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We consider multi-action restless bandits with multiple resource constraints,

also referred to as weakly coupled Markov decision processes. This problem

is important in recommender systems, active learning, revenue management,

and many other areas. An optimal policy can be theoretically found by solv-

ing a Markov decision process, but the computation required scales exponen-

tially in the number of arms N. Thus, scalable approximate policies are im-

portant for problems with large N. We study the optimality gap, i.e., the loss

in expected performance vs. that of the optimal policy, of such scalable poli-

cies. The tightest previous theoretical bounds, which apply only for a handful

of carefully-designed policies, show that this optimality gap is O(
√

N) for the

finite-horizon case and o(N) for the infinite-horizon case. This dissertation sig-

nificantly improves these bounds by characterizing a much wider class of novel

practically-computable policies for which the optimality gap is O(
√

N) for both

finite- and infinite-horizon restless bandits. Furthermore, for the finite-horizon

case including time-varying environmental variables that affect transitions and

rewards, we characterize a non-degeneracy condition under which the optimal-

ity gap is surprisingly O(1). We demonstrate that our policies offer state-of-the-

art empirical performance in numerical experiments.
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CHAPTER 1

INTRODUCTION

This Chapter describes the restless bandit problems that this dissertation

studies at a high level, reviews related past work, and summarizes the con-

tributions of this dissertation.

1.1 Motivation and Contributions

We study the restless bandit, a sequential decision-making problem in which

a decision maker manages N Markov processes (colloquially called “arms”),

each with finite state space and finite action space. The transition kernels

and state-action-dependent rewards of the arms are known. Arms produce re-

wards and evolve independently but are coupled through constraints in each

period (called “budget” constraints), since each action is associated with some

state-dependent resource consumption and there is a total amount of resources

shared by all arms in each period. Subject to budget constraints, the decision-

maker seeks to maximize the expected total reward.

We consider three versions of this problem.

• Chapter 2 begins by considering a finite horizon, binary actions, with a

single resource and state-independent resource consumption.

• Chapter 3 generalizes previous setting to consider multiple actions, mul-

tiple resources, and a stochastically changing environmental variable that

affects rewards and resource consumption. This setting includes problems

studied under the names multi-action restless bandit [57], weakly-coupled
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Markov decision process [29], optionally in the presence of environmental

variables [14].

• Finally, Chapter 4 generalize Chapter 2 to its infinite-horizon version, con-

tinuing to assume binary actions, a single resource, and state-independent

resource consumption.

The above problem arises in various fields. For example, when classifying

images with crowd workers [17], we treat each image as an arm. Each arm

is associated with two actions: asking a new worker to label this image or do

nothing. The state of an arm is modeled as the Bayesian posterior distribution

on the corresponding image’s class given past noisy labels. A limited supply of

crowd workers imposes budget constraints: the new label we can request each

period is no greater than the number of crowd workers. Another example arises

in dynamic assortment optimization [13]. A sales manager selects products to

display subject to limited display space. Each product generates revenue when

displayed at an unknown rate, which can be learned from its revenue history.

In this example, we can treat each product as an arm, and each arm is associated

with two actions: whether we display the product or not. The arm’s state is the

Bayesian posterior distribution on the product’s revenue-generation rate, and

the budget constraints are imposed via the limited display space. Problems in

target search by unmanned aerial vehicles [34, 46], online advertising [28, 16],

network communication [38, 4], and sensor management [30] also fit into the

restless bandit framework.

We study a regime in which the number of arms grows large with a fixed

per-arm budgets in each period. This regime was first proposed in [55], where a

binary-action single-resource special case is studied: each arm is associated with
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two actions (“pull” or “idle”) and pulling the arm consumes state-independent

amounts of resources. Since its introduction, this problem has been of long-

standing theoretical interest. Moreover, it is practically important in many set-

tings. In the examples above, crowdsourced labeling is most challenging when

there are many images to label and assortment optimization is most challenging

when many products are available.

Despite its importance, this regime presents substantial algorithmic difficul-

ties. While, in principle, one can compute the optimal policy for restless ban-

dit problems via dynamic programming, the state of this dynamic program in-

cludes the state of each arm and so its dimension grows linearly with N. Thus,

solving this dynamic program requires computation exponential in N.

As a result, there has been substantial interest (e.g., [55, 31, 57, 13]) in de-

veloping approximate policies with strong performance but affordable compu-

tation overhead. To measure the performance quality, people define “opt gap”

of a policy as the difference of achieved rewards between itself and the opti-

mal policy. Since the introduction of the restless bandit, substantial effort are

spent in developing policies with slowly-growing opt gap with respect to N

while keeping the computation overhead not depending on N. For example,

[55] proposed the Whittle index policy and conjectured its opt gap is o(N) for

the infinite-horizon case and [13] proposed a heuristic policy with showing its

opt gap is O(
√

N) for the finite-horizon case. Despite substantial interest and

effort, current understanding is still limited in several important aspects.

First, the theoretical bound on proposed policies’ performance is usually

looser than the practical performance observed. For example, simulation shows

that the index policy proposed in [13] achieve O(1) opt gap in some experi-
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ments, while its performance bound provided is O(
√

N).

Second, there may be better policies with a tighter theoretical performance

bound. In particular, the best known opt gap growing regime is o(N) for

infinite-horizon bandits and O(
√

N) for finite-horizon bandits. However, intu-

itively speaking, the infinite-horizon case should not be fundamentally harder

than finite-horizon case. Thus, a natural question to ask is whether we can de-

sign a policy for the infinite-horizon problem with O(
√

N) opt gap.

Third, all the performance analysis for infinite-horizon bandits requires

hard-to-verify conditions. For example, the most popular approach, the Whit-

tle index proposed in [55], requires a hard-to-verify indexability condition to be

well-defined and another hard-to-verify condition to guarantee a o(N) optimal-

ity gap. Thus, a natural question to ask is whether we can find a policy both

well-defined and guaranteed to achieve strong performance for all problem in-

stances.

Summary of Contributions This thesis address these holes in the literature.

Chapter 2 address the first limitation: it studies finite-horizon binary-action

single-resource restless bandit and proposes a class of policies always achieving

O(
√

N) opt gap, and achieving O(1) opt gap when a non-degeneracy condition

holds true. Chapter 3 generalizes settings in Chapter 2 and addresses the first

limitation but in the setting of finite-horizon multi-action multi-resource restless

bandit with an external environmental variable, proposing a class of policies

always achieving O(
√

N) opt gap, and achieving O(1) opt gap when a non-

degeneracy condition holds true. Finally, adapting the technique developed in

Chapter 2 to infinite-horizon cases, Chapter 4 address the second and the third

4



limitation: it proposes a class of policies well-defined for every infinite-horizon

problem instances and always achieving O(
√

N) opt gap.

1.2 Literature Review

There is a large literature on multi-armed bandits. When one considers closely-

related problems, such as weakly coupled MDPs, the literature becomes even

larger. We think of the problems within this larger literature as being divided

into four different classes. The first three classes all focus on what we call “learn-

ing bandits”. They are motivated by the problem of choosing slot machine arms

to pull sequentially over time to maximize the amount of money earned, de-

spite uncertainty about the payoffs associated with each arm. One can “learn”

about an arm’s payoffs by pulling it and observing the resulting payoff. These

three classes are Bayesian bandits, frequentist bandits, and adversarial bandits

and are described in more detail below. The fourth class, Markov decision pro-

cess (MDP) bandits, generalizes Bayesian bandits to settings beyond slot ma-

chines, including those where there is nothing to learn and instead the goal is to

manage resources over time subject to stochasticity. We summarize and explain

these four classes below and in the Venn diagram pictured in Figure 1.1. Our

work falls within the MDP bandit setting and thus also applies to the Bayesian

bandit setting.
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Figure 1.1: Relationships between learning bandits, Bayesian bandits, frequen-
tist bandits, adversarial bandits and Markov decision process bandits.

In all four of these classes, much of the literature considers a canonical set-

ting where one arm is pulled per time period, nothing ties arms together, the

constraint on the number of arms pulled is the only resource constraint, and

there is no additional information available beyond the arms’ past rewards.

There is, however, a great deal of work generalizing beyond these assumptions.

Generalizations considered include:

• pulling more than one arm per period [55];

• multiple types of resources, sometimes referred to as a weakly coupled

MDP [29] or bandits with knapsacks [7];

• bandits with more than the two actions (idle or activate) associated with

each arm in the classical literature, called multi-action bandits [57] or ban-

dit superprocesses [55] and also included in weakly coupled MDPs [29];

• bandits whose state changes even when it isn’t pulled, called restless ban-

dits in both the MDP bandit [55] and learning settings [48];
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• stochastic environmental variables affecting all arms’ reward, resource

consumption, and total resources available [14];

• dueling bandits [56], where are a kind of learning bandit in which one

activates pairs of arms and sees outcomes comparing their quality;

• contextual bandits [36], where each arm can be presented as a list of fea-

tures which affects this arm’s reward by unknown parameters.

This thesis focuses on MDP bandits only, including Bayesian bandits as a

special case. In particular, Chapter 2 focuses on the binary-action finite-horizon

case, Chapter 3 focuses on the multiple-action finite-horizon case with stochas-

tic environmental variables, and Chapter 4 focuses on the binary-action infinite-

horizon case. Detailed discussion of the most recent literature and their limita-

tion in each cases can be found in their own chapter’s literature review section.

We now discuss the four classes of bandit problems (MDP bandits and the

three classes of learning bandits: Bayesian bandits, frequentist bandits, and ad-

versarial bandits) in more details.

Markov decision process (MDP) bandits In an MDP bandit formulation,

there is a decision maker, in charge of managing N Markov processes. Collo-

quially, we call each process an “arm”. Each arm is associated with a finite state

space and finite action space. Applying an action to an arm would consume

resources, and after action applied, the state of the arm may transition and cer-

tain amount of reward would be generated. The state-transition kernels, state-

action-dependent rewards and state-action-dependent resource consumption of

each arm are known to the decision maker. Given a total amount of resources

shared by all arms in each period, the decision maker seeks to maximize the

7



expected total reward. Depending on whether the problem is of finite horizon

(Chapter 2) or infinite horizon (Chapter 4), we study them separately. We also

study a generalization in Chapter 3 where there is an stochastic environment

variable affecting each arm’s reward and resource consumption.

Our approach follows the tradition of a long literature stream. The first sem-

inal result in this stream may be the work by Gittins [22]. In this work, Gittins

derived the optimal policy for the infinite-horizon problem where only a single

arm can be activated in each period. Gittins designed an index for each state

(called Gittins index), and in each period, the optimal policy just activates the

arm whose state is assigned with the largest index. However, Gittins index is

only defined for problems where an arm’s state does not transition if the arm is

idled. For many restless real-world problems where the state of an arm transi-

tions even when idled, Gittins does not provide a solution. Thus, later Whittle

[55] generalizes the Gittins setting and formulates the restless bandit problem.

Also motivated by the Gittins index, Whittle proposed so-called Whittle index

as a solution for the infinite-horizon restless bandit problem. Different from Git-

tins index, Whittle index is not the optimal policy but is shown to be asymptot-

ically optimal under certain conditions in the regime of number of arms grows

large. Thus, Whittle’s work opens the gate of finding better policies for restless

bandit problems with stronger and stronger performance but less and less com-

putation overhead. For example, in the finite-horizon cases, there is a stream

of literature [31, 57, 13, 58] proposing policies for restless bandit problems with

stronger and stronger performance guarantee.

Learning bandits Moving away from MDP bandits, the term “bandit” often

implicitly refers to a class of problems involving learning, where limited re-
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sources need to be allocated to a set of competing objects (colloquially called

“arm”s) to maximize the total generated reward. However, the reward distri-

bution of each arm is unknown to the decision maker initially and the underly-

ing distribution may only become more and more understood if more resources

are allocated to the arm as time passes by. In these problems one often needs

to tackle the so-called “exploration vs. exploitation tradeoff” (Kaelbling or Sut-

ton and Barto) by balancing the amount of resources used to explore the less-

understood arms to better understand their reward distribution and amount of

resources used to exploit high-reward arms to maximize the objective.

We refer to these problems as “learning bandits”. There are three predomi-

nant mathematical formulations of learning bandits: Bayesian bandits, frequen-

tist bandits and adversarial bandits. As we will see below, Bayesian bandits are

a special case of MDP bandits, while frequentist and adversarial bandits are not.

Bayesian bandits The Bayesian approach would model the expected reward

of each arm as an unknown parameter sampled from a known prior, and tries

to design policies in a Bayesian-optimal sense.

Bayesian bandit can be viewed as a special case of our MDP approach. First,

each arm is separately modeled as a MDP, where its state is the posterior dis-

tribution over the parameter we are interested for this arm. Each time we pull

the arm, a new reward is sampled and the posterior is updated according to

the Bayesian rule. Then, all arms together would form a joint MDP with the

state space as the Cartesian product of each arm’s state space. And our aim is

to design policies to maximize the total reward generated from this joint large

MDP.

9



Frequentist bandits This approach would model the expected reward of each

arm as an unknown parameter, and tries to design policies with acceptable

worst-case performance bound.

To characterize the worst-case performance, this approach introduces the

notion of regret for a policy: the difference between the policy’s expected reward

and the optimal policy’s expected reward with full information. Apparently,

the optimal policy with full information would activate the arm with highest

reward in each period, so its total reward is just the reward of best arm times

the decision horizon. Thus, the smaller the regret, the better the policy.

This approach is quite different from ours for two reasons. First, it uses

a different performance measure. Rather than worst-case expected regret, we

maximize average case expected reward where unknown parameters are drawn

at random from a known prior. This difference in performance measure creates

significant differences in achievable performance. As we show in Chapter 2,

policies with O(1) average case opt gap in the number of arms N exist for finite-

horizon restless bandit. In frequentist bandits, however, the (worst-case) regret

would grow linearly with N [33].

Second, the asymptotic regime on which the frequentist approach is focused

is different from ours. Rather than focusing on large N regime, most of this

literature focuses on the regime where the horizon T increases to infinity with

the number of arms N fixed. [33] bounds the regret by a factor proportional to

log(T). Celebrated algorithms such as UCB (Upper Confidence Bound [2]) and

Thompson Sampling [3] are proved to achieve this lower bound asymptotically.

This stream of work relies on the fact that a long horizon permits many pulls

per arm, which distinguish the “best” arm from others with high probability. In
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our setting where the number of arms is large enough to permit only a small

number of pulls per arm and the horizon remains fixed, asymptotic guarantees

focusing on large T may not be relevant. Thus, although there is a large litera-

ture demonstrating that variants of UCB, Thompson Sampling, epsilon greedy

[50], and other related algorithms have provably small regret in the large T set-

ting, these results do not imply good performance in the large N setting.

Adversarial bandits The adversarial bandit approach is more conservative

than either the Bayesian approach or frequentist approach. It imagines there

is one adversary who is able to not only foresee your decision strategy but also

choose the reward realization against your strategy. The decision maker should

design strategies in this permissive setting to minimize the “weak regret” [6]:

the difference of the total expected reward generated by the strategy and the

maximal reward achievable by consistently activating a single arm.

Any deterministic strategy performs badly in the adversarial setting, but sur-

prisingly sublinear weak regret can be achieved by randomized strategies. For

example, the EXP3 algorithm [6] achieves O(
√

NT log N) regret.

We now begin the technical contributions of this thesis, starting with the

study of binary-action finite-horizon restless bandits in Chapter 2. Then, Chap-

ter 3 generalizes the methodology to multi-action multi-resources restless ban-

dit with stochastic environmental variables. Finally, Chapter 4 adapts the

methodology developed in Chapter 2 to the binary-action infinite-horizon rest-

less bandits.
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CHAPTER 2

BINARY-ACTION FINITE-HORIZON RESTLESS BANDIT

This Chapter formally describe the binary-action finite-horizon restless bandit

problem, and proposes a novel class of policies called “fluid-priority”. Fluid-

priority policies would always achieve O(
√

N) opt gap and even achieve O(1)

opt gap when a non-degeneracy condition holds. At the end of this Chapter, we

also illustrate the state-of-the-art performance of the fluid-priority policies via

numerical experiments.

2.1 Literature Review and Contributions

The asymptotic regime we study where the number of arms and the budget

per period grow proportionally with a fixed horizon is first introduced in [55].

However, when first introduced, only the infinite-horizon case is studied. In

this pioneering work, [55] introduced a time-homogeneous Lagrangian relax-

ation of the budget constraints and proposed the “Whittle index” policy when

arms are “indexable”, conjecturing that the Whittle index achieves an o(N) opt

gap when this indexability condition holds. However, [54] later showed that

even under indexability, Whittle index policy’s opt gap is Ω(N) for some prob-

lems. Though intuitively promising, the Whittle index policy suffers from the

difficulty of verifying indexibility, the inability to use the policy if indexability

does not hold, and, in some problems, from weak empirical performance. Nev-

ertheless, as a pioneering work in restless bandits, the Whittle index inspired a

stream of follow-up work, in both the infinite-horizon [24, 19] and finite-horizon

cases. As the finite-horizon case is the focus of this chapter, we now discuss its
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most recent progress in detail.

Following Whittle’s earlier work, later literature (e.g., [31, 57, 13]) studies

the finite-horizon restless bandit using Lagrangian relaxations. Unlike Whit-

tle’s work, they use a time-dependent Lagrange relaxation because of the non-

stationary nature of finite-horizon problems. This technique yields both promis-

ing theoretical guarantees and empirical performance without the need for an

indexability condition. For example, [31] studies the binary-action bandit prob-

lem and proposes an index policy achieving an o(N) opt gap. [57] studies the

multi-action bandit problem and proposes a policy achieving an O(
√

N log N)

opt gap. [13] studies the same setting as [31] and proposes policies with an

O(
√

N) opt gap.

Although many exciting progresses in the area of finite-horizon bandits, cur-

rent understanding is still limited in many important aspects. First, simulation

studies show much better performance for large N in some problems than the

best existing theoretical results. Indeed, the tightest existing upper bound on

the opt gap for such policies is O(
√

N), shown by [13]. Surprisingly, however,

their simulation studies suggest that the true opt gap in some problems actu-

ally does not grow at all with the number of arms. The proof techniques used

by [13], however, rely heavily on the Central Limit Theorem (CLT), and do not

offer a path toward showing an O(1) bound.

Second, existing results bounding the opt gap are restricted to specific poli-

cies (o(N), O(
√

N log N) and O(
√

N), respectively in [31, 57, 13]). However, one

would expect many policies to achieve such opt gaps asymptotically.

Summary of Contributions Our work addresses these holes in the litera-
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ture: we propose a broad class of policies, called fluid-priority policies, which

generalize the essential characteristics of policies proposed by [13]. Address-

ing the inconsistency between simulation studies and past theoretical results,

we characterize a sufficient condition, which we call “non-degeneracy”, under

which any fluid-priority policy achieves an O(1) opt gap, strictly better than all

previous results. We show that the simulation study suggesting an O(1) opt

gap in [13] satisfies this non-degeneracy condition. We also address the current

literature’s lack of generality by providing general easy-to-verify sufficient con-

ditions ensuring o(N) and O(
√

N) opt gaps. All fluid-priority policies satisfy

these conditions and thus always achieve an O(
√

N) opt gap. The policies pro-

posed by [31] and [13] also satisfy the sufficient conditions for an O(
√

N) opt

gap and thus our results generalize those in this previous work.

2.2 System Model

This section formulates our decision-making problem as a Markov Decision

Process (MDP).

Model: There are N arms, each of which shares the same finite state space S .

We use st,i to indicate the state of arm i at time t. At each period t for each arm

i, the decision-maker chooses whether to pull the arm (at,i = 1) or leave it idle

(at,i = 0). We define A = {0,1} to be the action space in which at,i takes values.

These actions must respect a so-called “budget constraint” in which the number

of arms pulled at period t is Bt = ⌊αtN⌋, where 0 ≤ αt ≤ 1 is a pre-specified budget

ratio.

Based on the action applied, each arm’s state transitions stochastically to
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time t + 1 according to a known transition kernel Pt = {pt(s,a, s′)}s,s′∈S ,a∈A where

pt(s,a, s′) = P(st+1,i = s′∣st,i = s,at,i = a). We assume all arms share the same transi-

tion kernel, and any arm’s transition is conditionally independent from others

given its own state and action. At period t, each state-action pair is associated

with a reward, given by a known function rt ∶ S × A → R. The decision-maker

aims to maximize the total reward from all N arms over a finite horizon subject

to the budget constraint.

To complete the formal definition of our N-arm problem, we introduce some

additional notation. We use S = S N to denote the N-fold Cartesian product of

the state space S and define A = AN similarly. All N arms together form an

MDP with state space S and action space A. We call this the “joint MDP” to

distinguish it from MDPs that we reference later involving a single arm. The

state in this joint MDP at time t is st = (st,1, st,2, ..., st,N) ∈ S, which indicates that

arm i has state st,i. The action is at = (at,1,at,2, ...,at,N) ∈ A, which indicates that

action at,i is applied to arm i.

The reward function of the joint MDP, Rt ∶ S×A→ R, is the sum of the single-

arm rewards defined above, Rt(st,at) = ∑N
i=1 rt(st,i,at,i).

For element a = (a1,a2, ...,aN) in A, we use ∣a∣ = ∑N
i=1 ai to indicate the L1-norm

of a, i.e, the number of pulled arms. We write our budget constraint at time t as

∣at∣ = Bt.

The transition kernel for the joint MDP is the product of each arm’s transition

kernel,

P[st+1∣st,at] =
N

∏
i=1

pt(st,i,at,i, st+1,i).

We assume all arms start from the same initial state s∗. Our analysis can be
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easily generalized to the case where arms start from different states.

A policy π is a function that maps the current state st ∈ S and time t to an ac-

tion at ∈ A. The objective of the policy is to maximize the expected total reward,

subject to the budget constraint specified above. This objective can be written

as,

max
π
Eπ

T

∑
t=1

Rt(st,at)

subject to: ∣at∣ = ⌊αtN⌋, ∀t ∈ [T ],
(2.1)

where Eπ indicates the expectation taken under policy π.

We define the value function of a policy π as VN(π) = Eπ∑T
t=1 Rt(st,at) and

measure a policy’s performance by comparing its value with that of an optimal

policy solving (2.1). Let V∗N = supπ VN(π) be the value of an optimal policy. Then

the opt gap of a policy π is defined as V∗N −VN(π). Maximizing the value function

across policies is equivalent to minimizing the opt gap. We are interested in

finding policies with small opt gaps when N is large.

Applications: The above model has many applications. In the most direct

application, each arm corresponds to a physical process that evolves indepen-

dently of the other physical processes according to a known transition kernel,

e.g. network communication [38, 4] and machine maintenance [24, 18]. For ex-

ample, in maintenance of military aircraft with low radar visibility (so-called

“stealth” aircraft) [18], each aircraft is treated as an arm. Radar visibility (the

state of the arm) increases stochastically according to a known transition kernel

each time the aircraft flies as small particles in the air damage its paint. This

damage can be repaired (the arm can be pulled) by pausing an aircraft’s flights

and performing maintenance. We must allocate limited maintenance resources

to maximize an objective combining flights flown and the number of aircraft
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with low radar visibility.

There are also many applications where information evolves over time. In

such applications, each arm corresponds to one of several independent un-

known quantities. An arm’s state represents our information about this quan-

tity. Examples include autonomous target tracking [34, 30]: each target is an

arm and its state includes whether it is tracked by a sensor and physical fea-

tures affecting its motion. Based on its state, the target moves to a new location

and our goal is to track as many targets for as long as possible.

In perhaps the most famous restless bandit, each arm corresponds to a slot

machine. Each slot machine generates payoffs according to a distribution from

a parametric family (e.g., Bernoulli). The parameter governing an arm’s re-

wards (for Bernoulli arms, the payoff probability) is drawn at random from

a Bayesian prior distribution and is unobserved. The state of the arm is the

Bayesian posterior distribution on its parameter, given all observed payoffs

from the arm. When we pull an arm, we earn a reward (whose distribution

is given by marginalizing over the posterior on the arm’s uncertain parameter)

and the new state is determined by Bayes’ rule and the observed reward. If an

arm’s underlying parameter changes over time, then this causes the posterior to

change even if the arm is not pulled, making the problem restless.

2.3 Background: Preliminary Results and Notation

In this section, we define a LP relaxation that provides an upper bound V̂∗N for

V∗N . Although this bound is standard in the literature and is not part of our con-

tribution, we include it to provide a self-contained presentation and to establish
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notation used later.

Linear Programming Relaxation: Similar to [20, 26], we introduce this re-

laxation of Problem (2.1):

V̂∗N ∶= max
π
Eπ

T

∑
t=1

Rt(st,at)

subject to Eπ∣at∣ = αtN, ∀t ∈ [T ].
(2.2)

This relaxes Problem (2.1)’s almost sure cardinality constraints on the number

of pulls to constraints on the expected cardinality. As we will see soon, solving

relaxation (2.2) is equivalent to solving a linear program whose number of de-

cision variables does not depend on N (see Lemma 2.1 and Problem (2.4)). For

simplicity of presentation, we assume that αt are rational and we restrict atten-

tion and limits over N to those N with integral αtN for all t ∈ [T ]. Our results

generalize to irrational αt and non-integral αtN as discussed in Appendix A.2.

The value of this relaxed problem, V̂∗N , bounds V∗N above. We use this to

bound the opt gap of the policies we study. Moreover, the policies we study in

§2.6 heavily leverage this relaxation in their definition. They benefit from the

fact that the relaxation yields a low-dimensional problem whose number of de-

cision variables and constraints do not scale with N. This allows the relaxation’s

solution to be computed and used to define practical policies, even when N is

large.

The following lemma formally states this bound and also observes (via

Fenchel’s duality theorem, and the separability of a dualized version of Prob-

lem (2.2)) that V̂∗N is determined by the solution to a single-armed problem V̂∗1 .

Its proof can be found in Appendix A.1. Later in the paper whenever we omit

the technical proof for a lemma, theorem or proposition, its proof can be found

in the Appendix.
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Lemma 2.1. V∗N ≤ V̂∗N = NV̂∗1 where the quantity V̂∗1 is given by,

max
π
Eπ

T

∑
t=1

rt(st,at)

subject to Eπ∣at∣ = αt, ∀t ∈ [T ].
(2.3)

Later analysis and computation is supported by the following equivalent

version of Problem (2.3). Defining the occupation measure, xt(s,a) ∶= P[st =

s,at = a], Problem (2.3) is equivalent to

max ∑
s∈S ,a∈A

T

∑
t=1

rt(s,a)xt(s,a)

subject to

∑
a∈A

xt(s,a) =∑
a∈A
∑
s′∈S

xt−1(s′,a)pt−1(s′,a, s), ∀s ∈ S ,2 ≤ t ≤ T ;

∑
s∈S

xt(s,1) = αt, t ∈ [T ]; ∑
a∈A

x1(s∗,a) = 1;

∑
a∈A
∑
s∈S

x1(s,a) = 1, ∀s ∈ S ; xt(s,a) ≥ 0, ∀s ∈ S ,a ∈ A, t ∈ [T ].

(2.4)

The first constraint ensures that flows are balanced; the second ensures that the

budget constraint is met; the third enforces the initial occupation measure; and

the fourth and fifth ensure that xt is a probability distribution for each t. We let

xt(s,a) denote the entries in an optimal occupation measure, i.e., one that solves

Problem (2.4). Then, we can compute, V̂∗1 = ∑s∈S ,a∈A∑T
t=1 rt(s,a)xt(s,a).

The class of policies we analyze depend on solving Problem (2.4) computa-

tionally using a LP solver. As noted above, this is possible, even when N is large,

because the dimensionality of Problem (2.4) does not depend on the number of

arms N.

Additional Notation: Here we introduce some additional notation used in

the following sections. Given the optimal occupation measure, we use zt(s) ∶=
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∑a∈A xt(s,a) to denote the probability that an arm is in state s at time t under this

measure. We use zt and xt to refer to the corresponding vector (or matrix), i.e.,

zt ∶= (zt(s), s ∈ S ) or xt ∶= (xt(s,a) ∶ s ∈ S ,a ∈ A).

In the joint MDP with N arms, we let XN
t (s,a) be the number of arms in state

s for which we take action a at time t. We let ZN
t (s) be the number of arms in

state s at time t. We use ZN
t ,XN

t to refer to the vectors (ZN
t (s) ∶ s ∈ S ) and matrix

(XN
t (s,a) ∶ s ∈ S ,a ∈ A). Using this notation, a policy π of the joint MDP is a map

from ZN
t to XN

t .

§2.5 will study deviations between the realization of (ZN
t ,XN

t ) and (Nzt,Nxt),

and how these deviations impact the joint MDP’s reward. To support this anal-

ysis, we define diffusion statistics Z̃N
t =

ZN
t −Nzt
√

N
and X̃N

t =
XN

t −Nxt
√

N
. Using this notation,

a policy π of the joint MDP naturally induces a class of maps π̃t,N indexed by t

and N, from diffusion Z̃N
t to diffusion X̃N

t , such that

π(t,ZN
t ) = XN

t ⇐⇒ π̃t,N(Z̃N
t ) = X̃N

t . (2.5)

2.4 Sufficient Conditions for Achieving an o(N) Opt Gap

This section establishes the first of our contributions: general sufficient condi-

tions for an o(N) opt gap. This result allows us to directly verify that the policy

in [57] has an o(N) opt gap. We build on the results here in the next section,

where we give stronger conditions sufficient for an O(
√

N) gap and apply it to

the policies in [31] and [13]. This is in preparation for our main contribution in

§2.6.

The main idea in this section is, essentially, that as long as the number of
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arms we pull in each state, XN
t , is approximately proportional to the optimal

occupation measure xt (a property we call “fluid consistency”), the number of

arms in the next period ZN
t+1 in each state will be approximately proportional to

zt+1. This will cause the reward of the joint MDP to scale proportionally with V̂∗1 .

While random fluctuations cause proportionality to hold only approximately,

their resulting loss in reward is o(N). We begin by formally defining fluid con-

sistency.

Definition 2.1. Under a policy π, if π(t,ZN
t )/N → xt for all t ∈ [T ] and sequences

(ZN
t ∶ N) satisfying ZN

t /N → zt, then we say the policy π is fluid consistent.

Based on this definition, we have the following lemma.

Lemma 2.2. If a policy π is fluid consistent, then ZN
t

N → zt and XN
t

N → xt a.s. for any

t ∈ [T ] as N →∞.

Using Lemma 2.2, we now show the main result of this section: that fluid

consistency implies the opt gap is o(N).

Theorem 2.1. If a policy π is fluid consistent, then V∗N − VN(π) = o(N).

Proof of Theorem 2.1. Because the policy π is fluid consistent, Lemma 2.2 shows
ZN

t
N → zt and XN

t
N → xt. Then the total reward of the joint MDP, divided by N, is

1
N
Eπ

T

∑
t=1

Rt(st,at) =
1
N
Eπ

T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)XN

t (s,a) = Eπ
T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)

XN
t (s,a)

N
.

This has a limit of Eπ∑T
t=1∑s∈S ,a∈A rt(s,a)xt(s,a) as N → ∞, where we leverage

the dominated convergence theorem, the fact that rewards are bounded, and

0 ≤ XN
t (s,a) ≤ N. □
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One can show that the policies in [31, 57, 13] are all fluid consistent and thus

have o(N) opt gaps. We show this for [57] in Appendix A.13. Below, we show

that [31, 13] meet a stronger condition and thus have O(
√

N) opt gaps.

2.5 Sufficient Conditions for Achieving an O(
√

N) Opt Gap

This section establishes our second contribution: a substantially more general

result than in the literature showing sufficient conditions for an O(
√

N) opt gap.

Using this result, we directly verify that policies in [31] and [13] have O(
√

N) opt

gaps. This section also provides stepping stones towards our main contribution,

described in §2.6.

The main idea in this section is that, as long as the diffusion statistic X̃N
t is

bounded by O(1), then Z̃N
t+1 will also be bounded by O(1). Thus, the deviation

between the reward of the joint MDP and the relaxation’s upper bound V̂∗N will

be bounded by
√

N ⋅O(1) = O(
√

N).

Recall Equation (2.5), that a policy π naturally induces a class of maps π̃t,N .

Using this idea, we say a policy π is “diffusion regular” if all induced maps π̃t,N

keep the diffusion X̃N
t bounded by O(1). We define this formally here.

Definition 2.2. A policy π is called diffusion regular if its induced maps π̃t,N satisfy the

following conditions, where ∣ ⋅ ∣ indicates the L1-norm in Euclidean space.

1. There exists C1 > 0 s.t. ∣π̃t,N(θ1) − π̃t,N(θ2)∣ ≤ C1∣θ1 − θ2∣ for all t, N, θ1 and θ2.

2. There exists C2 > 0 s.t. ∣π̃t,N(0)∣ ≤ C2 for all t and N.

3. There exists a map π̃t,∞ s.t. π̃t,N(θ)→ π̃t,∞(θ) as N →∞ for all θ.
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We briefly note the following useful fact.

Lemma 2.3. If a policy is diffusion regular then it is also fluid consistent.

We now show that if a policy π is diffusion regular, the diffusion statistics

X̃∞t and Z̃∞t converge in distribution (Lemma 2.4) and their second moments are

uniformly bounded (Lemma 2.5).

Lemma 2.4. If a policy π is diffusion regular, then for any t ∈ [T ], there exists sub-

Gaussian random vectors (Z̃∞t , X̃∞t ) such that (Z̃N
t , X̃N

t ) → (Z̃∞t , X̃∞t ) in distribution as

N →∞.

Lemma 2.5. If a policy π is diffusion regular, then there exists a constant C such that

Eπ[∣∣Z̃N
t ∣∣22] ≤ C and Eπ[∣∣X̃N

t ∣∣22] ≤ C for all t ∈ [T ] and N, where ∣∣ ⋅ ∣∣2 indicates the L2

norm.

Based on Lemma 2.4 and 2.5, we can prove the following theorem.

Theorem 2.2. If a policy π is diffusion regular, then V∗N − VN(π) = O(
√

N).

Proof of Theorem 2.2. Since the policy π is diffusion regular, there exists sub-

Gaussian random vectors Z̃∞t , X̃∞t , such that Z̃N
t → Z̃∞t and X̃N

t → X̃∞t in distri-

bution as N →∞ by Lemma 2.4.

Also, the opt gap is bounded above by

V∗N − VN(π) ≤ NV̂∗1 − VN(π) = −
√

NEπ
T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)X̃N

t (s,a).

Divide both sides of this bound by
√

N and take N →∞. Then, since X̃N
t and

ŶN
t are uniformly integrable (Lemma 2.5),

lim sup
N

1√
N
(V∗N−VN(π)) ≤ lim sup

N
−Eπ

T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)X̃N

t (s,a) = −Eπ
T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)X̃∞t (s,a).
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To summarize, we have shown V∗N − VN(π) = O(
√

N). □

We verify that the policies proposed by [31] and [13] are diffusion regular

(in Appendix A.13) and thus (by Theorem 2.2) have O(
√

N) opt gaps. Thus,

Theorem 2.2 generalizes the performance guarantees shown in that previous

work.

2.6 Fluid-priority Policies

This section defines fluid-priority policies and show that they are always dif-

fusion regular and thus achieve an O(
√

N) opt gap. Later, in §7, we show that

they achieve an O(1) opt gap if an additional condition is satisfied.

Roughly speaking, a fluid-priority policy is defined by first fetching an opti-

mal solution of the LP relaxation, then classifying states into three disjoint cat-

egories based on the solution: fluid-active, fluid-neutral and fluid-inactive. A

fluid priority policy is one that pulls arms while respecting a prioritization de-

rived from these categories: arms in fluid-active states are prioritized for pulling

over those in fluid-neutral states; and arms in fluid-neutral states are prioritized

in turn over arms in fluid-inactive states. Additionally, when pulling arms in

fluid-neutral states, a fluid-priority policy must do so according to proportions

derived from the LP relaxation.

Mathematically speaking, a fluid-priority policy is parameterized by an oc-

cupation measure {xt(s,a)}t,s,a solving Problem (2.4) and a sequence of “priority-

score” functions {Pt(⋅)}t assigning each state a real number. Based on the occu-

pation measure {xt(s,a)}t,s,a, a fluid-priority policy classifies states into these
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three disjoint categories:

The fluid-active category: C+t ∶= {s ∈ S ∣xt(s,1) > 0, xt(s,0) = 0},

The fluid-neutral category: C0
t ∶= {s ∈ S ∣xt(s,1) > 0, xt(s,0) > 0}, (2.6)

The fluid-inactive category: C−t ∶= {s ∈ S ∣xt(s,1) = 0, xt(s,0) = 0}.

We refer to an arm with its state in the fluid-active category as a fluid-active

arm. We define a fluid-neutral arm and a fluid-inactive arm similarly. With these

definitions, the fluid-priority policy corresponding to an occupation measure

and priority-score function is defined by Algorithm 1.

Algorithm 1 allocates its budget by first pulling as many fluid-active arms as

possible, subject to the budget constraint (Lines 5-7). If budget remains, then it

pulls as many fluid-neutral arms as possible, again subject to the constraint on

the remaining budget (Lines 9-17).

When there is enough budget to pull some fluid-neutral arms, but not all of

them, the budget is allocated carefully across them to ensure fluid-consistency.

This is related to “tie-breaking” discussed in Algorithm 2 of [31]. In particular,

lines 9-13 ensure that the number of arms pulled in each fluid-neutral state is at

least equal to ⌊Nxt(s,1)⌋, the number of arms from this state pulled in the fluid

relaxation, as long as the budget constraint Bt and number of available arms

Zt(s) allows. If budget remains after this is achieved, additional fluid-neutral

arms are pulled.

Finally, if budget remains after all fluid-neutral arms are pulled, additional

fluid-inactive arms are pulled until the budget is exhausted. Within each cate-

gory (fluid-active, fluid-neutral, fluid-inactive), states are prioritized based on

the priority score.
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Algorithm 1 Fluid-priority policy
Input: optimal occupation measure (xt(s,a))t∈[T],s∈S ,a∈A, found by solving the

LP (2.4), and priority-score functions {Pt}t∈[T].
1: for t = 1,2, ...,T do
2: Classify states into fluid-active (C+t ), fluid-neutral (C0

t ) and fluid-inactive
(C−t ) categories based on the occupation measure, according to equation
(2.6).

3: Observe there are Zt(s) arms in state s and remaining budget Bt = ⌊αtN⌋.
4: Each of the for loops below iterates over states in decreasing order of
Pt(s)

5: for state s in C+t do
6: Plan to pull XN

t (s,1) ← min{Bt,Zt(s)} arms out of the Zt(s) arms in
state s.

7: Update remaining budget Bt ← Bt −min{Bt,Zt(s)}.
8: end for
9: for state s in C0

t do
10: Plan to pull (at least) XN

t (s,1) ← min{Bt,Zt(s), ⌊Nxt(s,1)⌋} arms in
state s.

11: Store the number of undecided arms UN
t (s)← ZN

t (s) − XN
t (s,1).

12: Update the remaining budget Bt ← Bt −min{Bt,Zt(s), ⌊Nxt(s,1)⌋}.
13: end for
14: for state s in C0

t do
15: Plan to pull min{Bt,Ut(s)} additional undecided arms in state s.
16: Update XN

t (s,1)← XN
t (s,1) +min{Bt,Ut(s)}.

17: Update Bt ← Bt −min{Bt,Ut(s)}.
18: end for
19: for state s in C−t do
20: Plan to pull XN

t (s,1) ← min{Bt,Zt(s)} arms out of the Zt(s) arms in
state s.

21: Update remaining budget Bt ← Bt −min{Bt,Zt(s)}.
22: end for
23: For each s, pull XN

t (s,1) arms in state s (as planned above)
24: end for
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With this definition in place, we now state the main result of this section:

that fluid-priority policies are diffusion regular, implying they have an O(
√

N)

opt gap by Theorem 2.2.

Theorem 2.3. Any fluid-priority policy π is diffusion regular and its optimality gap is

O(
√

N).

2.7 Non-degeneracy Condition: Achieving an O(1) Opt Gap

This section presents our main contribution: that fluid-priority policies achieve

an O(1) opt gap under a non-degeneracy condition. We define and discuss this

condition before showing this result.

To motivate this non-degeneracy condition, consider a fluid-priority policy

and another policy motivated by the relaxed problem (2.2) in which the almost-

sure budget constraint (∣at∣ = αtN) has been relaxed. This so-called “budget-

relaxed” policy first categorizes states into fluid-active, fluid-neutral, and fluid-

inactive categories in the same way as its corresponding fluid-priority policy.

It pulls all fluid-active arms (even if this would exceed the budget). If budget

remains, it then pulls fluid-neutral arms in the same way as its corresponding

fluid-priority policy. It does not pull any fluid-inactive arms, even if budget

remains after fluid-active and fluid-neutral arms are pulled.

Pulling all fluid-active arms and idling fluid-inactive arms is exactly the

property required for any feasible policy to be optimal in the LP relaxation (2.2).

Thus, this budget-relaxed policy’s reward is close to the relaxed problem’s opti-

mal reward (Lemma 2.8). Moreover, it behaves identically to its corresponding

fluid-priority policy (Lemma 2.6) except on a specific “budget violation” event:
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that the number of fluid-active arms exceeds the budget, or the number of fluid-

active and fluid-neutral arms together fail to exceed the budget. The probability

of budget-violation allows us to bound the opt gap for fluid-priority policies by

comparing them with their budget-relaxed versions.

The non-degeneracy condition (Definition 2.3) characterizes the probability

of budget violation: when it is met, the expected number of fluid-active arms

is strictly below the budget and the expected number of fluid-active and fluid-

neutral arms is strictly above the budget. Thus, using concentration bounds,

problems meeting the non-degeneracy condition are ones in which the proba-

bility of budget violation vanishes exponentially fast as N grows (Lemma 2.7).

As a result, in such problems, the fluid-priority policy behaves the same as its

budget-relaxed version with high probability for large N. We use this fact to

show an O(1) opt gap in Theorem 2.4.

In the rest of this section, we first formally introduce budget-relaxed poli-

cies, then define the non-degeneracy condition, and finally prove fluid-priority

policies achieve an O(1) opt gap when this condition holds. We also show that

no index policy can strictly outperform all fluid-priority policies. Since the LP

relaxation can have multiple optimal occupation measures, some being degen-

erate and others non-degenerate, we provide an algorithm in Appendix A.14 to

identify a non-degenerate occupation measure when one exists.

2.7.1 Budget-relaxed fluid-priority policies

Given a fluid-priority policy πF , its budget-relaxed version πR is defined by Al-

gorithm 2. Similar to πF , πR first classifies states into three categories: fluid-
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active, fluid-neutral and fluid-inactive, using the same occupation measure as

πF . Then, πR sorts states in each category in order of decreasing priority-score

(line 4), using the same priority score as πF . Afterwards, πR pulls all arms in

the fluid-active category (lines 5 - 8), exceeding the budget if necessary. If there

is still budget remaining, πR iterates over each state s in the fluid-neutral cate-

gory C0
t . It pulls arms in this state until the number pulled reaches the quantity

⌊Nxt(s,1)⌋ derived from the optimal occupation measure, no arms remain in this

state, or no budget remains. Unpulled arms in each such state are called “un-

decided” (lines 12 - 16). Finally, πR iterates over each state in the fluid-neutral

category C0
t again and pulls undecided arms until either no budget remains or

all undecided arms are pulled (lines 17 - 21). Notice πR idles all arms in the

fluid-inactive category, even if budget remains.

Policy πR behaves the same as its corresponding fluid-priority policy πF , ex-

cept πR pulls all arms in the fluid-active category and idles all arms in the fluid-

inactive category regardless of the budget constraint. This is formally stated as

Lemma 2.6.

Lemma 2.6. Define event ∆t ∶= {∑s∈C+t ZN
t (s) ≤ αtN ≤ ∑s∈C+t ZN

t (s) + ∑s∈C0
t
ZN

t (s)}.

Then on the event ∆t, πR(t,ZN
t ) = πF(t,ZN

t ).

We write the complement of ∆t as ∆c
t and refer to this as a “budget violation”

event.

2.7.2 Non-degeneracy

The non-degeneracy condition (stated formally below) states that the fluid-

neutral category is not empty, which is sufficient to prove the budget-violation
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Algorithm 2 Budget-relaxed fluid-priority policies
Input: optimal occupation measure (xt(s,a))t∈[T],s∈S ,a∈A, priority-score func-

tion {Pt}t∈[T].
1: for t = 1,2, ...,T do
2: Classify states into fluid-active (C+t ), fluid-neutral (C0

t ) and fluid-inactive
(C−t ) categories based on the occupation measure, according to equation
(2.6).

3: Observe there are Zt(s) arms in state s, and remaining budget Bt = ⌊αtN⌋.
4: Each of the for loops below iterates over states in decreasing order of
Pt(s).

5: for state s in C+t do
6: Plan to pull XN

t (s,1)← Zt(s) arms out of Zt(s) arms in state s.
7: Update the remaining budget Bt ← Bt − Zt(s).
8: end for
9: if Bt ≤ 0 then

10: continue
11: end if
12: for state s in C0

t do
13: Plan to pull (at least) XN

t (s,1)← min{Bt,Zt(s), ⌊Nxt(s,1)⌋} in state s.
14: Store the number of undecided arms UN

t (s)← ZN
t (s) − XN

t (s,1).
15: Update the remaining budget Bt ← Bt −min{Bt,ZN

t (s),Nxt(s,1)}.
16: end for
17: for state s in C0

t do
18: Plan to pull min{Bt,Ut(s)} additional undecided arms in state s.
19: Update XN

t (s,1)← XN
t (s,1) +min{Bt,Ut(s)},

20: Update Bt ← Bt −min{Bt,Ut(s)}.
21: end for
22: For each s ∈ C+t ∪C0

t , pull XN
t (s,1) arms in state s (as planned above). Idle

all arms in C−t .
23: end for

events, ∆c
t , are probabilistically negligible. Roughly speaking, non-emptiness of

C0
t guarantees that the occupation measure satisfies,∑s∈C+t zt(s) < αt < ∑s∈C+t zt(s)+

∑s∈C0
t
zt(s). Since both the budget-relaxed fluid-priority policy and the fluid-

priority policy are fluid consistent, the number of arms in state s, ZN
t (s), is

roughly proportional to zt(s), with excursions described by a central limit the-

orem. Thus the probability of event ∆t approaches 1 exponentially fast as N

grows by concentration inequalities.
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Definition 2.3 formally defines non-degeneracy and Lemma 2.7 states that

non-degeneracy implies that budget violations are probabilistically negligible

for large N.

Definition 2.3. We say an optimal occupation measure (xt(s,a))t∈[T],s∈S ,a∈A is non-

degenerate if ∀t ∈ [T ], ∣C0
t ∣ ≥ 1. Otherwise, we call it degenerate. We also call a fluid-

priority policy non-degenerate (degenerate) when its associated occupation measure is

non-degenerate (degenerate).

Lemma 2.7. If an optimal occupation measure (xt(s,a))t∈[T],s∈S ,a∈A is non-degenerate,

then for any priority-score functions {Pt}t∈[T] and the corresponding fluid-priority pol-

icy πF and budget-relaxed policy πR, there exists a constant δ > 0 and a constant L such

that for all t ∈ [T ] and all N,

max{PπR(∆c
t ),PπF(∆c

t )} ≤ L exp(−δN).

Empirically, one can check the non-degeneracy condition for a given optimal

occupation measure x∗ returned by solving the LP relaxation (2.4) with a com-

mercial LP solver. Recalling from (2.6) that states s in the fluid-neutral category

are those with both xt(s,1) > 0 and xt(s,0) > 0, we check whether x∗ is non-

degenerate by assessing whether there is at least one such state for each t. If

there are multiple optimal occupation measures, then some may be degenerate

and others non-degenerate. Since a fluid-priority policy’s optimality guarantee

is significantly stronger when it uses a non-degenerate optimal occupation mea-

sure, it is important to be able to find one if it exists. We present an algorithm

for doing so in Appendix A.14.
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2.7.3 Main result

We now state and prove this section’s main result: a fluid-priority policy

achieves an O(1) opt gap when it is non-degenerate. Before that, we need one

last building block: the budget-relaxed policies’ reward deviates from the re-

laxed problem’s optimal reward by O(1) under non-degeneracy.

We show this in the following lemma. There are two main ideas in the proof.

First, recall that the budget-relaxed fluid-priority policy πR pulls all arms in C+t

and no arms in C−t . Thus, its decisions are optimal under a Lagrangian relax-

ation of Problem 2.2 in which the budget constraint on the expected number of

arms pulled is replaced by a well-chosen linear penalty (in this Lagrangian re-

laxation, pulling fluid-neutral arms does not affect optimality as the incremental

reward is offset by the linear penalty). Second, the fact that πR pulls a number of

arms equal to the almost-sure budget constraint with high probability ensures

that it nearly satisfies the constraint in Problem 2.2 on the expected budget. This

fact causes the linear penalty to be nearly 0. Finally, the fact that the Lagrangian

relaxation is the sum of this penalty and the unpenalized reward, which we call

VN(πR), implies that VN(πR) is within a constant of V̂∗N .

Lemma 2.8. Let VN(πR) = maxπ Eπ∑T
t=1 Rt(st,at) for a budget-relaxed fluid priority pol-

icy πR. If an optimal occupation measure (xt(s,a))t∈[T],s∈S ,a∈A is non-degenerate, then for

any priority-score functions {Pt}t∈[T], the corresponding budget-relaxed fluid-priority

policy πR satisfies ∣V̂∗N − VN(πR)∣ ≤ m, where m is a constant not depending on N.

Now we are ready to state and prove our main result: that a fluid-priority

policy achieves an O(1) opt gap when it is non-degenerate. A fluid-priority

policy πF’s opt gap can be bounded by first comparing the reward VN(πF) with
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the reward of its corresponding budget-relaxed policy πR. Combining the fact

that πF deviates from πR with negligible probability (Lemma 2.7) and that πR’s

reward deviates by O(1) from V̂∗N (Lemma 2.8), VN(πF) is at most O(1) away

from V̂∗N .

Theorem 2.4. If an optimal occupation measure (xt(s,a))t∈[T],s∈S ,a∈A is non-degenerate,

then for any priority-score functions {Pt}t∈[T], the corresponding fluid-priority policy

πF satisfies V̂∗N − VN(πF) ≤ m, where m is a constant not depending on N.

Proof of Theorem 2.4. Under πF , the reward is VN(πF) = EπF ∑
T
t=1∑s∈S ,a∈A rt(s,a)XN

t (s,a).

Under πR, the reward is VN(πR) = EπR∑
T
t=1∑s∈S ,a∈A rt(s,a)XN

t (s,a).

Denote ΩT ∶= ∆1 ∩ ∆2 ∩ ... ∩ ∆T . On this event, πR and πF produce identical

decisions by Lemma 2.6. Using this in the second line below, we have:

VN(πR) − VN(πF) = EπR[1ΩT

T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)XN

t (s,a)] + EπR[1Ωc
T

T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)XN

t (s,a)]

− EπF[1ΩT

T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)XN

t (s,a)] − EπF[1Ωc
T

T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)XN

t (s,a)]

= EπR[1Ωc
T

T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)XN

t (s,a)] − EπF[1Ωc
T

T

∑
t=1
∑

s∈S ,a∈A
rt(s,a)XN

t (s,a)]

≤ EπR[1Ωc
T

T

∑
t=1
∑

s∈S ,a∈A
∣rt(s,a)∣∣XN

t (s,a)∣] + EπF[1Ωc
T

T

∑
t=1
∑

s∈S ,a∈A
∣rt(s,a)∣∣XN

t (s,a)∣].

Inequalities 0 ≤ XN
t (s) ≤ N and 0 ≤ YN

t (s) ≤ N then imply

VN(πR) − VN(πF) ≤ EπR[1Ωc
T

T

∑
t=1
∑

s∈S ,a∈A
∣rt(s,a)∣N] + EπF[1Ωc

T

T

∑
t=1
∑

s∈S ,a∈A
∣rt(s,a)∣N]

≤ 2 (EπR[1Ωc
T
] + EπF[1Ωc

T
])T ∣S ∣r∗N,

where r∗ ∶= maxt,s,a ∣rt(s,a)∣. Then, applying Lemma 2.7 and Pπ[Ωc
T ] ≤ ∑

T
t=1 Pπ[∆c

t ],

we have:

VN(πR) − VN(πF) ≤ 2T ∣S ∣r∗N
T

∑
t=1
PπR[∆c

t ] + PπF[∆c
t ] ≤ 4T 2∣S ∣r∗NL exp(−δN).
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Finally, applying Lemma 2.8 concludes the proof. □

2.7.4 The best fluid-priority policy is at least as good as the best

index policy

Here we compare fluid-priority policies against index policies [23]. An index

policy assigns each state an “index” and prioritizes each arm based on the index

of its current state from high to low, pulling arms until we exhaust the current

period’s budget.

A policy can be both a fluid-priority policy and index policy. This occurs

if there is at most one fluid-neutral state in any period and indices of all fluid-

active states are higher than those of all fluid-neutral states, which are higher

in turn than the indices of all fluid-inactive states. There are, however, index

policies that are not fluid priority policies, and vice versa. If the indices do not

respect the ordering implied by the fluid-active, fluid-neutral, and fluid-inactive

categories then this index policy is not a fluid priority policy. Also, if multiple

fluid-neutral states can be occupied in one period, a fluid-priority policy will

allocate pulls across these arms in accordance with an occupation measure and

in a way that is different from an index policy’s strict prioritization.

Since index policies are widely known and used, it is instructive to compare

them with fluid-priority policies. The discussion above shows that the differ-

ence between V̂∗N (the optimal objective of the relaxation) and the value of a

fluid-priority policy VN(πF) is bounded above by a constant when πF is non-

degenerate, i.e., that supN V̂∗N −VN(πF) is finite. The following proposition shows
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that the best fluid priority is at least as good as the best index policy, when

measured by supN V̂∗N − VN(π) ∈ R ∪ {∞}, regardless of whether non-degeneracy

holds.

Proposition 2.1. Consider an index policy πI such that supN V̂∗N − VN(πI) <∞. Then,

there exists a fluid priority policy πF such that supN V̂∗N − VN(πF) ≤ supN V̂∗N − VN(πI).

2.8 Numerical Experiments

This section evaluates the performance of fluid-priority and other policies on

three problems, leveraging both simulation experiments, computational inves-

tigations and our earlier theoretical results.

§2.8.1 studies a classical problem: the finite-horizon Bayesian bandit with

Bernoulli rewards. It compares a fluid-priority policy against UCB and TS

policies. We first show the fluid-priority policy substantially outperforms both

methods numerically. Then we show that both UCB and TS’s opt gaps areΩ(N),

while the opt gap is O(1) for the fluid-priority policy as it is non-degenerate.

§2.8.2 considers an active learning problem based on [17] in which an algo-

rithm allocates crowd workers to image labeling tasks to support learning an

accurate classifier. We show via numerical experiments that fluid-priority poli-

cies outperform a state-of-the-art policy (Optimistic Knowledge Gradient [17])

specifically designed for this problem.

§2.8.3 shows via direct computation that the dynamic assortment problem

previously studied in [13] satisfies the non-degeneracy condition. This and our

main theoretical result shows that fluid-priority policies have an O(1) opt gap,
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explaining the poorly understood performance of Lagrangian index policies in

[13]’s experiments.

2.8.1 Bayesian bandit with Bernoulli rewards

This section evaluates fluid-priority policies’ performance on the Bayesian ban-

dit problems, which is a standard benchmark in the bandit literature. While

the problem is not restless, it allows us to study benchmarks designed for non-

restless settings.

We compare the performance of a fluid-priority policy against UCB and TS

policies and show that the fluid-priority policy achieves an O(1) opt gap while

the opt gaps of both UCB and TS grow linearly with the number of arms. While

UCB and TS are well-known for having a logarithmic asymptotic performance

guarantee of O(N log(T)), this is linear in N. (It also applies to a slightly different

problem setting than the one we study here: a stochastic frequentist setting with

one pull period and where regret is measured with respect to the policy that

pulls the best arm.) Thus, the classical regret guarantee for these policies is

not inconsistent with our finding that these policies have a Ω(N) opt gap in a

Bayesian analysis with multiple pulls per period.

This suggests that when T is small and N is large, and where prior informa-

tion supports the use of a Bayesian analysis, there is significant value in using

fluid-priority policies over UCB or TS.

Problem Setup: There are N arms, of which we may pull ⌊N/3⌋ in each of

T periods. Before any arms are pulled, each arm i has a parameter θi sampled
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independently from the Bayesian prior distribution on the arm’s reward. This

prior distribution is U[0,1]. Then, conditioning on θi, each arm i’s rewards are

generated when pulled as conditionally independent Bernoulli random vari-

ables with the parameter θi. Our objective is to maximize the expected total

reward.

This problem is similar to the more widely-studied stochastic bandit, except

that the arm’s reward is drawn at random from the prior. The expected reward

calculated can be understood as the average-case reward over stochastic bandit

problem instances, i.e., over (θi ∶ i), where the weight on a particular instance

(θi ∶ i) is proportional to its density under the prior.

The non-degeneracy condition holds in this problem for both horizons con-

sidered, T = 15 and T = 20. We verified this numerically by solving the LP (2.4)

and confirming that there is at least one state with a strictly positive occupation

measure in the fluid-neutral category in each period.

Policy Implementation: We describe implementation of UCB, TS and our

fluid-priority policy.

UCB tracks the posterior belief on θi for each arm i based on the arm’s past

reward realization, and calculates an upper confidence bound for θi as µi + δσi,

where δ is a fixed parameter, µi is the mean of the posterior belief and σi is

the standard deviation. The top ⌊N/3⌋ arms ranked by their upper confidence

bound are pulled. We run UCB with δ varying from 0.1 to 1 and report results

for the one with the best expected reward (δ∗ = 0.5) in both experiments.

TS also tracks the posterior belief on θi for each arm i. At each period, TS

samples a value from each arm’s posterior belief on θi, then pulls the ⌊N/3⌋ arms
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with the highest sampled values.

The fluid-priority policy is constructed as follows. First, we solve Problem

(2.4) to fetch an optimal occupation measure. Second, to construct the priority-

score function, we use a Lagrangian-relaxation approach similar to [31]: we

solve the min-max problem

(λ∗1 , ..., λ∗T)← min
λ1,...,λT

max
π
Eπ

T

∑
t=1

rt(st,at) + λt(αt − at), (2.7)

where the inner max can be solved via dynamic programming and the outer min

can be solved via the subgradient method. Then we compute the Q−function

based on the optimal Lagrangian multiplier (λ∗1 , λ∗2 , ..., λ∗T) iteratively: Qt(s,a) =

rt(s,a) − λta + ∑s′ pt(s,a, s′)maxa′ Qt+1(s′,a′) for 0 ≤ t ≤ T − 1, with QT(s,a) =

rT(s,a) − λT a, and construct the priority-score function as Pt(s) = Qt(s,1) −

Qt(s,0). Finally, we plug the optimal occupation measure and the score-function

into Algorithm 1 to construct the fluid-priority policy.

Numerical Experiments: We compare the just-described fluid-priority pol-

icy against UCB and TS using two different time horizons T of 15 and 20. Figure

1a and 1b display results for T = 15 and T = 20 respectively. In both experiments,

we iteratively double the number of arms (from N = 300 to 38400) and plot an

upper bound on the opt gap. This bound on the opt gap is computed by first

computing the value of the relaxed problem V̂∗N (which is an upper bound on

the value of the optimal policy) and then subtracting the value of the UCB, TS

or fluid-priority policy estimated via simulation. We compare this upper bound

across policies instead of the exact opt gap because computing the exact opt gap

would require knowing the value of the optimal policy, which would take time

exponential in N, as discussed in §2.3. We use 50N replications to estimate a pol-

icy’s value when there are N arms. We use more samples when there are more
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(a) T = 15 (b) T = 20

Figure 2.1: Bayesian bandit with Bernoulli rewards. An upper bound on the
opt gap (relaxed problem’s expected total reward minus a simulation-based es-
timate of reward) vs number of arms N, for the finite-horizon Bayesian multi-
armed bandit with horizons T = 15 (left) and T = 20 (right). The fluid-priority
policy has its opt gap bounded above by a constant while UCB and Thompson
sampling have opt gaps that grow linearly with the number of arms.

arms because having more arms increases the variance of a policy’s reward. We

also compute a confidence interval on this upper bound, computed as the dif-

ference between V̂∗N and the upper and lower limits of a confidence interval on

the policy’s expected reward.

Figure 2.1 compares the performance of fluid-priority, UCB and TS policies.

For both time horizons T of 15 and 20, the fluid-priority policy performs signifi-

cantly better than UCB and TS, especially for large N. The fluid-priority policy’s

reward differs from the optimal policy’s reward by at most 1 for T = 15 and at

most 2 for T = 20 even when there are 38400 arms available. UCB outperforms

TS in both time horizons, perhaps due to the tuning of UCB’s hyperparameter.

These results are consistent with Theorem 2.4 and our numerical validation that

the non-degeneracy condition is satisfied, which implies that the fluid-priority

policy’s opt gap is O(1). In contrast, Figure 2.1 suggests that the opt gap for
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UCB and TS are Ω(N).

Proposition 2.2 provides a theoretical analysis to confirm that UCB and TS

have Ω(N) opt gaps. Its proof defines an iterative algorithm over t to calculate

the occupation measure for UCB and TS in the large N limit. We then use this al-

gorithm to compute occupation measures for specific values for T and compare

it to the optimal occupation measure. We find that the occupation measures are

suboptimal for the values of T used in these experiments, implying that UCB

and TS are not fluid-consistent and their opt gaps are Ω(N). These values of T

are representative, and UCB and TS have Ω(N) opt gap for other T as well.

Proposition 2.2. The opt gap for both UCB and TS is Ω(N) for T = 15 and T = 20.

2.8.2 Crowdsourced labeling

This section evaluates a fluid-priority policy’s performance in an active learning

problem [17] on the allocation of crowd workers for accurate image classifica-

tion. We construct this policy by searching over all fluid-priority policies to

find the one with the best empirical performance. There are roughly 30 fluid-

priority policies in this problem, resulting from different priority score functions

and a unique optimal occupation measure. We compare the performance of the

fluid-priority policy selected against the Optimistic Knowledge-Gradient [17],

a method specifically designed for this problem, and the Online Knowledge-

Gradient [49]. The fluid-priority policy outperforms both methods significantly.

We formulate the crowdsourced labeling problem following [17]. There are

N images needing binary labels (e.g., whether this is a picture of a pedestrian or

not) to support training an automatic image classifier to be built later. We ask
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crowd workers to label these images. Each image i has a true underlying binary

class, along with an associated probability pi that a crowd worker will label

the image with the correct class. A crowd worker may provide an incorrect

label because, e.g., the image is blurry or the worker is distracted. We assume

pi > 1/2, i.e. the majority of crowd workers give the correct label. We use an

independent prior belief for each image’s pi ∼ U[1/2,1]. We may request T = 7

batches of labels from crowd workers, with up to ⌊N/4⌋ images per batch. After

the last batch, we estimate each image’s class via majority vote, which is also

the class with maximum probability under posterior.

Figure 2.2 compares the fluid-priority policy against the Online Knowledge-

Gradient and Optimistic Knowledge-Gradient methods as we vary the number

of arms N, reporting an upper bound on the opt gap for each policy computed

in the same way as §2.8.1. The fluid-priority policy performs extremely well

and incorrectly classifies at most 1 more image on average than the optimal pol-

icy even when there are 1000 images’ labels to be learned. Online Knowledge-

Gradient and Optimistic Knowledge-Gradient perform similarly in our experi-

ment and they both underperform the fluid-priority policy by misclassifying at

least 8 more images on average with 1000 images’ labels to be learned. Even

though the Optimistic Knowledge-Gradient was designed specifically for this

problem, the fluid-priority policy has a significantly better performance.

Figure 2.2 is consistent with our theoretical results. We can verify the non-

degeneracy condition does not hold in this example by implementing the algo-

rithm in Appendix A.14. The lack of non-degeneracy implies that the opt gap of

the fluid-priority policy is O(
√

N). Its performance in the plot is consistent with

this scaling. The Online Knowledge Gradient and the Optimistic Knowledge
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(a) (b)

Figure 2.2: Crowdsourced labeling. An upper bound on the opt gap (relaxed
problem’s expected total reward minus a simulation-based estimate of reward)
vs. number of arms N. The left and right panel show the same data but use
different scales for the y-axis. Both Knowledge Gradient and Optimistic Knowl-
edge Gradient have opt gaps that seem to grow linearly. The fluid-priority pol-
icy has an opt gap that is O(

√
N) because the non-degeneracy condition does

not hold in this problem.

Gradient, however, seem to have suboptimality that scales linearly with N.

2.8.3 Dynamic assortment optimization

This section discusses a dynamic assortment optimization problem proposed in

§6.2.1 in [13]. [13] observes empirically that the opt gap of their proposed pol-

icy, shown there to be O(
√

N), seems to stay constant with N, suggesting that

the O(
√

N) bound is loose. We first describe the problem setting and then con-

firm that our theoretical results provide the tighter bound suggested by these

empirical results.

A retailer repeatedly chooses products to display in a selling season. The

retailer has N products but a shelf-space constraint allows only showing ⌊N/4⌋
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of them in each time period. Each product, if sold, generates profit of $1. The

demand rate for each product i is unknown to the retailer but follows a Poisson

process with intensity γi. The retailer holds a Bayesian prior belief on γi, which

is Gamma-distributed with shape parameter mi and inverse scale parameter ki,

γi ∼ Gamma(mi, ki). All products share the same prior belief (mi, ki) = (1,0.1).

The retailer updates these prior beliefs after observing demand realizations for

displayed products using Bayes rule.

The Gamma distribution is a conjugate prior distribution when observa-

tions are Poisson-distributed, which causes the posterior to remain Gamma-

distributed. More specifically, the posterior on γi in time period t is

Gamma(mt,i, kt,i) where mt,i and kt,i can be computed recursively. For a product

i that was displayed in time period t, letting dt,i be the demand for the product

in the period, mt+1,i = mt,i + dt,i and kt+1,i = kt,i + 1. For a product i that was not

displayed in t, mt+1,i = mt,i and kt+1,i = kt,i. At t = 0, m0,i = 1 and k0,i = 0.1.

The retailer’s objective is to adaptively choose which products to display in

each period subject to the shelf-space constraint to maximize the expected total

profit over a T -period selling season. This is formulated as a restless bandit with

time horizon T where each product i is an arm whose state at time t is (mt,i, kt,i).

A good policy must balance exploration and exploitation by showing products

that observed sales and the prior suggest have large γi (exploitation) and also

showing those for which we have little observed sales data to support learning

γi (exploration).

[13] study performance of their proposed Lagrangian policy when T = 8.

They find their policy “perform(s) very well for large N”, and produces profit

“within $6 of the optimal value!” when N = 16,384. They do not, however, offer
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an explanation for why the performance would be so good for a policy with

their shown O(
√

N) opt gap.

Our results explain this phenomenon. By solving the LP relaxation (2.4) for

this problem, we confirm that the set of fluid-neutral states is non-empty in each

period, thus confirming that the problem is non-degenerate. Moreover, there is

exactly one state in each period’s fluid-neutral category. This is also observed

by [13], as they mention that “there are no scenarios where products in different

states have the same priority indices”. Thus, for this optimal occupation mea-

sure, all fluid-priority policies are index policies and the Lagrangian policy is a

specific example. This explains why the Lagrangian policy achieves an O(1) opt

gap.
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CHAPTER 3

MULTI-ACTION MULTI-RESOURCE FINITE-HORIZON RESTLESS

BANDIT WITH MARKOVIAN ENVIRONMENTAL VARIABLES

This Chapter studies the multi-action finite-horizon multiple-resource restless

bandit problem with a Markovian environmental variable. This problem gen-

eralizes the restless bandit problem considered in Chapter 2. Generalizing our

analysis in that previous chapter, we propose a generalized version of fluid-

priority policies appropriate for these more general problems. We then show

that these generalized fluid-priority policies always achieve a O(
√

N) opt gap,

and achieve O(1) opt gap if a generalized non-degeneracy condition holds.

The problem we study here generalizes the restless bandit in several direc-

tions:

• It allows for multiple actions associated with an arm per period, rather

than the simple “activate” or “idle” binary action assumed by a restless

bandit

• It allows for multiple resources. In the restless bandit, there was implicitly

a single resource: the number of arms that we could activate per period. In

the problem we consider here, an action applied to a state in a time period

consumes some known amount of a collection of resources. We have a

constraint in each period associated with each resource that the amount

consumed does not exceed this constraint.

• It allows for a global Markovian environmental variable, whose transi-

tions are independent of the arms’ states but which influences arms’ re-

wards.
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We first provide a literature review, covering topics specific to the more gen-

eral problem we study here. We then describe the model setup and sequentially

show how to achieve o(N), O(
√

N) and O(1) opt gap. Some of the results and

techniques are similar to those from Chapter 2 and these are presented briefly

with less discussion than in Chapter 2. Others, such as the definition of our fluid

policy to handle multiple actions per arm, are significant generalizations.

3.1 Literature Review and Contributions

The model we studied here can be viewed as the intersection of weakly coupled

MDP and MDP with environmental variables. In particular, the weakly cou-

pled MDP can be viewed as a generalization of the classic restless bandit first

proposed by Whittle in [55]. Since the classic restless bandit literature is well-

introduced in the previous two chapters, we focus on weakly coupled MDP and

MDP with environmental variables in this section.

Weakly coupled MDP Since its introduction, weakly coupled MDP has draw

strong theoretical interests. As a natural generalization of restless bandit, in-

stead of assuming there is a single-type of resource and each arm only permits

two actions, weakly coupled MDP allows multiple resource types and multi-

ple actions for each arm. Under the same regime with restless bandit where

total resources grows proportionally with number of arms in each period, deci-

sion maker seeks policies to maximize the total reward generated from all arms.

Starting from [29], [1, 10] generalized Lagrangian technique developed in [55]

for the weakly coupled MDP and proposed heuristic strategies mimicking Whit-
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tle index for weakly coupled MDP.

Weakly coupled MDP is also of strong practical interest due to its wide appli-

cability. For example, [9] models text marketing as weakly coupled MDP where

each potential customer is treated as an arm, and each type of message is treated

as an action. [8] models rover control problems as weakly coupled MDP, where

each Mars rover is treated as an arm, and its state incorporating information of

its current site, amount of time remaining, its current condition etc. Each action

corresponds to a scientific mission, such as taking a photo or doing some ex-

periments, and the decision maker needs to optimally assign missions to rovers

optimally so that we can maximize our scientific discovery. Other applications

includes network revenue management [51], dynamic assortment [15], multi-

location inventory management [41], etc.

MDP with environmental variables Different from weakly coupled MDP,

MDP with environmental variables is a relatively new topic in literature. [12]

first formulated the problem and generalized standard value iteration and pol-

icy iteration technique for this setting. Later on, [14] studied the same set-

ting with ours, the weakly coupled MDP with environmental variables, using

technique developed in [12]. In this work, [14] proposed an index policy with

O(
√

N) opt gap.

Although [14] has already proposed policy with sublinear opt gap for weak

coupled MDP with environmental variables, current understanding is still lim-

ited in some important aspects. One of the most important questions is, whether

it is possible to achieve O(1) opt gap in this setting, and if so, under which

conditions. The answer for restless bandit is shown in Chapter 2, where non-
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degeneracy guarantee O(1) opt gap.

Summary of Contributions This chapter considers the same setting with

[13]. By generalizing fluid-priority policies in Chapter 2, we propose a class of

policies which are guaranteed to always achieve O(
√

N) opt gap, and achieve

O(1) opt gap when some non-degeneracy conditions hold true.

3.2 System Model

This section formulates our decision-making problem in a Markov Decision Pro-

cess (MDP) form.

Model We have N arms, each of which share the same finite state space S

and action space A. We use si,t ∈ S to indicate the state of i-th arm at time t,

and ai,t ∈ A to indicate the activation action for i-th arm at time t. Based on the

state and activation action, the arm’s state transitions to time t + 1 according to

a known transition kernel

pt(s,a, s′) = P(st+1,i = s′∣st,i = s,at,i = a).

All arms share the same transition kernel, and any arm’s transition is condition-

ally independent from others given its own state and action.

At each period t, a signal ωt is generated, which affects the total resource

available, reward for each arm and the resources consumption for each arm.

We assume signal {ωt}t∈[T] is a finite-state Markov process with known initial

state ω1 = ω∗ and transition kernel Kt(ω,ω′) = P[ωt+1 = ω′∣ωt = ω]. Assume the

state space is W with ∣W ∣ number of elements within it.
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At each period t, the total budget available per arm is bt(ωt), where bt ∶ Ω →

Rp is a known mapping and p indicates the number of different resources’ type.

The resources consumption for an arm in state s with action a taken receiving

ω signal is ct(s,a, ω), where ct ∶ S × A × Ω → Rp. Similarly, we can define the

generated reward as rt(s,a, ω), where rt ∶ S ×A×Ω→ R. Furthermore, we assume

there is a null action a∗, s.t. ct(s,a∗, ω) = 0 for all (s, ω, t) ∈ S × Ω × [T ]. Action

a∗ is essential and different from all the other actions since its existence guaran-

tees the feasibility of our budget constraint. Sometimes we also refer to taking

action a∗ on an arm as “idling the arm”, and taking any other non-null action as

“activating the arm”.

To define the objective function mathematically, we introduce some addi-

tional notation. We use S = S N to denote the N-product of state space S , and we

use A = AN to denote the N-product of action space A. All N arms together form

a new MDP with state space S and action space A. At time t, with i-th arm’s

state st,i and action at,i, we use st = (st,1, st,2, ..., st,N) in S and at = (at,1,at,2, ...,at,N)

in A to indicate the state and action of the joint MDP.

The reward function of the joint MDP, Rt ∶ S × A × Ω → R, is defined as

the summation across arms of the single-arm reward. At time t with state

st = (st,1, st,2, ..., st,N), action at = (at,1,at,2, ...,at,N) and signal realization ωt, we use

Rt(st,at, ωt) = ∑N
i=1 rt(st,i,at,i, ωt) to denote this total reward. The transition kernel

of the joint MDP is the product of the arms’ individual transition kernels,

P[st+1∣st,at] =
N

∏
i=1

pt(st,i,at,i, st+1,i),

which models the transitions as happening independently across arms given

the action taken.

A policy π is a function that maps the state (st, ωt) of the joint MDP to a
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feasible action at ∈ A. The objective of the policy is to maximize the expected

total reward with respect to a total budget Bt = bt(ωt)N per time period. This

objective can be written as,

sup
π

VN(π) = Eπ
T

∑
t=1

Rt(st,at, ωt)

subject to
N

∑
i=1

ct(si,t,ai,t, ωt) ≤ bt(ωt)N, ∀t ∈ [T ].
(3.1)

Without loss of generality, we assume each arm starts at the same state s∗ ∈ S at

t = 1.

Performance Measurement We measure the performance of the policy π by

comparing it with optimal policies to maximize (3.1). Let

V∗N = sup
π

VN(π)

be the expected total reward obtained by an optimal policy. Then the optimality

gap of the policy π is defined as

V∗N − VN(π).

The smaller the optimality gap, the better the policy.

We are interested in the asymptotic regime where the total budget Bt and

total number of arms N grow to infinity proportionally.

3.3 Background: Preliminary Results and Notations

In this section, we use a linear programming relaxation to provide an easy-to-

compute upper bound V̂∗N for V∗N . Some of results shown in the section is similar
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to Section 2.3. We describe these results briefly and leave their proofs to the

Appendix.

Linear Programming Relaxation We relax Problem (3.1)’s almost sure cardi-

nality constraints on resource use to constraints on their expectation:

max
π
Eπ

T

∑
t=1

Rt(st,at, ωt)

subject to Eπ,ω1,ω2,...,ωt

N

∑
i=1

ct(si,t,ai,t, ωt) ≤ bt(ωt)N, ∀t ∈ [T ], ω1 ∈ Ω, ω2 ∈ Ω, ..., ωt ∈ Ω.

Here, the expectation in the constraint is taken over the joint distribution of

all arms’ state conditioned on the policy π and all previously realized signals

ω1, ω2, ..., ωt.

To write the above relaxed problem in a more compact form, we introduce

some notation first. We denote all signals before period t as a vector ωt ∈ Ωt:

ωt = (ω1, ..., ωt).

We denote the s-th component of ωt as ωt,s. Sometimes it is useful to truncate ωt

to the history of signals before s ≤ t. To do this, we define truncation operators

Ps ∶ Ωt → Ωs by Ps(ωt) ∶= ωs = (ω1, ..., ωs).

With this new notation, we can rewrite the above relaxed problem as

max
π
Eπ

T

∑
t=1

Rt(st,at, ωt)

subject to Eπ,ωt

N

∑
i=1

ct(si,t,ai,t, ωt) ≤ bt(ωt)N, ∀ωt.

(3.2)

Similar to Lemma 2.1, we can show

Lemma 3.1. V∗N ≤ V̂∗N = NV̂∗1 .
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To calculate V̂∗1 , we only need to solve

max
π
Eπ

T

∑
t=1

rt(st,at, ωt)

subject to Eπ,ωt[ct(st,at, ωt)] ≤ bt(ωt), ∀t ∈ [T ],ωt ∈ Ωt.

(3.3)

In terms of the occupation measure, µt(s,a,ωt) = P[st = s,at = a∣ωt] P[ωt], Prob-

lem (3.3) is equivalent to

max
T

∑
t=1
∑
ωt∈Ωt
∑
a∈A
∑
s∈S

rt(s,a, ωt)µt(s,a,ωt)

subject to

∑
a∈A
µt(s,a,ωt+1) =∑

a∈A
∑
s′∈S
µt(s′,a,Pt(ωt+1))pt(s′,a, s)Kt(ωt, ωt+1),

∀s ∈ S ,ωt+1 ∈ Ωt+1, t ≤ T − 1.

∑
s∈S ,a∈A

µt(s,a,ωt)ct(s,a, ωt) ≤ bt(ωt) ∑
s∈S ,a∈A

µt(s,a,ωt), ∀ωt ∈ Ωt, t ∈ [T ].

∑
a∈A
µ1(s∗,a, ω∗) = 1.

µt(s,a,ωt) ≥ 0, ∀s ∈ S ,a ∈ A,ωt ∈ Ωt, t ∈ [T ].

(3.4)

Notation We introduce some notation for simplicity of analysis. First, we let

zt(s,ωt) ∶=
∑a∈A µt(s,a,ωt)

∑a∈A∑s∈S µt(s,a,ωt)

denote the conditional probability distribution of an arm in state s at time t

given signal realization historyωt. Without loss of generality, we assume P[ωt] =

∑a∈A∑s∈S µt(s,a,ωt) > 0 for all ωt to provide a generic analysis of all periods. If

not, we can remove the ωt with P[ωt] = 0 and treat these ωt separately.

Second, we let

xt(s,a,ωt) ∶=
µt(s,a,ωt)

∑a∈A∑s∈S µt(s,a,ωt)

denote the conditional probability distribution of an arm in state s with activa-

tion action a at time t given signal realization history ωt.
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Sometimes, we will use zt(ωt) (or xt(ωt)) to refer to the corresponding vector

(or matrix), i.e., zt(ωt) ∶= (zt(s,ωt), s ∈ S ) (or xt(ωt) ∶= (xt(s,a,ωt) ∶ s ∈ S ,a ∈ A)).

To be consistent with zt(s,ωt) and xt(s,a,ωt), we let ZN
t (s,ωt) be a random

variable whose distribution is the same as the conditional distribution of the

number of arms in state s at time t given the signal realization history ωt. Sim-

ilarly, XN
t (s,a,ωt) is a random variable distributed according to the number of

arms in state s with action a at time t given signal realization history ωt. As

in the definition of ZN
t (s,ωt), we sometimes need to consider random variables

restricted to a realization of the signal history. Thus, we use 1(ωt) (or P[ωt])

to denote the indicator (or probability) of the event that the realization signal

history is ωt.

Similarly to zt(ωt) and xt(ωt), we use ZN
t (ωt) and XN

t (ωt) to refer to vectors

(ZN
t (s,ωt) ∶ s ∈ S ) and matrix (XN

t (s,a,ωt) ∶ s ∈ S ,a ∈ A).

Starting from Section 3.5, we will analyze the deviation between the realiza-

tion of ZN
t (ωt),XN

t (ωt) and Nzt(ωt),Nxt(ωt). To support this analysis, we define

diffusion statistics Z̃N
t (ωt) as X̃N

t (ωt) as

Z̃N
t (ωt) =

ZN
t (ωt) − Nzt(ωt)√

N
, X̃N

t (ωt) =
XN

t (ωt) − Nxt(ωt)√
N

.

Recall a policy π of the joint MDP is a map from (st, ωt) to at. For analysis

in the following sections, we augment the policy class a little bit. We define a

policy π of the joint MDP is a map from (ωt,ZN
t (ωt)) to XN

t (ωt). Now the policy

not only depends on the signal at current period, but also the signal history

before. The reason we use this augmentation class is that, the history of signals

determines the optimal occupation measure in the future.

Using this new notation, a policy π of the joint MDP naturally induces a class
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of maps π̃t,N indexed by t,N, from diffusion (ωt, Z̃N
t (ωt)) to diffusion X̃N

t (ωt), s.t.

π(ωt,ZN
t (ωt)) = XN

t (ωt)⇐⇒ π̃t,N(ωt, Z̃N
t (ωt)) = X̃N

t (ωt). (3.5)

3.4 Sufficient Conditions for Achieving an o(N) Opt Gap

This section establishes our first contribution: a substantially more general re-

sult showing sufficient conditions for o(N) optimality gap. Results in this sec-

tion are similar with Section 2.4, so we only briefly state all the results without

detailed explanation. All the proofs in this section can be found in the Ap-

pendix.

Similar with Definition 2.1, we define

Definition 3.1. Under a policy π, if ZN
t (ωt)

N → zt(ωt) implies

XN
t (ωt)

N
→ xt(ωt)

almost surely, we say the policy π is fluid consistent.

(Here, when we say that an event A implies an event B almost surely, we mean

that the union of event B and the complement of event A holds almost surely.)

Similar to Theorem 2.1, we have Theorem 3.1 below.

Theorem 3.1. If a policy π is fluid consistent, then V∗N − VN(π) = o(N).
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3.5 Sufficient Conditions for Achieving an O(
√

N) Opt Gap

This section establishes our second contribution: substantially more general suf-

ficient conditions than [14] for an O(
√

N) optimality gap. Results in this section

are similar to Section 2.5, so we only briefly state the results without detailed

explanation. All the proofs for results in this section can be found in the Ap-

pendix.

Generalizing Definition 2.2, we formulate Definition 3.2. Then, similar to

Theorem 2.2, we have Theorem 3.2 below.

Definition 3.2. A policy π is called diffusion regular if its induced maps π̃t,N satisfy the

following conditions

• There exists C1 > 0 s.t. for any t, N, θ1, θ2, and any fixed ωt ∈ Ωt,

∣π̃t,N(ωt, θ1) − π̃t,N(ωt, θ2)∣ ≤ C1∣θ1 − θ2∣.

• There exists C2 > 0, s.t. for any t, N, and any fixed ωt ∈ Ωt,

∣π̃t,N(ωt,0)∣ ≤ C2.

• There exists a map π̃t,∞, s.t. π̃t,N(ωt, θ) → π̃t,∞(ωt, θ) for any fixed ωt ∈ Ωt as

N → +∞.

where ∣ ⋅ ∣ stands for the L1-norm in Euclidean space.

Theorem 3.2. If a policy π is diffusion regular, then V∗N − VN(π) = O(
√

N).
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3.6 Fluid-priority policies

This section defines fluid-priority policies and show that they are always dif-

fusion regular and thus achieve an O(
√

N) opt gap. Later, in §7, we show that

they achieve an O(1) opt gap if an additional condition is satisfied. The fluid-

priority policy defined here can be viewed as a generalization in Section 2.6,

with a Weight-Round-Robin subroutine to determine which action to activate

for arms in the same state.

Roughly speaking, a fluid-priority policy is defined by first fetching an opti-

mal solution of the LP relaxation, then classifying states into three disjoint cate-

gories based on the solution: fluid-active, fluid-neutral and fluid-inactive. Then

a priority score function is defined to be consistent with this category classifi-

cation: fluid-active states are prioritized above fluid-neutral states and fluid-

neutral states are prioritized above fluid-inactive states. When deciding which

action to take within each state, fluid-priority policy pulls arm in a weighted

Round-Robin (RR) way respecting the optimal occupation measure.

Mathematically speaking, a fluid-priority policy is parameterized by an op-

timal occupation measure {xt(s,a,ωt)}ωt ,s,a solving Problem (3.4) and a set of

“priority-score” functions {Pωt(⋅)}ωt assigning each state a real number. Based

on the occupation measure {xt(s,a,ωt)}t,s,a, a fluid-priority policy classifies

states into these three disjoint categories:

The fluid-active category: C+(ωt) ∶= {s ∈ S ∣ ∑
a≠a∗

xt(s,a,ωt) > 0, xt(s,a∗,ωt) = 0},

The fluid-neutral category: C0(ωt) ∶= {s ∈ S ∣ ∑
a≠a∗

xt(s,a,ωt) > 0, xt(s,a∗,ωt) > 0},

The fluid-inactive category: C−(ωt) ∶= {s ∈ S ∣ ∑
a≠a∗

xt(s,a,ωt) = 0, xt(s,a∗,ωt) > 0}.
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Then the priority-score function Pωt(⋅) are chosen to prioritize states in C+(ωt)

over C0(ωt), and states in C+(ωt) over C−(ωt). With these definitions, the fluid-

priority policy corresponding to an occupation measure and priority-score func-

tion is defined by Algorithm 3.

Algorithm 3 Fluid-priority policy
Input: an optimal occupation measure (xt(s,a,ωt))ωt ,s,a solving the LP (3.4), and
a priority-score functions {Pωt(⋅)}ωt consistent with the category classification.

1: for t = 1,2, ...,T do
2: Observe signal realization ωt and form the full signal realization path
ωt, and observe there are Zt(s) arms in state s and remaining budget Bt =
⌊bt(ωt)N⌋.

3: for state s in decreasing order given by Pωt(⋅) do
4: Determine Xt(s,a)←Weighted-Round-Robin(s, (xt(s,a,ωt))a∈A,Bt)
5: Update Bt ← Bt −∑a Xt(s,a)ct(s,a, ωt)
6: end for
7: Activate Xt(s,a) number of arms in state s with action a.
8: end for

Inside Algorithm 3, the subroutine Weighted-Round-Robin is more of tech-

nical details. Roughly speaking, when determining Xt(s,a), i.e. how many arms

in state s we should activate with action a, we try to make (Xt(s,a))a∈A as propor-

tional to the occupation measure (xt(s,a,ωt))a∈A as possible while respecting the

budget constraint. The formal definition of Weighted-Round-Robin is defined

as in Algorithm 4.

Algorithm 4 Weight-Round-Robin
Input: a state of interest s, an occupation measure (xt(s,a,ωt))a∈A, remaining
budget Bt.

Initialize Xt(s,a) = 0 for all a ∈ A. Normalize xt(s,a,ωt) to xt(s,a) ∶=
xt(s,a,ωt)/∑a xt(s,a,ωt).
while ∑a∈A Xt(s,a) < Zt(s) and {a∣xt(s,a) > 0, ct(s,a, ωt) ≤ Bt} ≠ ∅ do

Take â minimizes Xt(s,a) − Nxt(s,a)within {a∣xt(s,a) > 0, ct(s,a, ωt) ≤ Bt}.
Xt(s, â)← Xt(s, â) + 1, Bt ← Bt − ct(s, â, ωt).

end while
Xt(s,a∗)← Zt(s) −∑a≠a∗ Xt(s,a).

Output: (Xt(s,a))a∈A
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With the algorithm in place, we now state the main result of this section: that

fluid-priority policies are diffusion regular, implying they have an O(
√

N) opt

gap by Theorem 3.2.

Theorem 3.3. Any fluid-priority policy π is diffusion regular and its optimality gap is

O(
√

N).

3.7 Non-degeneracy Condition: Achieving an O(1) Opt Gap

This section presents our main contribution: that fluid-priority policies achieve

an O(1) opt gap under a non-degeneracy condition. We define and discuss this

condition before showing this result.

To motivate this non-degeneracy condition, consider a fluid-priority pol-

icy and another policy motivated by the relaxed problem (3.2) in which the

almost-sure budget constraint (∑N
i=1 ct(si,t,ai,t, ωt) ≤ bt(ωt)N) has been relaxed.

This so-called “budget-relaxed” policy first categorizes states into fluid-active,

fluid-neutral, and fluid-inactive categories in the same way as its correspond-

ing fluid-priority policy. For fluid-active arms, it activates all all of them in

the same weighted Round-Robin way, no matter whether the budget constraint

is violated. If budget constraint is not violated after activating all fluid-active

arms, it then activate / idle all fluid-neutral arms in the same way as its corre-

sponding fluid-priority policy. Same with the fluid-priority policy, it does not

activate any fluid-inactive arms.

Introduction of this budget-relaxed policy builds a bridge between its corre-

sponding fluid-priority policy and the optimal reward of the relaxed problem

(3.2). First, activating all fluid-active arms and idling all fluid-inactive arms
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plus some technical resource consumption property implies a policy to be opti-

mal in the relaxation problem (3.2). Thus, this budget-relaxed policy’s reward

is close to the relaxed problem’s optimal reward (Lemma 3.4). Second, it be-

haves identically to its corresponding fluid-priority policy (Lemma 3.2) except

on a specific “budget violation” event: that activating all arms in fluid-active

category exceeds the budget. So combing the first and the second points to-

gether, bounding the probability of budget-violation allows us to bound the opt

gap for a fluid-priority policy by comparing it with its budget-relaxed version

and comparing the budget-relaxed version with the relaxed problem’s optimal

rewards.

The non-degeneracy condition (Definition 3.3) characterizes the probability

of budget violation. When it is met, the expected resource consumption amount

per fluid-active is strictly below the budget per arm. Thus, using concentration

bounds, problems meeting the non-degeneracy condition are ones in which the

probability of budget violation vanishes exponentially fast as N grows (Lemma

3.3). As a result, in such problems, the fluid-priority policy behaves the same as

its budget-relaxed version with high probability for large N.

The non-degeneracy condition also requires that expected resource con-

sumption would be tight compared to the budget constraint at most for one

resource type. This more technical condition is used to bound the reward of

budget-relaxed policy and the optimal reward of the relaxed problem by O(1).

Thus, when the non-degeneracy condition is met, we can bound the opt gap of

the fluid-priority policy by O(1).

In the rest of this section, we first formally introduce budget-relaxed poli-

cies, then define the non-degeneracy condition, and finally prove fluid-priority
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policies achieve an O(1) opt gap when this condition holds.

3.7.1 Budget-relaxed fluid-priority policies

Given a fluid-priority policy πF , its budget-relaxed version πR is defined by Al-

gorithm 5. Similar to πF , πR first classifies states into three categories: fluid-

active, fluid-neutral and fluid-inactive, using the same occupation measure as

πF . Then, πR activates all arms in the fluid-active category using the same

Weighted-Round-Robin procedure, exceeding the budget if necessary. After-

wards, if budget is still not violated, πR iterates over each state s in the fluid-

neutral category C0
t and activate / idle arms in a weighted Round-Robin man-

ner. Finally, πR idles all arms in fluid-inactive category.

Algorithm 5 Budget-relaxed fluid-priority policies
Input: an optimal occupation measure (xt(s,a,ωt))ωt ,s,a solving the LP (3.4), and
a priority-score functions {Pωt(⋅)}ωt .

1: for t = 1,2, ...,T do
2: Observe signal realization ωt and form the full signal realization path ωt,

and observe there are Zt(s) arms in state s.
3: Classify states into fluid-active C+t (ωt), fluid-neutral C0

t (ωt) and fluid-
inactive C−t (ωt) categories based on the occupation measure.

4: for state s ∈ C+(ωt) in decreasing order given by Pωt(⋅) do
5: Determine Xt(s,a) ← Weighted-Round-Robin(s, (xt(s,a,ωt))a∈A,∞)

by pretending unlimited budget.
6: end for
7: Update remaining budget Bt ← ⌊btN⌋ −∑a∑s∈C+(ωt)

Xt(s,a)ct(s,a,wt).
8: for state s ∈ C0(ωt) in decreasing order given by Pωt(⋅) do
9: Determine Xt(s,a)←Weighted-Round-Robin(s, (xt(s,a,ωt))a∈A,Bt).

10: Update Bt ← Bt −∑a Xt(s,a)ct(s,a, ωt)
11: end for
12: for state s ∈ C−(ωt) do
13: Xt(s,a∗) = Zt(s) and Xt(s,a) = 0 for all a ≠ a∗.
14: end for
15: Activate Xt(s,a) number of arms in state s with action a.
16: end for
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Policy πR behaves the same as its corresponding fluid-priority policy πF ,

given sufficient resourced needed for all arms in fluid-active category. This is

formally stated as Lemma 3.2.

Lemma 3.2. Define conditional event given the realization history ωt:

∆(ωt) ∶= { ∑
s∈C+(ωt)

∑
a∈A
⌈ZN

t (s,ωt)
xt(s,a,ωt)
∑a xt(s,a,ωt)

⌉ct(s,a, ωt) ≤ bt(ωt)N}.

Then on the event ∆(ωt), πR(ωt,ZN
t ) = πF(ωt,ZN

t ).

∆(ωt) characterizes the scenario where sufficient resources are available so

that we are not forced to idle any arm (take action a∗) in fluid-active category

due to the budget constraint. So we would refer to the complement of ∆(ωt) as

∆c(ωt) as a “budget violation” event.

3.7.2 Non-degeneracy

The non-degeneracy condition (stated formally below) requires that budget per

arm strictly dominates the resources needed per arm in fluid-active category to

be activated. This guarantees that budget-violation events are probabilistically

negligible (Lemma 3.3). The high-level reason is that, since both the budget-

relaxed fluid-priority policy and the fluid-priority policy are fluid consistent,

the number of arms in state s is roughly proportional to the optimal occupa-

tion measure, with excursions described by the Central Limit Theorem. Thus

the probability of budget-violation events approaches 0 exponentially fast as N

grows by concentration inequalities.

Definition 3.3. We say an optimal occupation measure (xt(s,a,ωt))ωt ,s,a is non-
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degenerate if

∀ωt, ∑
s∈C+(ωt)

∑
a

xt(s,a,ωt)ct(s,a, ωt) < bt(ωt)P[ωt] and

∑
s∈S
∑

a
xt(s,a,ωt)ct(s,a, ωt) ≤ bt(ωt)P[ωt] with at most one equality achieved.

Otherwise, we call it degenerate. We also call a fluid-priority policy non-degenerate

(degenerate) when its associated occupation measure is non-degenerate (degenerate).

We notice that non-degeneracy condition also requires that the resource con-

straint is tight in each period for at most one resource type. This is more of

technical details, and is only used to prove Lemma 3.4: a budget-relaxed policy

deviates from the relaxed problem’s optimal reward by at most O(1).

Lemma 3.3. If an optimal occupation measure (xt(s,a,ωt))ωt ,s,a is non-degenerate,

then for any priority-score functions {Pωt}ωt and the corresponding fluid-priority pol-

icy πF and budget-relaxed policy πR, there exists a constant δ > 0 and a constant L such

that for any ωt and all N,

max{PπR(∆c(ωt)),PπF(∆c(ωt))} ≤ L exp(−δN).

Empirically, one can check the non-degeneracy condition for a given opti-

mal occupation measure x∗ returned by solving the LP relaxation (3.4) with a

commercial LP solver.

3.7.3 Main result

We now state and prove this section’s main result: a fluid-priority policy

achieves an O(1) opt gap when it is non-degenerate. Before that, we need one
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last building block: the budget-relaxed policies’ reward deviates from the re-

laxed problem’s optimal reward by O(1) under non-degeneracy.

We show this in the following lemma. There are two main ideas in the proof.

First, recall that the budget-relaxed fluid-priority policy πR activates all arms in

C+(ωt) regardless of the budget constraint. Thus, its decisions are optimal under

a Lagrangian relaxation of Problem 3.2 in which the budget constraint on the

expected number of arms pulled is replaced by a well-chosen linear penalty (in

this Lagrangian relaxation, activating / idling fluid-neutral arms does not affect

optimality as the incremental reward is offset by the linear penalty). Second, in

the well-chosen linear penalties, only penalties of the resource type with tight

budget constraints are non-zero. Thus, the linear penalty is zero under the event

that the resource type with tight budget constraints are exhausted. We can show

the probability of this event approaches 1 exponentially fast as number of arms

N grows large.

Lemma 3.4. Let VN(πR) = maxπ Eπ∑T
t=1 Rt(st,at, ωt) for a budget-relaxed fluid priority

policy πR. If an optimal occupation measure (xt(s,a,ωt))ωt ,s,a is non-degenerate, then

for any priority-score functions {Pωt}ωt , the corresponding budget-relaxed fluid-priority

policy πR satisfies ∣V̂∗N − VN(πR)∣ ≤ m, where m is a constant not depending on N.

Now we are ready to state and prove our main result: that a fluid-priority

policy achieves an O(1) opt gap when it is non-degenerate. A fluid-priority

policy πF’s opt gap can be bounded by first comparing the reward VN(πF) with

the reward of its corresponding budget-relaxed policy πR. Combining the fact

that πF deviates from πR with negligible probability (Lemma 3.3) and that πR’s

reward deviates by O(1) from V̂∗N (Lemma 3.4), VN(πF) is at most O(1) away

from V̂∗N .
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Theorem 3.4. If an optimal occupation measure (xt(s,a,ωt))ωt ,s,a is non-degenerate,

then for any priority-score functions {Pωt}ωt , the corresponding fluid-priority policy πF

satisfies V̂∗N − VN(πF) ≤ m, where m is a constant not depending on N.

Proof of Theorem 3.4. Under πF , the reward is VN(πF) = EπF ∑ωt ,s,a rt(s,a, ωt)XN
t (s,a,ωt).

Under πR, the reward is VN(πR) = EπR∑ωt ,s,a rt(s,a, ωt)XN
t (s,a,ωt).

Within each event ωT , denote Ω(ωT) ∶= ∆(P1(ωT)) ∩ ∆(P2(ωT)) ∩ ... ∩

∆(PT(ωT)). On this event, πR and πF produce identical decisions by Lemma 3.2.

Using this in the second line below, we have:

VN(πR) − VN(πF) = EπR[E[(1Ω(ωT ) + 1Ωc(ωT ))
T

∑
t=1
∑

s∈S ,a∈A
rt(s,a, ωt)XN

t (s,a,ωt)∣ωT]]

− EπF[E[(1Ω(ωT ) + 1Ωc(ωT ))
T

∑
t=1
∑

s∈S ,a∈A
rt(s,a, ωt)XN

t (s,a,ωt)∣ωT]]

= EπR[E[1Ωc(ωT )

T

∑
t=1
∑

s∈S ,a∈A
rt(s,a, ωt)XN

t (s,a,ωt)∣ωT]]

− EπF[E[1Ωc(ωT )

T

∑
t=1
∑

s∈S ,a∈A
rt(s,a, ωt)XN

t (s,a,ωt)∣ωT]]

≤ EπR[E[1Ωc(ωT )

T

∑
t=1
∑

s∈S ,a∈A
∣rt(s,a, ωt)∣XN

t (s,a,ωt)∣ωT]]

+ EπF[E[1Ωc(ωT )

T

∑
t=1
∑

s∈S ,a∈A
∣rt(s,a, ωt)∣XN

t (s,a,ωt)∣ωT]]

Inequalities 0 ≤ XN
t (s,a,ωt) ≤ N then implies

VN(πR) − VN(πF)

≤ EπR[E[1Ωc(ωT ) max
t,s,a,ωt

∣rt(s,a, ωt)∣ T N∣ωT]] + EπF[E[1Ωc(ωT ) max
t,s,a,ωt

∣rt(s,a, ωt)∣ T N∣ωT]]

≤ (EπRE[[1Ωc(ωT )∣ωT ]] + EπRE[[1Ωc(ωT )∣ωT ]])T N max
t,s,a,ωt

∣rt(s,a, ωt)∣.
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Then, applying Lemma 3.3 and Pπ[Ωc(ωT)] ≤ ∑T
t=1 Pπ[∆(Pt(ωT))], we have:

VN(πR) − VN(πF) ≤ T N max
t,s,a,ωt

∣rt(s,a, ωt)∣∑
ωT

T

∑
t=1
PπR[∆c(Pt(ωT))] + PπF[∆c(Pt(ωT))]

≤ 2T 2N max
t,s,a,ωt

∣rt(s,a, ωt)∣ ∣W ∣T L exp(−δN),

where W is the state space of Markov process {ωt}t.

Finally, combining with Lemma 3.4 concludes the proof. □
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CHAPTER 4

BINARY-ACTION INFINITE-HORIZON RESTLESS BANDIT

This Chapter formally describe the binary-action infinite-horizon restless bandit

problem, and proposes a novel class of policies called “fluid-balance” policies.

We show here in this Chapter that fluid-balance policies always achieve O(
√

N)

opt gap. At the end of this Chapter, we also illustrate the state-of-the-art perfor-

mance of the fluid-balance policies via numerical experiments.

The results in this section are not a straightforward extension of the results

in Chapter 2. Indeed, while Chapter 2 showed that fluid-priority policies have a

O(
√

N) optimality gap for undiscounted finite-horizon problems, this bound’s

dependence on T is exponential. Simply applying the bound from Chapter 2 to

a truncated infinite-horizon problem (and leveraging discounting to bound the

reward obtained after truncation) results in an opt gap bound that grows faster

than
√

N. Our fluid-balance policies and their analysis are specifically adapted

to the infinite-horizon setting to circumvent this challenge.

We first review the literature and explain our contributions in more detail

in the context of that literature in Section 4.1. We then describe the model

setup (Section 4.2) and review a standard technique: linear relaxation (Section

4.3). Fluid-balance policies are introduced in Section 4.4 and shown to achieve

O(
√

N) opt gap. Finally, we use numerical experiments to justify the state of art

performance of fluid-balance policies over other commonly used policies (Sec-

tion 4.6).
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4.1 Literature Review and Contributions

This section first reviews approaches specifically designed for infinite-horizon

bandits. Then we describe the most recent progress in the area of finite-horizon

bandits which motivates our methodology in this chapter.

Infinite-horizon restless bandits The infinite-horizon restless bandit prob-

lem was first formulated by [55]. Since then, the problem has attracted substan-

tial research interest, both from theoretical and practical perspectives. Here we

review two main streams of this research: the Whittle index and simulation-

based approaches.

Whittle index When the restless bandit problem was first formulated in [55],

this paper also proposed an index policy, the so-called Whittle index, as a solu-

tion. The Whittle index is defined by considering a problem with a single arm

in which one can pull the arm, paying a cost, or idle it. The Whittle index for

a state is the cost that makes an optimal policy indifferent between pulling the

arm and idling it. This implies a ranking over states that, intuitively, is the same

as ranking by a state’s “marginal productivity”: the difference in discounted

long-run reward between activating and idling an arm in this state in the origi-

nal problem [45]. Intuitively, it should be a good policy to simply pull the arms

in the states with the highest marginal productivity. Then Whittle index policy

does exactly this: it activates arms according to their indices, from high to low,

until all resources are used.

Although intuitively promising, [55] noticed that the willingness to pull an

arm in a single-arm problem is not always monotone: it may be optimal to

pull the arm when the cost-per-pull is low, idle it when the cost-per-pull is in
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an intermediate range, and pull it when the cost-per-pull is high. In such set-

tings, the Whittle index is not well-defined and its link to marginal productivity

is lost. [55] conjectured that indexability would imply asymptotic optimality:

the difference between the Whittle index’s expected performance and that of

an optimal policy divided by the number of arms vanishes as the number of

arms grows, allowing a constant fraction of the arms to be pulled per time pe-

riod. Later, however, [54] provided a counterexample to Whittle’s conjecture:

the Whittle index can fail to be asymptotically optimal even when the indexa-

bility condition is satisfied.

Responding to the challenge of establishing indexability, [23, 44] establish

alternate sufficient conditions for indexability and [24] characterize some in-

dexable restless bandit families. [37, 39] and [35] show their studied system is

indexable. [25, 26, 27, 5] and [32] have extended these ideas to more general

settings e.g. convex reward, convex resource budget, stochastic arriving and

leaving arms, etc. Nevertheless, establishing indexability remains challenging

for most problems and typically entails additional theoretical work that must be

done on a problem-by-problem basis.

When a problem is not indexable, multiple values satisfy the conditions that

usually define the Whittle index. Thus, attempting to deploy a Whittle index

policy in practice without first verifying indexability requires the implementa-

tion to explicitly handle this non-uniqueness. The use of implementations as-

suming a unique Whittle index value in non-indexable problems creates a risk

that Whittle index computation produces errors or fails to converge. Also, the

intuition for why a Whittle index policy would perform well relies on indexabil-

ity. When indexability is lacking, policies prioritizing arms based on a Whittle

68



index computation (while handling non-uniqueness) may be less likely to per-

form well.

If indexability can be verified, establishing asymptotic optimality requires

verifying the additional sufficient conditions discussed above. Past literature

suggests that this may be even more difficult than verifying indexability. Most

work using Whittle indices does not prove its asymptotic optimality in the prob-

lem studied [37, 35] or only proves it in a specific parameter regime [39, 52]. In-

stead, past literature often relies on numerical simulation to justify the Whittle

index’s performance.

Thus, despite its popularity, the difficulty of verifying indexability and the

additional conditions needed for asymptotic optimality remain a challenge

when applying Whittle index policy in real-world problems.

Simulation-based approaches Responding to the limitations of the Whittle in-

dex policy, simulation-based approaches have been developed. For example,

[40] develop rollout-based heuristic policies and [42] and [53] develop a deep re-

inforcement learning strategy, using neural networks to approximate the value

function. Numerical performance on a collection of benchmark problem in-

stances is their primary concern rather than theoretical guarantees. A policy

that performs well in the problem instances simulated may perform poorly in

other closely-related problem instances, and so performing well in a simulation-

based study may not guarantee good performance across a wider range of prob-

lem instances faced after a policy is deployed to the field.

Moreover, if all benchmark policies included in a numerical study are

asymptotically suboptimal, a new asymptotically optimal policy has the poten-
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tial to significantly outperform all of them. Thus, identifying new asymptoti-

cally optimal policies is of significant interest.

Finite-horizon restless bandits While the Whittle index faces challenges in

verifying indexability and the additional conditions required for asymptotic op-

timality, recent progress on finite-horizon restless bandits provides algorithms

without these drawbacks in this alternate setting.

In rapid succession, [31, 57, 13] proposed index policies and show that they

have o(N), O(
√

N log N) and O(
√

N) opt gaps respectively. Then, [58] proposed

a class of index policies generalizing [13] and [31], showing that this larger class

of policies have at most a O(
√

N) opt gap and, surprisingly, a O(1) opt gap if a

non-degeneracy condition is met.

Unlike the Whittle index, these index policies do not require an indexa-

bility condition to be well-defined. Moreover, they come with performance

guarantees that do not require verifying extra sufficient conditions: O(
√

N) for

[58, 13, 31], O(
√

N log N) for [57].

We argue in this paper that a key difference in the approach enabled these

finite-horizon analyses to achieve asymptotic optimality and to avoid chal-

lenges in establishing indexability: their Lagrangian relaxation uses a sequence

of Lagrange multipliers, one for each time period, while the Whittle index uses

a single global Lagrange multiplier. Using a time-varying Lagrange multiplier

is intuitive in the finite-horizon setting: the finite horizon causes the problem to

be non-stationary, naturally inspiring a time-inhomogeneous approach.

We show in this paper that this time-inhomogeneous approach can be gener-

alized to the infinite-horizon setting to overcome the shortcomings of the Whit-
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tle index and other past approaches to the infinite-horizon restless bandit. That

a time-inhomogeneous approach would be relevant to the infinite-horizon set-

ting may, at first glance, seem surprising: the infinite-horizon problem is sta-

tionary, implying the existence of stationary optimal policies, and suggesting

that asymptotically optimal policies should also be stationary. Part of our con-

tribution is to explain why non-stationarity is an important tool for providing

asymptotic optimality in stationary infinite-horizon problems.

Summary of Contribution Out work provide a novel class of computa-

tionally scalable non-stationary infinite-horizon restless bandit policies called

“fluid-balance” policies. We show that they are asymptotically optimal, achiev-

ing a O(
√

N) opt gap. This result does not require indexability or other suf-

ficient conditions beyond those defining the problem we study, such as arms’

states belonging to a finite state space and state transitions that are condition-

ally independent across arms. Moreover, despite being time-inhomogeneous in

an infinite horizon problem, we show that they can be computed in finite time.

They are computed by considering a finite linear program formed by truncat-

ing the infinite-horizon problem. Truncating at the O(log N)-th period allows

fluid-balance policies to achieve a O(
√

N) opt gap.

This requires going substantially beyond applying a previously proposed

finite-horizon policy to the truncated problem. Policies with O(
√

N) opt gaps

in the finite-horizon setting proposed in [13] and [58] have opt gap bounds that

depend exponentially on the time horizon. Simply applying one of these poli-

cies and its associated performance bound to a truncated problem (and leverag-

ing discounting to bound the reward obtained after truncation) results in an opt

gap bound that grows faster than O(
√

N). Our fluid-balance policies and their
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analysis are specifically adapted to the infinite-horizon setting to circumvent

this challenge.

4.2 System Model

This section formulates the infinite-horizon restless bandit problem as a Markov

Decision Process (MDP).

Model There are N arms, each of which shares the same finite state space S .

We use si,t to indicate the state of i-th arm at time t. At each period t for each

arm i, the decision-maker chooses whether to pull the arm (ai,t = 1) or leave it

idle (ai,t = 0). We define A = {0,1} to be the space of available actions in which

ai,t takes values. These actions must respect a so-called “budget constraint” in

which the number of arms pulled at period t is Bt = ⌊αtN⌋, where 0 ≤ αt ≤ 1 is a

pre-specified budget ratio.

Based on the action applied, each arm’s state transitions stochastically to

time t + 1 according to a time-homogeneous known transition kernel P =

{p(s,a, s′)}s,s′∈S ,a∈A where p(s,a, s′) = P(st+1,i = s′∣st,i = s,at,i = a). All arms share

the same transition kernel, and any arm’s transition is conditionally indepen-

dent from others given its own state and action. Each state-action pair is as-

sociated with a time-homogeneous reward, given by a known reward function

r ∶ S ×A→ R. The decision-maker aims to maximize the total discounted reward

collected from all N arms over the infinite horizon with discount factor γ.

To complete the formal definition of our problem involving N arms, we in-

troduce some additional notation. We use S = S N to denote the N-fold Cartesian

72



product of the state space S , and define A = AN similarly. All N arms together

form an MDP with state space S and action spaceA. We call this the “joint MDP”

to distinguish it from MDPs that we reference later involving a single arm. The

state in this joint MDP at time t is st = (st,1, st,2, ..., st,N) ∈ S, which indicates that

arm i has state st,i. The action is at = (at,1,at,2, ...,at,N) ∈ A, which indicates that

action at,i is applied to arm i.

The reward function of the joint MDP, R ∶ S×A→ R, is the summation across

all the single-arm reward defined above,

R(st,at) =
N

∑
i=1

r(st,i,at,i).

For element a = (a1,a2, ...,aN) in A, we use ∣a∣ = ∑N
i=1 ai to indicate the L1-norm

of a, i.e, the number of pulled arms. We write our budget constraint at time t as

∣at∣ = Bt.

The transition kernel for the joint MDP is the product of each arm’s transition

kernel,

P[st+1∣st,at] =
N

∏
i=1

p(st,i,at,i, st+1,i).

We assume all arms start from the same initial state s∗. Our analysis can be

easily generalized to the case where arms start from different states.

A policy π is a function that maps the current state st ∈ S and time t to an ac-

tion at ∈ A. The objective of the policy is to maximize the expected total reward,

subject to budget and initial states constraints specified above. This objective

can be written as,

max
π
Eπ

∞

∑
t=1
γtR(st,at)

subject to: ∣at∣ = ⌊αN⌋ ∀t,

(4.1)
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where Eπ indicates the expectation taken under policy π.

We define the value function of a policy π as VN(π) = ∑∞t=1 γ
tR(st,at) and mea-

sure a policy’s performance by comparing it with the optimal policy solving

(4.1). Let V∗N = supπ VN(π) be the expected total reward obtained by an optimal

policy. Then the optimality gap of the policy π is defined as

V∗N − VN(π).

Maximizing policies’ value function is equivalent to minimizing their optimal-

ity gap. We are interested in solving (4.1) when N is large.

4.3 Background: Preliminary Results and Notation

In this section, we define a linear programming relaxation that provides an up-

per bound V̂∗N for V∗N . Some of results shown in the section are similar to Section

2.3. We describe these results briefly and leave their proofs to the Appendix.

Linear Programming Relaxation We relax problem (4.1)’s almost sure car-

dinality constraints on the number of pulls to constraints on the expectation of

the number of puls:

V̂∗N = max
π

⎧⎪⎪⎨⎪⎪⎩
Eπ

∞

∑
t=1
γtR(st,at)

RRRRRRRRRRR
E∣at∣ = αtN, ∀t

⎫⎪⎪⎬⎪⎪⎭
. (4.2)

However, solving the above infinite-horizon relaxed Problem (4.2) exactly is

typically not possible. A technique common among those wishing to solve such

infinite-horizon discounted problems is to truncate (4.2) up to a large horizon T

and solve this finite-horizon approximation:

V̂∗N(T) = max
π

⎧⎪⎪⎨⎪⎪⎩
Eπ

T

∑
t=1
γtR(st,at)

RRRRRRRRRRR
E∣at∣ = αtN, ∀t ≤ T

⎫⎪⎪⎬⎪⎪⎭
. (4.3)
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Computational difficulties aside, our notation explicitly allows T =∞, in which

case V̂∗N(∞) = V̂∗N . We similarly denote the optimal reward of the truncated ver-

sion of the original problem as

V∗N(T) = max
π

⎧⎪⎪⎨⎪⎪⎩
Eπ

T

∑
t=1
γtR(st,at)

RRRRRRRRRRR
∣at∣ = αtN, ∀t ≤ T

⎫⎪⎪⎬⎪⎪⎭
. (4.4)

For simplicity, we assume N is taken such that αtN are integral for all s ∈ S .

All the following results generalize if this is not true as we discuss briefly in

Appendix C.2.

Similar with Lemma 2.1, we can show

Lemma 4.1. V∗N(T) ≤ V̂∗N(T) = N V̂∗1 (T).

To calculate V̂∗1 , we only need to solve

max
π

⎧⎪⎪⎨⎪⎪⎩
Eπ

T

∑
t=1
γtr(st,at)

RRRRRRRRRRR
E∣at∣ = αt,∀t ≤ T

⎫⎪⎪⎬⎪⎪⎭
. (4.5)

Writing Problem (4.5) in terms of the occupation measure xt(s,a) ∶= P[st = s,at =

a], then Problem (4.5) is equivalent to

max ∑
s∈S ,a∈A

T

∑
t=1
γtr(s,a)xt(s,a)

subject to

∑
a∈A

xt(s,a) =∑
a∈A
∑
s′∈S

xt−1(s′,a)pt−1(s′,a, s), ∀s ∈ S , 2 ≤ t ≤ T ;

∑
s∈S

xt(s,1) = αt, t ≤ T ;

∑
a∈A

x1(s∗,a) = 1; ∑
a∈A,s∈S

x1(s,a) = 1;

xt(s,a) ≥ 0, ∀s ∈ S ,a ∈ A, t ≤ T .

(4.6)

Notation We use additional notation borrowed from Section 2.3. To make

this section more self-contained, we list this additional notation here:
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• zt(s), ZN
t (s), xt(s,a) and XN

t (s,a) for all s ∈ S and a ∈ A;

• the vector form of the above pieces of notation, zt,ZN
t , xt and Xt

N ;

• diffusion statistics Z̃N
t and X̃N

t ;

• a policy π and its induced maps π̃t,N .

4.4 Diffusion Regular Conditions

This section characterize a set of properties of policies, which we refer to as dif-

fusion regularity. Then we deduce some implications of these properties. This

section builds the foundation for the following sections: fluid-balance policy

proposed in section 4.5 is diffusion regular.

The insight behind diffusion regularity is, roughly speaking, as long as the

diffusion statistic X̃N
t is bounded by O(1), Z̃N

t+1 will also be bounded by O(1).

Thus, we could control the grow of the first moments of diffusion statistics

(Z̃N
t , X̃N

t ) across periods (Lemma 4.2).

Formally speaking,

Definition 4.1. A policy π is called diffusion regular if its induced maps π̃t,N satisfy

• There exists C1 > 0, s.t. for any t ≤ T , N, θ1 and θ2

∣π̃t,N(θ1) − π̃t,N(θ2)∣ ≤ C1∣θ1 − θ2∣.

• There exits C2 > 0, s.t. for any t ≤ T and N

∣π̃t,N(0)∣ ≤ C2.
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• There exists a map π̃t,∞, s.t. π̃t,N(θ)→ π̃t,∞(θ) ∀θ and t ≤ T , as N → +∞.

• There exists C3 > 0, s.t. for any t ≤ T , N, θ and s ∈ S , ∑a∈A ∣π̃t,N(θ)(s,a)∣ ≤

∣θ(s)∣ +C3.

where ∣ ⋅ ∣ stands for the L1-norm in Euclidean space.

If a policy π is diffusion regular, their first moments can be upper bounded

by a linear-growth sequence (Lemma 4.2). Proof of Lemma 4.2 are left in the

Appendix.

Lemma 4.2. If a policy π is diffusion regular, then there exists constant c1 and c2

(neither depends on T ), s.t. for all t ≤ T and N (N could be infinity),

E[∣Z̃N
t ∣] ≤ c1 + c2t.

4.5 Fluid-balance Policy

This section defines fluid-balance policies, and shows that all fluid-balance poli-

cies are diffusion regular and achieve O(
√

N) +O(NγT) optimality gap.

Roughly speaking, a fluid-balance policy is defined by two pieces: an opti-

mal solution of the LP relaxation problem and prioritization scores over states.

Then a fluid-balance policy pulls arms respecting two rules: a consistency rule

and a prioritization rule. The consistency rule requires the diffusion statistics

X̂N
t (s, ⋅) share the same sign with ẐN

t (s) for each state s. The prioritization rule

requires pulling arms according to the prioritization score as much as we can

with respect to the consistency rule.
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Mathematically speaking, a fluid-priority policy is parameterized by an oc-

cupation measure {xt(s,a)}t,s,a solving Problem (4.6), and “priority-score” func-

tions {Pt(⋅)}t assigning each state a real number. With these notations, the fluid-

balance policy is defined as in Algorithm 6.

Algorithm 6 fluid-balance policy
Input: optimal occupation measure (xt(s,a))t≥0,s∈S ,a∈A, priority-score func-

tions {Pt}t≥0.
1: for t = 1,2, ...,T do
2: Classify states into three categories: fluid-active, fluid-neutral and fluid-

inactive.
3: Observe there are Zt(s) arms in state s, and its associated diffusion statis-

tics Z̃t(s).
4: for state s in C+t ∪C0

t ∪C−t do
5: Xt(s,1)← min{Zt(s), ⌈xt(s,1)N +

√
N∣Z̃t(s)∣⌉}.

6: end for
7: while ∑s Xt(s,1) > ⌊αtN⌋ do
8: Find state s with the lowest priority-score s.t.

Xt(s,1) > max{0, ⌊xt(s,1)N −
√

N∣Z̃t(s)∣⌋}

9: Xt(s,1)← Xt(s,1) − 1
10: end while
11: Pull Xt(s,1) arms in state s.
12: end for

We can show that a fluid-balance policy is always diffusion regular, and ac-

tually yields a slightly tighter L1−moment bound than Lemma 4.2. The proof is

left in the Appendix.

Lemma 4.3. Any fluid-balance policy π is diffusion regular, and Eπ[∣Z̃N
t ∣] ≤ 2t∣S ∣2 for

t ≤ T .

Now we are able to show the main results

Theorem 4.1. Given any fluid-balance policy π, V∗N − VN(π) = O(
√

N) +O(NγT).
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Proof of Theorem 4.1. Denote π∗ the optimal policy maximizing the infinite-

horizon Problem (4.1). Then by denoting B ∶= maxs,a ∣r(s,a)∣,

V∗N − VN(π) = Eπ∗
T

∑
t=1
γtr(si,t,ai,t) − Eπ

T

∑
t=1
γtr(si,t,ai,t) + Eπ∗

∞

∑
t=T+1
γtr(si,t,ai,t) − Eπ

∞

∑
t=T+1
γtr(si,t,ai,t)

≤ V̂N(T) − Eπ
T

∑
t=1
γtr(si,t,ai,t) + 2

∞

∑
t=T+1
γtBN

where the last inequality is due to the definition of V̂N(T).

We deal with these two terms V̂N(T) − Eπ∑T
t=1 γ

tr(si,t,ai,t) and 2∑∞t=T+1 γ
tBN

separately. For the first term,

V̂N(T) − Eπ
T

∑
t=1
γtr(si,t,ai,t) = −

√
NEπ

T

∑
t=1
∑
s,a
γtr(s,a)X̃N

t (s,a) ≤
√

NBEπ [
T

∑
t=1
γt∣Z̃N

t ∣] .

Recall Lemma 4.3, we have

V̂N(T) − Eπ
T

∑
t=1
γtr(si,t,ai,t) ≤

√
NBEπ [

T

∑
t=1
γt∣Z̃N

t ∣] ≤
√

NB
T

∑
t=1
γt2t∣S ∣2 ≤

√
N

2∣S ∣2γB
(1 − γ)2

= O(
√

N).

For the second term,

2
∞

∑
t=T+1
γtBN = 2Bγ

1 − γ
NγT = O(NγT).

Combining above analysis together, we conclude V∗N − VN(π) = O(
√

N) +

O(NγT). □

4.6 Numerical Experiment

This section we illustrate the performance of fluid-balance policy through two

numerical experiments, especially focusing on its advantage over Whittle index

policy.
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In the first experiment, we construct an example which reflects a classic ques-

tion in the real-world decision making: whether slow and steady could win the

race. The decision maker could either choose to generate large amount of re-

ward but only possible in short horizons or generate steady small amount of

reward in a very long horizon. We show this example is not indexable, thus

Whittle index is not well-defined. However, fluid-balance policy can be analyt-

ically solved and is actually the optimal policy.

In the second experiment, we compare the fluid-balance policy against the

Whittle index for an discounted version of a problem studied in [21] and [11].

Although this problem is indexable, fluid-balance policy can outperform the

Whittle index by over 30%. As Whittle index serves as the benchmark in these

literature [21, 11], we would like to kindly remind researchers in the future that

fluid-balance policy may serve as a better benchmark.

4.6.1 Does steady-and-slow win the race?

This section we construct an example which reflects the a common question in

the real-world decision making: should we pursue the short-term interest or

long-term interest? We will show that Whittle index is not well-defined for this

example while fluid-balance policy is actually the optimal policy.

Problem setup There are 7 different states: {A0,A,A′,B,B′,B∗,C}. The tran-
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sition between different states are given as

P[st+1 = A′∣st = A0,at = a] = 1,∀a ∈ {0,1};

P[st+1 = A′∣st = A′,at = a] = 1,∀a ∈ {0,1};

P[st+1 = A′∣st = A,at = 1] = 1 − ϵ, P[st+1 = C∣st = A,at = 1] = ϵ, P[st+1 = B∣st = A,at = 0] = 1;

P[st+1 = B∗∣st = B∗,at = a] = 1,∀a ∈ {0,1};

P[st+1 = B∗∣st = B′,at = 1] = 1, P[st+1 = B′∣st = B′,at = 0] = 1;

P[st+1 = B′∣st = B,at = 1] = 1 − ϵ, P[st+1 = C∣st = B,at = 1] = ϵ, P[st+1 = A∣st = B,at = 0] = 1;

P[st+1 = C∣st = C,at = a] = 1,∀a ∈ {0,1}.

Reward for most state-action pairs are zero except

r(A′,1) = α, r(B′,1) = β.

We try to maximize the infinite-horizon discounted reward with discount factor

γ = 1 − ϵ. The parameters satisfy 0 < (1 + 1
γ2 ) α < β < γ

1−γα and ϵ < 1
8 .

We can pull γN number of arms out of N arms in each period. And at the

initial stage, there are ϕ1N arms are in state A, ϕ2N arms are in state C and ϕ3N

arms are in state A0, where ϕ1 = 2 − 1
γ
, ϕ2 = γ + 1

γ
− 2 and ϕ3 = 1 − γ.

Indexability This problem is not indexable, thus Whittle index is not well-

defined.

Proposition 4.1. The problem is not indexable.

Fluid-balance policy This infinite-horizon relaxation problem permits an

analytical solution, as shown below.

Proposition 4.2. The policy that pulls all arms in A0 and A in the first period, then

pulls all arms in A′ starting from the second period solves the relaxation problem.
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Based on the optimal policy for the relaxed problem, we can construct its

corresponding fluid-balance policy π: π pulls all arms in A0 and A in the first

period, then pull as many arms in A′ as possible starting from the second period.

If there are less than γN arms in state A′, pull arms in C to meet the budget.

Surprisingly, the fluid-balance policy is not only asymptotically optimal, but

truly optimal.

Proposition 4.3. The fluid-balance policy π is the optimal policy for the original prob-

lem.

When analyzing the opt gap of a fluid-balance policy in Theorem 4.1, we

compare the reward of the policy against the optimal reward of the relaxation

problem rather than the original problem. Since the fluid-balance policy is op-

timal, the opt gap is 0. But still if we compare against the optimal reward of the

relaxation problem, we still get O(
√

N) upper bound of opt gap.

Proposition 4.4. V̂∗N − VN(π) = θ
√

N +O(1), where θ =
√
(1−γ)(2γ−1)

2π .

Proof of above propositions are left in the appendix.

4.6.2 Whittle index: not a good benchmark

As we discuss in section 4.1, there is a stream of ”learning”-style bandit litera-

ture which assumes the state transition is unknown, e.g. [21] and [11]. Rather

than designing policy based on full information, these papers design algorithms

to generate policies on-the-fly while estimating the state transition kernel. Thus,

to benchmark the performance of their algorithm, they usually compare against
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a full-information-based policy (e.g., Whittle index) on some well-known test-

ing problems. We choose one of the most common testing problems in our sec-

ond numerical experiment. In [21] and [11], they benchmark their learning al-

gorithm against an unidiscounted version of this problem which N/10 arms are

allowed to be pulled out of N arms per period.

In this section, we show that benchmarking against the Whittle index policy

may not always be a good idea since it may not be asymptotically optimal. For

the discounted setting with γ = 1/2 and N/2 arms are allowed to be pulled out

of N arms per period, we show fluid-balance policy outperforms Whittle index

policy by over 30%.

Problem setup There are 4 different states: {0,1,2,3} and transition kernels

Pa = p(s,0, s′)s,s′∈S for action a = 0 and a = 1 are given by

P0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1/2 0 0 1/2

1/2 1/2 0 0

0 1/2 1/2 0

0 0 1/2 1/2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, P1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1/2 1/2 0 0

0 1/2 1/2 0

0 0 1/2 1/2

1/2 0 0 1/2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

The reward solely depends on the state and irrelevant of the action:

r(0,a) = −1, r(1,a) = 0, r(2,a) = 0, r(3,a) = 1;∀a ∈ {0,1}.

The discount factor γ = 1/2 and we are allowed to pull N/2 arms out of N

arms per period. Initially, there are N/6 arms in state 0, N/3 arms in state 1 and

N/2 arms in state 2.

Indexability Via direct calculation, we can show that this problem is index-

able. Ranking from the highest to the lowest according to the Whittle index,

state 2 > state 1 > state 0 > state 3.
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Fluid-balance policy Since this infinite-horizon problem’s relaxation does

not permit an analytical solution, we solve the truncated version up to T = 100.

This provides a satisfying approximation of the true relaxation upper bound

because total rewards after period 100 is only of machine precision scale: 1
2

100 <<

10−17 where 10−17 is the machine precision of 64bit float number.

After solving the truncated relaxation problem, we need a final piece be-

fore implementing a fluid-balance policy: the prioritization score. We adhere to

Whittle index here, where we rank states from high to low as state 2 > state 1 >

state 0 > state 3.

Comparison We compare the performance of Whittle index and fluid-

balance policy here.

(a) (b)

Figure 4.1: Performance comparison between Whittle index and fluid-balance
policy. The left panel shows the average reward per arm versus number of
arms, where we compare the relaxation upper bound, the whittle index and the
fluid-balance policy. The right panel shows an upper bound on the opt gap
(relaxation upper bound minus a simulation-based estimate of reward) versus
number of arms N. As we can see, opt gap of Whittle index grows linearly while
opt gap of fluid-balance policy grows sublinearly with respect to N.

84



APPENDIX A

APPENDIX: BINARY-ACTION FINITE-HORIZON RESTLESS BANDIT

This section provides all technical proofs not included in the main paper.

A.1 Proof for Lemma 2.1

In the original formulation of the restless bandit, problem (2.1), the budget con-

straint ∣at∣ = ⌊αtN⌋ applies on each sample path. The relaxed problem (2.2) is

identical except that this constraint is replaced by the weaker one, E∣at∣ = αtN.

Recalling our assumption here that αtN is an integer, the right-hand sides of

these two constraints are the same. (Generalizations to non-integer αtN are dis-

cussed in Appendix A.2). Thus, the set of feasible policies in (2.1) is a subset of

those in (2.2), implying that the value of (2.1) is bounded above by that of (2.2),

i.e.,

V∗N ≤ V̂∗N . (A.1)

To prove V̂∗(N) = NV̂∗(1), we use a Lagrangian Relaxation similar to [20, 26] as

the key idea in the following argument.

Through straightforward imitation of the proof of the Fenchel Duality Theo-

rem [47],

max
π

min
λ1∶T
Eπ

T

∑
t=1

Rt(st,at) + λt(αtN − ∣at∣) = min
λ1∶T

max
π
Eπ

T

∑
t=1

Rt(st,at) + λt(αtN − ∣at∣).

(A.2)

In this use of the Fenchel Duality Theorem, we note that maximization over

policies π on the right-hand side of (A.2) with fixed λ1∶T can be viewed as as a
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linear program. More detailed discussion of this standard result can be found

in [13].

The left-hand side of Equation (A.2) equals V̂∗(N). On the right hand side,

for fixed λ1∶T ,

Eπ
T

∑
t=1

Rt(st,at) + λt(αtN − ∣at∣) = Eπ
T

∑
t=1

N

∑
i=1

rt(st,i,at,i) + λt(αt − at,i).

Since all arms share the same transition kernel, reward function, and distribu-

tion over initial state,

Eπ
T

∑
t=1

N

∑
i=1

rt(st,i,at,i) + λt(αt − at,i) = N Eπ
T

∑
t=1

rt(st,1,at,1) + λt(αt − at,1).

So we conclude

min
λ1∶T

max
π
Eπ

T

∑
t=1

Rt(st,at) + λt(αtN − ∣at∣) = N min
λ1∶T

max
π
Eπ

T

∑
t=1

rt(st,1,at,1) + λt(αt − at,1).

(A.3)

By using Fenchel Duality again on the one-arm problem,

min
λ1∶T

max
π
Eπ

T

∑
t=1

rt(st,1,at,1) + λt(αt − at,1) = max
π

min
λ1∶T
Eπ

T

∑
t=1

rt(st,1,at,1) + λt(αt − at,1)

= V̂∗(1). (A.4)

Summarizing, equations (A.2), (A.3) and (A.4) together imply,

V̂∗(N) = N V̂∗(1).

A.2 Discussion of the rounding error in budget constraints

The original problem (2.1) constrains the number of pulls to ⌊αtN⌋ (almost

surely), while the relaxed problem (2.2) constrains this number to αtN (in ex-

pectation). We think of these differences as “rounding errors” in the relaxed
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problem. Here we discuss their effect and show that they result in at most a

constant difference in the optimal objective value.

Mathematically speaking, denote

V̂∗N = max
π

⎧⎪⎪⎨⎪⎪⎩
Eπ

T

∑
t=1

Rt(st,at)
RRRRRRRRRRR
E∣at∣ = αtN, E

N

∑
i=1

1(s1,i = s∗) = N,∀t ∈ [T ]
⎫⎪⎪⎬⎪⎪⎭
,

V̂∗N,R = max
π

⎧⎪⎪⎨⎪⎪⎩
Eπ

T

∑
t=1

Rt(st,at)
RRRRRRRRRRR
E∣at∣ = ⌊αtN⌋, E

N

∑
i=1

1(s1,i = s∗) = N,∀t ∈ [T ]
⎫⎪⎪⎬⎪⎪⎭
.

We claim that ∣V̂∗N−V̂∗N,R∣ ≤ c, where c does not depend on N. The theoretical anal-

ysis through the rest of the paper after Lemma 1 compares policy performance

against V̂∗N and shows that this difference is o(N), O(
√

N), or O(1) depending

on conditions. The fact that V̂∗N is separated from V̂N,R by at most a constant then

implies that the difference in policy performance compared to V̂∗N,R has the same

asymptotic dependence on N. This and the fact that V̂N,R is an upper bound on

(2.1) even when αtN are not integers provides opt gaps of o(N), O(
√

N) or O(1)

respectively.

The proof of the claim that ∣V̂∗N − V̂∗N,R∣ ≤ c is straightforward. As seen from

Lemma 2.1, there exists a single-arm strategy that pulls αt arms per period in

expectation and achieves objective value V̂∗1 . Thus, we can pull N − maxt ⌈ 1
αt
⌉

arms according to this strategy and pull each remaining arm with probability
⌊αtN⌋−αt(N−maxt ⌈

1
αt
⌉)

maxt ⌈
1
αt
⌉

∈ [0,1] at period t. Thus, we show

N −maxt ⌈ 1
αt
⌉

N
V̂∗N − V̂∗N,R ≤ T max

s,a,t
rt(s,a).

Similarly, we can show

N −maxt ⌈ 1
αt
⌉

N
V̂∗N,R − V̂∗N ≤ T max

s,a,t
rt(s,a).

Combining the above two inequalities with the fact that V̂∗N,R/N and V̂∗N/N
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are both uniformly bounded by T maxs,a,t ∣rt(s,a)∣ concludes the statement with

c = T(1 +maxt ⌈ 1
αt
⌉)maxs,a,t ∣rt(s,a)∣.

A.3 Proof of Lemma 2.2

We prove Lemma 2.2 by induction on t. When t = 1, that all arms are in state

s∗ implies ZN
1

N → z1. Then, by the definition of fluid consistency, XN
1

N → x1. Thus

Lemma 2.2 holds for t = 1.

Now assume Lemma 2.2 holds for t, and we will show it holds for t + 1. By

the definition of fluid consistency, we only need to prove

ZN
t+1

N
→ zt+1. (A.5)

Recalling our system dynamics,

ZN
t+1(s) = ∑

s′∈S ,a∈A

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s), (A.6)

where 1(st,i = s′,at,i = a, st+1,i = s) is the indicator function of the event {st,i =

s′,at,i = a, st+1,i = s}, we only need to show that

1
N

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s)→ xt(s′,a)p(s′,a, s). (A.7)

since the sum over s′ of the right-hand side is ∑s′∈S xt(s′,a)p(s′,a, s) = zt+1(s).

If xt(s′,a) > 0, then XN
t (s′,a) → ∞ as N → ∞ by the induction hypothesis.

Thus as N →∞,

1
N

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s) = XN
t (s′,a)

N
1

XN
t (s′,a)

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s)

→ xt(s′,a)p(s′,a, s),
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by the definition of fluid consistency and the strong law of large numbers.

If xt(s′,a) = 0,

1
N

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s) ≤ XN
t (s′,a)

N
→ 0.

Combining the cases xt(s′,a) > 0 and xt(s′,a) = 0, equation (A.7) is shown.

To summarize,

ZN
t+1(s)

N
= ∑

s′∈S

1
N

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s)→ ∑
s′∈S
∑
a∈A

xt(s′,a)p(s′,a, s) = zt+1(s).

A.4 Proof of Lemma 2.3

This section proves Lemma 2.3. When ZN
t /N → zt, we have

Z̃N
t√
N
= ZN

t − Nzt

N
→ 0.

To show Xt
N → xt, it is equivalent to show

πt,N(Z̃N
t )√

N
→ 0.

Notice by Conditions 1 and 2 in Definition 2.2,

∣πt,N(Z̃N
t )∣ ≤ ∣πt,N(0)∣ +C1∣Z̃N

t ∣ ≤ C2 +C1∣Z̃N
t ∣.

Thus,

πt,N(Z̃N
t )√

N
≤ C2√

N
+C1
∣Z̃N

t ∣√
N
→ 0.
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A.5 Proof of Lemma 2.4

This section proves Lemma 2.4. To begin with, we first state and prove Lemma

A.1.

Lemma A.1. If a policy π is diffusion regular and Z̃N
t → Z̃∞t in distribution, then

X̃N
t → X̃∞t in distribution for some random variable X̃∞t .

Proof of Lemma A.1. By the Skorokhod representation Theorem, there exists a

probability space (Ω,P) and a sequence of random variables {Z̃N
t }N and Z̃∞t such

that

Z̃N
t = Z̃N

t and Z̃∞t = Z̃∞t in distribution,

Z̃N
t → Z̃∞t as N →∞ a.s.

We will prove convergence in distribution of X̃N
t = π̃t,N(Z̃N

t ) to X̃∞t ∶= π̃t,∞(Z̃∞t ).

Notice

∣π̃t,N(Z̃N
t ) − π̃t,∞(Z̃∞t )∣ ≤ ∣π̃t,N(Z̃N

t ) − π̃t,N(Z̃∞t )∣ + ∣π̃t,N(Z̃∞t ) − π̃t,∞(Z̃∞t )∣

≤ C1∣Z̃N
t − Z̃∞t ∣ + ∣π̃t,N(Z̃∞t ) − π̃t,∞(Z̃∞t )∣,

which converges to 0 as N →∞ by almost sure convergence of Z̃N
t to Z̃∞t and the

convergence of π̃t,N to π̃t,∞ required by the fact that π is diffusion regular. □

Proof of Lemma 2.4. We prove Lemma 2.4 by induction on t. When t = 1, Z̃N
1 =

0 implying Z̃∞1 = 0. Then, according to Lemma A.1, we know there exists a

constant vector X̃∞1 s.t. X̃N
1 → X̃∞1 . Thus, Lemma 2.4 holds true for t = 1.

Now assume Lemma 2.4 holds for t and we will prove it holds for t + 1. It

is sufficient to prove there exists a sub-Gaussian random vector Z̃∞t+1 s.t. Z̃N
t+1 →
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Z̃∞t+1 in distribution. This is because (1) existence of the limit X̃∞t+1 follows from

Lemma A.1 and (2) showing Z̃∞t+1 is sub-Gaussian implies X̃∞t+1 is sub-Gaussian

because

∣X̃∞t+1∣ = ∣π̃t,∞(Z̃∞t+1)∣ ≤ ∣π̃t,∞(Z̃∞t+1) − π̃t,∞(0)∣ + ∣π̃t,∞(0)∣ ≤ C1∣Z̃∞t+1∣ +C2.

We prove the existence of Z̃∞t+1 by constructing an explicit formula for this

limit,

Z̃N
t+1 → Z̃∞t+1 ∶= Mt +∑

s′∈S
∑
a∈A

p(s′,a, ⋅)X̃∞t (s′,a) (A.8)

where Mt ∼ N(0,Σt) is independent of X̃∞t (s′,a). The covariance matrix Σt is

defined as

Σt(s′′, s′′′) =∑
s′
∑
a∈A

xt(s′,a)Cov[1(st+1,1 = s′′),1(st+1,1 = s′′′)∣st,1 = s′,at,1 = a]

where Cov[1(st+1,1 = s′′),1(st+1,1 = s′′′)∣st = s′,at = a] is the conditional covariance

of the indicators of events {st+1,1 = s′′} and {st+1,1 = s′′′} given st,1 = s′,at,1 = a.

Once (A.8) is shown, then the fact that Z̃∞t+1 is sub-Gaussian follows because

Mt and X̃∞t are both sub-Gaussian.

To prove (A.8), by our system dynamics (A.6) with a vector form,

ZN
t+1 = ∑

s′∈S ,a∈A
BN

t (s′,a), (A.9)

where the BN
t (s′,a) are conditionally independent (across s′ and a) multinomial

distributions with parameters XN
t (s′,a) and p(s′,a) ∶= (p(s′,a, s))s∈S , i.e.,

BN
t (s′,a) ∣ XN

t ∼Multinomial(XN
t (s′,a), p(s′,a)).

BN
t (s′,a) is a vector counting the number of arms in each state, among those

arms that were previously in state s′ and for which we used action a.
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Recall that XN
t (s′,a) can be decomposed as Nxt(s′,a) +

√
NX̃N

t (s′,a). Accord-

ing to Lemma A.2, there exists two random variables CN
t (s′,a) and ∆N

t (s′,a),

such that

BN
t (s′,a) = CN

t (s′,a) + ∆N
t (s′,a), (A.10)

and that, conditionally on XN
t (s′,a), have marginal distributions:

CN
t (s′,a) ∣ XN

t ∼Multinomial(Nxt(s′,a), p(s′,a)),

∆N
t (s′,a) ∣ XN

t ∼ sgn(X̃N
t (s′,a))Multinomial(

√
N ∣X̃N

t (s′,a)∣ , p(s′,a)).

By (A.9), (A.10) and the definition of our diffusion statistic Z̃N
t+1 in terms of

ZN
t+1,

Z̃N
t+1 =

1√
N
∑

s′∈S ,a∈A
CN

t (s′,a) − xt(s′,a)p(s′,a)N + ∆N
t (s′,a).

By Lemma A.3,

1√
N
∆N

t (s′,a) − p(s′,a)X̃N
t (s′,a)→ 0.

Thus,

Z̃N
t+1 = [

1√
N
∑

s′∈S ,a∈A
CN

t (s′,a) − xt(s′,a)p(s′,a)N] + [ ∑
s′∈S ,a∈A

p(s′,a)X̃N
t (s′,a)] + ϵN

= [ 1√
N
∑

s′∈S ,a∈A
CN

t (s′,a) − xt(s′,a)p(s′,a)N] + [ ∑
s′∈S ,a∈A

p(s′,a)X̃∞t (s′,a)] + ϵN + ϵ′N ,

where ϵN , ϵ′N → 0.

The first term satisfies

1√
N
∑

s′∈S ,a∈A
CN

t (s′,a) − xt(s′,a)p(s′,a)N → N(0,Σt),
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where Σt is defined above. We define Mt to be equal to this limit. This shows

(A.8) as claimed. Although it is not needed for the proof, we observe that be-

cause X̃∞t was constructed to be equal only in distribution to limN X̃N
t , we are free

to construct it so that it is independent of Mt.

To summarize, we have shown Z̃N
t+1 → Z̃∞t+1 in distribution. □

Here we give the statement and proof of Lemma A.2 and A.3.

Lemma A.2. Let Y ∼ Multinomial(n, p). Then for a given non-negative integer m,

there exist random vectors Y1 and Y2 such that Y = Y1 + Y2 and

Y1 ∼Multinomial(m, p), Y2 ∼ sgn(n −m)Multinomial(∣n −m∣, p),

where sgn(⋅) is the sign function.

Proof of Lemma A.2. There exists a sequence of i.i.d random vectors Xi ∼

Multinomial(1, p) s.t.

Y =
n

∑
i=1

Xi.

If n > m, taking Y1 = ∑m
i=1 Xi,Y2 = ∑n

j=m+1 X j concludes the proof. If n ≤ m, taking

Y1 = ∑m
i=1 Xi,Y2 = −∑m

j=n+1 X j concludes the proof. □

Lemma A.3. Consider a sequence of random variables X1, X2, ..., XN , ... converging to

X∞ in distribution and a sequence of i.i.d Bernoulli random variable B1, B2, ..., Bn, ....

with E[B1] = p that are also independent of sequence X1, X2, .... Then define

YN =
1√
N

XN
√

N

∑
n=1
(Bn − p).

Then YN → 0.
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Proof of Lemma A.3. We calculate the characteristic function of YN as follows:

E[exp(iλYN)] = E[E[exp(iλYN)∣XN]]

= E[E[exp(iλ
XN
√

N

∑
n=1

1√
N
(Bn − p))∣XN]]

= E[E[exp(iλB1 − p√
N
)∣XN]XN

√
N]

= E[(p exp(iλ1 − p√
N
) + (1 − p) exp(−iλ

p√
N
))XN

√
N].

We have

(p exp(iλ1 − p√
N
) + (1 − p) exp(−iλ

p√
N
))XN

√
N

= (p(1 + iλ
1 − p√

N
+O( 1

N
)) + (1 − p)(1 − iλ

p√
N
+O( 1

N
)))XN

√
N

= (1 +O( 1
N
))XN

√
N → 1, as N →∞.

We would like to then argue that this almost sure convergence implies con-

vergence of the expectations as well, i.e., that E[exp(iλYN)] converges to 1. To

show this we use the dominated convergence theorem and the following bound:

∣p exp(iλ1 − p√
N
) + (1 − p) exp(−iλ

p√
N
)∣ ≤ p∣ exp(iλ1 − p√

N
)∣ + (1 − p)∣ exp(−iλ

p√
N
)∣ = p + (1 − p) = 1.

Thus E[exp(iλYN)]→ 1, which implies YN → 0. □

A.6 Proof of Lemma 2.5

We only need to prove there exists a constant C s.t. E[∣∣Z̃N
t ∣∣22] ≤ C for all t ∈ [T ]

and N. The claim in the lemma for X̃N
t follows directly from diffusion regularity.

Because

∣X̃N
t ∣ = ∣π̃t,N(Z̃N

t )∣ ≤ ∣π̃t,N(Z̃N
t ) − π̃t,N(0)∣ + ∣π̃t,N(0)∣ ≤ C1∣Z̃N

t ∣ +C2,
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we have

∣∣X̃N
t ∣∣22 ≤ ∣S ∣∣X̃N

t ∣2 ≤ ∣S ∣∣C1∣Z̃N
t ∣ +C2∣2 ≤ 2∣S ∣C2

1∣Z̃N
t ∣2 + 2∣S ∣C2

2 ≤ 2∣S ∣2C2
1∣∣Z̃N

t ∣∣22 + 2∣S ∣C2
2.

By taking the expectation,

E∣∣X̃N
t ∣∣22 ≤ 2∣S ∣2C2

1 E∣∣Z̃N
t ∣∣22 + 2∣S ∣C2

2. (A.11)

Similar to the analysis in the proof of Lemma 2.4,

Z̃N
t+1 =

1√
N
∑

s′∈S ,a∈A
CN

t (s′,a) − xt(s′,a)p(s′,a)N + ∆N
t (s′,a),

where

CN
t (s′,a) ∣ XN

t ∼Multinomial(Nxt(s′,a), p(s′,a)),

∆N
t (s′,a) ∣ XN

t ∼ sgn(X̃N
t (s′,a))Multinomial(

√
N ∣X̃N

t (s′,a)∣ , p(s′,a)).

Thus,

∣∣Z̃N
t+1∣∣22 = ∣∣

1√
N
∑

s′∈S ,a∈A
CN

t (s′,a) − xt(s′,a)p(s′,a)N + ∆N
t (s′,a)∣∣

2

2

≤ 2 ∣∣ 1√
N
∑

s′∈S ,a∈A
CN

t (s′,a) − xt(s′,a)p(s′,a)N∣∣
2

2

+ 2 ∣∣ 1√
N
∑

s′∈S ,a∈S
∆N

t (s′,a)∣∣
2

2

.

Notice from its definition as a multinomial random variable that the absolute

value of each component of 1√
N
∆N

t (s′,a) is bounded above by ∣X̃N
t (s′,a)∣. Thus

∣∣ 1√
N
∑

s′∈S ,a∈S
∆N

t (s′,a)∣∣
2

2

≤ ∣S ∣ [ ∑
s′∈S ,a∈S

∣X̃N
t (s′,a)∣]

2

≤ 2∣S ∣2 ∑
s′∈S ,a∈S

∣X̃N
t (s′,a)∣

2 = 2∣S ∣2∣∣X̃N
t ∣∣22.

(A.12)

On the other hand, noting that CN
t (s′,a) − xt(s′,a)p(s′,a)N has mean 0 and is

95



independent across different s,a to get the first equality, we have

E ∣∣ 1√
N
∑

s′∈S ,a∈A
CN

t (s′,a) − xt(s′,a)p(s′,a)N∣∣
2

2

= 1
N
∑

s′∈S ,a∈A
E ∣∣CN

t (s′,a) − xt(s′,a)p(s′,a)N∣∣
2

2

(A.13)

= ∑
s′∈S ,a∈A

xt(s′,a)(1 −∑
s∈S

p(s′,a, s)2).

(A.14)

Combining inequality (A.12) and (A.13) together,

E∣∣Z̃N
t+1∣∣22 ≤ 2C4 + 4∣S ∣2E∣∣X̃N

t ∣∣22. (A.15)

where C4 ∶= ∑s′∈S ,a∈A xt(s′,a)(1 −∑s∈S p(s′,a, s)2).

Recall inequality (A.11) and combine it with (A.15) to obtain,

E∣∣Z̃N
t+1∣∣22 ≤ 2C4 + 8∣S ∣3C2

2 + 8∣S ∣4C2
2C2

1E∣∣Z̃N
t ∣∣22.

By Z̃N
1 = 0 and induction, there exists a constant C s.t. E[∣∣Z̃N

t ∣∣22] ≤ C for all

t ∈ [T ] and N. ◻

A.7 Proof of Theorem 2.3

Given a fluid-priority policy π, we directly check whether the induced map π̃t,N

satisfies all three conditions in Definition 2.2.

Verification of Condition 1 Write the induced map π̃t,N as a collection of maps,

(π̃1
t,N , ..., π̃

∣S ∣
t,N), one giving each component. That is, π̃t,N(θ) is the vector comprised

of (π̃i
t,N(θ) ∶ 1 ≤ i ≤ ∣S ∣).
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A direct calculation shows each component function, π̃i
t,N (1 ≤ i ≤ ∣S ∣), is con-

tinuous, piecewise linear, and has bounded gradients when they exist. Mathe-

matically speaking, there exists a constant C̃1, s.t., for any θ, any t and any N,

∣∇θπ̃i
t,N(θ)∣ ≤ C̃1, when ∇θπ̃i

t,N(θ) exists.

For any θ1 and θ2, there exists a sequence (ν0, ν1, ..., νm) lying on the line seg-

ment between θ1 and θ2, s.t.

1. π̃i
t,N restricted on the line segment between ν j and ν j+1 is linear for j =

0,1, ...,m − 1

2. ν0 = θ1 and νm = θ2.

Thus

∣π̃i
t,N(θ1) − π̃i

t,N(θ2)∣ ≤
m−1

∑
j=0
∣π̃i

t,N(ν j) − π̃i
t,N(ν j+1)∣ ≤

m−1

∑
j=0

C̃1∣ν j − ν j+1∣ = C̃1∣θ1 − θ2∣.

So by taking C1 = ∣S ∣C̃1,

∣π̃t,N(θ1) − π̃t,N(θ2)∣ ≤
∣S ∣

∑
i=1
∣π̃i

t,N(θ1) − π̃i
t,N(θ2)∣ ≤

∣S ∣

∑
i=1

C̃1∣θ1 − θ2∣ = C1∣θ1 − θ2∣.

Verification of Condition 2 Direct calculation shows π̃t,N(0) = 0.

Verification of Condition 3 Direct calculation shows π̃t,∞(Z̃t,∞) is a linear map-

ping. The form of this linear mapping differs across the following three cases.

We state the results of detailed calculations here providing these linear forms

without including the (tedious) calculations themselves.

Case 1. C0
t ∪C−t = ∅:

π̃t,∞(Z̃t,∞)(s,1) = Z̃t,∞(s), for each s ∈ S .
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Case 2. C0
t ≠ ∅:

π̃t,∞(Z̃t,∞)(s,1) = Z̃t,∞(s), for each s ∈ C+t ;

π̃t,∞(Z̃t,∞)(s,1) = − ∑
s′∈C+t

Z̃t,∞(s′), for the state s ∈ C0
t with highest priority-score in C0

t ;

π̃t,∞(Z̃t,∞)(s,1) = 0, otherwise.

Case 3. C0
t = ∅, C−t ≠ ∅:

π̃t,∞(Z̃t,∞)(s,1) = Z̃t,∞(s), for each s ∈ C+t ;

π̃t,∞(Z̃t,∞)(s,1) = − ∑
s′∈C+t

Z̃t,∞(s′), for the state s ∈ C−t with highest priority-score in C−t ;

π̃t,∞(Z̃t,∞)(s,1) = 0, otherwise.

To summarize, we prove the induced map of any fluid-priority policy sat-

isfies all three conditions in Definition 2.2 and thus any fluid-priority policy is

diffusion regular.

A.8 Proof of Lemma 2.6

Direct comparison of Algorithm 1 and Algorithm 2 justifies Lemma 2.6.

A.9 Proof of Lemma 2.7

Before we prove Lemma 2.7, we prove the following preliminary lemma.

Lemma A.4. Suppose the non-degeneracy condition holds. Then there exists constants
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δ > 0 and C > 0 s.t., ∀ϵ > 0, t ∈ [T ], we have

PπR [∣Z̃N
t ∣ ≥ ϵ

√
N] ≤ C exp(−Nδϵ2).

Proof of Lemma A.4. We will show that, for 0 ≤ t ≤ T − 1,

PπR [∣Z̃N
t+1∣ ≥ ϵ

√
N] ≤ 4∣S ∣2 exp(− ϵ

2N
8∣S ∣4

) + 2∣S ∣2PπR [∣Z̃N
t ∣ ≥
ϵ
√

N
4∣S ∣2

] . (A.16)

The above inequality and the observation Z̃N
1 = 0 would complete Lemma A.4.

So in the remainder of this proof, we show inequality (A.16) holds true.

By a union bound and the fact that ∣Z̃N
t+1∣ ≥ ϵ

√
N implies ∣Z̃N

t+1(s)∣ ≥ ϵ
√

N/∣S ∣

for at least one s,

PπR [∣Z̃N
t+1∣ ≥ ϵ

√
N] ≤∑

s∈S
PπR [∣Z̃N

t+1(s)∣ ≥
ϵ
√

N
∣S ∣
] .

Thus, we only need to show, for any s ∈ S ,

PπR [∣Z̃N
t+1(s)∣ ≥

ϵ
√

N
∣S ∣
] ≤ 4∣S ∣ exp(− ϵ

2N
8∣S ∣4

) + 2∣S ∣PπR(∣Z̃N
t ∣ ≥
ϵ
√

N
4∣S ∣2

). (A.17)

Following a similar approach to the proof of Lemma 2.4, we first write our

system dynamics in a vector form:

ZN
t+1 = ∑

s′∈S ,a∈A
BN

t (s′,a), (A.18)

where the BN
t (s′,a) are conditionally independent (across s′ and a) multinomial

distributions with parameters XN
t (s′,a) and p(s′,a) ∶= (p(s′,a, s))s∈S , i.e.,

BN
t (s′,a) ∣ XN

t ∼Multinomial(XN
t (s′,a), p(s′,a)).

BN
t (s′,a) is a vector counting the number of arms in each state, among those

arms that were previously in state s′ and for which we used action a. We use

BN
t (s′,a, s) to denote component s of BN

t (s′,a), i.e. the number of arms that were
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previously in state s′, for which we used action a, and which transitioned to

state s.

Recall the definition of our diffusion statistic Z̃N
t+1 and combine it with equa-

tion (A.18),

Z̃N
t+1(s) = [ ∑

s′∈S ,a∈A

1√
N
(BN

t (s′,a, s) − p(s′,a, s)XN
t (s′,a))] + [ ∑

s′∈S ,a∈A
p(s′,a, s)X̃N

t (s′,a)] .

So we have

PπR [∣Z̃N
t+1(s)∣ ≥

ϵ
√

N
∣S ∣
] ≤ PπR [∣ ∑

s′∈S ,a∈A

1√
N
(BN

t (s′,a, s) − p(s′,a, s)XN
t (s′,a))∣ ≥

ϵ
√

N
2∣S ∣
]

+ PπR [∣ ∑
s′∈S ,a∈A

p(s′,a, s)X̃N
t (s′,a)∣ ≥

ϵ
√

N
2∣S ∣
] .

Notice

PπR [∣ ∑
s′∈S ,a∈A

1√
N
(BN

t (s′,a, s) − p(s′,a, s)XN
t (s′,a))∣ ≥

ϵ
√

N
2∣S ∣
]

≤ ∑
s′∈S ,a∈A

PπR [
1√
N
∣BN

t (s′,a, s) − p(s′,a, s)XN
t (s′,a)∣ ≥

ϵ
√

N
4∣S ∣2

] .

By Hoeffding’s inequality, we have

PπR [
1√
N
∣BN

t (s′,a, s) − p(s′,a, s)XN
t (s′,a)∣ ≥

ϵ
√

N
4∣S ∣2

] ≤ 2 exp(− ϵ2N2

8∣S ∣4∣XN
t (s′,a)∣

) ≤ 2 exp(− ϵ
2N

8∣S ∣4
) .

Combining the above inequalities together,

PπR [∣ ∑
s′∈S ,a∈A

1√
N
(BN

t (s′,a, s) − p(s′,a, s)XN
t (s′,a))∣ ≥

ϵ
√

N
2∣S ∣
] ≤ 4∣S ∣ exp(− ϵ

2N
8∣S ∣4

).

(A.19)

On the other hand, combining the bound

∣ ∑
s′∈S ,a∈A

p(s′,a, s)X̃N
t (s′,a)∣ ≤ ∑

s′∈S ,a∈A
∣X̃N

t (s′,a)∣
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with a union bound, we have

PπR [∣ ∑
s′∈S ,a∈A

p(s′,a, s)X̃N
t (s′,a)∣ ≥

ϵ
√

N
2∣S ∣
] ≤ ∑

s′∈S ,a∈A
PπR [∣X̃N

t (s′,a)∣ ≥
ϵ
√

N
4∣S ∣2

] .

Analysis similar to Condition 3 in §A.7 shows that ∣X̃N
t (s′,a)∣ ≤ ∣Z̃N

t ∣ for any s ∈ S .

Thus,

PπR [∣ ∑
s′∈S ,a∈A

p(s′,a, s)X̃N
t (s′,a)∣ ≥

ϵ
√

N
2∣S ∣
] ≤ 2∣S ∣PπR [∣Z̃N

t ∣ ≥
ϵ
√

N
4∣S ∣2

] . (A.20)

Combining inequality (A.19) and (A.20) together implies inequality (A.17),

concluding the proof. □

Now we can prove Lemma 2.7.

Proof of Lemma 2.7. Let Ωt ∶= ∆1 ∩ ∆2 ∩ . . . ∩ ∆t and let Ωc
t denote its complement.

First we notice,

PπF(∆c
t+1) = PπF(Ωt ∩ ∆c

t+1) + PπF(Ωc
t ∩ ∆c

t+1)

= PπR(Ωt ∩ ∆c
t+1) + PπF(Ωc

t ∩ ∆c
t+1)

≤ PπR(∆c
t+1) + PπF(Ωc

t )

≤ PπR(∆c
t+1) +

t

∑
k=1
PπF(∆c

k).

We will use this recursive expression show that PπF(∆c
t ) ≤ L exp(−δN) by in-

duction on t. The base case, t = 1, follows immediately from PπR(∆c
1) = 0. Thus, it

is sufficient to prove there exists constants δ > 0 and L, s.t. for all t,

PπR(∆c
t ) ≤ L exp(−δN). (A.21)

We rewrite ∆c
t in terms of Z̃N

t , by first noting that there are two ways to have a

budget violation event ∆c
t . The first arises when the number of arms available to
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pull in fluid-active and fluid-neutral states, ∑s∈C0
t ∪C+t

ZN
t (s), falls below the num-

ber of arms that the optimal occupation measure plans to pull N∑s∈C0
t ∪C+t

xt(s,1),

where we note that the optimal occupation measure never pulls arms in C−t . We

define our diffusion statistics Z̃N
t by subtracting (xt(s,0)+ xt(s,1))N from ZN

t and

dividing the difference by
√

N, and so the following conditions are all equiva-

lent:

N ∑
s∈C0

t ∪C+t

xt(s,1) > ∑
s∈C0

t ∪C+t

ZN
t (s)

−N ∑
s∈C0

t ∪C+t

xt(s,0) > ∑
s∈C0

t ∪C+t

ZN
t (s) − N(xt(s,0) + xt(s,1)),

−
√

N ∑
s∈C0

t ∪C+t

xt(s,0) > ∑
s∈C0

t ∪C+t

Z̃N
t (s).

Moreover, optimal occupation measures set xt(s,0) = 0 for s ∈ C+t . Thus, the

conditions above are equivalent to

−
√

N ∑
s∈C0

t

xt(s,0) > ∑
s∈C0

t ∪C+t

Z̃N
t (s).

The other way in which we can have a budget violation is to have the num-

ber of arms available to idle in fluid-inactive and fluid-neutral states fall be-

low the number of arms that the optimal occupation measure plans to idle,

N∑s∈C0
t ∪C−t

xt(s,0). By a similar sequence of computations, this occurs if and only

if

∑
s∈C+t

Z̃N
t (s) >

√
N ∑

s∈C0
t

xt(s,1)

Thus,

∆c
t = { −

√
N ∑

s∈C0
t

xt(s,0) > ∑
s∈C0

t ∪C+t

Z̃N
t (s)}⋃{ ∑

s∈C+t

Z̃N
t (s) >

√
N ∑

s∈C0
t

xt(s,1)}.
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Thus we have,

PπR(∆c
t ) ≤ PπR

⎡⎢⎢⎢⎢⎣
−
√

N ∑
s∈C0

t

xt(s,0) > ∑
s∈C0

t ∪C+t

Z̃N
t (st)

⎤⎥⎥⎥⎥⎦
+ PπR

⎡⎢⎢⎢⎢⎣
∑

s∈C+t

Z̃N
t (s) >

√
N ∑

s∈C0
t

xt(s,1)
⎤⎥⎥⎥⎥⎦

≤ ∑
s∈C0

t ⋃C+t

PπR [∣Z̃N
t (s)∣ >

√
N
∑s∈C0

t
xt(s,0)
∣S ∣

] + ∑
s∈C0

t

PπR [∣Z̃N
t (s)∣ >

√
N
∑s∈C0

t
xt(s,1)
∣S ∣

]

Using Lemma A.4, it is easy to see inequality (A.21) holds. □

A.10 Proof of Lemma 2.8

By the Fenchel Duality Theorem [47], there exists λ∗1∶T = (λ∗1 , λ2∗, ..., λ∗T) s.t.

V̂∗1 = max
π
Eπ

T

∑
t=1

rt(st,1,at,1) + λ∗t (αt − at,1) (A.22)

where here the maximum is taken over all policies, not just those satisfying the

budget constraint Eπ∣at,1∣ = αt.

Following a dynamic programming argument, we define the value function

Vt on states and the Q-factor Qt on state-action pairs recursively as

Qt(s,a) = rt(s,a) − λ∗t a +∑
s′∈S

pt(s,1, s′)Vt+1(s′),

Vt(s) = max{Qt(s,0),Qt(s,1)}.

for 0 ≤ t ≤ T with VT+1(s) = 0 for all s ∈ S . Thus, we can classify states into three

disjoint sets

Must-Pullt = {s ∈ S ∣Qt(s,0) < Q},

Indifferentt = {s ∈ S ∣Qt(s,0) = Qt(s,1)},

Never-Pullt = {s ∈ S ∣Qt(s,0) > Qt(s,1)}.
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A policy is optimal for (A.22) if and only if it satisfies these two conditions

for each t:

• It pulls all arms whose states are in Must-Pullt.

• It never pulls any arms whose states are in Never-Pullt.

It can behave arbitrarily for arms whose states are in Indifferentt.

Any optimal occupation measure (xt(s,a))t∈[T],s∈S ,a∈A achieves V̂∗1 and so must

correspond to an optimal policy. Thus

Must-Pullt ⊆ C+t , Never-Pullt ⊆ C−t .

Any budget-relaxed fluid-priority policy πR pulls an arm whenever its state

is in C+t and lets an arm idle whenever its state is in C−t . Thus, it is optimal for

(A.22) and

VN(πR) +
T

∑
t=1
λ∗t (αtN − EπR[∣at∣]) = V̂∗N .

Using the fact that ∣αtN−EπR[at]∣ is bounded above by the probability of a budget

violation event times a bound N on the maximum size of a budget violation, as

well as Lemma 2.7,

∣αtN − EπR[∣at∣]∣ ≤ NPπR(∆c
t ) ≤ NL exp(−δN) ≤ m, ∀t,

where m is a constant not depending on N.

Thus,

∣VN(πR) − V̂∗N ∣ = ∣
T

∑
t=1
λ∗t (αtN − EπR[∣at∣])∣ ≤

T

∑
t=1
∣λ∗t ∣∣αtN − EπR[∣at∣])∣ ≤ m

T

∑
t=1
∣λ∗t ∣.
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A.11 Proof for Proposition 2.1

For any index policy πI , by the strong law of large numbers, XN
t (s,a)/N con-

verges as N → ∞ to a quantity that we denote xI,t(s,a) and refer to as the occu-

pation measure of the index policy.

We argue that xI,t(s,a) has at most one state s for each t satisfying both

xI,t(s,0) > 0 and xI,t(s,1) > 0. To see this, first recall that index policies use a

strict priority order over states, pulling all arms in states higher in the priority

order before pulling any arms in lower states. Then define for each state s and

time t the following quantities:

• Let P(s) denote the set of states that have equal or higher priority to s

according to the index policy.

• Let LN
t (s) denote the number of arms whose states have equal or higher

priority than s and that are not pulled.

• Let MN
t (s) denote the number of arms pulled whose states have priority

strictly lower than s.

By the mechanics of an index policy’s decisions, we either have LN
t (s) = 0, i.e., we

pull all of the arms whose states have equal or higher priority to s, or MN
t (s) = 0,

i.e., we pull no arms whose states have priority strictly lower than s

Then, taking the limit as N →∞ and using the strong law of large numbers,

we have

0 = lim
N→∞

LN
t (s)MN

t (s)
N2

=
⎛
⎝ ∑s′∈P(s)

xI,t(s′,0)
⎞
⎠
⎛
⎝ ∑s′∉P(s)

xI,t(s′,1)
⎞
⎠
,
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This then implies that there is a unique s such that xI,t(s′,0) = 1 for s′ ∈ P(s)∖

{s} and xI,t(s′,1) = 0 for all s′ ∉ P(s). That is, states that have strictly higher

priority than s are always pulled in the fluid limit, while states that have strictly

lower priority than s are never pulled in this limit.

Now, since any index policy meeting the condition of the proposition has

V̂∗N−VN(πI) bounded above by a constant, this index policy’s occupation measure

xI,t solves Problem 2.4. We then construct a fluid-priority policy to match this

index policy.

First, we note that the set of fluid-active states for the optimal occupation

measure xI,t are those with xI,t(s,0) = 0 and that the index policy ranks these

above all other states. We take the priority score used by our fluid priority

policy to rank these fluid-active states among themselves in the same way as

the index policy.

Second, the set of fluid-inactive states for xI,t are those with xI,t(s,1) = 0. The

index policy ranks these below all other states. Again, we take the priority score

used by our fluid priority policy to rank these fluid-inactive states in the same

way as the index policy.

Third, the at most one state with xI,t(s,0) > 0 and xI,t(s,1) > 0 is a fluid-

neutral state, and it is ranked by the index policy below the fluid-active states

and above the fluid-inactive states.

Because our fluid-priority policy’s priority score matches the index policy’s

prioritizations on fluid-active and fluid-inactive states, and its prioritizations

also across categories (fluid-active, fluid-neutral, fluid-inactive) match those of

the index policy, our fluid-priority policy is the same as the index policy.
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A.12 Proof for Proposition 2.2

The proof is similar for both UCB and Thompson Sampling policy. We only

show the proof for UCB here.

Under the UCB policy, there exists zUCB
t (s) and xUCB

t (s,a) which are feasible

for the LP (2.4) and satisfy

ZN
t (s)
N
→ zUCB

t (s), X
N
t (s,a)

N
→ xUCB

t (s,a).

So we have

RπUCB(N)
N

→
T

∑
t=1
∑
s∈S
∑
a∈A

rt(s,a)xUCB
t (s,a).

UCB policy is an index policy. Thus, the occupation measure xUCB
t (s,a) can

be calculated via forward propagation. Numerically, we can verify xUCB
t (s,a) is

not an optimal solution for LP (2.4) under T = 15 and T = 20.

A.13 Discussion of policies in previous literature

In this section, we show the power of the techniques developed in §2.4 and 2.5

by applying them to policies proposed by previous literature to demonstrate

theoretical guarantees from that literature can be seen as consequences of our re-

sults. Specifically, we observe that the Randomized Assignment Control (RAC)

policy proposed by [57] is fluid-consistent, thus achieving an o(N) opt gap. The

policy proposed by [31] and the “optimal Lagrangian index policy” proposed

by [13] are diffusion-regular, thus achieving O(
√

N) opt gaps.
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[57] achieves o(N) opt gap

This section shows the RAC policy proposed by [57] achieves an o(N) opt gap.

To start with, let us first describe the RAC policy. Although [57] defines RAC

policy in settings more general than the binary-action bandit (referring to their

more general problem setting as a “multi-action bandit”), we only focus on the

binary bandit here.

Similar to our approach, [57] first solves the linear programming relaxation

(2.3) and then fetch an optimal occupation measure {xt(s,a)}t∈[T],s∈S ,a∈A. Then,

based on the occupation measure, an activation probability is defined for each

state s at period t:

qt(s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xt(s,1)
zt(s)
, if zt(s) > 0;

0, if zt(s) = 0.

Then when deciding which arm to pull at period t under the RAC policy,

we first randomly choose an arm that has not been chosen in this period. If

the arm’s state is s, then we randomly generate a Bernoulli variable with mean

qt(s). If this random realization is 0 or there is no remaining budget, idle the

arm; otherwise, activate the arm. Repeat this process until no budget remains

in the period.

Direct computation and the strong law of large numbers show that the RAC

policy is fluid consistent. Thus, it achieves an o(N) opt gap.
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[31] and [13] achieve O(
√

N) opt gaps

The policies proposed by [31] and [13] are very similar. Thus we only discuss

[13]’s policy here. The analysis for [31]’s policy can be generalized without any

essential difficulty.

To start with, we first describe the “optimal Lagrangian index policy” pro-

posed by [13]. Similar to our approach, [13] first solves the linear programming

relaxation (2.3) and fetches an optimal occupation measure {xt(s,a)}t∈[T],s∈S ,a∈A,

which is used to do “tie-breaking” discussed later. While solving the relaxed

problem using the Simplex method [43], as a byproduct, its dual problem

min
λ1∶T

max
π
Eπ

T

∑
t=1

rt(st,at) + λt(αtN − at).

is also solved, which yields optimal Lagrange multipliers {λ∗t }T
t=1.

Then, following a dynamic programming argument, the value function Vt

on states and the Q-factor Qt on state-action pairs are defined as

Qt(s,a) = rt(s,a) − λ∗t a +∑
s′∈S

pt(s,1, s′)Vt+1(s′),

Vt(s) = max{Qt(s,0),Qt(s,1)}

for 0 ≤ t ≤ T with VT+1(s) = 0 for all s ∈ S . Finally the index of a state s at period t

is defined as

Index(s) = Qt(s,1) − Qt(s,0).

When deciding which arm to pull, arms are activated from high index to low

index until no budget remains. When there is a tie, i.e., some states share the

same index value, the number of arms activated from a state is proportional to

its occupation measure. More details can be found in [13] Section 4.
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Now we show the optimal Lagrangian index policy is diffusion regular. First

of all, we can show its associated map π̂t,N is a piece-wise linear map, thus sat-

isfying Condition 1 in Definition 2.2. Second, we can show π̂t,N(0) = 0, thus

satisfying Condition 2. As a piece-wise linear map, we can also show that π̂t,N

converges as N →∞. Thus, Condition 3 is satisfied.

A.14 Choice of Occupation Measure

Multiple optimal occupation measures may exist, some degenerate and others

not. A fluid-priority policy constructed from a non-degenerate optimal occupa-

tion measure is guaranteed to have an O(1)OG while another constructed from

a degenerate one is not. We now give a computational procedure that selects a

non-degenerate optimal occupation measure, if one exists.

First, observe from (2.4) that any convex combination of optimal occupation

measures is also optimal. Thus, suppose we can find a collection of optimal oc-

cupation measures, x∗,k, k ∈ [K], such that, for each t, there is either (1) a state

s that is fluid-neutral under some k, or (2) there is a state s that is fluid-active

under some k and fluid-inactive under another k. Then any convex combina-

tion with strictly positive weight on each k is non-degenerate. We describe an

algorithm for finding such a collection, if it exists, or establishing that it does

not.

To accomplish this, first solve the LP (2.4), call the solution x∗,1, and record its

optimal value for later use. Assess for each t whether there is a state s satisfying

x∗t (s,0) > 0 and x∗t (s,1) > 0. If all t satisfy this condition, then we have found a

non-degenerate optimal occupation measure.
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Otherwise, we will continue iteratively in our search. In each stage k, we will

maintain a collection of solutions {x∗,k′ ∶ k′ = 1, . . . , k} and a set of times Ak ⊆ [T ].

Ak contains those times for which we have not yet been able to construct a fluid-

neutral state. Formally, a time t is in Ak if and only one of the following holds:

(1) all states are fluid-active at t in all x∗,k′ , k′ ≤ k; or (2) all states are fluid-inactive

at t in all x∗,k′ , k′ ≤ k. If Ak is empty, then a non-degenerate optimal occupation

measure can be constructed as a convex combination of {x∗,k′ ∶ k′ = 1, . . . , k} using

strictly positive weights on every solution in this collection. If Ak is not empty,

we will then attempt to construct an optimal occupation measure that, when

added to our collection of solutions, causes Ak+1 to be a strict subset of Ak.

Toward this goal, in stage k, choose tk ∈ Ak. This will be the time that we

seek to remove from Ak in constructing Ak+1. Let C+,k contain all of the states

for which x∗,k
′

tk (s,1) > 0 and x∗,k
′

tk (s,0) = 0 for all k′ ≤ k. These are the states

that are fluid-active at time tk for all previously computed optimal occupation

measures. Then solve a linear program minimizing ∑s∈C+,k xtk(s,1) subject to all

of the constraints in (2.4) and the linear constraint that the objective in (2.4) is

equal to its optimal value recorded above. Call the solution x∗,k+1.

This linear program assesses whether there is an optimal occupation mea-

sure x∗,k+1 satisfying ∑s∈C+,k xtk(s,1) < αk. If no such x∗,k+1 exists, then this estab-

lishes that all optimal occupation measures are degenerate. Otherwise, if we

find such a x∗,k+1, then we add it to our collection of solutions. We also construct

Ak+1 by removing the time tk from Ak. We additionally remove any other times t

for which the new solution x∗,k+1 provides a state whose category at that time t

is different from those in the previous solutions x∗,k′ , k′ ≤ k.

If Ak+1 is the empty set, then this implies that there is a non-degenerate op-
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timal occupation measure. We set K = k + 1 and construct it as described above

from the collection {x∗,k′ ∶ k ≤ K}.
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APPENDIX B

APPENDIX: MULTI-ACTION MULTI-RESOURCE FINITE-HORIZON

RESTLESS BANDIT

This section provides all technical proof in the main paper.

B.1 Proof for Lemma 3.1

The budget constraint is in sense of cardinality in original problem (3.1), while

in the sense of expectation in relaxation problem (3.2). So a wider class of policy

is feasible in the relaxation problem, which implies

V∗N ≤ V̂∗N . (B.1)

To prove V̂∗N = NV̂∗1 , we use Lagrangian Relaxation similar to [20, 26] as the key

idea in the following analysis.

Through imitating straightforwardly the proof of Fenchel Duality Theorem

[47],

max
π

min
λ(ωt)≥0

Eπ
T

∑
t=1

Rt(st,at) + ⟨λ(ωt),bt(ωt)N −
N

∑
i=1

ct(si,t,ai,t, ωt)⟩

= min
λ(ωt)≥0

max
π
Eπ

T

∑
t=1

Rt(st,at) + ⟨λ(ωt),bt(ωt)N −
N

∑
i=1

ct(si,t,ai,t, ωt)⟩ (B.2)

where λt is chosen adaptively with respect the realization history ωt. The let-

hand side of equation (B.2) equals to V̂∗N . On the right hand side, for fixed adap-

tive mapping λ,

Eπ
T

∑
t=1

Rt(st,at) + ⟨λ(ωt),bt(ωt)N −
N

∑
i=1

ct(si,t,ai,t, ωt)⟩

= Eπ
N

∑
i=1

T

∑
t=1

rt(si,t,ai,t) + ⟨λ(ωt), bt(ωt) − ct(si,t,ai,t, ωt)⟩
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Since all arms share the same transition kernel and reward function,

Eπ
N

∑
i=1

T

∑
t=1

rt(si,t,ai,t) + ⟨λ(ωt), bt(ωt) − ct(si,t,ai,t, ωt)⟩

= N Eπ
T

∑
t=1

rt(s1,t,a1,t) + ⟨λ(ωt), bt(ωt) − ct(s1,t,a1,t, ωt)⟩.

So we conclude

min
λ(ωt)≥0

max
π
Eπ

T

∑
t=1

Rt(st,at) + ⟨λ(ωt),bt(ωt)N −
N

∑
i=1

ct(si,t,ai,t, ωt)⟩

= N min
λ(ωt)≥0

max
π
Eπ

T

∑
t=1

rt(s1,t,a1,t) + ⟨λ(ωt), bt(ωt) − ct(s1,t,a1,t, ωt)⟩. (B.3)

By using Fenchel Duality again on the one-arm problem,

min
λ(ωt)≥0

max
π
Eπ

T

∑
t=1

rt(s1,t,a1,t) + ⟨λ(ωt), bt(ωt) − ct(s1,t,a1,t, ωt)⟩

= max
π

min
λ(ωt)≥0

Eπ
T

∑
t=1

rt(st,1,at,1) + ⟨λ(ωt), bt(ωt) − ct(s1,t,a1,t, ωt)⟩

= V̂∗1 . (B.4)

To summarize Equation (B.2), (B.3) and (B.4) together,

V̂∗N = N V̂∗1 .

B.2 Proof of Theorem 3.1

First, we state and prove the following Lemma.

Lemma B.1. If a policy π is fluid consistent, then

ZN
t (ωt)

N
→ zt(ωt),

XN
t (ωt)

N
→ xt(ωt) on ωt

for any ωt.
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Proof of Lemma B.1. We prove Lemma B.1 by induction on t.

When t = 1, by the initial condition all arms start at the same state s∗ ∈ S ,

ZN
1 (ω1)

N
→ z1(ω1) on event ω1.

By definition of fluid consistency,

XN
1 (ω1)

N
→ x1(ω1) on event ω1.

Thus Lemma B.1 holds true for t = 1.

Now assume Lemma B.1 holds for t, and we are going to prove Lemma B.1

holds for t + 1. By the definition of fluid consistency, we only need to prove that

on event ωt+1,

ZN
t+1(ωt+1)

N
→ zt+1(ωt+1). (B.5)

Recall the system dynamic equation on event Pt(ωt+1)

ZN
t+1(s,ωt+1) =∑

s′,a

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s)

we only need to show that on Pt(ωt+1),

1
N

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s)→ xt(s′,a,Pt(ωt+1))pt(s′,a, s). (B.6)

If xt(s′,a,Pt(ωt+1)) > 0, then as N → +∞, on Pt(ωt+1)

1
N

XN
t (s′,a,Pt(ωt+1)) =

1
N

N

∑
i=1

1(st,i = s′,at,i = a)

→ xt(s′,a,Pt(ωt+1)).
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So when N is large enough, XN
t (s′,a,Pt(ωt+1)) > 0 and on Pt(ωt+1)

1
N

N

∑
i=1

I(st,i = s′,at,i = a, st+1,i = s)

= XN
t (s′,a,Pt(ωt+1))

N
1

XN
t (s′,a,Pt(ωt+1))

N

∑
i=1

I(st,i = s′,at,i = a, st+1,i = s)

→ xt(s′,a,Pt(ωt+1))pt(s′,a, s) as N → +∞.

If xt(s′,a,Pt(ωt + 1)) = 0, then on Pt(ωt+1)

1
N

N

∑
i=1

I(st,i = s′,at,i = a, st+1,i = s) ≤ XN
t (s′,a,Pt(ωt+1))

N
→ 0.

Combining the case of xt(s′,a,Pt(ωt+1)) > 0 and xt(s′,a,Pt(ωt+1)) = 0, equation

(B.6) is proved.

To summarize, on Pt(ωt+1)

ZN
t+1(s,ωt+1)

N
=∑

s′,a

1
N

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s)

→ ∑
s′∈S
∑
a∈A

xt(s′,a,Pt(ωt+1))pt(s′,a, s)

= zt+1(s,ωt+1).

□

Now we can prove Theorem 3.1 based on Lemma B.1. Because the policy π

is fluid consistent, Lemma B.1 shows on ωt

ZN
t (ωt)

N
→ zt(ωt),

XN
t (ωt)

N
→ xt(ωt).
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The total reward of the joint MDP over N

1
N
Eπ

T

∑
t=1

Rt(st,at, ωt) =
1
N
Eπ∑
ωt

1(ωt)∑
s,a

rt(s,a, ωt)XN
t (s,a,ωt)

= Eπ∑
ωt

1(ωt)∑
s,a

rt(s,a, ωt)
XN

t (s,a,ωt)
N

→∑
ωt

P[ωt]∑
s,a

rt(s,a, ωt)xt(s,a,ωt)

=∑
ωt

∑
s,a

rt(s,a, ωt)µt(s,a,ωt),

Thus, we prove V∗N − VN(π) = o(N).

B.3 Proof of Theorem 3.2

First we state and prove Lemma below, whose proof could be found in the next

section.

Lemma B.2. If a policy π is diffusion regular, then there exists a constant C, s.t. for all

t ∈ [T ], N and ωt ∈ Ωt,

E[∣Z̃N
t (ωt)∣2] ≤ C, E[∣X̃N

t (ωt)∣2] ≤ C.

Based on Lemma B.2, we can see that the optimality gap

V∗N − VN(π) ≤ N Eπ∑
ωt

1(ωt)∑
s,a

rt(s,a, ωt)xt(s,a,ωt) − Eπ∑
ωt

1(ωt)∑
s,a

rt(s,a, ωt)XN
t (s,a,ωt)

= −
√

N Eπ∑
ωt

1(ωt)∑
s,a

rt(s,a, ωt)X̃N
t (s,a,ωt)

Divide both sides by
√

N and apply Lemma B.2,

V∗N − VN(π)√
N

≤ Eπ∑
ωt

1(ωt)∑
s,a

rt(s,a, ωt)∣X̃N
t (s,a,ωt)∣

≤ Eπ∑
ωt

1(ωt)∑
s,a

rt(s,a, ωt)
√

C.

Thus, we show V∗N − VN(π) = O(
√

N).
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B.4 Proof of Lemma B.2

We only need to prove there exits a constant C s.t. E[∣Z̃N
t (ωt)∣2] ≤ C on each ωt

for all N. The case of X̃N
t (ωt) follows directly from

∣X̃N
t (ωt)∣ = ∣π̃t,N(ωt, Z̃N

t (ωt))∣ ≤ ∣π̃t,N(ωt, Z̃N
t ) − π̃t,N(ωt,0)∣ + ∣π̃t,N(ωt,0)∣ ≤ C1∣Z̃N

t (ωt)∣ +C2.

Recall the system dynamic equation on event Pt(ωt+1)

ZN
t+1(s,ωt+1) =∑

s′,a

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s).

Recall definition of diffusion statistics and applying Lemma B.3, on event

Pt(ωt+1)

Z̃N
t+1(ωt+1) =

1√
N
∑
s′,a

CN
t (s′,a) −

xt(s′,a,Pt(ωt+1))
∑s′,a xt(s′,a,Pt(ωt+1))

p(s′,a)N + 1√
N
∑
s′,a
∆N

t (s′,a),

where

CN
t (s′,a) ∼ Binomial( xt(s′,a,Pt(ωt+1))

∑s′,a xt(s′,a,Pt(ωt+1))
N, p(s′,a)),

∆N
t (s′,a) ∼ sgn(X̃N

t (s′,a,Pt(ωt+1))) Binomial(
√

N ∣X̃N
t (s′,a,Pt(ωt+1))∣ , p(s′,a)).

Thus,

∣Z̃N
t+1(ωt+1)∣2 = ∣

1√
N
∑
s′,a

CN
t (s′,a) −

xt(s′,a,Pt(ωt+1))
∑s′,a xt(s′,a,Pt(ωt+1))

p(s′,a)N + 1√
N
∑
s′,a
∆N

t (s′,a)∣
2

≤ 2 ∣ 1√
N
∑
s′,a

CN
t (s′,a) −

xt(s′,a,Pt(ωt+1))
∑s′,a xt(s′,a,Pt(ωt+1))

p(s′,a)N∣
2

+ 2 ∣ 1√
N
∑
s′,a
∆N

t (s′,a)∣
2

Notice

∣ 1√
N
∆N

t (s′,a)∣ ≤ ∣X̃N
t (s′,a,Pt(ωt+1))∣,
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and

E ∣ 1√
N
∑
s′,a

CN
t (s′,a) −

xt(s′,a,Pt(ωt+1))
∑s′,a xt(s′,a,Pt(ωt+1))

p(s′,a)N∣
2

= 1
N
∑
s′,a
E ∣CN

t (s′,a) −
xt(s′,a,Pt(ωt+1))

∑s′,a xt(s′,a,Pt(ωt+1))
p(s′,a)N∣

2

= 1
N
∑
s′,a

xt(s′ ,a,Pt(ωt+1))N
∑s′ ,a xt(s′ ,a,Pt(ωt+1))

∑
i=1

E ∣1i(s′,a) − p(s′,a)∣2

=∑
s′,a

xt(s′,a,Pt(ωt+1))
∑s′,a xt(s′,a,Pt(ωt+1))

E ∣1(s′,a) − p(s′,a)∣2

Denoting C4 ∶= maxωt+1∑s′,a
xt(s′,a,Pt(ωt+1))

∑s′ ,a xt(s′,a,Pt(ωt+1))
E ∣1(s′,a) − p(s′,a)∣2, we have

E∣Z̃N
t+1(ωt+1)∣2 ≤ 2C4 + 2∣S ∣ E∣X̃N

t (Pt(ωt+1))∣2 ≤ 2C4 + 4∣S ∣C2
2 + 4∣S ∣∣C1∣2E∣Z̃N

t (Pt(ωt+1))∣2.

To conclude, we prove there exits a constant C s.t. E[∣Z̃N
t (ωt)∣2] ≤ C for all N and

ωt. ◻

Lemma B.3. Suppose random variable S is a Binomial random variable with parameter

n and p, i.e., distributed as the sum of n i.i.d. Bernoulli r.v.s with mean p. Then for a

given non-negative integer m, there exists random variable S 1 and S 2, s.t. S = S 1 + S 2,

and

S 1 ∼ Binomial(m, p), S 2 ∼ sgn(n −m)Binomial(∣n −m∣, p),

where sgn(⋅) is the sign function.

Proof. Proof of Lemma B.3 There exists a sequence of i.i.d random variables Xi ∼

Bin(1, p), s.t.

S =
n

∑
i=1

Xi.

If n > m, taking S 1 = ∑m
i=1 Xi,S 2 = ∑n

j=m+1 X j concludes the proof. If n ≤ m, taking

S 1 = ∑m
i=1 Xi,S 2 = −∑m

j=n+1 X j concludes the proof. ◻
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B.5 Proof of Theorem 3.3

Given a fluid-priority policy π, we directly check the induced map π̃t,N satisfies

all three conditions in Definition 3.2.

Proof. Verification of Condition 1 Write the induced map in the component form

π̃t,N = (π̃1
t,N , ..., π̃

∣S ∣
t,N). Given ωt, a direct calculation shows each component func-

tion π̃i
t,N (1 ≤ i ≤ ∣S ∣) is continuous, piece-wise linear, and has bounded gradient

when exits. Mathematically speaking, there exits a constant C̃1, s.t., for any θ, ωt

and N,

∣∇π̃i
t,N(ωt, θ)∣ ≤ C̃1, when ∇π̃i

t,N(ωt, θ) exits.

For any θ1 and θ2, there exits a sequence (θ01,2, θ11,2, ..., θm1,2) lies on the line seg-

ment between θ1 and θ2, s.t.

1. π̃i
t,N restricted on line segment between θ j

1,2 and θ j+1
1,2 is linear for j =

0,1, ...,m − 1

2. θ01,2 = θ1 and θm1,2 = θ2.

Thus

∣π̃i
t,N(ωt, θ1) − π̃i

t,N(ωt, θ2)∣ ≤
m−1

∑
j=0
∣π̃i

t,N(ωt, θ
j
1,2) − π̃i

t,N(ωt, θ
j+1
1,2 )∣ ≤

m−1

∑
j=0

C̃1∣θ j
1,2 − θ

j+1
1,2 ∣ = C̃1∣θ1 − θ2∣.

So by taking C1 = ∣S ∣C̃1,

∣π̃t,N(ωt, θ1) − π̃t,N(ωt, θ2)∣ ≤
∣S ∣

∑
i=1
∣π̃i

t,N(ωt, θ1) − π̃i
t,N(ωt, θ2)∣ ≤

∣S ∣

∑
i=1

C̃1∣θ1 − θ2∣ = C1∣θ1 − θ2∣.

Proof. Verification of Condition 2 Direct calculation shows π̃t,N(0) = 0.
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Proof. Verification of Condition 3 Direct calculation shows π̃t,∞(Z̃t,∞) is a piece-

wise linear mapping.

B.6 Proof of Lemma 3.2

We can show that inside fluid-active category, if ZN
t (s,ωt) arms are available in

state s under signal realization ωt, at most ⌈ZN
t (s,ωt) xt(s,a,ωt)

∑a xt(s,a,ωt)
⌉ arms are acti-

vated with action a. This can be verified by the definition of Weighted-Round-

Robin procedure.

Then, directly comparing Algorithm 3 and Algorithm 5 justifies Lemma 3.2.

B.7 Proof of Lemma 3.3

Before we prove Lemma 3.3, we prove the following preliminary lemma.

Lemma B.4. Suppose the non-degeneracy condition holds. Then there exists constants

δ > 0 and C > 0 s.t., ∀ϵ > 0, we have

PπR [∣Z̃N
t (ωt)∣ ≥ ϵ

√
N] ≤ C exp(−Nδϵ2).

on event ωt

Proof. Proof of Lemma B.4 We will show that, for 0 ≤ t ≤ T − 1,

PπR [∣Z̃N
t+1(ωt+1)∣ ≥ ϵ

√
N]

≤ 2∣A∣∣S ∣2 exp(− ϵ2N
2∣A∣2∣S ∣4

) + ∣A∣∣S ∣2PπR [∣Z̃N
t (Pt(ωt+1))∣ ≥

ϵ
√

N
2∣A∣∣S ∣2

] . (B.7)
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The above inequality and the observation Z̃N
1 = 0 would complete Lemma B.4.

So in the remainder of this proof, we show inequality (B.7) holds true.

Given ωt+1, by a union bound and the fact that ∣Z̃N
t+1(ωt+1)∣ ≥ ϵ

√
N implies

∣Z̃N
t+1(s,ωt+1)∣ ≥ ϵ

√
N/∣S ∣ for at least one s,

PπR [∣Z̃N
t+1(ωt+1)∣ ≥ ϵ

√
N] ≤∑

s∈S
PπR [∣Z̃N

t+1(s,ωt+1)∣ ≥
ϵ
√

N
∣S ∣
] .

Thus, we only need to show, for any s ∈ S ,

PπR [∣Z̃N
t+1(s,ωt+1)∣ ≥

ϵ
√

N
∣S ∣
]

≤ 2∣A∣∣S ∣ exp(− ϵ2N
2∣A∣2∣S ∣4

) + ∣A∣∣S ∣PπR [∣Z̃N
t (Pt(ωt+1))∣ ≥

ϵ
√

N
2∣A∣∣S ∣2

] (B.8)

To prove B.8 above, we first write our system dynamics in a vector form: on

event Pt(ωt+1),

ZN
t+1(ωt+1) =∑

s′,a
BN

t (s′,a), (B.9)

where the BN
t (s′,a) are conditionally independent (across s′ and a) multinomial

distributions with parameters XN
t (s′,a,Pt(ωt+1)) and pt(s′,a) ∶= (pt(s′,a, s))s∈S ,

i.e.,

BN
t (s′,a) ∣ XN

t (s′,a,Pt(ωt+1)) ∼Multinomial(XN
t (s′,a,Pt(ωt+1)), p(s′,a)).

BN
t (s′,a) is a vector counting the number of arms in each state, among those

arms that were previously in state s′ and for which we used action a. We use

BN
t (s′,a, s) to denote component s of BN

t (s′,a), i.e. the number of arms that were

previously in state s′, for which we used action a, and which transitioned to

state s.

Recall the definition of our diffusion statistic Z̃N
t+1 and combine it with equa-
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tion (B.9),

Z̃N
t+1(s,ωt+1) = [∑

s′,a

1√
N
(BN

t (s′,a, s) − pt(s′,a, s)XN
t (s′,a,Pt(ωt+1)))]

+ [∑
s′,a

pt(s′,a, s)X̃N
t (s′,a,Pt(ωt+1))]

on event Pt(ωt+1).

So we have

PπR [∣Z̃N
t+1(s,ωt+1)∣ ≥

ϵ
√

N
∣S ∣
] ≤ PπR [∣∑

s′,a

1√
N
(BN

t (s′,a, s) − pt(s′,a, s)XN
t (s′,a,Pt(ωt+1)))∣ ≥

ϵ
√

N
2∣S ∣
]

+ PπR [∣∑
s′,a

pt(s′,a, s)X̃N
t (s′,a,Pt(ωt+1))∣ ≥

ϵ
√

N
2∣S ∣
] .

Notice

PπR [∣∑
s′,a

1√
N
(BN

t (s′,a, s) − pt(s′,a, s)XN
t (s′,a,Pt(ωt+1)))∣ ≥

ϵ
√

N
2∣S ∣
]

≤∑
s′,a
PπR [

1√
N
∣BN

t (s′,a, s) − pt(s′,a, s)XN
t (s′,a,Pt(ωt+1))∣ ≥

ϵ
√

N
2∣A∣∣S ∣2

] .

By Hoeffding’s inequality, we have

PπR [
1√
N
∣BN

t (s′,a, s) − pt(s′,a, s)XN
t (s′,a,Pt(ωt+1))∣ ≥

ϵ
√

N
2∣A∣∣S ∣2

]

≤ 2 exp(− ϵ2N2

2∣A∣2∣S ∣4∣XN
t (s′,a,Pt(ωt+1))∣

) ≤ 2 exp(− ϵ2N
2∣A∣2∣S ∣4

) .

Combining the above inequalities together,

PπR [∣∑
s′,a

1√
N
(BN

t (s′,a, s) − pt(s′,a, s)XN
t (s′,a,Pt(ωt+1)))∣ ≥

ϵ
√

N
2∣S ∣
]

≤ 2∣A∣∣S ∣ exp(− ϵ2N
2∣A∣2∣S ∣4

). (B.10)

On the other hand, combining the bound

∣∑
s′,a

pt(s′,a, s)X̃N
t (s′,a,Pt(ωt+1))∣ ≤∑

s′,a
∣X̃N

t (s′,a,Pt(ωt+1))∣
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with a union bound, we have

PπR [∣∑
s′,a

pt(s′,a, s)X̃N
t (s′,a,Pt(ωt+1))∣ ≥

ϵ
√

N
2∣S ∣
] ≤∑

s′,a
PπR [∣X̃N

t (s′,a,Pt(ωt+1))∣ ≥
ϵ
√

N
2∣A∣∣S ∣2

] .

Notice ∣X̃N
t (s′,a,Pt(ωt+1))∣ ≤ ∣Z̃N

t (Pt(ωt+1))∣ for any s ∈ S . Thus,

PπR [∣∑
s′,a

pt(s′,a, s)X̃N
t (s′,a,Pt(ωt+1))∣ ≥

ϵ
√

N
2∣S ∣
] ≤ ∣A∣∣S ∣PπR [∣Z̃N

t (Pt(ωt+1))∣ ≥
ϵ
√

N
2∣A∣∣S ∣2

] .

(B.11)

Combining inequality (B.10) and (B.11) together implies inequality (B.8),

concluding the proof. ◻

Now we can prove Lemma 3.3.

Proof. Proof of Lemma 3.3 Let Ω(ωt) ∶= ∆(P1(ωt)) ∩ ∆(P2(ωt)) ∩ . . . ∩ ∆(ωt) and

let Ωc(ωt) denote its complement. First we notice,

PπF(∆c(ωt+1)) = PπF(Ω(Pt(ωt+1)) ∩ ∆c(ωt+1)) + PπF(Ωc(Pt(ωt+1)) ∩ ∆c(ωt+1))

= PπR(Ω(Pt(ωt+1)) ∩ ∆c(ωt+1)) + PπF(Ωc(Pt(ωt+1)) ∩ ∆c
t+1)

≤ PπR(∆c(ωt+1)) + PπF(Ωc(Pt(ωt+1)))

≤ PπR(∆c(ωt+1)) +
t

∑
k=1
PπF(∆c(Pk(ωt+1))).

We will use this recursive expression show that PπF(∆c
t ) ≤ L exp(−δN) by in-

duction on t. The base case, t = 1, follows immediately from ∆c(P1(ωt)) = ∅.

Thus, it is sufficient to prove there exists constants δ > 0 and L, s.t. for all ωt,

PπR(∆c(ωt)) ≤ L exp(−δN). (B.12)

Rewriting ∆(ωt) in terms of ẐN
t (ωt) and applying Lemma B.4 concludes the

proof.

124



B.8 Proof of Lemma 3.4

By the Fenchel Duality Theorem [47], there exists adaptive mapping λ∗ s.t.

λ∗ ← arg min
λ(ωt)≥0

max
π
Eπ

T

∑
t=1

rt(s1,t,a1,t) + ⟨λ(ωt), bt(ωt) − ct(s1,t,a1,t, ωt)⟩,

and

V̂∗1 = max
π
Eπ

T

∑
t=1

rt(s1,t,a1,t) + ⟨λ∗(ωt), bt(ωt) − ct(s1,t,a1,t, ωt)⟩. (B.13)

Thus, we can conclude that λ∗(ωt)(i) = 0 if Eπ[ct(s1,t,a1,t, ωt)(i)] = bt(ωt)(i) on

event ωt, where i refers to the i-th resource.

Following a dynamic programming argument, we define the value function

Vt on states and the Q-factor Qt on state-action pairs recursively as

Qt(s,a,ωt) = rt(s,a)− < λ∗t (ωt), ct(s,a, ωt) > +Eωt+1 [∑
s′∈S

pt(s,a, s′)Vt+1(s′, (ωt, ωt+1))] ,

Vt(s,ωt) = max
a
{Qt(s,a,ωt)}

for all ωt+1 with VT+1(s,ωT+1) = 0 for all s ∈ S . Thus, we can classify states into

three disjoint sets

Must-Activate(ωt) = {s ∈ S ∣Qt(s,a∗,ωt) < max
a≠a∗

Qt(s,a,ωt)},

Indifferent(ωt) = {s ∈ S ∣Qt(s,a∗,ωt) = max
a≠a∗

Qt(s,a,ωt)},

Must-Idle(ωt) = {s ∈ S ∣Qt(s,a∗,ωt) > max
a≠a∗

Qt(s,a,ωt)}.

A policy is optimal for (B.13) if and only if it obeys these three criteria for

each event ωt:

• It activates all arms whose states are in Must-Activate(ωt) with proper

action.
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• It idles any arms whose states are in Must-Idle(ωt).

• It either idles or activates arms in Indifferent(ωt) with action a s.t.

Qt(s,a,ωt) = Qt(s,a∗,ωt).

Any optimal occupation measure (xt(s,a,ωt))ωt ,s,a achieves V̂∗1 and so must

correspond to an optimal policy. Thus

Must-Activate(ωt) ⊆ C+(ωt), Must-Idle(ωt) ⊆ C−(ωt).

We can check and verify that any budget-relaxed fluid-priority policy πR

obeys the above three criteria. Thus, it is optimal for (B.13) and

VN(πR) +∑
ωt

P[ωt] ⟨λ∗(ωt), bt(ωt)N −
N

∑
i=1

ct(si,t,ai,t, ωt)⟩ = V̂∗N .

Using the fact that λ∗(ωt)(i) = 0 if Eπ[ct(s1,t,a1,t, ωt)(i)] = bt(ωt)(i) on event ωt

where i refers to the i-th resource and the non-degeneracy condition, we know

at each eventωt, there exists at most 1 resource type s.t. λ∗(ωt)(i) > 0. We denote

it by i∗ωt
.

We want to show that the event

bt(ωt)(i∗ωt
)N −

N

∑
i=1

ct(si,t,ai,t, ωt)(i∗ωt
) > 0 (B.14)

is of negligible probability. Actually rewriting event (B.14) in term of ẐN
t (s,ωt)

and applying Lemma B.4 conclude the proof.
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APPENDIX C

APPENDIX: BINARY-ACTION INFINITE-HORIZON RESTLESS BANDIT

This section provides all technical proof in the main paper.

C.1 Proof for Lemma 4.1

In original problem (4.1) the budget constraint is in sense of cardinality, while

the expectation constraint is need for relaxation problem (4.3). So a wider class

of policy is feasible in the relaxation problem, which implies

V∗N(T) ≤ V̂∗N(T). (C.1)

To prove V̂∗N(T) = NV̂∗1 (T), we use Lagrangian Relaxation similar to [20, 26] as

the key idea in the following argument.

Through imitating straightforwardly the proof of Fenchel Duality Theorem

[47],

max
π

min
λ
Eπ

T

∑
t=1
γtR(st,at) + λt(αtN − ∣at∣) = min

λ
max
π
Eπ

T

∑
t=1
γtR(st,at) + λt(αtN − ∣at∣)

(C.2)

where λ = (λ1, λ2, ..., λT).

The let-hand side of Equation (C.2) equals to V̂∗N(T). On the right hand side,

for fixed λ,

Eπ
T

∑
t=1
γtR(st,at) + λt(αtN − ∣at∣) = Eπ

T

∑
t=1

N

∑
i=1
γtr(st,i,at,i) + λt(αt − at,i).

Since all arms share the same transition kernel and reward function,

Eπ
T

∑
t=1

N

∑
i=1
γtr(st,i,at,i) + λt(αt − at,i) = N Eπ

T

∑
t=1
γtr(st,1,at,1) + λt(αt − at,1).
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So we conclude

min
λ

max
π
Eπ

T

∑
t=1
γtR(st,at) + λt(αtN − ∣at∣) = N min

λ
max
π
Eπ

T

∑
t=1
γtr(st,1,at,1) + λt(αt − at,1).

(C.3)

By using Fenchel Duality again on the one-arm problem,

V̂∗1 (T) = max
π

min
λ
Eπ

T

∑
t=1
γtr(st,1,at,1) + λt(αt − at,1)

= min
λ

max
π
Eπ

T

∑
t=1
γtr(st,1,at,1) + λt(αt − at,1). (C.4)

To summarize Equation (C.2), (C.3) and (C.4) together,

V̂∗N(T) = N V̂∗1 (T).

C.2 Discussion of the rounding error in budget constraints

We want to show a rounding error in the relaxation Problem (4.3) results in

at most a constant difference in the optimal objective value. Mathematically

speaking, denote

V̂∗N(T) = max
π

⎧⎪⎪⎨⎪⎪⎩
Eπ

T

∑
t=1
γtR(st,at)

RRRRRRRRRRR
E∣at∣ = αtN, ∀t ≤ T

⎫⎪⎪⎬⎪⎪⎭
,

V̂∗N,R(T) = max
π

⎧⎪⎪⎨⎪⎪⎩
Eπ

T

∑
t=1
γtR(st,at)

RRRRRRRRRRR
E∣at∣ = ⌊αtN⌋, ∀t ≤ T

⎫⎪⎪⎬⎪⎪⎭
.

Then ∣V̂∗N − V̂∗N,R∣ ≤ c, where c does not depend on N. Thus, all our analysis

on the asymptotic regime of optimality gap holds true since the LP relaxation

upper bound (in rounded version) deviates from the unrounded version at most

a constant away, not affecting the asymptotic analysis.
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The proof of the above statement is straight forward. As seen from Lemma

4.1, there exists a single-arm pulling strategy which pulls αt arms per period

in expectation and achieves objective value V̂∗1 . Thus, we can pull N − 1 arms

according to this strategy and pull the only arm left with probability ⌊αtN⌋ −

αt(N − 1) at period t. Thus, we show

N − 1
N

V̂∗N(T) − V̂∗N,R(T) ≤
maxs,a r(s,a)

1 − γ
.

Similarly, we can show

N − 1
N

V̂∗N,R(T) − V̂∗N(T) ≤
maxs,a r(s,a)

1 − γ
.

Combining the above two inequality concludes the statement.

C.3 Proof of Lemma 4.2

To prove Lemma 4.2, first notice

ZN
t+1(s) = ∑

s′∈S ,a∈A

N

∑
i=1

1(st,i = s′,at,i = a, st+1,i = s) (C.5)

where 1(st,i = s′,at,i = a, st+1,i = s) is the indicator function of event {st,i = s′,at,i =

a, st+1,i = s}. By dynamic equation (C.5) in a vector form,

ZN
t+1 = ∑

s′∈S ,a∈A
BN

t (s′,a),

where BN
t (s′,a) is the sum of XN

t (s′,a) independent ∣S ∣-dimensional Bernoulli

random variable with mean (p(s′,a, s))s∈S . For simplicity, we denote p(s′,a) ∶=

(p(s′,a, s))s∈S in the following proof. With this new notation,

BN
t (s′,a) ∼ Binomial(XN

t (s′,a), p(s′,a)).
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Recall that XN
t (s′,a) can be decomposed as Nxt(s′,a) +

√
NX̃N

t (s′,a). Accord-

ing to Lemma C.1, there exists two random variables CN
t (s′,a) and ∆N

t (s′,a), s.t.

BN
t (s′,a) = CN

t (s′,a) + ∆N
t (s′,a), (C.6)

and that, conditionally on XN
t (s′,a), have marginal distribution:

CN
t (s′,a) ∼ Binomial(⌈Nxt(s′,a)⌉, p(s′,a)),

∆N
t (s′,a) ∼ sgn(X̃N

t (s′,a))Binomial(⌊
√

N ∣X̃N
t (s′,a)∣⌋, p(s′,a)).

By equation (C.6) and recall the definition of diffusion statistics,

Z̃N
t+1 =

1√
N
∑

s′∈S ,a∈A
CN

t (s′,a) − xt(s′,a)p(s′,a)N +
1√
N
∑

s′∈S ,a∈S
∆N

t (s′,a).

Now consider the L1-norm of Z̃N
t ,

∣Z̃N
t+1∣ ≤ ∣

1√
N
∑

s′∈S ,a∈S
∆N

t (s′,a)∣ +
1√
N
∑

s′∈S ,a∈A
∣CN

t (s′,a) − xt(s′,a)p(s′,a)N∣

≤ ∑
s∈S ,a∈A

∣X̃N
t (s′,a)∣ +

1√
N
∑

s′∈S ,a∈A
∣CN

t (s′,a) − xt(s′,a)p(s′,a)N∣

≤ ∣Z̃N
t ∣ +

C3∣S ∣√
N
+ 1√

N
∑

s′∈S ,a∈A
∣CN

t (s′,a) − xt(s′,a)p(s′,a)N∣,

where the last inequality is due to diffusion regularity of the policy so that

∑a∈A ∣X̃N
t (s,a)∣ ≤ ∣Z̃N

t (s)∣ + C3√
N

. Thus,

E∣Z̃N
t+1∣ = E∣Z̃N

t ∣ +
C3∣S ∣√

N
+ 1√

N
∑

s′∈S ,a∈A
E∣CN

t (s′,a) − xt(s′,a)p(s′,a)N∣

≤ E∣Z̃N
t ∣ +

C3∣S ∣√
N
+ 1√

N
∑

s′∈S ,a∈A
E∣CN

t (s′,a) − xt(s′,a)p(s′,a)N∣

≤ E∣Z̃N
t ∣ +

C3∣S ∣√
N
+ 1√

N
∑

s′∈S ,a∈A,s∈S

√
1 + Nxt(s′,a)

4
,

where the last inequality is by Lemma C.2.
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So

E∣Z̃N
t+1∣ ≤ E∣Z̃N

t ∣ +
C3∣S ∣√

N
+ 1√

N
∑

s′∈S ,a∈A,s∈S

√
1 + Nxt(s′,a)

4

= E∣Z̃N
t ∣ +C3∣S ∣ +

1
2

∑
s′∈S ,a∈A,s∈S

√
xt(s′,a) + 1

≤ E∣Z̃N
t ∣ +C3∣S ∣ + 2∣S ∣2.

Thus, by induction we have

E∣Z̃N
t+1∣ ≤ t(2∣S ∣2 +C3∣S ∣) + sup

N
E∣Z̃N

1 ∣ (C.7)

Taking c1 = supN E∣Z̃N
1 ∣ and c2 = 2∣S ∣2 +C3∣S ∣ concludes the proof. ◻

We state and prove the following Lemma C.1 and C.2.

Lemma C.1. Suppose random variable S is a Binomial random variable with parameter

n and p, i.e., distributed as the sum of n i.i.d. Bernoulli r.v.s with mean p. Then for a

given non-negative integer m, there exists random variable S 1 and S 2, s.t. S = S 1 + S 2,

and

S 1 ∼ Binomial(m, p), S 2 ∼ sgn(n −m)Binomial(∣n −m∣, p),

where sgn(⋅) is the sign function.

Proof of Lemma C.1. There exists a sequence of i.i.d random variables Xi ∼

Binomial(1, p), s.t.

S =
n

∑
i=1

Xi.

If n > m, taking S 1 = ∑m
i=1 Xi,S 2 = ∑m

j=m+1 X j concludes the proof. If n ≤ m, taking

S 1 = ∑m
i=1 Xi,S 2 = −∑m

j=n+1 X j concludes the proof. □

131



Lemma C.2. Suppose there are n i.i.d Bernoulli random variable X1,X2, ...,Xn with

mean p. Then

E∣
n

∑
i=1

Xi − np∣ ≤
√

n
4
.

Proof of Lemma C.2. Direct calculation

E∣
n

∑
i=1

Xi − np∣ ≤

¿
ÁÁÀE∣

n

∑
i=1

Xi − np∣2 =
√

np(1 − p) ≤
√

n
4

concludes the proof. □

C.4 Proof of Lemma 4.3

Given a fluid-balance policy π, we directly check the induced map π̃t,N satisfies

all three conditions in Definition 4.1.

Verification of Condition 1 Write the induced map in the component form π̃t,N =

(π̃1
t,N , ..., π̃

∣S ∣
t,N), and a direct calculation shows each component function π̃i

t,N (1 ≤

i ≤ ∣S ∣) is continuous, piece-wise linear, and has bounded gradient when exits.

Mathematically speaking, there exits a constant C̃1, s.t., for any θ, any t and any

N,

∣∇π̃i
t,N(θ)∣ ≤ C̃1, when ∇π̃i

t,N(θ) exits.

For any θ1 and θ2, there exits a sequence (θ01,2, θ11,2, ..., θm1,2) lies on the line seg-

ment between θ1 and θ2, s.t.

1. π̃i
t,N restricted on line segment between θ j

1,2 and θ j+1
1,2 is linear for j =

0,1, ...,m − 1
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2. θ01,2 = θ1 and θm1,2 = θ2.

Thus

∣π̃i
t,N(θ1) − π̃i

t,N(θ2)∣ ≤
m−1

∑
j=0
∣π̃i

t,N(θ
j
1,2) − π̃i

t,N(θ
j+1
1,2 )∣ ≤

m−1

∑
j=0

C̃1∣θ j
1,2 − θ

j+1
1,2 ∣ = C̃1∣θ1 − θ2∣.

So by taking C1 = ∣S ∣C̃1,

∣π̃t,N(θ1) − π̃t,N(θ2)∣ ≤
∣S ∣

∑
i=1
∣π̃i

t,N(θ1) − π̃i
t,N(θ2)∣ ≤

∣S ∣

∑
i=1

C̃1∣θ1 − θ2∣ = C1∣θ1 − θ2∣.

Verification of Condition 2 Direct calculation shows π̃t,N(0) = 0.

Verification of Condition 3 Direct calculation shows π̃t,∞(Z̃∞t ) is a piece-wise

linear map.

Verification of Condition 4 Notice

min{Zt(s), ⌈xt(s,1)N +
√

N∣Z̃N
t (s)∣⌉} ≥ max{0, ⌊xt(s,1)N −

√
N∣Z̃N

t (s)∣⌋},

thus showing X̃t,N(s,0) and X̃N
t (s,1) has the same sign with Z̃N

t (s) is equivalent

to

∑
s

min{Zt(s), ⌈xt(s,1)N +
√

N∣Z̃N
t (s)∣⌉} ≥ ⌈αtN⌉, and

∑
s

max{0, ⌊xt(s,1)N −
√

N∣Z̃N
t (s)∣⌋} ≤ ⌈αtN⌉.

Notice

∑
s

min{Zt(s), ⌈xt(s,1)N +
√

N∣Z̃N
t (s)∣⌉} ≥∑

s
min{Zt(s), xt(s,1)N +

√
N∣Z̃N

t (s)∣}

≥∑
s

min{Zt(s), xt(s,1)N +
√

NZ̃N
t (s)}

=∑
s

xt(s,1)N +
√

NZ̃N
t (s) = αtN,
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and ∑s min{Zt(s), ⌈xt(s,1)N +
√

N∣Z̃N
t (s)∣⌉} is an integer, we can conclude

∑
s

min{Zt(s), ⌈xt(s,1)N +
√

N∣Z̃N
t (s)∣⌉} ≥ ⌈αtN⌉.

Similarly, since

∑
s

max{0, ⌊xt(s,1)N −
√

N∣Z̃N
t (s)∣⌋} ≤∑

s
min{0, xt(s,1)N −

√
N∣Z̃N

t (s)∣}

≤∑
s

min{0, xt(s,1)N −
√

NZ̃N
t (s)}

=∑
s

xt(s,1)N −
√

NZ̃N
t (s) = αtN,

we can conclude

∑
s

max{0, ⌊xt(s,1)N −
√

N∣Z̃N
t (s)∣⌋} ≤ ⌈αtN⌉.

To summarize, we prove the induced map of any fluid-balance policy satis-

fies all four conditions in Definition 4.1. Thus, any fluid-balance policy is diffu-

sion regular.

As for the moment bound, notice Z̃N
1 = 0 and C3 = 0 for any fluid balance

policy. Thus, direct calculation of the coefficient in (C.7) gives Eπ[∣Z̃N
t ∣] ≤ 2t∣S ∣2

for t ≤ T . ◻

C.5 Proof of Proposition 4.1

We show that

• with Lagrangian penalty λ = 0, state A is active while state B is inactive;

• with Lagrangian penalty λ = α, state A is inactive while state B is active.
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Thus, the problem is not indexable. Now we analyze these two cases separately.

To be consistent with [55], we denote Vλ(x) for the reward-to-go function of

initial state x with Lagrangian penalty λ.

With Lagrangian penalty λ = α, we can see Vλ(A′) = 0,Vλ(C) = 0,Vλ(B∗) = 0

and Vλ(B′) = β − α via direct calculation. Thus, we have

Vλ(A) = max{γVλ(B),−α},

Vλ(B) = max{γVλ(A),−α + γ(1 − ϵ)Vλ(B′)}.

Solving the above equations gives us

Vλ(A) = γ(γ2(β − α) − α),Vλ(B) = γ2(β − α) − α.

Thus, state A is inactive and state B is active.

With Lagrangian penalty λ = 0, we can see Vλ(A′) = α
1−γ ,Vλ(C) = 0,Vλ(B∗) = 0

and Vλ(B′) = β via direct calculation. Thus, we have

Vλ(A) = max{γVλ(B), (1 − ϵ)γVλ(A′)},

Vλ(B) = max{γVλ(A), γ(1 − ϵ)Vλ(B′)}.

Solving the above equations gives us

Vλ(A) =
αγ2

1 − γ
,Vλ(B) =

αγ3

1 − γ
.

Thus, state A is active and state B is inactive.

C.6 Proof of Proposition 4.2

Regardless of the budget constraint,
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• the maximal reward generated from an initial state A0 is up bounded by

γα
1−γ ,

• the maximal reward could be generated from an initial state A is up

bounded by (1 − ϵ) γα1−γ .

Thus, the maximal reward generated from N arms is up bounded by

ϕ1N(1 − ϵ) γα
1 − γ

+ ϕ3N
γα

1 − γ
= γα

1 − γ
γN.

Now we calculate the reward generated by policy π which pulls all arms in

A0 and A in the first period, and then pulls all arms in A′ starting from the second

period.

In the first period, zero reward is generated. In the second period, there

are ϕ3N + ϕ1N(1 − ϵ) = γN arms in state A′ in expectation. Starting from second

period, we pull all arms in state A′. Thus, we generate γN∗ α1−γγ =
γα

1−γγN amounts

of reward.

C.7 Proof of Proposition 4.3

We only need to show that the optimal policy pulls all arms in state A in the first

period.

If not, then under the optimal policy π∗, there exists an arm x in state A

being idled and an arm y in state A0 or C being pulled in the first period. Now

we construct a policy π̂ which pulls arm x in the first period with satisfying

VN(π̂) ≥ VN(π∗).
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The definition of π̂ is pretty simple. It pull x and idles y in the first period,

and starting from the second period, π̂ takes the exact same action with π for

every arm. Then for any trajectory ω, we can calculate the reward generated

from arm x by π∗ and π̂ and show VN(π̂) ≥ VN(π∗).

C.8 Proof of Proposition 4.4

Under fluid-balance policy π, V̂∗N − VN(π) = γα
1−γE[γN − min{Z, γN}], where Z is

number of arms in state A′ starting from the second period.

Thus, we have

Z = (1 − γ)N +
(2− 1

γ
)N

∑
i=1

Ii

where Ii is a Bernoulli r.v. with probability γ. Thus,

E[γN −min{Z, γN}] = E
⎡⎢⎢⎢⎢⎢⎣

(2− 1
γ
)N

∑
i=1

Ii − γ
⎤⎥⎥⎥⎥⎥⎦

+

.

By concentration inequality, we know E[γN−min{Z, γN}] = θ
√

N+O(1)where

θ =
√
(1−γ)(2γ−1)

2π .
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