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Abstract 
We have explored the properties and applications of small-scale mechanical resonators and 
fluidic devices.  Studied systems include lithographically defined structures in a range of 
geometries, including nanotubes, nanostrings, and membranes as thin as a single sheet of 
carbon.  While we have employed a variety of mechanical actuation techniques, we have 
found that optical methods for both actuation and motion transduction have proven 
remarkably robust and applicable to even the smallest resonant structures.   With larger 
dimensioned structures we have examined some of the practical issues of detection of 
particulate binding and detachment using resonant motion.    Nanofluidic systems have been 
used for single molecule analysis and controlling the confirmation and position of individual 
DNA molecules. The fabrication, properties and applications of these systems as sensors and 
analytical devices will be discussed. 
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An atomistic-continuum elastic rod model of carbon nanotubes 
Karthick CHANDRASEKER, Subrata MUKHERJEE* 

*Cornell University 
220 Kimball Hall, Ithaca, NY 14853. 
sm85@cornell.edu  

Abstract 
The present work focuses on an atomistic-continuum model of single-walled carbon nanotubes (SWNTs) based 
on an elastic rod theory (Healey [1]) which can exhibit geometric as well as material nonlinearity. In particular, 
the SWNT is modeled as a one-dimensional elastic continuum which has some finite thickness bounded by the 
lateral surface. Exploitation of certain symmetries in the underlying atomic structure leads to suitable 
representations of the continuum elastic energy (Healey [1]). The bridging between the atomic scale and the 
effective continuum is carried out by parameterization of the continuum elastic energy and determination of the 
parameters using atomistic simulations.   

 

1.  Introduction 
Continuum elastic behavior of SWNTs has often been characterized using properties such as Young's and shear 
moduli. These linearized measures adequately describe material behavior under small strains. However, in 
SWNTs undergoing large strains, there are effects such as the coupling between extension and twist 
(Chandraseker and Mukherjee [2]) which are not captured by linearized, isotropic moduli. While this is an 
evidence of anisotropy in large strains, it is of interest to also characterize other deformation couplings in 
SWNTs. The following are the key contributions of the present work: 

• The proposed rod model for SWNTs in this work takes into account: (a) bending (b) twist (c) shear (d) 
extension (e) coupled extension and twist, and (f) coupled bending and shears. Published work on 
elastic moduli has taken into account (a)-(d) individually for small strains, and past work (including 
Chandraseker and Mukherjee [2]) has considered (e). But this is the first effort at a unified large strain 
approach that takes into account all of these modes for SWNTs. 

• While two-dimensional membrane models of SWNTs (e.g., Chandraseker and Mukherjee [2]; Arroyo 
and Belytschko [3]) have been useful to predict localized effects such as buckled mode shapes of the 
effective continuum, they may not be computationally efficient to model global behavior of long tubes 
(microns in length) of interest in nano-oscillators (see, for e.g. Sazonova et al. [4]; Ustunel et al. [5]). A 
one-dimensional model is better suited to such an application. However, one-dimensional models 
published so far are limited to linear stress-strain relationships with isotropic material assumptions 
which do not take into account the aforementioned couplings. 

• Finally, since this is a parameterized continuum model of an atomic system, it is possible to apply this 
model, by suitable parameter estimation, to other atomic systems such as silicon or boron nitride 
nanotubes.   
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2.  Special Cosserat rod: Basic kinematics and constitutive model 
It is assumed that the reference configuration of the rod is straight with a prismatic cross-section and that plane 
sections remain plane after deformation. (Rods that are initially bent - a common situation in practice - can be 
modeled by extending the theory presented below). Referring to Figure 1, one has: 

 

 
(1) 

In the above, X and x are undeformed and deformed coordinates, respectively, s = X3 is the arc length in the 
reference configuration, t is time, r is the position vector of a point on the rod centerline in the deformed 
configuration, eα are Cartesian unit vectors and dα are director vectors that span the cross-section (assumed to be 
planar). Summation is implied on all repeated indices and the range of Greek indices such as α is 1, 2. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Cosserat rod notation 

A special Cosserat theory is employed in which: 

 

 
                  (2) 

where: δij are the components of the Kronecker delta and the matrix R represents the rotation of the cross-
section of the rod. Based on the above kinematic description, one can define strains as follows: 
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where: ν1, ν2 are shear strains, and ν3 is the axial stretch (axial strain = ν3-1). 

Further, 
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where: κ1, κ2 are measures of the bending curvatures, and κ3 is a measure of the twist. 
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It can be shown that the most general quadratic representation of the strain energy density for hemitropic, flip 
symmetric rods (see Healey [1] for definitions and details) is of the form: 

 

 

                   (5) 
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where  gives the total elastic energy stored in a rod of undeformed length ‘L’ for a given deformation 

specified by νi, ki (i = 1, 2, 3). The parameters ‘A’ through ‘F’ are coupling coefficients and represent the 
different coupling effects in bending, shear, extension and twist of the rod. For example, the coefficient ‘E’ 
represents the extension-twist coupling which has been studied previously (see, for e.g., Chandraseker and 
Mukherjee [2]).   

0

L
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Figure 2: Helical idealizations of single-walled carbon nanotubes 

 

2.1  Helical symmetry 

SWNTs can be shown to possess a helical atomic arrangement as illustrated in Figure 2 (zigzag and armchair 
SWNTs can be modeled as special cases of this helical atomic arrangement with zero helical pitch). 

It is observed that rods possessing a single-helical structure exhibit a special flip symmetry (180-degree rotation 
invariance) about a unique axis passing through the intersection of the helix with a plane perpendicular to the 
rod axis (as illustrated in Figure 3) at any point along the axis. This symmetry axis “rotates” as we move from 
cross-section to cross-section along the length of the rod (see Figure 3). 

Further, in the case of chiral nanotubes, the atomic arrangement can be viewed as comprising of multiple helices 
(see Figure 2). In this case, there exist two or more equally spaced symmetry axes (see Figure 3). Consequently, 
it can be shown (Healey [1]) that for rods exhibiting n-fold multiple helical symmetry with n ≥ 3 (which is true 
for any realistic chiral nanotube), the most general quadratic strain energy density is identical to the case of 
hemitropy + flip symmetry, i.e. the strain energy density function up to quadratic order is the same as Eq. (5). 
Since armchair and zigzag nanotubes can be treated as zero-pitch helices, the above description also applies to 
such nanotubes. 

 

 

 

 Zigzag  Armchair  Chiral 
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Figure 3: Single and multiple (for n = 6) helical symmetries 

Hence, a continuum SWNT rod model up to quadratic order is immediately realized once the parameters ‘A’ 
through ‘F’ in Eq. (5) can be evaluated for SWNTs. 

 

3.  Summary 
In order to extract the coefficients ‘A’ through ‘F’, unit cell simulations of extension, twist, bending and shear 
deformations are performed using a self-consistent-charge density-functional-tight-binding approach (see, for 
e.g., Frauenheim et al. [6]). The strain measures for the rod model are extracted using the atom locations to 
define cross-sections for the rod model. Using the extracted strains and the relaxed cell energies, the coefficients 
in Eq. (5) are evaluated through a least-squares fitting procedure. The key results from simulations on a (9,6) 
SWNT are: 

• The quadratic extension-twist coupling coefficient ‘E’ can be shown to be zero. 

• The shear modulus (a measure of stiffness to rotations of cross-sections about axes in-plane) can be 
shown to be one-fifth of the twist modulus indicating that the SWNT is five times stiffer in twist 
compared to shear. 

• The bending stiffness can be shown to be one-tenth of a Bernoulli-Euler beam prediction indicating 
that direct application of a continuum beam model to SWNTs can significantly overestimate the 
bending stiffness. 
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A novel shaft-loaded blister test to characterize the multi-scale 
mechanical properties and adhesion-delamination behaviors 
of thin membranes  

Scott E. JULIEN 1, Kuo-Kang LIU 2, Kai-tak WAN 1,* 

1  Mechanical and Industrial Engineering, Northeastern University, Huntington Ave, Boston, MA 02115 
2  Institute of Science and Technology in Medicine, School of Medicine, Keele University, Stoke-on-Trent, ST4 

7QB United Kingdom 
* Corresponding author, ktwan@coe.neu.edu 

Abstract 
A novel shaft-loaded blister test is designed to measure the elastic and viscoelastic materials parameters of a 
clamped circular membrane using an external (i) a quasi-static and (ii) static load. The new method is the only 
viable way for long term creep test with zero mechanical drift, and is therefore appealing in characterizing ultra-
thin membranes. The governing elastic equation can be modified to account for local adhesion-delamination 
between a clamped film and a rigid substrate. The magnitude and range of the intersurface forces are allowed to 
vary. Computational results show the transition from classical Johnson-Kendall-Roberts (JKR) limit with 
infinite magnitude and Derjagiun-Muller-Toporov (DMT) limit with infinite range. The model is particularly 
useful in quantifying specific and non-specific surface interactions in thin biomembranes and single cells.  

1.  Introduction 
Ultra-thin membranes can be mechanically characterized by clamping the sample between two washers or O-
rings to form a freestanding diaphragm while applying an external load in the center (Fig.1). Depending on the 
dimension of the hole bored in the clamping plates, the simple testing configuration allows the specimen 
dimension to span multi-scale [1]. The new method supersedes the conventional ASTM that requires a delicate 
membrane to be clamped by gigantic fixtures. Standard universal testing machine or micro-force tester with 
quasi-static and cyclic loading capability can be used to simultaneously measure the applied load as a function 
of central displacement and thus yields the elastic and viscoelastic materials parameters of the sample.  Static 
loading with absolutely zero mechanical and thermal drifts can be achieved by leaving a ball bearing of fixed 
weight sitting on the membrane center. The method can also be adapted to measure interfacial adhesion between 
a clamped membrane and a rigid substrate or yet another similar or dissimilar film.   

 

 

w0w0

Fig.1. A circular clamped membrane is loaded by either the weight of a ball bearing (static) or 
a spherical capped cylindrical shaft.  A hydrogel for prosthetic cornea construct is showed [2].  
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2.  Theoretical model 
A thin membrane with thickness, h, transverse elastic modulus across the film thickness, Et, planar elastic 
modulus, E, Poisson’s ratio, ν, and a bending rigidity defined to be κ = Eh3 /12(1−ν2) is clamped at the 
perimeter by two washers of radius, a. The external force, F, is applied to the center via a ball bearing (or a 
rounded shaft) with radius, R, resulting in a central displacement, w0. Simultaneous measurement of F, w0, and c 
yields the materials properties Et and E. Depending on the magnitude of F, w0 spans multi-scale from R to many 
times of h.  

2.1  Multi-scale mechanical characterization of thin membrane 

Figure 2 shows a thin film with thickness, h, transverse elastic modulus across the film thickness, Et, planar 
elastic modulus, E, Poisson’s ratio, ν, and a bending rigidity defined to be κ = Eh3 /12(1−ν2).  The film is 
clamped at the perimeter by two identical rigid rings of radius, a. An external mechanical force, F, is applied to 
the film center via a spherical capped shaft (or a ball bearing of a specific weight) with radius, R, leading to a 
central displacement, w0. Simultaneous measurement of F and w0 allows Et and E to be deduced. Depending on 
the ranges of F, w0 spans multi-scale from R to many times of h. Assuming R << a, superposition requires 
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The deformation process takes consecutive modes. As F increases from null, the micro-scale (w0 ~ R) Hertz 
indentation dominates with F ∝ w0

3/2, then the meso-scale (w0 < h) plate-bending with F ∝ w0, followed by a 
bending-stretching transition, and finally the macro-scale (w0 > h) membrane-stretching with F ∝ w0

3. A 
parameter λ = F a2 / κ h is defined to gauge the dominant deformation mode. Bending-stretching transition 
occurs in the range 85 < λ < 30000. Tensile residual membrane stress can be introduced to the model but is not 
discussed here. Figure 2 shows the multi-scale behavior. Viscoelastic membrane can be characterized in terms 
of E’, E”, and tanδ using the same testing configuration but under cyclic loading.  

 
 

2.2  Adhesion-delamination mechanics 
Figure 3 shows a modified configuration for adhesion measurement.  A cylindrical punch with a planar surface 
makes adhesive contact with the clamped membrane. Tensile force applied to the punch shrinks the contact 
radius to c (< a). Deformed profile of the annulus is governed by the von Karman equation [3] 

κ ∇ 4w  –  σ h ∇ 2w  =  F δ(r) (3) 
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Fig. 2. The multi-scale behavior of a 
clamped membrane loaded at the center, 
showing the transition from indentation, 
plate-bending, mixed bending-stretching 
and membrane stretching. The data 
points are generated by finite element 
analysis.  
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with σ the membrane stress due to deformation. To allow the membrane to delaminate from the substrate, the 
Dugdale-Barenblatt-Maugis cohesive zone approximation is adopted here. The disjoining pressure is given by a 
constant magnitude, ρ, extends over a finite range, α. The Johnson-Kendall-Roberts (JKR) limit requires the 
force law to assume a delta function with an infinite magnitude but zero range, while the Derjaguin-Muller-
Toporov (DMT) assumes a Heaviside step function with zero magnitude but infinite range. The delamination 
mechanics is derived here for freestanding membranes by establishing a simple energy balance  

( ) 0 ..
)(

2
002 =γπ−−

π∂
∂

∫ cdwFwF
c

 (4) 

where the three bracketed terms correspond to the potential energy of the external load, elastic energy stroed in 
the freestanding annulus, and surface energy to create new surfaces, respectively. The constitutive relation 
relating F, w0, c) can thus be derived in terms of the adhesion energy, γ.  

 
Figure 4 shows the predicted delamination process for a linear elastic, thin and flexible membrane with κ = 0, 
fixed γ, and a range of surface force magnitude. In the JKR limit, as F (or the normalized quantity φ in Figure 4) 
increases from null, no delamination is seen until F reaches a maximum. As the punch moves further, the 
contact circle shrinks and F decreases. When the punch moves to the terminal value along this energy curve, the 
contact is radius is reduced to c*, where (∂w0/∂F)r=c* = 0. Further incremental increase in w0 leads to “pull-off”, 
i.e. spontaneous detachment of film from punch. Keeping the same γ but varying the surface force magnitude, 
the delamination mechanics deviates from the JKR limit as shown. In the DMT limit, the overhanging annulus 
is always under the influence of surface forces at any external force. Here, however, F is a monotonic increasing 
function of w0. The dashed curve traces the “pull-off”. The mechanical response allows the adhesion energy to 
be deduced.  
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Fig. 3. External load applied to the punch drives a circular delamination. 
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3.  Discussion and Conclusion 
The testing configuration is capable of characterizing (i) mechanical behavior of the sample membrane, (ii) 

the adhesion energy of the membrane-substrate interface, (iii) the adhesion-delamination trajectory, and (iv) the 
magnitude and range of the long-range intersurface force. The method is useful in characterizing membrane 
walls of biological cells and biomimetic microcapsules (e.g. drug delivery vesicles), single and multi-cell 
layered biomembranes, MEMS-RF-switch, micro-pumps, micro-actuators, and polymer membranes [4-5].  
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Hybrid sensing procedure for mass and position detection with 
nano and macro resonant cantilevers 
Nicolae LOBONTIU*, Iulian LUPEA, Rob ILIC, Harold G. CRAIGHEAD 

*University of Alaska Anchorage 
3211 Providence Drive, Anchorage, AK 99508, USA 
afnl@uaa.alaska.edu 

Abstract 
A hybrid sensing procedure is presented, which combines analytical modeling and experimental testing of 
resonant multi-segment cantilevers in order to predict the amount and planar (x-y) position of external mass 
which deposits in a point-like fashion on these elastic structures. The three parameters which characterize the 
amount and position of the deposited mass can be determined by employing three equations of the modified 
(shifted) natural frequencies in torsion, out-of-plane bending and in-plane bending together with the in-situ, 
experimentally-available (real) natural frequencies. The cantilevers may comprise any number of geometrically-
different segments that are serially connected, and actual results (based on experimental data recorded for both 
macro and nano specimens) are presented for a two-segment, circularly-notched configuration. The generic 
analytical model, which formulates the torsion and two bending natural frequencies for both the original 
cantilever and the one with the attached mass, is derived by means of Rayleigh’s quotient approach, by taking 
into consideration stiffness and inertia properties from all cantilever segments. The connections between several 
non-dimensional geometric parameters, the original/shifted natural frequencies, and deposited mass amount and 
position are investigated through sensitivity analysis. Analytical model, finite element and experimental testing 
data corresponding to the natural frequencies in torsion, out-of-plane bending and in-plane bending 
corresponding to macro and nano two-segment, circularly-notched cantilever specimens are in agreement.   

1.  Introduction 
This work analyzes the shift in the resonant response of cantilevers that are formed of several serially-connected 
segments when external matter attaches to the cantilever support. The amount and position of mass that attaches 
in a point-like manner to the segment that is located at the free end of the cantilever can be determined through 
this method. The natural frequencies decrease because of the mass increase; the resulting frequency shift can be 
measured experimentally or model-predicted. The main resonant motions that can be used to monitor the mass 
deposition process are out-of-plane bending, in-plane bending and torsion, as indicated in Fig. 1. 

 

 

 

 

 

 

 

 

Figure 1: Cantilever with deposited point-like mass and main degrees of freedom 

 
anchor 

cantilever 

z 

x 

deposited mass 

uz1 

uy1 
θx1 

y



6th International Conference on Computation of Shell and Spatial Structures IASS-IACM 2008, Ithaca 

 2 

The principle of minute mass amounts detection through monitoring the resonant frequency shift of cantilevers 
has received a lot of attention lately in the field of MEMS/NEMS. Results of applying this method have been 
reported biological/medical investigations, chemical/physical analysis or hazardous substance detection – 
Raiteri et al. [15], Rogers et al. [16] or Pinnaduwage et al. [14]. The value of 2 x 10-7 that was suggested in the 
1990s , Ward and Buttry [19], as the threshold of the frequency shift-to-natural frequency ratio in attached mass 
detection has been under constant challenge ever since as advances in nanofabrication and nano-detection 
enabled lowering the original limit. Particles have been detected with ever decreasing dimensions and masses, 
ranging from heavier viruses, Roman et al. [17] and lighter ones, Gupta et al. [3] or Ilic et al. [4], through single 
molecules of various substances, Luo [13] or Lavrik and Datskos [7], down to the level of single cell detection – 
Ilic et al. [5]. Masses at the level of attogram, Ilic et al. [6] and Li et al. [8], and even of zeptogram, Yang et al. 
[20] and Ekinci et al. [2], have been reported being resonantly detected. The modeling effort has mainly focused 
thus far on analytic procedures that addressed two-segment cantilevers and considered the root segment of a 
cantilever is compliant and massless whereas the paddle segment is rigid and possessing inertia, Ilic et al. [6] or 
Dufour and Fadel [1]. Improvements to this analytical model can be produced when considering that all 
cantilever segments possess both compliance and inertia properties, Lobontiu [9], Lobontiu et al. [10] or 
Sheeparamathy et al. [18]. 

2.  Analytical model of generic n-segment cantilever 
The Rayleigh’s quotient method is utilized to derive the resonant frequencies corresponding to bending and 
torsional resonant motions. The resonant frequency shift in any of the three modes mentioned above enables 
quantifying and/or localizing the deposited mass. The model is a full-compliance (stiffness), full-inertia one in 
the sense that compliance and inertia contributions from all the segments are taken into consideration. The 
attached mass effect on inertia alteration is expressed in a weighted form, which is conducive to model accuracy 
improvement. Figure 2 illustrates the side and top view sketches of a cantilever that is made up of potentially n 
segments. A generic segment i of length li is defined by a variable width wi that results from the geometric 
profile of the curve, which is assumed to be symmetric (mirrored) with respect to the longitudinal axis. All 
cantilever segments have the same thickness t.   

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Main geometric parameters of symmetric, constant-thickness, multi-segment cantilever with offset 
deposited mass on an arbitrary segment: (a) side view; (b) top view 
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The out-of-plane bending resonant frequency is expressed according to Rayleigh’s quotient method as: 
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where kby and mb are the equivalent (effective) stiffness and mass corresponding to bending about the y-axis. 
The simplified bending distribution function is: 
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The errors introduced by using the approximate distribution function of Eq. (1) are in most of cases negligible – 
Lobontiu [12]. The effect of external matter ∆m attaching as a point mass on the first segment of the multiple-
segment cantilever at a distance a from the free end, is an increase in the total structural mass, which reduces the 
original bending resonant frequency to:   

  (3) 

For in-plane bending, the original and shifted resonant frequencies 2
,0bzω and 2

bzω  can be expressed as in Eqs. 
(1) and (2), respectively, by simply using Iz (xi) instead of Iy (xi) because the bending distribution is the one of 
Eq. (4). In Eq. (5), Iz (xi) = [w (xi)]3 t / 12 is the variable cross-sectional moment of inertia about the z-axis. 

A similar procedure is followed to determine the original resonant frequency (see Lobontiu [12] for more 
details) as:   
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The following distribution function can be utilized in Eq. (4): 
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and this is similar to the torsion distribution function of a constant cross-section cantilever, which is: ft (x) = 1 – 
x/l. The torsion-related moment of inertia It (xi) depends on how the two cross-sectional dimensions, w(xi) and t. 
For very thin cross-sections, as the ones addressed in this report, the torsion moment of inertia is computed as: It 
(xi) = w (xi)t3/3. 

The torsion resonant frequency will alter when mass deposits by an offset quantity b at a distance a from 
the free end as: 
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Abstract 

We report on a theoretical and experimental stability investigation of an initially curved clamped-clamped 

microbeam actuated by a distributed electrostatic force.  Reduced order Galerkin and consistently constructed 

lumped models of the shallow Euler-Bernoulli beam were built and verified by numerical analysis and the 

influence of various parameters on the stability was investigated.  As a result of the interaction between 

mechanical and electrostatic nonlinearities the device may exhibit sequential snap-through buckling and pull-in 

instability and bistable behavior.  The first critical voltage can be higher or lower than the second one while the 

stable deflections are significantly larger than in a straight beam.  Due to influence of the nonlinear electrostatic 

force the minimal initial elevation required for the appearance of the snap-through instability is smaller than in 

the case of a uniform loading and depends on the distance between the beam and the electrode.  The closed form 

approximation of this elevation was evaluated.  The devices were fabricated from silicon on insulator (SOI) 

wafer using deep reactive ion etching and in-plane responses were characterized by means of optical and 

Scanning Electron microscopy. Model results obtained for the actual dimensions of the device were in good 

agreement with the experimental data. 

1.  Introduction 

Pull-in instability of electrostatically actuated micro structures is encountered as a basic instability mechanism 

of this kind of devices (Pelesko and Bernstein  [1]).  If a mechanical constraint is provided limiting the 

displacement, an additional stable equilibrium may exist beyond the pull-in point and the system can be viewed 

as bistable.  This "electrostatic bistability" is an intrinsic feature of electrostatic actuators and widely used in 

many micro devices.  "Mechanical” snap-through instability arises due to the non-monotonous stiffness-

deflection dependence of a structure and is accompanied by the bistability (e.g., see Simitses and Hodges  [2]). 

In the present work we investigate the stability of a flexible initially curved micro beam with clamped ends 

actuated by a distributed electrostatic force.  The structure is probably the simplest system combining both 

generic electrostatic nonlinearity as well as mechanical nonlinearity typical for bistable systems.  The theoretical 

study of a curved electrostatically actuated beam was presented by Krylov et al.   [3], this behavior was then 

confirmed experimentally by Krylov et al.  [4].  Experimental observation of snap-through and pull-in instability 

in a curved beam was recently reported by Zhang et al.  [5] but bistability was not demonstrated. 

2.  Model of a curved electrostatically actuated beam 

2.1  Formulation and decomposition 

We analyze a flexible initially curved double clamped prismatic micro beam of length L  with a rectangular 

cross-section of area A  and moment of inertia 
yI  made of an isotropic linearly elastic material with the Young's 

modulus E  (since ˆb d�  we use a plain strain modulus ( )2
1E E ν= −�  where ν is the Poisson’s ratio).  The beam 

is actuated by a distributed electrostatic force provided by an electrode located at the distance 
0

g  from the 

beam, fig.1  The initial shape of the beam is described by a function ( )0
ˆ ˆhz x  such that ( )0

max 1z = . 
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                                         Table 1: Non-dimensional quantities. 

ˆx x L=  Coordinate 

0
ˆh h g=  Elevation 

0
ˆd d g=  Thickness  

0
ˆw w g=  Deflection 

( ) ( )2

0 2 yg A Iα =  Stretching parameter 

2

yL A Iλ =  Slenderness 

0
g Lε =  Aspect ratio 

( ) ( )4 2 3

0 02 ybL V EI gβ ε= � Voltage parameter 

 Figure 1: Electrostatically actuated curved beam. 

 

The deflection ( )w x of the shallow Euler-Bernoulli beam is described by the non-dimensional equation 

( )( ) ( ) ( )
1

2 2

0 0 0

0

2 1IVw hz w w dx hz w hz wα β′ ′ ′ ′′ ′′− − − = + −∫                                 (1) 

completed by the boundary conditions 0, 0w w′= =  at 0 and 1x x= = .  Here ( ) d dx′ = .  Non-dimensional 

quantities used in the formulation are presented in Table 1.  We disregard at this stage the influence of fringing 

electrostatic fields and consider the electrostatic force in the framework of the parallel capacitor approach. 

The deflection of the beam is approximated by the series 

( ) ( )
1

n

i i

i

w x q xφ
=

≈∑                                                                                   (2) 

were 
i

q  are generalized coordinates and ( )i
xφ  are linear undamped eigenmodes of a straight beam normalized 

in such a way that ( )max 1i xφ =  
.  Implementation of the Galerkin procedure yields the system of nonlinear 

coupled algebraic equations  

22 2T T T T

0 0 0 0 e
h h hα α α α β+ − − + =Bq z qz q Sqz z qSq q SqSq F                                       (3) 

where { }i
q=q  and elements of the vector { }00 i

z=z , of the bending matrix 
ijb =  B , of the stretch matrix 

ijs =  S  and of the generalized force vector { }e ei
f=F are  

( ) ( )

1 1 1 1

0 0 2

0 0 0 0

0
1

i
i i ij ij i j ij i j ei

k k

k

dx
z z dx b dx s dx f

hz x q x

φ
φ δ φφ φφ

φ

′ ′ ′′ ′′ ′ ′= = = =
 

+ − 
 

∫ ∫ ∫ ∫
∑

                    (4) 

The system (3) was solved numerically.  In order to validate the RO model and investigate its convergence we 

compared the results provided by the RO model with the direct numerical solution of equation (1) based on the 

collocation method and obtained using the two-point Boundary-Value Problem integrated into the Matlab.  In 

addition, we compare the results provided by the RO model with the data available in literature for the case of a 

uniform distributed force. 

2.3  Model results 

Using the RO model the influence of various parameters, mainly relative initial elevation h and thickness d  was 

investigated. Results are presented in fig. 2.  One observes that the bifurcation diagram may contain two 

maxima associated with the snap-through and pull-in instability as well as two branches corresponding to the 

stable equilibria.  The voltage parameter corresponding to the snap-through buckling can be lower or higher 
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than the pull-in value while the maximal stable deflection corresponding to the secondary pull-in instability is 

larger than in the case of a straight beam.  Both snap-through and pull-in values of the voltage parameter may be 

lower than 
PI

β of the initially straight beam of the same geometry, fig. 2 (c).  

 

Figure 2: Bifurcation diagrams for varying initial elevations (a); critical values of relative displacements (b) and 

voltage parameter (c) for 0.01, 0.3dε = =  and 0.5d = (markers). Gray lines correspond to the case of 

uniform displacement independent force. The initial shape is ( ) ( )0 1
z x xφ= .  

In order to exhibit snap-through buckling, the curvature of the beam should be higher than a certain value.   

Electrostatically actuated curved beams may exhibit the snap-through buckling at lower elevation/curvature and 

at smaller deflections than in the case of the uniform, deflection independent force.  We preserve one term in eq. 

(2) and replace ( ) ( )1 1 cos 2 2x xφ π= −  
 in the expressions for 

e
f  in eq. (4). In the case of a bell-shaped beam 

the system (3) is reduced to a single equation  

( )
( )

2 2 2 2 2 3

1 1 1 3

11 1

1 8 -12  +4 =
2 1

h k q hkq kq

b h q

β
ε ε ε+

+ −

                                                (5) 

describing the equilibrium of the electrostatically actuated shallow Mises truss, fig. 3(a) with 

( )2 2 2 2

2 1 11 118 0.01498k k k s bλ λ= = =  and modified electrostatic force given by the right hand side of eq. (5) .  The 

stiffness of the vertical spring in fig. 3(a) is associated with the bending stiffness of the beam while the stiffness 

of the oblique springs is defined by the extensional stiffness and slenderness of the beam.  

         

Figure 3: (a) Electrostatically actuated Mises truss. (b) Minimal relative initial elevation 
S

h d of a curved bell-

shaped electrostatically actuated beam required for the snap-through instability to appear.  The gray line 

corresponds to the case of a displacement independent force; dashed line corresponds to the approximation (5). 

Using eq. (5), voltage parameter β  was calculated for prescribed deflection while critical values of 
1

q  and β  

were found from the condition
1

0d dqβ = .  Requiring that the equation
1

0d dqβ =  has three different real roots 

(in addition to
1 10 and  1q q h= = + ), we obtain an expression relating the minimal snap-through value 

Sh of the 
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initial elevation required for the existence of the snap-through buckling and parameters  and kε , fig. 3(b). In the 

case 
0

ˆ 1d g �  a simple approximation of 
S

h is found 

0 0

0

ˆ ˆ ˆ ˆ3
1

ˆ ˆ ˆ4

Sh h h d

gd d d

  
≈ −  

   

                                                                       (6) 

where ( )2

0 11 11
ˆ ˆ 6h d b s=  corresponds to the case of uniform deflection independent loading.  Our results 

suggest that the minimal values of the elevation required for the appearance of the snap-through buckling 

available in literature for the beams under uniform deflection independent loading cannot be directly used in the 

case of electrostatically actuated beams. 

3.  Experiment 

The devices were fabricated of highly doped single crystal Si using SOI wafers as a starting material and etched 

using a deep reactive ion etching (DRIE) based process.  The devices were operated in ambient air conditions as 

well as in vacuum inside a chamber of a scanning electron microscope (SEM).  The beams were actuated by 

linearly increasing and decreasing voltages, the response of the beams was video-recorded and the voltage-

displacement dependence was built using image processing.  The pull-in behavior was in accordance with 

theoretical predictions.  Comparison of experimental data with the results provided by the model (with the 

actual, measured, dimensions used in calculations) revealed very good agreement between the two. 

             

Figure 4: (a) Scanning Electron micrographs of the fabricated device. (b) Experimental bifurcation diagram 

(markers) for bell-shaped 1000 µm long beam for h = 3 µm.  Solid lines correspond to the model results for the 

2.4 µm thick beam and distance to electrode g0 = 10.1 µm measured using SEM. 
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Abstract 
Sensing/actuation micro and nano devices whose operation involves moving mechanical parts are largely based 
on monolithic, compliant mechanisms whereby the relative motion is produced through the elastic deformation 
of specially-designed flexible parts. The choice rationale of compliant MEMS/NEMS is twofold, being imposed 
by nanofabrication technology (which favors realization of monolithic, single-part products) and inherent 
virtues of the compliant structures (such as reductions in friction loss and hysteresis). On a coarse-to-fine 
modeling scale, where the finite element procedure tops the range with a host of capabilities, lumped-parameter 
methods are usually credited with the lowest prediction accuracy. However, such models are still needed, 
because they are generally based on closed-form equations, and are therefore almost indispensable in two 
domains, namely: first-hand, preliminary modeling/design (where fundamental relationships between design 
variables and performance criteria are needed) and input-output system control. As such, endeavors of refining 
lumped-parameter modeling techniques are underway in an attempt of balancing accuracy and computation 
costs. The paper discusses various methods that improve lumped-parameter modeling such as consideration of 
inertia and stiffness from all compliant members, utilization of real distribution functions that depend on 
specific geometry, consideration of shear-type deformation effects in the case of short members, as well as 
elastic properties modifications for deep members. A few nanocantilever designs are case-studied, and various 
precision models are generated, whose results are compared with finite element and experimental results.  

1.  Introduction 
Compliant (or flexible) mechanical devices are largely utilized in micro/nano electromechanical systems 
(MEMS/NEMS) due to intrinsic advantages such as monolithic construction, robustness, compactness, no need 
for assembly or maintenance and to fabrication constraints such as planar design. While finite element methods 
are extremely useful in designing and numerically testing the performance of compliant MEMS/NEMS, they 
can be supplemented by lumped-parameter models, which (if developed with sufficient accuracy) can provide a 
fast and less expansive alternative into first-stage modeling. Moreover, control of MEMS/NEMS needs transfer 
functions connecting the input to the output, and the lumped-parameter models offer closed-form solutions that 
can be utilized as transfer functions. 

Lumped-parameter procedures are based on simplifying assumptions whereby the actual distributed nature of 
mechanical components or systems is rendered into discrete (lumped) equivalent properties such as inertia, 
stiffness, damping or forcing, Ilic et al. [1], Lobontiu [2] and Lobontiu et al. [3]. Extreme simplifications to the 
real systems might generate lumped-parameter results which are approximate solutions, with accuracy levels 
that depend on the simplification depth. However, when sufficient care is paid to comply with the real physical 
constraints, lumped-parameter models are tools that generate precise results. 

Cantilevers and bridges are two MEMS/NEMS mechanical device categories which are often times analyzed by 
employing lumped-parameter techniques before design refinements are brought in by means of finite element 
modeling. The quasi-static behavior of these devices is modeled by using the lumped stiffness, whereas their 
resonant response is qualified by also utilizing the lumped mass. A rule of thumb into modeling simplification 
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requires that bulkier parts of such a mechanical device, such as the paddle segment for instance be considered as 
rigid and bearing inertia, whereas thinner portions should be modeled as massless and flexible. This approach 
can prove sufficiently accurate, particularly when dimensional discrepancies between structural segments allow 
discriminating massive from tinnier parts, but when this separation becomes blurred due to dimensional 
similitude, lumped-parameters models that require consideration of inertia and stiffness from all segments are 
needed. 

The paper analyzes a few cantilever and bridge examples that can be modeled by several layers of lumped-
parameter modeling, and highlights the errors that are produced by various models, while comparing modeling 
results with finite element and experimental data.    

2.  Lumped-parameter modeling 
A paddle micro cantilever is sketched in Fig. 1 (a) whose out-of-plane bending is monitored. Lumped-parameter 
modeling enables analyzing this structure as a single degree-of-freedom member made up of a mass and a 
spring that are located at the free end of the cantilever, as indicated in Fig. 1 (b).      
  

 

 

 

 

 

 

 

 

Figure 1. Paddle micro cantilever in out-of-plane bending motion: (a) three-dimensional sketch; (b) equivalent 
lumped-parameter model 

 

Figure 2 shows three different lumped-parameter models that can describe the out-of-plane bending resonant 
response of the paddle cantilever of Fig. 1 (member # 1 is the tip paddle segment whereas member # 2 is the 
root segment of Fig. 1). 

 

 

 

 

 

 

 

Figure 2. Modeling variants of a paddle cantilever 

 

Model # 1, the simplest one, only takes into consideration the inertia of the free tip segment and the compliance 
(stiffness) of the root part. A more refined model can be developed which considers that inertia results from 
both segments whereas stiffness is attributed only to the root segment, similarly to the first model. Finally, a 
more complete lumped-parameter model which includes inertia and stiffness contributions from both segments 

(a) (b)

 



6th International Conference on Computation of Shell and Spatial Structures IASS-IACM 2008, Ithaca 

 3 

is model #3. Figure 3 plots the ratio of the Model # I natural frequency to the Model # II natural frequency, 
whereas Fig. 4 plots the ratio of the Model # I natural frequency to the Model # III natural frequency   

 

 

 

 

 

 

 

 

Figure 3. Comparison between Model # 1 and Model # 2 out-of-plane natural frequencies 

 

 

 

  

 

 

 

 

 

 

 

Figure 4. Comparison between Model # 1 and Model # 3 out-of-plane natural frequencies 
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Abstract 
We present an investigation into the response of a cantilever microbeam with a plate attached to its tip to 
mechanical shock. This structural configuration is found in numerous MEMS devices, such as gas sensors and 
capacitive accelerometers. To ensure reliable operation of these devices, their performance under mechanical 
shock has to be analyzed. In this work, a nonlinear Euler-Bernoulli beam model with a rigid plate attached to its 
tip is utilized. The model accounts for the geometric and inertia nonlinearities of the microbeam. The system of 
integro-partial-differential equations is discretized using a Galerkin procedure to extract a reduced-order model, 
which is then used for dynamic simulations of the system responses. The system is also modelled using the 
nonlinear finite element software ANSYS. The influences of the different components of nonlinearity are 
examined and the results of the nonlinear beam theory are compared with the results of a linear beam theory and 
the results of ANSYS. It is found that the effect of the plate is to enhance the dynamic, as opposed to the quasi-
static, response of the microbeam to mechanical shock.   

1. Introduction 
Cantilever beams with an almost rigid plate at their free end (i.e.; a paddle) are common mechanical systems in 
MEMS and sensors applications [1]. In mass and gas sensors applications, the plate provides a big surface area 
that can be coated with materials that enhances sensitivity [2]. In accelerometers and inertia sensors, the plate 
provides adequate inertia which amplifies the beam response and thereby, also increasing sensitivity. However, 
with the attractive advantages of cantilever-plate microbeams comes the disadvantage of the system being more 
vulnerable to stiction and collapse failures due to shock and impact. The big mass at the microbeam tip means 
higher motion sensitivity to dynamic disturbances. Therefore, under dynamic shock loading, the microbeams 
can deflect significantly. These large deflections can cause hard contact with surrounding stationary components 
on the MEMS chip, which may break the microbeam or cause other damage. In applications such as capacitive 
sensors, this large deflection can result in a contact with the substrate, which may lead to short circuit and 
stiction problems [3]. Microstructures, including cantilever microbeams, can be exposed to shock during 
fabrication, shipping, storage, and end-use, such as in space applications and harsh environments in military 
applications. When implemented in portable devices and electronics, such as cell phones, these microbeams 
have to survive drop testing on hard surfaces, which is crucial for the commercialization of MEMS.  
 

Many microstructures experience mechanical shock as quasi-static loads. This is because these systems have 
high natural frequencies and hence, their natural periods are much smaller than the typical duration of shock 
loads [4]. Cantilever microbeams however are characterized by having low stiffness compared to other 
microbeams and micro-structures with other boundary conditions. Hence, their natural frequencies are relatively 
low and this means that they can experience mechanical shock as a dynamic load. This possibility increases 
further when a proof mass or a paddle is attached at the beam’s tip because the added mass further lowers the 
system natural frequencies. When subjected to mechanical shock, cantilever microbeams can deflect 
significantly before they hit the substrate or other stationary parts. Under large deflection, the use of a linear 
beam theory to simulate the response may be inaccurate or questionable. In this work, we investigate the 
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response of a cantilever microbeam-paddle system under mechanical shock using a reduced-order model ROM 
[5] based on a nonlinear Euler-Bernoulli beam model.  

2. Problem Formulation 

  
Figure 1: Sketch of a cantilevered beam with a paddle at the tip. 

Figure 1 shows a schematic representation of the microbeam-plate (paddle) system. The microbeam has a mass 
per unit length m, material density ρ , modulus of elasticity E , length l , width b , and thickness h . The rigid 
plate has a mass 0M , length L , width B , and thickness H . The moment of inertia of the plate about its center 
of mass, located a distance 0L  from the end of the beam, is 

 ( )2 2 21 1
0 0 012 12    for   J M H L M L H L= +  (1) 

Let ( , )w s τ  be the dimensional transverse deflection of the beam at a point s along the elastic axis and 
dimensional time τ. Neglecting the effects of the beam rotary inertia and the plate nonlinear inertia and  
following the nonlinear Euler-Bernoulli beam theory, the equation of can be written as [6]: 
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where C is the dimensional damping coefficient and ( )F τ  is a dimensional external excitation assumed to be 
uniformly distributed along the beam. The first two terms on the right-side of the equation are cubic 
nonlinearities that result from geometry (large-amplitude bending deflections) and inertia (longitudinal-bending 
deflections coupling) effects, respectively. The associated boundary conditions are 
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Equations (2)-(3) are discretized using a Galerkin procedure to yield a reduced-order model (ROM) [5]. The 
ROM consists of a set of nonlinear ordinary-differential equations in terms of modal coordinates that is 
integrated numerically with time to simulate the dynamic response.   

2. Results 
As a case study, we investigate the response of a microbeam-paddle system implemented in a biomolecular 
sensor [2].  The geometric and physical characteristics of the system, shown in Figure 1, are given in Table 1. 
We first examine the convergence of the ROM as the number of modes is increased. Figure 2 shows the 
response of the system obtained by simulating the ROM for different numbers of the first three modes and for 
two shock durations, which span the expected duration during a drop-table test. It follows from Figure 2 that the 
use of two modes predicts accurately the response of the system. Next, we verify the simulation results by 
comparing them with results generated by modeling the system with a nonlinear finite-element model of the 
software ANSYS [7].  Figure 3(a) shows comparisons between the results of the ROM employing the first two 
modes (solid line) and the FE model results (dots) for a shock duration of 0.2ms . Figure 3(b) shows the ANSYS 
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FE model. We note from Figure 3(a) full agreement between the two-mode nonlinear beam model and the FE 
model, which shows that the microbeam response changes nonlinearly with the shock amplitude. We also 
conclude from this figure that the ROM is capable of capturing the dynamic behavior of a nonlinearly behaving 
microstructure using a few numbers of modes, which is computationally cheap compared to using a nonlinear 
FE model for transient simulations. 
 

Table 1: Geometric and physical parameters of the microbeam-plate system [2]. 

l  b  h  d  E  ρ L  B  H  0ρ  

200 µm 40 µm 0.5 µm 4 µm 85 GPa 3000 Kg/m3 100 µm 100 µm 0.5 µm 3000 Kg/m3

  
(a) Ts =0.2 ms. (b) Ts = 1 ms. 

Figure 2: The response of the fully nonlinear undamped cantilever microbeam-plate system using a reduced-
order model with different numbers of modes and for two shock durations Ts. 

 

(a) (b) 
Figure 3: (a) The response of the cantilever microbeam-plate system using the reduced-order model (solid line) 

and the nonlinear FE model (dots) for a shock duration Ts =0.2 ms and (b) the FE model in ANSYS [7]. 

The difference in the results between linear and nonlinear models is illustrated in Figure 4. The figure shows 
comparisons of the system response to shock using four different beam models: linear, fully nonlinear, 
geometric nonlinear only, and inertia nonlinear only. It is noted from this figure that the dominant nonlinearity 
of the system is mainly geometric. The influence of varying the mass ratio 0 /M M ml≡  of the plate to the 
beam on the system response is illustrated in Figure 5 for three cases: M = 0 (no plate),  M = 1.25 (the system 
defined in Table 1), and M = 2. The natural periods of the system are calculated to be 0.91 ms, 0.41 ms, and 
0.311 ms, respectively. It is evident that as M varies, it significantly influences the natural period of the system. 
In turn, this affects the nature of the response, whether it is quasi-static or dynamic. Figure 5 also shows that the 
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addition of the plate to the microbeam tip makes the system more likely to hit the substrate under a shock load 
since the tip deflection is larger.  

(a) Ts = 0.2 ms. (b) Ts = 1 ms. 
Figure 4: Comparison of the undamped response of the cantilever microbeam-plate system generated using a 
linear beam model (solid black), a fully nonlinear beam model (solid blue), a geometric-only nonlinear beam 

model (dashed red) and an inertia-only nonlinear beam model (dashed green). 

 
Figure 5: Comparison of the undamped response of the cantilever microbeam-plate system when varying the 

mass ratio M for a shock duration Ts = 0.2 ms. 
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Abstract 
This study presents an effort to explore the exploitation of the dynamic pull-in and the escape-from-a-potential-
well phenomena in MEMS to realize novel mass detectors of desirable characteristics and functionalities. These 
instabilities are induced by exciting a microstructure with a nonlinear forcing composed of a DC parallel-plate 
electrostatic load and an AC harmonic load. The frequency of the AC load is tuned to be near the fundamental 
natural frequency of the structure (primary-resonance) or its multiples (sub-harmonic-resonance). In this work, 
we discuss the concept of a switch triggered by mass threshold (STMT).  This device has the potential of 
serving as a smart switch that combines the functions of two devices: a sensitive gas/mass sensor and an electro-
mechanical switch. The switch can send a strong electrical signal as a sign of mass detection, which can be used 
to actuate an alarming system or to activate a defensive or a security system. As case studies, this device 
concept is demonstrated by simulations on clamped-clamped microbeams. Results are presented using long-time 
integration for the equations of motion of a reduced-order model. Then, experimental data are presented on a 
mille-micro scale capacitive sensor demonstrating the idea of the STMT.   

1.  Switches based on clamped-clamped beams 

 
Figure 1.  A MEMS parallel-plate capacitor showing a dynamic AC+DC actuation.  

There has been extensive research in recent years in the field of mass sensing and detection [1]. This is driven 
primarily by the increasing demand to push the limits of mass sensing to enable reliable and precise detection of 
extremely small masses, such as those of viruses and DNA molecules. Also, this has been boosted by the need 
to detect very low gas concentration for gas sensing applications. In addition, lowering the cost of mass sensors 
and achieving smart and multi-functionality on a single chip have been major driving forces. This study presents 
an attempt to explore alternative methods to achieve some of these goals by utilizing the complexity in the 
dynamics of electrostatically-actuated Micro-electro-mechanical systems (MEMS).  
 
The focus of this work is on resonant microsensors employing microbeams. These microbeams are excited by a 
DC load superimposed to an AC harmonic load, Figure 1. Next, we show simulation results of a clamped-
clamped microbeam using time integration of a microbeam-reduced-order model [2]. The studied microbeam 
has length L=510 mμ , thickness h=1.5 mμ , width b=100 mμ , and a gap width separating the microbeam 
from the substrate d=1.18 mμ .  The microbeam is biased by VAC =2 V and placed in a reduced pressure with 
quality factor equal 1000.  The pull-in voltage for the microbeam due to DC voltage only is  VDC =4.8 V. The 
natural frequency of the microbeam is naturalω = 23.9 Universalω , where Universalω  is a universal characteristic 

frequency for a microbeam of any boundary conditions. It is expressed as 33 12/ mLEbhUniversal =ω , where m 
is the mass of the beam. Figure 2a shows that by increasing the AC load from VAC=0.01 V to  VAC=0.1 V, the 
frequency response curve is terminated by dynamic pull-in, which is remarked by a slope of the frequency 
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response curve approaching infinity [3,4]. As VAC is increased more, a band of frequencies is born, in which the 
microbeam cannot have a state of steady-state oscillation, such as the case of VAC=0.5 V. In another words, the 
microbeam tends to escape from the potential well of the electrostatic force to dynamic pull-in [3-5]. The escape 
phenomenon is further illustrated in Figure 2b.  

   
                            (a)       (b) 

Figure 2.  Frequency-response curves of a clamped-clamped microbeam excited near its first natural frequency 
for various values of AC loads. Figure b is for the case of VAC=0.5 V showing the escape-to-pull-in frequency 

band. 

 
Figure  3.  Frequency-response curve and time histories of a clamped-clamped microbeam excited at sub 

harmonic resonance illustrating its utilization for STMT and MSAR at the same time. The first dashed line to 
the left indicates the original operating point and the other dashed lines indicate the new operating points upon 

the detection of various amount of mass. 

Figure 2b shows that by tuning some parameters of the system, VAC, VDC, and damping, a frequency band is 
generated where an oscillator cannot have a stable state (escape phenomenon). This means that if a microbeam 
is excited by an AC load of a frequency in the escape band, it must go directly to pull-in.  We propose to utilize 
this phenomenon to design a smart Switch Triggered by Mass Threshold STMT.  In this concept, a microbeam, 
which is coated with a material sensitive to a specific analyte, is excited by a combination of a DC and AC 
harmonic load of a fixed frequency Ω below the escape band of frequencies, for example at Universalω/Ω =23.5 
in Figure 2b. When the microbeam detects the existence of the specific substance desired to be detected, its 
mass m increases, 33 12/ mLEbhUniversal =ω  decreases, and hence the ratio Universalω/Ω  increases and shifts 

to the right.  The shift can be calibrated such the new Universalω/Ω  lies in the escape band of frequencies when 
detecting a certain amount of analyte above a specific mass threshold (this can be a concentration threshold for 
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gases). Hence, the microbeam collapses to close an electric circuit to indicate the presence of the gas and at the 
same time sends an electrical signal, which can be used for alarming or any other useful function.   

 

Exciting the microbeam at twice its natural frequency (sub-harmonic resonance of order one half) leads to 
another interesting application combining a switch and a mass sensor. Figure 3 demonstrates this idea when 
exciting the microbeam for VDC =2, VAC =0.6 V  and a quality factor equal 100. To realize a mass sensor, the 
microbeam needs to operate at the flat regime of the frequency-response curve, as shown in Figure 3, for 
instance at Ω / Universalω =46.45 with Wmax/d=0.06. If the microbeam picks or absorbs an analyte, the operating 

point of the microbeam will shift to the right to ride the sub-harmonic resonance curve, for example at Ω /

Universalω =46.69 with Wmax/d=0.3. This new amplified response of the microbeam can be related to the amount 
of mass absorbed or detected, thereby realizing a mass sensor. If the amount of detected mass exceeds a specific 
threshold, Ω / Universalω  shift to the escape band of frequencies, for example Ω / Universalω =46.8, forcing the 
microbeam to collapse as a switch (STMT).  

2.  Switched based on cantilever beams 

 
 

Figure 4: The experimental setup used for testing the capacitive accelerometers under vacuum. 

A capacitive accelerometer sensor, fabricated by Sensata Technologies [5], was used for an experimental study 
to demonstrate the idea of the STMT. The sensor is made up of an alloy 42 cantilever beam of thickness 150 µm 
with a proof mass attached to its tip. Cantilever microbeams do not suffer mid-plane stretching, which is cubic 
nonlinearity, as the case of clamped-clamped microbeams. Hence, in the presence of nonlinear electrostatic 
forces, which are quadratic in nature, they exhibit pure softening behavior at large deflection. The sensor was 
placed in vacuum chamber with a quartz window at a pressure less than 2.0 torr (Figure 4).  A tiny amount of 
glue was added to the capacitive accelerometer surface, Figure 5. We found that the added mass cause a shift in 
the fundamental natural frequency of the mass sensor by 3.0 Hz.   

 

Next, we drive the sensor around its primary resonance with high values of AC and DC load. Figure 6a shows 
the device frequency response   before and after adding the same mass of Figure 5.  A frequency shift of 3 Hz is 
observed due to the added mass. If we consider, for example, the excitation frequency of 170 Hz for the no 
added mass case in Figure 6a  we notice that the sensor response is stable. On the other hand, at the same 
excitation frequency when the mass is added the sensor response becomes unstable and eventually goes to pull-
in. Next, we excite the cantilever at twice its natural frequency.  Figure 6b shows sub-harmonic resonance 
before and after adding the same masses of   Figure 5. It is clear from the figure that in both plots the frequency 
shift as a result of the added mass is doubled compared to the primary resonance.  This in itself can be utilized 
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to amplify the sensitivity of resonant mass sensors. The same idea for the switch applies for sub-harmonic 
resonance. For example if we excite the microbeam in the shaded area in Figure 6b the device response is stable 
before mass detection. On the other hand, when the mass is added, the sensor response is unstable and 
eventually goes to pull-in as a switch.  One can note that the transition from low-amplitude stable oscillation to 
unstable response (pull-in) in this case is much dramatic compared to the primary-resonance case.  

 
Figure 5: The capacitive accelerometer showing the added mass. 

  
(a)       (b)  

Figure 6: (a): Primary-resonance escape zone before and after adding a mass causing a frequency shift of 3.0 
Hz (Vdc=80  Volt and Vac=36.9 Volt). (b): Sub-harmonic-resonance escape zone before and after adding 
masses (Vdc=95 Volt and Vac=37.2 Volt).  
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Abstract 
A rectangular beam is clamped at both ends. A rectangular planar punch adhered to the beam is pulled away to 
shrink the contact area. When the contact reduces to a line, the beam detaches spontaneously, and the 
phenomenon is known as “pinch-off”. The delamination trajectory in the presence of tensile residual stress is 
established based on a thermodynamic energy balance.  The model is applied to (i) optimization of a micro-
electromechanical-systems radio frequency switch (MEMS-RF-switch), (ii) criterion for instability of micro-
network of trusses, and (iii) topographical measurement of flexible structures using atomic force microscope 
(AFM). 

1.  Introduction 
Adhesion between micro- and nano- scale surfaces leads to significant impacts on many devices behavior. An 
obvious example is the undesirable stiction in many moveable parts in micro-electromechanical systems 
(MEMS), leading to operation failure, reduction of reliability and life span. A typical MEMS-RF switch is 
chosen here to demonstrate the mechanical consequences due to adhesion.  Rather than tackling the full fledged 
coupled electro-mechanical behavior, we will construct a simple mechanical model to derive the adhesion-
delamination mechanics that is based on linear elasticity, intersurface forces, thermodynamic energy balance 
without loss of generality.  

The model is further extended to account for the stability of micro-beam networks. In the presence of high 
relative humidity, van der Waals interactions, and stray electrostatic charges, adhesion might cause the structure 
to collapse, depending on the strength of surface forces, the mechanical properties of the materials, and the 
geometrical arrangement. We attempt to derive the critical conditions for an inevitable instability.  Another 
application is to gauge the viability of topographical and adhesion measurements of flexible structures or 
membranes using an AFM or nano-indentation.  

2.  Theory 
Figure 1 shows a beam with unit width, length, 2l, and thickness, h, bending rigidity, κ = Eh3 / 12 (1−v2), elastic 
modulus, E, Poisson’s ratio, ν , and tensile residual stress, σ0, being clamped at both ends. A rigid punch 
spanning the beam width and length 2l makes an intimate contact with the suspended bridge, with an interfacial 
adhesion energy, γ. An external tensile force, F, applied to the punch deforms the beam to a profile, w(x), and 
causes the beam to delamination from the punch and the contact length to shrink to c (< l). Once the punch 
displacement, w0, reaches a critical threshold, the contact reduces to a line and the beam spontaneously detaches 
from the punch surface, a phenomenon known as “pinch-off”. Linear elasticity requires the beam profile to be 
governed by [1] 
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 2 

 
Fig.1. A clamped beam (or membrane) delaminating from a rigid punch surface.  

 

where δ(x) is the delta function. The normalized variables, ω = w / h, ξ = x / l, λ = c / l, ϕ = (l3/2κh)F, β = 
(l/κ1/2)σ0

1/2 and Γ = (l4/κh2) γ, are adopted hereafter. Solving (1) with proper boundary conditions,  
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The total energy of the system is given by UT = (1/2) F.w0 – γ . c, where the first term denotes the elastic energy 
stored in the beam and the second term the energy required to create new surfaces. Thermodynamic equilibrium 
occurs when  ∂UT / ∂c = 0,   

 
⎭
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The relationship between the measureable quantities, F, w0 and c can be found by simultaneously solving (2) 
and (3). The constitutive relation is conveniently cast in the form of F ∝ (w0)n with  

 
)1(]2/)1(sinh[
)1(]2/)1(tanh[2

)(log
)(log

0 λ−β−λ−β
λ−β−λ−β

=
∂
∂

=
w
Fn  (4) 

The delamination trajectory is illustrated in Figures 2 and 3.  At small punch displacement, the beam 
deformation is mainly governed by plate-bending, while large displacement leads to membrane stretching.  
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3.  Applications 
The above model is applicable to a number of micro- and nano-structures. 

3.1  Microelectromechanical systems (MEMS) 
Figure 4 shows a typical MEMS-RF-switch with a suspended bridge over an electrostatic pad. In the presence of 
an applied potential applied to the pad, the moveable beam is compelled to make an intimate contact with the 
pad giving rise to an electrical signal. Removal of the applied voltage causes the bridge to recover its non-
deformed geometry and a reverse of signal. The presence of adhesion at the film-substrate interface, however, 
obstructs the elastic recovery. Our new model resembles this geometry (c.f. Fig.1), though the electrostatic 
attraction is yet to be considered [2]. In fact, the adhesion-delamination mechanics enhances better design and 
optimizes performance, especially when both adhesion and residual stress are coupled as a result of 
environment, thermal mismatch and heating due to operation.  

  
3.2  Micro-beams network 
Wu et al [3] constructed micro-beam networks free of residual stress. In the presence of strong intersurface 
forces, instability sets in and the structure collapses.  Fig.5. shows two adjacent beams adhering to each other. 
Our new model predicts the critical conditions. If the beams are deformed by pure bending, the maximum 
allowable beam length is given by  

 2/1*
0

4/13
)(wEhCld ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

γ
=  (5) 

where 2w0
* is the inter-beam separation. and C = (48)1/4 ≈ 2.632. If membrane-stretching replaces plate-bending 

as the dominant deformation mode, the critical condition is modified to  

 *
0

2/1

2 wEhld
⎭
⎬
⎫

⎩
⎨
⎧

γ
=  (6) 

To design a stable network structure, either the beam span is shorter than ld or the separation is larger than the 
critical value of w0

*. Simple modifications can be made to accommodate beams with circular cross-section.  
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h
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Fig.5. Adhesion of two adjacent beams.  

(a) Electrostatic pad 
with an electric 

potential 

Relaxed 
bridge 

(b) 

Grounded 
pad  

Bridge in contact 
with pad 

Fig.4. Sketch of a MEMS-RF-switch: (a) OFF and (b) ON signals. 
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3.3  Micro-beams network 
The new model is applicable in mechanical characterization of pre-stressed nano-wires and nano-springs. When 
a central load is applied to the mid-span of the specimen via an atomic force microscope (AFM), the distance 
traveled by the AFM tip can be measured to yield the materials parameters and the residual stress using (2) to 
(4). The present work provides a rigorous analytical model for the coupling of bending moments and residual 
stress. Should the residual stress becomes compressive, all β’s in the above equations are to be replaced by i ||β|| 
with i = √(−1). 

4.  Conclusion 
An elastic model is built for the adhesion-delamination mechanics of a pre-stressed beam adhered to a rigid 
substrate. The model provides the performance equation relating (i) the structural index of mixed plate-bending 
and membrane-stretching, (ii) the measurable applied load, punch displacement (or the equivalent bridge-pad 
gap) and contact area, (iii) the geometrical factor of beam thickness and span, and (iv) the materials parameters 
of elastic modulus and Poisson ratio, adhesion energy at the film-substrate interface, and residual membrane 
stress. Specific applications in MEMS-RF switches and micro-beam network are discussed. 
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Abstract

Coupled micromechanical oscillators vibrating in synchrony have the potential for novel applications such as filters,
neurocomputers and generators of clock signals in computer processors. In this work we analyze a feasible approach
for constructing coupled micromechanical oscillators that synchronize. For this purpose we consider dome shaped
micro-oscillators. These oscillators are fabricated by buckling a thin circular film of polysilicon, giving rise to a dome-
shaped structure. They are thermally excited using resistive heating. The motion of the device is fed back into the heater
using displacement measurement (e.g. capacitive pickup), driving the dome into stable limit cycle oscillations. Here
we study the dynamics of one oscillator, and the ability of two micromechanical oscillators with different frequencies
to synchronize via mechanical and electro-thermal coupling.

1 Introduction

Potential applications for synchronized micromechanical oscillators include signal processing [1], neurocomputing [2]
and clock signal distribution for synchronous processors. In this work we develop a theoretical basis for the design
of synchronized micro-oscillators. As an example, we analyze thermally excited dome shaped micro-oscillators, fab-
ricated by buckling a thin, circular film of polysilicon [1]. The thin film of polysilicon is first deposited onto a layer
of silicon dioxide. The deposition parameters are selected to ensure that the polysilicon is under large compressive
(approximately220 MPa) stress. A circular region of silicon dioxide is etched away leaving a thin polysilicon disk
under compression. This disk buckles to form a shallow dome. Typical oscillator diameters range from10 to 40 µm.
For our analysis we use a dome with outer diameter40µm, inner diameter of4µm, thickness200nm and a measured
buckled height of1µm [1] (see Figure1). We note that there is nothing special about this size and that our analysis
can be repeated for domes of different dimensions.

In [1] the domes are driven using resistive heating and the motion optically detected [3]. Laser detection of motion
may not be feasible for commercial applications, thus, we propose to detect motion using capacitive sensors or strain
gauges, fabricated onto the surface of the oscillator. We propose a system in which the output of the displacement
sensor is fed back into the resistive heater (Figure2). This two way coupling of the motion to the thermal dynamics of
the oscillator gives rise to limit cycle oscillations as seen in [1]. Before we study the dynamics of coupled oscillators,
we need to construct a model for the dynamics of a single oscillator.

1
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Figure 1: 3D view of the dome obtained from FEM simulations.
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Figure 2: Block diagram of the proposed scheme to construct thermally driven micromechanical oscillators

2 Single Oscillator Model

2.1 Mechanical

To understand the dynamics and mechanical response of a single oscillator, we build an ordinary differential equation
(ODE) model for oscillations of the dome about the buckled state. The post buckled shape of the dome is shown in
Figure 1. We approximate the shape as

w(r) =
1 − cos(π(r−R)

R
)

2
, (1)

wherer is the radial distance from the center of the dome andR is the outer radius of the dome oscillator, see figure3.
We use the axisymmetric von Kármán equations [4] to describe the nonlinear motion of a plate under compression.
The outer boundary of the domeR = 20µm is considered to be clamped and the inner boundaryr0 = 2µm is free.
We constrain the dynamics of the plate to the mode shape given by Equation 1, by performing a Galerkin projection [4].
The result is a set of nonlinear ODEs that govern the dynamics of the dome oscillator. This ODE is of the form

mÄ(t) + γ′Ȧ(t) + k1A(t) + k3A(t)3 = 0, (2)

wherem is the effective mass of the structure,γ′ is the damping, andk1 andk3 are the linear and and cubic stiffnesses
calculated using the Galerkin projection procedure. The stiffnessk1 is found to be a linear function ofσR, the radial

h

τ

R

r
0

σσ r
R R

Figure 3: Dimensions of the dome oscillator (view of a radial section)
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Table 1: Material Properties of Polysilicon

E 160 GPa
ρ 2330 kg

m3

α 2.6 × 10−6/K

k 20 W
mK

Cp 753 J
kgK

ν 0.22
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Figure 4: Variation of linear stiffness of plate with applied compressive stress at outer edge. Negative stiffness implies
buckling.

stress at the outer edge of the disk, as plotted in Fig.4. The cubic stiffness, however, is independent ofσR. The value of
σR at whichk1 = 0 is the buckling load. For the dimensions and properties (from [6], [7] in Table 1) of our problem
the critical buckling stress is found to beσR ≈ 19 MPa. ForσR > 19 MPa,k1 < 0 and the structure assumes a
buckled shape. The experimentally observed deflection of the dome is≈ 1µm [3], which is found to correspond to
σR ≈ 62 MPa. Thus, the stress release due to buckling reduces the in-plane radial stress,σR, from 220 MPa to62
MPa.

The resistive heater causes the dome to deflect upwards. This deflection has contributions from uniform heat expan-
sion and higher compressive stresses at the boundary. We assume linearity and add the two effects. We find that the
equilibrium of the structure varies linearly with temperature above ambient. Moving the origin to the buckled state,
nondimensionalizing deflection by dividing by the thicknessτ of the structure, and nondimensionalizing time gives

z̈ +
(ż − DṪ )

Q
+ h(T )(z − DT ) +

3

√

h(T )β

2
τ(z − DT )2 + β(z − DT )3 = 0, (3)

From thermal calculations we geth(T ) = 1+0.00023T . Calculations on height increase giveD = D′

τ
≈ 6×10−4/K.

From the Galerkin projection we getβ ≈ 0.5. The quality factor,Q, of the device is found experimentally to be≈ 2500
[3].

2.2 Thermal

We build a thermal model of the structure by solving transient heat conduction on an annulus,

∂T (r, t)

∂t
= κ

[

∂2T (r, t)

∂r2
+

1

r

∂T (r, t)

∂r

]

+ q, (4)

3
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Figure 5: Variation of average temperature of annulus with time.
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whereq is the heating due to the resistor. Heat loss due to radiation and convection are found to be negligible.

To solve equation 4, we break the solution into two parts: the steady state part and the transient part. The steady state
part is the Poisson’s equation on an annulus. After solving Poisson’s equation, we solve for the transient part, which is
the solution of the homogeneous heat equation with appropriate boundary conditions accounting for the steady state
part. The solution for equation 4 is a function that depends on radial position and time. We now average this solution
over the dome and model the response as a first order ODE,

Ṫ = −BT T + AT P, (5)

whereT is the temperature above ambient,BT is the rate of cooling due to conduction,AT is the inverse of the lumped
thermal mass andP is the input heat power. From figure5, we findAT = 1.3 × 10−3 K

µW
andBT = 1.54 × 10−1.

Equations 3 and 5 give us a complete thermo-mechanical ODE model for dome dynamics.

3 Single Oscillator Dynamics

We model the dynamics of a single oscillator (equations 3 and 5). A close inspection of equation 3 shows thatz =
DT is an equilibrium. Increasing the input powerP increases temperature which in turn deflects the structure. This
equilibrium loses stability via a Hopf bifurcation [8] atP = 2625µW . The limit cycle (self oscillation) born at the
Hopf bifurcation gains stability at a saddle-node bifurcation shown in figure6.

4
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4 Coupled Oscillators

We select the stable periodic motion atP = 2585µW to study the response of two coupled oscillators. We detune one
oscillator from the other by changing the frequency of the first by changing theh(T ) term. For the second oscillator
theh(T ) term becomesh2(T ) = κ+0.00023T , whereκ is a detuning parameter. We now study the ability of different
forms of coupling to frequency lock the two oscillators.

4.1 Mechanical Coupling

In mechanical coupling we assume that the two detuned oscillators are coupled to each other by a spring. Physically
this spring can be fabricated beams that connect the oscillators [9]. The governing equations are given by

Ṫ1 + BT T1 − AT P (1 + cgz1) = 0,

z̈1 +
(ż1 − DṪ1)

Q
+ h1(T1)(z1 − DT1)

+3

√

h1(T1)β

2
τ(z1 − DT1)

2 + β(z1 − DT1)
3

= K(z2 − z1),

Ṫ2 + BT T2 − AT P (1 + cgz2) = 0,

z̈2 +
(ż2 − DṪ2)

Q
+ h2(T2)(z2 − DT2)

+3

√

h2(T2)β

2
τ(z2 − DT2)

2 + β(z2 − DT2)
3

= K(z1 − z2). (6)

The spring acts a driving force that penalizes the difference between the two oscillators. The spring stiffness normalized
by the linear stiffness of the oscillator (K in eqnation 6) determines the ability of the two detuned oscillators to
frequency lock. We integrate the system of equations 6 for different values of stiffnessK and detuningκ. We then
detect frequency locking in the response of the two oscillators. The results are plotted in figure7. Whenκ = 1 the two
oscillators are identical and they do not need any spring for frequency locking. Figure7 displays a linear relationship
between the detuning and required stiffness of the spring. The required stiffness increases with detunung. Atκ = 0.9,
which corresponds to a frequency difference of5% between the oscillators, a coupling stiffness ofK ≈ 1 is required.

Fabrication of such arrays of devices is not easy and only nearest neighbor coupling can be achieved. To achieve global
coupling between oscillators, we turn our attention to electrical coupling of oscillators.

4.2 Electrical Coupling

In the electrical form of coupling of the oscillators, the motion of one oscillator is converted to an electrical signa that
is fed into the resistive heating of the other oscillator. Oscillator2 thermally drives oscillator1, without being affected
by the dynamics of oscillator1. The resulting model is given in equation 7. The termφz2 corresponds to the driving
seen by oscillator1 due to the motion of oscillator2. We now compute the regions where the response of oscillator1
jumps onto its resonance curve. This region gives frequency locked behavior figure8. Figure8 shows that frequency
locking is hysteretic with a narrow region in which entrainment is attained during both forward and negative frequency
sweeps. The overall region of entrainment increases roughly linearly with the coupling strengthφ.

Ṫ1 + BT T1 − AT P (1 + cgz1 + φcz2)
2 = 0,

z̈1 +
(ż1 − DṪ1)

Q
+ h1(T1)(z1 − DT1)+

5
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3

√

h1(T1)β

2
τ(z1 − DT1)

2 + β(z1 − DT1)
3 = 0,

Ṫ2 + BT T2 − AT P (1 + cgz2)
2 = 0,

z̈2 +
(ż2 − DṪ2)

Q
+ h2(T2)(z2 − DT2) +

3

√

h2(T2)β

2
τ(z2 − DT2)

2 + β(z2 − DT2)
3 = 0, (7)

5 Conclusions

In this work we take the first steps to model a physical system that can eventually be used for filter applications,
neurocomputing [2] or as a means of clock distribution. We select dome oscillators as an example and build a first
principles model for the governing mechanical dynamics. Since the oscillator is thermally driven using a resistor, we
also build a model for the governing thermal dynamics. A bifurcation analysis of the resulting ordinary differential
equations is performed. Stable limit cycle oscillations of the dome oscillator are identified. Two oscillators are then
mechanically and electrically coupled and the regions of synchrony are computed by changing the coupling parameter
and detuning between the two oscillators.

6
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Abstract 
Micro-jets, micro-actuators and micro-speakers etc involve high frequency oscillations of thin beams or plate 
shaped conductors. Conventional Boundary Element Method (BEM) analysis of the electric field in a region 
exterior to such thin conductors can become difficult to carry out accurately and efficiently- especially since 
MEMS analysis requires computation of charge densities (and then surface traction) separately on the top and 
bottom surfaces of such beams. A new Boundary Integral Equation (BIE) is proposed to handle the computation 
of charge densities for such high aspect ratio geometries. In the current work, this has been coupled with Finite 
Element Method (FEM) to obtain the response behavior of devices made of such high aspect ratio structural 
members. In addition, almost all realistic systems are significantly influenced by the presence of fluid 
surrounding the device. This damping effect has been taken into account assuming very low Reynold’s number 
Stokes flow around the beam. The Stokes flow is modeled using a conventional external boundary element 
method coupled in turn with the mechanical problem. This coupling of electrical, mechanical and fluid problem 
is carried out using a Newton scheme based on a Lagrangian description of the electrical ,mechanical and fluid 
domains. Numerical results are presented in this paper for the dynamic behavior of the coupled MEMS. The 
effect of gap between a beam and the ground, on mechanical response of a beam subjected to increasing electric 
potential, is studied carefully. 

 

1.  Introduction 
The focus of this paper is the study of dynamic response of MEMS devices made up of very thin conducting 
beams. This requires BEM analysis of the electric field exterior to these thin conducting beams. A convenient 
way to model such a problem is to assume beams with vanishing thickness and solve for sum of the charges on 
the upper and lower surfaces of each beam (Harrington [2]). This paper is an attempt to analyze and simulate a 
practical MEM system like a microjet involving a coupling of the electro-mechanical problem with micro-
fluidics. The external electric field is modeled using the Lagrangian version of the thin beam BEM approach 
(Mukherjee and Bao [4]) together with a hyper-singular post processing gradient BIE to find the individual 
charges. The mechanical problem is tackled using a moderately large deflection FEM analysis. The fluid 
modeled as a Stokes using a conventional external thin beam BEM analysis (Mukherjee et. al. [5]) using a 
corresponding Lagrangian version. Finally, a Newton scheme developed analogous to Aluru and De [1] is used 
to solve the entire coupled nonlinear problem. The paper starts with regularization of the conventional and 
hypersingular BIEs for the potential theory in an infinite region outside the thin conducting beams. The 
equations are then reformulated in a total Lagrangian framework. A finite element scheme is then presented for 
the mechanical deformation of the structure. The fluid is approximated as Stokes and a conventional BIE 
representing the fluid is then presented and the reformulated once again in a total Lagrangian framework. The 
paper then proceeds to explain the Newton scheme for coupling the electrical-mechanical-fluid domains.  
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2. Electrical problem in the exterior domain    
The beam deforms when a potential V is applied between the two conductors, and the deformed configuration is 
called b with boundary ∂b. The charge redistributes on the surface of the deformed beam, thereby changing the 
electrical force on it and this causes the beam to deform further. As the deformation starts, the damping effects 
due to fluids come into play. The system then undergoes vibrations and the complete analysis of the system is 
done using the Newton scheme. The boundary integral formulation for the electric filed can be derived from the 
Laplace equation which governs the potential in the region outside a conductor.  

 
Figure 1: Equivalent electrical system  

 

2.1 Conventional BIE – Indirect formulation  

Referring to Figure 1, for a source point  ξ ∈B (without bounding surface ∂B), one has the indirect BIE,  

∫
∂

−=
B

ydsyyr )()(
2

)),(log()( ν
πε
ξξφ         (1) 

where y is a field point, φ is the potential, ξξ −= yyr ),( , || rr = , ε is the dielectric constant of the 
medium, ds is the area of an infinitesimal surface element on B∂ and ν  is the (unknown) surface density 
function on . B∂
2.2 Gradient BIE – Indirect formulation  

Taking the derivative of the potential - at the source point leads to an auxiliary hypersingular equation, 
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Note that, in general, the function )( yν  is not the charge density. It becomes equal to the charge density when 
B is the infinite region exterior to the conductors. 

2.3 BIEs in infinite region containing two thin conducting beams 

It has been shown by Bao & Mukherjee [4], that for this case,  
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where , where )()()( −+ += yyy σσβ σ is now the charge density at a point on the beam surface. The 
second integral in Eq.(3) is logarithmically singular and the rest are regular except when the beam thickness and 
the gap become very small. Since β(y) is equal and opposite on the other two beams, another equation for 

 will not give any additional information. A similar equation can be written down for the gradient 
version of the equation to obtain hyper-singular  BIE for thin beams. 

++ ∈ 2sx
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2.4 Lagrangian formulation of the electrical problem 

The Lagrangian formulation is relatively straightforward and can be started using Nanson’s Law,  

dSFJNnds 1−•=    (4) 

where n and N are unit normal vectors to ∂b and ∂B, at the generic points x and X, respectively, F = 
X
x

∂
∂

is the 

deformation gradient,  and dS is an area element on ∂B. Here X and x denotes coordinates in the un-
deformed and deformed configuration respectively. Eq. (4) is then used to effect a change of variables.  

FJ det=

 

3.  Mechanical problem in elastic beam  
The beam is linearly elastic, has immovable ends and is of uniform cross section without any initial in-plane 
forces. The cross section is symmetric such that there is no twisting of the beam under applied bending 
moments. Also, u(x) is the axial deformation and w(x) the transverse displacement of the mid-line of the beam. 
The basic approach is to use the nonlinear strain-displacement equation in the energy expression and then derive 
equations of motion using Hamilton’s principle.  

3.1 Finite element model for beams with immovable end 

The procedure followed here for FEM discretization of vibrating beams, is similar to standard methods(see, e.g., 
Zienkiewicz and Taylor [7]). However, in this particular problem the standard beam element needs a slight 
modification. This modification is necessitated because the usual linear interpolation for the axial deformation 
results in discontinuities during residue computation in the Newton’s scheme. Now, the primary deformations u, 
w inside the elements can be interpolated from the above nodal values using, suitable interpolation functions. 
The final matrix equations are,  
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 where the in plane (I), out of plane(O) and coupled (IO) sub-matrices can be computed from the specific kind 
of interpolation used in the problem.  

 

4.  Damping problem in stokes fluid  
MEMS plates and beams are typically tens to hundreds of micrometers long and with thickness in the order of 
micrometers (Roamn et. al. [6]). There exists a regime where due to the micrometer-scales involved, the 
Reynolds numbers of the surrounding flow are generally small enough, and natural frequencies low enough (in 
the range of 100 s of kiloHertz) to allow the use of a steady-state Stokes flow (sometimes called creeping flow) 
model. The other available model is the squeezed film damping model which has been investigated in detail 
before.  

4.1 BIE modeling of Stokes flow 

The governing equations for the Stokes flow are: 

,0)()( 2 =∇−∇ xvxp μ       ,0)( =•∇ xv   Bx∈            (6) 

),()( xgxv =                                               .Bx ∂∈      (7) 

In the above v(x) stands for velocity, p(x) stands for pressure and µ is the dynamic viscosity of the fluid. B is the 
region exterior to the body.  
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4.2 BIE in Stokes flow in infinite region around very thin beams 

It has been shown by Mukherjee et.al. [5] that for thin beam, the governing equations can be expressed in BIE 
form as,  

∫ ∫
+

+

++++ +==
s

jijsjijii ydsyqyxGydsywyxTxgxv ),()(),()()(),()()(    ,   (8) ++ ∈ sx

where and  are respectively the velocity and traction kernel and  and  with 

τ and  respectively the traction and velocity on the surfaces. For a very thin beam which forces the 
first integral on the right hand side to vanish. We are thus left with a simplified version of Eq. (8), 

ijT ijG −+ += jjjq ττ −+ −= jjj vvw

v −+ ≈ jj vv

)()(),()()( ydsyqyxGxgxv jijsii
+++ ∫ +

== ,   .   (9) ++ ∈ sx

For a 2D problem, the traction kernel has the form,  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−= 2

,,log
4

1
r
rr

rG ji
ijij δ

πμ
      (10) 

The Lagrangian version of the Stokes BIE can be formulated using the same approach as the electrostatic 
problem starting from the Nanson’s formula.  

 

5. Implicit time integration for dynamic problem 
Finally, time integration for the problem is implemented using the Newmark scheme utilizing Newton’s scheme. 
The method follows closely from Liu et. al.  [3]. The dynamic  MEMS equation can be put in the following 
form, 

))(())(()()( tUFtBFtKUtUM fluelec
•••

+=+     (12) 

Here, U is the displacement vector and dots indicate time derivatives. M and K are respectively the consistent 
mass matrix and stiffness matrix. Felec(B(t)) represents the electrostatic force which depends on the 
chargedistribution B(t) and Fflu represents the fluidic force vector which depends on the velocity distribution 

.  Eq. (12) can be solved using several direct integration methods when the fores are linear in displacement. 
However, many of these methods are not directly applicable to MEMS. Two methods applicable to MEMS 
analysis are the Central Difference Method and the Newmark Method. The algebraic domain equations are 
solved using Newton scheme and the Newmark method wraps around to march forward in time.  

)(tU
•
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