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In this time of severe climate change, there is an increasing need for sophisticated

simulation tools to facilitate more efficient fossil-fuel based combustion devices

with low pollutant and greenhouse gas emissions. In particular, to simulate a

turbulent reacting flow, a proper prediction of the interactions between turbu-

lence and chemistry is extremely important. Probability density function (PDF)

methods have been shown to capture this strong turbulence chemistry interac-

tion accurately. However, one of the biggest disadvantages of PDF methods is its

significantly higher computational cost of solving the chemistry in its exact form

compared to other simpler methods, such as flamelet-based models. This neces-

sitates the development of strategies to reduce the cost of PDF type approaches

without losing the level of accuracy. Two different categories of techniques to

accelerate the process are explored in this thesis.

The use of analytical Jacobian is observed to be a promising step to acceler-

ate the chemistry source term integration compared to using numerical Jacobian.

Here, a generalized projection-based analytical Jacobian framework is provided

that considers all species mass fractions and temperature in the state vector while

satisfying the mass conservation constraint consistently. The use of a projection



matrix with the analytical Jacobian ensures that the mass fraction vector never

goes off its realizable simplex, defined by the constraint, at any time step. This

approach provides an accurate solution with different types of solvers, and also

predicts the spectral properties of the corresponding dynamical system within

round-off errors. Next, the algorithm for generating the analytical Jacobian is

combined with a dimension reduction technique, the quasi-steady species (QSS)

assumption. An automated algorithm package is developed, which provides the

analytical expression of the Jacobian with QSS species, properly integrating all the

additional derivatives corresponding to the QSS-derived algebraic expressions,

and can be readily implemented in any high-fidelity turbulent simulation. Com-

bining these two techniques (analytical Jacobian and QSS) has shown a significant

reduction in the computational cost of a partially stirred reactor (PaSR) simula-

tion.

Adaptive chemistry approaches, which tailor the fidelity and size of the kinetic

models used for reaction integration to the local flame conditions, have reduced

the cost of PDF-type methods due to their ability to accurately describe the rele-

vant combustion kinetics with significantly fewer variables and equations. In this

work, two new adaptive chemistry algorithms are developed. The first addresses

a key challenge of efficiently capturing the secondary chemistry pathways, such

as pollutant formation, in an existing pre-partitioned adaptive chemistry (PPAC)

approach. This new algorithm, PPAC-Additive, decouples the secondary chem-

istry from primary chemistry pathways (fuel oxidation), thus developing smaller

reduced kinetic models compared to PPAC. In PPAC-Additive, the reduced mod-



els are generated first for main oxidation targets only, and then the important sec-

ondary pathways, demonstrated with NOx prediction, are dealt with afterwards

in a separate stage. Both PPAC and PPAC-Additive generate the reduced models

based on a sample set of compositions in an offline stage, which are then used

adaptively during the simulation of interest. In contrast to the current adaptive

frameworks, which require extensive pre-processing analysis and assumption, the

second algorithm, dynamically partitioned adaptive chemistry (DPAC), is a com-

pletely stand-alone adaptive approach with limited need for user input. DPAC

generates the reduced models during the adaptive simulation based on the en-

countered compositions at runtime. DPAC updates the reduced kinetic models

continuously as the flame and its compositions evolve in time, making it more

flexible and efficient than other existing adaptive chemistry approaches. Both

PPAC-Additive and DPAC have shown significant gain in CPU cost and mem-

ory requirement compared to a detailed simulation and PPAC in the context of

large-scale LES-PDF simulations.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Background

In 2022, even in the midst of a pandemic and a war, climate change is still ar-

guably the largest threat to human well-being and health of this planet in the long

run. Today, the atmospheric concentration of carbon dioxide (CO2), which is the

most important green house gas, is around 418 ppm. In the past 800,000 years this

level never crossed 300 ppm, which means that we have observed almost a 40%

increase in the CO2 level in the last few decades. As a result, the global tempera-

ture has increased by 1.10 C since the late 19th century, the arctic sea ice extent is

reduced by 13% since 1979, Earth’s polar ice sheets are melting by 427 billion met-

ric tons every year since 2002, the amount of heat added to the ocean since 1955 is

337 zettajoules, and the sea level has risen by 4 inches since January 1993 [2]. The

largest source (over 65% as in 2021) of the greenhouse gases has been the com-

bustion of fossil fuels in transportation, industry and residential uses. The other

class of pollutants commonly created at high temperature combustion of fossil fu-

els is nitrogen oxides (NOx), such as NO and NO2. These NOx pollutants result in

photo-chemical smog, acid rain and so on. Human exposure to NOx is linked to

severe diseases, as well as premature deaths [3].

Figure 1.1 shows the consumption of energy in the last three decades from
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Figure 1.1: Energy consumption from different kind of fuels. The energy con-
sumption is in quadrillion British thermal units [1].

different sources, and the forecast as well for the next three decades. Clearly, a

significant shift towards renewable energy is observed in the last decade such as

solar, wind, hydroelectric, the use of bio-fuels for a better future. This would

definitely contribute in reducing the impact of global climate change in coming

decades. However, it is projected that fossil fuels will still constitute more the 65%

of the energy consumption in 2050 due to several reasons [1]. First of all, the high

energy density of the fossil fuels, which is even one order of magnitude higher

than the state-of-the-art batteries [4]. Secondly, although the light transportation

will be electric very soon, there currently exists no alternative to combustion of

fossil fuels in aviation industry. Third, the technologies relevant to all renewable

energy sources are still mostly in the developing stage, and a lot of different issues

need to be resolved before they can replace fossil fuels. For instance, Jones [5]

pointed out the questions that still need to be answered about electric cars. Thus,
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while renewable energy technologies continue to develop, it remains important to

improve the combustion devices as well.

Developing more efficient and cleaner design of combustion devices is the

most important avenue of either improving fuel economy and thermal efficiency,

or reducing emission of pollutants, such as carbon monoxide, soot or NOx. For

instance, the former can be achieved by variable intake and exhaust valve actua-

tion in internal combustion engines, whereas HCCI engines running in fuel-lean

conditions decrease the soot productions significantly compared to typical diesel

engines. The other dimension of improving combustion devices involve the use

of low-to-zero carbon fuels. Hydrogen combustion has been a major topic of re-

search in the last few years. On the other hand, carbon capture technologies store

the released carbon dioxide underground. The use of bio-fuels as an alternative

renewable fuel is another important step in the right direction.

The design of advanced combustion devices also requires advancement in

novel computational tools. Simulations can provide quick design iterations, and

novel concepts along with a comprehensive set of data, therefore allowing scope

of further optimization. However, there exist certain challenges in capturing a

multi-physics combustion system in a computational simulation. Combustion

chemistry is described by multi-component fuels, where each fuel contains hun-

dreds to thousands of chemical species in their chemical mechanism [6]. Apart

from solving governing equations for each of those species, an additional chal-

lenge appears from the presence of wide range of time scales of the species and re-
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actions. The complexity increases even further while capturing secondary chem-

istry, such as soot or NOx, which has a different order of time scales compared to

fuel oxidation. A simulation of fuel-lean combustion in an engine required to re-

duce such pollutants, as mentioned previously, requires the addition of low tem-

perature chemistry (LTC), the pathways of which are completely different from

the high temperature combustion pathways. Chemistry aside, the flow inside a

combustor is typically turbulent, which itself contains an extremely wide range

of length and time scales. Although the governing equations of each of these

processes are known, resolving all the length and time scales in a turbulent com-

bustion simulation is still not an affordable task with the current available com-

putational power. Thus, the idea is to model the governing equations to describe

each of the processes accurately while remaining affordable. Large eddy simula-

tions (LES) is a widely used approach to simulate turbulent flows, where the large

scales are resolved exactly and the small scales are modeled. In case of reacting

flow simulation, capturing the turbulence chemistry interaction both accurately

and efficiently is still a major topic of academic research. Transported probabil-

ity density function (PDF), especially the Lagrangian particle PDF [7] method re-

solves combustion chemistry accurately without any a-priori assumption. How-

ever such particle PDF methods are usually computationally expensive requiring

the solution of each chemical species.

The basis of this dissertation is to develop two types of algorithms to reduce

the cost of capturing the chemistry in LES-PDF type simulations. First, an al-

gorithm is developed to provide an analytical Jacobian in the presence of quasi-
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steady state species that speeds up the chemistry solver, and reduces the overall

stiffness of the system. Secondly, the concept of adaptive chemistry is explored

that reduces the number of species in the system in a very efficient way, thus

reducing the number of equations that needs to solved. The first part of the adap-

tive chemistry extends a previously developed Pre-partitioned adaptive chem-

istry (PPAC) algorithm in the context of capturing NOx chemistry. In the second

part, a novel and dynamically adaptive algorithm is developed and validated in

the context of capturing low-temperature chemistry (LTC).

1.2 High-fidelity turbulent combustion simulation

In an incompressible turbulent non-reacting flow, we need to worry about several

factors, such as geometry, resolving large scales of turbulent motions, the scale

separation of turbulence depending on the Reynolds number and so on. Turbulent

reacting flow simulations add an extra concern about the chemistry source term,

for which detailed chemical kinetics is important, especially when it involves lim-

iting phenomenons such as ignition or extinction, and pollutant emissions. The

set of governing ODEs that we typically solve for all species in a detailed mecha-

nism are of the following form:

DΦ
Dt
=

1
ρ
∇ · (ρD∇Φ) + S(Φ) , (1.1)

where D
Dt is the material derivative, Φ is the composition vector, typically con-

sisting of all species mass fractions (or concentrations) and temperature, the first
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term in the right hand side is the molecular diffusion term, and finally S is chemi-

cal source term or the net production rate of each species. During modeling of this

set of equations, one of the most demanding task is to model the chemical source

term S(Φ) involving turbulent-chemistry interaction (TCI) in either time-averaged

RANS type simulation (S(Φ)) or spatially-filtered LES (S̃(Φ)). The challenge arises

from the fact that neither S(Φ) nor S̃(Φ) can be modelled as S(Φ) or S(Φ̃) due to the

strong non-linearity present in S. The time-averaged or spatially filtered source

term or the modeling of TCI has been the focus of the numerous previous studies.

Most of these modeling approaches can be divided broadly into two categories:

flamelet-like and PDF-like [8].

Flamelet models assume a low-dimensional manifold, typically one, two or

three dimensional, in the high dimensional composition space, such that the so-

lution is governed by a few variables, mixture fraction, scalar dissipation rate

or different progress variables. In case of premixed flames, the flamelet mod-

els [9–14] use 1D laminar strained or freely propagating flames, and a user-defined

progress variable. For instance, in flame surface density (FSD) models [9] or G-

equation model [12], laminar flame speed is used as a model input, whereas in

the flamelet generated manifold (FGM) method [13], the full 1D solution is tabu-

lated. On the other hand, in case of non-premixed flamelet models, such as in

steady laminar flamelet (SFM) [15] or in the flamelet progress variable model

(FPV) [16, 17], 1D counterflow flame solutions are used. The other categories

of flamelet models are flame prolongation of ILDM [14] and reaction diffusion

manifolds (REDIM) [18, 19]. The unsteady flamelet models [20–22] have all the
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features of flamelet-like models, except they need to add extra dimensions in the

low-dimensional manifolds, such as unsteady FPV [23] and the tabulated flamelet

model [24]. The advantage of using flamelet type models is the low computational

cost as TCI is modeled in a low dimensional manifold, and the finite rate chem-

istry evaluations are performed typically in 1D cases. Recently Kundu et al. [25]

implemented the unsteady tabulated flamelet model in an engine simulation us-

ing a detailed mechanism with 2755 species in it. However, the assumption of

low-dimensional manifold fails when there exists strong TCI so that turbulence

penetrates into the flame structure, thus flamelet modes are difficult in problems

involving multiple turbulent combustion regimes.

On the other hand, the PDF-like models do not make any assumptions on the

flame topology, i.e., these methods evaluate the chemical source term in its exact

form. The TCI closure is resolved based on some statistical representation of the

thermochemical states using a large number of notional particles. The fundamen-

tal idea of the PDF type approaches is to solve a modeled conservation equation

for the joint PDF of of different fluid properties, e.g., species mass fractions and en-

thalpy. Although the reaction term is solved exactly, the reactive mixing is treated

by a mixing model to account for the effects of molecular diffusion. A comprehen-

sive review is provided by Haworth [26] for all the PDF type models available,

including the treatment of the mixing model. The most common mixing mod-

els are interaction by exchange with the mean (IEM) [27, 28], the modified Curl’s

model (MC) [29], and Euclidean minimum spanning tree (EMST) [30]. Kuron et al.

[31] found that the EMST model performs better than IEM and MC, as EMST,
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unlike the latter two, accounts for the effects of chemical reaction on molecular

mixing. In this work, we have extensively used the IEM model. Several stud-

ies have implemented the PDF calculation efficiently in RANS and LES [7, 32–42].

Apart from modeling the reactive mixing, the biggest disadvantage of this particle

PDF type methods is its computational cost. Hiremath et al. [38] reported that the

transported particle PDF [7] is 8.6 and 17.3 times more expensive than the steady

flamelet model while using a 16 and 38 species methane mechanism, respectively,

along with an optimal load balancing strategy for ISAT. The memory requirement

is also significantly larger for these type of approaches as each cell contains about

20-40 particles per cell, each of them carrying their own full composition vec-

tor along with their location in the physical space. As Pope [8] explained, for a

38 species mechanism and 40 particles per cell, the thermo-chemical information

content is 760 times greater than just carrying the mean and variance of mixture

fraction in a flamelet type model.

Apart from the modeling of TCI, a turbulent combustion simulation of a re-

alistic device needs to capture the multi-component fuel chemistry. The detailed

kinetic models of each of the fuel component may include thousands of species [6].

With a higher number of species, the stiffness of the system increases as well. The

complexity multiplies by another factor when there is low temperature chemistry

(LTC) involved as well in the simulation, whose pathways are significantly dif-

ferent from high temperature chemistry. Naturally, it is obvious that we need to

develop methods to accelerate the flame simulation with efficient usage of large

detailed kinetic models and minimal loss in accuracy. The next section summa-
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rizes different class of methods developed over the decades to reduce the compu-

tational cost. This dissertation is also an extension of such methods that accelerate

the chemistry source term integration in a turbulent combustion simulation, espe-

cially in the context of particle PDF type approaches.

1.3 Traditional approaches for accelerating chemistry source

term integration

Numerous techniques have been developed in the past to reduce the computa-

tional cost of implementing combustion chemistry. They can be classified as skele-

tal reduction, dimension reduction and storage-retrieval methodologies.

The objective of the skeletal reduction is to eliminate unimportant species and

reactions from a detailed kinetic model such that the governing equations can

be solved with a reduced number of species while retaining reasonable accuracy.

The most common skeletal reduction methods include principal component anal-

ysis (PCA) [43–45], sensitivity analysis [46, 47], direct relation graph (DRG) [48–

50], Direct relation graph with error propagation (DRGEP) [51], path flux analysis

(PFA) [52], the global pathway selection algorithms (GPS) [53] and chemical lump-

ing [54, 55]. Out of these techniques, the graph based methods, such as DRG and

DRGEP, are the most widely adopted ones due to their linear time reduction and

effective error control. There exists a few methods which have combined DRG
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and DRGEP with sensitivity analysis (DRGSA [56, 57] and DRGEPSA [58], re-

spectively) to generate even smaller but accurate chemical models. In the graph

based methods, based on some user-specified targets, the species and reactions

are ranked according to their importance. The least important species and its

corresponding reactions are removed first, followed by an error measurement

(typically some global parameters in a 0D or 1D simulation) compared to the de-

tailed model. The removal of species and reactions continue until the error goes

above a threshold. The smallest model that incurs an error below the threshold is

used directly in a turbulent combustion simulation. Heberle et al. [59] developed

a DRGEP based bottom-up building algorithm, which selectively adds important

species and reactions from either scratch or on top of an already reduced model.

The advantages of this building algorithm over any traditional top-down reduc-

tion method is that it can selectively add species and reactions directly at the re-

duced level. If a sub-mechanism needs to be added on top of a reduced model,

unlike traditional approaches, the reduction process does not start from the begin-

ning. Both DRGEP based reduction and building algorithm are used in this study

quite extensively.

Skeletal reductions have been used in several studies to generate a global

skeletal model and use it in a combustion simulation. In contrast to using a single

skeletal mechanism, the adaptive chemistry method is another approach where

multiple skeletal models are used depending on the local compositions, thus re-

ducing the computational cost even further. This work uses the concept of adap-

tive chemistry extensively in Chapter 4 and 5 . A comprehensive review of the
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adaptive chemistry approaches is provided in Sec. 1.5.

The dimension reduction techniques identify a low-dimensional manifold

in the composition space, which typically results from the short time scales.

The dimension reduction approaches include quasi-steady state approximation

(QSS) [60, 61], computational singular perturbation (CSP) [62, 63], invariant

constrained equilibrium edge preimage curve method (ICE-PIC) [64], rate con-

trolled constrained equilibrium (RCCE) [65], intrinsic low dimensional manifolds

(ILDM) [66], and one-dimensional slow invariant manifold (1D-SIM) [67].

In a storage-retrieval method, the reaction integration information is stored in

a table, and then is used to build inexpensive approximate solutions at a later stage

of computation, thus accelerating the overall reaction integration step. The most

famous storage retrieval methods are in-situ adaptive tabulation (ISAT) [68, 69],

artificial neural network (ANN) [70] and piecewise reusable implementation of

solution mapping (PRISM) [71].

Apart from all these methods described above, algorithmic speed-up is achieved

by the use of GPUs [72, 73], or the use of analytical Jacobian [74, 75] in any stiff

chemistry solver, or even combining both of them [76, 77]. The use of analyti-

cal Jacobian and combining it with one of the most popular dimension reduction

techniques, QSS, are integral part of this dissertation (Chapter 2 and 3). An exten-

sive review of the use of analytical Jacobian in previous literature is provided in

the following section.
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1.4 Analytical Jacobian

Out of the several approaches to reduce the overall CPU cost of chemistry source

term integration, and consequently to be able to use more detailed kinetic mod-

els, one category of techniques involve algorithmic speed-up, which means to de-

velop more efficient solvers to integrate governing ODEs. The analytical Jacobian

emerges while solving the governing ODE

dΦ
dt
= S(Φ) (1.2)

in an implicit scheme, such as backward Euler, where the source term, S, needs to

be evaluated in the updated time step:

Φ(t + ∆t) − Φ(t)
∆t

= S(Φ(t + ∆t)) = S(Φ) +
∂S
∂Φ
∆Φ (1.3)

where ∂S
∂Φ

is the Jacobian matrix. The system of ODEs to solve for the species

mass fraction and temperature source terms are inherently stiff. They require

backward differentiation methods that need repeated Jacobian evaluations [78–

81]. The CPU cost of using numerical Jacobian scales quadratically with the num-

ber of species, whereas the cost of using an exact analytical Jacobian is linearly

dependent of number of reactions [82], as an exact analytical Jacobian provided

to the solver reduces the number of iterations required to converge to the solution

of the ODE within a given tolerance. Additionally, analytical Jacobian matrices

are also an important component of computational diagnostic methods, such as

computational singular perturbation (CSP) and chemical explosive mode analysis

(CEMA), which exploit the spectral properties of the Jacobian matrix.
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Motivated by the potential reduction in computational cost, a few analytical

Jacobian generator package have been developed in last few years. Safta et al. [74]

developed TChem toolkit to calculate analytical Jacobian using density, the Ns

species mass fraction vector and temperature T as the state vector. This package

uses a functional interface to provide the analytical Jacobian rather than providing

customized source code for different kinetic models. Youssefi [83] pointed out that

the numerical Jacobian is not accurate enough to be used for eigen-value decom-

position, and finding the explosive modes. The analytical Jacobian in [83] used

the molar concentration of all species and temperature as the state vector. Bisetti

[75] also developed analytical Jacobian matrix source code to reduce both com-

putational cost and numerical error. Bisetti used adaptive symbolic analysis tools

which provide mechanism specific routines that do not typically use sparse matrix

algebra during Jacobian formulation. Different strategies were adopted to reduce

the number of calls to ODE system function by providing a sparsity pattern. For

instance, the DAEPACK automatic differentiation library [84–86] provides analyt-

ical Jacobian calculations along with sparsity pattern information, which reduces

computational cost significantly when coupled to sparse ODE solvers [80]. Perini

et al. [87] used analytical Jacobian for constant volume reactor which helps the

matrix to be more sparse as the off-diagonal elements would only be non-zero be-

cause of direct species interactions and fall off or pressure dependent reactions.

They observed a speed up by 2 to 2 orders of magnitude in case 0D constant vol-

ume simulations for smaller to larger mechanisms. They also reported a 77%

faster result when the analytical Jacobian was used combined with tabulation
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of temperature dependent properties in case of an engine simulation. Later, the

sparse analytical Jacobian solver is also used for another engine simulation with

multi-component fuels, where Perini et al. [88] reported a speed up of factor 7 with

a 128 species detailed mechanism. Unfortunately, most of the combustion CFD

tools are built on a constant pressure assumption, thus reducing sparsity of the

Jacobian matrix. Recently GPU or hybrid CPU/GPU [89] have been used rather

than pure CPU to speedup the computational time, which is another category

of computational technique that maximizes the efficiency of algorithm. Dijkmans

et al. [76] took a GPU based analytical Jacobian approach to accelerate the inte-

gration algorithm even further. They reported a speed up of factor 25 using only

analytical Jacobian in case of the largest mechanism they used with approximately

3000 species. Using GPU with analytical Jacobian reduces the computational cost

even further (almost a factor of 120). Niemeyer et al. [77] developed pyJac, an open

source analytical Jacobian tool optimized for SIMD processors. This code can be

easily parallelized with OpenMP. They showed a significant speed up in Jacobian

evaluation compared to using finite difference based numerical Jacobian (upto a

factor 7.5) and Tchem [74] (1.1 to 2 times).

Recently Hansen and Sutherland [90] argued about the choice of state vectors

in an analytical Jacobian formulation in past literature. Jacobian matrices are in-

herently not uniquely defined due to the dependence of the governing variables:

an energy variable (e.g. temperature), pressure, and chemical composition, as the

governing equations of these variables are coupled with one another. The most

common choice of state vector in an analytical Jacobian formulation involves tem-
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perature (T ) and either Ns species mass fractions (Yi) [87, 91, 92] or concentrations

(Ci) [75, 76] for both constant pressure and constant volume reactors, where Ns is

the number of species in the kinetic mechanism. However, various other formula-

tions have been developed to reduce the cost of Jacobian evaluation with different

approximations or choices of state vectors, each of them leading to a different Ja-

cobian expression. For instance, for a reactor with specified constant pressure, Xu

et al. [93] chose the state vector to be Ns species mass fractions (Yi), T , density

(ρ), and total molar concentration (C). For the same configuration, Safta et al. [74]

used only ρ, T , and the Ns species mass fractions (Yi). The concentration-based

formulation noticeably increases the sparsity of the resulting matrix compared to

mass fraction-based one, consequently decreasing the cost of the simulation. In

contrast, Niemeyer et al. [77] opted to use only Ns − 1 species mass fractions and

T in pyJac. The variety of distinct options for state vector specification raises the

question what (if any) the correct choice of thermo-chemical state vectors should

be, especially because of the fact that the governing equations for any reactive

flow problem are constrained by certain relations between state variables, e.g.,

the sum of the mass fractions must be unity, while using the mass fractions in

the state vector. Similar constraints also exist between the concentrations. Hansen

and Sutherland [90] argued that using a full mass fraction vector does not always

satisfy the constraint, as the constraint is never explicitly used in the formulation.

They mentioned the use of such over-specified state vectors as inconsistent. The

use of these inconsistent state vectors leads to ambiguous derivative evaluations.

They also speculated that such analytical Jacobian may lead to erroneous eigen-
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value decomposition, or may even provide incorrect solution of the governing

equations if a linear implicit solver is used rather than the most commonly used

Newton-Krylov based solvers. Hansen and Sutherland [90] suggested the choice

of state vector in pyJac [77] to be the correct one, where the first Ns−1 species mass

fraction ODEs are solved using the analytical Jacobian formulation, whereas the

last (Ns-th) mass fraction to be explicitly evaluated using the mass conservation

constraint. However, it is also true that a significant number of recent works have

used analytical Jacobian extensively with full mass fraction space not only with

Newton-Krylov solvers, but also with Rosenbrock method [94] and in CEMA [95–

97]. In this work, we address this question of consistency while using all Ns mass

fractions and temperature as state vector quite extensively, and attempt to provide

a framework to deal with such inconsistencies.

1.5 Adaptive Chemistry

One way forward to mitigate the cost of using such large detailed mechanisms

is to generate skeletal mechanisms by eliminating unimportant species and reac-

tions [49, 51, 52, 58, 59, 61, 98, 99], as mentioned before. However, using only one

reduced model may not be adequate in terms of reaching the level of reduction

necessary for capturing complex fuel chemistry in a high fidelity turbulent com-

bustion simulation of a realistic combustion device. Another step in reducing the

cost of chemistry source term integration even further is to exploit the fact that
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out of the variety of compositions encountered in a given turbulent reacting flow,

only a few are chemically reactive. Thus, a large fraction of the composition space

can be described properly with significantly smaller mechanisms. Consequently,

the concept of adaptive chemistry tailors the fidelity and size of the kinetic models

used for reaction integration to the local flame conditions. The reduced models

can be generated on-the-fly or in an offline pre-processing stage.

The idea behind on-the-fly model reduction approach is to analyze the local

composition at each time step, and then determine the smallest subset of the

species required to accurately capture the chemistry for those compositions. Liang

et al. [100] proposed a dynamically adaptive chemistry (DAC) approach, where

the models generated using DRGEP [51] showed a factor of 30 speed-up in case of

an HCCI simulation. The same approach has been applied in a PaSR [101] (with

DRG [48] reduction), 1D unsteady methane/air freely propagating flame [102], 0D

ignition [103], even in a large scale non-premixed ethylene flame [104]. It is im-

portant to note that on-th-fly approach is most time-efficient when the cost of the

reduction algorithm is smaller compared to the efficiency gained by their use. To

ensure such a requirement, several modifications of the DAC approach have been

developed over the years. Sun et al. [105] developed a correlated DAC method,

where the same reduced mechanism is utilized to integrate similar compositions.

The similarity of different compositions are measured by a metric based on the

normalized difference of mass fractions of fuel, O2, OH, CH2O, HO2 and temper-

ature. The method is validated for 0D ignition and 1D premixed flames in [105],

and extended to DNS of a canonical turbulent premixed flame in a similar ap-
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proach of finding similar compositions based on either consecutive time steps or

immediate neighbors on a 7-point stencil [106]. The idea of avoiding redundant

reduction of mechanisms by utilizing the same model for similar compositions

are also used by Zhou et al. [107], where they proposed a clustered DAC method.

This method creates clusters of encountered compositions at runtime based on the

mass fractions of a subset of species using k-means algorithm. They used their al-

gorithm for HCCI and DICI engine simulations, and observed a speed-up of factor

3 compared to the standard DAC, and a factor of 5 compared to using the detailed

chemistry. On the other hand, an empirical criterion based on a progress variable

and equivalence ratio is used by Shi et al. [108] to adaptively choose targets during

the DRGEP reduction based on the local compositions.

An alternative to on-the-fly DAC approaches is to use an offline pre-processing

stage to genrerate a set of reduced models, and use them adaptively during the

actual simulation. In general, this class of approaches are found to be compu-

tationally less expensive as it avoids the computational cost of generating a sig-

nificantly large number of reduced models at each time step without a signifi-

cant loss of accuracy. Schwer et al. [109] developed one of the earliest adaptive

chemistry approaches, where a library of reduced models were manually assem-

bled based on expected compositions that may be encountered at runtime. The

choice of a reduced model for a certain composition during the adaptive simula-

tion was made based on temperature. The method was successfully applied with

a speed up factor of 2 to 3 in a turbulent hydrogen shear layer flame and an axi-

symmetric laminar methane flame. On the other hand, for 1D laminar flames,
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a speed-up of 3.5 was observed with adaptive proper orthogonal decomposition

(POD) framework, proposed by Singer and Green [110]. Another adaptive chem-

istry approach was developed by Xu et al. [111] based on an approximate chem-

ical explosive mode analysis (CEMA). In this method, the flame was segmented

into different zones, and a set of reduced models generated previously based on

low dimensional simulations were used adaptively for different zones. However,

at the absence of an ideal load-balancing scheme, the gain in CPU cost was not

significant. Oluwole et al. [112] proposed a rigorous method to identify the hyper-

rectangles to find the ranges of validity of the reduced models in the full compo-

sition space. The hyper-rectangles were formed based on the compositions from

a detailed simulation. However, the hyper-rectangles provide a conservative esti-

mate of the validity ranges, as the actual regions of validity are highly non-convex

and sometimes even disjoint. Banerjee and Ierapetritou [113] identified this non-

convex regions in the temperature, fuel and oxidizer mass fraction space. Oluwole

et al. [112] and Banerjee and Ierapetritou [113] validated their methods in the con-

text of 1D freely propagating flames and PaSR simulations, respectively. D’Alessio

et al. [114] divided an initial sample database into a user-specified number of re-

gions based on an iterative local principle component analysis (LPCA) approach

by minimizing the reconstruction error between the original and reconstructed

dataset via PCA [115]. Then reduced models are generated for each cluster using

DRGEP, which are then used adaptively during the actual simulation. A speed-

up of factor 4 was observed for a laminar co-flow methane flame. D’Alessio et al.

[116] compared the previous algorithm with a clustering approach based on Self-
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Organizing Maps with K-Means (SKM), however found superior performances

in case of using LPCA. However, another extension of the same approach [117]

using artificial neural network (ANN) and feature extraction (FE) exhibited better

performance compared to LPCA for a laminar co-flow n-heptane flame.

Most of the strategies mentioned above focus on adaptively using reduced

models with a subset of species from the detailed mechanism, which decreases

the CPU cost significantly, but they still carry the full composition vector at each

point in time and space. Although keeping the full composition vector avoids the

conceptual problem of mechanism augmentation, this approach becomes quite

expensive in case of large mechanisms for complex fuels. Tosatto et al. [118] pro-

posed a method to enable the removal of species and their reintroduction through

a graph analysis modified to account for the transport process. However, the

implementation of this method in an actual flame simulation is not straightfor-

ward. The issue of memory cost becomes even more acute for particle PDF type

approaches, i.e., it can be 2 to 3 times more expensive compared to flamelet-

type approaches. Liang et al. [119] developed a pre-partitioned adaptive chem-

istry (PPAC) approach tailored for particle PDF methods that addresses both CPU

and memory cost. In this approach, based on a sample database, the composition

space is partitioned into a user-specified number of regions based on short-time

kinetics, i.e., the compositions belonging to the same region are expected to exhibit

similar chemical kinetic characteristics. Then reduced models are generated using

DRGEP [51] for each region. It is important to note that the sample database used

in the pre-processing stage must be representative of the compositions encoun-
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tered at runtime. During the actual simulation of interest, each composition at

every time step is assigned to a region using a low-dimensional binary tree search

algorithm, and then advanced in time using the reduced model corresponding to

its region. Additionally, during the reaction integration step, each particle only

retains the species mass fraction vector corresponding to its reduced model. The

algorithm was examined for a non-premixed piloted propane-air case with a de-

tailed mechanism (115 species), and reduced the CPU and memory cost by 85%

and 70%, respectively compared to the detailed simulation. Newale et al. [120]

combined the PPAC methodology with in-situ adaptive simulation (ISAT) and

rate-constrained chemical equilibrium (RCCE) to reduce the cost even further. For

the same PaSR run as in [119], they observed an additional 67% reduction in CPU

cost and 38% reduction in memory requirement. The combined PPAC-ISAT ap-

proach was applied for an LES-PDF simulation of full scale Sandia Flame D in

cylindrical configuration by Newale et al. [42], and observed a speed up of 45-

55% for different set of reduced models compared to using ISAT with the detailed

mechanism. The concept of PPAC is extensively utilized, and advanced even fur-

ther in the present work.

1.6 Contribution of this work

The primary contributions of this dissertation are developing multiple new al-

gorithms to reduce the computational cost of chemistry source term integration
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in particle PDF simulation of turbulent combustion to enable an computationally

efficient use of large chemical kinetic mechanisms.

As previously mentioned, the use of all Ns species mass fractions and temper-

ature in the state vector is questionable [90] as it does not explicitly satisfy the

mass conservation constraint. Such a choice of state vector may affect the eigen-

decomposition of the Jacobian matrix, as well as the solution of the governing

equations with certain type of solvers. An efficient way to resolve the issue is to

use Ns − 1 mass fractions in the Jacobian formulation [77], and explicitly evaluate

the last mass fraction using the mass conservation constraint. The last mass frac-

tion is typically chosen to be the most abundant species in the system, e.g., N2.

However, a more general analytical Jacobian framework is proposed here that

uses Ns species mass fractions and temperature as the state vector, and still satis-

fies the mass conservation constraint. The framework uses a projection matrix to

ensure that the mass fraction vector never goes off its Ns − 1 dimensional convex

polytope or simplex, defined by the mass conservation constraint. Three different

types of projection matrices along with their physical interpretations, advantages

and disadvantages are discussed in great detail for different types of simulations.

The framework also shows that with the projection matrix, the eigenvalues are

found to be within round off errors of its counterpart obtained from pyJac for-

mulation. Finally, this work shows that the framework is capable of providing

accurate solutions using both Newton-Krylov and liner implicit solvers.

One of the most popular approaches to reduce the dimension of the system
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of ODEs to solve, and also to reduce the stiffness of the chemical system is to

consider a subset of species to be quasi-steady (QSS), whose production rates are

very slow compared to their consumption rates. With such an assumption, the

concentrations or mass fractions of those species can be obtained using algebraic

expressions, which are computationally cheaper to solve than ODEs. The intro-

duction of the QSS species is very simple and has been widely used in the last

few decades. In this work, a new analytical Jacobian generator is developed that

invokes the QSS species assumption in the chemical system. The algorithm is de-

veloped and fully implemented in Python, and right now is being integrated with

the modular reduction software ARCANE [121]. Given a chemical mechanism

and a set of QSS species, this algorithm provides the necessary Fortran routines

related to QSS concentrations and their derivatives that can be readily used in any

high-fidelity simulation.

Liang et al. [119] developed the PPAC algorithm, and validated it in PaSR for

a propane oxidation case. Later, PPAC is combined with another dimension re-

duction method (RCCE) and a tabulation method (ISAT) [120]. This PPAC-RCCE-

ISAT approach is also validated for the same simulation as [119]. Newale et al. [42]

implemented the PPAC-ISAT method in an LES/PDF simulation of Sandia Flame

D with only methane oxidation. None of them have used the PPAC approach

(or combining it with other methods) in the context of predicting the secondary

chemistry, e.g, NOx formation. In this work, the PPAC algorithm is observed to

be providing very conservative set of reduced models while capturing both oxi-

dation and NOx chemistry. To address that issue, a PPAC Additive framework is
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developed, where in the pre-processing stage, the reduced models are developed

in two steps. The first step is similar to traditional PPAC, where reduced mod-

els are developed capturing only the oxidation chemistry. Then important NOx

pathways are selectively added on top of the oxidation models in the second step

using a building algorithm [59]. This PPAC Additive algorithm is validated for

Sandia Flame D including both methane oxidation and NOx production.

An important component of the PPAC pre-processing stage is its dependence

on the initial database. The compositions in the database must represent the com-

positions encountered at runtime. In each of the previous validation cases of

PPAC mentioned in the previous paragraph, including the validation of PPAC

Additive, the database is obtained from the same simulation with the detailed

mechanism. To avoid this issue, a novel dynamically partitioned adaptive chem-

istry (DPAC) algorithm is proposed in this work. In the pre-processing stage of

DPAC, an initial partition is generated with a database that does not need to be

representative of the actual simulation of interest. The initial database is typically

generated using any low dimensional simulation, such as 0D homogeneous re-

actors. The reduced models in each region is initialized with a few species and

zero reactions. Then during the adaptive simulation, the models are built at run-

time based on the compositions encountered using the building algorithm [59],

and the accessed region of the composition space during the simulation can also

be re-partitioned using the same algorithm as in PPAC. The DPAC algorithm is

validated for the propane oxidation case in PaSR, and an LES/PDF simulation of

a lifted n-dodecane flame.
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1.7 Outline

The thesis is divided into 6 chapters. The first chapter presents the introduction,

which covers the background on different aspects of turbulent combustion sim-

ulation, and reviews the methods developed over the last few decades to reduce

the cost of the turbulent reactive flow simulations. The summary of the work

and potential future steps are discussed in Chapter 6. Chapter 2 to 5 contain the

following material:

• Chapter 2 contains the details of the analytical Jacobian framework based on a

full mass fraction vector and temperature. The framework provides accurate

solution of the governing equations using different types of solvers, predicts

the spectral properties accurately, and most importantly satisfies the mass con-

servation constraint at every time step.

• The algorithm to provide an analytical Jacobian with QSS species is outlined

in Chapter 3. The algorithm is validated for 47 species n-dodecane mechanism

including 18 QSS species, showing significant reduction in CPU cost.

• The PPAC-Additive algorithm is described in Chapter 4, which efficiently cap-

tures both primary and secondary combustion pathways in an adaptive chem-

istry framework. PPAC-Additive is validated for a PaSR and an LES/PDF sim-

ulation, both capturing the NOx emission.

• A detailed description of the dynamically partitioned adaptive chemistry

(DPAC) framework is provided in Chapter 5. The flexibility, efficiency and
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accuracy of this algorithm is examined for a PaSR simulation involving

propane/air non-premixed combustion, and a 2D LES/PDF simulation of lifted

n-dodecane flame.
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CHAPTER 2

A UNIFYING ANALYTICAL JACOBIAN FRAMEWORK FOR CHEMICAL

KINETICS DYNAMICAL SYSTEMS

2.1 Abstract

A major challenge in simulating complex combustion systems with detailed

chemical kinetic models is the cost of integrating the chemical source terms, of-

ten done using stiff ODE solvers that require frequent Jacobian evaluations. Us-

ing analytically derived Jacobians matrices instead of divided-difference-based

numerical Jacobian approximations can significantly reduce the associated com-

putational cost. However, ambiguities arise in the formulation of analytical Jaco-

bians because the chemical state of the system, or state vector, can be expressed

in multiple ways, involving variables that are typically not independent from one

another. In this work, the consequences of those ambiguities on practical calcula-

tions are characterized in detail, and a generalized, projection-based framework

is proposed as a mitigation strategy. Performances are assessed in a series of test

cases involving a variety of configurations and numerical solution approaches.

Results show that with proper treatment, commonly used analytical Jacobians

formulations can be considered as equivalent for practical purposes, thereby alle-

viating concerns that the state vector chosen to express the governing equations

and corresponding analytical Jacobian may significantly impact the accuracy of

the simulations.
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2.2 Introduction

The recent developments in combustion research increasingly highlight the im-

portance of using detailed chemical kinetic models to accurately simulate and

analyze reactive flow problems. The increase in size and complexity of these

kinetic models in last few decades demands prohibitively large computational

power as the memory requirements and CPU cost increase significantly with in-

creasing number of species and reactions. To minimize such a large computational

demand, a wide range of techniques has been developed in the literature focusing

on mechanism reduction, e.g., skeletal reduction [49, 51, 59], dimension and time-

scale reduction [62, 65, 66, 119, 120, 122] and chemical lumping [54, 123], and on

algorithmic speed-up, i.e., more efficient solvers to integrate the governing ordinary

differential equations (ODE). Due to the inherent stiffness of these ODEs, most ki-

netic models require robust backward differentiation methods that need repeated

Jacobian evaluations. The computational cost of evaluating a numerical Jacobian

matrix scales quadratically with the number of species, whereas matrix factoriza-

tion scales cubically [82]. As opposed to that, the cost of using an exact analytical

Jacobian is linearly dependent on the number of reactions [82]. Motivated by the

potential improvements in both accuracy and cost in stiff ODE integration, analyt-

ical Jacobians are now used extensively in reactive flow solution techniques, lead-

ing to a significant increase in efficiency [74–77, 83, 87]. Additionally, analytical

Jacobian matrices are also an important component of computational diagnostic

methods, such as computational singular perturbation (CSP) and chemical explo-
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sive mode analysis (CEMA), which exploit the spectral properties of the Jacobian

matrix.

Jacobian matrices are inherently not uniquely defined due to the dependence

of the governing variables: an energy variable (e.g. temperature), pressure, and

chemical composition, as the governing equations of these variables are coupled

with one another. The most common choice includes temperature (T ) and either

Ns species mass fractions (Yi) [87, 91, 92] or concentrations (Ci) [75, 76] for both con-

stant pressure and constant volume reactors, where Ns is the number of species in-

volved in the kinetic mechanism. However, various other formulations have been

developed to reduce the cost of Jacobian evaluation with different approximations

or choices of state vectors, each of them leading to a different Jacobian expression.

For instance, for a reactor with specified constant pressure, Xu et al. [93] chose the

state vector to be Ns species mass fractions (Yi), T , density (ρ), and total molar con-

centration (C). For the same configuration, Safta et al. [74] used only ρ, T , and the

Ns species mass fractions (Yi). The concentration-based formulation noticeably in-

creases the sparsity of the resulting matrix compared to mass fraction-based one.

In contrast, Niemeyer et al. [77] opted to use only Ns−1 species mass fractions and

T in pyJac, an analytical Jacobian generator for constant pressure reactors. The

variety of possible combination of variables to express the state of a reactive sys-

tem, along with the fact that those variables are typically not independent of one

another, raises an important question: are some formulations more correct than

others?
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Conservation of matter imposes a number of constraints on the variables de-

scribing the state of the system. Choosing mass fractions as state variables, the

most important constraint is expressed as

Ns∑
i=1

Yi = 1 , (2.1)

which can be geometrically interpreted as imposing that the mass fraction vector

always lie in an Ns − 1 dimensional convex polytope, or simplex. Hansen and

Sutherland [90] argued that using a dependent set of state variables, for example

when using the full species mass fraction vector, does not always satisfy their con-

straints if these constraints are not explicitly used in the formulation of Jacobian.

In such cases, the state vector may go off the simplex. In other words, such a

choice of state vector is inconsistent [90] for Jacobian evaluation.

They also argued that these inconsistent state vectors may also result in am-

biguous evaluations of partial derivatives. To quantify the effects of the choice

of mass fraction vector, they compared a formulation using all Ns species as state

vector to the formulation of pyJac [77], which explicitly enforces Eq. 2.1 by calcu-

lating the N th
s species (typically, the diluent N2) as the difference between 1 and the

sum of the other Ns−1 species mass fractions, and therefore, only uses Ns−1 species

in the Jacobian formulation. Although selecting Ns or Ns−1 species state variables

did not affect the final solution while using Newton-Krylov solvers, Hansen and

Sutherland [90] speculated that such over-specification of state vectors (Ns species

mass fractions) may result in some degree of inaccuracy while using a linear im-

plicit solver for ODE integration, for example in the Rosenbrock method, or us-
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ing the analytical Jacobian itself directly for eigen-decomposition, for example in

CSP [124] or CEMA [95]. However, it is also true that a significant number of re-

cent works have used analytical Jacobian extensively with full mass fraction space

not only with Newton-Krylov solvers, but also with Rosenbrock method [94] and

in CEMA [95–97].

Motivated by this review of the existing literature, it is important to look into a

few fundamental questions regarding the Jacobian, its use and the choice of state

vectors in its formulation. In particular, we explicitly account for the normaliza-

tion constraint (Eq. 2.1) in this work, hence focusing only on the choice of keeping

Ns or Ns − 1 species mass fractions in the state vector. The specific questions that

we attempt to answer here are:

1. How does the choice of Ns or Ns − 1 mass fractions in the state vector im-

pact the Jacobian evaluation, if the state vector lies in its simplex, or in

other words the mass fraction vector satisfies the normalization constraint

(Eq. 2.1)?

2. Most importantly, what will happen if the chosen state vector is not lying in

the simplex, and thus inconsistent? For instance, can we incorporate the full

mass fraction vector and temperature in the state vector during analytical

Jacobian formulation, and still satisfy Eq. 2.1?

3. Does an analytical formulation with the full state vector provide accurate

solutions, while using linear implicit solvers for ODE integration? How dif-

ferent will the solutions be from the solution using a Newton-Krylov solver?
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4. Do the spectral properties of the Jacobian, which are important in the context

of CSP and CEMA, depend on the choice of the state vector? How do the

spectral properties get affected if the state vector is in or not in its simplex?

We first describe necessary definitions and notations required in this work in

Sec. 2.3. Then we answer the first and second questions analytically for a sim-

plified version of a chemically dynamic system in Sec. 2.4. We show in Sec. 2.5

that it is indeed possible to use the full mass fraction vector as a state vector for

computing an analytical Jacobian that is consistent with the normalization con-

straint (Eq. 2.1) using three different choices. Next the governing equations of an

actual chemical system are described in Sec. 2.6 followed by extending the idea

of the previously mentioned three choices for such system in Sec. 2.7. The ad-

vantages and disadvantages of each of these choices are examined in Sec. 2.8 in

the context of three different configurations: 0D auto-ignition; auto-ignition with

mixing; and, a partially-stirred reactor (PaSR). Finally, the third and fourth ques-

tions are answered by verifying each of these choices using eigen-decomposition

of the Jacobian matrix (Sec. 2.8.4), and with an open-source linear implicit solver

based on the Rosenbrock method (Sec. 2.8.5), respectively.
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2.3 Definitions and notations

Let x be a vector of dimension Ns. x is realizable, that is, can be interpreted as a

mass fraction vector, if and only if each element of x is positive

xi ≥ 0 for i = 1..Ns (2.2)

and the sum of all elements in x is unity
Ns∑
i=1

xi = 1. (2.3)

The ensemble of realizable vectors x defines the realizable simplex R

R =
{
x : xi ≥ 0,uT x = 1

}
, (2.4)

where u is the unity vector of size Ns

u =


1
...

1

 . (2.5)

We further define the vector x̂ as the first Ns − 1 components of x, such that

x =

 x̂

xNs

 . (2.6)

Finally, we denote by y a vector that always lies in R. Following the notation in

Eq. 2.6, and introducing v as the unity vector of size Ns − 1, y can be written

y =

 ŷ

yNs

 =
 ŷ

1 − vT ŷ .

 (2.7)

33



Since R is a simplex, the difference dy between two vectors in R will lie in the

tangent subspace of R. This property is illustrated in two dimensions in Fig. 2.1.

The tangent subspace of R, which is also the orthogonal complement of u, will be

denoted by τ in the following.
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Figure 2.1: Illustration of the realizable simplex, R, and unity vector, u for Ns = 2.
The difference between two realizable vectors, dy = y2 − y1, lies in τ, the tangent
subspace of R and orthogonal complement of u.

2.4 Impact of a state vector on the derivative of a scalar field

Any vector in the Ns dimensional space, x can be written as

x =

 x̂

xNs

 =
 ŷ

1 − vT ŷ

 + uw , (2.8)
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where w is a scalar. If w = 0, then x is in R, since we have in this case:

uT x =
[
vT 1

]  ŷ

1 − vT ŷ

 = 1 for x in R. (2.9)

Thus, y can be seen as a parametrization of R, with w being proportional to the

normal distance of x to R. From Eq. 2.8,

dx =

 dx̂

dxNs

 =
 dŷ

−vT dŷ

 + udw =

 dŷ + vdw

−vT dŷ + dw

 . (2.10)

Considering the following initial value problem describing the evolution of x in

time
dx(t)

dt
= f (x(t)) , x(0) = x0, (2.11)

where f (x) is a scalar field defined as:

f (x) = g(ŷ) + h(ŷ,w) , (2.12)

with h(ŷ, 0) = 0 (∀x ∈ R), which also implies that

∂h
∂ŷ

∣∣∣∣∣∣
w=0

= 0 . (2.13)

In Eq. 2.12, g gives the value of f in R and h gives the increment of f in the normal

direction, i.e., parallel to u. From Eq. 2.12, we obtain

d f =
∂ f
∂x

dx =
[
∂ f
∂x̂

∂ f
∂xNs

] [
dx̂ dxNs

]T

=
∂ f
∂x̂

dx̂ +
∂ f
∂xNs

dxNs (2.14a)
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From RHS of Eq. 2.12,

d f =
∂g
∂ŷ

dŷ +
∂h
∂ŷ

dŷ +
∂h
∂w

dw (2.14b)

Substituting Eq.2.10 in Eq.2.14a,

d f =
∂ f
∂x̂

(dŷ + vdw) +
∂ f
∂xNs

(
−vT dŷ + dw

)
(2.14c)

=

(
∂ f
∂x̂
−
∂ f
∂xNs

vT

)
dŷ +

(
∂ f
∂x̂

v +
∂ f
∂xNs

)
dw . (2.14d)

By comparing Eq. 2.14b and Eq. 2.14d, we obtain the following transformation

rule:
∂

∂ŷ
(g + h) =

∂ f
∂x̂
− vT ∂ f
∂xNs

,

∂h
∂w
=
∂ f
∂x̂

v +
∂ f
∂xNs

.

(2.15)

We now investigate how d f is impacted by two different cases. Considering x0 to

be a realizable mass fraction vector at t = 0 (initial condition) and x = x0 + dx to

be the vector (may not necessarily lie in R) after time dt, the two cases considered

here are:

(a) x0 ∈ R, x0 + dx ∈ R, dx ∈ τ

(b) x0 ∈ R, x0 + dx < R, dx < τ
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2.4.1 Case (a): If dx is in the tangent subspace, τ

We first consider the case where dx ∈ τ, or in other words, for x0 ∈ R, x0 + dx ∈

R. Hence, h = 0 in Eq. 2.12 and consequently, ∂h
∂ŷ = 0 (Eq. 2.13) and dw = 0.

Substituting this in Eq. 2.10, we obtain

dx =

 dŷ + v��* 0
dw

−vT dŷ +��* 0
dw

 =
 dŷ

−vT dŷ

 . (2.16)

Additionally, as x = x0 + dx ∈ R, we obtain

x =

 x̂

1 − vT x̂

 , (2.17)

and

dx =

 dx̂

−vT dx̂

 . (2.18)

Substituting Eq. 2.18 into Eq. 2.14a, we get the following:

d f =
∂ f
∂x

dx =
(
∂ f
∂x̂
−
∂ f
∂xNs

vT

)
dx̂ . (2.19)

On the other hand, Eq 2.14b and 2.15 together can be rewritten for this case as:

d f =
∂g
∂ŷ

dŷ =
(
∂ f
∂x̂
−
∂ f
∂xNs

vT

)
dx̂ . (2.20)

Clearly Eq. 2.19 and 2.20 are identical. Hence, for dx in τ or alternatively x0 + dx in

R, d f evaluated based on Ns species (Eq. 2.19) is identical to that based on Ns − 1
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species (Eq. 2.20). It should be noted here that in Eq. 2.19, the dx is projected on R

parallel to Ns
th coordinate.

2.4.2 Case (b): If dx is not on the tangent subspace, τ

Next we consider the case where x0+dx is not in R, or in other words, dx is not in τ.

While integrating Eq. 2.30 or 2.33, dx vector not being in the tangent subspace can

possibly move the vector, x0 + dx, away from R at each time step. Consequently,

in order for x0 + dx to be realizable, the dx vector must be projected back onto τ.

The projection of dx onto τ, denoted by dy (by definition, y and dy always lie

in R and τ, respectively), can be written as dy = Pdx, where P is the chosen projec-

tion matrix. At each time step of ODE integration, by construction the projected

dx vector always stays on the tangent subspace. Consequently x does not drift

further off R. Including the projection matrix P, the derivative of the scalar field f

becomes:

d f =
∂ f
∂x

Pdx , (2.21)

where ∂ f
∂xP is the modified gradient vector. This projection of dx onto τ, dy, de-

pends on the choice of the projection matrix, P. Each choice leads to a specific

projected solution of x on R, denoted by y. Figure 2.2 shows three choices for

projection matrices and their corresponding y vectors for a given x. These choices

will be discussed in detail in the next section.
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Figure 2.2: A 2-D interpretation of different projections: (a) parallel to Ns
th coordinate (Pn), (b)

orthogonal projection (P⊥), (c) scaling (PS). In each figure, x corresponds to the state vector off the
realizable simplex, R and three y vectors with different superscripts correspond to the state vector
after different projections.

2.5 Projection matrices, P

We recall that the y vector always lies in R. In this section, y vectors will be used

with different superscripts, distinguished based on the choice of the projection

options shown in Fig. 2.2.

2.5.1 Projection on the Ns
th coordinate

We observed in Section 2.4.1 that Eq. 2.19 and 2.20 provided identical results based

on a projection in the Ns
th coordinate direction (Eq. 2.18), as only dxNs was altered.

This observation guides the definition of the first projection investigated here. For
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a given dx:

dx =

 dx̂

dxNs

 ,
that is not on τ, the projected dx becomes

dyn = Pndx =

 dx̂

−vT dx̂

 , (2.22)

where

Pn =


INs−1 0

−vT 0


(2.23)

and INs−1 is the identity matrix of size Ns−1. This projection matrix corresponds to

the following relation between x, which is not in R and yn, the projected solution

of x in R.

yn =

 ŷn

1 − vT ŷn

 =
 x̂

1 − vT x̂

 . (2.24)

The Pn matrix only alters dxNs and projects dx onto τ parallel to the Ns
th species

coordinate. Consequently, the x vector projects itself back to R parallel to Ns
th

coordinate following Eq. 2.24, which is also graphically shown in Fig. 2.2a. This

formulation will be subsequently referred as Pn.
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2.5.2 Orthogonal Projection

An orthogonal projection of dx onto τ is in the direction of u (Fig. 2.2b) and the cor-

responding state vector x projects on the realizable simplex, R as Eq. 2.25, which

is similar to Eq. 2.8.

y⊥ =

 ŷ⊥

1 − vT ŷ⊥

 =
 x̂

xNs

 − uw . (2.25)

Summing over all the mass fractions on both side of Eq. 2.25 and after rearranging,

we get:

w =
uT x − 1

Ns
. (2.26)

For such a conversion from x to y⊥, the projected dx on τ becomes dy⊥ = P⊥dx,

where

P⊥ = INs −
uuT

Ns
. (2.27)

In Eq. 2.27, INs is an identity matrix of size Ns. The orthogonal projection considers

the normal deviation of x from R in the direction parallel to u and distributes the

error equally into all species rather than altering only the Ns
th species as in Pn.

This formulation will be referred to as P⊥ in this article.
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2.5.3 Scaling

An alternative way of projecting x onto R is to scale or normalize all the species

mass fractions, yielding the projected solution yS:

yS =
x
S
, (2.28)

where S = uT x. For such a transformation, the projection of dx onto τ will be

dyS = PSdx, where the (i, j)th element of PS matrix is

PS
i, j =
δi j

S
−

xi

S 2 . (2.29)

δi j is the Kronecker Delta function. This formulation projects the state vector x

onto R in a direction towards the origin as shown in Fig. 2.2c. Unlike Pn and

P⊥, this projection is a non-linear function of x. However, this choice of projec-

tion, referred to as PS subsequently, has the advantage of satisfying the individ-

ual boundedness of each mass fraction, provided that x satisfies the individual

boundedness. In contrast, even if all components of x are positive, the other two

projections can result in yn and y⊥ having negative mass fractions.

The analysis until now involves a scalar field, f (x), and its derivative d f . The

focus of this study is to extend the idea of projection on R from f (x) to an actual

chemically dynamic system involving the source term vector, S(x). Before go-

ing into the details of the implementation, the next section revisits the governing

equations concerned with such dynamic systems.
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2.6 Governing equations of chemically dynamic systems

This study focuses on the time evolution of a homogeneous gaseous mixture in a

constant-pressure or constant-volume system through the integration of a system

of stiff ODEs using an analytical Jacobian. This initial value problem is defined

by:
dϕ(t)

dt
= S(ϕ(t)) , ϕ(0) = ϕ0 , (2.30)

where ϕ is the state vector, and S is the rate of change due to chemical reactions (or

chemical source term) with an initial state, ϕ0. The state vector, ϕ, is a set of vari-

ables that uniquely defines the thermo-chemical state of the system at any given

time t. In the current work, unless otherwise mentioned, ϕ consists of all Ns species

mass fractions and temperature, T , as the energy variable (ϕ = {Y,T }). While in-

tegrating Eq. 2.30 using an implicit scheme, such as backward Euler method, the

source term, S, needs to be evaluated in the updated time step using the funda-

mental property

S(ϕ + dϕ) = S(ϕ) + dS = S(ϕ) +Jdϕ , (2.31)

where the Jacobian, J , is defined as,

Ji, j =
∂Si

∂ϕ j

∣∣∣∣∣∣
ϕk,k, j

. (2.32)

To account for a more realistic situation where the mixture may not be considered

homogeneous, the following modified governing equation will be used:

dϕ(t)
dt
= S(ϕ(t)) + M(t) , ϕ(0) = ϕ0 , (2.33)
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where the additional term M is the rate of change due to transport, which will be

referred as the mixing term, and evaluated by:

M(t) =
ϕ′e − ϕ

′

τmix
, (2.34)

where ϕ′ is a state vector consisting of mass fraction vector and enthalpy (h) as the

energy variable (ϕ′ = {Y, h}), ϕ′e is the equilibrium composition, and τmix is the spec-

ified mixing time scale, which is typically no smaller than 10−3 or 10−4 seconds [68].

Equation 2.33 is solved in this paper using a simple splitting method [68] in which

the solution is advanced in two separate stages: a reaction fractional stage in

which the chemical source term is integrated (Eq. 2.30), and a mixing fractional

step (Eq. 2.34). While the former requires the use of the Jacobian matrix if an im-

plicit or semi-implicit scheme is used, the latter can be integrated explicitly, thus

does not require a Jacobian. After mixing fractional step, the state vector is con-

verted from ϕ′ to ϕ before chemical source term integration.

2.7 Implementation of Projection Matrix

The concept of the modified gradient of a scalar field, d f , is extended in this sec-

tion to the case of the source term vector, S, and its derivative dS, corresponding to

a state vector, ϕ. Using the previous convention, the mass fraction vector, which

is a subset of ϕ, is denoted by x or y (according to their definitions) in this sec-

tion. If the mass fraction vector is in R, the d f vector is shown to be identical for

choosing either Ns or Ns − 1 mass fractions to be independent. For both of these
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choices, a similar conclusion is achieved as well in the supplementary section for

the actual Jacobian matrices (Eq. 2.32). The eigenvalues and eigenvectors are also

shown to be identical for both Jacobian matrices based on Ns and Ns − 1 species

mass fractions, if the mass fraction vector is already in R. However, projection is

required if the mass fractions vector goes off R. The implementation of any of the

projections requires multiple modifications in the evaluation of both the chemical

source term (RHS of Eq. 2.30) and the Jacobian (Eq. 2.32). These modifications are

discussed below:

1. Extending the idea of the modified gradient of a scalar field (Eq. 2.21) to the

case of S, the modified Jacobian matrix, Jmod, becomes,

Jmod = JP =
∂S
∂ϕ

P , (2.35)

where P is either Pn (Eq. 2.23) or P⊥ (Eq. 2.27) or PS (Eq. 2.29) depending on

the choice of projection.

2. An important question to answer is how to evaluate S and J with a mass

fraction vector that is not realizable, especially because they require evalu-

ation of the thermodynamic properties, e.g., specific heat and specific en-

thalpy of each species. Evaluation of these properties with a mass fraction

vector x that is off R, is not well-defined. The issue is solved here is by

projecting the state vector, x, onto y by using any of the aforementioned pro-

jections (Eq. 2.24 or 2.25 or 2.28), thus the source term and the Jacobian are

evaluated in terms of y rather than x.1 It should be noted that the projection
1An alternative approach is to define the thermodynamic properties during source term and
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matrix used to evaluate modified Jacobian matrix (Eq. 2.35) must be consis-

tent with how x is projected to y to evaluate the thermodynamic properties.

At this junction, we make a few important points which are relevant to both the

implementation and the consequences of using a projection matrix.

1. The analytical discussion in previous sections involve infinitesimal changes

in time (dt) or mass fractions (dx). However, the implementation of such pro-

jection matrices in a CFD simulation involves a finite time step or sub-step

(∆t), thus a finite difference in mass fraction (∆x). As a result of that, projec-

tion at each time step introduces round-off errors, thus the solution vectors

after ODE integration using different projections are not exactly identical,

rather they remain within round-off errors. The impact of such round-off

errors in different kind of CFD simulations are discussed in the next section.

2. Difference in solution for different projections: As mentioned before, the

purpose of this projection matrix is to keep the dx vector in τ of R so that

x stays in R at each time step of the simulation. Different projections such

as Pn, P⊥ and PS will project the solution vector onto different points on R

(Fig. 2.2). However, if the initial condition, x0, is in R and dx is always in τ

by using any of the projections, then x at each time step will always lie in R

and the difference between the projected solution vectors corresponding to

Jacobian evaluation directly for a point x < R. For instance, the mixture enthalpy corresponding to
a non-realizable mass fraction vector can be defined as h =

∑
i Yihi∑

i Yi
rather than the usual definition

of h =
∑

i Yihi. Both expressions are valid, and identical on R. However, their derivatives ∂h
∂Yi

are
different.
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different projections remains of the order of round-off errors. This assertion

will be supported by results in the next section.

2.8 Results and Discussion

This section covers a quantitative assessment of the accuracy of different projec-

tions, as applied to three different configurations, i.e., 0D auto-ignition, 0D auto-

ignition with mixing, and a partially stirred reactor (PaSR). The motivation for

choosing such configurations is detailed in the following sections. For each config-

uration, Eq. 2.33 is integrated using the commonly-used stiff solver DVODE [80].

To compare the performance of different projections, we also investigate one

existing choice that includes only Ns − 1 species mass fractions and temperature

in the state vector [77]. This formulation solves only Ns ODEs (Ns − 1 species mass

fractions and temperature). Finally the Ns
th species mass fraction is evaluated us-

ing Eq. 2.1. This is one possible choice that always explicitly satisfies Eq. 2.1 by

enforcing the error in the evaluation of Ns − 1 mass fractions into the Ns
th species.

The Ns
th species for such formulation is usually chosen to be the most abundant

species in the system, e.g., N2. This formulation will be referred as Rϕ (reduced

state vector) in the rest of the article. We recognise that Rϕ is a practical solution

which works in most of the reactive flow simulation with reasonable accuracy to

ensure the mass conservation constraint at every time step, thus we are compar-

ing the accuracy of the three projection cases with respect to Rϕ. However, we
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do not agree that this is the only possible solution as suggested by Hansen and

Sutherland [90], and the concept of projection matrix provides a more general (us-

ing all mass fractions in the state vector) and mathematically rigorous solution

than dumping all the errors in the most abundant species, as in Rϕ.

2.8.1 0D auto-ignition

To assess the accuracy of projections, two constant-pressure auto-ignition cases

are examined using an 88 species skeletal mechanism of n-heptane developed

by Yoo et al. [125]. These two cases correspond to heptane-air and heptane-oxygen

mixture, with an initial temperature, pressure and equivalence ratio of 800 K,

10 bar and 1 (stoichiometric), respectively.

Table 2.1 compares the results for these two auto-ignition cases between Rϕ and

three different choices of projections. The integration performance of DVODE,

quantified using number of steps (NST), number of source term (NFE) and Jaco-

bian evaluations (NJE), are almost the same for Rϕ, Pn and PS, but slightly higher

for the orthogonal projection (P⊥).

As expected, the maximum deviation of sum of the mass fractions from R is

always of the order of round-off error for all projections. This observation proves

the numerical viability of using the full mass fraction space and temperature as

state vector with proper projection without violating the joint boundedness con-

straint. During the simulation, the individual boundedness of each species can be
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Table 2.1: Comparison of integration statistics, conservation properties and error
norms between Rϕ and different choice of projections for two 0D constant pres-
sure auto-ignition cases: heptane-air and heptane-oxygen. NST, NFE and NJE
refer to number of steps, number of source term evaluations and number of Jaco-
bian evaluations during the full auto-ignition simulation. For Rϕ, the Ns

th species
is considered to be N2. The time stepping for these two auto-ignition cases are
considered to be 10−6 and 10−7 s respectively. Two cases were run for 5,000 and
10,000 time steps respectively. The ODE integration tolerances (absolute and rela-
tive) are considered to be 10−15.

Heptane - Air

Parameters Rϕ Pn P⊥ PS

NFE 152 × 103 152 × 103 200 × 103 152 × 103

NST 95 × 103 95 × 103 139 × 103 95 × 103

NJE 5,103 5,108 5,673 5,103
max

∣∣∣∣1 − ∑Ns
i=1

Yi

∣∣∣∣ – 1.64 × 10−14 6.99 × 10−15 1.97 × 10−14

No of negative Yi 3,965 4,278 112 × 103 3,664
Maximum negative Yi 2.20 × 10−16 3.39 × 10−16 7.06 × 10−16 2.66 × 10−16

ϵmean 0 (Ref) 1.19 × 10−9 1.72 × 10−7 1.19 × 10−9

ϵmax 0 (Ref) 6.63 × 10−7 9.50 × 10−5 6.63 × 10−7

Heptane - Oxygen

Parameters Rϕ Pn P⊥ PS

NFE 225 × 103 224 × 103 275 × 103 224 × 103

NST 130 × 103 130 × 103 181 × 103 130 × 103

NJE 10,113 10,110 10,217 10,107
max

∣∣∣∣1 − ∑Ns
i=1

Yi

∣∣∣∣ – 4.25 × 10−13 3.51 × 10−14 4.23 × 10−13

No of negative Yi 2,756 1,537 170 × 103 1,480
Maximum negative Yi 1.46 × 10−14 1.42 × 10−15 8.94 × 10−16 3.29 × 10−16

ϵmean 0 (Ref) 6.81 × 10−9 3.96 × 10−7 6.81 × 10−9

ϵmax 0 (Ref) 1.64 × 10−5 9.31 × 10−4 1.64 × 10−5

violated, i.e., it is possible to have negative mass fractions as tabulated in Table 2.1.

This may occur either as a result of ODE integration (usually for the species with

very small mass fractions), which is dependent on the ODE solver, or due to the

projection itself. We observe that the orthogonal projection always suffers from a

large number of negative mass fractions, although the maximum negative mass
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fractions are always of the order of round-off error. The orthogonal projection al-

ters all the mass fractions (Eq. 2.25), consequently there is a high likelihood that

the species with zero or very small mass fractions to achieve a negative value af-

ter projection. The similar disadvantage is also applicable for Rϕ as the Ns
th mass

fraction is evaluated using Eq. 2.1. Specially for any oxy-fuel combustion case

(heptane-oxygen), the N2 mass fraction, which is always zero, reaches a negative

value in Rϕ formulation more than Pn and PS. It is also important to note that the

fundamental idea behind Pn and Rϕ is very similar as both of them alter the Ns
th

species with the only exception of solving ODEs for Ns mass fractions in case of

Pn as opposed to Ns − 1 in case of Rϕ. This makes the projection method a more

general approach as it does not enforce the errors of calculating all species mass

fraction in one single species. As a result, for heptane-oxygen case, the number

of negative mass fractions are significantly lower in Pn than Rϕ. This is the reason

why Rϕ is not necessarily the best choice, especially when it is oxy-combustion,

where there is no obvious abundant species in the system. In the case of PS, the

projection is always toward the origin (Fig. 2.2c), which ensures that there are no

negative mass fractions due to the projection itself. Consequently, the number of

negative mass fractions is the lowest for the scaling in case of both auto-ignition

runs.

The error measures in Table 2.1 take Rϕ as a reference case and compare the

species mass fraction trajectories of all three projections. It should be noted that

the exact solutions do not exist for these problems, thus both Rϕ and projection-

based formulations are inaccurate and obtained using the same ODE tolerances.
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However, for the sake of comparison, the errors evaluated in this article simply

quantify the difference between the widely-used reference case, Rϕ, and different

projections, suggested in this article. The error, ϵ, at each time step is the norm

of absolute errors of all species mass fractions for each projection compared to Rϕ,

normalized by the number of species. The error norm at the mth time step, ϵm, is

defined as follows:

ϵm =

√√
1
Ns

Ns∑
i=1

(
YRϕ

i,m − YP
i,m

)2
, (2.36)
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Figure 2.3: The norm of errors: between Rϕ and Pn at each time instant for a 0D
auto-ignition case of heptane-oxygen mixture (solid blue line), and between the
actual and perturbed Rϕ (dashed blue line). The plot also depicts the evolution of
temperature during ignition (dash and dot green line). Both absolute and relative
tolerances for ODE integration are considered to be 10−15.

where Yi,m is the mass fraction of the ith species at the mth time step, and super-

script P corresponds to any of the three projections. The mean and maximum of

the norms over all time steps are denoted by ϵmean and ϵmax, respectively. Clearly,

Pn and PS exhibit the least errors, whereas P⊥ contains a higher magnitude of er-
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rors, which can be attributed to the significantly higher number of negative mass

fractions. However, a mean error of O(10−9) (Pn and PS) with an absolute and rel-

ative tolerance of 10−15 during ODE integration is significantly high, which needs

more justification. Figure 2.3 shows the growth of the norm of errors between Rϕ

and Pn (solid blue line) over time during the auto-ignition case of heptane-oxygen

mixture along with the evolution of temperature (dash and dot green line). We

attribute this significantly high error to the inherent sensitivity of an auto-ignition

simulation, as there exists at least one explosive mode (positive eigenvalue of the

Jacobian matrix). Hence, an initial round-off error between Rϕ and Pn increases

exponentially over time during ignition. At the ignition point, both the positive

eigenvalue and the error reach their corresponding maximum values simultane-

ously. After ignition, the error drops again while an equilibrium composition and

temperature are reached, as there does not exist any explosive mode.

To confirm the issue with auto-ignition simulation, we perform another sim-

ulation of Rϕ with a slightly perturbed initial condition. The initial condition for

this perturbed Rϕ case is chosen to be a solution vector that corresponds to an er-

ror norm of O(10−15) compared to the unperturbed Rϕ at the beginning. Then the

error norm is evaluated between the perturbed and the unperturbed Rϕ case over

time, and plotted in Fig. 2.3 (dashed blue line). It is evident that the initial pertur-

bation increases exponentially even with the same formulation (Rϕ) and reaches

a maximum value at the ignition point. Consequently, an auto-ignition case is

not the ideal configuration to assess the performance of these projections. This

issue with an auto-ignition simulation is explored further with a simple analytical
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model in 2.10.1.

To emphasize the point even further that such a large error is not a man-

ifestation of any of the projections, rather due to the inherent sensitivity of an

auto-ignition model, we analyzed the heptane-oxygen mixture case with quadru-

ple precision during ODE integration. The results are tabulated and explained

in 2.10.2.

For a more suitable comparison, we investigate the accuracy of these projec-

tions with more realistic models: auto-ignition with mixing and PaSR. Unlike 0D

auto-ignition, both these models involve mixing, which helps ignition to occur

much faster, thus the error cannot increase as rapidly as in the auto-ignition case.

2.8.2 0D auto-ignition with mixing

The governing equation of an auto-ignition with mixing problem contains both

the chemical source term and a mixing term (Eq. 2.33). Similar to the auto-ignition

cases, two constant-pressure auto-ignition with mixing cases are examined, i.e.,

heptane-oxygen and heptane-air mixtures with the same initial conditions as be-

fore. The equilibrium composition and temperature (ϕ′e) are evaluated using Can-

tera [126] for the mixing term. The mixing time scale for both mixtures is specified

as 10−3 seconds.

Table 2.2 compares the same parameters as for the auto-ignition cases between
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Table 2.2: Comparison of integration statistics, conservation properties and error
norms between Rϕ and different choice of projections for two 0D constant pressure
auto-ignition with mixing cases: heptane-air and heptane-oxygen. NST, NFE and
NJE refer to number of steps, number of source term evaluations and number of
Jacobian evaluations during the full simulation. For Rϕ, the Ns

th species is consid-
ered to be N2. The time stepping for these two cases are considered to be 10−7 and
10−8 s. These two cases were run for 7,000 and 6,000 time steps respectively. The
ODE integration tolerances (absolute and relative) are considered to be 10−15.

Heptane - Air

Parameters Rϕ Pn P⊥ PS

NFE 894 × 103 893 × 103 940 × 103 893 × 103

NST 727 × 103 726 × 103 802 × 103 726 × 103

NJE 15,480 15,441 18,956 15,541
max

∣∣∣∣1 − ∑Ns
i=1

Yi

∣∣∣∣ – 1.17 × 10−13 2.51 × 10−14 1.31 × 10−13

No of negative Yi 92 × 103 101 × 103 288 × 103 99 × 103

Maximum negative Yi 1.79 × 10−30 2.04 × 10−30 5.42 × 10−15 2.51 × 10−30

ϵmean 0 (Ref) 8.49 × 10−15 1.55 × 10−14 9.87 × 10−15

ϵmax 0 (Ref) 4.94 × 10−14 5.43 × 10−13 2.05 × 10−13

Heptane - Oxygen

Parameters Rϕ Pn P⊥ PS

NFE 987 × 103 987 × 103 991 × 103 986 × 103

NST 811 × 103 812 × 103 826 × 103 812 × 103

NJE 17,280 17,023 17,307 17,014
max

∣∣∣∣1 − ∑Ns
i=1

Yi

∣∣∣∣ – 6.06 × 10−13 2.35 × 10−13 5.72 × 10−13

No of negative Yi 25,882 30,290 96,138 28,724
Maximum negative Yi 8.66 × 10−15 3.32 × 10−18 2.55 × 10−15 1.07 × 10−17

ϵmean 0 (Ref) 2.03 × 10−14 2.37 × 10−13 5.08 × 10−14

ϵmax 0 (Ref) 3.14 × 10−12 4.74 × 10−11 1.19 × 10−11

Rϕ and three different projections. The trend of integration statistics, maximum

deviation from R, number of negative mass fractions and maximum negative

mass fraction turn out to be similar to the previous auto-ignition model and the

explanations are similar as well. However, the motivation behind the ignition-

mixing model was the error measures for different projections assuming Rϕ as the

reference case. The norm of error at each time step is evaluated using Eq. 2.36.
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Figure 2.4: The norm of errors between Rϕ and Pn at each time instant for an
ignition-mixing model of heptane-oxygen mixture. The plot also depicts the evo-
lution of temperature during ignition. Both absolute and relative tolerances for
ODE integration are considered to be 10−15.

As expected, for an ignition-mixing model, the mean (ϵmean) and max (ϵmax) norm

of errors are orders of magnitude less compared to the 0D auto-ignition case. For

instance, the mean errors in case of Pn are O(10−9) and O(10−14) for auto-ignition

and ignition-mixing model respectively.

Figure 2.4 shows the error between Rϕ and Pn for heptane-oxygen mixture at

each time instant of the ignition-mixing model. Although in an ignition-mixing

model, there still exists an explosive mode or a positive eigenvalue of Jacobian, the

time to reach the equilibrium composition drops significantly due to mixing, thus

an initial round-off error does not increase as rapidly as observed in Fig. 2.3. This

phenomenon is further explained by comparing a simplified idealized ignition-

mixing model with an auto-ignition model in 2.10.1. The norm of errors between
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different projections and Rϕ shown in Table 2.2 proves the accuracy of all the pro-

jections compared to the existing method of handling the state vector. The error in

the case of the orthogonal projection is slightly higher than the other two, which,

as before, is attributed to the larger number of negative mass fractions. But the

overall performance shows the viability of using the full state vector along with

proper projections without violating the normalization constraint (see Table 2.2).

2.8.3 Partially Stirred Reactor (PaSR)

PaSR is represented by a number of notional reactive particles containing their

own species composition and temperature. The composition of each particle

evolves in time due to inflow/outflow/pairing, mixing and reaction. A charac-

teristic residence time corresponds to the inflow/outflow rate inside the reactor.

In the inflow/outflow step, an even number of particles are randomly selected

with equal probability and their compositions are replaced by the inflow compo-

sition. Each particle is assigned to a partner and the pairing of these two particles,

specified by a pairing time, provides a local mixing process inside the reactor. A

detailed description of the PaSR system and methodology is provided by Pope

[68] and Liang et al. [119]. The PaSR parameters used for the simulations are tab-

ulated in Table 2.3. There are three streams with normalized mass flow rates of

0.057, 0.893 and 0.05 kg/s, containing pure fuel (300 K), air (300 K), and their equi-

librium composition, respectively. The same heptane skeletal mechanism [125] is

used for the PaSR simulations. All the simulations are performed for 10 residence
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times. There exists a transient period for a few initial residence times, after which

the PaSR reaches a statistically-stationary state.

Table 2.3: Specification of the parameters for PaSR case. Species are given as mass
fractions and the initial condition is same as Stream 1.

Parameters Values

Reactor characteristics
Pressure (p) 10 bar
Number of particles (np) 100
Pairing time (τpair) 1 ms
Mixing time (τmix) 1 ms
Residence time (τres) 10 ms
Time step (∆t) 0.1 ms

Similar to the ignition-mixing model, the motivation behind using PaSR as a con-

figuration is to assess the performance of different projections in a more realistic

model than 0D auto-ignition, where the inherent explosive mode leads to a rapid

increase in error. For the error evaluation, the Rϕ case is considered to be the ref-

erence. The norm of errors at the mth time step, calculated over all species mass

fractions and particles, is given by

ϵm =

√√
1

Nsnp

np∑
l=1

Ns∑
i=1

(
YRϕ

i,m,l − YP
i,m,l

)2
, (2.37)

where Yi,m,l is the mass fraction of the ith species in the lth particle at the mth time

step, and superscript P corresponds to any of the three projections. The mean

and maximum of the norms over all time steps are denoted by ϵmean and ϵmax,

respectively and these are tabulated in Table 2.4.

As expected, all the error norms are of the order of round-off error compared to

Rϕ, which shows the feasibility of using all species mass fractions and temperature
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Table 2.4: Comparison of error norms between different choice of projections and
Rϕ in PaSR. The ODE integration tolerances (absolute and relative) are considered
to be 10−15.

Parameters Pn P⊥ PS

ϵmean 3.85 × 10−14 2.84 × 10−13 3.83 × 10−14

ϵmax 3.29 × 10−12 1.40 × 10−11 3.28 × 10−12

as state vector with proper projections and still not violate the joint boundedness

constraint of Eq. 2.1. The norm of errors between Rϕ and Pn at every time instant is

plotted in Fig 2.5. Unlike the auto-ignition and ignition-mixing models, the error

does not increase rapidly, but remains statistically steady at O(10−14) throughout

the simulation, which can be attributed to the inherent nature of PaSR involving

mixing and inflow/outflow.
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Figure 2.5: The norm of errors between Rϕ and Pn at each time instant for the PaSR
model. The plot also depicts the evolution of temperature during the simulation.
Both absolute and relative tolerances for ODE integration are considered to be
10−15.
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2.8.4 Eigen-decomposition of Jacobian matrix

Hansen and Sutherland [90] stated that an analytical Jacobian considering a full

mass fraction state vector may affect the accuracy of different flame diagnostic

tools, which are based on the eigen-decomposition of Jacobian matrix. There ex-

ists two methods of time scale analysis, i.e., CSP [124] and CEMA [95], where the

concept of explosive modes in a reactive flow is introduced based on the eigenval-

ues of the Jacobian matrix. Our objective in this article is to examine whether the

use of a full mass fraction space as state vector with projection affects the spectral

properties of the analytical Jacobian matrix.

We choose a constant pressure 0D auto-ignition case of heptane-oxygen sto-

ichiometric mixture with initial temperature and pressure of 800 K and 10 bar as

a test case to investigate the accuracy of the projection approach. For an auto-

ignition case, the trajectory of the maximum positive real part of the eigenvalue

(λmax) is followed throughout the simulation and the zero crossing or the crossover

point of λmax is considered to be the ignition point (tig) [95], which is the most im-

portant quantity in the context of an auto-ignition case. Other than auto-ignition

simulations, the crossover point is also important to identify the flame front in 1D

flame or direct numerical simulation of turbulent flames [95].

In the eigen-decomposition of a Jacobian matrix, there exists one conservative

mode (zero eigenvalue) associated with energy conservation along with M other

modes with zero eigenvalues associated with element conservation, where M is
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the number of elements. To obtain the zero eigenvalue corresponding to energy,

it is convenient to use an alternative state vector ϕ′ ≡ {Y, h}, where enthalpy, h,

is used as the energy variable replacing T . The transformation from {Y,T } state

vector to {Y, h} is straightforward and does not impact the eigenvalues or the

eigenvectors of the Jacobian matrix. The eigenvalues of the Jacobian matrix are

evaluated using LAPACK [127].

The trajectories of λmax of the Jacobian matrix with different projections are

compared to the case of Rϕ and, the mean and maximum relative errors are tabu-

lated in Table 2.5. The same table also compares the crossover points (two stage

ignition) of λmax, t1
ig and t2

ig, for each projection to Rϕ. The exact crossover points

are evaluated by linear interpolation between two nearest points on each side of

the crossover point. All the simulations were run for 10,000 time steps with a time

step of 10−7s.

Table 2.5: Comparison of relative errors of the maximum positive eigenvalue and
crossover points between different choice of projections and Rϕ in a 0D auto-
ignition simulation of heptane-oxygen mixture.

Parameters Pn P⊥ PS

ϵmean 2.00 × 10−6 1.18 × 10−4 2.00 × 10−6

ϵmax 0.003 0.165 0.003
t1ig 4.22 × 10−11 2.29 × 10−9 4.22 × 10−11

t2ig 7.84 × 10−12 4.83 × 10−10 7.84 × 10−12

The relative error at each time instant between Rϕ and Pn is plotted in Fig 2.6. It

is evident from the figure that the error is maximum at the two ignition points,

which is because of the exponential increase of error up to tig, the same as in

Fig. 2.3, due to the inherent sensitivity of an auto-ignition model.
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Figure 2.6: The relative error of λmax between Rϕ and Pn at each time instant for an
auto-ignition case of heptane-oxygen mixture. The plot also depicts the evolution
of temperature during ignition. Both absolute and relative tolerances for ODE
integration are considered to be 10−15.

As a natural extension of an auto-ignition model, as discussed before, we in-

vestigate the performance of the projections in a constant pressure auto-ignition

with mixing case of heptane-oxygen mixture with the same initial conditions as

the auto-ignition case. The relative errors of λmax and tig for this ignition-mixing

model are tabulated in Table 2.6. All the simulations were run for 7,000 time steps

with a time stepping of 10−8s.

Table 2.6: Comparison of relative errors of the maximum positive eigenvalue and
crossover points between different choice of projections and Rϕ in a 0D auto-
ignition with mixing simulation of heptane-oxygen mixture.

Parameters Pn P⊥ PS

ϵmean 2.62 × 10−7 4.54 × 10−6 2.50 × 10−7

ϵmax 1.03 × 10−5 8.88 × 10−5 1.00 × 10−4

t1ig 1.68 × 10−16 6.19 × 10−16 1.37 × 10−16

t2ig 1.09 × 10−17 5.31 × 10−16 1.47 × 10−17
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As expected, both mean and maximum relative errors of λmax have decreased from

the ignition case, and most importantly, the accuracy in prediction of crossover

point remains within machine error. Thus, the use of an analytical Jacobian with

full state vector and proper projection is completely justified not only for inte-

grating ODEs, but also in CSP or CEMA, where the spectral properties of exact

analytical Jacobian is required.

2.8.5 Linear implicit solver: Rosenbrock method

Apart from different diagnostic tools that use eigen-decomposition of Jacobian

matrix, Hansen and Sutherland [90] also mentioned a second example of linear

implicit solvers for ODE integration, such as Rosenbrock Method, where an in-

accurate Jacobian may be critical. In the following discussion, a user specified

time-step is referred as ‘time-step’ and the internal solver time levels within a

time-step is referred as ‘sub-step’. Unlike DVODE, the linear-implicit solvers do

not perform iterations at each sub-step, rather they implicitly evaluate the solu-

tion at each sub-step within a time-step [90]. For Rosenbrock methods, the Jaco-

bian is evaluated once at each sub-step to update the solution [128], thus accuracy

of Jacobian becomes more important compared to DVODE, where one Jacobian

evaluation is reused multiple times during the corrective iteration process to up-

date the solution (similar to Newton’s method) [80].

Our objective in this section is to examine if the use of full state vector
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(ϕ = {Y,T }) with proper projection affects the accuracy of the final solution with a

solver based on Rosenbrock method. For this purpose, we choose RODAS [129],

which is an embedded Rosenbrock method of order 4(3) [the order reduces from

4 to 3 for stiff problems] with adaptive time stepping, implemented in Fortran.

A constant pressure 0D auto-ignition case of heptane-oxygen mixture with same

initial condition as in Sec. 2.8.4 is chosen as the validation case. Similar to previ-

ous analyses, we choose Rϕ as the reference case. The error at each time step in

evaluation of mass fractions for different projections compared to Rϕ is evaluated

using Eq. 2.36. The maximum and mean errors over all time steps are tabulated

in Table 2.7. Both absolute and relative tolerances for ODE integration are set to

10−15. The time stepping and number of time steps for each simulation are chosen

to be 10−7 s and 10,000, respectively.

Table 2.7: Comparison of integration statistics and error norms between different
choice of projections and Rϕ in a 0D auto-ignition simulation of heptane-oxygen
mixture using RODAS. NST and NJE refer to number of steps and number of Jaco-
bian evaluations, respectively. NST and NJE are exactly same as RODAS evaluates
the exact Jacobian at each sub-step.

Parameters Rϕ Pn P⊥ PS

NST 77,044 76,912 77,423 76,911
NJE 77,044 76,912 77,423 76,911
ϵmean 0 (Ref) 1.87 × 10−14 1.74 × 10−9 1.78 × 10−14

ϵmax 0 (Ref) 4.05 × 10−11 4.93 × 10−6 3.56 × 10−11

There are two important observations from Table 2.7. First, the error norm be-

tween Rϕ and different projections, except P⊥, are within round-off errors. The

maximum error goes up to O(10−11) near the ignition because of the explosive

mode (the real positive eigenvalue is maximum at the ignition point) involved
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with an auto-ignition model as explained before. A relatively higher errors for P⊥

are also observed previously, which can be attributed to higher number of nega-

tive mass fractions due to the nature of this projection. The overall errors show

that using full mass fraction space as state vector with proper projection does not

affect the solution accuracy even with a linear implicit method for ODE integra-

tion, such as RODAS.

Secondly, the same errors are tabulated in Table 2.1 while using DVODE. Com-

paring those errors with Table 2.7, it is evident that the error norms over all time

steps are significantly smaller in case of using RODAS than DVODE. Similar ob-

servations were also made in atmospheric chemistry problems [30]. This obser-

vation is explained in 2.10.3 by identifying the fundamental differences in the

method of integration between the two solvers.

2.9 Conclusions

In the present work, a unifying analytical framework to formulate Jacobian ma-

trices has been developed, which can handle a state vector comprising all species

mass fractions and temperature without violating the constraint that the sum of

mass fractions must be unity. To keep the mass fraction vector evaluation at all

times during any reactive flow simulation in the realizable simplex, defined by

the constraint, we use a projection matrix directly in the analytical Jacobian eval-

uation. Three different projections have been investigated for this purpose. The
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benefits and drawbacks of each option have been examined and compared in the

context of three different configurations: an auto-ignition model, an auto-ignition

with mixing model, and PaSR. In terms of the individual boundedness, the projec-

tion that normalizes the mass fractions exhibits better accuracy than other projec-

tions, whereas the orthogonal projection is the least accurate. The error norms of

all the mass fractions between an existing method of dealing with consistent state

vectors and each of the projections are evaluated for all three configurations. The

error was found to be significant for an auto-ignition case, which is attributed to

the inherent explosive nature of such model. However, for the other two configu-

rations, the errors turn out to be of the order of round-off errors. The applicability

of the projection approach to handle a full state vector is also verified in the con-

text of CSP or CEMA analysis, where the spectral properties of the exact Jacobian

matrix is important, and with a linear implicit solver to integrate the governing

equations, which requires exact Jacobian at every sub-step to update the solution.

In both cases, the analytical Jacobian with projection provided satisfactory results

compared to the existing methods.
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2.10 Appendix

2.10.1 Comparison of error propagation between idealized igni-

tion and idealized ignition-mixing case

This section compares how a round-off error in the initial condition propagates

over time between an auto-ignition model and an ignition-mixing case by using a

very simplified model of an idealized ignition and ignition-mixing case. First, we

consider the idealized ignition problem

dy
dt
= λy for λ > 0 and 0 < y(0) ≪ 1 , (2.38)

where y can be thought of as the mass fraction of a species with an initial condition

of y(0) which itself is very small and λ corresponds to the positive eigenvalue or

the explosive mode of an ignition problem. The solution of Eq. 2.38 at time t1 will

be

y(t1) = y(0)eλt1 . (2.39)

Now, we consider the same ODE as Eq. 2.38 where the initial condition is per-

turbed by ϵ,
dz
dt
= λz for z(0) = y(0) + ϵ and ϵ > 0 , (2.40)

the solution of which at time t1 will be

z(t1) = [y(0) + ϵ]eλt1 . (2.41)
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Thus, after time t1, an initial round-off error of ϵ will be

Eign =
z(t1) − y(t1)

y(t1)
=
ϵ

y(0)
. (2.42)

Next, we consider the idealized mixing-ignition problem with ŷ as the mass

fraction
dŷ
dt
= 1 + λŷ for λ > 0 and 0 < ŷ(0) ≪ 1 . (2.43)

The solution of this equation at time t1 is

ŷ(t1) =
(
ŷ(0) +

1
λ

)
eλt1 −

1
λ
. (2.44)

Similar to the previous exercise, we consider ẑ to be the solution of 2.43 with an

initial condition of ẑ(0) = ŷ(0) + ϵ. At time t1, ẑ will be

ẑ(t1) =
(
ŷ(0) + ϵ +

1
λ

)
eλt1 −

1
λ
. (2.45)

Thus the error after time t1 for this idealized mixing problem is

Emix =
ẑ(t1) − ŷ(t1)

ŷ(t1)
=

ϵeλt1(
ŷ(0) + 1

λ

)
eλt1 − 1

λ

. (2.46)

Note that, starting from a very small mass fraction (y(0) or ŷ(0)), a 1010 increase

in unit time (e.g., a radical mass fraction increasing from 10−15 to 10−5) corresponds

to a λ = ln 1010 ≈ 23 (using Eq. 2.39). With this approximate value of λ, y(0) ≪ 1
λ

and eλ ≫ 1, thus we have (from Eq. 2.46),

Emix ≈ λϵ (2.47)
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It can be observed that the error in case of an idealized ignition (Eq. 2.42) tends

to infinity as the initial condition y(0) tends to zero. However, for an idealized

mixing case, the error (Eq. 2.47) is always of the order of round-off error. Hence,

an initial small error, ϵ, propagates more rapidly in auto-ignition case (Fig. 2.3)

compared to the ignition-mixing case (Fig. 2.4).

2.10.2 Auto-ignition with quadruple precision

The auto-ignition model is investigated for heptane-oxygen mixture with differ-

ent tolerances and precision of ODE integration in this section. The objective is

to show that a rapid error increase in case of auto-ignition is not a consequence

of the projection method itself, rather due to the inherent sensitive nature of the

auto-ignition model. Three different simulations were run for all the projections

with: (1) 10−15 tolerance and double precision (same as Table 2.1), (2) 10−15 toler-

ance and quadruple precision, and (3) 10−20 tolerance and quadruple precision.

The tolerances mentioned for these three cases correspond to both absolute and

relative values. The error between the projection case and Rϕ is evaluated using

Eq. 2.36 and tabulated in Table 2.8.

The result shows that changing the precision from double to quadruple keep-

ing tolerances constant at 10−15 does not make any difference in the error prop-

agation and the norm of errors remains significantly high. On the other hand, a

change in tolerance from 10−15 to 10−20 with quadruple precision significantly af-
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Table 2.8: Comparison of error norms between different choice of projections and
Rϕ in a constant pressure 0D auto-ignition case of heptane-oxygen mixture with
two different tolerances and with both double and quadruple precision.

Tolerance Precision
Mean error (ϵmean) Maximum error (ϵmax)

Pn P⊥ PS Pn P⊥ PS

10−15 Double 6.81 × 10−9 3.96 × 10−7 6.81 × 10−9 1.64 × 10−5 9.31 × 10−4 1.64 × 10−5

10−15 Quadruple 6.39 × 10−9 5.74 × 10−9 4.97 × 10−9 1.76 × 10−5 1.58 × 10−5 1.36 × 10−5

10−20 Quadruple 2.11 × 10−13 2.11 × 10−13 2.11 × 10−13 6.00 × 10−10 6.00 × 10−10 6.00 × 10−10
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Figure 2.7: The norm of errors between Rϕ and Pn at each time instant for a 0D
auto-ignition case of heptane-oxygen mixture with quadruple precision and two
different ODE tolerances (both absolute and relative): 10−15 and 10−20. The plot
also depicts the evolution of temperature during ignition.

fects the error norm as the mean drops from 10−9 to 10−13. Figure 2.7 shows the

error propagation for the case (2) and case (3), both of them having quadruple

precision. For case (3), the errors starts to increase from a much smaller value

compared to case (2), thus the overall norm also remains smaller. It should be

noted that the norm of errors depends largely on the initial error or the pertur-

bation ϵ as shown in 2.10.1 and from Fig. 2.7, it is evident that the initial error is
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dictated strictly by the tolerance. Consequently, a stricter tolerance of 10−20 com-

pared to 10−15 induces a smaller initial perturbation, and as a result, the overall er-

ror norms become smaller as well. We can conclude that the higher error observed

in Table 2.1 is not an artifact of the projection, rather it is the initial perturbation

based on tolerance, and the nature of the auto-ignition problem itself that always

increases the error over time, especially while using DVODE as a solver.

2.10.3 Difference in DVODE and RODAS

The use of a full state vector with proper projection does not significantly affect

the accuracy of the final solution of the governing ODEs with a solver based on

Rosenbrock method, such as RODAS, as shown in Sec. 2.8.5. However, while

comparing the errors for a 0D auto-ignition problem between DVODE (Table 2.1)

and RODAS (Table 2.7), it is evident that the mean and max error norms over all

time steps are significantly smaller in case of using RODAS than DVODE. This

observation can be explained by looking into the inherent properties of these two

different solvers. Following the convention in Sec. 2.8.5, a user specified time-step

is referred as ‘time-step’ and the internal solver time levels within a time-step is

referred as ‘sub-step’.

DVODE is a variable order method, with a maximum order of 5, if BDF method

is used [80]. In a BDF method, within each time-step, a very small initial sub-

step is chosen (typically between 10−12 and 10−8 s for a stiff chemical mechanism)
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based on user-specified tolerances. The solution at the end of the first sub-step

is evaluated using a first-order method. As integration progresses, the sub-step

size increases gradually along with the order of accuracy (if needed) while min-

imizing the overall computational time and also ensuring the stability until the

end of time-step. The higher order of accuracy is achieved gradually by using the

solution of previous sub-steps. For instance, to achieve an order of q, the solver

needs at least q previous sub-steps, thus the initial few sub-steps are always lower

order accurate and as number of sub-steps increases, the solver can increase its

accuracy by using more available sub-steps. As a result of such small sub-step

and lower order accurate solution at the beginning of any time-step, the num-

ber of total sub-steps required for DVODE (Table 2.1) is also higher compared to

RODAS (Table 2.7). In most of the reactive flow problems, the solver needs to

reinitialize at the beginning of each chemical time-step, which essentially means

that at each time-step the solver will start again from a very small sub-step and

first order accuracy, then rebuild to achieve a higher order accurate solution at the

end of time-step. This repeated stopping and reinitialization along with gradual

increase in accuracy starting from a first order accurate solution results in a large

number of floating-point operations, consequently, the error continuously accu-

mulates over time [130]. Figure 2.8 shows the order of accuracy of the solution

at the end of each time-step while using DVODE for the auto-ignition case. At

times significantly earlier than the ignition point, the solution is only second or-

der accurate. The method accuracy only goes to 4 or 5 in between the beginning

of first ignition and the second ignition point. As a result, the error will definitely
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be higher toward the beginning of the solution, which will propagate over time

due to the sensitive nature of an auto-ignition model, as observed before.

Unlike DVODE, RODAS is a method with 4th order accuracy, while the order

reduces to 3 for stiff problems. Although RODAS, similar to DVODE, starts from

a very small sub-step within a time-step, the solution at each sub-step does not

depend on previous sub-steps. It evaluates the Jacobian and updates the solution

using six stages to achieve at least a 3rd order accurate solution at each sub-step.

As a result, the solution is significantly more accurate than DVODE even in the

first sub-step and does not accumulate over time as much as DVODE. Although

RODAS provides a more accurate solution, it is less efficient due to the use of the

exact Jacobian at each sub-step, which makes RODAS more expensive compared

to multi-step BDF methods, like DVODE, which save and reuse the Jacobian for

multiple sub-steps [128]. A significant difference in NJE (Table 2.1 and 2.7) is also

observed for the auto-ignition case as well.
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Figure 2.8: The order of accuracy of the solution at the end of each user specified
time step in DVODE for an auto-ignition case of heptane-oxygen mixture.
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CHAPTER 3

AN ANALYTICAL JACOBIAN GENERATOR FOR REDUCED CHEMICAL

KINETIC MODELS INVOLVING QUASI-STEADY-STATE ASSUMPTIONS

3.1 Abstract

Recognizing the role of chemistry in the development of novel, more efficient en-

gine technologies, numerical simulations of practical combustion systems are em-

ploying increasingly complex chemical kinetic models. A major challenge in such

simulations is the cost of evaluating the chemical source terms, which often dom-

inate the overall CPU cost, especially when using implicit numerical methods. In

this case, a significant contributor to the CPU cost of chemical source term is the

evaluation of the Jacobian matrix by the stiff ODE solver employed. This con-

tribution can, however, be significantly decreased if an analytical formulation is

explicitly provided to the solver. While automatic analytical Jacobian code gener-

ators have been developed in the literature, in this work, we extend the concept to

handle the case of reduced kinetic models that involve quasi-steady state assump-

tions. The algorithm includes smart ordering of the quasi-steady-state variables to

minimize the number of operations required to invert the QSS algebraic system,

and the automatic generation of the routines required to evaluate the analytical

Jacobian corresponding to the non-QSS species. The algorithm is validated and

its performance assessed using a reduced kinetic model for n-dodecane oxidation

in the context of partially stirred reactor simulations.
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3.2 Introduction

Detailed numerical simulations of complex combustion systems, such as I.C. en-

gines, require accurate and comprehensive chemical kinetic models. The size and

complexity of these models have increased by orders of magnitudes in the last few

decades [82]. Very recently developed reaction mechanisms, such as oxidation for

surrogates of bio-diesel [131, 132], gasoline [133], alkyl esters [134], hydrocarbons

from n-octane to n-hexadecane [135], contain more than 1000 species and 10000

reactions. A detailed mechanism developed for 2-methylalkanes, developed by

Sarathy et. al. [136] contains almost 7200 species and 31400 reactions. The com-

putational requirements for such large reaction mechanisms are very high as the

number of species and reactions affect the memory requirement and CPU cost.

This problem is further exacerbated by the large disparity that exists in the species

and reaction timescales, which introduces stiffness into the system of ODEs and

that controls the performance of time integration algorithm as well [82]. As a re-

sult, detailed modeling using a complex kinetic mechanism is still a daunting task

even for 0D simulations such as auto ignition and perfectly stirred reactors and

almost unaffordable for 1D simulations [137].

A wide range of techniques aiming at minimizing the computational demand

have been developed and successfully applied in past literature, nicely reviewed

by Law [138] and Lu and Law [82]. The most important categories of reduc-

ing the size and complexity of detailed mechanism are: (1) skeletal reduction

which essentially removes the unimportant species and reactions by either Di-
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rect Relation Graph (DRG) [49] or DRG with error propagation (DRGEP) [51]

or Simulation Error Minimization Connectivity Method (SEM-CM) [99], (2) di-

mension or time-scale reduction methods which reduces the chemical stiffness

of the system, e.g., rate-controlled constrained equilibrium (RCCE) [65], com-

putational singular perturbation (CSP) [62], intrinsic low-dimensional manifolds

(ILDM) [66], trajectory-generated low-dimensional manifolds (TGLDM) [122], (3)

chemical lumping [54, 123]. In another category of reducing computational cost,

Pope [68] developed in situ adaptive tabulation (ISAT) method where the expen-

sive terms are tabulated for later use and a variable is evaluated from the tabulated

values by interpolation if the variable is in the same mapping space. Later on,

Hiremath and Pope [139] combined ISAT with dimension reduction methods and

reported significant reduction in simulation time compared to only using ISAT.

The focus of this work is on the introduction of quasi steady state (QSS) as-

sumptions, which is a time-scale reduction technique. The most important ad-

vantage of invoking QSS assumption is the conversion of the differential equa-

tions corresponding to a carefully selected set of QSS species into computationally

more efficient algebraic expressions, thus reducing the number of ODEs that need

to be transported, and typically reducing significantly the stiffness of the remain-

ing equations [61, 140]. The introduction of QSS species is very simple and has

been used widely in last few decades [141–145]. Very recently, Felden et. al. [146]

used the QSS assumption in large scale LES of turbulent spray simulation.

Apart from chemistry reduction and other techniques mentioned above, differ-
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ent mathematical techniques were also developed focusing on algorithm speed-

up, e.g., more efficient solvers to integrate the governing ordinary differential

equations. Due to the inherent stiffness of the ODE system, chemical kinetic

models require solvers using backward differentiation methods which are devel-

oped based on Newton’s method that requires repeated Jacobian matrix evalu-

ations [78, 80, 81]. The computational cost of evaluating an approximate Jaco-

bian scales quadratically with number of species (n2
s) as the reaction rates need to

be re-evaluated for each perturbed species concentration, whereas the factoriza-

tion of the matrix scales as n3
s , where ns is the number of species [75, 87]. For a

medium to large size mechanism, Jacobian matrix factorization is the most expen-

sive step [75]. On the other hand, the cost of using analytical Jacobian is linearly

dependent on the number of species or reactions [82].

Motivated by the potential reduction in computational cost, a few analytical

Jacobian generator package have been developed in last few years. Safta et al. [74]

developed TChem toolkit, Youssefi [83] and Bisetti [75] also developed their own

analytical Jacobian matrix source code to reduce both computational cost and nu-

merical error. Bisetti [75] used adoptive symbolic analysis tools which provide

mechanism specific routines that do not typically use sparse matrix algebra dur-

ing Jacobian formation. Different strategies were adopted to reduce the number

of calls to ODE system function by providing a sparsity pattern. For instance,

the DAEPACK automatic differentiation library [84–86] provides analytical Jaco-

bian calculations along with sparsity pattern information, which reduces com-

putational cost significantly when coupled to sparse ODE solvers [80]. Perini et

77



al [87] used analytical Jacobian for constant volume reactor which helps the matrix

to be more sparse as the off-diagonal elements would only be non-zero because

of direct species interactions and fall off or pressure dependent reactions. Perini

et al [87] reported a 80% faster result when the analytical Jacobian was used com-

bined with tabulation of temperature dependent properties. Unfortunately, most

of the combustion CFD tools are built on a constant pressure assumption, thus

reducing sparsity of the Jacobian matrix. Recently GPU or hybrid CPU/GPU [89]

have been used rather than pure CPU to speedup the computational time which

is another category of computational technique that maximizes the efficiency of

algorithm. Dijkmans et al. [76] took a GPU based analytical Jacobian approach to

accelerate the integration algorithm even further. Niemeyer et al. [77] developed

pyJac, an open source analytical Jacobian tool optimized for SIMD processors.

To our knowledge, no analytical Jacobian formulation exists in literature that

can also exploit the advantage of invoking QSS species in the system. In this

work, the concept of analytical Jacobian formulation is extended further for re-

duced kinetic mechanisms involving QSS species. This package calculates the QSS

concentrations using their corresponding algebraic expressions and automatically

develops the analytical Jacobian matrix for non-QSS species. The organization of

the paper is as follows. The next section talks about the basic theory and govern-

ing equations for chemical kinetics. Section 3.4 discusses the formulation of the

general analytical Jacobian without QSS assumption. Then section 3.5 describes

the modifications required for the QSS species implementation in analytical Ja-

cobian formulation. The accuracy and performance of the current algorithm are
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evaluated (section 3.6) in the context of a partially stirred reactor (PaSR) with non-

premixed n-dodecane/air combustion.

3.3 Theory

The present study considers the time evolution of reactive homogeneous gaseous

mixtures in a constant pressure system whose solution is achieved through the

integration of a system of ODE using an analytical Jacobian matrix with QSS as-

sumptions. This section mostly describes the basic theory and governing equa-

tions. This initial value problem (IVP) is described by the independent variables:

species mass fractions (Yi) and temperature (T ).

ϕ = {Y1,Y2, ..,YNs ,T }
T (3.1)

where Ns is the total number of species.

3.3.1 Thermodynamic Relations

Assuming ideal gas law, the mixture density (ρ) can be expressed in terms of pres-

sure (p) and temperature (T )

ρ =
pW
RT
=

p
RT

 Ns∑
i=1

Yi

Wi

−1

(3.2)
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where W is the mixture molecular weight, Wi is the molecular weight of i-th

species and R is the universal gas constant. The analytical Jacobian can be sim-

plified by formulating in terms of molar concentrations rather than species mass

fractions directly, as the reaction rates depend directly on molar concentrations

(will be explained later), thus it is important to relate species mass concentration

(ρi) and species mass fraction (Yi) with species molar concentrations (Ci) by

Ci =
ρi

Wi
= ρ

Yi

Wi
(3.3)

The thermodynamic properties of species i in molar units are calculated using

standard NASA polynomials [147].

C0
p,i

R
= a1,i + a2,iT + a3,iT 2 + a4,iT 3 + a5,iT 4 (3.4)

H0
i

RT
= a1,i +

a2,i

2
T +

a3,i

3
T 2 +

a4,i

4
T 3 +

a5,i

5
T 4 +

a6,i

T
(3.5)

S 0
i

R
= a1,i ln T + a2,iT +

a3,i

2
T 2 +

a4,i

3
T 3 +

a5,i

4
T 4 + a7,i (3.6)

where Cp,i, Hi and S i are the constant pressure specific heat, enthalpy and entropy

of i-th species in molar units, respectively. The superscript 0 indicates the standard

state, i.e., one atmospheric pressure. These thermodynamic property values can

be converted in to a mass based specific heat (cp,i) and enthalpy (hi) by using

cp,i =
Cp,i

Wi
and hi =

Hi

Wi
(3.7)
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The mixture averaged specific heat can be written as

cp =

Ns∑
i=1

Yicp,i (3.8)

3.3.2 Description of chemical kinetics

The reaction mechanism consists of total NR number of reactions involving Ns

species. The k-th reaction can be represented as

Ns∑
i=1

ν
′

i,kMi

kf,k
−−−⇀↽−−−

kb,k

Ns∑
i=1

ν
′′

i,kMi (3.9)

where ν′i,k and ν′′i,k are the reactant and product stoichiometric coefficients of species

i in reaction k,Mi is the name of species i, kf,k and kb,k are the forward and reverse

reaction rate coefficients of reaction k. From law of mass action,

Ċi =
∂Ci

∂t
=

NR∑
k=1

(ν
′′

i,k − ν
′

i,k)ωk =

NR∑
k=1

νi,kωk (3.10)

where νi,k = ν
′′

i,k − ν
′

i,k and ωk is the reaction rate of k-th reaction. ωk is dependent

on temperature and species concentrations directly. The nature of ωk may differ

depending on the type of reactions or the specific interaction of the involved reac-

tants. The details of different formulations of ωk for different kind of reactions are

discussed below.
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Simple elementary reactions

For a simple elementary reaction,

ωk = kf,k

Ns∏
i=1

C
ν
′

i,k
i − kb,k

Ns∏
i=1

C
ν
′′

i,k
i (3.11)

where the forward and reverse rate coefficients are temperature dependent. The

forward rate coefficient (kf,k) can be evaluated using Arrhenius expression:

kf,k = AkT βk exp
(
−

Ea,k

RT

)
(3.12)

where Ak, βk and Ea,k are the pre-exponential/collision frequency factor, tempera-

ture coefficient and activation energy of reaction k, respectively. The evaluation of

Eq. 3.12 is expensive because of the exponential functions and a large number of

reactions in a reaction mechanism. However, Eq. 3.12 can be efficiently modified

in order to reduce the computational cost by taking advantage of zero activation

energy or zero temperature coefficient for a large number of reactions [77, 82]. For

a case when Ea,k and βk are not trivial, Eq. 3.12 can be re-written as

kf,k = exp
(
ln Ak + βk ln T −

Ea,k

RT

)
(3.13)

where ln T and 1/RT are pre-evaluated in rate evaluation subroutine to make it

even more computationally efficient.

The pre-exponential factor, temperature coefficient and activation energy for

backward reactions are calculated by data fitting of forward reaction Arrhe-

nius coefficients and assuming equilibrium condition in a wide temperature
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range [148]. Then the backward reaction rate coefficient are also evaluated using

Eq. 3.12 or 3.13 and treated as separate forward reactions. Consequently, Eq 3.11

can be simplified as

ωk = kf,k

Ns∏
i=1

C
ν
′

i,k
i (3.14)

where k counts for all forward and backward reactions.

Third body reactions

For a third body reaction (T B), the reaction rate (ωk) is modified by an effective

concentration of the third body.

ωT B
k = CM,kωk (3.15)

where

CM,k =

Ns∑
i=1

αi,kCi (3.16)

and ωT B
k is the reaction rate of k-th reaction after considering the effective third

body concentration (CM,k), αi,k is the third-body efficiency of species i in k-th reac-

tion, Ci is the concentration of species i. ωk in Eq. 3.15 is evaluated from Eq. 3.14.

If all the species contribute equally in third body concentration, then αi,k = 1 for

all species.
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Fall-off reactions

The fall-off reactions (F) are pressure dependent, i.e., unlike simple reactions, fall-

off reaction rate shows different behavior at high and low pressure limits. The

forward reaction rate coefficient in high and low pressure limits are given by kf0

and kf∞ respectively for a fall-off reaction. So, the effective reaction rate coefficient

(kf,k) will be

kF
f,k = kf∞,kFk (3.17)

and effective reaction rate (ωF
k ) is

ωF
k = ωkFk (3.18)

where Fk is the weighing factor. ωk in Eq. 3.18 is evaluated using Eq. 3.14 with

high pressure limit rate coefficient (kf∞,k). The weighing factor (Fk) depends on

the reduced pressure corresponding to the k-th reaction (Pr,k), which is given by,

Pr,k =
kf0,k

kf∞,k
CM,k (3.19)

For a simple pressure-dependent reaction, like Lindemann (Lind) [149], the

weighing factor is

FLind
k =

Pr,k

1 + Pr,k
(3.20)

For Troe’s kinetic approach (Troe) [150], the weighing factor is more complicated.

FTroe
k =

Pr,k

1 + Pr,k
F(1+ f 2)−1

cent,k (3.21)
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where the centering factor, Fcent,k is given by

Fcent,k = (1 − ak) exp
(
−

T
T3,k

)
+ ak exp

(
−

T
T1,k

)
+ exp

(
−

T2,k

T

)
(3.22)

and

f =
Jk

nk − dkJk
(3.23)

where

Jk = log10 Pr,k + ck (3.24)

ck = −0.40 − 0.67 log10 Fcent,k (3.25)

nk = 0.75 − 1.27 log10 Fcent,k (3.26)

dk = 0.14 (3.27)

and ak, T1,k, T2,k and T3,k are specified parameters for each fall-off reaction. The

third term of Eq. 3.22 is optional and can be omitted if T2,k is not specified.

3.4 Analytical Jacobian Formulation

This section presents the details of a general analytical Jacobian formulation (with-

out QSS approximation). The analytical Jacobian, J is filled with partial deriva-
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tives, such as

Ji, j =
∂ fi

∂ϕ j
(3.28)

where ϕ corresponds to the independent variables, i.e., species mass fractions and

temperature (Eq. 3.1) and f denotes the system of ODE governed by the rate of

change of mass fractions and temperature.

f =
dϕ
dt
=

{
dY1

dt
,

dY2

dt
, ..,

dYNs

dt
,

dT
dt

}T

(3.29)

where

Ẏi =
dYi

dt
=

Wi

ρ
Ċi i = 1 to Ns (3.30)

and

Ṫ =
dT
dt
=
−1
ρcp

Ns∑
i=1

hiWiĊi =
−1
cp

Ns∑
i=1

hiẎi (3.31)

cp and hi are calculated using Eq. 3.7 and 3.8. Equations 3.30 and 3.31 define the

initial value problem consisting total Ns + 1 unknowns with the initial condition,

ϕ(t = 0) = ϕ0. Thus the dimension of Jacobian matrix for a reaction mechanism

with Ns species is (Ns + 1) × (Ns + 1) as shown in Fig. 3.1.

The Jacobian matrix consists of four different kind of partial differential equa-

tions (Fig. 3.1). The derivation of the analytical expression of each of these deriva-

tives are discussed below.
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Figure 3.1: The Jacobian matrix structure

3.4.1 Derivatives of mass fraction rate change w.r.t mass fractions

The mass fraction derivatives, ∂Ẏi
∂Y j

, where both i and j vary from 1 to Ns, can

be simplified by rewriting the expressions in terms of concentration derivatives

as the rate of change of concentration (Ċi) has direct relation with reaction rates

(Eq. 3.10).
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Ji, j =
∂Ẏi

∂Y j
=
∂

∂Y j

(
Wi

ρ
Ċi

)
[using Eq. 3.30]

=
Wi

ρ

∂Ċi

∂Y j
−

WiĊi

ρ2

∂ρ

∂Y j
(3.32)

=
Wi

ρ

∂Ċi

∂Y j
−

Ẏi

ρ

∂ρ

∂Y j

where
∂Ċi

∂Y j
=

Ns∑
l=1

∂Ċi

∂Cl

∂Cl

∂Y j
(3.33)

where l varies from 1 to Ns. The partial derivative of density w.r.t mass fraction

can be derived using Eq. 3.2.

∂ρ

∂Y j
=

p
RT

∂

∂Y j


 Ns∑

j=1

Y j

W j


−1 = −ρW

W j
(3.34)

The second term in the right hand side of Eq. 3.33 can be expressed as

∂Cl

∂Y j
=
∂

∂Y j

(
ρ

Yl

Wl

)
=
ρ

W j
δl j +

Yl

Wl

∂ρ

∂Y j
(3.35)

After plugging Eq. 3.34 in Eq. 3.35,

∂Cl

∂Y j
= −Cl

W
W j
+ δl j

ρ

W j
(3.36)

The partial derivative of concentration rate change w.r.t. concentration (first term

of Eq. 3.33) is given by (using Eq. 3.10),

∂Ċi

∂Cl
=
∂

∂Cl

 NR∑
k=1

νi,kωk

 = NR∑
k=1

νi,k
∂ωk

∂Cl
(3.37)
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The reaction rate, ωk in Eq. 3.37 denotes the effective reaction rates of different

types of reactions. For third body enhanced and fall-off reactions, ωk are ωT B
k

(Eq. 3.15) and ωF
k (Eq. 3.18) respectively. For a simple elementary reaction (us-

ing Eq. 3.14),
∂ωk

∂Cl
= kf,kν

′

l,kC
ν
′

l,k−1
l

∏
i,l

C
ν
′

i,k
i (3.38)

For a third body enhanced reaction (using Eq. 3.15),

∂ωT B
k

∂Cl
= CM,k

∂ωk

∂Cl
+ ωk
∂CM,k

∂Cl

= CM,k
∂ωk

∂Cl
+ ωkαl,k (3.39)

where ωk and ∂ωk
∂Cl

are calculated using Eq. 3.14 and 3.38 respectively.

For a pressure-dependent Fall-off reaction (using Eq. 3.18),

∂ωF
k

∂Cl
= Fk

∂ωk

∂Cl
+ ωk
∂Fk

∂Cl
(3.40)

For a Lindemann type reaction,

∂ ln FLind
k

∂Cl
=

1 + Pr,k

Pr,k

∂

∂Cl

(
Pr,k

1 + Pr,k

)
=

1
1 + Pr,k

(
1

Pr,k

∂Pr,k

∂Cl

)
(3.41)

For a Troe type reaction,

∂ ln FTroe
k

∂Cl
=
∂

∂Cl

[
ln

Pr,k

1 + Pr,k
+

1
1 + f 2 ln Fcent,k

]
=

1
1 + Pr,k

(
1

Pr,k

∂Pr,k

∂Cl

)
−

ln Fcent,k

(1 + f 2)2

∂ f
∂Cl

(3.42)
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where

∂ f
∂Cl
=
∂

∂Cl

[
Jk

nk − dkJk

]
=

nk

(nk − dkJk)2

∂Jk

∂Cl
=

nk

(nk − dkJk)2

1
ln 10

(
1

Pr,k

∂Pr,k

∂Cl

)
(3.43)

Finally, the reduced pressure derivative is calculated by using Eq. 3.19

1
Pr,k

∂Pr,k

∂Cl
=
αl,k

CM,k
(3.44)

3.4.2 Derivatives of temperature rate change w.r.t mass fractions

Starting from Eq. 3.31, the temperature rate change derivative w.r.t. mass fractions

( ∂Ṫ
∂Y j

) where j varies from 1 to Ns, is given by

JNs+1, j =
∂Ṫ
∂Y j
=
∂

∂Y j

− 1
ρcp

Ns∑
i=1

hiWiĊi


= −

Ns∑
i=1

[
hi

cp

∂

∂Y j

(
WiĊi

ρ

)
−

Ṫ
cp

∂cp

∂Y j
+

WiĊi

ρcp

∂hi

∂Y j

]
(3.45)

where the derivative of enthalpy w.r.t. mass fraction is zero.

∂hi

∂Y j
= 0 (3.46)

So, finally Eq. 3.45 can be rewritten as,

∂Ṫ
∂Y j
=
−1
cp

cp, jṪ +
Ns∑
i=1

hi
∂Ẏi

∂Y j

 (3.47)

where the evaluation of ∂Ẏi
∂Y j

is discussed in Section 3.4.1.
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3.4.3 Derivatives of mass fraction rate change w.r.t temperature

The mass fraction derivative w.r.t temperature (∂Ẏi
∂T ), where i varies from 1 to Ns

can be evaluated using Eq. 3.30.

Ji,Ns+1 =
∂Ẏi

∂T
=
∂

∂T

(
Wi

ρ
Ċi

)
=

Wi

ρ

∂Ċi

∂T
−

WiĊi

ρ2

∂ρ

∂T

=
Wi

ρ

∂Ċi

∂T
−

Ẏi

ρ

∂ρ

∂T
(3.48)

where
∂ρ

∂T
=
∂

∂T

( pW
RT

)
= −
ρ

T
(3.49)

So, finally Eq. 3.48 can be simplified as

Ji,Ns+1 =
∂Ẏi

∂T
=

Wi

ρ

∂Ċi

∂T
+

Ẏi

T
(3.50)

The partial derivative of concentration w.r.t temperature is evaluated by (using

Eq. 3.10)
∂Ċi

∂T
=
∂

∂T

 NR∑
k=1

νi,kωk

 = NR∑
k=1

νi,k
∂ωk

∂T
(3.51)

The reaction rate, ωk in Eq. 3.51 denotes the effective reaction rates of different

types of reactions. For third body enhanced and fall-off reactions, ωk are ωT B
k

(Eq. 3.15) and ωF
k (Eq. 3.18) respectively. For a simple elementary reaction (us-
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ing Eq. 3.14),

∂ωk

∂T
=
∂kf,k

∂T

Ns∏
i=1

C
ν
′

i,k
i + kf,k

Ns∑
j=1

ν
′

j,kC
ν
′

j,k−1

j

∂C j

∂T

Ns∏
i=1
i, j

C
ν
′

i,k
i (3.52)

where
∂C j

∂T
=

Y j

W j

∂ρ

∂T
= −

C j

T
(3.53)

Thus Eq. 3.52 can be simplified as,

∂ωk

∂T
=
∂kf,k

∂T

Ns∏
i=1

C
ν
′

i,k
i + kf,k

Ns∑
j=1

ν
′

j,kC
ν
′

j,k−1

j

(
−

C j

T

) Ns∏
i=1
i, j

C
ν
′

i,k
i

=
∂kf,k

∂T

Ns∏
i=1

C
ν
′

i,k
i −

kf,k

Ns∏
i=1

C
ν
′

i,k
i

 1
T

Ns∑
j=1

ν
′

j,k

=
∂kf,k

∂T

Ns∏
i=1

C
ν
′

i,k
i −

ωk

T

Ns∑
j=1

ν
′

j,k (3.54)

For a simple elementary reaction, partial derivative of rate coefficient can be cal-

culated from the Arrhenius equation (Eq. 3.12).

∂kf,k

∂T
=

kf,k

T

(
βk +

Ea,k

RT

)
(3.55)

For a third body enhanced reaction, the derivatives are similar to simple elemen-

92



tary reactions with additional terms for third body concentrations.

∂ωT B
k

∂T
= CM,k

∂ωk

∂T
+ ωk
∂CM,k

∂T

=
∂kf,k

∂T

Ns∏
i=1

C
ν
′

i,k
i CM,k −

ωk

T
CM,k

Ns∑
j=1

ν
′

j,k + ωk

(
−

CM,k

T

)

=
∂kf,k

∂T

Ns∏
i=1

C
ν
′

i,k
i CM,k −

ωT B
k

T

1 + Ns∑
j=1

ν
′

j,k

 (3.56)

where partial derivative of rate coefficient is calculated using Eq. 3.55.

For a pressure dependent fall-off reaction,

∂ωF
k

∂T
= Fk

∂ωk

∂T
+ ωk
∂Fk

∂T
(3.57)

where ωk and ∂ωk
∂T is calculated using Eq. 3.14 and 3.54 respectively.

For a Lindemann type reaction,

∂ ln FLind
k

∂T
=

1 + Pr,k

Pr,k

∂

∂T

(
Pr,k

1 + Pr,k

)
=

1
1 + Pr,k

(
1

Pr,k

∂Pr,k

∂T

)
(3.58)

For a Troe type reaction,

∂ ln FTroe
k

∂T
=
∂

∂T

[
ln

Pr,k

1 + Pr,k
+

1
1 + f 2 ln Fcent,k

]
=

1
1 + Pr,k

(
1

Pr,k

∂Pr,k

∂T

)
−

ln Fcent,k

(1 + f 2)2

∂ f
∂T
+

1
1 + f 2

∂ ln Fcent,k

∂T
(3.59)

The partial derivative of f in the second term of Eq. 3.59 is evaluated by

∂ f
∂T
=

nk

(nk − dkJk)2

∂Jk

∂T
−

Jk

(nk − dkJk)2

∂nk

∂T
(3.60)
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where

∂Jk

∂T
=

1
ln 10

(
1

Pr,k

∂Pr,k

∂T

)
+
∂ck

∂T
=

1
ln 10

(
1

Pr,k

∂Pr,k

∂T

)
−

0.67
ln 10

∂ ln Fcent,k

∂T
(3.61)

and
∂nk

∂T
= −

1.27
ln 10

∂ ln Fcent,k

∂T
(3.62)

Finally, the partial derivative of ln Fcent,k, required in Eq. 3.59, 3.61 and 3.62 is given

by

∂ ln Fcent,k

∂T
=

1
Fcent,k

∂Fcent,k

∂T

=
1

Fcent,k

[
−

1 − ak

T3,k
exp

(
−

T
T3,k

)
−

ak

T1,k
exp

(
−

T
T1,k

)
+

T2,k

T 2 exp
(
−

T2,k

T

)]
(3.63)

and partial derivative of reduced pressure is given by,

1
Pr,k

∂Pr,k

∂T
=

1
kf0,k

∂kf0,k

∂T
−

1
kf∞,k

∂kf∞,k

∂T
−

1
T

(3.64)

where partial derivatives of kf0,k and kf∞,k are given by Eq 3.55.
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3.4.4 Derivatives of temperature rate change w.r.t temperature

The partial derivative of temperature w.r.t temperature can be derived from

Eq. 3.31.

∂Ṫ
∂T
=
∂

∂T

− 1
cp

Ns∑
i=1

hiẎi


= −

Ns∑
i=1

[
Ẏi

cp

∂hi

∂T
−

hiẎi

c2
p

∂cp

∂T
+

hi

cp

∂Ẏi

∂T

]

= −
1
cp

 Ns∑
i=1

Ẏicp,i + Ṫ
Ns∑
i=1

Yi
∂cp,i

∂T
+

Ns∑
i=1

hi
∂Ẏi

∂T

 (3.65)

where partial derivative of cp can be calculated using Eq. 3.4.

∂cp,i

∂T
=
R

Wi

(
a2,i + 2a3,iT + 3a4,iT 2 + 4a5,iT3

)
(3.66)

and ∂Ẏi
∂T evaluation is discussed in the previous section.

3.5 Quasi-Steady-State (QSS) species implementation

A species is considered to be quasi steady if it features a fast consumption time

scale compared to its production time such that they balance each other result-

ing in a steady and low concentration after a transient period [61]. These QSS

species are identified by the level of importance (LOI) criteria [151], which essen-

tially estimates an error in concentration of a species if it is assumed to be quasi
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steady. Introduction of such quasi steady species assumption converts their cor-

responding ODEs into computationally more effective algebraic expressions thus

reducing the number of ODEs that have to be solved and typically reducing the

stiffness of the remaining differential equations. However, the QSS species con-

centrations not only depend on non-QSS species, but also usually coupled with

other QSS species (only linear coupling is considered). Numerically optimized,

decoupled and explicit expressions for each QSS species have been achieved by

reordering them properly before applying Gauss Pivoting [152].

The analytical Jacobian with QSS assumption deviates significantly from the

formulation discussed in previous section. As the QSS species concentrations are

evaluated using their corresponding algebraic expressions, the analytical Jacobian

is required only for non-QSS species. So, the dimension of Jacobian matrix reduces

to (Nnq + 1) × (Nnq + 1), where Nnq is the number of non-QSS species. For the same

reason, a lot of equations developed in the previous section will also be modified

accordingly. First of all, although the number of independent variables (Eq. 3.1)

still remains (Ns + 1), the rate of change of variables, that is required for analytical

Jacobian, denoted by f in Eq. 3.29 reduces to

f =
∂ϕ

∂t
=

{
∂Y1

∂t
,
∂Y2

∂t
, ..,
∂YNnq

∂t
,
∂T
∂t

}T

(3.67)

where Ẏi (Eq. 3.30) and Ṫ (Eq. 3.31) are modified as

Ẏi =
∂Yi

∂t
=

Wi

ρ
Ċi i = 1 to Nnq (3.68)
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and

Ṫ =
∂T
∂t
=
−1
ρcp

Nnq∑
i=1

hiWiĊi =
−1
cp

Nnq∑
i=1

hiẎi (3.69)

The contribution of QSS species in Ṫ is zero, as for all QSS species, Ẏ = 0. Similar

change, i.e., summing over Nnq number of species rather than Ns, is applicable in

Eq. 3.33:

∂Ċi

∂Y j
=

Nnq∑
l=1

∂Ċi

∂Cl

∂Cl

∂Y j
(3.70)

and in Eq. 3.47:

∂Ṫ
∂Y j
=
−1
cp

cp, jṪ +
Nnq∑
i=1

hi
∂Ẏi

∂Y j

 (3.71)

and also in Eq. 3.65:

∂Ṫ
∂T
= −

1
cp

 Nnq∑
i=1

Ẏicp,i + Ṫ
Nnq∑
i=1

Yi
∂cp,i

∂T
+

Nnq∑
i=1

hi
∂Ẏi

∂T

 (3.72)

Secondly, the QSS species are assumed not to act as third bodies, i.e., the third

body efficiency, αi for all QSS species is zero. This assumption is quite reasonable

as the third body concentration has to be large enough to affect the reaction rates

significantly, which is in direct contradiction with the fact that QSS concentrations

are usually very small. This fact changes Eq. 3.16 and Eq. 3.39 in following two

equations respectively.

CM,k =

Nnq∑
i=1

αi,kCi (3.73)

∂ωT B
k

∂Cl
= CM,k

∂ωk

∂Cl
+ ωk

Nnq∑
p=1

αp,k (3.74)
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All these modifications discussed till now are involved with the reduction of

the matrix dimension corresponding to only non-QSS species. However, the major

change due to the introduction of QSS species is the additional terms involved

in the partial derivative of reaction rate, ωk. Let us assume that Qk is the QSS

species involved in reactant side of kth reaction (only one QSS must exist in one

reaction because of the linear coupling assumption). The algebraic expression of

the concentration of Qk involves non-QSS, other QSS species concentrations and

rate constants kf,k, thus the partial derivative of reaction rates should have extra

terms corresponding to the derivatives of the QSS concentration.

Then, Eq. 3.38 should be reformulated as

∂ωk

∂Cl
= kf,k

ν′l,kCν′l,k−1
l

∏
i,l

C
ν
′

i,k
i +

∏
i,Qk

C
ν
′

i,k
i
∂Qk

∂Cl

 (3.75)

This derivative is true for a simple elementary reaction with QSS. For third body

enhanced or pressure dependent reactions, the partial derivatives of reaction rate

follow the same equations discussed before except implementing Eq. 3.75 rather

than Eq. 3.38 if QSS is involved. It is important to notice that in Eq. 3.38 (true for

a reaction without QSS), for a particular reaction k, ∂ωk
∂Cl

is nonzero only when both

i and l are the reactants. However, in Eq. 3.75, ∂ωk
∂Cl

is nonzero when i corresponds

to the reactants, but l corresponds to all non-QSS species that the concentration of

Qk depends on, which includes, but is not limited to the reactants only.
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Similarly, Eq. 3.54 should also be modified as
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(3.76)

The expressions for ∂Qk
∂Cl

and ∂Qk
∂T are evaluated from the algebraic expressions of

QSS concentrations, which is dependent on the reaction mechanism itself. The

effect of these two final major modifications due to QSS assumption will be tested

in the following section, while analyzing the performance of the analytical Jaco-

bian. All other equations involved in analytical Jacobian formulation as discussed

in section 3.4 remain unchanged.

3.6 Results and Discussion

The solver used in this study, DVODE [80], is able to provide accurate solution

of the governing equations, even if the Jacobian provided to the solver is approxi-

mate. In fact, in the absence of an analytical Jacobian, the numerical Jacobian used

by the solver is only an approximation of the exact analytical Jacobian. Thus, an

accurate solution of ODE does not necessarily ensure the correctness of the ana-

lytical Jacobian matrix. However, an exact Jacobian speeds up the solver signifi-
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cantly, as the solver converges faster than using an approximate Jacobian. Hence

the accuracy and performance of the analytical Jacobian with QSS species are ver-

ified in two different ways: how accurate each term of the analytical Jacobian is,

and how much speed up it provides compared to the use of numerical Jacobian.

Both of them are tested in the context of a n-dodecane/air combustion in a Par-

tially stirred reactor (PaSR).

In PaSR, the flow field is represented by a number of reactive particles car-

rying their own species composition and temperature. This is an adiabatic and

statistically spatially homogeneous reactor, although not perfectly mixed at the

molecular level. The composition of each particle evolves in time due to in-

flow/outflow/pairing, mixing and reaction. A characteristic residence time cor-

responds to the inflow/outflow rate inside the reactor. Each particle is assigned to

a partner and the pairing of these two particles, specified by a pairing time, pro-

vides a local mixing process inside the reactor. Although PaSR is not a mathemat-

ical representation of the real system, the simplicity of this model permits to ex-

plore the effect of reduced chemistry models without a significant computational

cost. A detailed description of the PaSR system and methodology is provided in

Liang et. al [119]. The ODE solver used for all these simulations is the variable-

coefficient VODE [80]. We consider a skeletal n-dodecane mechanism with 54

species and 269 reactions, developed by Yao et al. [153]. This skeletal mecha-

nism was further reduced to a mechanism with 47 species and 198 reactions using

YARC, an automatic reduction software described in Pepiot [152]. The reduced

mechanism is validated against experimental results and the skeletal mechanism
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Table 3.1: Specification of the parameters for PaSR case. Species are given as mass
fractions and the initial condition is same as Stream 1.

Parameters Values

Reactor characteristics
Pressure (p) 1 bar
Number of particles (np) 100
Pairing time (τpair) 1 ms
Mixing time (τmix) 1 ms
Residence time (τres) 10 ms
Time step (∆t) 0.1 ms

itself for laminar flames and auto-ignition [154]. For simplicity, it is made sure

that the algebraic expressions corresponding to each QSS species in the reduced

mechanism are linear. With this constraint, a maximum of total 18 species are

identified to be QSS using level of importance criteria [144]. So, the final reduced

n-dodecane oxidation model consists of 29 non-QSS and 18 QSS species. How-

ever, the number of QSS species is varied to analyze performance parameters of

analytical Jacobian. The PaSR parameters used for the simulations are tabulated

in Table 3.1. There are three inflow streams in PaSR: pure fuel, air and a burnt

gas pilot. All the simulations are performed for 20 residence times. There ex-

ists a transient period for a few initial residence time, after which PaSR reaches a

statistically stationary state.

To compare each term of the analytical Jacobian with QSS in our algorithm, ex-

act Jacobian matrices are evaluated via the symbolic differentiation tool in MAT-

LAB [155] and compared to the analytical Jacobian formulation presented in this

paper. All the PaSR compositions are collected, and then used for the analytical
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Jacobian evaluation in MATLAB and our code. The discrepancy between the ana-

lytical and symbolically differentiated Jacobian turns out to be of the order of 10−14

in terms of Euclidean norm of the relative errors, which indicates the accuracy

of this analytical Jacobian formulation is within the round-off errors. However,

the analytical Jacobian formulation is several order of magnitudes faster than the

MATLAB symbolic differentiation tool.

The next objective is to verify the performance of the analytical Jacobian with

QSS algorithm in terms of speed up in CPU cost. To compare the effect of the

major alterations (partial derivatives of reaction rate, ωk) in analytical Jacobian

formulation with QSS species, as discussed in section 3.5, a special case is also

simulated for the same PaSR configurations. This special case considers ∂Qk
∂C j

and

∂Qk
∂T to be zero, thus essentially using Eq. 3.38 and 3.54 for the partial derivatives

of reaction rate, ωk. However, the other minor changes for QSS formulations, e.g.,

the reduced dimension of analytical Jacobian and so on, are implemented in this

special case, which from now onward will be called as approximated analytical Ja-

cobian (AAJ). In this paper, the results from analytical Jacobian (AJ) are compared

to both the numerical Jacobian based on finite differences (NJ) and AAJ.

The evolution of mean temperature, mass fractions of OH, CO2, n-dodecane

and two QSS species mass fractions over time are plotted in Fig. 3.2 for all three

cases: AJ, NJ and AAJ. The AAJ case provides such an inaccurate Jacobian to

the solver that it fails to converge with more than 13 QSS species. As a result,

the comparison in Fig. 3.2 is made for PaSR runs with 37 non-QSS and 10 QSS
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species. As expected, the profiles for all these cases match exactly with each other.

A similar trend is observed while using all 18 QSS species in case of AJ and NJ.

Clearly, an approximate Jacobian (NJ and AAJ) does not affect the accuracy of the

solution. However, it is definitely more efficient to use the analytical Jacobian (AJ)

in terms of CPU performance.
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Figure 3.2: Evolution of mean temperature, mass fractions of OH, CO2 and n-
dodecane, and two QSS species: C2H3 and A-C3H5 in the PaSR using AJ, NJ and
AAJ.
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Figure 3.3: CPU time, number of Jacobian evaluations (NJE) and number of source
term evaluation (NFE) as a function of number of QSS in the system for three
different Jacobian formulations.
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Figure 3.3 depicts the variation of different performance parameters while

adding QSS species one by one to compare three different cases. The three plots in

Fig. 3.3 correspond to average CPU time, number of Jacobian evaluations (NJE),

and number of source term evaluations (NFE) for each time step, respectively. All

the data points correspond to the statistically steady regime of the PaSR simula-

tion. It is evident from the figure that the CPU time needed for each time step is

much lower if an accurate analytical Jacobian (AJ) is provided to the ODE solver

rather than the numerical Jacobian (NJ) or the approximate analytical Jacobian

(AAJ) to achieve a converged solution. The average CPU time gain for AJ is al-

most 20% compared to the numerical Jacobian for this set of PaSR simulations.

However, the number of Jacobian evaluation (middle plot of Fig. 3.3) in each time

step is almost the same for AJ and NJ, but significantly higher for AAJ. The dif-

ference in CPU time between NJ and AJ appears from the number of source term

evaluations (bottom plot of Fig. 3.3). The number of evaluation of the known

mass fractions and temperature source terms increases with decreasing degree of

accuracy of the Jacobian matrix in order to get a converged solution within cer-

tain tolerance limit in each time step. Consequently AJ provides the most efficient

solution method compared to NJ and of course AAJ, which consists clearly an

inaccurate Jacobian formulation. In AAJ formulation, the error in analytical Jaco-

bian increases with increasing number of QSS, thus after adding 13 QSS (Fig. 3.3),

the error becomes so large that the solution does not even converge.

Figure 3.4 emphasizes on the effect of relative tolerance input values on dif-

ferent performance parameters of the ODE solver. The solver controls the er-
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Figure 3.4: Variation of CPU time and number of source term evaluations with
varying tolerances of the solver.

ror, ei in the solution vector Yi by enforcing an inequality ei/EWTi ≤ 1, where

EWTi = rtoli abs(Yi) + atoli [80], rtol and atol are the relative and absolute tol-

erance respectively. The figure clearly indicates that the number of source term

evaluation (NFE) increases monotonically with the reduction in rtol, consequently

increasing both the number of integration sub-steps and CPU time because of a

stricter acceptance constraint on local error, ei. Although not shown, the number

of Jacobian evaluation (NJE) also shows a similar trend with reducing tolerance.

Similar to Fig. 3.3, the numerical Jacobian (NJ) is more expensive than analytical

Jacobian (AJ) because of more number of NFE in case of NJ. As expected, the de-

viation between performances of NJ and AJ increases as the constraints become

more strict with low tolerances. For instance, the analytical Jacobian formulation

provided in this paper requires almost 40% less NFE than the numerical Jacobian
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when rtol = 10−14. The AAJ, being the least accurate Jacobian among these three

cases, requires significantly higher number of source term and Jacobian evalua-

tions to converge to the solution within the given tolerances than the other two,

thus turns out to be the most expensive case as observed before.

3.7 Conclusions

In the present work, an analytical Jacobian matrix evaluation approach with QSS

species approximation for constant pressure chemical kinetics has been devel-

oped. The QSS species are solved using algebraic expressions as a function of all

other non-QSS species mass fractions. As a result, the analytical Jacobian needs to

take care of the extra derivatives appearing from those algebraic expressions. The

package developed here provides all necessary subroutines pertinent to the QSS

concentration expressions, and can be easily integrated with any reactive flow

simulation. The algorithm is verified in a PaSR simulation with a 47 species dode-

cane mechanism, out of which 18 species are considered to be QSS. The CPU cost

of using an exact analytical Jacobian is observed to 20% less compared to using a

numerical Jacobian, as the solver needs to evaluate the source term significantly

smaller number of times in case of analytical Jacobian compared to the numerical

one.

107



CHAPTER 4

EFFICIENT TREATMENT OF SECONDARY KINETIC PROCESSES FOR

PRE-PARTITIONED ADAPTIVE CHEMISTRY APPROACHES

4.1 Abstract

Probability Density Function (PDF) methods, which allow for the direct integra-

tion of chemical kinetics, are well established to accurately simulate turbulent

flames with strong turbulence-chemistry interactions. While adaptive chemistry

techniques have been proven effective in reducing the high CPU cost and mem-

ory requirements associated with the handling of chemistry in such simulations,

performance metrics have mostly been focused on the primary oxidation path-

ways converting fuel to major products. In contrast, this work investigates the

ability of adaptive techniques, in this case, the pre-partitioned adaptive chemistry

(PPAC) approach, to handle secondary kinetics pathways that are parallel, but

tightly coupled to the main oxidation process, taking NOx formation as a case

study. PPAC relies on a partitioning of the composition space into a user-specified

number of regions, on which specialized reduced models are generated using the

Directed Relation Graph with Error Propagation (DRGEP) reduction technique.

The direct application of that methodology to a mix of hydrocarbon oxidation

and nitrogen-related targets is shown to yield excessively detailed region-specific

reduced mechanisms in order to properly capture both the main oxidation and the

secondary NOx formation processes, thereby decreasing the benefits of the adap-
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tive approach. To address this issue, a sequential approach is proposed for the

generation of the region-specific reduced mechanisms, in which the primary com-

bustion pathways relevant for each region are identified first, followed by the se-

lective addition, directly at the reduced level, of any secondary pathways relevant

for that region using a recently developed build-up technique. This new strat-

egy is assessed in the context of propane combustion in a partially stirred reactor

(PaSR) and methane combustion in the Sandia Flame D configuration, demon-

strating in both cases the benefits of the sequential approach for reduced model

generation.

4.2 Introduction

With recent developments in combustion research, using accurate chemical kinetic

models has become essential to simulate multidimensional reactive flow prob-

lems. However, accommodating such detailed chemistry in actual computational

fluid dynamics (CFD) simulations for realistic fuels and their surrogates is still

prohibitively expensive. Especially for turbulent combustion models based on a

particle LES/PDF approach, the CPU cost and memory requirements of retaining

the full species state vector to evaluate the chemical source term impose a low up-

per limit of the number of variables that can be used to describe the chemistry [8].

Adaptive chemistry approaches, which tailor the fidelity and size of the kinetic

models used for reaction integration to the local flame conditions, have gained
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significant attention recently due to their ability to accurately describe the rele-

vant combustion kinetics with significantly fewer variables and equations. The

reduced mechanisms can be developed on-the-fly [100, 106, 156] or in an offline

pre-processing stage [109, 113, 114, 119]. The pre-partitioned adaptive chemistry

(PPAC) [119] follows the latter approach: a set of reduced models is developed

in an offline, pre-processing step by partitioning the composition space into sev-

eral regions, and applying the DRGEP technique [51] in each of those regions

using a sample composition database assumed to be representative of the com-

position space accessed at runtime. Those models are then dynamically selected

and used in the actual CFD simulation based on local conditions. This technique

has shown good performance in both partially stirred reactors (PaSR) [119, 120]

and LES/PDF simulations [42]. However, in all cases, the performance metrics

were defined in terms of the main combustion features: prediction of temperature

and mass fractions of species directly involved in the hydrocarbon oxidation pro-

cess. In this work, we further investigate the performance of PPAC, taken here as

a representative of adaptive chemistry approaches, in accurately capturing both

the main oxidation pathways and some secondary chemical process whose kinet-

ics are driven by, but remain distinct from, the combustion itself. We take NOx

formation as a specific case study.

In DRGEP-based PPAC, the region-specific reduced kinetic mechanisms are

obtained by ranking species and reactions by their importance in the prediction

of a set of targets (e.g. species or heat release), and removing from the detailed

mechanism those species and reactions deemed unimportant. Typical targets in-
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cluded to capture the main oxidation process are heat release, fuel, and some ma-

jor products (CO2) or radical (OH). Capturing the pathways associated with NOx

formation requires the addition of nitrogen-containing targets, the most obvious

choices being NO and NO2. We show in the following that when NOx species

are included in the set of targets, the DRGEP reduction procedure becomes overly

conservative compared to the oxidation-only case, yielding larger region-specific

reduced models for a given level of accuracy in targets prediction.

To address this issue, we propose a sequential approach to the generation of

the region-specific kinetic models that leverages a new additive procedure for ki-

netic model reduction [59]. First the fuel oxidation pathways are identified in each

region of the composition space using the original PPAC methodology, only in-

cluding oxidation species as targets. This initial step is followed by selectively

adding, directly at the reduced level, the appropriate NOx reactions using the

“building” algorithm recently developed by Heberle et al. [59]. This paper is or-

ganized as follows: the configurations and simulation frameworks used in the

study, namely a partially stirred reactor and a CFD solver with LES/PDF capa-

bilities are presented in Section 4.3, followed by a brief description of the two

algorithmic components of this work: PPAC [119] and the building algorithm [59]

in Section 4.4, and how those two components are integrated into the sequen-

tial procedure for region-specific reduced model development. The results of the

two specific cases investigated as part of this work, a propane/air partially stirred

reactor and a LES/PDF of Sandia Flame D are then presented and analyzed in

Section 4.5. Conclusions are provided in Section 4.6.
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4.3 Numerical framework

Two numerical configurations are used in this work: a zero-dimensional partially

stirred reactor, and a LES/PDF three-dimensional turbulent flame. A brief de-

scription of each that includes the most relevant information is provided here, the

reader being referred to the cited work for additional details.

4.3.1 Partially stirred reactor (PaSR)

A PaSR represents a statistically spatially homogeneous flow-field with a constant

number of particles evolving in time according to three distinct processes, or frac-

tional steps: inflow/outflow, mixing, and reaction. In the inflow/outflow step,

particles are selected randomly, and their compositions are replaced by fixed in-

flow compositions according to a user-specified residence time and stream mass

flow rates. A pairwise mixing model is then used to partially mix compositions

(ϕ(n) and ϕ(n+1) for particles n and n + 1, respectively) between randomly chosen

pairs of particles [68] based on a user-specified mixing time scale:

dϕ(n)

dt
= −
ϕ(n) − ϕ(n+1)

τmix

dϕ(n+1)

dt
= −
ϕ(n+1) − ϕ(n)

τmix

(4.1)

where τmix is the mixing timescale. Finally, all compositions evolve in time due to

reaction under adiabatic, isobaric conditions:

dϕ(n)

dt
= S(ϕ(n)) (4.2)
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where S is the rate of change due to chemical reactions (or chemical source term)

of composition ϕ(n). A PaSR first goes through a transient stage for a few residence

times before reaching a statistically stationary state. The PaSR implementation

used in this work is described exhaustively in Liang et al. [119].

4.3.2 LES/PDF flow solver

The LES/PDF of Sandia Flame D is a hybrid mesh-particle method, which is per-

formed here using the variable density low-Mach solver NGA [157]. The LES

solver computes the filtered velocity field with second order accurate discretiza-

tion in space and time. The turbulent viscosity and diffusivity are computed using

a Lagrangian dynamic subgrid-scale model [158].

For the reacting flows, a Lagrangian particle PDF method has been imple-

mented in NGA [42] to solve for the one-point one-time joint density weighted

filtered PDF of species mass fractions and enthalpy. In this approach, an equiva-

lent particle system is designed to represent the PDF and its evolution. For each

particle, a set of stochastic differential equations (SDE) is solved to account for

particle transport, mixing, and reaction [37]. These SDEs are integrated using

a simple first-order splitting method. The transport fractional step updates the

particle position in physical space, the mixing fractional step handles changes oc-

curring in particle compositions due to molecular mixing, and the reaction frac-

tional step advances particle compositions to account for chemical reactions. The
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transport fractional step is performed using a simple forward Euler method. The

mixing fractional step uses the IEM model [27]. Finally the reaction fractional step

is performed efficiently using a dynamic load balancing strategy [159].

The LES/PDF solver is two-way coupled, with the LES solver using a resolved

density computed from the PDF solution. Additionally, the resolved composition

from the PDF solver is used to compute the kinematic viscosity and molecular dif-

fusivity. The resolved velocity field and turbulent diffusivity from the LES solver

are used to advance the particle positions.

4.4 Methodology

Two key components are integrated in the proposed sequential approach for re-

duced model generation: the adaptive chemistry approach itself, and the additive

methodology, referred to as the building algorithm below, used to identify the

kinetics associated with the secondary pathways.

4.4.1 Pre-partitioned adaptive chemistry (PPAC)

PPAC [119] is tailored for particle PDF methods to simulate turbulent combus-

tion systems, and consists of two stages: an offline pre-processing stage and the

adaptive simulation stage. The pre-processing stage entails the generation of a set
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of reduced models, and the adaptive stage selectively utilizes those models dur-

ing the reaction fractional step. The pre-processing stage consists of the following

steps:

1. Database creation: A database of compositions is assembled first using the

detailed kinetic mechanism. The database is expected to be representative

of the compositions likely to be encountered at runtime.

2. Partitioning: Using this database and a cutting-plane algorithm, the compo-

sition space is partitioned into a user-specified number of regions, so that the

compositions in each region are kinetically similar. The partition is stored

conveniently in the form of a binary tree.

3. Generation of Reduced models: A reduced kinetic model and its corre-

sponding representation is then generated for each region using DRGEP, the

compositions in the database belonging to that region, a set of user-specified

targets, and an error cut-off ϵc. The error measure is defined here by directly

comparing reduced and detailed predictions of the targets and temperature:

ϵ = max
R

(
||YT D(∆t) − YT R(∆t)||2

||YT D(∆t)||2
,

∣∣∣∣∣∣T D(∆t) − T R(∆t)
T D(∆t)

∣∣∣∣∣∣
)

(4.3)

where the maximum is taken over all particles in the database belonging

to the region R under consideration, YT (∆t) and T (∆t) are the targets mass

fraction vector and the temperature after ∆t, and the superscripts D and R

refer to the use of detailed and reduced models, respectively.
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During the actual simulation, the key steps through which a particle composition

evolves in time are as follows:

1. Reconstruction: Before the mixing fractional step, the detailed representa-

tion of the particle composition is reconstructed from its reduced skeletal

representation.

2. Mixing: In their detailed representation, the compositions are mixed follow-

ing Eq. 4.1.

3. Classification: After mixing, each compositions is classified into one of the

regions using an efficient low-dimensional binary tree search algorithm.

4. Reduction: Each particle composition is then converted to its reduced skele-

tal representation corresponding to the region it belongs to.

5. Integration: The particle compositions in their reduced representations are

then advanced in time due to reaction following Eq. 4.2.

A full description of the PPAC algorithm including the reduced representation

and reconstruction is provided in [119].

4.4.2 Building algorithm

The building algorithm is a DRGEP-based iterative bottom-up approach to gener-

ate reduced kinetic mechanisms. Unlike the conventional graph-based reduction
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methods that rely on simulations using the detailed mechanisms to identify and

remove unimportant species and reactions in a top-down fashion, the building

algorithm follows an add-as-needed approach. Here the reduced mechanisms are

progressively ‘built’ with reactions selected from the detailed mechanism using a

DRGEP-derived criterion in order to accurately predict the evolution of a set of

user-defined targets, T . Most importantly, this algorithm provides a framework

to incrementally expand existing reduced models to accommodate a wider range

of conditions, or to include new chemical pathways, such as NOx chemistry in this

work. A summary of the algorithm as used in this paper is provided here, with

further implementation details available in Heberle et al. [59].

Let’s consider a set of compositions, an initial reduced mechanismM0, a time

interval ∆t, a list of additional target species that were not accounted for in the

original reduction T B, and a desired error cut-off ϵc. The objective of the building

process is to identify a minimal set of additional reactions required to properly

capture the evolution of the target species in each composition over the time in-

terval ∆t with an error ϵ < ϵc. Since ϵ is an a posteriori measure, that is, it can

only be calculated when the reduced mechanism is known, a surrogate criterion

corresponding to a DRGEP coefficient cut-off, ϵDRGEP, is used instead during the

building process. ϵDRGEP is initialized to a large value. The steps are as follows:

1. We define the edge of the mechanismM0, denoted by δM0, as the set of reac-

tions from the detailed mechanism that satisfy one of the following conditions:

(a) every reactant in the reaction is already present inM0, or (b) every product
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in the reaction is already present inM0. The union ofM0 and δM0 is called the

test mechanism (M⋆
0 ).

2. DRGEP reaction coefficients (as defined in [51]) are computed for all composi-

tions usingM⋆
0 over the time interval ∆t. The DRGEP reaction coefficients rank

the reactions according to their importance in the context of the target species

and temperature.

3. Reactions in δM0 with a DRGEP reaction coefficient larger than ϵDRGEP are

added toM0.

Steps 1-3 are repeated with the updatedM0 until there is no reaction left in δM0

satisfying the criteria in step 3. At this point, the actual error metric ϵ is evaluated.

If it is larger than ϵc, the process is restarted using a smaller ϵDRGEP in order to refine

the resulting reduced model. The process stops when ϵ becomes smaller than ϵc.

4.4.3 Additive treatment of secondary pathways in PPAC

In the regular PPAC process (simply labeled “PPAC” below), the region-specific

reduced models for a given ϵc are directly obtained using a single set of targets

including both oxidation and nitrogen-related species. In contrast, when using

the building algorithm to handle the secondary processes, the algorithm, labeled

“PPAC-Additive” below, proceeds in two distinct stages, both done during pre-

processing:
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1. Reduction: In the first stage, region-specific reduced models are generated ac-

cording to the desired error cut-offs, but using the oxidation targets only.

2. Building: In the second stage, starting from the oxidation-only reduced mech-

anisms, the building algorithm is applied using a set of targets relevant for the

secondary processes only (e.g. NO, NO2, and heat release). The second stage

stops when all regions satisfy their error cut-off criterion, now defined based

on the secondary set of targets.

The resulting region-specific models are then used in a similar way during the

adaptive simulations. The next section quantifies in two different configura-

tions the benefits of using 2-stage approach. To improve the treatment of PPAC-

Additive, two additional modifications are performed compared to the original

PPAC and building algorithm, discussed in the previous sections.

1. The first key modification is in the PPAC algorithm itself. The error cut-off ϵc

in the pre-processing stage of PPAC is made region-specific by using a similar

scaling process as that initially developed for DRGEP [51], which allows for

greater model reduction in regions where the targets are less chemically active.

The region-specific error cut-off ϵ ic for region i is defined as:

ϵ ic =
ϵc

αi
G

where αi
G =

⟨αi
t⟩t∈T

maxi⟨α
i
t⟩t∈T

(4.4)

where αi
t is the scaling coefficient of target t corresponding to the compositions

that belong to region i [51, 119], and ⟨·⟩t∈T denotes the mean over the set of tar-

gets, T . The scaling coefficient αi
t quantifies the contribution at a time t of each
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target to the overall activity of the compositions in region i. This scaling coef-

ficient is unity when the target contributes to its maximum to the exchange of

atoms between species, and zero when, for instance, the species mass fraction

is constant, at chemical equilibrium, or when the target has been consumed en-

tirely. In essence, αi
G is unity for the most important region for T , and a lower

than unity value of αi
G results in an increase in ϵ ic, and consequently involves in

more reduced models.

2. Second, the building algorithm is modified in PPAC-Additive from its original

form [59] as described below:

(a) In the building stage of PPAC-Additive, both species and reaction DRGEP

coefficients are evaluated for M⋆. Then reactions in δM0 with a DRGEP

reaction coefficient larger than ϵDRGEP and involving the species with the

highest DRGEP coefficients are added toM0.

(b) In contrast to the original building algorithm, ϵDRGEP is not a fixed value in

PPAC-Additive. During the iterative process, ϵDRGEP is adaptively reduced

in order to add necessary reactions to achieve a certain error threshold, ϵ ic

for region i. As a result, the user defined parameter in this algorithm is the

error threshold, ϵc, as opposed to ϵDRGEP in [59].
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4.5 Results and Discussion

4.5.1 PaSR configuration

The first configuration under consideration is a non-premixed piloted propane-air

PaSR. The detailed propane mechanism used is that of Petersen et al. [160], with an

additional NOx sub-mechanism [161], yielding a mechanism with 140 species and

1695 reactions. The PaSR parameters are those used in [119], with 100 particles

and three inflow streams: pure fuel, air and a burnt gas pilot. The PaSR is initially

run for three residence times after which it reaches a statistically stationary state.

10000 distinct compositions from the detailed run are then randomly sampled

over the next 10 residence times to form the composition database. The number

of regions is specified to be 10. The oxidation targets are the fuel, CO2, CO, OH,

and heat release, the nitrogen related targets being NO and NO2.

First, we compare the error incurred in the prediction of the NO mass frac-

tion and the temperature obtained during the adaptive simulation when using

the region-specific models obtained with PPAC and PPAC-Additive, as a function

of the relative number of species used in the kinetic models in each case. The

incurred error for a quantity X is defined as:

εX =

∑nt
k=1

∑np

n=1 |X
(n),A
k − X(n),D

k |∑nt
k=1

∑np

n=1 |X
(n),D
k |

, (4.5)

where nt is the number of time steps and np, the number of particles. X(n),A
k and

X(n),D
k represent the values of quantity X for particle n at the k-th time step using
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the adaptive and detailed chemistry, respectively. The relative number of species

used throughout the simulation is defined as:

nrel =
1

ntnpns

nt∑
k=1

np∑
n=1

n(n),A
s,k , (4.6)

where ns is the number of species in the detailed model, and n(n),A
s,k is the number

of species in the reduced model used by particle n at time step k. The comparison

is shown in Fig. 4.1.
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Figure 4.1: Relative number of species as a function of incurred error in tem-
perature (circles) and NO mass fraction (triangles) for PPAC (black solid line)
and PPAC-Additive (red dashed line) compared to the non-adaptive case. Points
marked as ‘1’ and ‘2’ are used for further analysis in the text.

For both model generation techniques, we observe, as expected, an increase in

incurred error for both temperature and NO mass fraction as the relative number

of species decreases, that is, as the region-specific models become more reduced.

The temperature curves for both approaches are very similar, indicating that a

similar level of reduction will lead a similar error in temperature prediction for
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both approaches. However, the trend is noticeably different when looking at NO

prediction. At very low incurred error levels, corresponding to 80% of the species

included on average in the region-specific models, the two methodologies do not

show any notable difference. However, as the incurred error increases, the rela-

tive number of species required to reach a given error in the prediction of NO is

observed to be significantly smaller in the PPAC-Additive case compared to the

regular PPAC. For instance, to achieve a 10% error in NO mass fraction, PPAC

(point ‘1’ in in Fig. 4.1) requires 70% of the detailed species as opposed to only

48% for PPAC-Additive (point ‘2’): the model reduction done accounting for all

targets at once, oxidation and NOx formation, appears significantly less efficient

at identifying reliably the dominant pathways necessary to predict NO formation.

Exploring this key observation further, nrel is divided into two components:

the relative number of oxidation species, nrel,Ox, and nitrogen-containing species,

nrel,NOx , both normalized by ns. Those two numbers are plotted against εNO in

Fig. 4.2. In both approaches, nrel,NOx turns out to be very similar, attributing the dif-

ference in nrel observed in Fig. 4.1 solely to an excess number of oxidation species

selected by the regular, all-targets-at-once, reduction procedure.

During the reduction stage of PPAC, the unimportant species are removed ac-

cording to their DRGEP species coefficients, which are calculated over all targets

of interest. The results above provide evidence that conventional graph-based re-

duction methods that require users to specify a list of targets of interest do not op-

timally handle sets of targets associated with chemical pathways very different in
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Figure 4.2: Relative number of oxidation (“OX” in legend) and NOx species as a
function of incurred error in NO mass fraction for PPAC and PPAC-Additive.

nature, e.g., in this case, the primary pathways (fuel oxidation) and the pollutant

formation (NOx chemistry). When different targets are handled without distinc-

tion, unimportant oxidation species are added prior to the addition of important

nitrogen-related species, their DRGEP species coefficients being lower and con-

sequently appearing much later in the importance ranking. The NOx chemistry

have different time scales and pathways from the oxidation chemistry. As the

error metric takes the maximum error over all targets (Eq. 4.3), a lot of unimpor-

tant oxidation species affects the oxidation targets more than the important NOx

species affecting NO and NO2 within a given time scale. As a result, the DRGEP

ranking of those unimportant oxidation species turn out to be higher. The additive

procedure highlighted in this work effectively decouples primary and secondary

targets, enabling a more selective identification of the species involved in the sec-

ondary process and its coupling to the primary combustion pathways. During
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Figure 4.3: Region-specific difference in the number of oxidation species retained
by the PPAC and PPAC-Additive reduction procedures, corresponding to an
equivalent incurred error in the adaptive simulation. The circles indicate the prob-
ability of a particle to be in region J, PJ.

building of NOx sub-mechanism, the errors are based solely on NO and NO2,

which helps to keep the important NOx species higher in DRGEP ranking.

Further region-specific analysis can be done by comparing the models corre-

sponding to point ‘1’ (PPAC) and ‘2’ (PPAC-Additive), since both result in a sim-

ilar incurred error. In particular, we can investigate the difference in the number

of oxidation species retained in each region between those two cases, normalized

by the number of oxidation species in the detailed mechanism. The results are

plotted in Fig. 4.3. The secondary y-axis shows the probability PJ of a particle to

be classified to region J during the adaptive PaSR simulation. The kinetic model

associated with Region 1, which is most frequently used (∼50% of the particles)

contains 32% more oxidation species when the additive process is not used and
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Figure 4.4: Average clock time per time step relative to the detailed simulation as
a function of incurred error in NO mass fraction for PPAC and PPAC-Additive.

all targets are handled together, thus contributing the most to the difference ob-

served in Fig. 4.1. On the other hand, the kinetic model associated with Region 9,

although containing the same number of oxidation species in both cases, is only

used for 3% of the particles. Figure 4.4 shows the average wall clock time per

time step relative to the detailed simulation. As a direct result of the difference in

the number of species retained, the additive procedure for the generation of the

reduced models also significantly impacts the CPU cost of the adaptive simula-

tions, with for example, a 43% reduction in wall clock time per time step between

PPAC-Additive (‘2’) and the regular PPAC (‘1’).
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4.5.2 LES/PDF of Sandia Flame D

The additive reduction approach is next assessed in the context of LES/PDF with

the simulation of Sandia Flame D [162]. The cylindrical configuration is 60D and

20D in the axial and radial directions, respectively. A non-uniform 192 (axial) ×

140 (radial) × 32 (azimuthal) mesh is used. The mixing model constant is speci-

fied to be 4, and the number of particles per cell is chosen to be 25 [42]. GRI Mech

2.11 [163] with 48 species and 554 reactions is used for these computations. To ac-

celerate the LES/PDF calculations, in-situ adaptive tabulation (ISAT) [68] is used

in all LES/PDF runs. The ISAT tolerance is specified to be 10−4, and the maxi-

mum table size is set to 500 MB for the detailed mechanism. During the adaptive

simulation, the region-specific ISAT tables are allowed to reach a maximum size

of 50 MB. The additional error introduced by ISAT is assumed to be negligible

compared to the error introduced by the chemical reduction itself.

As the focus of this work is the performance of the additive reduction proce-

dure in handling NOx formation in an adaptive chemistry LES/PDF simulation,

the composition database for the partitioning and reduction is obtained by down-

sampling the composition particles obtained from an instantaneous snapshot of

the detailed LES/PDF of the Sandia Flame D itself. The targets and number of

regions are the same as for the PaSR case, and the partitions and region-specific

kinetic models of varying levels of reduction are obtained in a similar fashion

as above, using methane oxidation and nitrogen targets together (PPAC) or first

using methane oxidation targets only, followed by the addition of reduced NOx
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Figure 4.5: Relative number of species as a function of incurred error in temper-
ature (circles) and NO mass fraction (triangles) for PPAC (black solid line) and
PPAC-Additive (red dashed line) compared to the non-adaptive case.

pathways using the building algorithm (PPAC-Additive). The incurred errors for

the LES/PDF cases are obtained from Eq. 4.5 by integrating the database compo-

sitions over 50 time steps using the detailed mechanism as reference. These 50

steps only include reaction source term integration, which essentially means 50

consecutive 0D constant pressure steps, without any micro or macro-mixing. The

incurred error in temperature and NO mass fraction as a function of the relative

number of species used is plotted in Fig. 4.5

Similarly to Fig. 4.1, the results clearly show that for a given incurred error in

NO mass fraction, the additive procedure yields smaller region-specific models.

Fig. 4.6, which breaks down the number of species into oxidation and nitrogen-

containing species, confirms again that the difference in reduced model sizes
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comes primarily from an excessive number of oxidation species selected when

oxidation and NOx targets are handled together.

10−3 10−2

εNO

0.1

0.2

0.3

0.4

0.5
n r

el
oxidation

species (nrel, Ox)

NOx species (nrel, NOx)

OX (PPAC)
OX (PPAC-Additive)
NOx (PPAC)
NOx (PPAC-Additive)

Figure 4.6: Relative number of oxidation (‘OX’ in legend) and NOx species as a
function of incurred error in NO mass fraction for PPAC and PPAC-Additive.

Two full-scale Sandia D flames are then simulated using set of models obtained

with PPAC and PPAC-Additive generating less than 0.5% incurred error in NO

mass fraction (Fig. 4.5). Figure 4.7 shows the instantaneous particle distribution

for the PPAC-Additive (or PPAC)-ISAT LES/PDF simulation colored with tem-

perature on the left and NO mass fraction in the middle. The right panel shows

the same particle distribution colored with the index of the reduced kinetic model

used by the corresponding particle for the chemical source term integration. Fig-

ure 4.8a and 4.8b show a break down of the number of oxidation and NOx species

in each of the models for PPAC and PPAC-Additive, respectively, using the same

color map as the right panel of Fig. 4.7.
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Figure 4.7: Instantaneous particle distribution colored by temperature (left), NO
mass fraction (middle) and index of the model used for reaction source term inte-
gration (right).

We observe that the particles in the co-flow region use the reduced model involv-

ing the smallest number of species for both PPAC and PPAC-Additve (model 1).

The maximum NO mass fraction pockets coincide with regions of higher tempera-

ture across the flame brush. These regions can be attributed to the thermal route of

NO formation, which is clearly the most important NOx pathway in Sandia Flame

D. Additionally, most of the particles in these high temperature pockets are inte-

grated by model 6, which includes the chemistry associated with interaction of N2

species with O or OH, important in NO formation. In case of both model 1 and 6,

which are the two most used models in the LES/PDF runs, PPAC models contain

35% more oxidation species than PPAC-Additive models, respectively (Fig. 4.8).

On the other hand, the prompt NO pathways, which are dominated by the pro-

duction of HCN from CH (Fenimore mechanism), are mostly covered by models
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Figure 4.8: Relative number of oxidation and NOx species in each model with
respect to the detailed mechanism for (a) PPAC, and (b) PPAC-Additive. The color
pattern matches that of the right panel of Fig. 4.7.

5 and 9. The regions with maximum N2O mass fraction coincide with particles

using model 8, which covers the less important N2O-related pathways. The other

models with high NOx species observed in Fig. 4.8 share both thermal and prompt

NO pathways. Finally, the models with the fewer number of nitrogen-containing

species are primarily used near the fuel jet core and in the surrounding area of

the flame, where the temperature is low. Overall, the PPAC run utilizes approxi-

mately 18% more relative number of species (Eq. 4.6) than PPAC-Additive for the

reaction fractional step over two flow-through times, resulting in a 5% reduction

in wall clock time per time step for the latter.

Figure 4.9 compares the radial profiles of the resolved mean and RMS of tem-

perature and NO mass fraction obtained from the detailed, PPAC-Additive and

PPAC simulations at two different axial locations, 15D and 30D from the burner

exit (D is the burner diameter). Statistics have been collected for two flow-through
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times. To quantify the difference between the adaptive (PPAC-Additive or PPAC)

and detailed simulations, we use the normalized root mean square difference

(RMSD) [39], defined as:

E(ξ) =

[
ξA − ξD

]
rms

ξref
, (4.7)

where ξA and ξD denote the quantities obtained from adaptive and detailed sim-

ulation, respectively, ξref is the reference value of each quantity of interest. ξref

is considered to be 1000K for temperature, and the maximum NO mass fraction

among all the radial profiles at both axial locations: 15D and 30D. The [·]rms is

computed over all the radial locations at all the considered axial locations. We

observe that the RMSD values of resolved mean and RMS of temperature and NO

mass fraction are below 3% and 5% of the detailed simulation from both PPAC-

Additive and PPAC simulations, respectively.

4.6 Conclusions

A new approach for the generation of reduced chemistry models describing dis-

tinct, but coupled chemical processes such as fuel oxidation and NOx formation

has been presented. It relies on a sequential approach, in which reduced mod-

els for the primary kinetic process are first developed, followed by a selective

addition, directly at the reduced level, of the reactions necessary to capture the

secondary chemistry process up to a user-level error tolerance. The procedure has

been assessed for NOx formation in two different configurations: a propane/air
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Figure 4.9: Comparison of radial profile of the experimental (Exp) and the com-
puted (Detailed, PPAC and PPAC-Additive) resolved mean and RMS of tempera-
ture and NO mass fraction at two different axial locations: 15D and 30D.

PaSR and a LES/PDF of Sandia Flame D. The additive approach was found to

be much more selective in identifying the most important reactions pertaining to

the secondary process, compared to a traditional reduction approach where tar-

gets from both chemical processes are handled simultaneously. The difference

between both approaches can be attributed nearly exclusively to an excess num-

ber of oxidation species in the traditionally reduced models that are not related

to the NOx formation, and not necessary for the proper prediction of the main

oxidation pathways.
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CHAPTER 5

A DYNAMICALLY PARTITIONED ADAPTIVE CHEMISTRY

METHODOLOGY FOR EFFICIENT IMPLEMENTATION OF COMBUSTION

CHEMISTRY

Probability Density Function (PDF) methods are well established to accurately

simulate turbulent flames with strong turbulence-chemistry interactions. How-

ever, these methods are computationally expensive restricting their use to simple

fuels with small detailed mechanisms. To mitigate their cost both in terms of CPU

time and memory requirements, a dynamically partitioned adaptive chemistry

(DPAC) method is presented here which provides a reduced model to each parti-

cle at runtime adjusted to its changing composition over time. DPAC starts with

a pre-processing stage, where the composition space based on compositions from

any low-dimensional simulation that is not necessarily to be accessed during the

actual combustion simulation is partitioned into a user-specified number of re-

gions. The regions are initialized with reduced models involving zero reactions

and a few species. During the adaptive simulation, the current accessed region of

the composition space is re-partitioned, the reduced models are built using selec-

tively chosen important reactions from the detailed model using a Direct Relation

Graph with Error Propagation (DRGEP) based building algorithm. Each compo-

sitions is assigned to a region of the current partition using a low-dimensional

binary tree search algorithm, and then advanced in time using the most updated

models available for the region. The performance of the algorithm is validated
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for a propane/air non-premixed combustion in PaSR and 2D LES/PDF simula-

tion of a lifted n-dodecane flame. The results exhibit the flexibility of the algo-

rithm to adjust the partition and reduced models to the new compositions en-

countered at runtime. The adaptive framework also shows significant gains in

CPU cost and memory requirement compared to pre-partitioned adaptive chem-

istry (PPAC) and detailed simulation.

5.1 Introduction

With recent developments in chemical kinetics for hydrocarbon fuel combustion,

a significant disparity exists between the size of the available detailed kinetic

schemes and those that can be used in computational fluid dynamics (CFD) ap-

plication for realistic fuels and its surrogates. Especially for turbulent combustion

models, such as particle PDF methods, which are agnostic to the flame topology,

the CPU cost and memory requirements to retain the full species state vector for

each particle impose a low upper limit of the number of variables that can be used

to describe the chemistry [8].

Out of the numerous techniques developed over the last few decades to reduce

the computational cost, adaptive chemistry approaches have gained significant at-

tention. Adaptive chemistry approaches tailor the fidelity and size of the kinetic

models used for reaction integration to the local flame conditions. As there ex-

ist a lot of non-reactive compositions, a large fraction of the composition space

can be described properly with significantly smaller reduced mechanisms. The
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reduced mechanisms can be developed on-the-fly [100, 106, 156] or in an offline

pre-processing stage [109, 113, 114, 119]. The pre-partitioned adaptive chemistry

(PPAC) [119] follows the latter approach. The PPAC pre-processing stage devel-

ops a set of reduced models using the DRGEP technique [51] based on a sample

composition database. At runtime, each particle evolves in time according to the

reduced model corresponding to the region it belongs to. The dynamic use of

reduced chemistry instead of a detailed model decreases the overall CPU cost

significantly. This approach also mitigates the memory requirement, which is a

concern for the particle PDF approaches that involve higher memory requirement

compared to flamelet type models [8]. Recently, PPAC is also combined with in-

situ adaptive tabulation (ISAT) [68] in an LES/PDF simulation of Sandia Flame

D [42] to accelerate the chemistry integration step even further.

However, the most important drawback of this PPAC approach is its depen-

dence on the initial database of compositions during the pre-processing stage,

which is assumed to be representative of the actual composition space accessed at

runtime. As a result, the generation of an accurate database is crucial for the suc-

cess of PPAC. For example, while demonstrating the PPAC approach in a partially

stirred reactor (PaSR) [119, 120], the initial composition database is downsampled

from a detailed simulation of the same configuration. Similarly in PPAC-ISAT

LES/PDF simulation of Sandia Flame D [42], the compositions required for PPAC

are obtained from one time instant of the same flame using the detailed mech-

anism. The problem with this dependence on the initial composition database

is two fold. First, the use of detailed model to generate the database defies the
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whole purpose of using adaptive chemistry approaches. A detailed simulation

for a more realistic simulation configuration than PaSR with a more complex fuel

than methane in Sandia Flame D, is still an unaffordable task. Secondly, in case of

some selective well-studied flames, such as Sandia Flame D, it is still possible to

run a PaSR with well-tuned parameters to predict the compositions encountered

in the actual flame. However, for a less-understood and/or complex flame, there

is no guarantee of replicating the compositions a-priori. For instance, the slight-

est of differences in the inflow parameters in a gas-turbine engine, or the typical

non-uniformity observed in solid fuel properties, such as in coal or wood, can

drastically change the compositions encountered during a simulation.

To address the aforementioned shortcoming of PPAC, a novel dynamically

partitioned adaptive chemistry (DPAC) approach is introduced in this work.

DPAC also involves a pre-processing stage similar to PPAC, where the compo-

sition space is partitioned into regions based on any random database of compo-

sitions. The initial database is collected from less expensive low-dimensional sim-

ulations, such as 0D auto-ignition or PaSR, which do not necessarily represent of

the accessed region of the composition space at runtime. All the reduced models

are initialized with zero reactions and the species included in the inflow streams

of the combustion simulation. Then at runtime, each reduced model is progres-

sively augmented with reactions chosen from the detailed model using a recently

developed direct relation graph with error propagation (DRGEP) based building

algorithm [59] . The algorithm also checks the quality of the current partition at

runtime, and re-partitions the composition space, if required. Each particle com-
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position is assigned to a region in the current partition available, and is advanced

in time using the most updated reduced model available for its region.

The remainder of the paper is organized as follows. In Sec. 5.2, we briefly intro-

duce the two numerical configurations used in this study: PaSR and the LES/PDF

framework. Section 5.3 provides the overview of adaptive chemistry methodol-

ogy used in DPAC involving time advancement of each composition, updating

the reduced models and partitioning the composition space. This overview is fol-

lowed by the detailed descriptions of the two important components of DPAC:

the building algorithm (Sec. 5.4) and the partitioning algorithm (Sec. 5.5). The al-

gorithm is then applied to propane/air non-premixed combustion in PaSR, and

a 2D LES/PDF simulation of a lifted n-dodecane flame. The results are provided

and discussed in Sec. 5.6, followed by the conclusions in Sec. 5.7.

5.2 Numerical Framework

Two numerical configurations are used in this work: a zero-dimensional par-

tially stirred reactor (PaSR), and an LES/PDF two-dimensional turbulent flame.

The most relevant information regarding these two configurations are briefly dis-

cussed in this section, more detailed being available in the cited references.
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5.2.1 Partially stirred reactor (PaSR)

A PaSR represents a statistically spatially homogeneous flow-field with a con-

stant number of particles that evolve in time by three fractional steps accounting

for inflow/outflow/pairing, mixing and reaction. In the inflow/outflow step, an

even number of particles according to a user-specified residence time are selected

randomly with equal probability, and their compositions are replaced by inflow

compositions. Each particle is then paired with a partner, which are denotef by

particle n and n + 1. In the mixing fractional step the particle compositions evolve

according to the pairwise mixing model [68]:

dΦ(n)

dt
= −
Φ(n) − Φ(n+1)

τmix

dΦ(n+1)

dt
= −
Φ(n+1) − Φ(n)

τmix

(5.1)

where τmix is the mixing timescale, and a composition Φ is an (ns + 1) dimensional

vector containing ns number of species mass fractions and temperature in the full

composition space, F. Finally, all the compositions evolve in time due to reaction

under adiabatic, isobaric conditions in the reaction fractional step:

dΦ(n)

dt
= S(Φ(n)) (5.2)

The PaSR initially runs for a few residence times before reaching a statistically

stationary state. The details of the PaSR implementation are described in Liang

et al. [119].
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5.2.2 LES/PDF flow solver

The LES/PDF is a hybrid mesh-particle method, which is performed here using

the variable density low-Mach solver NGA [157]. The filtered velocity field is

computed by the LES solver with second order accuracy in both space and time.

The Germano dynamic subgrid-scale model [164] is used to compute the turbulent

viscosity and diffusivity. The resolved velocity field and turbulent diffusivity from

the LES solver are used in the Lagrangian PDF solver.

For the reacting flows, a Lagrangian particle PDF method has been imple-

mented in NGA [42] to solve for the one-point one-time joint density weighted

filtered PDF of species mass fractions and enthalpy. In this approach, the modeled

PDF equation is solved using a particle Monte Carlo scheme [7], where notional

particles evolve in time in both physical and composition space due to trans-

port, mixing, and reaction following stochastic differential equations (SDE) [37].

These SDEs are integrated using a simple first-order splitting method. The trans-

port fractional step updates the particle position in physical space based on the

resolved velocity field from the Eulerian mesh using a simple forward Euler

method. The mixing fractional step handles changes occurring in particle com-

positions (including temperature) due to molecular mixing by using the IEM

model [27]. Finally the reaction fractional step advances particle compositions

in time by accounting for the chemical reactions. The reaction step is performed

efficiently using a dynamic load balancing strategy [159]. The resolved density

computed from the PDF solution is then used in the LES solver. Additionally,
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the kinematic viscosity and molecular diffusivity are computed from the resolved

composition from the PDF solver.

5.3 Overview of DPAC

The overall dynamically partitioned adaptive chemistry methodology consists of

two stages: an offline pre-processing stage, during which a sample composition

database is used to partition the accessed region, and an online adaptive simulation

stage, which re-partitions the accessed region, builds the reduced models dynam-

ically from scratch during the simulation. Similar to any pre-processing based

adaptive chemistry approaches, DPAC identifies the reduced model suitable for

each particle at time t to advance in time.

5.3.1 Pre-processing stage

The main purpose of the pre-processing stage is to generate an initial partition

and initial reduced models using a sample composition database with detailed

mechanism. The pre-processing stage consists of the following tasks:

1. Database creation: A sample composition database, D0 is generated using the

detailed mechanism with any low-dimensional simulation, such as 0D auto-

ignition or PaSR. More importantly, the accessed region of the composition
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space does not have to be representative of the actual compositions that oc-

cur during the simulation of interest, as DPAC has the ability to adjust the

partition based on the current accessed region during adaptive simulation, dis-

cussed later.

2. Partitioning: The initial accessed region of the full composition space, F0, based

on D0, is first mapped into a low dimensional classifying space, C0. The parti-

tioning algorithm then partitions the classifying space C0 into a user-specified

NR number of regions. The partition in C0 space implicitly partitions the F0

space as well, thus the Jth region is denoted by RJ in both C0 and F0 space. A

brief description of the classification and partitioning algorithm is provided in

Sec. 5.5 with more details available in [119]. The objective of the partitioning

algorithm is to create regions with kinetically homogeneous compositions, i.e.,

compositions that display similar short time kinetics. As D0 is not representa-

tive of the accessed region of the composition space at runtime, this partitioning

is not necessarily the most optimal choice for adaptive simulation.

3. Reduced model initialization: With the initial partition, region RJ is initialized

with a reduced model, MJ, consisting of zero reactions and the set of species

included in the inflow streams of the simulation of interest.
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5.3.2 Adaptive simulation

The adaptive simulation consists of two different modes, i.e., building and surveil-

lance, and the algorithm is capable of switching between these modes, if needed.

The purpose of the building mode is to obtain an optimal partition and a set of

reduced models suitable for the composition space accessed at runtime. Typi-

cally, the building mode overlaps with the transient part of the simulation. On the

other hand, the surveillance mode coincides with the statistically stationary part of

the simulation, when the accessed region does not change, and therefore the mod-

els and partition are not expected to be modified significantly. In both modes, all

the particles in the reactor evolve in time due to mixing and reaction fractional

steps. The adaptive algorithm to advance the particle compositions proceeds in

the following sub-steps:

1. Mixing: In the mixing fractional step, the compositions, Φ(n) and Φ(n+1), are

mixed following Eq. 5.1 to yield mixed compositions in case of PaSR. In

LES/PDF simulation, the particle compositions follow the IEM model [27]. Af-

ter mixing, the compositions are denoted by Φ(n),m.

2. Re-partitioning: If the quality of the current partition of the accessed region is

considered to be extremely poor, the accessed region of the composition space,

Ft at time t, is re-partitioned at runtime using the same algorithm as in the pre-

processing stage. A re-partition is always followed by re-initializing the kinetic

models with zero reactions (similar to step 3 of the pre-processing stage) and

re-building them. The criteria to decide if a re-partitioning is required or not is
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Reaction
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Figure 5.1: Flowchart depicting actions and decision criteria of the adaptive sim-
ulation of DPAC at time t.

discussed in Sec. 5.5. This check for re-partitioning is performed after every nPt

time steps during the simulation.

3. Classification: Each particle composition after mixing is assigned to one of the

regions by the classification algorithm based on a low-dimensional binary-tree

search. A composition in RJ is denoted by Φ(n),m
J .
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4. Model update: As the simulation progresses in time, region RJ has access to the

compositions, Φ(n),m
J , which covers a certain subset of the current accessed re-

gion of the composition space encountered at time t, Ft
J (subset of Ft). Based on

Φ
(n),m
J (or Ft

J) that belongs to region J, each modelMt
J is iteratively augmented

with individual species and reactions chosen from the detailed mechanism us-

ing the building algorithm [59]. The criteria to decide if the model update is

necessary or not is discussed in Sec. 5.4 along with the details of the build-

ing algorithm itself. Once the model is updated at time t, the check for model

update continues for the following time steps, until none of the models are up-

dated for a consecutive nC
t number of time steps. The next check for an update

of models is performed either after nBt time steps from the last check or if a

re-partition occurs in step 2.

5. Reduced representation: Particle representation in full composition space

(Φ(n),m) is converted to the reduced skeletal representation (ϕ(n),m
J ) correspond-

ing to the reduced model,Mt
J, of its assigned region J through classification.

6. Reaction: The particle compositions in their reduced representations are then

integrated over time ∆t following Eq. 5.2 in both PaSR and LES/PDF usingMt
J

for region J.

7. Reconstruction: At the end of the reaction fractional step, each particle com-

position is reconstructed to its detailed representation (Φ(n)) from its reduced

skeletal representation (ϕ(n)
J ).

The reconstructed compositions at the end of the reaction fractional step, Φ(n)(t +
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∆t), are then used for the next time step. At a time step t, if neither re-partition nor

model update requirement is checked, the adaptive simulation algorithm skips

step 2 and 4, and advances in time with the most updated partition and set of

reduced models. The details of the conversion of particle representation to the re-

duced representation (step 5) and its reconstruction (step 7) are discussed in Liang

et al. [119]. These sub-steps of the adaptive simulation is applicable in both build-

ing and surveillance mode of the adaptive simulation.

During the building mode, the partition is modified multiple times along with

re-building of models. As a result, re-partition and model update are checked

very frequently during the building mode. By the time the simulation reaches a

statistically stationary condition, it is expected that the accessed region of the com-

position space is partitioned optimally, and consequently the frequency of model

update drops significantly. At this point, the algorithm switches to the surveil-

lance mode, where the re-partition and model update are checked less frequently

than the building mode, i.e., nPt and nBt are significantly larger during surveillance

mode than the building mode.

5.4 Building algorithm

The building algorithm is a DRGEP based iterative bottom-up approach to ex-

pand the predictive capabilities of reduced kinetic models by selectively adding

species and reactions chosen from the detailed mechanism directly at the reduced
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level. A summary of the algorithm is provided here, with more details available

in Heberle et al. [59]. In DPAC, a building step is defined as a small increment in

the compositions encountered during a time interval, ∆tb, for an homogeneous re-

actor simulation. The algorithm works similarly for all regions, thus the reduced

mechanism is denoted by Mt
J at time t. The goal of the building step is then to

identify the additional set of reactions required to properly capture the evolution

of the particle compositions from t to t+∆tb. Starting fromMt
J and a set of particle

compositions encountered at time t in region J, Dt
J (each composition is denoted

by Φ(n)
J (t)), the building algorithm proceeds with the following steps:

1. The edge of the mechanismMt
J, denoted by δMt

J, is generated by a set of reac-

tions from the detailed mechanism, which satisfies either of the two conditions:

(a) every reactant in the reaction is an element of Mt
J, or (b) every product in

the reaction is an element of Mt
J. The union of Mt

J and δMt
J is called the test

mechanism (M⋆,t
J ).

2. Based on the compositions, Φ(n)
J (t) in Dt

J, the reaction-specific DRGEP coeffi-

cients [51] are computed for all the reactions in M⋆,t
J . Any reaction from δMt

J

with a DRGEP coefficient larger than a user-specified threshold, εth, and its cor-

responding species are tagged. These species and reactions collectively define a

sub-mechanism called δM+,t
J . We define an updated model at this intermediate

stage asM′,t
J =M

t
J + δM

+,t
J .

3. Each composition, Φ(n)
J (t), is advanced in time twice with two different models:

Mt
J and M′,t

J . An error is defined as the difference between these two sets of

147



integrated compositions at t + ∆tb:

ϵDt
J
= max

 ||YMJ
T
− YM

′
J

T
||2

||YMJ
T
||2

,

∣∣∣∣∣∣TMJ − TM
′
J

TMJ

∣∣∣∣∣∣
 , (5.3)

where YT and T are the mass fraction vector of the set of targets, T , and tem-

perature after time step integration, respectively.

4. At this point, a model update check is performed. If the error, ϵDt
J
, is greater

than a user-specified error threshold, ϵc, then Mt
J is updated as: Mt

J ← M
′,t
J ,

and moves on to step 5. Otherwise, the algorithm considers the current model,

Mt
J, to be adequate for all the compositions in region J at time t, and skips to

step 6.

5. Steps 1 to 4 are repeated until either (a) there is no reaction left in δMt
J with a

DRGEP reaction coefficient larger than εth, i.e., δM+,t
J is empty, or (b) the error

evaluated by Eq. 5.3 goes below ϵc.

6. At the end of this iterative process (step 1-5), a standard DRGEP based species

reduction [51] is performed starting from the most updated Mt
J. Based on

Φ
(n)
J (t), one species at a time and its corresponding reactions are removed from

Mt
J. Again, we define this intermediate reduced model asM′,t

J . The same error

following Eq. 5.3 is evaluated based on two sets of integrated compositions. We

continue to remove species until the error, ϵDt
J
, goes above ϵc.

The same procedure of updating the reduced models is repeated for all regions,

J = 1 to NR.
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5.5 Partitioning algorithm

The objective of the partitioning algorithm is to partition the accessed region of

the composition space into a user-defined NR number of regions so that each com-

position belonging to region J, Φ(n)
J exhibit similar short term kinetic characteris-

tics. Consequently, all compositions in region J can be described by a common

reduced model,Mt
J at time t, which contains a smaller number of species and re-

actions than the detailed mechanism,MD. Given a databaseDwith nD number of

compositions at time t, the most important aspects of the partitioning algorithm

are described below. The details of the algorithm are available in [119]. For clarity,

the superscript t to represent the current time step is removed from all notations

in this section.

1. Classifying space: The accessed region of the full composition space, F, based

on D, is first mapped into a nC dimensional classifying space, C, where nC is

a subset of the composition variables (ns species mass fractions and tempera-

ture). These nC components are identified such that these variables span the nC

dimensional subspace in F closest to the first nC principal components of the

compositions inD using principal component analysis (PCA).

2. Partition structure: The partitioning algorithm cuts C using hyperplanes of di-

mension nC − 1. The structure of the partition is stored in a binary tree. The

nodes of the tree contain the equation of the hyperplane, determined by its

normal vector and an anchor point, and its leaves contain the subset of sam-
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ple compositions in increasingly refined regions under the node. For instance,

starting from a region Dm, which is one of the sub-regions in the previous iter-

ation or initially Dm = D, a hyperplane is identified that divides Dm into two

sub-regions,Dm,L andDm,R. The node keeps the information of the hyperplane,

and its leaves carry the information aboutDm,L andDm,R, and their correspond-

ing compositions.

3. Optimal hyperplanes: An optimal hyperplane dividesDm intoDm,L andDm,R such

that both sub-regions are more kinetically homogeneous than Dm. The kinetic

homogeneity of Dm is estimated by HDm based on species DRGEP co-efficient

vector RDm evaluated using the compositions inDm:

HDm = ||R
Dm ||1 =

ns∑
i=1

RDm
i (5.4)

A smaller value ofH for a set of compositions is associated with lower DRGEP

coefficients, and consequently a more reduced kinetic model for that set of com-

positions. Thus, the objective of each iteration is to identify the hyperplane that

minimizes the following cost function:

CDm = np,Dm,LHDm,L + np,Dm,RHDm,R = np,Dm,L ||R
Dm,L ||1 + np,Dm,R ||R

Dm,R ||1 (5.5)

where np,Dm,L and np,Dm,L are the number of compositions in Dm,L and Dm,R, re-

spectively. With this objective function in mind, first the normal vector of the

hyperplane is determined by the first principal component of the ensemble of

DRGEP coefficients of all compositions in Dm. Then the exact position of the

hyperplane along the direction of the normal vector, or the anchor point is iden-

tified by minimizing the cost function in Eq. 5.5. The normal vector and the
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anchor point fully define the hyperplane that provides the optimal Dm,L and

Dm,R. The algorithm moves on with dividing each of these two sub-regions in

the next iteration.

4. Consolidation into NR regions: Without any constraint on number of regions, C is

partitioned into nD regions, each containing a single Φ from D. To consolidate

the number of regions to a user-specified value NR, the full tree is analyzed and

an upper tree with NR leaves is identified that minimizes the overall cost of the

tree:

Ctree =

NR∑
J=1

np,DJHDJ (5.6)

Once the optimal upper tree is identified, all hyperplanes below the terminal

points of the upper tree are removed to consolidate the partition into NR re-

gions.

Re-partitioning criteria: During the simulation of interest, the quality of the par-

tition is examined after every nPt time steps. If the partition is considered to be

below a certain quality, the DPAC algorithm re-partitions the current accessed re-

gion of the composition space following the partitioning algorithm (step 1-4). The

quality of the partition is also estimated by the concept of kinetic homogeneity.

The formulation ofH in Eq. 5.4 based on DRGEP coefficients, by construction, en-

sures that the largest value ofH is observed in case of a full composition database

D without any sub-regions, and the value of H of any subset of Dm, e.g., Dm,L, is

always less than or equal to HDm [119]. As a result, the maximum cost (the worst

case scenario) corresponding to placing all compositions in D in a single region
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will be

Cmax = CD = np,DHD = np,D

ns∑
i=1

RDi . (5.7)

Then we define the quality of a partition, QP as:

QP =
Cmax

Ctree
, (5.8)

where Ctree is the cost of the current partition or the binary tree. A higher value

of QP indicates better quality of the current partition. If this ratio, QP, goes be-

low a user-defined threshold, ϵP, the algorithm decides to re-partition the current

accessed region. During statistically stationary condition of a simulation, as the

accessed region of the composition space does not change significantly, DPAC

is expected not to re-partition the accessed region during the surveillance mode.

However, during the transient part of the simulation (building mode), multiple

re-partitions are typically required before an optimal partition is achieved.

5.6 Results and discussion

We utilize two different configurations, as mentioned before. The 0D PaSR is the

first configuration, which is used here to study different features of the DPAC

algorithm. The full scope of the automatic DPAC algorithm is explored in case of

an LES/PDF simulation of a 2D turbulent flame.
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5.6.1 PaSR configuration

The first configuration considered is a non-premixed piloted propane-air PaSR.

The detailed propane mechanism used here is from Petersen et al. [160] with 115

species and 1308 reactions. The PaSR parameters are those used in [119], with 100

particles and three inflow streams: pure fuel, air and a burnt gas pilot. The PaSR

is initially run for three residence times after which it reaches a statistically sta-

tionary state. The relevant DPAC inputs used for the PaSR study are summarized

here:

• The number of regions is specified to be 10.

• The targets for building models at runtime are chosen to be propane, CO2,

CO, OH, and temperature.

• Each reduced model either at the end of pre-processing stage or after re-

partitioning is initialized with 14 species, including the species from inflow

streams and the targets.

• The building time step: ∆tb = 2∆t, where ∆t is the PaSR time step.

• All compositions, i.e., 100 particles are used to build the models at time t.

• nBt is chosen to be 1 and 100 in the building and surveillance mode, respec-

tively.

• The value of nC
t is 10 in all simulations.

• The DRGEP reaction threshold, ϵth is varied, and the error threshold, ϵc, dur-

ing building is kept as one order of magnitude lower than ϵth.
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• The threshold, ϵP, for the quality of a partition QP is not very intuitive to

guess. Therefore, first the variation of QP is explored, and then based on

that analysis, an ϵP is chosen and used for all the DPAC runs.

• nPt is chosen to be 100 and 200 in the building and surveillance mode, respec-

tively.

• To compare the impact of the initial database and partition, three different

initial databases (D0) are used in the pre-processing stage. The simulations

used to generate those databases are:

(1)D0
1: detailed PaSR,

(2) D0
2: 0D isobaric homogeneous reactor including both low and high tem-

perature chemistry,

(3) D0
3: 0D isobaric homogeneous reactor with only low temperature chem-

istry.

Re-partition criteria

Finding the right criteria for re-partitioning is extremely important in DPAC al-

gorithm. As the compositions evolve during the transient stage of a simulation,

re-partitioning at almost every check (after every nPt time steps) leads to a better

partition than the previous one. However the cost of re-partitioning and sub-

sequent rebuilding of models from scratch are computationally expensive. The

DPAC algorithm only works if we need to re-partition and rebuild only a few

times to reach the optimal partition and models, so that the cost of them becomes
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Figure 5.2: Relative number of species as a function of the quality of partition for
three different incurred error in temperature.

insignificant compared to the overall simulation. Consequently, the right criterion

ensures that a re-partition is performed only when the quality of the current par-

tition is extremely poor for the current accessed region, and re-partitioning may

provide a significant gain in the long run. The quality of a partition, QP (Eq. 5.8)

indicates how good a partition is compared to the case where all compositions

exist in one region. To figure out a threshold in QP, ϵP, we followed these steps:

• We evaluate the cost of a partition or a tree, Ctree (Eq. 5.5), based on the com-

positions inD0
1. In other words, we will pick several partitions or trees based

on random databases, and evaluate the cost of it in the context ofD0
1.

• The first tree we choose corresponds to the optimal partition, i.e., the tree

generated using D0
1 itself. This tree should have the minimum cost, thus

largest QP, denoted by Qmax
P

.
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• The worst tree would be the one where all compositions from D0
1 are classi-

fied into one region. The cost of that tree would be the maximum, and by

definition, QP = 1 for that tree.

• Any tree other than the optimal and the worst one should have a Qp value

between 1 and Qmax
P

. We randomly pick five trees based on different compo-

sition databases, which cover the whole range of QP.

• We run the DPAC adaptive PaSR simulations using each of the seven differ-

ent trees mentioned above, and compare their accuracy with respect to the

PaSR run using detailed mechanism.

To compare the quality of each partition, the relative number of species used in

each adaptive simulation is plotted against the quality of each tree in Fig. 5.2. The

relative number of species used throughout the simulation is defined as:

nrel =
1

ntnpns

nt∑
k=1

np∑
n=1

n(n),A
s,k , (5.9)

where ns is the number of species in the detailed model, and n(n),A
s,k is the number of

species in the reduced model used by particle n at time step k. The incurred error

for a quantity X is defined as:

εX =

∑nt
k=1

∑np

n=1 |X
(n),A
k − X(n),D

k |∑nt
k=1

∑np

n=1 |X
(n),D
k |

, (5.10)

where nt is the number of time steps and np, the number of particles. X(n),A
k and

X(n),D
k represent the values of quantity X for particle n at the k-th time step using

the adaptive and detailed chemistry, respectively. The figure shows the variation
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of nrel for three different incurred errors in temperature, i.e., 10−2, 10−3 and 10−4.

Those different incurred errors for a given tree are obtained by varying the DRGEP

reaction coefficient threshold, ϵth, in the DPAC runs.

In all three curves, the left most and the right most points correspond to the

lowest quality tree, i.e., QP = 1, and the best quality tree, i.e., QP = Qmax
P

, respec-

tively. As expected, if all compositions are classified to one region, DPAC requires

a larger number of species to achieve a certain ϵT than any other trees. However,

beyond a QP value in between 1 and 2, nrel does not vary significantly even if the

quality of the partition increases, consequently the average cost of integrating the

chemistry source term will not vary significantly. On the other hand, choosing

a higher value of QP than 2 as ϵP will only increase the required number of re-

partitions and rebuilding of models. In other words, if a partition, say of QP = 4,

is allowed to be re-partitioned, the new partition may have a QP higher than 4,

but without affecting nrel and the chemistry integration cost. Therefore, we choose

ϵP = 2 to be the threshold value of QP, below which the current accessed region of

the composition space will be re-partitioned.

A couple of important points need to be mentioned here. First, in case of

ϵT = 10−3 and 10−4, the partition corresponding to a quality of 3, requires slightly

smaller nrel than the optimal partition. This may have happened due to several

reasons: the nature of the simulation, the non-linearity involved in the definition

of error or in combustion chemistry itself. It may change for another set of com-

positions. Overall, we can say that the change in nrel is minimal beyond QP = 2.
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Figure 5.3: Relative number of species as a function of incurred error in tempera-
ture for the initial databaseD0

1 (detailed PaSR) with re-partitioning (black squares)
and without re-partitioning (red triangles).

Second, and more importantly, this threshold, like any threshold, is not necessar-

ily the optimal choice for any set of compositions from any simulation. Before

running an LES/PDF simulation, a similar test with compositions from a PaSR

run (same inflow streams as the LES/PDF) would give a better idea of the thresh-

old value. However, we can conclude from the previous discussion that a value

closer to unity than closer to QP should be the ideal choice, thus the threshold is

not expected to differ a lot from the threshold chosen here, i.e., ϵP = 2.

Importance of re-partition and dependence on initial database

To emphasize the importance of re-partition, we compare the incurred error in

temperature with and without re-partitioning for all three initial databases as a

function of nrel (Eq. 5.9) used in the kinetic models in each case. The runs without
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Figure 5.4: Relative number of species as a function of incurred error in tem-
perature for the initial database (a) D0

2 (0D runs with high and low temperature
chemistry) and (b) D0

3 (0D runs with only low temperature chemistry) with re-
partitioning (black squares) and without re-partitioning (red triangles). The trans-
parent lines correspond to the same two curves from Fig. 5.3

re-partitioning follows the DPAC algorithm except it keeps the initial partition

from the pre-processing stage throughout the simulation.

The comparison for the initial database coming from a detailed PaSR, D0
1, is

shown in Fig. 5.3. We observe from both curves, as expected, an increase in in-

curred error for temperature as the relative number of species decreases, that is,

as the region-specific models become more reduced. A more important observa-

tion is that both curves are very similar, indicating that a similar level of reduction

will lead a similar error in temperature prediction even if we do not re-partition.

The compositions in D0
1 from a detailed PaSR run are expected to be very simi-

lar to the compositions encountered during the adaptive run, as both of them are

the exact same simulation configuration. Therefore the initial partition from the
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pre-processing stage is expected to divide the accessed region of the composition

space optimally, leading to a very similar required nrel for a given ϵT .

However, the trend changes noticeably, when looking at the same comparison

in Fig. 5.4a and 5.4b forD0
2 andD0

3, respectively. The translucent lines, correspond-

ing to the curves from Fig. 5.3, are shown in both plots for a succinct comparison.

For both databases coming from 0D isobaric runs, the relative number of species

required to reach a given error in the prediction of temperature is observed to be

significantly smaller with re-partitioning than without. As the accessed region of

compositions from the 0D runs are different from PaSR compositions, re-partition

based on the compositions encountered at runtime always increases the efficiency.

As mentioned before, the idea of DPAC is to eliminate the impact of the ini-

tial database and its corresponding partition by adaptively adjusting to the cur-

rent accessed region of the composition space during the simulation of interest.

Consequently, it is expected that the incurred error as a function of nrel would

exhibit similar trend in case of any initial database for DPAC. To confirm that,

all three DPAC curves (‘RP’ lines from Fig. 5.3 and 5.4) corresponding to three

initial databases are plotted in Fig. 5.5. As expected, all three curves overlap,

which means to achieve a certain error in temperature in a PaSR run, the effec-

tive number of species required is independent of the initial database used in the

pre-processing stage.
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Figure 5.5: Relative number of species as a function of incurred error in temper-
ature during DPAC runs with all three initial databases. Clearly, the accuracy of
DPAC is independent of the initial database.

Comparison with pre-partitioned adaptive chemistry

Similar to DPAC, pre-partitioned adaptive chemistry (PPAC) also consists of two

stages: a pre-processing stage, and an adaptive stage. During the pre-processing

stage, a partition is obtained based on an initial database, and then reduced mod-

els are generated using traditional top-down DRGEP [51] methodology for each

region. In the adaptive stage, before the reaction step, each particle is first assigned

to a region based on the classification algorithm, and then advanced in time us-

ing the reduced model generated for that region in the pre-processing stage. The

details of the PPAC algorithm is available in [119]. The initial database in the pre-

processing stage is an important component of the PPAC algorithm, as it must be

representative of the actual compositions encountered at runtime for an accurate

adaptive simulation. In this section, we compare the accuracy of PPAC and DPAC
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Figure 5.6: Relative number of species as a function of incurred error in tempera-
ture for DPAC (black squares) and PPAC (red triangles), both with initial database,
D0

1 (detailed PaSR).

algorithm in the context of all three initial databases.

The first comparison is performed for D0
1, which is obtained from detailed

PaSR, and plotted in Fig. 5.6. As previously explained, because the detailed

PaSR compositions are true representative of the compositions encountered dur-

ing adaptive PaSR simulation, or in other words their accessed regions are simi-

lar, the PPAC algorithm exhibits very similar results compared to DPAC. Both of

them require similar relative number of species to achieve a given incurred error

in temperature. The idea of DPAC is more relevant when a set of initial compo-

sitions which is representative of the actual compositions is not easy to guess or

rather guarantee. For such cases, the performance of PPAC drops significantly.

Figure 5.7a shows the same comparison for D0
2. Clearly, to achieve an incurred

error less than 10−4, PPAC requires more than 80% of the species in the detailed
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mechanism. The efficiency drops even further in case ofD0
3 (Fig. 5.7b). AsD0

2 cov-

ers a more extensive set of 0D simulations thanD0
3, PPAC works slightly better in

case of the former, as can be seen in Fig. 5.7.
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Figure 5.7: Relative number of species as a function of incurred error in tempera-
ture for DPAC (black squares) and PPAC (red triangles), both with initial database,
(a) D0

2 (0D runs with high and low temperature chemistry) and (b) D0
3 (0D runs

with only low temperature chemistry).

Features of DPAC

To emphasize on different characteristics of DPAC, such as building the models

and re-partitioning, we focus on two full PaSR runs using DPAC, and compare

them with the PaSR run using detailed kinetic model. These two DPAC runs

correspond to two different reaction DRGEP threshold, ϵth, used during building

the models, i.e., 10−2 and 10−4. The evolution of temperature for both DPAC runs

and the detailed run are plotted in Fig. 5.8 (top). Clearly, both DPAC runs are

indistinguishable from the detailed simulation. To differentiate the DPAC runs,
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Figure 5.8: (a) The evolution of mean temperature in a PaSR with detailed mecha-
nism (black solid line), DPAC with ϵth = 10−2 (red dashed line) and ϵth = 10−4 (blue
dash dot line), (b) The absolute difference in mean temperature between detailed
run and two DPAC runs, (c) Relative number of species used at each time step in
case of both DPAC runs.

the middle plot of Fig. 5.8 shows the absolute difference in temperature between

the detailed and the DPAC runs. The evolution of the relative number of species,

nrel, used at each time step for both DPAC runs is plotted in the bottom figure. The

nrel evaluation is similar to Eq. 5.9, except it is only averaged over all particles at

each time step.

There are three important observations from these three plots in Fig. 5.8. First,

as ϵth drops from 10−2 to 10−4, the building algorithm adds more species in the re-

duced models, resulting in a higher nrel (bottom plot) at every time step. A higher

nrel leads to better accuracy, as expected. Thus, the difference in temperature (mid-

dle plot) is lower for ϵth = 10−4. This difference in ∆T over the full PaSR run be-
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tween two ϵth values results in a difference of more than two orders of magnitude

in ϵT (Eq. 5.3). Secondly, the re-partition in both DPAC runs occurs at t = 0.02

seconds (after 2 residence times), where the models are re-initialized, and as a re-

sult nrel drops to the initial number of species. Due to re-initialization of models

and the absence of important species and reactions in the next few time steps, the

difference in temperature reaches a maximum near t = 0.02 seconds for ϵth = 10−2,

which then drops again as the models are sufficiently built. Finally, as the simu-

lation reaches a statistically stationary state, DPAC does not need to re-partition

any more, neither do the models update significantly (nrel remains constant in both

DPAC runs).

5.6.2 LES/PDF configuration

The configuration simulated in this study is similar to the flame studied experi-

mentally in [165] and numerically in a 2D DNS [154]. The configuration consists

of a n-dodecane liquid jet injected with 16% oxygen concentration by volume at

an initial pressure of 3.4 MPa and temperature of 800 K. Similar to Tagliante et al.

[154], the computational domain is chosen to be 20 mm downstream of the liquid

injector, thus neglecting the liquid spray simulation completely and only simulat-

ing the reactive zone with gaseous reactions. There are three major modifications

made in the current configuration compared to the study in [154]. First, here the

jet diameter (D) is 20 mm, where the inflow velocity follows the same velocity

profile as [154], but with a co-flow velocity of 10 m/s (as opposed to 1 m/s) and
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a maximum axial velocity of 71 m/s (as opposed to 80 m/s). Outside the jet area,

there is a uniform co-flow of 10 m/s. Secondly, the temperature profile at the in-

let follows a step function, i.e., the jet stream and co-flow are at 600 K and 800

K, respectively. A similar step function for the inflow compositions is used as

well. The inflow compositions are tabulated in table 5.1. Third, we perform a 2D

LES/PDF simulation with DPAC algorithm and compare it with either PPAC or

the detailed mechanism, as opposed to their 2D DNS case with a detailed mecha-

nism. The objective of this study is not to replicate or compare with the simulation

in [154], rather it is to check the efficiency and accuracy of the DPAC algorithm,

and compare the computational cost with using PPAC or a detailed mechanism.

Table 5.1: Inlet species mass fractions.

N2 O2 CO2 H2O nC12H26

Co-flow 0.7016 0.1746 0.1001 0.0237 0
Jet 0.5943 0.1479 0.0848 0.02 0.153

The computational domain is 20D long in both axial and radial directions. A

non-uniform 128 (axial) × 128 (radial) mesh is used. The mixing model constant

is specified to be 4, and the number of particles per cell is chosen to be 20. A

reduced n-dodecane mechanism [154] with 47 species and 198 reactions is used

as the detailed model in this study. The relevant DPAC inputs (relevant ones are

used in PPAC as well) are listed below:

• The number of regions is specified to be 10.

• The targets are chosen to be n-dodecane, CO2, CO, OH, CH2O and tempera-
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ture for building models at runtime. The introduction of CH2O is important to

capture the low temperature chemistry, as observed in [154].

• Each reduced model either at the end of pre-processing stage or after re-

partitioning is initialized with 8 species, including the species from inflow

streams and the targets, which corresponds to 17% of the detailed model.

• The first two and the next five flow-through times are considered to be the

building and surveillance mode, respectively.

• The building time step: ∆tb = 10∆t, where ∆t is the CFD time step.

• A set of downsampled compositions (1000 particles) are used to build the mod-

els at time t.

• nBt is chosen to be 500 and 1000 in the building and surveillance mode, respec-

tively.

• The value of nC
t is 10.

• The DRGEP reaction threshold, ϵth is 10−2.

• To capture the auto-ignition phenomenon and low temperature chemistry

(LTC) accurately, an indicator, YLTC, is introduced here, and defined by YLTC =

YC12H25O2 +YO2C12H24OOH+YOC12H23OOH+YC12OOH, where these 4 species in the detailed

mechanism correspond to the low temperature pathways. Unlike the previous

PaSR case, in the LES/PDF simulation, the error threshold, ϵc, is dynamically

chosen. If more than 10% of the compositions in a region have YLTC > 10−4, we

consider ϵc to be 10−10, otherwise it remains 10−3, which is one order magnitude

lower than ϵth. As the change in composition of a particle over a CFD time step
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at LTC is always very small until it ignites, such a small ϵc is important to cap-

ture LTC, otherwise the building algorithm does not add necessary reactions,

and the flame does not ignite.

• Based on the previous analysis in case of PaSR, ϵP is chosen to be 2.

• A set of downsampled compositions (5000 particles) are used to check the qual-

ity of the current partition, and to re-partition, if required.

• nPt is chosen to be 200 and 1000 in the building and surveillance mode, respec-

tively.

• To compare the impact of the initial database and partition, three different ini-

tial databases (D0) are used in the pre-processing stage. The simulations used

to generate those databases are:

(1)D0
1: detailed LES/PDF simulation,

(2) D0
2: detailed PaSR simulation with two streams similar to the current con-

figuration.

(3)D0
3: 0D isobaric homogeneous reactor with only low temperature chemistry.

These three databases are only used in PPAC runs. In case of DPAC, we only use

D0
2 in the pre-processing stage, as DPAC is independent of the initial database

and partition.

The difference between the adaptive simulations (DPAC or PPAC) and the de-

tailed simulations is quantified by the normalized root mean square difference
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Figure 5.9: Comparison of resolved mean of temperature and species mass frac-
tions of CO2, OH and LTC between LES/PDF with detailed mechanism and adap-
tive runs corresponding to DPAC and PPAC with three different databases.

(RMSD) [39], defined as:

E(ξ) =

[
ξA − ξD

]
rms

ξref
, (5.11)

where ξA and ξD denote the quantities obtained from adaptive and detailed sim-

ulation, respectively, ξref is the reference value of each quantity of interest. ξref is

considered to be 1000K for temperature, and the maximum species mass fraction

among all the radial profiles at both axial locations: 8D and 12D (D is the burner
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diameter). The [·]rms is computed over all the radial locations at all the considered

axial locations. The simulations with RMSD value below 3% in resolved mean of

temperature are chosen for the subsequent analysis of performance and accuracy

in case of both PPAC and DPAC. Figure 5.9 compares the radial profiles of the

resolved mean of temperature and mass fractions of CO2, OH and LTC obtained

from the detailed, DPAC and PPAC (based on all three databases) simulations at

two different axial locations, 8D and 12D from the burner exit. Statistics have been

collected for five flow-through times (surveillance mode) evaluated based on the

co-flow velocity.

Table 5.2: Normalized RMSD (%) of resolved mean quantities between LES/PDF
using detailed mechanism and DPAC or PPAC. The relative number of species re-
quired to achieve those RMSD errors are provided in the last row. All the quanti-
ties are evaluated over five flow-through times in their statistically steady period.

Quantity (ξ) DPAC PPAC (D0
1) PPAC (D0

2) PPAC (D0
3)

E(T ) 2.24 2.89 1.98 1.88
E(CO2) 1.36 2.12 1.45 1.44
E(OH) 8.73 10.73 7.21 7.01
E(LTC) 9.67 11.76 8.69 7.83

nrel 0.43 0.42 0.96 0.98

The RMSD errors of a few important species mass fractions (plotted in Fig. 5.9)

and temperature are provided in Table 5.2. The table also provides the relative

number of species, nrel (Eq. 5.9), required for all the adaptive runs to achieve the

RMSD of 3% in temperature. DPAC and PPAC withD0
1 reach similar level of accu-

racy using approximately 40% of the number of species in the detailed model. As

D0
1 is generated from a detailed LES/PDF simulation of the same configuration,

it is expected that both PPAC and DPAC would exhibit similar performance and
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Figure 5.10: Relative computational cost of one time-step of individual compo-
nents of DPAC: chemistry source term integration, building models, partition
quality check and re-partitioning with respect to the cost of chemistry source term
integration with detailed mechanism.

accuracy. However, for the other two databases, when the partition is not opti-

mal, PPAC requires almost all the species from the detailed mechanism to achieve

the same level of accuracy. An RMSD error of more than 10% in OH and LTC for

PPAC with D0
1 might be considered unacceptable even though the error in tem-

perature is below 3%. In such a case, a larger set of reduced models is required to

improve the level of accuracy, which will be verified in future.

From the analysis on accuracy of LES/PDF simulation and the overall PaSR

comparison in the previous section, DPAC is found to provide accurate solution

using much smaller relative number of species, nrel, compared to PPAC. However,

nrel only indicates the cost of chemistry source term integration. Unlike PPAC,

in case of DPAC, the adaptive run consists of components other than the inte-

gration, such as building models and re-partitioning. Even when we do not re-
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Figure 5.11: Relative total computational cost of each of the components of DPAC
and overall DPAC, and PPAC with three different databases with respect to the
total cost of detailed simulation during the building mode.

partition, we keep checking the quality of the partition, QP. Thus, a cost analysis

of each of these components is extremely important to appreciate the essence of

DPAC. Figure 5.10 shows the cost of each of these components relative to the cost

of chemistry source term integration with a detailed mechanism. As nrel is sig-

nificantly smaller than unity in DPAC, the relative cost of integration is 66% of

the detailed integration. However, the average CPU cost of each building step

is approximately same as the detailed integration. The partition quality check

and re-partitioning are approximately 3 and 10 times more expensive than a de-

tailed integration step, respectively. Although the cost of individual building or

re-partition is large, DPAC builds the models or re-partitions only a few times

before it reaches an optimal partition and set of reduced models. For instance,

in this particular DPAC run, the composition space is re-partitioned only 5 times

during the building mode of the simulation, and then it does not change during

the surveillance mode.
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The total cost of all the individual components of DPAC relative to the total

cost of detailed simulation during the building and surveillance mode are shown

in Fig. 5.11 and 5.12, respectively. Both plots also compare the relative cost of

each of the PPAC runs based on three different databases. There are a few im-

portant observations from these two plots. First, during the building mode, the

total cost is 69% of the detailed simulation, and its counterpart during the surveil-

lance mode takes about 77%. Therefore, overall we observe a 31% and 23% re-

duction in CPU cost using DPAC compared to the detailed simulation. Second,

the cost of PPAC with D0
1 is similar to the cost of DPAC, as expected. But for the

other two PPAC runs, the cost is even higher than a detailed simulation. This

can be attributed to the fact that an adaptive simulation includes the additional

cost of classification, conversion to reduced representation and reconstruction of

the mass fraction vector for each particle at each time step. As both PPAC (D0
2

and D0
3) runs with nearly detailed mechanism, the overall cost becomes larger
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than the detailed integration. Third, most of the model update, partition qual-

ity check and re-partitioning occur during the building mode, as overall they take

about 3% cost of the simulation. Re-partitioning, which is the most expensive step

(Fig. 5.10), takes only 0.2% of the cost during building mode. As the frequency of

model update and partition quality check drop during surveillance mode, they

only take about 1% of the total cost.

Figure 5.13 shows the instantaneous particle distribution of temperature and

index of the model used by each particle for reaction integration step at four dif-

ferent time instants of the building mode. The final snapshot is at t = 0.01 s, which

corresponds to one-third of a flow-through time. During this time, the jet mixes

with the co-flow, the LTC pathways are activated near the mixing layer, a few par-

ticles start to ignite, and eventually the flame evolves. This series of figures exhibit

the ability of DPAC to adapt to the evolving accessed region of the composition

space as it re-partitions and rebuilds the models multiple times during the build-

ing mode. In Fig. 5.13a, we observe all the particles are classified into two regions,

one corresponding to the co-flow and the other to the jet compositions. Soon after

that, in Fig. 5.13b, as the jet and co-flow compositions mix, the accessed region of

the composition space is re-partitioned and a third region emerges, which is allo-

cated for the mixed compositions. After this re-partition, the model correspond-

ing to the new region starts to grow to capture the LTC. The other two regions

corresponding to jet and co-flow does not add any reactions as they contain the

non-reactive compositions. Then in Fig. 5.13c, a few particle compositions ignite

and exhibit high temperature kernels, and the accessed region grows as both low
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(d) t = 0.01 s

Figure 5.13: Instantaneous particle distribution colored by temperature and index
of the model used at four different time instants of the building mode. (a) To-
wards the beginning, only two models are being used for jet and co-flow. (b) As
the jet and co-flow compositions mix, the accessed region is re-partitioned into 3
regions, the third one being allocated for the mixed compositions, which captures
the LTC. (c) A few ignition kernels start to appear. There is enough variance in the
composition space for DPAC to use ten models, (d) The partition keeps using all
models as the flame evolves, and finally finds the optimal partition.
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Figure 5.14: Instantaneous particle distribution colored by temperature, relative
number of species being used by each particle, index of the model used for reac-
tion source term integration and mass fraction of LTC from left to right, respec-
tively, during surveillance mode.

and high temperature pathways are activated. As a result, the quality of the cur-

rent partition from Fig. 5.13b deems to be poor according to the re-partitioning

criteria, and DPAC re-partitions the composition space. This time all non-reactive

compositions from both jet and co-flow are allocated to a single region (model 2

Fig. 5.13c and 5.13d), and all the important LTC compositions are classified into

another (model 3 Fig. 5.13c and 5.13d). Additionally, as the flame evolves, there is

a separate region (model 1 in Fig. 5.13c and 5.13d) allocated for the compositions

near the outer shear layer of the flame, where non-reactive compositions mix with

the reactive low or high temperature compositions. After t = 0.01 s, the partition

does not change in either building or surveillance mode.
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The instantaneous particle distributions of temperature, relative number of

species required for each particle to advance in time, the model each particle is

assigned to and YLTC are shown in Fig. 5.14 after the flame has reached a statisti-

cally stationary state. The maximum YLTC compositions are assigned to a separate

model (model 3 in this case), as mentioned before. There are two important ob-

servations here. First, apart from model 2, which corresponds to the non-reactive

compositions, all other models require almost all species from the detailed mech-

anism. This can attributed to the fact that the detailed mechanism contains only

47 species, which is an extremely reduced model for a fuel such as n-dodecane

including LTC pathways. Even removing a few species results in flame extinction

for such a reduced model. A better detailed model will definitely exhibit more

variability among the reactive compositions, leading to a better speed up. Sec-

ond, DPAC does not add any reactions in region 2. Consequently, the non-reactive

compositions are integrated using a reduced model with the initial 8 species (17%

of the detailed model) and no reactions. The reduction in CPU cost observed in

DPAC (or in PPAC with D0
1) is a result of not adding any additional species for

the non-reactive compositions, which is more than 60% of all compositions, in the

computational domain.
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5.7 Conclusions

A novel adaptive chemistry algorithm, referred as dynamically partitioned adap-

tive chemistry (DPAC), especially tailored for particle PDF methods is introduced

in this study. This algorithm starts with a partition and a set of initial models, as-

sembled a-priori, then adaptively adjusts both the partition and the reduced mod-

els based on the compositions encountered during the simulation of interest. Each

particle is assigned to one of the regions in the partition and its corresponding re-

duced model during the adaptive run. The algorithm includes two steps:

• In the pre-processing stage, based on a composition database, the compositions

space is partitioned into user-specified number of regions, and each region is

initialized with a reduced model including a few species and no reaction. The

initial composition database does not need to be representative of the composi-

tions we may encounter during the actual simulation.

• In the adaptive stage, based on the current set of compositions observed at run-

time, each model is augmented by selectively chosen reactions from the de-

tailed mechanism using a building algorithm. As the initial partition is not

optimal for the current accessed region of the composition space, DPAC re-

partitions the composition space multiple times at runtime, and rebuilds the

models from scratch. By the time the flame reaches a statistically stationary

state, we have an optimal partition and a set of reduced models, which are not

significantly modified any further. All the particles are advanced in time using
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the most updated reduced model at that time corresponding to the region it is

assigned to.

The efficiency and accuracy of DPAC is demonstrated for a propane/air non-

premixed partially stirred reactor and a 2D LES/PDF of lifted dodecane flame.

The most important feature of DPAC is that it is independent of the initial

database used in the pre-processing stage. Consequently, the initial database can

be generated using less expensive low dimensional simulations, such as 0D auto-

ignition. The cost of different components of DPAC such as building models

and re-partitioning is observed to be insignificant compared to the overall cost

of the simulation. In case of LES/PDF simulation, we observe a speed up of 24%

(Fig. 5.12) compared to the same simulation with detailed mechanism. The speed

up is expected to be larger with larger detailed mechanisms. The performance of

DPAC is also compared to a recently developed pre-partitioned adaptive chem-

istry (PPAC) algorithm. The key disadvantage of PPAC is its dependence on the

initial database used in the pre-processing stage. The results show that the per-

formance of PPAC with a proper initial database is comparable with DPAC. How-

ever, for a different initial database that is not representative of the compositions

at runtime, the performance of DPAC is significantly better than PPAC.
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CHAPTER 6

CONCLUSIONS

6.1 Summary

The analytical Jacobian is an important component of any reactive flow simula-

tion to accelerate the stiff chemistry solver. In this work, a unifying analytical

framework to formulate Jacobian matrices has been developed, which can handle

a state vector comprising all species mass fractions and temperature without vi-

olating the constraint that the sum of mass fractions must be unity. To keep the

mass fraction vector evaluation at all times during any reactive flow simulation

in the realizable simplex, defined by the mass conservation constraint, we use a

projection matrix directly in the analytical Jacobian evaluation. Three different

projections have been investigated for this purpose. The benefits and drawbacks

of each option have been examined and compared in the context of three differ-

ent configurations: an auto-ignition model, an auto-ignition with mixing model,

and PaSR. In terms of the individual boundedness, the projection that normal-

izes the mass fractions exhibits better accuracy than other projections, whereas

the orthogonal projection is the least accurate. The projection approach also pre-

dicts the spectral properties of the exact Jacobian matrix, which is important in

the context of CSP or CEMA. The analytical Jacobian with all mass fractions is

also able to provide accurate solutions of the governing equations not only with

Newton-Krylov solvers, such as DVODE, but also linear implicit solvers, such as
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Rosenbrock solvers.

The concept of Analytical Jacobian is extended for a reduced kinetic mecha-

nism with quasi-steady species (QSS) assumption. The QSS species are solved

using algebraic expressions as a function of all other non-QSS species mass frac-

tions. As a result, the analytical Jacobian needs to take care of the extra derivatives

appearing from those algebraic expressions. The QSS species is assumed to have

a linear relationship with other QSS, neglecting any quadratic relations, which

increases the complexity of the formulation and the computational cost. The al-

gorithm developed here provides all necessary subroutines pertinent to the QSS

concentration expressions, and can be easily integrated with any reactive flow

simulation. The algorithm is verified in a PaSR simulation with a 47 species dode-

cane mechanism, out of which 18 species are considered to be QSS. The CPU cost

of using an exact analytical Jacobian is observed to 20% less compared to using a

numerical Jacobian, as the solver needs to evaluate the source term significantly

less number of times in case of analytical Jacobian compared to the numerical one.

The pre-partitioned adaptive chemistry methodology (PPAC) method [119]

has been proposed recently to mitigate the computational cost of using particle

PDF methods. In this work, we investigate the ability of the PPAC algorithm in

predicting the secondary chemistry pathways along with the main combustion

chemistry. We observed that PPAC provides a very conservative set of reduced

models while trying to capture the secondary chemistry as it adds a lot of unim-

portant oxidation species before adding necessary secondary pathways. Hence a
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PPAC-Additive algorithm is proposed, where the reduced models are generated

in two steps: first the reduced models are created only for oxidation targets using

a traditional top-down DRGEP algorithm, and then in the second stage, all these

reduced models are augmented with relevant secondary chemistry pathways us-

ing a recently developed building algorithm [59]. The PPAC-Additive algorithm

is verified for a PaSR simulation using a 140 species propane oxidation model in-

cluding NOx chemistry. To gain a 3% accuracy in NO prediction, PPAC-Additive

showed a 23% reduction in wall clock time compared to PPAC. The algorithm

is also validated for a LES/PDF simulation of Sandia Flame D using GRI 2.11

mechanism. For this case, PPAC-Additive exhibited 5% reduction in CPU cost

compared to PPAC. The idea of this thesis is to demonstrate a method to decouple

the primary and secondary chemistry, and to efficiently implement it in an adap-

tive chemistry framework. The LES/PDF simulation performed here is only a test

case to showcase PPAC additive’s different features and accuracy. Consequently,

a 5% reduction in CPU time may not be significant for this particular example,

however, a more practical turbulent combustion simulation (than Sandia Flame

D) with more realistic fuel (than methane) and larger detailed mechanism (than

only 48 species) will exhibit a significantly higher speed up in terms of CPU cost.

A novel adaptive chemistry approach, referred as dynamically partitioned

adaptive chemistry (DPAC) is developed in this study. The algorithm starts with

a pre-processing stage, where an initial partition is developed with an initial

database, which does not have to be representative of the compositions encoun-

tered at runtime. Typically the database can be generated using any less expen-
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sive low dimensional simulation, such as 0D auto-ignition. A reduced model with

only a few species and no reactions is initialized for each region of the initial par-

tition. During the adaptive simulation, the models are built from scratch using

the building algorithm. Based on the current compositions observed at runtime,

the accessed region of the composition space is partitioned during the simula-

tion for a more optimal set of reduced models. Every re-partition is followed by

re-initialization of reduced models and rebuilding. Proper criteria to decide if

a rebuilding or a re-partition is required or not are also developed. The DPAC

algorithm is validated in a propane/air non-premixed PaSR simulation first, fol-

lowed by a 2D LES/PDF simulation of lifted dodecane flame. The results show

that DPAC is independent of the initial database. For the LES/PDF run, we ob-

serve a 23% speed-up in CPU cost compared to the same simulation with detailed

mechanism. A better performance is expected for a more practical turbulent com-

bustion configuration with a larger detailed mechanism, as mentioned in case of

PPAC Additive. The efficiency is comparable to the PPAC run with proper initial

database, however, DPAC performs significantly better than PPAC if the initial

database is not representative of the actual compositions at runtime. As DPAC is

not dependent on the initial database, and works adaptively based on the compo-

sitions observed during the simulation, it has the potential to accurately simulate

turbulent reacting flows where it is not possible to compare the accuracy with a

corresponding detailed simulation. Similar to a typical grid convergence study,

it will require multiple DPAC runs with progressively finer DRGEP thresholds to

check if the results converge to one solution, which ensures the accuracy of DPAC
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without running the simulation with detailed model. Additionally, an adaptive

method such as DPAC is applicable not only in the field of combustion, but also

in any dynamical system with a varying spectrum of time scales. For instance,

in atmospheric chemistry such as photochemical reactions and ionizations, mech-

anisms of ozone destruction or halogen release at the marine boundary layer, in

biological systems such as blood coagulation or any enzyme kinetics, the idea of

DPAC has the potential to significantly impact the simulation efficiency.

6.2 Future work

A few followup works can significantly improve the efficiency of the of the DPAC

algorithm in the context of LES/PDF computations.

• One advantage of PPAC is that the partition and models are fixed throughout

the adaptive simulation. There are dedicated source term evaluation subrou-

tines available for each model, which makes it very efficient. In case of DPAC,

the model sizes change continuously. As a result, the source term evaluation

always involves the use of detailed representation of the mass fraction vector.

Although the reaction integration is performed in its corresponding reduced

representation, the source term evaluation is very crude (however, accurate) at

this stage. A more efficient source term evaluation can reduce the cost of the

DPAC simulation significantly. The same problem is applicable for the analyti-

cal Jacobian evaluation.
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• Previously, we have used ISAT with PPAC, which significantly improves the

CPU cost. However, in DPAC, as the partition and the models are changing

during the adaptive simulation, the ISAT implementation is tricky. Every time

the partition changes, the ISAT table needs to be built from scratch. The good

part about DPAC is that it re-partitions the accessed region only a few times.

Maybe it is possible to start using ISAT after the algorithm settles on a parti-

tion. In any case, an efficient implementation of ISAT can reduce the CPU cost

significantly.

• The building and partitioning at runtime in DPAC is dependent on the set of

compositions, being used for them. The compositions need to be downsampled

from all the compositions in the domain for fast rebuilding and re-partitioning.

A random downsample does not work. In this study, we downsampled the

compositions based on mixture fraction. In our experience, this is not only

an extremely crude way to choose compositions, but also imposes a restriction

to only non-premixed flames. A more accurate, but fast, implementation of

downsampling compositions is required for better partitioning and building of

models. A potential remedy is to estimate a probability map of the original

dataset and then use it to uniformly sample phase-space [166]. This approach

predicts the probability map without accessing the full dataset, which makes it

very efficient.

• In PPAC algorithm, we observe that DRGEP based reduction provides larger

set of reduced models if both primary and secondary targets are kept during

the reduction process. PPAC-Additive resolves that issue with the use of build-
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ing algorithm as an additional step to decouple the oxidation and secondary

pathways. However, in DPAC, where we use only building algorithm with

user-specified targets, it should be tested in future how it behaves when sec-

ondary species are included in the target list along with the oxidation species.

• Apart from large computational cost, the memory requirement for PDF type ap-

proaches is also very high. Before the reaction step, the reduced representation

helps to reduce the cost of chemistry integration, but as the model allocation of

a particle changes continuously in an adaptive simulation, each particle needs

to carry the information about all species. In PPAC, as the models are fixed, and

their corresponding species are known a-priori, each particle needs to carry the

information about only the set of species consisting of the union of all models.

However in DPAC, as the model size is changing, it is not easy to predict how

many species information is good enough to carry. In this implementation, we

carry the mass fractions of all species. This should be modified in order to ad-

just the particle memory allocation at runtime. As the models are not typically

updated a lot once it reaches a statistically stationary state, it is expected that

the cost of multiple allocation and deallocation of particle memory should be

insignificant compared to the gain from carrying a significantly reduced mass

fraction vector throughout the simulation.

• PDF methods provide a single framework which is applicable to all combus-

tion modes: premixed, non-premixed and partially-premixed. The only caveat

is its high computational cost. Several methods, such as model reduction, tabu-

lation, dimension reduction, have been developed over the last decade to make
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PDF approaches more tractable, some of which are developed in this study. It is

probably time to go beyond simulating a Sandia Flame D or a lifted dodecane

flame with ∼50 species. An attempt to simulate a real combustion device with a

more complex fuel in a PDF simulation with all additional components such as

analytical Jacobian, QSS species (or maybe even RCCE [120]), ISAT and adap-

tive chemistry is long due. As a step forward in that direction, the same lifted

dodecane flame will be simulated using a detailed mechanism containing ∼100

species with DPAC.
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