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Combinatorial optimization and decision-making problems are critical in

many real-world computational sustainability problems. The main goals for

these projects are often to provide decision-support tools for various groups

and institutions to help solve complex computation problems encountered

in sustainable planning and development. This thesis mainly focuses on two

real-world applications of combinatorial optimization and decision-making

in computational sustainability. The first is a multiobjective optimization

problem inspired by the real-world problem of placing hydropower dams

in the Amazon basin. We propose a fully polynomial-time approximation

scheme based on Dynamic Programming (DP) for computing the Pareto

frontier within an arbitrarily small error margin ϵ > 0 on tree-structured

networks. We also developed a complementary mixed integer programming

(MIP) approach for approximating the Pareto frontier and methods for ap-

proximating high-dimensional Pareto frontiers. The second is an online

matching problem coordinating citizen scientists for invasive species sur-

vey efforts. We developed a learning-augmented matching algorithm that

can utilize partial information and provides good performance and approx-

imation guarantees. For both applications, we provide not only practical

solutions to real-world problems but also novel computational algorithms

and techniques.
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Chapter 1

Introduction

Combinatorial optimization and decision-making problems play a critical

role in many real-world computational sustainability problems. The main

goals for these projects are often to provide decision-support tools for var-

ious groups and institutions to help solve complex computation problems

encountered in sustainable planning and development. More formally, these

combinatorial optimization problems can be defined by a set of discrete or

continuous variables representing the decisions that need to be made. The

goal is often to find solutions that maximize or minimize one or more ob-

jective functions. Regarding computational complexity, the total number of

feasible solutions to combinatorial optimization problems is often exponen-

tial in the number of variables. Moreover, many combinatorial optimization

problems are NP-complete or even NP-hard, making it impossible to solve

these problems exactly through conventional methods as the problem sizes

go up. Thus, it is crucial to find suitable approximation methods that can

solve these problems within a reasonable time and error range. which is

often achieved by exploiting the special structures of the specific problems.

This thesis will mainly focus on two real-world applications of combi-
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natorial optimization and decision-making in computational sustainability.

The first is a multiobjective optimization problem regarding the placement

of hydropower dams in the Amazon basin. We developed several methods

for approximating the Pareto frontier of this problem, each with its own

strengths. Most notably, the DP-based approximation algorithm is a fully

polynomial time approximation scheme (FPTAS) and is considered a state-

of-art algorithm in the field of hydropower planning. The second is an online

matching problem of coordinating citizen scientists for invasive species sur-

vey efforts. We developed a learning-augmented matching algorithm that

can utilize partial information and provides good performance and approx-

imation guarantees. For both applications, we provide not only practical

solutions to real-world problems but also novel computational algorithms

and techniques.

1.1 Efficiently approximating the Pareto frontier for tree-

structured networks for applications in hydropower plan-

ning

Multi-objective optimization is critical in the field of Computational Sustain-

ability [Gomes, 2009], for real-world sustainability problems often involve

balancing multiple environmental, economic, and societal objectives. While

we can convert these problems into single-objective optimization problems

by combining the objectives into a weighted sum, such simplifications might

not fully characterize the relationships between different objectives: optimiz-

ing one objective often sacrifices the values of other objectives. Therefore,
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for multiobjective optimization problems, the goal is often not to find a sin-

gle optimal solution but a set of solutions that characterize the trade-offs

between several often competing criteria, i.e., the so-called Pareto fron-

tier. The Pareto frontier is the set of all Pareto-optimal solutions, where

a solution is considered Pareto-optimal if its vector of objective values is not

dominated by the corresponding vector of any other feasible solution. Often

the Pareto frontier is of exponential size, making it challenging to compute.

This thesis will explore various methods for efficiently approximating the

Pareto frontier.

Hydropower dam placement in the Amazon Basin

Our work is motivated by a challenging real-world computational sustain-

ability problem concerning the placement of hydropower dams in a river

network. In recent years, there has been a significant proliferation of hy-

dropower dams in the Amazon basin: at least 158 dams are already operating

or under construction, and another 351 dams are proposed to be built in the

next decade. These hydropower dams will heavily impact many ecosystem

services such as energy production, navigation, biodiversity, sediment and

nutrient production, and fresh-water fisheries. Therefore, it is imperative

to integrate ecosystem service trade-offs into decision-making models for

the placement of hydropower dams in the Amazon Basin. To this end, we

model the hydropower dam placement problem as a multiobjective optimiza-

tion problem, where we aim to determine the optimal subset of proposed

dams to be built based on several social, economic, and environmental crite-

ria. More specifically, we address a set of six objectives to characterize the
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Amazon hydropower siting problems: hydropower generation, the main ben-

efit provided by dams; river connectivity index, an indicator of the amount

of habitat accessible to migratory fish; sediment transportation, which is the

amount of sediment and nutrients transported by the river to the main stem

and is essential for flood plain agriculture; biodiversity impact, which indi-

cates the overall impact of dams on local biodiversity; degree of regulation,

which represents the change of river flow regimes caused by dams and has a

lasting influence on fish population; and greenhouse gases emissions, which

predicts the total amount of greenhouse gases, such as methane, emitted due

the decomposition of organic matter from areas flooded by dams. We aim

to find methods that can efficiently and reliably approximate the six-criteria

Pareto frontier.

Dynamic Programming Based Algorithm

The Amazon hydropower dam placement problem represents a multiobjec-

tive optimization problem naturally captured by a tree-structured network.

By exploiting this special tree structure, we develop a fully polynomial

time approximation scheme (FPTAS) based on dynamic programming

(DP). The algorithm finds a polynomially succinct set of solutions that can

approximate the actual Pareto frontier within an arbitrarily small error

range ϵ > 0 and runs in time that is polynomial in the size of the prob-

lem and 1/ϵ. The algorithm recursively computes the approximate Pareto

frontier above each node of the tree-structured network, propagating from

leaves to root. The critical insight of the algorithm is that for most of our
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objectives, we only need to keep the Pareto-optimal partial solutions at each

node in the tree, which allows us to prune most of the suboptimal solutions

early. Some criteria such as RCIP need to be further decomposed to be

included as an objective. In practice, the algorithm can compute the exact

Pareto frontier (ϵ = 0) for two criteria within minutes and the approximate

Pareto frontier (ϵ = 0.25) for five criteria within a week. We also observe

that the solutions are generally very close to the actual Pareto frontier even

when the error margin ϵ is relatively large. The DP-based algorithm is now

considered a state-of-the-art algorithm in the field of hydropower planning.

Mixed Integer Programming Based Algorithm

While the DP-based algorithm can approximate the whole Pareto frontier

efficiently, one flaw of the algorithm is that it produces all the solutions

simultaneously, which may be excessive if we are only interested in a small

section of the solution space. To complement the DP algorithm, we propose

a MIP formulation of the hydropower dam placement problem and a scheme

for approximating the Pareto-frontier using MIP based on ideas from [Pa-

padimitriou and Yannakakis, 2000a]. The key idea is to divide the space

of objectives into small hyper-rectangles and query whether there exists a

feasible solution in each hyper-rectangle. Then, from each feasible hyper-

rectangle, we can solve the MIP to find one solution and form a set S of

all the solutions we find. Under the condition that for each dimension, the

upper bound of each hyper-rectangle is (1 + ϵ) of the lower bound, the set

of non-dominated solutions from S then forms an ϵ-approximate Pareto-

5



frontier. In practice, the MIP approximation scheme runs slower than the

DP algorithm and produces fewer solutions. However, the MIP approach

provides more flexibility when considering additional constraints and can be

used to search in a small specific solution space.

Use Expansion and Compression methods to approximate high-

dimensional Pareto Frontier

One major problem we face when approximating the Pareto frontier of

the hydropower dam placement problem is that although the runtime of

the dynamic-programming-based algorithm is polynomial for the number of

dams, it is still exponential with respect to the number of objectives, which

means that both the runtime and the number of solutions greatly increase

as the number of objectives goes up. For large river networks such as the

Amazon basin, while the algorithm is able to solve three or four-objective

optimization problems efficiently and with a small approximation factor,

its performance drops off dramatically once we reach five objectives. How-

ever, to encompass the complexity of balancing hydropower generation with

ecosystem service impacts in the Amazon, all six objectives (hydropower

generation, River connectivity index, sediment transportation, biodiversity

impact, degree of regulation, and greenhouse gas emissions) need be consid-

ered.

To tackle this issue, we assume that, for multi-objective optimization

problems on river networks, the six-objective Pareto frontier might approx-

imately lie on a lower-dimensional manifold. Given that the DP-based algo-
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rithm is able to solve this type of MO problem with three or four objectives

efficiently and with a guaranteed approximation factor and that these solu-

tions are very likely to be on the Pareto frontier for more objectives, we con-

jecture that the aggregated solutions from Pareto frontiers optimized for all

combinations of three or four-element subsets of the six objectives may form

a good approximation of various local regions of the six-objective Pareto

frontier. We call this approach the ’expansion’ method since it expands

the approximate Pareto frontiers of fewer objectives into an approximation

of a high-dimensional Pareto frontier. Experiments show that the expan-

sion method produces very good approximations of high-dimensional Pareto

frontiers for multi-objective optimization problems on river networks.

1.2 Augmented online metric matching for applications in

invasive species management

With the success of machine learning models for prediction, integrating such

learned models into real-world systems has become a critical challenge. An

emerging paradigm for integrating machine learning into optimization al-

gorithms, while giving theoretical guarantees, is to consider learning aug-

mented algorithms [Lykouris and Vassilvitskii, 2018], where a machine learn-

ing model gives incomplete or partly incorrect predictions. We construct an

algorithm based on the predictions that not only provably performs well

when the machine learning advice is sound, but also still gives guarantees

when predictions are inaccurate. This approach applies to many problems
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in computational sustainability where data are abundant yet noisy, and we

still want to provide provable guarantees for the efficiency of our decisions

[Dilkina and Gomes, 2010, Bondi et al., 2018].

Coordinating citizen scientist for invasive species management

The primary motivation for this project is to help coordinate the efforts

of citizen scientists for invasive species management as part of an ongoing

collaboration with the New York Natural Heritage Program, which con-

tributes to the state invasive species database through the online mapping

system iMapInvasives [NatureServe, 2020 (Accessed 2020-07-01]. Data from

citizen scientists and paid managers are combined in the database to help

the state of New York assess and monitor the spread of over four hundred

invasive species across the state. A pervasive problem in these settings is

that citizen scientists are opportunistic and possibly have misaligned incen-

tives [Xue et al., 2013], and the engagement of such citizen scientists is not

known ahead of time. In addition to these volunteers, the database collab-

orates with institutes with paid employees whose schedules can be decided

ahead of time. Our goal is then to coordinate the effort of opportunistic

citizen scientists with predictably scheduled paid employees, which can be

formulated as an online matching problem with partial a priori information.
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Learning augmented matching algorithm

We model the problem as a semi-online matching problem, where we want

to find the minimum cost matching in an online fashion given partial pre-

dictions of the graph, e.g., citizen scientists that become available one by

one and must irrevocably be matched to survey locations as they show up.

We develop an algorithm that fully utilizes prior knowledge and provably

improves upon pessimistic algorithms in the learning augmented setting,

with an approximation bound that depends upon the amount of knowledge

available. The basic idea of this algorithm is to always maintain a ’best

possible’ matching given current knowledge, and every new decision is made

based on both past decisions and the current ’best possible’ matching. The

algorithm is evaluated on two large real-world datasets, the taxi dataset

of the NYC Taxi and Limousine commission and invasive species records

from the database. We find that our algorithm consistently outperforms

baselines. We also prove approximation guarantees for the algorithm that

depends upon how much knowledge we have access to.

Summary

In summary, this thesis focuses on two major real-world applications of com-

binatorial optimization and decision making and presents novel algorithms

and techniques inspired by the complexity of these real-world problems.

In Chapter 2, we formulate the Amazon hydropower placement problem

as a multiobjective optimization problem and provide formal proofs and
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experimental results for various algorithms and techniques we develop for

approximating the Pareto frontier. The FPTAS DP-based algorithm is now

considered a state-of-the-art algorithm in the field of hydropower planning.

We also discuss how to best showcase these results and help inform the

actual decision-makers. In Chapter 3, we represent the problem of coordi-

nating citizen scientists as an online matching problem with partial informa-

tion and provide a new algorithm that outperforms baseline methods and

provides approximation guarantees. Our work contributes to both fronts

of Computational Sustainability, providing novel computational algorithms

and techniques and practical solutions to real-world sustainability problems.
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Chapter 2

Efficiently approximating the Pareto frontier for

tree-structured networks for applications in hydropower

planning

As a renewable resource, hydropower is a major component of the current

and future energy portfolio worldwide. While the trend of building large-

scale hydropower projects has largely abated and coordinated dam removals

are being considered in many developed countries [Kuby et al., 2005, Roy

et al., 2018], construction of large dams is steadily expanding in many coun-

tries with emerging economies[Winemiller et al., 2016a, Zarfl et al., 2014].

From a socio-environmental perspective, hydropower proliferation is an es-

pecially acute issue in tropical river basins such as the Amazon. Currently,

at least 158 dams with installed capacities over 1MW are operating or under

construction in the Amazon basin, and another 351 dams are being proposed

(See Figure 1). These dams have the potential to dramatically affect a vari-

ety of ecosystem services such as biodiversity, nutrient cycling, and sediment

production, as well as services such as energy production, navigation, and

freshwater fisheries. [Finer and Jenkins, 2012, Kareiva, 2012, Winemiller

et al., 2016b, Zarfl et al., 2015, Ziv et al., 2012]
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Figure 1: The 158 existing dams and 351 proposed dams in the Amazon

basin. The sizes of the dots reflect the capacities of the respective dams. The

map also shows the range of the whole Amazon basin, the Western Amazon

basin, and the Maranon basin, which will be used in our experiments.

To better protect the world’s few remaining unfragmented river basins,

tools for strategic dam planning are urgently needed to help minimize the

total environmental impacts of dams at the basin scale. From a computa-

tional perspective, the Amazon hydropower dam placement problem can be

modeled as a multiobjective optimization problem naturally captured by a

tree-structured network, where we aim to determine the optimal subset of

proposed dams to be built based on several social, economic, and environ-

mental objectives. More specifically, we selected six objectives deemed

most representative based on expert opinion: hydropower generation, river

connectivity index, sediment transportation, biodiversity impact, degree of

regulation, and greenhouse gas emissions. Our goal is to find the Pareto

frontier, which is the set of all Pareto-optimal solutions; a solution is

13



considered Pareto optimal if its vector of objective values is not dominated

by any other feasible solution.

This multiobjective optimization problem is highly computationally chal-

lenging due to the size and the number of objectives. Existing approaches

for multi-objective optimization problems are mostly heuristic, based on

local search or evolutionary algorithm, do not provide theoretical guaran-

tees, and do not exploit the tree structure. (see e.g., Yukish and Simpson

[2004], Wiecek et al. [2008], Ehrgott and Gandibleux [2000], Qian et al.

[2016, 2013, 2015], Neumann [2007], Deb et al. [2002], Sheng et al. [2012],

Terra-Neves et al. [2017].) Therefore, our goal is to develop new approaches

that exploit the special structure of the problem and provide approxima-

tion guarantees. To this end, we develop a DP-based fully polynomial time

approximation scheme (FPTAS) for approximating the Pareto frontier on

tree-structured networks based on ideas from [Wu et al., 2014a,b] and a

Mixed Integer Programming (MIP) based approximation scheme following

the scheme proposed in [Papadimitriou and Yannakakis, 2000a]. We also

propose new techniques for scaling up to higher-dimension multiobjective

optimization problems.

We aim to support policymakers in the decision-making process of hy-

dropower planning. To facilitate a better understanding of the optimization

solutions, we develop a visualization tool for showcasing and exploring the

high-dimensional Pareto-frontier, which will allow policymakers to compre-

hend the trade-offs between the objectives and make better-informed deci-

sions concerning the trade-offs of socio-economic and environmental impacts

of hydropower projects.
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The majority of the work presented in this chapter has been reported in

the following publications: Flecker et al. [2022], Wu et al. [2018], Gomes Sel-

man et al. [2018], Shi et al. [2018], Almeida et al. [2019].

In Section 2.1, we review relevant definitions and formally define the

problem of hydropower dam placement. Section 2.2 presents a rigorous

description of the DP-based algorithm and proofs of the algorithm’s run-

time and error bound. In Section 2.3, we show the MIP formulation of the

problem and the approximation scheme adapted from [Papadimitriou and

Yannakakis, 2000a]. In Section 2.4, we showcase the experimental results

of the DP-based and the MIP-based methods. Section 2.5 discusses incor-

porating the dendritic connectivity index, a crucial objective with a special

structure, into the DP-based and MIP-based methods. In Section 2.6, we

present a simple yet effective method, the ’Expansion’ method, for approxi-

mating high-dimensional Pareto Frontiers. Lastly, Section 2.7 discusses how

to best present our results to decision-makers.

2.1 Problem Definition

In this section, we will first introduce the hydropower dam placement prob-

lem as an example of a multi-objective optimization problem on a tree-

structured network. Then, we will show the general formulation of such

problems.
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2.1.1 Hydropower Dam Placement Problem:

The real-world problem we aim to solve can be summarized as follows: we are

given a set of planned dams and need to decide the optimal subset of dams

to build with respect to various objectives. We refer to this problem as the

hydropower dam placement problem. We first point out that a river network

is essentially a directed tree-structure network and that we don’t need to

consider every river segment explicitly for the purposes of our hydropower

dam placement problem. Hence, our first step for simplifying the problem

is to abstract the river network and potential dam locations into a more

compact directed rooted tree that captures the critical problem information.

Each contiguous section of the river network uninterrupted by existing or

potential dam locations is represented by a hypernode; each potential dam

location is represented by a directed edge pointing from downstream to

upstream. See Fig. 2 for an example of our conversion of a river network

into a more compact directed rooted tree. Note that this conversion step

greatly reduces the size of the problem, as the original river network file

of the Amazon basin contains over 4 million river segments, whereas the

resulting converted tree only contains 510 nodes.

A policy (or solution) π of the hydropower dam placement problem is a

subset of potential dam sites to be built. We can encode many environmental

and economic objectives as a function of π. In this thesis, we focus on the

following objectives:

Hydropower (E): For a given solution π, the total hydropower pro-

duced by the selected dams is E(π) =
∑

e∈π he, where he is the hydropower
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Figure 2: Converting a river network (left) into a more compact directed

rooted tree (right). Each contiguous region of the river network (labeled by

different letters) is converted into a node, also referred to in this thesis as a

hypernode (labeled with the corresponding letter) in the tree network. Each

potential dam location (shown as triangles on the left) is represented as an

edge in the directed rooted tree on the right.

generation (installed capacity) of the dam represented by edge e. This is an

objective to be maximized.

Longitudinal Connectivity (C): For a given solution π, the connec-

tivity of a river network is measured by the total length of the un-obstructed

stream segments that one can travel starting from the root (river mouth)

without passing any dam site in π. This objective is to be maximized.

Sediment (S): For a given solution π, this objective represents the to-

tal amount of sediment that will be transported to the river mouth (the root
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of the directed tree) per year. We assume that each node produces a fixed

amount of sediment per year and that each dam traps a certain percentage

of total sediment from upstreams. This objective is to be maximized.

Fish Biodiversity Impact (B): For a given solution π, this ob-

jective measures the overall impact on the fish population caused by dam

construction. We use be to denote the fish-weighted endemism index of the

dam represented by edge e. Then, B(π) =
∑

e∈π be. This objective and all

objectives below are to be minimized.

Degree of Regulation (DOR): For a given solution π, this objective

measures the total degree of flow regime alteration caused by dam construc-

tion. We define CDOR(e) as the total cumulative downstream flow impact

of the dam represented by edge e. (The values of CDOR are pre-computed.)

Then, DOR(π) =
∑

e∈π CDOR(e).

Greenhouse Gas Emissions (GHG): For a given solution π, this

objective measures the total greenhouse gas emissions caused by dam con-

struction. We use ge to denote the greenhouse gas emissions caused by the

dam represented by edge e. Then, GHG(π) =
∑

e∈π ge.

Seismic Risk (Ss): For a given solution π, this objective measures the

total amount of seismic risk at the dam locations. We use sse to denote the

greenhouse gas emissions caused by the dam represented by edge e. Then,

Ss(π) =
∑

e∈π sse. This objective is not included in the final paper because

we don’t have very reliable data. However, this objective is still used in

many experiments.
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2.1.2 General Formulation

In general, a multi-objective optimization problem is to optimize a given

multi-objective function: (z1(π), z2(π), ..., zd(π)), where the value of each

function zi depends on a common solution π, also referred to as a policy.

Without loss of generality, we only consider the problem of maximizing

objective functions. Minimizing objective functions can be treated in a

similar fashion.

Pareto Dominance: Given two policies π and π′, we say that π dom-

inates π′ if the following two conditions hold: (1) for all i, zi(π) ≥ zi(π′);

(2) at least one strict inequality holds for some i.

Pareto Frontier: A Pareto optimal solution is one that is not dom-

inated by any other policies. The Pareto frontier is the set containing all

Pareto optimal solutions.

An Example: Consider a multi-objective function (z1, z2, z3) and poli-

cies π1, π2, and π3. Assume (z1(π1), z
2(π1), z

3(π1)) = (5,7,10), (z1(π2),

z2(π2), z
3(π2)) =(4,7,9), and (z1(π3), z

2(π3), z
3(π3))=(6,6,9). π1 domi-

nates π2 because it has higher or equal values in all objectives. π1 does not

dominate π3 because of the first objective. π3 does not dominate π1 because

of the second and third objectives. π1 and π3 are Pareto optimal and form

the Pareto frontier.

Multi-objective Function on a Tree: We now formally define the

multi-objective optimization problem on a tree-structured network. Ev-

ery node v in the tree is associated with node rewards for each objective

r1v , . . . , r
d
v . For a leaf node v, all objective functions defined on v are its
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corresponding rewards, i.e., ziv(π) = riv for all is. Each edge (u, v) has two

states (representing whether the corresponding dam is built or not). If edge

(u, v) is in its first state (the dam at (u, v) is built), then (u, v) has a transfer

coefficient of piuv; otherwise, q
i
uv. Also associated with each edge (u, v) is an

indicator variable Iuv(π) denoting whether the corresponding edge is in π

or not. The objective function on a non-leaf node u is defined recursively:

ziu(π) = riu +
∑

v∈ch(u)

(
Iuv(π)p

i
uv + (1− Iuv(π))q

i
uv

)
ziv(π). (2.1)

Here, ch(u) is the child set of u. The objective function for the entire

tree network T is the function at the root node s, i.e., zi(π) = zis(π).

Some Examples: When we are computing connectivity, we can set

riu to be the total length of all stream segments in the region represented

by node u. We set piuv = 0, and qiuv = 1, that is, we either acquire all

upstream segments (when the dam corresponding to edge (u, v) is not built)

or lose all of them (when the dam is built). The encoding of objectives like

hydropower is slightly more complicated. For any dam site (u, v) that can

produce hydropower huv, we set piuv = qiuv = 1. We move huv to its parent

u. In other words, the reward at node u, riu =
∑

v∈ch(u) Iuv(π)huv. Notice

that riu depends on whether each edge (u, v) is in policy π.

The value function defined in this way is general and captures many

interesting families of functions. For example, the value function of a fi-

nite binary-state Markov Decision Process can be encoded in this way by

unfolding the decision process into a chain, which is in a special tree form.

The value function can also be equivalently written in a more concise way.

Let u ⇝ v denote the path from u to v. Define the probability that u is
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connected to v as

piu⇝v(π) =
∏

e on u⇝ v

(
Ie(π)p

i
e + (1− Ie(π))q

i
e

)
,

that is, the product of all passage probabilities of edges on the path from u

to v depending on their states. Then,

zi(π) =
∑
v∈V

pis⇝v(π)rv. (2.2)

Given a multi-objective function defined on a tree network T , our multi-

objective optimization problem on a tree-structured network is to find the

Pareto frontier consisting of all non-dominated policies, which is NP-hard

even though it is defined on a tree.

Theorem 1. Multi-objective optimization problem on a tree-structure net-

work is NP-complete, even for just two objectives.

Proof. We reduce the PARTITION problem (pp. 47 [Garey and Johnson,

1979])) to a multi-objective optimization problem. The PARTITION prob-

lem is: given a finite set A = {a1, · · · , an}, decide if there is A′ ⊆ A, such

that
∑

ai∈A′ ai =
∑

ai∈A\A′ ai.

To encode the PARTITION problem, we design a star-shaped tree with

n + 1 nodes. The root node 0 is connected to leaf nodes 1, · · · , n. The

node reward are chosen to be r1i = r2i = ai, p
1
0i = q20i = 1, and p20i =

q10i = 0 for all i = 1, · · · , n. It is easy to verify that the existence of A′

satisfying the condition of PARTITION is equivalent to checking if there

exists a policy π on the star-shaped tree such that z1(π) ≥ 1
2

∑
a∈A a and

z2(π) ≥ 1
2

∑
a∈A a.
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2.2 The Dynamic Programming Based Algorithm

In this section, we will first present a dynamic programming algorithm that

computes the Pareto frontier exactly for multi-objective optimization prob-

lems on a tree-structured network. We shall prove that the algorithm can

find all Pareto optimal solutions. However, in practice, the number of Pareto

optimal policies may be exponential even for a fixed number of objectives.

Motivated by ideas from Wu et al. [2014a,b], we apply a rounding technique

to the dynamic programming algorithm and provide a fully polynomial-time

approximation scheme (FPTAS). The DP-based algorithm with rounding

finds a solution set of polynomial size that approximates the Pareto frontier

within an arbitrarily small ϵ and runs in time polynomial in the size of the

instance and 1/ϵ.

Definition 1. We say that a policy set S ϵ-approximates the Pareto frontier

if and only if for any policy π in the Pareto frontier, there exists a policy π′

from set S, such that zi(π′) ≥ (1− ϵ)zi(π) for all i ∈ {1, 2, · · · , d}.

Definition 2. We say an algorithm is a fully polynomial-time approxima-

tion scheme (FPTAS) for a multi-objective optimization problem if the algo-

rithm finds a policy set S that ϵ-approximates the Pareto frontier and runs

in time polynomial in the size of the instance and 1/ϵ.

Suppose there are universal constants c and C such that c ≤ riu ≤ C for

all u ∈ V and all i ∈ {1, 2, · · · , d}. Our DP-based approximation algorithm

is an FPTAS for the multiple objective optimization problems defined on a

tree-structured network. The size of the solution set found by the algorithm
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is bounded by O
((

n
ϵ

)d)
, and the running time is bounded by O

((
n
ϵ

)2d)
,

where n is the number of nodes in T and d is the number of objectives.

While the approximation algorithm theoretically runs in polynomial time,

its performance is still far from ideal when the number of objectives is larger

than three, as the runtime of the algorithm is still exponential in terms

of the number of objectives. To further improve the performance of the

approximation algorithm, we also introduce techniques such as batching,

divide-and-conquer, and parallelization. Currently, for multi-objective opti-

mization problems on the Amazon basin, we are able to solve problems with

two objectives exactly within seconds, solve problems with three objectives

within a few minutes to an hour for ϵ = 0.05 or ϵ = 0.1, and solve problems

with four objectives within a few hours for ϵ = 0.1 or ϵ = 0.25.

2.2.1 The Exact Dynamic Programming Algorithm

We first present a dynamic programming (DP) based algorithm which com-

putes the Pareto frontier exactly for multi-objective optimization problems

on a tree-structured network. Before we present the algorithm, we want to

transform the original directed tree into an equivalent directed binary tree.

Transforming the original tree into a binary tree: To improve

the efficiency of the DP algorithm, we first convert the original directed

rooted tree into an equivalent binary tree. Given a directed rooted tree, we

transform each node u with more than two children into a binary equivalent

subtree by creating additional intermediary nodes and linking the children

of u to these intermediary nodes (and u). The newly added edges between

the u and intermediate nodes are treated as special non-dam edges. The
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algorithm never builds a dam on these edges. We also propose a scheme to

maintain the objective value information of the original tree. Node rewards

such as connectivity and sediments are split evenly among the original root u

and intermediary nodes. Edge rewards such as energy and fish biodiversity

impact are moved to their parent node in the binary tree. Overall, our

construction is such that dam placements and resulting objective values are

in one-to-one correspondence with those of the original tree. Transforming

to binary tree representation allows us to apply early pruning and scale to

large instances. If we apply the DP approach to the original non-binary

tree, the calculation can quickly become infeasible. Consider a node u with

k children, where each child has l Pareto optimal partial policies. In the

worst case, when enumerating each group of partial policies, we would have

to consider lk2k new partial policies when considering whether or not to

build each dam. For example, the root node in the full Amazon basin has

k = 44; therefore, running DP becomes infeasible even for very small values

of l. Converting the original tree into a binary tree ensures that at each

node, the partial policies of at most two children are considered for pruning.

As a result, the binary tree leads to a dramatic increase in efficiency by

allowing for earlier and more frequent pruning of partial solutions, which is

critical for ensuring that the set of Pareto optimal partial policies remains

of reasonable size throughout the computation.

The Exact DP-based Algorithm: The critical insight that motivated

our algorithm is that at a given node u, we only need to keep the Pareto

optimal partial solutions. Let Φu denote the set of all edges in the subtree

rooted at u and πu be a partial policy on u that only includes edges in Φu;
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in other words, πu ⊆ Φu. A partial policy is Pareto optimal if and only if

it is not dominated by any other partial policies on the same node. Our

dynamic programming algorithm is based on the following theorem, which

states that all Pareto optimal partial policies on a node can be computed

based on Pareto optimal partial policies from its children.

Theorem 2. Let l and r be the children of u. Any Pareto-optimal partial

policy at u can be constructed by combining one Pareto-optimal partial policy

from node l, one from node r, and four different joint states of edge (u, l)

and (u, r).

Proof. Here we use proof by contradiction. Suppose πu is a Pareto-optimal

partial policy for node u. l and r are u’s left and right child. πl is the

partial policy πu mapped on l; i.e., it contains all edges of πu that are in the

subtree Φl. πr is the partial policy πu mapped on r. Suppose Theorem 7 is

false, then at least one of πl and πr are not Pareto optimal. Without loss of

generality, suppose πl is not Pareto optimal and is dominated by π′
l. This

implies that zil (π
′
l) ≥ zil (πl) for all i and at least one strict inequality holds.

Take π′
u = (πu\πl)∪π′

l. We can see that π′
u dominates πu, which contradicts

our assumption.

Motivated by Theorem 2, we design a DP-based algorithm to recursively

compute the Pareto optimal partial policies from leaf nodes to the root. In-

stead of keeping all partial policies, we only keep the Pareto-optimal partial

policies at each node. The dynamic programming algorithm is shown in

Algorithm 1.

The recursion of computing the Pareto optimal partial policy for node
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Algorithm 1: ParetoT (u): compute the Pareto frontier for the

value function defined on the subtree of T rooted at node u.

1 if is leaf(u) then

2 return {(r1u, . . . , rdu)};

3 else

4 l← u.left child;

5 r ← u.right child;

6 Pleft← ParetoT (l);

7 Pright← ParetoT (r);

8 P ← ∅;

9 foreach (z1l , . . . , z
d
l ) ∈ Pleft do

10 foreach (z1r , . . . , z
d
r ) ∈ Pright do

11 foreach I(ul ∈ π) ∈ {0, 1} do

12 foreach I(ur ∈ π) ∈ {0, 1} do

13 Compute (z1u, . . . , z
d
u) ;

14 Remove from P all points dominated by

(z1u, . . . , z
d
u);

15 if (z1u, . . . , z
d
u) is not dominated by any point in P

then

16 P ← P ∪ {(z1u, . . . , zdu)};

17 return P ;
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u is as follows. Suppose l and r are the two children of node u. We first

compute the Pareto optimal partial policies for l and r (lines 6 and 7).

Then we enumerate each pair of partial policies from node l and r (lines

9 and 10) and consider four different combinations of whether to include

edge (u, l) and (u, r) (lines 11 and 12). For each combination, we compute

the objective values and add them to the policy set P . Finally, we remove

all dominated policies (lines 14-17). Based on Theorem 2, the remaining

policies are Pareto optimal for node u. Note that it is trivial to adapt this

algorithm to include the case when node u only has one child.

2.2.2 Approximation with Rounding

In practice, the optimal Pareto frontier may have an exponential number

of points. In this case, we propose Pareto approx based on the round-

ing technique that can give an FPTAS to the multi-objective optimization

problem.

We first explain how rounding works for connectivity and sediment. The

rounding scheme for additive objectives such as energy and biodiversity im-

pact, which will be detailed later, is very similar to the rounding scheme

presented here, except for an additional pre-rounding step to take into ac-

count the fact that the node rewards vary according to policy.

We introduce a hyperparameter Ki
v for each node and each objective.

Define a rounded objective value ẑiu(π), which is calculated by the following

recursion, ẑiu(π) =

riu +

⌊∑
v∈ch(u)

(
Iuv(π)p

i
uv + (1− Iuv(π))q

i
uv

)
ẑiv(π)

Ki
u

⌋
Ki

u. (2.3)
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In Equation. 2.3, the fraction less thanKi
u is removed so that the number

of different rounded objective values is reduced. This idea is similar to

rounding different fractional numbers to the same integer value.

The rounded dynamic programming algorithm Pareto approx is similar

to the exact DP algorithm, except that we use Equation 2.3 to calculate

objective values in line 13 of Algorithm 1.

Proposition 1. zi(π) ≥ ẑi(π) for any hyperparameter Ki
v and any policy

π.

This proposition is a direct consequence of taking the floor operator in

Equation 2.3.

Proposition 2. If we set Ki
u = ϵriu, for any policy π we have

zi(π)− ẑi(π) ≤ ϵzi(π).

To see why this proposition is true, at each node, we at most lose a

value of Ki
u. Based on Equation 2.2, the total value we lost due to the floor

operation in Equation 2.3 is

zi(π)− ẑi(π) ≤
∑
v∈V

ps⇝v(π)K
i
u = ϵzi(π). (2.4)

Proposition 3. The approximate algorithm computes all Pareto optimal

points for the rounded objective.

The approximate algorithm Pareto approx is very similar to the exact

algorithm Pareto, except for replacing the exact objective function with a

rounded one. The correctness of Pareto does not depend on a particular

objective function. Therefore, this proposition is true.
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Theorem 3. Let P (s) be the set of (partial) Pareto optimal policies for a

node s. Let P (s) be the set of approximate (partial) Pareto optimal poli-

cies computed via Pareto approx with rounded objective function (Equa-

tion 2.3). We must have P (s) ϵ-approximates P (s).

Proof. Suppose π is in the exact Pareto frontier P (s). If π is in P (s), we

are done. Otherwise, because of Proposition 3, there must be at least one

π′ ∈ P (s), such that π′ dominates π in terms of the rounded objective; i.e.,

ẑi(π′) ≥ ẑi(π), (2.5)

for all i. Because of Proposition 1, we have

zi(π′) ≥ ẑi(π′). (2.6)

From Proposition 2, we have

ẑi(π) ≥ (1− ϵ)zi(π). (2.7)

Combining Equation (2.5) (2.6) and (2.7), we have

zi(π′) ≥ (1− ϵ)zi(π), (2.8)

which concludes the proof.

We can show that Pareto approx runs in polynomial time by bounding

the number of partial policies in P (u) for all node u. We first make an

assumption as mentioned in the paper by Wu et al. [2014a].

Assumption 1. There are universal constants c and C such that c ≤ riu ≤ C

for all u ∈ V and all i.
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Theorem 4. With Assumption 1, the number of different rounded tuples in

P (u) is O
((

nu
ϵ

)d)
, where nu is the number of nodes in the subtree rooted

at u.

Proof. The upper bound of the ith objective value of u is UBi
u =

∑
v∈Tu r

i
v,

with Tu denoting the induced subtree rooted at u. Due to Assumption 1,

the number of different tuples at u is bounded by

d∏
i=1

UBi
u

Ki
u

≤
d∏

i=1

nuC

ϵc
= O

((nu

ϵ

)d)
. (2.9)

Theorem 5. The runtime of the rounded dynamic programming algorithm

is O
((

n
ϵ

)2d)
.

Proof. As we proved, the number of different rounded tuples P (u) at node

u is O
((

nu
ϵ

)d)
. Let Tu be the runtime to compute all these tuples at u. We

have the recursion

Tu = O(P lP r) + Tl + Tr. (2.10)

Solving the recursion, we have Tu = O
((

nu
ϵ

)2d)
. Therefore, the total run-

time is Ts = O
((

n
ϵ

)2d)
, where n is the number of nodes in the tree.

Rounding for additive objectives: We apply a two-step rounding

method for additive objectives. Notice the rounding method described be-

low can also be applied to connectivity and sediments to obtain the same

approximation guarantee. For presentation purposes, we use hydropower as

an example. In the first step, we round upfront the energy value huv to

⌊huv
K1
⌋K1
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, where K1 =
ϵ
2hmin and hmin is the minimal energy value among all dams.

This rounding is similar to the one used in the FPTAS to solve the knapsack

problem (see page 67 of [Williamson and Shmoys, 2011] ). One can prove

that we already get an FPTAS if we only apply the first-step rounding. (The

proof is similar to that of the knapsack rounding.) However, the rounding

in the first step is often too conservative. To obtain additional pruning, we

apply a second rounding step in our DP approach when combining partial

solutions from the children of the parent node. The rounding scheme looks

exactly like the one we use for connectivity and sediments in 2.3, where Ki
u

is set to ⌊ riu
hmin
⌋ ϵ2hmin, except that we do not round when riu(π) = 0. The

second rounding is more aggressive. As more partial solutions are rounded

to the same value, the algorithm is able to prune more solutions, therefore

scaling to larger instances.

To prove the approximation guarantee of the two-step rounding, we

show that the first and the second rounding each incurs at most a ϵ/2-

approximation. Therefore, the entire algorithm has an ϵ-approximation

guarantee. Let ziu(π) be the true objective function without any round-

ing; z̃iu(π) is the objective value after applying the first rounding; ẑiu(π) is

the objective value after applying both the first and the second rounding.

We are able to prove that

ziuπ − z̃iu(π) ≤
ϵ

2
ziu(π) (2.11)

z̃iu(π)− ẑiu(π) ≤
ϵ

2
z̃iu(π) (2.12)

Adding these two inequalities together, we get Proposition 2, on which

the proof of the approximation guarantee mainly depends. The proof to
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Equation 2.11 is similar to that for the knapsack algorithm and the proof to

Equation 2.12 is similar to the proof of Proposition 2 with connectivity and

sediments as objectives. To prove that the DP algorithm runs in polynomial

time, we notice that during the execution of the algorithm, all intermediary

energy values are in the form of kK1, where k is an integer and K1 is the

rounding factor of the first step. As a consequence, the maximal number of

different energy values at node u are bounded by

nuhmax

K1
=

2nuhmax

ϵhmin
= O(

nu

ϵ
)

where nu is the number of nodes of the induced subtree rooted at u and

hmax is the maximal energy value.

Theorem 6. Pareto approx is an FPTAS for multi-objective optimization

problems on tree-structured networks.

Proof. This is a direct consequence of Theorem 3 and Theorem 5.

2.2.3 Improving the Performance of the DP-based algorithm

While the approximation algorithm theoretically runs in polynomial time,

its performance is still far from ideal when the number of objectives is larger

than three. To further speed up the approximation algorithm, we introduced

some new techniques when implementing the DP algorithm.

Using Divide-and-Conquer for Identifying Dominated Solu-

tions

The major runtime bottleneck of Algorithm 1 is pruning the dominated so-

lutions (lines 9-16). Let d be the number of objectives. Assume we generate
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n partial solutions and get m non-dominated partial solutions. Then the

naive pruning step takes O(mnd) time. Here we describe a strategy that

significantly boosts the efficiency of the overall DP algorithms for comput-

ing the Pareto frontier, which leverages the dimensionality of solutions to

efficiently identify the subset of non-dominated solutions from a set of candi-

date solutions. The new divide-and-conquer-based algorithm for finding the

non-dominated solutions runs in O(n log nd−1) time if we use a comparison-

based sort or O(n log nd−2) time if the data is stored in the Lattice Latin

Hypercube (LLH) form [Yukish, 2004]. This algorithm is inspired by an

approach proposed in [Yukish, 2004].

To simplify the description of our algorithms, we assume that the values

of each objective never repeat. In practice, it is relatively trivial to consider

the corner cases. Specifically, when splitting the set S based on the dth

objective, we implemented a modified sorting routine that sorts the solutions

in lexicographic order based on the dth objective. If two solutions have the

same dth objective, we sort them based on the (d−1)th objective, etc. Note

that if two solutions are equal for all objectives, their ordering does not

matter.

When the number of objectives is two, we use Algorithm 2, which sorts

the solutions based on the first objective (good ones first). The first so-

lution must be Pareto optimal. Then, we go through the list of solutions

sequentially and look for solutions with a better second objective than the

last non-dominated solution.

When the number of objectives d ≥ 3, we use our divide-and-conquer-

based recursive algorithm shown in Algorithm 3. The first step is to split
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Algorithm 2: Non Dominated 2D(S): given a set S of 2-

dimensional partial solutions, find the set of non-dominated so-

lutions in S.

1 Sort solutions in S by their first element, in descending order if we

aim to maximize the element, in ascending order otherwise;

2 P ← {S[1]};

3 foreach s ∈ S[2 :] do

4 if s is not dominated by P [−1] then

5 Append s to P ;

6 return P ;

the set of solutions S into two sets, A and B, of approximately the same size

based on the last objective so that solutions in A have a better last objective

than solutions in B (line 8). The splitting procedure is shown in Algorithm

4. Then, we recursively identify the non-dominated solutions from A and

B (lines 9 and 10). We know that the non-dominated solutions from set A′

are also non-dominated in S, but the same statement may not be true for

non-dominated solutions from B′. Thus, the last step is to find the solutions

from set B′ that are not dominated by solutions from A′ (line 11). Note

that we already know that the dth objectives of solutions in A′ are better

than the dth objectives of solutions in B′, so we only need to consider the

first d − 1 objectives. To find non-dominated solutions in B′, we introduce

a slightly modified divide-and-conquer procedure shown in Algorithm 5.

The algorithm Marry(A,B, d′) shown in Algorithm 5 returns the set of
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Algorithm 3: Non Dominated(S): given a set S of d-dimensional

partial solutions (d ≥ 2), find the set of non-dominated solutions

in S.

1 d← dimensionality of solutions in S;

2 n← number of solutions in S;

3 if n = 1 then

4 return S; // this is the base case of recursion.

5 else if d = 2 then

6 return Non Dominated 2D(S); // this is just a special

case

7 else

8 A,B ← Split(S, d);

9 A′ ← Non Dominated(A) ; // all non-dominated solutions

in A must be non-dominated in S.

10 B′ ← Non Dominated(B);

11 return A′ ∪ Marry(A′, B′, d− 1);

all solutions in B that are not dominated by any solution in A, considering

only the first d′ criteria. The inputs A and B must be disjoint, and no

two solutions from the same set dominate one another. Let n be the total

number of solutions in A ∪ B. We split the set of solutions A ∪ B into two

sets, X and Y , of approximately the same size based on the d′th objective

so that solutions in X have better d′th criterion than solutions in Y (line 7).

Next, we consider the four disjoint subsets X ∩A, X ∩B, Y ∩A, and Y ∩B.

Note that they cover all solutions in A∪B, and |(X∩A)∪ (X∩B)| ≈ n/2 ≈
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Algorithm 4: Split(S, d): given a set S of partial solutions, split

S into two disjoint sets of roughly the same size based on the dth

element of each solution.

1 Find the median vd of the dth element of solutions is S;

2 if we aim to maximize the dth element then

3 A← {s ∈ S | s[d] ≥ vd};

4 else

5 A← {s ∈ S | s[d] ≤ vd};

6 B ← S −A ; // A and B are disjoint and solutions in A

have better dth elements.

7 return A,B;

|(Y ∩A)∪ (Y ∩B)|. In lines 8 and 9, we recursively call Marry on half-sized

problems. Similarly, we know that the solutions in Bx are non-dominated

in A∪B. Still, we must figure out which solutions in By are non-dominated

in A ∪ B. Solutions in By can only be dominated by solutions in X ∩ A

since solutions inside B cannot dominate each other, so we only need to

recursively call Marry on X ∩A and By. Note that solutions in X ∩A have

better d′th objective than solutions in By, so we only need to consider the

first d′ − 1 objectives. Hence, we return Bx ∪B′
y.

For the runtime analysis, we assume that we use a comparison-based sort-

ing algorithm. The time complexity of Non Dominated 2D(S) isO(n(log n)d−1).

Proposition 4. Given a set S of n 2-dimensional solutions, Non Dominated 2D(S)

runs in O(n log n) time.
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Algorithm 5: Marry(A,B, d′): consider only the first d′ elements

in each solution, return the set of all solutions in B that are not

dominated by any solutions in A. A and B must be disjoint and

no two solutions from the same set dominate one another.

1 n← number of solutions in A ∪B;

2 if d′ = 2 then

3 return B ∩ Non Dominated 2D(A ∪ B); // base case of

recursion

4 else if n = 1 then

5 return A ∪B ; // also a base case of recursion

6 else

7 X,Y ← Split(A ∪B, d′);

8 Bx ← Marry(X ∩A,X ∩B, d′);

9 By ← Marry(Y ∩A, Y ∩B, d′);

10 B′
y ← Marry(X ∩A,By, d

′ − 1);

11 return Bx ∪B′
y

This is because the sorting step takes O(n log n) time and the for-loop

takes O(n) time.

Proposition 5. Given a set S containing n solutions, Split(S, d) runs in

O(n log n) time.

This is also a result of the sorting step taking O(n log n) time.

Proposition 6. Given two disjoint sets, A and B, such that no two solu-

tions from the same set dominate one another and that A ∪ B contains n
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solutions, Marry(A,B, d′) runs in O(n log nd′−1) time.

Proof. We denote the runtime of Marry(A,B, d′) as t(n, d′). For the two

base cases d′ = 2 and n = 1, the proposition obviously holds. Assume the

proposition holds for d′ < d′0. Now we consider cases where n = 2k for some

positive integer k and d′ = d′0. We have

t(2k, d′0) = O(n log n) + 2 · t(n/2, d′0) + t(n, d′0 − 1)

= 2 · t(2k−1, d′0) +O(n(log n)d
′
0−2)

= 2 · t(2k−1, d′0) +O(2k · kd′0−2)

= 4 · t(2k−2, d′0 − 1) +O(2k · kd′0−2) + 2 ·O(2k−1 · (k − 1)d
′
0−2)

= · · · · · ·

= 2k · t(1, d′0 − 1) +O(2k ·
k∑

i=1

id
′
0−2)

= O(n(log n)d
′
0−1).

Since the runtime of Marry increases monotonically with n, the proposition

also holds when n is not a power of 2. By induction, Marry(A,B, d′) runs

in O(n(log n)d
′−1) time.

Proposition 7. Given a set S containing n d-dimensional solutions (d ≥ 3),

Non Dominated(S) runs in O(n(log n)d−1) time.

Proof. We denote the runtime as T (n, d). For the base case n = 1, the

proposition obviously holds. We know that the runtime of the sorting step

is O(n log n) and the runtime of Marry is O(n(log n)d
′−1). Now we consider
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cases where n = 2k for some positive integer k. Then,

T (n, d) = O(n log n) + 2 · T (n/2, d) + t(n, d− 1)

= 2 · T (2k−1, d) +O(n(log n)d−2)

= 2 · T (2k−1, d) +O(2k · kd−2)

= 4 · T (2k−2, d) +O(2k · kd−2) + 2 ·O(2k−1 · (k − 1)d−2)

= · · · · · ·

= 2k · T (1, d) +O(2k ·
k∑

i=1

id−2)

= O(n(log n)d−1).

Since the runtime of Non Dominated(S) increases monotonically with n,

the proposition also holds when n is not a power of 2. By induction,

Non Dominated(S) runs in O(n(log n)d−1) time.

Other Implementation Notes

Split: The split procedure shown in Algorithm 4 can also be implemented

using an O(n) find median algorithm. However, the numerous steps of

copying arrays and creating new arrays in the O(n) find median algorithm

are hard to implement and perform poorly in practice. Hence, we chose to

use sorting to work ”in-place” on the sets of solutions. Each time we drop a

dimension we must create a new array sorted based on that dimension and

then in the recursive process we simply keep track of the location within

the array that we are working on. We found that in practice sorting and
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working in place give us much better performance.

Batching: Our new divide-and-conquer algorithm for pruning dominated

solutions considerably speed up the DP algorithm and allow us to solve prob-

lems on much larger networks, with higher precision, and with more criteria.

However, the number of solutions to evaluate grows exponentially with the

number of criteria and memory soon becomes a problem. For example, for

the entire Amazon basin, for four criteria, with a precision of ϵ = 0.01, the

algorithm has to evaluate 144, 823, 974, 336 partial solutions at a single node

of the tree, which is way beyond the memory available. To circumvent this

problem, we introduced a batching process: at each tree node, instead of

evaluating all possible solutions at once, we feed them to Non Dominated in

smaller batches of size K = 107. Then, we run Non Dominated on the set

of all non-dominated solutions from each batch. In practice, this batching

routine actually speeds up the DP algorithm.
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2.3 The Mixed Integer Programming Based Algorithm

While the DP-based algorithm can efficiently approximate the whole Pareto

frontier, one flaw of the algorithm is that it produces all the solutions si-

multaneously, which may be excessive if we are only interested in a small

section of the solution space. To complement the DP algorithm, we propose

a Mixed Integer Programming (MIP) formulation of the hydropower dam

placement problem and a scheme for approximating the Pareto-frontier us-

ing MIP based on ideas from [Papadimitriou and Yannakakis, 2000a]. The

key idea is to divide the space of objectives into small hyper-rectangles and

query whether a feasible solution exists in each hyper-rectangle. Then, in

each feasible cell, we find one solution and form a set S of all the solutions

we find. Under the condition that for each dimension, the upper bound of

each rectangular cell is (1+ ϵ) of the lower bound, the set of non-dominated

solutions from S forms an ϵ-approximate Pareto-frontier [Papadimitriou and

Yannakakis, 2000a]. This scheme clearly has room for improvement. Namely

only the non-dominated solutions are needed for the Pareto frontier, which

means that the computation for the dominated solutions is wasted.

In this section, we first show the MIP formulation of the problem and

the naive approximation scheme based on ideas from [Papadimitriou and

Yannakakis, 2000a]. Then, we introduce an improved scheme to reduce the

number of MIPs to solve and exploit restarts to improve the runtimes of

MIPs.
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2.3.1 Mixed Integer Programming Formulation

As explained in Section 2.1, we use a number of objectives to characterize

the Amazon hydropower siting problems: Hydropower (E), Longitudinal

Connectivity (C), Sediment (S), Fish Biodiversity Impact (B), Degree of

Regulation (DOR), Greenhouse Gas Emissions (GHG), and Seismic Risk

(Ss). We first construct a MIP formulation of the problem. We will be using

the following notations:

· V : the set of all hypernodes.

· D: the set of all edges (dams).

· s: the root of the tree (also the mouth of the river network).

· e = (u, v): u is the hypernode downstream of e and v is the hypernode

upstream of e.

· cv: the total connectivity of river segments in a hypernode v.

· sv: the total sediment produced in a hypernode v.

· he: hydropower generation (installed capacity) of a dam e.

· be: fish weighted endemism index of dam e.

· CDOR(e): cumulative downstream flow impact of dam e. Values of

CDOR(e) are pre-computed.

· ge: greenhouse gas emissions caused by dam e.

· sse: seismic risk at the site of dam e.
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· pe: percentage of sediment trapped by dam e if built.

· π: a set of dams we plan to build

· πe: indicator variable for e ∈ π.

· nv: indicator variable for v can be reached from the root uninterrupted.

· yv: the percentage of the sediment produced at the hypernode v not

trapped by dams.

Next, we show our encoding of the objectives:

Longitudinal Connectivity (C): To define connectivity we assign a bi-

nary variable nv ∈ {0, 1} to each node v, which represents whether a node

can be reached uninterrupted.

C =
∑
v∈V

nvcv.

For each hypernode v ̸= s, nv = 1 if and only if, for the downstream

hypernode u, nu = 1 and the dam e = (u, v) is not built (πe = 0). These

relationships can be encoded using the following constraints:

ns = 1;nu ≥ nv,∀(u, v) ∈ D

nv ≤ 1− πu,v,∀(u, v) ∈ D

nv ≥ nu − πu,v,∀(u, v) ∈ D

Sediment (S): For each hypernode v, we define a continuous variable

yv ∈ [0, 1] that represents the percentage of the sediment produced at the

hypernode not trapped by dams downstream. Obviously, at source s, ys = 1.
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Also, yv =


yu if π(i) = 0,

(1− pe)yu otherwise.

This condition can be linearized using

the big M method. Since yv ∈ [0, 1] for all v ∈ V , we can replace the

condition with

yv ≤ yu and yv ≥ (1− pe)yu, ∀(u, v) ∈ D

yv ≤ (1− pe)yu + (1− πe),∀e = (u, v) ∈ D

yv ≥ yu − πe,∀e = (u, v) ∈ D.

MIP solvers like CPLEX can also linearize the constraint automatically.

Then, S =
∑

v∈V yvsv.

Hydropower (E): Naturally, E =
∑

πe · he.

Fish Biodiversity (B), Degree of Regulation (DOR), Greenhouse

Gas Emissions (GHG), and Seismic Risk (Ss): Very similar to Hy-

dropower.

Note that Mixed Integer Programming is a single objective method.

To solve this multiobjective problem, we apply the scheme proposed by

[Papadimitriou and Yannakakis, 2000a] for approximately constructing the

Pareto frontier. The scheme can be summarized as follows: for a multi-

objective optimization problem, we divide the space of objectives into small

rectangular cells of certain sizes, and, for each cell, query whether there

exists a solution. For each cell with solutions inside, we pick one solution.

The set of dominating solutions within all the solutions we picked form a

ϵ-approximate Pareto-frontier.

Specifically, the rectangular cells should satisfy the condition that, for

each dimension, the upper bound should be (1 + ϵ) of the lower bound
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Minimize: x

subject to: x = 0 (x is a dummy variable)

C ∈ [Ĉ, (1 + ϵ)Ĉ]; S ∈ [Ŝ, (1 + ϵ)Ŝ]

E ∈ [Ĥ, (1 + ϵ)Ê]

C =
∑
v∈V

nvcv; S =
∑
v∈V

yvsv

E =
∑
e∈D

πehe

nv ∈ {0, 1}, ∀v ∈ V ;πe ∈ {0, 1}, ∀e ∈ E

ns = 1;nu ≥ nv, ∀(u, v) ∈ D

nv ≤ 1− πu,v,∀(u, v) ∈ D

nv ≥ nu − πu,v,∀(u, v) ∈ D

S =
∑
v∈V

svyv, ys = 1

yv ≤ yu and yv ≥ (1− pe)yu, ∀(u, v) ∈ D

yv ≤ (1− pe)yu + (1− πe),∀e = (u, v) ∈ D

yv ≥ yu − πe, ∀e = (u, v) ∈ D

Figure 3: An example of the MIP encoding of the problem for three objectives E,

C, and S

(assuming the objectives are always positive values and are to be maxi-

mized). For instance, assume we are considering three objectives: C (lon-

gitudinal connectivity), S (Sediment), and E (Hydropower). Let Cmin
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and Cmax denote the minimum and maximum possible connectivity val-

ues for all possible solutions. We let Ĉ range over {Cmin(1 + ϵ)k | k =

0, 1, 2, ... and Cmin(1+ϵ)k ≤ Cmax} and define Ê and Ŝ similarly. Then, each

rectangular cell should be of the form [Ĉ, (1+ϵ)Ĉ]×[Ŝ, (1+ϵ)Ŝ]×[Ê, (1+ϵ)Ê].

We will then use MIP to check if there is a feasible solution in each rectan-

gular cell. An example of the MIP encoding for three objectives is shown in

Figure 3.

2.3.2 Improving the Performance of the MIP Approach

To improve upon the naive scheme, we start by optimizing for one of the

objectives and dividing the space of the remaining objectives into small

hyper-rectangles. Specifically, the hyper-rectangles are designed to satisfy

the condition that, for each dimension, the upper bound is (1+ϵ) of the lower

bound (assuming the objectives are always positive values). For each cell, we

formulate a MIP to find the solution in that cell that optimizes the target

objective if a feasible solution exists. We form a set S of all the solutions

found by MIP. Under the assumption that we solve the MIPs optimally,

the set of non-dominated solutions from S forms an ϵ-approximate Pareto-

frontier. In practice, we repeat the above scheme as many times as the

number of objectives, cycling through every objective as the target objective

to get better coverage and a more exact approximation. A key difference in

this new scheme is that we always optimize for the target objective instead

of solving decision problems.

Theorem: Let P be the set of all solutions on the Pareto frontier and

P̄ be the set of non-dominated solutions from S. Then, P̄ ϵ-approximates
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P .

Proof. Without loss of generality, assume objectives z1, · · · , zd are all to

be maximized, and suppose we optimize for z1. For any π ∈ P , assume

(z1(π), · · · , zd(π)) lies in the rectangular cell [Ẑ1, (1+ ϵ)Ẑ1]× · · · × [Ẑd, (1+

ϵ)Ẑd]. Since there is already a solution π in the rectangular cell, MIP can find

a solution π′ in [Ẑ2, (1+ϵ)Ẑ2]×· · ·× [Ẑd, (1+ϵ)Ẑd] that maximizes z1, which

means that z1(π′) ≥ z1(π). Hence, we may conclude that(1+ϵ)zi(π′) ≥ zi(π)

for all i = 1, · · · , d, which means that π′ ϵ-dominates π. If π′ ̸∈ P̄ , then there

exists a π′′ ∈ P̄ that dominates π′ and consequently ϵ-dominates π. Hence,

P̄ ϵ-approximates P .

We also observe fat and heavy-tailed behavior in the MIP runtime distri-

butions [Gomes et al., 2000]. Hence, we employ a geometric restart strategy,

doubling the cutoff time in every run to improve the performance of the MIP

[Walsh, 1999, Gomes et al., 2000]. Our experiments show that the restart

strategy significantly boosts performance.

2.4 Experimental Results

Data: For our experiments, we use real-world data from the Amazon basin.

In particular, we use the Amazon river network for the tree-structured graph

and corresponding values for the relevant objectives described in Section 2.1.

We generate a directed rooted tree that collapses contiguous regions of the

network without dams into a node and associates with each node and edges

with the corresponding values of each objective. To test the performance
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of the DP-based methods at different scales, we used three sets of data of

varying sizes in our experiments: the Marañon Basin (95 nodes), Western

Amazon (173 nodes), and the entire Amazon Basin (510 nodes). The lo-

cations of these basins are shown in Figure 1. The entire Amazon basin

has more than four million (4083059) river segments, whereas the western

Amazon and the Marañon basin have 455156 and 128801 river segments, re-

spectively. We compare the performance between the unmodified DP-based

algorithm, the modified DP-based algorithm, the naive MIP implementa-

tion, and the modified MIP implementation. See Fig.4 and Table 1 for

a summary of the results. Note that we are currently unable to run the

DP-based algorithm for five or more objectives with reasonable time and

error bound for the whole Amazon basin, so here we will only show results

for two to four objectives. We shall explain our methods of dealing with

higher-dimensional Pareto-frontiers in Section 2.6.

Exact Pareto frontier: The DP approach can compute the exact

Pareto Frontier (time permitting), which is infeasible for the MIP approach.

We see that both the original DP approach and the modified DP approach

can compute the exact Pareto frontier, for connectivity and hydropower, for

the entire Amazon basin, which contains 39841 solutions, in around 5 hours

(17170 secs) and 6 minutes. (See figure 5.)

Quality of the Pareto Frontier approximation: We observe that,

for the same ϵ > 0, the accuracy of the DP approximation is, in general,

better than the MIP approximation methods. More specifically, we notice

that, for a relatively larger theoretically guarantee of ϵ = 0.1, the actual

approximate Pareto frontier computed by DP methods is still very close to
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B Criteria ϵ DP-

Orig

(secs)

DP-

New

(secs)

MIP-

Naive

(secs)

MIP-

New

(secs)

DP#Sol MIP#Sol

A E,C exact 18291 254 N/A N/A 39841 N/A
A E,C 0.001 72 14 6432 48 3020 894
M E,S exact 2077 64 N/A N/A 25732 N/A
M E,S 0.001 4 2 1day+ 1day+ 318 —
WA E,S exact 46291 924 N/A N/A 58808 N/A
WA E,S 0.001 30 13 1day+ 2187 2668 1671
A E,S exact mem 15153 N/A N/A 177490 N/A
A E,S 0.001 2368 226 1day+ 1day+ 7973 —
A E,Ss exact 54581 335 N/A N/A 72591 N/A
A E,Ss 0.001 2471 83 35050 31 8737 1558
M E,C, S exact 2day+ 526 N/A N/A 283898 N/A
M E,C, S 0.001 630 32 1day+ 1day+ 5563 —
WA E,C, S 0.001 mem 1120 1day+ 1day+ 88710 —
WA E,C, S 0.005 254 69 1day+ 65638 12655 4129
A E,C, S 0.05 1680 58 1day+ 1day+ 12866 —
A E,C, S 0.1 40 6 1day+ 4503 4724 62
A E,C, Ss 0.005 mem 88246 1day+ 4809 2274168 40981
A E,C, Ss 0.05 109910 2121 238 51 47978 581
M E,C, S, Ss 0.001 mem 53620 1day+ 1day+ 1479660 —
M E,C, S, Ss 0.1 886 28 1day+ 15484 1406 773
WA E,C, S, Ss 0.01 mem 695153 1day+ 1day+ 3540829 —
WA E,C, S, Ss 0.1 47704 1154 1day+ 1day+ 107087 —
A E,C, S, Ss 0.1 mem 19510 1day+ 1day+ 491578 —
A E,C, S, Ss 0.25 11358 410 1day+ 1505 23019 95

Table 1: Samples of runtimes and numbers of solutions for the different

methods ran on a single core. Notations: A (Amazon, 510 nodes); WA

(Western Amazon; 173 nodes) and M (Marañon; 95 nodes) (E hydropower;

C connectivity; S sediment; Ss Seismic Risk). mem denotes memory limit.

N/A denotes MIP cannot produce the exact Pareto frontier. We bold several

entries to highlight the performance improvements.

the exact Pareto frontier. (See Figure 4) This observation suggests that the

accuracy of the DP algorithm in practice is much better than the theoretical

guarantee. The solutions of the modified MIP methods are almost always

located on the exact Pareto frontier but much sparser than DP approaches;
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Figure 4: Example of the exact and approximate two-dimensional Pareto-

frontier computed by the DP-based and MIP-based methods for energy and

sediment. Note that the approximate DP (ϵ = 0.001) almost overlaps the

exact DP, except at the beginning of the Pareto curve. Also, we notice that,

for a relatively larger theoretically guarantee of ϵ = 0.1, the actual approx-

imate Pareto frontier is still very close to the exact Pareto frontier. This

suggests that the accuracy of the DP algorithm in practice is much better

than the theoretical guarantee. We also observe significant improvements in

accuracy from the modified MIP approach.

the solutions of the naive MIP methods are further away from the Pareto

frontier and fewer but still within error bounds.

Approximation Coverage of the Pareto Frontier: The DP ap-

proximation has substantially better coverage of the exact Pareto frontier

compared to the MIP approximation, which is reflected in the larger number

of solutions it produces. See Figures 4 and 5.
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Figure 5: Approximation quality comparison of the DP methods, naive MIP

method, and NSGA-II: The DP approximations all nearly overlap the exact

Pareto curve (blue); NSGA-II performs slightly worse than DP methods but

better than naive MIP methods; The modified MIP solutions (omitted here

for the sake of clarity) will be on the exact Pareto frontier but with fewer

solutions.

Evolutionary algorithms have been widely used to approximate (without

approximation guarantees) Pareto frontiers (see e.g., [Neumann, 2007],[Qian

et al., 2016], [Wiecek et al., 2008], [Märtens and Izzo, 2013]). Here we include

a comparison to the Non-dominated Sorting Genetic Algorithm (NSGA-II).

From Figure 5, we see that NSGA-II can achieve similar levels of accuracy

as the DP approximations with ϵ = 0.1 but takes longer to compute (and

without approximation guarantees).
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Speed: Our experiments show that the modified DP approach is up to

three orders of magnitude faster than the original DP approach and scales to

significantly larger instances and more objectives. The batching technique

also solves the issue of hitting the memory limit when computing for three

or more objectives. The new MIP approach is generally faster and can now

solve larger problems.

The experiments also show that the DP-based and MIP-based methods

are complementary since in practice our new MIP scheme produces solu-

tions closer to the exact Pareto frontier (for a given ϵ) and provides more

flexibility for considering additional constraints for what-if analyses, which

is important to decision-makers.

2.5 Optimizing for Dendritic Connectivity Index

A critical condition for applying the DP-based algorithm is that an optimal

solution for a specific objective must still be optimal on the induced sub-

trees. While most of the objectives we care about satisfy this condition,

there are still a few exceptions, the most important of which is the Dendritic

Connectivity Index for potadromous fish, i.e., DCIP.

Almost all fish species move during the course of their life cycle, tran-

siting between habitats to breed, forage, or escape predators [Lucas and

Baras, 2001]. Thus, fisheries ecosystem services are particularly vulnera-

ble to river connectivity loss. Planning to restore connectivity in impacted

systems, or to pro-actively site infrastructure problems to minimize con-

nectivity impacts, is a top challenge in maintaining sustainable ecosystem
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service production from rivers.

Figure 6: Amazonian fish species. (Top) Migratory goliath catfish (Brachy-

platystoma): species in this genus travel throughout much of the Amazon

basin during their life cycle and make the longest migrations known for

freshwater fish, including measured distances between spawning and nurs-

ery areas exceeding 5700 km [Barthem et al., 2017]. (Photo credit: USGS).

(b) Short-distant migrant (Colossoma macropomum): a commercially im-

portant fruit-eating fish that migrates from rivers to flooded Amazon forests

during periods of high water. These fish species play vital roles in food secu-

rity, recreation, and cultural identity, throughout the Amazon basin.(Photo

credit: Wikipedia)
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The migrations of fish species span a continuum of distances and are

often divided into two major groups: (1) long-distance migrators that uti-

lize the full river network length, such as diadromous species that move

between the oceans to headwaters of rivers (1000s of km) (Fig.6, top panel)

and (2) species that move within more localized regions of river networks

(e.g., 10s-100s of km), such as potadromous species which exclusively utilize

freshwater habitats throughout their life cycle. Cote et al. [2009] developed

the Dendritic Connectivity Index (DCI) to describe the degree of river

network connectedness, which can be mapped onto fish life histories. One

version, DCI for longitudinal connectivity, describes the probability that the

path between a root reference location and any other point in the network is

unimpeded. This connectivity index is suited to describe how long-distance

migrators use river networks, such as Pacific salmon (Oncorhynchus spp.) in

North America or Amazonian catfish (Brachyplatystoma spp.) (Fig.6, top

panel), which migrate over 5000 km from river mouth estuaries to headwa-

ter spawning habitats. As such, this connectivity metric is labeled DCID

for diadromy. Alternatively, DCIP, for potadromy, quantifies the probability

that the path between any two locations in the river network is unimpeded

by a barrier. The DCIP metric focuses on localized river connectivity and

thus better describes the life history needs of fish that move short to middle

distances (Fig.6, bottom panel)

In the previous sections, we consider only the longitudinal connec-

tivity (i.e., DCID). In this section, we discuss how to include the localized

connectivity (i.e., DCIP) in our optimization methods, which requires dif-

ferent encodings when using the DP-based and MIP-based methods.
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2.5.1 Formal Definition of DCIP

The formal definition of the Dendritic Connectivity Index (DCI) proposed in

[Cote et al., 2009] is the probability that a fish can successfully migrate from

its starting point to its destination in a river network. When considering di-

adromous fish which migrate between marine and freshwater environments,

we only need to compute the probability that a fish can successfully migrate

from the mouth of the river to its destination in the river network. Let l1

be the length of the connected section from the mouth of the river and L

be the length of the whole river network. Under the assumption that the

possible locations of the destination are distributed evenly across the entire

network, the DCI for diadromous fish is defined as

DCID =
l1
L
× 100,

which is essentially the longitudinal connectivity objective.

For potadromous fish which migrate within the freshwater system, we

make the assumption that the fish migrate between two randomly chosen

locations in the river network. Let s1, s2, · · · , sk be the contiguous sec-

tions in the river network uninterrupted by dams or other barriers, and let

l1, l2, · · · , lk be the lengths of these sections, respectively. Let L be the length

of the whole river network. Let pij be the passability coefficient between si

and sj , i.e., the probability that a fish can move between si and sj . Then,
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the DCI for potadromous fish is defined as

DCIP =
∑

1≤i,j≤k

Pr[move from si to sj ] · pij × 100 (2.13)

=
∑

1≤i,j≤k

li
L

lj
L
pij × 100 (2.14)

In this thesis, we only consider the case where the barriers that divide

the river network are absolutely non-passable, which is valid for most fish

species. This assumption implies that

pij =


0, ∀i ̸= j,

1, otherwise.

Then, we can simplify DCIP to

DCIP =

k∑
i=1

l2i
L2
× 100. (2.15)

The new formula of DCIP in (2.15) makes it possible for us to apply a

dynamic programming algorithm. For the MIP formulation, we still use the

definition of DCIP in (2.14).

To incorporate DCIP into our methods, we assume that V is the set of

all hypernodes and cv is the total length of river segments in node v ∈ V .

We use L to denote the full length of the entire river network. When we use

the definition of DCIP in (2.14), let xuv be the indicator variable of whether

u and v are connected. Then, we have

DCIP(π) =

 ∑
u,v∈V

cucvxuv(π)

 /L2 × 100. (2.16)
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When we use the definition of DCIP in (2.15), we assume that |π| = k−1

and these dams divide V into k subset s1, s2, · · · , sk. Thus,

DCIP(π) =

(
k∑

i=1

(
∑
v∈si

cv)
2

)
/L2 × 100. (2.17)

For instance, in Figure 7, we decide to build dams (s, u), (u, x), and

(v, y). The DCIP value of this solution is then

DCIP(π) =
(cs + cv + cz)

2 + (cu + cw)
2 + c2x + c2y

L2
× 100.

s

u v

w x yz

△

△ △

Figure 7: Example of a solution: The triangle means a dam is built at the

location of the edge

2.5.2 Using the DP Algorithm to optimize for DCIP

The validity of the DP algorithm depends on the following theorem:

Theorem 7. Let l and r be the children of u. Any Pareto-optimal partial

solution at u can be constructed by combining one Pareto-optimal partial

solution from node l, one from node r and four different joint states of edge

(u, l) and (u, r).
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s

u

v

w

cs = 5.0km

cu = 1.0km

cv = 2.0km

cw = 3.0km

hvw = 1.0MW

huv = 1.0MW

Solution 1. Solution 2.

△

s

u

v

w

△

Figure 8: Counterexample of Theorem 7 when the objectives are DCIP and

hydropower. s is the root (river mouth) of the river network. Triangles

represent dams we decide to build. Solution 1 provides better DCIP than

solution 2. However, when only considering the part of the network above

u, solution 1 is dominated by solution 2.

However, this theorem does not hold when one of the objectives is DCIP.

A simple counterexample is shown in Fig. 8. If we directly apply the DP

algorithm to optimize for energy and DCIP on the river network shown in

Fig. 8, we will miss a Pareto-optimal solution.

We observe that the central conflict between DCIP and the DP algorithm

is that when the DP algorithm is computing the Pareto-frontier at a node, it

only considers the part of the network above the current node. However, the

length of the section connected to the current node can still be expanded.
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To address this problem, we need to keep track of two numbers: (1) the sum

of squares of the lengths of all closed sections (sections that are separated

from the current node by dams) above the current node, which we will call

Q; (2) the total length of upstream river segments connected to the current

node, which we call C. (Notice that C is essentially the numerator of DCID

or the longitudinal connectivity, so when we are computing DCIP using the

DP algorithm, we also compute longitudinal connectivity as a byproduct.)

For instance, in Fig. 7, at node s, we have

Qs = (cu + cw)
2 + c2x + c2y,

and

Cs = cs + cv + cz.

Combination Step: Assume the tree is binary. For a non-leaf node

u, denote its children as l and r. Given fixed partial schemes on l and

r, we now show how to combine these partial schemes at u for computing

DCIP. If we decide not to build (u, l) and (u, r), then Qu = Ql + Qr

and Cu = Cl + Cr + cu. If we decide to build (u, l) but not (u, r), then

Qu = Ql +Qr + C2
l and Cu = Cr + cu. If we decide to build both dur and

dul, then Qu = Qr +Ql + C2
r + C2

l and Cu = cu.

At the root node s, we have

DCIP =
Qs + C2

s

L2
× 100.

Pruning Step: At the pruning step, we treat C and Q as two separate

objectives. For instance, assume we are optimizing for Hydropower and
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DCIP. Then, at a node u, a partial scheme dominates another partial scheme

if and only if it has larger H, C, and Q values. We have the following

theorem.

Theorem 8. Assume π is a solution on the Pareto-frontier of the hy-

dropower dam placement problem using DCIP and other objectives that sat-

isfy Theorem 7. π will not be eliminated in the pruning steps if we keep

track of both C and Q.

Proof. We use proof by contradiction. We use πu to represent the part of

the solution π on the subtree rooted at u. Assume for contradiction that,

at a node u, πu is dominated by π′
u. Then, we can modify π by replacing

the part πu with π′
u and get a new solution π′. Note that π′ is superior

to π in terms of DCIP and all other objectives, i.e., π′ dominates π, which

contradicts previous assumptions.

The above theorem ensures that, by splitting the DCIP objective into C

and Q, we can now apply the DP algorithm to successfully obtain the entire

Pareto-frontier when one of the objectives is DCIP.

Rounding Scheme for DCIP: Recall that the main idea for the

rounding scheme in the DP algorithm is to bound the number of solutions

in every partial Pareto-frontier by rounding the objective values in all the

partial solutions to a multiple of K, where the value of K depends on the

objective and the current node. Here, we show that we can also apply this

rounding technique to DCIP-related problems and obtain an FPTAS.

Notice that C is essentially the same objective as longitudinal connectiv-

ity, so we will apply a similar rounding scheme as longitudinal connectivity.
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At node u, assume that the total length of river segments in node u is cu,

then the longitudinal connectivity value is rounded to

⌊ C
ϵ
4cu
⌋ · ϵ

4
cu.

This rounding scheme incurs at most ϵ
4C error.

Q is similar to the Hydropower objective since the increase at each node

can be 0. Fortunately, the minimum value of Q at the root node s is

Qmin =
∑

v∈V,v ̸=s

c2v,

which is reasonably large. Hence, here we can apply a fixed error rounding

scheme. Note that the total number of rounding steps is at most n. Hence,

let

K =
ϵ

2n
Qmin.

After each combination step, we round Q to

⌊Q
K
⌋ ·K.

The error incurred by the rounding of Q is at most ϵ
2Qmin.

One complication of the above rounding scheme is that Q is computed

based on C. During the recursion process, whenever we decide to build a

dam, we add the square of the C value of the cutoff branch to Q, so the

rounding error of C will be carried over to Q. Let Ĉ represent the rounded

value of C. Let Q̃s denote the value of Q at the root computed with rounding

for C but no rounding for Q. Also, let Q̂s denote the value of Q at the root

computed with rounding for both C and Q. We know that

Q̃s −
ϵ

2

∑
v∈V,v ̸=s

c2v ≤ Q̂s ≤ Qs.
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Assume that D is the set of nodes under which the dams are built. Then,

we have

Qs =
∑
v∈D

C2
v

and

Q̃s =
∑
v∈D

Ĉ2
v ≥

∑
v∈D

[(1− ϵ/4)Cv]
2 ≥ (1− ϵ/2)

∑
v∈D

Ĉ2
v .

Let Cs denote the longitudinal connectivity value at the root node s.

Then,

Q̂s + Ĉ2
s ≥ Q̃s −

ϵ

2

∑
v∈V,v ̸=s

c2v + [(1− ϵ/4)Cs]
2

≥ (1− ϵ/2)
∑
v∈D

Ĉ2
v −

ϵ

2

∑
v∈V,v ̸=s

c2v + (1− ϵ/2)C2
s

≥ (1− ϵ/2)(Qs + C2
s )−

ϵ

2
(Qs + C2

s )

≥ (1− ϵ)(Qs + C2
s )

Hence, we may conclude that the DCIP computed by the rounding scheme is

within ϵ of the actual DCIP value. Following the same proof idea in Section

2.2, we have the following theorem:

Theorem 9. The new DP algorithm with rounding is an FPTAS for multi-

objective optimization problems on tree-structured networks with DCIP as

one of the objectives.

2.5.3 Mixed Integer Programming Formulation for DCIP

Encoding DCIP into the MIP method is a much easier task. Note that we

only consider the case of binary passability and assume that a dam will block

all fish. The notations we used are as follows:
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· V : the set of all nodes.

· E: the set of all edges (dams).

· xuv: the indicator variable of whether fish can move between u and v.

(xvv = 1 for all v ∈ V .)

· π: the set of dams we plan to build.

· πe: indicator variable of of e ∈ π.

· Duv: the set of all edges on the unique path between u and v.

· H: total hydropower output of the dams.

· Ĥ: the bound for hydropower. In practice, Ĥ will range over {(1 +

ϵ)iHmin : i ≥ 0, (1 + ϵ)iHmin ≤ Hmax}.

· he: hydropower output of dam e.

Following the idea in Equation 2.16, we obtain the MIP formulation of

the problem as shown in Fig. 9

2.5.4 Experimental Results

To evaluate the performance of the new methods at different scales, we used

the same three datasets as in previous sections: the Marañon, Western Ama-

zon, and Amazon basins, with 95, 173, and 510 hypernodes, respectively.

We considered three criteria: hydropower generation, longitudinal connec-

tivity (the numerator of DCID), and DCIP. Note that the DP algorithm

computes the longitudinal connectivity as a byproduct when computing for
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Figure 9: MIP formulation for optimizing DCIP with constraint on H. We

ignore the ×100 term in DCIP.

DCIP. For a better comparison of the performances, we tested against two

versions of the MIP formulation: The first one is the 2-dimensional MIP

approximation scheme that optimizes for hydropower generation and DCIP;

the second one is a 3-dimensional MIP approximation scheme that optimizes

for hydropower generation, longitudinal connectivity, and DCIP. (See Sec-

tion 2.3 for the MIP formulation of longitudinal connectivity and the MIP

approximation scheme for higher dimensions). The performance of the three

approaches is shown in Table 2. We observe that when we consider only two

objectives: hydropower and DCIP, the MIP method is generally faster, espe-

cially in larger networks. When we also consider longitudinal connectivity,

the DP method performs much better in terms of speed. In both cases, the

DP approach provides better coverage of the Pareto-frontier. (See Figure

10.)

We also compared the results of optimizing for DCIP with the results of

optimizing for longitudinal connectivity (under the same energy production
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B ϵ DP(sec)

H,DCIP,

DCID

MIP

(sec)

H,DCIP

MIP

(sec)

H,DCIP,

DCID

DP

#Sol

H,DCIP,

DCID

MIP

#Sol

H,DCIP

MIP

#Sol

H,DCIP,

DCID

M 0 1076 – – 55364 – –

M 0.001 566 2627 1day+ 37998 2055 1day+

M 0.005 202 599 1day+ 10377 518 1day+

M 0.01 80 297 23323 4422 280 868

M 0.05 4 61 972 317 63 114

W 0.005 1day+ 5052 1day+ 1day+ 530 1day+

W 0.05 6287 477 14761 1385 61 72

W 0.1 588 275 4285 511 34 41

A 0.025 1day+ 5140 1day+ 1day+ 89 1day+

A 0.1 6616 1510 14742 2547 23 34

Table 2: Examples of runtimes and numbers of solutions for the objectives H

(Hydropower), DCIP and DCID for Marañon (M; 109 hypernodes), Western

Amazon (W; 219 hypernodes) and Amazon (A; 468 hypernodes) showing

the trade-offs between the different methods. Note that DP computes si-

multaneously for energy, DCIP, and DCID, so we consider two versions for

MIP: one optimizing for energy and DCIP and the other one optimizing for

energy, DCIP, and DCID, so the time comparison is fairer.

constraint). See Figure 11 for an example. We observe that when optimizing

for longitudinal connectivity, the optimal solutions tend to build every dam
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Figure 10: The Pareto frontier for hydropower generation vs DCIP. The

MIP and DP approximations for ϵ = 0.01 nearly overlap the exact Pareto

curve (blue). The DP approximations for ϵ = 0.01 (red) lie slightly farther

from the exact Pareto-Frontier than the corresponding MIP approximation

(purple). The DP approximations have much better coverage of the exact

Pareto frontier in the number of solutions. (Note: the number of solutions in

the DP results is different from Table 2 because we eliminated the solutions

that have better longitudinal connectivity but worse DCIP.)

upstream of existing dams; when optimizing for DCIP, the optimal solutions

tend to build larger dams in order to not fracture the upstream area.
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(a) Optimized for DCIP (b) Optimized for DCID

Figure 11: The left and right panels depict two Pareto-optimal solutions

for the Marañon basin, with similar total hydropower generation (around

14000MW): the left panel shows a solution using localized connectivity

(DCIP) as the second objective, while the bottom panel shows a solution

using longitudinal connectivity (DCID) as the second objective. The solu-

tion optimized for DCID tries to build all dams upstream of existing dams

(84 dams in total), while the solution optimized for DCIP replaced many

small dams with a larger one (3600MW) downstream (56 dams in total).

2.6 Using Expansion method to approximate high-dimensional

Pareto Frontier

One major problem we face when approximating the Pareto frontier of

the hydropower dam placement problem is that although the runtime of
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the dynamic-programming-based algorithm is polynomial for the number of

dams, it is still exponential with respect to the number of objectives, which

means that both the runtime and the number of solutions greatly increase

as the number of objectives goes up. For large river networks such as the

Amazon basin, while the algorithm is able to solve three or four-objective

optimization problems efficiently and with a small approximation factor,

its performance drops off dramatically once we reach five objectives. How-

ever, to encompass the complexity of balancing hydropower generation with

ecosystem service impacts in the Amazon, all six objectives (hydropower

generation, River connectivity index, sediment transportation, biodiversity

impact, degree of regulation, and greenhouse gas emissions) need be consid-

ered.

High-dimensional real-world data are often shown to dwell on lower-

dimensional manifolds [Li et al., 2015, Huang et al., 2009]. Similarly, we

make the assumption that, for multi-objective optimization problems on

river networks, the six-objective Pareto frontier might approximately lie on

a lower-dimensional manifold. Given that the DP-based algorithm is able

to solve this type of MO problem with three or four objectives efficiently

and with a guaranteed approximation factor and that these solutions are

very likely to be on the Pareto frontier for more objectives, we conjecture

that the aggregated solutions from Pareto frontiers optimized for all com-

binations of three or four-element subsets of the six objectives may form a

good approximation of various local regions of the six-objective Pareto fron-

tier. More generally speaking, here we consider two questions. We want to

know if, for a specific n-objective optimization problem, there exists an in-
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teger k < n such that we can closely approximate the n-dimensional Pareto

frontier by aggregating solutions from all possible k-objective Pareto fron-

tiers. We call this approach the ”expansion” method since it expands the

k-objective Pareto frontiers into an n-objective Pareto frontier (optimized

only w.r.t to k criteria).

2.6.1 The Expansion Method

For any solution π, we define the value vector of π to be

v(π) = (z1(π), · · · , zn(π)).

We denote the actual n-objective Pareto frontier as Pn and define Vn =

{v(π)|π ∈ Pn}. Given a positive integer k < n, for all 1 ≤ i1 < i2 <

· · · < ik ≤ n, we compute an ϵ-approximate Pareto frontier P̃i1,··· ,ik w.r.t.

zi1 , zi2 , · · · , zik . We define the union for these k-objective Pareto frontiers

to be

P̃k =
⋃

1≤i1<···<ik≤n

P̃i1,··· ,ik ,

and

Ṽk = {v(π)|π ∈ P̃k}.

P̃k is the output of the Expansion method. In this paper, we study the

following proposition:

Proposition 8. For some real-world problems, Ṽk forms a sufficiently good

coverage of Vn with appropriate choices of k and ϵ.

The Expansion method might look counter-intuitive at first because

when we consider the smallest possible cases, two-criteria optimization so-
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Figure 12: An example of trying to approximate a three-criteria Pareto fron-

tier with two-criteria optimization results. Each dot represents the values of

the three criteria of one solution. For the two criteria solutions, we compute

the value of the remaining criterion based on the dams built in that solution.

We can observe that the two-criteria solutions only cover the edges of the

hyperplane formed by the three-criteria optimization results.

lutions usually only cover the edges of a three-criteria Pareto frontier (see

Fig. 12). However, once we start approximating higher dimensional Pareto-

frontiers with three criteria optimization results, we can see that the idea

might actually work in practice. The first difficulty we face, however, is that

it is hard to visualize Pareto frontiers of dimensions higher than 3. Thus,

for the sake of clear representation, we use the t-Distributed Stochastic
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Neighbor Embedding (t-SNE) [van der Maaten and Hinton, 2008] method

to project the high-dimensional Pareto-frontier onto a two-dimensional map

while preserving the general proximity relationships between the values of

solutions. We merge the solutions generated by directly computing the six-

objective Pareto frontier of the Marañón basin (ϵ = 0.1) using the DP-based

method and the expansion methods and use t-SNE to visualize these solu-

tions. Fig. 13 illustrates how our method can cover almost every solution

of the six criteria Pareto frontier computed by the Tree-DP algorithm (ap-

proximation factor 0.1) for the Marañón sub-basin.

60 40 20 0 20 40 60
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0
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60
2D projection of 6D results

all 6d sols
3d sols

Figure 13: t-SNE projection of the approximate six-objective Pareto frontier

of Marañón basin (ϵ = 0.1) and the Expansion approximation results. We

can observe that our method covers most solutions of the DP algorithm.

2.6.2 Experimental Results and Conclusions

Evaluation Method

To compare the optimization results of the various methods, we need a met-
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ric that can evaluate both the optimality and the coverage of the approxi-

mate Pareto frontiers. Note that the exact Pareto frontier we are trying to

approximate can be non-convex (see Fig. 14). So, not only do we care about

the overall shape of the Pareto frontier, but we also evaluate the individ-

ual solutions. Therefore, we propose an evaluation method that divides the

solution space into ϵ hypercubes following Papadimitriou and Yannakakis

[2000b]’s approach.
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Pareto frontier of energy vs connectivity for Tapajos basin

Figure 14: Exact non-convex Pareto frontier for two objectives of the Tapa-

jos basin.

More specifically, for an n-objective optimization problem where, with-

out loss of generality, every objective is to be maximized, and the objec-

tive values are always positive, we define the solution space to be an n-

dimensional space where each axis represents the value of one objective.

We also make the assumption that the minimum possible value of each ob-

jective is positive. For a given error bound ϵ > 0, we divide the solution

space into hypercubes where the upper bound is 1 + ϵ the lower bound on

each axis, with the smallest value of the lower bounds being the minimum

72



possible value of the corresponding objective. Similar to the definition of

Pareto-dominance, for two different hypercubes, if for each axis, the upper

bound of the first hypercube is greater than or equal to the upper bound of

the second hypercube, we say that the first hypercube dominates the second

hypercube.

To compare two or more sets of solutions, we first identify all of the ϵ-

hypercubes that are occupied by at least one solution in any of the solution

sets. We then find the set of occupied hypercubes that are not dominated by

any other occupied hypercube. Finally, we compute for each set of solutions

the number of non-dominated hypercubes they occupy. If one set of solutions

covers more non-dominated ϵ-hypercubes than the other set, we say that

the first solution set has better ϵ-coverage than the second solution set.

Notice that since the set of occupied hypercubes will change depending on

the sets of solutions compared, the number of non-dominated hypercubes

covered by one set of solutions may change depending on the solution sets

compared to, so the number of non-dominated hypercubes covered cannot

be used as a universal metric of the quality of approximate Pareto frontiers.

However, when comparing fixed sets of solutions, the metric provides a good

comparison of the accuracy and coverage of the solution sets.

Experiment Setup

To show the general ability of our methods and provide scalability insights,

we considered two smaller sub-basins of the Amazon basin: Marañón and

Ucayali, for which we can directly compute the six-objective approximate

Pareto frontier with an error bound of ϵ = 0.1. (We can only optimize for six
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objectives using ϵ = 1.0 or 1.5 and the quality of the solutions is very poor.)

We compute the Pareto frontiers with respect to the six important criteria

introduced in the introduction: hydropower generation, river connectivity

index, sediment transportation, biodiversity impact, the degree of river reg-

ulation, and greenhouse gas emissions. To speed up the computation, we

use a parallelized version of the modified DP algorithm shown in Section

2.2 that computes the exact or approximate Pareto frontier. Our baseline is

to directly optimize for all the six criteria with the minimal approximation

factor the runtime constraints allow.

When setting up the expansion method, we always include hydropower

generation as a single objective. Otherwise the optimal solution would be

the trivial solution of building no dams. Our goal is approximate the six-

objective Pareto frontier of the whole Amazon basin, where the DP algo-

rithm can only compute or approximate the Pareto frontier within a rea-

sonable amount of time for no more than 4 criteria. Thus, for the Expan-

sion method, we consider all the possible three-objective combinations

(referred to as Expansion-3) and four-objective combinations (referred to

as Expansion-4), and they both consider
(
5
2

)
= 10 combinations.

Experimental Results

We use the number of non-dominated hypercubes occupied by the solutions

computed by a given method as a metric of performance. For the comparison

of solution sets, from both fine-grain and coarse perspectives, we used two

hypercube error bounds, ϵ = 0.01 and ϵ = 0.05. The results are summarized

in Table 3.
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Basin hypercube ϵ Baseline (6D)(ϵ = 0.1) Expansion-3 (ϵ = 0) Expansion-4(ϵ = 0.01) Expansion-3 and 4 Total

Marañón 0.1 33 175 125 234 250

Marañón 0.05 135 580 472 930 1044

Ucayali 0.1 141 116 106 153 201

Ucayali 0.05 861 456 499 736 1252

Table 3: Non-dominated hypercubes occupied by the different methods.

Note that the occupied non-dominated hypercubes are computed through

merging and comparing DP solutions and Expansion solutions. The number

in the parentheses is the number of criteria that are considered by the DP

algorithm. The epsilon is used in the hypercube computation. Expansion

is a good approximation for all the basins, outperforming the baseline DP,

which provides a theoretical approximation guarantee.

We find the set of hypercubes occupied by the solutions of each method.

We then combine these hypercubes and remove the dominated ones to form

the hypercube Pareto frontier. Since the number of solutions for each sub-

experiment is quite large, and there are many solutions that are highly

similar, we sort the solutions with respect to the number of dams they

build and sample 3000 solutions uniformly from each sub-experiment of the

Expansion method. For the baseline methods, we select all of their solutions.

For each method, we count how many grids of its solution set belong to the

hypercube Pareto frontier. Table 3 shows that even for the smaller sub-

basins like Marañón and Ucayali, for which the DP-based algorithm can

compute the six-objective Pareto frontier with a 0.1 approximation factor,

the expansion method can get an as good or better approximation of the

Pareto frontier.

In conclusion, the Expansion method provides a good Pareto frontier
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approximation for two smaller Amazon sub-basins. Furthermore, we expect

that for the whole Amazon basin for six criteria, the expansion method will

also provide a high-quality approximation of the Pareto frontier.

2.7 Visualizing the Pareto frontier

Visualizing the Pareto frontier on a two-dimensional space is straightforward

when two objectives are considered. However, simultaneous consideration

of three or more objectives adds considerable complexity to interpreting

optimization outcomes, given the inherent limitations of human cognition in

visualizing high-dimensional spaces. This complexity is further compounded

by our methods having the power to generate the Pareto frontier for many

objectives for a small ϵ, which translates into a very large number of Pareto

optimal solutions. In order to support policy-maker in the decision-making

process of hydropower planning and facilitate a better understanding of

the optimization solutions, we developed an interactive visualization tool:

Amazon EcoVistas, for showcasing and exploring the high-dimensional

Pareto frontier.

Amazon EcoVistas provides three types of visualizations. The first one

is an interactive map (A) showing the locations of dams contained in a given

solution selected by clicking a specific point (yellow star) in the 2-D scatter

plots (B-F). The 2-D scatter plots (B-F) show criterion-specific outcomes for

each solution in the 6-D Pareto frontier, illustrating the tradeoffs for each

pair of energy and environmental criteria when all criteria are considered.

The magenta diamonds in B-F are solutions selected using the parallel coor-
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dinate plot (shown as colored lines in G); the orange dots are the remaining

unselected solutions in the 6-D Pareto frontier. In the parallel coordinate

plot in G, each coordinate corresponds to the value of a criterion, and each

zigzag line connecting different values on the coordinates corresponds to a

single solution. Constraints can be added to each objective (shown as pink

lines on the coordinates), and only the solutions that satisfy the constraints

will be shown in color. We believe that the parallel coordinate plot will

greatly aid decision makers in removing unwanted solutions and that the

scatter plots will better illustrate the trade-offs between different objectives.

Figure 15: A Screenshot of the webpage of Amazon EcoVistas,

(https://www.cs.cornell.edu/gomes/udiscoverit/amazon-ecovistas/), an in-

teractive tool for visualizing Pareto frontiers.
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2.8 Discussion

Motivated by the pressing real-world problem of hydropower dam placement

in the Amazon basin, this work introduces novel methods for approximat-

ing the Pareto frontier for multi-objective optimization problems on tree-

structured networks. We present two new methods, the DP-based method

and the MIP-based method, that provide approximation guarantees and

run efficiently for the whole Amazon basin for no more than four objectives.

More specifically, the DP-based method is an FPTAS and can compute the

exact Pareto frontier for two objectives for the whole Amazon basin. We also

discussed how to incorporate DCIP, a critical objective previously incom-

patible with the DP method, into the DP-based and MIP-based methods.

Then, we address the issue that the runtime of the DP-based algorithm is

still exponential in the number of objectives and introduce the Expansion

method, which is shown to be able to produce good approximations of the

Pareto frontier in practice. Lastly, we discuss how we should communicate

our results with the decision-makers and present an interactive visualization

tool: Amazon EcoVistas, for showcasing and exploring the high-dimensional

Pareto frontier.

Going forward, we aim to further improve the speed and accuracy of the

DP-based algorithm. We discover that the solutions generated by combining

Pareto frontiers from child nodes have a lattice-like structure, which could

be exploited to reduce the time needed for pruning sub-optimal solutions.

Another direction we are considering right now is to produce more robust

solutions such that even if a few dams in one solution cannot be built in the
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end, we can still find a similar feasible solution.

We believe this research provides ecologists and decision-makers with

efficient optimization tools for hydropower planning. We hope our work will

lead to more awareness of the potential impacts of hydropower dams and

promote strategic planning of hydropower dams on larger scales.
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Chapter 3

Augmented online metric matching for applications in

invasive species management

With the success of machine learning models for prediction, integrating

such learned models into real-world systems has become a critical chal-

lenge. While the models are typically evaluated with aggregate statistics,

e.g., accuracy on a test set, for many applications, such averages might

not necessarily imply efficiency. For example, in combinatorial optimiza-

tion, predicting most of the choices correctly might nonetheless lead to poor

solutions. An emerging paradigm for integrating machine learning into opti-

mization algorithms is to consider learning augmented algorithms [Lykouris

and Vassilvitskii, 2018] while giving theoretical guarantees. We assume that

we have a machine learning model that gives incomplete or partly incorrect

predictions or just an oracle with incomplete knowledge. Then, given access

to the model or oracle, we wish to construct an algorithm that provably

performs well as long as we obtain enough correct information, but still

gives guarantees for inaccurate predictions. This approach applies to many

problems in computational sustainability where data is abundant yet noisy,

and we still want to provide guarantees to ensure that resources are spent
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Figure 16: In invasive species management, we want to match observers to

spatial locations in a landscape that might contain invasive species. Ob-

servers might be employees whose efforts can be planned or opportunistic

citizen scientists whose engagement is unknown at the planning time.

efficiently [Dilkina and Gomes, 2010, Bondi et al., 2018].

In this chapter, we consider two matching problems subject to partial

information: matching citizen scientists to observation locations for invasive

species management and matching riders to taxis in urban mobility. In

both settings, some parts of the matching might be known a priori, while

other parts might be unknown. We model these problems as a semi-online

matching problem, where we want to find the minimum cost matching in an

online fashion given partial predictions of the graph, e.g., workers become

available one by one and must irrevocably be matched to jobs as they become

available.

A primary motivation for this project is coordinating the efforts of citizen

scientists for invasive species management as part of an ongoing collabora-

tion with the New York Natural Heritage Program, which contributes to the

state invasive species database through the online mapping system iMap-

Invasives [NatureServe, 2020 (Accessed 2020-07-01]. Citizen scientists is a

broad term for engaging volunteer citizens in science projects [Bonney et al.,
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2009, Cox et al., 2015], and data from citizen scientists and paid managers

are combined in the database to help the state of New York assess and

monitor the spread of over four hundred invasive species across the state.

Coordinating the effort of opportunistic citizen scientists with predictably

scheduled paid employees proves an important challenge in computational

sustainability. A pervasive problem in these settings is that citizen scien-

tists are opportunistic and possibly have misaligned incentives [Xue et al.,

2013]. Like many similar projects [Sullivan et al., 2009, Follett and Strezov,

2015], the database uses citizen scientists to monitor invasive species, but

the engagement of such citizen scientists is not known ahead of time. In

addition to these volunteers, the database collaborates with paid employees

whose schedules can be decided ahead of time. Another inspiration for this

work is from a competition on using data from the NYC Taxi and Limousine

Commission (TLC) and developing a machine learning model predicting the

duration of taxi rides. Matching taxi drives to passengers and adjusting

the matching between customers and taxis for model errors could also be

modeled as an online-matching problem with partial information.

In this chapter, we model the problems shown above as learning-augmented

min-cost matching problems and present an algorithm that provably im-

proves upon pessimistic algorithms in the learning augmented setting, with

an approximation bound that depends upon the amount of knowledge avail-

able. The majority of the work presented in this chapter has been reported

in Bjorck et al. [2021].
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3.1 Background

Min-Cost Matching. Consider a weighted bipartite graph G = (V,E)

with weights we for edge e. The two sides of the graph might represent, e.g.,

taxis and potential customers. We will refer to the two sides of the graphs

as the jobs S and workers R. A perfect matching E is a subset M ⊆ E

such that each node is incident to exactly one edge in E. The weight of a

matching E is w(E) =
∑

e∈E we. We will assume that there are n workers

and jobs; a perfect matching is then of size n. In our applications, we

primarily consider matching over spatial domains, e.g., matching taxis and

customers; we thus assume that the graph G is metric. Let d(i, j) denote

the distance between nodes i, j, the metric property then implies

d(i, j) + d(j, k) ≤ d(i, k) ∀i, j, k ∈ V (3.1)

The min-cost perfect matching problems entail finding a matching M

that minimizes w(M), which can be done in polynomial time [Kuhn, 1955].

Solutions often rely on so-called augmenting paths P (augmenting w.r.t.

some matching M), which are paths in G whose ending and starting nodes

are unmatched in M such that every other edge ∈ P is also ∈ M . Given

such a path, one can expand the matching M by setting

M ←M ⊗ P. (3.2)

Here ⊗ is the symmetric difference between the two sets, returning elements

found in exactly one of the operand sets.
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Online Matching. Online algorithms model scenarios where parts of a

problem are revealed one by one, but one needs to make irreversible choices

before all information is revealed. Online algorithms are typically evaluated

based on their competitive ratio, which measures the expected cost E[w(M)]

of the obtained solutionM and the optimal solutionM∗ that can be obtained

if all information was known a priori. The competitive ratio c is defined as

c = E
[
w(M)

w(M∗)

]
(3.3)

Learning Augmented Metric Matching. As machine learning meth-

ods have become increasingly successful, researchers are now interested in

the so-called learning augmented algorithm design, which utilizes incomplete

or noisy advice from a machine learning model or other possible sources

[Purohit et al., 2018, Lykouris and Vassilvitskii, 2018]. Here we assume the

information comes from some oracle (which need not be a machine-learning

model).

We will consider an online matching problem where parts of the network

are known ahead of time. Our goal is to construct an algorithm that can

use such side information and improve upon pessimistic online algorithms.

We will assume that the workers arrive in random order and formally define

our problem as

Definition 3. The learning augmented metric matching problem consists of

· a metric bipartite graph G with jobs S and workers R. We assume

|R| = |S| = n
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· A set Rp of predicted workers containing n − k workers known ahead

of time.

workers from R are revealed one by one in random order and must be irre-

vocably matched to a job upon arrival. An algorithm must output a perfect

matching E.

3.2 Related Work

Matching problems are ubiquitous in sustainability applications. Examples

include health interventions [Wilder et al., 2018], organ donor matching

[Roth et al., 2004], fair division of goods [Aleksandrov et al., 2015], and

supply-demand matching in energy storage [Pickard et al., 2009]. The idea

of learning augmented algorithms goes back at least to [Lykouris and Vassil-

vitskii, 2018], which studies the problem in the context of machine-learned

advice for caching policies. Other applications include frequency estimation

in data streams [Hsu et al., 2018], low-rank estimation [Indyk et al., 2019],

and scheduling [Lattanzi et al., 2020, Purohit et al., 2018]. Within matching,

Kumar et al. [2018] introduces semi-supervised maximum matching, online

matching where a certain subset of the nodes is known before. In this work,

we consider min-cost perfect matching, which introduces additional compli-

cations as the externalities of a single bad choice can grow substantially.

Pure online algorithms have a long history, see, e.g., [Karp et al., 1990],

but is still an active area of research [Buchbinder et al., 2019, 2020, Deva-

nur and Huang, 2017]. Both applications we consider here have extensive

literature owing to their practical importance. In the context of invasive
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species management, citizen science has proven to be a promising strategy

for conservation work [Crall et al., 2015, Rutledge et al., 2013, McKinley

et al., 2017]. On the computational side, considered methods include re-

inforcement learning [Taleghan et al., 2015], mixed integer programming

solvers [Büyüktahtakın et al., 2014], stochastic dynamic programming, and

other methods [Shea and Possingham, 2000]. From a theoretical perspective

Bjorck et al. [2018] considers a predator-prey model for biocontrol, Gupta

et al. [2018] uses Hawkes processes for modeling, and Spencer [2012] con-

siders an extension of the firefighter problem. Within the domain of urban

mobility [Lowalekar et al., 2018, Freund et al., 2019], various dimensions of

the problem have been considered. Examples include pricing [Qiu et al.,

2017], finding the minimum fleet size [Vazifeh et al., 2018], and allocating

multiple passengers to the same ride [Santi et al., 2014]. Again there is

a heterogeneous set of strategies considered, from traditional combinato-

rial optimization methods [Nair and Miller-Hooks, 2011] to reinforcement

learning [Schultz and Sokolov, 2018].

3.3 An Algorithm for Learning Augmented Matching

We now present a method for solving problems of the type given in Definition

3 by incorporating machine learning advice into classical online algorithms

[Raghvendra, 2016], a high-level illustration of the algorithm can be found

in Figure 17. We will first present the base algorithm and then discuss how

to improve it with local search.
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Algorithm 6:

input : Graph G = (E,N), jobs S ⊆ N , predicted workers

Rp ⊆ N , a random permutation R.

output: A matching M

1 M ← {} // current matching

2 G0 ← induced subgraph of G on Rp ∪ S

3 M∗ ← MinMatch (G0)

4 Mf ←M∗ // planned matching for predicted workers not revealed

5 ϕ← w(M∗)

6 for r ∈ R do

7 if r ∈ Rp then

8 M ←M ∪Mf (r)

9 else

10 P ← aug(r,M∗) minimizing ∆ϕ 3.4

11 ϕ← ϕ+∆ϕ(P,M∗) via 3.4

12 M∗ ←M∗
⊕

P

13 M ←M ∪ (r, s) where (r, s) are endpoints of P

14 end

15 end

16 Output M
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a)

jobs workers

not predicted

jobs workers

arrives

jobs workers jobs workers

b) c) d)

arrives

Figure 17: The high-level idea of our algorithm. a) For all predicted workers,

we first calculate an optimal matching M∗. b) When a predicted worker ar-

rives, we match it according to M∗. c) When an unpredicted worker arrives,

we calculate an augmenting path relative to M∗ and d) match the endpoints.

We improve this general strategy by adding a local search procedure.

3.3.1 Algorithm

The algorithm will maintain a matching M , which it outputs at the end, and

auxiliary matchings Mf and M∗, the latter of which is updated throughout

the procedure. At a high level, our strategy is to first find a suitable set

of jobs for the predicted nodes Rp and then update our matching M as

workers are revealed one by one via augmenting paths with respect to M∗.

Throughout the algorithm, we will keep track of the variable ϕ, which will

be useful for the analysis. At the very start, the algorithm initializes M to

the empty set and M∗ to the min-cost matching from all predicted workers,

using, e.g., the Hungarian method [Kuhn, 1955]. When predicted workers

arrive, they are assigned as per Mf . When an adversarial node r ∈ RA

is revealed, we find an augmenting path P from r to an empty job s that

minimizes ∆ϕ, defined as
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∆ϕ(P,M∗) =
∑

e∈P\M∗

w(e) (3.4)

after this, we update M∗ ←M∗
⊕

P and assign the worker to the endpoint

of P . See Algorithm 6.

3.3.2 Formal Analysis

It is straightforward to verify that Algorithm 6 gives a perfect matching, the

reason being that we always connect unpredicted workers with endpoints of

paths that are augmenting w.r.tM∗. Since all predicted workers are matched

in M∗ at the start, such paths must terminate in unmatched jobs.

Proposition 9. Algorithm 6 outputs a perfect matching.

Proof. Let S0 be the set of jobs matched in MinMatch (Rp). When a node

r /∈ Rp is revealed at time t and successfully matched to a job s we update

St ← St−1 ∪ {s}. We now claim that all jobs s ∈ St are matched in M∗

after the tth iteration. This statement holds at the start of the algorithm;

furthermore, it holds inductively as 1) when a worker r ∈ Rp is revealed, St

and M∗ are unchanged; 2) when a worker r /∈ Rp is revealed and matched to

s, M∗ is updated via an augmenting path P , after which all jobs in St−1 will

remain matched in M∗, and s will be matched in M∗ as it is the endpoint

of P .

When a worker r ∈ Rp is revealed, we can show that job s = Mf (r)

is yet unmatched in M . Firstly, all revealed adversarial workers r′ /∈ Rp

are matched to jobs s′ unmatched in M∗, as endpoints of augmenting paths

cannot be matched in M∗, and thus s′ /∈ St. Secondly, for any job s matched
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in Mf , s ∈ St for all t since s ∈ S0 and St grows monotonically. Now, since

workers r ∈ Rp are matched to jobs s ∈ St, and workers r′ /∈ Rp are

matched to jobs s′ /∈ St, the only way in which a worker r′ /∈ Rp could not

be matched to a job s′ would be if another worker r′′ /∈ Rp was already

matched to s′. This condition, however, would imply that two augmenting

paths P, P ′ would both end in s′, which is a contradiction as augmenting

paths must end in unmatched jobs.

Of more interest are the approximation guarantees, which will depend

upon k the number of unpredicted workers as follows.

Theorem 10. Algorithm 6 has competitive ratio O(1 + log k).

As is common in the analysis of learning augmented algorithms [Purohit

et al., 2018, Lykouris and Vassilvitskii, 2018], our algorithm will interpolate

between known methods at the extremes of perfect or unavailable machine

learning advice. The algorithm reduces to the Hungarian method or the

online method of [Raghvendra, 2016] at such extremes, borrowing from the

analysis of these methods but improving upon the O(log n) guarantee the

latter provides in the case of partial information. The algorithm can be

analyzed by bounding the value of ϕ. We first give a lower bound of ϕ.

Proposition 10. Let Mt be the matching at iteration t. For any t we then

have

w(Mt) + w(M∗
t ) + w(Mf \Mt) ≤ 2ϕ (3.5)

Proof. We use proof by induction. The statement holds at t = 0 trivially.

Assume that the statement holds for t. We now consider the case of t + 1
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and the incoming node r. If r ∈ Rp, the RHS of 3.5 is unchanged as per

Algorithm 6. r will be matched to s = Mf (r), and thus w(Mt) will increase

by w(e(r,s)) whereas w(Mf \Mt) will decrease by the same amount. The

LHS of 3.5 can also be proved similarly. If r /∈ Rp. We then have

w(M∗
i )− w(M∗

i−1) =
∑

e∈P\M∗
i−1

w(e)−
∑

e∈P∩M∗
i−1

w(e)

= ∆ϕ(Pi)−
(
1

2

∑
e∈P∩M∗

i−1

w(e) +
1

2

∑
e∈P∩M∗

i−1

w(e)

)
we add and subtract 1

2

∑
e∈P\M∗

i−1
w(e) in the parenthesis

= ∆ϕ(Pi)−
(

1

2

∑
e∈P∩M∗

i−1

w(e) +
1

2

∑
e∈P\M∗

i−1

w(e)

︸ ︷︷ ︸
= 1

2
ℓ(Pi)

+

1

2

∑
e∈P∩M∗

i−1

w(e)− 1

2

∑
e∈P\M∗

i−1

w(e)

︸ ︷︷ ︸
=− 1

2
(w(M∗

i )−w(M∗
i−1))

)
.

Thus

1

2

(
w(M∗

i )− w(M∗
i−1)

)
= ∆ϕ(Pi)−

1

2
ℓ(Pi). (3.6)

Using the metric property we have ℓ(P ) ≥ d(r, s), and we note that d(r, s)

is ∆w(M). This gives us

∆w(M∗) + ∆w(M) ≤ 2∆ϕ. (3.7)

As in 9 we know that s is unmatched in Mf , and since Mf is unchanged

w(Mf \M) is also unchanged. Thus the inductive statement still holds.
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Next, we utilize the random permutation to give an upper bound to the

expectation of ϕ. Here we use the fact that not all workers are adversarial

to improve upon pessimistic adversarial bounds [Raghvendra, 2016].

Proposition 11. E[ϕ] ≤ (1 +Hk)w(Mopt).

Proof. At t = 0, we have ϕ ≤ w(Mopt). We thus only need to bound the

change ∆ϕ from when we add r /∈ Rp. Let us consider the augmenting paths

from M∗
i to Mopt. Since Mopt is a perfect matching, there are n− i vertex

disjoint augmenting paths – one for each node that has not yet arrived. We

let P ′
j be the set of these augmenting paths. Then,

n−i∑
j=1

∆ϕ(P ′
j) =

n−i∑
j=1

( ∑
(s,r∈P ′

j /∈M∗
i )

d(s, r)

)
(3.8)

=
n−i∑
j=1

( ∑
(s,r∈P ′

j∩Mopt)

d(s, r)

)
≤ w(Mopt)

Here we use the fact that the paths are vertex disjoint. We now relabel the

workers such that worker ri is r
′
j . Since we always chose the path with the

smallest ∆ϕ, we have

∆ϕ(Pi) ≤ ∆ϕ(P ′
j)

In the random arrival model, all adversarial nodes are equally likely to arrive

at any time. Let us assume that k′ adversarial nodes have already arrived.

Using equation 3.8 we then have

E[∆ϕ(Pi)|ri ∈ A] ≤
1

k − k′

∑
q∈A

∆ϕ(Pq)
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≤ 1

k − k′

∑
q

∆ϕ(Pq) ≤
w(Mopt)

k − k′

In total, we then have

E[
∑
q

∆ϕ(Pq)] =
∑
q

E[1rq∈A]E[∆ϕ(Pi)|ri /∈ RpA]] (3.9)

≤ w(Mopt)

k∑
k′=1

1

k′

adding (3.9) to the fact that ϕ ≤ w(Mopt) at t = 0 yields the claim.

Proof of Theorem 10. Combining Proposition 10 for t = n and Proposition

11 gives us

1

2
E[w(M)] ≤ 1

2
E
[(
w(M) + w(Mf \M) + w(M∗)

)]

≤ E[ϕ] ≤ (1 +Hk)w(Mopt).

inspecting the ends of this inequality yields the result.

3.3.3 Improvement via Local Search

It is possible to perform a local search before assigning a worker to a job

to improve the solution further. When an adversarial worker r is revealed,

we find a minimum weight augmenting path P from r to empty job s and

use P to update M∗. Then, we define Nf to be the set of nodes that

are matched in Mf but not matched in M , and H to be a subgraph of G
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induced on Nf ∪ {r, s}. We observe that if we update Mf and assign r

based on the minimum weight matching on H, we can reduce the weight of

the final matching without disturbing the overall structure of the algorithm.

See Algorithm 7 for a complete description of the local search routine. If we

replace line 13 in Algorithm 6 with the local search routine, we can show

that M∗ will remain the same in every iteration. It is straightforward to

prove that this procedure can only improve Algorithm 6.

Algorithm 7: LocalSearch(r, s)

1 Nf ← nodes that are matched in Mf but not matched in M

2 H ← induced subgraph of G on Nf ∪ {r, s}.

3 Mf ← MinMatch(H)

4 M ←M ∪Mf (r)

Proposition 12. The Local Improvement Algorithm always outputs a per-

fect matching at least as good as Algorithm 6.

Lemma 1. Given the same input arguments, the matching M∗ in the Local

Improvement Algorithm remains the same as the M∗ in Algorithm 6 in every

iteration.

Proof. The lemma holds initially. In each iteration, if r is predicted, M∗

remains unchanged; if r is unpredicted, under the condition that M∗ in both

algorithms are the same after the previous iteration, the minimum augment-

ing path P and subsequentlyM∗ should also be the same in both algorithms.

By induction, we prove that M∗ is the same across both algorithms in every

iteration.
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Lemma 2. After every iteration, the set of jobs matched in either Mf or M

is the same as the set of jobs matched in M∗. Also, if a node is matched in

both M and Mf , it should be matched to the same node in both matchings.

M and Mf are always valid matchings.

Proof. The lemma is true at the start. Assume that the lemma holds after

the previous iteration. If r is predicted, both sets are unchanged, and r is

matched to the same node in Mf and M , so the lemma still holds. If r is

unpredicted, s should be unmatched in M∗ because it is the endpoint of

an augmenting path of M∗, and therefore should also be unmatched in Mf

and M based on our induction assumption. After updating M∗ with P , s

is added to the set of jobs matched in M∗. Next, Nf should have the same

number of jobs and workers since the overlapping nodes of M and Mf have

a perfect matching. Note that r is unpredicted, so r and s are not in Mf ,

M or Nf . The induced subgraph H on Nf ∪ {r, s} should then have the

same number of jobs and workers, and all of them are unmatched in M .

Thus, the new Mf is a perfect matching on H where s and all jobs in Nf

are matched. Note that all jobs removed from Mf are already matched in

M , so the set of jobs matched in either Mf or M is still the same as the set

of jobs matched in M∗. Finally, we update M to be M ∪Mf (r). Both nodes

from in Mf (r) are unmatched in M before the step, so the new M is still

a matching. Also, nodes in Mf (r) are the only overlapping nodes between

Mf and M , so the second part of the lemma still holds. By induction, we

prove that the lemma holds after every iteration.

Proof of Proposition 12. By Lemma 2, we know that the output M is a
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matching. Since all workers are matched in M , and we have the same

number of workers and jobs, we know that M is a perfect matching. Also,

by Lemma 2, we know that M ∪Mf and Mf \M are valid matching. We

consider the value of w(M ∪Mf ) in both algorithms, which in the end will

be the weight of the output matching. In the beginning, the two values

are equal. In every iteration, if r is predicted, the value is unchanged in

both algorithms; if r is unpredicted, w(M ∪Mf ) is increased by w(r, s) in

Algorithm 6. In the Local Improvement Algorithm, before we update Mf ,

we know that

w(M ∪Mf ) + w(r, s) = w(M) + w(Mf \M) + w(r, s)

≥ w(M) + w(MinMatch(H)).

Thus, the increase of w(M ∪Mf ) is less than or equal to w(r, s) after

the iteration. Hence, the increase of w(M ∪Mf ) in the Local Improvement

Algorithm is less than or equal to that of Algorithm 6 in every iteration.

In conclusion, the Local Improvement Algorithm always outputs a perfect

matching at least as good as Algorithm 6.

3.4 Experimental Results

To evaluate our algorithms, we perform experiments using data from two

real-world datasets from invasive species management and taxi-cab match-

ing. We consider the problem of finding the minimum cost perfect matching

in the setting of Definition 3. We compare our algorithms with the following

baselines:
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method 2/21 2/22 2/23 2/24 2/25 2/26 2/27 3/21 3/22 3/23 3/24 3/25 3/26 3/27

opt 132 179 87 129 92 143 256 249 110 77 192 137 117 118

bipartite 0.5 163 235 133 176 131 196 337 319 164 104 253 218 180 178

bipartite 1.0 192 271 142 195 143 222 401 381 180 107 304 228 198 190

bipartite 2.0 257 354 179 242 193 279 520 501 215 137 387 301 245 238

online 156 227 111 170 130 191 333 294 143 94 235 201 174 181

hybrid 156 227 112 171 129 178 333 294 143 94 234 201 172 181

greedy 158 238 136 177 135 204 353 299 173 104 241 210 177 181

local 154 203 99 156 118 177 282 262 133 90 218 180 167 154

adversarial 158 238 137 177 135 204 352 300 176 104 242 212 181 183

method 4/21 4/22 4/23 4/24 4/25 4/26 4/27 5/21 5/22 5/23 5/24 5/25 5/26 5/27

opt 89 168 106 160 184 135 115 260 161 134 116 184 196 149

bipartite 0.5 137 236 138 228 256 206 160 339 230 187 176 259 257 204

bipartite 1.0 142 277 159 250 277 215 180 380 266 200 184 292 291 223

bipartite 2.0 185 363 200 328 341 260 227 476 332 255 257 370 379 267

online 130 228 130 221 237 186 156 315 229 163 166 244 235 191

hybrid 130 228 129 217 237 186 154 315 227 163 167 242 235 191

greedy 140 241 133 222 239 210 160 322 219 190 178 243 242 199

local 116 200 124 201 230 152 144 301 201 151 154 232 220 173

adversarial 142 242 134 225 239 211 161 323 224 189 179 246 243 202

Table 4: Total distance (km) traveled for various methods on the taxi match-

ing problem for dates (given as month/day) in 2016. Less is better. We see

that our local-search method consistently outperforms alternatives.
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· A greedy algorithm that myopically assigns a worker r to the closest

unmatched job s. We refer to it as greedy.

· A naive matching algorithm that first predicts the min-cost matching

of the predicted workers and reserves the workers not matched to this

set to be greedily matched to unpredicted workers. This comes with

no guarantees, and we refer to it as hybrid.

· The semi-supervised matching algorithm of [Kumar et al., 2018], which

reserves a set of jobs for unpredicted workers with low ”externality”.

This algorithm was developed for unweighted maximum matching; we

adopt it by considering edges present if their distance is less than

some cutoff proportional to the average distance per edge in the op-

timal solution. For constant of proportionality p, we refer to these

as bipartite-p. Nodes that cannot be matched with edges below the

threshold are matched greedily.

· The online algorithm of [Raghvendra, 2016] which gives pessimistic

performance guarantees and does not use any additional information,

and we refer to it as adversarial.

We will refer to our algorithm, with and without the local search routing,

as online and local, respectively.

3.4.1 Taxi-Cab Matching

We first conduct experiments on matching taxi drivers to customers. Traffic

conditions and other issues are typically hard to predict. To this end, NYC
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predicts duration

drivesrides

Figure 18: In urban mobility, matching customers to drivers is challenging

as, e.g., changing traffic conditions make it hard to estimate the travel time.

We use a machine learning model to predict the trip duration and evaluate

our algorithm’s ability to generate matchings when facing prediction errors.

Figure 19: The area for the taxi dataset, each dot corresponds to a ride.

Note the outline of Manhattan and Central park.
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method 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005

bipartite 0.5 4777 4896 5310 4587 3723 4783 5645 6897 5873 4312 6723 3246 4003 5410

bipartite 1.0 5346 5494 5519 4880 3944 4925 5964 7103 6224 4560 6995 3360 4165 5812

bipartite 2.0 5444 5685 6132 5466 4837 6158 7395 8806 7209 5455 8003 4601 5109 6478

online 4316 4899 5005 4305 3094 4469 5042 6665 5006 3836 5967 2821 3897 4689

hybrid 4316 4899 4963 4268 3094 4469 5042 6665 4898 3814 5967 2851 3753 4690

greedy 4792 4835 5075 4387 3616 4689 5719 6734 5738 4349 6543 3441 4027 5314

local 4085 4583 4706 4000 3094 4250 4692 6204 4881 3497 5695 2700 3229 4417

adversarial 5079 5006 5202 4441 3801 4737 5758 7144 5966 4352 6462 3550 3944 5952

opt 4083 4443 4701 3973 3092 4158 4659 6145 4862 3415 5635 2575 3079 4399

method 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019

bipartite 0.5 4272 4656 3324 4550 4214 4439 3978 5675 1705 1971 1983 1856 2043 1921

bipartite 1.0 4309 5152 3840 5124 4278 4780 4249 6155 1798 2310 2206 1933 2171 2071

bipartite 2.0 5023 5825 4402 5622 5553 6003 5250 8199 2594 2587 2831 2556 2372 2438

online 3531 4624 3108 3883 3797 4861 4261 5897 1898 2129 2224 1849 1842 1836

hybrid 3530 4652 3063 3885 3903 4889 4468 6107 1915 2155 2249 2044 1970 1899

greedy 3990 4493 3394 4478 4224 4342 3920 5415 1746 2029 2174 1855 1779 1902

local 3363 4061 2819 3659 3556 3999 3658 5468 1703 1982 1935 1699 1726 1759

adversarial 4211 4544 3335 4619 4280 4433 3654 5779 1906 2173 2062 2025 1999 1968

opt 3278 3723 2602 3617 3272 3552 3066 4819 1362 1490 1477 1372 1413 1389

Table 5: Total distance (km) traveled for various methods on the invasive

species management problem by year. Less is better. We see that our

method local typically outperforms alternatives, only being beaten by a

small margin for three years.

Taxi and Limousine Commission (TLC) released a dataset of roughly two

million taxi rides in the greater NYC area and organized a competition to

predict the duration of taxi rides [TLC, 2016]. The dataset contains the

location and time of pickup/dropoff of customers and various other data

(e.g., number of passengers, taxi company), but not the time of the cab

order. See Figure 19 for an illustration over the geographic area. We consider

the problem of matching taxis (workers) to riders (jobs). To construct the
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graph, we consider all n taxi cabs that become available in some time interval

[T, T + td] (i.e., they drop off a customer in this interval) and try to match

them to the next n customers. We aim to minimize the Manhattan distances

from the initial dropoff to the next pickup, and the edge weights correspond

to this quantity. In the spirit of the original competition, we construct

a machine learning model that predicts the duration of taxi rides. (The

machine learning model is implemented using random forests via XGBoost

[Chen and Guestrin, 2016]. Features used in the prediction model include

distance, pickup and dropoff area, and the time of the day.) Taxis that are

predicted to be free for new customers after T + td, but arrive before the

time point due to beneficial traffic conditions, miscalibrated prediction, or

other factors are treated as unpredicted workers. The other taxis that arrive

as predicted are treated as predicted workers. In practical applications, one

might also want to optimize for waiting time. As such information is not

available for this dataset, we defer such studies to future work. We consider

seven days for each of four months in 2016, taking T = 3 pm and td as 30

minutes. Results are given in Table 4, where we see that our method with

local search consistently gives the best matchings.

3.4.2 Invasive Species Management

We now consider the problem of invasive species management as part of a

collaboration with the New York Natural Heritage Program. The dataset

upon which the experiments are conducted comes from the iMapInvasives

project [NatureServe, 2020 (Accessed 2020-07-01]. Its database currently

consists of more than 200,000 observations and 408 species, spread over

101



more than 30 years and 2,200 observers. Of central importance is the het-

erogeneous agents collaborating on this initiative; the state is divided into

eight regions administered by individual organizations that make use of both

employees and individual citizen scientists. For each year, we will aim to

match volunteers/employees (workers) to sites deemed necessary for in-

vestigation (jobs). For this task, we do not assume that the side advice

comes from a machine learning model, but instead that volunteers are un-

predicted due to their opportunistic engagement, whereas employees are

known ahead of time. Observations are typically strongly correlated at the

small scale, representing observations conducted the same day a couple of

meters apart. We divide the landscape into patches corresponding to 0.2

degrees latitudes/longitudes and subsample the set of observations so that

each patch has at most one observation per year, approximately correspond-

ing to a day’s work. Then, for each year, we construct the matching graph

where the jobs correspond to the observations conducted that year, and the

workers correspond to the observers. As we have not been able to obtain

employment data, observers that only conduct one observation for a given

year and have no previous observations are treated as citizen scientists (mod-

eled as unpredicted workers), others as employees (predicted workers). We

weight an edge by the distance from the centroid of the employee’s/citizen

scientist’s observations to the observation location. The results are shown

in Table 5, where we see that our method outperforms the alternatives. We

also consider an ablation experiment to evaluate the impact of the number

of predicted observers. Instead of treating the observers as unknown based

on historical data, we randomly pick the observer to be predicted or not.
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Figure 20: The geographical area that the invasive species dataset covers,

each dot corresponds to an observation, on the ground, of an invasive species.

Data are collected over 31 years.

We then plot the average distance traveled, averaged over all years and five

repetitions (with five fixed seeds), as a function of the fraction of known

nodes. The results are given in Figure 21, with performance improving as

with predicted observers.

3.5 Discussion

Motivated by problems in computational sustainability, this work introduces

a novel learning augmented method for matching problems with partially

unknown nodes. The proposed algorithm interpolates between a completely

known setting and an adversarial online setting, and we provide a theoretical

bound that improves with accurate predictions. We evaluate our method on

two large-scale datasets covering urban mobility and invasive species man-

agement and find that our method consistently outperforms alternatives.
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Figure 21: Ablation experiments showing the performance on the invasive

species management matching problem of various algorithms, as the fraction

of predicted nodes changes. Solution quality is given by the average cost of

matchings, measured in kilometers. Our proposed methods improve upon

the alternatives and improve as the number of predicted nodes grows.
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We believe this research direction is broadly applicable to problems in com-

putational sustainability and hope that it can inspire future work outside of

our two applications.
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Chapter 4

Conclusions

The main goal of this research is to tackle real-world sustainability problems

that are not only impactful to various environmental, social, and economic

aspects of the world but also difficult and intriguing from a computational

perspective. The works presented in this thesis are all in alignment with

this goal.

In Chapter 2, we perform an in-depth study of the Amazon Dam Place-

ment Problem, which has a significant impact on the lives of the local people

and the ecosystem of the whole planet due to the importance of the Amazon

Basin. The rapid proliferation of hydropower dams in the Amazon basin will

heavily impact many ecosystem services provided by river networks, such

as energy production, navigation, biodiversity, sediment and nutrient pro-

duction, and fresh-water fisheries. Therefore, it is imperative to integrate

ecosystem service trade-offs into decision-making models for the placement

of hydropower dams in the Amazon Basin. To this end, we model the

hydropower dam placement problem as a multiobjective optimization prob-

lem on a tree-structured network and identify a set of six objectives that

characterizes the major environmental and socio-economical impacts of the
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dams. This multiobjective optimization problem is NP -hard, and no exist-

ing method provides runtime and approximation guarantees. To solve this

issue, we develop a DP-based algorithm that exploits the tree structure of

the problem. The DP-based algorithm provides theoretical guarantees and

runs very efficiently for no more than four objectives for the whole Amazon

basin. The FPTAS DP-based algorithm is now considered a state-of-the-art

algorithm in the field of hydropower planning. We also presented a comple-

mentary MIP-based method that provides more flexibility when considering

additional constraints and can be used to search in a small specific solu-

tion space. Then, we address the issue that the runtime of the DP-based

algorithm is still exponential in the number of objectives and introduce the

Expansion method, which is shown to produce good approximations of the

Pareto frontier in practice. Lastly, we discuss how we should communicate

our results with the decision-makers and present an interactive visualization

tool: Amazon EcoVistas, for showcasing and exploring the high-dimensional

Pareto frontier.

In Chapter 3, we study the problem of coordinating citizen scientists

for invasive species planning as part of an ongoing collaboration with the

New York Natural Heritage Program, which contributes to the state in-

vasive species database through the online mapping system iMapInvasives.

Data from citizen scientists and paid managers are combined in the database

to help the state of New York assess and monitor the spread of over four

hundred invasive species across the state. We formulate the problem as an

online matching problem with partial information, where we want to find

the minimum cost matching in an online fashion given partial predictions of
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the graph, e.g., citizen scientists that become available one by one and must

irrevocably be matched to survey locations as they show up. We develop an

algorithm that fully utilizes prior knowledge and provably improves upon

pessimistic algorithms in the learning augmented setting, with an approxi-

mation bound that depends upon the amount of knowledge available. Our

algorithm consistently outperforms baselines. We also prove approximation

guarantees for the algorithm, which depends upon how much knowledge we

have access to.

Personally, it has been a great honor for me to be able to collaborate

with passionate and knowledgeable researchers from several fields and con-

tribute to real-world applications with direct social impact while at the same

time developing formal models and algorithms that add to the innovation of

computer science. Going forward, the problems and methods presented in

this thesis will surely provide a foundation for continued research in more

combinatorial optimization problems in computational sustainability.
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Marcus Märtens and Dario Izzo. The asynchronous island model

and nsga-ii: Study of a new migration operator and its perfor-

mance. In Proceedings of the 15th Annual Conference on Ge-

netic and Evolutionary Computation, GECCO ’13, page 1173–1180,

New York, NY, USA, 2013. Association for Computing Machin-

ery. ISBN 9781450319638. doi: 10.1145/2463372.2463516. URL

https://doi.org/10.1145/2463372.2463516.

Duncan C McKinley, Abe J Miller-Rushing, Heidi L Ballard, Rick Bonney,

115



Hutch Brown, Susan C Cook-Patton, Daniel M Evans, Rebecca A French,

Julia K Parrish, Tina B Phillips, et al. Citizen science can improve con-

servation science, natural resource management, and environmental pro-

tection. Biological Conservation, 208:15–28, 2017.

Rahul Nair and Elise Miller-Hooks. Fleet management for vehicle sharing

operations. Transportation Science, 45(4):524–540, 2011.

NatureServe. iMapInvasives: NatureServe’s online data system supporting

strategic invasive species management, 2020 (Accessed 2020-07-01). URL

http://www.imapinvasives.org.

Frank Neumann. Expected runtimes of a simple evolutionary algorithm for

the multi-objective minimum spanning tree problem. European Journal

of Operational Research, 181(3):1620 – 1629, 2007.

C. H. Papadimitriou and M. Yannakakis. On the approximability of trade-

offs and optimal access of web sources. In Proceedings of the 41st Annual

Symposium on Foundations of Computer Science, FOCS ’00, 2000a.

Christos H Papadimitriou and Mihalis Yannakakis. On the approximability

of trade-offs and optimal access of web sources. In Proceedings 41st an-

nual symposium on foundations of computer science, pages 86–92. IEEE,

2000b.

William F Pickard, Amy Q Shen, and Nicholas J Hansing. Parking the

power: Strategies and physical limitations for bulk energy storage in

supply–demand matching on a grid whose input power is provided by

116



intermittent sources. Renewable and Sustainable Energy Reviews, 13(8):

1934–1945, 2009.

Manish Purohit, Zoya Svitkina, and Ravi Kumar. Improving online algo-

rithms via ml predictions. In Advances in Neural Information Processing

Systems, pages 9661–9670, 2018.

Chao Qian, Yang Yu, and Zhi-Hua Zhou. An analysis on recombination

in multi-objective evolutionary optimization. Artificial Intelligence, 204

(Supplement C):99 – 119, 2013.

Chao Qian, Yang Yu, and Zhi-Hua Zhou. Pareto ensemble pruning. In Pro-

ceedings of the Twenty-Ninth AAAI Conference on Artificial Intelligence,

AAAI’15, pages 2935–2941, 2015.

Chao Qian, Ke Tang, and Zhi-Hua Zhou. Selection hyper-heuristics can

provably be helpful in evolutionary multi-objective optimization. In In-

ternational Conference on Parallel Problem Solving from Nature, pages

835–846. Springer, 2016.

Han Qiu et al. Dynamic pricing in shared mobility on demand service and its

social impacts. PhD thesis, Massachusetts Institute of Technology, 2017.

Sharath Raghvendra. A robust and optimal online algorithm for minimum

metric bipartite matching. InApproximation, Randomization, and Combi-

natorial Optimization. Algorithms and Techniques (APPROX/RANDOM

2016). Schloss Dagstuhl-Leibniz-Zentrum fuer Informatik, 2016.

Alvin E Roth, Tayfun Sönmez, and M Utku Ünver. Kidney exchange. The

Quarterly journal of economics, 119(2):457–488, 2004.

117



Samuel G. Roy, Emi Uchida, Simone P. de Souza, Ben Blachly, Emma

Fox, Kevin Gardner, Arthur J. Gold, Jessica Jansujwicz, Sharon Klein,

Bridie McGreavy, Weiwei Mo, Sean M. C. Smith, Emily Vogler,

Karen Wilson, Joseph Zydlewski, and David Hart. A multiscale ap-

proach to balance trade-offs among dam infrastructure, river restora-

tion, and cost. Proceedings of the National Academy of Sciences,

115(47):12069–12074, 2018. doi: 10.1073/pnas.1807437115. URL

https://www.pnas.org/doi/abs/10.1073/pnas.1807437115.

Claire Rutledge, Melissa Fierke, Philip Careless, and Thomas Worthley.

First detection of agrilus planipennis in connecticut made by monitor-

ing cerceris fumipennis (crabronidae) colonies. Journal of Hymenoptera

Research, 32:75, 2013.

Paolo Santi, Giovanni Resta, Michael Szell, Stanislav Sobolevsky, Steven H

Strogatz, and Carlo Ratti. Quantifying the benefits of vehicle pooling with

shareability networks. Proceedings of the National Academy of Sciences,

111(37):13290–13294, 2014.

Laura Schultz and Vadim Sokolov. Deep reinforcement learning for dynamic

urban transportation problems. arXiv preprint arXiv:1806.05310, 2018.

K Shea and Hugh Philip Possingham. Optimal release strategies for biolog-

ical control agents: an application of stochastic dynamic programming to

population management. Journal of Applied ecology, 37(1):77–86, 2000.

Wanxing Sheng, Yongmei Liu, Xiaoli Meng, and Tianshu Zhang. An im-

proved strength Pareto evolutionary algorithm 2 with application to the

118



optimization of distributed generations. Computers and Mathematics with

Applications, 64(5):944 – 955, 2012.

Qinru Shi, Jonathan M. Gomes-Selman, Roosevelt Garćıa-Villacorta,
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