch distance.

Figure 25:  Simulation analogues of the Non-Affine Tube and Non-Affine Slip-Tube 

network models, and least-squares curve fits to the analytic expressions from the 

models.  Simulations are using the parameters from the DCM study, including 34 

statistical segments between entanglement points, and a crosslink strand molecular 

weight of 340 statistical segments with polydispersity near unity.
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This network is simulated without slippage, as a close analogue to the NAT theory, 

and with slippage for the NAST theory.  The results with their appropriate curve fits 

are shown in Figure 25.  Some deviations between the simulations and network 

theories are observed, while sharing general behavior in common.  The deviation of 

the network simulations at high strains are due to the increased strictness of the 

explicit network connectivity of the crosslink points.  Simulations with crosslink 

points decoupled for each of the four participating network chains show a better 

agreement to the network theories which account for network connectivity through an 

end-to-end correlation function.  Stress upturns at high compression are due to the 

non-linear entropy spring representation which the simulations use as apposed to the 

Gaussian chains of the network theory.  This identical effect would appear at high 

extension if the simulations were allowed to continue.

Figure 26:  Evolution of histograms of number of segments between entanglement 

points for the non-affine network simulation with slippage.  Shown are histograms 

from compression and extension compared to zero strain.
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The affect of slippage does not have as a pronounced affect on the network 

simulations as in the network theories.  Further investigation confirms that slippage is 

indeed occurring, as shown in Figure 26.  Histograms of the number of segments 

between entanglement points change reproducibly from relatively monodisperse at 

low strain to having a broad shape and even concentration of segments with very few 

segments between entanglement points, at conditions of high compression and 

extension.  This is consistent with slippage of non-stretched chains donating segments 

to chains of high extension.

Although the network picture with entanglement points space by the molecular weight 

between entanglements provides an intuitive representation of the network system, the 

NAT and NAST theories treat the entanglements at a much higher density [60].  To be 

consistent with the network theories the number of statistical segments of the tethering 

chains was fixed according to the following expression.

(4.3)

Above, p is the number of segments between entanglement points in the network, and 

mp is the number of segments of the tethering virtual chains and Ne is the entanglement 

molecular weight of the polymer.  In the network theories an assumption of densely 

attached virtual chains is made ( ) which is not convenient from a 

simulation standpoint.  Densely attaching tethering chains greatly reduces the number 

of configurations represented by the minimum free energy conformation with respect 

to all entanglement points, and brings into question the underlying assumption of the 

simulations that the single configuration with respect to the entanglement points 

greatly outweighs other configurations.  Based on this difference, and the treatment of 
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explicit network connectivity in the network simulations, likely contribute to the 

differences observed in their representations of the network reduced stress.

4.8 Summary

Various methods of simulating polymer networks on the entanglement network scale 

have been conducted.  Non-affine tethering affects have been incorporated from 

modern network theories.  An entanglement bond element has been proposed and 

shown to capture the essential physics of NAST theory which is know to have a 

universal stress behavior of polymer networks.  Additionally, analogues to the NAT 

and NAST theory have been simulated showing some agreement between simulation 

and theory.  Differences between the theory and simulation are highlighted in light of 

some obvious discrepancies.

84



APPENDIX 1

A.1 Optimizing Density Cloud Integration

The entanglement relaxation algorithm involves evaluating the force of each 

entanglement due to the overlapping density clouds that participate in the 

entanglement point.  Evaluating this is done using the following expression for all 

spacial unit cells (w index).

(A.1)

Since the derivative of the density clouds with respect to stretch and the polar 

coordinates from the centerline of the polymer segment are tabulated, the following 

expression is used by the simulation and involves a tabulated lookup for each of the 

three terms in the following equation.

(A.2)

The optimizations employed in this study all focus on the reduction of number of 

tabulated lookup when considering the energy minimum location for a single 

entanglement point.  The size of the simulation is such that a single entanglement 

point overlaps with a finite fraction of the overall simulation space.  To reflect this, 

when the force expression is being evaluated, or when a density cloud is being 

subtracted and added back to the simulation due to an entanglement point move, each 

participating segment is considered independently.  The boundaries of a single 

segments (of which entanglement points have four) overlapping density cloud is 

tabulated according to the stretch distance of the segments, and the integral is 

performed over the relevant area centered at the center point of the segment between 

entanglement points.  This optimization allowed for the reported simulations to be 
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feasible with 2.4 GHz Pentium IV Dell workstations.

A.2 Parallelizing Density Cloud Integration

Further optimization was achieved through the parallelization of the density cloud 

integration.  In cooperation with the optimization above, the integration for each 

segment between entanglement points was split between the two processors of the 

workstation to half the simulation time.  This was accomplished using an OpenMP 

parallel “for” loop.

A.3 Generating Initial Diamond Connectivity with Periodic Conditions in One 

Dimension

To study the DCM it is desired to have a system with periodic conditions in the 

straining dimension only.  The starting place of the RMC algorithm is the diamond 

connectivity which includes tetrafunctional nodes, but by imposing a surface in the 

lateral dimensions leads to dangling segments.  To avoid this affecting the molecular 

weight RMC algorithm these dangling ends are pair with one another in the layers 

directly above or below, through the periodic strain dimension.  This leads to a starting 

condition with the segments generated from dangling ends of a higher stretch than the 

other segments, which was always immediately followed by the RMC algorithm to 

achieve random coil statistics for the segments. 
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