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Symmetries provide valuable insights into theories of physics. In recent years, analyses of the

symmetries of general relativity – our best tested theory of gravity – have led to remarkable advances

in our understanding of the nature of gravity in our universe. It is the goal of this thesis to describe

some of these advances. A technical summary of the contents of this work is as follows. In this

thesis, the algebra of symmetries and the charges associated with null and spatial boundaries in

four-dimensional spacetimes in general relativity are rigorously derived. All reported work herein is

in the context of asymptotic boundaries in asymptotically flat spacetimes. In addition, previously

conjectured “matching” relations between the symmetries and charges associated with past and

future null infinity in asymptotically flat spacetimes are proven. Moreover, proposals for extensions

of the algebra of asymptotic symmetries are also studied. Finally, to analyze the implications of

asymptotic symmetries and the associated charges for classical scattering processes, a detailed study

of the low energy dynamics of a classical (complex) scalar field coupled to electromagnetism on

Minkowski spacetime is also included.
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Chapter 1
Introduction

General relativity is governed by a set of coupled, non-linear, second-order partial differential

equations. Solving these equations analytically in generic settings is an arduous challenge and, in

most cases, outright impossible.1 An idea from a first mechanics course however suggests a possible

work-around. Recall that the speed of a non-relativistic, frictionless ball (of a certain mass at a

certain height relative to its initial position, after it has been released with a certain speed) does not

necessarily need to be calculated by solving the second-order differential equation that governs its

motion (i.e Newton’s second law). It can in fact just be inferred from conservation of energy which

is related to the time translation symmetry of the system. The correspondence between symmetries

and conservation laws continues to similarly hold in general relativity and a detailed analysis of

the symmetries of a gravitational system can be used to deduce valuable information about it by

appealing to the corresponding conservation laws. A typical example of this would be a black hole

whose mass or electric charge at any time can be deduced from knowledge of the values of these

quantities when the black hole formed and the amount that has been radiated out by some later

time.2 These conservation laws also serve as important checks for numerical solutions (which is often

the best one can do) of the field equations.

It is the goal of this thesis to analyze what the symmetries of a general relativistic gravitational

1 At least given the existing methods for solving partial differential equations.
2 While this could sound like an intuitive statement, proofs that statements to this effect hold in general relativity

spanned years of work and were only recently completed in [7, 9–11]; see also chapter 5.

2
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system are and what conservation laws these correspond to. A particular focus of our interest will

be special kinds of gravitational systems, namely, isolated gravitational systems. Examples of such

systems include the exteriors of stars, galaxies and merging black holes in our universe when studied

in a setting where the influence of the rest of the universe is to be ignored. Such a setting is, for

example, ideal for studying a burst of gravitational wave radiation in relation to the black hole merger

that produced it. The notion of asymptotic flatness was developed by Penrose [12, 13] together with

Geroch [14], Arnowitt, Deser and Misner [15], and Ashtekar and Hansen [16, 17], precisely to model

such systems. This is why the framework of asymptotic flatness is used, for example, in all numerical

simulations of cosmic events like merging black holes (see, e.g, [18]). Motivated by the large class of

physically interesting systems in our universe that are modeled by the notion of asymptotic flatness,

we will exclusively focus on asymptotically flat spacetimes (to be precisely defined in chapter 2 and

chapter 3) and rigorously analyze their symmetries and conservation laws.

What makes an analysis of symmetries in general relativity particularly important is that

understanding these symmetries can provide insights into quantum gravity, a thus far elusive theory

which remains the holy grail of modern day theoretical physics. It was realized by Ashtekar [19–21]

that a promising avenue towards quantum gravity in asymptotically flat spacetimes is to quantize

the radiative modes of general relativity on the null asymptotic boundaries (or null infinities) of

asymptotically flat spacetimes. This means that the group of symmetries defined on these boundaries

provides a natural first guess for the symmetry group of the quantum theory. Promising evidence

that this guess is indeed correct has in fact recently been provided in the work of Strominger [22,23].

It has further been argued [24,25] that the structure of the symmetry algebra on the aforementioned

boundaries points to the existence of a conformal field theory that lives entirely on (cross-sections

of) these boundaries (and is referred to as a celestial conformal field theory) as a fully quantum,

holographic description of the bulk gravitational spacetime (see, e.g, [26] for a review of this topic).

While there is still work to do to fully thresh out these hypotheses and prove them, they appear to

be extremely promising. Their value underscores the need for a good understanding of the symmetry

structure of general relativity in order to get a handle on quantum gravity.

The study of symmetries in general relativity first acquired center stage as an area of the research
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in the 1960’s when the work of Bondi, van der Berg, and Metzner [27], and Sachs [28], aimed at

rigorously analyzing the “physicality” of gravitational waves led to a somewhat surprising conclusion.

They found that as one recedes infinitely far away in null directions from an (isolated) gravitating

source into a “weak” gravity regime, the symmetry group of this system does not reduce to the

Poincaré group, as one would have intuitively expected. In fact, in addition to the translations

and Lorentz transformations that comprise the Poincaré group, one obtains infinitely-many more

symmetries which (in an appropriate frame) correspond to arbitrarily angle-dependent translations,

or supertranslations. It was therefore found that the symmetry group of general relativity at (each)

null infinity in asymptotically flat spacetimes is an infinite dimensional group which is now referred

to as the Bondi-Metzner-Sachs (BMS) group.3 Building on this, in recent years, there has been

a surge in activity surrounding the long-distance (or “infrared”) dynamics of general relativity

(and, more generally, of gauge theories). As a result of this activity, a remarkable web of relations

has been discovered between three seemingly unrelated areas of infrared physics, namely: (i) soft

theorems, (ii) symmetries associated with asymptotic boundaries4 (or asymptotic symmetries) and

(iii) memory effects (see e.g [21,23] for recent reviews of this subject and a complete list of references

to related papers). Soft theorems govern the universal properties of scattering amplitudes in gauge

and gravitational theories in the limit where the energy of an external massless particle is taken

to zero. These are known to exist not just for gravitons in general relativity [29, 30], but also for

photons in electromagnetism [29, 31, 32], gluons in non-abelian Yang-Mills theory [33] and even

photinos [34] in supersymmetric gauge theories. In a series of seminal papers by Strominger et al.

(see [23]), these soft theorems were shown to be equivalent to the conservations laws associated with

asymptotic symmetries. Fourier transforms of these soft theorems were in-turn shown to be related

to memory effects which are physical effects that encode or “remember” the effect of an asymptotic

symmetry transformation. An example of a memory effect is the displacement memory effect where

a gravitational wave (whose integrated action on asymptotic data is that of an asymptotic symmetry

transformation) passing between two freely falling test masses results in a permanent shift in the

displacements of the masses relative to their initial displacements. Aspects of this triangular web of

3 A detailed discussion of definition, structure and other properties of this group will be given in chapter 2.
4 As we will elaborate below, the symmetries discussed in this thesis are all tied to the boundaries of the manifold on

which the theory is studied.
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relations have also been extended to higher dimensional spacetimes and various new kinds of soft

theorems, asymptotic symmetry transformations and memory effects as new avenues continue to be

explored in this rich subject (see, e.g, [35–37]).

Perhaps the most intriguing proposal to come out of this line of research in recent years has

been for black hole hair. It has been argued [38–40] that black holes possess (infinitely many) soft

(or zero-energy) “hair,” in addition to their mass, angular momentum and charge. It has further

been argued that the existence of these additional soft hair can be used to recover information from

black holes and thus circumvent the black hole information paradox [41]. This hypothesis has led

to (and in some cases borrowed from) proposals for an enlarged asymptotic symmetry algebra in

asymptotically flat spacetimes. It has been argued that the asymptotic structure of asymptotically

flat spacetimes in fact admits a larger symmetry algebra than the BMS algebra and that it is the

charges (to be defined below) associated with these extended symmetries that endow black hole

with soft hair (see, e.g Appendix D of [42] and Sec. 7.2 of [23]). Two such proposals have been to

extend the infinitesimal Lorentz transformations in the BMS algebra to (i) all infinitesimal local

conformal Killing transformations (also called Virasoro transformations) [43] and (ii) all smooth

diffeomorphisms of the 2-sphere [44, 45]. While a lot of recent work has been dedicated to these

two (and indeed in recent years other [46]) extensions, the question of whether these are actually

genuine extensions with a well-defined physical meaning associated with them is still somewhat up

for debate.5 Nevertheless, it is clear that research on asymptotic symmetries in general relativity

gets right to the heart of some of the most important problems in modern day theoretical physics.

* * *

An important part of this thesis will be calculations of symmetry algebras and their generators

on phase space. A mathematically rigorous way of studying symmetries and their corresponding

generators is given by the covariant phase space formalism, first developed in [47–51]. Since this

formalism will be used in multiple places throughout this thesis, we describe it in detail here, following

the pedagogical discussion given in [52].

5 Short of resolving this question, we will discuss the second extension mentioned above at length in chapter 4 of this
thesis.
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A summary of the covariant phase space formalism

The essential goal of the covariant phase space formalism is to provide a covariant description of the

dynamics of a field theory on a manifold without picking a preferred foliation by “constant time”

slices. This is in contrast to what is generally done in “non-covariant” phase space analyses of the

kind one encounters in the hamiltonian formulation of general relativity which involves making a

choice of time slicing. In the covariant phase space formalism, one works with the entire set of

solutions to the field equations. This set has the structure of a pre-phase space on which one can

define a pre-symplectic structure as we will discuss below. Quotienting out the degeneracies of

the pre-symplectic form then gives us the “true” symplectic form and the resulting space then has

the structure of a “true” phase space on which Poisson brackets are well-defined. In the ensuing

analysis in this thesis (unless otherwise stated), we will drop the prefix “pre-” while assuming that

the aforementioned reduction procedure can be and has been carried out on our space of solutions to

arrive at the “true” phase space. It is worth pointing out that in a globally hyperbolic spacetime, all

solutions to the field equations can be identified, up to gauge transformations, with their respective

initial data on a Cauchy slice and this identification is what provides a canonical map between the

covariant phase space and the aforementioned “non-covariant” phase space.

To demonstrate how the covariant phase space formalism works, consider a field theory on a

four-dimensional manifold. Use Φ to collectively denote the dynamical fields in the field theory and

δ to denote a variation on phase space such that for any Φ which solves the equation of motion, δΦ

solves the linearized equations of motion around the background field configuration given by Φ. We

then have the following relation

δL(Φ) = E(Φ)δΦ + dθ(δΦ,Φ) , (1.0.1)

where L := L ϵ̂4, ϵ̂4 is the spacetime volume form, L = L(Φ) is a choice of the Lagrangian density of

the field theory,6 and E(Φ) denotes the equation of motion. θ(δΦ,Φ) is referred to as the symplectic

6 The words “choice of” here have been added to emphasize that the Lagrangian of a field theory is not uniquely
determined and can in fact be shifted by an exact form without effecting the equations of motion.
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potential and is a 3-form on spacetime. Given a symplectic potential, taking a second, independent

variation of it and anti-symmetrizing yields the symplectic current

ω(Φ, δ1Φ, δ2Φ) := δ1θ(Φ, δ2Φ)− δ2θ(Φ, δ1Φ) , (1.0.2)

which is an antisymmetric, bilinear functional of two field variations and a 3-form on spacetime. On

shell, dω(Φ, δ1Φ, δ2Φ) = 0 where d represents the exterior derivative. This can be seen as follows

dω(Φ, δ1Φ, δ2Φ) = δ1dθ(Φ, δ2Φ)− δ2dθ(Φ, δ1Φ)

= δ1(δ2L(Φ)− E(Φ)δ2Φ)− δ2(δ1L(Φ)− E(Φ)δ1Φ)

= −δ1E(Φ)δ2Φ + δ2E(Φ)δ1Φ = 0 , (1.0.3)

where in addition to Eq. (1.0.1) and Eq. (1.0.2), we have used the fact that δ and d commute and

in the last line, we have used the fact that both terms vanish identically since all δΦ satisfy the

linearized equations of motion. Given a symplectic current, we define the symplectic form, ΩAB, for

some tensor indices A, B, on phase space, which is given by

ΩAB(δ2Φ)A(δ1Φ)B =
∫

Σ
ω(Φ, δ1Φ, δ2Φ) . (1.0.4)

Here, Σ is a 3-surface in the spacetime which is usually taken to be a Cauchy surface. It is also

often useful to consider the integral of the symplectic current, as above, over non-Cauchy, 3-surfaces

and in which case ΩAB does not define the symplectic form of the full theory but can loosely be

interpreted as the symplectic form of a sub-phase space.

Once we have a non-degenerate symplectic form after quotienting out its degeneracies, it can

then be inverted to define Poisson brackets as follows. For any two functionals, F (Φ) and G(Φ) on

phase space, the Poisson bracket of F (Φ) and G(Φ) (written with their arguments suppressed below)

is defined by

{F,G}PB := ΩAB δF

(δΦ)A
δG

(δΦ)B , (1.0.5)

where the inverse of the symplectic form, ΩAB, satisfies ΩABΩBCΩCD = ΩAD and the subscript “PB”
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stands for “Poisson bracket.” Consider now the definition of the generator of a transformation on

phase space that maps one solution to another. The generator, H for such a transformation is

defined by the following relation

{H,ΦA}PB = (δHΦ)A = ΩBC δH

(δΦ)B
(δΦ)A

(δΦ)C = ΩBA δH

(δΦ)B , (1.0.6)

where the subscript H in δH denotes the fact that this is the transformation corresponding to the

generator H. Contracting ΩAC into the right hand side of the above equation then implies that

δH

(δΦ)C = ΩAC(δHΦ)A , (1.0.7)

from which we see that

δH = ΩAB(δHΦ)A(δΦ)B =
∫

Σ
ω(Φ, δΦ, δHΦ) . (1.0.8)

This is an important expression used for calculating the generator of a transformation on phase space

given a symplectic current, and one that we will come back to repeatedly in this thesis. On shell, for

gauge transformations in gauge theories and diffeomorphisms in any diffeomorphism covariant theory

of gravity (we will see this specifically for general relativity in chapters 2 and 3), ω(Φ, δΦ, δζΦ) is a

total derivative, where ζ may parametrize the action of a gauge transformation or a diffeomorphism.

As a result, the integral for the corresponding generator localizes to the boundaries of the spacetime

manifold. This means that gauge transformations or diffeomorphisms that have vanishing support

on the boundaries of the spacetime manifold do not generate a transformation of fields on phase

space while ones that have non-trivial support on the boundary can. Such gauge transformations or

diffeomorphisms would be “physical” in the sense that they map physically distinct solutions of the

field equations onto each other. An important point on terminology now. Diffeomorphisms that have

this property and which preserve some suitable structure on the boundary (this structure depends on

the nature of the boundary and will be specified on a case-by-case basis in chapter 2 and chapter 3

for each of the boundaries considered therein) are what we will mean by symmetries throughout this

thesis. When the boundary in question happens to be an asymptotic boundary, which will be the
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cases throughout this thesis, these are called asymptotic symmetries. The corresponding generators

in each of these scenarios are referred to as the associated charges. Note that in situations when

there is a flux of some kind or gravitational radiation, we will find that “charges” are actually not

defined by Eq. (1.0.8). We will clarify exactly what we mean by “charges” in these cases as and

when this issue comes up but roughly speaking, the intuition “charge” ∼ “generator of symmetry”

will always hold.

* * *

Below, we give a brief summary of the main questions addressed in this thesis.

A summary of the questions addressed in this thesis

What is the asymptotic symmetry algebra of vacuum general relativity in asymptotically flat spacetimes

and what are the associated charges?

Although the charges associated with the BMS algebra have been at the heart of the recent

developments mentioned above, until recently, there had not been a systematic derivation of these

expressions that made their covariance properties manifest and one that could be used as a reference

point to rule out differing charge expressions that have appeared in the literature. Therefore, to put

the aforementioned developments on a more solid footing, in chapter 2, building on the work of Wald

and Zoupas [53], we provide this derivation using the covariant phase space formalism. This work is

based on [4]. As alluded to above, there has been a lot of recent interest in exploring extensions of

the BMS algebra as well, partly because it is the charges associated with these extended symmetries

that have been conjectured to endow black holes with additional soft hair. In particular, it has

been argued that the duality between gravitational charges and soft theorems requires the Lorentz

symmetries in the BMS algebra to be extended to arbitrary diffeomorphisms on the 2-sphere. In

chapter 4 (which is based on [6]), by proving that this particular extension corresponds to divergent

charges that cannot be renormalized within the usual formulation of the covariant phase space

formalism, it is shown that one would need to augment covariant phase space methods to incorporate
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this extension in a consistent manner. Although not discussed in this thesis, some follow-up work on

this question was recently done in [54] where we developed a general framework that encompasses

the aforementioned and various other recently proposed extensions of the BMS algebra (in particular

one where the BMS algebra is extended to match the algebra of symmetries on any finite null

surface which was derived in [55]). We showed that a technique called holographic renormalization

can always be used to cure any divergences in the associated charges and therefore enables these

extensions to be incorporated in a consistent manner (although requiring the introduction of extra

background structures that break some level of covariance).

How do asymptotic symmetries constrain gravitational scattering?

For massless fields in asymptotically flat spacetimes, past and future null infinity are initial and

final data surfaces respectively and scattering is a statement about how initial data at past null

infinity evolves to final data at future null infinity. It has been an important recent question to

address how asymptotic symmetries at past and future null infinity constrain scattering. It was in

fact conjectured by Strominger that the BMS asymptotic symmetries and their associated charges

on past and future null infinity match in the limit to spatial infinity, giving rise to infinitely many

flux conservation laws that govern classical scattering in GR. This conjecture was proven for the

supertranslation symmetries that form a subalgebra of the BMS algebra, for a class of asymptotically

flat spacetimes, in a seminal paper by Prabhu [10]. In chapter 5, this proof is extended to the full

BMS algebra thereby showing the existence of an infinite number of conservation laws that constrain

classical gravitational scattering in a class of asymptotically flat spacetimes. This work is founded

on a covariant phase space based analysis of asymptotic symmetries (called “Spi” symmetries) at

spatial infinity and the most general expressions for the associated charges which are discussed in

chapter 3. Chapter 5 is based on [7] while chapter 3 is based on [5].

Do soft charges constrain scattering in gauge theories?

While recent work on extensions of the BMS algebra has led to proposals for soft charges for black

holes, the role of soft degrees of freedom in constraining scattering in gauge theories and gravity

has also been called into question. In particular, it has been claimed (in, e.g, [56]) that soft degrees
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of freedom generically decouple from the scattering of all “hard” degrees of freedom and therefore

do not constrain, for example, Hawking radiation emitted from black holes. In chapter 6 which

is based on [8], we study these claims in a theory with a charged massless scalar field coupled to

electromagnetism in 4-dimensional Minkowski spacetime. Our explicit calculations show that the

mutually decoupled evolution of the soft and hard degrees of freedom is a feature of scattering only at

low orders in the coupling constant and that at high orders in the coupling constant, the soft and hard

sectors of this theory do mix under evolution. We therefore conclude that soft charges non-trivially

constrain scattering of the hard degrees of freedom of the theory. Given the similarity between

gravity and non-linear gauge theories, we expect this feature to also hold in general relativity. This

would then remove an important obstruction to the role of soft charges in constraining gravitational

scattering and indeed black hole evaporation.

A range of results that supplement the discussion in the main body of the thesis are included in

the appendices.

Other work

Over the course of my Ph.D., I also worked on a couple of other projects that are not included in

this thesis. These projects and the questions they sought to address are summarized below.

What do gravitational charges in AdS imply for quantum information via the AdS/CFT duality?

Gravitational charges in Anti de-Sitter (AdS) spacetimes have also been an important recent area

of study and have lead to important insights on quantum information theoretic quantities via

the AdS/CFT duality. In this regard in [57], we gave evidence for a holographic duality between

gravitational charges in AdS and a quantum information theoretic quantity called the “Rényi refined

relative entropy.” We showed that properties of this quantity imply certain positive energy theorems

in a class of AdS spacetimes.

Is there a stress-tensor that gives gravitational charges on null boundaries?

An alternative to covariant phase space methods for computing charges associated with gravitational
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systems was developed by Brown and York [58] and it has so far predominantly been used to compute

charges for timelike boundaries. This method involves computing the variation of the on-shell action

with respect to boundary data to obtain an expression for the so-called Brown-York stress tensor.

It is natural to ask how this construction generalizes to null boundaries. One reason why this is

particularly interesting is that a stress tensor for null infinity in asymptotically flat spacetimes can be

compared with the stress tensor of the celestial conformal field theory [59] to check for the existence

of a holographic, bulk-boundary correspondence in asymptotically flat spacetimes in the same spirit

as the AdS/CFT correspondence. The derivation of the Brown-York stress tensor for null boundaries

and a comparison of the corresponding charges with covariant phase space charges was the main

subject of [60].

Notations and conventions

Throughout this thesis, we follow the conventions of Wald [61] for the metric signature, Riemann

tensor, and differential forms, and use abstract index notation with Latin letters from the beginning

of the alphabet a, b, c, . . . to denote spacetime tensor indices and those from the middle of the

alphabet i, j, k, . . . for tensors defined on a timelike or null bounding hypersurface. Quantities defined

on the physical spacetime are denoted by a “hat,” while the ones on the conformally-completed,

unphysical spacetime are denoted without a “hat” (e.g., ĝab denotes the physical metric while gab

denotes the unphysical metric). In addition, we use “=̂” to denote equality at null infinity (denoted

by I ) and (unless stated otherwise)←− to denote the pullback to null infinity. We also use both the

indexed and index-free notations for differential forms with “≡” used to translate between indexed

and index-free notation, writing, e.g., ε4 ≡ εabcd. Since “≡” is used for this translation, we use “:=”

for definitions. Spatial directions at spatial infinity (denoted by i0) are denoted by η⃗. In chapter 3,

regular direction-dependent limits of tensor fields, which we denote to be C>−1, are represented by

a boldface symbol e.g. Cabcd(η⃗) is the limit of the (rescaled) unphysical Weyl tensor along spatial

directions at i0.

We emphasize that unless explicitly stated otherwise, all results in this thesis will be in the
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context of vacuum general relativity and should not be assumed to extend to other theories of

gravity.



Chapter 2
The Wald-Zoupas prescription for asymptotic
charges at null infinity
(Adapted with permission from [4])

Chapter summary

In this chapter, we use the formalism developed by Wald and Zoupas to derive formulae for the charges

and fluxes associated with Bondi-Metzner-Sachs symmetries at null infinity in asymptotically flat

spacetimes. Generalizing older expressions in the literature, these expressions hold in radiating, non-

stationary regions of null infinity, are local and covariant, conformally-invariant, and are independent

of the choice of foliation of null infinity and of the chosen extension of the symmetries away from

null infinity (both of which are a priori arbitrary choices). Our covariant expressions can be used

to obtain charge formulae in any choice of coordinates at null infinity and, in particular, can be

compared with expressions in the literature that are written in Bondi-Sachs and conformal Gaußian

null coordinates. We also include comparisons of our expressions with other expressions for the

charges and fluxes that have appeared in the literature: the Ashtekar-Streubel flux formula, the

Komar formulae and the linkage charge, and Penrose’s twistor charge formulae. Such comparisons

are easier to perform using our explicit expressions, instead of those which appear in the original

work by Wald and Zoupas.

14
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2.1 Context

We consider 4-dimensional asymptotically flat spacetimes defined in a coordinate independent manner

through Penrose’s conformal completion (see Def. 2.2.1). In this picture, null infinity1 of the (physical)

spacetime is represented by a smooth null surface, I , in the conformally-completed (unphysical)

spacetime. This null surface has the topology of I ∼= R× S2 where R represents the null directions

and S2 the angular directions at infinity. It follows from the definition of asymptotic flatness that

there is a universal structure associated with I (see Sec. 2.3). This structure is universal in the

sense that it is independent of which asymptotically flat physical spacetime is considered and thus

provides a “fixed background” at infinity which is common to all physical spacetimes. As we will

show in detail later in this chapter, the generators of diffeomorphisms (i.e. vector fields) which

preserve this universal structure form the BMS algebra (see Sec. 2.4).

Like in classical mechanics on flat manifolds, one wishes to define certain “conserved quantities”

(similar to mass, energy or angular momentum) associated with any given physical spacetime and an

asymptotic symmetry. In generic spacetimes in general relativity, such quantities will not be conserved

due to the presence of gravitational radiation. However, one can do the following: let S ∼= S2 be

some cross-section (or “cut”) of null infinity I ; the choice of S represents an “instant of time” on

I . Then, for a vector field ξa representing an asymptotic symmetry and on every cross-section S,

we define a charge Q[ξ;S] which represents the value of the “not really conserved quantity” at that

“instant of time”. The change in this charge with “time”, i.e. between two cross-sections, is then a

flux F [ξ; ∆I ] where ∆I is the region of null infinity between the two cross-sections. Without a set

of physical criteria, one could make up arbitrary expressions for such charge and flux formulae. Even

if following the intuition from classical mechanics, one requires that any notion of charge associated

with time translations and rotations coincide with the mass and angular momentum usually defined

in Kerr spacetimes, it is not clear how to generalize the charge expressions to all BMS symmetries

and to non-stationary spacetimes.

1 While asymptotically flat spacetimes have a past and a future null infinity, the distinction between the two will not be
important in this chapter and so we will just use null infinity (or I ) to refer to either one of them.
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To get started on this problem, we list a set of criteria which all physically reasonable expressions

for charges associated with asymptotic symmetries (or “asymptotic charges”) and fluxes should satisfy:

(1) Any charge or flux expression one defines must be independent of any choice of coordinates; for

us this will be guaranteed since we will work directly with the covariant formulation of null infinity

mentioned above, without fixing any coordinates. (2) The charges and fluxes should be associated

with the physical spacetime and not with the choice of conformal-completion used to obtain the

unphysical conformally-completed spacetime, or with any additional structure used to compute these

quantities. Thus, we require that the charges and fluxes be independent of the conformal factor used

to obtain the Penrose conformal-completion. Below, we will also use a foliation of I to simplify

our computations. We will therefore also demand that the charges and fluxes be independent of

this additional choice. (3) The charges and fluxes should be associated with the BMS symmetries

at I and so we demand that they be independent of any arbitrary extension of these asymptotic

symmetries into the spacetime (these extensions are considered “pure gauge” and are discussed in

Sec. 2.4.1). (4) The charges and fluxes must be local and covariant in the following sense: the value

of the charge Q[ξ;S] must be obtained as an integral over S of a 2-form which is constructed from

the available fields and the BMS symmetry, and finitely-many of their derivatives at S. The flux

F [ξ; ∆I ] must be the integral over ∆I of a 3-form constructed in a similar way from the fields and

symmetry in the region ∆I . (5) Finally, since we want the fluxes F [ξ; ∆I ] to characterize physical,

dynamical processes like gravitational radiation, we also require that the flux associated with any

BMS symmetry between any two cross-sections vanishes when the physical spacetime is stationary.

A prescription for obtaining asymptotic charges and fluxes, that satisfy these criteria, in any

local and covariant Lagrangian-derived theory of gravity was given by Wald and Zoupas [53]. We

will detail this procedure in Sec. 2.5 for our case of interest, namely, asymptotically flat spacetimes

in vacuum general relativity. Using this prescription, we will compute the formulae for the charges

and fluxes, written explicitly in terms of fields defined on null infinity, in full generality. We call

these the “Wald-Zoupas (WZ) charge” and “Wald-Zoupas (WZ) flux” respectively. To simplify our

computations, we will start by choosing an arbitrary but fixed foliation of null infinity. Later on

however, we will show that our formulae are independent of any choice of foliation. This computation
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can be done easily for the flux since the WZ flux expression is written entirely in terms of quantities

at null infinity without a dependence of any auxiliary structure. The computation for the charge,

however, is more complicated: unlike the flux, a piece of the expression for the WZ charge involves

the limit of the integral of a quantity that is defined in a neighborhood of null infinity. To compute

this limit, we will make use of Bondi coordinates, much like [42]. However, we will show that the

value of this limit is independent of the choices that are made in using Bondi coordinates, such as

the choice of foliation, conformal factor, and extension of the BMS vector field off of null infinity. As

a result, we can then convert the value of the limit back into a covariant form, allowing us to write

an expression for the WZ charge (see Eq. (2.5.44)) in terms of covariant quantities defined on null

infinity. Since this procedure is somewhat involved, we will then check explicitly that the change of

the charge is consistent with the flux formula (in Eq. (2.5.33)). These explicit formulae can then be

easily compared with the expressions one would obtain in any coordinate system; see e.g. Sec. 2.6.

These expressions can also be compared with other expressions for BMS charges, some of which we

will detail in Appendix A.2.

The rest of this chapter is organized as follows. We start by reviewing the definition of asymptotic-

flatness at null infinity in Sec. 2.2 and summarize the various asymptotic fields arising at null infinity

that we will use in subsequent computations. In Sec. 2.3, we discuss the universal structure at null

infinity and the restrictions on metric perturbations which follow from the definition of asymptotic

flatness. In Sec. 2.4, we review the BMS algebra and its relevant properties. In Sec. 2.5, we describe

the Wald-Zoupas prescription for obtaining the charges and fluxes associated with BMS symmetries

and obtain manifestly covariant expressions for these quantities. Finally, we discuss the construction

of Bondi-Sachs and conformal Gaußian null coordinate frames near null infinity in Sec. 2.6 and

express the BMS symmetries and the WZ charge in these coordinates. We end by discussing some

future directions in Sec. 2.7. While in we work in a fixed conformal frame (where the Bondi condition

(see Eq. (2.2.6)) holds) in this chapter, we include a summary of our main results in more general

conformal frames in Appendix A.1. In Appendix A.2, we compare the WZ charge and flux formulae

to some of the other charge and flux formulae that have been proposed for BMS symmetries, namely,

the Ashtekar-Streubel flux formula, the Komar charge formulae and their linkage versions and
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Penrose’s charge formula. Appendix A.3 collects some useful results on symmetric tracefree tensors

on a 2-sphere.

2.2 Asymptotic-flatness at null infinity

In this section, we recall the covariant definition of asymptotic flatness and define the asymptotic

fields and their equations at null infinity that will be used later in our analysis.

Definition 2.2.1 (Asymptotic flatness). A physical spacetime (M̂, ĝab), which satisfies the vacuum

Einstein equation Ĝab = 0, is asymptotically flat at null infinity if there exists an unphysical spacetime

(M, gab) with a boundary I = ∂M and an embedding of M̂ into M (we use this embedding to

identify M̂ as a submanifold of M), such that

(1) There exists a smooth function Ω (the conformal factor) on M satisfying Ω =̂ 0 and ∇aΩ ̸=̂ 0

such that gab = Ω2ĝab is smooth on M including at I .

(2) I is topologically R× S2.

(3) Defining na := ∇aΩ, the vector field ω−1na is complete on I for any smooth function ω on

M such that ω > 0 on M and ∇a(ω4na) =̂ 0.

Detailed expositions on the motivations for this definition may be found in [61, 62]. The differen-

tiability conditions on the unphysical spacetime can be significantly weakened, but we restrict to the

smooth case for simplicity.

Using the conformal transformation relating the unphysical Ricci tensor Rab to the physical Ricci

tensor R̂ab (see, e.g, Appendix D of [61]), the vacuum Einstein equation can be written as

Sab = −2Ω−1∇(anb) + Ω−2ncncgab , (2.2.1)
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where Sab is given by

Sab = Rab − 1
6Rgab. (2.2.2)

It follows from Eq. (2.2.1) and the smoothness of Ω and the unphysical metric gab at I that nan
a =̂ 0.

This implies that I is a smooth null hypersurface in M with normal na = ∇aΩ and that the vector

field na = gabnb is a null geodesic generator of I .

Further, the Bianchi identity ∇[aRbc]de = 0 on the unphysical Riemann tensor along with

Eq. (2.2.1) gives the following equations for the unphysical Weyl tensor Cabcd (see [62] for details)

∇[a(Ω−1Cbc]de) = 0 . (2.2.3a)

∇dCabcd = −∇[aSb]c . (2.2.3b)

Note that given a physical spacetime (M̂, ĝab) there is freedom in constructing its conformal-

completion to obtain the unphysical spacetime (M, gab), in particular, in making a choice of

the conformal factor Ω. Note that for the same physical spacetime, any other choice of the

conformal factor Ω′ = ωΩ, with ω|I > 0 also satisfies Def. 2.2.1 with a different unphysical metric

g′
ab = Ω′2ĝab = ω2gab. Since we are interested in studying the asymptotic properties of the physical

spacetime — the conformal-completion is used only to bring the asymptotic boundary “at infinity” of

the physical spacetime to a finite boundary I in the unphysical spacetime — all physical quantities

(such as symmetries, charges and fluxes) must be independent of the choice of conformal factor.

All of our computations which follow can be done using an arbitrary conformal factor; however

it is convenient to fix some of the conformal freedom by imposing the Bondi condition as follows.

On I , let Φ be defined by

Φ := 1
4∇an

a
∣∣
I
. (2.2.4)

Under a change of conformal factor Ω 7→ ωΩ and gab 7→ ω2gab, we have

Φ 7→ ω−1(Φ + £n lnω) . (2.2.5)
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Now, without loss of generality, we can choose ω to be a solution of Φ + £n lnω =̂ 0 to set

Φ =̂ 0 [61, 62].2 In this choice of the conformal factor, Eq. (2.2.1) implies the Bondi condition

∇anb =̂ 0, (2.2.6)

and

nan
a = O(Ω2). (2.2.7)

We will henceforth work in a conformal frame where the Bondi condition holds. Having imposed the

Bondi condition, the remaining freedom in the conformal factor is of the form Ω 7→ ωΩ where

ω|I > 0 , £nω =̂ 0. (2.2.8)

We reiterate that the choice to work in a conformal frame where the Bondi condition holds is made

purely for convenience and is not essential for the calculations in this chapter. The main results of

this chapter, expressed in general conformal frames where the Bondi condition is not imposed, are

included in Appendix A.1. In this chapter, our statements about conformal invariance will pertain

to conformal transformations that satisfy Eq. (2.2.8). More general conformal transformations for

which £nω ̸=̂ 0 will only be considered in Appendix A.1.

Finally, let qab denote the pullback of gab to I . This defines a degenerate metric on I such that

qabn
b =̂ 0 , £nqab =̂ 0, (2.2.9)

where the second condition follows from Eq. (2.2.6). Thus, qab defines a Riemannian metric on the

space of generators of I which is diffeomorphic to S2.

2 Note that while this condition can always be imposed on I , it cannot be imposed at spatial infinity where solutions,
ω, to the equation Φ + £n ln ω =̂ 0 diverge [61].
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1 Auxiliary foliation and null normal at I

For carrying out explicit computations on I , it is convenient to pick an “auxiliary” structure on I .

This is given by a choice of foliation of I by a one-parameter family of cross-sections which are

diffeomorphic to S2. Note that such a foliation always exists since I ∼= R× S2 although there is no

unique choice for this foliation. The results in this chapter can be obtained without reference to any

choice of foliation but it is simpler to start with a fixed foliation and then verify that the results are

independent of this choice.

For any choice of foliation, we obtain a 1-form la on I which is normal to each cross-section

of the foliation. Then there exists a unique vector field la defined at I such that la =̂ gabl
b is the

normal to the chosen foliation and

lala =̂ 0 , lana =̂ −1. (2.2.10)

We will call this vector field the auxiliary normal associated with the foliation. Note that the vector

field la can be extended arbitrarily away from I and our computations will be (as they should be)

independent of which extension is chosen.

Using the auxiliary null normal la, we now define a tensor Qab at I by

Qab := gab + 2l(anb). (2.2.11)

Note that qab = Q
←−ab, and so Qab is a choice of pushforward of the intrinsic (degenerate) metric on

I . By the definition of Qab, we have

Qabl
b =̂ 0, Qabn

b =̂ 0. (2.2.12)

For later use, we also define the symmetric trace-free part of a tensor with respect to Qab by

STFAab :=
(
Q(a

cQb)
d − 1

2QabQ
cd
)
Acd. (2.2.13)
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Next, we define a volume form on I and on the cross-sections of the chosen foliation by

εabc := ldεdabc , εab := εabcdl
cnd =̂ εabcn

c. (2.2.14)

Remark 2.2.1 (Orientation conventions). In this chapter, the orientation of these volume forms are

such that I is outward-facing as a manifold in M and the cross-sections have a future orientation

within I . Note that this convention for the orientations for ε2 and ε3 is somewhat unexpected. In

Minkowski spacetime, setting la = −∇au and na = ∇aΩ (with Ω = 1/r and u = t − r), we have

that ε3 = − sin θ du ∧ dθ ∧ dϕ and ε2 = − sin θ dθ ∧ dϕ, which is the opposite of the “expected” sign

for ε2. Despite this sign difference, we still have that

∫
S

ε2 > 0; (2.2.15)

which, in fact, is the definition of an orientation. In Minkowski, this basically means that the bounds

of integration are in the “reversed” order (say, the θ integral is from π to 0, instead of 0 to π). Finally,

note that in our choice of orientation, if we consider a cross-section S as a limit of spheres S′ within

a spacelike hypersurface Σ in the unphysical spacetime, then the orientation for S′ that is compatible

with that of S is the inward -facing one within Σ.

The shear of the auxiliary normal on I is defined by

σab =̂ STF∇alb =̂ 1
2 STF £lgab . (2.2.16)

The twist εab∇alb vanishes on I since la is normal to the cross-sections of a foliation of I . For the

most part, we will not need the expansion of la in our analysis (it is introduced in Sec. 2.6.2 where it

is needed).

The change in la along the null generators of I is given by

τa =̂ Qa
bnc∇clb. (2.2.17)
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By the normalization conditions for la and na and the Bondi condition, we have

τa =̂ nb∇bla =̂ £nla, (2.2.18)

On I , we also can define a “sphere derivative” along the cross-sections for any tensor field that

is orthogonal to la and na on all indices:

DaT
b1···br

c1···cs
:= Qd

aQ
b1

e1 · · ·Qbr
erQ

f1
c1 · · ·Qfs

cs∇dT
e1···er

f1···fs . (2.2.19)

One can show that this derivative operator is compatible with both Qab and εab on I , that is

DaQbc =̂ 0, Daεbc =̂ 0. (2.2.20)

With our choice of ε3 and ε2, we can derive several useful formulas from Stokes’ theorem. Consider

some portion ∆I of I whose boundary is given by two cross-sections S1 and S2 in our foliation,

with S2 to the future of S1. Then, for any scalar α we have

∫
∆I

ε3 £nα =
∫

S2
ε2 α−

∫
S1

ε2 α . (2.2.21)

Also, for any vector va which is orthogonal to both na and la we have

∫
∆I

ε3 ∇av
a =̂

∫
∆I

ε3 (Da + τa)va =̂ 0, (2.2.22)

where the second expression is obtained using the Bondi condition along with Eqs. (2.2.11)

and (2.2.18), and the vanishing of the expression follows from the fact that ε3∇av
a is an exact

3-form and lava =̂ 0. Similarly, for any cross-section S of I , we also have

∫
S

ε2 Dav
a =̂ 0 . (2.2.23)

The final quantities that we will need are components of the Weyl tensor at I . By the peeling

theorem, we have Cabcd =̂ 0 at I , and thus Ω−1Cabcd admits a limit to I (see Theorem 11 of [62]).



2.2. Asymptotic-flatness at null infinity 24

In a choice of the foliation of I , we define the Weyl tensor fields

Rab := (Ω−1Ccdef )Qa
cndQb

enf , Sa := (Ω−1Ccdef )lcndQa
enf , (2.2.24a)

P := (Ω−1Ccdef )lcndlenf , P∗ := 1
2(Ω−1Ccdef )lcndεef , (2.2.24b)

Ja := (Ω−1Ccdef )ncldQa
elf , Iab := (Ω−1Ccdef )Qa

cldQb
elf . (2.2.24c)

Note that due to the symmetries of the Weyl tensor, Rab and Iab are symmetric and traceless.

For the fields defined in Eq. (2.2.24), Eq. (2.2.3a) implies the following evolution equations along

I , which can be verified to be conformally-invariant:

£nSa = (Db + τ b)Rab, (2.2.25a)

£nP = (Da + 2τa)Sa − σabRab, (2.2.25b)

£nP∗ = −εab(Da + 2τa)Sb + εb
cσabRac, (2.2.25c)

£nJa = 1
2(Db + 3τb)(Qa

bP − εa
bP∗)− 2σa

bSb, (2.2.25d)

£nIab = STF(Da + 4τa)Jb − 3
2σac(Qb

cP − εb
cP∗). (2.2.25e)

Next, we list the conformal weights of the various quantities defined so far. Any quantity α is said

to have conformal weight w if, under Ω 7→ ωΩ, it transforms as α 7→ ωwα. Clearly, have that

gab : w = 2, εabcd : w = 4. (2.2.26)

Next, from

na 7→ ωna + Ω∇aω, (2.2.27)

and Ω =̂ 0 on I , we have that na : w = 1 on I , and so

la : w = 1, (Qab, εab) : w = 2, εabc : w = 3. (2.2.28)

Moreover, we have that

σab : w = 1, (2.2.29)
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while τa transforms as

τa 7→ τa + Da lnω , (2.2.30)

under a conformal transformation and therefore does not have well defined conformal weight. Finally,

the fields constructed from the Weyl tensor have the following conformal weights:

(Rab, Iab) : w = −1 , (Sa,Ja) : w = −2 , (P,P∗) : w = −3. (2.2.31)

We remark that there is a particularly convenient choice of conformal factor and foliation, namely

one where qab is given by the unit 2-sphere metric, and τa =̂ 0. This is the Bondi frame and, in

particular, it is a further restriction of the remaining conformal freedom Ω 7→ ωΩ after imposing the

Bondi condition. Even though a Bondi frame can always be achieved by a conformal transformation

and a change of foliation, we do not enforce a Bondi frame since we want to consider charges on

arbitrary cross-sections of I (and fluxes between these cross-sections) and want our expressions to

be manifestly conformally invariant (apart from the enforcement of the Bondi condition which, as

mentioned earlier, will be relaxed in Appendix A.1).

2 News tensor

In this subsection, we define the News tensor, which characterizes the radiative degrees of freedom

of the gravitational field at null infinity. This tensor can either be defined in terms of a foliation, or

invariantly from the universal structure that exists on I ; we review both definitions and show that

they are equivalent.

We define the News tensor as the (projected) Lie derivative along na of the shear σab:

Nab := 2Qa
cQb

d£nσcd = 2 STF £nσab . (2.2.32)

Note that it follows from the above definition that

Nabn
b =̂ gabNab =̂ QabNab =̂ 0 . (2.2.33)
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It is straightforward to verify that the News is conformally invariant.

We can also write Nab in terms of Sab as follows. Consider the quantity STF £n£lgab. Despite

involving covariant derivatives of la, when evaluated at I , this quantity is independent of the

choice of la away from I . By choosing a particular extension of la, one can show from Eqs. (2.2.16)

and (2.2.18) that

STF £n£lgab =̂ 2 STF(£nσab − τaτb) =̂ Nab − 2 STF(τaτb), (2.2.34)

where the second equality follows from Eq. (2.2.32). Using [£n,£l] = £[n,l], together with Eq. (2.2.18),

we therefore find that

Nab =̂ STF[£l£ngab + 2(Da + τa)τb]. (2.2.35)

As a result, using Eq. (2.2.1), we have

Nab =̂ STF[Sab + 2(Da + τa)τb]. (2.2.36)

Further, from Eqs. (2.2.3b) and (2.2.36), the News is related to the Weyl tensor components

(defined in Eq. (2.2.24)) by

Qa
cQb

d£nNcd =̂ 2Rab , DbNab =̂ 2Sa , (2.2.37)

and

P∗ = εab
[
Da(Dc − τc)σb

c − 1
2Nacσb

c
]
. (2.2.38)

As defined in Eq. (2.2.32), it is not obvious that the News tensor is independent of our choice

of foliation. However, we show below that this definition of the News coincides with the covariant

definition given by Geroch [62] which makes no reference to any foliation of I . While most of the

literature exclusively uses only one of these two definitions, we will find it convenient to use either

interchangeably, and (since there does not appear to be any proof that we could find), we will now

show that these two definitions yield the same tensor.
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Consider the Geroch News tensor defined in [62] as

Nab := Sab←−− ρab, (2.2.39)

where Sab←− denotes the pullback of Sab to I and ρab is the unique symmetric tensor field on I

constructed from the intrinsic universal structure on I , defined in Theorem 5 of [62].

First, note that the Geroch News tensor is conformally invariant, and satisfies the conditions

Eq. (2.2.33) (see [62]). Moreover, projections of Eq. 68 of [62] show that Eq. (2.2.37) also holds

for the Geroch News tensor. Thus, if λab is the difference of the Geroch News tensor and the one

defined in Eq. (2.2.32), then λab is a symmetric tensor field on I which satisfies

λabn
b =̂ Qabλab =̂ Qa

cQb
d£nλcd =̂ Dbλab =̂ 0 . (2.2.40)

Thus, λab is a tensor field on S that is symmetric, traceless and divergence-free, and therefore

vanishes by Prop. A.3.2. Consequently, the News tensor defined in Eq. (2.2.32) is equivalent to the

covariant definition by Geroch.

Finally, we review a key property of the News tensor, namely, that it characterizes the presence of

gravitational radiation in a spacetime. This can be deduced from the following result which is due to

Geroch (see pp. 53-54 of [62]): consider an asymptotically flat spacetime (M̂, ĝab), and some portion

∆I of null infinity. If ∆I is asymptotically stationary, in the sense that there exists a vector field ta

in a neighborhood of ∆I that is a timelike Killing vector field with respect to ĝab, then Nab =̂ 0 on

∆I . Since any notion of gravitational radiation should vanish in asymptotically stationary regions

of null infinity, this motivates the use of the News tensor as an indicator of the presence of radiation.

It should be noted, however, that it is not known whether the converse of this statement is true,

namely, whether all regions ∆I where the News tensor vanishes are asymptotically stationary.
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2.3 Universal structure and metric perturbations

In this section, we summarize the universal structure at null infinity. This is the structure that is

common to the conformal completion of all spacetimes that satisfy the definition of asymptotic flatness

given in Def. 2.2.1 and is thus independent of the specific physical spacetime under consideration.

If (M, gab,Ω) and (M ′, g′
ab,Ω′) are the unphysical spacetimes corresponding to any two

asymptotically-flat physical spacetimes then, a priori, M and M ′ are distinct manifolds each with

their own boundary I and I ′. However, we argue below that there exists a smooth diffeomorphism

from a neighbourhood of I in M to a neighbourhood of I ′ in M ′ which can be used to identify

these unphysical spacetimes (in this neighbourhood) and which maps I to I ′. Since we are only

interested in the asymptotic properties near null infinity, we can then work with just one manifold

M and one null boundary I to represent null infinity for any two (and thus, all) asymptotically-flat

spacetimes. Further, without any loss of generality, this diffeomorphism can also be chosen so that

Ω′ = Ω in a neighborhood of I and g′
ab =̂ gab.

The aforementioned identification can be made by setting up a suitable, geometrically-defined

coordinate system in a neighborhood of I and identifying the two unphysical spacetimes in these

coordinates, as we now explain (see also the argument on p. 22 in [62]). On the null infinity of

any asymptotically-flat spacetime, we define a parameter u along the null generators of I such

that na∇au =̂ 1. We then pick some cross-section S0 ∼= S2 with constant u = u0. On S0 define a

coordinate system xA (with A = 1, 2), and extend these coordinates to all of I by parallel transport

along na:

na∇ax
A =̂ 0 . (2.3.1)

This gives us a coordinate system (u, xA) on I . Next, since Ω =̂ 0 and na =̂ ∇aΩ ̸=̂ 0, we can use

Ω as a coordinate transverse to I . As discussed above, there is considerable freedom in the choice

of the conformal factor at I which we need to fix to specify this coordinate. We pick the conformal

factor so that the Bondi condition (Eq. (2.2.6)) is satisfied, which still leaves us freedom to change
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the conformal factor on the cross-sections of I or according to Eq. (2.2.8). To fix this freedom

we proceed as follows. Consider the induced metric qab on the cross-section S0 chosen above. It

follows from the uniformization theorem (for instance see Ch. 8 of [63]) that any metric on S0 is

conformal to the unit round metric on S2 (that is, the metric with the Ricci scalar equaling 2). Thus,

we can always choose the conformal factor so that the metric qab on this cross-section S0 is also

the unit round metric on S2 and from Eq. (2.2.9), this holds on any cross-section. Thus, we choose

as our transverse coordinate the choice of conformal factor Ω which satisfies the Bondi condition

and makes the metric on the cross-sections of I the unit round metric on S2. This completely

fixes the freedom in the choice of Ω on I . One can then choose to extend Ω, u and xA into a

neigborhood of I in the unphysical spacetime (using, e.g, the geometric construction that leads to

the conformal Bondi-Sachs coordinate system, discussed in 2.6). This gives us a coordinate system

(Ω, u, xA) near I for any asymptotically flat spacetime. Since this construction can be done for

any asymptotically flat spacetime, we can, without any loss of generality, identify the null infinities

of all asymptotically flat spacetimes by identifying their points in these coordinates. This shows

that there exists a diffeomorphism between the null infinities of different spacetimes such that we

can identify their boundaries with one “abstract” manifold I and also that we can choose the same

conformal factor Ω for each of them.

Next, we show that the unphysical metric at I can be chosen to be the same for the conformal

completion of any physical spacetime. Consider a foliation of I by cross-sections Su of constant u.

Then, by Eq. (2.3.1) the null generator na, in these coordinates, can be written as na =̂ ∂/∂u. The

1-form on I normal to this foliation is given by la =̂ −∇au. Using na = ∇aΩ, and nala =̂ −1 , we

obtain the following expression for the line element of the unphysical metric on I in the coordinate

system (Ω, u, xA)

ds2 =̂ 2dΩdu+ sABdx
AdxB , (2.3.2)

where sAB is the unit round metric on S2 in the chosen coordinates xA.3 Note that the form of

the unphysical metric Eq. (2.3.2) is completely independent of which physical spacetime is under

3 The precise choice of coordinates xA on the cross-sections is irrelevant; one could pick polar coordinates xA = (θ, ϕ)
to put the unit round sphere metric in the standard form sABdxAdxB = dθ2 + sin2 θdϕ2, but any other coordinate
system is just as good.
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consideration, that is, all asymptotically-flat spacetimes have the same universal unphysical metric

at null infinity. Different choices of the physical spacetime are only reflected in the unphysical metric

away from I . Note that the definition of asymptotic-flatness (Def. 2.2.1) includes an embedding

map from the physical spacetime manifold M̂ into the unphysical manifold M . The existence of the

universal structure at I described above implies that one can embed any physical spacetime into

an unphysical spacetime by identifying some physical spacetime coordinates with the coordinates

(Ω, u, xA) constructed above so that the unphysical metric gab takes the form Eq. (2.3.2). In the

conformal-completion framework, this corresponds to the statement that “all asymptotically flat

spacetimes behave like the Minkowski spacetime to leading order at infinity” and the difference

between two physical spacetimes only shows up at “sub-leading order”.

Note that since the manifold I is universal, the choice of the foliation can also be made

independently of the physical spacetime. It follows that the auxiliary normal la =̂ −∇au is also

universal, and (from Eq. (2.3.2)) we have that la =̂ −∂/∂Ω is also universal.

It is worth pointing out that some of the choices made in constructing the coordinates discussed

above were not essential to the argument and were made just for convenience. For instance, the

choice of the unit-metric sAB is irrelevant. In any asymptotically-flat spacetime, we can instead

choose the freedom in the conformal factor at I so that the induced metric on the cross-sections

qab = q
(0)
ab where q(0)

ab is any fixed metric on S2. Similarly, one could have chosen a different foliation

of I if one wishes. These choices simply correspond to the freedom of choosing the embedding

map from the physical spacetime into the unphysical spacetime. Then the rest of the construction

proceeds as before and gab|I is universal.

1 Metric perturbations near I

Next, we consider linearized perturbations of the physical metric and derive conditions on them that

arise from requiring asymptotic flatness. We consider a one-parameter family of physical metrics

ĝab(λ) with ĝab = ĝab(λ = 0) being any chosen background spacetime metric and define the physical
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metric perturbation by

δĝab := d

dλ
ĝab(λ)

∣∣∣∣
λ=0

. (2.3.3)

We also use the notation δ to denote perturbations of other quantities defined in a similar way. We

emphasize that the δ denotes changes of quantities when the physical metric is varied; the quantities

appearing in the universal structure described above including the unphysical metric at I , the

conformal factor and the choice of foliation do not vary under δ. This does not mean that the

conformal factor and foliation cannot be changed — our expressions for the charges and fluxes are

independent of the conformal factor and foliation — it just means that these quantities can always

be held fixed when the physical metric is varied.

Taking the one-parameter family of physical metrics ĝab(λ) to all be asymptotically flat, we now

consider the behaviour of the metric perturbations at null infinity. Let gab(λ) be the one-parameter

family of unphysical metrics obtained by the conformal completion of ĝab(λ). As discussed above,

without loss of generality, we can take all the unphysical metrics gab(λ) to be defined on the same

manifold M , with a common boundary I describing null infinity. Further, the conformal factor Ω

can also be chosen to be independent of the parameter λ. Thus, we get

gab(λ) := Ω2ĝab(λ) , δgab = Ω2δĝab , (2.3.4)

where δgab is the perturbation of the unphysical metric. Moreover, since the unphysical metric at I

is universal, we have that δgab =̂ 0 and thus

δgab = Ωγab, (2.3.5)

for some γab which is smooth at I . Since the conformal factor is chosen to satisfy the Bondi

condition Eq. (2.2.6) in any spacetime, varying the Bondi condition we get

δ(∇anb) =̂ 0 =⇒ γabn
b =̂ 0 . (2.3.6)
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Thus, since γab is smooth at I , there exists a smooth γa such that

γabn
b = Ωγa . (2.3.7)

Hence, the perturbations δgab of the unphysical metric are given by the tensor fields γab and γa with

γab = Ω−1δgab , γa = Ω−2δgabn
b = Ω−1γabn

b . (2.3.8)

These tensor fields are constrained by the linearized vacuum Einstein equations. A particularly

important component of these equations is given by Eq. 68 of [53]

∇bγab − 3γa −∇aγ
b
b =̂ 0. (2.3.9)

Further, using the auxiliary foliation of I , we can relate the unphysical metric perturbation

characterized by γab to the perturbation of the shear σab as follows. Varying the definition of the

shear (Eq. (2.2.16)), noting that the foliation is kept fixed and that δgab =̂ 0, from Eq. (2.3.8) it is

straightforward to compute that

δσab = −1
2 STF γab. (2.3.10)

2.4 Asymptotic symmetries at I : the BMS Lie algebra

Consider a smooth vector field ξa in the physical spacetime M̂ and let ĝab(λ) be the one-parameter

family of physical metrics generated by diffeomorphims along ξa. The physical metric perturbation

corresponding to this family of metrics is given by

δξ ĝab = £ξ ĝab. (2.4.1)

The corresponding perturbation of the unphysical metric is

δξgab = Ω2£ξ ĝab = £ξgab − 2Ω−1ξcncgab. (2.4.2)
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For ξa to be an asymptotic symmetry, the infinitesimal diffeomorphism generated by ξa must preserve

the universal structure discussed in Sec. 2.3. We now obtain the conditions on ξa for it to be an

asymptotic symmetry.

Firstly, since the unphysical spacetime M is smooth up to and including I , ξa must extend to a

smooth vector field on M including at I . Secondly, since the unphysical metric is smooth at I ,

the perturbation δξgab in Eq. (2.4.2) is also smooth at I . This condition implies that

ξana =̂ 0. (2.4.3)

That is, as expected, an asymptotic symmetry ξa must be tangent to I and thus preserves the

asymptotic boundary. For convenience we define

α(ξ) := Ω−1ξana , (2.4.4)

which is smooth at I .

Next, δξ preserves the universal structure, which implies that (Eq. (2.3.8))

γ
(ξ)
ab := Ω−1δξgab , γ(ξ)

a := Ω−1γ
(ξ)
ab n

b , (2.4.5)

must be smooth at I . Using Eqs. (2.4.2) and (2.4.4), the smoothness of γ(ξ)
ab implies

£ξgab =̂ 2α(ξ)gab, (2.4.6)

while the smoothness of γ(ξ)
a implies

£ξn
a =̂ −α(ξ)n

a , £nα(ξ) =̂ 0. (2.4.7)

The pullback of Eq. (2.4.6) gives

£ξqab =̂ 2α(ξ)qab. (2.4.8)

Intrinsically on I , an asymptotic symmetry is, thus, given by a vector field ξa tangent to I which
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satisfies Eqs. (2.4.7) and (2.4.8) for some smooth function α(ξ). Such vector fields correspond to the

BMS symmetries on null infinity.

In any choice of foliation of I we can further characterize the BMS symmetries as follows. Since

ξa is tangent to I , we can write

ξa =̂ βna +Xa, (2.4.9)

where

β := −laξa, Xa := Qa
bξ

b, (2.4.10)

We note their conformal weights:

β : w = 1 , Xa : w = 0 . (2.4.11)

That is, β is a smooth function of conformal weight 1 and Xa is a smooth vector field tangent to the

cross-sections of the chosen foliation on I . The conditions on β and Xa follow from Eqs. (2.4.6)

and (2.4.7) as we derive next. Note that Eqs. (2.4.6) and (2.4.7) only depend on the vector field ξa

at I and are independent of how this vector field is extended away from I .

The only non-trivial component of Eq. (2.4.6) is given by its projection tangent to the cross-

sections of the foliation which gives

Qa
cQb

d£ξgcd =̂ 2D(aXb) =̂ 2α(ξ)Qab, (2.4.12)

which shows both that

STF DaXb =̂ 0, (2.4.13)

and that

α(ξ) =̂ 1
2DaX

a. (2.4.14)

Next, we consider Eq. (2.4.7) on I using Eq. (2.4.9) to get

£ξn
a = −£nξ

a =̂ −na£nβ −£nX
a =̂ −α(ξ)n

a. (2.4.15)
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Projecting along the cross-sections we get

Qa
b£nX

b =̂ 0, (2.4.16)

whereas Xala =̂ 0, the Bondi condition, and Eq. (2.2.18) imply that

la£nX
a =̂ −Xa£nl

a =̂ −Xaτ
a, na£nX

a =̂ 0, (2.4.17)

so that

£nX
a =̂ naXbτ

b. (2.4.18)

Contracting Eq. (2.4.15) with la, we find that

£nβ + la£Xn
a =̂ £nβ −Xaτ

a =̂ α(ξ), (2.4.19)

where the second equality follows from Eq. (2.4.18). We therefore find that Eq. (2.4.19) becomes

£nβ =̂ α(ξ) −Xaτ
a =̂ 1

2(Da − 2τa)Xa. (2.4.20)

In summary, in a chosen foliation of I any BMS symmetry can be written as ξa =̂ βna +Xa where

Xa is tangent to the cross-sections of the foliation and the following conditions are satisfied:

£nβ =̂ 1
2(Da − 2τa)Xa, (2.4.21a)

£nX
a =̂ naXbτ

b, (2.4.21b)

STF DaXb =̂ 0, (2.4.21c)

α(ξ) =̂ 1
2DaX

a. (2.4.21d)

Note that, using Eqs. (2.2.8), (2.2.27), (2.2.30), (2.4.4) and (2.4.11), one can show that these

equations are invariant under conformal transformations that preserve Bondi condition, that is, with

£nω =̂ 0 (for the form of these equations when Bondi condition does not hold, see Eq. (A.1.7)).
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Let ξa
1 =̂ β1n

a +Xa
1 and ξa

2 =̂ β2n
a +Xa

2 be two BMS symmetries (with Eq. (2.4.21) holding for

each) then their Lie bracket can be computed to give

ξa =̂ [ξ1, ξ2]a =̂ βna +Xa with

β =̂ £X1β2 − 1
2β2DaX

a
1 − (1↔ 2) , Xa =̂ £X1X

a
2 .

(2.4.22)

It can be checked that ξa is also a BMS symmetry, i.e. the β and Xa in Eq. (2.4.22) also satisfy the

conditions Eq. (2.4.21). Thus, the BMS symmetries form a Lie algebra b.

The structure of the BMS algebra can be analyzed using Eq. (2.4.22). Consider a BMS symmetry

of the form ξa
1 =̂ f1n

a where f1 is a smooth function on I satisfying £nf1 =̂ 0 (from Eq. (2.4.21a)).

Then, from Eq. (2.4.22) we see that the Lie bracket of ξa
1 =̂ f1n

a with any other BMS symmetry is

also of the form ξa =̂ fna with £nf =̂ 0, that is, the set of such vector fields is invariant under the

Lie bracket. Further, the Lie bracket of any two such symmetries vanishes. Thus, BMS symmetries

of the form fna form a preferred infinite-dimensional abelian subalgebra s which is a Lie ideal of the

BMS algebra b consisting of supertranslations. The quotient algebra b/s can then be parameterized

by Xa. From Eq. (2.4.21c) we see that this consists of conformal Killing fields on the cross-sections

of I . Since the cross-sections are diffeomorphic to S2 we get that b/s is isomorphic to the Lorentz

algebra so(1, 3). Note that the Lorentz algebra is only identified as a quotient algebra — since the

Lie bracket of a supertranslation and Xa is a supertranslation, there is no invariant choice of Lorentz

subalgebra within the BMS algebra b. Thus the BMS algebra is the semi-direct sum

b ∼= s⋉ so(1, 3) , (2.4.23)

of the Lie ideal s of supertranslations with the Lorentz algebra; the ⋉ indicates the non-trivial Lie

bracket between the two factors.

There is another finite-dimensional Lie ideal within the BMS algebra given by supertranslations

fna ∈ s which satisfy the additional condition

STF(Da + τa)(Db − τb)f =̂ 0 . (2.4.24)
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It can be checked that this equation is conformally-invariant. Further, the space of solutions to

this equation is 4-dimensional and is preserved under the Lie bracket of the BMS algebra (see

Remark 2.4.1 below). This 4-dimensional Lie ideal t can be viewed as the space of translations. In

fact, if the physical spacetime (M̂, ĝab) possesses any Killing vectors ξa, then they can be extended

to I ; moreover, if the Killing field is of the form ξa =̂ fna, then ξa must be a translation in the

sense of f obeying Eq. (2.4.24) (see [64]).

A special case of the translations are those that are given by a time-translation in some conformal

frame. A time-translation in a given conformal frame is given by f = 1, a definition that is

motivated by the behavior of the time-translation vector field in Minkowski (and, similarly, the time-

translation vector field in Kerr). Since f transforms by f 7→ ωf under a conformal transformation, a

conformally-invariant notion of a time-translation is given by f > 0, since ω > 0.

Remark 2.4.1 (Characterization of BMS symmetries through spherical harmonics). Consider the

Bondi frame — where the conformal factor is chosen so that the metric on the cross-sections is the

unit 2-sphere metric and the foliation is chosen so that τa =̂ 0. A general supertranslation can then

be expanded in spherical harmonics on S2. The condition Eq. (2.4.24) implies that the translations

are spanned by the ℓ = 0, 1 harmonics which is indeed a 4-dimensional space. The fact that the

translations are preserved under Lie brackets can also be shown using some spherical harmonics

technology (see Appendix A.9). Note that since supertranslations have conformal weight 1, this

spherical harmonic decomposition only holds in the Bondi frame. Similarly, the Lorentz vector fields

satisfying

STF DaXb =̂ 0 , (2.4.25)

are spanned by vector spherical harmonics with ℓ = 1 (see, e.g. [42]) which is the 6-dimensional

space of the Lorentz algebra so(1, 3).

Remark 2.4.2 (Supertranslation “ambiguity” in the Lorentz algebra). As noted above, while the

supertranslations form a subalgebra of the BMS algebra, there is no preferred Lorentz subalgebra.

Instead, the Lorentz algebra arises as the quotient algebra b/s: the set of equivalence classes [ξa] of

b, where ξa
1 and ξa

2 are members of the same equivalence class if ξa
1 − ξa

2 =̂ fna ∈ s.
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For a given cross-section S, one can consider the algebra lS of BMS vector fields of the form

ξa|S = Xa (that is, vector fields tangent to S). This is a subalgebra of b, and in fact it is

straightforward to show that lS ∼= b/s. The issue, therefore, is not that there is no Lorentz

subalgebra of b but that there is an uncountably infinite number of them, one per cross-section of I .

The fact that the members of the quotient algebra b/s are only defined up to supertranslations

is known as the supertranslation ambiguity. A similar situation occurs with the Poincaré algebra,

which, while possessing a Lie ideal in the form of the algebra of translations, possesses no unique

Lorentz subalgebra. For each origin in Minkowski spacetime, there is a Lorentz subalgebra that

consists of infinitesimal rotations and boosts that fix that point which is analogous to the Lorentz

subalgebra lS associated with some cross-section S of I .

Associated with each cross-section of I , there is a Poincaré subalgebra, much like how there is a

Lorentz subalgebra. This is given by the semi-direct sum of the Lorentz subalgebra associated with

the cross section with the translation subalgebra picked out by Eq. (2.4.24). This Poincaré subalgebra

can be shown to contain any exact Killing vector field that might exist in the physical spacetime (see

Theorem 1 of [64]). It is important to note there is no invariant notion of a set of charges conjugate to

Lorentz vector fields. Such a set of charges only exists for a given cross-section, so that (in particular)

one cannot have an invariant notion of the flux of angular momentum between two cross-sections.

This is similar to how the notion of angular momentum in flat space is origin-dependent.

Remark 2.4.3 (Extended BMS algebra). As discussed in chapter 1, there have been various recent

proposals for extending the BMS algebra. These include proposals to extend the Lorentz quotient

algebra, b/s, to the Virasoro algebra [65,66] and to the algebra of all diffeomorphisms of S2 [37,45,67].

The Virasoro vector fields are however singular at isolated points of S2 and one would have to modify

the definition of asymptotic flatness to incorporate them as symmetries. Similarly, as detailed in

Sec. 2.3, it follows from the definition of asymptotic flatness that the conformal class of induced

metrics on cross-sections of I is always universal. As a result, arbitrary diffeomorphisms of S2 do

not arise as symmetries in this context. We will also show in chapter 4 below (see also [6]) that the

extension to all diffeomorphisms of S2 cannot be implemented in a fully covariant manner. In the

rest of this chapter, we will not discuss either of these proposals further.
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1 Extensions of BMS symmetries away from I

Although we started this discussion with vector fields ξa that were defined throughout the unphysical

spacetime, up to this point, we have mostly worked with their restriction to I . The extension

of the BMS symmetries away from I into the spacetime is arbitrary — one can choose different

coordinate systems or gauge conditions to obtain various extensions. As emphasized at the start of

this chapter, all physical quantities (like charges and fluxes) associated with the BMS symmetries

must be independent of such a choice. Below, we collect some important results on the extensions of

BMS symmetries away from I that will be useful for proving this independence later on.

First, we show that the extension of ξa away from I is determined up to O(Ω2):

Proposition 2.4.1 (Equivalent representatives of a BMS symmetry). If ξa and ξ′a are vector fields

in M which represent the same BMS symmetry, i.e., ξa =̂ ξ′a ∈ b then ξ′a = ξa +O(Ω2).

Proof. Since ξ′a =̂ ξa, let ξ′a = ξa + ΩZa from which we obtain

α(ξ′) − α(ξ) = Ω−1na(ξ′a − ξa) = naZ
a . (2.4.26)

Since £ξgab − 2α(ξ)gab =̂ 0 for any BMS vector field, we have

0 =̂
(
£ξ′gab − 2α(ξ′)gab

)
−
(
£ξgab − 2α(ξ)gab

)
=̂ 2n(aZb) − 2ncZ

cgab . (2.4.27)

Taking the trace gives naZ
a =̂ 0. Then we have n(aZb) =̂ 0 which implies Za =̂ 0. Thus Za = O(Ω)

and ξ′a = ξa +O(Ω2).

The perturbation γ
(ξ)
ab generated by a BMS symmetry ξa|I will, in general, depend on the

extension of the symmetry away from I and hence is not well-defined for the BMS symmetries.

However, using the lemma above, it can be shown that STF γ(ξ)
ab on I is in fact independent of the

extension of the BMS symmetry ξa away from I and thus is well-defined for any BMS symmetry.
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Corollary 2.4.1. If ξa and ξ′a are any two extensions of a given BMS symmetry ξa|I away from

I then

STF γ(ξ)
ab =̂ STF γ(ξ′)

ab . (2.4.28)

Proof. From Prop. 2.4.1, we have ξ′a = ξa + Ω2W a, from which (using Eq. (2.4.4)) we compute

α(ξ′) = Ω−1naξ
′a = Ω−1naξ

a + ΩnaW
a = α(ξ) + ΩnaW

a . (2.4.29)

Similarly

£ξ′gab = £ξgab + 4Ωn(aWb) +O(Ω2) . (2.4.30)

Thus, we find that

Ωγ(ξ′)
ab = £ξ′gab − 2α(ξ′)gab = £ξgab − 2α(ξ)gab + 4Ω

(
n(aWb) − 1

2ncW
cgab

)
+O(Ω2)

=⇒ γ
(ξ′)
ab = γ

(ξ)
ab + 4

(
n(aWb) − 1

2ncW
cgab

)
+O(Ω) . (2.4.31)

Evaluating the STF on I of both sides of the above equation we find the desired result.

For later computations it will be useful to have an explicit expression for STF γ(ξ)
ab at I for any

BMS symmetry ξa in terms of the fields defined on I . We show below that

STF γ(ξ)
ab =̂ −2 STF

[
1
2βNab + (Da + τa)(Db − τb)β + £Xσab − 1

2(DcX
c)σab

]
. (2.4.32)

Comparing the above formula to Eq. (2.3.10) we find that under a BMS symmetry the shear

transforms as

δξσab = STF
[

1
2βNab + (Da + τa)(Db − τb)β + £Xσab − 1

2(DcX
c)σab

]
. (2.4.33)

This is the infinitesimal version of the transformation of the shear found by Sachs [28]. It is also

the same as that given in e.g. Eq. 2.18b of [42] for the transformation of the shear CAB in Bondi

coordinates (which is related to σab by Eq. (2.6.10)).
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In the remainder of this section we detail the computations which lead to Eq. (2.4.32). Let

ξa|I = βna + Xa be a BMS symmetry on I . In the following, let la be any vector field in a

neighbourhood of I which coincides with the chosen auxiliary normal at I — the result of the

computation can be checked to be independent of how the auxiliary normal is extended away from

I .

As shown above in Cor. 2.4.1, STF γ(ξ)
ab

∣∣
I

is independent of how the BMS symmetry ξa|I is

extended away from I . Thus, we can choose to extend the BMS symmetry away from I as follows.

We first extend β and Xa away from I to satisfy

£lβ =̂ 0, £lX
a =̂ 0. (2.4.34)

With this choice, any extension of the BMS symmetry ξa|I can be written as

ξa = βna +Xa + ΩZa. (2.4.35)

where Za is some smooth vector field. Next, from Prop. 2.4.1 we see that Za|I can be determined

in terms of β and Xa. To do this, first note that, by Eq. (2.4.4),

α(ξ) =̂ −£l(ξana) =̂ −na£lξ
a =̂ naZ

a. (2.4.36)

Next, we compute lb£ξgab, using Eq. (2.4.6), together with Eq. (2.4.34):

lb£ξgab =̂ −∇aβ + £X la − Za + nal
bZb =̂ 2α(ξ)la. (2.4.37)

Contracting this equation with la, using Eq. (2.4.34) and la£X la =̂ −la£X l
a =̂ 0, we find that

laZ
a =̂ 0. Therefore, we can rearrange Eq. (2.4.37) to solve for Za:

Za =̂ −∇aβ − 2α(ξ)la + £X la. (2.4.38)

Further, since la is the normal and Xa is tangent to the cross-sections of the chosen foliation, we
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have Qa
b£X lb =̂ 0. So

Za =̂ −Daβ + la(£nβ − 2α(ξ) + lb£Xn
b) =̂ −Daβ − α(ξ)la, (2.4.39)

where we have used Eqs. (2.4.21a) and (2.4.21b). In summary, with the choice Eq. (2.4.34), we can

write any extension of a given BMS symmetry ξa|I as

ξa = βna +Xa − Ω(Daβ + α(ξ)l
a) + Ω2W a, (2.4.40)

for some smooth W a.

With this choice of extension of the BMS symmetry, we compute STF γ(ξ)
ab

∣∣
I

in terms of β and

Xa. Using the expansion in Eq. (2.4.40) we have

Ωγ(ξ)
ab = £ξgab − 2α(ξ)gab

= β£ngab + £Xgab − 2α(ξ)gab − 2n(a[Db)β + α(ξ)lb)]

− Ω[2∇a∇bβ + α(ξ)£lgab + 2l(a∇b)α(ξ) − 4n(aWb)] + Ω2£W gab (2.4.41)

We now want to solve this equation for STF γ(ξ)
ab

∣∣
I

. This can be done by taking the £l of the above

equation, evaluating on I , and then taking the STF. Using £lΩ =̂ lana = −1 and that £lna ∝ na

at I , a long but straightforward computation gives

STF γ(ξ)
ab =̂ −STF[β£l£ngab + £l£Xgab + 2DaDbβ − α(ξ)£lgab], (2.4.42)

where we have used Eq. (2.4.34). Note that by Eq. (2.4.34), we find that

STF £l£Xgab =̂ STF £X£lgab =̂ 2 STF £Xσab, (2.4.43)

where the final equality can be shown using Eqs. (2.2.16) and (2.4.21c), together with the fact

that Xana =̂ Xala =̂ 0. Combining Eqs. (2.4.42) and (2.4.43), together with Eqs. (2.2.16), (2.2.35)
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and (2.4.21d), we find that

STF γ(ξ)
ab = −2 STF

[
1
2βNab + (Da + τa)(Db − τb)β + £Xσab − 1

2(DcX
c)σab

]
, (2.4.44)

as claimed in Eq. (2.4.32).

2.5 Asymptotic charges and fluxes: The Wald-Zoupas prescription

The prescription of Wald and Zoupas [53] provides a method of determining charges and fluxes

at null infinity, and can be applied to any local and covariant theory. It relies on the covariant

phase space formalism which was discussed for a general theory in chapter 1. Here, we repeat that

discussion while specializing to the case of vacuum general relativity. Note that the addition of

matter, for example, does not significantly complicate this discussion (see for example, [53,68]).

We start with the Einstein-Hilbert Lagrangian 4-form L:

L = 1
16π R̂ ε̂4. (2.5.1)

where R̂ is the Ricci scalar and ε̂4 is the 4-form volume element of the physical metric. The dynamical

field is the physical metric ĝab, and varying this dynamical field we obtain

δL = Eabδĝab + dθ(δĝ), (2.5.2)

where the 3-form θ is the symplectic potential, and Eab is a tensor-valued 4-form which gives the

equations of motion in the form Eab = 0. Here and throughout the rest of this analysis, we suppress

the dependence of θ on the background physical metric, ĝab, but it is understood to exist. For

general relativity, we have [69]

Eab = − 1
16π ε̂4Ĝ

ab, (2.5.3a)

θ(δĝ) ≡ − 1
8π ε̂abc

[dĝe]f ∇̂eδĝdf , (2.5.3b)
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The symplectic current is defined by taking a second, independent variation of the symplectic

potential and anti-symmetrizing in the perturbations:

ω(δ1ĝ, δ2ĝ) := δ1θ(δ2ĝ)− δ2θ(δ1ĝ). (2.5.4)

Computing dω from this equation, using the fact that d and δ commute, using the second variation

of Eq. (2.5.2), and using the fact that δ1 and δ2 commute, one finds that

dω(δ1ĝ, δ2ĝ) = δ2Eabδ1ĝab − δ1Eabδ2ĝab, (2.5.5)

which vanishes whenever the perturbations satisfy the linearized equations of motion δEab = 0. When

the dynamical fields ĝab satisfy the equations of motion, and δĝab satisfy the linearized equations of

motion, one can show that (see, e.g, [48,49,70])

ω(δĝ,£ξ ĝ) = d
[
δQξ − ξ · θ(δĝ)

]
, (2.5.6)

for all diffeomorphisms generated by ξa, where the 2-form Qξ is the Noether charge associated with

ξa. In general relativity, we have that [53,69]

ω(δ1ĝ, δ2ĝ) ≡ 1
16π ε̂dabcP̂

defghi
[
δ1ĝef ∇̂gδ2ĝhi − (1↔ 2)

]
, (2.5.7)

where

P̂ abcdef := ĝaeĝfbĝcd − 1
2 ĝ

adĝbeĝfc − 1
2 ĝ

abĝcdĝef − 1
2 ĝ

bcĝaeĝfd + 1
2 ĝ

bcĝadĝef . (2.5.8)

Moreover, the Noether charge is given by [48]

Qξ ≡ −
1

16π ε̂cdab∇̂cξd. (2.5.9)

As discussed in chapter 1, the symplectic current, when integrated over some hypersurface Σ,

provides a symplectic product on phase space. Moreover, the perturbed Hamiltonian corresponding

to a diffeomorphism generated by ξa is given by the symplectic product of an arbitrary perturbation
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δgab with δξ ĝab = £ξ ĝab:

δHξ =
∫

Σ
ω(δĝ,£ξ ĝ) =

∫
Σ
d
[
δQξ − ξ · θ(δĝ)

]
=
∫

∂Σ

[
δQξ − ξ · θ(δĝ)

]
, (2.5.10)

where the second equality follows by Eq. (2.5.6) and ∂Σ is the boundary of Σ.

Now consider the case where the hypersurface Σ extends as a smooth surface to I in the

unphysical spacetime which intersects I at a cross-section S. We take Eq. (2.5.10), rewritten in

terms of the unphysical fields which are smooth at I . In general relativity, using the behaviour of

the unphysical metric perturbations detailed in Sec. 2.3.1, the symplectic current has a finite limit

to I ; as shown in [53]. However, one should not conclude from Eq. (2.5.6) that δQξ − ξ · θ(δĝ)

also has a limit to I ; in general relativity it can be shown that θ(δĝ) again has a finite limit to I

(see [53]), but δQξ diverges in this limit. Note that any procedure to “subtract out the diverging

part” is highly non-unique. Fortunately, there is no need to resort to any such ad hoc procedure.

Instead we proceed as follows.

Lemma 2.5.1. Let S′ be some sequence of 2-spheres in unphysical spacetime which limits (continu-

ously) to a chosen cross-section S of I . Then, the limiting integral

lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
(2.5.11)

defined by first integrating δQξ − ξ · θ(δĝ) over the sequence of 2-spheres S′ and then taking the limit

as the sequence tends to S ⊂ I exists and is independent of the chosen sequence of 2-spheres used in

the limit.

Proof. Let S0 be some 2-surface in the unphysical spacetime and let Σ be a smooth 3-surface which

extends from S0 and intersects I at a cross-section S. Note that this surface Σ is a compact

3-manifold in the unphysical spacetime. The integral of ω(δĝ,£ξ ĝ) over Σ is necessarily finite since

ω(δĝ,£ξ ĝ) is a continuous 3-form on Σ (including at the “boundary” at S). Integrating Eq. (2.5.6)
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over Σ we obtain4

∫
Σ

ω(δĝ,£ξ ĝ) =
∫

S0

[
δQξ − ξ · θ(δĝ)

]
− lim

S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
, (2.5.12)

where the last expression on the right-hand side means “integrate over some 2-sphere S′ ⊂ Σ, and

then take the limit of this 2-sphere to the boundary S”. This limiting procedure is necessary because,

although the integral on the left-hand side of Eq. (2.5.12) is always finite, the 2-form integrand on

the right-hand side need not have a finite limit to I in general. It follows that the limit in the last

expression on the right-hand side of Eq. (2.5.12) exists. The limit is also independent of the choice

of sequence of S′ that is used in its definition due to Eq. (2.5.6) and the fact that Σ is compact

and ω(δĝ,£ξ ĝ) is continuous on Σ. Moreover, by Stokes’ theorem, this expression is the same for

any choice of the 3-surface Σ whose boundary is S, since dω(δĝ, δξ ĝ) = 0 by Eq. (2.5.5) and since

ω(δĝ, δξ ĝ) extends continuously to I .

Remark 2.5.1 (Necessity of ω extending continuously to I ). We emphasize that the condition

that ω(δĝ, δξ ĝ) extend continuously (as a 3-form in M) to I is necessary in the above argument.

For instance, if we instead only assume that
∫

Σ ω(δĝ, δξ ĝ) is finite on every surface Σ (or that the

pullback of ω(δĝ, δξ ĝ) to every Σ is continuous within Σ), then dω = 0 does not imply that the limit

of
∫

S′

[
δQξ − ξ · θ(δĝ)

]
is well-defined since it can depend on the choice of surface Σ used to define

the limiting integral. As this point is often overlooked in the application of Stokes’ theorem at I ,

we provide a simple example on the Euclidean plane below.

On R2, let (x, y) be the usual Cartesian coordinates. Consider the 1-form

ω ≡ 1
(x2 + y2)3/2

[
y2 dx− xy dy

]
. (2.5.13)

4 We note that on the left-hand side, we have taken Σ to be future-oriented while on the right-hand side, the 2-spheres
do not have the usual outward-facing orientation within Σ, but the opposite. This choice of orientation is more natural,
since (as mentioned in Remark 2.2.1), the limit of the orientation as S′ → S is the future-directed orientation of S
within I as specified by ε2. This choice of orientation is the opposite of the one that is used by Wald and Zoupas
(see footnotes 2, 3, and 8 of [53]), and so some of our equations have the opposite sign compared to theirs.
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This 1-form can be written as the exterior derivative of a 0-form (i.e., a function) as5

ω = dQ , Q = x

(x2 + y2)1/2
. (2.5.14)

Note that ω does not extend continuously to the origin (x, y) = (0, 0), but dω = 0 everywhere else

and extends continuously to the origin. Further, it can be checked that the pullback of this ω to

any smooth curve Σ through the origin is continuous at the origin within this curve. However, we

cannot use Stokes’ theorem to conclude that
∫

Σ ω is independent of the choice of curve Σ joining

the origin to some other point, since ω is not continuous at the origin as a 1-form in R2 . A direct

computation shows that for any curve Σ from the origin to (1, 1), we have

∫
Σ

ω = 1√
2 − cos θ , (2.5.15)

where θ is the angle with the x-axis of the tangent of Σ at the origin. So the integral of ω along any

curve through the origin is finite but depends on the curve Σ. Thus, we cannot define the value

of Q at the origin by taking such integrals over curves Σ since it depends on the curve used in the

limiting procedure. This can be explicitly checked from the expression for Q given above.

Next, we show that in general relativity, the limiting integral of
[
δQξ − ξ · θ(δĝ)

]
is independent

of the choice of extension of the BMS symmetry away from I .

Lemma 2.5.2. If ξa and ξ′a are equivalent representatives of a BMS symmetry on I in general

relativity then

lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
= lim

S′→S

∫
S′

[
δQξ′ − ξ′ · θ(δĝ)

]
, (2.5.16)

for all background spacetimes, all perturbations δĝab and all cross-sections S of I .

Proof. From Prop. 2.4.1, two equivalent representatives of a BMS symmetry are related by ξ′a =

ξa + Ω2W a for some smooth W a. Hence to prove the desired result we only need to show that the

above integral computed for the vector field Ω2W a vanishes. In general relativity it can be shown

5 The choice of the constant in the function Q is irrelevant for our argument.
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that the 3-form θ(δĝ) is finite at I [53] and thus (Ω2W ) ·θ(δĝ) =̂ 0. So we only need to the compute

the Noether charge term which can be written as

QΩ2W ≡ −
1

16π ε̂abcd∇̂c(Ω2W d) = − 1
16πεabcd∇cW d . (2.5.17)

Note that this is manifestly finite at I and so we can dispense with the limiting procedure used in

the integral and evaluate the variation of the above expression directly at I . Using the asymptotic

conditions on the metric perturbations (Eq. (2.3.8)), we get (we ignore the overall signs and factors)

δQΩ2W

∣∣
I
∝ εabcdn

cγd
eW

e . (2.5.18)

Using the definition of the volume-forms (Eq. (2.2.14)) and nal
a =̂ −1, the integral over the

cross-section S is then (using γabn
b =̂ Ωγa)

∫
S
δQΩ2W ∝

∫
S

ε2 n
aγabW

b =̂
∫

S
ε2 ΩγaW

a =̂ 0 . (2.5.19)

The results of Lemmas 2.5.1 and 2.5.2 prove that the limiting integral of
[
δQξ − ξ · θ(δĝ)

]
is

well-defined on BMS symmetries at I . Thus, from Eq. (2.5.12), it would be natural to define a

charge associated with the asymptotic symmetry ξa at S as a function Q[ξ;S] in the phase space of

the theory such that

δQ[ξ;S] := lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
, (2.5.20)

for all backgrounds ĝab, all perturbations δĝab, and all cross-sections S. However, in general, no

such function Q[ξ;S] exists, since the right-hand side is not integrable in phase space; that is, it

cannot be written as the variation of some quantity for all perturbations. To see this, suppose that

the charge defined in Eq. (2.5.20) does exist. Then, one must have (δ1δ2 − δ2δ1)Q[ξ;S] = 0 for all

backgrounds ĝab and all perturbations δ1ĝab, and δ2ĝab (satisfying the corresponding equations of
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motion). However, it follows from Eqs. (2.5.4) and (2.5.20) and the commutativity of δ1 and δ2 that

(δ1δ2 − δ2δ1)Q[ξ, S] = −
∫

S
ξ · ω(δ1ĝ, δ2ĝ). (2.5.21)

Thus, a charge defined by Eq. (2.5.20) will exist if the right-hand side of the above equation vanishes.

This is the case if ξa is tangent to S. However, in general, the right-hand side is non-vanishing, and

so one cannot define any charge Q[ξ;S] using Eq. (2.5.20).

Remark 2.5.2 (Subtracting the “non-integrable part”). It might be tempting to simply stare at some

explicit expression for the right-hand-side of Eq. (2.5.20) and then subtract off the “non-integrable

part” of the expression to obtain an expression which is manifestly integrable to define the charge at

S. But this “procedure” is very ad hoc; for instance suppose one manages to write the right-hand

side of Eq. (2.5.20) as δA+B where δA is a manifestly integrable expression and B is not. However,

one can trivially write this in the alternative form δA+B = δ(A+ C) + (B − δC) where C is some

tensorial expression in terms of the available fields. Obviously, δ(A+C) is integrable while (B− δC)

is non-integrable for any choice of C. Thus the procedure to “subtract off the non-integrable part” is

highly ambiguous — without any additional criteria, one cannot know which “non-integrable part”

B or B − δC should be “subtracted off”.

The obstruction to the non-integrability of Eq. (2.5.20) was resolved by the rather general

prescription of Wald and Zoupas [53]. Their procedure for defining integrable charges associated

with asymptotic symmetries can be summarized as follows: let Θ be a symplectic potential for the

pullback of the symplectic current to I ; that is,

ω←−(δ1ĝ, δ2ĝ) = δ1Θ(δ2ĝ)− δ2Θ(δ1ĝ), (2.5.22)

for all backgrounds and all perturbations, with appropriate asymptotic conditions and equations of

motion imposed. We then require that the choice of Θ satisfies the following properties:

(1) Θ must be locally and covariantly constructed out of the dynamical fields gab, the perturbations

δgab, and finitely many of their derivatives, along with any fields in the “universal background
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structure” present at I described in Sec. 2.3;

(2) Θ must be independent of any arbitrary choices made in specifying the background structure;

that is, Θ must be conformally invariant and independent of the choice of the auxiliary normal

la; and

(3) if gab is a stationary background solution, then Θ(ĝ; δĝ) = 0, for all (not necessarily stationary)

perturbations δgab.

The first of these conditions is motivated by the fact that, as given in our list of criteria at the start

of this chapter, the prescription used to define charges should only depend on the tensor fields that

exist on I , and should not depend on additional structure (for example, some choice of coordinates).

The second condition is required to ensure that the charges that are defined by this prescription are

associated with the physical spacetime and do not depend that the particular choices that go into

the conformal-completion (such as the conformal factor) or other additional choices like the foliation

of I . The final criterion plays an important role in showing that the flux of these charges vanishes

for stationary spacetimes as we shall see below.

If such a symplectic potential Θ can be found, define Q[ξ;S] to be a function on the phase space

at I by

δQ[ξ;S] := lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
+
∫

S
ξ ·Θ(δĝ). (2.5.23)

It can easily be checked (using Eqs. (2.5.20)–(2.5.22)) that this expression is integrable in phase

space; that is, (δ1δ2 − δ2δ1)Q[ξ;S] = 0. Together with some choice of reference solution g0 on which

Q[ξ;S] = 0 for all asymptotic symmetries ξa and all cross-sections S, Eq. (2.5.23) can be integrated

in phase space to define the Wald-Zoupas (WZ) charge Q[ξ;S] associated with the asymptotic

BMS symmetry ξa at S. We note the following properties of the WZ charge defined by the above

procedure:

(1) Since Θ is locally and covariantly constructed from the physical metric and the universal

structure of I , the charge can similarly be written in terms of quantities that are defined at

I . In particular the charge only depends on the BMS symmetry at I and not on any choice

of its extension into the spacetime. While this is clear for the term that is an integral of ξ ·Θ,
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that this is also true for the remaining terms, which are defined by a limit in the unphysical

spacetime, follows by Lemmas 2.5.1 and 2.5.2.

(2) Moreover, since Θ is chosen to be conformally invariant and independent of the choice of the

auxiliary foliation of I and the choice of the reference solution is to be specified without

any particular choice of its conformal completion or the choice of auxiliary foliation, the WZ

charge is also conformally invariant and independent of the choice of the auxiliary foliation.

Note, however that the WZ charge does depend on the chosen cross-section S on which it is

evaluated and hence can depend on the auxiliary normal la at S (but does not depend on the

choice of la away from S).

The flux of the perturbed WZ charge, through a portion ∆I of I whose boundary is given by

two cross-sections S1 and S2, is given by (see Eqs. 28 and 29 of [53])

δF [ξ; ∆I ] := δQ[ξ;S2]− δQ[ξ;S1] =
∫

∆I

[
ω←−(δĝ,£ξ ĝ) + d{ξ ·Θ(δĝ)}

]
. (2.5.24)

The last term of this equation can also be written as

d[ξ ·Θ(δĝ)] = £ξΘ(δĝ) = −ω←−(δĝ,£ξ ĝ) + δΘ(£ξ ĝ) , (2.5.25)

where in the first equality, we have used the fact that Θ is a 3-form intrinsic to I and so its exterior

derivative is zero while second equality follows from the definition of Θ as a symplectic potential for

ω←− (Eq. (2.5.22)). The flux of the perturbed WZ charge is therefore simply given by

δF [ξ; ∆I ] =
∫

∆I
δΘ(£ξ ĝ). (2.5.26)

To get the unperturbed charge and flux, we have to choose a reference solution g0 on which the

charges are required to vanish. Since the symplectic potential Θ is required to vanish on stationary

backgrounds, we choose the reference solution g0 to also be stationary. For our concrete case of

general relativity, we will pick g0 to be (any conformal completion of) Minkowski spacetime. Then,
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the flux of the WZ charge is given by

F [ξ; ∆I ] = Q[ξ;S2]−Q[ξ;S1] =
∫

∆I
Θ(£ξ ĝ). (2.5.27)

There are two important properties that follow from this expression for the flux. The first, which

the flux inherits from Θ, is that, for any stationary background, the flux will vanish. This property

captures the fact that, if there is no radiation, there should be no flux and the charges should

be conserved quantities. The second is that, if ξa is an exact Killing vector field in the physical

spacetime then the flux will vanish as well. This follows from the vanishing of £ξ ĝab for such vector

fields. This property is reminiscent of Noether’s theorem [71]: if there is an exact symmetry, then

there should be a quantity related to that symmetry (in this case, the charge) that is conserved.

In the next two sections, we will find expressions for the WZ flux and the WZ charge in vacuum

general relativity. Since the charge and flux calculations will be performed in different ways, we will

check these calculations by showing that they agree with Eq. (2.5.27).

Finally, we remark that the Wald-Zoupas prescription has certain ambiguities related to the

choices of the symplectic potential θ and the choice of Θ. However, it was argued in [53] that these

ambiguities do not affect the final results for the WZ charge and flux and so we will not discuss

them here.

1 Wald-Zoupas flux in general relativity

We first consider the flux of the Wald-Zoupas charge. From Eq. (2.5.27), it is apparent that

determining this flux requires finding Θ. First, a lengthy calculation starting with Eq. (2.5.7), then

using Eq. (2.3.8) for the unphysical metric perturbation δgab, along with the variation of the vacuum

Einstein equations (Eq. (2.2.1)), shows that [53]

ω←−(δ1ĝ, δ2ĝ) =̂ − 1
32π

(
δ1Sabγ

ab
2 − δ2Sabγ

ab
1

)
ε3. (2.5.28)
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Since γabnb =̂ 0 by Eq. (2.3.8), δSab in this expression can be replaced with δ S←−ab. Moreover, ρab

is universal, and so δρab = 0; as such, Eq. (2.2.39) implies that we can replace δ S←−ab with δNab,

yielding

ω←−(δ1ĝ, δ2ĝ) =̂ − 1
32π

(
δ1Nabγ

ab
2 − δ2Nabγ

ab
1

)
ε3 =̂ 1

16π
(
δ1N

abδ1σab − δ2N
abδ1σab

)
ε3, (2.5.29)

where the final equality uses the fact that the News tensor is traceless and Eq. (2.3.10).

A symplectic potential for ω←− is therefore given by

Θ(δĝ) =̂ − 1
32πN

abγabε3 =̂ 1
16πN

abδσabε3. (2.5.30)

One must check that this symplectic potential satisfies the requirements given above. First, it is

constructed from gab, δgab, their derivatives (such as Sab), and fields that are part of the universal

structure at I (such as na and, less obviously, ρab [53]). Moreover, it is independent of the choice of

conformal factor Ω and auxiliary normal la. To see this, first note that the only piece that depends

on la is ε3 = l · ε4, but upon taking the pullback, this dependence drops out. To see that it is

conformally invariant, use the fact that γab = Ωδĝab, and so under a conformal transformation

Ω 7→ ωΩ,

Nab 7→ ω−4Nab , γab 7→ ωγab , ε3 7→ ω3ε3, (2.5.31)

and so we find that Θ is conformally invariant. Finally, note that this choice of Θ vanishes on

stationary solutions gab, for any perturbation δgab, by the argument on pp. 53–54 of [62] (which

shows that Nab vanishes for stationary vacuum spacetimes).

Using a chosen foliation of I , we now provide a more explicit expression for the WZ flux in

terms of fields defined on I . Note that, since the News tensor is traceless, we have that

Nabγ
(ξ)
ab =̂ Nab STF γ(ξ)

ab . (2.5.32)

As such, from Cor. 2.4.1, we have that our flux is independent of the extension of ξa off of I .



2.5. Asymptotic charges and fluxes: The Wald-Zoupas prescription 54

Plugging in our expression for STF γ(ξ)
ab from Eq. (2.4.32), we therefore find that6

F [ξ; ∆I ] =̂ − 1
16π

∫
∆I

ε3N
abγ

(ξ)
ab

=̂ − 1
16π

∫
∆I

ε3N
ab[1

2βNab + (Da + τa)(Db − τb)β + £Xσab − 1
2(DcX

c)σab].
(2.5.33)

Note that the first expression is manifestly independent of any choice of foliation of I , a property it

inherits from Θ. This is not obviously true for the second, which instead is more useful for explicit

computations (such as comparing with expressions in Bondi coordinates). Both, however, are clearly

local and covariant, and can be easily shown to be independent of the conformal factor. We reiterate

that these properties of the flux are motivated by the desire that these expressions not be dependent

on any arbitrary choices that we could make, such as a coordinate system, conformal factor etc. As

mentioned below Eq. (2.5.27), the flux in Eq. (2.5.33) has the property that it vanishes for both

stationary backgrounds as well as when ξa is an exact Killing vector field of the physical spacetime.

The first of these properties is evident both in the first and second expressions in Eq. (2.5.33), as the

integrands are both proportional to the News. That the flux vanishes when ξa is an exact Killing

vector field follows immediately from the fact that γ(ξ)
ab vanishes for such vector fields.

In the case where ξa is a translation, namely ξa = fna, where f obeys Eq. (2.4.24), it is the case

that

F [fn; ∆I ] = − 1
32π

∫
∆I

ε3 fN
abNab. (2.5.34)

In the case where f is everywhere positive, ξa corresponds to a time-translation Eq. (2.4.24). In

this case, the flux is negative, corresponding to the loss of mass/energy during the emission of

gravitational waves.

Remark 2.5.3 (BMS fluxes and Hamiltonians). On any region ∆I of null infinity we can take the

integral of the symplectic current
∫

∆I ω←−(δ1ĝ, δ2ĝ) to define a symplectic form on the radiative phase

on ∆I . Then, Eq. (2.5.24) implies that

δF [ξ; ∆I ] =
∫

∆I
ω←−(δĝ,£ξ ĝ) +

∫
S2
ξ ·Θ(δĝ)−

∫
S1
ξ ·Θ(δĝ), (2.5.35)

6 The first form of the WZ flux in Eq. (2.5.33) was anticipated by Geroch and Winicour long before Wald and Zoupas
(see Eq. 28 of [72]).
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Note that if the boundary terms at S1 and S2 vanish for all perturbations δgab and all background

solutions gab then the WZ flux F [ξ; ∆I ] would define a Hamiltonian generator corresponding to the

BMS symmetry ξa, as defined by [49, 53]. In general, these boundary terms do not and the WZ flux

does not define a Hamiltonian. However, in the case where we consider all of null infinity, instead of

some finite portion, and use appropriate boundary conditions at timelike and spatial infinity, then

F [ξ; I ] is a Hamiltonian generator on the full radiative phase space on I . To see this, let u be

a parameter along the null generators of I such that na∇au =̂ 1, and impose, as u → ±∞, the

following boundary conditions:

Nab = O(1/|u|1+ϵ), γab = O(1), (2.5.36)

for some ϵ > 0. These conditions ensure that the integral of the symplectic current over all of I , as

given in Eq. (2.5.29), is finite. Further, Eq. (2.4.21a) implies that ξa = O(|u|), and so it follows from

Eqs. (2.5.30) and (2.5.36) that

lim
u→±∞

ξ ·Θ(δĝ) = 0. (2.5.37)

Note that the conditions Eq. (2.5.36) are preserved by all BMS symmetries, and thus the total flux

F [ξ; I ] defines a Hamiltonian generator for any BMS symmetry ξa on the radiative phase space on

I .

2 Wald-Zoupas charge in general relativity

Having obtained the WZ flux, we now wish to find an expression for the WZ charge in terms of fields

on I . From Eq. (2.5.23), the WZ charge Q[ξ;S] is determined by

δQ[ξ;S] = lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
+
∫

S
ξ ·Θ(δĝ) , (2.5.38)

along with the requirement that Q[ξ;S] vanish on Minkowski spacetime for all BMS symmetries ξa

and all cross-sections S. The main difficulty in carrying out this computation directly is that the

2-form δQξ does not have a limit to I . To compute the right-hand-side of Eq. (2.5.38), one must
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first choose some family of 2-spheres inside the spacetime, evaluate the integral and then take the

limit as these 2-spheres tend to the chosen cross-section S of I .

To compute this term, we note that by the general arguments in Lemmas 2.5.1 and 2.5.2,

lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
, (2.5.39)

is guaranteed to exist, is independent of the family of 2-spheres chosen to take the limit and is

independent of how the BMS symmetry is extended into the spacetime away from I . Moreover,

it is manifestly independent of the choice of the conformal factor and the choice of the foliation

of I . Thus, we can compute Eq. (2.5.39) in the choices given by the conformal Bondi-Sachs

coordinates in a neighbourhood of I . The detailed construction of these coordinates and the form

of the unphysical and physical metrics in these coordinates is given in Sec. 2.6.1. The conformal

Bondi-Sachs coordinates specify a family of null surfaces Nu labeled by a coordinate u and a family

of 2-spheres S′ labeled by the coordinates Ω and u along each null surface Nu such that as Ω→ 0

the 2-spheres limit to a cross-section S of I . We use this family of 2-spheres to evaluate Eq. (2.5.39)

and then take the limit Ω→ 0 along this family.

With this setup, we take the form of the unphysical metric in Bondi-Sachs coordinates (given

by Eqs. (2.6.2) and (2.6.5)), the corresponding expressions for the unphysical metric perturbations

along with the expression for ξa derived in Eq. (2.6.19). We use this to evaluate Eq. (2.5.39) using

Eqs. (2.5.3b) and (2.5.9), after converting the physical metric and physical metric perturbations to

their unphysical counterparts. The resulting expression for the 2-form δQξ has a term that diverges

as Ω→ 0, which is given by

ε2 Ω−1
(
2XAδU

(2)
A

)
= −ε2 Ω−1XADBδCAB . (2.5.40)

The indices A,B are abstract indices for tensor fields on the chosen family of 2-spheres, and DA is

the covariant derivative on these 2-spheres. The equality Eq. (2.5.40) follows from Eq. (2.6.7) which

is a consequence of the (linearized) Einstein equation in the Bondi-Sachs coordinates. Now, since

XA is a Lorentz vector field (satisfying Eq. (2.6.14) in the conformal Bondi-Sachs coordinates) and
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δCAB is traceless, this term vanishes when integrated over the 2-spheres. As a result, the limit of∫
S′ δQξ as S′ → S, i.e. as Ω → 0, is finite. Then, computing the remaining terms in Eq. (2.5.39)

(which are manifestly finite as Ω→ 0) we obtain

lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
= − 1

8πδ
∫

S
ε2
[
β (P + 1

2σabN
ab) +XaJa +XaσabDcσ

bc − 1
4σabσ

abDcX
c]

− 1
16π

∫
S

ε2 β N
abδσab . (2.5.41)

where we have used Eq. (2.6.10) to convert the metric components in the conformal Bondi-Sachs

coordinates to covariant quantities defined on I . We can immediately see this expression is

non-integrable due to the last term.7

Using Eqs. (2.2.14), (2.5.30) and (2.6.19), we have

∫
S
ξ ·Θ(δĝ) = 1

16π

∫
S

ε2 βN
abδσab . (2.5.42)

Thus, the perturbed WZ charge is given by

δQ[ξ;S] = lim
S′→S

∫
S′

[
δQξ − ξ · θ(δĝ)

]
+
∫

S
ξ ·Θ(δĝ)

= − 1
8πδ

∫
S

ε2
[
β (P + 1

2σabN
ab) +XaJa +XaσabDcσ

bc − 1
4σabσ

abDcX
c] . (2.5.43)

Therefore, the expression for the WZ charge is given by

Q[ξ;S] =̂ − 1
8π

∫
S

ε2
[
β(P + 1

2σ
abNab) +XaJa +Xaσab(Dc − τc)σbc − 1

4σabσ
ab(Dc − 2τc)Xc

]
.

(2.5.44)

Note that in Eq. (2.5.44) we have added terms which depend on τa; these terms cancel amongst

each other using the identity Eq. (A.3.2). These additional terms make each term in the integrand of

conformal weight −2 (which can be verified using the conformal weights given in Eqs. (2.2.29)–(2.2.31)

7 As emphasized in Remark 2.5.2 above, this should not be taken to mean that the last line above is the “non-integrable
part” of the expression which should be “simply subtracted away” without specifying any additional criteria.
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and (2.4.11)) which, along with the conformal weight +2 of ε2, makes the charge conformally-invariant.

Further, since these τa terms cancel, the charge is independent of the choice of the foliation and

only depends on the chosen cross-section S. We will verify below that the flux of this charge across

any region ∆I is given by Eq. (2.5.33). Finally, since the flux vanishes in Minkowski spacetime we

can compute the charge on any cross-section of I . Using a shear-free cross-section we see that the

charge also vanishes on any cross-section of I in Minkowski spacetime. Thus, the charge formula in

Eq. (2.5.44) satisfies all the properties required by the WZ charge.

For a supertranslation symmetry with β =̂ f satisfying £nf =̂ 0 it is straightforward to verify that

Eq. (2.5.44) reproduces Geroch’s supermomentum [53,62]. Further, if at some chosen cross-section

S we pick β|S =̂ 0 then the resulting formula is equal to the linkage charge defined by Geroch and

Winicour [53,72]; this was proven in [53] and was shown more explicitly in [4]. Now, while on any

fixed cross-section S we can decompose a general BMS symmetry into a supertranslation part and a

part tangent to S, this decomposition is not preserved along I (see Remark 2.4.2). Thus, in general

the WZ charge is not the sum of Geroch’s supermomentum with the Geroch-Winicour charge. In

Appendix A.2.2, we will also include a brief comparison of the WZ charge with the Komar formula

and the linkage charge in addition to a formula due to Penrose.

By the general arguments following Eq. (2.5.24), the change in the charge Eq. (2.5.44) between

two cross-sections is given by the flux formula Eq. (2.5.33). However, showing this explicitly is a

non-trivial computation, which we detail in the remainder of this section.

Let S2 and S1 be any two cross-sections of I , with S2 to the future of S1, and let ∆I be the

portion of I bounded by these cross-sections. Then, the change in the charge is given by

F [ξ; ∆I ] =̂ Q[ξ;S2]−Q[ξ;S1]

=̂ − 1
8π

∫
∆I

ε3£n

[
β(P + 1

2σ
abNab) +XaJa +XaσabDcσ

bc − 1
4σabσ

abDcX
c
]
. (2.5.45)

Note that we have dropped the τa terms from the expression since they do not contribute to the

charge as explained above.

Now we simplify Eq. (2.5.45) term-by-term starting with the first and second terms. Using
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Jan
a =̂ 0, as well as Eqs. (2.2.25b), (2.2.25d), (2.2.37), (2.4.21a) and (2.4.21b) and the integration-

by-parts formula Eq. (2.2.22), we see that the first two terms in Eq. (2.5.45) contribute

− 1
8π

∫
∆I

ε3

[
Nab

(
1
4βNab + 1

2(Da + τa)(Db − τb)β + (Da + τa)(Xcσbc) + 1
4σab(Dc − τc)Xc

)
− 1

2εa
bXa(Db + 3 τb)P∗

]
, (2.5.46)

to the flux. Now consider the contribution of the third term in Eq. (2.5.45):

£n(XaσabDcσ
bc) =̂ 1

2X
aNabDcσ

bc +Xaσab£nDcσ
bc (2.5.47)

where we have used Eq. (2.4.21b) and Eq. (2.2.32). For the last term above we have

£nDcσ
bc =̂ £n(Qa

cQ
b
d)∇aσ

cd +Qa
cQ

b
d£n∇aσ

cd

=̂ (Qa
cn

bτd +Qb
dn

aτc)∇aσ
cd + 1

2DaN
ab

=̂ (Qa
cn

bτd)∇aσ
cd + 1

2(Da + τa)Nab , (2.5.48)

where we have made liberal use of the Bondi condition (Eq. (2.2.6)) along with Eqs. (2.2.11)

and (2.2.18), and commuted the £n past the ∇a using σabna =̂ Qabn
a =̂ 0. Using the above

expression in Eq. (2.5.47) the first term vanishes by σabn
b =̂ 0 and we get

£n(XaσabDcσ
bc) =̂ 1

2X
aNabDcσ

bc + 1
2(Dc + τc)(XaσabN

bc)− 1
2NbcD

b(Xaσ
ac) . (2.5.49)

Note that the second term on the right-hand side above drops out of the flux formula using

Eq. (2.2.22).

Consider now the fourth term in Eq. (2.5.45). Since α(ξ) =̂ 1
2DaX

a and £nα(ξ) =̂ 0 (Eq. (2.4.7)),

using Eq. (2.2.32) we get

−1
4£n(σabσ

abDcX
c) =̂ −1

4σ
abNabDcX

c . (2.5.50)
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Putting together Eqs. (2.5.46), (2.5.49) and (2.5.50), we see that the flux is given by

F [ξ; ∆I ] =̂ − 1
8π

∫
∆I

ε3

[
Nab

(
1
4βNab + 1

2(Da + τa)(Db − τb)β + 1
2(Da + 2τa)(Xcσbc)

− 1
2σabτcX

c + 1
2X

aDcσ
bc
)
− 1

2εa
bXa(Db + 3τb)P∗

]
. (2.5.51)

Next we simplify the last term using the identity Eq. (2.2.38) for P∗. The term arising from this

identity which involves derivatives of the shear reads ε3 ε
deεa

bXa(Db + 3τb)[Dd(Dc − τc)σe
c]. This

term can be shown to vanish upon integrating over the cross-sections as follows. Note that this term

is conformally-invariant (which can be seen using Eq. (2.2.38) and the conformal weights given in

Eqs. (2.2.28), (2.2.29), (2.2.31) and (2.4.11)). Therefore, we can evaluate this term in the Bondi

frame where the metric on the cross-sections is chosen to be the unit round metric and τa =̂ 0. This

allows us to make use of spherical harmonics — σab is a symmetric and trace-free tensor and thus is

supported on ℓ ≥ 2 tensor spherical harmonics while Xa is supported only on ℓ = 1 vector spherical

harmonics (see Remark 2.4.1). Using the orthogonality of the spherical harmonics, the integral of

this term over the cross-sections vanishes. The remaining term arising from Eq. (2.2.38) contains

the News tensor which, after an integration-by-parts using Eq. (2.2.22), becomes

−1
4ε

abεe
dNacσb

c(Dd − 2τd)Xe =̂ 1
2Nabσ

b
cD

[aXc] −Nabσ
b
cX

[cτa] . (2.5.52)

Replacing the above in the last term in Eq. (2.5.51) we get

F [ξ; ∆I ] =̂ − 1
8π

∫
∆I

ε3N
ab
[

1
4βNab + 1

2(Da + τa)(Db − τb)β + 1
2(Da + 2τa)(Xcσbc) (2.5.53)

− 1
2σabτcX

c + 1
2XaD

cσbc + 1
2σb

cD[aXc] − σb
cX[cτa]

]
, (2.5.54)

The last term on the first line and first term on the second line in the expression above can together

be written as

Nab(Xcσbcτa − 1
2σabτcX

c) =̂ Nabσb
c(Xcτa − 1

2QcaXdτ
d) . (2.5.55)

Moreover, it follows from Eq. (A.3.2) that Nabσ
b
c =̂ pure trace term +Nb[aσ

b
c] and so Eq. (2.5.55)

becomes Nabσb
cX[cτa]. This exactly cancels the last term in Eq. (2.5.53), and therefore the flux
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formula simplifies to

F [ξ; ∆I ] =̂ − 1
8π

∫
∆I

ε3N
ab
[

1
4βNab + 1

2(Da + τa)(Db − τb)β

+ 1
2Da(Xcσbc) + 1

2XaD
cσbc + 1

2σb
cD[aXc]

]
. (2.5.56)

The second line above can be simplified using Eq. (A.3.4) to get

F [ξ; ∆I ] =̂ − 1
16π

∫
∆I

ε3N
ab[1

2βNab + (Da + τa)(Db − τb)β + £Xσab − 1
2(DcX

c)σab]. (2.5.57)

which matches the WZ flux derived in Eq. (2.5.33).

2.6 Expressions in some coordinate systems

Our entire preceding analysis was completely covariant and was done without referring to any

particular coordinate systems. In this section, we consider two examples of coordinate systems on

the unphysical spacetime in a neighbourhood of null infinity. These coordinates can be used to also

obtain asymptotic coordinates on the physical spacetime. We will find the asymptotic form of the

metric, both physical and unphysical, and derive the expressions for the BMS symmetries and their

charges in these coordinates.

As described in Sec. 2.3, one can construct a geometrically defined coordinate system (Ω, u, xA)

at I where xA are coordinates on the cross-sections of I , u satisfies na∇au =̂ 1 and the conformal

factor Ω is chosen so that the Bondi condition is satisfied and so that the induced metric on the

cross-sections is the unit round metric sAB on S2. Then for any asymptotically flat spacetime the

line element of the unphysical metric at I is

ds2 =̂ 2dΩdu+ sABdx
AdxB . (2.6.1)

These coordinates can be extended away from I in different ways, and these give rise to the different

coordinates that are often used in the analysis of asymptotic symmetries and their associated charges.
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Two commonly used coordinates are the Bondi-Sachs coordinates and conformal Gaußian null

coordinates, and we will focus on these in the remainder of this section. We emphasize that the

form of the (physical or unphysical) metric in these coordinates follows directly from the geometric

construction of the coordinate systems and the covariant definition of asymptotic flatness without

any additional assumptions.

1 Bondi-Sachs coordinates

One way to extend the coordinates described above away from I is as follows. Let Su be cross-

sections of I with u = constant, and consider a family of null surfaces Nu which intersect I

transversely in the cross-sections Su. These surfaces Nu foliate a neighbourhood of I . We first

extend the coordinate u away from I so that it is constant along each null surface Nu. Then

la := −∇au is the null normal to each Nu with lala = 0 in addition to lana =̂ −1. Next, we extend

the angular coordinates xA on each cross-section Su by parallel transport i.e. la∇ax
A = 0.

Fixing the induced metric on cross sections of I to be the unit round sphere metric fixes the

conformal factor, Ω, on I . To extend Ω farther away from I , we use the remaining freedom in the

conformal factor to demand that the 2-spheres at constant u and Ω have the same area element as

the unit sphere, that is, if hAB is the 2-metric on the surfaces of constant u and Ω then we demand

that deth = det s in the xA-coordinates. This fixes Ω uniquely away from I . Thus we have set up

the conformal Bondi-Sachs coordinate system (Ω, u, θA) in a neighborhood of I .

The most general form of the unphysical metric in conformal Bondi-Sachs coordinates is given

by8

ds2 ≡ −We2Bdu2 + 2e2BdΩdu+ hAB(dxA − UAdu)(dxB − UBdu) , (2.6.2)

where the metric components gΩΩ and gΩA vanish everywhere due to the conditions lala = la∇ax
A = 0,

and W , B, hAB, and UA are smooth functions of the coordinates (Ω, u, xA). Since the metric at I

8 Note that the function we denote by B is conventionally denoted by β, but we use a different symbol to avoid conflict
with the na-component of a BMS vector field.
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is given by Eq. (2.6.1), we also have

W = O(Ω) , B = O(Ω) , UA = O(Ω) , hAB = sAB +O(Ω) . (2.6.3)

Further, evaluating the Bondi condition ∇anb =̂ 0 (Eq. (2.2.6)) gives

W = O(Ω2) , B = O(Ω2) , UA = O(Ω2) . (2.6.4)

We therefore consider the following expansion of the metric components

W = Ω2W (2) − 2Ω3M +O(Ω4) , UA = Ω2U (2)A + 2Ω3LA +O(Ω4) ,

B = Ω2B(2) +O(Ω3) , hAB = sAB + ΩCAB + Ω2dAB +O(Ω3) .
(2.6.5)

Next, imposing deth = det s, we get

sABCAB = 0 , sABdAB = 1
2C

ABCAB . (2.6.6)

We then impose the Einstein equation, Eq. (2.2.1), order by order in Ω. At O(Ω0), it gives

W (2) = 1 , B(2) = − 1
32C

ABCAB , U
(2)
A = −1

2DBCAB , (2.6.7)

while at O(Ω) we get

∂u STF dAB = DA STF dAB = 0 . (2.6.8)

Since dAB is a smooth tensor on a 2-sphere, this implies that STF dAB = 0 and thus (from Eq. (2.6.6))

dAB = 1
4C

CDCCDsAB . (2.6.9)

The metric component CAB is related to the shear and the News tensor while M and LA are
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related to the Weyl tensor components (Eq. (2.2.24)) through

σAB = −1
2CAB , NAB = −∂uCAB ,

P = −2M + 1
4CABN

AB , JA = 3LA − 3
32DA(CBCC

BC)− 3
4CA

BDCCBC .

(2.6.10)

Imposing the Einstein equation to higher order in Ω either relates the higher order metric

components to the lower order ones or gives evolution equations along u — for instance, one gets

equations for ∂uM and ∂uLA which are equivalent to Eq. (2.2.25) using Eq. (2.6.10). We will not

need the explicit form of these higher order relations in our analysis.

The conformal Bondi-Sachs coordinates defined above can be used to define the physical Bondi-

Sachs coordinates (r, u, xA) which are often used in asymptotic analyses near I .9 Defining the

physical “radial coordinate” r := Ω−1, and using (r, u, xA) as coordinates, the physical metric

ĝab = Ω−2gab = r2gab has the line element

dŝ2 ≡ −Ue2Bdu2 − 2e2Bdudr + r2hAB(dxA − UAdu)(dxB − UBdu) , (2.6.11)

where, from Eqs. (2.6.2), (2.6.5), (2.6.7) and (2.6.9), we have the asymptotic expansions

U = r2W = 1− 2
rM +O(1/r2) ,

B = − 1
32r2C

ABCAB +O(1/r3) ,

UA = − 1
2r2 DBC

AB + 2
r3L

A +O(1/r4) ,

hAB = sAB + 1
rCAB + 1

4r2 sABC
CDCCD +O(1/r3) .

(2.6.12)

Note that since Ω, and hence r, is chosen so that deth = det s, the area (in the physical metric)

of the 2-spheres of constant u and r is precisely 4πr2. Thus r is a “radial coordinate” along the

outgoing null surfaces Nu as constructed by Bondi and van der Burg [27].

In the conformal Bondi-Sachs coordinate system, the asymptotic BMS symmetries are coordinate

transformations which preserve the Bondi-Sachs form of the unphysical metric. We shall only

9 We present these equations in the two-sphere covariant form appearing in [73], and in a more modern form in [42, 74],
instead of the original notation of [27].
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consider the infinitesimal coordinate transformations, i.e., we take (Ω, u, xA) and (Ω′, u′, x′A) to

be two conformal Bondi-Sachs coordinates, as constructed above, to be related by an infinitesimal

coordinate transformation parametrized by a vector field ξa. Next, we obtain an expression for this

vector field in the coordinate system (Ω, u, xA).

Since in both coordinates (Ω, u, xA) and (Ω′, u′, x′A), null infinity I lies at Ω = Ω′ = 0, the

component ξΩ vanishes at Ω = 0, i.e., ξa must be tangent to I . Thus, ξa can be written in the

coordinate system (Ω, u, xA) as

ξa ≡ β∂u +XA∂A + ΩZa∂a + Ω2W a∂a +O(Ω3) , (2.6.13)

where each of β,XA, Za and W a are (thus far) arbitrary functions of (u, xA).

Next we note that since we are using the conformal factor itself as a coordinate, an infinitesimal

change in the coordinate system is accompanied by an infinitesimal change of the conformal factor

parametrized by the component ξΩ. Thus, when changing the coordinate system, the unphysical

metric changes infinitesimally by £ξgab − 2Ω−1ξΩgab; note that this is finite at I since ξΩ vanishes

there. We now require that this change preserve the Bondi-Sachs form of the metric obtained in

Eq. (2.6.2) along with Eq. (2.6.5) and the equations below it.

As discussed above, the metric on I , given by Eq. (2.6.1), is universal and so we require that at

O(Ω0), £ξgab − 2Ω−1ξΩgab =̂ 0. This gives us the following conditions: XA is constant along u and

satisfies the conformal Killing equation on the cross-sections, that is,

D(AXB) = 1
2qABDCX

C , ∂uX
A = 0 , (2.6.14)

while the components of Za satisfy

ZΩ = ∂uβ = 1
2DAX

A , Zu = 0 , ZA = −DAβ . (2.6.15)
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The first condition in Eq. (2.6.15) allows us to solve for the u-dependence of β to get

β = f + 1
2(u− u0)DAX

A , (2.6.16)

where f is an arbitrary function of xA which denotes the value of β at some choice of cross-section

with u = u0.

At O(Ω), requiring that the form of the unphysical metric be preserved, we further obtain

W u = 0 , WA = 1
2CABDB β , (2.6.17)

and the requirement that the metric component CAB remain trace-free with respect to the unit

round sphere metric gives us

WΩ = 1
2DAZ

A = −1
2D2β . (2.6.18)

Putting all of this together, we obtain

ξa ≡ β∂u +XA∂A + Ω(−DAβ ∂A + 1
2DAX

A∂Ω) + 1
2Ω2(−D2β ∂Ω +CABDBβ ∂A) +O(Ω3) . (2.6.19)

Up to O(Ω), this expression agrees with the covariant expression derived in Sec. 2.4. The form

of the O(Ω2) terms here is fixed by the choice of the conformal Bondi-Sachs coordinates and that

also matches Eq. 2.16 of [42]. One could continue this computation to higher orders in Ω to obtain

expressions for higher order terms in the components of ξa (which appear in Eqs.III.5-7 of [75])

as well as the transformation laws for the various metric components. However, these do not add

anything to the discussion here and so we skip writing them.

Using the relations Eq. (2.6.10) in Eq. (2.5.44) the WZ charge on any cross-section S of I can

be written in terms of the metric components in the Bondi-Sachs form of the metric to get

Q[ξ, S] =̂ − 1
8π

∫
S

ε2

[
− 2Mβ +XA(3LA − 1

32DA(CBCC
BC)− 1

2CA
BDCCBC

)]
. (2.6.20)

The above charge expression matches the charge expression written by Flanagan and Nichols in
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Eq. 3.5 of [42]. Their analysis was specialized to cross sections of I with vanishing Nab and we see

here that the final charge expression remains unchanged even when Nab is non-vanishing. A similar

expression was also obtained by Barnich and Troessaert [76] with non-vanishing Nab but they do not

obtain an integrable expression.

From the above expression we also see that the function M determines the Bondi mass at any

cross-section of I and can be called the mass aspect. In the Bondi-Sachs coordinates it coincides

with the (constant) mass parameter of Kerr spacetimes. Similarly, in the usual choice of Bondi-Sachs

coordinates in Kerr spacetime, the angular momentum parameter a appears in the metric component

LA [77]. Note however that on cross-sections with shear, there are other terms containing CAB in

the charge formula.

2 Conformal Gaußian null coordinates

Instead of extending the coordinates (Ω, u, xA) away from I along null hypersurfaces, we can extend

them into the (unphysical) spacetime along affine null geodesics, transverse to I . We recall this

construction below which leads to the conformal Gaußian null coordinates in a neighborhood of I .

We fix the conformal factor away from I as follows. Consider the expansion of la at I defined

by

ϑ := Qab∇alb =̂ 1
2Q

ab£lgab . (2.6.21)

We can set this expansion to vanish by suitably choosing the conformal factor (infinitesimally) away

from I as follows. Note that the conformal factor on I has already been fixed so that the induced

metric on cross-sections of I is the unit-sphere metric. Consider a new conformal factor Ω̃ = ωΩ

(with ω =̂ 1) so that g̃ab = ω2gab. Then, the expansion of the new auxiliary normal l̃a =̂ la can be

computed to be (the behaviour of the auxiliary normal away from I is not relevant here)

ϑ̃ =̂ 1
2Q̃

ab£l̃g̃ab =̂ ϑ+ 2£lω . (2.6.22)

Then, choosing ω to be any solution of ϑ+ 2£lω = 0 with ω =̂ 1, we can set ϑ̃ =̂ 0. In the rest of
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this section we work with the choice of conformal factor where the auxiliary normal is expansion-free

at I — for simplicity, we drop the “tilde” from the notation from hereon.

Having made this choice, we then extend the vector field la =̂ −∂/∂Ω away from I such that it

is the generator of affine null geodesics so that lb∇bl
a = 0. We can further use the remaining freedom

in the conformal factor Ω to pick Ω to be the affine parameter along the null geodesics generated by

la. To summarize, we can always choose the conformal factor Ω and extend the auxiliary normal

away from I so that in a neighbourhood of I we have

la = − ∂

∂Ω , ϑ =̂ 0 , lala = 0 , lb∇bl
a = 0. (2.6.23)

Finally, we extend (u, xA) into the spacetime by parallel-transport along la, that is, we require

la∇au = la∇ax
A = 0 . (2.6.24)

This construction gives us the conformal Gaußian null coordinates in a neighbourhood of I .

The most general form of the unphysical metric in these coordinates is given by

ds2 = 2du(dΩ− αdu− βAdx
A) + hABdx

AdxB , (2.6.25)

To see why this is the most general form, note that gΩΩ = 0 by lala = 0 and gΩA = 0 by la∇ax
A = 0.

Then, lb∇bl
a = 0 gives ∂guΩ

∂Ω = 0 which implies guΩ = 1 by the condition lana =̂ −1. Further,

α = O(Ω) , βA = O(Ω) , hAB = sAB +O(Ω) , (2.6.26)

since the metric at I is given by Eq. (2.6.1). Imposing the Bondi condition ∇anb =̂ 0 leads to the

following conditions

α = O(Ω2) , βA = O(Ω2) . (2.6.27)
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We therefore consider the asymptotic expansions

α = Ω2α(2)+Ω3α(3)+O(Ω4) , βA = Ω2β
(2)
A +Ω3β

(3)
A +O(Ω4)hAB = sAB +ΩCAB +Ω2h

(2)
AB +O(Ω3) .

(2.6.28)

The condition that the expansion of la vanishes on I gives us

sABCAB = 0 . (2.6.29)

We then impose the Einstein equation Eq. (2.2.1). At O(Ω0), this gives the conditions

α(2) = 1
2 , β

(2)
A = −1

2DBCAB , sABh
(2)
AB = 1

4C
ABCAB , (2.6.30)

while at O(Ω), it implies

DBh
(2)
AB = 1

8DA(CBCC
BC) , ∂uh

(2)
AB = 1

8sAB∂u(CCDC
CD) . (2.6.31)

As in the Bondi-Sachs case, this implies that h(2)
AB is pure trace.

The metric coefficients CAB, α(3) and β(3)
A are directly related to the shear and the Weyl tensor

components by

σAB = −1
2CAB , P = 2α(3) , JA = 3

2β
(3)
A . (2.6.32)

To write an expression for the physical metric, define λ := Ω−1 so that in the coordinates

(λ, u, xA), the physical metric ĝab = Ω−2gab = λ2gab has the components

ĝλλ = 0 , ĝAλ = 0 , ĝuλ = −1 , ĝuu = −1− 1
λ
P +O(1/λ2) ,

ĝuA = 1
2DBCAB − 2

3λJA +O(1/λ2) , ĝAB = λ2sAB + λCAB + 1
8sABCCDC

CD +O(1/λ) .

(2.6.33)

Note that the vector field

l̂a ≡ ∂

∂λ
= −Ω2 ∂

∂Ω = Ω2la , (2.6.34)
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generates outgoing null geodesics which are affinely parametrized with respect to the physical metric

ĝab with the affine parameter being λ. Eq. (2.6.33) is consistent with Eqs. 5 and 58 of [78] put together

(with the additional condition that our CAB is tracefree since we picked la to be expansion-free; see

Remark 2.6.1). This also gives the physical metric in the coordinates used in the affine-null form

used in [79,80], as well as in Newman-Unti coordinates [81].

We can also derive the form of the BMS vector fields by considering infinitesimal coordinate

transformations between two conformal Gaußian null coordinate systems and demanding that the

conditions on the unphysical metric derived above be preserved. Since the computation proceeds

exactly as in the case of Bondi-Sachs coordinates detailed above, we skip the details. The end result is

that the BMS vector field in conformal Gaussian null coordinates takes the same form as Eq. (2.6.19)

above — the difference in the form of the BMS vector fields written in conformal Gaußian null

coordinates and conformal Bondi-Sachs coordinates only appears at O(Ω3) and higher. Note that

this form is different than the one obtained by [78] since our coordinates differ slightly from theirs

as explained in Remark 2.6.1 below. The WZ charge (Eq. (2.5.44)) can also be straightforwardly

written in these coordinates using Eq. (2.6.32).

Remark 2.6.1 (Comparison of different conformal Gaussian null coordinates). The conformal Gaußian

null coordinates constructed in this section are closely related to, but not the same as, the ones used

in [78,82,83]. Note that these references use the freedom in the conformal factor to set the metric

coefficient α(2) = 1/2 (as in Eq. (2.6.30)) and then the Einstein equations imply that the expansion

ϑ of the auxiliary normal la is constant along na on I , i.e., £nϑ =̂ 0. In contrast, we used the

conformal freedom to set ϑ =̂ 0 and then α(2) = 1/2 followed from the Einstein equation.

2.7 Future directions

While the analysis presented here was limited to null infinity in asymptotically flat spacetimes

in vacuum general relativity, the Wald-Zoupas prescription is in fact much more general and can

be used to obtain local and covariant charges for arbitrary diffeomorphism covariant Lagrangian

theories of gravity including gravity coupled to electromagnetism [68] and Brans-Dicke theory [84].
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The Wald-Zoupas prescription has also been applied to the context of symmetries and charges

associated with finite null surfaces and horizons [55,85] and spatial infinity [5] (discussed in chapter 3)

in asymptotically flat spacetimes in vacuum general relativity. We anticipate that the explicit

computations presented here will be useful for future similar analyses in other contexts, for instance,

in spacetimes with compact extra dimensions [86].



Chapter 3
Asymptotic symmetries and charges at spatial
infinity in general relativity
(Adapted with permission from [5])

Chapter summary

In this chapter, we analyze the asymptotic symmetries and their associated charges at spatial infinity

in 4-dimensional asymptotically flat spacetimes. We use the covariant formalism of Ashtekar and

Hansen where the asymptotic fields and symmetries live on the 3-manifold of spatial directions

at spatial infinity represented by a timelike unit-hyperboloid (or de Sitter space). Using the

covariant phase space formalism, we derive formulae for the charges corresponding to asymptotic

supertranslations and Lorentz symmetries at spatial infinity. To keep our results as general as

possible, we do not impose any restrictions on the choice of conformal factor in contrast to previous

work on this problem. Several results derived in this chapter will be useful for the calculations of

chapter 5.

3.1 Context

As described in the introduction section of this thesis, there have a series of recent developments in

the study of the asymptotic symmetries and charges in asymptotically flat spacetimes in recent in

72
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years. In one such development, it was conjectured by Strominger [22] that the (a priori independent)

BMS groups at past and future null infinity are related via an antipodal reflection near spatial

infinity. This matching relation gives a global “diagonal” asymptotic symmetry group for general

relativity which was subsequently cojectured to be the symmetry group of the quantum gravity

S-matrix in asymptotically flat spacetimes. If similar matching conditions relate the gravitational

fields, then there exist infinitely many conservation laws in classical gravitational scattering between

the incoming fluxes associated with the BMS group at past null infinity and the outgoing fluxes of

the corresponding (antipodally identified) BMS group at future null infinity.

These matching conditions on the asymptotic symmetries and fields have been proven in Maxwell

theory on Minkowski spacetime [87] as well as more generally in general asymptotically-flat space-

times [9]. In the gravitational case, the matching of the supertranslation symmetries and the

corresponding (supermomentum) charges has also been proven for linearized perturbations on a

Minkowski background [88] as well as in general asymptotically flat spacetimes [10]. For the transla-

tion symmetries, the proof in [10] reduces to the older result of [11] which shows that the Bondi

4-momentum on future and past null infinity matches the ADM 4-momentum at spatial infinity.

The main technique used in [9, 10,87,88] to prove these matching conditions is to “interpolate”

between the symmetries and charges at past and future null infinities using the field equations and

the asymptotic symmetries and charges defined near spatial infinity. In a background Minkowski

spacetime this analysis can be done using asymptotic Bondi-Sachs coordinates near each null infinity

and asymptotic Beig-Schmidt coordinates (discussed in Appendix A.4) near spatial infinity. Using

the explicit transformations between these coordinate systems the matching conditions can be shown

to hold for Maxwell fields and linearized gravity on Minkowski spacetime [87, 88]. However, in

general asymptotically flat spacetimes, the transformations between the asymptotic coordinates is

not known explicitly. In this case the covariant formulation of asymptotic-flatness given by Ashtekar

and Hansen [16], which treats both null and spatial infinities in a unified spacetime-covariant manner,

has proven fruitful to analyze the matching of the symmetries and charges [9, 10].

In this chapter, with an eye towards establishing these conjectured matching conditions for Lorentz

symmetries and charges which we will discuss at length in chapter 5, we revisit the formulation of the
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asymptotic symmetries and charges at spatial infinity. The asymptotic behaviour at spatial infinity

can be studied using many different (but related) formalisms. Since our primary motivation is to

make contact with null infinity, it will be useful to use a spacetime covariant formalism without using

a (3 + 1) decomposition of the spacetime by spacelike hypersurfaces [14,15,89]. Such a 4-dimensional

formulation of asymptotic-flatness at spatial infinity can be be given using suitable asymptotic

coordinates as formulated by Beig and Schmidt [90]. The asymptotic symmetries and charges using

the asymptotic expansion of the metric in these coordinates have been worked out in detail in [90–92].

However, as mentioned above, the relation between the Beig-Schmidt coordinates and the coordinates

adapted to null infinity (like the Bondi-Sachs coordinates) is not known in general spacetimes. Thus,

we will use the coordinate independent formalism of Ashtekar and Hansen [16, 17] (Def. 3.2.1) to

investigate the symmetries and their associated charges at spatial infinity.1

The asymptotic behaviour of the gravitational field for any asymptotically flat spacetime is most

conveniently described in a conformally-related unphysical spacetime given by Penrose’s conformal

completion. In the unphysical spacetime, null infinities I ± are smooth null boundaries while spatial

infinity is a boundary point i0 which is the vertex of “the light cone at infinity” formed by I ±. For

Minkowski spacetime, the unphysical spacetime is smooth (and in fact, analytic) at i0. However,

in more general spacetimes, the unphysical metric is not even once-differentiable at spatial infinity

unless the ADM mass of the spacetime vanishes [16], and the unphysical spacetime manifold does

not have a smooth differential structure at i0. In the Ashtekar-Hansen formalism, instead of working

directly at the point i0 where sufficiently smooth structure is unavailable, one works on a “blowup” —

the space of spatial directions at i0 — given by a timelike-unit-hyperboloid H in the tangent space

at i0. Suitably conformally rescaled fields, whose limits to i0 depend on the direction of approach,

induce smooth fields on H and we can study these smooth limiting fields using standard differential

calculus on H . For instance, (as we will show below) in Maxwell theory the rescaled field tensor ΩFab

and in general relativity the rescaled (unphysical) Weyl tensor Ω1/2Cabcd (where Ω is the conformal

factor used in the Penrose conformal completion) admit regular direction-dependent limits to i0,

and these fields induce smooth tensor fields on H . Similarly, the Maxwell gauge transformations

1 The relation between the Ashtekar-Hansen formalism and the Beig-Schmidt coordinates is summarized in Appendix A.4.
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and vector fields in the physical spacetime (suitably rescaled) admit regular direction-dependent

limits which generate the asymptotic symmetries at i0.

There have already been other other studies of asymptotic symmetries at spatial infinity us-

ing the Ashtekar-Hansen formalism by Ashtekar and Hansen [16, 17]. However in deriving the

charges associated with these symmetries, they reduced the asymptotic symmetry algebra from the

infinite-dimensional spi algebra to the Poincaré algebra consisting only of translations and Lorentz

transformations. This reduction was accomplished by demanding that the “leading order” magnetic

part of the Weyl tensor, given by a tensor Bab on H (see Eq. (3.4.5)), vanish and, additionally,

choosing the conformal factor near i0 so that the tensor potential Kab for Bab also vanishes (see

Remark 3.6.3). This restriction was also imposed in [91,93]. In the work of Compère and Dehouck

in [92], the condition Bab = 0 was not imposed however, they also specialized to a conformal factor

where the trace habKab (where hab denotes the inverse of the metric on H ) was set to vanish. As

we will show below (see Sec. 3.7.3) the charges of the Lorentz symmetries at spatial infinity are

not conformally-invariant but shift by the charge of a supertranslation. This is entirely analogous

to the supertranslation ambiguities in the Lorentz charges at null infinity (recall Remark 2.4.2).

To keep our expressions as general as possible, we will not impose any such restrictions on the

conformal factor or impose any conditions on Kab (apart from its equations of motion arising from

the Einstein equation) in our analysis. As we will show, one peculiar consequence of keeping a

completely unrestricted conformal factor will be that our charges will not be exactly conserved but

will have a non-vanishing flux through regions of H (except for pure translations). This means that

these charges are not associated with the point i0 at spatial infinity, but with cross-sections of the

“blowup” H . This is not a serious drawback; as shown in [9, 10], for matching the symmetries and

charges at null infinity, one only requires that the total flux of the charges through all of H vanish

—there can be a non-vanishing flux through local regions of H .

* * *

In our analysis of the asymptotic charges we will use the covariant phase space formalism which

was described in chapter 1. Since the relevant quantities in the covariant phase space are defined
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in terms of the physical metric and their perturbations, we first analyze the conditions on the

corresponding unphysical quantities so that they preserve the asymptotic-flatness conditions and the

universal structure at i0 (Sec. 3.5). To derive the asymptotic symmetry algebra we then consider a

physical metric perturbation £ξ ĝab generated by an infinitesimal diffeomorphism and demand that it

preserve the asymptotic conditions in the unphysical spacetime in the limit to i0. This will provide

us with the following description of the asymptotic symmetries at i0 (Sec. 3.6). The asymptotic

symmetry algebra, called the spi algebra, is parametrized by a pair (f ,Xa) where f is any smooth

function and Xa is a Killing field on H . The function f parametrizes the supertranslations 2 and

Xa parametrize the Lorentz symmetries. The spi algebra is then a semi-direct sum of the Lorentz

algebra with the infinite-dimensional abelian subalgebra of supertranslations. Note that this is the

same as the asymptotic symmetry algebra derived in [16,17]. The main difference in our analysis

is that we obtain the symmetries by analyzing the conditions on diffeomorphisms in the physical

spacetime instead of using the unphysical spacetime directly as in [16,17].

To obtain the charges associated with these symmetries, the primary quantity of interest is the

symplectic current derived from the Lagrangian of a theory. Recall from chapters 1 and 2 that the

symplectic current 3 ω(ĝ; δ1ĝ, δ2ĝ), is a local and covariant 3-form and is an antisymmetric bilinear in

two metric perturbations, δĝ of the physical spacetime metric. It can be shown that when the second

perturbation δĝab = £ξ ĝab is the perturbation corresponding to an infinitesimal diffeomorphism

generated by a vector field ξa, we have

ω(ĝ; δĝ,£ξ ĝ) = d[δQξ − ξ · θ(δĝ)] , (3.1.1)

where we have assumed that ĝab satisfies the equations of motion and δĝab satisfies the linearized

equations of motion. The 2-form Qξ is the Noether charge associated with the vector field ξa and

the 3-form θ(δĝ) is the symplectic potential. If we integrate Eq. (3.1.1) over a 3-dimensional surface

2 Note that the supertranslations and Lorentz symmetries discussed in this chapter are distinct from the ones discussed
in chapter 2. They only become related in a certain limit as we will discuss in chapter 5; see also [10].

3 To avoid conflict with our bold-faced notation for regular direction-dependent tensor fields, we drop the bold face on
ω, θ and Qξ in this chapter.
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Σ with boundary ∂Σ we get

∫
Σ
ω[ĝ; δĝ,£ξ ĝ] =

∫
∂Σ
δQξ − ξ · θ(δĝ) . (3.1.2)

To define the asymptotic charges at spatial infinity, we would like to evaluate Eq. (3.1.2) when the

surface Σ extends to a suitably regular 3-surface at i0 in the unphysical spacetime. Given the low

amount of differentiability at i0 the appropriate condition is that Σ extends to a C>1 surface at i0.

The limit of the boundary ∂Σ to i0 corresponds to a 2-sphere cross-section S of the unit-hyperboloid

H in the Ashtekar-Hansen formalism. Then, the limiting integral on the right-hand-side of Eq. (3.1.2)

(with the asymptotic conditions imposed on the metric perturbations as well as the symmetries) will

define a perturbed charge on S associated with the asymptotic symmetry generated by ξa. However,

even though the explicit expressions for the integrand on the right-hand-side of Eq. (3.1.2) are

well-known (see for instance [53]), computing this limiting integral is difficult. Therefore, we will use

an alternative strategy which we describe next.

We will show that with the appropriate asymptotic-flatness conditions at i0, the symplectic

current 3-form ω ≡ ωabc is such that Ω3/2ωabc has a direction-dependent limit to i0. The pullback

of this limit to H , which we denote by ω←−, defines a symplectic current on H . We will show that

when one of the perturbations in this symplectic current is generated by an asymptotic spi symmetry

(f ,Xa), we have

ω←−(g; δg, δ(f ,X)g) = −ε3DaQa(g; δg, (f ,X)) , (3.1.3)

where ε3 and D are the volume element and covariant derivative on H . The covector

Qa(g; δg, (f ,X)) is a local and covariant functional of the background fields corresponding to

the asymptotic (unphysical) metric gab, and is linear in the asymptotic (unphysical) metric perturba-

tions δgab and the asymptotic symmetry parametrized by (f ,Xa). Thus, we can write the symplectic

current, with one perturbation generated by an asymptotic symmetry, as a total derivative on H .

Then, in analogy with Eq. (3.1.2), we define the perturbed charge on a cross-section S of H by the

integral ∫
S

ε2uaQa(g; δg, (f ,X) , (3.1.4)
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where ε2 is the area element and ua is a unit-timelike normal to the cross-section S within H . We

then show that when the asymptotic symmetry is a supertranslation f , the quantity Qa(g; δg,f)

is integrable, i.e, it can be written as the δ of some covector which is itself a local and covariant

functional of the asymptotic fields and supertranslation symmetries. Then “integrating” Eq. (3.1.4)

in the space of asymptotic fields, we can define a charge associated with supertranslations on any

cross-section S of H (see Sec. 3.7.1). When the asymptotic symmetry is a Lorentz symmetry

parameterized by a Killing vector field Xa on H , Eq. (3.1.4) cannot be written as the δ of some

quantity (unless we restrict to the choice of conformal factor where habKab = 0 as described above).

In this case, we will adapt the prescription by Wald and Zoupas [53] (discussed in Sec. 2.5 as well)

to define an integrable charge for Lorentz symmetries (Sec. 3.7.2). Then, the change of these charges

over a region ∆H bounded by two cross-sections provides a flux formula for these charges. In

general, these fluxes will be non-vanishing (except for translation symmetries) unless we again restrict

to the conformal factor where habKab = 0. However, as discussed above, this is not a problem.

* * *

The rest of this chapter is organized as follows. In Sec. 3.2 we recall the definition of asymptotic-

flatness at spatial infinity in terms of an Ashtekar-Hansen structure. To illustrate the approach

outlined above, we first study the simpler case of Maxwell fields at spatial infinity, and derive

the associated symmetries and charges in Sec. 3.3. In Sec. 3.4 we then consider the asymptotic

gravitational fields and Einstein equations at spatial infinity. We also describe the universal structure,

that is the structure that is common to all spacetimes which are asymptotically-flat at i0, in Sec. 3.4.1.

In Sec. 3.5 we analyze the conditions on metric perturbations which preserve asymptotic flatness and

obtain the limiting form of the symplectic current of general relativity on H . In Sec. 5.3.2, using

the analysis of the preceding section, we derive the asymptotic symmetry algebra (the spi algebra)

by considering infinitesimal metric perturbations generated by diffeomorphisms which preserve the

asymptotic flatness conditions. In Sec. 3.7 we derive the charges and fluxes corresponding to the

spi symmetries. We end by describing a few possible future directions in Sec. 3.8. The appendices

contain some useful results that supplement the discussion in this chapter. In Appendix A.4, we
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construct a suitable coordinate system near i0 using the asymptotic flatness conditions on the

unphysical metric and relate it to the Beig-Schmidt coordinate system in the physical spacetime.

Appendix A.5 collects useful results on the unit-hyperboloid H on Killing vector fields, symmetric

tensor fields and a theorem by Wald showing that (with suitable conditions) closed differential forms

are exact. Computations detailing the change in the Lorentz charge under conformal transformations

are presented in Appendix A.6. In Appendix A.7, we show that our charges are unambiguously

defined by the the symplectic current of vacuum general relativity. In Appendix A.8 we generalize

the Lorentz charges derived in Sec. 3.7.2 to include spacetimes where the “leading order” magnetic

part of the Weyl tensor Bab is allowed to be non-vanishing.

3.2 Asymptotic-flatness at spatial infinity: Ashtekar-Hansen structure

We define spacetimes which are asymptotically-flat at null and spatial infinity using an Ashtekar-

Hansen structure [16, 17]. We use the following the notation for causal structures from [94]: J(i0) is

the causal future of a point i0 in M , J(i0) is its closure, J̇(i0) is its boundary and I := J̇(i0)− i0.

We also use the definition and notation for direction-dependent tensors from [95], see also Appendix

B of [10].

Definition 3.2.1 (Ashtekar-Hansen structure [17]). A physical spacetime (M̂, ĝab) has an Ashtekar-

Hansen structure if there exists another unphysical spacetime (M, gab), such that

(1) M is C∞ everywhere except at a point i0 where it is C>1,

(2) the metric gab is C∞ on M − i0, and C0 at i0 and C>0 along spatial directions at i0,

(3) there is an embedding of M̂ into M such that J(i0) = M − M̂ ,

(4) there exists a function Ω on M , which is C∞ on M − i0 and C2 at i0 so that gab = Ω2ĝab on

M̂ and

(a) Ω = 0 on J̇(i0),

(b) ∇aΩ ̸= 0 on I ,

(c) at i0, ∇aΩ = 0, ∇a∇bΩ = 2gab.
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(5) There exists a neighbourhood N of J̇(i0) such that (N, gab) is strongly causal and time

orientable, and in N ∩ M̂ the physical metric ĝab satisfies the vacuum Einstein equation

R̂ab = 0,

(6) The space of integral curves of na = gab∇bΩ on J̇(i0) is diffeomorphic to the space of null

directions at i0,

(7) The vector field ϖ−1na is complete on I for any smooth function ϖ on M − i0 such that

ϖ > 0 on M̂ ∪I and ∇a(ϖ4na) = 0 on I .

The physical role of the conditions in Def. 3.2.1 is to ensure that the point i0 is spacelike related

to all points in the physical spacetime M̂ , and represents spatial infinity, and that null infinity

I := J̇(i0)− i0 has the usual structure. Note that the metric gab is only C>0 at i0 along spatial

directions, that is, the metric is continuous but the metric connection is allowed to have limits

which depend on the direction of approach to i0. This low differentiability structure is essential

to allow spacetimes with non-vanishing ADM mass [16,17]. In what follows, we will only consider

the behaviour of the spacetime approaching i0 along spatial directions, and we will not need the

conditions corresponding to null infinity.

* * *

For spacetimes satisfying Def. 3.2.1 we have the following limiting structures at i0 when approached

along spatial directions.

Along spatial directions ηa := ∇aΩ1/2 is C>−1 at i0 and

ηa := lim
→i0
∇aΩ1/2 , (3.2.1)

determines a C>−1 spatial unit vector field at i0 representing the spatial directions η⃗ at i0. The

space of directions η⃗ in Ti0 is a unit-hyperboloid H .

If T a...
b... is a C>−1 tensor field at i0 in spatial directions then, lim

→i0
T a...

b... = T a...
b...(η⃗) is a

smooth tensor field on H . Further, the derivatives of T a...
b...(η⃗) to all orders with respect to the
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direction η⃗ satisfy4

∂c · · ·∂dT a...
b...(η⃗) = lim

→i0
Ω1/2∇c · · ·Ω

1/2∇dT
a...

b... , (3.2.2)

where ∂a is the derivative with respect to the directions η⃗ defined by

vc∂cT
a...

b...(η⃗) := lim
ϵ→0

1
ϵ

[
T a...

b...(η⃗ + ϵv⃗)− T a...
b...(η⃗)

]
for all va ∈ TH ,

ηc∂cT
a...

b...(η⃗) := 0 .
(3.2.3)

The metric hab induced on H by the universal metric gab at i0, satisfies

hab := gab − ηaηb = ∂aηb . (3.2.4)

Further, if T a...
b...(η⃗) is orthogonal to ηa in all its indices then it defines a tensor field T a...

b... intrinsic

to H . In this case, it follows from Eq. (3.2.4) and ∂cgab = 0 (since gab is direction-independent at

i0) that projecting all the indices in Eq. (3.2.2) using hab defines a derivative operator Da intrinsic

to H which is also the covariant derivative operator associated with hab. We also define

εabc := −ηdεdabc , εab := ucεcab , (3.2.5)

where εabcd is volume element at i0 corresponding to the metric gab, εabc is the induced volume element

on H , and εab is the induced area element on some cross-section S of H with a future-pointing

timelike normal ua such that habu
aub = −1.

Note that H admits a reflection isometry which can be seen as follows. We introduce coordinates

(τ, θA) on H — where τ ∈ (−∞,∞), and θA = (θ, ϕ) are the usual spherical coordinates on S2—

such that in these coordinates, the metric on H is

hab ≡ −dτ2 + cosh2 τ(dθ2 + sin2 θdϕ2) . (3.2.6)

4 The factors of Ω
1/2 on the right hand side of Eq. (3.2.2) convert between ∇a and the derivatives with respect to the

directions; see [17,62].
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Using Υ◦ to denote the action of the reflection map Υ on tensor fields on H , we see that

Υ : H →H : (τ, θA) 7→ (−τ,−θA)

with Υ ◦ hab = hab ,

(3.2.7)

where θA = (θ, ϕ) 7→ −θA = (π − θ, ϕ ± π) is the antipodal reflection on S2; the sign is chosen so

that ϕ± π ∈ [0, 2π).

Remark 3.2.1 (Conformal freedom). It follows from the conditions in Def. 3.2.1 that the allowed

conformal freedom Ω 7→ ωΩ is such that ω > 0 is smooth in M − i0, is C>0 at i0 and ω|i0 = 1. From

these conditions it follows that

ω = 1 + Ω1/2α , (3.2.8)

where α is C>−1 at i0. Let α(η⃗) := lim
→i0

α, then from Eq. (3.2.8) we also get

lim
→i0
∇aω = αηa + Daα . (3.2.9)

Note in particular, that the unphysical metric gab at i0 is invariant under conformal transformations.

While

ηa 7→ ω−2[ω1/2ηa + 1
2ω

−1/2Ω1/2∇aω] =⇒ ηa 7→ ηa . (3.2.10)

Thus, unit spatial directions η⃗, the space of directions H , and the induced metric on it hab are also

invariant under conformal transformations.

3.3 Maxwell fields: symmetries and charges at i0

To illustrate our general strategy, we first consider the simpler case of Maxwell fields on any fixed

background spacetime satisfying Def. 3.2.1.

In the physical spacetime M̂ , let F̂ab be the Maxwell field tensor satisfying the Maxwell equations

ĝacĝbd∇̂bF̂dc = 0 , ∇̂[aF̂bc] = 0 . (3.3.1)
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In the unphysical spacetime M with Fab := F̂ab we have

∇bF
ba = 0 , ∇[aFbc] = 0 . (3.3.2)

The Maxwell tensor Fab is smooth everywhere in the unphysical spacetime except at i0. Analyzing

the behaviour of Fab in the simple case of a static point charge in Minkowski spacetime, it can be

seen that Fab diverges in the limit to i0 but that ΩFab admits a direction-dependent limit.5 Hence

we assume as our asymptotic condition that

lim
→i0

ΩFab = F ab(η⃗) is C>−1 . (3.3.3)

The direction-dependent limit of the Maxwell tensor, F ab, induces smooth tensor fields on H . These

are given by the “electric” and “magnetic” parts of the Maxwell tensor defined by

Ea(η⃗) = F ab(η⃗)ηb , Ba(η⃗) = ∗F ab(η⃗)ηb . (3.3.4)

where ∗F ab(η⃗) := 1
2εab

cdF cd(η⃗) is the Hodge dual with respect to the unphysical volume element

εabcd at i0. The electric and magnetic fields are orthogonal to ηa and thus induce intrinsic fields Ea

and Ba on H . Note that F ab can be reconstructed from Ea and Ba using

F ab = 2E[aηb] + εabcdηcBd . (3.3.5)

The asymptotic Maxwell equations are obtained by multiplying Eq. (3.3.2) by Ω3/2 and taking the

limit to i0 in spatial directions (see [16] for details)

DaEa = 0 , D[aEb] = 0 ,

DaBa = 0 , D[aBb] = 0 .
(3.3.6)

5 Note that this diverging behaviour of Fab refers to the tensor in the unphysical spacetime with the chosen C>1

differential structure at i0. In an asymptotically Cartesian coordinate system of the physical spacetime, this behaviour
reproduces the standard 1/r2 falloff for Fab and F ab(η⃗) is the “leading order” piece at O(1/r2).
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To use the covariant phase space formalism for Maxwell theory, we will need to introduce

the vector potential as the basic dynamical field. Let Âa be a vector potential for F̂ab so that

F̂ab = 2∇̂[aÂb] in the physical spacetime. Then, Aa := Âa is a vector potential for Fab in the

unphysical spacetime. We further assume that the vector potential Aa for Fab is chosen so that

Ω1/2Aa is C>−1 at i0. Define the asymptotic potentials

V (η⃗) := ηa lim
→i0

Ω1/2Aa , Aa(η⃗) := ha
b lim

→i0
Ω1/2Ab . (3.3.7)

Then the corresponding smooth fields V and Aa induced on H act as potentials for the electric

and magnetic field through

Ea = DaV , Ba = 1
2εa

bcDbAc . (3.3.8)

Even though we do not need this form, for completeness, we note that the Maxwell equations on H

(Eq. (3.3.6)) can be written in terms of the potentials V and Aa as

D2V = 0 , D2Aa = DaDbAb + 2Aa . (3.3.9)

Now consider a gauge transformation of the vector potential

Aa 7→ Aa +∇aλ , (3.3.10)

where λ is C>−1 at i0. Then with λ(η⃗) := lim
→i0

λ, the gauge transformations of the asymptotic

potentials (Eq. (3.3.7)) on H is given by

V 7→ V , Aa 7→ Aa + Daλ . (3.3.11)

Thus, the asymptotic symmetries of Maxwell fields at i0 are given by the functions λ on H .

Remark 3.3.1 (Special choices of gauge). The gauge freedom in the Maxwell vector potential can be

used to impose further restrictions on the potential Aa on H . We illustrate the following two gauge

conditions which will have analogues in the gravitational case (see Remark 3.6.3).
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(1) Consider the Lorenz gauge condition ĝab∇̂aÂb = 0 on the physical vector potential Âa in the

physical spacetime as used in [87,96]. Multiplying this condition by Ω−1 and taking the limit

to i0, using Eq. (3.3.7) we get the asymptotic gauge condition

DaAa = 2V . (3.3.12)

Alternatively, from Eq. (3.3.11), we see that

DaAa 7→DaAa + D2λ . (3.3.13)

By solving a linear hyperbolic equation for λ we can choose a new gauge in which

DaAa = 0 . (3.3.14)

Both these gauge conditions reduce the allowed asymptotic symmetries to

D2λ = 0 . (3.3.15)

(2) If we impose the restriction Ba = 0 then D[aAb] = 0 and thus there exists a function A so that

Aa = DaA.6 Then, using the transformation Eq. (3.3.11), we can set Aa = 0. The remaining

asymptotic symmetries are just the Coulomb symmetries λ = constant. This is analogous to

the condition used by Ashtekar and Hansen in the gravitational case to reduce the asymptotic

symmetries to the Poincaré algebra [16].

In what follows we will not need to impose any gauge condition on the potential Aa and our analysis

will be completely gauge invariant.

Remark 3.3.2 (Logarithmic gauge transformations). Note that above, we only considered gauge

transformations Eq. (3.3.10) where the gauge parameter λ was C>−1 at i0. However, there is an

additional ambiguity in the choice of gauge given by the logarithmic gauge transformations of the

6 This follows from the fact that every 1-loop in H is contractible to a point and hence the first de Rahm cohomology
group of H is trivial.
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form

Aa 7→ Aa +∇a(ln Ω1/2Λ) , (3.3.16)

where Λ is C>0 at i0. Under this gauge transformation Ω1/2Aa is still C>−1 at i0 and, from Eq. (3.3.7),

we have the transformations

V 7→ V + Λ , Aa 7→ Aa , (3.3.17)

where Λ := lim
→i0

Λ which is direction-independent at i0 and induces a constant function on H .

From Eq. (3.3.8), we see that the fields Ea and Ba are invariant under this transformation. Since

our charges and fluxes (derived below) will be expressed in terms of Ea, we will not need to fix

this logarithmic gauge ambiguity in the potentials for electromagnetism. However, there is an

analogous logarithmic translation ambiguity in the gravitational case which we will need to fix (see

Remark 3.4.2). To show how both these cases are similar, we illustrate how this logarithmic gauge

ambiguity can be fixed even in electromagnetism.

Since the metric gab in the tangent space Ti0 is universal and isometric to the Minkowski metric,

it is invariant under the reflection of the spatial directions η⃗ 7→ −η⃗. This gives rise to a reflection

isometry of the metric hab on the space of directions H . It was shown in [9] that the Maxwell fields

on H which “match” on to asymptotically flat Maxwell fields on null infinity are the ones where the

electric field Ea is reflection-odd i.e.

Ea(η⃗) = −Ea(−η⃗) . (3.3.18)

Further, since the logarithmic gauge parameter Λ is direction-independent, we have that Λ is

reflection-even

Λ(η⃗) = Λ(−η⃗) . (3.3.19)

Using a reflection-odd Ea in Eq. (3.3.8), we see that using a logarithmic gauge transformation we

can demand that the potential V also be reflection-odd so that

V (η⃗) = −V (−η⃗) . (3.3.20)



3.3. Maxwell fields: symmetries and charges at i0 87

This fixes the logarithmic gauge ambiguity in the potentials.

* * *

Let us now analyze the charges and fluxes for this theory. To do this, we start by studying the

symplectic current. In vacuum electromagnetism, this is given by:

ωabc(δ1A, δ2A) = ε̂abcd

(
δ1F̂

deδ2Âe − δ2F̂
deδ1Âe

)
, (3.3.21)

where the indices on δF̂ab have been raised with the physical metric ĝab. In terms of quantities in

the unphysical spacetime, we have

ωabc(δ1A, δ2A) = εabcd

(
δ1F

deδ2Ae − δ2F
deδ1Ae

)
, (3.3.22)

where we have used ε̂abcd = Ω−4εabcd , and ĝab = Ω2gab.

To obtain the limit to i0, we rewrite this in terms of direction-dependent quantities from

Eqs. (3.3.3) and (3.3.7). We see that Ω3/2ωabc is C>−1 at i0. The pullback of this direction-dependent

limit to H is then given by

ω←−(δ1A, δ2A) = −ε3 (δ1Eaδ2Aa − δ2Eaδ1Aa) , (3.3.23)

where ε3 = εabc is the volume element on H .

We now take δ2 to correspond to a gauge transformation as in Eq. (3.3.11) to get

ω←−(δA, δλA) = −ε3δE
aDaλ = −ε3Da(δEaλ) , (3.3.24)

where in the last step, we have used the linearized Maxwell equation DaδE
a = 0 (see Eq. (3.3.6)).

That is, the symplectic current (with one of the perturbations being generated by a gauge transfor-

mation) can be written as a total derivative of δEaλ. Thus we define the perturbed charge δQ[λ;S]
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on a cross-section S of H by

δQ[λ;S] =
∫

S
ε2uaδEaλ , (3.3.25)

where ε2 ≡ εab is the area element on S and ua is the future-directed normal to it. Note that this

expression is manifestly integrable and defines the unperturbed charge once we choose a reference

solution on which Q[λ;S] = 0 for all λ and all S. For the reference solution we choose the trivial

solution Fab = 0 so that Ea = 0. Then the unperturbed charge is given by

Q[λ;S] =
∫

S
ε2uaEaλ , (3.3.26)

Let ∆H be any region of H bounded by the cross-sections S2 and S1 (with S2 in the future of

S1), then the flux of the charge Eq. (3.3.26) through ∆H is given by

F [λ; ∆H] = −
∫

∆H
ε3EaDaλ . (3.3.27)

Note that the flux of the charge vanishes for λ = constant in which case Eq. (3.3.26) is the Coulomb

charge. The charges associated with a general smooth λ are only associated with the blowup H and

not with i0 itself. These additional charges are nevertheless useful for relating the charges defined on

past and future null infinity and derive the resulting conservation laws for their fluxes in a scattering

process; see [9].

3.4 Gravitational fields and Einstein equations at i0

Now we turn to a similar analysis of symmetries, charges and fluxes for general relativity. To set the

stage, in this section we analyze the consequences of Einstein equations and the universal structure

common to all spacetimes satisfying Def. 3.2.1.

Using the conformal transformation relating the unphysical Ricci tensor Rab to the physical Ricci
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tensor R̂ab (see Appendix D of [61]), the vacuum Einstein equation R̂ab = 0 can be written as

Sab = −2Ω−1∇a∇bΩ + Ω−2∇cΩ∇cΩgab ,

Ω1/2Sab = −4∇aηb + 4Ω−1/2
(
gab − 1

η2 ηaηb

)
ηcη

c ,

(3.4.1)

where, as before, ηa = ∇aΩ1/2 , and Sab is given by

Sab := Rab − 1
6Rgab . (3.4.2)

Further, the Bianchi identity ∇[aRbc]de = 0 on the unphysical Riemann tensor along with Eq. (3.4.1)

gives the following equations for the unphysical Weyl tensor Cabcd (see [62] for details).

∇[e(Ω−1Cab]cd) = 0 , (3.4.3a)

∇dCabcd = −∇[aSb]c . (3.4.3b)

Since the physical Ricci tensor R̂ab vanishes, the gravitational field is completely described by

the physical Weyl tensor Ĉabcd. The unphysical Weyl tensor is then Cabcd = Ω2Ĉabcd. Since the

unphysical metric gab is C>0 at i0, Ω1/2Cabcd is C>−1 at i0 [16], and let

Cabcd(η⃗) := lim
→i0

Ω1/2Cabcd . (3.4.4)

The electric and magnetic parts of Cabcd(η⃗) are, respectively, defined by

Eab(η⃗) := Cacbd(η⃗)ηcηd , Bab(η⃗) := ∗Cacbd(η⃗)ηcηd . (3.4.5)

where ∗Cabcd(η⃗) := 1
2εab

ef Cefcd(η⃗). It follows from the symmetries of the Weyl tensor that both

Eab(η⃗) and Bab(η⃗) are orthogonal to ηa, symmetric and traceless with the respect to the metric hab

on H , and thus define smooth tensor fields Eab and Bab on H , respectively. The limiting Weyl
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tensor can be obtained from these fields using

Cab
cd(η⃗) = 4η[aη[cE

b]
d] − 4h[a

[cE
b]

d] + 2εabeη[cBd]e + 2εcdeη[aBb]e . (3.4.6)

Further, as shown in [16], multiplying Eq. (3.4.3a) by Ω and taking the limit to i0 gives the equations

of motion

D[aEb]c = 0 , D[aBb]c = 0 . (3.4.7)

These are the asymptotic Einstein equations at spatial infinity. Taking the trace over the indices a

and c and using the fact that Eab and Bab are traceless, it also follows that

DbEab = DbBab = 0 . (3.4.8)

To apply the covariant phase formalism in this context, we will need to consider metric perturba-

tions instead of just perturbations of the Weyl tensor. As we will show below (Eq. (3.5.8)), suitably

rescaled limits of the unphysical metric perturbations can be expressed in terms of perturbations of

certain potentials for Eab and Bab provided by the tensor Sab in Eq. (3.4.2). These potentials are

obtained as follows: Since gab is C>0, Ω1/2Sab is C>−1 and let Sab(η⃗) := lim
→i0

Ω1/2Sab. Define

E(η⃗) := Sab(η⃗)ηaηb , Kab(η⃗) := ha
chb

dScd(η⃗)− habE(η⃗) , (3.4.9)

which induce the fields E and Kab intrinsic to H . Following [16], multiplying Eq. (3.4.3b) by Ω

and taking the limit to i0, along with Eq. (3.4.7) implies that

ha
bηcSbc(η⃗) = DaE , (3.4.10)

and

Eab = −1
4(DaDbE + habE) , Bab = −1

4εcdaDcKd
b . (3.4.11)

Thus, E is a scalar potential for Eab while Kab is a tensor potential for Bab.7

7 Since Bab is curl-free (Eq. (3.4.7)), there also exists a scalar potential for Bab (see Appendix. B.2 of [5]). However
this scalar potential cannot be obtained as the limit of a tensor field on spacetime.
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The potentials E and Kab are not free fields on H . Suitably commuting the derivatives and

using Eq. (A.5.1) one can verify that Eab identically satisfies Eq. (3.4.7) when written in terms of

the potential E while habEab = 0 gives

D2E + 3E = 0 . (3.4.12)

On the other hand, since Kab is symmetric, the magnetic field Bab in Eq. (3.4.11) is identically

traceless. Since Bab is symmetric and satisfies Eq. (3.4.7), we get that

εa
bcBbc = 0 =⇒ DbKab = DaK , (3.4.13a)

εa
cdDcBdb = 0 =⇒ D2Kab = DaDbK + 3Kab − habK , (3.4.13b)

where K := habKab, and to get Eq. (3.4.13b), we have commuted derivatives using Eq. (A.5.1)

and used Eq. (3.4.13a). Considering the potentials E and Kab as the basic fields, the asymptotic

Einstein equations are given by Eqs. (3.4.12) and (3.4.13), while Eab and Bab are derived quantities

through Eq. (3.4.11).

To define the charge for asymptotic Lorentz symmetries, e.g. angular momentum in Sec. 3.7.2,

we will need the “subleading” part of the magnetic Weyl tensor. Following Ashtekar and Hansen [16],

we will restrict to the class of spacetimes satisfying the additional condition Bab = 0. We also

require that the “subleading” magnetic field defined by

βab := lim
→i0
∗Cacbdη

cηd , (3.4.14)

exists as a C>−1 tensor field at i0. The condition Bab = 0 is satisfied in any spacetime which is

either stationary or axisymmetric [97] (although the recent results of [98] suggest that it might hold

more generally). In Appendix A.8 we show, how one can define a “subleading” magnetic Weyl tensor

and the Lorentz charges even when Bab ̸= 0. Since those computations are more tedious, we impose

the above restriction in this chapter.

The consequences of this restriction are as follows. Since Bab = 0, from Eq. (3.4.11) the “curl” of
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Kab vanishes

D[aKb]c = 0 . (3.4.15)

It follows from ?? that there exists a scalar potential k such that

Kab = DaDbk + habk . (3.4.16)

The scalar potential k is a free function on H since the equations of motion Eq. (3.4.13) are

identically satisfied after using Eq. (3.4.16). Using the freedom in the choice of the conformal factor,

one can now set Kab = 0 (see [16] and Remark 3.6.3). Since we do not wish to impose any restrictions

on the conformal factor, we will not demand that Kab vanishes.

Note that it follows from Eq. (3.4.14) that βab is symmetric, tangent to H and traceless. In what

follows, we will also need an equation of motion for βab which is obtained as follows: Contracting

the indices e and d in Eq. (3.4.3a) and multiplying by 3Ω, we obtain

∇dCabcd = Ω−1Cabcd∇dΩ = 2Ω−1/2Cabcdη
d . (3.4.17)

This leads to

Ω1/2∇b(∗Cacbdη
cηd) = −2 ∗ Cacbdη

bηcηd + 2Ω1/2 ∗ Cacbd∇bη(cηd) , (3.4.18)

where ∗ denotes the Hodge dual. The first term on the right-hand-side vanishes due to the symmetries

of the Weyl tensor. In the second term on the right hand side, we substitute for the derivative of ηa

using Eq. (3.4.1) to get

Ω1/2∇b(∗Cacbdη
cηd) = −1

4(Ω1/2 ∗ Cacbd)(Ω1/2Sbc)ηd . (3.4.19)

Taking the limit to i0, writing the tensor Sab in terms of the gravitational potentials through

Eqs. (3.4.9) and (3.4.10), and using Bab = 0 along with Eq. (3.4.6), we get the equation of motion

Dbβab = 1
4εcdaEc

bK
bd . (3.4.20)
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Remark 3.4.1 (Conformal transformations of the asymptotic fields). Under changes of the conformal

factor Ω 7→ ωΩ, we have

Sab 7→ Sab − 2ω−1∇a∇bω + 4ω−2∇aω∇bω − ω−2gab∇cω∇cω ,

Cabcd 7→ ω2Cabcd .

(3.4.21)

From the conditions in Remark 3.2.1 it follows that Eab, Bab and E are invariant under conformal

transformations while

Kab 7→Kab − 2(DaDbα + habα) . (3.4.22)

Further, when Bab = 0 we also have the transformation of the “subleading” magnetic Weyl tensor

βab which is given by

βab 7→ βab − εcd(aEc
b)D

dα . (3.4.23)

1 The universal structure at i0

In this section we summarize the universal structure at i0, that is, the structure common to all

spacetimes which are asymptotically flat in the sense of Def. 3.2.1 and thus is independent of the

choice of the physical spacetime under consideration.

Consider any two unphysical spacetimes (M, gab,Ω) and (M ′, g′
ab,Ω′) with their respective C>1

differential structures at their spatial infinities corresponding to two different physical spacetimes.

Using a C1 diffeomorphism we can identify the points representing the spatial infinities and their

tangent spaces without any loss of generality. Each of the metrics gab and g′
ab induces a metric in

the tangent space Ti0 which is isometric to the Minkowski metric. Thus, the metric gab at i0 is also

universal. This also implies that the spatial directions η⃗, the space of directions H and the induced

metric hab are universal.

So far we have only used the C1 differential structure. However since the differential structure at

i0 is slightly better and isC>1, we can identify the spacetimes at the “next order” as well. In [16],

this structure was imposed by suitably identifying spacelike geodesics in the physical spacetimes.

However, as pointed out by [99], this identification cannot be performed except in very special cases.
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Below we argue that a similar identification of the spacetimes can be done using equivalence classes

of C>1 curves in the unphysical spacetimes. The proof is based on constructing a suitable C>1

coordinate system at i0which is done in Appendix A.4. We summarize the main construction below.

Consider the unphysical spacetime (M, gab,Ω), and a spacelike C>1 curve Γv in M passing

through i0 with tangent va. Since the curve is C>1 its tangent vector va is C>0. Using the universal

metric gab at i0, we can then demand that va be unit-normalized at i0 and thus along the curve Γv

lim
→i0

va = ηa , (3.4.24)

that is the curve Γv points in some spatial direction η⃗ at i0. Further, since Γv is C>1, vb∇bv
a is a

C>−1 vector. We define the acceleration of Γv at i0 by the projection of this vector on to H

Aa[Γv] := ha
b lim

→i0
vc∇cv

b . (3.4.25)

Now we define the curves Γv (with tangent va) and Γη (with tangent ηa) to be equivalent if their

accelerations are equal at i0. To see what this entails, note that since va is C>0 and equals ηa in the

limit to i0 we have that va = ηa + Ω1/2wa for some wa which is C>−1 at i0. Then, from Eq. (3.4.25)

we have

Aa[Γv] = Aa[Γη] ⇐⇒ hab lim
→i0

wb = 0 . (3.4.26)

Thus, we have an equivalence class of curves through i0 pointing in each direction η⃗ defined by8

Γv ∼ Γη ⇐⇒ hab lim
→i0

Ω−1/2(vb − ηb) = 0 . (3.4.27)

We will show in Appendix A.4 that using a C>1 diffeomorphism, one can identify these equivalence

classes of curves between any any two spacetimes (M, gab,Ω) and (M ′, g′
ab,Ω′). Further, we show

that the conformal factors Ω and Ω′ can also be identified in a neighbourhood of i0.

To summarize, the universal structure at i0 consists of the point i0, the tangent space Ti0, the

8 These equivalence classes of curves form a principal bundle over H called Spi in [16].
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metric gab at i0 and the equivalence classes of C>1 curves given by Eq. (3.4.27). In addition, the

conformal factor Ω can also be chosen to be universal.

Remark 3.4.2 (Logarithmic translations). So far we have worked with a fixed C>1 differential structure

in the unphysical spacetime at i0. However, given a physical spacetime the unphysical spacetime is

ambiguous up to a 4-parameter family of logarithmic translations at i0 which simultaneously change

the C>1 differential structure and the conformal factor at i0; see [100] or Remark B.1 of [10] for

details. The logarithmic translations at i0 are parameterized by a direction-independent vector Λa

at i0. Any such vector can be written as

Λa = Ληa + DaΛ , (3.4.28)

where Λ(η⃗) = ηaΛa is a function on H satisfying

DaDbΛ + habΛ = 0 . (3.4.29)

Under such logarithmic translations the potentials Eq. (3.4.9) transform as [100]

E 7→ E + 4Λ , Kab 7→Kab , (3.4.30)

while Eab and Bab are invariant. These logarithmic translations will lead to the following issue when

we define the charges for supertranslations in Sec. 3.7.1. For general supertranslations (which are

not translations), our charges will depend on the potential E instead of just the electric field Eab.

Thus, even if we take the physical spacetime to be the Minkowski spacetime, our charges will not

vanish due to the logarithmic translation ambiguity Eq. (3.4.30) in E. Since these charges ought to

vanish in Minkowski, we will now fix these logarithmic translations following the argument in [100].

Since the metric gab in the tangent space Ti0 is universal and isometric to the Minkowski

metric, it is invariant under the reflection of the spatial directions η⃗ 7→ −η⃗. This gives rise to

a reflection isometry of the metric hab on the space of directions H . It was shown in [10] that

the only spacetimes which are asymptotically-flat at spatial infinity and which “match” on to
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asymptotically-flat spacetimes on null infinity are the ones where Eab is reflection-even, i.e.

Eab(η⃗) = Eab(−η⃗) . (3.4.31)

Further, since Λ = ηaΛa for the direction-independent vector Λa we have that, Λ is reflection-odd

Λ(η⃗) = −Λ(−η⃗) . (3.4.32)

For a reflection-even Eab, from Eqs. (3.4.11) and (3.4.29), it follows that using a logarithmic

translation we can demand that the potential E is also reflection-even so that

E(η⃗) = E(−η⃗) . (3.4.33)

Having fixed the logarithmic translations in this way, Eab = 0 then implies that E = 0. In particular,

for Minkowski spacetime we have

E = 0 , Bab = 0 , βab = 0 (on Minkowski spacetime) . (3.4.34)

Note that when Eab = 0, βab is conformally-invariant (see Eq. (3.4.23)) and the conditions Eq. (3.4.34)

do not depend on the conformal factor chosen for Minkowski spacetime. These conditions will ensure

that our all our charges will vanish on Minkowski spacetime. Thus, from here on we will assume that

the logarithmic translations have been fixed as above that is, we work the choice of C>1 differential

structure at i0 where the parity condition Eq. (3.4.33) is satisfied.

3.5 Metric perturbations and symplectic current at i0

Now consider a one-parameter family of asymptotically flat physical metrics ĝab(λ) where ĝab =

ĝab(λ = 0) is some chosen background spacetime. Define the physical metric perturbation γ̂ab around

the background ĝab by

γ̂ab = δĝab := d

dλ
ĝab(λ)

∣∣∣∣
λ=0

. (3.5.1)
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We will use “δ” to denote perturbations of other quantities defined in a similar way.

As discussed above, the conformal factor Ω can be chosen universally, i.e., independently of the

choice of the physical metric. Then, the unphysical metric perturbation satisfies

δgab = γab = Ω2γ̂ab , (3.5.2)

and we also have

δηa = δ∇aΩ1/2 = 0 , δηa = δ(gabηb) = −γabηb . (3.5.3)

Now we investigate the conditions on the unphysical perturbation γab which preserve asymptotic

flatness and the universal structure at i0 described in Sec. 3.4.1. First, recall that since the unphysical

metric gab is C>0 and universal at i0, it follows that the unphysical metric perturbation γab is C>0

and γab|i0 = 0. Therefore

γab(η⃗) := lim
→i0

Ω−1/2γab is C>−1 , (3.5.4)

From Eqs. (3.5.3) and (3.5.4) we also see that δηa = 0. Thus, the metric perturbation also preserves

the spatial directions η⃗ at i0, the space of directions H and the metric hab on it.

Now consider the universal structure given by the equivalence classes of C>1 curves through i0

as described in Sec. 3.4.1. Consider the equivalence class of a fixed curve Γv with tangent va. For

this equivalence class to be preserved, the perturbation of Eq. (3.4.27) must vanish. Evaluating this

condition using Eqs. (3.5.3) and (3.5.4), we obtain the condition

ha
bηcγbc(η⃗) = 0 . (3.5.5)

In summary, Eqs. (3.5.4) and (3.5.5) are the asymptotic conditions on the unphysical metric

perturbations which preserve the asymptotic flatness and the universal structure at i0.

The metric perturbation γab can be directly related to the perturbations of the gravitational

potentials E and Kab defined in Eq. (3.4.9). Perturbing Eq. (3.4.1) to evaluate Ω1/2δSab and taking



3.5. Metric perturbations and symplectic current at i0 98

the limit to i0 using Eqs. (3.5.3) and (3.5.4), we get

δSab = lim
→i0

Ω1/2δSab = 4∂(aγb)cη
c + 4η(aγb)cη

c + 2γab − 4γcdηcηdgab . (3.5.6)

Using the definition of the gravitational potentials Eq. (3.4.9) and Eq. (3.5.5), we obtain

δE = 2γabη
aηb , (3.5.7a)

δKab = −2ha
chb

dγcd − habδE . (3.5.7b)

Using Eqs. (3.5.5) and (3.5.7), we can reconstruct the metric perturbation γab(η⃗) in terms of the

perturbed gravitational potentials on H as

γab(η⃗) = 1
2 [δE(ηaηb − hab)− δKab] . (3.5.8)

The linearized Einstein equations for γab in the form Eq. (3.5.8) are then equivalent to the lineariza-

tions of Eqs. (3.4.12) and (3.4.13).

Next, we consider the behaviour of the symplectic current of vacuum general relativity near i0.

Recall that the symplectic current is given by

ωabc = − 1
16π ε̂abcdŵ

d with ŵa = P̂ abcdef γ̂2bc∇̂dγ̂1ef − [1↔ 2] , (3.5.9)

where “[1 ↔ 2]” denotes the preceding expression with the 1 and 2, labeling the perturbations,

interchanged and the tensor P̂ abcdef is given by

P̂ abcdef = ĝaeĝfbĝcd − 1
2 ĝ

adĝbeĝfc − 1
2 ĝ

abĝcdĝef − 1
2 ĝ

bcĝaeĝfd + 1
2 ĝ

bcĝadĝef . (3.5.10)

To analyze the behaviour of the symplectic current in the limit to i0, we first express it in terms

of quantities in the unphysical spacetime using

εabcd = Ω4ε̂abcd , P abcdef = Ω−6P̂ abcdef , γab = Ω2γ̂ab , (3.5.11)
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where P abcdef is defined through the unphysical metric by the same expression as Eq. (3.5.10). Using

these, and converting the physical derivative operator ∇̂ to the unphysical one ∇ as

∇̂dγ̂1ef = ∇dγ̂1ef + Ω−1[∇̂dΩγ̂1ef + ∇̂eΩγ̂1df − ged∇̂aΩγ̂1af + (e↔ f)] , (3.5.12)

we obtain
ωabc = − 1

16πεabcdw
d ,

with wa = Ω−2P abcdefγ2bc∇dγ1ef + Ω−3γab
1 ∇bΩγ2c

c − [1↔ 2] .
(3.5.13)

Converting to quantities which are direction-dependent at i0 and using Eq. (3.5.4), we see that

Ω3/2ωabc is C>−1. The pullback ω←− to H of lim
→i0

Ω3/2ωabc is given by

ω←− = − 1
16πε3 ηa

(
2ηbγ2abγ1 − 1

2γ1ab∂
bγ2 + γbc

1 ∂cγ2ab − 1
2γ1∂bγ2ab

)
− [1↔ 2] . (3.5.14)

This expression can be considerably simplified by rewriting it in terms of the perturbed gravitational

potentials δE and δKab using Eq. (3.5.8). An easy but long computation gives

ω←− = 1
64πε3 (δ1Kδ2E − δ2Kδ1E) , (3.5.15)

where, as before, K := habKab.

3.6 Asymptotic symmetries at i0: The spi algebra

In this section we analyze the asymptotic symmetries at i0. We show that the diffeomorphisms of the

physical spacetime which preserve the asymptotic flatness of the spacetime in spatial limits (defined

by Def. 3.2.1) generate an infinite-dimensional algebra denoted spi. This asymptotic symmetry

algebra was obtained in [16,17] by analyzing the infinitesimal diffeomorphisms which preserve the

universal structure at i0. Here, we provide an alternative derivation by considering the physical

perturbations generated by infinitesimal diffeomorphisms and demanding that the corresponding

unphysical perturbations satisfy the asymptotic conditions Eqs. (3.5.4) and (3.5.5).
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Consider an infinitesimal diffeomorphism generated by a vector field ξ̂a in the physical spacetime,

and let ξa = ξ̂a be the corresponding vector field in the unphysical spacetime. For ξa to be a

representative of an asymptotic symmetry at i0, the infinitesimal diffeomorphism generated by ξa

must preserve the universal structure at i0. Firstly, the infinitesimal diffeomorphism must keep the

the point i0 fixed and preserve the C>1 differential structure at i0. Thus, ξa must be C>0 at i0 and

ξa|i0 = 0. This implies that Ω−1/2ξa is C>−1 at i0. We denote

Xa(η⃗) := lim
→i0

Ω−1/2ξa . (3.6.1)

Now consider the physical metric perturbation γ̂
(ξ)
ab = δξ ĝab := £ξ ĝab corresponding to an

infinitesimal diffeomorphism generated by ξa. The corresponding unphysical metric perturbation is

given by

γ
(ξ)
ab = Ω2£ξ ĝab = £ξgab − 4Ω−1/2ξcηcgab . (3.6.2)

Since γ(ξ)
ab must satisfy the asymptotic conditions at i0 in Eqs. (3.5.4) and (3.5.5), we have

that γ(ξ)
ab is C>0 at i0 and γ(ξ)

ab |i0 = 0. To see the implications of these conditions, we evaluate the

condition γ(ξ)
ab |i0 = 0 using Eqs. (3.6.1) and (3.6.2) which gives

ηaXa(η⃗) = 0 , D(aXb) = 0 , (3.6.3)

that is, the vector field Xa is tangent to H and is a Killing vector field on it. Thus, Xa is an element

of the Lorentz algebra so(1, 3). Some useful properties of these Killing vectors and their relationship

to infinitesimal Lorentz transformations in the tangent space Ti0 are collected in Appendix A.5.1.

Further, since both γ
(ξ)
ab and £ξgab are C>0, we must have that Ω−1/2ξaηa is also C>0. Since

Ω−1/2ξaηa|i0 = 0 (which follows from Eqs. (3.6.1) and (3.6.3)) we have that Ω−1ξaηa is C>−1 at i0 so

we define

f(η⃗) := lim
→i0

Ω−1ξaηa . (3.6.4)
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The function f on H then parametrizes the supertranslations. A vector field that generates a

supertranslation can be obtained as follows. Consider ξa such that the corresponding Xa (Eq. (3.6.1))

vanishes and χa := lim
→i0

Ω−1ξa is C>−1 so that f = χaηa. Now consider the metric perturbation

Eq. (3.6.2) corresponding to such a vector field. From Eq. (3.5.5) we must have

ha
bηcγ

(ξ)
bc = 0 , (3.6.5)

where, as before, γ
(ξ)
ab = lim

→i0
Ω−1/2γ

(ξ)
ab . Evaluating this condition using Eq. (3.6.2) and χa = lim

→i0
Ω−1ξa,

we get

habχ
b = −Daf . (3.6.6)

Thus a pure supertranslation f is represented by a vector field ξa such that

lim
→i0

Ω−1ξa = fηa −Daf . (3.6.7)

In summary, the asymptotic symmetries at i0 are parameterized by a pair (f ,Xa) where f is a

smooth function and Xa ∈ so(1, 3) is a smooth Killing vector field on H .

The Lie algebra structure of these symmetries can be obtained as follows. Let ξa
1 and ξa

2 be

the vector fields representing the asymptotic Spi-symmetries (f1,X
a
1) and (f2,X

a
2) respectively.

Then the Lie bracket [ξ1, ξ2]a = ξb
1∇bξ

a
2 − ξb

2∇bξ
a
1 of the representatives induces a Lie bracket on the

Spi-symmetries. Using Eqs. (3.6.1), (3.6.3) and (3.6.4) the induced Lie bracket on the Spi-symmetries

can be computed to be

(f ,Xa) = [(f1,X
a
1), (f2,X

a
2)] ,

with f = Xb
1Dbf2 −Xb

2Dbf1 ,

Xa = Xb
1DbX

a
2 −Xb

2DbX
a
1 .

(3.6.8)

Thus the Spi symmetries form a Lie algebra spi with the above Lie bracket structure. Note that

if Xa
1 = Xa

2 = 0 then f = Xa = 0 — the supertranslations form an infinite-dimensional abelian

subalgebra s. Further if Xa
1 = 0 and Xa

2 ̸= 0 then Xa = 0 and so we see that the supertranslations
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s are a Lie ideal in spi. The quotient algebra spi/s is then isomorphic to the algebra of Killing

fields on H i.e. the Lorentz algebra so(1, 3). Thus the Spi symmetry algebra has the structure of a

semi-direct sum

spi ∼= so(1, 3) ⋉ s . (3.6.9)

The spi algebra also has a preferred 4-dimensional subalgebra t of translations. These are obtained

as the supertranslations f satisfying the additional condition

DaDbf + habf = 0 . (3.6.10)

The space of solutions to the above condition is indeed 4-dimensional — this can be seen from the

argument in Remark 3.6.1 below, or by solving the equation in a suitable coordinate system on H ;

see Eqs. D.204 and D.205 of [92] or Eq. C.12 of [10]. Moreover, from Eq. (3.6.8), it can be verified

that the Lie bracket of a translation with any other element of spi is again a translation, that is, the

translations t are a 4-dimensional Lie ideal of spi.

Remark 3.6.1 (Translation vectors at i0). Let va be a direction-independent vector at i0, and

va = fηa + fa where ηafa = 0. Then, since va is direction-independent, we have

0 = ∂avb = Daf b + habf + ηb(Daf − fa) , (3.6.11)

which then implies fa = Daf and that f satisfies Eq. (3.6.10). Thus, any vector va ∈ Ti0 gives rise

to a Spi-translation in t. Conversely, given any translation f ∈ t, the vector at i0 defined by (note

the sign difference in the hyperboloidal component relative to Eq. (3.6.7))

va := fηa + Daf , (3.6.12)

is direction-independent i.e., va ∈ Ti0. Thus, the Spi-translations t can be represented by vectors in

Ti0.

Remark 3.6.2 (Conformal transformation of Spi symmetries). Let (f ,Xa) be a Spi symmetry defined
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by a vector field ξa as above, i.e.,

Xa := lim
→i0

Ω−1/2ξa , f := lim
→i0

Ω−1ξaηa . (3.6.13)

For a fixed ξa, consider the change in the conformal factor Ω 7→ ωΩ. Then, from Remark 3.2.1, we

have the transformations

Xa 7→Xa , f 7→ f + 1
2£Xα . (3.6.14)

Note that a pure supertranslation (f ,Xa = 0) is conformally-invariant, while a “pure Lorentz”

symmetry (f = 0,Xa) is not invariant but shifts by a supertranslation given by 1
2£Xα. This further

reflects the semi-direct structure of the spi algebra given in Eq. (3.6.9).

* * *

To find the charge corresponding to the Spi-symmetries, we need to evaluate the symplectic

current given in Eq. (3.5.15) when the perturbation denoted by δ2 is generated by a Spi-symmetry. So

we now calculate the perturbations δ(f ,X)E and δ(f ,X)K in the gravitational potentials corresponding

to the metric perturbation given in Eq. (3.6.2).

The potentials E and Kab are defined in terms of (a rescaled) limit of Sab by Eq. (3.4.9). Consider

then the change in Sab under the perturbation Eq. (3.6.2). The second term on the right-hand-side

of Eq. (3.6.2) is a linearized conformal transformation (see Remark 3.2.1) with α = −2f . Thus,

the change in E and Kab induced by this linearized conformal transformation is given by (see

Remark 3.4.1)

δf E = 0 , δf Kab = 4(DaDbf + fhab) . (3.6.15)

The first term on the right hand side of Eq. (3.6.2) is a linearized diffeomorphism and, since Sab

is a local and covariant functional of gab, the corresponding perturbation in Sab is £ξSab. Explicitly

computing the Lie derivative using Eqs. (3.6.1) and (3.6.3) gives

δXSab = lim
→i0

Ω1/2£ξSab = Xc∂cSab + 2Sc(aηb)X
c + 2Sc(a∂b)X

c . (3.6.16)



3.6. Asymptotic symmetries at i0: The spi algebra 104

Then, from the definition of the gravitational potentials Eq. (3.4.9) we have

δXE = £XE , δXKab = £XKab . (3.6.17)

As a result, under a general Spi symmetry parametrized by (f ,Xa) we have

δ(f ,X)E = £XE , δ(f ,X)Kab = £XKab + 4(DaDbf + habf) . (3.6.18)

Note that our parity condition Eq. (3.4.33) does not place any further restrictions on these symmetries.

Remark 3.6.3 (Special choices of conformal factor). The freedom in the conformal factor can be used

to impose further restrictions on the potential Kab. We note the following two conditions that have

been used in prior work.

(1) From Eq. (3.4.22) we see that K := habKab transforms as

K 7→K − 2(D2α + 3α) . (3.6.19)

Now given a choice of conformal factor so that K ̸= 0, we can always solve a linear hyperbolic

equation for α on H and choose a new conformal factor (as in Remark 3.2.1) so that in the

new conformal completion K = 0. This is the choice made in [88, 91, 92]. With this restriction

on K we see from Eq. (3.6.18) that the allowed supertranslations are reduced to functions f

which satisfy

D2f + 3f = 0 . (3.6.20)

(2) Consider the restricted class of spacetimes where Bab = 0. Then, the tensor Kab can be written

in terms of a scalar potential k as in Eq. (3.4.16). Comparing Eq. (3.4.16) with Eq. (3.4.22),

we see that we can choose α = 1/2k. Then, we can choose a new conformal factor (as in

Remark 3.2.1) so that in the new conformal completion Kab = 0. This is the choice made

in [16,17]. With this restriction we see from Eq. (3.6.18) that the allowed supertranslations

are reduced to the translation algebra (Eq. (3.6.10)) and the full asymptotic symmetry algebra
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reduces to the Poincaré algebra.

We emphasize that to keep our expressions as general as possible, we will not impose any such

conditions on the conformal factor in our analysis and will work with the full spi algebra. However,

we will argue that our results reduce to those of [16, 92] when the corresponding restrictions are

imposed.

3.7 Spi-charges

In this section, we compute the charges associated with the Spi-symmetries. Following our strategy,

we consider the symplectic current ω←− where one of the perturbations, δ2, is a perturbation generated

by an asymptotic Spi-symmetry represented by (f ,Xa). Using Eqs. (3.5.15) and (3.6.18) we have

ω←−(δg, δ(f ,X)g) = 1
64πε3

[
δK£XE − δE£XK − 4δE(D2f + 3f)

]
. (3.7.1)

We show next that, under suitable conditions, the above expression can be written as a total

derivative on H that is,

ω←−(δg, δ(f ,X)g) = −ε3 DaQa(g; δg; (f ,X)) , (3.7.2)

where Qa is a local and covariant functional of its arguments on H .

It will be convenient to do this separately for supertranslations and Lorentz symmetries. In

Sec. 3.7.1, we will find that for supertranslations the functional Qa is integrable, and defines the

supermomentum charges on cross-sections S of H . Then we will show in Sec. 3.7.2 that for Lorentz

symmetries Qa, is not integrable in general. In this case, we will adopt the prescription of Wald and

Zoupas with suitable modifications to define an integrable charge for Lorentz symmetries. Finally, as

noted in Remark 3.6.2, a “pure Lorentz” symmetry is not conformally-invariant but rather shifts by

a supertranslation under the action of a conformal transformation. We will show in Sec. 3.7.3 that

the Lorentz charge similarly shifts by a supertranslation charge under a conformal transformation,
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in accord with the semi-direct structure of the spi algebra (Eq. (3.6.9)).

1 Charges for supertranslations: Spi-supermomentum

To define the charge for the supertranslations, consider Eq. (3.7.1) for a pure supertranslation

(f ,Xa = 0)

ω←−(δg, δfg) = − 1
16πε3 δE(D2f + 3f) ,

= − 1
16πε3Daδ(EDaf − fDaE) ,

(3.7.3)

where the second line uses Eq. (3.4.12). In this case, the symplectic current can be written in the

form Eq. (3.7.2) where the Qa is manifestly integrable. Thus, we define the Spi supermomentum

charge at a cross-section S of H by

Q[f ;S] = 1
16π

∫
S

ε2 ua(EDaf − fDaE) . (3.7.4)

Here we have chosen the charge to vanish on Minkowski spacetime where E = 0 (see Eq. (3.4.34)).

The corresponding flux is given by (using Eq. (3.4.12))

F [f ; ∆H ] := Q[f ;S2]−Q[f ;S1] = − 1
16π

∫
∆H

ε3 E(D2f + 3f) . (3.7.5)

When f ∈ t is a Spi-translation the charge Eq. (3.7.4) can be written in an alternative form as

follows. Using Eqs. (3.4.11) and (3.4.12) we have the identity

−fDaE + EDaf = 2EabD
bf + Db

(
D[aEDb]f

)
− 1

2

[
DaE(D2f + 3f)−DbE(DaDbf + habf)

]
.

(3.7.6)

The second term on the right-hand-side corresponds to an exact 2-form and vanishes upon integrating

on S while the last line vanishes for translations due to Eq. (3.6.10). Hence, the charge for any

translation f ∈ t can be written as

Q[f ;S] = 1
8π

∫
S

ε2 uaEabD
bf , (3.7.7)
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which reproduces the charge for translations given in [16]. Using Eq. (3.6.10), the flux of translations

vanishes across any region ∆H and thus the translation charge is independent of the choice of

cross-section S. Using the isomorphism between Spi-translations f and vectors va in Ti0 (see

Remark 3.6.1), the translation charge in Eq. (3.7.7) defines a 4-momentum vector P a at i0 such that

P ava = Q[f ;S] . (3.7.8)

Note that this relation is well-defined at i0 since the translation charge is independent of the cross-

section S. The vector P a is precisely the ADM 4-momentum at i0 [101] and also coincides with

the limit to i0 of the Bondi 4-momentum on null infinity [11] (the corresponding result for all the

supertranslation charges was proven in [10]).

The charge expression in Eq. (3.7.4) agrees with the results of Compère and Dehouck [92]. Note

that when the conformal factor is chosen so that K = 0, the supertranslation algebra is reduced to

the subalgebra satisfying Eq. (3.6.20) and the flux corresponding to such supertranslations vanishes

across any region ∆H . As was shown in [10], to relate the supertranslation symmetries and charges

at spatial infinity to the ones on null infinity, it is sufficient that the total flux of these charges

vanishes on all of H , and the flux need not vanish across some local region ∆H . Thus the restriction

on the conformal factor imposing K = 0 is not necessary.

2 Lorentz charges with Bab = 0

Next we will obtain a charge formula for the Lorentz symmetries. As emphasized in [16, 17], to

obtain such a charge formula one needs to consider the “subleading” piece of the magnetic part of the

Weyl tensor. Thus, in the following we will make the additional assumption that Bab = 0 and that

the “subleading” magnetic part βab defined in Eq. (3.4.14) exists. However, in Appendix A.8 we will

show how the restriction that Bab vanishes can be lifted and obtain a charge formula in that case.

For a “pure Lorentz” symmetry (f = 0,Xa), we have from Eq. (3.7.1)

ω←−(δg, δXg) = 1
64πε3(£XEδK −£XKδE) . (3.7.9)
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We now want to write this as a total derivative of the form Eq. (3.7.2). To do so consider the

following tensor

W ab := βab + 1
8εcd(aDcEKd

b) − 1
16εabcKDcE . (3.7.10)

Using Eqs. (3.4.13a), (3.4.15) and (3.4.20), we obtain

DaW ab = 0 , habW ab = 0 . (3.7.11)

Note that W ab is not a symmetric tensor. Further using Eqs. (3.7.10) and (A.5.3) we have

Da[Wab
⋆Xb] = 1

8XaDaEK , (3.7.12)

where ⋆Xa := 1
2εabcDbXc is the “dual” Killing vector field to Xa (see Eq. (A.5.4)). Therefore,

Eq. (3.7.9) can be written as

ω←−(δg, δXg) = 1
8πε3Da

[
δW ab

⋆Xb − 1
8δEKXa

]
, (3.7.13)

which is again of the form Eq. (3.7.2). However the functional Qa in this case is not integrable, in

general. To see this consider

∫
S

ε2 uaQa[δg; X] = − 1
8π

∫
S

ε2 ua
[
δW ab

⋆Xb − 1
8δEKXa

]
, (3.7.14)

and compute an antisymmetrized second variation to get

∫
S

ε2ua(δ1Qa[δ2g; X]− δ2Qa[δ1g; X]
)

= 1
64π

∫
S

ε2uaXa (δ1Kδ2E − δ2Kδ1E)

= −
∫

S
X · ω←−(δ1g, δ2g) .

(3.7.15)

If Eq. (3.7.14) were integrable then the above antisymmetrized second variation would vanish for

all perturbations and all cross-sections S. However, since we allow arbitrary perturbations of both

E and Kab, the expression on the right hand side vanishes if and only if the Lorentz vector field

happens to be tangent to the cross-section S. However a general Lorentz vector field is not tangent
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to cross-sections of H . Thus, the expression Eq. (3.7.14) is not integrable and cannot be used to

define the charge of Lorentz symmetries.

To remedy this, we use the Wald-Zoupas prescription, as in Sec. 2.5. Let Θ(g; δg) be a 3-form

on H which is a symplectic potential for the pullback of the symplectic current (Eq. (3.5.15)) to

H , that is,

ω←−(g; δ1g, δ2g) = δ1Θ(g; δ2g)− δ2Θ(g; δ1g) , (3.7.16)

for all backgrounds and all perturbations. We also require that the choice of Θ satisfy the following

conditions

(1) Θ is locally and covariantly constructed out of the dynamical fields (E,Kab), their perturba-

tions, and finitely many of their derivatives, along with the “universal background structure”

hab present on H .

(2) Θ is independent of any arbitrary choices made in specifying the background structure, in

particular, Θ is conformally-invariant.

(3) Θ(g; δg) = 0 for Minkowski spacetime for all perturbations δg.

Following the Wald-Zoupas prescription, we define the charge Q[Xa;S] associated with a Lorentz

symmetry through

δQ[Xa;S] :=
∫

S
ε2uaQa(δg; Xa) +

∫
S

X ·Θ(δg) . (3.7.17)

From Eqs. (3.7.15) and (3.7.16), it follows that this defining relation is integrable and thus defines a

charge Q[Xa;S] once we pick a reference solution where the charge vanishes.

For the 3-form Θ we choose

Θ(g; δg) := − 1
64πε3EδK . (3.7.18)

It can be verified that this choice satisfies all the criteria listed below Eq. (3.7.16). In particular Θ is

conformally-invariant, and since for Minkowski spacetime E = 0 (Eq. (3.4.34)), Θ = 0 on Minkowski

spacetime for all perturbations. Note that this choice for Θ is not unique; however, we will argue in
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Appendix A.7 that the ambiguity in the choice of Θ does not affect our final charge expression.

With the choice Eq. (3.7.18) and Eqs. (3.7.14) and (3.7.17), we have

δQ[Xa;S] = − 1
8π

∫
S

ε2 uaδ[W ab
⋆Xb − 1

8KEXa] , (3.7.19)

We define the unperturbed charge by picking the reference solution to be Minkowski spacetime which

satisfies E = 0 and βab = 0 (Eq. (3.4.34)). Thus, we have the charge

Q[Xa;S] = − 1
8π

∫
S

ε2 ua[W ab
⋆Xb − 1

8KEXa] , (3.7.20)

The corresponding flux of the Lorentz charges is given by

F [Xa,∆H ] = − 1
64π

∫
∆H

ε3 E£XK . (3.7.21)

Note that the flux is essentially given by F [Xa,∆H ] =
∫

∆H Θ(g; δXg) which is analogous to 2.5.27.

When the conformal factor is chosen so that Kab = 0 then the Lorentz charge reduces to

Q[Xa;S] = − 1
8π

∫
S

ε2 uaβab
⋆Xb , (3.7.22)

which is the expression given in [16]. Note that when the conformal factor is chosen such that

K = 0, the expression Eq. (3.7.14) is manifestly integrable and our “correction term” Θ (Eq. (3.7.18))

vanishes. In both these cases, the flux of the Lorentz charges vanishes across any region ∆H , i.e., the

Lorentz charges are identically conserved. Further, since the vector fields Xa correspond precisely

to infinitesimal Lorentz transformations Λab in Ti0 (see Eq. (A.5.6)), the charge in this case defines

an “angular momentum” tensor Jab at i0 through

JabΛab = Q[Xa;S] , (3.7.23)

where the right hand side is independent of the cross-section since the charge is conserved.
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3 Transformation of charges under conformal changes

We now consider the transformation of the charges and fluxes for a Spi symmetry under changes of

the choice of conformal factor as discussed in Remark 3.2.1.

Consider a pure supertranslation symmetry (f ,Xa = 0). As shown in Remark 3.6.2, a pure

supertranslation is conformally-invariant. Further from Remark 3.4.1 the potential E is also

conformally-invariant. Thus, the charge and flux of supertranslations in Eqs. (3.7.4) and (3.7.5) are

also conformally-invariant.

However a “pure Lorentz” symmetry (f = 0,Xa) is not conformally-invariant (see Remark 3.6.2),

and hence we expect that the charge and flux of a Lorentz symmetry must transform nontrivially

under changes of the conformal factor. Consider first the flux of Lorentz charges given by Eq. (3.7.21).

Using the transformation of Kab (Eq. (3.4.22)), we see that this flux expression transforms as

F [Xa; ∆H ] 7→ F [Xa; ∆H ] + 1
32π

∫
∆H

ε3E(D2£Xα + 3£Xα) . (3.7.24)

Comparing the second term on the right-hand-side with Eq. (3.7.5), we see that it is precisely the

flux of a supertranslation given by (−1/2£Xα). Thus, under a change of conformal factor the Lorentz

flux shifts by the flux of a supertranslation

F [Xa; ∆H ] 7→ F [Xa; ∆H ] + F [−1/2£Xα; ∆H ] . (3.7.25)

One can similarly verify that the Lorentz charge Eq. (3.7.20) also shifts by the charge of a

supertranslation. The explicit computation is a bit tedious and is presented in Appendix A.6.

However, we can derive the transformation of the Lorentz charge by a more general argument which

we present below. This argument also holds in the more general case when Bab ̸= 0 considered in

Appendix A.8 below.

From the transformation of the flux Eq. (3.7.25), we can deduce that the Lorentz charge expression
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Eq. (3.7.20) must transform as

Q[Xa;S] 7→ Q[Xa;S] +Q[−1/2£Xα;S] +
∫

S
ε2uaµa[α] , (3.7.26)

where the second term on the right-hand-side is the charge of a supertranslation (−1/2£Xα) and the

third term is a possible additional term determined by a covector µa which depends linearly on α and

is divergence-free, Daµa[α] = 0 for all α. Since α is a free function on H we can apply Theorem 1

with α as the “dynamical field”. Thus, from Eq. (A.5.10) we conclude that the final integral above

vanishes and that the Lorentz charge shifts by the charge of a supertranslation (−1/2£Xα).

Q[Xa;S] 7→ Q[Xa;S] +Q[−1/2£Xα;S] . (3.7.27)

If we restrict to the choice of conformal factor where Kab = 0, so that the asymptotic symmetries

are reduced to the Poincaré algebra and α is a Spi-translation satisfying Eq. (3.6.10) then Eq. (3.7.27)

reproduces the transformation law given in Eq. 29 of [16] and Eq. 6.8 of [17].

Consider the charge of any Spi-symmetry represented by (f ,Xa). Then, under a conformal

transformation, the same Spi-symmetry is represented by (f + 1/2£Xα,Xa) (see Remark 3.6.2). The

total charge of the Spi-symmetry transforms as

Q[f ;S] +Q[Xa;S] 7→Q[f + 1/2£Xα;S] +Q[Xa;S] +Q[−1/2£Xα;S] ,

= Q[f ;S] +Q[Xa;S] ,
(3.7.28)

that is, the charge of any Spi-symmetry is independent of the choice of conformal factor — the

change in the function f representing the symmetry is exactly compensated by the change in the

Lorentz charge given in Eq. (3.7.27).



3.8. Future directions 113

3.8 Future directions

An avenue for future investigation based on the analysis presented here would be to quantize the

asymptotic fields on H in the spirit of the asymptotic quantization program on null infinity [19]

(see also [102]). This could lead to the possibility of relating the asymptotic “in-states” on past null

infinity to the “out-states” on future null infinity, similar to the matching conditions in the classical

theory, and provide further insight into the structure of quantum scattering.

We also note that the asymptotic fields at spatial infinity in both Maxwell theory and general

relativity are described by smooth tensor fields living on a unit-hyperboloid H . As is well-known,

H is precisely 3-dimensional de Sitter spacetime. It would be interesting to see if insights from

the de Sitter/CFT correspondence [103] can be applied to develop a holographic understanding of

electromagnetism and general relativity in asymptotically-flat spacetimes at spatial infinity, perhaps

similar to [104].



Chapter 4
Extensions of the asymptotic symmetry algebra
of general relativity
(Adapted with permission from [6])

Chapter summary

In this chapter, we study a proposal for an extension of the Bondi-Metzner-Sachs algebra to include

arbitrary infinitesimal diffeomorphisms on a 2-sphere, first made in [44]. To realize the elements of

this extended algebra as asymptotic symmetries, we work with an extended class of spacetimes in

which the unphysical metric at null infinity is not universal. We show that the symplectic current

evaluated on these extended symmetries is divergent in the limit to null infinity. We also show that

this divergence cannot be removed by a local and covariant redefinition of the symplectic current.

This implies that at the very least, the usual framework of the covariant phase space formalism

must be augmented to make sense of this extension. Using techniques inspired by holographic

renormalization in Anti de Sitter spacetimes, this question was recently revisited in [54] although we

will not include that analysis here. As a subsidiary result, we also show that the aforementioned

extended algebra does not have a preferred subalgebra of translations and therefore does not admit

a universal definition of Bondi 4-momentum.

114
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4.1 Context

As discussed chapter 1, there have been various recent proposals for extensions of the BMS algebra.

It was first proposed by Barnich and Troessaert [105, 106] (see also [65]) that the BMS algebra

should be extended to include the entire infinite-dimensional Virasoro algebra, which consists of

all local conformal Killing fields on a 2-sphere1. The vector fields in the Virasoro algebra which are

not Lorentz vector fields are necessarily singular at isolated points on a 2-sphere. An alternative

proposal by Campiglia and Laddha [44,45] was to extend the Lorentz transformations by including

all smooth infinitesimal diffeomorphisms on a 2-sphere. The conservation law (i.e. Ward identity)

for the charges at null infinity corresponding to such extensions is then claimed to be equivalent

to the subleading soft theorem of [107]. In just the last year, various other extensions of the BMS

algebra have also been proposed; see e.g, [46,108]. We will not concern ourselves with these recent

proposals in this chapter although some discussion on them may be found in [54]. Instead, we will

instead restrict ourselves to analyzing the extension to smooth 2-sphere diffeomorphisms [44, 45]

mentioned above.

The main quantity of interest in our analysis is the symplectic current which is derived from the

Lagrangian of general relativity and was discussed at length in Sec. 2.5. As detailed there, if suitable

asymptotic conditions are satisfied then the symplectic current has a finite limit to null infinity.

Then, the integral of the symplectic current over null infinity gives a symplectic form on the phase

space of general relativity. If one of the perturbations, say δ2ĝab, is taken to be the perturbation

generated by some asymptotic symmetry, then the symplectic form leads to an expression for the

generator of that symmetry on phase space. Note that the crucial thing here is that the symplectic

current needs to have a finite limit to null infinity, otherwise the generator would not be defined.

It follows from the analysis of chapter 2 that for asymptotically-flat spacetimes, the symmetries

in the usual BMS algebra have well-defined generators in the sense described above. Here, we

1 These symmetries are often called superrotations [105, 106], although more recently that term has come to be used for
the smooth infinitesimal diffeomorphisms on the 2-sphere [23]. Another terminology for the smooth diffeomorphisms
is super-Lorentz transformations, with the odd parity ones being called superrotations and the even parity ones being
called superboosts [37].
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are interested in whether generators corresponding to the extension of the BMS algebra by all

diffeomorphisms of a 2-sphere correspond to well defined symmetries. We provide evidence to the

contrary. In particular, we show that the symplectic current of general relativity diverges in the

limit to null infinity, in general, when one of the perturbations is generated by an extended BMS

symmetry (which is not a BMS symmetry). This divergence was also previously encountered in the

computations of Compère, Fiorucci and Ruzziconi [37].

A potential loophole in this argument is that one can exploit an ambiguity in the symplectic

current to render it finite in the limit to null infinity (see Ref. [109] for a general discussion of such

renormalization in a different context). The ambiguity is of the form ω → ω+d[δ1Y (ĝ; δ2ĝ)−(1↔ 2)],

for some two-form Y which constructed out of the dynamical fields and their variations [53]. Recently,

Compère, Fiorucci and Ruzziconi have shown that one can indeed obtain a finite symplectic current

using this method, and they find expressions for charges corresponding to all the symmetries of the

extended algebra, including the general 2-sphere diffeomorphisms [37].

However, as noted by the authors themselves, their prescription relies on a particular choice of

coordinates with the result that the two form Y and the final, finite symplectic current are not local,

covariant function of the dynamical fields. Thus, it is not clear that the expressions obtained in

Ref. [37] for charges are unique. For instance, if one repeated the construction using Newman-Unti

coordinates instead of Bondi coordinates, it is not clear if equivalent results would be obtained. We

will in fact show that one cannot eliminate the divergences in the symplectic current by exploiting

the ambiguity in a local and covariant manner. We refer the reader to [54] for treatments of this

divergence when covariance requirements are relaxed.

This result suggests that the general 2-sphere diffeomorphisms do not give rise to well defined

charges and fluxes. However, a possible loophole is that requiring that all the quantities in the

construction be local and covariant [53] is too strong a restriction, and instead one should only

impose this requirement on physically measurable quantities. For example it might be possible that

the presymplectic form (obtained by integrating the presymplectic current over a Cauchy surface)

may be independent of the arbitrary choice of coordinate system used in Ref. [37], despite the fact

that the presymplectic current ω does depend on this choice. It would be interesting to investigate
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this possibility further but we do not do so here.

The remainder of this chapter is organized as follows. In Sec. 4.2, we consider the extended

phase space proposed in [44] which leads to an extension of the BMS algebra to include arbitrary

infinitesimal diffeomorphisms of a 2-sphere. In Sec. 4.3, we show that the symplectic current evaluated

on these extended symmetries diverges in the limit to null infinity. We also show that any local

and covariant ambiguities in the symplectic current cannot get rid of this divergent behavior. We

consider other issues associated with this extension of the BMS algebra in Sec. 4.4. In Appendix A.9,

we show that the extension of the BMS algebra by all diffeomorphisms of a 2-sphere does not contain

a preferred translation subalgebra and discuss the implications of this result.

Note that in this chapter, we make a slight change of notation compared to chapter 2 and denote

γab := δgab (c.f. Eq. (2.3.8)).

4.2 An extended field configuration space and extended algebra

As discussed at length in chapter 2, a priori, the conformal completion of a spacetime depends on the

physical spacetime (M̂, ĝab) under consideration. However, if (M, gab,Ω) and (M ′, g′
ab,Ω′) are the

unphysical spacetimes corresponding to any two asymptotically-flat physical spacetimes, then M ′ can

be identified with M using a diffeomorphism such that I ′ maps to I 2, Ω′ = Ω in a neighborhood

of I and g′
ab|I = gab|I . As a result of this identification, we can work on a single manifold M

with boundary I and treat Ω and gab|I as universal within the entire class of asymptotically-flat

spacetimes, in the sense that they can be chosen to be independent of the choice of the physical

spacetime. Specifically, we can fix a metric g0 ab on I and a conformal factor Ω0 in a neighborhood

N of I , and define the field configuration space

Γ0 = {(M, gab,Ω)| gab |I = g0 ab |I , Ω = Ω0 on N , ∇a∇bΩ =̂ 0
}
. (4.2.1)

2 We will not need to distinguish between past and future null infinity in this chapter and the discussion can be applied
to either of them. For this reason, we will just use “null infinity” (denoted by I ) without specifying “past” or “future.”
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The asymptotic symmetries at I of the field configuration space Γ0 are the infinitesimal diffeomor-

phisms generated by vector fields ξa in M which extend smoothly to I , and whose pullbacks preserve

the asymptotic flatness conditions and map Γ0 into itself (modded out by the trivial diffeomorphisms

whose asymptotic charges vanish which, in vacuum general relativity, correspond to vector fields

that vanish on I [53]). It was shown in chapter 2 that these correspond to the BMS algebra. Recall

that metric perturbations within this field configuration space satisfy

γab = Ωτab , γabn
b = Ω2τa , (4.2.2)

for some tensor fields τab and τa that extend smoothly to I .

In the following subsection we show that by weakening the universal structure near I —

equivalently, by extending the class of allowed metrics — one obtains a bigger asymptotic symmetry

algebra at null infinity which includes all the smooth diffeomorphisms of a 2-sphere. This is the

algebra proposed by Campiglia and Laddha [44,45].

1 Extended field configuration space

It is clear from the preceding discussion that to obtain any extension of the BMS algebra, one

must enlarge the class of metrics under consideration. One option might be to suitably weaken the

definition of asymptotic flatness. An alternative approach, which we follow here, is to enlarge the

definition (4.2.1) of the field configuration space by relaxing the requirement that the unphysical

metric evaluated on I be universal. The motivation for this enlargement is questionable, since

the new metrics that are being added are related to metrics already included in the space Γ0 by

diffeomorphisms and by the conformal transformations (2.2.8). This issue is discussed further in Sec.

4.4.0.2 below. Nevertheless, we shall proceed and consider the extended class of metrics proposed by

Campiglia and Laddha [45].

In the definition of the extended field configuration space, we will continue to require that the

unphysical metric gab be smooth at I . We will also continue to choose the conformal factor Ω so

that the Bondi condition (2.2.6) holds. Now, if we are given an unphysical spacetime (M, gab,Ω), we
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can define tensors na and εabc←−− intrinsic to I by

na = gab∇aΩ|I , (4.2.3a)

εabcd|I = 4ε[abcnd]|I , (4.2.3b)

and by defining εabc←−− to be the pullback of εabc to I .3 It follows from the Bondi condition (2.2.6) that

£n̂εabc←−− =̂ 0. (4.2.4)

We now fix a choice of tensors na
0, ε0 abc←−− obtained in this way, fix a choice of conformal factor Ω0

on a neighborhood N of I , and define the extended field configuration space Γext to be [compare

Eq. (4.2.1)]

Γext = {(M, gab,Ω)| na = na
0, εabc←−− = ε0 abc←−−, Ω = Ω0 on N , ∇a∇bΩ|I = 0

}
. (4.2.5)

This is the definition proposed by Campiglia and Laddha [45], in which the 3-volume form εabc and

the normal n̂a at I are universal. Note that Γ0 is a proper subset of Γext, if we choose the fields n̂a
0

and ε0 abc to be those associated with g0 ab|I .

2 Extended algebra

We now derive the form of the symmetry algebra for the field configuration space (4.2.5). Since the

fields εabc←−− and na are universal their perturbations must vanish and so

δεabc←−− =̂ 0 =⇒ gabγab =̂ 0 =⇒ gabγab = Ωσ ,

δna =̂ 0 =⇒ γabn
b = Ωχa ,

(4.2.6)

3 Note that εabc is ambiguous up to εabc 7→ εabc + α[abnc] but this does not affect the pullback εabc←−−.
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for some fields σ and χa which extend smoothly to I . Perturbing the Bondi condition (2.2.6) we

have

δ(∇anb) =̂ 0 =⇒ nc∇cγab =̂ 2n(aχb), (4.2.7)

and taking the trace and using Eq. (4.2.6) gives

naχa =̂ 0. (4.2.8)

Thus, the unphysical metric perturbations γab in the extended class satisfy

gabγab = Ωσ , γabn
b = Ωχa , naχa =̂ 0 , nc∇cγab =̂ 2n(aχb) . (4.2.9)

To find the asymptotic symmetries of this extended class of spacetimes, let δg(ξ)
ab be the unphysical

metric perturbation generated by a diffeomorphism along ξa. Imposing the requirements (4.2.9), we

find that ξa still satisfies £ξn
a =̂ −α(ξ)n

a and £nα(ξ) =̂ 0. However, since the unphysical metric is

no longer universal at I , δg(ξ)
ab |I is no longer required to vanish and so the condition

£ξqab =̂ 2α(ξ)qab , (4.2.10)

no longer holds.4 Using gabγ
(ξ)
ab =̂ 0 we have instead

£ξεabc←−− =̂ 3α(ξ)εabc←−−, (4.2.11)

where εabc←−− is the 3-volume element (4.2.3b) on I .

Modding out by the trivial diffeomorphisms as before5, we thus find that this extension of the

BMS algebra bgen [44] of Γext is generated by vector fields ξa on I which are tangent to I and

4 The last condition in Eq. (4.2.9) does not impose additional restrictions on ξa at I .
5 The trivial vector fields are those for which the integral of symplectic current evaluated on δĝab and £ξ ĝab vanishes [53].

However, this quantity cannot be evaluated since the symplectic current diverges on I , as we show in the next section.
So we simply assume here that the trivial vector fields ξa are those which vanish on I , as for the standard definition
of field configuration space. The symmetry algebra could thus change given a finite renormalized symplectic current;
see Sec. 4.4.0.2 below for further discussion of this point.
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which satisfy

£ξn
a =̂ −α(ξ)n

a, (4.2.12a)

£ξεabc←−− =̂ 3α(ξ)εabc←−−, (4.2.12b)

where the function α(ξ) is smooth and satisfies £nα(ξ) =̂ 0. A small point on terminology is in order.

In recent years, the term generalized BMS algebra has become commonplace for the algebra of the

aforementioned symmetries, as opposed to extended BMS algebra which is used for the extension of

the BMS algebra which includes the full Virasoro algebra. We will therefore use generalized BMS

algebra to refer to this algebra from here on. The structure of the generalized BMS algebra can be

analyzed as before. There is an infinite-dimensional abelian Lie ideal s of supertranslations as before.

However as a direct consequence of dropping Eq. (4.2.10) in favor of Eq. (4.2.12b), the factor algebra

bgen/s is now isomorphic to the Lie algebra diff(S2) of all smooth infinitesimal diffeomorphisms of

S2. Hence we have bgen = diff(S2) ⋉ s.

Thus, by weakening the universal structure near I — equivalently, extending the class of allowed

perturbations — one obtains a bigger asymptotic symmetry algebra at null infinity which includes

all the smooth diffeomorphisms of a 2-sphere.

4.3 The symplectic current of general relativity at null infinity

In this section we evaluate the symplectic current of general relativity for the extended class of

perturbations detailed in Sec. 4.2. We will show that any choice of symplectic current, which is local

and covariant, necessarily diverges in the limit to I .

1 The symplectic current for general perturbations

We now investigate whether the symplectic current has a limit to I when ξa is a generator of the

generalized BMS algebra. To analyze the behavior of the symplectic current at I , it is convenient

to express the symplectic current in terms of unphysical quantities which extend smoothly to I and
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are non-vanishing there in general. Thus we define

εabcd = Ω4ε̂abcd , P abcdef = Ω−6P̂ abcdef , γab = Ω2γ̂ab . (4.3.1)

The relation between the physical derivative operator ∇̂ and unphysical derivative operator ∇ acting

on any covector va is given by

∇̂avb = ∇avb + Cc
abvc

with Cc
ab = 2Ω−1δc

(anb) − Ω−1ncgab

(4.3.2)

Inserting Eq. (4.3.1) into Eq. (2.5.7), using Eq. (4.3.2), one obtains:

ω ≡ ωabc = 1
16πεdabcw

d ,

with wa = Ω−2P abcdefγ2bc∇dγ1ef + Ω−3γab
1 nbγ2c

c − [1↔ 2] .
(4.3.3)

Note that if both perturbations γ1ab and γ2ab are tangent to the standard field configuration

space (4.2.1) and so satisfy the usual conditions (4.2.2), we have

wa = P abcdefτ2bc∇dτ1ef + τ1
abτ2b + τ1

aτ2c
c − [1↔ 2] +O(Ω) , (4.3.4)

and in this case the symplectic current is finite at I . In particular, when one of the perturbations is

generated by an infinitesimal diffeomorphism corresponding to the BMS algebra, one can define the

corresponding charges and fluxes following the procedure in [53].

2 Divergence of the symplectic current on the extended phase space

Now consider the case where one of the perturbations, say γ1ab, satisfies the usual set of conditions

4.2.2, while the other one, γ2ab, lies in Γext and so satisfies only the weaker set of conditions (4.2.9).

If in this case the symplectic current has a finite limit to I then one can hope to define charges and

fluxes for the generalized BMS algebra taking γ2ab = γ
(ξ)
ab where ξa|I is an element of bgen. However,

as we now show, the symplectic current (4.3.3) in this case necessarily diverges in the limit to I ,
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unless γ2ab also lies in the standard field configuration space Γ0 [i.e. satisfies the standard conditions

(4.2.2)], or the perturbation γ1ab contains no gravitational radiation, i.e., has vanishing perturbed

News tensor.

If the symplectic current ω has a limit to I then its pullback to I will be proportional to

ε3 naw
a where ε3 ≡ εabc is the 3-volume element on I . It will suffice for our purposes to show that

naw
a does not have a limit to I . Using Eq. (4.2.2) for γ1ab and Eqs. (4.2.6) for γ2ab we have

naw
a = Ω−1

[
naP

abcdefγ2bc∇dτ1ef − naP
abcdefτ1bc∇dγ2ef

]
+ χ2aτ1

a + 1
2σ2τ1

ana − 3
2Ω−1naχ2aτ1b

b − 1
2Ω−2nan

aγ2
bcτ1bc + 1

2Ω−1nan
aσ2τ1b

b .

(4.3.5)

Due to Eqs. (2.2.7) and (4.2.9), the second line in Eq. (4.3.5) has a finite limit to I . Now if naw
a

has a finite limit to I then we must have lim
→I

Ωnaw
a = 0. From Eq. (4.3.5) we have

Ωnaw
a = naP

abcdefγ2bc∇dτ1ef − naP
abcdefτ1bc∇dγ2ef +O(Ω), (4.3.6)

where O(Ω) indicates terms which vanish in the limit to I . Evaluating the first term of Eq. (4.3.6)

at I , using Eq. (4.2.9), we have

naP
abcdefγ2bc∇dτ1ef =̂ naγ2

bc∇cτ1ab − 1
2n

aγ2
bc∇aτ1bc

= −1
2γ2

bcna∇aτ1bc.

(4.3.7)

Similarly for the second term in (Eq. (4.3.6)) we have (from Eqs. (4.2.2) and (4.2.9))

naP
abcdefτ1bc∇dγ2ef =̂ −1

2τ1
bcna∇aγ2bc = 0. (4.3.8)

Thus Eq. (4.3.6) can be written as

Ωnaw
a = −1

2γ2
abnc∇cτ1ab +O(Ω). (4.3.9)

We now simplify the above expression further using the vacuum Einstein equation. Perturbing
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Eq. (2.2.1), for the perturbation γ1ab we have (see also Eq. (67) of [53])

δ1Sab =̂ 2naτ1b + 2nbτ1a − nc∇cτ1ab − ncτ1cgab. (4.3.10)

Using Eq. (4.3.10) in Eq. (4.3.9) to eliminate the derivative of τ1ab, and Eqs. (4.2.2), (4.2.9) we get

Ωnaw
a = 1

2γ2
abδ1Sab +O(Ω). (4.3.11)

Further, since γ2
ab is tangent to I (which follows from Eq. (4.2.6)) we can replace Sab by its pullback

to I Sab←− to get

Ωnaw
a = 1

2γ2
abδ1Sab←−+O(Ω) (4.3.12)

Recall that for an asymptotically flat spacetime the News tensor on I is defined by

Nab = Sab←−− ρab, (4.3.13)

where ρab is the unique symmetric tensor field on I constructed from the (usual) universal structure

at I in Theorem 5 of [62]. Thus, for the perturbation γ1 ab we have δ1ρab = 0 and we can replace

δ1Sab←− in Eq. (4.3.12) with δ1Nab to get

Ωnaw
a = 1

2γ2
abδ1Nab +O(Ω) (4.3.14)

For general perturbations γ1ab the perturbed News δ1Nab does not vanish on I , indicating the

presence of (linearized) gravitational radiation, although it is subject to the constraints

gabδ1Nab = 0, naδ1Nab = 0. (4.3.15)

If the quantity (4.3.14) vanishes for all perturbations γ1 ab, then γ2 ab must be of the form αgab +

n(avb) +O(Ω), but it then follows from Eqs. (4.2.9) that γ2 ab = O(Ω).

We therefore conclude that
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(1) The symplectic current has a finite limit to I for all perturbations γ1ab that are tangent to

the standard phase space Γ0, if and only if γ2ab|I = 0, that is, γ2ab also is tangent to Γ0. In

particular when γ2ab = γ
(ξ)
ab is a perturbation generated by an infinitesimal diffeomorphism ξa,

then γ(ξ)
ab |I = 0 and thus ξa|I is an element of the usual BMS algebra b.

(2) The symplectic current has a finite limit to I for any γ2ab = γ
(ξ)
ab generated by an infinitesimal

diffeomorphism ξa in bgen which is not in b, if and only if γ1ab has vanishing perturbed News,

that is, γ1ab is non-radiating at I .

We emphasize that we have shown that (except in the cases discussed above) the limit to I of

the symplectic current ω as a 3-form does not exist. That is, the symplectic current diverges as we

approach any point of I along any curve in the unphysical spacetime independently of any choice

of coordinates.

We now compare our result with the procedure used by Campiglia and Laddha [45], who obtained

finite charges associated with generators of the generalized BMS algebra. Their procedure can be

described as follows. In the physical spacetime pick some Bondi coordinate system (r, u, xA) near I .

Consider the surfaces Σt given by t = u+ r = constant and integrate the symplectic current ω on

Σt with the perturbation δ2ĝab = £ξ ĝab generated by some diffeomorphism in bgen and δ1ĝab lying in

Γ0. This integral can be rewritten as an integral over a 2-sphere of u = constant on Σt. Then as

u→ −∞ this integral diverges linearly in u if the vector field ξa is an element of bgen which is not

in the usual BMS algebra b. To get a finite symplectic form for all symmetries in bgen, [44] then

imposes the boundary condition CAB ∼ 1/u1+ϵ along every Σt where CAB is a subleading piece of

the physical metric on the 2-spheres in Bondi coordinates (see Eq. (2.6.5)). The symplectic form on

I is then defined as the t→∞ limit of this symplectic form on the surfaces Σt.

We note that, in contrast to our approach, the procedure used by [45] is not covariant. In particular

their boundary condition CAB ∼ 1/u1+ϵ along every Σt is not invariant under supertranslations (this

was noted also by [45]). Thus, if this condition holds in one choice of Bondi coordinate system, it

fails to hold in another Bondi coordinate system related to the first by a supertranslation. Similarly,

this condition fails to hold if one instead integrates the symplectic current on some different family
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of surfaces which are supertranslated relative to their choice of Σt. We also note that for the “soft

charge” on I defined in [44,45] to be finite one needs to impose CAB ∼ 1/|u|1+ϵ along I as u→ ±∞

(the “soft charge” vanishes for elements of the Lorentz algebra so(1, 3) upon integration over the

2-spheres and this restriction is not required). As is well-known [78], this implies that the memory

effect in such spacetimes must vanish which is a severe restriction on the class of spacetimes.

3 Ambiguities in the symplectic current

As shown in the previous section, the symplectic current of a perturbation in the standard phase

space Γ0 with any element of the generalized BMS algebra (which is not in the usual BMS algebra)

is not finite at I . However, the symplectic current of general relativity is not uniquely determined

by its Lagrangian, and it was claimed in [37] that the symplectic current can be made finite at I by

a suitable choice of such an ambiguity. Since the computations of [37] are tied to a Bondi coordinate

system, it is not apparent if their choice of the ambiguity is local and covariant. In this section we

show that any ambiguity in the symplectic current, which is local and covariant, cannot be used to

make the symplectic current finite at I , in general.

The symplectic potential θ defined by Eq. (2.5.2) is ambiguous up to the addition of a local

and covariant 3-form X(ĝ; δĝ) which is linear in δĝ and closed, i.e. dX = 0. It can be shown quite

generally [110] that such a closed form must be exact i.e. X(ĝ; δĝ) = dY (ĝ; δĝ) for some 2-form Y

which is local and covariant and linear in δĝ. Thus, the ambiguity in the symplectic potential is

θ(ĝ; δĝ) 7→ θ(ĝ; δĝ) + dY (ĝ; δĝ) (4.3.16)

From Eq. (2.5.4), the corresponding ambiguity in the symplectic current is given by6

ω(ĝ; δ1ĝ, δ2ĝ) 7→ ω(ĝ; δ1ĝ, δ2ĝ) + d [Z(ĝ; δ1ĝ, δ2ĝ)−Z(ĝ; δ2ĝ, δ1ĝ)] (4.3.17)

6 Note that the equations of motion are unaffected by the change L 7→ L + dK in the Lagrangian. This does not affect
the symplectic current since δ1δ2K − δ2δ1K = 0.
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where, for later convenience, we have defined the 2-form

Z(ĝ; δ1ĝ, δ2ĝ) = δ1Y (ĝ; δ2ĝ) , (4.3.18)

Note that it follows from Eq. (4.3.18) that any such Z must satisfy the condition

δ3Z(ĝ; δ1ĝ, δ2ĝ)− δ1Z(ĝ; δ3ĝ, δ2ĝ) = 0 (4.3.19)

for arbitrary perturbations δ3ĝ of the metric, even those that do not lie in Γ0.

We first define the notion of a scaling dimension for tensors following [111]. A tensor La...
b...

with u upper and l lower indices constructed out of the unphysical metric gab and the conformal

factor Ω is said to have a scaling dimension s, if under a scaling of the conformal factor Ω 7→ λΩ

and the metric gab 7→ λ2gab by a constant λ, we have La...
b... 7→ λs−u+lLa...

b.... Note that the scaling

dimension is independent of the tensor index positions and is additive under tensor products. One

sees from this that the relevant scaling dimensions are:

Ω : 1 , gab : 0 , εabcd : 0 , ∇ : −1 , na : 0 . (4.3.20)

Since we are interested in the behavior of Z near I , it is useful to write everything in terms of

unphysical quantities which are smooth at I . Since Z(δ1ĝ, δ2ĝ) is linear in both physical metric

perturbations, in terms of the unphysical perturbations γ1ab, γ2ab we must have

Z(γ1, γ2) =
∑
p,q

W abcde1...epf1...fq (∇e1 · · · ∇epγ1ab)(∇f1 · · · ∇fqγ2cd) (4.3.21)

where p and q (each ranging from 0 to some finite value) count the number of derivatives of γ1ab and

γ2ab, respectively. Here W abcde1...epf1...fq are some local and covariant tensor-valued 2-forms which

are local functionals of the unphysical metric, the unphysical Riemann tensor and its derivatives and

the conformal factor. The scaling dimension of γ1ab and γ2ab is 0, and since the scaling dimension of

the symplectic potential θ is −3 it follows from Eq. (4.3.16) that the scaling dimension of Z is −2.

Therefore, the scaling dimension of W abcde1...epf1...fq is −2 + p+ q.
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Now we analyze the possible forms of W abcde1...epf1...fq that can appear in Eq. (4.3.21). Note

that our goal is to find a Z that can get rid of the divergence in the symplectic current in the limit

to I . From Eq. (4.3.14) we see that this diverging term depends analytically on the background

unphysical metric. Thus, in any candidate expression for Z of the form (4.3.21), we can assume that

W abcde1...epf1...fq is an analytic functional of its arguments.7 Using the Einstein equation (2.2.1),

we can eliminate the covariant derivatives of na in favor of Sab and its derivatives. Similarly, the

unphysical Riemann tensor and its derivatives can be rewritten in terms of Sab and the Weyl tensor

Cabcd and their derivatives using

Rabcd = Cabcd + ga[cSd]b − gb[cSd]a (4.3.22)

Thus a typical term in W abcde1...epf1...fq can be schematically written in the form8

Ωv
r∏

i=1
(∇)siSab

u∏
j=1

(∇)tj (Cabcd)× (terms with 0 scaling dimension) , (4.3.23)

where we have suppressed contractions with the metric gab for simplicity of notation. In the expression

above, r, u ≥ 0 count the number of factors involving Sab and Cabcd respectively and si, tj ≥ 0

count the number of derivatives occurring in each such term. Note that v is allowed to be negative.

Comparing the scaling dimensions of Eq. (4.3.23) and W abcde1...epf1...fq gives

−2 + p+ q = v −
r∑
i

si − 2r −
u∑
j

tj − 2u , (4.3.24)

where we have used the fact that the scaling dimension of both Sab and Cabcd is −2. From the

expressions above, we see that v ≥ −2. Let’s consider the “most singular” term where v = −2, and

thus p = q = r = u = 0; this term does not contain any Sab or Cabcd and has no derivatives of the

7 We emphasize that W abcde1...epf1...fq being analytic in its functional dependence is unrelated to the analyticity of the
unphysical metric on the spacetime manifold. We do not impose any analyticity conditions on the spacetimes under
consideration.

8 Recall that by the peeling theorem for an asymptotically-flat spacetime, Cabcd vanishes and Ω−1Cabcd has a finite
limit at I . Thus, in Eq. (4.3.23) we can use Ω−1Cabcd instead; this only changes the last term in Eq. (4.3.24) to −3u
and does not affect the rest of the argument. We use the Weyl tensor Cabcd since we allow the background spacetime
to satisfy some “extended” notion of asymptotic flatness for which the peeling theorem might not hold.
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perturbations γ1ab, γ2ab. Then, Eq. (4.3.21) simplifies to the form

Z(γ1, γ2) = W abcdγ1abγ2cd +O(Ω−1) , (4.3.25)

where W abcd = Ω−2 × (terms with 0 scaling dimension). Recall that when γ1ab is a perturbation in

Γ0 we have γ1ab = Ωτ1ab where τ1ab is in general smooth and non-vanishing at I . In this case, the

“most singular” term we have considered in Eq. (4.3.25) diverges as Ω−1 near I . This is precisely

the term one would need to cancel the diverging part of the symplectic current in Eq. (4.3.14).

Let us now figure out what the 2-form W abcd can be. Notice that Ω can only appear with a

power −2 in the expression for W abcd, in particular, any terms with 0 scaling dimension that we

need cannot be constructed by multiplying some powers of Ω with something with a negative scaling

dimension. Since W abcd must be local and covariant, the only quantities available are gab, εabcd and

na — note that any derivatives of these will have negative scaling dimension. Using Eqs. (2.2.7)

and (4.2.9), one sees that there are just two possible terms which appear at order Ω−2, in terms of

which we can write Eq. (4.3.25) as

Z(γ1, γ2) ≡ Zab(γ1, γ2) = Ω−2(Aεab
cd +Bδc

[aδ
d
b])g

efγ1ceγ2df +O(Ω−1) (4.3.26)

where A,B are some constants. Since we have only computed the Z up to terms of O(Ω−1), our

consistency condition Eq. (4.3.19), must also hold to this order. However, it is easy to verify that

Eq. (4.3.26) fails to satisfy this condition since δ3gab|I ̸= 0 for an arbitrary perturbation in the

extended class of perturbations. That is, there does not exist an ambiguity Y in the symplectic

potential such that Eq. (4.3.26) is of the form Eq. (4.3.18). Thus we conclude that any choice of the

symplectic current for general relativity, which is local and covariant, must diverge in the limit to I ,

in general, when at least one of the perturbations is taken to be in the extended class of allowed

perturbations.
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4.4 Other Issues

We now consider some other arguments for and against the extension of the BMS algebra. We focus

on two specific issues: the desirability of having a definition of Bondi 4-momentum and the freedom

in choosing a field configuration space.

1 Existence of Bondi four-momentum

As discussed in chapter 2, the standard BMS algebra b contains a preferred four dimensional

subalgebra of translations, associated with the existence of Bondi 4-momentum. By contrast, the

generalized BMS algebra bgen does not, as we show explicitly in Appendix A.9. Therefore, there is

no universal definition of Bondi 4-momentum in any context where bgen is the asymptotic symmetry

algebra. This lack of a definition of Bondi 4-momentum would seem to be a difficulty for any physical

interpretation of the generalized BMS algebra.

However, the notion of Bondi 4-momentum would still apply in the context of the symmetry

algebra bgen, but in a solution-dependent manner. Specifically, given a solution (M, gab,Ω), one

can define the field configuration space (4.2.1) associated with that solution, and from it obtain an

associated translation subgroup of bgen and corresponding 4-momentum charge. The 4-momenta

associated with two different solutions need not be comparable, as in general they would lie in

different spaces. This status of 4-momentum in the generalized algebra would be analogous to the

status of angular momentum in the standard BMS context. There, stationary solutions determine

preferred Poincaré subalgebras of the BMS algebra, with associated linear and angular momentum

charges, but the angular momentum charges associated with two different stationary solutions need

not be comparable as they live in different spaces.
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2 Choice of field configuration space

In this chapter, we considered an enlargement of the field configuration space Γ0 to a larger space

Γext which contains additional unphysical metrics (M, gab,Ω) that are related to metrics already in

Γ0 by diffeomorphisms and conformal transformations. This raises the question of what criterion

can one use to define field configuration spaces in general? How much gauge (here diffeomorphism

and conformal) freedom can or should be fixed?

A key consideration is that the phase space of the theory is constructed from the field configuration

space Γ0 or Γext by modding out by degeneracies of the presymplectic form [49, 53, 112]. The

construction of the symmetry algebra also mods out by these degeneracies (see footnote 5 above).

The degeneracy directions correspond to gauge transformations (diffeomorphism or conformal) which

vanish sufficiently rapidly near the boundary. Therefore, in defining the initial field configuration

space, it should not matter how much gauge freedom is fixed since any residual gauge freedom will

be removed in the construction of the final phase space and symmetry algebra. However, one must

be careful that one fixes only “true gauge” degrees of freedom, that is, degeneracy directions of the

presymplectic form.

The question then is whether the standard configuration space Γ0 of Eq. (4.2.1) has already fixed

some degrees of freedom which are physical and not gauge (i.e. do not correspond to degeneracy

directions of the presymplectic form). Unfortunately, it is not straightforward to answer this question,

since as we have shown, for the relevant metric perturbations the presymplectic current is either

divergent on I , or if one uses the renormalized presymplectic current of Ref. [37], the presymplectic

form may not be covariant. If one can indeed find a covariant presymplectic form, one can then

check whether Γ0 fixes any physical degrees of freedom. If so, this would be an argument in favor of

extensions of the BMS algebra.
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4.5 Outlook

As mentioned at the start of this chapter, a possible loophole in the conclusions presented in this

chapter may be that imposing locality and covariance, which are both central to the covariant

phase space framework, at all stages of the computation is too strong a restriction. To derive a

consistent (augmented) framework for studying all recently proposed extensions of the BMS algebra

and calculate the corresponding charges was the goal of a recent paper [54] to which we refer the

reader for further discussion on this topic.



Chapter 5
Conservation of asymptotic charges from past to
future null infinity: Lorentz charges in general
relativity
(Adapted with permission from [7])

Chapter summary

In this chapter, we show that the asymptotic charges associated with Lorentz symmetries on past

and future null infinity match in the limit to spatial infinity in a class of spacetimes that are

asymptotically-flat in the sense of Ashtekar and Hansen. Combined with the results of [10], this

shows that all BMS charges on past and future null infinity match in the limit to spatial infinity

in this class of spacetimes, proving a relationship that was conjectured by Strominger. Assuming

additional suitable conditions are satisfied at timelike infinities, this proves that the flux of all BMS

charges is conserved in any classical gravitational scattering process in these spacetimes.

5.1 Context

As remarked in chapter 1, in general relativity in four dimensions, the asymptotic symmetry groups

at past and future null infinity in asymptotically-flat spacetimes are the (a priori independent) BMS

133
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groups (often denoted by BMS− and BMS+ respectively). It is natural to ask how these groups are

related in the limit to spatial infinity along past and future null infinity. As remarked in chapter 3,

it has in fact been conjectured by Strominger [22] that the generators of these groups match (up to

antipodal reflection) in the limit to spatial infinity and, moreover, that the associated charges on

cross-sections of past and future null infinity are equal in this limit. If this matching of symmetries

and charges can be proven, it would imply the existence of a global “diagonal” asymptotic symmetry

group for classical general relativity and the existence of an infinite number of conservation laws

in classical gravitational scattering. The content of these conservation laws would be that for each

generator of BMS− and its corresponding1 generator in BMS+, the difference of the associated

charges evaluated on cross-sections of past and future null infinity would equal the difference of

the incoming flux at past null infinity and the outgoing flux at future null infinity in the region

between the two cross-sections (see Eq. (6.3.24)). Moreover, if appropriate conditions are obeyed

at timelike infinities such that the BMS charges all go to zero in the limit to timelike infinities

(see Remark 4.6 of [10]), for each such pair of identified generators of BMS− and BMS+, the total

incoming flux through past null infinity would equal the total outgoing flux through future null

infinity. Strominger has further conjectured that the diagonal asymptotic symmetry group obtained

from the aforementioned matching of symmetries is the symmetry group of the scattering matrix in

quantum gravity.

Recall that group structure of the BMS group is that it is the semi-direct product of an infinite

dimensional group of supertranslations with the Lorentz group. The existence of matching conditions

on asymptotic symmetries and charges has by now been proven for the supertranslation subgroups

of the BMS+ and BMS− groups and for the associated supermomentum charges [10, 88].2 For

translations (which, recall, form a subgroup of the group of supertranslations) these results reduce to

the older result of [11] which showed that the Bondi 4-momentum on past and future null infinity is

equal to the ADM 4-momentum in the limit to spatial infinity. However, for Lorentz symmetries and

their associated charges, no such matching conditions have as yet been proven, except for the case of

1 By “corresponding” here we mean the generator of BMS+ which this generator of BMS− matches up to antipodal
reflection in the limit to spatial infinity where this limit is dictated by the equations that govern BMS symmetries on
I (Eq. (5.3.1)).

2 See also [9, 87] for proofs of similar matching conditions for Maxwell theory in asymptotically-flat spacetimes.
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angular momentum in stationary spacetimes [113]. The goal of this chapter is to supplement the

result of [10] by proving the matching of Lorentz symmetries and their associated charges in general

(and in particular non-stationary) asymptotically-flat spacetimes. Altogether, this will complete the

proof of matching of the full BMS− and BMS+ groups and all associated charges in the limit to

spatial infinity. Consequently, this will also complete the proof of Strominger’s conjecture referred to

above.

The main tool we will use in our analysis is the covariant formulation of asymptotic-flatness

due to Ashtekar and Hansen [16] which was discussed in detail in chapter 3. Since we will be

interested in considering limits of quantities defined on null infinity to spatial infinity, we will then

conformally-complete this hyperboloid into a cylinder, C , (as discussed in [9, 10]) whose boundaries

are diffeomorphic to the space of (rescaled) null directions at spatial infinity. We will then fix the

conformal freedom in a neighborhood of i0 and show how this leads to the antipodal matching of

Lorentz symmetries at past and future null infinity in the limit to spatial infinity. We will then

show that assuming a certain continuity condition on the Weyl tensor (Eq. (5.5.9)) on the future

(past) boundary of C ,3 the Lorentz charges on limiting cross-sections of future (past) null infinity

match the Lorentz charges at spatial infinity. As a consequence of Einstein’s equations on H , the

Lorentz charges (in our conformal frame) are conserved on H which implies that their values on

the past and future boundaries of C are equal. It then follows that the Lorentz charges at future

null infinity match those at past null infinity in the limit to spatial infinity. This result along with

the proof of matching of supertranslation symmetries and the associated supermomentum charges

in [10] completes the proof of matching of all BMS symmetries and charges.

The rest of this chapter is organized as follows. In Sec. 5.2, we review the basic setup needed to

study the matching of asymptotic symmetries and charges, borrowing heavily from the description

given in [10]. In Sec. 5.3, we give a brief review of the asymptotic symmetry groups at null and

spatial infinity and study various properties of the associated generators that we will need later in

our analysis. We then discuss how fixing the conformal freedom near spatial infinity allows us to

isolate Lorentz subgroups of the asymptotic symmetry groups at null and spatial infinity and how

3 This continuity condition is shown to hold in the Kerr-Newman family of spacetimes in Appendix A.13; we discuss its
status in more general spacetimes in Sec. 5.6.
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the antipodal matching of Lorentz symmetries on past and future null infinity (in the limit to spatial

infinity) comes about in Sec. 5.4. In Sec. 5.5, we show that the Lorentz charges on null infinity

match those at spatial infinity and that this leads to the matching of the Lorentz charges on past

and future null infinity. We conclude in Sec. 5.6 with a discussion of the assumptions used in our

analysis and some open questions. We collect some results that are needed for the calculations in

the body of the chapter in the appendices.

5.2 Relating past and future null infinity: the construction

In this section, we review various elements of the construction that we will use to relate past and

future null infinity in asymptotically-flat spacetimes and address “the matching problem,” that is,

the question of how asymptotic symmetries and charges defined on cross-sections of past and future

null infinity are related in the limit to spatial infinity. This construction was developed in [10] (see

also [9]) and some accompanying results were derived in [5] (discussed in chapter 3). Here, we will

simply borrow results from these sources without attempting to derive or prove them. Some results

from chapter 2 and chapter 3 will be repeated here for completeness and coherence.

Asymptotic structure at null and spatial infinity: We will work in a class of spacetimes

which are asymptotically-flat at null and spatial infinity. This notion of asymptotic flatness is defined

using an Ashtekar-Hansen structure [16, 17] and this structure was described in detail in chapter 3.

To define the charge for asymptotic Lorentz symmetries at spatial infinity, which will be part of

our analysis in this chapter, we will also need access to a “subleading” piece of the magnetic part of

Weyl tensor for which one has to restrict to a class of spacetimes where Bab = 0 (where Bab) was

defined in Eq. (3.4.5). While it is possible to define Lorentz charges in cases where Bab ̸= 0 (see [92],

A.8), that formula is significantly more complicated and we will not analyze that case here. We

recall that the condition Bab = 0 is satisfied (at least) in any asymptotically flat spacetime which is

either stationary or axisymmetric [97] and the recent discussion in [98] suggests that it may hold
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more generally. Having set Bab = 0, we then require that

βab := lim
→i0
∗Cacbdη

cηd , (5.2.1)

exists as a C>−1 tensor field at i0. This defines for us the aforementioned subleading magnetic field.

It follows from Eq. (5.2.1) that βab is tangent to H , symmetric and traceless with the respect to

hab. In what follows, we will also need the equations of motion for βab. Our main calculations will

be performed in a conformal frame where Kab = 0 (see Sec. 5.4) and in this frame, these equations

are given by [16,114]

Dbβab = 0 . (5.2.2a)

D2βab − 2βab = −εcd(aEc
b)D

dE , (5.2.2b)

where Eab and E were defined in Eqs. (3.4.5) and (3.4.11).

Remark 5.2.1 (Conformal transformations of the asymptotic fields). Recall that Def. 3.2.1 implies

that the allowed conformal freedom Ω 7→ ωΩ is such that ω > 0 is a positive function which is

smooth on M − i0, C>0 at i0 and satisfies ω|i0 = 1. This implies that along spatial directions that

limit to i0, we can write

ω = 1 + Ω1/2α , (5.2.3)

where α is C>−1 at i0. We denote α = lim
→i0

α. Recall that we showed in chapter 3 that Eab, Bab

and E are conformally invariant while

Kab 7→Kab − 2(DaDbα + habα) . (5.2.4)

We now introduce some quantities at null infinity that we will need in our analysis. We denote

Φ := 1
4∇an

a|I , Φ|i0 = 2 , (5.2.5)

where the second equality follows from condition (4.c). Under conformal transformations (Re-
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mark 5.2.1),

Φ→ ω−1(Φ + £n lnω) . (5.2.6)

Since Sab is smooth at I by the conditions in Def. 3.2.1, Eq. (3.4.1) implies

lim
→I

Ω−1nana = 2Φ , ∇anb =̂ Φgab , (5.2.7)

that is, the vector field na is a null geodesic generator of I ± ∼= R× S2 which is future pointing on

I + and past pointing on I −. Further, we denote the pullback of gab to I by qab. This defines a

degenerate metric on I with qabn
b = 0. It is convenient to introduce a foliation of I by a family of

cross-sections diffeomorphic to S2. The pullback of qab to any cross-section S defines a Riemannian

metric on S.4 Then, for any choice of foliation, there is a unique auxiliary normal vector field la at

I such that

lala =̂ 0 , lana =̂ −1 , qabl
b = 0 . (5.2.8)

We further have

qab =̂ gab + 2n(alb) , εabc =̂ ldεdabc , εab =̂ ncεcab (5.2.9)

where εabc defines a volume element on I and εab is the area element on any cross-section of the

foliation. Evaluating the pullback of £ngab and using Eq. (5.2.7), we have on I

£nqab =̂ 2Φqab , (5.2.10)

that is, Φ measures the expansion of the chosen cross-sections of I along the null generator na while

their shear and twist vanish identically. We also define

τa := qa
cnb∇blc , (5.2.11)

which satisfies nb∇bla =̂ τa − Φla. We see that τa represents the change in the direction of la along

the null generators of na. The shear of the auxiliary normal la on the cross-sections S of the foliation

4 Recall that in chapter 2, we defined a “pushforward,” Qab, of this metric to the unphysical spacetime. For the purposes
of this chapter, the distinction between qab and Qab will not be important and so we will stick to using qab for
simplicity.
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is defined by

σab := STF∇alb , (5.2.12)

where STF denotes the operation of taking the symmetric trace-free projection of a tensor onto a

cross-section. The twist εab∇alb vanishes since la is normal to the cross-sections while the expansion

of la is given by

ϑ(la) := qab∇alb . (5.2.13)

For any smooth va satisfying nava =̂ lava =̂ 0, we define the derivative Da on the cross-sections by

Davb := qa
cqb

d∇cvd . (5.2.14)

It is easily verified that Daεbc =̂ 0 and Daqbc =̂ 0.

In this chapter, we will work in a class of spacetimes where the peeling theorem holds. It follows

then that Cabcd = 0 at I , and thus Ω−1Cabcd admits a limit to I (see, e.g, Theorem 11 of [62]).

Recall from chapter 2 that in any choice of foliation of I , we can define the fields

Rab := (Ω−1Ccdef )qa
cndqb

enf , Sa := (Ω−1Ccdef )lcndqa
enf (5.2.15a)

P := (Ω−1Ccdef )lcndlenf , P∗ := 1
2(Ω−1Ccdef )lcndεef (5.2.15b)

Ja := (Ω−1Ccdef )ncldqa
elf , Iab := (Ω−1Ccdef )qa

cldqb
elf (5.2.15c)

These tensors are all orthogonal to na and la in all indices and therefore can be taken to be tensor

fields on the cross-sections of the chosen foliation of I . For the fields defined in Eq. (5.2.15),
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Eq. (2.2.3a) implies the following evolution equations along I

(£n + 2Φ)Sa = (Db + τ b)Rab , (5.2.16a)

(£n + 3Φ)P = (Da + 2τa)Sa − σabRab , (5.2.16b)

(£n + 3Φ)P∗ = −εab(Da + 2τa)Sb + εb
cσabRac , (5.2.16c)

(£n + 2Φ)Ja = 1
2(Db + 3τb)(qa

bP − εa
bP∗)− 2σa

bSb , (5.2.16d)

(£n + Φ)Iab = (qa
cqb

d − 1
2qabq

cd)(Dc + 4τc)Jd − 3
2σac(qb

cP − εb
cP∗) . (5.2.16e)

Finally, recall that the News tensor is defined by

Nab := 2(£n − Φ)σab , (5.2.17)

which satisfies Nabn
b =̂ 0, Nabq

ab =̂ 0 and is conformally-invariant on I . The News tensor is related

to Sab by Eq. (A.1.6)

Nab =̂ STF [Sab − 2Φσab + 2(Daτb + τaτb)] , (5.2.18)

and to the Weyl tensor on I by (from Eq. (2.2.37))

Rab =̂ 1
2£nNab (5.2.19a)

Sa =̂ 1
2DbNab . (5.2.19b)

The space C of null and spatial directions at i0: As detailed in [10], to study limits of

quantities defined at null infinity to spatial infinity, one needs to rescale na to obtain a set of “good”

(non-vanishing) null directions at i0 and, in addition, conformally complete H into a cylinder,

denoted by C . The boundaries of C , denoted by N ±, correspond to the space of (rescaled) null

directions at i0 (see Fig. 2 of [10] for an illustration) that are antipodally mapped onto each other by

the reflection map (Eq. (3.2.7)). To carry out this rescaling of directions, in a neighborhood of i0 in

M (from hereon in, we use M to denote such a neighborhood unless otherwise specified), one defines
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Na := 1
2Σna = 1

2Σ∇aΩ , (5.2.20)

where Σ, called the rescaling function, satisfies the properties listed below.

Definition 5.2.1 (Rescaling function Σ). We take Σ to be a function in M such that

(1) Σ−1 > 0 is smooth on M − i0

(2) Σ−1 is C>0 at i0 in both null and spatial directions,

(3) Σ−1|i0 = 0, lim
→i0
∇aΣ−1 ̸= 0 and

(4) Σ£nΣ−1 = 2 at i0 and on I

Note that Σ is not uniquely defined and the freedom in picking a Σ is detailed in Remark 2.3

of [10]. Note also that Na is C>−1 at i0 and Na = lim
→i0

Na ̸= 0 along both null and spatial directions.

Since Σ−1|i0 = 0 and Σ−1 is C>0, there exists a function Σ(η⃗), which is C>−1 along spatial

directions, such that

Σ−1(η⃗) = lim
→i0

(Ω1/2Σ)−1 . (5.2.21)

We also define a rescaled auxiliary normal La in M by

La := −∇aΣ−1 + 1
2N

a∇bΣ−1∇bΣ−1 − 1
2ΩΣLb∇a∇bΣ−1 , (5.2.22)

where

L
a := −∇aΣ−1 + 1

2N
a∇bΣ−1∇bΣ−1 . (5.2.23)

Our La, we note, is different from the expression for La (here denoted as La) in [10] where the

last term was absent.5 6 Note also that La is C>−1 at i0 and lim
→i0

La ̸= 0 in both null and spatial

5 Note that the expression for L
a

in Eq. (2.33) of [10] was erroneously written. The corrected version of that expression
is L

a = −ha
bDbΣ−1 + ηa( 1

2 ΣhbcDbΣ−1DcΣ−1 − 1
2 Σ−1). However, since this correction does not effect ha

bL
b
, it

does not effect any of the conclusions in [10].
6 As discussed in Appendix A.12, the proof of matching of supertranslation charges in [10] goes through unchanged

with the choice of La used in this chapter.
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directions. Further, using Eq. (5.2.20) and condition (4), we have

NaLa =̂ −1 , LaLa =̂ 0 . (5.2.24)

The pullback of La to I equals the pullback of −∇aΣ−1 and therefore La defines a rescaled auxiliary

normal to a foliation of I by a family of cross-sections SΣ with Σ−1 = constant. It follows from

Def. 5.2.1 and condition (6) that the limiting cross-section SΣ as Σ−1 → 0, is diffeomorphic to N ±.

The auxiliary normal to this foliation, la, satisfying Eq. (5.2.8), is obtained by

la := 1
2ΣLa , (5.2.25)

which we also take to define our choice of extension of la into M . In the foliation of SΣ cross-sections,

we have (using Eqs. (5.2.20) and (5.2.24))

Na|I ≡ ∂Σ−1 , (5.2.26a)

na|I ≡ 2Σ−1∂Σ−1 . (5.2.26b)

We turn now to the conformal completion of H . Let Σ be the function induced on H by Σ(η⃗)

(defined in Eq. (5.2.21)). Let (H̃ , h̃ab) be a conformal-completion of (H ,hab) with the metric

h̃ab := Σ2hab. Then there exists a diffeomorphism from H̃ onto C (see Eq. B.16 of [9]) such that

H is mapped onto C \N ± and Σ, as a function on C \N ±, extends smoothly to the boundaries

N ± where

Σ|N ± = 0 . (5.2.27)

Note that we will implicitly use this diffeomorphism to treat fields defined on H as fields on C

throughout this chapter. Note also that the rescaled metric

q̃ab := Σ2qab , (5.2.28)

on SΣ is such that as Σ−1 → 0, lim
→i0

q̃ab(N⃗) exists along null directions N⃗ and defines a direction-
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dependent Riemannian metric q̃ab on the space of null directions N ±. Moreover, this metric

coincides with the metric induced on N ± by h̃ab on C , that is,

q̃ab = lim
→N ±

(h̃ab + DaΣDbΣ) . (5.2.29)

Similarly, we have the rescaled area element

ε̃ab := Σ2εab , (5.2.30)

on the foliation SΣ. This induces an area element ε̃ab on N ± such that

ε̃ab = lim
→N ±

U cε̃cab = lim
→N ±

±Σ2 εab , (5.2.31)

where Ua := ha
bL

b and ε̃abc := Σ3εabc is the volume element on C defined by the metric h̃ab = Σ2hab.

Note also that

lim
→N ±

Σ−1Ua = ± lim
→N ±

Σ−2ua ̸= 0 . (5.2.32)

Null-regular spacetimes at i0: In [10], it was shown that the spacetimes in which the supertrans-

lations charges on I − and I + match in the limit to i0 are spacetimes with an Ashtekar-Hansen

structure (Def. 3.2.1) where

(1) the rescaled quantity

Σ−3Ω−1Cabcdl
anblcnd is C>−1 in both null and spatial directions at i0 (5.2.33)

(2) in the limit to i0 along each null generator of I

Nab = O(Σ−(1+ϵ)) , Rab = O(Σ−(1+ϵ)) as Σ−1 → 0 along I (5.2.34)

for the vector field la (defined by Eqs. (5.2.22) and (5.2.25); see footnote 6 as well). Such spacetimes

are called null-regular at i0. It was also shown that these spacetimes satisfy the property that Eab
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is even under the reflection isometry given in Eq. (3.2.7). Further, as discussed in chapter 3, one

can use logarithmic translations to set E to be reflection-even. This then removes the ambiguity in

the Ashtekar-Hansen structure. Throughout this chapter, we will always work in these null-regular

spacetimes. Note that we do not require that the News tensor vanish in any open region of I and

therefore do not impose that our spacetimes be stationary.

Choice of conformal frame: One can use the conformal freedom Ω → ωΩ discussed in Re-

mark 5.2.1 and the corresponding change in Φ, given in Eq. (5.2.6), to go to a conformal frame

where Φ = 2 not just at i0 but in a neighborhood of i0. The appropriate ω can be picked by solving

the following ordinary differential equation £n lnω = 2ω − Φ (for some initial Φ) in a neighborhood

of i0. This was done, e.g, in [11, 115]. In what follows, we will also work in a conformal frame where

this is true and so all our subsequent calculations will be performed assuming that we work on a

portion of I that is in a neighborhood of i0 where Φ = 2. Since the asymptotic charges at both null

and spatial infinity are conformally invariant (see, e.g, [4, 5]), making this choice to prove matching

of asymptotic charges entails no loss of generality. Note also that after having picked this conformal

frame, one still has the residual conformal freedom given by Ω → ωΩ where £nω =̂ 0. We will

restrict this freedom further in Sec. 5.4.

Choice of rescaling function: Note that since asymptotic charges at both null and spatial infinity

are independent of the choice of rescaling function, we can use any choice of rescaling function to

study the matching of asymptotic charges. A particularly convenient choice is one where the metric

on cross-sections of I (in a neighborhood of i0) is qab =̂ Σ−2sab where sab is the unit round sphere

metric. This choice can always be made when Φ = 2 (see e.g, Appendix. B of [10]) and in the rest of

our analysis we will work with this choice.

Choice of foliation: As in [10], in the rest of this chapter, we will work in a context where I is

foliated by Σ−1 = constant cross-sections, SΣ . This implies that

DaΣ−1 =̂ 0 , (5.2.35)
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on any cross-section of the foliation. It was shown in [10] that this choice can be made in any

conformal frame and that using Eq. (5.2.35), this implies that τa =̂ 0 (see Eq. 2.31 and footnote 5

of [10]). Therefore, τa =̂ 0 in the rest of our analysis.

Limits of integrals to I and H : In this chapter, we will need to consider limits of certain

integrated quantities to cross-sections of I and H (see Sec. 5.5). In these cases, the limits to

cross-sections of I will be taken along a sequence of null hypersurfaces, that exists in a neigborhood

of i0 in the unphysical spacetime. Each of these null surfaces is foliated by constant Ω spheres

S ′, that limit to cross-sections SΣ of I . These null surfaces are taken to be generated by an

affine, null vector field, denoted by Ka (defined in Eq. (5.5.14)). This vector field is such that

lim
→i0

Ω1/2Ka is direction-dependent. Moreover, we require that the null normal Ka be such that lim
→i0

Ka

is direction-dependent. Note that this difference in scaling between the null generator and null

normal uses the fact that on a null surface, they can be scaled arbitrarily with respect to each other.

The limit to cross-sections of H is taken along spacelike hypersurfaces that go to spatial infinity.

These surfaces are foliated by spheres, S ′, that limit to cross-sections of H .

This completes our review of the construction needed for the calculations in this chapter.

5.3 Asymptotic symmetries at spatial infinity

1 Behaviour of the BMS symmetries at i0

In this section, we derive the behavior of BMS symmetries in the limit to N ± along I ±. We start

by giving a brief review of BMS symmetries (see, chapter 2 and [4] for a more detailed discussion).

BMS symmetries at null infinity are defined by diffeomorphisms that preserve the universal

structure at I (that is, the structure common to all physical spacetimes that satisfy Def. 3.2.1).

This universal structure is given by the equivalence class [na, qab] with (na, qab) ∼ (ω−1na, ω2qab),
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where ω is a positive function which is smooth on M − i0, C>0 at i0 and satisfies ω|i0 = 1. The

diffeomorphisms on I which preserve this universal structure are generated by vector fields ξa, in

the physical spacetime, which extend smoothly to I , are tangent to I and satisfy

£ξn
a =̂ −α(ξ)n

a , £ξqab =̂ 2α(ξ)qab , (5.3.1)

for some function α(ξ) which depends on ξa, is smooth on I , C>0 in spatial directions at i0 and

satisfies α(ξ)|i0 = 0 (which follows from the fact that ω|i0 = 1 ).

Since ξa is tangent to I , we can write

ξa =̂ βna + qa
bX

b , (5.3.2)

where β := f − laXa. Eq. (5.3.1) then gives7

(£n − 4) qb
aXb =̂ 0 , (5.3.3a)

(qa
cqb

d − 1
2qabq

cd)D(c q
e
d)Xe =̂ 0 , (5.3.3b)

α(ξ) =̂ £nβ =̂ 2β + 1
2Da(qa

bX
a) , =⇒ (£n − 2)β =̂ 1

2Da(qa
bX

a) . (5.3.3c)

BMS symmetries on I are parametrized by (f,Xa) that satisfy these conditions. It can be shown

(see, e.g [4]) that symmetries of the form (f,Xa = 0) form an infinite dimensional subalgebra, s,

which is a Lie ideal of the BMS algebra, b. These symmetries are called BMS supertranslations and

they satisfy (£n − 2)f =̂ 0 (which follows from Eq. (5.3.3c) with Xa = 0). Further, one can see from

Eq. (5.3.3b) that qa
bX

b satisfies the conformal Killing equation on cross-sections of I and since

these cross-sections are diffeomorphic to S2, it follows that qa
bX

b are elements of the Lorentz algebra,

so(1, 3). One can show that the Lie bracket of a BMS supertranslation and a Lorentz symmetry is

a BMS supertranslation and therefore, the Lorentz algebra forms a quotient subalgebra of b. The

7 Recall that we have specialized here to Φ = 2 and τa =̂ 0. The corresponding expressions in arbitrary conformal
frames and arbitrary foliations of I may be found in Appendix. A of [4].
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structure of b is therefore that of a semidirect sum,

b ∼= so(1, 3) ⋉ s . (5.3.4)

Finally, there is 4-dimensional Lie ideal, t, of s which corresponds to BMS translations. These are

BMS supertranslations which satisfy

STF DaDbf =̂ 0 . (5.3.5)

Next, we study the behavior of ξa in the limit to N ± along I by solving Eqs. (5.3.3a)–(5.3.3c)

in a coordinate system adapted to I that is well defined in a neighborhood of i0 (constructed in

Appendix. B of [9]). In these coordinates, qab =̂ Σ−2sab where sab is the unit round sphere metric,

given in stereographic coordinates by (Eq. (A.10.2a))

sAB ≡ 2P−2dzdz , (5.3.6)

where P := 1+zz√
2 . Written in these coordinates,

qa
bX

b =̂ PX∂z + PX∂z . (5.3.7)

Here X ⊜ s = −1 which is determined by the fact that qa
bX

b is invariant under spin transformations

(see Eq. (A.10.5) for the definition of spin transformations). Using the definition of ð in Eq. (A.10.6),

Eq. (5.3.3b), written in stereographic coordinates, is the same as

ðX =̂ 0 , (5.3.8)

which, in terms of spherical harmonics on the unit-sphere, implies that X is ℓ = 1. Note also that,

Da(qa
bX

b) =̂ (ðX + ðX) . (5.3.9)
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With na =̂ 2Σ−1∂Σ−1 (Eq. (5.2.26b)), Eqs. (5.3.3a) and (5.3.3c) lead to

2Σ−1∂Σ−1(Σ−2X)− 4(Σ−2X) =̂ 0 , 2Σ−1∂Σ−1β − 2β =̂ 1
2Da(qa

bX
b) . (5.3.10)

The first equation above implies that X is constant in Σ−1 and therefore has a well defined limit

as Σ−1 → 0. It then follows from Eq. (5.3.9) that Da(qa
bX

b) is also constant in Σ−1. Further, the

solution to the second equation above gives

β =̂ Σ−1β0 − 1
4Da(qa

bX
b) , (5.3.11)

where β0 is a constant in Σ−1. Using α(ξ) =̂ £nβ, we then obtain

α(ξ) =̂ 2Σ−1β0 . (5.3.12)

Recall that a BMS supertranslation is given by ξa|Xa=0 evaluated on I and we see that in this case,

Σβ(Xa = 0) = Σf = β0 has a non-vanishing limit to N ±. As already shown above, qa
bX

b has a

limit as Σ−1 → 0 and we see therefore that a BMS symmetry on N ± is given by (Σf, qa
bX

b) where

qa
bX

b is a conformal Killing vector field tangent to N ±.

2 Spi symmetries on the space of null directions N ±

In this section, we will study some properties of the asymptotic symmetries at spatial infinity, called

spi symmetries, that we will need in our analysis.

Spi symmetries correspond to diffeomorphisms that preserve the universal structure at spatial

infinity. The consequences of this were discussed chapter 3 where it was shown that this implies that

the generators of these diffeomorphisms, ξa, are such that lim
→i0

Ω−1/2ξa is direction-dependent and ξa

satisfies £ξgab = 4Ω−1/2ξcηcgab on H . Spi symmetries are parametrized on H by (f ,Xa) where

Xa := lim
→i0

Ω−1/2ξa , f := lim
→i0

Ω−1ξaηa , (5.3.13)
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where f is a smooth function on H which parameterizes spi supertranslations. The action of a spi

supertranslation on the asymptotic fields on H is that of a linearized conformal transformation with

α = −2f (where α was defined in Remark 5.2.1). Further, Xa satisfies ηaXa = D(aXb) = 0 on H

which implies that Xa is an element of the Lorentz algebra, so(1, 3). These symmetries comprise the

spi algebra which is very similar in its structure to the BMS algebra in that, spi ∼= so(1, 3) ⋉ s; that

is, it is given by the semi-direct sum of spi-supertranslations, s, (which form an infinite dimensional

Lie ideal of spi) with the Lorentz algebra which like in BMS algebra forms a quotient subalgebra of

spi. Finally, the spi algebra also has a 4-dimensional subalgebra t of spi translations which forms a

Lie ideal of t. These are given by the spi-supertranslations f which satisfy the additional condition

DaDbf + habf = 0 . (5.3.14)

The limiting behavior of spi supertranslations to N ± was studied in [10] where it was shown that for

spi-supertranslations that match onto BMS-supertranslations at null infinity in the limit to spatial

infinity, F := Σf has a limit to N ±. Since only these spi supertranslations are relevant for the

matching problem we are studying here, we restrict our attention only to them. In this chapter, we

will also need some properties of Xa, including its limiting behavior to N ±. We turn to deriving

that next.

Lorentz symmetries on H

To study the limiting behaviour of Xa, we explicitly solve D(aXb) = 0 and analyze the behavior

of the solutions to this equation in the limit to N ±. We use coordinates (α, z, z) on H (see

Appendix. B of [10] for details), in which the metric on H , hab, has the following form

hab ≡ −
1

(1− α2)2dα
2 + 1

1− α2 sABdθ
AdθB . (5.3.15)

Here θA = (z, z) and sAB = 2P−2dzdz. Note also that here α is related to τ used in Eq. (3.2.6) by

α := tanh τ , −1 ≤ α ≤ 1 and α→ ±1 corresponds to the limits to N ± .

The vector field Xa can be written as
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Xa = Z∂α + (PX)∂z + (PX)∂z , (5.3.16)

where

Z ⊜ s = 0 , X ⊜ s = −1 . (5.3.17)

As before, the spin weights are determined by the fact that Xa is invariant under spin transformations.

Note also that Z is a real function while X is complex on H . In these coordinates, the components

of the equation D(aXb) = 0 are given by

0 = (1− α2)∂αZ + 2αZ , (5.3.18a)

0 = (1− α2)∂αX − ðZ , (5.3.18b)

0 = ðX , (5.3.18c)

0 = (1− α2)(ðX + ðX) + 2αZ , (5.3.18d)

where the operators ð and ð are defined in Eq. (A.10.6). Note that Eq. (5.3.18c) is the same equation

that we encountered for X in Sec. 5.3.1 which, in terms of spherical harmonics on the unit-sphere

means that X is ℓ = 1 (or, stated in a conformally invariant way, that XA is a conformal Killing

vector field). Using this, Eq. (5.3.18b) implies that Z is also ℓ = 1. As a result, the solution to

Eq. (5.3.18a) is given by

Z = (1− α2)
m=1∑

m=−1
KmY

s=0
ℓ=1,m , (5.3.19)

where Km labels three complex constants. Using Eq. (A.10.10a), the fact that Z is real relates these

constants through

K0 ∈ R , K−1 = −K1 , (5.3.20)

leaving us with three independent real constants. Similarly, using

X =
m=1∑

m=−1
Xm(α)Y s=−1

ℓ=1,m , (5.3.21)
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we see that Eq. (5.3.18b) becomes

0 = ∂αXm(α)−Km , (5.3.22)

and so we have

Xm(α) = Rm + αKm . (5.3.23)

Moreover, Eq. (5.3.18d) implies that

Rm = (−)m+1R−m . (5.3.24)

As a result, Rm also labels three real constants (with m = −1, 0, 1). We then see that Km and Rm

each represent three real numbers. They parametrize boosts and rotations respectively which can

be seen by noting the fact that the divergence of XA on a cross-section of H , which is given by

ðX + ðX, is zero when Km = 0∀m and only non-zero when ∃m : Km ̸= 0.

The expression for the Lorentz charge on H depends on ⋆Xa (see Eq. (5.5.5)), which is defined

by ⋆Xa := 1
2εabcDbXc. The properties of ⋆Xa are discussed in Appendix A.5. In particular, it is

shown that it satisfies

D(a
⋆Xb) = 0 , (5.3.25)

and therefore, ⋆Xa also represents a Lorentz symmetry on H .

To study the behavior of ⋆Xa in the limit to N ±, we start with

⋆Xa = (⋆Z)∂α + P (⋆X)∂z + P (⋆X)∂z . (5.3.26)

Evaluating this explicitly and rewriting the resulting expression using ð and ð, we obtain8

⋆Z = − i2(1− α2)(ðX − ðX) ,

⋆X = i

2
[
ðZ + (1− α2)∂αX + 2αX

]
= i

(
ðZ + αX

)
,

(5.3.27)

8 In our conventions, the volume form on H in (α, z, z) coordinates is given by εabc ≡ 2i
(1+zz)2(1−α2)2 dα ∧ dz ∧ dz.
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where the last equality uses Eq. (5.3.18b). Then, using the expressions for Z and X obtained above

as well as Eqs. (5.3.20) and (5.3.24), we obtain

⋆Z = (1− α2)
m=1∑

m=−1
iRmY

s=0
ℓ=1,m , ⋆X =

m=1∑
m=−1

i(Km + αRm)Y s=−1
ℓ=1,m . (5.3.28)

We therefore see that this “dual” transformation, Xa → ⋆Xa, effectively interchanges Km and Rm i.e.

boosts and rotations. Note also that in the limit α→ ±1, ⋆Z → 0 and one can check by explicitly

evaluating the Hodge dual in (z, z) coordinates that

⋆Xa|N ± = −∗Xa|N ± , (5.3.29)

where ∗Xa := ε̃b
aXb.

We now study the transformation of Xa under the reflection map (α, θA)→ (−α,−θA). Note

that Km and Rm are reflection-even since they are constants. From the transformation under the

parity operation of the spin weighted spherical harmonics (Eq. (A.10.10b)), we can conclude that

Z(−α,−θA) = −Z(α, θA) , (5.3.30)

as well as

X(−α,−θA) =
m=1∑

m=−1

[
Rm − αKm

]
Y s=−1

ℓ=1,m(−θA)

=
m=1∑

m=−1

[
(−)m+1R−m − α(−)mK−m

]
(−)m−1Y s=1

ℓ=1,−m(−θA)

= e2iϕ
m=1∑

m=−1
[Rm + αKm]Y s=−1

ℓ=1,m(θA) = e2iϕX(α, θA) ,

(5.3.31)

where e2iϕ = z/z. Similarly, X(−α,−θA) = e−2iϕX(α, θA). Using the fact that under antipodal
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map (θa → −θa : z → −1/z)

P∂z → e−2iϕP∂z ,

P∂z → e2iϕP∂z , (5.3.32)

we find that Xa → Xa under the reflection map and Xa is hence even under this map. It is

straightforward to show that in the same way, ⋆Xa is also even under the reflection map.

Recall from Eq. (5.3.19) that Z|N ± = 0 and therefore Xa becomes tangent to N ± in the limit.

Thus, on N ± a spi symmetry is given by (F ±,Xa) where F = Σf and Xa is a conformal Killing

vector field tangent to N ±.

5.4 Fixing the supertranslation freedom at i0

Our goal now is to show the matching of Lorentz charges at past and future null infinity in the limit

to spatial infinity. We will show that this matching follows from requiring the continuity, at N ±, of

a quantity constructed from the Weyl tensor and a vector field in spacetime that limits to a BMS

symmetry on I with its BMS supertranslation part being zero and a spi symmetry on H with its

spi supertranslation part being zero. This will define for us our notion of a “pure” Lorentz symmetry.

Recall from the discussion of the asymptotic symmetry algebras in Sec. 5.3.1 and Sec. 5.3.2 that the

Lorentz algebra forms quotient subalgebras of bms and spi and therefore Lorentz symmetries are

only defined as equivalence classes of symmetries that are related by supertranslations. Therefore,

the notion of a “pure” Lorentz symmetry only makes sense when the supertranslation freedom is

fixed. We will show below that restricting the conformal freedom in spatial directions near spatial

infinity restricts the allowed spi supertranslations. This will then be used to restrict the allowed

BMS supertranslations by requiring the continuity of a quantity constructed from Sab in the limit to

spatial infinity along both null and spatial directions.
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The Ashtekar-Hansen gauge: Recall from Sec. 5.2 that we picked a conformal frame in a

neighborhood of i0 where Φ = 2. This choice fixes the dependence of ω on the null generators

of I near i0. However, it does not restrict lim
→i0

α = α (defined below Eq. (5.2.3)). One can use

this freedom to do a conformal transformation such that Kab →Kab − 2(DaDbα + habα) = 0, as

discussed in detail in Remark 3.6.3. This is what we refer to as the “Ashtekar-Hansen gauge” since

this choice was first made in [16]. Note that this does not exhaust the freedom in the choice of α.

In particular, it leaves “un-fixed” the spi supertranslations that satisfy DaDbf + habf = 0 which

precisely correspond to spi translations (see Eq. (5.3.14)). We will return to these at the end of this

section.

We now show that the condition Kab = 0 can be used to restrict the supertranslation freedom

at null infinity. Consider the quantity Σ−1Sabm
amb in a neighborhood of i0 in the (unphysical)

spacetime. We take its limits to N ± along both null and spatial directions and require that this

quantity be continuous on N ±. We take these limits along the null and spacelike hypersurfaces

described in Sec. 5.2. Here, ma along with its complex conjugate ma, forms an orthonormal basis on

cross-sections of the surfaces described in Sec. 5.2 such that mam
a = mam

a = 0, mam
a = 1 and q′

ab,

the metric on cross-sections, S′, of the surfaces described in Sec. 5.2, is such that q′
ab = 2m(amb).

Note also that this metric limits to the intrinsic metric on cross-sections of I and H . On I , we

have

Σ−1Sabm
amb = ΣSabm̃

am̃b , (5.4.1)

where m̃a satisfies m̃a = Σ−1ma and is such that q̃ab = 2m̃(am̃b). Recall that q̃ab is the rescaled

metric that limits, along I (Eq. (5.2.28)), to a direction-dependent metric q̃ab on N ±. Next, note

that in the limit to i0 along spatial directions, we have

lim
→i0

Σ−1Sabm
amb = Σ−1Sabm

amb = ΣKabm̃
am̃b = Σ STF Kab . (5.4.2)

Here, the direction-dependent limit of ma to i0 has been denoted by ma. Further, m̃a is such that

m̃a = Σ−1ma and q̃ab = 2m̃(am̃b). Note also that the third equality in Eq. (5.4.2) follows from

STF Kab = STF Sab (which follows from Eq. (3.4.9)). We then see that when Kab = 0, assuming
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continuity of Σ−1Sabm
amb at N ± implies that in the limit to N ± along I , we have

lim
→N ±

ΣSabm̃
am̃b = 0 =⇒ lim

→N ±
STF(ΣSab) = 0 , (5.4.3)

which, using

Nab =̂ STFSab − 2Φσab , (5.4.4)

(which follows from Eq. (5.2.18) with τa =̂ 0) and the fact that Nab = O(Σ−(1+ϵ)) as Σ−1 → 0 along

I (see Sec. 5.2), implies

lim
→N ±

Σσab = 0 . (5.4.5)

Requiring this fall-off on σab reduces the supertranslation freedom at null infinity to translations

since general supertranslations (that are not translations) do not preserve this fall-off.

To recap, the fall-offs along I that we will assume to hold are (for some small ϵ > 0)

Nab = O
(
Σ−(1+ϵ)

)
, Rab = O

(
Σ−(1+ϵ)

)
σab = O(Σ−(1+ϵ)) , as Σ−1 → 0 along I . (5.4.6)

where the first two were part of the definition of null-regular spacetimes (Sec. 5.2) and the fall-off of

σab follows from Eq. (5.4.5). These fall-offs imply certain conditions on the behavior of P∗ in the

limit Σ−1 → 0 along I which we turn to deriving next.

Fall-off of P∗: In our foliation of I , recall that P∗ (defined in Eq. (5.2.15)) can be related to the

shear and News tensors through

P∗ =̂ εab
[
DaDcσb

c − 1
2Nacσb

c
]
. (5.4.7)

Let us consider the behavior of this quantity as Σ−1 → 0. Using Eq. (5.4.6), we see that

εabDaDcσb
c = O(Σ−(−3+ϵ)) , (5.4.8a)
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εabNacσb
c = O(Σ−(−2+2ϵ)) . (5.4.8b)

Note also that since σab is a symmetric and trace-free tensor, in terms of spherical harmonics on the

unit-sphere, it is supported only on ℓ ≥ 2 tensor harmonics. Since Xbqa
b comprises purely ℓ = 1

vector spherical harmonics (as shown in Sec. 5.3.1), as a consequence of the orthogonality of spherical

harmonics, the first term in P∗ drops out when integrated against Xbqa
b on a unit-sphere. Using

this, we obtain that
∫

SΣ
ε̃2Σ−2Xbqa

b DaP∗ = −1
2
∫

SΣ
ε̃2Σ−2Xbqa

b ε
deDa(Ndcσe

c), where ε̃2 is the

unit area element and where we have implicitly used the fact that SΣ are Σ = constant cross-sections

and therefore factors of Σ−1 can be pulled outside the integral over SΣ. This goes to 0 as Σ−1 → 0

because of Eq. (5.4.8b) and the fact that Xbqa
b has a finite limit as Σ−1 → 0, as shown in Sec. 5.3.1.

Hence, we have

lim
Σ−1→0

∫
SΣ
ε̃2Σ−2Xbqa

b DaP∗ = 0 . (5.4.9)

The same argument also shows that

lim
Σ−1→0

∫
SΣ
ε̃2Σ−2Xbεa

b DaP∗ = 0 . (5.4.10)

Although we have now fixed the supertranslation freedom at both null and spatial infinity,

to unambiguously define a notion of “pure” Lorentz symmetry, we still have to contend with the

translation freedom. To fix that, we proceed as follows. We consider a vector field, ξa, that limits to

a BMS symmetry at I and a spi symmetry on H . We require that lim
→i0

Σα(ξ) = lim
→i0

Ω−1Σ ξa∇aΩ

vanishes along both null and spatial directions. In the latter limit, this implies lim
→i0

Ω−1Σ ξaηa = 0

which means Σf = 0⇒ f = 0 on H . Therefore, this condition sets the translations that were left

unfixed in going to the Ashtekar-Hansen gauge to zero and lim
→i0

Ω−1/2ξa, subject to these conditions,

gives us our notion of a “pure” Lorentz symmetry on H . To see what lim
→i0

Σα(ξ) = 0 taken along

I implies, recall from Eq. (5.3.12) that Σα(ξ) = Σ£nβ = 2β0. Since β0 is independent of Σ−1,

requiring lim
→i0

Σα(ξ) = 0 along I implies that it vanishes everywhere (in the neighborhood of i0 on

I where we have set Φ = 2). This gives us our notion of a “pure” Lorentz symmetry on I . Note

that since we have only specified the asymptotic behavior of “pure” Lorentz symmetries, we are free
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to extend them into the spacetime in any way. Denoting “pure” Lorentz symmetries on I by Xa, we

pick this extension to be one which satisfies Σ−2Ka∇aX
b =̂ 0 where Ka is defined by Eq. (5.5.14)

and is the (affine) generator of null surfaces along which we will consider limits to I (discussed in

Sec. 5.2). This will turn out to simplify some of our later calculations.

Having clarified what we mean by “pure” Lorentz, we will refer to these simply as Lorentz

symmetries henceforth and to the associated charges as Lorentz charges.

Remark 5.4.1 (Matching of Lorentz symmetries). It follows from the analysis in Sec. 5.3.1 and 5.3.2

that the Lorentz symmetries as defined above correspond to conformal killing vector fields on N ± in

the limits along I ± as well as C . There is therefore an isomorphism between Lorentz symmetries at

null and spatial infinity in this limit. Moreover, since, as shown in Sec. 5.3.2, Xa is even under the

reflection map on H which maps N − to N +, we see that in the limit to spatial infinity, Lorentz

symmetries at past and future null infinity match each other up to antipodal reflection.

5.5 Matching the Lorentz charges

In this section, we consider limits of the Lorentz charges along I ± and C to N ±. A priori, the

limits to N ± along I ± and C are completely independent. However, we will show that there is a

tensorial quantity in spacetime that reduces to the limiting expressions for these charges in each of

these limits. Therefore, if we assume that the aforementioned quantity is continuous at N ±, the

Lorentz charges at null and spatial infinity match in the limit to N ±. We will then discuss how this

leads to the matching of Lorentz charges between past and future null infinity. Comments on the

validity of our continuity assumption are deferred to the next section.

Consider first the charges at null infinity. From the results of chapter 2, it follows that in our

chosen foliation, the expression for the charge associated with a BMS symmetry, ξa, on a finite

cross-section, SΣ, of I + is given by (see 5.2.15)

Q[ξa;SΣ] =̂ − 1
8π

∫
SΣ

ε2
[
β(P + 1

2σ
abNab) + qa

bX
bJa + qa

bX
bσabDcσ

bc − 1
4σabσ

abDc(qc
dX

d)
]
,

(5.5.1)
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We now consider its behavior in the limit Σ−1 → 0. First, solving the evolution equations for P

and Ja given in Eq. (5.2.16) using τa =̂ 0, na =̂ 2Σ−1∂Σ−1 , Φ = 2, the fall-offs given in Eq. (5.4.6)

as well as Eqs. (5.2.19b), (5.2.30), (5.4.7) and (5.4.10), we find that

lim
Σ−1→0

∫
SΣ
ε̃2Σ−2Xbqa

b(Ja + 1
4DaP) is finite , (5.5.2)

where ε̃2 denotes the unit area element and we have dropped terms that integrate to zero because

of the orthogonality of spherical harmonics. We then take the limit Σ−1 → 0 of Eq. (A.1.9) using

Eq. (5.4.6). For a Lorentz symmetry (that is, where β0 = 0), we see, using Eqs. (5.3.11) and (5.5.2),

that in the limit to N +, the charge becomes

Q[Xa; N +] =̂ − 1
8π

∫
N +

ε̃2Σ−2Xbqa
b(Ja + 1

4DaP) . (5.5.3)

It can be shown by similarly taking limits to N − along I − that the charge associated with a

Lorentz symmetry on N − is given by

Q[Xa; N −] =̂ − 1
8π

∫
N −

ε̃2Σ−2Xbqa
b(Ja + 1

4DaP) . (5.5.4)

We now turn to the charges at spatial infinity. The charge associated with a Lorentz symmetry, Xa,

in Ashtekar-Hansen gauge on a cross-section S of H , is given by [16]

Q[Xa,S] = − 1
8π

∫
S

ε2uaβab
⋆Xb , (5.5.5)

where recall that ua is the future-directed timelike normal on S and ∗Xb was defined in Eq. (5.3.26).

It follows from Eq. (5.2.2a) and Eq. (5.3.25) that this charge is conserved on H . This implies that

βab has a definite behavior under the reflection map defined in Eq. (3.2.7), which can be deduced as

follows. Consider two cross-sections S1 and S2 of H such that Υ ◦ S1 = S2 where Υ◦ denotes the
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action of the reflection map. Then, charge conservation implies that

0 =
∫

S2
ε2uaβab

⋆Xb −
∫

S1
ε2uaβab

⋆Xb =
∫

S2

[
ε2uaβab

⋆Xb −Υ ◦ (ε2uaβab
⋆Xb)

]
,

=
∫

S2

[
ε2uaβab

⋆Xb + ε2uaΥ ◦ (βab
⋆Xb)

]
, (5.5.6)

where in the last equality, we have used the fact that Υ ◦ (ε2ua) = −ε2ua. This follows because

Υ ◦ ε2 = −ε2 and because ua is future-directed on both S1 and S2 and therefore does not get acted

on by the reflection map. Moreover, since ⋆Xa is even under the reflection map on H (as shown

in Sec. 5.3.2), it follows that the charge only receives contribution from reflection-odd solutions

of βab. Using this as motivation, in the rest of this chapter we will restrict our attention to only

reflection-odd solutions for βab (derived in Appendix A.11).9 Since we have specialized to spacetimes

where Eab is reflection-even as remarked in Sec. 5.2, it follows from Eq. (5.2.2b) and the fact that

the reflection map preserves the volume form on H that the reflection-odd solutions for βab satisfy

the equation

(D2 − 2)βab = 0 . (5.5.7)

In fact, one can show by solving for the reflection-even solutions to this equation in the same way as

for the reflection-odd solutions in Appendix A.11 that the ℓ = 1 reflection-even solution diverges in

the limits to N ± and therefore for these solutions the Lorentz charge diverges in these limits as

well. While we have not shown it explicitly, we expect this property to remain true even for the

reflection-even solutions to Eq. (5.2.2b). The fact that these reflection-even solutions are clearly

pathological serves as further motivation for discarding them.

As shown in Appendix A.11 and Sec. 5.3.2, reflection-odd solutions for βab and ⋆Xa have a

finite limit to N ±. Using this and Eqs. (5.2.31) and (5.2.32), we see that the limit of the charge in

Eq. (5.5.5) to N ± is non-vanishing and is given by

Q[Xa,N ±] = − 1
8π

∫
N ±

ε̃2Σ−1Uaβab
∗Xb = 1

8π

∫
N ±

ε̃2Σ−1Uaβabε̃c
bXc (5.5.8)

9 As we show in Appendix A.13, this condition on βab is satisfied in the Kerr-Newman family of spacetimes; for Kerr
spacetimes this was also shown in Appendix. C of [16].
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where the last equality uses Eq. (5.3.29).

Let us now consider the following quantity in a neighborhood of i0 in the unphysical spacetime,

− 1
8π

∫
S′
ε̃2 Ω−1/2Σ−1 ∗ Cacbd U

a(∇cΩ1/2)(∇dΩ1/2)(Ω−1/2Xb) , (5.5.9)

where, as before, ε̃2 is the unit area element, La was defined in Eq. (5.2.22) and Ua is a C>−1 vector

field at i0, is defined as

Ua = La −Na(−Ω−1Σ−2 + 1
2∇bΣ−1∇bΣ−1) , (5.5.10)

whose limit to H satisfies Ua = ha
bL

b . Further, Xa is such that Ω−1/2Xa limits to a Lorentz

symmetry on H and Xa limits to a Lorentz symmetry on I . We now explore how this quantity

behaves in the limit to N ± along C and along I ±.

1 Limit to N ± along C

Consider first the limit of Eq. (5.5.9) to cross-sections of H along the sequence of spacelike

hypersurfaces described in Sec. 5.2. Using lim
→i0

Ω−1/2Xa = Xa in addition to Eq. (3.2.1) and

Eq. (5.2.21), we see that in the limit to H , Eq. (5.5.9) becomes

− 1
8π

∫
S

ε̃2Σ−1 ∗CacbdηcηdUaXb , (5.5.11)

where S is a cross-section of H . Using Eq. (5.2.1), we obtain

lim
→N ±

−1
8π

∫
S

ε̃2 Σ−1 ∗CacbdηcηdUaXb = − 1
8π

∫
N ±

ε̃2Σ−1UaβabX
b , (5.5.12)

This, from Eq. (5.5.8), corresponds to the Lorentz charge, on N ±, for any Lorentz symmetry given

by ε̃b
aXb.
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2 Limit to N ± along I ±

Consider now the limit of Eq. (5.5.9) to N + along I +.10 Throughout this calculation, we will

often implicitly use Eq. (5.2.15), the symmetries of the Weyl tensor and the fact that under the

replacement Cabcd → ∗Cabcd, the expressions for the Weyl tensor components in Eq. (5.2.15) change

as follows

P → P∗ , Sa → Sb ε
b
a , Ja → Jb εa

b , Rab → Ra
c εcb . (5.5.13)

As described in Sec. 5.2, we will take the limit to cross-sections SΣ of I + along a sequence of null

hypersurfaces, that exist in a neighborhood of i0, that intersect these cross-sections. We will then

take the limit Σ−1 → 0 along I + which will define for us the limit of our expression to N +. We

define

Ka := la − Ωαa , (5.5.14)

where Ka is the affine null generator of the aforementioned null surfaces. Here, αa =̂ −lb∇bl
a. As

indicated, this expression only fixes αa at I + and its expression away from I + is chosen to ensure

that Ka∇aK
b = KaKa = 0 all along the null surfaces. Converting the integrand in Eq. (5.5.9) into

quantities defined on I + using Eqs. (5.2.20), (5.2.25) and (5.5.10) (and relabeling the indices for

later convenience), we get

Ω−1/2Σ−1 ∗ Cacbd U
a(∇cΩ1/2)(∇dΩ1/2)(Ω−1/2Xb) = Ω−2Σ−2

2 ∗ Cbcde n
d nb lcXe . (5.5.15)

Using αa =̂ −lb∇bl
a, it follows that

Ka na = −1 +O(Ω2) . (5.5.16)

10The reader who wishes to skip the details of this somewhat involved calculation may jump directly to Eq. (5.5.38)
where the final expression is given.
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We can then write

lim
S′→SΣ

1
2

∫
S′
ε̃2 Ω−2 Σ−2 ∗ Cbcde n

d nblcXe = lim
S′→SΣ

1
2

∫
S′
ε̃2 ΩKa∇a(Σ−2 Ω−2 ∗ Cbcde n

d nb lcXe)

− lim
S′→SΣ

1
2

∫
S′
ε̃2K

a∇a(Ω−1 Σ−2 ∗ Cbcde n
d nb lcXe) . (5.5.17)

Consider the first term on the right hand side of Eq. (5.5.17). This can be written as

lim
S′→SΣ

1
2

∫
S′
ε̃2 ΩKa∇a(Σ−2 Ω−2 ∗ Cbcde n

d nb lcXe)

= lim
S′→SΣ

Ω
2

∫
S′
ε̃2K

a∇a(Σ−2 Ω−2 ∗ Cbcde n
d nb lcXe)

= lim
Ω→0

Ω d

dΩ
( ∫

S′

ε̃2
2 Σ−2Ω−1Sa ε

a
bX

b) − lim
S′→SΣ

1
2

∫
S′
ε̃2 Σ−2 ϑ(Ka)Sc ε

c
bX

b , (5.5.18)

where in the first equality, we used the fact that S′ denote Ω = constant cross-sections to move Ω

outside the integral and in the second and third equalities, we used Eq. (5.5.13) and Eq. 2.23 of [116],

which, translated into our notation, states that11

d

dΩ

∫
S′
ϵ̃2B =

∫
S′
ϵ̃2
[
(Ka∇aB + ϑ(Ka)B)(−nbK

b)−1] , (5.5.19)

for some scalar B that has a finite integral over cross-sections S′ as S′ → SΣ. Additionally, we have

used Eq. (5.5.16), along with the fact that the limit S′ → SΣ coincides with Ω→ 0. Note that the

expression in the round brackets in the first term in Eq. (5.5.18) is finite on I + for the following

reason. Since Sa =̂ 1
2DbNab (Eq. (5.2.19b)), using Eq. (5.2.35), up to a total derivative term that

would drop out upon integrating over SΣ, ε̃2Σ−2Sa ε
a

bX
b = − ε̃2 Σ−2

2 Nab Daεb
cX

c. Since εa
bX

b is a

conformal killing vector on SΣ (as shown Sec. 5.3.1), this vanishes upon contraction with Nab since

Nab is a symmetric traceless tensor. As a result,
∫

S′ ε̃2Σ−2Sa ε
a

bX
b is O(Ω) and hence

lim
Ω→0

Ω d

dΩ
( ∫

S′

ε̃2
2 Σ−2Ω−1Sa ε

a
bX

b) = 0 . (5.5.20)

11Note that the definition of expansion used in this chapter (Eq. (5.2.13)) is twice the definition in Eq. 2.25 of [116].
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As a result, we have

lim
S′→SΣ

1
2

∫
S′
ε̃2 Ω−2 Σ−2 ∗ Cbcde n

d nblcXe = lim
S′→SΣ

−1
2

∫
S′
ε̃2 Σ−2 ϑ(Ka)Sc ε

c
bX

b

− lim
S′→SΣ

1
2

∫
S′
ε̃2K

a∇a(Ω−1 Σ−2 ∗ Cbcde n
d nb lcXe) . (5.5.21)

Using Σ−2Ka∇aX
b =̂ 0 (recall the discussion at the end of Sec. 5.4), the second term on the right

hand side above becomes

lim
S′→SΣ

−1
2

∫
S′
ε̃2X

eKa∇a(Ω−1 Σ−2 ∗ Cbcde n
d nb lc) . (5.5.22)

Since Xe is tangent to I +, we write it as Xe = −nelbX
b + qe

bX
b +O(Ω), where

qe
b = δe

b + nelb + nbl
e . (5.5.23)

Then Eq. (5.5.22) becomes

lim
S′→SΣ

−1
2

∫
S′
ε̃2 (−nelfX

f + qe
fX

f )Ka∇a(Ω−1 Σ−2 ∗ Cbcde n
d nb lc)

= lim
S′→SΣ

−1
2

∫
S′
ε̃2 Ω−1 Σ−2 ∗ Cbcde n

d nb lc
[
lfX

fKa∇an
e −Xf Ka∇aq

e
f

]
− lim

S′→SΣ

1
2

∫
S′
ε̃2X

f Ka∇a(Ω−1 Σ−2 ∗ Cbcde n
d nb lc qe

f ) . (5.5.24)

Using ∇anb =̂ 2gab (from Eq. (A.1.3), adapted to Φ = 2) and Eq. (5.5.23), the right hand side can

be expanded out and written as

lim
S′→SΣ

∫
S′
ε̃2 Ω−1 Σ−2 ∗ Cbcde n

d nb lc leKfX
f − lim

S′→SΣ

1
2

∫
S′
ε̃2X

f Ka∇a(Ω−1 Σ−2 ∗ Cbcde n
d nb lc qe

f ) ,

(5.5.25)

where in simplifying this expression, we used Xana =̂ 0. Note that since Ka =̂ la and laX
a =̂

1
4Da(qa

bX
b) (from Eqs. (5.3.2) and (5.3.11)), the first term above becomes

1
4

∫
SΣ
ε̃2 Σ−2 P∗Da(qa

bX
b) = −1

4

∫
SΣ
ε̃2 Σ−2 qa

bX
b DaP∗ , (5.5.26)
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where, because the integrand of this term is finite on I +, we took the limit and evaluated it directly

on SΣ and in the last step we did an integration by parts. Note that as we take Σ−1 → 0 on I +,

this term will go to zero from Eq. (5.4.9). As a result, we can discard this term. Turn now to the

second term in Eq. (5.5.25)

lim
S′→SΣ

−1
2

∫
S′
ε̃2X

f Ka∇a(Ω−1 Σ−2 ∗ Cbcde n
d nb lc qe

f )

= lim
S′→SΣ

−1
2

∫
S′
ε̃2X

f Ka∇a(Ω−1 Σ−2 ∗ Cbcde l
dncneqb

f ) ,

(5.5.27)

where we have simply relabeled the indices for later convenience. To evaluate this term, consider the

Bianchi identity for the Hodge dual of the Weyl tensor.

∇[a(Ω−1 ∗ Cbc]de) = 0 , (5.5.28)

which can be rewritten as

∇a(Ω−1 Σ−2 ∗ Cbcde) +∇c(Ω−1 Σ−2 ∗ Cabde) +∇b(Ω−1 Σ−2 ∗ Ccade)− Ω−1 ∗ Cbcde∇aΣ−2

− Ω−1 ∗ Ccade∇bΣ−2 − Ω−1 ∗ Cabde∇cΣ−2 = 0 . (5.5.29)

Contracting this equation with Ka ld nc ne qb
f , we obtain

1
2K

a∇a(Ω−1Σ−2 ∗ Cbcde l
dncneqb

f ) = 1
2

[
KaΩ−1 Σ−2 ∗ Cbcde∇a(ldncneqb

f )

− nc∇c(Ω−1Σ−2 ∗ CabdeK
aldneqb

f )− qb
f∇b(Ω−1Σ−2 ∗ CcadeK

aldncne)

+ Ω−1Σ−2 ∗ Cabden
c∇c(Kaldneqb

f ) + qb
f Ω−1 Σ−2 ∗ Ccade∇b(Kaldncne)

+ Ω−1 ∗ CbcdeK
aldncneqb

f∇a Σ−2 + Ω−1 ∗ CcadeK
aldncneqb

f∇bΣ−2+

Ω−1 ∗ CabdeK
aldneqb

fn
c∇cΣ−2

]
. (5.5.30)

Each of the terms on the right hand side of this expression is individually finite on I + and therefore

we can evaluate this expression directly on I +. Using nc∇c εa
b =̂ 0 (which holds since τa =̂ 0),
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Eq. (5.2.15), Eq. (5.5.13), Ka =̂ la (from Eq. (5.5.14)) and Σ£nΣ−1 =̂ 2 (condition (4)), the two

terms on the second line in this expression combine with the second term on the fourth line to give

−εb
a

2 nc∇c(Σ−2 Ja) + Σ−2

2 DbP∗ = εb
a

2 (2Σ−2Ja − Σ−2£nJa − 4Σ−2Ja) + Σ−2

2 DbP∗ . (5.5.31)

This can be simplified using the evolution equation for Ja (Eq. (5.2.16d) with τa =̂ 0) and we obtain

− εb
a

2 nc∇c(Σ−2 Ja) + Σ−2

2 DbP∗

= εb
a

2 (2Σ−2Ja − 4Σ−2Ja) + Σ−2

2 DbP∗ − Σ−2εb
a

4 (DaP − εa
cDcP∗) + Σ−2 εb

cσc
aSa

+ 2Σ−2 εb
aJa . (5.5.32)

We now evaluate the remaining terms in Eq. (5.5.30). In what follows, we drop terms proportional to

Σ−2DaP∗ everywhere. This is because they contribute terms proportional to
∫

SΣ
ε̃2 Σ−2Xaqa

bDbP∗

to Eq. (5.5.27) and therefore, from Eq. (5.4.9), drop out in the limit Σ−1 → 0 which we take in the

end. We use · · · to indicate that these terms have been suppressed in our expressions. We obtain,

altogether, that

1
2K

a∇a(Ω−1Σ−2 ∗ Cbcdel
dncneqb

f ) =̂ −Σ−2εf
aJa −

Σ−2

4 εf
aDaP + Σ−2 εf

aσa
bSb

− Ω−1

2 Σ−2 ∗ Cbcde q
b
f n

c ne αd + Σ−2Sa εb
a σb

f −
Σ−2

2 ϑ(la)εb
f Sb

+ Ω−1

2 ∗ Cbcdel
dncneqb

fK
a∇aΣ−2 + · · · . (5.5.33)

Note that since εab is antisymmetric and σab is symmetric and trace-free, εbaσ
a

c is a symmetric tensor

(see, e.g, Appendix. D of [4] for a proof). Using this, the third term in the first line above cancels

with the second term in the second line. Next, using Ka∇aΣ−2 =̂ la∇aΣ−2 =̂ −1
2∇aΣ−1∇aΣ−1

(where the last equality follows from Eqs. (5.2.20), (5.2.22) and (5.2.25) and condition (4)), along
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with Eqs. (5.2.15) and (5.5.13) in the last term, we get

1
2K

a∇a(Ω−1Σ−2 ∗ Cbcdel
dncneqb

f ) =̂ −Σ−2 εf
aJa −

Σ−2

4 εf
a DaP

− Ω−1

2 Σ−2 ∗ Cbcde q
b
f n

c ne αd − Σ−2

2 ϑ(la) εb
f Sb −

εb
f

4 Sb∇aΣ−1∇aΣ−1 + · · · . (5.5.34)

Let us now consider the term −Ω−1

2 Σ−2 ∗ Cbcde q
b
f n

c ne αd in Eq. (5.5.34). Using αa =̂ −lb∇bl
a as

well as Eqs. (5.2.15) and (5.5.13), this term can be written as

−Σ−2 εc
f

2 (nb Scl
a∇al

b −Rbc l
a∇al

b) . (5.5.35)

Then using Eqs. (A.12.5) and (A.12.14) to simplify this, we obtain

1
2K

a∇a(Ω−1Σ−2 ∗Cbcdel
dncneqb

f ) =̂ −Σ−2εf
aJa−

Σ−2

4 εf
a DaP −

Σ−2

2 ϑ(la) εb
f Sb + · · · . (5.5.36)

Putting all of this together, we have

lim
S′→SΣ

1
2

∫
S′
ε̃2 Ω−2 Σ−2 ∗ Cbcde n

d nblcXe = lim
S′→SΣ

∫
S′

−ε̃2
2 Σ−2 ϑ(Ka)Sc ε

c
bX

b

− lim
S′→SΣ

1
2

∫
S′
ε̃2K

a∇a(Ω−1 Σ−2 ∗ Cbcde n
d nb lcXe) =

∫
SΣ
ε̃2
[
Σ−2Xbεb

a(Ja + 1
4DaP) + · · ·

]
,

(5.5.37)

where we used ϑ(Ka) =̂ ϑ(la) to simplify the final expression. As shown in Eq. (5.5.2), the right

hand side of Eq. (5.5.37) is finite in the limit Σ−1 → 0. As a result, the limit of Eq. (5.5.9) to N +

along I + gives

− 1
8π

∫
N +

ε̃2
[
Σ−2Xb εb

a(Ja + 1
4DaP)

]
, (5.5.38)

which, from Eq. (5.5.3), corresponds to the limit of the charge associated with any Lorentz symmetry

given by ε̃b
aXb (using the fact that ε̃b

a = εb
a ). In the same way, the limit of Eq. (5.5.9) to N −

along I − also yields

− 1
8π

∫
N −

ε̃2
[
Σ−2Xb εb

a(Ja + 1
4DaP)

]
. (5.5.39)
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Therefore, assuming continuity of Eq. (5.5.9) at N ±, Lorentz charges, in the limit to N ± along

I ±, match the Lorentz charges in the limit to N ± along C . Since, as discussed earlier, the Lorentz

charges (in Ashtekar-Hansen gauge) on H are conserved and therefore their values on the N ± are

the same, it follows that the Lorentz charges on I + and I − match in the limit to spatial infinity.

Using the proof of matching of supertranslation symmetries and the associated supermomentum

charges in [10], we then conclude that all BMS symmetries on past and future null infinity match

antipodally in the limit to spatial infinity and their charges become equal in this limit. This

immediately implies the following infinitely many conservation laws (one for each pair of “matched”

generators ξa+ and ξa−)

Q
[
ξa+;S+

Σ

]
−Q

[
ξa−;S−

Σ

]
= F+

[
ξa+; ∆I +

]
+ F− [ξa−; ∆I −] , (5.5.40)

where ξa+ denotes a BMS symmetry on I +, ξa− denotes the BMS symmetry on I − that this

matches onto in the limit to spatial infinity, F+ (F−) denotes the incoming flux12 of charge associated

with a BMS symmetry on I + (I −), ∆I + (∆I −) denotes a portion of I + (I −) between spatial

infinity and a cross-section, S+
Σ (S−

Σ ), of future (past) null infinity. As discussed in [10], if suitable

fall-off conditions are satisfied on the future and past boundaries of future and past null infinity

(i.e in the limit to timelike infinities) such that the BMS charges go to zero in those limits then we

obtain the global conservation law

F+
[
ξa+; ∆I +

]
+ F− [ξa−; ∆I −] = 0 , (5.5.41)

that is, the total incoming flux equals the total outgoing flux for all BMS symmetries and therefore

that the flux is conserved in any classical gravitational scattering process from I − to I +.

12 In the orientation conventions picked in this chapter, as in [9, 10], the fluxes at both I ± are incoming.
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5.6 Discussion and future directions

We showed the antipodal matching of Lorentz symmetries and the equality of the associated charges

on past and future null infinity in the limit to spatial infinity in a class of spacetimes that are

asymptotically-flat at null and spatial infinity in the sense of Asthekar and Hansen. Combined

with the result of [10] where the matching of supertranslation symmetries and supermomentum

charges was similarly shown, this proves the matching of all BMS symmetries and charges in these

spacetimes. While we did not require that our spacetimes be stationary, we did make the following

assumptions about our class of spacetimes: (1) we assumed that Bab = 0, which, as discussed

earlier, is known to be true (at least) in asymptotically-flat spacetimes that are either stationary or

axisymmetric; (2) that βab is odd under the reflection map on H in our class of spacetimes; (3) that

the peeling theorem holds and therefore Ω−1Cabcd admits a limit to I ; (4) that the spacetimes are

null-regular at i0 in the sense of Eqs. (5.2.33) and (5.2.34); (5) that the trace-free projection of

(rescaled) Sab is continuous at N ± (in the precise sense discussed in Sec. 5.4); and (6) that the Weyl

tensor obeys the condition that Eq. (5.5.9) is continuous at N ±. As we show in Appendix A.13, our

assumptions all hold in the Kerr-Newman family of spacetimes.13 However, they do not hold, for

example, in polyhomogenous spacetimes [117] where the peeling theorem is not satisfied. Although

we have not investigated this in detail, we also expect our assumptions to hold in (at least a subset

of) the class of spacetimes considered by Christodoulou-Klainerman (CK) [118]. Determining exactly

how big a class of asymptotically-flat spacetimes admits our assumptions is very much an open

question. Indeed it would be interesting to also rigorously analyze if they hold, for example, in the

spacetimes considered by Bieri [119,120]. In spacetimes where our assumptions obviously fail, for

example polyhomogenous spacetimes, it would be interesting to understand how our procedure may

be extended to study the matching of asymptotic symmetries and charges.

It would also be interesting to investigate matching conditions between symmetries and charges

13What makes it easy to check our assumptions, in particular condition (6) above, in these spacetimes is that an
explicit conformal completion that includes i0 and I ± is known for these spacetimes. Given such explicit conformal
completions for more general spacetimes, it should be straightforward to check if our assumptions are satisfied in
those spacetimes.
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defined on black hole horizons [55] and those associated with null infinity to see if flux conservation

laws on Hawking radiation can be similarly obtained. This would require analyzing symmetries and

charges in the limit to timelike infinities using the framework developed in [121]. We leave a detailed

study of this to future work.



Chapter 6
The classical dynamics of gauge theories in the
deep infrared
(Adapted with permission from [8])

Chapter summary

Recent activity aimed at studying asymptotic symmetries and charges has led to the result that

gauge and gravitational theories in asymptotically flat spacetimes possess infinitely many charges

associated, respectively, with large gauge transformations and diffeomorphisms that are nontrivial at

infinity. Assuming certain regularity conditions near spatial infinity and appropriate fall-offs near

timelike infinity (see, e.g, [7, 9, 10]), the results of [9, 10] along with the discussion in chapter 5, [7]

imply that these charges are conserved in any classical scattering process. The question then is how

these charges constrain classical scattering. In the absence of matter or stress-energy, these “new”

charges are functionals purely of the zero-frequency components of the radiative fields and are soft in

that sense. It has been claimed in the literature that the hard (non-zero energy) and soft degrees of

freedom in a theory evolve in a manner such that they are decoupled from each other and, therefore,

that these charges do not impose any non-trivial constraints on the scattering of hard degrees of

freedom. We provide evidence to the contrary. In particular, we explicitly show that the hard and

soft degrees of freedom in a theory with non-linear equations of motion couple under time evolution.

We do this by performing a perturbative classical computation of the scattering map in a U(1) gauge

170
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theory coupled to a massless charged scalar field in four-dimensional Minkowski spacetime. While it

is true that the evolution of the soft and hard sectors is mutually decoupled at low orders in the

coupling constant, we show that it is in fact coupled at higher orders (in particular, we calculate

a contribution at quartic order in the coupling constant that demonstrates this). We show that

this coupling cannot be removed by perturbative field redefinitions and use this to conclude that

the conservation of these infinitely many charges yields nontrivial constraints on the scattering of

hard degrees of freedom. Since the essential ingredient in our analysis was the fact the equations of

motion of the theory were non-linear, we expect this result to generalize to general relativity and

for these infinitely many conserved charges to play a role in constraining gravitational scattering

processes and, in particular, black hole evaporation.

6.1 Context

As discussed in the introduction, the study of asymptotic symmetries and charges in recent years

has led to the demonstration of the existence of infinitely many new charges in gauge theories and

gravity. In particular, it has been argued that black hole possess an infinite number of soft “hair”

that may constrain black hole evaporation. While this proposal has led to a lot of activity in recent

years aimed at understanding how large gauge transformations add new hair to black holes which

can then be used to enumerate black hole microstates [122–125], an important criticism of it has

also emerged. This criticism, which is interesting on its own with regards to the dynamics of the soft

sector in gauge theories, has been aimed at questioning how much interplay there is between the

soft and hard (non-zero energy) sectors of a gauge theory in any scattering process. Starting with

the works of Bousso, Mirbabayi and Porratti [126,127], several papers [128–131] have argued that

the newly discovered charges constrain a sector of the theory that is decoupled from all the “hard”

degrees of freedom which include the Hawking radiation emitted from a black hole. As a result, it

has been claimed that the conservation of these soft charges does not have any utility as constraints

that correlate the initial and final hard states in a scattering problem.

Without delving into the deeper question of whether these charges imply more hair for black
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holes that help solve the black hole information paradox, we restrict ourselves in this chapter to

addressing the question of whether the soft sector in a non-linear theory decouples from the hard

sector in a scattering process. To study this problem, we study electromagnetism coupled to a

massless charged scalar field in four dimensional Minkowski spacetime. This is an interesting toy

model for studying soft-hard (de-)coupling. This is because the equations of motion of this theory

are non-linear and can therefore allow for the existence of soft-hard coupling as opposed to vacuum

electromagnetism where the equations of motion are linear and the soft and hard sectors are trivially

decoupled (a result that is well known and one that we will recover in our analysis). At the same

time however, this problem is much easier than studying the scattering problem in full, non-linear

general relativity. By studying this toy model, we expect to be able to understand the effect of

non-linearities and extrapolate the conclusion to the case of general relativity.

Before proceeding further, let us describe our set up in more detail and summarize our conclusions.

We show how starting from the presymplectic form of electromagnetism coupled to a massless charged

scalar field and systematically factoring out its degeneracy directions, the phase space, at (both past

and future) null infinity1, can be parameterized by two quantities. The first of these is the coefficient

of the 1/r term in the expansion of the scalar field near null infinity,2 denoted by χ+(u, θA) on I +

and χ−(v, θA) on I −. The second quantity corresponds to the angular components of the O(r0)

piece of vector potential which we denote by A+A(u, θA) on I + and A−A(v, θA) on I −. We split

3 A−A(v, θA) [and analogously A+A(u, θA)] into a piece that goes to zero on the two ends of I −

plus two pieces that encode its values on the two ends of I −[see Eq. (6.2.46c)]. These two pieces

(the average and difference of its limiting values) parameterize the “soft” degrees of freedom [see

Eq. (6.2.48)] of the theory. This choice of terminology is inspired by the fact that the difference

of the two limiting values of A−A(v, θA) is the zero frequency mode of the radiative data which

is given by F−vA while the average of the aforementioned limiting values is the mode conjugate

to it (see Sec. 6.2.5). Note also that the average and difference of these asymptotic values are

1 In the rest of this chapter, we will use null infinity to refer to both past and future null infinity unless explicitly stated
otherwise.

2 When referring to the fields discussed in this chapter, we will switch back and forth between the terms “degree of
freedom,” “field,” “phase space coordinate,” and “variable’ . They are all intended to mean the same thing.

3 The arbitrariness in this choice of splitting is discussed in Sec. 6.2.5.
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the coefficients of the singular pieces at zero-frequency of the Fourier transform of A−A(v, θA). To

see this, recall that the Fourier transform of a function, f(v), that has non-zero limiting values

as v → ±∞ is given by f̃(ω) = p.v. i
ω h̃(ω) + δ(ω) avg[f ], where “tilde” denotes Fourier transform,

p.v. denotes the Cauchy principal value, avg[f ] := lim
v→∞

f(v)+f(−v)
2 and h(v) = ∂vf(v). Variables

which vanish in these asymptotic limits have no such singular pieces and can therefore be thought of

as “hard” degrees of freedom. The piece of A−A (and similarly A+A) that goes to zero on the two

ends of I − therefore counts as a “hard” degree of freedom. We will also take χ(v) to be compact

support in v and therefore that too will be a “hard” degree of freedom in our analysis. Our goal is to

study how the soft and hard degrees of freedom, as defined here, mix under evolution governed by

equations of motion from I − to I +. To set up the classical scattering problem in this theory, we

consider an ansatz [see Eq. (6.3.13)] such that the equations of motion of the theory are source-free

wave equations at leading order in the perturbative parameter that we call α. The equations of

motion at order O(α2) and higher, however, are non-linear and have non-zero source terms. To

address the question of how soft and hard degrees of freedom mix under evolution, we first solve

these equations explicitly to O(α2). We find that at O(α) they evolve completely independently of

each other. At O(α2), we find that χ(u, θA)|I + , computed in Lorenz gauge, picks up a term that

represents an interaction between the soft and hard variables. We show, however, that there exists

a redefinition of fields (thought of as phase space coordinates) under which this “mixing” of soft

and hard degrees of freedom can be redefined away. We argue, however, that is just a feature of

the scattering map at low orders in α. To show that this notion of “factorization” breaks down at

higher orders, we then specialize our initial data to the case where only χ−(v, θA) is non-zero (and is

a function of compact support in v) while A−A is exactly zero [see Eq. (6.5.19)]. This corresponds to

a scenario where the initial data is “purely hard.” For this initial data, we re-compute the expression

for χ(u, θA)|I + . Using conservation of charge [see Eq. (6.3.24)], we then deduce that at O(α4),

∆A(4)
+A := A(4)

A (u = +∞, θA)−A(4)
A (u = −∞, θA) is non-zero. This is a demonstration of coupling

between the soft and hard degrees of freedom because it corresponds to a situation where a soft

variable in the phase space at I +, namely ∆A+A is a function of initial data that is purely hard.

We go on to then show that no perturbative redefinition of fields gets rid of this coupling of soft and

hard variables.
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The rest of this chapter is organized as follows. In Sec. 6.2, we analyze the asymptotic data and

the phase space of this theory at past and future null infinity. We evaluate the presymplectic form

and systematically mod out by degeneracies to obtain the non-degenerate symplectic form which

gives Dirac brackets on the phase space of the theory. In Sec. 6.3 and Sec. 6.4, we compute the

scattering map of this theory from past to future null infinity in Lorenz gauge. We compute this

map to first and second orders in α. The details of these computations are given in Appendix A.14

and Appendix A.17 while the results, specialized to the case of l = 1 spherical harmonic for the

vector potential and l = 0, 1 spherical harmonics for the scalar field, are cited in this chapter. The

calculation of the scattering map at cubic and quartic orders in α and the failure of field redefinitions

to remove the soft-hard coupling at quartic order is discussed in Sec. 6.5. Some calculations and

results that supplement the discussion in this chapter are included in the appendices.

NB: In this chapter, we will use Da to denote the gauge covariant derivative, Da := ∇a − iAa, hAB

to denote the unit two-sphere metric and DA to denote the covariant derivative with respect to hAB ,

which is a slight departure in notation from previous chapters.

6.2 Asymptotic data and configuration phase space of electromagnetism

coupled to a charged scalar field.

In this section we review the phase space and symplectic form of electromagnetism coupled to a

charged scalar field in Minkowski spacetime, expressed in terms of data at past null infinity and

at future null infinity. We closely follows the recent treatment of Strominger [23], specialized to a

charged scalar source, but with one or two key modifications which we point out below. A treatment

of the construction in a different language has been given by Ashtekar [132].

To construct this phase space, we would like to fix gauge degrees of freedom in order to obtain

good coordinates on phase space and a non-degenerate symplectic form that can be inverted to

obtain Dirac brackets. Gauge transformations can be divided into two categories, those which

correspond to degeneracy directions of the presymplectic form (“true” gauge transformations) and

those which do not. The latter category includes the so-called “large gauge transformations” that
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have non-trivial behavior at infinity and that correspond to the infinity of conserved charges in gauge

theories discovered in the past few years [133–135]. Our strategy here will be to fix all of the true

gauge degrees of freedom, but avoid fixing any of the gauge degrees of freedom that correspond to

nondegenerate directions of the presymplectic form, since otherwise we would obscure the interesting

new conservation laws.

1 Foundations

The action of the theory is

S = − 1
4e2

∫
d4x
√
−gFabF

ab −
∫
d4x
√
−g (DaΦ)∗DaΦ, (6.2.1)

where Aa is the vector potential, Φ is a complex scalar field, e is the electric charge, Da = ∇a − iAa,

and Fab = ∇aAb −∇bAa. The equations of motion are

2Aa −∇b∇aA
b = e2ja = −ie2(Φ∇aΦ∗ − Φ∗∇aΦ) + 2e2AaΦ∗Φ, (6.2.2a)

2Φ = 2iAa∇aΦ +AaAaΦ + iΦ∇aA
a. (6.2.2b)

The theory is invariant under the local gauge transformations

Aa → Aa +∇aε, Φ→ eiεΦ, (6.2.3)

which may or may not be true gauge transformations.

We now consider asymptotic conditions near future null infinity I +. We use retarded coordinates

(u, r, θ1, θ2) = (u, r, θA) in terms of which the metric is

ds2 = −du2 − 2dudr + r2hABdθ
AdθB, (6.2.4)

where hAB is the unit metric on the two-sphere. We assume the following asymptotic behavior of
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the components of the Maxwell tensor in the limit to I +, that is, r →∞ at fixed u:

Fur = 1
r2F+ur + 1

r3 F̂+ur +O

( 1
r4

)
, (6.2.5a)

FuA = F+uA + 1
r
F̂+uA +O

( 1
r2

)
, (6.2.5b)

FrA = 1
r2F+rA + 1

r3 F̂+rA +O

( 1
r4

)
, (6.2.5c)

FAB = F+AB + 1
r
F̂+AB +O

( 1
r2

)
. (6.2.5d)

We are using a notational convention where caligraphic quantities are used to represent the pieces

of fields that appear at leading order in an expansion in 1/r, the + subscripts denote quantities

on I +, and hatted caligraphic quantities are subleading. The scalings of the leading terms can be

deduced from the physical arguments given by Strominger [23], or from demanding smoothness of

the solution on the conformal completion of the spacetime [132].

We assume the following asymptotic behavior of the vector potential and scalar field as r →∞

at fixed u, slightly more general than that of [23]:

AA = A+A + 1
r
Â+A +O

( 1
r2

)
, (6.2.6a)

Au = A+u + 1
r
Â+u + 1

r2
ˆ̂A+u +O

( 1
r3

)
, (6.2.6b)

Ar = 1
r2A+r + 1

r3 Â+r +O

( 1
r4

)
, (6.2.6c)

Φ = 1
r
χ+ + 1

r2 χ̂+ +O

( 1
r3

)
. (6.2.6d)

The expansion coefficients in the expansions (6.2.5) and (6.2.6) are then related by

F+ur = ∂uA+r + Â+u, F̂+ur = ∂uÂ+r + 2 ˆ̂A+u, (6.2.7a)

F+uA = ∂uA+A −DAA+u, F̂+uA = ∂uÂ+A −DAÂ+u, (6.2.7b)

F+rA = −DAA+r − Â+A, (6.2.7c)

F+AB = DAA+B −DBA+A, (6.2.7d)

where DA is a covariant derivative with respect to the two-sphere metric hAB.
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The components of the current (6.2.2a) are

ju = J+u/r
2 +O(r−3), jr = J+r/r

4 +O(r−5), j+A = JA/r
2 +O(r−3), (6.2.8)

where

J+u = −i(χ+∂uχ
∗
+ − χ∗

+∂uχ+) + 2A+uχ
∗
+χ+, (6.2.9a)

J+r = i(χ+χ̂
∗
+ − χ∗

+χ̂+) + 2A+rχ
∗
+χ+, (6.2.9b)

J+A = −i(χ+∂Aχ
∗
+ − χ∗

+∂Aχ+) + 2A+Aχ
∗
+χ+. (6.2.9c)

The leading order pieces of Maxwell’s equations are [23]

∂uF+ur +DAF+Au = e2J+u, (6.2.10a)

F̂+ur +DAF+Ar = e2J+r, (6.2.10b)

−∂uF+rA + F̂+uA +DCF+CA = e2J+A, (6.2.10c)

where DA = hABDB.

The expansion coefficients of the various fields transform under gauge transformations as follows.

Under the gauge transformation (6.2.3) with

ε = ε+ + 1
r
ε̂+ + 1

r2
ˆ̂ε+ +O

( 1
r3

)
, (6.2.11)

we have

A+u → A+u + ∂uε+, Â+u → Â+u + ∂uε̂+,
ˆ̂A+u → ˆ̂A+u + ∂u

ˆ̂ε+, (6.2.12a)

A+A → A+A +DAε+, Â+A → Â+A +DAε̂+, (6.2.12b)

A+r → A+r − ε̂+, Â+r → Â+r − 2ˆ̂ε+, (6.2.12c)

χ+ → eiε+χ+, χ̂+ → eiε+(χ̂+ + iε̂+χ+). (6.2.12d)
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A similar analysis can be carried out for the limiting behavior of the fields near past null infinity

I −. We use advanced coordinates v, r, θA given by v = u + 2r. The expansion of the Maxwell

tensor at I −, as r →∞ at fixed v, is similar to the expansion (6.2.5) and is given by

Fvr = 1
r2F−vr + 1

r3 F̂−vr +O

( 1
r4

)
, (6.2.13a)

FvA = F−vA + 1
r
F̂−vA +O

( 1
r2

)
, (6.2.13b)

FrA = 1
r2F−rA + 1

r3 F̂−rA +O

( 1
r4

)
, (6.2.13c)

FAB = F−AB + 1
r
F̂−AB +O

( 1
r2

)
. (6.2.13d)

Here the subscripts − denote expansion coefficients of an expansion near I −. The corresponding

expansions of the vector potential and scalar field are

AA = A−A + 1
r
Â−A +O

( 1
r2

)
, (6.2.14a)

Av = A−v + 1
r
Â−v + 1

r2
ˆ̂A−v +O

( 1
r3

)
, (6.2.14b)

Ar = 1
r2A−r + 1

r3 Â−r +O

( 1
r4

)
, (6.2.14c)

Φ = 1
r
χ− + 1

r2 χ̂− +O

( 1
r3

)
, (6.2.14d)

and the gauge transformation parameter can be expanded as

ε = ε− + 1
r
ε̂− + 1

r2
ˆ̂ε− +O

( 1
r3

)
. (6.2.15)

2 Space of solutions of the field equations

We will restrict attention to field configurations on I − which satisfy three conditions:

(1) The limits

lim
v→±∞

A−A, lim
v→±∞

A−r, lim
v→±∞

A−v, (6.2.16)

exist, as functions on the two-sphere.
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(2) The field A−A satisfies the following fall off conditions near timelike infinity and spatial infinity

∂vA−A ∼
1
|v|1+ϵ

, v → ±∞, (6.2.17)

for some ϵ > 0. This condition is sufficient to ensure the convergence of the symplectic form

(6.2.43) below.

(3) The initial data χ− for the scalar field falls off like4

χ− ∼ 1/|v|, v → ±∞. (6.2.18)

We will assume that these conditions are preserved by the scattering process, so that solutions which

obey these conditions at I − also satisfy analogous conditions at I +.

We introduce the following notations for the limiting values of fields on I − at past timelike

infinity i− and at spatial infinity i0. For any function f− = f−(v, θA) defined on I − we define

f−
−(θA) = lim

v→−∞
f−(v, θA), f−

+(θA) = lim
v→∞

f−(v, θA). (6.2.19)

Similarly for functions f+ defined on I + we denote the limiting functions at i+ and at i0 by

f+
+(θA) = lim

u→∞
f+(u, θA), f+

−(θA) = lim
u→−∞

f+(u, θA). (6.2.20)

We now assume that for solutions to the field equations we have the following behavior near past

timelike infinity [23]:

F−
−vr(θA) = 0, (6.2.21a)

F−
−rA(θA) = 0, (6.2.21b)

F−
−AB(θA) = 0, (6.2.21c)

χ̂−
−(θA) = 0. (6.2.21d)

4 Our assumed fall off for the scalar field is stronger than that for the gauge field. We are excluding for simplicity any
nontrivial soft behavior in the scalar sector.
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These conditions can be derived if the initial data for χ− is of compact support on I −. In this case

there exists a neighborhood of i− in which Φ vanishes, and so in that neighborhood Aa satisfies the

homogeneous Maxwell equations with no sources. Solutions of these equations satisfy the conditions

(6.2.21a) – (6.2.21c) (see Appendix A.14). Similar arguments can be given for the condition (6.2.21d).

We will assume that the conditions (6.2.21) continue to be valid under the weaker assumption (6.2.18)

on the behavior of χ−; this should follow from continuity of the dependence of the solutions of the

equations of motion on the initial data on I −. Conditions analogous to (6.2.21) at future timelike

infinity i+, namely

F+
+ur(θA) = 0, (6.2.22a)

F+
+rA(θA) = 0, (6.2.22b)

F+
+AB(θA) = 0, (6.2.22c)

χ̂+
+(θA) = 0, (6.2.22d)

should similarly follow from the assumptions on the final data on I + that we have discussed.

Another key property of the solutions is the validity of the matching conditions

F+
−ur(θA) = P∗F−

+vr(θA), (6.2.23a)

F±AB(θA) = −P∗F−
+AB(θA). (6.2.23b)

Here P : S2 → S2 is the antipodal inversion mapping given by (θ, φ)→ (π− θ, π+φ), and P∗ is the

pullback (P∗f)(θ, φ) = f(π − θ, π + φ) for functions f . These identities are related to the existence

of charges related to large gauge transformations and were discovered by Strominger [23, 136]. They

were proven rigorously in Minkowski spacetime by Campiglia and Eyheralde [137], and generalized

to all asymptotically flat spacetimes by Prabhu [9].

We next claim that solutions are determined up to gauge by specifying on I − the initial data

A−A, A−v, A−r, χ−. (6.2.24)
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Subleading fields can be obtained from these fields from the analog on I − of the asymptotic

expansion (6.2.10) of Maxwell equations. For example, the subleading field Â−v can be obtained from

the leading fields (6.2.24) and from F−vr, from the analog of Eq. (6.2.7a) on I −. In turn, the field

F−vr can be obtained from its evolution equation, the analog on I − of Eq. (6.2.10a), together with

the initial condition (6.2.21a) at v = −∞. Similarly Â−A is obtained from F−rA from the analogs of

Eqs. (6.2.7c), the evolution equation (6.2.10c) and the initial condition (6.2.21b). Similar arguments

apply to the subleading scalar field χ̂− using an expansion of the scalar field equation (6.2.2b).

Therefore we can take the four fields (6.2.24) on I − to parameterize the phase space (up to

gauge transformations which we discuss below). Similarly the fields

A+A, A+u, A+r, χ+ (6.2.25)

on I + also uniquely determine the solution, up to gauge transformations.

3 Presymplectic form

The presymplectic form obtained from the action (6.2.1) depends on a pair of linearized perturbations

(δ1Aa, δ1Φ) and (δ2Aa, δ2Φ) about a background solution Aa,Φ [53]. It is given by the integral over

any complete Cauchy surface Σ,

ΩΣ(Aa,Φ; δ1Aa, δ1Φ, δ2Aa, δ2Φ) =
∫

Σ
ωabc (6.2.26)

of the 3-form

ωabc = 1
e2 ϵabcdδ1F

dfδ2Af + ϵabcd(Ddδ1Φ∗δ2Φ +Ddδ1Φδ2Φ∗)− (1↔ 2). (6.2.27)
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Here the orientation of Σ is that determined by taϵabcd where ta is any future-pointing timelike

vector field. We define5

ΩI − = −
∫

I −
ωabc, ΩI + =

∫
I +

ωabc, (6.2.28)

the limiting integrals over past and future null infinity. The limits to I + and I − of ωabc exist by

virtue of our assumed expansions (6.2.5), (6.2.6), (6.2.13) and (6.2.14). We will discuss in Sec. 6.2.5

below the conditions necessary for the integrals (6.2.28) to converge and be finite.

Before considering the presymplectic forms (6.2.28) for general perturbations, it will be useful to

first specialize to the case where the second perturbation is a pure gauge transformation,

δ1Aa = δAa, δ1Φ = δΦ, δ2Aa = δεAa = ∇aε, δ2Φ = δεΦ = iεΦ, (6.2.29)

In this case ωabc is always exact [53], and here we have ωabc = 3∇[aQbc], where

Qab = 1
2e2 ε ϵabcd δF

cd. (6.2.30)

We assume expansions of the form (6.2.11) for the gauge transformation function ε near I + and

I −, and we further assume that at each angle θA the leading order coefficients ε+, ε− asymptote to

constants as |u| or |v| go to infinity, to be consistent the assumed asymptotic behavior of the fields

at i± and i0 discussed above Eq. (6.2.20). Following the notational conventions (6.2.19) and (6.2.20)

these limiting values will be denoted ε+
+, ε+

−, ε−
+ and ε−

−. Converting the integrals over I + and I − to

integrals over their boundaries using Eq. (6.2.30) we obtain

ΩI + = 1
e2

∫
d2Ω [−δF+

+ruε+
+ + δF+

−ruε+
−] , (6.2.31a)

ΩI − = 1
e2

∫
d2Ω [−δF−

−rvε−
− + δF−

+rvε−
+] . (6.2.31b)

We now simplify using the asymptotic conditions (6.2.21a) and (6.2.22a), and the matching condition

5 We insert a minus sign into the definition (6.2.28) of ΩI − in order that Eq. (6.2.33) below with a plus sign follows
from 0 =

∫
M

dω =
∫

I − ω +
∫

I + ω, modulo the issues discussed in the rest of this subsection.



6.2. Asymptotic data and configuration phase space of electromagnetism coupled to a
charged scalar field. 183

(6.2.23a). This gives

ΩI + − ΩI − = 1
e2

∫
d2ΩδF+

−ru [ε+
− − P∗ε−

+] . (6.2.32)

Now we would like to specialize our definition of the field configuration space to make

ΩI + = ΩI − (6.2.33)

for general on-shell perturbations, that is, to make the presymplectic forms on past null infinity

and future null infinity coincide. In other words, the scattering map from data at past null infinity

to data at future null infinity should be a symplectomorphism (the classical version of unitarity in

the quantum theory). From Eq. (6.2.32) we see that the condition (6.2.33) cannot be preserved

under general transformations of the form Aa → Aa +∇aε. In the next section we will discuss a

specialization of the definition of the field configuration space suggested by Strominger [135] which

makes the quantity (6.2.32) vanish, and thus removes the obstruction to achieving (6.2.33) for general

perturbations.

4 Gauge specialization and scattering map

We now fix some of the degrees of freedom that correspond to degeneracy directions of the presym-

plectic form (6.2.26), and so correspond to true gauge degrees of freedom. First, we use the free

function ε+ to set A+u to zero, using Eq. (6.2.12a). In doing so we specialize to ε+
− = ε+(u = −∞) = 0,

in order to correspond to a degeneracy direction of (6.2.31a), from Eq. (6.2.22a). Next, we use the

free function ε̂+ to set A+r to zero, from Eq. (6.2.12c). We perform similar specializations at I −.

Summarizing, we have fixed the gauge so that

A+u = A+r = A−v = A−r = 0. (6.2.34)

The remaining gauge freedom that acts on the data on I + and I − consists of functions ε+ = ε+(θA)

and ε− = ε−(θA) that are functions of angle only. In particular we have ε+
− = ε+

+ = ε+ and ε−
+ = ε−

− = ε−.
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We define the even and odd linear combinations of these gauge transformations via

εe = 1
2(ε+ + P∗ε−), (6.2.35a)

εo = 1
2(ε+ − P∗ε−). (6.2.35b)

We next decompose the fields A+A and A−A into electric and magnetic parity pieces on the two

sphere, as

A+A = DAΨe
+ + εABh

BCDCΨm
+ , (6.2.36a)

A−A = DAΨe
− + εABh

BCDCΨm
− , (6.2.36b)

which determines the potentials Ψe
+ etc. up to their l = 0 parts which we take to vanish. Under the

gauge transformation given by Eqs. (6.2.11) and (6.2.15) we have

Ψe
− → Ψe

− + ε−, Ψe
+ → Ψe

+ + ε+, (6.2.37a)

Ψm
− → Ψm

− , Ψm
+ → Ψm

+ , (6.2.37b)

assuming that ε− and ε+ have no l = 0 pieces.

Finally, following Strominger [135], we specialize our definition of the field configuration space by

imposing the condition6

Ψe
+
−

= P∗Ψe
−
+
, (6.2.39)

which can be achieved by using the odd gauge transformation (6.2.35b), from Eqs. (6.2.37a) and

(6.2.36). The condition (6.2.39) then eliminates the odd gauge transformation freedom, and con-

sequently the quantity (6.2.32) vanishes as desired, removing the obstruction to the scattering

symplectomorphism property (6.2.33) discussed in the last section. Although not included in this

thesis, in an appendix of [8], this result is generalized and it is shown that the symplectic forms on

6 Note that the corresponding relation for the magnetic potentials Ψm,

Ψm
+
−

= P∗Ψm
−
+

, (6.2.38)

is a consequence of the matching condition (6.2.23b) together with Eqs. (6.2.7d) and (6.2.36).
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I − and I + coincide in general, and not just for field variations of the form (6.2.29). It is also

shown there that the condition (6.2.39) follows from imposing a Lorenz-like gauge condition on the

fields to leading order in an expansion around spatial infinity.

The condition (6.2.39) is called a “matching condition” in Refs. [127,135]. However its status is

very different from that of the matching conditions (6.2.23), being a specialization of the definition

of the configuration space rather than a property of generic physical solutions. Note also that

it is not accurate to call it a gauge specialization, even though it is enforced by making use of

the transformations (6.2.35b), since true gauge transformations are defined in terms of degeneracy

directions of the presymplectic form, and the specialization (6.2.39) is needed before a unique

presymplectic form can be defined.

The condition (6.2.39) together with the gauge fixing (6.2.34) determines a unique gauge for

initial data on I − and final data on I + which we will call the preferred asymptotic gauge. From Eq.

(6.2.24), the space Γ− of initial data in this gauge consists of the pairs (A−A, χ−) on I −. Similarly

the space Γ+ of final data consists of the pairs (A+A, χ+) on I +.

We do not fix the even transformation freedom (6.2.35a), as it corresponds to a non-degenerate

direction of the presymplectic form, so it is a physical symmetry transformation rather than a gauge

freedom. The corresponding charges are the new conserved charges of [23]. Specifically, the variation

in the charge is given by [cf. Eq. (8) of Ref. [53]] δQε = Ω(Aa,Φ; δAa, δΦ, δεAa, δεΦ), and using Eqs.

(6.2.31) and (6.2.35a) and integrating in phase space gives [23]

Qε = 1
e2

∫
d2ΩF+

−ruε+
− = 1

e2

∫
d2ΩF−

+rvε−
+. (6.2.40)

There are also magnetic conserved charges analogous to the electric charges (6.2.40) [136], which

we review in Appendix A.16. For simplicity however, we restrict attention to the sector of the

theory where all the magnetic charges (A.16.4) vanish, which by Eqs. (6.2.7d), (6.2.36), (A.16.5) and

(A.16.6) is equivalent to the requirement that

Ψm
+
−

= Ψm
−
+

= 0. (6.2.41)
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To summarize, the field configuration space of the theory is given by the set of fields that obey the

asymptotic conditions (6.2.6) and (6.2.14), the matching condition (6.2.39), the vanishing magnetic

charges condition (6.2.41), and for which the initial data on I − obeys the conditions (6.2.16) –

(6.2.18) and the final data satisfies analogous conditions on I +. The phase space Γ of the theory

is the on-shell subspace of the field configuration space, modded out by degeneracy directions of

the presymplectic form [112], which correspond to gauge transformations that act trivially on the

boundaries I − and I +. This phase space is in one-to-one correspondence with the space Γ−

of initial data (A−A, χ−) on I − in the preferred asymptotic gauge. It is similarly in one-to-one

correspondence with the space Γ+ of final data (A+A, χ+) on I + in the preferred asymptotic gauge.

In the remainder of the chapter we will be concerned with properties of the scattering map

S : Γ− → Γ+ (6.2.42)

which is a symplectomorphism. While our phase space, Γ, is well defined, it will be useful to consider

a larger phase space, Γextended where the matching condition Eq. (6.2.39) is not satisfied. As we

show in Appendix A.14, Lorenz gauge solutions lie in this extended phase space. We will refer to

the evolution map from Γ−extended and Γ+extended as a “scattering map” in the sense that it maps a

phase space on I − to a phase space on I +. However, as shown in Eq. (6.2.32), when the matching

condition Eq. (6.2.39) is not satisfied, the symplectic forms on I − and I + do not coincide and so,

strictly speaking, the scattering map is only a map between Γ− and Γ+, as depicted in Eq. (6.2.42).

5 Soft and hard variables and Poisson brackets

The presymplectic form (6.2.26) when evaluated on the space Γ− of initial data (A−A, χ−) is now

non-degenerate, so from now on we will call it the symplectic form. It can be written as

ΩI −(Aa,Φ; δ1Aa, δ1Φ, δ2Aa, δ2Φ) =
∫
dv

∫
d2Ω

[ 1
e2h

AB∂vδ1A−Aδ2A−B − (1↔ 2)
]

+
∫
dv

∫
d2Ω [∂vδ1χ

∗
−δ2χ− + ∂vδ1χ−δ2χ

∗
− − (1↔ 2)] . (6.2.43)
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In terms of the potentials Ψe and Ψm defined in Eq. (6.2.36) the symplectic form is

ΩI − = − 1
e2

∫
dv

∫
d2Ω

[
∂vΨe

1 −D
2Ψe

2 − + ∂vΨm
1 −D

2Ψm
2 − − (1↔ 2)

]
+
∫
dv

∫
d2Ω [∂vδ1χ

∗
−δ2χ− + ∂vδ1χ−δ2χ

∗
− − (1↔ 2)] . (6.2.44)

Here for simplicity we have written Ψe
1 instead of δ1Ψe etc.

We next make a change of coordinates on Γ−, from the set
[
Ψe

−(v, θA),Ψm
− (v, θA), χ−(v, θA)

]
to a

new set [
Ψ̃e

−(v, θA),∆Ψe
−(θA),Ψe

−(θA),Ψm
− (v, θA), χ−(v, θA)

]
(6.2.45)

defined as follows. We pick a smooth function g(v) which increases monotonically from g(−∞) = −1/2

to g(∞) = 1/2. We define

∆Ψe
− = Ψe

−
+
−Ψe

−
−
, (6.2.46a)

Ψe
− = 1

2
(
Ψe

−
+

+ Ψe
−
−

)
, (6.2.46b)

Ψ̃e
−(v, θA) = Ψe

−(v, θA)−Ψe
−(θA)− g(v)∆Ψe

−(θA). (6.2.46c)

Note that it follows from these definitions that

Ψ̃e
−
+

= Ψ̃e
−
−

= 0. (6.2.47)

We similarly define the phase space variables

[
Ψ̃e

+(u, θA),∆Ψe
+(θA),Ψe

+(θA),Ψm
+ (u, θA), χ+(v, θA)

]
(6.2.48)

at future null infinity I +, using the same function g. Following the terminology of Ref. [23] we will

call the quantities χ−, Ψ̃e
−, and Ψm

− which depend on v “hard” variables, and the quantities Ψe
−, ∆Ψe

−

which do not depend on v “soft” variables. As discussed at the start of this chapter, these are related

to the coefficients of the singular pieces in the fourier transform of AA.

It may seem strange that we have to introduce an arbitrary function g(v) in order to to separate
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out the soft variables from the hard variables. However, it is necessary to make such a choice in

order to get a complete separation. Of course, the choice of g(v) is arbitrary and no observable

quantities will depend on this choice. Any two phase space coordinate systems corresponding to

two different choices of g(v) are related by a symplectomorphism [see Eqs. (6.2.51) below, which are

independent of g].

We note that a transformation of phase space variables similar to our transformation (6.2.46) was

used in Refs. [23,127], except that those authors did not include the third term on the right hand

side of Eq. (6.2.46c). As a consequence, their variables are not independent, obeying the constraint

(in our notation) of ∆Ψe
− = Ψ̃e

−(u =∞)− Ψ̃e
−(u = −∞). This lack of independence of phase space

coordinates is the key reason why the results on the coupling of hard and soft degrees of freedom

in [127] differ from the ones presented here. Rewriting the symplectic form (6.2.44) in terms of the

new variables (6.2.45) gives

ΩI − = − 1
e2

∫
dv

∫
d2Ω

[
∂vΨ̃e

1 −D
2Ψ̃e

2 − + ∂vΨm
1 −D

2Ψm
2 − − (1↔ 2)

]
− 1
e2

∫
d2Ω

{
D2∆Ψe

1 −

[
Ψe

2 − + 2
∫
dvg′Ψ̃e

2−

]
− (1↔ 2)

}
+
∫
dv

∫
d2Ω [∂vδ1χ

∗
−δ2χ− + ∂vδ1χ−δ2χ

∗
− − (1↔ 2)] . (6.2.49)

We see that the soft and hard phase space variables (6.2.45) are not symplectically orthogonal,

that is, there are nonvanishing Poisson brackets between the hard and soft variables. This can be

remedied by defining the new soft variable

Ψ̂e
−(θA) = Ψe

−(θA) + 2
∫
dvg′(v)Ψ̃e

−(v, θA). (6.2.50)

Then the soft variables ∆Ψe
−(θA), Ψ̂e

−(θA) and the hard variables Ψ̃e
−(v, θA),Ψm

− (v, θA), χ−(v, θA) are

symplectically orthogonal, from Eq. (6.2.49). The corresponding nonzero Poisson brackets can be
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obtained from Eqs. (6.2.49) and (6.2.50) and are 7

{
Ψ̃e

−(v, θ) , D2Ψ̃e
−(v′, θ′)

}
= e2

2

[
Θ(v − v′)− 1

2

] [
δ(2)(θ, θ′)− 1

4π

]
, (6.2.51a){

Ψm
− (v, θ) , D2Ψm

− (v′, θ′)
}

= e2

2

[
Θ(v − v′)− 1

2

] [
δ(2)(θ, θ′)− 1

4π

]
, (6.2.51b){

Ψ̂e
−(θ) , D2∆Ψe

−(θ′)
}

= −e2
[
δ(2)(θ, θ′)− 1

4π

]
, (6.2.51c)

{
χ−(v, θ) , χ∗

−(v′, θ′)
}

= −1
2

[
Θ(v − v′)− 1

2

]
δ(2)(θ, θ′). (6.2.51d)

Here Θ(x) = 1 for x > 0 and Θ(x) = 0 for x < 0, and δ(2) is the covariant delta function on the

unit sphere. The formulae (6.2.51a) – (6.2.51c) contain factors of D2 inside the Poisson brackets,

but they determine the corresponding formulae without factors of D2 since all of the functions of θ

(except χ−) have no l = 0 components.

Note that it follows from Eqs. (6.2.46) and (6.2.51) that the field Ψe
−(v, θ) satisfies the same

Poisson bracket relation (6.2.51a) as the field Ψ̃e
−(v, θ). However, one cannot replace Eqs. (6.2.51a)

and (6.2.51c) with the single equation (6.2.51a) with Ψ̃e
−(v, θ) replaced by Ψe

−(v, θ), because limits

u→ ±∞ of the Poisson brackets do not coincide with Poisson brackets of limits [23]. We remark

that the soft degrees of freedom (Ψ̂e
−,∆Ψe

−) can alternatively be described in the language of edge

modes [138–141], as was conjectured in Ref. [23]. This equivalence is outlined in an appendix of [8].

Turn now to the situation at future null infinity I +. An analogous analysis yields versions of

the formulae (6.2.49) – (6.2.51) with v replaced by u everywhere, and with the subscripts + replaced

by subscripts −.

Finally, we note that the main differences between the construction of the phase space given here

and previous treatments [19,23,132] are as follows:

• Ashtekar [19,132] constructs the phase space by imposing Ψe
+
−

= Ψe
−
+

= 0 instead of the matching

condition (6.2.39) suggested by Strominger. This eliminates one of the physical degrees of

freedom and also the symmetry that underlies the conservation laws (6.2.40). Including the

7 These Poisson brackets agree with those of Ref. [23] but not those of Ref. [19]. We believe that the right hand side of
Eq. (C.5) of Ref. [19] should be proportional to the derivative of a delta function if instead of a step function.
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extra degree of freedom will modify the character of the quantum theory constructed in [19].

Note also that as pointed out in [135] (and as can be deduced from Eq. 6.2.51c), the existence

of two conjugate soft degrees of freedom is necessary for the action of the charge to generate

the symmetry on phase space (see, e.g, Eq. 4.10 of [135]).

• In fixing the gauge we restrict to degeneracy directions of the presymplectic form, and

demonstrate that the gauge conditions (6.2.34) used are degeneracy directions8.

• In separating out hard and soft variables, we use a coordinate system on phase space in which

all the variables are independent, unlike the set of variables in Refs. [23, 127]. This change

does not affect the computation of Poisson brackets, but will be important in the decoupling

discussion below.

6.3 Foundations for computation of classical scattering map

Having completed our analysis of the symmetries, charges and asymptotics of the theory, and the

definition of the phase space, we now turn to an exploration of the dynamics of the theory in the

deep infrared. Our goal is to determine the extent to which the conserved charges (6.2.40) constrain

in a nontrivial way the dynamics of the theory. To do this, we compute the scattering map (6.2.42)

in perturbation theory. This section will derive the general formalism and compute the linear order

scattering, and the following sections will address higher order scattering.

1 Asymptotic field expansions in a more general class of gauges

It will be convenient to use Lorenz gauge for our explicit computations, since the equations of motion

reduce to simple wave equations in this gauge. However, the form (6.2.6) of the asymptotic expansions

that we have assumed are insufficiently general for this purpose, as Lorenz gauges generically requires

logarithmic terms when sources are present [142,143]. Indeed, starting from the expansions (6.2.6)

8 An exception is the gauge condition (6.2.39) that we have adopted which is not a degeneracy direction of the
presymplectic forms (6.2.28). However ΩI + and ΩI − do not coincide until after this condition is imposed, so one
can argue that (6.2.28) is not the correct presymplectic form until after the condition is imposed.
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we obtain

∇aA
a = −2

r
A+u + 1

r2

[
−∂uA+r − Â+u +DAA+A

]
+O

( 1
r3

)
= −2

r
A+u + 1

r2

[
e2
∫ ∞

u
du′J+u(u′) +DAA+

+A −
∫ ∞

u
du′D2A+u

]
+O

( 1
r3

)
, (6.3.1)

where we have used the asymptotic Maxwell’s equations (6.2.10) and the boundary conditions

(6.2.22) to rewrite the coefficient of the 1/r2 term. Thus our assumed expansions are incompatible

with Lorenz gauges, since when the first term in Eq. (6.3.1) vanishes the second term is generically

nonzero and cannot be made to vanish using the gauge transformations (6.2.12).

We therefore generalize the form of the expansion (6.2.6) to encompass Lorenz gauges, following

Refs. [142,143]. In the limit to I +, we assume

AA = A+A −
ln r
r
DAÃ+r + 1

r
Â+A −

ln r
2r2DA

˜̃A+r + 1
r2

ˆ̂A+A +O

( ln r
r3

)
, (6.3.2a)

Au = A+u −
ln r
r
∂uÃ+r + 1

r
Â+u −

ln r
2r2 ∂u

˜̃A+r + 1
r2

ˆ̂A+u +O

( ln r
r3

)
, (6.3.2b)

Ar = Q

r
+ ln r

r2 Ã+r + 1
r2A+r + ln r

r3
˜̃A+r + 1

r3 Â+r +O

( ln r
r4

)
, (6.3.2c)

Φ = eiQ ln r
[1
r
χ+ − i

ln r
r2 Ã+r χ+ + 1

r2 χ̂+ +O

( 1
r3

)]
. (6.3.2d)

Here the notational conventions are as follows. Caligraphic font quantities are coefficients in the

double expansion in 1/r and ln r/r, functions of u and θA. The quantities A+A, A+u and A+r without

any tildes or carets are the leading order fields discussed in Sec. 6.2.1 above. Quantities with one or

more carets like Â+r are coefficients of subleading terms in the 1/r expansion, while quantities with

one or more tildes like Ã+r are coefficients of log terms, new in this section. Finally Eqs. (6.3.2c) and

(6.3.2d) depend on a quantity Q which is a constant (the total ingoing or outgoing charge multiplied

by 4π).

The specific relations between the coefficients of the log terms in Eqs. (6.3.2) are chosen to ensure

that the expansions (6.2.5) of the Maxwell tensor and (6.2.8) of the current are still valid in this
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context. The formulae (6.2.7) for the expansion coefficients are replaced by

F+ur = ∂uA+r + ∂uÃ+r + Â+u, F̂+ur = ∂uÂ+r + 2 ˆ̂A+u + 1
2∂u

˜̃A+r, (6.3.3a)

F+uA = ∂uA+A −DAA+u, F̂+uA = ∂uÂ+A −DAÂ+u,
ˆ̂F+uA = ∂u

ˆ̂A+A −DA
ˆ̂A+u,(6.3.3b)

F+rA = −DAA+r − Â+A −DAÃ+r, F̂+rA = −DAÂ+r − 2 ˆ̂A+A −
1
2DA

˜̃A+r, (6.3.3c)

F+AB = DAA+B −DBA+A, F̂+AB = DAÂ+B −DBÂ+A. (6.3.3d)

The gauge transformation expansion (6.2.11) is replaced by the more general version

ε = δQ ln r + ε+ + ln r
r
ε̃+ + 1

r
ε̂+ + ln r

r2
˜̃ε+ + 1

r2
ˆ̂ε+ +O

( 1
r3

)
, (6.3.4)

under which we have

Q → Q+ δQ, (6.3.5a)

A+u → A+u + ∂uε+, Â+u → Â+u + ∂uε̂+,
ˆ̂A+u → ˆ̂A+u + ∂u

ˆ̂ε+, (6.3.5b)

A+A → A+A +DAε+, Â+A → Â+A +DAε̂+,
ˆ̂A+A → ˆ̂A+A +DA

ˆ̂ε+, (6.3.5c)

A+r → A+r + ε̃+ − ε̂+, Â+r → Â+r + ˜̃ε+ − 2ˆ̂ε+, (6.3.5d)

Ã+r → Ã+r − ε̃+,
˜̃A+r → ˜̃A+r − 2˜̃ε+, (6.3.5e)

χ+ → eiε+χ+, χ̂+ → eiε+(χ̂+ + iε̂+χ+). (6.3.5f)

The Lorenz gauge condition can be written using the expansion (6.3.2) as

0 = ∇aA
a = 1

r
[−2A+u] + 1

r2

[
Q−A+r,u − Â+u +DAA+A + Ã+r,u

]
+ln r
r3

[
− ˜̃A+r,u −D2Ã+r

]
+ 1
r3

[
Ã+r − Â+r,u − Â+u +DAÂ+A + 1

2
˜̃A+r,u

]
+O

( ln r
r4

)
, (6.3.6)

where D2 = hABDADB. Setting the coefficients of this expansion to zero gives four conditions for

Lorenz gauge, and starting from a general gauge of the form (6.3.2) one can check that it is possible
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to use the transformation freedom (6.3.5) to satisfy these conditions.

2 Transformation to preferred asymptotic gauge

We now discuss the transformation from Lorenz gauge to the preferred asymptotic gauge discussed

in Sec. 6.2 above, which is defined by the expansion (6.2.6) and the conditions (6.2.34) and (6.2.39).

We start from an expansion of the form (6.3.2), specialized to Lorenz gauge (which implies A+u = 0):

AA = A+A −
ln r
r
DAÃ+r + 1

r
Â+A −

ln r
2r2DA

˜̃A+r + 1
r2

ˆ̂A+A +O

( ln r
r3

)
, (6.3.7a)

Au = ln r
r
∂uÃ+r + 1

r
Â+u −

ln r
2r2 ∂u

˜̃A+r + 1
r2

ˆ̂A+u +O

( ln r
r3

)
, (6.3.7b)

Ar = Q

r
+ ln r

r2 Ã+r + 1
r2A+r + ln r

r3
˜̃A+r + 1

r3 Â+r +O

( ln r
r4

)
, (6.3.7c)

Φ = eiQ ln r
[1
r
χ

+
− i ln r

r2 Ã+rχ+
+ 1
r2 χ̂+

+O

( ln r
r3

)]
. (6.3.7d)

Here and throughout underlined quantities refer to quantities in Lorenz gauge. We now make a

gauge transformation of the form (6.3.4) with the expansion coefficients chosen to be

δQ = −Q, ε+ = 0, ε̃+ = Ã+r, ε̂+ = A+r + Ã+r, ˜̃ε+ = 1
2

˜̃A+r, (6.3.8)

which enforces the required conditions (6.2.6) and the first two equations of (6.2.34) by Eqs. (6.3.5).

We make a similar gauge transformation near I − to enforce (6.2.14) and the last two equations of

(6.2.34).

We have not yet enforced the condition (6.2.39) of the preferred asymptotic gauge. To do so we

use an odd transformation of the form (6.2.35b). The gauge transformation function is determined

by the condition (6.2.39) of preferred asymptotic gauge, together with the condition (A.14.22)

of asymptotic Lorenz gauge, which is valid for interacting solutions as well as free solutions as

discussed in Appendix A.15. The resulting transformation between Lorenz gauge fields and preferred
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asymptotic gauge fields is

Ψe
+ = Ψe

+ + ε+, Ψe
− = Ψe

− − P∗ε+, (6.3.9a)

Ψm
+ = Ψm

+ , Ψm
− = Ψm

− , (6.3.9b)

χ+ = eiε+χ
+
, χ− = e−iP∗ε+χ

−
. (6.3.9c)

with

ε+ = 1
2
(
P∗Ψe

−
+
−Ψe

+
−

)
. (6.3.10)

The inverse transformation is given by the same formulae (6.3.9) but with ε+ now expressed in terms

of the preferred asymptotic gauge fields:

ε+ = 1
2
(
Ψe

+
+
− P∗Ψe

−
−

)
. (6.3.11)

3 Perturbative framework

The scattering map (6.2.42) can be written schematically as

χ+(u, θA) = χ+[u, θA;χ−,A−A], (6.3.12a)

A+A(u, θA) = χ+[u, θA;χ−,A−A], (6.3.12b)

where the functional dependence on the initial data is indicated by the square brackets. We will

compute this map perturbatively by considering general Lorenz gauge solutions, and by transforming

from Lorenz gauge to preferred asymptotic gauge using Eqs. (6.3.9).

We make the following ansatz for the scalar field and vector potential

Φ = αΦ(1) + α2Φ(2) + α3Φ(3) +O(α4), (6.3.13a)

Aa = αA(1) a + α2A(2) a + α3A(3) a +O(α4), (6.3.13b)
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where α is the perturbative expansion parameter.9 There is a corresponding expansion for the initial

data A−A, χ− on I − in the preferred asymptotic gauge given by Eqs. (6.2.14), (6.2.34) and (6.2.39):

χ− = αχ(1)
− + α2χ(2)

− + α3χ(3)
− +O(α4), (6.3.14a)

A−A = αA(1)
−A + α2A(2)

−A + α3A(3)
−A +O(α4). (6.3.14b)

We will take the second order initial data χ(2)
− and A(2)

−A and higher order initial data to vanish.

This is done for convenience and incurs no loss in generality, since terms linear, quadratic, cubic

etc. in the first order fields χ(1)
− and A(1)

−A give complete information about the scattering map. The

corresponding expansion of the final data at I + in preferred asymptotic gauge is

χ+ = αχ(1)
+ + α2χ(2)

+ + α3χ(3)
+ +O(α4), (6.3.15a)

A+A = αA(1)
+A + α2A(2)

+A + α3A(3)
+A +O(α4). (6.3.15b)

We will denote the Lorenz-gauge fields with underlines, and write them as Φ, Aa etc. The general

equations of motion (6.2.2) reduce in this gauge to

2Φ = 2iAa∇aΦ +AaAaΦ , (6.3.16a)

2Aa = −ie2(Φ∇aΦ∗ − Φ∗∇aΦ) + 2e2AaΦ∗Φ . (6.3.16b)

Now using the expansions (6.3.13) yields the leading order equations of motion

2Φ(1) = 0 , (6.3.17a)

2A(1) a = 0 , (6.3.17b)

9 This expansion is equivalent to expanding in powers of the charge e at fixed Φ and fixed Aa/e.
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the subleading order equations

2Φ(2) = 2iA(1) a∇aΦ(1) , (6.3.18a)

2A(2) a = −ie2Φ(1)∇aΦ(1)∗ + ie2Φ(1)∗∇aΦ(1), (6.3.18b)

and the subsubleading equations

2Φ(3) = 2iA(1) a∇aΦ(2) + 2iA(2) a∇aΦ(1) +A(1) aA(1)
a Φ(1) , (6.3.19a)

2A(3) a = −ie2Φ(1)∇aΦ(2)∗ + ie2Φ(1)∗∇aΦ(2) − ie2Φ(2)∇aΦ(1)∗ + ie2Φ(2)∗∇aΦ(1)

+2e2A(1) aΦ(1)∗Φ(1) . (6.3.19b)

4 First order solutions and scattering map

Appendix A.14 reviews the general solutions of the leading order Lorenz gauge equations of motion

(6.3.17) which have nontrivial soft charges. These solutions satisfy our assumed expansions (6.2.6)

and (6.2.14) near I + and I −, and our asymptotic gauge conditions (6.2.34). They do not satisfy

the matching condition (6.2.39), a reflection of the fact that the Lorenz and preferred asymptotic

gauges do not coincide in general.

From these solutions one can evaluate the free field scattering map S : Γ− → Γ+. One might

expect this map to be trivial for free solutions, and to reduce essentially to the identity map (up

to antipodal identification). However, the presence of soft degrees of freedom makes the situation

slightly more complicated, and in particular the identity map would not be consistent with the

matching condition (6.2.39) at spatial infinity. The scattering map when written in terms of the

potentials Ψe and Ψm, and denoting Lorenz gauge fields with underlines, is [cf. Eq. (A.14.24)]

Ψe
+(u, θA) = P∗

[
Ψe

−(u, θA)−Ψe
−
+
(θA) + Ψe

−
−
(θA)

]
, (6.3.20a)

Ψm
+ (u, θA) = −P∗Ψm

− (u, θA), (6.3.20b)

χ
+
(u, θA) = −P∗ χ

−
(u, θA). (6.3.20c)
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We can rewrite this scattering map in terms of the preferred asymptotic gauge fields using the

gauge transformation (6.3.9) applied to both the initial and final fields. The result for the scalar

field is

χ+ = − exp
[
2iP∗(Ψe

−
+
−Ψe

−
−
)
]
P∗χ−. (6.3.21)

However the phase factor here, while present in free field evolution, is a non-linear effect that should

be discarded in a perturbative expansion. We will show below that non-linear interactions have the

effect of removing this phase factor, cf. Eqs. (6.4.5). Discarding this phase factor the full free field

scattering map is, from Eqs. (6.3.9) and (6.3.20),

Ψe
+ = P∗

[
Ψe

− −Ψe
−
−

+ Ψe
−
+

]
, (6.3.22a)

Ψm
+ = −P∗ Ψm

− , (6.3.22b)

χ+ = −P∗χ−. (6.3.22c)

Note that some of the signs in Eq. (6.3.22a) differ from those in Eq. (6.3.20a). The scattering map

(6.3.22) manifestly satisfies the matching condition (6.2.39). It also preserves the symplectic form

(6.2.44), as it should, which provides a nontrivial consistency check of some of the coefficients of the

u-independent terms.

We can rewrite the free field scattering map (6.3.22) in terms of the soft variables (∆Ψe,Ψe) and

hard variables (Ψ̃e,Ψm, χ) defined in Sec. 6.2.5 above. The result is

P∗∆Ψe
+ = ∆Ψe

−, (6.3.23a)

P∗Ψe
+ = Ψe

− + ∆Ψe
−, (6.3.23b)

P∗χ+ = −χ−, (6.3.23c)

P∗Ψ̃e
+ = Ψ̃e

−, (6.3.23d)

P∗Ψm
+ = −Ψm

− . (6.3.23e)

Note that the hard and soft sectors are decoupled to this order, with the soft sector evolving via Eqs.

(6.3.23a) – (6.3.23b) and the hard sector via Eqs. (6.3.23c) – (6.3.23e).
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5 General parameterization of the scattering map

The scattering map S : Γ− → Γ+ must satisfy a number of constraints. In this section we derive the

most general form of the map that obeys all the constraints, as a foundation for later analysis. The

various constraints are:

• The scattering map must satisfy the conservation law (6.2.40) for the soft charges Qε. From

Eqs. (6.2.10a), (6.2.21a), (6.2.22a), (6.2.7b) (6.2.34), (6.2.36) and (6.2.46a) this conservation

law can be written as [23]

Q+(θ) + 1
e2D

2∆Ψe
+(θ) = P∗

[
Q−(θ) + 1

e2D
2∆Ψe

−(θ)
]
, (6.3.24)

where

Q− =
∫
dvJ−v, Q+ =

∫
duJ+u (6.3.25)

are the total ingoing and outgoing charges per unit angle. Since we have one such conservation

law for every angle, there are actually an infinite number of them. Note that since we have

specialized to the sector where the magnetic charges (A.16.4) vanish, we have no corresponding

constraint from the magnetic charges.

• It must be compatible with the transformations of initial and final data associated with the

residual even transformations εe discussed in Sec. 6.2.4 above, which act on the physical phase

space since they are not degeneracy directions of the presymplectic form. Specifically, under

the transformation of initial data

χ− → eiεχ−, A−A → A−A +DAε, (6.3.26)

where ε = ε(θ), the final data must transform as

χ+ → eiP∗εχ+, A+A → A+A +DAP∗ε. (6.3.27)
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• It must obey the gauge specialization condition (6.2.39) that was imposed in order to correlate

the gauge freedom on I − and I + in such a way as to allow the scattering map to be a

symplectomorphism, as discussed in Sec. 6.2.4.

• It must transform appropriately under Poincaré symmetries. While this is an important

constraint we will not make it explicit in this section.

Taken together, these requirements strongly constrain the scattering map.

For the analysis in this section it will be convenient to use as the basic variables particular

combinations of the preferred asymptotic gauge fields, namely Ψm, χ, Ψe and [cf. Eqs. (6.2.46) above]

Ψ̆e ≡ Ψe −Ψe = Ψ̃e + g∆Ψe. (6.3.28)

The general scattering map (6.3.12) can be written in terms of these variables as

P∗Ψ̆e
+ = Ψ̆e

− +He
[
u, Ψ̆e

−,Ψ
e
−,Ψm

− , χ−

]
, (6.3.29a)

P∗Ψe
+ = Ψe

− + ∆Ψe
− + G

[
Ψ̆e

−,Ψ
e
−,Ψm

− , χ−

]
, (6.3.29b)

P∗Ψm
+ = −Ψm

− +Hm
[
u, Ψ̆e

−,Ψ
e
−,Ψm

− , χ−

]
, (6.3.29c)

P∗χ+ = −χ− +K
[
u, Ψ̆e

−,Ψ
e
−,Ψm

− , χ−

]
, (6.3.29d)

in terms of some functionals He, Hm, G and K, where the functional dependence on the initial data

is indicated by the square brackets. Here for convenience we have separated out the terms that arise

in the free evolution (6.3.23), so that the functionals parameterize the non-linear interactions. The

functionals do depend on the angles θA but we have suppressed this dependence for simplicity.

We start by imposing the transformation property (6.3.26) and (6.3.27). The functionals He,

Hm and G need to be invariant under the transformation, while K needs to transform by a phase.

Choosing ε = −Ψe
−, the invariance implies for example that

He
[
u, Ψ̆e

−,Ψ
e
−,Ψm

− , χ−

]
= He

[
u, Ψ̆e

−, 0,Ψm
− , e

−iΨe
−χ−

]
. (6.3.30)
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Hence by redefining the functionals the scattering map can be written in the general form

P∗Ψ̆e
+ = Ψ̆e

− +He
[
u, Ψ̆e

−,Ψm
− , e

−iΨe
−χ−

]
, (6.3.31a)

P∗Ψe
+ = Ψe

− + ∆Ψe
− + G

[
Ψ̆e

−,Ψm
− , e

−iΨe
−χ−

]
, (6.3.31b)

P∗Ψm
+ = −Ψm

− +Hm
[
u, Ψ̆e

−,Ψm
− , e

−iΨe
−χ−

]
, (6.3.31c)

P∗χ+ = −χ− + exp
[
iΨe

−

]
K
[
u, Ψ̆e

−,Ψm
− , e

−iΨe
−χ−

]
. (6.3.31d)

Next we impose the matching condition (6.2.39). From the definition (6.3.28) of Ψ̆e we have that

Ψ̆e
+(u =∞) = −Ψ̆e

+(u = −∞), and He must also have this property by Eq. (6.3.31a). Defining the

functional

He
∞ = lim

u→∞
He(u) = − lim

u→−∞
He(u), (6.3.32)

we find from Eqs. (6.2.39) and (6.3.31) that G = He
∞. Therefore the scattering map can be written

as

P∗Ψ̆e
+ = Ψ̆e

− +He
[
u, Ψ̆e

−,Ψm
− , e

−iΨe
−χ−

]
, (6.3.33a)

P∗Ψe
+ = Ψe

− + ∆Ψe
− +He

∞

[
Ψ̆e

−,Ψm
− , e

−iΨe
−χ−

]
, (6.3.33b)

P∗Ψm
+ = −Ψm

− +Hm
[
u, Ψ̆e

−,Ψm
− , e

−iΨe
−χ−

]
, (6.3.33c)

P∗χ+ = −χ− + exp
[
iΨe

−

]
K
[
u, Ψ̆e

−,Ψm
− , e

−iΨe
−χ−

]
. (6.3.33d)

Finally we impose the conservation laws (6.3.24). Taking the limits u→ ±∞ of Eq. (6.3.33a)

and using the definitions (6.2.46a), (6.3.28) and (6.3.32) yields

P∗∆Ψe
+ = ∆Ψe

− + 2He
∞

[
Ψ̆e

−,Ψm
− , e

−iΨe
−χ−

]
. (6.3.34)

It follows that He
∞ is essentially the change in the electromagnetic memory ∆Ψe [144, 145] between

I − and I +. Now combining this with the conservation law (6.3.24) gives

He
∞ = −1

2e
2D−2∆Q(θ), (6.3.35)
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where the total change in the charge per unit angle is ∆Q = P∗Q+(θ) − Q−(θ), which can be

computed from the functional K from Eqs. (6.2.9a), (6.3.24), (6.3.25) and (6.3.33d). This tells us

that the functionals are not all independent, as He
∞ can be computed from K.

To summarize, we have derived a general parameterization of the scattering map that is consistent

with all of the constraints listed above, given by Eq. (6.3.33), assuming that the various functionals

transform appropriately under Poincaré transformations.

We can rewrite the scattering map (6.3.33) in terms of asymptotic Lorenz gauge fields using

the gauge transformation (6.3.9). The arguments of the functionals in Eq. (6.3.33) are invariant

under the transformation, and so we can simply insert underlines on all of these arguments to

indicate asymptotic Lorenz gauge fields. The gauge transformation function (6.3.11) evaluates to

ε+ = P∗∆Ψe
− + P∗He

∞, and the final result is

P∗Ψ̆e
+ = Ψ̆e

− +He
[
u, Ψ̆e

−,Ψm
− , e

−iΨe
−χ

−

]
, (6.3.36a)

P∗Ψe
+ = Ψe

− −∆Ψe
− −He

∞

[
Ψ̆e

−,Ψm
− , e

−iΨe
−χ

−

]
, (6.3.36b)

P∗Ψm
+ = −Ψm

− +Hm
[
u, Ψ̆e

−,Ψm
− , e

−iΨe
−χ

−

]
, (6.3.36c)

P∗χ
+

= exp
{
−2iHe

∞

[
Ψ̆e

−,Ψm
− , e

−iΨe
−χ

−

]
− 2i∆Ψe

−

}{
−χ

−
+ exp

[
iΨe

−

]
K
[
u, Ψ̆e

−,Ψm
− , e

−iΨe
−χ

−

]}
.

This has the same form as the original scattering map (6.3.33) except for sign flips in two of the

terms in Eq. (6.3.36b) and the overall phase factor in the scalar field (6.3.36d).

6.4 Second order dynamics

1 Computation of scattering map to second order

We now turn to the computation of the scattering map at second order, which involves solving the

second order equations of motion (6.3.18). We specialize to the case of a scalar field that has support

only on l = 0, 1 spherical harmonics and a vector potential that has support only on l = 1 harmonics.

The details of the explicit computation for χ(2)
+ (u, θA) are relegated to Appendix A.17. The results
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χ

χ

γ

χ

γ

χ

Figure 6.1: We denote the scalar with χ and the photon with γ. The graph on the left depicts an
incoming scalar and a photon going into a scalar while the one the right shows two incoming scalars
going into a photon.

for the final data for the second order fields are

χ(2)
+ (u, θA) = −4iγiniP∗χ

(1)
−

(u) , (6.4.1a)

A(2)
+ A(u, θA) = 0 , (6.4.1b)

where γi was defined in Eq. (A.14.13). Note from Eq. (A.14.13) that γi parameterizes the change in

the incoming vector potential A(1)
− A between v = ∞ at i0 and v = −∞ at i−. It is hence the soft

part of the l = 1 piece of the conserved charge, Qε, of Eq. (6.2.40). The non-linear term in (6.4.1a)

therefore represents an interaction between the hard and soft degrees of freedom. Note that γi above

encodes the soft behavior of the vector potential and χ(2)
+ (u, θA) vanishes when γi = 0. This result is

consistent with the fact that in massless scalar QED, in Lorenz gauge, the three point diagram for

an incoming scalar and photon going into an outgoing scalar (shown in the first graph on the left

in Fig. 6.1) vanishes by energy-momentum conservation unless the photon has exactly zero energy.

The second graph in Fig. 6.1 also vanishes by energy-momentum conservation in the case when the

incoming scalar fields have strictly non-zero energy and momentum (which is true in our case since

the scalar field initial data has no soft behavior in our setup). This argument can be used to deduce

Eq. 6.4.1b. 10

It is also interesting to note that the aforementioned map in Lorenz gauge is not continuous, in

the following sense. Consider a sequence (n)A− A of incoming configurations, each of which has no

10 Here, we are appealing to the fact that tree level diagrams capture classical scattering processes. A detailed calculation
confirming this may be found in [8].
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soft part ((n)γi = 0), which converges pointwise to A− A:

lim
n→∞

(n)A− A(v, θA) = A− A(v, θA). (6.4.2)

For each element in the sequence, the result (6.4.1a) vanishes, and so the n → ∞ limit of the

scattered fields also has this property. However the result (6.4.1a) does not vanish for the scattering

of the n → ∞ pointwise limit (6.4.2) of the initial data. Thus, the scattering of soft degrees of

freedom cannot be obtained by simply taking a naive limit of hard scattering. Equivalently, the

scattering map is not determined by its restriction to initial data that consists of smooth wavepacket

states.

We note the solution for the scalar field to second order given by Eqs. (A.14.20a) and (6.4.1a)

can be rewritten so that the non-linear interaction appears as an overall multiplicative phase factor:

χ
+
(u, θA) = − exp

[
−2iP∗Ψe

−
+
(θA)

]
P∗χ

−
(u, θA) +O(α3) , (6.4.3)

where we have used Eqs. (6.2.36b), (A.14.13), (A.14.15) and (A.14.18b) [see also Eq. (A.14.10)].

This fact will be important below. The remaining piece of the scattering map to second order, given

by Eqs. (A.14.20b) and (6.4.1b), can be rewritten in terms of the potentials (6.2.36) as

Ψe
+(u, θA) = P∗

[
Ψe

−(u, θA)−Ψe
−
+
(θA)

]
+O(α3) , (6.4.4a)

Ψm
+ (u, θA) = −P∗ Ψm

− (u, θA) +O(α3) , (6.4.4b)

where we have used P∗εAB = −εAB.

We now transform from Lorenz gauge to the preferred asymptotic gauge which is defined by the

validity of the expansions (6.2.6) and (6.2.14) and the conditions (6.2.34) and (6.2.39). The details

of this gauge transformation were worked out in Sec. 6.3.1 above11, and are specified in Eqs. (6.3.9).

They are expressed in terms of the potentials Ψe and Ψm in Eqs. (6.3.9a) and (6.3.9b). Combining

this gauge transformation with the second order scattering map given in Eqs. (6.4.3) and (6.4.4)

11Note that since the Lorenz gauge solutions satisfy the matching condition (6.2.39) with a sign flip, this gauge
transformation is odd in the terminology of Sec. 6.2.4 above.
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gives the scattering map in our new gauge:

χ+(u, θA) = −P∗χ−(u, θA) +O(α3) , (6.4.5a)

Ψe
+(u, θA) = P∗

[
Ψe

−(u, θA)−Ψe
−
−
(θA)

]
+O(α3) , (6.4.5b)

Ψm
+ (u, θA) = −P∗ Ψm

− (u, θA) +O(α3) . (6.4.5c)

Note that in this computation, there is a cancellation between the phase factor in the scattering

map (6.4.3), that arises from the non-linearity in the equations of motion, and the phase factors in

the gauge transformations (6.3.9). This cancellation leads to the final, simple form (6.4.5).

The final form (6.4.5) of the scattering map is valid in a specific gauge which satisfies our

conditions (6.2.34) and (6.2.39). However, because it was computed starting from Lorenz gauge,

it obeys the additional restrictions A.14.6, A.14.9 (see also the discussion in Appendix A.15). We

would like to compute the form of the scattering map in a more general class of gauges in which the

the restrictions A.14.6, A.14.9 are not imposed. To achieve this, we perform a general even gauge

transformation [of the form (6.2.37a) with ε− = P∗ε+]. Writing the gauge transformation parameter

in terms of Ψe
−
+
, the scattering map in this more general class of gauges is

χ+ = −P∗χ− +O(α3) , (6.4.6a)

Ψe
+ = P∗

[
Ψe

− −Ψe
−
−

+ Ψe
−
+

]
+O(α3) , (6.4.6b)

Ψm
+ = −P∗

[
Ψm

− −Ψm
−
+

]
+O(α3) . (6.4.6c)

Note that this scattering map preserves the symplectic form (6.2.44) to O(α2).

2 Decoupled hard and soft sectors at second order

Finally, we rewrite the scattering map (6.4.6) in terms of the phase space coordinates introduced

in Sec. 6.2.5 above, which gives a separation into soft and hard degrees of freedom which are
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symplectically orthogonal. Combining Eqs. (6.2.46), (6.2.50), (6.2.41) and (6.4.6) we find

χ+(u, θA) = −P∗χ−(u, θA) +O(α3) , (6.4.7a)

Ψ̃e
+(u, θA) = P∗Ψ̃e

−(u, θA) +O(α3) , (6.4.7b)

Ψm
+ (u, θA) = −P∗Ψm

− (u, θA) +O(α3) , (6.4.7c)

∆Ψe
+(θA) = P∗∆Ψe

−(θA) +O(α3) , (6.4.7d)

Ψ̂e
+(θA) = P∗

[
Ψ̂e

−(θA) + ∆Ψe
−(θA)

]
+O(α3) . (6.4.7e)

The second order scattering map (6.4.7) factors into two scattering maps, one in the hard sector

given by Eqs. (6.4.7a) – (6.4.7c), and one in the soft sector given by Eqs. (6.4.7d) and (6.4.7e). This

factorization is exactly of the kind discussed12 in Ref. [127] (although there it was claimed to hold to

all orders). In the next section, we will show that this factorization property breaks down at higher

orders in perturbation theory.

6.5 Third and fourth order dynamics

In the previous section we showed that the classical scattering map factorizes into decoupled hard

and soft sectors at quadratic order. We now proceed to third and fourth orders in perturbation

theory. We will show in this section that no factorization into decoupled sectors in this approximation

is possible, in three steps. First, in Sec. 6.5.1, we will derive which cubic and quartic terms in the

scattering map are invariant under linear or perturbative field redefinitions of the hard and soft

sectors. We will call such terms invariant couplings, as they cannot be removed by field redefinitions.

Second, in Sec. 6.5.2, we will show that the total change in electromagnetic memory of a scattering

process is such an invariant coupling. Finally in Sec. 6.5.3 we will show by means of an explicit

calculation that the change in electromagnetic memory is nonvanishing in general at quartic order.

12The scattering map found in Ref. [127] reduces to the identity in the soft sector (up to a factor of the pullback P∗),
in disagreement with our Eqs. (6.4.7d) and (6.4.7e), because of their use of phase space coordinates that are not
independent, cf. the discussion in Sec. 6.2.5 above.
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1 Definition of invariant couplings

The general form (6.3.33) of the scattering map can be written schematically as

ya = La
by

b +Ma
bcdy

bycyd +Na
bcdey

bycydye +O(y5), (6.5.1)

where ya are abstract phase space coordinates and the map is parameterized in terms of some phase

space tensors La
b, M

a
bcd and Na

bcde. Here we are using a notation where the indices a, b, . . . run over

the various fields (
Ψ̃e,Ψm, χ,∆Ψe,Ψe

)
, (6.5.2)

and also encode the dependence of these fields on the coordinates v, θA, so that contractions over

these indices encompass integrals over these variables. The unbarred coordinates ya refer to the

initial data on I −, while the barred coordinates ya refer to the final data on I +. Finally the

schematic scattering map (6.5.1) encodes the fact that there are no quadratic terms when using

preferred asymptotic gauge, cf. Eq. (6.4.7) above, so the leading non-linearities arise at cubic order

or higher order.

The phase space coordinates can be decomposed into “hard” and “soft” components,

ya = (hA, sΓ), (6.5.3)

where the hard variables hA refer to the first three fields in (6.5.2), which depend on v and θA, while

the soft variables sΓ refer to the last two fields in (6.5.2), which depend only on θA. As discussed in

Sec. 6.4.2, the two sectors are uncoupled in the linear order scattering map (6.3.23), so the tensor

La
b is block diagonal with vanishing off-diagonal blocks:

LΓ
A = 0, LA

Γ = 0. (6.5.4)

The diagonal block LA
B in the hard sector is given by Eqs. (6.3.23c) – (6.3.23e) , while the diagonal

block LΓ
Σ in the soft sector is given by Eqs. (6.3.23a) and (6.3.23b).
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We will see later in this section that the hard and soft sectors are coupled via the higher order

terms in Eq. (6.5.1) which mix the two sectors together. Our goal here is to determine when these

couplings can be removed by perturbative field redefinitions of the variables that defined our hard

and soft sectors. We consider field redefinitions of the form

ya = za + Υa
bcdz

bzczd + Ξa
bcdez

bzczdze +O(z5), (6.5.5)

which defines new phase space coordinates za, together with an identical transformation for the

barred variables. Here we have assumed that the transformation is the identity to linear order, as

linear transformations are considered separately below.13

Using the transformation (6.5.5) and its inverse, we can write the scattering map (6.5.1) in terms

of the new phase space variables za. The result is

za = L̂a
bz

b + M̂a
bcdz

bzczd + N̂a
bcdez

bzczdze +O(z5), (6.5.6)

where the transformed tensors are

L̂a
b = La

b, (6.5.7a)

M̂a
bcd = Ma

bcd + La
eΥe

bcd −Υa
efgL

e
bL

f
cL

g
d, (6.5.7b)

N̂a
bcde = Na

bcde + La
f Ξf

bcde − Ξa
fghiL

f
bL

g
cL

h
dL

i
e. (6.5.7c)

We denote by V the linear space of tensors (Ma
bcd, N

a
bcde). Consider now linear maps ℓ : V → R,

elements of the dual space V∗. For example ℓ(M,N) could be a particular component of the tensor

N . We define Wmixed to be the subspace of V∗ that is spanned by components of M and N with

both hard and soft indices, excluding the purely soft components (MΣ
Γ∆Υ, N

Σ
Γ∆ΥΛ) and purely

hard components (MA
BCD, N

A
BCDE). We will call maps ℓ in Wmixed couplings, since they couple

the hard and soft sectors together in the dynamics, and we will compute one such coupling in the

13We have also excluded any quadratic terms in the transformation (6.5.5) since these would generically generate
quadratic terms in the scattering map. These terms can in general be important for our argument. However, they do
not effect any of our conclusions. Their effect is nonetheless addressed in [8].
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scattering map explicitly in Sec. 6.5.3 below. We define a linear map A : V → V that takes

A : (Υa
bcd,Ξa

bcde)→
(
La

eΥe
bcd −Υa

efgL
e
bL

f
cL

g
d , L

a
f Ξf

bcde − Ξa
fghiL

f
bL

g
cL

h
dL

i
e

)
. (6.5.8)

We define the subspace Winvariant of V∗ to be the set of maps ℓ for which ℓ ◦ A = 0, which is the

kernel of the transpose of A. The space Winvariant depends on the linear order scattering map La
b,

for example if La
b = δa

b then Winvariant is the entire space V∗. The key property of this space is that

nonzero couplings in Winvariant ∩Wmixed cannot be set to zero using the field redefinitions (6.5.5),

from Eqs. (6.5.7) and (6.5.8).

Turn now to linear field redefinitions of the form

ya = Ωa
bz

b. (6.5.9)

The transformed scattering map is again of the form (6.5.6) with the transformed tensors being

L̂a
b =

(
Ω−1

)a

c
Lc

dΩd
b, (6.5.10a)

M̂a
bcd =

(
Ω−1

)a

e
M e

fghΩf
bΩ

g
cΩh

d, (6.5.10b)

N̂a
bcde =

(
Ω−1

)a

f
Nf

ghijΩg
bΩ

h
cΩi

dΩj
e. (6.5.10c)

We restrict attention to transformations Ωa
b which preserve the decoupling (6.5.4) of the two sectors

at linear order:

L̂Γ
A = 0, L̂A

Γ = 0. (6.5.11)

Without loss of generality for analyzing decoupling we can assume that

ΩΓ
Σ = δΓ

Σ, ΩA
B = δA

B. (6.5.12)

The conditions (6.5.11) are then equivalent to, from Eqs. (6.5.4) and (6.5.10a),

ΩA
ΣL

Σ
Γ = LA

BΩB
Γ, ΩΓ

BL
B
A = LΓ

ΣΩΣ
A. (6.5.13)
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For each such map Ωa
b, we define the map AΩ : V → V by

AΩ : (Ma
bcd, N

a
bcde)→

(
Ma

bcd − Ω−1 a
e M e

fghΩf
bΩ

g
cΩh

d , N
a
bcde − Ω−1 a

f Nf
ghijΩg

bΩ
h
cΩi

dΩj
e

)
.

(6.5.14)

We define the subspace W ′
invariant of V∗ to be the set of maps ℓ for which ℓ ◦ AΩ = 0 for all Ωa

b

satisfying the conditions (6.5.12) and (6.5.13). Equivalently, W ′
invariant is the intersection of the

kernels of the transposes of the maps AΩ. From Eqs. (6.5.10) and (6.5.14) we see that nonzero

couplings ℓ in W ′
invariant ∩Wmixed cannot be set to zero using the field redefintions (6.5.9).

We will refer to the couplings in Winvariant ∩W ′
invariant ∩Wmixed as invariant couplings. These

couplings are not altered by either type of transformation, linear or non-linear. Which specific cubic

and quartic couplings are invariant depends on the details of the free field scattering map La
b.

2 Change in electromagnetic memory is an invariant coupling

In Sec. 6.3.5 above, we noted that the functional He
∞ in the general parameterization (6.3.33) of

the scattering map corresponds to the change in electromagnetic memory. We now show that this

quantity is an invariant coupling.

We consider in particular the memory produced when there is an incoming scalar field but no

vector potential, He
∞[0, 0, χ−]. We show in Sec. 6.5.3 below that this quantity is of order O(α4), so

it contributes to the tensor Na
bcde. Since the scalar field is assumed to have no soft part [cf. Eq.

(6.2.18) above] the corresponding component is

ℓ(M,N) = NΛ
ABCD (6.5.15)

where the Λ index corresponds to the field ∆Ψe, and the indices A, B, C and D correspond to the

field χ, from Eqs. (6.3.33b), (6.3.34) and (6.5.3).

We now consider the action of the map (6.5.8) on the coupling (6.5.15). From Eqs. (6.5.4), (6.5.8)
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and (6.5.15) we have that ℓ ◦ A = 0 if

LΛ
ΣΞΣ

ABCD = ΞΛ
EF GHL

E
AL

F
BL

G
CL

H
D, (6.5.16)

where the indices Λ, A, B, C and D have the values discussed after Eq. (6.5.15), and Ξa
bcde is the

transformation tensor defined in Eq. (6.5.5). By using the linear order scattering map (6.3.23), we

see that the effect of the mappings LE
A on the right hand side is to replace χ− with −P∗χ−. Similarly

the effect of the mapping LΛ
Σ on the left hand side is to act with the pullback P∗. Therefore the

condition (6.5.16) can be written as

P∗ F [χ−] = F [−P∗χ−], (6.5.17)

where we have defined the quartic functional F [χ−] to be ΞΛ
ABCDy

AyByCyD with the same values

of Λ and A,B,C,D. On the right hand side, we can pull the pullback operator P∗ through the

covariant functional F , assuming that the phase space coordinate transformation (6.5.5) does not

violate covariance on the two-sphere. Also the minus sign in the argument of the right hand side will

cancel out, since the term is a quartic function of this argument. Therefore the condition (6.5.17) is

satisfied, and so the coupling (6.5.15) is invariant under the perturbative redefinitions (6.5.5) and is

an element of Winvariant ∩Wmixed.

We now turn to invariance under the linear phase space transformations (6.5.9). These transfor-

mations are strongly constrained by the conditions (6.5.12) and (6.5.13) and by the explicit form

(6.3.23) of the free field scattering map. The most general linear map consistent with these conditions
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is14

∆Ψe → ∆Ψe, (6.5.18a)

Ψe → Ψe + σ[Ψ̃e], (6.5.18b)

χ → χ, (6.5.18c)

Ψ̃e → Ψ̃e + β[∆Ψe], (6.5.18d)

Ψm → Ψm, (6.5.18e)

where β and σ are linear functionals of their arguments. The electromagnetic memory produced by

an incoming scalar field with no incoming vector potential is invariant under these transformations.

This follows from the fact that it is the change in the quantity ∆Ψe, which is invariant by Eq.

(6.5.18a), and it is a functional only of χ, which is invariant by (6.5.18c).

3 Change in electromagnetic memory is nonzero

To show that the hard and soft variables in this theory are coupled at higher orders in the perturbative

expansion in α, in this section, we specialize our initial data further and take it to be given by

AA−
(v, θA) = 0 , (6.5.19a)

χ
−
(v, θA) = (1− i)

√
1 + i)

4
√
π

(1 + cos θ) exp[−iv −
(1− i

8
)
v2] . (6.5.19b)

The initial data for the scalar field, χ
−
(v, θA), is chosen so that the incoming charge

∫
dvJ−v =

−i
∫
dv(χ

−
∂vχ

∗
−
− χ∗

−
∂vχ

−
) is non-zero. Moreover, it is a mixture of l = 0 and l = 1 spherical

harmonics on S2 ⊂ I − and as such this initial data is a special case of the data considered in 6.4.

Note that our initial data is purely hard since the only non-zero field on I −, χ
−
(v, θA) has compact

support in v. One can also see from the equations of motion [Eqs. (6.3.16a), (6.3.16b)] that for this

14These transformations encompass transformations caused by changes in the choice of function g(v) in the definition
(6.2.46c), and also the change of variables (6.2.50) used to diagonalize the Poisson brackets.
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choice of initial data, χ
+
(u, θA) will be non-zero at orders O(α), O(α3) and higher while A+A(u, θA)

will be non-zero at O(α4) and higher (we have already argued in the previous section that the O(α2)

piece of A(2)
+A is zero).

Let us consider evaluating the difference

∫
duJ+u(u, θA)−

∫
dvJ−v(v, θA) . (6.5.20)

Since Φ(1) is the solution to □Φ(1) = 0, it follows that Eq. (A.14.20a) still holds. Using Eq. (6.2.9a)

and the fall-offs given in Eqs. (6.3.7b) and (6.3.7d), we obtain

∫
duJ+u(u, θA)−

∫
dvJ−v(v, θA) =

∫
duJ (4)

+u (u, θA) = i

∫
du [χ(3)∗

+
∂uχ

(1)
+

+ χ(1)∗
+

∂uχ
(3)
+
− c.c] ,

(6.5.21)

where we suppress the arguments of these fields everywhere to keep the notation simple. We also

omit putting underlines under J+u and J−v since these are gauge invariant quantities. Using the fact

that χ(1)
+

(u, θA)→ 0 as u→ ±∞ and that χ(3)
+

(u, θA) is finite as u→ ±∞, this can be rewritten as

∫
duJ (4)

+u (u, θA) = 2i
∫
du [χ(3)∗

+
∂uχ

(1)
+
− c.c] . (6.5.22)

Writing this in terms of the Fourier transforms of the fields as functions of ω 15, we get

∫
duJ (4)

+u (u, θA) = 1
π

∫ ∞

−∞
dω ω

[
χ̃(3)∗

+
χ̃(1)

+
+ χ̃(3)

+
χ̃(1)∗

+

]
. (6.5.23)

To evaluate this, we would need to calculate χ(3)
+

(u, θA) for which the relevant pieces of the equations

of motion are

□Φ(3) = 2iA(2)a∇aΦ(1) , (6.5.24a)

□Aa(2) = −ie2(Φ(1)∇aΦ(1)∗ − c.c) . (6.5.24b)

Let us first solve for Aa(2). Using a Fourier mode expansion for Φ(1)(x) (see Eq. (A.17.17) for

15We take these to be defined by χ(3)
+

(u, θA) = 1
2π

∫∞
−∞ dω e−iωuχ̃(3)

+
(ω, θA) and a similar equation for χ(1)

+
(u, θA).
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more details), Eq. (6.5.24b) is given by

□Aa(2) = −e2
∫
dΩp

∫
dΩk

∫ ∞

−∞
dk

∫ ∞

−∞
dp

p2k2

2
√
|p||k|

[
akp

aa∗
pe

−i(k−p)t+ix⃗·(k⃗−p⃗) + c.c
]
, (6.5.25)

where pa denotes the 4-vector which in components is pa := {p , p⃗}16. Using the retarded propagator

in Fourier space,

G̃(k) = −1
k⃗2 − (k + iϵ)2

, (6.5.26)

we see that the solution is given by

Aa(2)(x) = e2
∫
dΩp

∫
dΩk

∫ ∞

−∞
dk

∫ ∞

−∞
dp

p2k2

2
√
|p||k|

pa
[
aka

∗
pe

−i(k−p)t+ix⃗·(k⃗−p⃗)

(k⃗ − p⃗)2 − (k − p+ iϵ)2
+

a∗
k
ape

+i(k−p)t−ix⃗·(k⃗−p⃗)

(k⃗ − p⃗)2 − (k − p− iϵ)2

]
.

(6.5.27)

Note that here, we are using x to denote functional dependence on the 4 spacetime coordinates. We

can now use this to solve for Φ(3)(x) using Eq. (6.5.24a). A useful way of extracting the 1/r piece of

this solution near future null infinity can be derived using results given in [146] which we review in

Appendix A.17.2. Using the equation above and the formula derived in Eq. (A.17.27), the Fourier

transform in u of the 1/r piece of Φ(3)(x) on I +, labeled χ̃(3)
+

(ω, θA), is given by

−2iπ χ̃(3)
+

(ω, θA) =−
∫
d4y (Aa(2)∇aΦ(1))eiωy0−iωy⃗·x̂

=− e2
∫
d4y

∫
dΩp

∫
dΩk

∫
dΩq

∫ ∞

−∞
dk

∫ ∞

−∞
dp

∫ ∞

−∞
dq

p2k2q2

23/2
√
|p||k||q|

(iqapa)

[
aka

∗
paqe

−i(k−p+q−ω)y0+iy⃗·(k⃗−p⃗+q⃗−ωx̂)

(k⃗ − p⃗)2 − (k − p+ iϵ)2
+
a∗

k
apaqe

−i(p−k−ω+q)y0+iy⃗·(p⃗−k⃗+q⃗−ωx̂)

(k⃗ − p⃗)2 − (k − p− iϵ)2

]
,

(6.5.28)

where x̂ = (sin θ cosϕ, sin θ sinϕ, cos θ). We split up the integral
∫∞

−∞ dq →
∫ 0

−∞ dq+
∫∞

0 dq and then

16 In what follows, we will use this notation for qa and ka as well, that is, qa := {q , q⃗} and ka := {k , k⃗}.
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do the
∫
d4y and

∫
d3q integrals from which we obtain 17

i

8π3e2 χ̃
(3)
+

(ω, θA) =
∫
dΩp

∫
dΩk

∫ ∞

−∞
dk

∫ ∞

−∞
dp

[
p2k2

23/2
√
|p||k||q̃|

(iq̃apa)
aka

∗
paq̃ δ(k − p− ω + |⃗k − p⃗− ωx̂|)

(k⃗ − p⃗)2 − (k − p+ iϵ)2

+ p2k2

23/2
√
|p||k||q̃|

(−iq̃apa)
aka

∗
pa−q̃ δ(k − p− ω − |⃗k − p⃗− ωx̂|)

(k⃗ − p⃗)2 − (k − p+ iϵ)2

+ p2k2

23/2
√
|p||k||q̃|

(iq̃apa)
a∗

k
apaq̃ δ(−k + p− ω + |⃗k − p⃗+ ωx̂|)

(k⃗ − p⃗)2 − (k − p− iϵ)2

+ p2k2

23/2
√
|p||k||q̃|

(−iq̃apa)
a∗

k
apa−q̃ δ(−k + p− ω − |⃗k − p⃗+ ωx̂|)

(k⃗ − p⃗)2 − (k − p− iϵ)2

]
, (6.5.29)

where we use q̃a and q̃ to denote values of the four-momentum qa and its time component, q, due

to the delta-function integrations in each term. We then use this in Eq. (6.5.23). One can show

that the resulting expression is finite as ϵ→ 0 and so we take ϵ→ 0 at this stage. Then, doing the

integration over ω and denoting

fk =
√

2iπ k√
|k|
ak , (6.5.30)

(see Eq. (A.17.18) and the discussion below it) we obtain

∫
duJ (4)

+u (u, θA) ∼ e2
∫
dΩp

∫
dΩk

∫ ∞

−∞
dk

∫ ∞

−∞
dp

[
k3 p2 (k̂ · x̂− 1)(p̂ · k̂ − 1)
| − k + p+ k⃗ · x̂− p⃗ · x̂|3

· |k − p− ω1|
k − p− ω1

·(
fkf

∗
p f−q(1)

f∗
ω1 + f∗

k
fpfq(1)

f∗
−ω1

)
− c.c

]
, (6.5.31)

where ∼ is used to suppress constant factors that will be not be important for our calculation,

q(1) := k − p− ω1 , ω1 := kp(−p̂ · k̂ + 1)
−k + p+ k⃗ · x̂− p⃗ · x̂

, (6.5.32)

and p̂ and k̂ are unit vectors in the direction of p⃗ and k⃗. For our choice of initial data,

fk = (1 + k̂ · ẑ) exp[−(i+ 1)(k − 1)2] , (6.5.33)

17For the one-dimensional Dirac delta function, we use
∫

dteiωt = 2πδ(ω). For a 4-vector ka = {k, k⃗}, we have:∫
d4y e−iky0+ik⃗·y⃗ = (2π)4δ(k)δ(3)(k⃗).
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and similarly

fp = (1 + p̂ · ẑ) exp[−(i+ 1)(p− 1)2] ,

fq(1)
= (1 + k⃗ − p⃗− ω1x̂

k − p− ω1
· ẑ) exp[−(i+ 1)(q(1) − 1)2] ,

fω1 = (1 + x̂ · ẑ) exp[−(i+ 1)(ω1 − 1)2] . (6.5.34)

where ẑ is the unit vector pointing towards the north pole on S2. Using this, we evaluate Eq. (6.5.31)

numerically. We find that the result is non-zero which implies that 18

∫
duJ+u(u, θA)−

∫
dvJ−v(v, θA) =

∫
duJ (4)

+u (u, θA) ̸= 0 . (6.5.35)

Using the charge conservation law given in Eq. (6.3.24), this implies that

D2∆Ψ(e)
+ (θA)−D2∆Ψ(e)

− (θA) ̸= 0 . (6.5.36)

Since ∆Ψ(e)
− (θA) was zero for our initial data, this shows that purely hard initial data on I − can

evolve to final data on I + where the soft variable ∆Ψ(e)
+ (θ) is non-vanishing. This is a demonstration

of how the evolution of soft and hard degrees of freedom is coupled under scattering. Since this

is a non-zero change in the memory observable that results from an incoming scalar field with no

incoming vector potential, the results of the previous sections imply that this coupling cannot be

removed using the perturbative redefinition of fields discussed earlier, thereby showing that the

soft and hard degrees of freedom are coupled in an invariant manner. Given the similarity between

non-linear gauge theories and gravity, we expect such an effect to exist in general relativity as well

and for future experiments like LISA [147], where we expect to detect gravitational memory effects

(see, e.g, [148]), to confirm the existence of this coupling.

18Numerically evaluating the integral on the right hand side of Eq. (6.5.31) at x̂ = ẑ or θ = 0, we get that it equals
(−9.54± 0.29)e2.
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6.6 Future directions

We expect the coupling of soft and hard sectors to be a generic feature of scattering in any non-linear

theory, in particular general relativity. As a result, we expect the gravitational analogues of the

infinite number of conservation laws discussed in this chapter (which would be the conservation laws

for the BMS charges discussed in chapter 5) to yield an infinity of non-trivial constraints on the

scattering of hard degrees of freedom, a prime example of which would be Hawking radiation emitted

from an evaporating black hole. This is in line with the suggestions made in [38,149]. It would be

interesting to investigate this further and explicitly study the role played by the BMS charges in

constraining Hawking radiation in a black hole evaporation process. It would also be interesting to

attempt to write an explicit expression for an entangled pure state that describes the final state of

an evaporated black hole (the existence of which is suggested by our calculations in this chapter and

by the arguments of Strominger [150]) such that tracing over the soft degrees of freedom leads to

a thermal density matrix for Hawking radiation that is consistent with the results of [41]. If such

a state is shown to exist, this result would imply that black hole evaporation is, in its entirety, a

unitary process and that the apparent “loss of information” is a consequence of having traced over

the soft degrees of freedom in the final state. On an independent note, it would also be interesting

to study the quantization of the gauge theory studied in this chapter, while carefully accounting for

the soft degrees of freedom.



Chapter 7
Appendix
(Adapted with permission from [4–8])

The appendices collected in this chapter contain several results that supplement the discussion in

the main body of this thesis.

A.1 Non Bondi frames at null infinity

In chapter 2, we worked in a conformal frame where

Φ := 1
4∇an

a =̂ 0 , (A.1.1)

which, as a result of the Einstein equation (Eq. (2.2.1)), implies the conditions Eqs. (2.2.6) and (2.2.7).

This choice, however, was made purely for convenience and is not essential to any of the results

presented there. In this appendix, we state some of our main results in general conformal frames

where Φ ̸= 0 and therefore the Bondi condition does not hold. In this context, one is allowed more

general conformal transformations of the form

Ω 7→ ωΩ , where £nω ̸=̂ 0 . (A.1.2)

217
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Using the fact that Sab is smooth at I , Eq. (2.2.1) implies that in general

∇anb =̂ Φgab , lim
→I

Ω−1nan
a = 2Φ , (A.1.3)

which generalize Eqs. (2.2.6) and (2.2.7). In these conformal frames, the pullback of the unphysical

metric to I , qab, satisfies

£nqab =̂ 2Φqab . (A.1.4)

It is important to note that Φ is universal in the sense of Sec. 3.4.1, that is, it is independent of

the physical spacetime under consideration and can, without any loss of generality, be picked to be

the same for the conformal completion of any asymptotically-flat physical spacetime. Hence, δΦ =0

on phase space.

In these general conformal frames, evolution equations for components of the Weyl tensor on

I given in Eq. (5.2.16) also get generalized and may be found in Eq. 3.3 of [10]. Moreover, the

definition of the News tensor is generalized to

Nab := 2Qa
cQb

d(£n − Φ)σcd , (A.1.5)

where σab is (still) defined by Eq. (2.2.16) and has conformal weight 1. In addition, Eq. (2.2.36) is

generalized to

Nab =̂ STF [Sab − 2Φσab + 2 (Da + τa) τb] . (A.1.6)

Note that these expressions for the News tensor are defined in any conformal frame and are

conformally invariant under all conformal transformations, including those of the form Eq. (A.1.2),

whereas, for example, the expression due to Geroch, discussed in Eq. (2.2.39), is only defined in

frames where the Bondi condition holds.

In general conformal frames where Φ ̸= 0, a BMS symmetry is given by ξa =̂ βna +Xa where
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Xala =̂ 0. Here, β ,Xa satisfy the relations (which are derived using the same method as for

Eq. (2.4.21))

(£n−Φ)β =̂ 1
2(Da−2τa)Xa , £nX

a =̂ naXbτ
b , STF DaXb =̂ 0 , α(ξ) =̂ Φβ+ 1

2DaX
a . (A.1.7)

It is worth emphasizing that this is not a different symmetry algebra than the one considered

in the body of the paper. The observation that, for example, in these conformal frames a pure

supertranslation, ξa =̂ fna, is no longer constrained to satisfy £nf =̂ 0 and that f can have a

non-trivial functional dependence on the normal direction along I , should not be taken to mean that

symmetry algebra has become bigger. The point is simply that supertranslations are associated with

conformally-weighted functions which have different-looking functional forms in different conformal

frames.

With these considerations all of our computations can be carried out in a similar manner; one

only has to keep track of the chosen Φ through the calculations. For any BMS symmetry with

β and Xa subject to Eq. (A.1.7) and Nab given by Eq. (A.1.5), the expressions for the WZ flux

(Eq. (2.5.57)) and charge (Eq. (2.5.44)), remain unchanged in these conformal frames and are given

by

F [ξ; ∆I ] =̂ − 1
16π

∫
∆I

ε3N
ab[1

2βNab + (Da + τa)(Db − τb)β + £Xσab − 1
2(DcX

c)σab] , (A.1.8)

and

Q[ξ;S] =̂ − 1
8π

∫
S

ε2
[
β(P + 1

2σ
abNab) +XaJa +Xaσab(Dc − τc)σbc − 1

4σabσ
ab(Dc − 2τc)Xc

]
,

(A.1.9)

respectively. These expressions are invariant under all conformal transformations including those of

the form Eq. (A.1.2).
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A.2 Comparison to other BMS charge formulae

In this appendix we compare the Wald-Zoupas prescription for asymptotic charges, discussed in

chapter 2, to other prescriptions for the BMS charge/flux. In particular, we consider the Hamiltonian

formulation of Ashtekar and Streubel, the Noether/Komar charge formula (and their linkage versions),

and the charges defined by Penrose using twistors at null infinity.

1 Ashtekar-Streubel flux and charge

A formula for the flux corresponding to BMS symmetries was given by Ashtekar and Streubel in [151].

Rewriting the expression given in Eq. 4.14 of [151] in our conventions, we obtain

F (AS)[ξ; ∆I ] =̂ − 1
16π

∫
∆I

ε3N
ab (£ξDa −Da£ξ) lb , (A.2.1)

where Da is the derivative operator induced on I by the unphysical derivative operator ∇a as

defined on pp. 46 of [62]. The derivative operator Da satisfies

Dan
b =̂ 0 , Daqbc =̂ 0 , Davb←− =̂ (δa

c + nal
c)(δb

d + ndl
b)∇cvd , (A.2.2)

where va is any covector field in in the unphysical spacetime and va←−is its pullback to I .

To compare the flux given in Eq. (A.2.1) to the WZ flux, we need to compute the quantity

STF[(£ξDa −Da£ξ) lb] for a BMS symmetry ξa. First, note that (£ξDa −Da£ξ) lb can be expressed

in terms of the Riemann tensor associated with Da which can, in turn, be written in terms of Sab

using Eq. 3.5 of [151]. This gives

(£ξDa −Da£ξ) lb =̂ ξc
(
qb[cSa]

d + Sb[cδa]
d
)
ld − lcDaDbξ

c . (A.2.3)
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For a BMS symmetry ξa =̂ βna +Xa, we get

STF[(£ξDa −Da£ξ) lb] =̂ STF
[

1
2XbSa

clc + 1
2Sabβ +DaDbβ − lcDaDbX

c
]
. (A.2.4)

Next, we use the following relation

1
2Qb

cSacl
a =̂ Daσab − 1

2Dbϑ , (A.2.5)

where ϑ =̂ Qab∇alb is the expansion of la. Therefore, the first term in Eq. (A.2.4) gives

STF[1
2XbSa

clc] =̂ STF
[
XbD

cσac − 1
2XbDaϑ

]
. (A.2.6)

Using ??, the second term in Eq. (A.2.4) is

STF[1
2Sabβ] =̂ β STF[1

2Nab − (Daτb + τaτb)] . (A.2.7)

The third term in Eq. (A.2.4) can be expressed as

STFDaDbβ =̂ STF(DaDbβ −£nβ∇alb) = STF
[
DaDbβ − 1

2(Dc − 2τc)Xcσab

]
, (A.2.8)

where we have used £nβ =̂ 1
2(Da− 2τa)Xa (Eq. (2.4.21a)). For the fourth term in Eq. (A.2.4), using

laX
a =̂ 0 we have −lcDaDbX

c = Da(XcDblc)+DbX
cDalc. We substitute Dalb =̂ σab + 1

2Qabϑ− laτb

and take the STF of the resulting expression. Using STF DaXb =̂ 0 (Eq. (2.4.21c)), we get

STF[−lcDaDbX
c] =̂ STF[Da(Xcσbc) + 1

2XbDaϑ−Xcτcσab + σa
cDbXc] . (A.2.9)

Putting together Eqs. (A.2.6)–(A.2.9) we get

STF[(£ξDa −Da£ξ) lb] =̂ STF
[

1
2βNab + (Da + τa)(Db − τb)β

+XbD
cσac − 1

2DcX
cσab + Da(Xcσbc) + σa

cDbXc

]
.

(A.2.10)
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Finally, we simplify the second line above using Prop. A.3.1. As a result, we find

F (AS)[ξ; ∆I ] =̂ − 1
16π

∫
∆I

ε3 N
ab
[

1
2βNab + (Da + τa)(Db − τb)β + £Xσab − 1

2σabDcX
c
]
.

(A.2.11)

This is the same as the WZ flux formula given in Eq. (2.5.57). A charge expression whose flux is

given by the Ashtekar-Streubel formula, for the special case where τa = ϑ = 0, was also considered

in [152]. Our charge expression, when adapted to τa = ϑ = 0, differs from the one in [152] which we

believe to be a result of sign errors in some of the terms given in [152].

2 Komar formulae and linkage charges

The Komar formulae [153] are formulae (see Eq. C.12 of [4]) for the conserved charges associated

with the Killing vector fields of a spacetime. For these spacetimes, the Komar charges match the

WZ charges and they both reproduce, for example, the standard expressions for mass and angular

momentum in the Kerr spacetime. Note however that there is no first principles derivation for the

Komar formulae and some factors in them are essentially “put in by hand” while the WZ charges have

a rigorous derivation procedure, as we saw in chapter 2, and, unlike the Komar formulae, are not

restricted to the Killing symmetries of a spacetime. The linkage charges [72, 73,116] (see Eqs. C.16

and C.18 of [4]) are attempts to generalize the Komar formulae to all BMS symmetries. For BMS

translations, these coincide with the WZ charge; for BMS Lorentz symmetries on a cross-section, they

are equal to half the WZ charge while for general supertranslations, they differ from the WZ charge

completely. In fact, for supertranslations which are not translations, these charges are non-zero

even in Minkowski spacetime when the cross-section is not shear-free. It follows that the flux of

the linkage charges between generic, non shear-free cross-sections does not vanish in Minkowski

spacetime. In the interest of brevity, we skip all the calculations that prove the assertions made here

but they may be found in full detail in Appendix. C of [4]. Suffice it to say that from this discussion,

we see that the Komar formulae are restricted in their application while linkage charges violate item

(5) on our list of criteria for a physically reasonable notion of asymptotic charge that was given at

the start of chapter 2. The WZ charges are therefore more useful and better physically motivated
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and in this sense “more correct” than the Komar/linkage charges.

3 Twistor charge

Another expression for the charge associated with a BMS symmetry was given by Penrose [154]

motivated by twistor theory (see also [155–157]). Penrose’s formula only holds on a fixed cross

section of I where it is possible to ioslate a Poincaré subalgebra of the BMS algebra (recall the

discussion in Sec. 2.4). In this special case, this formula can be shown to match the WZ charge (the

reader is once again referred to [4] for the details). However, the fact that Penrose’s formula only

works in the aforementioned restricted context means that its utility compared to the WZ charge is

limited.

A.3 Symmetric and tracefree tensors in two dimensions

This appendix collects some useful identities for symmetric, tracefree tensors in two dimensions. In

the body of chapter 2 these are applied to tensors on a cross-section S of I . However, they hold for

any 2-dimensional orientable manifold S with a Riemannian metric Qab. Therefore, for simplicity,

we drop the hats on all equalities.

For a tensor field Aab, let STFAab be the symmetric tracefree part as defined in Eq. (2.2.13).

Then, we can decompose Aab into an antisymmetric part, a pure trace part, and a symmetric,

tracefree part:

Aab = A[ab] + 1
2A

c
cQab + STFAab. (A.3.1)

We then have the following proposition whose detailed proof may be found in Appendix. D of [4].

Proposition A.3.1. Let Aab and Bab be symmetric and tracefree tensors on S; then the following

identities hold:

STF (AacB
c
b) = 0 , (A.3.2)

D[aAb]c = Qc[aD
dAb]d , (A.3.3)
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where D is the covariant derivative compatible with Qab, and

STF
(
£XAab − 1

2AabDcX
c
)

= STF
[
XaD

cAbc + Da(XcAbc) +Aa
cD[bXc]

]
, (A.3.4)

for any vector field Xa on S.

Further, we also have the following.

Proposition A.3.2. Let Aab be a symmetric, trace-free tensor on S that satisfies DaA
ab = 0. Then

Aab vanishes.

Unlike the first proposition above, which holds for any two-dimensional manifold S, this is a

consequence of the fact that any cross-section S of I has the topology of S2. The proof is based

on the one given in Lemma 5 of [62] (for similar discussion, see Sec. A.4 of [152] or Appendix. C

of [101]) and may be found in Appendix. D of [4].

A.4 Coordinates, universal structure and asymptotic expansions near i0

In this appendix, to supplement the discussion in chapter 3, we construct a suitable asymptotic

coordinate system near spatial infinity. Using these coordinates, we explicitly demonstrate the

universal structure near i0 described in Sec. 3.4.1. We also describe the asymptotic expansion of the

unphysical and physical metrics in these coordinates, thus making contact with the expansions used

in previous works [90–92].

Consider the unphysical spacetime (M, gab) obtained from some physical spacetime satisfying

Def. 3.2.1. The unphysical metric gab at i0 induces a metric which is isometric to the Minkowski

metric in the tangent space Ti0. Thus we can introduce asymptotically Cartesian coordinates

(t, x, y, z) so that i0 is at the origin of this coordinate system and

gab ≡ −dt2 + dx2 + dy2 + dz2 . (A.4.1)
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Note that xi = (t, x, y, z) define a C1 coordinate system at i0. To define a C>1 differential structure,

we allow any other coordinate chart x′i(x) such that

∂2x′i(x)
∂xj∂xk

and
∂2xi(x′)
∂x′j∂x′k

are C>−1 at i0 . (A.4.2)

A collection of all coordinate charts related by Eq. (A.4.2) defines a choice of C>1-structure on M

at i0; see [95] and Appendix A of [9] for details.

It is more convenient to use coordinates which are adapted to the space of unit spacelike directions

H . Thus, we define (ρ, τ) by

ρ2 := −t2 + x2 + y2 + z2 , tanh τ := t√
x2 + y2 + z2 . (A.4.3)

In these coordinates the metric in Ti0 takes the form

gab ≡ dρ2 + ρ2
(
−dτ2 + cosh2 τsABdθ

AdθB
)
, (A.4.4)

where sAB is the unit metric on S2 in some coordinates θA which can be the usual (θ, ϕ) coordinates.

Note that the coordinates (ρ, τ, θA) are not C>1 coordinates — the bases (dρ, ρdτ, ρdθA) are not

continuous but are direction-dependent at i0.

The unit spatial directions η⃗ then correspond to the unit vectors ∂ρ in Ti0 which are parameterized

by (τ, θA). The space of directions H is then the surface ρ = 1 in Ti0 with the induced metric

hab ≡ −dτ2 + cosh2 τsABdθ
AdθB . (A.4.5)

The reflection of the directions η⃗ 7→ −η⃗ then induces the reflection isometry

(τ, θA) 7→ (−τ,−θA) , (A.4.6)

on H , where θA 7→ −θA is the antipodal reflection on S2.

So far, we have only considered the structure at i0. Now, we extend the metric away from i0.
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Since the unphysical metric gab is C>0 and limits to gab at i0 (where ρ = 0), it can be verified that

gab admits an expansion in ρ of the form

gab ≡ [1 + σρ+ o(ρ)]2 dρ2 + 2 [ρAa + o (ρ)] dρ(ρdya)

+
[
h

(0)
ab + ρh

(1)
ab + o(ρ)

]
(ρdya)(ρdyb) ,

(A.4.7)

where ya = (τ, θA) are coordinates on the unit hyperboloid, and h(0)
ab ≡ hab is the unit hyperboloid

metric. The expansion coefficients σ, Aa and h(1)
ab can be thought of as tensor fields on H . The o(ρ)

denotes terms which falloff faster than ρ in the limit to i0, that is, lim
ρ→0

ρ−1o(ρ) = 0.

For the conformal factor, one can choose

Ω = ρ2 , (A.4.8)

which can be verified to satisfy all the conditions in Def. 3.2.1, that is, in the limit ρ→ 0, Ω = 0,

∇aΩ = 0 and ∇a∇bΩ = 2gab. Before considering the physical metric let us analyze the universal

structure at i0.

From the discussion above, it is clear that the metric gab and the space of directions H is universal,

that is, independent of which unphysical metric is chosen. What is the structure corresponding to

the equivalence classes of C>1 curves described in Sec. 3.4.1? Consider the C>1 curves Γv through

i0 with tangents va ≡ ∂ρ in these coordinates. Further, with the choice of conformal factor in

Eq. (A.4.8) we have

ηa = ∇aΩ1/2 ≡ (1− 2ρσ) ∂
∂ρ

+ ρh(0)abAb
∂

ρ∂ya
+ o(ρ) . (A.4.9)

From Eq. (3.4.27) we see that the curves Γv (with tangent va ≡ ∂ρ) will be equivalent to the curves Γη

(with tangent ηa) for all spacetimes if we can always choose Aa to vanish. This can be accomplished

using the freedom in the choice of the hyperboloid coordinates ya at “next order” in ρ. Consider the
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coordinate transformation1

ρ 7→ ρ , ya 7→ ya + ρh(0)abAb . (A.4.10)

By rewriting this in terms of the Cartesian coordinates xi = (t, x, y, z), it can be verified that the

transformation Eq. (A.4.10) is a C>1 coordinate transformation (Eq. (A.4.2)). It can be also be

verified that using this transformation the dρdya term in the metric, i.e. Aa, vanishes in the new

coordinates. Thus, the curves Γv and Γη can always be chosen to be equivalent. Further, this choice

can always be made in any choice of the physical spacetime. Thus, the equivalence classes of C>1

curves through i0 is also universal.

Having made this choice the unphysical metric takes the form

gab ≡ [1 + σρ+ o(ρ)]2 dρ2 + ρ o(ρ)dρdya + ρ2
[
h

(0)
ab + ρh

(1)
ab + o(ρ)

]
dyadyb . (A.4.11)

To get the form of the physical metric ĝab = Ω−2gab, we use Eq. (A.4.8) and define the Beig-Schmidt

coordinate ρ(BS) := 1/ρ to obtain

ĝab ≡
[
1 + σ

ρ(BS)
+ o(1/ρ(BS))

]2

dρ2
(BS) + ρ(BS)o(1/ρ(BS))dρ(BS)dy

a

+ ρ2
(BS)

[
h

(0)
ab + h

(1)
ab

ρ(BS)
+ o(1/ρ(BS))

]
dyadyb ,

(A.4.12)

This is the form of the physical metric assumed by Beig and Schmidt [90].

The asymptotic potentials Eq. (3.4.9) are related to the metric coefficients in the above expansion

by

E ≡ 4σ , Kab ≡ −2(h(1)
ab + 2σh(0)

ab ) . (A.4.13)

From these the asymptotic Weyl tensors can be computed using Eq. (3.4.11). Note that the

parity condition Eq. (3.4.33) imposed on E to eliminate the logarithmic translation ambiguity then

corresponds to requiring

σ(τ, θA) = σ(−τ,−θA) . (A.4.14)

1 This is essentially the unphysical spacetime version of the coordinate transformations consider in Lemma 2.2 of [90].
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From Eq. (A.4.13) it straightforward to see that our expression for supertranslation charges Eq. (3.7.4)

matches the expression obtained by Compère and Dehouck in Eq. 4.88 of [92].

For the “subleading” magnetic Weyl tensor βab (defined by Eq. (3.4.14) when Bab = 0) to exist,

we need additional regularity conditions on the metric expansion Eq. (A.4.7). Thus, to define βab

we assume the “next order” expansion

gab ≡ [1 + σρ+ o(ρ)]2 dρ2 + ρ o(ρ)dρdya

+ ρ2
[
h

(0)
ab + ρh

(1)
ab + ρ2h

(2)
ab + o(ρ2)

]
dyadyb ,

(A.4.15)

where h(2)
ab is a smooth tensor on H . Computing βab using this expansion and 3.4.14 as well as

Bab = 0, we obtain

βab = εcd(aDch
(2)d
b) − 1

8εcd(aDcEKd
b) − 1

16εcd(aDb)K
ceKd

e . (A.4.16)

When the conformal factor is chosen so that Kab = 0, the above expression simplifies considerably.

In this case, our Lorentz charge matches the one found by Compère, Dehouck and Virmani [91]. We

discuss the case when Bab ̸= 0 in Appendix A.8.

A.5 Some useful relations on H

In this appendix we collect some relations on the unit-hyperboloid H which are useful for the

analysis in chapter 3.

The Riemann tensor of H is given by

Rabcd = hachbd − hadhbc . (A.5.1)

Using this, it is easy to derive simple expressions for the action of derivatives on tensor fields on H

(see also Appendix A of [90]).
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1 Killing vector fields

Let Xa be a Killing vector field on H , so that D(aXb) = 0. For any Killing vector field, using

Eq. C.3.6 of [61] and Eq. (A.5.1), we have

DaDbXc = RcbadXd = hacXb − habXc . (A.5.2)

Contracting the indices a and b we get

D2Xa + 2Xa = 0 . (A.5.3)

Define the “dual” vector field ⋆Xa on H for any Killing vector field Xa by

⋆Xa := 1
2εabcDbXc . (A.5.4)

Then, using Eq. (A.5.2), we have

Da
⋆Xb = εabcX

c , Xa = −1
2εabcDb

⋆Xc = −⋆(⋆X)a , DaXb = −εabc
⋆Xc . (A.5.5)

In particular D(a
⋆Xb) = 0 and so ⋆Xa is also a Killing vector field on H . In a suitable choice of

coordinates on H , this relation maps Lorentz rotations and Lorentz boosts into each other; see

Appendix B of [91].

The relationship between the Killing vector fields on H and Lorentz transformations in the

tangent space Ti0 is as follows. Let Λab be a direction-independent antisymmetric tensor at i0

corresponding to an infinitesimal Lorentz transformation in Ti0. Then the direction-dependent vector

field defined by2

Xa(η⃗) := Λabηb , (A.5.6)

is tangent to H . Further, since Λab is direction-independent, ∂cΛab = 0. Projecting the indices of

2 The relation Eq. (A.5.6) is the “dual” of the relation used below Eq. 27 of [16].
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∂cΛab = 0 tangent and normal to H in all possible ways, it follows that Xa is a Killing vector field

on H and

Λab = −DaXb − 2η[aXb] = εabc
⋆Xc + η[aεb]cdDc⋆Xd , (A.5.7)

where the last equality uses Eq. (A.5.5). Similarly, it can be shown that if Xa is the Killing vector

field on H corresponding to Λab through Eq. (A.5.6), then (−⋆Xa) is the Killing vector field on H

corresponding to the “dual” Lorentz transformation ∗Λab := 1
2εab

cdΛcd.

2 Integral identity for symmetric tensors on H

Let T ab be any symmetric tensor on H . Then T ab, its curl and divergence are related by the identity

−2T ab
⋆Xb + 2εcd(aDcT d

b)X
b −DcT

cbDa
⋆Xb = Db

(
εabcT

c
dXd + 2T c

[aDb]
⋆Xc

)
, (A.5.8)

where Xa is any Killing vector on H and ⋆Xa is the corresponding “dual” Killing vector (Eq. (A.5.4)).

This identity can be verified by expanding out the right hand side and using Eqs. (A.5.1), (A.5.4)

and (A.5.5). Note that the right hand side of Eq. (A.5.8) corresponds to an exact 2-form on H ,

and thus vanishes when integrated over any cross-section S of H . This gives us the following useful

integral identity on any cross-section S

∫
S

ε2 uaT ab
⋆Xb =

∫
S

ε2 ua
[
εcd(aDcT d

b)X
b − 1

2DcT
cbDa

⋆Xb

]
. (A.5.9)

3 Closed and exact forms

For some results in chapter 3, we needed to argue that certain 2-forms on H which are closed are

also exact, so that their integral on cross-sections of H vanishes. In general, not all closed 2-forms

on H are exact since the topology of H is S2 × R and the second de Rahm cohomology group

is nontrivial. However, when the closed 2-forms considered are local and covariant functionals of

suitable fields (as described below) then they can be shown to be exact by a general theorem of

Wald [110].
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In the theorem stated below, the differential forms µ[ϕ, ψ] under consideration will be functionals

of two types of fields. The “dynamical fields”, denoted by ϕ, are arbitrary cross-sections of some

vector bundle, and we require that dµ = 0 for every cross-section ϕ. The form µ also can depend on

some “background fields”, denoted by ψ. The “background fields” ψ need not have a linear structure

and, unlike the dynamical fields, are allowed to satisfy (possibly nonlinear) differential equations.

Now we can state the theorem from [110].

Theorem 1 ( [110]). Let µ[ϕ, ψ] be a p-form on a d-dimensional manifold M with p < d, which is

a local and covariant functional of a collection of two sets of fields (ϕ, ψ) (as described above) and

finitely many of their derivatives on M . Then, if for any “background fields” ψ

(1) dµ[ϕ, ψ] = 0 for all cross-sections of the vector bundle of “dynamical fields” ϕ and

(2) µ[ϕ, ψ] = 0 for the zero cross-section ϕ = 0

then there exists a (p− 1)-form ν[ϕ, ψ] which is a local and covariant functional of (ϕ, ψ) and finitely

many of their derivatives such that µ[ϕ, ψ] = dν[ϕ, ψ]. That is the closed p-form µ is also exact.

It is worth emphasizing that for this theorem to be applicable, the “dynamical fields” need to

have a linear structure as the cross-sections of some vector bundle and further, the p-form µ must

be closed for all possible cross-sections of this vector bundle, i.e., one must be able to freely specify

the “dynamical fields” and all of their derivatives at any point of M . In contrast, the “background

fields” ψ, need not have a linear structure and are allowed to satisfy differential equations. In fact,

the set of “background fields” can even be empty. The proof in [110] also provides a constructive

procedure for finding the (p− 1)-form ν although we will not need to use this construction.

For our applications of this theorem, we will be concerned with closed 2-forms on H . When

such a 2-form satisfies the conditions required for Theorem 1, using the volume element εabc on H ,

we will write this 2-form in terms of a covector µa such that Daµa = 0. Then, we will conclude that

this 2-form is exact and thus

Daµa[ϕ, ψ] = 0 =⇒
∫

S
ε2 uaµa[ϕ, ψ] = 0 , (A.5.10)
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for any cross-section S of H with ε2 and ua being the area element and normal to S. The choice of

the “dynamical fields” ϕ depends on the particular case in consideration. Since the fields E, Kab

and βab satisfy differential equations of motion (Eqs. (3.4.12), (3.4.13) and (3.4.20)) they cannot be

used as the “dynamical fields”. Similarly, the Lorentz vector fields Xa form a 6-dimensional vector

space and cannot be arbitrary sections of some vector bundle. Therefore, these can also not be

used as “dynamical fields” in applications of Theorem 1. Thus, these fields, along with the metric

and volume form on H , will always be in the collection of “background fields” ψ. In contrast, the

supertranslation symmetries f , the freedom in the conformal factor α (Remark 3.2.1) and the scalar

potential k for Kab (when Bab = 0) are free functions on H and will be used as “dynamical fields”

in our applications of this theorem.

A.6 Conformal transformation of the Spi Lorentz charge

In Sec. 3.7.3 we argued that under conformal transformations the Lorentz charge at spatial infinity

shifts by the charge of a spi supertranslation (Eq. (3.7.27)). In this appendix we describe the explicit

computation of this transformation.

Using Eqs. (3.4.22) and (3.4.23), and the fact that E is conformally-invariant, we have the

following transformation for the tensor W ab defined in Eq. (3.7.10) under changes of the conformal

factor

W ab 7→W ab + 1
4εcd(aDc

[
Db)EDdα + DdEDb)α

]
+ 1

8εabcD
cE(D2α + 3α) . (A.6.1)

Thus, we have (note that the Lorentz vector does not transform under changes of the conformal

factor; see Remark 3.6.2)

W ab
⋆Xb 7→W ab

⋆Xb + 1
4εcd(aDcT d

b)
⋆Xb + 1

8(D2α + 3α)DbEDaXb , (A.6.2)

where we have defined the shorthand T ab := DaEDbα + DbEDaα and used the last identity in
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Eq. (A.5.5). Now using the identity Eq. (A.5.9) (with Xa replaced by ⋆Xa), we have

∫
S

ε2 uaεcd(aDcT d
b)

⋆Xb = −
∫

S
ε2 ua

[
1
2DcT

cbDaXb + T abX
b
]
. (A.6.3)

A straightforward but tedious computation using the definition of T ab, Eqs. (3.4.12), (A.5.1)

and (A.5.3) gives

∫
S

ε2 uaεcd(aDcT d
b)

⋆Xb =
∫

S
ε2 ua[− 1

2(D2α + 3α)(2EXa + DbEDaXb)

+ (EDa£Xα−DaE£Xα)
]
,

(A.6.4)

where we have dropped terms that integrate to zero on S. Using the equation above in Eq. (A.6.2),

we get

∫
S

ε2 uaW ab
⋆Xb 7→

∫
S

ε2 uaW ab
⋆Xb + 1

4

∫
S

ε2 ua[ (EDa£Xα−DaE£Xα)

− (D2α + 3α)EXa
]
.

(A.6.5)

Further, from Eq. (3.4.22), we also have

−1
8KEXa 7→ −1

8KEXa + 1
4(D2α + 3α)EXa . (A.6.6)

Thus,

∫
S

ε2 ua
[
W ab

⋆Xb − 1
8KEXa

]
7→
∫

S
ε2 ua

[
W ab

⋆Xb − 1
8KEXa

]
+ 1

4

∫
S

ε2 ua (EDa£Xα−DaE£Xα) .
(A.6.7)

The Lorentz charge Eq. (3.7.20) then transforms as

Q[Xa;S] 7→ Q[Xa;S]− 1
16π

∫
S

ε2 ua 1
2 (EDa£Xα−DaE£Xα) . (A.6.8)

Comparing this with Eq. (3.7.4), we recognize the last integral above as the charge of the super-

translation given by f − 1/2£Xα. Thus, the Lorentz charge shifts by the charge of a supertranslation
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under changes of the conformal factor, as argued in Sec. 3.7.3.

A.7 Ambiguities in the Spi-charges

In this section, we analyze the ambiguities in our procedure for defining the Spi charges, discussed

in chapter 3. We show our Spi charges are unambiguously defined by the choice of the symplectic

current for general relativity made in Eqs. (3.5.14) and (3.5.15).

Recall that our charges on a cross-section S of H are defined by

δQ[(f ,Xa);S] :=
∫

S
ε2uaQa(δg; (f ,Xa)) +

∫
S

X ·Θ(δg) , (A.7.1)

with Q = 0 on Minkowski spacetime, which acts as our reference solution. The covector Qa is a local

and covariant functional of its arguments, is linear in the metric perturbations and the asymptotic

symmetry and satisfies Eq. (3.7.2). The 3-form Θ is a symplectic potential for ω←− and satisfies

Eq. (3.7.16).

Given a fixed choice of the symplectic current, it follows from Eqs. (3.7.2) and (3.7.16) that the

ambiguities in the choice of Qa and the Θ are of the form

Qa(g; δg; (f ,X)) 7→ Qa(g; δg; (f ,X)) + µa(g; δg; (f ,X)) ,

Θ(g, δg) 7→ Θ(g, δg) + ε3δΞ(g) ,
(A.7.2)

where the covector µa(g; δg; (f ,X)) is a local and covariant functional of its arguments, is linear in

the metric perturbations and the asymptotic symmetry, and further satisfies

Daµa(g; δg; (f ,X)) = 0 , (A.7.3)

for all background spacetimes and perturbations (satisfying the background and linearized equations

of motion respectively) and all asymptotic symmetries. Moreover, Ξ is any local and covariant

functional of the background spacetime metric.
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Under these ambiguities, the definition of δQ (Eq. (A.7.1)) changes by

δQ[(f ,Xa);S] 7→ δQ[(f ,Xa);S] +
∫

S
ε2uaµa(g; δg; (f ,X))− δ

∫
S

ε2uaXaΞ(g) . (A.7.4)

Since the integrated charge Q is fixed by the requirement that it vanish on Minkowski spacetime

(where E = βab = 0), we only need to analyze the ambiguities in δQ.

We now argue that the last two integrals above must vanish under the following assumptions

(1) µa and Ξ are local and covariant functionals of their arguments as mentioned above with µa

satisfying Eq. (A.7.3).

(2) The Lorentz charge Q[(f = 0,Xa);S] must match the Ashtekar-Hansen expression when the

conformal factor is chosen such that Kab = 0.

(3) The total charge Q[(f ,Xa);S] of a Spi symmetry (including both the supertranslation and

Lorentz pieces) is conformally-invariant.

Consider first the µa-ambiguity and the case of a pure supertranslation (f ,Xa = 0). Since

the ambiguity µa is linear in f , we have µa(g; δg; f = 0) = 0. Further since µa is divergence-free

(Eq. (A.7.3)), we can use the implication Eq. (A.5.10) of Theorem 1 with f as the“dynamical field” to

conclude that the second integral on the right-hand-side of Eq. (A.7.4) vanishes on any cross-section

S for a supertranslation.

Next, consider the µa-ambiguity with a Lorentz transformation (f = 0,Xa). As already

described, we cannot use Xa as the “dynamical” fields in our applications of Theorem 1. Instead,

we proceed in a different way. Consider the scalar potential k for the tensor Kab (Eq. (3.4.16)).

Since k is a completely free function on H , it is allowed to be an arbitrary cross-section of a vector

bundle on H . Further, whenever k = 0 we have Kab = 0 and by our assumption the Lorentz

charge must the one found by Ashtekar and Hansen. Thus, the ambiguity µa = 0 whenever k = 0

for all background spacetimes and all Lorentz vector fields Xa. Now using k as the “dynamical

field”, from Theorem 1 in the form Eq. (A.5.10), we conclude again that the second integral on the

right-hand-side of Eq. (A.7.4) vanishes on any cross-section S for a Lorentz symmetry. Thus, the
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µa-ambiguity does not affect δQ.

Finally, consider the Ξ-ambiguity in the choice of Θ. In Sec. 3.7.3 we showed that the total

charge Q for a Spi-symmetry (f ,Xa) is invariant under conformal transformations with our choice

of Θ (Eq. (3.7.18)) which implies that the charge of a “pure Lorentz” symmetry must shift by a

charge of a supertranslation under changes of the conformal factor (see Eq. (3.7.27)). It follows that

for the redefined Lorentz charge to transform correctly, the integral contributed by Ξ in Eq. (A.7.4)

must be conformally-invariant. Further, for the redefined Lorentz charge to match the one found by

Ashtekar and Hansen the integral contributed by Ξ in Eq. (A.7.4) must vanish whenever Kab = 0.

Since Kab can be chosen to vanish by a choice of conformal factor (see Remark 3.6.3) this implies

the Ξ-ambiguity does not affect δQ.

In summary, our charges are unambiguously determined by the pullback of the symplectic current

Eq. (3.5.15).

Here we remark that the symplectic current 3-form itself is not uniquely determined by the

Lagrangian of the theory but is ambiguous up to

ω(g; δ1g, δ2g) 7→ ω(g; δ1g, δ2g) + d [δ1ν(g; δ2g)− δ2ν(g; δ1g)] , (A.7.5)

where ν(g; δg) is a local and covariant 2-form and is linear in the perturbation δg. We have not

analyzed the effect of this ambiguity on our charges.

A.8 Lorentz charges with Bab ̸= 0

In Sec. 3.7.2, to define the Lorentz charges at i0, we imposed the condition Bab = 0 to access the

“subleading” magnetic part βab of the asymptotic Weyl tensor (see Eq. (3.4.14)). In this section, we

show how we can define a “subleading” magnetic Weyl tensor piece and the Lorentz charges even

when Bab ̸= 0.

If Bab does not vanish,then the “subleading” piece as defined by Eq. (3.4.14) does not exist in
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the limit. However, consider the derivative of the magnetic part of the Weyl tensor along ηa:

lim
→i0

Ω1/2ηe∇e(Ω1/2 ∗ Cacbdη
cηd) = ηe∂eBab = 0 . (A.8.1)

Since the limit of the above quantity vanishes, we can now demand that its “next order” part exist,

that is,

Hab(η⃗) := lim
→i0

ηe∇e(Ω1/2 ∗ Cacbdη
cηd) is C>−1 . (A.8.2)

The tensor field Hab(η⃗) is not tangential to H . We can compute

Hab(η⃗)ηb = lim
→i0

ηbηe∇e(Ω1/2 ∗ Cacbdη
cηd) = − lim

→i0
ηe∇eη

b(Ω1/2 ∗ Cacbdη
cηd)

= 1
4BabD

bE ,

(A.8.3)

where in the first line we have used the fact that ∗Cabcd is antisymmetric in the last two indices and

to get the second line, we replaced the derivative of ηa using the Einstein equation Eq. (3.4.1), and

used Eqs. (3.4.5) and (3.4.10). Note that Hab(η⃗)ηaηb = 0 and thus the only remaining part of Hab

is its projection onto H on both indices. We use this projection to define the “subleading” magnetic

part of the Weyl tensor, that is, instead of Eq. (3.4.14), we use

βab := ha
chb

dHcd(η⃗) . (A.8.4)

As before, βab is a symmetric and traceless tensor field on H . Note that when Bab = 0, this new

definition is completely equivalent to the previous one in Eq. (3.4.14) (see also [16]).

The generalization of the equation of motion Eq. (3.4.20) is rather tedious to obtain. We want

to compute

∂bHab = lim
→i0

Ω1/2∇b
[
ηe∇e(Ω1/2 ∗ Cacbdη

cηd)
]

= lim
→i0

[
(∇bηe)Ω1/2∇e(Ω1/2 ∗ Cacbdη

cηd) + Ω1/2ηe∇b∇e(Ω1/2 ∗ Cacbdη
cηd)

]
.

(A.8.5)

In the first term we substitute the derivative of ηa using Eq. (3.4.1) and then evaluate the limit
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of the expression using Eqs. (3.4.6), (3.4.9), (3.4.10) and (A.8.3). For the second term on the

right-hand-side, we first commute the derivatives and introduce terms involving the Riemann tensor

of the unphysical spacetime. The term with the derivatives ∇b and ∇e interchanged vanishes in

the limit while the Riemann tensor terms can be computed by decomposing the Riemann tensor

in terms of the Weyl tensor using Eq. (4.3.22). Then we can evaluate the limit using Eqs. (3.4.6),

(3.4.9) and (3.4.10). The final limit gives the equation

∂bHab = −1
4∂cBabK

bc− 1
4∂bBabE+ 5

4BabD
bE+ 1

4εcdaEc
bK

db− 1
4ηaBbcK

bc−ηaBbcE
bc . (A.8.6)

Using Eq. (A.8.3) and the equation of motion Eq. (3.4.7), it can be verified that the contraction of

the above equation with ηa is trivial. Projecting the index a onto H , we then get the equation of

motion for βab as

Dbβab = 1
4εcdaEc

bK
bd + 5

4BabD
bE − 1

4DaBbcK
bc , (A.8.7)

which reduces to Eq. (3.4.20) when Bab = 0.

To define the Lorentz charge, we now construct the generalization of the tensor W ab (Eq. (3.7.10)).

Note that the only essential properties of W ab used to obtain Eq. (3.7.13) are that W [ab] =

− 1
16εabcKDcE and that DaW ab = 0 using the equation of motion for βab. We will further require

that W ab is also traceless.

To find such a W ab, first note that the last term in Eq. (A.8.7) can be written as the divergence

of a symmetric tensor using Eqs. (3.4.8), (3.4.11) and (3.4.13)

−1
4DbBacK

ac = − 1
16Da

[
−2BabK + 2habBcdKcd − εcd(aKc

b)D
dK − εcd(aDb)K

ceKd
e

]
.

(A.8.8)

Note that although the tensor in the square brackets is not traceless, we can add to it the following

symmetric tensor

−5
8

[
2Bc(aKc

b) − habBcdKcd −BabK
]
, (A.8.9)



A.8. Lorentz charges with Bab ̸= 0 239

which has vanishing divergence and thus does not affect the left-hand-side. With this we define

W ab := βab + 1
8εcd(aDcEKd

b) − 1
16εabcKDcE

− 3
2BabE + 5

4Bc(aKc
b) − 1

2habBcdKcd − 3
4BabK

− 1
16εcd(aDb)K

ceKd
e − 1

16εcd(aKc
b)D

dK ,

(A.8.10)

which satisfies

W [ab] = − 1
16εabcKDcE , DaW ab = 0 , habW ab = 0 . (A.8.11)

Then the Lorentz charge formula takes the same form as in Eq. (3.7.20) with W ab now defined as in

Eq. (A.8.10). The flux of this charge is still given by Eq. (3.7.21).

Note that when Bab = 0, the second line in Eq. (A.8.10) vanishes but the terms in the third

line are in general nonvanishing. Let us denote these terms by a symmetric tensor T ab. It follows

from Eq. (A.8.8) that T ab is divergence-free when Bab = 0. Thus Da(T ab
⋆Xb) = 0 and T ab

⋆Xb = 0

when the scalar potential k for Kab (Eq. (3.4.16)) vanishes. Using the scalar potential k as the

“dynamical field” in Theorem 1, it follows from Eq. (A.5.10) that these terms do not contribute to

the Lorentz charge expression. Thus, when Bab = 0, the Lorentz charge defined using Eq. (A.8.10)

coincides with the one defined previously in Sec. 3.7.2.

One can show that under conformal transformations,

βab 7→ βab − εcd(aEc
b)D

dα− 3
2Babα + 1

2DcBabD
cα , (A.8.12)

and that Eq. (A.8.7) is invariant. The explicit computation of the transformation of the Lorentz

charge presented in Appendix A.6 now becomes much more complicated. However, the general

argument presented in Sec. 3.7.3 still holds. In summary, even without the assumption Bab = 0, we

have a satisfactory definition of Lorentz charges at spatial infinity.

The Lorentz charges for Bab ̸= 0 case were also derived by Compère and Dehouck [92] (with

K = 0) using an asymptotic expansion in Beig-Schmidt coordinates which in the unphysical spacetime
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coordinates used in Appendix A.4 reads

gab ≡ [1 + σρ+ o(ρ)]2 dρ2 + ρ o(ρ)dρdya

+ ρ2
[
h

(0)
ab + ρh

(1)
ab − ρ

2 ln ρ iab + ρ2h
(2)
ab + o(ρ2)

]
dyadyb .

(A.8.13)

For βab as defined by Eq. (A.8.4), to exist we set the logarithmic term iab = 0. With this condition

the βab is related to the curl of the metric coefficient h(2)
ab with additional terms whose form is rather

complicated (as compared to Eq. (A.4.16) when Bab = 0). Note that when K = 0, our W ab is a

symmetric, divergence-free and traceless tensor and thus we expect that our charge expression in

this case matches with the one derived in [92] in terms of h(2)
ab although we have not checked this

explicitly.

When the logarithmic term iab does not vanish, our definition Eq. (A.8.4) cannot be used for

the “subleading” magnetic part of the Weyl tensor. We have not explored this case in detail but we

expect the following strategy to be useful. We can assume that

Ω1/2 ∗ Cacbdη
cηd = Bab + Ω1/2 ln Ω1/2bab + Ω1/2βab + o(Ω1/2) , (A.8.14)

where each of the tensors Bab, bab and βab are symmetric and orthogonal to ηa and admit a C>−1

limit to i0. Using such an expansion in the Hodge dual of Eq. (3.4.3a) we can derive the equations of

motion for the limits of Bab, bab and βab. Since the expression for the symplectic current Eq. (3.7.9)

is unchanged, we can use these equations of motion to define an analogue of the tensor W ab and

the Lorentz charges. From the point of view of matching these charges to those on null infinity, we

expect that the spacetimes with such a logarithmic behaviour at spatial infinity would be related to

polyhomogenous spacetimes at null infinity which were defined in [158].
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A.9 There is no preferred translation subalgebra in the generalized BMS

algebra

In this appendix we show that the generalized BMS algebra (discussed in chapter 4) does not contain

any preferred subalgebra (i.e. a Lie ideal) of translations. Since the asymptotic symmetry algebra

is common to all spacetimes under consideration, its Lie bracket is independent of the choice of

background spacetime. Thus we can compute the Lie bracket on any choice of background spacetime,

and in particular we can take the background physical spacetime to be Minkowski. Let us choose a

conformal completion for Minkowski so that the induced metric qab on I is that of a unit round

metric on S2 and let D denote the covariant derivative of the unit round metric . Let u be an affine

parameter along the null geodesics of na such that that na∇au =̂ 1.

From Eq. (4.2.12), any element ξa of the algebra bgen can be written as

ξa =̂ Xa + 1
2(u− u0)DbX

bna + f ′na (A.9.1)

where f ′ is any function on S2 (representing a supertranslation), Xa is a vector field on S2 while the

function α(ξ) = 1
2DaX

a. The Lie bracket of a supertranslation fna ∈ s and ξa is then

[fn, ξ]a = βna where β =̂ −XaDaf + 1
2DaX

af (A.9.2)

It is straightforward to check that £nβ =̂ 0 and so βna is a supertranslation in s.

If translations are a Lie ideal in bgen then βna would also be a translation whenever fna is

translation. To investigate this we proceed as follows. Since fna is a translation, f is a ℓ = 0, 1

spherical harmonic on S2 — it is well-known that the limit of translations in Minkowski spacetime

to I are precisely such vector fields. Let Xa be a ℓ′-vector harmonic so that

Xa =̂ DaF + εabDbG (A.9.3)
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for some functions F and G which are ℓ′-spherical harmonics. In the case that ξa is an element

of the BMS algebra b so that Xa is an element of the Lorentz algebra so(1, 3), both F and G are

spherical harmonics with ℓ′ = 1. The function F corresponds to Lorentz boosts while G corresponds

to Lorentz rotations. When ξa is an element of the generalized BMS algebra bgen, ℓ′ ≥ 1 and then

ℓ′ > 1 modes of F and G can be thought of as “extended” boosts and rotations.

Using the decomposition Eq. (A.9.3) in Eq. (A.9.2) we have

β = −DaFDaf + 1
2D2Ff + εabDaGDbf (A.9.4)

Now we wish to find the spherical harmonic mode L of β when f is a translation i.e. ℓ = 0, 1-harmonic

mode while the harmonic mode of F and G can be ℓ′ ≥ 1. It is useful to consider the following

different cases.

Case 1: f is time translation, ℓ = 0 Then,

β = 1
2D2Ff = −1

2ℓ
′(ℓ′ + 1)Ff (A.9.5)

so

D2β = −ℓ′(ℓ′ + 1)β = −L(L+ 1)β (A.9.6)

Thus, β = 0 if F = 0 else β is a L = ℓ′ mode. When Xa ∈ so(1, 3), ℓ′ = 1 and this can be interpreted

as the fact that a time translation is invariant under Lorentz rotations given by G but changes by a

spatial translation under Lorentz boosts given by F .

Case 2: f is spatial translation i.e. ℓ = 1, F = 0 and G ̸= 0 Then we have,

β = εabDaGDbf (A.9.7)
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and
D2β =

[
−ℓ′(ℓ′ + 1)− ℓ(ℓ+ 1) + 2

]
β + 2εabDcDaGDcDbf

= −ℓ′(ℓ′ + 1)β = −L(L+ 1)β
(A.9.8)

where in the last line we use ℓ = 1 and that DaDbf = −qabf for such functions. Thus, β is a L = ℓ′

mode. Thus, when Xa ∈ so(1, 3), ℓ′ = 1, a spatial translation changes by another spatial translation

under Lorentz rotations given by G.

Case 3: f is spatial translation i.e ℓ = 1, F ̸= 0 and G = 0

β = −DaFDaf + 1
2D2Ff (A.9.9)

To find the L-mode of β, we multiply the above equation with the (complex conjugate) spherical

harmonic Y L,M and integrate over S2 to get (we have left the area element of the unit-metric on S2

implicit for notational convenience)

∫
βY L,M = −

∫
DaFDafY L,M − 1

2ℓ
′(ℓ′ + 1)

∫
FfY L,M (A.9.10)

The first term on the right-hand-side can be rewritten using repeated integration-by-parts as

−
∫

DaFDafY L,M =
∫
FD2fY L,M +

∫
FDafDaY L,M

=
∫
FD2fY L,M −

∫
DaFfDaY L,M −

∫
FfD2Y L,M

=
∫
FD2fY L,M +

∫
D2FfY L,M −

∫
FfD2Y L,M +

∫
DaFDafY L,M

−
∫

DaFDafY L,M = 1
2

∫
FD2fY L,M + 1

2

∫
D2FfY L,M − 1

2

∫
FfD2Y L,M

= 1
2
[
−ℓ(ℓ+ 1)− ℓ′(ℓ′ + 1) + L(L+ 1)

] ∫
FfY L,M

(A.9.11)

Thus, we have

∫
βY L,M =

[
−1

2ℓ(ℓ+ 1)− ℓ′(ℓ′ + 1) + 1
2L(L+ 1)

] ∫
FfY L,M (A.9.12)
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Expanding the functions F and f in terms of the corresponding spherical harmonics Yℓ′,m′ and Yℓ,m

respectively, we can write the final integral in terms of the 3j-symbols (see Sec. 34 of [159]) (or in

terms of the Clebsch-Gordon coefficients, Sec. 3.7 of [160]) as

∫
Yℓ′,m′Yℓ,mY L,M = (−1)M

√
(2ℓ+ 1)(2ℓ′ + 1)(2L+ 1)

4π

ℓ, ℓ′, L

0, 0, 0


 ℓ, ℓ′, L

m, m′, −M


(A.9.13)

Since f is a spatial translation with ℓ = 1, we have

∫
βY L,M ∝

[
−1− ℓ′(ℓ′ + 1) + 1

2L(L+ 1)
]1, ℓ′, L

0, 0, 0


 1, ℓ′, L

m, m′, −M

 (A.9.14)

where we have ignored non-zero constant factors. The right-hand-side is non-vanishing if and only if

(see Sec. 34 of [159])

−1− ℓ′(ℓ′ + 1) + 1
2L(L+ 1) ̸= 0

1 + ℓ′ + L is even

ℓ′ − 1 ≤ L ≤ ℓ′ + 1 , M = m+m′

(A.9.15)

These conditions on L can be satisfied if and only if (we do not need the conditions on M for our

argument)

L =


0 for ℓ′ = 1

ℓ′ − 1 or ℓ′ + 1 for ℓ′ ≥ 2
(A.9.16)

Note that for the ℓ′ = 1 case, the value L = ℓ′ + 1 = 2 is ruled out by the first condition in

Eq. (A.9.15). Thus, when Xa ∈ so(1, 3), ℓ′ = 1, a spatial translation changes by a time translation

under Lorentz boosts given by F .

For the usual BMS algebra b with Xa ∈ so(1, 3) and ℓ′ = 1, we see that in each case β is a

spherical harmonic with L = 0, 1 that is βna is a translation. Thus the translation subalgebra is

preserved under the Lie bracket of b i.e. there is a preferred 4-dimensional Lie ideal of translations

in b. For the generalized BMS algebra bgen with Xa ∈ diff(S2) and ℓ′ ≥ 2, the translations fna,

in general, change by βna where β contains a spherical harmonic as high as L = ℓ′ + 1. Thus,
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translations are not preserved by the Lie bracket of bgen and are not a preferred subalgebra (Lie ideal)

of bgen. The above argument can be generalized to show that there is, in fact, no finite-dimensional

Lie ideal of generalized BMS algebra.

The absence of a preferred translation algebra poses a problem for the prescription used by [45]

to define a symplectic form on I . As discussed above, the boundary condition imposed by [45]

near spatial infinity to obtain a finite symplectic form for bgen is not invariant under general

supertranslations, but is invariant under translations in a specific choice of Bondi coordinates.

However, as we have shown, there is no preferred notion of pure translations in bgen. Thus, the

translation invariance of the boundary condition in [45] is also unclear.

A.10 Spin-weighted spherical harmonics

In this appendix, we include some results on stereographic coordinates, spin transformations and

spin-weighted spherical harmonics that are used in chapter 5.

Stereographic coordinates: Stereographic coordinates θA = (z, z) are related to the usual

spherical polar coordinates (θ, ϕ) by

z = eiϕ cot θ/2 , z = e−iϕ cot θ/2 . (A.10.1)

The unit-sphere metric and the area-element in these coordinates are given by

sAB ≡ 2P−2dzdz , (A.10.2a)

εAB ≡ iP−2dz ∧ dz = − sin θdθ ∧ dϕ , (A.10.2b)

where

P := 1 + zz√
2

. (A.10.3)
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The antipodal map is implemented by the transformation

θA 7→ −θA : z 7→ −1/z =⇒ P−1dz 7→ e2iϕP−1dz , (A.10.4)

where e2iϕ = z/z.

Spin transformations: A function η is said to have spin-weight s if

P−1dz 7→ eiλP−1dz =⇒ η 7→ eisλη , (A.10.5)

where λ is any smooth function on S2. We denote this as η ⊜ s. On spin-weighted functions, we

defined the operators ð and ð by

ð η := P 1−s ∂

∂z
(P sη) , ðη := P 1+s ∂

∂z
(P−sη) . (A.10.6)

Note that if η has spin-weight s then ð η has spin-weight s+ 1 and ðη has spin weight s− 1. Further,

we have the relations

(ð ð− ð ð)η = −sη , D2η = (ð ð + ð ð)η , (A.10.7)

where D2 is the laplacian corresponding to the unit round metric on S2.

Spin-weighted spherical harmonics: The spin-weighted spherical harmonics Y s
ℓ,m(θA) are

eigenfunctions of the laplacian with spin-weight s. They satisfy [161,162]

D2Y s
ℓ,m = −

[
ℓ(ℓ+ 1)− s2

]
Y s

ℓ,m . (A.10.8)

ðY s
ℓ,m = −

√
(ℓ− s)(ℓ+ s+ 1)

2 Y s+1
ℓ,m , ðY s

ℓ,m =

√
(ℓ+ s)(ℓ− s+ 1)

2 Y s−1
ℓ,m . (A.10.9)

Note that the harmonic Y s
ℓ,m is non-vanishing only for ℓ ≥ |s| and ℓ ≥ |m|. An explicit expression

for Y s
ℓ,m as functions of the coordinates (z, z) is given in Eq. 3.9.20 of [162].
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Further, under complex conjugation and antipodal reflection we have

Y s
ℓ,m(θA) = (−)m+sY −s

ℓ,−m(θA) , (A.10.10a)

Y s
ℓ,m(−θA) = (−)ℓ+se2isϕY −s

ℓ,m(θA) . (A.10.10b)

A.11 Solutions for reflection-odd βab

As discussed in chapter 5, in the matching analysis of asymptotic charges, we restrict ourselves to

solutions for βab that are odd under the reflection map defined in Eq. (3.2.7). In this appendix, we

solve the equations of motion that govern these solutions, that is, Eqs. (5.2.2a) and (5.5.7), and

study the limits of the solutions to N ±. As in Sec. 5.3.2, we make use of (α, z, z) coordinates in

which the metric is given by Eq. (5.3.15) and the limits to N ± correspond to α→ ±1. Using the

fact that βab is traceless, its components can be written as

βαα = H , βαz = P−1J , βzz = P−2G , βzz = 1
2P

−2(1− α2)H , (A.11.1)

where

H ⊜ s = 0 , J ⊜ s = −1 , G ⊜ s = −2 , (A.11.2)

Note that the condition that βab be reflection-odd gives us the following conditions

H(−α,−θA) = −H(α, θA) , J(−α,−θA) = e−2iϕJ(α, θA) , G(−α,−θA) = −e−4iϕG(α, θA) .

(A.11.3)

In terms of these components, Dbβab = 0 corresponds to the following equations

0 = (1− α2)∂αH − αH − ð J − ð J , (A.11.4a)

0 = (1− α2)∂αJ − 1
2(1− α2)ðH − ðG , (A.11.4b)
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while (D2 − 2)βab = 0 corresponds to

0 = (1− α2)∂2
αH − 4α∂αH − (D2 + 2)H , (A.11.5a)

0 = (1− α2)∂2
αJ − 4α∂αJ − (D2 + 1)J + 2αðH , (A.11.5b)

0 = (1− α2)∂2
αG− 4α∂αG−D2G+ 4αðJ , (A.11.5c)

where D2 denotes the laplacian with respect to the unit-sphere metric. Note also that to simplify the

first and second equations above, we used Eq. (A.11.4a) and Eq. (A.11.4b) respectively. Expanded

in terms of spin-weighted spherical harmonics, we have

H =
∑
ℓ,m

Hℓ,m(α)Y s=0
ℓ,m (θA) , J =

∑
ℓ≥1,m

Jℓ,m(α)Y s=−1
ℓ,m (θA) , G =

∑
ℓ≥2,m

Gℓ,m(α)Y s=−2
ℓ,m (θA) .

(A.11.6)

The conditions for the solutions to be reflection-odd in Eq. (A.11.3) then imply the following relations

Hℓ,m(−α) = (−1)ℓ+1Hℓ,m(α) , Jℓ,m(−α) = (−1)ℓ+mJℓ,−m(α) , Gℓ,m(−α) = (−1)1+ℓ+mGℓ,−m(α) .

(A.11.7)

Note also that since H is real, it follows from Eq. (A.10.10a) that

Hℓ,m = (−1)mHℓ,−m . (A.11.8)

Then, Eq. (A.11.4) becomes

0 = (1− α2) d
dα
Hℓ,m − αHℓ,m +

√
ℓ(ℓ+1)

2 (Jℓ,m + (−1)mJℓ,−m) . (A.11.9a)

0 = (1− α2) d
dα
Jℓ,m − 1

2(1− α2)
√

ℓ(ℓ+1)
2 Hℓ,m +

√
(ℓ−1)(ℓ+2)

2 Gℓ,m . (A.11.9b)
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Moreover, using Eq. (A.10.8) and Eq. (A.11.8), Eq. (A.11.5) becomes

0 = (1− α2) d
2

dα2Hℓ,m − 4α d

dα
Hℓ,m + [ℓ(ℓ+ 1)− 2]Hℓ,m , (A.11.10a)

0 = (1− α2) d
2

dα2Jℓ,m − 4α d

dα
Jℓ,m + [ℓ(ℓ+ 1)− 2] Jℓ,m + 2α

√
ℓ(ℓ+1)

2 Hℓ,m , (A.11.10b)

0 = (1− α2) d
2

dα2Jℓ,m − 4α d

dα
Jℓ,m + [ℓ(ℓ+ 1)− 2] Jℓ,m + 2(−1)mα

√
ℓ(ℓ+1)

2 Hℓ,−m , (A.11.10c)

0 = (1− α2) d
2

dα2Gℓ,m − 4α d

dα
Gℓ,m + [ℓ(ℓ+ 1)− 4]Gℓ,m + 4α

√
(ℓ−1)(ℓ+2)

2 Jℓ,m , (A.11.10d)

where in each of these equations, we have suppressed the dependence of Hℓ,m, Jℓ,m and Gℓ,m on α.

Note also that Eq. (A.11.10c) was obtained by taking the complex conjugate of Eq. (A.11.10b) and

using Eq. (A.11.8).

We now proceed to solving these equations, starting first by deriving explicit solutions for the

ℓ = 0 and ℓ = 1 cases. Note that G = 0 in both these cases. For ℓ = 0, J = 0 and we have the

solution

Hℓ=0,m=0(α) = (1− α2)−1(H0 +H1α) , (A.11.11)

which satisfies Eq. (A.11.9a) only for H0 = H1 = 0. Therefore all ℓ = 0 solutions are zero.

For ℓ = 1, we have the solutions

Hℓ=1,m(α) = H(0)
m +H(1)

m (α(1− α2)−1 + tanh−1 α) ,

Jℓ=1,m(α) = J (0)
m + J (1)

m α .

(A.11.12)

Putting these in Eq. (A.11.9) gives us the conditions

H(1)
m = 0 , J (0)

m + (−)mJ
(0)
−m = 0 , H(0)

m = J (1)
m + (−)mJ

(1)
−m , H(0)

m = 2J (1)
m , (A.11.13)

and the last two equations together imply

J (1)
m − (−)mJ

(1)
−m = 0 . (A.11.14)
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With these constraints, the free functions correspond to 6 degrees of freedom

J
(0)
m=1 ∈ C , iJ

(0)
m=0 ∈ R , J

(1)
m=1 ∈ C , J

(1)
m=0 ∈ R . (A.11.15)

We will see below that these encode the 6 charges associated with Lorentz boosts and rotations.

Note that we have shown that the ℓ = 0, 1 solutions are finite in the limits α→ ±1. We now proceed

to showing that this finiteness property holds for all ℓ. Note that the solutions of Eq. (A.11.10a) for

ℓ ≥ 1 are spanned by

(1− α2)−1/2P−1
ℓ (α) , (1− α2)−1/2Q−1

ℓ (α) (A.11.16)

where P−1
ℓ (α) and Q−1

ℓ (α) are the Legendre functions, which satisfy

P−1
ℓ (−α) = (−1)ℓ−1P−1

ℓ (α) , Q−1
ℓ (−α) = (−1)ℓQ−1

ℓ (α) . (A.11.17)

We see that reflection-odd condition on Hℓ,m in Eq. (A.11.7) picks out the solutions spanned by

(1− α2)−1/2P−1
ℓ (α) for Hℓ,m. Hence, we have that

Hℓ>1,m(α) = cm(1− α2)−1/2P−1
ℓ (α) , (A.11.18)

for some constants cm. It follows from the following recursion relation

(1− α2)−1/2P−1
ℓ (α) = −1

2ℓℓ!(1− α2)
( d
dα

)ℓ−1(α2 − 1)ℓ for ℓ > 1 , (A.11.19)

that these solutions are finite as α→ ±1 for all ℓ > 1. Note also that Eqs. (A.11.10b) and (A.11.10c)

can be combined to give

0 = (1− α2) d
2

dα2 (Jℓ,m − (−1)mJℓ,−m)− 4α d

dα
(Jℓ,m − (−1)mJℓ,−m)

+ [ℓ(ℓ+ 1)− 2] (Jℓ,m − (−1)m Jℓ,−m) (A.11.20)

This shows that Jℓ,m(α) − (−1)mJℓ,−m(α) satisfies the same equation as Hℓ,m and therefore the
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solutions to this equation are also spanned by linear combinations of

(1− α2)−1/2P−1
ℓ (α) , (1− α2)−1/2Q−1

ℓ (α) . (A.11.21)

Using the reflection-odd condition on Jℓ,m given in Eq. (A.11.7), we see that Jℓ,m(α) −

(−1)mJℓ,−m(α) = Jℓ,m(α) − (−1)ℓJℓ,m(−α) which is odd (even) under α → −α for even (odd)

ℓ. From Eq. (A.11.17), we see that this property only holds for the the solutions spanned by

(1− α2)−1/2P−1
ℓ (α) which leads us to discard the solutions spanned by (1− α2)−1/2Q−1

ℓ (α). Hence,

we have

Jℓ>1,m(α)− (−1)mJℓ>1,−m(α) = dm(1− α2)−1/2P−1
ℓ (α) , (A.11.22)

for some constants dm. Using Eq. (A.11.19) again, we conclude that the solutions for Jℓ,m −

(−1)mJℓ,−m are finite as α→ ±1 for all ℓ. Next, note that we can rewrite Eq. (A.11.9a) as

Jℓ,m + (−1)mJℓ,−m =
√

2
ℓ(ℓ+ 1)

[
(α2 − 1) d

dα
Hℓ,m + αHℓ,m

]
(for ℓ ≥ 1) . (A.11.23)

Using Eq. (A.11.19), we see that (α2 − 1) d
dαHℓ,m is finite as α→ ±1 which, using Eq. (A.11.23) and

the finiteness of Hℓ,m in these limits, implies that Jℓ,m + (−1)mJℓ,−m is also finite as α→ ±1 for all

ℓ ≥ 1. Using the finiteness of Jℓ,m − (−1)mJℓ,−m for all ℓ in the limit α → ±1, we then conclude

that Jℓ,m(α) is finite as α→ ±1 for all ℓ ≥ 1.

Finally, we note from Eq. (A.11.9b) that

Gℓ,m =
√

2
(ℓ− 1)(ℓ+ 2)

[
(α2 − 1) d

dα
Jℓ,m − 1

2(α2 − 1)
√

ℓ(ℓ+1)
2 Hℓ,m

]
(for ℓ ≥ 2) . (A.11.24)

Using Eqs. (A.11.22) and (A.11.23) to obtain the functional behavior of Jℓ,m(α) and using

Eq. (A.11.19), one can also show that (α2 − 1) d
dαJℓ,m is finite as α → ±1. This, using the

finiteness of Hℓ,m in these limits, shows that Gℓ,m is finite as α→ ±1 for all ℓ ≥ 2. This completes

our proof of the fact that the reflection-odd solutions for βab are finite in the α→ ±1 limits for all ℓ.

One can show that in the coordinates used in this section, lim
→N ±

Σ−1Ua|N ± ≡ ±∂α. We therefore

see from Eq. (5.5.8) that the (integrand of) Lorentz charge at N ± is proportional to βαAXA where
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A = (z, z). Since XA (as shown in Sec. 5.3.2) is an ℓ = 1 vector field, it follows that the charge

receives contribution only from Jℓ=1,m. The six degrees of freedom of Jℓ=1,m (Eq. (A.11.15)) therefore

encode the six Lorentz charges associated with boosts and rotations.

A.12 Affinity of la

For the calculation in Sec. 5.5, we need the expression for the affinity of la. Recall that we are

working in a conformal frame where Φ = 2 and so from Eq. (A.1.3) we have

∇anb =̂ 2gab . (A.12.1)

Using Eq. (5.2.25), we have

la∇alb = 1
4ΣLa(Σ∇aLb + Lb∇aΣ) . (A.12.2)

Then, using Eqs. (5.2.20) and (5.2.22) and Eq. (A.12.1), we get

∇aLb =̂ −∇a∇bΣ−1 + 1
2Σnb∇a∇cΣ−1∇cΣ−1 + 1

4∇cΣ−1∇cΣ−1(nb∇aΣ + 2Σgab)

− 1
2∇a(ΩΣLc∇b∇cΣ−1) , (A.12.3)

which gives

la∇alb =̂ 1
4ΣLbL

a∇aΣ + 1
4Σ2La[−∇a∇bΣ−1 + 1

2Σnb∇a∇cΣ−1∇cΣ−1

+ 1
4∇cΣ−1∇cΣ−1(nb∇aΣ + 2Σgab)] −

1
8Σ2La∇a(ΩΣLc∇b∇cΣ−1) . (A.12.4)

Let us use this to compute, qb
c l

a∇alb on I . Using qa
b na =̂ qa

b La =̂ 0 and La∇aΩ =̂ −2Σ−1

(where the last equation follows from Eqs. (5.2.20) and (5.2.24)), we have

qb
c l

a∇alb =̂ −1
4Σ2qb

cL
a∇a∇bΣ−1 + 1

4Σ2qb
cL

a∇a∇bΣ−1 =̂ 0 , (A.12.5)
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where the last equality follows because La =̂ L
a (see Eq. (5.2.23)). Next, we evaluate nbla∇al

b on

I . Using Eqs. (5.2.20), (5.2.24) and (A.12.2), we have

nbla∇alb = 1
4Σ2Lanb∇aLb + 1

4ΣLanbLb∇aΣ

=̂ 1
2ΣLaN b∇aLb −

1
2L

a∇aΣ . (A.12.6)

Note that using Eq. (5.2.22)

La∇aΣ = −∇aΣ−1∇aΣ + 1
2N

a∇aΣ∇cΣ−1∇cΣ−1 − 1
2ΩΣLb∇a∇bΣ−1∇aΣ

=̂ 1
2Σ2∇aΣ−1∇aΣ−1 , (A.12.7)

where the second equality uses Na∇aΣ−1 =̂ 1 (which follows from condition (4) and Eq. (5.2.20))

and the fact that Ω =̂ 0. Moreover,

LaN b∇aLb = −LaLb∇aN
b + La∇a(N bLb) =̂ −LaLb(−ΣN b∇aΣ−1 + Σ δb

a) + La∇a(N bLb)

=̂ −LaΣ∇aΣ−1 + La∇a(−N b∇bΣ−1 + 1
2N

bNb∇cΣ−1∇cΣ−1 − 1
2ΩΣLb

N c∇c∇bΣ−1) ,

(A.12.8)

where the first line uses Eq. (5.2.20) and Eq. (A.12.1) while the second line uses Eqs. (5.2.22)

and (5.2.24). Further, using NaNa = Σ2Ω +O(Ω2) (which follows from Eq. (5.2.20) and the fact

that lim
→I

Ω−1nana = 2Φ = 4), and La∇aΩ =̂ −2Σ−1, this becomes

LaN b∇aLb =̂ −LaΣ∇aΣ−1 + La∇a(−N b∇bΣ−1 + 1
2Σ2Ω∇bΣ−1∇bΣ−1) + L

a
N b∇b∇aΣ−1

=̂ −LaΣ∇aΣ−1 − La∇a(N b∇bΣ−1)− Σ∇aΣ−1∇aΣ−1 + L
a
N b∇b∇aΣ−1 , (A.12.9)
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Putting all of this together, we have

nbla∇alb =̂ 1
2ΣLaN b∇aLb −

1
2L

a∇aΣ

=̂ −1
4Σ2∇aΣ−1∇aΣ−1 + 1

2(−LaΣ2∇aΣ−1 − ΣLa∇a(N b∇bΣ−1)− Σ2∇aΣ−1∇aΣ−1)

+ 1
2ΣLa

N b∇b∇aΣ−1 . (A.12.10)

Note that using Eq. (5.2.22) and Na∇aΣ−1 =̂ 1, we have

La∇aΣ−1 =̂ −∇aΣ−1∇aΣ−1 + 1
2∇

aΣ−1∇aΣ−1 = −1
2∇

aΣ−1∇aΣ−1 , (A.12.11)

and therefore

−1
4Σ2∇aΣ−1∇aΣ−1 − 1

2Σ2La∇aΣ−1 =̂ 0 , (A.12.12)

Hence, we get

nbla∇alb =̂ −1
2(ΣLa∇a(N b∇bΣ−1) + Σ2∇aΣ−1∇aΣ−1 − ΣLb

Na∇a∇bΣ−1)

=̂ −1
2(ΣLa∇bΣ−1∇aN

b + Σ2∇aΣ−1∇aΣ−1)

=̂ −1
2(ΣLa∇bΣ−1(1

2n
b∇aΣ + Σδa

b) + Σ2∇aΣ−1∇aΣ−1)

=̂ −1
2L

a∇aΣ− 1
2Σ2La∇aΣ−1 − 1

2Σ2∇aΣ−1∇aΣ−1

=̂ −1
4Σ2∇aΣ−1∇aΣ−1 + 1

4Σ2∇aΣ−1∇aΣ−1 − 1
2Σ2∇aΣ−1∇aΣ−1 , (A.12.13)

where in going to the second line, we used the fact that La =̂ L
a and in the subsequent steps we

used condition (4) and Eqs. (5.2.20), (A.12.1) and (A.12.11). We therefore see that

nbla∇alb =̂ −1
2Σ2∇aΣ−1∇aΣ−1 . (A.12.14)
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Relation to the extension for the auxiliary normal used in [10]

In the matching analysis carried out for supertranslations and supermomenta in [10], a different

extension of the vector fields la and La into the spacetime was used. Denoting the expressions used

in that paper and the ones in chapter 5 (see Eq. (5.2.22)) by la and la respectively, we note that

la = l
a − 1

2ΩΣlb∇a∇bΣ−1 . (A.12.15)

and correspondingly

La = L
a − 1

2ΩΣLb∇a∇bΣ−1 . (A.12.16)

We see that on I , the expressions agree which implies that all of the results pertaining to null

infinity in [10] are valid for the la and La defined here well. We also note that in the limit to H ,

the second term in Eq. (A.12.16) can be written as

lim
→i0
−1

2ΩΣLb∇a∇bΣ−1 = −1
2(−DaΣ−1 −ΣDbΣ−1DaDbΣ−1) , (A.12.17)

where we have used L
a = −ha

bD
bΣ−1 + ηa(1

2ΣhbcDbΣ−1DcΣ−1 − 1
2Σ−1) (from Eq. (5.2.23)),

as well as Eqs. (3.2.2)–(3.2.4) and (5.2.21). This term can be explicitly evaluated in suitable

coordinates on H and shown to be exactly zero for Σ =
√

1− α2 which is a particular choice for

Σ (see Appendix B of [10]). For an arbitrary Σ, given by Σ = σ
√

1− α2 (see Remark 2.3 and the

discussion below Eq. 2.40 of [10] for a description of the freedom in choosing Σ) where σ is an

arbitrary smooth function on H , one can similarly show that this term vanishes fast enough such

that lim
→N ±

Σ−1ha
bL

b = lim
→N ±

Σ−1ha
bL

b which implies that lim
→N ±

Σ−1Ua = lim
→N ±

Σ−1U
b where

U
a := ha

bL
b. This is sufficient to show that the matching analysis performed in [10] holds for the

“modified” la and La used in chapter 5 as well.
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A.13 Matching of Lorentz charges in Kerr-Newman spacetimes

The Kerr-Newman metric is the most general stationary and axisymmetric black hole solution to

the vacuum Einstein-Maxwell equations. It is well known that these spacetimes satisfy the peeling

property along with the condition that Bab = 0. Moreover, since these spacetimes are stationary,

the matching of Lorentz charges in these spacetimes was already shown in [113]. Nonetheless, in this

appendix, for completeness, we explicitly verify that all the assumptions we made for proving the

matching of Lorentz charges are satisfied in this class of spacetimes. Showing that our assumptions

hold at least in this class of spacetimes will be an important consistency check of our results.

We work with the conformal completion of these spacetimes given by Herberthson [163] in which

the unphysical metric gab is C>0 in both null and spatial directions at i0. Our calculation has some

overlap with the one in Appendix. C of [16] where a different conformal completion was used to study

properties of the Kerr spacetime. The line element corresponding to the physical Kerr-Newman

metric is given in Boyer-Lindquist coordinates (see, e.g, [164]; note that we multiply the metric in

Eq. 3.2 of [164] with an overall minus sign since their metric signature is (+,−,−,−) while we use

(−,+,+,+))

dŝ2 = − ∆
R2

(
a sin2 θdφ− dt

)2
+ sin2 θ

R2

[(
r2 + a2

)
dφ− a dt

]2
+ R2

∆ dr2 +R2 dθ2 , (A.13.1)

where

∆ := r2 + a2 + 2Mr +Q2 , R2 := r2 + a2 cos2 θ . (A.13.2)

Here, M denotes the mass of the black hole, Q denotes its electric charge while a is related to

the angular momentum, J , by a := J
M . Following [163], we define coordinates (v, w) that are

well-behaved in a neighborhood of spatial infinity and null infinity, implicitly through

t = w − v
2vw + 2M log(w

v
) , r = v + w

2vw . (A.13.3)
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To obtain the unphysical line element, we use the conformal factor

Ω = vw , (A.13.4)

whereby gab = Ω2ĝab. Note that in these coordinates, I + corresponds to the surface v = 0, i0

corresponds to the point w = v = 0 while I − corresponds to the surface w = 0. Further, we take

the rescaling function, Σ, to be given by

Σ = (w + v)−1 exp(−2M(w + v)) . (A.13.5)

We take I + to be foliated by Σ−1 = constant cross-sections for this choice of Σ. In terms of this Σ,

na|I + ≡
2w

1 + 2Mw
∂w =̂ 2Σ−1∂Σ−1 , (A.13.6)

which is consistent with Eq. (5.2.26b). Moreover, using Eq. (5.2.5) to compute Φ, we get

Φ = 2
1 + 2Mw

, (A.13.7)

and therefore, lim
w→0

Φ = 2 which is consistent with Eq. (5.2.5). Further, la can be computed from

Eqs. (5.2.22) and (5.2.25) and shown to satisfy lana =̂ −1. Next, we write the unphysical metric in

the coordinates defined in Eq. (A.13.3). To access the non-trivial components of the Weyl tensor

near null infinity, we first expand the resulting expression around v = 0 up to O(v3) and compute

the corresponding expression for the Weyl tensor (using the RGTC package in MATHEMATICA [3]).

We see that Ω−1Cabcd has a limit to null infinity and therefore, the peeling property is satisfied in

these spacetimes. Further, using the resulting expression, along with the expression for Ua computed

from Eq. (5.5.10) for our choice of Ω and Σ, and Eq. (5.2.30), we then compute the integrand of

Eq. (5.5.9) and see that it has a finite limit to I +. We can therefore dispense with the limiting

procedure involving the null surfaces described in Sec. 5.5, evaluate this integral on I + and then
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take the limit to N + which corresponds to taking w → 0. We find that

lim
w→0

lim
v→0

[
− 1

8π

∫
S′
ε̃2 Ω−1/2Σ−1 ∗Cacbd U

a(∇cΩ1/2)(∇dΩ1/2)(Ω−1/2Xb)
]

= − 3
8π

∫
N +

dθdϕ aM sin2 θXθ ,

(A.13.8)

where Xθ denotes the θ-component of the Lorentz symmetry on N +. Since the Lorentz symmetries in

the limit along I + to N + match the corresponding limit of the Lorentz symmetries at spatial infinity

(see Remark 5.4.1), we can evaluate this expression using the explicit expressions for the Lorentz

symmetries at spatial infinity, derived in Appendix. B of [91]. The only non-trivial contribution

comes from the limit of the boost vector field, given in Eq. (B.118) of [91]. Translated into our

notation, it is Xa
(boost) ≡ cos θ(1 − α2)∂α − α sin θ∂θ. Note that as remarked below Eq. (5.5.38),

the right hand side of Eq. (A.13.8) actually corresponds to the charge associated with ε̃θ
ϕXθ and

therefore this charge corresponds to a rotation in the ϕ - direction. We get that the integral on the

right hand side of Eq. (A.13.8) evaluates to

3
8π

∫
N +

dθdϕ aM sin3 θ = aM = J , (A.13.9)

as expected. To study limits to i0 along spatial directions, we define coordinates (ρ, α) by

α := w − v
w + v

, ρ :=
√
vw , (A.13.10)

where ρ→ 0 corresponds to the limit to i0 and ρ = 1 corresponds to the unit hyperboloid of spatial

directions, H , in Ti0. We then write the metric in these coordinates and expand it around ρ = 0 to

O(ρ4) to access the non-zero Weyl tensor components. We find that Bab = 0. Moreover, calculating

βab using Eq. (5.2.1) yields

βab ≡ 6aM cos θ (ρdα)2 − 6aMα sin θ(ρdα)(ρdθ)− 3aM(α2 − 1) cos θ(ρdθ)2

− 3aM(α2 − 1) cos θ sin2 θ(ρdϕ)2 , (A.13.11)

where we have written the final expression in a (ρdα, ρdθ, ρdϕ) basis which is a C>−1 basis at i0.

Note that this expression is consistent with βab being odd under the reflection map on H under
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which (α, θ, ϕ)→ (−α, π − θ, ϕ± π) (cf. Eq. (3.2.7)). Next, computing the limit of Eq. (5.5.9) to

H using our expressions for Ω, Σ and Ua in these coordinates, and then taking the limit to N +

(that is, α→ 1), we get

lim
α→1

lim
ρ→0

[
− 1

8π

∫
S′
ε̃2 Ω−1/2Σ−1 ∗ Cacbd U

a(∇cΩ1/2)(∇dΩ1/2)(Ω−1/2Xb)
]

(A.13.12)

= − 3
8π

∫
N +

dθdϕ aM sin2 θXθ = J ,

where we have used Xθ to denote the limit of Xθ to N + and in the last equality, we have its

explicit expression discussed above. Note also that in taking this limit, we have used the fact that

Xα → 0 as α→ 1 (see Eqs. (5.3.16) and (5.3.19)). We therefore see that our continuity condition

on Eq. (5.5.9) is satisfied at N + in these spacetimes. In the same way, one can show that it is also

satisfied at N −. Further, one can check by explicit computation that the condition Eq. (5.2.33) is

also satisfied. Moreover, since these spacetimes are stationary, Nab = Rab = 0 and so both conditions

Eq. (5.2.34) are trivially satisfied. One can similarly check that the trace-free projection of ΣSab is

continuous (and in fact 0) at N ±. We therefore conclude that all our assumptions (summarized in

Sec. 5.6) are satisfied in these spacetimes.

A.14 Free Lorenz gauge solutions with nontrivial soft charges

To supplement the discussion in chapter 6, in this appendix we review the solutions of the free,

noninteracting theory which satisfy everywhere the Lorenz gauge condition. We show that these

solutions satisfy the gauge-invariant asymptotic properties at i+ and i− given in Eqs. (6.2.21)

and (6.2.22). We then generalize the solutions to a larger class which satisfy Lorenz gauge only

asymptotically, and deduce the general form of the Lorenz gauge scattering map for free solutions.
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1 Global Lorenz gauge

In inertial coordinates (t, xi) the homogeneous global Lorenz gauge solutions are

A0 = 0, (A.14.1a)

Ai =
∑
l≥0

{
∂ijL

[
DjL(t− r)

r
− DjL(t+ r)

r

]
− ∂L

[
D′′

iL(t− r)
r

− D′′
iL(t+ r)
r

]}

+
∑
l≥0

ϵipq∂pL

[
CqL(t− r)

r
− CqL(t+ r)

r

]
. (A.14.1b)

The notation here follows Ref. [165] and is as follows. The symbol L is the multi-index L =

(i1, i2, . . . il), and DiL, CiL are Cartesian tensors which are symmetric and trace-free on all of

their indices. The symbol ∂L means ∂i1 . . . ∂il
. Here and throughout underlines mean that the

corresponding quantities are in Lorenz gauge. Note that, for a given solution, the tensors DiL and

CiL are not unique, since the solution (A.14.1) is invariant under transformations of the form

DiL(x)→ DiL(x) + δDiL(x), CiL(x)→ CiL(x) + δCiL(x), (A.14.2)

for l ≥ 0, where δDiL and δCiL are a polynomials in x of degree 2l + 2.

We will restrict attention to solutions for which the asymptotic behavior of the symmetric

tracefree tensors DiL and CiL as x→∞ is given by

DiL(x) = D̃+iL(x) + P+iL(x), CiL(x) = C̃+iL(x) +Q+iL(x), (A.14.3)

where D̃+iL, C̃+iL go to 0 as x→∞, and P+iL and Q+iL are polynomials in x of degree l + 2 and

l + 1 respectively. Similarly as x→ −∞ we require that

DiL(x) = D̃−iL(x) + P−iL(x), CiL(x) = C̃−iL(x) +Q−iL(x), (A.14.4)

where D̃−iL, C̃−iL → 0 as x→ −∞, and P−iL and Q−iL are again polynomials in x of degree l + 2

and l + 1 respectively. Because of the invariance property (A.14.2), the solution (A.14.1) depends
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only on the differences ∆PiL = P+iL − P−iL and ∆QiL = Q+iL −Q−iL between these polynomials

and not on P±iL or Q±iL individually. The assumptions (A.14.3) and (A.14.4) are compatible with

the large r field expansions (6.2.6) and (6.2.14) that we have assumed3, and also yield solutions with

finite energy.

The coefficients of the large r expansions of the fields near I + are given by A+u = A+r = 0, and

A+A(u, θA) =
∑

l

(−1)l+1nLei
A

[
D̃

(l+2)
+iL (u) + ϵipqn

pC̃
(l+1)
+qL (u)

]
, (A.14.5)

where ni = xi/r, ei
A = DAn

i, nL = ni1 . . . nil , and the superscripts (l + 2) and (l + 1) indicate the

number of derivatives taken. This expression satisfies the condition

A+A → 0 (A.14.6)

as u→∞ at i+, which yields the condition (6.2.22c), from Eq. (6.2.7d). In the other limit u→ −∞

at i0 we have, from Eqs. (A.14.3) and (A.14.4),

A+A(u, θA)→ A+
−A(θA) =

∑
l

(−1)lnLei
A

[
∆P (l+2)

iL + ϵipqn
p∆Q(l+1)

qL

]
. (A.14.7)

Here the right hand side is independent of u since ∆PiL is a polynomial of order l + 2 and ∆QqL is

a polynomial of order l + 1.

Similar results apply for the limiting behavior of the solutions near I −. The expansion coefficients

are A−v = A−r = 0, and

A−A(v, θA) =
∑

l

nLei
A

[
D̃

(l+2)
−iL (v)− ϵipqn

pC̃
(l+1)
−qL (v)

]
. (A.14.8)

This satisfies the condition as v → −∞ at i−

A−A → 0, (A.14.9)

3 This would no longer be true if the polynomials P±iL and Q±iL were of higher degree than l + 2 and l + 1.
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yielding the condition (6.2.21c), while as v →∞ at i0 we have, from Eqs. (A.14.3) and (A.14.4)

A−A(v, θA)→ A−
+A(θA) =

∑
l

nLei
A

[
∆P (l+2)

iL − ϵipqn
p∆Q(l+1)

qL

]
. (A.14.10)

One can check that these Lorenz gauge solutions (A.14.1) satisfy the matching conditions (6.2.23a)

and (6.2.23b) [or equivalently (6.2.38)] discussed in chapter 6. Note, however, that they do not

satisfy the matching condition (6.2.39), instead this relation is satisfied with a sign flip, since from

Eqs. (A.14.7) and (A.14.10) we have

A+
− A = −P∗A−

+ A. (A.14.11)

This is discussed further in Sec. 6.3.2 above.

By expanding the solution (A.14.1) to subleading order in 1/r near I + and I − and reading

off the subleading coefficients Â+u, Â+A, Â−v and Â−A, one can verify the limiting behavior at i−

and i+ given by Eqs. (6.2.21a), (6.2.21b), (6.2.22a) and (6.2.22b). Similar analyses for free massless

scalar field solutions establishes (6.2.21d) and (6.2.22d).

Let us now specialize these solutions to the l = 0, 1 sectors for the scalar field, and to the l = 1

sector for the vector potential which is the case we consider in the body of chapter 6. In Lorentzian

coordinates (t, xi) these solutions are

Φ(1) = −ψ0(t− r)
r

+ ψ0(t+ r)
r

+ ∂i
[ψi(t+ r)

r
− ψi(t− r)

r

]
, (A.14.12a)

A
(1)
t = 0 , (A.14.12b)

A
(1)
i = ∂ij

[
Dj(t− r)−Dj(t+ r)

r

]
−
[
D′′

i (t− r)−D′′
i (t+ r)

r

]
+ϵipq∂p

[
Cq(t− r)− Cq(t+ r)

r

]
, (A.14.12c)

for some functions ψ0, Di and Ci, where primes denote derivatives with respect to the argument

and ∂ij ≡ ∂i∂j . The boundary conditions on these functions at large values of their arguments are

given in Eqs. (A.14.3) and (A.14.4). By exploiting the redefinition freedoms (A.14.2) we can take
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these boundary conditions to be

Di(x) → 0, x→ −∞, (A.14.13a)

Di(x)− αi − βix− γix
2 → 0, x→ +∞, (A.14.13b)

and

Ci(x) → 0, x→ −∞, (A.14.14a)

Ci(x)− λi − κix → 0, x→ +∞, (A.14.14b)

where αi, βi, γi, λi and κi are constants. Following the specialization (6.2.41) we will take

κi = 0. (A.14.15)

Finally, we impose on ψ0 and ψi the conditions

ψ0(x) = O (1/|x|) , x→ ±∞, (A.14.16)

ψi(x) = O (1/|x|) , x→ ±∞, (A.14.17)

(cf. the discussion in Sec. 6.2.2 above).

Next, by writing the solution (A.14.12) in advanced polar coordinates (v, r, θA) = (v, r, θ1, θ2)

where v = t+ r, and by performing the expansion (6.2.14), we can read off the leading order initial

data defined by Eqs. (6.3.14) [see also Eq. (A.14.8)] :

χ(1)
−

(v, θA) = ψ0(v) + niψ′
i(v), (A.14.18a)

A(1)
− A(v, θA) = ei

A

[
D′′

i (v)− ϵipqnpC
′
q(v)

]
. (A.14.18b)
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The corresponding final data is [see Eq. (A.14.5)]

χ(1)
+

(u, θA) = −ψ0(u) + niψ′
i(u), (A.14.19a)

A(1)
+ A(u, θA) = −ei

A

[
D′′

i (u)− 2γi + ϵipqnpC
′
q(u)

]
. (A.14.19b)

Note that from Eqs. (A.14.13) and (A.14.14), the initial and final data Eqs. (A.14.18) and (A.14.19)

satisfy our gauge condition (6.2.34) but not (6.2.39). Instead, (6.2.39) is satisfied with a sign flip. We

remedy this with a gauge transformation in the body of chapter 6 below Eq. (6.4.4). By comparing

Eqs. (A.14.19) and (A.14.18), we can read off the leading order scattering map in Lorenz gauge (also

derived more generally in Appendix A.14). It is given by

χ(1)
+

(u, θA) = −P∗ χ
(1)
−

(u, θA) , (A.14.20a)

A(1)
+ A(u, θA) = P∗

[
A(1)

− A(u, θA)−A(1)
−
+ A(θA)

]
. (A.14.20b)

It is easy to see that this map preserves the symplectic form (6.2.43), as it should, using Eqs. (A.14.6)

and (A.14.9).

2 Asymptotic Lorenz gauge

The solutions (A.14.1) are the most general free solutions that obey the Lorenz gauge condition

everywhere in spacetime. However one can obtain a more general class of solutions in asymptotic

Lorenz gauge, in which one imposes the Lorenz gauge condition only at r ≥ R for some R. Specifically

for r ≥ R one can transform the solutions according to

Aa → Aa +∇aε, Φ→ eiεΦ, ε =
∑
l≥1

DL∂L

(
ul + vl

r

)
, (A.14.21)

where DL for l ≥ 1 are some constant traceless symmetric tensors. For r < R one can use any

smooth extension of ε. This transformation preserves the asymptotic gauge conditions (6.2.34), and

the initial and final data transform as A+A → A+A + DAε+, A−A → A−A + DAε−, where ε+(θA) is

a freely specifiable function with only l ≥ 1 components and ε− = P∗ε+. The transformation is of
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the even form (6.2.35), and thus is not gauge but instead is a mapping from solutions to physically

distinct solutions, as discussed in Sec. 6.2.4.

The general asymptotic Lorenz gauge solutions will no longer satisfy the conditions (A.14.6) and

(A.14.9) at past and future timelike infinity. However there is a combination of these conditions

which is unaffected by the transformation (A.14.21), and which is still valid for the general solutions,

namely

Ψe
+
+

= P∗Ψe
−
−
. (A.14.22)

Scattering map for free solutions in asymptotic Lorenz gauge

Recall that the scattering map that relates the initial data on I − to the final data on I + for the

free global Lorenz gauge solutions is

χ
+
(u, θA) = −P∗ χ

−
(u, θA), (A.14.23a)

A+A(u, θA) = P∗
[
A−A(u, θA)−A−

+A(θA)
]
. (A.14.23b)

This scattering map can be generalized to the class of asymptotic Lorenz gauge solutions generated

by the transformation (A.14.21) by expressing the gauge transformation function ε+ in terms of the

new initial data. Writing the result in terms of the potentials (6.2.36), making use of the vanishing

magnetic charges condition (6.2.41) and using P∗εAB = −εAB gives

Ψe
+(u, θA) = P∗

[
Ψe

−(u, θA)−Ψe
−
+
(θA) + Ψe

−
−
(θA)

]
, (A.14.24a)

Ψm
+ (u, θA) = −P∗Ψm

− (u, θA), (A.14.24b)

χ
+
(u, θA) = −P∗ χ

−
(u, θA). (A.14.24c)
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A.15 Properties of interacting Lorenz gauge solutions

In this appendix we deduce some properties of nonlinear Lorenz gauge solutions that are applicable

to the analysis presented in chapter 6. Consider first solutions in global Lorenz gauge. We claim that

the conditions (A.14.6) and (A.14.9) at future and past timelike infinity are still satisfied by these

solutions. To see this, consider the version of the theory on the Einstein static universe obtained

by making a conformal transformation. In this version spacetime is compact and all the fields are

bounded. Consider now a small neighborhood V of future timelike infinity i+. At each order in

perturbation theory, one can obtain the fields inside V by specifying the initial conditions on the

Cauchy surface obtained by taking the intersection of ∂V with the image of Minkowski spacetime on

the Einstein static universe cylinder. The fields inside V (and in particular the limit to i+ of the

fields on I +) are given as a sum of a homogeneous solution determined by the initial data, and

an inhomogeneous solution determined by the sources inside V with zero initial data. However, we

know from Appendix A.14 that the homogeneous solutions must satisfy the vanishing condition

(A.14.6) at i+, since they are free Lorenz gauge solutions. The inhomogeneous solution can give a

nonvanishing contribution to the limit, however this can be made arbitrarily small by taking the

size of the neighborhood to zero, since the sources are bounded. We conclude that the conditions

(A.14.6) and (A.14.9) are satisfied.

Just as for the free solutions, more general nonlinear solutions in asymptotic Lorenz gauge

obtained from the transformation (A.14.21) will no longer satisfy the conditions (A.14.6) and

(A.14.9), but will satisfy the condition (A.14.22).

A.16 Field configuration space in the magnetic sector

In this appendix we discuss a difference between the space of solutions for the electric potential Ψe
−

and the magnetic potential Ψm
− , to supplement the discussion contained in chapter 6. For the class

of Lorenz gauge free solutions discussed in Appendix A.14 these potentials vanish at i−, from Eq.
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(A.14.9):

Ψe
−
−

= 0, Ψm
−
−

= 0, (A.16.1)

and this generalizes to the solutions of the interacting theory. However, by using the transformation

freedom (6.2.35a) we can make Ψe
−
−

be nonzero, from Eq. (6.2.37a). Thus in the full space of solutions

with our preferred asymptotic gauge conditions (6.2.34) and (6.2.39) [which do not include Lorenz

gauge] we have that both Ψe
−
−

and Ψe
−
+

are nonzero in general.

For the magnetic variables the story is somewhat different. Starting from the class of solutions

which satisfy (A.16.1), one can attempt to obtain a larger class of solutions by analogy with the

procedure for the electric variables, by making a transformation of the initial data on I − of the

form

Ψe
− → Ψe

−, Ψm
− → Ψm

− + ε̃−, (A.16.2)

where ε̃− is a function on I − with no l = 0 component that is independent of v. Although the

transformation (A.16.2) is not a gauge transformation, it is a kind of magnetic analog of the gauge

transformation given by Eqs. (6.2.37) [136]. By solving the equations of motion one can determine

the effects of this transformation of the initial data on the entire solution, and in particular the data

on I + transforms as [cf. Eq. (6.2.35a) above]

Ψe
+ → Ψe

+, Ψm
+ → Ψm

+ + ε̃+. (A.16.3)

where ε̃+ = P∗ε̃−. The magnetic charges

Q̃ε̃ = 1
e2

∫
d2Ω ε̃+F+

−AB = 1
e2

∫
d2Ω ε̃−F−

+AB (A.16.4)

associated with these transformations [cf. Eq. (6.2.23b) above] can be derived in exact parallel with

the derivation for the electric case discussed in Sec. 6.2.4 [136]. However, the solutions generated by

the transformations (A.16.2) are generically singular in the interior of the spacetime. One example

of such a solution is a static magnetic dipole at the origin r = 0. In our discussion, we restricted

attention to initial data on I− which evolves into smooth solutions in the interior of the spacetime,
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which requires that

Ψm
−
−

= 0, (A.16.5)

and disallows the transformations (A.16.2). A similar analysis at I + yields the condition

Ψm
+
+

= 0. (A.16.6)

The other limits Ψm
+
−

and Ψm
−
+

of the magnetic potentials at spatial infinity are generally nonzero (see

Appendix A.14). However, in our analysis, we restricted attention to the sector of the theory in

which they vanish, as discussed around Eq. (6.2.41).

A.17 Computation of Lorenz gauge scattering map

In this appendix, we solve the second order Lorenz gauge equations of motion for the scalar field

(6.3.18a), with source terms obtained from the leading order solutions (A.14.12). We use retarded

coordinates (u, xi) or (u, r, ni) where r = |x⃗|, u = t− r and n = x⃗/r is the unit radial vector. We

also include some supplementary results that are needed for the computation of the cubic order

scalar field solution in Sec. 6.5.2.

1 Scalar field solution

The wave equation (6.3.18a) for the second order piece of the scalar field is of the form □Φ(2) = S

for some source S, whose general solution in retarded coordinates is

Φ(2)(u, r,n) = − 1
4π

∫
d3y

S(u+ r − ρ−R,y)
R

, (A.17.1)

where R = |x− y| and ρ = |y|. Our source has l = 0, 1, 2 modes. Let us analyze them separately,

starting with the l = 1 mode. This can is be written as S = Si(u, r)ni, yielding

Φ(2)
(l=1)(u, r,n) = −n

i

2

∫ ∞

0
dρ

∫ 1

−1
dµ
ρ2µ

R
Si(u+ r − ρ−R, ρ) , (A.17.2)
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where µ = n · n′ and n′ = y/ρ. We next make a change of variables of integration from ρ, µ to ∆u,

∆v defined by

∆u = −r + ρ+R , ∆v = r + ρ−R , (A.17.3)

where R =
√
r2 + ρ2 − 2rρµ. This gives

Φ(2)
(l=1)(u, r,n) = ni

8r

∫ ∞

0
d∆u

∫ 2r

0
d∆v

[
∆u−∆v − ∆u∆v

r

]
Si(u−∆u,∆u/2 + ∆v/2). (A.17.4)

We now discuss taking the limit r →∞ to future null infinity. The leading order piece of the

solution (A.17.4), proportional to 1/r, is given by replacing the upper bound on the ∆v integral with

∞, and dropping the third term in the large square brackets. The approximation is delicate however

since it depends on the behavior of the function Si near I +, and in general terms proportional to

log r can arise. In our case we will find that the integral defining the coefficient of the leading order

1/r term converges, indicating that the approximation is valid for the leading order term.

We next insert into Eq. (A.17.4) the expression for Si obtained from Eqs. (6.3.18a) and (A.14.12)

and take the large r limit. This yields

Φ(2)
(l=1)(u, r,n) = −4in

i

r

∫ ∞

0
d∆u

∫ ∞

0
d∆v Ii(u,∆u,∆v) +O

( ln r
r2

)
, (A.17.5)

where the integrand is

Ii(u,∆u,∆v) = ∆v −∆u
∆u+ ∆v (∂∆u + ∂∆v)

{ 1
∆u+ ∆v [Di(u−∆u)−Di(u+ ∆v)]

}
× (∂∆u + ∂∆v)

{ 1
∆u+ ∆v [ψ0(u−∆u)− ψ0(u+ ∆v)]

}
. (A.17.6)

To explicitly evaluate the integral (A.17.5), we expand out the integrand (A.17.6) and evaluate the

derivatives. Now although the total integrand is smooth at ∆u = ∆v = 0, the individual terms

diverge there. To evaluate the integrals of the individual terms we introduce a lower cutoff ν in the

∆u and ∆v integrals and use integrations by parts. When we add the integrals of the individual

terms, the divergent terms proportional to ν−1 and ν−2 cancel. Taking the cutoff to zero, we find,
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after a long but straightforward calculation,

Φ(2)
(l=1)(u, r,n) = −4in

i

r
ψ0(u)γi +O

( ln r
r2

)
, (A.17.7)

where γi is defined in Eq. (A.14.13b).

Let us now consider the contribution to the source term Eq. (6.3.18a) from the ψi terms in

Eq. (A.14.12a). [We drop the Cq terms appearing from Eq. (A.14.12c) since these terms do not

contribute to the final answer because of Eq. (A.14.14).] This is given by

S(l=0, l=2)(u, v, r) = 4ininj

r
∂r
[Di(u)−Di(v)

r

]
∂2

r

[ψj(u)− ψj(v)
r

]
− 2i
r2 (δij − ninj)∂r

[Di(u)−Di(v)
r

]
∂r
[ψj(u)− ψj(v)

r

]
+ 2i
r2 (δij − ninj)

[
D′′

i (u)−D′′
i (v)

]
∂r
[ψj(u)− ψj(v)

r

]
, (A.17.8)

where the subscript denotes the fact that this term is comprised of l = 0 and l = 2 modes. Breaking

up ninj into a symmetric-traceless and a pure trace part, we can extract each of these modes. The

l = 0 mode is given by

S(l=0)(u, v, r) = 4i
3r∂r

[Di(u)−Di(v)
r

]
∂2

r

[ψi(u)− ψi(v)
r

]
− 4i

3r2∂r
[Di(u)−Di(v)

r

]
∂r
[ψi(u)− ψi(v)

r

]
+ 4i

3r2
[
D′′

i (u)−D′′
i (v)

]
∂r
[ψi(u)− ψi(v)

r

]
(A.17.9)

This yields

Φ(2)
(l=0)(u, r) = − 1

2r

∫ ∞

0
d∆u

∫ ∞

0
d∆vJ (u,∆u,∆v) +O

( ln r
r2

)
, (A.17.10)

where the integrand is

J (u,∆u,∆v) = ∆v −∆u
4 S(l=0)(u−∆u, u+ ∆v, ∆u+ ∆v

2 ) (A.17.11)
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The l = 2 mode is given by

S(l=2)(u, v, r) =
4i(ninj − 1

3δ
ij)

r
∂r
[Di(u)−Di(v)

r

]
∂2

r

[ψj(u)− ψj(v)
r

]
+ 2i
r2 (ninj − 1

3δ
ij)∂r

[Di(u)−Di(v)
r

]
∂r
[ψj(u)− ψj(v)

r

]
− 2i
r2 (ninj − 1

3δ
ij)
[
D′′

i (u)−D′′
i (v)

]
∂r
[ψj(u)− ψj(v)

r

]
, (A.17.12)

where we have suppressed the n dependence in the argument of S(l=2) for ease of notation. This

yields

Φ(2)
(l=2)(u, r,n) = − 1

2r (ninj −
1
3δij)

∫ ∞

0
d∆u

∫ ∞

0
d∆vKij(u,∆u,∆v) +O

( ln r
r2

)
, (A.17.13)

where the integrand is

Kij(u,∆u,∆v) = ∆u2 − 4∆u∆v + ∆v2

6(∆u+ ∆v) S(l=2)(u−∆u, u+ ∆v, ∆u+ ∆v
2 ) (A.17.14)

The calculation for Eq.(A.17.10) proceeds exactly like the one described earlier to obtain Eq. (A.17.7).

Eq. (A.17.13), however, is hard to evaluate analytically and so we resort to numerical methods to

solve the integral. We do this by putting in various functions that satisfy our fall-off conditions

(A.14.13), (A.14.16). Our final answer for this part of the solution is

Φ(2)
(l=0)(u, r,n) + Φ(2)

(l=2)(u, r,n) = 1
r

[4i
3 γ

jψ′
j(u) + 4i(ninj − 1

3δ
ij)γiψ

′
j(u)

]
+O

( ln r
r2

)
,

= 4ininjγiψ
′
j(u) +O( ln r

r2 ) (A.17.15)

Hence, using Eq. (A.14.18), we obtain the following expression for the final data of the second

order scalar field

χ(2)
+

(u, θA) = −4iγin
iP∗χ

(1)
−

(u, θA). (A.17.16)
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2 Details of the cubic order scalar field calculation

To calculate χ(3)
+

(u, θA) which we need to evaluate
∫
duJ+u(u, θA)−

∫
dvJ−v(v, θA) in Sec. 6.5.3, we

will make use of Fourier mode expansions. Below, we write out the mode expansion for a massless

complex scalar field that satisfies the free wave equation and use this opportunity to lay out our

conventions. We take a specific scalar field profile that has support on only l = 0 and l = 1 modes.

As such, we write

Φ(1)(x) =
∫

d3k√
2k

g(k̂)
[
cke

−ikt+ik⃗·x⃗ + b⋆
ke

ikt−ik⃗·x⃗
]

=
∫
dΩk g(k̂)

[∫ ∞

0
dk

k2
√

2k
cke

−ikt+ik⃗·x⃗ +
∫ 0

−∞
dk

k2√
2|k|

(−ib∗
−k)e−ikt+ik⃗·x⃗

]

=
∫
dΩk

∫ ∞

−∞
dk g(k̂) k2√

2|k|
ake

−ikt+ik⃗·x⃗ =
∫
dΩk

∫ ∞

−∞
dk

k2√
2|k|

ake
−ikt+ik⃗·x⃗ , (A.17.17)

where g(k̂) encodes the dependence of the mode functions on k̂ and we have taken that to be the same

for both mode functions. In the second term in the second step, we took k → −k and consequently

k⃗ = kk̂ → −kk̂ = −k⃗. We have defined a new complex valued function ak such that for k > 0,

ak = ck and for k < 0, ak = −ib∗
−k. In the last step, we have also defined ak := g(k̂)ak. To relate

these mode functions to our chosen initial data profile for the scalar field on I −, we convert this to

v, r coordinates, take the large r limit at constant v, and evaluate the momentum integrals using a

saddle point approximation. This gives us the relation

fk =
√

2iπ k√
|k|
ak , (A.17.18)

where fk is the momentum space profile of our initial scalar field on I −. In our calculation, we pick

this profile to be

fk = (1 + k̂ · ẑ) exp[−(i+ 1)(k − 1)2] , (A.17.19)
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where ẑ is the unit vector pointing towards the north pole on S2. In position space, this corresponds

to 4

χ−(v, θA) = (1− i)
√

1 + i)
4
√
π

(1 + cos θ) exp[−iv −
(1− i

8
)
v2] . (A.17.20)

Our goal is to find χ(3)
+ (u, θA), that is, the leading 1/r piece in a 1/r expansion of Φ(3)(x) near I +

where Φ(3)(x) solves Eq. (6.5.24a). A useful way of doing this, for a generic field, F (x) satisfying

□F (x) = −j(x) , (A.17.21)

in Minkowski spacetime was given in [146] where they were interested in extracting the 1/r piece at

large r and fixed t. We now adapt their derivation to our limit of interest, namely large r at fixed u

which corresponds to the limit to I +.

The retarded solution to Eq. (A.17.21) is given by

F (x) = −
∫
d4y Gr(x, y)j(y) , (A.17.22)

where Gr(x, y) is the retarded Green’s function

Gr(x, y) = 1
(2π)4

∫ ∞

−∞
dω

∫
d3ℓ⃗ e−iω(t−y0)+iℓ⃗·(x⃗−y⃗) 1

(ω + iϵ)2 − ℓ⃗2
, (A.17.23)

where we have made explicit the fact that we denote ℓ0 by ω and xa = (t, x⃗) while ya = (y0, y⃗). This

gives us

F (x) = − 1
(2π)4

∫
d4y

∫ ∞

−∞
dω

∫
d3ℓ⃗ e−iωt+iωy0+iℓ⃗·(x⃗−y⃗) j(y)

(ω + iϵ)2 − ℓ⃗2
. (A.17.24)

We now write t = u+ r,where |x⃗| = r, and repeat the calculation given in Eqs. (2.7-2.9) of [146].

Defining ℓ⃗∥ and ℓ⃗⊥ to be the components of ℓ⃗ parallel and perpendicular to (x⃗− y⃗) respectively, we

4 See the discussion below Eq. (6.5.19) for an explanation of this choice.
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obtain

F (u, x⃗) = − 1
(2π)4

∫ ∞

−∞
dω

∫
d4y

∫
d2ℓ⊥dℓ∥ e

iωy0−iω(u+r)+iℓ∥|x⃗−y⃗| j(y)
(ω + iϵ)2 − ℓ2∥ − ℓ⃗

2
⊥
. (A.17.25)

Next, we do the integral over ℓ⃗∥ using contour integration where the we close the contour for ℓ||

integration in the upper-half plane. We then do the integration over ℓ⃗⊥, which at large |x⃗− y⃗| can

be done using the saddle point approximation where the saddle point lies at ℓ⃗⊥ = 0. Doing both

these integrals and then taking ϵ→ 0, we obtain

F (u, x⃗) = 1
8π2

∫ ∞

−∞
dω

∫
d4y e iωy0−iω(u+r)+iω|x⃗−y⃗] j(y)

|x⃗− y⃗|
. (A.17.26)

Assuming |x⃗| ≫ |y⃗|, using |x⃗− y⃗| = r − y x̂ · ŷ +O(1/r), we obtain

F (u, x⃗) ≈ 1
8π2r

∫ ∞

−∞
dω

∫
d4y j(y) e−iωu+iωy0−iωx̂·y⃗ . (A.17.27)

Note that the assumption |x⃗| ≫ |y⃗| is justified (at least) when the source term, j(y) has an

exponential fall-off at large |y⃗| at fixed y0 which is true in our application of this formula because of

our choice of initial data [Eq. (A.17.20)].
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