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Abstract
In the nonlinear analysis of elastic structures, the displacement increments generated at each incremental step
can be decomposed into two components as the rigid displacements and natural deformations. Based on the
updated Lagrangian (UL) formulation, the geometric stiffness matrix [kg] is derived for a 3D rigid beam element
from the virtual work equation using a rigid displacement field. Further, by treating the three-node triangular
plate element (TPE) as the composition of three rigid beams lying along the three sides, the [kg] matrix for the
TPE can be assembled from those of the rigid beams. The idea for the UL-type incremental-iterative nonlinear
analysis is that if the rigid rotation effects are fully taken into account at each stage of analysis, then the
remaining effects of natural deformations can be treated using the small-deformation linearized theory. The
present approach is featured by the fact that the formulation is simple, the expressions are explicit, and all
member actions are considered in the stiffness matrices. The robustness of the procedure has been demonstrated
in the solution of several problems involving the postbuckling response in previous papers by the author.

1. Introduction
In the past half a century, great advances have been made in nonlinear structural analysis. A partial review of
related previous works can be found in Ref. [1], in which a total of 122 papers up to 2002 were cited. Based on
the updated Lagrangian (UL) formulation, the purpose of this paper is to present a conceptually simple, but
procedurally robust, incremental-iterative approach for the nonlinear analysis of elastic structures, by taking
advantage of the different properties of each phase of the analysis [2,3].

For an incremental-iterative nonlinear analysis, two typical phases can be identified, i.e., the predictor and
corrector phases. The predictor relates to solution of the structural displacement increments for given load
increments based on the incremental structural equation, and the corrector is concerned with recovery of the
force increments from the displacement increments for each element and the updating of the element forces [4].
The predictor affects only the speed of convergence of iteration, which therefore is allowed to be approximate to
the extent that the direction of iteration is not midguided. In contrast, the corrector governs primarily the
accuracy of solution, which should thus be made as accurate as possible. A common understanding is that if the
corrector is not accurate anough, then the unbalanced forces calculated will be incorrect and the iterations
performed to remove the unbalanced forces will be meaningless.

2. Logistics of incremental-iterative scheme
In nonlinear analysis of structures, we are faced with solution of equations of equilibrium of the incremental
form, as given below:

[ ]{ } { }K U P  (1)

where [K] is the tangent stiffness matrix, {ΔU} the displacement increments to be solved, and {ΔP} the load
increments applied on the structure for the current incremental step. As for the incremental-iterative analysis, a
schematic diagram of the mechanism involved is given in Figure 1. The slope ab represents the tangent stiffness
of the structure used in the predictor for computing the displacement increments {ΔU}, given the load increment
{ΔP} = {2P} –{1P}. Clearly, a convergent solution can always be obtained, regardless of whether the stiffness
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matrix (i.e., the slope) is updated or not, as indicated in the figure. In fact, this phase affects only the direction of
iteration or the number of iterations, but not the accuracy of solution.

In Figure 1, the segment cd represents the initial forces existing on each element, de the force increments
generated during the increment, and be the unbalanced forces. Both the updating of initial forces, as represented
by segment de, and the calculation of force increments, as represented by segment be, are part of the corrector
phase. Clearly, the corrector must be accurate enough for the unbalanced forces to be correct. This is the
logistics for performing an efficient incremental-iterative nonlinear analysis.

3. Rigid body rule
The rigid body rule is an important property that should be obeyed at all times in an incremental-iterative
analysis, especially in the predictor and corrector phases. This rule requires that all the initial forces acting on an
element should remain unchanged in magnitude and rotate following the rigid rotation. The result is the
preservation of equilibrium of the element in the rotated position, as illustrated in Figure 2 [5,6].

4. Conventional finite element formulation
Based on the updated Lagrangian (UL) formulation, the virtual work equation for a finite element at C2 but with
reference to C1 can be given in a linearized sense as [6]:

1 2 1
1 1 1 1 1ijkl kl ij ij ij

V V

C e e dV dV R R     (2)

in which the first and second terms denote the strain energy and potential energy, respectively, V = volume, Cijkl
= constitutive coefficients, and 1

ij = Cauchy stresses of the element at C1,  = variation of the quantity
following, and 1eij and 1 ij = linear and nonlinear components of the strain increments with reference to C1,
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(3a,b)

where ui = displacement increments and xi = coordinates of the element at C1. The external virtual works 2
1 R and

1
1 R at C2 and C1, respectively, can be related to the nodal loads  2

1 f and  1
1 f as

     2 2 1 1
1 1 1 1,

T T
R u f R u f   (4)

For a 3D beam element (Figure 3), the virtual work equation in Eq. (2) can be transformed into an incremental
stiffness equation for the element from C1 to C2 as [6]

      2 1
1 1e gk k u f f     (5)

where {u} = displacement increments of the element. The linear stiffness matrix [ke] and geometric stiffness
matrix [kg] can be derived as

     1
1 1 1,T T

ijkl kl ij e ij ij g

V V

U C e e dV u k u V dV u k u                (6a,b)

By assembling Eq. (5) over all elements of a structure, we can obtain the structural equation as given in Eq. (1).
In this study, we shall highlight that by choosing a robust incremental-iterative scheme, the use of the linear

Figure 1: Idea of incremental-iterative analysis Figure 2: Initially stressed 2D beam: (a) before rigid
rotation, (b) after rigid rotation
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stiffness matrix [ke], plus a rigid-body qualified geometric stiffness matrix [kg], is sufficient for solving a wide
range of nonlinear problems.

5. Concept of rigid rotation and rigid beam element
The displacements {u} of each element of a structure in each incremental step can be decomposed into two parts
as the natural deformations {u}n and rigid displacements {u}r. In general, the rigid displacements constitute a
great portion of the incremental displacements of each element (which are initially stressed) of the structure. In
comparison, the magnitude of the natural deformations is relatively small for structures that are represented by a
sufficient number of elements. Such a characteristic can be appreciated from the buckling of the cantilever
shown in Figure 4.

For a rigid displacement field, the axial, twisting, and rotational displacements are constant, and the lateral
displacements are linear, subjected to the constraints for the two ends that make the beam behave as a rigid or
non-deformable body [2,3]. For this case, the strain energy in Eq. (6a) simply vanishes, i.e., 0U  . One can
derive from the potential energy term in Eq. (6b) a geometric stiffness matrix [kg] that is fully compatible with
the rigid body rule. In Refs. [2,3], such a geometric stiffness matrix [kg] has been referred to as the stiffness
matrix for the rigid beam element. One advantage with such an element is that it can be derived in a easy way
and given in explicit form, while all member actions are duly taken into account.

6. Triangular plate element (TPE) for plate and shell analysis
For the three-node triangular plate element (TPE) shown in Figure 5, there are three translational and three
rotational DOFs at each node, thereby making each side of the element compatible with the 12-DOF beam
element derived above. As far as the rigid body behavior of an element is concerned, only the initial forces
acting on the element and the external shape of the element need to be considered. The elastic properties that are
essential to the deformation of the element, such as Young’s modulus, cross-sectional area and moments of

Figure 3: Three-dimensional beam element Figure 4: Rigid rotation and natural deformation

Figure 5: Three-node triangular plate element Figure 6: Forces and moments acting on each element
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inertia, can be totally ignored. Based on such an idea, the rigid behavior of the TPE can be simulated as if it is
composed of three rigid beams lying along the three sides of the element, as shown in Figure 6. It is by this
concept that the geometric stiffness matrix [kg] for the rigid TPE was derived [3], which also appears to be
explicit in form.

7. Stiffness matrices used in the predictor and corrector
As was pointed out previously, the structural stiffness matrix [K] used in the predictor need not be exact and can
be approximate in some sense, but must be accurate enough not to misguide the direction of iteration [7]. Such
a point allows us to be released from the burden of deriving highly nonlinear elements, as conventionally
attempted. It has been demonstrated in Refs. [2,3] that all we need for the predictor of an incremental-iterative
analysis is the linear stiffness matrix [ke], made available from the linear theory, and the geometric stiffness
matrix [kg] derived for the rigid element, for its qualification by the rigid body rule.

The corrector is concerned with recovery of the force increments {f} from the displacement increments {u} for
each element and the updating of element forces at the end of the incremental step. For the case where each
incremental step can be regarded as small, which is the case encountered by most nonlinear analysis, the
element force increments {f} can be computed with a sufficient level of accuracy using only the linear stiffness
matrix [ke], and the initial nodal forces {1f} can be updated using the rigid body rule mentioned above. Clearly,
the amount of computation involved in this phase is greatly reduced compared with the conventional approaches.

8. Concluding remarks
We have demonstrated that the geometric stiffness matrices can be derived for the 3D rigid beam element and
rigid triangular plate element (TPE). It should be noted that in assembling the element stiffness matrices to form
the structural matrix, joint equilibrium conditions should be established in the rotated position, as was described
in Refs. [3,6], to account the effect of nodal moments undergoing rotations. In solving the postbuckling
behaviors of structures using the prediction/corrector concept presented above, along with the rigid element and
rigid body rule, it is essential that a reliable solution scheme be used. The scheme that has been demonstrated to
be quite powerful is the generalized displacement control (GDC) method proposed in Ref. [8]. The applicability
of the present procedure has been demonstrated in the solution of a number of nonlinear problems [2,3].
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Abstract 
The stability of plane shape under bending of elastically plastic finite rigidity tendons having non-symmetrical 
cross section, such as tee and channel profiles provided with vertical and horizontal web is under consideration.. 
The principal resolving equations of the problem are given, obtained on the basis of plastic flow theory with the 
aid energetic stability criterion in the form of Lagrange-Dirihle are presented. The results of investigations being 
made are described. The relationship curves of angle of slope value at separation border from parameter, 
featuring a relative height of elastic core of the cross section are highlighted .The peculiarities during the 
tendons behavior having tee and channel type cross section as compared with tendons having rectangular and I-
section cross section were analyzed as well. 

Problem definition 
When operated the finite rigidity tendons outside elasticity limits along its length and simultaneously with 
elastic portions the regions are developed, covered by plastic deformations. That’s why the potential energy of 
tendon under deformation in the case of its stability loss of plane bending shape will be composed of the energy 
sum at elastic and plastic portions. The potential energy of elastic portions under deformation may be 
determined according to formula: 

                                                       ( ) ( ) ( )[∫ ′′+′+′′=
.

,
2
1 222

упl
zd dxEIGIEIW νθθω ]                                                          (1) 

where , ,  – sectorial torsion and flexural rigidities of tendon’s cross section correspondingly ; ν – 
displacements of cross sections in horizontal plane ; θ – angle of rotation of cross sections. 

ωEI dGI zEI

For plastic portions the expression of potential energy under deformation has the following view: 
(Shymanovskyi and Ogloblya [1]) 

                                                       ( ) ( ) ( )[∫ ′′+′+′′=
.

,
2
1 2*22*

плl
zd dxEIGIEIW νθθω ]                                                          (2) 

where  and  – reduced sectorial and flexural rigidity of the cross section correspondingly. *
ωEI *

zEI

It has been taken into consideration in (2) that in the case of stability loss of plane bending shape some part of 
tendon’s section will be loaded and another part will be unloaded. Therefore, it is necessary to define the 
position of demarcation line at zones of loading and unloading. 

Let’s consider tee cross section of the tendon (fig. 1). In doing so we’ll keep in mind that its dimensions are 
within the limits of relationships in the range of metal rolled stock. 
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In the event of one-way or two-way ductility the position of demarcation lines at zones of loading and unloading 
m - m in cross section may be found with the use of known assumption that during loss of the plane shape of 
strain the displacements of tendon in vertical plane are absent. 

 
Fig. 1. Tee cross section of the tendon 

Assuming for definiteness sake that in the case of one-way ductility the loading takes place in zone , and 
unloading – in zone , can be obtained 

плF ′

плF ′′

                                                                      ( ) ,0=′′′′−′′′′+ νρ yzy

уп

y III                                                                   (3) 

where  and  – moments of inertia of elastic core and unloading zone correspondingly ;  – product 

of inertia at unloading zone ; 

уп
yI yI ′′ плF ′′

yzI ′′

плF ′′ ρ ′′  and ν ′′  – curvatures of the tendon in vertical and horizontal planes 
correspondingly; y and z –main central axes of the tendon’s cross section. 

In the event of two-way ductility and taking into account that loading takes place at zones  and плF ′
плF ′′′′ , and 

unloading – at zones  and , instead of relationship (3) we have: 
плF ′′

плF ′′′

                                                           ( ) 0)( =′′′′′+′′−′′′′′+′′+ νρ yzyzyy
уп
y IIIII .                                                           (4) 

Substitution of meanings conforming to tee section , уп
yI yI ′′ , yzI ′′  for relationship (3) after reduction of similar 

members leads to equationпосле, characterizing the position of demarcation line for tee cross section under one-
way ductility 
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Here the function dectg /1 ϕω = , is introduced, determining the position of demarcation line unambiguously 
along with acceptance of the following designations ; ; , ; , 

. 
eh /11 =η eh /22 =η ehcc /=η e/11 ξζ = e/22 ξζ =

11 ηα −=

After similar substitution of corresponding meanings , уп
yI yI ′′ , yI ′′′ , yzI ′′ , yzI ′′′  for relationship (4) and reduced 

appropriate members we may find the equation, specifying the position of demarcation line for tee cross section 
under two-way ductility 
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. 3 =B

Let’s analyze cross section of the tendon in the form of channel with vertical web (fig. 2), when its dimensions 
are within the limits of relationships in the range of metal rolled stock. In channel-type cross section the finite 
rigidity tendons when operated beyond the elasticity limits also can be realized in two cases of ductility, in 

 2 
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particular in one-way and two-way versions. In the event of one-way ductility it is possible to obtain the 
equation through the use of expression (3), characterizing the position of demarcation line 
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Here the function , is introduced, determining the position of demarcation line in this particular 
case. 

12 / bectgϕω =

 
Fig. 2. Cross section of the tendon using channel with vertical web 

In the event of two-way ductility in channel-type cross section with vertical web we may obtain expression for 
determination of the position of demarcation line with application of equation (4) 
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During consideration of cross section of the tendon using channel with horizontal web (fig. 3), when its 
dimensions are within the limits in range of rolled metal stock it should be noted that here two cases of ductility 
are realized also, in particular in one-way and two0way versions. The equation, specifying the position of 
demarcation line in the case of one-way ductility can be obtained with the aid of expression (3) 
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Here the function hectg /3 ϕω =
ed /=

, is introduced, which defines the position of demarcation line for a given case. 
In this event dη . 

 
Fig. 3. Cross section of the tendon using channel with horizontal web 

In the event of two-way ductility in channel-type cross section with horizontal web we may obtain equation for 
determination of the position of demarcation line in zones of loading and unloading, so m – m, may be regarded 
as 
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If to consider relationships (5) and (6) it can be tolerated that 1he = , in (7) and (8) – that , and in (9) and 
(10) – that , then we come to the case of the stability loss in plane shape during bending of elastic and 
plastic beams. In such cases the function 

he =

1be =
ω (ζ), is under analysis, when parameter ζ defines a relative height of 

elastic core part in cross section of the beam, located between neutral axis and plastic region. The similar 
problem was reviewed in details for rectangular cross section for the first time by L. Kachanov (Каchanov [2]). 
In such a manner, the problem regarding the stability loss of plane shape during bending of elastically plastic 
beams may be considered as a specific case of the problem under review, namely the stability loss of plane 
shape during bending of elastically plastic finite rigidity tendons. 

The numerical results 
In the process of consideration of tee beam behavior outside elasticity limits under stability loss of plane shape 
during bending it is possible to notice that function ω, relationship curve, describing value of slope of 
demarcation line as regards a relative height of elastic core part ζ in the case of one-way ductility in the web (in 
pure bending the ductility zone appears in the web only) approaches to parabolic form. This form of curve 
preserves up to the moment when distinction line passes across the lower horizontal edge of the web. In the case 
its slope is increased to the point where it begins to cross the lateral vertical edge of the web, so the curve may 
be changed into hyperbolic form. In this situation the slope of demarcation line is increased in ten times faster. 
Thereafter two-way ductility of the cross section will take place and an increase of the slope becomes even more 
evident. 
The graph of function ω, relationship, which defines value of slope of demarcation line depending on parameter 
ζ in beams having cross section made of channel with vertical web has the form, peculiar to rectangular cross 
section. The only distinction is that in beams with channel-type cross section under increase of areas in regions 
of ductility the slope of demarcation line grows remarkably quicker as compared with cases of rectangular cross 
sections. In the process of detailed investigation of channel-type beam (for example having cross section 5П) 
outside the elasticity limits under the loss of stability it is possible to notice that its slope of demarcation line 
increases approximately by 2,5 times faster, than in beams having rectangular cross section. When 2ω  = 0,95 
the flanges of this channel become completely plastic. 

On the basis of analysis of channel-type beam behavior with horizontal web it follows that the relationship 
curve ω 3(ζ) under one-way ductility in the flanges (in pure bending the ductility zone appears firstly in the web 
only) very close to parabolic form. When ζ = 1 in curves the inflection point in graph is present. From this time 
on the two-way ductility begins and the slope of demarcation line starts to increase apparently faster. At the 
same moment its relationship approaches to hyperbolic form. It must be emphasized that the relationship of 
curve ω(ζ) for rectangular cross section is close to hyperbolic form too, but the slope increases faster in the 
event of cross section with channel having horizontal web. Specifically for channel 5П the slope of demarcation 
line increases approximately in double-quick time than for rectangular section. When ω = 0,65 the given 
channel web becomes completely plastic. 
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Abstract 
This paper deals with 2D-curved beam arches with polynomial free geometry. The problem is approach 
differentially and equations that govern its mechanical behavior are expressed. The obtained system of twelve 
linear ordinary differential equations is solved using either an analytical or a customized numerical method with 
boundary conditions. Expressions of the transfer and stiffness matrices can be derived directly. Functions and 
graphs of the different components of forces, moments, rotations and displacements are given. Examples of 
different polynomial-shaped arches are provided for verification. 

1.  Introduction 
Since the first of last century, there exists much literature on structural analysis of curved beam elements, see for 
example Love [3] through Washizu [7]. Most of the authors approach this problem of twisted elements, 
expressing the functions in natural coordinates using the Frenet frame system of reference. These approaches to 
simulate the mechanical behavior of the problem, could be in meaning of virtual works and energy methods; in 
separate equations of equilibrium and kinematics; or in terms of a system of equations Yu et al. [8]. Particularly, 
the circular arch is a problem very spread in this field. Other types of curved arch element as parabola and helix 
have been considered Marquis et al. [4]. In the state of the art, the independent variable for curved beams has 
been the arc length s (naturally equations). 

In this paper, the approach will be in function of the parameter x coordinate of the Cartesian reference system 
(non-naturally equations). A system of twelve differential equations is obtained and simulates the structural 
behavior of a twisted beam (Gimena et al. [2]). In special cases, this system is particularized, and a subsystem 
arises, to model the mechanical behavior of arches. Polynomial-shaped arches are studied in this research. 
Different results of internal forces and displacements for polynomial quadric degree arches are provided in 
graphs for comparison and verification purposes. Parabolic arch shape is optimal to transmit a vertical uniform 
distributed load as shown in the examples. 

2.  Equations of the curved beam 
A curved beam is generated by a plane cross-section which centroid P sweeps normally through all the points of 
an axis line. The vector radius r=r(s) expresses this curved line, where s  (length of the arc) is the independent 
variable of the structural problem. The reference coordinate system used to represent the intervening known and 
unknown functions of the problem is the Frenet frame Ptnb. Its unit vectors tangent t, normal n and binormal b 
are: t=Dr; n=D2r/|D2r|; b=t∧n; where D=d/ds is the derivative with respect to the parameter s. 
The Frenet-Serret equations (Struik [5]) describe the movement of the frame system along the axis line. These 
equations relate versors tangent, normal and binormal with their derivates with respect to the arc length and 
curvatures. In matricial form: 

 
( )

( ) ( )
( )

0 0
0

0 0

s
D s s

s

χ
χ τ

τ

⎡ ⎤⎡ ⎤ ⎡ ⎤
⎢ ⎥= −⎢ ⎥ ⎢ ⎥
⎢ ⎥⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦⎣ ⎦

t t
n n
b b

 (1) 
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Where χ=χ(s) and τ=τ(s) are the flexure and torsion curvatures respectively, which represent the natural 
equations of the centroid line. 
Assuming the habitual principles and hypotheses of the strength of materials (Timoshenko [6]) and considering 
the stresses associated with the normal cross-section (σ , τn, τb), the geometric characteristics of the section are: 
area A(s), shearing coefficients αn(s), αnb(s), αbn(s), αb(s), and moments of inertia It(s), In(s), Ib(s), Inb(s). 
Longitudinal E(s) and transversal G(s) elasticity moduli give the elastic condition of the material. 
Applying the equilibrium law in forces, the following equation is obtained: 

 0 0
0

0 0

t

n n

b b

qD N
D V q

D V q

χ
χ τ

τ

− ⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥− + =
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦

 (2) 

Internal Vt = Nt + Vnn + Vbb = ∫A
σdAt + ∫A

 τndAn + ∫A
τbdAb and load qt = qtt + qnn + qbb forces. 

The equation of moments is obtained applying the equilibrium law as well: 

 0 0 0 0 0
0 0 1 0
0 1 0 0 0

t

n n n

b b b

mN D T
V D M m

DV M m

χ
χ τ

τ

−⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥− + − + =
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 (3) 

Internal Mt = Tt + Mnn + Mbb = ∫A
(τbn − τnb)dAt + ∫A

σbdAn + ∫A
σndAb and load mt = mtt + mnn + mbb moments. 

Once the constitutive relations are defined, kinematics law relates the rotations and displacements: 

 
2 2

2 2
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0 0
( ) ( ) 0 0

0
( ) ( )

t
t t

b nb
n n n

n b nb n b nb
b b b
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n b nb n b nb

GI
T DI I M D
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⎢ ⎥ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎢ ⎥− −
⎢ ⎥− −⎣ ⎦

 (4) 

The rotations are given by the vector θt = θtt + θnn + θbb and rotation load Θt = Θtt + Θnn + Θbb. 
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0
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 (5) 

Where displacement components are denoted as δt = ut + vn + wb and displacement load Δt = Δtt + Δnn + Δbb. 
Composing the unique system of linear ordinary differential equations which simulates the structural behavior 
of a curved beam element, next expression is reached (Gimena et al. [2]): 
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(6)

 

Note the strict order of the twelve functions in the equation: forces produce moments; moments produce 
rotations and rotations produce displacements. All functions are interconnected. This arranged format has 
permitted to obtain directly numerical results and matrices expressions. 
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2.1  Polynomial arches 
Let’s consider a polynomial curve in the Cartesian plane. Its geometric explicit equation defining the shape is 
given by y = p (x). The derivative of the arc length s with respect to the independent variable x is: 

 ( )21ds dx p x′= +  (7) 

The reference system used to annotate the intervening known and unknown functions is the Frenet frame. Their 
unit vectors tangent t, normal n, and binormal b, applying relation (7) are obtained in function of x: 

( ) ( ) ( ){ }2 21 1 , 1 ,0p x p x p x′ ′ ′= + +t  ( ) ( ) ( ){ }2 21 ,1 1 ,0p x p x p x′ ′ ′= − + +n  b z=  (8) 

The natural equations of polynomial-shaped planar curve, are reduced to the expression of the flexion curvature 
χ=χ(x), since torsion curvature is null τ=τ(x)=0. 

 ( ) ( )
3

21p x p xχ ⎡ ⎤′′ ′= +⎣ ⎦  (9) 

In the special case that the cross section is symmetric, the product of inertia Inb(s) and the shearing coefficient 
αbn(s) are null, and the system (6) can be decoupled in two subsystems, and the model is reduce to analyze the 
following expression: 
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(10)

 

To obtain results of internal forces and displacements at any point of the polynomial curved beam, proper 
analytical or numerical methods for solving system of linear ordinary differential equations applied. Transfer 
and stiffness matrices can also be determined following procedures exposed in Gimena et al. [1]. 

3.  Example. Polynomial symmetric shaped arches of quartic degree. 
Five symmetric polynomial-shaped arches of quartic degree are presented with height f and span 2l (Figure 1). 
The section is constant and support is fixed-fixed, with vertical in projection udl of q=1 kN/m. 

l

q

x

f

x

l

y

f

0

p  x(  )

 
Figure 1. Polynomial-shaped arch. 

The cartesian explicit expression for these arches is: p (x) = f [2l.4
 − (3 − κ) l.2x.2

 + (1 − κ) x.4
 ] / 2l.4 where κ is a 

factor of the tangents at the extremes. Dimensions are : f=10m; l=10m and κ={0;0.5;1;1.5;2}. In these examples, 
he cross section is circular with diameter d=0.5m. 



6th International Conference on Computation of Shell and Spatial Structures IASS-IACM 2008, Ithaca 

 4 

The geometric characteristics of the section are: A = π d.2/4, In = Ib = π d.4/64, It = π d.4/32. Shearing deformation 
is neglected, thus αn=0, αz=0. The elastic isotropic homogenous material has longitudinal E = 3.107.kN/m2 and 
transversal G = 1,25.107.kN/m2 moduli. Results are plotted in next figure 2: 
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Figure 2. Internal forces and displacements in different polynomial arches. Comparison. 

It can be distinguished that the parabola (κ=1) structurally behaves better than other arches, since its deflection, 
rotations, moments and shear effects are negligible. Its geometry is optimal for distributing the vertical load. 

4.  Conclusions 
A differential system of twelve ordinary equations that models the structural behavior of a spatial curved beam 
is presented. This system is particularized for the calculus of polynomial-shaped arches. A 2D-curved beam can 
be approximated through polynomial functions, thus the procedure exposed is applicable. The set of equations 
could be solved analytically or numerically. Expressions of the transfer and stiffness matrices can be derived 
directly. The method permits the comparison of different type of arches. Accurate results of the components of 
forces, moments, rotations and displacements have been obtained and plotted. The interpretation of these results 
shows that the parabola is the optimal shape for transmitting a vertical uniform distributed load in projection. 
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Abstract 
A mixed-type finite deformation analysis is carried out with the situation where the equilibrium shape and the 
constant load are given. In this analysis, one unknown variable is the initial geometrical shape before loading. 
Another unknown is the variable which is necessary to specify the self-stress components existing in the given 
equilibrium shape. The analysis is supported by using the Moore-Penrose generalized inverse. 

The solution forms of displacement method, stress method and mixed-type method, which are derived from the 
application of the Moore-Penrose generalized inverse to the structural analysis as small deformation problem, 
are also simply introduced to explain the ideas of the mixed-type analysis in this paper.  

1.  Introduction 
Calculation of simultaneous system of linear equations in the conventional structural analysis is strongly 
depended on the mathematical condition of the regularity of the matrix, though the regularity condition is just an 
option to get solution. The point of using the Moore-Penrose generalized inverse in this paper is that we are not 
restricted by the regularity condition. Then the extent of the application of the analysis can cover any unstable 
structure with mechanism when the condition for the existence of a solution is satisfied. The ideas has been 
shown in Tanami [4,7,9] and roughly summarized in Tanami [2,3,5,6,8]. I can say as the result given from these 
research works that it might be possible to make up new approaches for getting more reasonable treatments of 
structural analysis in the field of shells and spatial structures. 

In the conventional structural analysis, we have been considering that initial shape is deformed by the loading to 
satisfy the equilibrium condition as shown in figure 1, where the initial shape of Figure 1(a) is given as known. 
Then the equilibrium shape and the axial force existing in the deformed equilibrium shape of Figure 1(b) are 
unknowns. 

 

 

 

 

 (a) Initial geometrical shape                      (b) Equilibrium shape and axial forces 

Figure 1: Usual finite deformation analysis 

The situation is changed in this paper to fit in the actual sense where it is natural to think that the shape drawn 
by architect’s side should become the real after the construction. Then the drawn shape is the equilibrium shape 
as shown in Figure 2(a) where it means that the equilibrium shape is known as constant. Then the initial shape is 
unknown together with the axial force as shown in Figures 2(b2) and 2(b1), respectively.  
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(a) Given equilibrium shape and the load         (b1) Axial forces     (b2) Initial geometrical shape by unloading 

Figure 2: Finite deformation analysis in this paper 

2.  Mixed-type method 
The derivation processes and the solution forms of displacement method, stress method and mixed-type method 
are simply summarized in this section by citing the papers in Tanami [4,7,9]. 

In the case of the small deformation analysis of truss structure, for instance, the compatibility equation, the 
constitutive equation and the equilibrium equation take the following forms, respectively, 

 Au ,     E ,     fB  (1)(2)(3) 

Note that there is the relation of ABt . The matrix A with the size nm, is the transposed matrix of the 
matrix B . Then the constitutive matrix E has the size mm, . The vectors of , u ,  and f denote the change 
in length, the displacement, the axial force and the external constant load, respectively. From the equations (1), 
(2) and (3), the displacement is related with the external load in the form, 

 fKu  (4) 

Where the symbol BEAK  is the elastic stiffness matrix. 

In the case of the displacement method, the equation of the problem and the solutions take the following forms, 

 fKu                                                M    fKKIfKu n , then EAu (4)(5a)(5b) 

Similarly, in the case of the stress method, the problem and the solutions take the forms, 

min , in which 1
2
1 Et  subject to fB    M    fBSS , then fBSBSu

t  (6)(7a)(7b) 

In which K is the Moore-Penrose generalized inverse matrix of the matrix K . The regular matrix S  is given by 
the decomposition of tSSE . 

In the case of the mixed-type method shown in Tanami [9], the equations of the problem take the forms, 

 fBS
u

Glinear , in which BSBSIBSG m
t

linear M  (8) 

By using the relationship such as the equations of S and BSBSIfBS m , the mixed-type 
solution derived from the equation (8) takes the form, 

 
0

fBSBSfBSG
u t

linear  (9) 

The displacement and the axial force due to the equation (9) have the same forms of the equations (7b) and 
(7a), respectively. For instance, the equation of (7b), which is derived from the stress method (or the mixed 
type method), is consistent in the corresponding equations of (5a) by the following translations, 

 a5b7 oftermfirstthefKfBBSSfBSBSfBSBSu tttt  (10) 

Note that the second term in the equation (5a) is zero from the assumption that the condition for the existence of 
a solution of equation (4) must be satisfied. 
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3.  Analysis in this paper 
One finite deformation analysis can be done by the extension of the mixed-type method introduced simply by 
the equations of (8) and (9). 

In the case of truss structure, the initial length L of truss-member is the function of the co-ordinates x of the 
corresponding nodal points as xL . Then the constitutive equation (2) can express in the form, 

 1
xL

l
x o

constEA  (12) 

On the other hand, the axial force is derived from the equation (3) in the form, 

 BBIfB m  (12) 

From the equations of (11) and (12), we can make the following equation, 

 0xxg ),(  (33) 

Note that the equation (13) is nonlinear and has a mixed-type style which is similar to the linear equation (8). By 
solving the nonlinear equation (13), the axial force is decided from substituting into the equation (12). The 
initial shape and the initial length of members are decided from x  and xL .  

The numerical analysis of the equation (13) can be done by using the Newton-Raphson method in the form,  

 g
x

G  (44) 

In which, 

 g
x
gGGG x MM ,      BBI

g
G m  (55)(16) 

The full-rank rectangular matrix G  has the size of mnm, . Then, the convergent solution can be derived 
from the following iterative manner,  

 gG
xx    , where 1tt GGGG  (67) 

4.  Examples 
 

 

 

 

 

(a) Equilibrium shape of three-members plane truss                          (b) Initial shape as convergent solution 

Figure 3: Example 1 

Figure 3(a) shows the equilibrium shape with the lengths of three members of 2ll 31 , 1l2 under the load 
condition of 0.5ff yx together with the components of matrices B and S . The value of the notation 
of constEA in the equation (11) which means the product of the area of cross-section and the Young’s 
modulus is one in this example at each member. Then the unit load means that the load becomes in the real 
value of constEA . After a few times of the repetitions in the equation (17), both the convergent solutions 
of )( 321 β,β,β and )( 11 y,xx  take the forms, 
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 (0.01502, 0. , 0.01502)     and      (1.458, 0.3882) (78)(19) 

Then, 

 L (1.581,  0.6667,  2.615) and (0.2649, 0.5000, -0.2350) (20)(21) 

The bold real lines in the figure 3(b) show the initial shape given by the equation (19). The mark x in the same 
figure is the first approximation point for getting the quick convergent solution of the iteration analysis  which is 
estimated as the solution of the corresponding linear analysis. The dotted line connected between two supported 
points in the same figure implies one restriction imposed on this example to obtain the solution. The reason is 
that the total length of the corresponding two members can not be shorter than the length of the dotted line. One 
idea to clear this kind of the restriction condition is simply denoted by the following example.  

 

 

 

 
 
(a1) Equilibrium shape of four-members stable truss 
(a2) Equilibrium shape of four-members unstable truss                                 (b) Initial shape of (a2)  

Figure 4: Example 2 

Figure 4 is one example where the equilibrium shape composed of four members shown in the Figure 4(a1) can 
not have the corresponding initial shape under the load of 0.6ff yx due to the restriction condition. Then 
we can try to make the equivalent structure such as the Figure 4(a2) by replacing one supported point by 
one free nodal point. Then all the same analysis presented in the first example to the new unstable truss 
structure can be carried out to take the initial shape shown in the Figure 4(b).   

6. Conclusion 
I know it is difficult to say about the advantages of the analysis in this paper from the results obtained by the 
examples which are too simple to summarize the conclusive remarks. But I can say that the mixed-type analysis 
has a merit under the condition that equilibrium shape is given as constant.  
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Abstract 
The object of consideration comprises geometrically nonlinear (second-order) problems and equilibrium 
stability problems for spatial bar structures. Unlike that in planar problems, the matrix of geometric stiffness for 
particular bars here depends both on the longitudinal forces and the distribution of the bending and torsion 
moments. Besides that, a traditional point of view becomes erroneous: that the components of an ordinary 
moment vector can be used as generalized forces that correspond to the slope components in the structure’s 
nodes. 

1.  Introduction 
It is a well-known fact that equilibrium stability problems are a peculiar category of structural mechanics 
problems, so they feature both complexity and an especially “cunning” nature that provoke erroneous results in 
calculations. A particularly special subcategory of those comprises geometrical nonlinearity (second-order 
problems) and stability of equilibrium of spatial structures that contain bar members. The first thing to do about 
those problems is to pay more attention to an expression of elementary work of a moment load applied to a 
perfectly rigid body, even in the case when the moment load originates from conservative forces. The matter is 
that the behavior of a moment load depends very much on how it is exactly applied. A strict mathematical 
analysis (Ispolov and Slivker [2]) shows that, when slopes in a system are big, the generalized forces conjugated 
to the slopes are so-called generalized moments (or L-moments). The general geometrically nonlinear theory 
uses the following correct formula for the generalized moments vector L, 

 2 3

sin 1 cos sin ( )ϕ − ϕ ϕ− ϕ
= + × + ⋅

ϕ ϕ ϕ
L M M Mϕ ϕ ϕ , (1) 

where M is an ordinary moment vector, φ is a full slope vector, and ϕ is the latter’s absolute value. The second-
order theory makes a much simpler expression of that, so the generalized moments vector becomes L = 
M + ½M×φ. It is easy to notice that any difference disappears between the generalized and ordinary moments 
(see the table below) in linear problems as well as in nonlinear but two-dimensional ones. However, it is not the 
case in three-dimensional problems.  

Problems Linear Nonlinear 

2D L=М L=М 
3D L=М L=М+½М×φ 

As it can be seen in the table, it is three-dimensional nonlinear problems where there appears an additional term 
in the generalized moments so that they become different from the ordinary М-moments. The presence of those 
additional terms entails some peculiarities in formulations of problems related to stability of equilibrium of 
spatial bar structures. An important issue should be noted in relation to the notion of a generalized moment. 
According to the general variational principle of virtual displacements, those of equilibrium equations that 
correspond to the rotation (slope) vector components are equations of balance not between the ordinary 
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moments but between the generalized moments. This is especially important in formulation and (or) 
interpretation of moment boundary conditions because in 3D problems those are conditions not for the ordinary 
moments but for L-moments. Ignoring this circumstance may produce a totally mistaken mathematical 
formulation of a mechanical problem. 

2.  On a variational formulation of spatial stability problems 
A general mathematical formulation of the linearized problem of equilibrium stability becomes a generalized 
eigenvalue problem after it has been converted into a discrete form: (R0 – λG)q = 0, where R0 is an initial 
stiffness matrix of the system; G is a geometric stiffness matrix, q is a vector of bifurcation displacements. After 
the problem has been converted into a discrete form using some known method, the further solution is quite 
obvious. The issue is not the method of discretization but a correct form of the equilibrium stability functional, 
S, which is the basis for the discretization procedure. The general form of the functional is known in the theory 
of elasticity; it is a Brian–Trefftz functional. However, the functional needs some adjusting to the three-
dimensional bar theory because the mechanical model of a bar itself contains a set of perfectly rigid bodies: any 
cross-section of a classic Bernoulli–Euler bar is a rigid body. This circumstance being allowed for, we can build 
correct forms of the equilibrium stability functionals for 3D bars. We are not doing it here for the lack of space, 
instead just referring to our recently published book, Perelmuter and Slivker [3]. However, some of the 
functionals for particular problems that we have derived will be given below as examples. The examples 
(intentionally simple enough) will demonstrate clearly what unexpected results some stability analyses can 
produce.  

3.  Some examples 
3.1  Example 1 
The object of consideration is a stability of equilibrium of a stand-alone node constrained rigidly against rotation 
about the X axis and constrained in an elastic fashion against rotation about the other two axes. The stiffness 
factors of the elastic constraints imposed on the node are denoted by γy and γz, respectively. Let an external 
moment M be produced by two force couples as shown in Fig. 1-a.  
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Figure 1: Stability of equilibrium of a stand-alone node 

Even this seemingly simplest of problems is somewhat sophisticated, though this fact may be missed at a first 
glance. The correct expression for the equilibrium stability functional is 

 2 2
2 1( )

2 2 2
y y zz

y z M M
γ θ θγ

= θ + θ + −S  (2) 

An analysis of this functional (a quadratic form) shows that the area of equilibrium stability in the coordinate 
plane of dimensionless load parameters (Fig. 1-b) is an infinite strip with equal slopes to both coordinate axes. 
Note that the points C of the stability area’s boundary conform to two mutually annulling moments applied to 
the node. In simple words, the node is seemingly unloaded but capable of losing its equilibrium stability. At the 
same time, a dash line that conforms to a semi-tangential moment applied to the node never gets to the boundary 
of the equilibrium stability area.  

3.2  Example 2 
A classic Greenhill problem is under consideration: stability of a cantilever bar under a torque. Our 
generalization of the Greenhill problem is to consider 5 different versions of the external moment created by 
dead force couples (Fig. 2). The difference lies in the orientation of arms of the forces.  
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Figure 2: A generalized Greenhill problem 

A correct expression of the S functional for this problem in standard designations is 

 2 2 2

0

1 1( ) δ
2 2

l

z y MEI EI M dx′′ ′′ ′ ′′ ′′ ′⎡ ⎤= + + − −⎣ ⎦∫S Πv w w v w v  (3) 

where δ2ПМ is second variation of the moment load’s potential. Formulae for the critical moments derived from 
the stationarity conditions for the functional (3) are given at the bottom of Fig. 2. It turns out a quasi-tangential 
external moment is twice as dangerous as a semi-tangential external moment from the standpoint of stability. 
Curiously, a couple of mutually annulling moments produces a least stable load case.  

3.3  Example 3 
A Prandtl–Mitchell–Timoshenko problem is under consideration: stability of a cantilever bar in planar bending 
(Fig. 3). 
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Figure 3: A generalized Prandtl–Mitchell–Timoshenko problem 

Formula (4) gives a general expression of the equilibrium stability functional for the problem: 

 2 2 2

0

1 1θ 2 δ
2 2

l

x x z MGI EI M dx′ ′′ ′′⎡ ⎤= + + θ −⎣ ⎦∫S Πv v  (4) 

This report seems to be the first time when a correct expression for the S functional of this problem is used. 
Expressions of the critical external moment value in all load cases are given by formulas at the bottom of Fig. 3. 
The case in Fig. 4 is obviously a generalization of the preceding five load cases. The same figure shows an area 
of equilibrium stability for the problem, constructed in dimensionless load parameters. The figure also describes 
designations and gives an equation that determines the boundary of the equilibrium stability area.  
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Figure 4: An equilibrium stability problem in bending of a bar by two external moments 

Here is a detailed expression of the stability functional for the problem in Fig. 4: 

S  = 2 2
1 2 1 2 1

0

1 2( ) ( ) ( ) ( ) ( ) ( )
2

l

x x z x x xGI EI M M dx M M l l M l l′ ′′ ′ ′ ′ ′⎡ ⎤θ + − + θ + + θ − θ⎣ ⎦∫ v v v v . 

The underlined term is second variation of the moment load’s potential. As it can be seen in Fig. 4, the stability 
area is a lens-like shape with an angular point (point D). The presence of the angular point proves the critical 
load to be a multiple one. Hence, the critical value of the external semi-tangential moment conforms to two 
linearly independent modes of buckling. By the way, the fact that the critical load is different here than that for 
the problems in Figs. 3-a, 3-b, on one hand, and in Fig. 3-d, on the other hand, has been confirmed by an 
experiment conducted at our request. That experiment has shown also both the calculated critical load and the 
experimentally measured one are the same. 

4. On myths and paradoxes in 3D stability  
It was noticed over twenty-five years ago (by Argyris [1]) that three-dimensional geometrically nonlinear 
problems entail issues that had never been noticed earlier in two-dimensional problems. He noted that the 
equilibrium equations written in moments produce an asymmetric matrix, and this is seemingly in contradiction 
with the variational formulation of the problem. Therefore he suggested that internal bending moments in bars 
should have been treated as semi-tangential. This arbitrariness in modeling could not satisfy sophisticated 
mechanics scientists. Further attempts to avoid contradictions arising in the theory gave birth to a lot of myths 
and false beliefs, which were discussed in the literature on the subject many times. The actual basis for all those 
myths is a stubborn wish to treat ordinary moments as generalized forces (similarly to what Argyris did) 
followed by trying hard to find such generalized displacements that would be conjugated in energy to the 
ordinary moments. We have managed to give a proof that the attempts like those cannot produce any good 
result. All contradictions will disappear from the theory if the problem is formulated the other way around: we 
take the slope vector as generalized displacements and then find that its conjugate generalized force is an L-
moment introduced by us.  

5. Basic results 
(1) Functionals from a linearized formulation of the elastic equilibrium stability have been generalized onto the 
case of an elastic body with perfectly rigid bodies incorporated in it.  
(2) A new force or load notion has been added to the theory of mechanics – a generalized moment vector (an L-
moment).  
(3) Correct forms of the equilibrium stability functionals for spatial bars have been derived. 
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