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Selected configuration interaction plus perturbation theory (SCI+PT) meth-

ods are an important class of electronic structure theory methods. By taking

advantage of the fact that typically only a tiny fraction of the Hilbert space con-

tributes significantly to the ground and low-lying excited states in ab initio quan-

tum chemistry calculations, these methods can provide high-precision solutions

for both single- and multi-reference systems for which exact diagonalization, or

full configuration interaction (FCI), becomes prohibitively expensive. In this

dissertation, I present my work on increasing the scalability of SCI+PT meth-

ods to larger system sizes. I focus on a particular version of such methods, the

semistochastic heat-bath configuration interaction (SHCI) method developed in

our research group, and address two aspects that limit the method’s scalability.

First, I show how orbital optimization can be used to produce more compact

variational wave functions in order to reduce the memory usage of SCI calcu-

lations. Here, the orbital optimization problem is framed as the simultaneous

optimization in two subspaces: configuration interaction coefficients and or-

bital rotation parameters. Starting from natural orbitals, I present three classes

of optimization methods based on how they treat coupling between these sub-

spaces, namely uncoupled, fully coupled, and quasi-fully coupled methods. I

show that taking the coupling into account is crucial for fast convergence and

recommend two quasi-fully coupled methods: accelerated diagonal Newton,



and Broyden–Fletcher–Goldfarb–Shanno with block matrix inversion.

Second, I show how density-based basis-set corrections can be used to accel-

erate the slow convergence of SHCI energies with respect to basis size, a prob-

lem plaguing all accurate wave function theory methods operating in finite ba-

sis sets. These correction methods map the divergent Coulomb interaction in a

finite basis set to a non-divergent effective interaction in the infinite basis limit

and use density functionals from range-separated density functional theory to

recover the dominant part of the short-range correlation effects missing from

finite basis wave functions. Two schemes are used in this study, differing in the

functional used. They provide basis-set corrections that can be added a posteriori

to SHCI energies.

Finally, I perform benchmark studies on two suites of realistic systems: 1)

the Gaussian-2 set of 55 first- and second-row molecules, and 2) seven tran-

sition metal atoms and their corresponding ions and monoxide molecules.

The methodological improvements discussed in this dissertation help produce

highly accurate results for these benchmark systems.
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CHAPTER 1

INTRODUCTION

The goal of computational electronic structure theory is to provide solutions

to the many-body Schrödinger equation. In principle, one could simply perform

exact diagonalization of the Hamiltonian matrix in some one-electron basis set

to obtain the exact ground- and excited-state energies in that particular basis

set, a method known as full configuration interaction (FCI). To achieve arbi-

trary closeness to the energies of the actual physical system, one could adopt an

overwhelmingly large basis set. In practice, however, the computation becomes

infeasible for all but the smallest systems due to the prohibitively expensive

scaling of FCI. To be more precise, the number of possible Slater determinants

that span the Hilbert space is Norb

N↑

 ·
Norb

N↓

 , (1.1)

where Norb is the number of orbitals in the basis set, and N↑ and N↓ are the

number of spin-up and spin-down electrons, respectively. Therefore, all elec-

tronic structure theory methods will require some degree of trade-off between

accuracy and scalability.

When it comes to quantum chemical systems, such as atoms, ions, and

molecules, density-functional theory (DFT) [101, 30, 74, 63]—the workhorse

method of electronic structure computations—uses approximate density func-

tionals and has favorable scaling with system sizes, roughly scaling with the

number of electrons, Nelec, as O(N3
elec). However, a major drawback of DFT

is that it cannot be systematically improved, i.e., its accuracy does not im-

prove consistently through the investment of more computational resources.

1



Coupled cluster theory with single, double, and perturbative triple excita-

tions [CCSD(T)] [62]—often considered the gold standard method of quantum

chemistry—applies an exponential cluster operator to the Hartree-Fock (HF) de-

terminant to account for electron correlation. This method scales approximately

as O(N7
elec) and works well for single-reference systems where the HF determi-

nant dominates the wave function but often fails to describe multi-reference

systems accurately.

Selected configuration plus perturbation theory (SCI+PT) methods [69, 17,

37, 49, 36, 113, 46, 89, 57, 88] are a class of methods that consist of two stages.

In the first stage, a variational wave function is constructed iteratively, starting

from a determinant that is expected to have a significant amplitude in the exact

wave function, such as the HF determinant. Each iteration of the variational

stage goes through three steps: selection of important determinants, construc-

tion of the enlarged Hamiltonian matrix, and its diagonalization. In the second

stage, second-order perturbation theory is used to improve upon the variational

energy. With SCI+PT, one can often obtain FCI-quality energies and wave func-

tions at only a tiny fraction of the cost of FCI: the size of the problem still for-

mally scales combinatorially with system size as in Eq. (1.1), but now with a

much smaller pre-factor. Since one does not rely on a single Slater determinant

dominating the wave function and instead selects the most important determi-

nants from the entire Hilbert space, SCI+PT works well for both single- and

multi-reference systems.

In this dissertation, we focus on a particular SCI+PT method: the semis-

tochastic heat-bath configuration interaction (SHCI) method [67, 116, 68, 84] de-

veloped during the last few years in our research group. This method has pro-
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vided high-quality benchmark data on a variety of quantum chemical systems

and is currently one of the most efficient SCI+PT methods in use. In particular,

we devote much attention to addressing the scalability issues in SHCI calcula-

tions when one goes to large system sizes:

• To obtain the total energy of a system in a given basis, SHCI calculates

the total energy (variational energy plus perturbative correction) for a few

variational wave function sizes and extrapolates to the FCI limit, i.e., the

limit of vanishing perturbative correction. In order to reduce the extrap-

olation distance, one could either go to larger variational wave function

expansions, which is limited by the computer resources available, or min-

imize the variational energy with respect to the orbital rotation parameters

such that for a given size of the variationl wave function, a lower varia-

tional energy can be achieved. The resulting wave function is thus more

compact and reduces the computer memory footprint of SHCI calcula-

tions. A key issue we focus on here is how to treat the coupling between

the orbital rotation and configuration interaction parameters in order to

speed up the optimization procedure.

• In order to compare SHCI energies to experiment, one needs to extrapo-

late the total energies in finite one-electron basis sets to the complete basis

set (CBS) limit. A major drawback of wave function theory methods such

as SHCI is its slow convergence with respect to basis size, i.e., Norb. In-

creasing the size of the basis set gives rise to a combinatorial increase in

the size of the Hilbert space as per Eq. (1.1). In this dissertation, we show

how basis-set correction methods based on range-separated density func-

tional theory (RS-DFT) [52, 87, 53, 50, 51] can be used to speed up basis-set

convergence in SHCI calculations.
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The structure of this dissertation is organized as follows. Chapter 2 describes

the SHCI method in detail. Chapter 3 presents various orbital optimization

methods. Chapter 4 provides the theory and formalism of density-based basis-

set correction methods. Chapter 5 describes some miscellaneous improvements

and extensions to the SHCI method. Chapter 6 contains results from bench-

mark studies on the Gaussian-2 set of 55 small molecules and transition metal

atoms, ions, and monoxides, where the various methodological improvements

presented in this dissertation have been used to obtain highly accurate results.

Chapter 7 concludes this dissertation.

Some of the results presented in this dissertation have previously been pub-

lished in Refs. [156, 155, 151, 154].1 The algorithmic features presented are im-

plemented in the ARROW package [2].

1Works published during my Ph.D. that are not in this dissertation include Refs. [85, 34, 157,
47].
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CHAPTER 2

SEMISTOCHASTIC HEAT-BATH CONFIGURATION INTERACTION

2.1 Introduction

The recently developed semistochastic heat-bath configuration interaction

(SHCI) method [67, 116, 68, 84] is a systematically improvable quantum chem-

istry method capable of providing essentially exact energies for small many-

electron systems. SHCI is an example of selected configuration interaction plus

perturbation theory (SCI+PT) methods [11, 150, 69, 17, 37, 49, 36, 113, 46, 89, 57,

88], all of which consist of the following two stages:

• In the variational stage, a variational wave function is constructed itera-

tively, starting from a determinant that is expected to have a significant

amplitude in the final wave function, e.g., the Hartree-Fock (HF) deter-

minant. The number of determinants in the variational wave function is

controlled by one or more parameters (one parameter, ϵ1, in the case of

SHCI).

• In the perturbative stage, second-order perturbation theory is used to im-

prove upon the variational energy.

The total energy (sum of the variational energy and the perturbative correc-

tion) is computed at several values of ϵ1 and extrapolated to ϵ1 → 0 to obtain an

estimate for the full configuration interaction (FCI) energy.

In this chapter, we review the SHCI method in detail and highlight several

innovations that make SHCI one of the most efficient SCI+PT methods in use.
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2.2 The SHCI method in detail

The second-quantized nonrelativistic electronic Hamiltonian in the Born-

Oppenheimer approximation is

Ĥ = ĥ+ ĝ + hnuc =
∑
pq

hpqÊpq +
1

2

∑
pqrs

gpqrsêpqrs + hnuc, (2.1)

where the one- and two-electron excitation operators are

Êpq =
∑
σ

a†pσaqσ (2.2)

and

êpqrs =
∑
στ

a†pσa
†
rτasτaqσ, (2.3)

respectively. Here, p, q, r, s ∈ {1, 2, . . . , Norb} are the molecular orbital indices,

and σ, τ ∈ {↑, ↓} are the spin indices.

The corresponding one- and two-electron integrals are defined in terms of

the spatial molecular orbitals ϕ(r) as:

hpq =

∫
ϕ∗
p(r)

(
−1

2
∇2 −

∑
I

ZI

|r− rI |

)
ϕq(r)dr (2.4)

gpqrs =

∫∫
ϕ∗
p(r1)ϕ

∗
r(r2)ϕq(r1)ϕs(r2)

|r1 − r2|
dr1dr2, (2.5)

where ZI and rI are the nuclear charge and coordinates. The nuclear repulsion

energy is

hnuc =
∑
I<J

ZIZJ

|rI − rJ |
. (2.6)

SHCI finds near-exact solutions for the ground and excited states of the elec-

tronic Hamiltonian in Eq. (2.1) in a two-stage procedure: the variational stage
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and the perturbative stage. In the following, we use V for the set of variational

determinants, and P for the set of perturbative determinants, that is, the set of

determinants that are connected to the variational determinants by at least one

non-zero Hamiltonian matrix element but are not present in V .

2.2.1 Variational stage

SHCI starts from an initial determinant, such as the HF determinant1, and gen-

erates the variational wave function, ΨV , through an iterative procedure.

At each iteration, ΨV is written as a linear combination of the determinants

in the space V

|ΨV ⟩ =
∑
Di∈V

ci |Di⟩ (2.7)

and new determinants, Da, from the space P that satisfy the criterion

∃ Di ∈ V , such that |Haici| ≥ ϵ1 (2.8)

are added to the V space, where Hai = ⟨Da|Ĥ|Di⟩ is the Hamiltonian matrix ele-

ment between determinants Da and Di, and ϵ1 is a user-defined parameter that

controls the accuracy of the variational stage 2. After adding the new determi-

nants to V , the Hamiltonian matrix is constructed and diagonalized using the di-

agonally preconditioned Davidson method [28] to obtain an improved estimate

of the lowest eigenvalue, EV , and eigenvector, ΨV . This process is repeated un-

til the change in the variational energy EV falls below a certain threshold. Note
1Starting from the dominant determinant is recommended but not strictly necessary. Starting

from any determinant in the correct symmetry sector, ΨV will eventually converge to the same
wave function, if at a slower rate.

2Since the absolute values of ci for the most important determinants tends to go down as
more determinants are included in the wave function, a somewhat better selection of determi-
nants is obtained by using a larger value of ϵ1 in the initial iterations.
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that when ϵ1 = 0, all determinants in the Hilbert space are added to V and the

method becomes equivalent to FCI.

Other SCI methods use different criteria, based on either the first-order per-

turbative coefficient of the wave function,∣∣c(1)a

∣∣ = ∣∣∣∣∑i Haici
EV − Ea

∣∣∣∣ > ϵ1, (2.9)

or the second-order perturbative correction to the energy,

−∆E(2) = −(
∑

i Haici)
2

EV − Ea

> ϵ1, (2.10)

where Ea = Haa.

The reason SHCI uses instead the selection criterion in Eq. (2.8) is that it can

be implemented very efficiently without checking the vast majority of the de-

terminants that do not meet the criterion, by taking advantage of the fact that

most of the Hamiltonian matrix elements correspond to double excitations and

that their values do not depend on the determinants themselves but only on

the four orbitals whose occupancies change during the double excitation. Let

|H(rs ← pq)| denote the magnitude of the Hamiltonian matrix element corre-

sponding to a double excitation in which electrons in spin-orbitals p and q excite

to spin-orbitals r and s. At the beginning of an SHCI calculation, for each pair

of spin-orbitals {p, q}, the absolute values of the Hamiltonian matrix elements

obtained by doubly exciting from that pair of orbitals is computed and stored

in decreasing order by magnitude, along with the corresponding pairs of or-

bitals {r, s} the electrons would excite to. Then the double excitations that meet

the criterion in Eq. (2.8) can be generated by looping over all pairs of occupied

orbitals in the reference determinant and traversing the array of sorted double-

excitation matrix elements for each pair. As soon as the cutoff ϵ1/|ci| is reached,

the loop for that pair of occupied orbitals is exited.
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We use a similar but somewhat more complicated criterion for the selection

of the determinants connected to those in V by a single excitation, but this im-

provement is of lesser importance because there are many fewer singly excited

connections than doubly excited ones.

Although the criterion in Eq. (2.8) does not include information from the di-

agonal matrix elements, the selected determinants are not much different from

those selected by either of the criteria in Eqs. (2.9) and (2.10). There are two

reasons for this: firstly, the terms in the numerators of Eqs. (2.9) and (2.10)

span many orders of magnitude so that the sums are highly correlated with

the largest-magnitude term in the sums in Eqs. (2.9) or (2.10); secondly, the de-

nominator is never small after several determinants have been included in V . It

was demonstrated in Ref. [67] that the selected determinants give only slightly

inferior convergence to those selected using the criterion in Eq. (2.9). This is

greatly outweighed by the improved selection speed.3 Later in Section 5.1, we

also show that a proxy for the energy denominator in Eqs. (2.9) and (2.10) can

be used as an additional determinant selection criterion in special cases where

the denominators become important.

With these improvements the time required for selecting determinants is

negligible, and the most time-consuming step by far in the variational stage is

the construction of the Hamiltonian matrix. The matrix is symmetric so only the

upper triangular part needs to be stored. In addition, since matrix elements are

nonzero only for determinants that are at most two excitations apart, namely di-

agonal elements, same-spin single excitations, same-spin double excitations and

3Moreover, one could use the criterion in Eq. (2.8) with a smaller value of ϵ1 as a preselection
criterion, and then select determinants using the criterion in Eq. (2.10) or something close to
it, thereby having the benefit of both a fast selection method and a close to optimal choice of
determinants.
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opposite-spin double excitations, sparse storage format is used to take advan-

tage of the very high degree of sparsity. At each variational iteration, we have

a set of old determinants and a set of new determinants. The matrix contains

elements for the old determinants, and now needs to be enlarged to include

old-new and new-new matrix elements. Details for doing this efficiently with

auxiliary arrays are given in Ref. [84].

When computing excited states in addition to the ground state [68], all states

are expanded in the same set of variational determinants∣∣∣Ψ(s)
V

〉
=
∑
Di∈V

c
(s)
i |Di⟩ , (2.11)

where s indexes the state. At each iteration, we add to V the union of the new

determinants that are important for each of the states. Thus, the determinant

selection criterion in Eq. (2.8) becomes

|Hai|
(
max

s

∣∣∣c(s)i

∣∣∣) ≥ ϵ1. (2.12)

The Hamiltonian matrix constructed this way is then diagonalized using the

Davidson method [28] for as many of the lowest eigenvalues and eigenvectors

as are desired.

2.2.2 Perturbative stage

Perturbation theory provides a leading-order correction to the ground and

excited-state energies from the determinants not included in the variational

space V .

In common with most other SCI+PT methods, the perturbative correction is

computed using Epstein-Nesbet perturbation theory [33, 99]. The variational
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wave function is used to define the zeroth-order Hamiltonian Ĥ(0) and the per-

turbation Ĥ(1):

Ĥ(0) =
∑

Di,Dj∈V

Hij|Di⟩⟨Dj|+
∑
Da /∈V

Haa|Da⟩⟨Da|.

Ĥ(1) = Ĥ − Ĥ(0). (2.13)

The first-order energy correction is zero, and the second-order energy correction

∆E(2) is

∆E(2) = ⟨ΨV |Ĥ(1)|Ψ(1)⟩ =
∑
Da∈P

(∑
Di∈V Haici

)2
EV − Ea

, (2.14)

where Ψ(1) is the first-order wave-function correction. The SHCI total energy is

then

ESHCI = EV +∆E(2) = ⟨ΨV |Ĥ|ΨV ⟩+∆E(2). (2.15)

It is expensive to evaluate the expression in Eq. (2.14) because the outer

summation includes all determinants in the space P and their number is

O(N2
elecN

2
unoccNdet), where Ndet is the number of variational determinants in V ,

Nelec is the number of electrons, and Nunocc is the number of unoccupied or-

bitals.4 The straightforward and time-efficient approach to computing the per-

turbative correction requires storing the partial sum
∑

Di∈V Haici for each unique

a, while looping over all the determinants Di ∈ V . This creates a severe mem-

ory bottleneck. A widely used alternative approach does not require storing the

unique a, but requires checking whether the determinant has already been gen-

erated by checking its connection with variational determinants whose connec-

tions have already been included. This entails some additional computational

expense.
4This assumes Ndet is much smaller than the dimension of the Hilbert space, as is almost

always the case.
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The SHCI algorithm instead uses two other strategies to reduce both the

computational time and the storage requirement. First, SHCI screens the sum

using a second threshold, ϵ2 (with ϵ2 < ϵ1), as the criterion for selecting pertur-

bative determinants Da ∈ P [67]:

∆E(2) (ϵ2) =
∑
Da∈P

(∑(ϵ2)
Di∈V Haici

)2
EV − Ea

, (2.16)

where
∑(ϵ2) indicates that only terms in the sum for which |Haici| ≥ ϵ2 are in-

cluded. Similar to the variational stage, we find the connected determinants

efficiently with pre-computed arrays of double excitations sorted by the magni-

tude of their Hamiltonian matrix elements [67]. Note that the vast number of

terms that do not meet this criterion are never evaluated.

Even with this screening, the simultaneous storage of all terms indexed by

a in Eq. (2.16) can exceed computer memory when ϵ2 is chosen small enough

to obtain essentially the exact perturbation energy. The second innovation in

the calculation of the SHCI perturbative correction is to overcome this mem-

ory bottleneck through semistochastic evaluation: the most important contri-

butions are evaluated deterministically and the rest are sampled stochastically.

The original method used a two-step perturbative algorithm [116], but the later

three-step perturbative algorithm [84] is even more efficient. In each of the three

steps, the perturbative determinants are divided into batches with a hash func-

tion, and the energy correction is computed either by adding, in succession, the

contribution from each batch, or by estimating their sum by evaluating only a

subset of the batches.5 The three steps are:

1. A deterministic step with cutoff ϵdtm2 (< ϵ1), wherein all variational deter-
5The reason for using hashing here is that it provides a convenient way of performing “sam-

pling without replacement.”
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minants are used and all perturbative batches are summed over. The total

deterministic correction is simply the sum of the corrections from all the

batches:

∆E
(2)
dtm(ϵ

dtm
2 ) =

∑
B

∑
Da∈P

h(Da)∈B

(∑(ϵdtm2 )
Di∈V Haici

)2
EV − Ea

, (2.17)

where h(D) is the hash function and B is the hash value space for a batch.

2. A “pseudo-stochastic” step with cutoff ϵpsto2 (< ϵdtm2 ), wherein all varia-

tional determinants are used and typically only a small fraction of the

perturbative batches need to be summed over to achieve an error much

smaller than the target error. Looping over batches, for each batch, we cal-

culate the correction from each unique perturbative determinant in that

batch. We accumulate the number of unique determinants, the sum, and

the sum of squares of the corrections from these determinants. At the end

of each batch iteration, we calculate the mean and standard deviation of

the corrections from all the evaluated perturbative determinants and use

these to estimate the total correction from all the perturbative determi-

nants. If we process all the batches, then this pseudo-stochastic step be-

comes deterministic and the standard deviation vanishes.

3. A stochastic step with cutoff ϵ2(< ϵpsto2 ), wherein a few stochastic sam-

ples of variational determinants, each consisting of Nd determinants, are

sampled with probability |ci|/
∑

Di∈V |ci| and only one of the perturbative

batches is randomly selected per variational sample. The sampling of vari-

ational determinants can be done using the alias method [144, 77], which

allows samples to be drawn in O(1) time after spending O(Nd) time to

initialize the alias arrays.
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These three different ϵ2 values are typically separated by one order of mag-

nitude. The total perturbative correction is then calculated as

∆E(2)(ϵ2) = ∆E
(2)
dtm(ϵ

dtm
2 ) +

[
∆E

(2)
psto(ϵ

psto
2 )−∆E

(2)
psto(ϵ

dtm
2 )

]
+
[
∆E

(2)
sto(ϵ2)−∆E

(2)
sto(ϵ

psto
2 )

]
.

(2.18)

We note that subsequent to Ref. [116] which introduces the semistochastic

approach to the perturbative calculations in SHCI, a completely different but

also efficient semistochastic approach has appeared in Ref. [46].

2.2.3 Extrapolating to the FCI limit

In a typical SHCI calculation, the variational energy and the corresponding per-

turbative correction are computed for several values of ϵ1. To estimate the FCI

energy, we perform a weighted quadratic fit of ESHCI to −∆E(2) to obtain ESHCI

at −∆E(2) = 0 (corresponding to the ϵ1 → 0 limit), using weights proportional

to (∆E(2))−2.

In order to reduce the extrapolation error, one can either go to larger varia-

tional wave functions by decreasing ϵ1 or optimize the orbitals to obtain better

quality variational wave functions for the same number of determinants. The

former approach will incur a larger memory footprint and is limited in practice

by the computer resources available. In Chapter 3, we discuss various orbital

optimization methods that can be used to obtain more compact representations

of the variational wave function.
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CHAPTER 3

ORBITAL OPTIMIZATION IN SELECTED CONFIGURATION

INTERACTION

In the previous chapter, we described the SHCI method in detail. In par-

ticular, we ended with a prescription of how SHCI total energies for different

values of the ϵ1 parameter are extrapolated against the perturbative correction

to give an estimate of the FCI energy. Having larger variational wave functions

will make the extrapolation more reliable, but at increased computational costs.

In this chapter, we show how orbital optimization can be used to produce more

compact variational wave functions. The content of this chapter has previously

been published as Ref. [156].

3.1 Introduction

Like SCI methods, the complete active space self-consistent field (CASSCF)

method is another wave function theory method frequently applied to treat

strong correlation. Orbital optimization is an integral part of the CASSCF proce-

dure and much effort has been devoted to its study. Compared to CASSCF, SCI

methods have the advantage that they do not necessarily require the prior spec-

ification of an active space and instead can select the most important determi-

nants from the entire Hilbert space. However, the topic of orbital optimization

still remains inadequately explored in the SCI literature. Orbital optimization in

the two methods share a fair amount of similarity: both methods employ a con-

figuration interaction (CI) expansion for the wave function and both methods

optimize both CI coefficients and orbital coefficients. For this reason, the opti-

mization strategies we present here will borrow heavily from progress made in
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the CASSCF studies [148, 147, 124, 75, 76].

However, major differences also exist between the two methods. CASSCF

categorizes the molecular orbitals into inactive, active, and virtual orbitals based

on occupation and includes all determinants formed by exciting from and to

orbitals in the active space. For this reason, internal rotations of orbitals within

each of the three spaces are redundant, i.e., they do not change the energy. In

contrast, categorization of orbitals is not necessary in SCI methods, and here we

will not categorize them, i.e., all orbitals may or may not be occupied in some

determinant. In other words, all orbitals are active and all orbital rotations are

relevant. This makes the orbital optimization problem harder, not only because

there are more parameters but also because there is stronger coupling between

the orbital and the CI parameters.

Most SCI calculations to date have been performed using the following types

of orbitals: canonical HF orbitals, localized orbitals, CASSCF orbitals, and nat-

ural orbitals which are eigenstates of the one-body reduced density matrix (1-

RDM)—the 1-RDM can be obtained from either an initial SCI wave function

constructed with HF orbitals or a wave function from some other theory, such as

coupled cluster with single and double excitations (CCSD). These latter choices

typically produce wave functions that have faster convergence with respect to

the number of determinants. However, as we demonstrate in this section, much

can be gained from further optimizing these orbitals to minimize the SCI varia-

tional energy itself. Although we only consider extended orbitals in this study,

the same procedure can be applied to localized orbitals as well.

We demonstrate the effectiveness of the optimization procedures we propose

using the semistochastic heatbath configuration interaction (SHCI) method, but
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the same procedures can be applied within other SCI methods as well. There

has been prior work [120, 81] on optimizing orbitals in SCI, but in these papers

only excitations in a limited active space were allowed whereas we allow all ex-

citations. We note that optimizations of both variational energy and total energy

(variational plus perturbative energies) were considered in Ref. [120]. Here, we

target just the variational energy but study the effect of the optimization on both

variational and total energies.

As has been observed in CASSCF settings, second-order optimization in the

orbital subspace alone does not result in rapid convergence due to substantial

coupling between the CI and orbital subspaces. To achieve rapid convergence

one must take this coupling into account. Therefore, the optimization strategies

naturally fall into three classes: uncoupled optimization which only performs

second-order optimization in the orbital subspace, fully coupled optimization

which explicitly couples the two subspaces at prohibitive computational cost,

and what we call quasi-fully coupled schemes which represent various com-

promises between the previous two.

3.2 Optimization Strategies

The optimization problem in SHCI can be formulated as minimizing the vari-

ational energy with respect to both CI coefficients c in Eq. (2.7) and orbital

parameters in X:

E(c,X) =
⟨ΨV | exp(X̂)Ĥ exp(−X̂)|ΨV ⟩

⟨ΨV |ΨV ⟩
. (3.1)
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Here, X̂ is an antisymmetric one-electron operator

X̂ =
∑
p>q

XpqÊ
−
pq, (3.2)

and the antisymmetric singlet excitation operator is defined in terms of the one-

body operator in Eq. (2.2) as

Ê−
pq = Êpq − Êqp. (3.3)

We use X to denote the Norb × Norb antisymmetric matrix so that exp(−X) is

an orthogonal matrix in orbital space. (We only consider real rotations and real

CI coefficients in this study, although the orbitals themselves are allowed to

be real or complex.) The elements in the triangular part of X, say the upper

triangle, are the set of unique orbital rotation parameters with respect to which

we minimize the variational energy, and their number, Nparam, scales asO(N2
orb).

If point group symmetry is used in the computation, then only elements of X

corresponding to molecular orbitals of the same irreducible representation will

be nonzero. Later, we will also use x to denote the Nparam× 1 vectorized form of

the Nparam nonzero elements in the triangular part of X, say the upper triangular

part. The number of nonredundant CI parameters is Ndet−1 since wave function

normalization is implicitly enforced by the denominator of Eq. (3.1).

A natural starting point for orbital optimization is natural orbitals. They are

the eigenstates of the 1-RDM and represent orbitals with definite occupation

numbers (between 0 and 2) for a given wave function. In the examples shown

here, we start from HF orbitals and then compute an SHCI wave function, its

1-RDM, and natural orbitals as the first step of optimization.

We note that in some CASSCF methods the orthogonal orbital rotation

matrix is parameterized not as the exponential of an antisymmetric matrix,
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exp(−X), but rather as the identity matrix plus a small correction matrix, 1+T,

with additional constraints on T to enforce orthogonality [148, 147, 75, 76]. The

advantage of such a parameterization is that a second-order expansion of Eq.

(3.1) includes all orders of the orbital parameters in T, thereby increasing the

radius of convergence of second-order methods. We have not found it neces-

sary to resort to this parameterization, as the natural orbitals computed from

the initial SHCI wave function typically constitute a good starting point and

consequently the norm of X tends to be small. Since natural orbitals tend to be

much closer to the optimal set of orbitals than the starting HF orbitals, we find

very few, if any, negative eigenvalues in the orbital Hessian matrix.

In the rest of this section, we introduce various optimization strategies

falling into three categories: uncoupled optimization where the coupling be-

tween CI and orbital parameters is not taken into account, fully coupled opti-

mization which explicitly calculates the entire Hessian matrix, and quasi-fully

coupled methods that implicitly take coupling into account at reduced compu-

tational cost.

We illustrate the performance of the various optimization strategies on three

representative systems from recent benchmark calculations: H2CO in the cc-

pVTZ basis [155], ScO in the vdz basis using the Trail-Needs effective core po-

tential [151], and Cr2 in the cc-pVDZ-DK basis using the x2c Hamiltonian [85].

All these molecules are in their ground state equilibrium geometry, and they

represent molecules of increasing correlation strength. More details on these

systems are listed in Table 3.1. These systems have fewer than 100 orbitals, but

the largest systems we have optimized in an earlier work have over 500 or-

bitals [155]. In fact, for the same system, larger basis sets show greater gains
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System Basis Pt Grp Norb Nelec Nparam

H2CO cc-pVTZ C2v 86 12 1035
ScO VDZ (Trail-Needs ecp) C2v 76 17 830
Cr2 cc-pVDZ-DK (x2c) D∞h 76 28 268

Table 3.1: Information on the three representative systems used in this section:
system name, basis, point group used, and number of orbitals, electrons, and
orbital parameters. All three systems are in their ground state equilibrium ge-
ometry.

from orbital optimization.

3.2.1 Uncoupled optimization

Uncoupled optimization separately optimizes the CI and orbital parameters in

an alternating scheme: one first selects the determinants and constructs the

Hamiltonian matrix, which is diagonalized to obtain the variational wave func-

tion. The orbital gradient go and possibly Hessian hoo are constructed from the

wave function to arrive at the new set of orbital parameters. Finally the elec-

tronic integrals are rotated for the next iteration.

Due to the large range of eigenvalues of the orbital Hessian shown in Fig. 3.1,

first-order steepest descent methods are extremely inefficient here. Therefore,

we only consider preconditioned steepest descent methods such as Newton’s

method.

Since we always start the optimization process from natural orbitals, the

starting set of orbital parameters is already reasonably close to optimal. For

this reason, the negative eigenvalues in hoo are very few and small in magni-

tude – for most systems none at all. (Note that if there are redundant rotation

parameters in the antisymmetric matrix X, as is the case for ScO in Table 3.1

20



10−5
10−4
10−3
10−2
10−1
100
101
102

H2CO ScO Cr2
−0.2

0.0

0.2

Sp
ec

tru
m
 o
f O

rb
ita

l H
es
sia

n

Figure 3.1: The spectrum of the orbital Hessian matrix hoo typically spans sev-
eral orders of magnitude, with a negative eigenvalue in the case of Cr2. The
top panel shows the positive part of the spectrum on a logarithmic scale, and
the bottom panel shows an expanded view of the lower part of the spectrum
on a linear scale to make the negative eigenvalue visible. The Hessian matrices
shown here are constructed using natural orbitals.

which does not use the full point group symmetry of the molecule, then the

smallest eigenvalue of hoo will be no higher than zero.)

Hence, directly solving the level-shifted Newton’s equation for the orbital

update ∆x usually does not pose any problem:

(hoo + µ1)∆x = −go, (3.4)

where µ ≥ 0 is a small level shift chosen to overcome any negative or zero

eigenvalues and ensure the positive definiteness of hoo. These eigenvalues can

be obtained with a simple eigenvalue solver as hoo is small enough. The level

shift ensures that the update is always in a descent direction in the sense that
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gT
o ∆x = −gT

o (hoo + µ1)−1go < 0. As µ is increased, the parameter variations

∆x become smaller and rotate from the Newton direction to the steepest de-

scent direction. Equivalently, µ sets a radius for the trust region to which ∆x is

restricted.

In quantum chemistry problems the orbital Hessian hoo tends to be diago-

nally dominant, which is to say the coupling among the orbital parameters is

relatively weak. Therefore, instead of calculating all elements of hoo, we choose

to just evaluate its diagonal elements. Any eigenvalues less than 10−5 are sim-

ply set to 10−5, to ensure descent. As shown in Fig. 3.2, in practice the diagonal

approximation does not worsen the quality of the updates. In the case of Cr2,

the diagonal approximation performs even better than the non-positive definite

exact orbital Hessian since the level shift parameter µ inevitably slows down

convergence in the descent directions.

The convergence rates of uncoupled Newton’s methods can be quite slow,

far from the typical quadratic convergence behavior expected of second-order

methods (see Fig. 3.2). Therefore, even though we use second-order optimiza-

tion in the orbital subspace, this uncoupled scheme is not a truly second-order

method due to substantial coupling between the orbital and CI parameters. On

the other hand, the coupling is not so strong as to prevent convergence alto-

gether.

3.2.2 Fully coupled optimization

The slow convergence rate of uncoupled methods suggests, as has been ob-

served in CASSCF settings, that it is important to take into account the coupling
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Figure 3.2: Comparison of various optimization methods on the three repre-
sentative systems. For H2CO and ScO, the uncoupled Newton and uncoupled
diagonal Newton curves are nearly coincident.

between CI and orbital parameters in order to achieve rapid convergence. Even

though these fully coupled methods to be presented can update both the CI

coefficients and the orbital parameters, we instead update the CI coefficients

through Hamiltonian diagonalization at the next iteration since this ensures

reaching the minimum in the CI subspace.

Newton’s method with level shift

As before, we can write down Newton’s equation but in the entire parameter

space consisting of both the Ndet − 1 CI parameters c and the Nparam orbital

parameters x:

(h+ µ1)∆z = −g, (3.5)

where

h =

hcc hco

hT
co hoo

 , ∆z =

∆c

∆x

 , and g =

gc

go

 . (3.6)
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This set of Ndet + Nparam − 1 linear equations can be solved with an iterative

method such as the preconditioned conjugate gradient method. The level shift

parameter µ ≥ 0 should be chosen to overcome all negative eigenvalues of h,

which ensures that the update direction is good and that the conjugate gradient

method converges.

However, even though hcc is strictly positive definite as will be shown in Sec-

tion 3.3.3 and hoo is mostly positive definite as observed in the previous section,

the full Hessian matrix h can have large negative eigenvalues due to large mag-

nitudes in the hco block. In such cases, the choice of the level shift parameter

can be difficult without explicitly finding the lowest eigenvalue of h.

Augmented Hessian method

Another way of removing all negative eigenvalues in h is the augmented Hes-

sian method. In this method, the dimensionality of the Hessian matrix is en-

larged by one with the gradient vector g added to the first row and column and

zero added on the diagonal. The update is determined by solving for the lowest

eigenvector in the following equation: 0 λgT

λg h


1/λ
∆z

 = ϵ

1/λ
∆z

 , (3.7)

which multiplies out to yield

ϵ = λ2gT∆z (3.8)

(h− ϵ1)∆z = −g. (3.9)

Eq. (3.9) is identical to Eq. (3.4) if −ϵ = µ. Note that since the Hessian ma-

trix h is a principal submatrix of the augmented Hessian matrix, according to
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Cauchy’s interleaving theorem for Hermitian matrices, the lowest eigenvalue ϵ

of the augmented Hessian matrix is lower than the lowest eigenvalue of h it-

self. Furthermore, ϵ < 0 because the first element of the augmented matrix is

zero. This guarantees that the conditioning of the Hessian matrix will be im-

proved and all its negative eigenvalues eliminated. Hence, the proposed move

is in a downward direction, but it can overshoot. Convergence can always be

enforced with a sufficiently large λ. In addition, as convergence is approached

g tends towards zero and the magnitude of ϵ also decreases. In this respect, the

augmented Hessian method is similar to the level-shifted Newton method, but

with the advantage that the level shift adjusts automatically and disappears at

convergence.

Eq. (3.7) can be diagonalized with an iterative solver such as the Davidson

or Lanczos method. A practical challenge is that solving this eigenvalue prob-

lem can take many more iterations than diagonalizing the original Hamiltonian

matrix – not only is the augmented Hessian matrix larger and denser than the

original Hamiltonian matrix, it also has many eigenvalues clustered towards

the lower end of its spectrum, a property already evident in the spectrum of hoo

in Fig. 3.1. In many cases, diagonalizing this matrix is painfully slow.

Limitations of fully coupled methods

The evaluation of all blocks of the Hessian matrix is prohibitively expensive.

As demonstrated in detail in Section 3.3.3, the hcc block has the same sparsity

pattern as the Hamiltonian matrix and can be readily obtained from the Hamil-

tonian matrix. The hco block is dense and has (Ndet − 1) × Nparam elements,

which can easily exceed the number of nonzero elements of the Hamiltonian
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matrix. Although we present a way to construct it simultaneously with the

RDMs in Section 3.3.3, it still incurs a prohibitive computational cost. As for

the hoo block, while approximating it as a diagonal matrix works well in the

uncoupled optimization scheme, such an approximation does not work well for

the fully coupled schemes described in this section, so one has no choice but to

calculate all its elements, which is again expensive.

A workaround solution for reducing the memory usage and time complex-

ity is to optimize only a subset of the orbital rotation parameters based on the

memory and time budget. At each iteration, one optimizes only the subset

of parameters projected to give the greatest reduction in energy. This can be

achieved with a modified workflow as follows: After the variational stage, first

the RDMs are generated to construct go and the diagonal of hoo. Then the pa-

rameter update for orbital parameter i can be approximated as −go,i/hoo,ii as in

the diagonal Newton’s method in Section 3.2.1, and one can use a second-order

Taylor expansion to predict the resulting change in energy due to this parame-

ter alone, namely −g2
o,i/(2hoo,ii). The set of orbital parameters with the largest

predicted energy contributions will be the active parameters for this iteration,

so only hco and hoo elements corresponding to these orbital parameters need to

be evaluated and stored. The rationale for this way of partitioning the orbital

parameters is that the coupling among the orbital parameters is relatively weak

whereas their coupling to CI coefficients is strong.

A more fundamental limitation comes from the fact that although the CI

subspace is strictly convex and the orbital subspace is approximately convex,

the space consisting of both subspaces can be highly nonconvex. This can result

in a large number of local minima in the energy landscape. When this occurs,
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the level shift added to the Hessian matrix h will need to be very large in order to

ensure convergence. Often, such very large level shifts completely overwhelm

the meaningful information from the other dimensions of the Hessian and result

in very small step sizes. When this happens, convergence becomes painfully

slow or leads to a local minimum. In Fig. 3.2, H2CO does not have negative

eigenvalues in h (the lowest eigenvalue being 1.79×10−6) and the fully coupled

Newton and augmented Hessian methods give rapid convergence. The more

difficult systems of ScO and Cr2 both have a very nonconvex energy landscape

(the lowest eigenvalues in h being -7.21 and -0.51, respectively) and much larger

values of µ and λ are needed to achieve convergence and they only converge

slowly.

3.2.3 Quasi-fully coupled optimization

Quasi-fully coupled methods take the coupling between the CI and orbital sub-

spaces into account without computing the full Hessian h. These methods rep-

resent varying degrees of compromise between uncoupled and fully coupled

methods. In particular, the three methods we present in this section all require

only the derivative information in the orbital subspace, whose dimensionality

is usually several orders of magnitude smaller than the CI subspace, thereby

incurring only a moderate computational cost.

Momentum-based gradient descent methods

AMSGrad is one of a family of momentum-based gradient descent methods

commonly used in machine learning [108]. It avoids expensive Hessian calcu-
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lations since only gradient information is needed. At each iteration t, for each

parameter i separately, AMSGrad preconditions gradient descent using running

averages of the i-th gradient component and its square, determined by the mix-

ing parameters β1, β2 ∈ (0, 1), according to

mt
i = β1m

t−1
i + (1− β1)g

t
o,i,

vti = β2v
t−1
i + (1− β2)g

t
o,i

2
,

v̂ti = max(v̂t−1
i , vti),

xt+1
i = xt

i −
η√
v̂ti + ϵ

mt
i. (3.10)

The parameters η, β1, and β2 together determine the level of aggressiveness of

descent and ϵ is a small constant for numerical stability. For a variety of systems

we have found that the parameters η = 0.01, β1 = 0.5, β2 = 0.5 give reason-

ably good convergence, even though they are quite different from the values

recommended in the literature.

As can be seen in Fig. 3.2, with these parameters AMSGrad oscillates for

the first few iterations but eventually descends at a similar or quicker pace per

iteration compared to uncoupled methods. However, the improvement is still

less than satisfactory.

Accelerated diagonal Newton method

In the uncoupled optimization scheme, one observation is that adjacent orbital

updates ∆x typically point in similar directions. This has motivated us to de-

velop a heuristic overshooting method that achieves accelerated convergence

for most systems. Here, the overshooting tries to account for the coupling be-

tween CI and orbital parameters.
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At each iteration t, a diagonal Newton step is calculated for the orbital pa-

rameters, but, instead of using the proposed step, it is amplified by a factor

f t determined by the cosine of the angle between the current update direc-

tion xt+1 − xt and the momentum-averaged previous update direction mt =

β xt−xt−1

∥xt−xt−1∥ + (1− β) mt−1

∥mt−1∥ for β ≈ 0.5:

f t = min

(
2

1− cos(mt,xt+1 − xt)
,
1

ϵ

)
, (3.11)

where ϵ is initialized to 0.01 and ϵ← ϵ0.8 each time cos(xt − xt−1,xt+1 − xt) < 0.

The cosine in the expression is calculated in a “scale-invariant” way to make

it invariant under a rescaling of some of the parameters, i.e., in the usual

definition cos(v,w) = ⟨v,w⟩/
√
⟨v,v⟩⟨w,w⟩ we define the inner product as

⟨v,w⟩ = vThoow, where the Hessian hoo can again be approximated by its diag-

onal. Another scale invariant choice for the inner product is ⟨v,w⟩ = vTgog
T
o w,

and that works equally well.

This accelerated scheme exploits the approximate biconvexity of the param-

eter space and accounts for the coupling between the CI and orbital subspaces.

Newton steps in the orbital subspace tend to point in better directions for the

orbital parameters than Newton steps in the full parameter space, since the high

degree of non-convexity in the full parameter space presents a major challenge

for second-order methods. Since we re-select the determinants and reach the ex-

act minimum in the CI subspace in each iteration, there is also greater tolerance

for overshooting the optimum in the orbital subspace as the optimal determi-

nants and CI coefficients for that set of orbital parameters will be selected. If the

energy landscape consisting of both the CI and orbital parameters is a narrow

curving valley, even though the amplified orbital parameter changes may result
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in a move up the canyon wall and a high energy, on the next CI optimization

step one returns to the valley floor in the CI space and the amplified orbital

move can result in faster convergence to the minimum. It is possible that such

a scheme is more generally applicable to any situation where one alternates be-

tween changing two sets of parameters, provided that each time one of the sets

of parameters is changed it attains the minimum in that subspace.

As can be seen in Fig. 3.2, the accelerated diagonal Newton method con-

verges in many fewer iterations than the uncoupled methods but not as quickly

as the fully coupled methods when they work well. However, it is the most

efficient of the methods presented so far when one takes into account the per-

iteration cost.

BFGS method with block matrix inversion

In solving Eq. (3.5), as we are only interested in the orbital updates ∆x and not

the CI updates ∆c—the minimum in the CI subspace is reached in one step with

Hamiltonian diagonalization—we could use the block matrix inversion formula

to rewrite the equation as an equation involving ∆x only:

(hoo − hT
coh

−1
cc hco)∆x = −go + hT

coh
−1
cc gc. (3.12)

Since gc vanishes after the variational stage (see Section 3.3.3), the above equa-

tion simplifies to

h̃oo∆x = −go. (3.13)

In other words, one recovers the form of Newton’s equation in the orbital sub-

space with an effective orbital Hessian h̃oo = hoo − hT
coh

−1
cc hco, which contains

information regarding the coupling between the CI and orbital parameters.
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The Broyden-Fletcher-Goldfarb-Shanno (BFGS) method has been used for

optimization in CASSCF settings [75, 76, 81]. It allows one to iteratively build

up approximations to the effective Hessian h̃oo using only the orbital gradient.

For each iteration t, a rank-two update to h̃oo is made using the changes in the

gradient and orbital parameters:

h̃t
oo = h̃t−1

oo +
ytytT

ytT∆xt−1
−

h̃t−1
oo ∆xt−1

(
h̃t−1
oo ∆xt−1

)T
∆xt−1T h̃t−1

oo ∆xt−1
, (3.14)

where

yt = gt
o − gt−1

o . (3.15)

The BFGS method avoids the cost of computing and storing the numerous

elements of hco as well as the high cost of computing hoo by gradually build-

ing up reasonable approximations to the effective Hessian h̃oo which contains

information about all blocks of the full Hessian matrix h. Furthermore, the

BFGS update rule (3.14) preserves the positive definiteness of h̃oo as long as

ytT∆xt−1 > 0, which is guaranteed because we skip those updates for which

either of the denominators in Eq. (3.14) are small (say below 10−5). For the ini-

tial Hessian h̃0
oo, we can use the diagonal of h0

oo as an approximation with any

negative elements reset as usual. When solving the linear system in Eq. (3.13)

we add also a small diagonal constant (typically 10−3) to h̃oo to ensure that its

spectrum is sufficiently positive.

Note that the update rule Eq. (3.14) would stay exactly the same even if we

were only solving for the minimum in the orbital subspace, in which case we

would be constructing approximations to the orbital Hessian hoo. Thus, at first

sight it might be unclear how the prescription given here partially couples the

two subspaces. The key lies in the fact that between successive orbital updates
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we also update the CI parameters to the minimum point in the CI subspace

through Hamiltonian diagonalization. This way, Eq. (3.14) approximates h̃oo

instead of hoo.

As shown in Fig. 3.2, the BFGS method achieves similar convergence rates

as accelerated diagonal Newton with a lower cost per iteration, since, after the

first iteration, only the gradient needs to be evaluated.

3.2.4 Microiterations
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Figure 3.3: The comparison of alternating macro- (large dots) and micro-
iterations (small dots) with a macroiterations-only scheme.

The advantage of re-selecting the determinants for each iteration as we have

done thus far is that we always work with the optimal set of determinants for a

given set of orbital parameters. However, the process of selecting the determi-

nants and constructing the corresponding Hamiltonian matrix can be a costly

procedure in itself, especially for systems with a large number of electrons. (In

comparison, the construction of orbital gradient and Hessian as well as the ro-

tation of integrals is independent of Nelec and only scales with Norb.) Here, we

investigate the option of having microiterations in which the determinants from
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the previous iteration are kept. This way, instead of going through the expensive

step of constructing a new Hamiltonian matrix, we only need to go through all

the nonzero elements of the sparse Hamiltonian matrix and update them using

the new set of integrals, incurring a cost similar to constructing the two-body

reduced density matrix (2-RDM) detailed in Section 3.3.1. Then the Davidson

method is used to find the new lowest eigenvector(s), using the saved eigenvec-

tor(s) from the previous iteration as a starting point. The determinants are only

re-selected during the next macroiteration.

As shown in Fig. 3.3, including one microiteration after each macroitera-

tion does slow down convergence slightly compared to the macroiterations-

only scheme presented previously, but the saving in the amount of work per

iteration more than makes up for the difference, especially for the systems with

a larger number of electrons.

With microiterations we can also get a sense of how much the reselection of

determinants contributes to the gain in energy. If we disable the reselection of

determinants after the natural orbital step, then after 20 BFGS microiterations

we eventually recover only 24%, 47%, and 63% of the total energy gain for the

three systems respectively. Moreover, as seen from Fig. 3.5 when macroitera-

tions are employed there is frequently (though not always) a reduction in the

number of determinants selected for a given ϵ1, which of course is absent in the

microiterations-only scheme.
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Figure 3.4: State-averaged optimization of the ground and first excited states
with equal weighting for the two states using the accelerated diagonal Newton
method. For ease of comparison, the excited state is shifted downward so that
it has the same starting energy as the ground state.

3.2.5 State-averaged optimization

When excited state wave functions are desired, optimizing only the excited state

energy could become unstable. In this case, one can optimize the (weighted)

sum of the energies of the ground and excited states. This is called state-

averaged optimization, illustrated in Fig. 3.4.

The computational time of state-averaged optimization does not increase lin-

early with the number of states being optimized when, as is usually the case,

only a small number of excited states are computed. After the variational stage,

where the Davidson diagonalization solver now needs to converge not only the

ground state but also as many excited states as are needed, one can simply eval-

uate the RDMs as the sum of the RDMs for each state as the variational energy

is a linear function of the RDMs. Therefore, the computationally expensive con-

struction of the gradient and Hessian does not change at all, but the number of

determinants needed to reach a given ground state variational energy increases,

as does the time for Hamiltonian construction and diagonalization.
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3.2.6 Comparison of natural and optimized orbitals
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Figure 3.5: Comparison of the performance of natural orbitals and optimized
orbitals. The top row displays the variational energy EV versus the number of
determinants in the CI expansion Ndet. The bottom row displays the extrapo-
lation of SHCI total energies to the FCI limit, i.e. ϵ1 → 0 and ∆E(2) → 0. The
natural orbitals are obtained from the initial SHCI wave function and the opti-
mized orbitals are obtained from BFGS optimization, both at ϵ1 = 2× 10−4. The
calculations are performed at four more ϵ1 values: 1×10−4, 6×10−5, 4×10−5, and
2 × 10−5. The perturbative calculations use ϵ2 = ϵ1 × 10−3. Optimized orbitals
are clearly superior to natural orbitals in producing more compact variational
wave functions and reducing the magnitude of the perturbative correction.

In Fig. 3.5, we compare the performance of natural orbitals and optimized

orbitals for the three systems. These orbitals are optimized at an intermediate

value of ϵ1, in this case 2 × 10−4, using 18 iterations of BFGS optimization after

natural orbitals, as in Fig. 3.2. The final calculations start from this value of ϵ1

and go down to four more values: 1× 10−4, 6× 10−5, 4× 10−5, and 2× 10−5. The

perturbative calculations use ϵ2 = ϵ1 × 10−3.
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As shown in the top row of Fig. 3.5, the optimized orbitals produce much

more compact wave functions for the same variational energy. As a major mem-

ory bottleneck with SCI methods is the storage of the sparse Hamiltonian matrix

whose size scales super-linearly and sub-quadratically with the number of de-

terminants, orbital optimization can significantly alleviate the memory bottle-

neck. The optimized orbitals show the greatest advantage over natural orbitals

at ϵ1 = 2 × 10−4, but this advantage also carries over to smaller ϵ1 values, al-

though to a lesser degree. The bottom row shows that this improvement in

orbital quality also reduces the magnitude of SHCI perturbative correction.

Of course, the smallest ϵ1 value matters the most for reducing extrapolation

errors. To see even greater benefit of orbital optimization, one could choose

to optimize the orbitals at an ϵ1 value closer to the smallest one, at a higher

per-iteration computational cost. However, we find for these systems that opti-

mizing the orbitals using a value of ϵ1 smaller than 2 × 10−4 does not result in

much further improvement.

3.3 Evaluation of various pieces

In this section, we explain in detail how to efficiently evaluate various pieces

used in the previous section. To simplify notation, we omit the subscript and

use |Ψ⟩ to denote the variational wave function. As in the rest of this section,

we assume real wave functions, i.e., wave functions with real CI coefficients but

not necessarily real orbitals.
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3.3.1 Reduced density matrices

The 1-RDM is used both in constructing the natural orbitals as a starting point

for further optimization, and in evaluating the orbital gradient and Hessian el-

ements.

The 1-RDM is defined as

Dpq =
∑
σ

⟨Ψ|a†pσaqσ|Ψ⟩. (3.16)

A fast way of constructing the 1-RDM is as follows: First loop over all deter-

minants in the variational wave function and generate all possible single exci-

tations on them; if a resulting determinant is also in the wave function, add to

the appropriate entry of the 1-RDM. This approach has overall time complexity

O(NdetNelecNorb).

The 2-RDM is defined as

dpqrs =
∑
στ

⟨Ψ|a†pσa†rτasτaqσ|Ψ⟩. (3.17)

We studied two approaches for constructing the 2-RDM. The first approach

is similar to the one we used to construct the 1-RDM, i.e., loop over all determi-

nants and generate all possible excitations. This approach has time complexity

O(NdetN
2
elecN

2
orb) and can be quite slow.

A more efficient approach makes use of the Hamiltonian matrix from the

variational stage and the fact that for the quantum chemistry Hamiltonian in

Eq. (2.1) determinant pairs that contribute to the 2-RDM coincide with pairs

that have nonzero matrix elements in the Hamiltonian matrix. In other words,
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one only needs to iterate over all nonzero elements in the Hamiltonian matrix

and do the following:

1. For each identical pair of determinants, loop over all O(N2
elec) ways they

can be connected by the four fermion operators in Eq. (3.17) and add the

contributions to the relevant entries of the 2-RDM.

2. For each singly excited pair, loop over all O(Nelec) ways they can be con-

nected and update the 2-RDM.

3. For each doubly excited pair, loop over the O(1) ways they can be con-

nected and update the 2-RDM.

Symmetry of the 2-RDM,

dpqrs = drspq = dqpsr = dsrqp, (3.18)

can be used to reduce storage.

Additionally, when both 1- and 2-RDMs are needed, one can first evaluate

the 2-RDM and then obtain the 1-RDM more quickly with O(Norb) cost for each

element through index contraction:

Dpq =
1

Nelec − 1

∑
m

dpqmm. (3.19)

Hence, the total cost of constructing the 1-RDM reduces to O(N3
orb).
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3.3.2 Orbital gradient and Hessian

The construction of the orbital gradient go and Hessian hoo are reviewed in Ref.

[62]. They can be obtained through a Taylor expansion of the variational energy:

E(X) = ⟨Ψ| exp(X̂)Ĥ exp(−X̂)|Ψ⟩ = EV + xTgo +
1

2
xThoox+ · · · . (3.20)

For notational clarity, the Nparam × 1 vectorized form of the upper triangular

part of the antisymmetric matrix X has been denoted x. The elements of x are

indexed with composite orbital indices such as pq where p and q are the original

row and column indices in the matrix X.

We can then identify the corresponding gradient and Hessian elements at

x = 0:

go,pq =
∂E(0)

∂xpq

=
〈
Ψ
∣∣[Ê−

pq, Ĥ
]∣∣Ψ〉 (3.21)

hoo,pqrs =
∂2E(0)

∂xpq∂xrs

=
1

2
(1 + Ppq,rs)

〈
Ψ
∣∣[Ê−

pq,
[
Ê−

rs, Ĥ
]]∣∣Ψ〉. (3.22)

Ê−
pq has been defined in Eq. (3.3). Ppq,rs permutes the indices pq and rs, thereby

symmetrizing the Hessian.

The orbital gradient in Eq. (3.21) can be written as

go,pq = 2(Fpq − Fqp) (3.23)

where the generalized Fock matrix is

Fmn =
∑
σ

⟨Ψ|a†mσ

[
anσ, Ĥ

]
|Ψ⟩. (3.24)

After some algebra, one can rewrite F as the contraction of the RDMs with the

electronic integrals.

Fmn =
∑
q

Dmqhnq +
∑
qrs

dmqrsgnqrs. (3.25)
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Therefore, calculating each element of the orbital gradient takes O(N3
orb) work

when the RDMs are available, and so construction of the entire orbital gradient

takes O(N5
orb) work.

Similarly, the Hessian in Eq. (3.22) can be written in terms of the RDMs and

integrals as follows:

hoo,pqrs = (1− Ppq)(1− Prs)Apqrs = Apqrs − Apqsr − Aqprs + Aqpsr, (3.26)

where

Apqrs = 2Dprhqs − (Fpr + Frp)δqs + 2Ypqrs (3.27)

Ypqrs =
∑
mn

[(dpmrn + dpmnr)gqmns + dprmngqsmn] (3.28)

Ypqrs = Yrspq. (3.29)

After construction of the generalized Fock matrix, each element of the Y matrix

can be evaluated with O(N2
orb) cost, resulting in O(N4

orb) cost for the diagonal of

the Hessian, or O(N6
orb) cost for the entire Hessian.

3.3.3 Full gradient and Hessian

In order to perform fully coupled second-order optimization, in addition to the

orbital gradient and Hessian go and hoo, we also need the CI gradient gc, and

the hcc and hco blocks of the Hessian. These derivatives should be applied to the

full energy expression, Eq. (3.1).

The CI derivative evaluated at the current set of CI coefficients and orbital

parameters yields the CI gradient:

gc,i =
∂E(c,0)

∂ci
= 2⟨Di|Ĥ|Ψ⟩ − 2ciEV . (3.30)
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The CI gradient vanishes when the wave function |Ψ⟩ is an eigenvector of the

Hamiltonian matrix, which is the case after diagonalization of the Hamiltonian

matrix in the variational stage, Ĥ|Ψ⟩ = EV |Ψ⟩.

Taking second derivatives of the variational energy (3.1) gives the hcc and

hco blocks of the Hessian:

hcc,ij =
∂2E(c,0)

∂ci∂cj

= −4cj⟨Di|Ĥ|Ψ⟩ − 4ci⟨Dj|Ĥ|Ψ⟩+ 2⟨Di|Ĥ|Dj⟩+ (8cicj − 2δij)EV

= 2⟨Di|Ĥ|Dj⟩ − 2δijEV . (3.31)

Therefore, hcc is simply the (Ndet− 1)× (Ndet− 1) submatrix of the Hamiltonian

matrix rescaled and shifted on the diagonal. Since the lowest eigenvalue of the

(Ndet− 1)× (Ndet− 1) submatrix will always be above EV , hcc is strictly positive

definite.

hco,(i,pq) =
∂2E(c,0)

∂ci∂xpq

= 2⟨Di|
[
Êpq, Ĥ

]
|Ψ⟩+ 2⟨Ψ|

[
Êpq, Ĥ

]
|Di⟩ − 2ci⟨Ψ|

[
Ê−

pq, Ĥ
]
|Ψ⟩

= 2⟨Di|
[
Êpq, Ĥ

]
|Ψ⟩ − 2⟨Di|

[
Êqp, Ĥ

]
|Ψ⟩ − 2cigo,pq. (3.32)

Unlike hcc, hco is dense. It is also typically significantly larger in size than hoo.

We provide an approach below for its construction.

The third term of Eq. (3.32) is simply the orbital gradient. For the first term,

and similarly for the second term, consider the one- and two-body parts sepa-

rately:

⟨Di|
[
Êpq, Ĥ

]
|Ψ⟩ = ⟨Di|

[
Êpq, ĥ

]
|Ψ⟩+ ⟨Di|

[
Êpq, ĝ

]
|Ψ⟩, (3.33)
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where ĥ and ĝ are defined in Eq. (2.1).

First look at the one-body part:

⟨Di|
[
Êpq, ĥ

]
|Ψ⟩

=
∑
σ

⟨Di|a†pσ
[
aqσ, ĥ

]
|Ψ⟩ −

∑
σ

⟨Ψ|a†qσ
[
apσ, ĥ

]
|Di⟩

=
∑
t

∑
σ

hqt⟨Di|a†pσatσ|Ψ⟩ −
∑
t

∑
σ

hpt⟨Ψ|a†qσatσ|Di⟩

=
∑
j

∑
t

∑
σ

cjhqt⟨Di|a†pσatσ|Dj⟩ −
∑
j

∑
t

∑
σ

cjhpt⟨Dj|a†qσatσ|Di⟩.

And similarly the two-body part:

⟨Di|
[
Êpq, ĝ

]
|Ψ⟩

=
∑
σ

⟨Di|a†pσ [aqσ, ĝ] |Ψ⟩ −
∑
σ

⟨Ψ|a†qσ [apσ, ĝ] |Di⟩

=
∑
tuv

∑
στ

gqtuv⟨Di|a†pσa†uτavτatσ|Ψ⟩ −
∑
tuv

∑
στ

gptuv⟨Ψ|a†qσa†uτavτatσ|Di⟩

=
∑
j

∑
tuv

∑
στ

cjgqtuv⟨Di|a†pσa†uτavτatσ|Dj⟩ −
∑
j

∑
tuv

∑
στ

cjgptuv⟨Dj|a†qσa†uτavτatσ|Di⟩.

(3.34)

The summands in the above expressions have in fact already been eval-

uated when calculating the RDMs. Recall that when the 1-RDM is cal-

culated, each nonzero permutation factor ⟨Di|a†pσaqσ|Dj⟩ gets evaluated and

cicj⟨Di|a†pσaqσ|Dj⟩ added to the (p, q)-entry of the 1-RDM. When the 2-RDM

is calculated, each nonzero permutation factor ⟨Di|a†pσa†rτasτaqσ|Dj⟩ gets eval-

uated and cicj⟨Di|a†pσa†rτasτaqσ|Dj⟩ added to the (p, q, r, s)-entry of the 2-RDM.

This means that whenever a permutation factor is evaluated during RDM con-

struction, we should update the corresponding elements of hco accordingly, of

which there are O(Norb) in number. In more detail, the one- and two-body parts

of hco should be updated according to Algorithms 3.1 and 3.2 respectively, again
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ALGORITHM 3.1: Given ⟨Dk|a†uσavσ|Dl⟩, update hco according to the following
rule.

for s = u+ 1, u+ 2, ..., Norb do
if u and s belong to the same irrep then

hco(k,us) += 2clhsv⟨Dk|a†uσavσ|Dl⟩
hco(l,us) += 2ckhsv⟨Dk|a†uσavσ|Dl⟩

end if
end for
for s = 1, 2, ..., u− 1 do

if u and s belong to the same irrep then
hco(k,su) −= 2clhsv⟨Dk|a†uσavσ|Dl⟩
hco(l,su) −= 2ckhsv⟨Dk|a†uσavσ|Dl⟩

end if
end for

ALGORITHM 3.2: Given ⟨Dk|a†tσa†uτavτawσ|Dl⟩, update hco according to the fol-
lowing rule.

for s = t+ 1, t+ 2, ..., Norb do
if t and s belong to the same irrep then

hco(k,ts) += 2clgswuv⟨Dk|a†tσa†uτavτawσ|Dl⟩
hco(l,ts) += 2ckgswuv⟨Dk|a†tσa†uτavτawσ|Dl⟩

end if
end for
for s = 1, 2, ..., t− 1 do

if t and s belong to the same irrep then
hco(k,st) −= 2clgswuv⟨Dk|a†tσa†uτavτawσ|Dl⟩
hco(l,st) −= 2ckgswuv⟨Dk|a†tσa†uτavτawσ|Dl⟩

end if
end for

assuming that the set of nonredundant orbital parameters lie in the upper tri-

angular part of X. The cost of constructing hco is thus a factor of O(Norb) more

expensive than the cost of constructing the RDMs.
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3.3.4 Orbital rotation matrix

Once we have the parameter update x filled into the antisymmetric matrix X,

we would like to construct the orthogonal rotation matrix exp(−X).

One way to evaluate this exponential is through its Taylor expansion

exp(−X) =
∞∑
n=0

(−X)n/n!, truncating the expansion at some order. This can re-

sult in loss of unitarity if the norm of X is not small.

An alternative, discussed for example in Ref. [62], is to write −X in terms of

its eigenvalues and eigenvectors:

−X = iVTV†, V†V = 1, (3.35)

where T is a real diagonal matrix and V is complex unitary. Then, exp(−X) =

V exp(iT)V†.

To avoid complex arithmetic, we can instead diagonalize the square of −X:

X2 = −WT2WT , WTW = 1. (3.36)

Since, X2 is real and symmetric, its eigenvalues are real (and nonpositive since

the eigenvalues of −X are purely imaginary or zero). Now,

exp(−X) =
∞∑
n=0

1

(2n)!
X2n +

∞∑
n=0

1

(2n+ 1)!
X2n(−X)

= W cos(T)WT +WT−1 sin(T)WT (−X). (3.37)

After the rotation matrix is constructed, rotating the electronic integrals can

be done in O(N5
orb) time instead of O(N8

orb) by sequentially transforming the

four indices rather than with nested loops.
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3.4 Conclusions

We have studied orbital optimization in SCI methods with a particular focus on

SHCI. We have presented a number of optimization schemes and demonstrated

the importance of taking into account the coupling between CI and orbital pa-

rameters when designing fast converging methods. Using three representative

systems we have shown that two quasi-fully coupled methods—accelerated

diagonal Newton and BFGS with block matrix inversion—are the methods of

choice in such applications. Compared to natural orbitals, optimized orbitals

can yield more compact representations of the variational wave function and

reduce the magnitude of the perturbative correction. We have also provided

ample detail on the efficient evaluation of various quantities used in the opti-

mization procedure.

In this section we have limited our discussion of orbital optimization to the

context of using SCI+PT methods as an approximation to FCI. The ideas pre-

sented here can also be useful when SCI is used for other purposes, e.g., as an

approximate active space solver in CASSCF, or to provide trial wave functions

for quantum Monte Carlo.
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CHAPTER 4

DENSITY-BASED BASIS-SET CORRECTIONS

One significant drawback of wave function methods, such as SHCI, is the

slow convergence of energies with respect to the size of the one-electron basis

set. The most important reason for such slow convergence is that wave func-

tions expanded in finite one-electron basis sets usually poorly describe short-

range correlation near the electron-electron cusp. In this chapter, we explain

the origin of these cusps in the wave function and describe how density-based

basis-set correction methods can be used to calculate the basis-set incomplete-

ness error and accelerate basis-set convergence. Numerical examples of these

correction schemes will be presented later in Chapter 6 together with results

from benchmark studies on the Gaussian-2 set of molecules and transition metal

systems.

4.1 Wave function cusps

The electron-electron cusps in many-body wave functions originate from the

divergent Coulomb repulsion at electron coalescence. Consider the usual elec-

tronic Hamiltonian in first quatization:

H =
∑
i

−∇
2
i

2
+
∑
ij

1

|ri − rj|
+ other terms. (4.1)

The exact wave function has a constant (position-independent) local energy,

EL = HΨ/Ψ, equal to the energy eigenvalue.1 The way this comes about is

that the contributions to the kinetic energy from particles i and j should can-

cel any divergence in the their pair potential energy. In particular, if we ignore
1Approximate wave functions have a position-dependent EL but they can be chosen such

that EL is finite everywhere, except at the nodes of the wave function.
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for the moment the energy contributions from all other electrons and adopt the

center-of-mass frame of the two electrons i and j, we can write

lim
rij→0

(
−∇

2Ψ

2µΨ
+

1

rij
Ψ

)
is finite, (4.2)

where µ = 1/2 is the reduced mass of the two electrons and rij = |rij| = |ri−rj| is

the distance between the electrons. Only the radial component of the Laplacian

can possibly produce divergent contributions, so we have

lim
rij→0

(
− Ψ′′

2µΨ
− Ψ′

µrijΨ
+

1

rij

)
is finite, (4.3)

where the derivatives on Ψ are with respect to rij .

For the Coulomb potential, Ψ′′ is finite. For an opposite-spin electron pair,

Ψ(rij = 0) ̸= 0, so finite local energy implies

lim
rij→0

(
Ψ′

Ψ

)
= µ =

1

2
. (4.4)

Therefore, the exact wave function has a cusp of the following form when two

electrons of opposite spins coalesce, rij → 0:

Ψ(rij) = Ψ(0)
[
1 +

rij
2

+ u · rij +O(r2ij)
]
, (4.5)

where u depends on the positions of the nuclei and the other electrons. Note

that this is still consistent with Eq. (4.4) since the ratio there is for the spherical

average and the u · rij term has a vanishing spherical average.

The same-spin electron-electron cusp has magnitude 1/4. It is of much lesser

importance because Ψ(rij = 0) = 0. We omit the analysis here.

In real-space quantum Monte Carlo calculations, both the opposite-spin and

same-spin electron-electron cusps are exactly and easily implemented using a

Jastrow factor that makes explicit use of interelectronic coordinates [107]. On
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the other hand, determinantal expansions in a finite one-electron basis set, such

as those used in SHCI calculations, have strictly zero cusp. However, by using

large determinantal expansions in large basis sets with sufficiently high angular

momentum the cusp can be mimicked up to some distance from the particle

coincidence point. This explains the slow convergence of SCI with respect to

basis size. Only in a complete basis set (CBS) with an infinite number of basis

functions can the wave function cusps be faithfully reproduced. See Fig. 4.1 for

the example of the He atom.

Figure 4.1: Wave functions of the He atom in finite basis sets are cuspless, but
can mimic the electron-electron cusp with increasing accuracy as basis size in-
creases. [1]

Similar arguments can be applied to derive expressions for electron-nucleus

cusps, with reduced mass µ ≈ 1 and potential energy −Zi/rj , where Zi is

the charge of nucleus i and rj is the distance of electron j from the nucleus.

However, unlike the electron-electron cusps, the electron-nucleus cusps are one-

electron effects and converge rapidly with the nucleus-centered one-electron ba-

sis functions forming the basis sets.2

2In the special case of effective core potentials, or pseudopotentials, electron-nucleus cusps
do not exist at all.
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4.2 Theory and formalism of basis-set corrections

To estimate the basis-set incompleteness error in SHCI calculations and speed

up basis-set convergence, we employ the density-based basis-set correction

methods recently developed in Refs. [52, 87, 53, 50, 51].

4.2.1 Decomposition of universal density functional in a finite

basis

In the framework of density functional theory (DFT), the exact ground-state

energy E0 of an N -electron system can be obtained through minimization over

N -representable one-electron densities n(r), i.e., one-electron densities that can

be obtained from some N -electron wave function:

E0 = min
n(r)

{
F [n(r)] +

∫
drvne(r)n(r)

}
. (4.6)

Here, vne(r) is the nuclei-electron potential. F [n(r)] is the Levy-Lieb universal

density functional

F [n(r)] = min
Ψ→n(r)

⟨Ψ|T̂ + Ŵee|Ψ⟩, (4.7)

with T̂ and Ŵee being the kinetic and electron-electron Coulomb operators re-

spectively, and the minimization is subject to the constraint that Ψ yields the

density n(r).

In practice, the density n(r) in Eq. (4.6) is restricted to the set of densi-

ties nB(r) coming from some wave function ΨB representable in a certain one-

electron basis set B. However, restricting to nB(r) is much weaker than directly

restricting to ΨB, since there exists nB(r) that can be obtained from wave func-

49



tions not restricted to B. Thus, the optimal value under this constraint, EB
0 , can

still be a reasonable approximation to the original value: EB
0 ≳ E0.

When we additionally restrict Ψ to ΨB in the minimization in Eq. (4.7), a

non-negligible increase of −ĒB
n [n

B(r)] ≥ 0 is incurred in its minimum value.

Here, we have introduced the basis-set correction functional defined as

ĒB[nB(r)] = min
Ψ→nB(r)

⟨Ψ|T̂ + Ŵee|Ψ⟩ − min
ΨB→nB(r)

⟨ΨB|T̂ + Ŵee|ΨB⟩. (4.8)

With this, we arrive at

EB
0 = min

ΨB
{ ⟨ΨB|Ĥ|ΨB⟩+ ĒB[nΨB(r)] } , (4.9)

where Ĥ is the total Hamiltonian and nΨB(r) simply denotes the density corre-

sponding to ΨB. For a fixed basis set B, the basis-set correction functional ĒB

compensates for the basis-set restriction on the wave function ΨB in Eq. (4.9). It

has the desirable property of vanishing in the CBS limit, i.e., limB→CBS E
B
0 = E0,

and thus the density-based basis-set correction does not alter the CBS limit but

only accelerates basis-set convergence towards it.

4.2.2 Local range-separation parameter

As it stands, the definition in Eq. (4.8) for the basis-set correction functional

is not a very useful one. In order to make progress on its evaluation, we first

consider what qualitative features it should possess. It is known that a finite

one-electron basis set B usually describes short-range correlation poorly as ex-

plained in Section 4.1 and therefore ĒB should recover these effects. Range-

separated DFT (RS-DFT) (see Ref. [130] and references therein) is a framework
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for combining wave function theory methods with DFT, in which the electron-

electron interaction is split into a long-range part, to be treated using wave func-

tion methods, and a short-range part, to be treated with DFT. As wave function

methods only need to deal with a non-divergent electron-electron interaction in

the long-range part, the cusp condition is removed and convergence with re-

spect to basis size is greatly improved. This motivates us to find a mapping

between the functional in Eq. (4.8) and the multi-determinant short-range func-

tional used in RS-DFT [131]:

Ēsr
c,md[n(r)] = min

Ψ→n(r)
⟨Ψ|T̂ + Ŵee|Ψ⟩ − ⟨Ψlr|T̂ + Ŵee|Ψlr⟩, (4.10)

where the wave function Ψlr is defined through the constrained minimization

Ψlr[n(r)] = arg min
Ψ→n(r)

⟨Ψ|T̂ + Ŵ lr
ee|Ψ⟩. (4.11)

Here, Ŵ lr
ee is the long-range electron-electron interaction operator

Ŵ lr
ee =

1

2

∫∫
dr1dr2wlr(|r1 − r2|)n̂2(r1, r2), (4.12)

where

wlr(|r1 − r2|) =
erf(µ|r1 − r2|)
|r1 − r2|

, (4.13)

is a non-divergent long-range electron-electron interaction and n̂2(r1, r2) =

n̂(r1)n̂(r2)− δ(r1 − r2)n̂(r1) is the pair-density operator.

By comparing Eq. (4.10) with the basis-set correction functional in Eq. (4.8),

one can see that the only difference between them exists in the wave functions

used in the constrained minimization: Ēsr
c,md uses Ψlr, which is determined us-

ing a non-divergent long-range electron-electron interaction defined in a CBS,

whereas ĒB uses ΨB, which is determined using a divergent Coulomb electron-

electron interaction defined in a finite basis set B. As these two wave functions
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qualitatively represent the same long-range physics, one can form a link be-

tween the two functionals by mapping the projection of the divergent Coulomb

interaction onto the finite basis set B to a non-divergent long-range effective

interaction.

Ref. [52] proposes matching the two by setting the value of the range-

separation parameter µ in Eq. (4.13) to

µB(r) =

√
π

2
WB(r), (4.14)

where WB(r) is the on-top value of an effective two-electron interaction rep-

resenting the Coulomb interaction in the basis set B, and its dependence on r

signals the general lack of translation invariance. In an orthonormal orbital ba-

sis {ϕp} forming the basis set B, WB(r) is defined by

WB(r) =


fB
ΨB

loc
(r)/n2,ΨB

loc
(r), if n2,ΨB

loc
(r) ̸= 0,

+∞, otherwise,
(4.15)

with

fB
ΨB

loc
(r) =

B∑
pqrstu

ϕp(r)ϕq(r)V
rs
pq Γ

tu
rsϕt(r)ϕu(r), (4.16)

n2,ΨB
loc
(r) =

B∑
rstu

ϕr(r)ϕs(r)Γ
tu
rsϕt(r)ϕu(r), (4.17)

where the sums run over all the (occupied and virtual) orbitals forming the basis

set B, V rs
pq = ⟨pq|rs⟩ is the two-electron integrals, and Γtu

rs is the (opposite-spin)

two-body reduced density matrix associated with a localizing wave function

ΨB
loc. The only purpose of the wave function ΨB

loc is to localize the otherwise

nonlocal effective interaction obtained by projecting the Coulomb two-electron

interaction onto the basis set B. The local range-separation parameter µB(r) is

very weakly dependent on this wave function ΨB
loc (the dependence on ΨB

loc of
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the numerator and denominator in Eq. (4.15) largely cancels) and it should be

thought of as essentially depending only on the basis set B. Importantly, in the

CBS limit, the local range-separation parameter diverges, i.e. limB→CBS µ
B(r) =

+∞, independently of ΨB
loc.

4.2.3 Two choices of the basis-set correction functional

The form of the basis-set correction functional in Eqs. (4.8) and (4.9) can be

trivially generalized to a form that depends on spin-resolved densities n↑(r)

and n↓(r) giving the same energy EB
0 :

EB
0 = min

ΨB

{
⟨ΨB|Ĥ|ΨB⟩+ ĒB[n↑,ΨB , n↓,ΨB ]

}
, (4.18)

where ĒB[n↑,ΨB , n↓,ΨB ] is a new basis-set correction functional evaluated with

the up- and down-spin densities of the wave function ΨB. Moreover, as shown

in Ref. [51], the basis-set correction scheme can also be extended to a functional

that depends on both the density n(r) and the on-top pair density n2(r) giving

again the same energy EB
0 as

EB
0 = min

ΨB

{
⟨ΨB|Ĥ|ΨB⟩+ ĒB[nΨB , n2,ΨB ]

}
, (4.19)

where ĒB[nΨB , n2,ΨB ] is yet another basis-set correction functional evaluated

with the density and on-top pair density of the wave function ΨB.

In practice, two approximate basis-set correction functionals are used:

• For the scheme of Eq. (4.18), we use the PBE-UEG functional of the

form [87]

ĒB
PBE-UEG[n↑, n↓] =

∫
dr f

(
n↑(r), n↓(r),∇n(r), µB(r)

)
, (4.20)
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where f is a function of the spin-resolved densities n↑(r) and n↓(r), the

density gradient ∇n(r), and the local range-separation parameter µB(r).

The function f was constructed based on a short-range version [41] of the

Perdew-Burke-Ernzerhof (PBE) [103] correlation functional. One key in-

gredient of this short-range functional is a parametrization (in terms of

the spin-resolved densities) of the on-top pair density of the uniform elec-

tron gas (UEG) [54, 55], hence its name. Its full explicit form is given in

Refs. [87, 53, 50, 51].

• For the scheme of Eq. (4.19), we use the spin-unpolarized PBE-OT func-

tional of the form [50]

ĒB
PBE-OT[n, n2] =

∫
dr g

(
n(r),∇n(r), n2(r), µ

B(r)
)
, (4.21)

where g is a function of the density n(r), the density gradient ∇n(r),

the on-top pair density n2(r), and the local range-separation parameter

µB(r). (To avoid confusion, we point out that the PBE-OT functional here

is referred to as the SU-PBE-OT functional in Ref. [50]. “SU” for “spin-

unpolarized.”) The PBE-OT functional has essentially the same physical

content as the PBE-UEG functional with the exception that it uses the on-

top (OT) pair density n2(r) of the wave function ΨB as an independent

variable, instead of that of the UEG, making it more accurate for strongly

correlated systems. Also, it uses the total density instead of the spin-

resolved densities since the additional information provided by the spin-

resolved densities is largely already contained in the on-top pair density

n2(r) [50]. Its full explicit form was given in Refs. [53, 50, 51].
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4.2.4 Basis-set correction as an a posteriori correction

Even though it is possible to perform the minimizations in Eqs. (4.18) and (4.19)

using the PBE-UEG and PBE-OT basis-set correction functionals [51], in prac-

tice, for energy calculations, a non-self-consistent approximation can safely be

used in which the basis-set correction functionals are added a posteriori to an

approximation of the FCI energy calculated within the basis set B. Here, we

use the total SHCI energy EB
SHCI in the basis set B. We then have two basis-set

corrected SHCI energies:

• First, we have the SHCI+PBE-UEG energy

EB
SHCI+PBE-UEG = EB

SHCI + ĒB
PBE-UEG[n↑,ΦB

HF
, n↓,ΦB

HF
], (4.22)

where the PBE-UEG functional is evaluated at the spin-resolved densities

obtained from the HF single-determinant wave function ΦB
HF. We calcu-

late the spin densities at the HF level only since the PBE-UEG functional

is weakly dependent on the level at which the spin densities are calcu-

lated. Moreover, we choose also ΨB
loc = ΦB

HF in Eq. (4.15) for calculating

the local range-separation parameter µB(r) that enters into the PBE-UEG

functional.

• Second, we have the SHCI+PBE-OT energy

EB
SHCI+PBE-OT = EB

SHCI + ĒB
PBE-OT[nΨB

SHCI
, n2,ΨB

SHCI
], (4.23)

where the PBE-OT functional is evaluated with the density and on-top

pair density of the variational SHCI wave function ΨB
SHCI available at the

end of the SHCI calculation. We use the SHCI wave function and not the

HF single-determinant wave function because the PBE-OT functional is
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accurate only if it is evaluated at the on-top pair density obtained from

an accurate multi-determinant wave function. Moreover, we choose also

ΨB
loc = ΨB

SHCI for calculating the local range-separation parameter µB(r)

that enters into the PBE-OT functional, even though the use of an accurate

multi-determinant wave function for ΨB
loc is not really important here.

Comparing the two basis-set corrections, the PBE-UEG basis-set correction is

simpler to compute since it uses the HF single-determinant wave function, but

the PBE-OT basis-set correction which uses the on-top pair density from the

SHCI wave function should be more accurate.

Benchmark results with these correction schemes applied are presented in

Chapter 6.
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CHAPTER 5

OTHER IMPROVEMENTS TO SHCI

This chapter describes some improvements and extensions to the SHCI method

of varying degrees of utility and general applicability.

5.1 Second determinant selection criterion

The determinant selection criterion used in SHCI, Eq. (2.8), has greatly sped

up the determinant selection procedure compared to the criteria used in other

selected configuration interaction (SCI) methods based on first-order perturba-

tion to the wave function or second-order perturbation to the energy, with only

a slight compromise on the quality of determinants selected for most chemical

systems as demonstrated in Ref. [67]. To be more precise, Eq. (2.8) does not take

into account the energy differences in the determinants on the denominator in

the usual second-order perturbation to the energy. One expects the denomi-

nator to become more important when the orbital energies span a large range,

such as when using a large basis set or when core excitations are allowed.

An efficient way to remove unimportant determinants with high excitation

energies is to use Eq. (2.8) for pre-screening and impose a second selection cri-

terion
(Haici)

2

max(0,
∑

i∈occ ea,i −
∑

i∈occ eHF,i)
> cϵ21 (5.1)

where eHF,i and ea,i are the one-body energies of the i-th occupied orbital in the

HF determinant (or a starting determinant constructed from some other kind

of molecular orbitals) and in determinant Da, respectively. This denominator
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serves as proxy for the denominator in the usual perturbation expression in

Eqs. (2.9) and (2.10). In more detail, for each spawning determinant we first

calculate its energy difference from the HF determinant in terms of the sum of

one-body energies. As we generate single and double excitations from it, the

energy difference between the spawned determinant and the HF determinant

(again in terms of the sum of one-body energies) can be quickly evaluated by

querying at most 4 one-body integrals. If c = 0, the additional selection criterion

has no effect. We find c = 0.2 to be a reasonable choice.
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Figure 5.1: The variational energy as a function of the number of variational de-
terminants for N2 in the cc-pCVDZ basis with all electrons explicitly correlated,
for ϵ1 = 5× 10−4, 2× 10−4, 1× 10−4, 6× 10−5, 4× 10−5, 2× 10−5. Using Eq. (5.1)
as an additional determinant selection criterion gives a substantial gain in vari-
ational energy.

In Figs. 5.1 and 5.2 we show how determinant selection improves after im-

posing Eq. (5.1) as an additional criterion for the case of N2. Fig. 5.1, which
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Figure 5.2: The variational energy as a function of the number of variational
determinants for N2 in the cc-pV5Z basis with only valence electrons explicitly
correlated, for ϵ1 = 5× 10−4, 2× 10−4, 1× 10−4, 6× 10−5, 4× 10−5, 2× 10−5. Using
Eq. (5.1) as an additional determinant selection criterion gives a modest gain in
variational energy.

shows all-electron calculations in the cc-pCVDZ basis, shows a substantial im-

provement. Fig. 5.2, which shows valence electrons-only calculations in the

much larger cc-PV5Z basis, shows only a modest improvement. These results

indicate that the heat-bath criterion in Eq. (2.8) is a fairly good determinant se-

lection criterion for many systems in relatively small basis sizes and without

core excitations.
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5.2 Basis set truncation

As explained in Chapter 3, most of the basis-set incompleteness error when per-

forming SCI calculations in a finite basis comes from the inability of lower an-

gular momentum basis functions to faithfully reproduce the electron-electron

cusps in the exact wave function. Although using larger basis sets can amelio-

rate this problem, it poses scalability issues for systems with more electrons due

to the combinatorial scaling of the Hilbert space as in Eq. (1.1).

In Ref. [86], a method is proposed for finding an optimal subset of molec-

ular orbitals from a larger basis through orbital rotation. For the pre-specified

basis size, the resulting truncated basis is in some sense the best basis for FCI

or approximate FCI studies of the given system. The authors demonstrated that

the truncated basis produces better quality energies than a regular basis of the

same size. A more commonly adopted perspective of the same procedure is

the familiar CASSCF method [148, 147, 124, 75, 76], wherein an active space of

molecular orbitals is specified such that the wave function only contains excita-

tions within the active space. CASSCF solves a similar orbital rotation problem,

although using different methods than in [86], so that a set of orbitals is returned

that minimizes the energy of the CASSCF wave function. The active space sub-

set of orbitals can then be regarded as the set of orbitals defining the truncated

basis set. In fact, there has also been work on using SHCI as the active space

solver for the CASSCF module in PYSCF [120].

In the context of SHCI, active space can be implemented efficiently with an

additional pruning step in the determinant selection procedure. One first needs

to specify how many of the orbitals are allowed in the active space for each of
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the irreducible representations. For point group symmetries with more than one

irreducible representation, finding the optimal allocation of active orbitals given

a total active space size becomes a costly integer programming problem. How-

ever, a reasonable choice is to use the same numbers as a basis set of smaller

cardinality in the same hierarchy of basis sets as the current basis (e.g., truncate

a cc-pVQZ basis set to the size of cc-pVDZ). One can then form the active space

using the lowest-lying orbitals in each irreducible representation in the calcu-

lation. When generating connected determinants, all determinants that have

excitations outside this pre-specified active space should be excluded from the

variational space. Then, orbital rotations can be applied using the same appara-

tus as described in Chapter 3 with the distinction that virtual-virtual rotations

are redundant and these parameters should be excluded.

Here we illustrate the effect of basis set truncation with the N2 molecule. In

Fig. 5.3, we compare the variational energy of N2 in the equilibrium geome-

try using three different bases: the regular cc-pVDZ and cc-pVQZ bases, both

using optimized orbitals, and the cc-pVQZ basis truncated to the same size as

cc-pVDZ, denoted as QZ→DZ. All three runs use the same 5 values of ϵ1 from

2× 10−4 to 2× 10−5 and use the D2h point group. As shown, the truncated basis

achieves about half of the energy gain from QZ to DZ while barely increasing

the number of variational determinants needed to achieve convergence. Unlike

in Ref. [86] where no point group symmetry is used in the calculations and all

orbitals are allowed to mix, our results show that even with symmetry restric-

tions on orbital mixing, the gain from basis set truncation is still substantial.

At the same time, the number of determinants needed to achieve good ϵ1 → 0

convergence in the QZ→DZ basis does not increase significantly from DZ.
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Figure 5.3: The variational energy of N2 in the equilibrium geometry as a func-
tion of the number of variational determinants. The blue and orange curves use
the regular cc-pVDZ and cc-pVQZ bases, respectively, with optimized orbitals.
The green curve uses the cc-pVQZ basis truncated to the size of cc-pVDZ. All
three calculations use the same point group D2h and the same five ϵ1 values from
2× 10−4 to 2× 10−5.

Fig. 5.4 shows the total energy of N2 at several points along the potential en-

ergy curve (PEC). The results in the top panel show that the truncated QZ→DZ

basis gives an improvement in the shape of the PEC over the regular DZ basis.

This is made more apparent in the bottom panel of the plot where we plot the

deviation of DZ and QZ→DZ PECs from the QZ one. For easier comparison, an

offset is added so that the two curves meet at zero at the equilibrium geometry.

These results show that for larger systems for which one is limited to per-

forming SHCI calculations in smaller basis sets, one can obtain better quality

wave functions without much additional cost by optimizing orbitals to pro-

duce a truncated basis before running the final calculations. This, of course,
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Figure 5.4: The top frame shows the potential energy curve (PEC) of the N2

molecule in the standard cc-pVDZ and cc-pVQZ bases, as well as the truncated
QZ→DZ basis. The bottom frame shows the deviation of the DZ basis and the
truncated QZ→DZ basis from the QZ values, offset so that they meet at the equi-
librium bond length. As shown, the QZ→DZ basis improves upon the shape of
the curve produced by the regular DZ basis.

should come as no surprise since CASSCF is frequently employed where FCI

become unfeasible. One can now apply the PBE-OT basis-set correction scheme

described in Chapter 4 evaluated with wave functions from the truncated ba-

sis sets to estimate the basis incompleteness error. With these improved wave

functions that are closer to the basis set limit than those obtained from untrun-
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cated bases of the same size, the corresponding basis set corrections will also be

smaller in magnitude, yielding even more accurate estimates of complete basis

set energies.
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CHAPTER 6

BENCHMARK CALCULATIONS

In this chapter, we put the various techniques and improvements discussed

thus far to work on two sets of benchmark systems. Section 6.1 presents results

on the Gaussian-2 set of 55 first- and second-row molecules. Here, we calculate

the total and dissociation energies of the systems and compare to results from

coupled cluster theory. Section 6.2 contains results on a set of seven transition

metal elements (their atoms, ions, and monoxide molecules), where total en-

ergies and energy differences calculated using the SHCI method are presented

alongside those from 19 other classic and emerging quantum chemistry meth-

ods. In Section 6.3, we further narrow down the complete basis set energies

of the same transition metal systems using basis-set correction methods. The

content of this chapter has previously been published as Refs. [155, 151, 154].

6.1 Gaussian-2 set

6.1.1 Introduction

In this section, we apply SHCI to the 55 first- and second-row molecules that

served as the training set for the Gaussian-2 (G2) protocol [24] because accurate

experimental atomization energies were believed to be known for them. The G2

protocol is one of several quantum chemistry composite methods that combine

low-order methods on large basis sets and high-order coupled-cluster methods

on smaller basis sets to compute accurate thermochemical properties (see, e.g.,

Refs. [25, 40, 125, 73, 128]). These 55 molecules, which we refer to as the G2 set,
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have previously been used to test the accuracy of coupled-cluster-based meth-

ods [40] and quantum Monte Carlo (QMC) methods [71, 98, 105, 18]. We employ

the correlation consistent basis sets cc-pVnZ for n = 2 (D), 3 (T), 4 (Q), and 5 [31],

keeping the core electrons frozen, to obtain SHCI energies that we believe are

well within 1 mHa of the exact (FCI) energies for each of the molecules and ba-

sis sets. Hence these calculations provide a set of reference energies that can be

used to test other accurate electronic-structure methods.

The molecules in the G2 set are sufficiently weakly correlated that one would

expect CCSD(T) to be reasonably accurate, but not at the level of 1 mHa. Hence,

we calculate also the CCSD(T) energies using the same basis sets in order to use

SHCI to evaluate the errors in the CCSD(T) energies, as FCI is not feasible for

most of these systems. The SHCI energies are then extrapolated to the complete

basis set (CBS) limit, both without and with density-based basis-set corrections

as descirbed in Chapter 4. Corrections taken from the literature for zero-point

energy, relativistic effects, and core-valence correlation are then applied to ob-

tain our predictions for the atomization energies, which are then compared to

the best available experimental values. For some systems the available exper-

imental values differ substantially from each other and for at least one system

we believe that the theoretical estimates are more accurate than the best experi-

mental value.

6.1.2 Basis-set correction and extrapolation

We employ the correlation consistent polarized valence (cc-pVnZ) basis sets

with n = 2 (D), 3 (T), 4 (Q), 5. The energies computed for each atom or molecule
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are extrapolated to the CBS limit using separate extrapolations for the HF en-

ergy and the correlation energy [64, 58, 59]:

EHF
CBS = EHF

n + a exp (−bn), (6.1)

Ecorr
CBS = Ecorr

n + cn−3, (6.2)

where n is the cardinal number of the basis set. The only exception is Li, for

which the lowest HF energy is taken as the CBS energy because the energies

for n = 3, 4, 5 cannot be fit by a decaying exponential. Note that the correla-

tion energy extrapolation has 2 parameters, so it is necessary to use only the

n = 4 and 5 basis sets, whereas the HF extrapolation has 3 parameters and so

it is necessary to use the n = 3, 4, and 5 basis sets. Consequently, the extrapola-

tion error is larger for the HF energy than for the correlation energy, mostly for

molecules containing second-row atoms, as we have verified for some systems

by going to the n = 6 basis sets. In order to partially cure this problem the cc-

pV(n+d)Z basis sets, which have one additional set of d basis functions, were

introduced [32] for the second-row atoms Al through Ar. For H, He, and first-

row atoms the cc-pVnZ and cc-pV(n+d)Z basis sets are identical. Hence all the

CBS energies presented in this section use extrapolated HF energies obtained

from Eq. (6.1) but with EHF
n replaced by EHF

n+d, where EHF
n+d are the HF energies

in the cc-pV(n+d)Z basis sets. We find that although the cc-pV(n+d)Z basis sets

of course give lower total energies than the cc-pVnZ basis sets for each n, the

estimated CBS energies are higher. Of the systems we study, replacing the cc-

pVnZ basis sets with the cc-pV(n+d)Z basis sets has the largest effect for SO2

and SO, reducing the atomization energies by 3.68 kcal/mol and 0.82 kcal/mol,

respectively. The large change in the estimated CBS energy of SO2 has previ-

ously been noted in Refs. [152, 8, 9].
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To estimate the total energies in the CBS limit, we also employ the PBE-

based basis-set correction methods described in Chapter 4—in particular, the

PBE-UEG scheme, since for these weakly correlated systems the HF determi-

nant dominates the wave function. In this scheme, the total SHCI energy in a

given basis set is corrected as

ESHCI+PBE
n = EHF

n+d − EHF
n + ESHCI

n + ĒPBE
n .

(6.3)

Based on the analysis of basis convergence in range-separated DFT [43], we

assume an exponential basis convergence of ESHCI+PBE
n which gives us another

estimate of the CBS limit of ESHCI
n via the extrapolation

ESHCI+PBE
CBS = ESHCI+PBE

n + a exp (−bn), (6.4)

using n = 3, 4, 5. The only exceptions are Be and Cl, whose cc-pV5Z energy is

higher than the cc-pVQZ energy and for which the cc-pV5Z energy is taken as

the CBS energy.

6.1.3 Computational details

The HF and CCSD(T) calculations are done with PYSCF [122] or MOLPRO

[149]. The starting integrals are computed for HF orbitals. The core orbitals

are kept fixed for all the subsequent steps. Then we construct integrals in the

SHCI natural orbital basis by computing and diagonalizing the one-body den-

sity matrix and rotating the integrals in the HF basis to the natural orbital basis.

Next we use the methods discussed in Chapter 3 to construct the integrals in

the optimized orbital basis. We use a fairly large value of ϵ1 (typically 2× 10−4)
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Figure 6.1: Convergence of SHCI energy of SO2 in the cc-pV5Z basis set. The
line is a weighted quadratic fit, but is very nearly linear. The statistical error
bars are plotted but are invisible on the scale of the plot.

to construct the natural orbitals and the optimized orbitals. For some systems

the natural orbital basis is reasonably close to the optimal one, but for most sys-

tems the optimized orbital bases result in considerable gains in efficiency. The

final SHCI calculations using the optimized orbitals employ smaller values of ϵ1

(typically 5 values ranging from 2×10−4 to 2×10−5), which are then used to ex-

trapolate to the ϵ1 = 0 limit. The system with the largest extrapolation distance,

SO2 in the cc-pV5Z basis, is shown as an example in Fig. 6.1.

The PBE-UEG basis-set correction is calculated independently from the

SHCI calculations using the software QUANTUM PACKAGE [45]. In the

formalism presented in Chapter 4, if the HF two-body density matrix is used

in Eqs. (4.16) and (4.17), the basis-set correction has a computational cost of

O(NgN
2
e N

2
orb) where Ng is the number of real-space grid points used for nu-

merical integration in Eq. (4.20) and here Norb is the total number of orbitals

(including core orbitals) in the basis set. The two-electron integrals in the HF
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orbital basis, involving up to two virtual orbitals, are also needed and the cost

for doing the integral transformation to compute these is O(N2
e N

3
orb). However,

most of these integrals (aside from those involving the core orbitals) are needed

for SHCI anyway. So, the density-based basis-set correction does not increase

the computational time appreciably.

A combination of experimental and theoretical molecular geometries are

taken from Ref. [105], which in turn took them from the papers cited therein.

They are provided in the Supplementary Material in the published paper (Ref.

[155]). The only exceptions are HCO and C2H4 for which we took the geometry

from Ref. [87], because these geometries gave lower CBS-extrapolated energies

by approximately 1.5 mHa. In order to compare to experimental atomization

energies, the CBS SHCI energies are corrected for zero-point energies (ZPE),

core-valence correlation (CV), scalar relativity (SR), and spin-orbit (SO) effects.

We take the corrections from the literature. Since most of the papers do not

have all the 55 molecules we studied, we take the corrections from Refs. [39, 40]

in that order, i.e., we take it from the first of these references that contains cor-

rections for that molecule. The source of the corrections is indicated in Table I of

Ref. [155] next to the entry for ZPE. Similarly, the experimental values quoted

in the table are taken from Refs. [112, 3, 4, 40] in that order.

6.1.4 Results

Accuracy of CCSD(T)

We have computed the total energies for each of the 55 molecules and their 12

constituent atoms in the four basis sets mentioned in Section 6.1.2. The accuracy
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Figure 6.2: The error in the CCSD(T) total energies obtained by comparison to
the SHCI total energies. The CCSD(T) errors are of course zero for systems with
one or two valence electrons, and they are positive in all other cases. The errors
for each system are very similar for the various basis sets, especially for the
larger basis sets.

of these energies should be considerably better than 1 mHa, as discussed later

in this section. These energies are provided in CSV files in the original pub-

lication [155] and can serve as a reference for other approximate methods. In

particular, we have used it to test the accuracy of CCSD(T). None of the 67 sys-

tems studied is strongly correlated, so one would expect the CCSD(T) energies

to be reasonably accurate. This is in fact the case, as can be seen from Fig. 6.2,

which shows the deviation of the CCSD(T) total energies from the SHCI total

energies. CCSD(T) deviates from SHCI by 1-2 mHa for the lighter systems and

3-4 mHa for the heavier ones. For systems with two or fewer valence electrons,

the two methods agree exactly as they must, and for all the systems with more
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Figure 6.3: Comparison of SHCI atomization energies in the extrapolated com-
plete basis set limit with experiment, with (red dots) and without (green crosses)
scalar relativistic and spin-orbit (SR+SO) corrections and core-valence (CV) cor-
rections. Both sets of points include zero-point energy (ZPE) corrections. Sys-
tems for which red dots fall in the shaded region are considered to have reached
chemical accuracy (1 kcal/mol).

electrons, CCSD(T) underestimates the correlation energy. The mean absolute

deviation (MAD) is roughly independent of the basis size, being 0.99, 1.06, 1.09,

and 1.05 mHa, respectively, for the four basis sets. The pattern of the errors is

very similar for the four basis sets. Although the absolute value of the correla-

tion energy grows with the size of the basis set by a few tens of percent going

from cc-pVDZ to cc-pV5Z basis sets, the error that CCSD(T) makes does not

grow in proportion.

The same set of molecules have also recently been computed by another

SCI+PT method [139]. In their calculation they correlate all the electrons, so
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Figure 6.4: Comparison of SHCI atomization energies with experiment in the
individual basis sets and in the extrapolated complete basis set limit. The top
panel is a blowup of the top portion of the bottom panel. The shaded region
indicates chemical accuracy (1 kcal/mol).

the energies they obtain are not directly comparable to ours. They employ only

the cc-pVDZ and cc-pVTZ basis sets so they cannot extrapolate to the CBS limit.

Further, they employ at the most only 106 determinants, whereas we employ

a few times 108 determinants for the larger molecules and basis sets. Conse-

quently when they compare to CCSD(T) energies, they find two systems for the

cc-pVDZ basis set and several systems for the cc-pVTZ basis set where their

energies are higher than those from CCSD(T). In contrast, as shown in Fig. 6.2,

we find that our SHCI energies are always lower than CCSD(T) energies and

further that the pattern of the energy differences is very similar for the various

basis sets.
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Figure 6.5: Same as Fig. 6.4 but with the PBE-based basis-set correction applied.
The extrapolation distances are much reduced compared to Fig. 6.4.

Atomization energies

Table I in Ref. [155] shows the difference between the SHCI total energies for the

molecules and their constituent atoms, extrapolated to the CBS limit according

to Eqs. (6.1) and (6.2). It also shows the ZPE, SR+SO, and CV corrections taken

from the literature and the final prediction for the SHCI atomization energy,

D0, and how much it differs from the best available experimental values. The

difference between the SHCI D0 and experiment is also plotted in Fig. 6.3, both

before and after the corrections are applied.

There are 3 possible sources of discrepancy between the calculated and the

experimental atomization energies: (1) The extrapolation to the CBS limit may

not be accurate; (2) the literature values of the ZPE, SR+SO, and CV corrections
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may not be accurate; 3) the experimental values have errors. It seems likely, as

discussed below, that all three of these play a role for some of the systems.

We show in Fig. 6.4 the convergence of the atomization energies with ba-

sis size. The SHCI atomization energies in fact have two extrapolation errors.

The first and more benign error comes from extrapolating SHCI total energies

for each basis set to the FCI limit, i.e., ϵ1 → 0. This error can be reduced by

employing smaller ϵ1 and/or using better optimized orbitals. For the four basis

sets n = 2 (D), 3 (T), 4 (Q), and 5, the largest extrapolation distances in the total

energy of these 55 molecules and 12 atoms are 0.97, 2.36, 3.34, and 2.90 mHa,

respectively.1 Assuming that the extrapolated energies are in error by no more

than a fifth of the extrapolation distance, all these energies should be accurate

to considerably better than 1 mHa. Further, the typical extrapolation distances

are much smaller, especially for the lighter systems: the median distances for

the four basis sets are 2.92, 14.4, 56.4, and 77.0 µHa, respectively. The second

source of error comes from extrapolation to the CBS limit, using Eqs. (6.1) and

(6.2), and is less under control. For these 67 systems, the maximum and median

CBS extrapolation distances are 21.8 and 6.47 mHa, respectively. This CBS ex-

trapolation error is likely to be an important error for those systems where the

extrapolation distance (the energy difference between the black dots and red

crosses in Fig. 6.4) is large.

To further study the magnitude of the CBS extrapolation error, we add the

PBE-based basis-set correction discussed in Sec. 6.1.2 to the SHCI energies for

each basis set [see Eq. (6.3)] and then extrapolate the corrected energies to the

CBS limit according to Eq. (6.4), which gives us an alternative way to estimate

1The extrapolation distance depends on the value of ϵ1 in Eq. (2.8) and on how well the
orbitals are optimized to improve the convergence of the energy.
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the CBS limit of the SHCI energies. The PBE-based corrections can also be found

in the Supplemental Material in Ref. [155]. It is apparent from Table I in the pa-

per that the deviations of the SHCI and the SHCI+PBE energies from experiment

are strongly correlated, thereby giving us a reasonable measure of confidence in

our two extrapolations as well as an estimate of the extrapolation errors. Fig. 6.5

shows the same information as Fig. 6.4 after the PBE-based basis-set correction

has been included. As summarized in Table 6.1, for each basis set the MAD from

experiment decreases by about a factor of 3 compared to that without the basis-

set correction.2 In particular, SHCI+PBE gives a MAD of only 0.55 kcal/mol

already with the cc-pVQZ basis set. The cc-pV5Z basis set has a MAD of only

0.49 kcal/mol. Applying the CBS extrapolation to SHCI+PBE gives a somewhat

larger MAD from experiment of 0.51 kcal/mol, as the computed atomization

energies are too small for the smaller basis sets but increase with increasing ba-

sis size and for the majority of the molecules the computed CBS atomization

energies are larger than experiment.

As seen from Figs. 6.4 and 6.5 the predicted CBS atomization energy of Si2H6

is more than 3 kcal/mol larger than experiment. However, even the n = 5

value is larger than experiment, so the discrepancy cannot be attributed to an

inaccurate CBS extrapolation, but instead to either inaccurate ZPE, SR+SO, and

CV corrections, or to errors in the experimental value. The ZPE correction for

Si2H6 is quite large, -30.50 mHa, so even a small fractional error in its estimate

could account for the discrepancy in the atomization energy. In fact, these state-

ments hold for all seven molecules in Fig. 6.5 that have cc-pV5Z atomization

2To avoid confusion, we note that in Ref. [87] it was found that CCSD(T)+PBE had a MAD
of only 1.96, 0.85, and 0.31 kcal/mol with respect to the CCSD(T) CBS limit for the cc-pVDZ,
cc-pVTZ, and cc-pVQZ basis sets, respectively. These considerably smaller values compared to
those in Table 6.1 are the result of a one-body basis-set correction that was always included by
adding the cc-pV5Z HF energy to the CCSD(T) correlation energies for the different basis sets.
Of course, one could do the same for the SHCI energies in the current study.
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energies that are larger than experiment by more than 1 kcal/mol. Note that

there are several systems for which the atomization energies are overestimated

in Figs. 6.4 and 6.5 by more than 1 kcal/mol, but none for which they are un-

derestimated by more than 1 kcal/mol.

The majority of the deviations fall below 1 kcal/mol, reaching chemical ac-

curacy3 as can be seen in Table I in Ref. [155] and Figs. 6.4 and 6.5. As re-

gards those where the deviations are larger than 1 kcal/mol it should also be

kept in mind that that in addition to the uncertainties in the corrections, es-

pecially the ZPE correction, the experimental values may also be inaccurate,

particularly for those atomization energies that are not available from the ATcT

database [112]. For example, for PH2 the two available experimental values

differ by 4.5 kcal/mol and our computed value differs by +1.5 kcal/mol from

Ref. [40] and -3.0 kcal/mol from Ref. [4]. For the molecules in the ATcT database

the MAD is only 0.24 kcal/mol before the PBE-based basis set correction is ap-

plied and 0.32 kcal/mol after it is applied.

Compared to other methods, our MAD of 0.46 kcal/mol is significantly

less than the MAD of 1.2 to 3.2 kcal/mol obtained in various QMC stud-

ies [71, 98, 105]. Diffusion Monte Carlo works directly in the CBS limit, but

the fixed-node approximation is the dominant error. Using trial wave func-

tions with Slater determinants chosen from an SCI method, it should be eas-

ily possible to reduce considerably the fixed-node error as demonstrated in

Refs. [49, 48, 27]. Our MAD is comparable to results reported from composite

coupled-cluster-based methods [40, 92, 60]. The HEAT studies performed all-

electron calculations using the coupled-cluster method with up to quadruple

3Chemical accuracy, generally defined as 1kcal/mol, is the accuracy required to make realis-
tic chemical predictions.
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Method MAD MAX
SHCI cc-pVDZ 20.77 54.32
SHCI cc-pVTZ 6.83 17.43
SHCI cc-pVQZ 2.47 7.38
SHCI cc-pV5Z 1.20 3.15
SHCI CBS 0.46 2.80
SHCI+PBE cc-pVDZ 6.52 27.72
SHCI+PBE cc-pVTZ 1.47 6.02
SHCI+PBE cc-pVQZ 0.55 3.55
SHCI+PBE cc-pV5Z 0.49 3.36
SHCI+PBE CBS 0.51 3.24

Table 6.1: Summary statistics of deviations from experimental atomization en-
ergies for the 55 molecules. For each of the basis sets (but not for the CBS limit)
the inclusion of the PBE-based basis-set correction reduces the MAD by about
a factor of 3. MAD: mean absolute deviation. MAX: maximum absolute devia-
tion. Units: kcal/mol.

excitations on a somewhat different set of molecules consisting solely of first-

row elements [125]. Unfortunately, none of the molecules for which we have

discrepancies of more than 1 kcal/mol were included. For the 19 molecules also

present in the G2 set, the MAD of HEAT, SHCI, and SHCI+PBE are 0.07, 0.16,

and 0.27 kcal/mol, respectively. It should be noted that HEAT is a composite

quantum chemistry method, and for the lower levels of theory it employs larger

basis sets than those we used, thereby significantly reducing the CBS extrapola-

tion error.

6.1.5 Conclusions

The SHCI method enables the calculation of essentially exact energies within

basis sets up to cc-pV5Z of all the molecules in the G2 set. After extrapolation to

the CBS limit and addition of ZPE, SR+SO and CV corrections, the MAD from

the experimental atomization energies is only about 0.5 kcal/mol. However,
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depending on whether we use the PBE-based basis-set corrections or not, there

are 7 or 9 molecules where the computed atomization energy is more than 1

kcal/mol larger than experiment (and none for which it is more than 1 kcal/mol

smaller than experiment). These differences are mostly due to a combination

of errors in the various corrections applied and in the experiments rather than

lack of convergence of the SHCI energies to the FCI energies. With additional

computational effort it would be possible to reduce the uncertainties in the com-

puted energies. First, instead of adding on a CV energy correction, one could

use the cc-pwCVnZ basis sets to include the correlation contribution from the

core electrons. This could also make the basis-set extrapolation more reliable.

Although this entails a large increase in the Hilbert space, the increase in the

computational cost of the SHCI is not prohibitive because relatively few of the

core excitations have a large amplitude and the second determinant selection

criterion presented in Section 5.1 can be used to further improve determinant

selection. Second, relativistic effects could also be included within the SHCI

method, as has already been demonstrated [97]. Third, the computation of the

ZPE correction would require calculating derivatives with respect to the nu-

clear coordinates. This could also be done, but would be the most computation-

ally expensive part of the calculation. Fourth, the CBS extrapolation could be

improved either by employing better basis sets or using better DFT-based basis-

set corrections, such as the PBE-OT scheme in Chapter 4, that employs the SHCI

rather than the HF density matrix. With these improvements, the computed en-

ergies could be sufficiently accurate to reliably pinpoint errors in experimental

values of atomization energies.
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6.2 Transition metal atoms, ions, and monoxides

6.2.1 Introduction

This section records the results of a large-scale collaboration where we apply a

diverse array of 20 established and emerging techniques to a test set of small, re-

alistic transition metal molecules and atoms. Each technique was implemented

by an expert, and employed precisely the same Hamiltonian. This approach al-

lows us to directly assess methodological differences without confounders such

as different Hamiltonians, and has been important for a previous benchmark

study of the hydrogen chain [95] and helium atom [82, 83]. For these systems,

we achieve convergence of exponentially scaling but systematically converge-

able methods at the order of 1 mHartree in the total energy, or about 300 K,

establishing a reliable reference on realistic Hamiltonians with complex atoms.

We then assess the accuracy of more approximate approaches for computing the

total energy of atoms and molecules, which allows some assessment of transfer-

ability of performance with increasing system size. Finally, we study how errors

in the total energies translate into errors of physical observables obtained as dif-

ferences of total energies, and we make comparisons to experiments. These re-

sults provide an important reference for the development of techniques that can

address the larger goal of computing electronic properties of realistic materials.

6.2.2 Methodology

Table 6.2 lists the methods tested in this work. It includes most of the common

techniques to address the many-electron problem, as well as some emerging
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methods. It also includes a few methods such as CISD which are no longer com-

monly used but have historical relevance. The methods in this benchmark vary

dramatically in their computational cost; the density functional theory methods

required only a few minutes to complete the test set, while some of the more

advanced techniques were not able to treat every basis for every system with

the available amount of computer time. The methods also scale very differently,

ranging from O(N3
e ) to exponential in the number of electrons Ne. Of the 3 sys-

tematically converged methods (iFCIQMC, DMRG and SHCI) only SHCI was

performed for all the systems in all the basis sets. Consequently, SHCI energies

will be used as the reference.

Some of the other techniques are in principle systematically improvable,

such as configuration interaction, coupled cluster, self-energy embedding the-

ory, and the Monte Carlo methods, but convergence to better than 1 mHa was

not achieved on these systems for the level of the method employed. Some

of the techniques give upper bounds to the exact energy, such as DMC, CISD,

DMRG, and HF. Finally, for completeness it should be noted that the methods

also require different levels of specification to define the approximations used.

For example, some of the methods can be reproduced only by specifying the

initial starting determinant; others require defining an initial multi-determinant

wave function, or the choice of partitioning between high-level and low-level

methods.

We consider transition metal systems, with the core electrons removed using

effective core potentials [134, 135, 136]. These potentials accurately represent

the core [12] in many-body simulations and allow all the methods considered

in this work to use the same Hamiltonian. In addition, they provide an easy
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Abbreviation Method A B
AFQMC(MD) Auxiliary field quantum Monte Carlo with a

multi-determinant trial function [159, 96]
5 5

B3LYP DFT with the B3LYP functional [10] 5 5
CISD Configuration interaction with singles and

doubles
5 5

DMC(SD) Fixed node diffusion Monte Carlo with a single
determinant nodal surface [42, 143]

c c

DMRG Density matrix renormalization group [100, 115] t d
GF2 Second order Green function [106, 111] q q
HF Hartree-Fock 5 5
HF+RPA Hartree-Fock random phase approximation [35] t t
HSE06 DFT with the HSE06 functional [65, 66] 5 5
iFCIQMC Initiator full configuration interaction quantum

Monte Carlo [15, 22]
q d

LDA DFT in the local density approximation [21, 142] 5 5
MRLCC Multireference localized coupled cluster

[114, 117, 70, 118]
5 5

PBE DFT in the PBE [104] approximation 5 5
QSGW Quasiparticle self-consistent GW approximation

[38]
t t

SCAN DFT with SCAN functional [121] 5 5
SC-GW Self-consistent GW approximation [61, 79] t -
SEET(FCI/GF2) Self-energy embedding theory with many-body

expansion [78, 80, 158, 138, 110]
q q

SHCI Semistochastic heatbath configuration
interaction [67, 84]

5 5

UCCSD Unrestricted coupled cluster with singles and
doubles [6]

5 5

UCCSD(T) Unrestricted coupled cluster with singles,
doubles, and perturbative triples [6]

5 5

Table 6.2: A list of abbreviations used in this benchmark. Details are available
in the Supplementary Material of Ref. [151]. Column A lists the largest basis set
employed by that method for at least one of the transition metal atoms, Column
B lists the same for the monoxide molecules. The basis sets are abbreviated in
order as d, t, q, 5, and c for complete basis set.
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way to include scalar relativistic effects, needed for meaningful comparison to

experiment. These potentials are available for O, Sc, Ti, V, Cr, Mn, Fe, and Cu,

which defines our test set. We consider these atoms, their ions, and the cor-

responding transition metal monoxide molecules. To simplify the comparison,

the molecules were computed at their equilibrium geometry.

Almost every electronic structure method (all the methods in this study ex-

cept DMC) works in a finite basis. Here, we follow the chemistry convention of

defining an ascending basis set denoted by the z(ζ) value, ranging from 2 to 5;

i.e., dz, tz, qz, and 5z. For each system, we consider the first principles Hamil-

tonian projected onto the basis, making for a total of 23× 4 = 98 calculations for

each method. See the Supplementary Material of Ref. [151] for details on the

precise basis sets used in this study. While the results are only comparable to

experiment in the complete basis set (CBS) limit, for each basis set there corre-

sponds a projected Hamiltonian, which also has an exact solution. We thus can

compare methods within a basis since the Hamiltonian is defined precisely.

In Table 6.2, we list the methods considered in this work. The deviation in

the total energy between two methods m and n is computed as

σ(m,n) =

√∑
i∈systems(Ei(n)− Ei(m))2

N
, (6.5)

where N is the total number of calculations performed in common between the

methods. This is a measure of how well the output total energies between two

methods agree. It is possible for two methods with large σ to agree on energy

differences if there is significant cancellation of errors.

To compare total energies between methods and systems in a consistent way,

we use the concept of percent of correlation, commonly used in quantum chem-
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istry:

% correlation energy(m) = 100× EHF − Em

EHF − ESHCI

, (6.6)

where EHF is the Hartree-Fock energy, m stands for the method under consider-

ation, and ESHCI is the total energy computed in the basis by the SHCI method.

At 100% of the correlation energy, the exact result is obtained. This quantity

is particularly useful since methods tend to obtain similar percentages of the

correlation energy across different basis sets and systems.

Extrapolation to the basis set limit is done making the usual assumption that

the correlation energy (difference between Hartree-Fock and the exact energy)

scales as 1/n3, where n is the cardinal number of the basis set, and that the

Hartree-Fock energy exponentially converges to the CBS limit. CBS extrapola-

tion is necessary for comparison of the finite basis set results to experiment, dif-

fusion Monte Carlo (DMC), and density functional theory results. DMC works

directly in the complete basis limit4, whereas density functional methods are

designed to reproduce CBS limit energies. The uncertainty in the extrapolation,

judged from the variation between different fits to the extrapolation, is approx-

imately 2–4 mHa for most systems studied here5; for details, see the Supple-

mentary Material of Ref. [151]. Thus, in this test set, the largest uncertainty in

the complete basis set total energy is due to the extrapolation of finite basis set

energies to the infinite limit.

The energy differences studied are the ionization potential of a transition

metal atom M : IP = E(M+) − E(M), and the dissociation energy of a metal

oxide molecule MO: DE = E(M)+E(O)−E(MO). These quantities have been

4With the caveat that the trial wave functions used in DMC are still expanded in finite one-
electron basis sets.

5The Cu systems show much greater variations of about 8 mHa.
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studied in detail for these systems in the past, for example Refs [7, 44, 29, 141,

153, 14, 91, 94, 127, 126, 72], among others. However, none of these previous

studies have attained reference energies as well converged as the ones in this

study, and none compare energies from a large number of methods.

6.2.3 Results

We show several views of the data collected in this study in the figures. The Sup-

plementary Material of Ref. [151] contains various tables and the complete set

of data (∼1200 calculations) on which these plots are based. Fig 6.6 establishes

that several high accuracy techniques are in agreement and establishes reference

technique: SHCI. Fig 6.7 compares the performance of methods in computing

the total energy as compared to the reference. Fig 6.8 compares the performance

of methods in computing ionization potential of the atoms and dissociation en-

ergy of the molecules. Fig 6.9 summarizes the cancellation of error for different

techniques in computing the differences in energies. Finally, Fig 6.15 compares

calculations using methods found to be accurate to the experimental dissocia-

tion energies. In this subsection, we examine related methods in the context of

these different views.

In Fig 6.6, we show a cluster analysis of the total energies using Eq. (6.5),

evaluated on the intersection of basis sets and systems available for both meth-

ods, as the distance metric. iFCIQMC, DMRG and SHCI were converged to very

high levels of accuracy. In fact these three methods agree to ∼1 mHa for all sys-

tems and basis sets that were computed. Because of this 3-fold agreement, we

can take any of these results as the exact ground state energy in a given basis
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set to within a RMS error of less than 1 mHa, which is approximately what is

termed “chemical accuracy” in the context of energy differences. Here we have

achieved 1 mHa accuracy in the total energy of the ground state. However, as

shown in Table 6.2, iFCIQMC and DMRG calculations were feasible within the

available computer time for only the smaller basis sets, so we use SHCI as the

reference. For finite basis sets, the estimated uncertainty is∼ 1 mHa, and for the

complete basis set, the estimated uncertainty is ∼ 2-4 mHa due to the extrapo-

lation uncertainty.

Density functional methods have a large spread across systems in the per-

cent of correlation energy attained (Fig 6.7). The gradient corrected and the hy-

brid functionals (B3LYP, HSE06, PBE and SCAN) improve the LDA. The most

recently proposed of these, SCAN, is more consistent in the percent of correla-

tion energy obtained at around 80–90% of the correlation energy. Fig. 6.9 shows

that it also benefits more than the other functionals from a cancellation of errors

between the atom and the molecule to give more accurate dissociation energies,

although it has less cancellation of errors for the ionization potentials. Much

of the improvement in accuracy of the hybrid functionals over PBE is in the

cancellation of error.

The random phase approximation (RPA) and both versions of GW overesti-

mate the correlation energy as shown in Fig 6.7. While the total energy tends to

be too low, those errors tend to cancel for QSGW applied to energy differences,

as can be seen in Figs. 6.8 and 6.9.

As can be seen in Fig 6.7, configuration interaction with singles and doubles

(CISD), a truncated determinant expansion technique well-known to have size

consistency defects, performs much better for the atoms than the molecules,
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Figure 6.6: Cluster analysis of electronic structure methods in this work, using
the Seaborn [145] function clustermap. The matrix values are the logarithm
of the RMS deviation of the total energy in Hartrees [Eq. (6.5)] between the two
methods. The methods are ordered according to the ”complete” distance met-
ric d(m,n) = max(σm,n) as defined in Eq. (6.5). The lines on the left are den-
drograms which quantify the relationship between the two methods. Closely
matching methods are linked with short links, and grouped by their similarity.

which leads to rather poor predictions for the dissociation energy of the

molecules (Fig 6.8). The error is large enough that CISD was not included in

Fig 6.9 to improve readability of the more accurate numbers. We note that un-

restricted coupled cluster with singles and doubles (UCCSD), which is size con-

sistent, also performs worse on the molecules than the atoms, though to a lesser

degree than CISD. This results in underestimation of the dissociation energy

(Fig 6.8), and no cancellation of error in the dissociation energy, but significant

cancellation in the ionization potential (Fig 6.9).
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Figure 6.7: Kernel density estimation [109, 102, 146] of the percent of the SHCI-
computed correlation energy within each basis obtained by each of the methods
in the benchmark set. All basis sets available are plotted; individual data points
are indicated by small lines.

Fixed node diffusion Monte Carlo with a single determinant trial function

[DMC(SD)] yields a lower bound to the extrapolated correlation energy, corre-

sponding to an upper bound to the total energy, which is apparent in Fig 6.7.

The remaining energy is the fixed node error, the main approximation in the

DMC calculations, which for a single Slater determinant nodal surface is much

larger than the extrapolation uncertainty. With the single Slater determinant,

DMC obtains 90–95% of the correlation energy quite consistently, in line with

previous benchmarks on smaller systems [16]. This consistency results in sig-

nificant cancellation of error (Fig 6.9) in the dissociation energy and ionization

potential.

Self energy embedding theory with a full configuration interaction solver

and GF2 embedding (SEET(FCI/GF2)) obtains results in good agreement with

the reference total energy (Fig 6.7), resulting in accurate energy differences
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Figure 6.8: Kernel density estimation plot of dissociation energy and ionization
potential of molecules and atoms to SHCI reference calculations. Methods are
ordered according to the clustering in Fig 6.6.

(Fig 6.8). Consequently, it lies very close to the x = y line in Fig 6.9 and does

not benefit from additional cancellation of error, as the energies are already ac-

curate. The errors in the total energy are not strongly correlated with the atomic

species; for example the error in the Ti atom is not statistically similar to the

error in the TiO atom, resulting in little cancellation of error.

The auxiliary field quantum Monte Carlo with a multi-determinant trial

wave function (AFQMC(MD)) gives good agreement with the reference total

energy, with a RMS deviation of about 3 to 4 mHa. The dissociation energies

have a RMS deviation of ∼ 2.5mHa, which is consistent with the conclusion of

a recent benchmark on a large set of transition metal diatomics [119]. The use

of single determinant UHF trial wave functions would lead to less accurate re-

sults, roughly doubling the RMS error in the total energy of the molecules (see

Supplementary Material I.A of Ref. [151]).
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Coupled cluster with singles, doubles, and perturbative triples (UCCSD(T))

performs very well on these systems, obtaining close to 100% of the correlation

energy. For these problems, UCCSD(T) has a notably low cost for high perfor-

mance. The accuracy of UCCSD(T) is likely due to the fact that these systems are

not strongly multi-reference, in that even in the near-exact wave functions, there

is a single dominant determinant that makes a large contribution to the wave

90



function. This can be seen by examining the natural orbital occupations; for

example in UCCSD, the spin-resolved natural orbitals with large occupations

have occupations of 0.96 or greater. The single reference nature also explains the

mediocre performance of the multi-reference methods such as MRLCC, which

sacrifice some accuracy in the single reference case to treat multi-reference situa-

tions more accurately. In general, active space techniques, which operate within

an explicitly chosen subspace of the larger Hilbert space, are not very effective

for these systems.

We believe that the reference data produced computationally has lower un-

certainties than experiment for the purposes of benchmarking quantum calcu-

lation techniques. The ionization potential of the large-basis SHCI results is in

agreement with experiment with mean absolute deviation of 0.2 mHa, or 7 meV,

so one could equivalently use experiment or the SHCI reference values, as can

be verified in Table VI in the Supplementary Material of Ref. [151]. The experi-

mental dissociation energy estimation is limited by the challenges of the exper-

iments, and the measurements differ from one another by as much as 0.5 eV.

In Fig 6.15, high-accuracy estimates of the dissociation energy of the molecules

are shown, compared to experimental values with zero point energy removed

[93, 19, 26, 20, 13, 5, 23]. For these systems, the experimental uncertainty of the

dissociation energy is larger than the difference between the most accurate tech-

niques in this benchmark. Remarkably, SHCI, UCCSD(T), and AFQMC(MD)

agree to about 0.1 eV for all the molecules. We also should note that since we

used effective core potentials to standardize the benchmark, there may be some

small errors in comparing directly to experiment. However, we see no evidence

that the potentials used are limiting the accuracy; the most accurate methods

obtain results well within the experimental uncertainty, with the possible ex-
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ception of VO, for which most of the experimental values are slightly below the

theoretical ones.

When computing differences of total energies, both methodological errors

and errors due to finite basis sets tend to cancel. In Fig 6.9 we quantify the

methodological cancellation of errors in many of the techniques studied in this

work. Considering basis set errors, the RMS error in the total energy in the

commonly used tz basis compared to the complete basis set limit is 75 mHa,

while the RMS error in the ionization energy and dissociation energy for the

same comparison are 1.6 mHa and 6 mHa respectively, as can be seen in Table

VIII in the Supplementary Material of Ref. [151].

6.2.4 Conclusions

We surveyed 20 advanced many-electron techniques on precisely defined realis-

tic Hamiltonians for transition metal systems. For a given basis set, we achieved

∼ 1 mHa agreement on the total energy between high accuracy methods, which

provides a total energy benchmark for many-body methods. To our knowledge,

such an agreement is unprecedented for first principles calculations of transition

metal systems. Our accurate reference energies should enable the development

of approximate, but more computationally efficient, many-body techniques as

well as better density functionals, without the necessity of experimental refer-

ence values. These systems are also a useful test for future quantum computing

algorithms.

We have assessed the state of the art in achieving high accuracy in realis-

tic systems. The benchmark set includes systems with large Hilbert spaces of
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around 1044 determinants. While these spaces are so large that a single vec-

tor cannot fit in any computer memory, the computations are feasible due to

powerful compression of that space. The systematically converged techniques

used in this work (DMRG, FCIQMC, and SHCI), were able to achieve excellent

agreement, but can be applied only to relatively small systems due to their com-

putational cost. It is thus important to understand the errors in lower-scaling

techniques that can be applied to larger systems, and whether performance on

small systems is transferable to larger systems. Our study takes a step in that

direction, since we were able to achieve converged results for both correlated

atoms and molecules, and indeed we observed that the accuracy of some tech-

niques degrades with system size.

To avoid misinterpretation of the results, we make a comment here. In order

to ensure high quality results, it was necessary to limit the number of systems

on which this benchmark was performed. While treating electron correlation

accurately is important to obtain accurate results, these systems have a partic-

ular character of correlation. In a determinant expansion of the wave function,

the systems chosen here have one determinant with a large weight and many

determinants with small weights, rather than several determinants with large

weights. For such systems, methods such as UCCSD(T) are accurate. The per-

formance profile will likely be different for differently correlated chemical sys-

tems, so benchmarking efforts of similar quality in that realm would be highly

valuable.
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6.3 Trasition metal atoms, ions, and monoxides in the complete

basis set limit

6.3.1 Introduction

The SHCI calculations on transition metal systems presented in the previous

section have provided accurate benchmark energies for basis sets from DZ to

5Z, as well as the extrapolated CBS limit. However, unlike for the extrapolation

to the FCI limit, whose extrapolation error is on the order of a couple of mHa

or less for the largest monoxide molecules, the extrapolation error in the CBS

values can be on the order of 10 mHa. In this section, we apply the basis-set

correction schemes based on RS-DFT discussed in Chapter 4 to these systems to

further pin down the CBS values of the total and dissociation energies.

6.3.2 Computational setup

Our computations employ the eCEPP pseudopotentials of Trail and Needs [137]

and their associated aug-cc-pVnZ-eCEPP basis sets with n = 2, 3, 4, 5. These

are abbreviated as DZ, TZ, QZ, and 5Z, or generically as nZ, in what follows.

The molecular geometries and the experimental energies are the same as in the

previous section.

We calculate the total energies in each of the four basis sets in three different

ways:

1. SHCI only. We first perform HF calculations with the software
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PYSCF [123] and then perform SHCI calculations with orbital optimiza-

tion [156] using the ARROW package [2]. These results have previously

appeared in Ref. [151].

2. SHCI with PBE-UEG basis-set correction. The HF wave function is fed

into QUANTUM PACKAGE [45] to obtain the basis-set correction. The am-

plitude of the dominant determinant in the SHCI wave function ranges

from 0.92 to 0.96 for the metal atoms and from 0.83 to 0.91 for the oxide

molecules. Therefore, we expect the HF spin densities to be a reasonable

approximation to the SHCI spin densities. The HF on-top pair density is

not accurate, but the on-top pair density obtained from the UEG that has

the HF spin densities is reasonably accurate.

3. SHCI with PBE-OT basis-set correction. We perform SHCI variational cal-

culations for several different values of the threshold ϵ1 and use the cor-

responding two-body reduced density matrices for the basis-set correc-

tion using QUANTUM PACKAGE [45]. As the size of the variational wave

function increases, the on-top pair density decreases, leading to decreasing

magnitudes of the PBE-OT basis-set correction. We plot the basis-set cor-

rection versus EV and use a quadratic function to extrapolate to the SHCI

total energy limit, EV → ESHCI, which is then taken as the final PBE-OT

basis-set correction for the given system and basis set.

In two of the above three schemes, we also extrapolate the total energies to

the CBS limit. In Section 6.2, the SHCI-only energies were extrapolated to the

CBS limit using separate extrapolations for the HF energy and the correlation
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energy [64, 58, 59]:

ECBS
HF = EnZ

HF − a exp (−bn), (6.7)

ECBS
corr = EnZ

corr − cn−3. (6.8)

In this section, the HF energy is still extrapolated in the same way using n =

3, 4, 5, but the SHCI-only correlation energy is extrapolated using the expression

ECBS
corr = EnZ

corr −
c

n3 + d
, (6.9)

because we find it gives a far better fit for the pseudopotentials and associated

basis sets used in this study. Since Eq. (6.8) does not give a good fit, one would

use only the larger basis sets n = 4, 5 to get a reasonable extrapolation, whereas

with Eq. (6.11) n = 2, 3, 4, 5 can be used.6

In the SHCI+PBE-OT scheme, we use a single exponential function

ECBS
SHCI+PBE-OT = EnZ

SHCI+PBE-OT − a exp (−bn) (6.10)

with n = 3, 4, 5, since we expect an exponential convergence of the SHCI+PBE-

OT energy with respect to n [43].7

Energies from the SHCI+PBE-UEG scheme are not extrapolated as the

SHCI+PBE-UEG energies are nonmonotonic with basis size for many of the sys-

tems, as will be shown in the next section. Note however that our SHCI+PBE-

UEG calculations on the G2 set [155] had a monotonic dependence on the basis

size and so we were able to extrapolate those energies.

6Even using just n = 4, 5, Eq. (6.8) gives extrapolated energies that are too high, as shown
in Section 6.3.5. For the heaviest system studied, CuO, the improved fit using Eq. (6.11) and
n = 2, 3, 4, 5 makes the CBS total energy 6 mHa lower than the fit using Eq. (6.8) and n = 4, 5.
Detailed comparison of the various fits can be found in Section 6.3.7 and the Supplementary
Material of Ref. [154].

7In Section 6.3.6 we also show the SHCI+PBE-OT energies extrapolated to the CBS limit using
n = 2, 3, 4.
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6.3.3 Results
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Figure 6.11: Deviations of the total energies from reference (CBS SHCI+PBE-OT)
values. Some of the SHCI-only values for the smaller basis sets are off the scale
of the plot.

In this section, we present energies for the seven monoxide molecules, the

eight constituent atoms, and the corresponding ions using the three schemes

described in the previous section. The results are shown for each of the four

basis sets DZ, TZ, QZ, and 5Z, as well as for the extrapolated CBS limit. The

total energies, first ionization energies (for the eight atoms) and dissociation

energies (for the seven monoxide molecules) are reported in Table 6.3.

In what follows, we use as reference values the CBS results obtained from

the SHCI+PBE-OT scheme. We think it likely that this scheme gives the most

accurate energies since the SHCI+PBE-OT scheme employs a more accurate on-
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Figure 6.12: Deviations of the ionization energies from reference (CBS
SHCI+PBE-OT) values. The shaded area indicates chemical accuracy, i.e., 1
kcal/mol.
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Figure 6.14: Deviations of the dissociation energies from reference (CBS
SHCI+PBE-OT) values. The shaded area indicates chemical accuracy, i.e., 1
kcal/mol. Some of the SHCI-only values for the smaller basis sets are off the
scale of the plot.

top pair density than the SHCI+PBE-UEG scheme. In Section 6.3.7, the quantum

Monte Carlo (QMC) energies for the oxygen atom also corroborate the selection

of SHCI+PBE-OT as the reference. However, we also acknowledge that this

choice of reference values is not certain. In our earlier work on the G2 set of 55

molecules, we employed only the SHCI-only and the SHCI+PBE-UEG schemes

since those molecules are sufficiently weakly correlated. There we found that

although for each of the finite basis sets the SHCI+PBE-UEG energies agreed

considerably better with experiment than the SHCI-only energies, the CBS ener-

gies from SHCI-only gave slightly better agreement than those from SHCI+PBE-

UEG.
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Total Energies

Figure 6.11 shows deviations of total energies from the reference values. Com-

pared to the SHCI-only results, both basis-set correction schemes significantly

reduce the basis incompleteness error. For each system in a particular basis, the

correction from PBE-UEG is consistently larger in magnitude than from PBE-

OT. This makes the PBE-UEG-corrected values closer to the CBS limit for smaller

basis sets, but for larger basis sets PBE-UEG tends to overcorrect. In fact, for

many of the systems shown here the PBE-UEG-corrected energies for 5Z are

higher than for QZ, reversing the trend from DZ to QZ. Similar nonmonotonic-

ity of the corrected values with basis size has been observed in previous studies

as well [51].

We have separately verified the total energy in the CBS limit by performing

QMC calculations on the oxygen atom (see Section 6.3.7). The QMC total energy

is in good agreement with the CBS SHCI-only and SHCI+PBE-OT energies and

differ considerably from the SHCI+PBE-UEG energy. The energy difference be-

tween the former two schemes may be viewed as an estimate of the uncertainty

in the CBS energies. Table 6.4 reports the mean absolute deviations (MADs)

from the reference values for the different basis sets and methods.

DZ TZ QZ 5Z CBS
SHCI 217.67 95.04 45.58 26.06 2.47
SHCI + PBE-UEG 52.35 5.63 4.21 3.70 –
SHCI + PBE-OT 70.75 17.37 2.87 0.51 0.00

Table 6.4: Mean absolute deviations of total energies from reference (CBS
SHCI+PBE-OT) values for different basis sets. Units: mHa.
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Ionization Energies

Figure 6.12 shows the convergence of the first ionization energies of the eight

atoms with respect to basis size. For the metal atoms, although the ionization

energies obtained with the DZ basis sets for Cr and Cu show large errors, all

three schemes are almost converged to within chemical accuracy at the level of

TZ, and converged to far better than chemical accuracy at the level of 5Z. The

MADs are reported in Table 6.5. Most of the MADs are more than an order of

magnitude smaller than those for the total energies because of a large cancella-

tion of error between the atomic and ionic energies.

Accurate experimental ionization energies are also available for these sys-

tems. In Fig. 6.13, we compare the theoretical ionization energies obtained

from the three schemes (i.e. extrapolated energies from the SHCI-only and

SHCI+PBE-OT schemes, and the 5Z energies from the SHCI+PBE-UEG scheme)

to experiment. Much better agreement than chemical accuracy is obtained for all

the atoms and all three schemes. Remarkably the largest deviation of the ener-

gies obtained from either of the two correction schemes and experiment is only

0.01 eV. The MADs from experiment are 10.8, 5.9, and 4.3 meV for SHCI-only,

SHCI+PBE-UEG and SHCI+PBE-OT, respectively. The high level of agreement

of the SHCI+PBE-OT energies with experiment provides further support for us-

ing SHCI+PBE-OT energies as reference values, and speaks to the accuracy of

the experiments as well.
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DZ TZ QZ 5Z CBS
SHCI 7.23 2.01 0.88 0.50 0.28
SHCI + PBE-UEG 3.50 0.87 0.38 0.18 –
SHCI + PBE-OT 3.77 0.82 0.30 0.08 0.00

Table 6.5: Mean absolute deviations of ionization energies from reference (CBS
SHCI+PBE-OT) values for different basis sets. Units: mHa.

Dissociation Energies

Fig. 6.14 shows the dissociation energies in the different basis sets for the three

schemes. As expected, the basis incompleteness errors in energy differences

are around one order of magnitude smaller than in the individual total energies

themselves. For both basis-set correction schemes, at the level of the TZ basis set

almost all systems are converged to within chemical accuracy (with the single

exception of CuO in the PBE-OT scheme). Table 6.6 reports the MADs for the

different basis sets and methods.

DZ TZ QZ 5Z CBS
SHCI 15.52 6.36 2.52 1.51 0.88
SHCI+PBE-UEG 3.24 0.66 0.38 0.21 –
SHCI+PBE-OT 3.18 0.91 0.43 0.11 0.00

Table 6.6: Mean absolute deviations of dissociation energies from reference (CBS
SHCI+PBE-OT) values for different basis sets. Units: mHa.

In Fig. 6.15, we take the final dissociation energies obtained from the three

schemes and compare to experimental values reported over the years (see Ref.

[151] and references therein). These experimental values have been corrected

for zero-point energy contributions but not for relativistic effects since the pseu-

dopotentials we use incorporate scalar-relativistic effects. Unlike the ionization

energies, the experimental dissociation energies have large uncertainties and

differ significantly among themselves. For all systems studied, the theoretical
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values from our three schemes agree with each other to much higher precision

than the differences between the various experimental values.

6.3.4 Conclusions

In prior work [151] we have shown that the SHCI method can be used to cal-

culate near exact energies for transition-metal atoms, ions, and oxides in basis

sets up to 5Z. There, the SHCI energies were used as the reference for testing

the accuracy of 19 other electronic-structure methods for each of the basis sets.

The CBS energies were also estimated by extrapolation using the formulae in

Eqs. (6.7) and (6.8). In the current section we have shown that a more accurate

extrapolation is possible using Eqs. (6.7) and (6.11). More importantly, we have

shown that density-based basis-set corrections can be used to estimate the basis

incompleteness error of a finite basis set and speed up convergence to the CBS

limit. Two different schemes have been applied, namely, PBE-UEG and PBE-

OT, differing in the functional used in the calculation. Both methods produce

ionization and dissociation energies converged to within chemical accuracy of

the CBS limit with only the TZ basis set, which avoids the high cost of going to

larger basis sets using a wave-function method such as SHCI. We have also com-

pared the ionization and dissociation energies from the two correction schemes

as well as the uncorrected extrapolations to experimental values reported over

the years. Remarkably, for ionization energies, the largest deviation of the ex-

perimental energies from the energies obtained by either of the two correction

schemes is only 0.01 eV. Our computed dissociation energies are converged con-

verged to much higher precision than the experimental uncertainties.
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Figure 6.15: Comparison of theoretical dissociation energies with experi-
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higher precision than the experimental uncertainties.

106



6.3.5 Appendix: Basis-set extrapolation of SHCI total energies

It has been argued [64, 58, 59] that for large basis-set cardinal number, n, the

correlation energy should converge as

EnZ
corr = ECBS

corr + cn−3. (6.11)

However, for small n, Ecorr can deviate considerably from this asymptotic form.

For the pseudopotentials and basis sets used in this Section, we find that a much

better fit is obtained using

EnZ
corr = ECBS

corr +
c

n3 + d
, (6.12)

which has the same asymptotic behaviour for large n. This is demonstrated in

Figs. 1-3 in the Supplementary Material of Ref. [154], which show the conver-

gence for the transition metal atoms, ions, and oxides, respectively. Both sets

of fits have been weighted by n2. It is apparent that the data points fall on the

curve far more accurately in the new fit for all 21 systems. In fact, if Eq. (6.11)

is used for extrapolation, then far more accurate extrapolated energies are ob-

tained by fitting only to the largest basis sets, i.e., n = 4, 5 rather than fitting to

n = 2, 3, 4, 5. This is demonstrated in Fig. 6.16. In every case the extrapolation

of Eq. (6.12) gives a more negative energy than that of Eq. (6.11) and the latter

converge to the former when only the large-n basis sets are used.

Also shown in Fig. 6.16 is the effect of omitting the n = 5 values, i.e., using

just n = 2, 3, 4 in the extrapolation of Eq. (6.12) (magenta curve). The largest

differences are about 4 mHa, which is not bad considering that the standard

extrapolation of Eq. (6.11) gives errors as big as 6 mHa (blue curve) even when

n = 5 values are available.
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6.3.6 Appendix: Basis-set extrapolation of SHCI+PBE-OT total

energies

In the main text, we extrapolated the SHCI+PBE-OT total energies to the CBS

limit with an exponential function using n = 3, 4, 5:

ECBS
SHCI+PBE-OT = EnZ

SHCI+PBE-OT − a exp (−bn), (6.13)

and used them as the reference values. Some justification of this exponential

form comes from the analysis of basis convergence in range-separated DFT [43].

However, we find that in situations where 5Z energies are not available, it is

better to extrapolate the total energies with a modified exponential form:

ECBS
SHCI+PBE-OT = EnZ

SHCI+PBE-OT − a exp (−bn2). (6.14)
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In Table 6.7 we compare the extrapolated values from Eq. (6.13) using both

n = 3, 4, 5 and n = 2, 3, 4, as well as those from Eq. (6.14) using only n = 2, 3, 4.

For the total energies, the CBS234 scheme with Eq. (6.13) always gives lower

estimates than the CBS345 scheme. The mean absolute deviations (MADs) be-

tween these for the total, ionization, and dissociation energies are 2.69, 0.47, and

0.98 mHa, respectively. In comparison, the CBS234 scheme with Eq. (6.14) gives

much closer agreement with reference values: the MADs from reference values

are 0.84, 0.36, and 0.60 mHa, respectively. Hence if 5Z energies are not avail-

able, it is better to extrapolate using Eq. (6.14) than Eq. (6.13). Alternatively,

if only energy differences are of interest, one may as well use the QZ energies

which produce MADs of 2.87, 0.30, and 0.43 mHa for the total, ionization, and

dissociation energies as shown in the main text.

6.3.7 Appendix: Quantum Monte Carlo results

Real-space diffusion Monte Carlo (DMC) (see, e.g., Ref. [129]) operates directly

in the CBS limit. Hence it provides a potential means of testing our extrap-

olations to the CBS limit. However, in practice DMC requires the fixed-node

approximation in order to overcome the sign problem that plagues all QMC

methods. Further, when nonlocal pseudopotentials are used, DMC is forced to

localize, or partially localize the pseudopotential using the so-called locality or

T-moves methods, resulting in a pseudopotential localization error. Both errors

depend on the trial wave function and in particular on the basis set used to con-

struct the trial wave function. However, for typical trial wave functions, the

basis-set error in DMC is typically much smaller than in other wave function

methods and these DMC errors and the variational error in variational Monte
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Total energy Ionization/Dissociation energy
System CBS234 CBS234

Eq. (6.14)
CBS345 CBS234 CBS234

Eq. (6.14)
CBS345

O -15.8480 -15.8476 -15.8478 0.5004 0.5006 0.5004
Sc -46.4957 -46.4944 -46.4939 0.2411 0.2411 0.2411
Ti -58.0110 -58.0089 -58.0088 0.2506 0.2506 0.2510
V -71.2407 -71.2379 -71.2381 0.2469 0.2470 0.2475
Cr -86.8125 -86.8079 -86.8080 0.2481 0.2484 0.2489
Mn -104.1655 -104.1609 -104.1617 0.2733 0.2731 0.2730
Fe -123.7773 -123.7730 -123.7745 0.2907 0.2904 0.2903
Cu -197.6348 -197.6305 -197.6328 0.2827 0.2827 0.2839

O+ -15.3476 -15.3471 -15.3475 – – –
Sc+ -46.2546 -46.2533 -46.2528 – – –
Ti+ -57.7604 -57.7583 -57.7578 – – –
V+ -70.9938 -70.9908 -70.9907 – – –
Cr+ -86.5643 -86.5595 -86.5591 – – –
Mn+ -103.8921 -103.8878 -103.8887 – – –
Fe+ -123.4867 -123.4826 -123.4843 – – –
Cu+ -197.3520 -197.3478 -197.3489 – – –

ScO -62.6023 -62.6004 -62.6002 0.2586 0.2583 0.2585
TiO -74.1152 -74.1128 -74.1128 0.2562 0.2562 0.2562
VO -87.3361 -87.3327 -87.3318 0.2474 0.2472 0.2458
CrO -102.8349 -102.8304 -102.8316 0.1743 0.1749 0.1758
MnO -120.1588 -120.1543 -120.1550 0.1454 0.1458 0.1455
FeO -139.7821 -139.7786 -139.7814 0.1567 0.1580 0.1591
CuO -213.5938 -213.5883 -213.5903 0.1110 0.1101 0.1097

Table 6.7: Total, ionization (for the atoms) and dissociation energies (for the
monoxide molecules) obtained from extrapolating SHCI+PBE-OT energies to
the CBS limit, using both n = 2, 3, 4 and n = 3, 4, 5. Unless indicated otherwise,
the extrapolation uses Eq. (6.13). Units: Ha.

Carlo (VMC) vanish in the exact wave function limit. Hence, by plotting the

DMC energy, EDMC, versus the difference between the VMC and DMC energies,

EVMC − EDMC, computed for a set of systematically improving wave functions

and extrapolating to zero energy difference it is possible to extract the CBS en-

ergy.

A commonly used form of the trial wave function is a linear combination of
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configuration state functions (CSFs) multiplied by a Jastrow factor. In our calcu-

lations we optimize three different kinds of wave-function parameters, viz., the

Jastrow parameters, the CSF coefficients, and the orbital parameters, using the

linear method [132, 140, 133]. The Jastrow factor has electron-nuclear, electron-

electron, and electron-electron-nuclear terms of the form described in Ref. [56]

(appropriately modified for a 3-dimensional system). In order to corroborate

our choice of the CBS limit in the main text we performed DMC calculations

for various numbers of CSFs, selected based on their coefficients in SHCI wave

functions, for each of the four basis sets used in the SHCI calculations, keeping

the form of the Jastrow factor fixed.
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Figure 6.17: Extrapolation of the DMC energy of the oxygen atom. The DMC
energies versus the difference of the VMC and DMC energies using TZ-5Z basis
sets lie nearly on a straight line enabling extrapolation to the zero fixed-node
error limit. The number of CSFs in the wave functions is indicated in the legend.

Figure 6.17 shows the DMC energy versus the difference of the VMC and
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DMC energies. The energies from the TZ, QZ, and 5Z basis sets fall on the same

curve, which is nearly a straight line whereas the energies from the DZ basis

deviate from that curve a little bit. Hence, we perform a linear extrapolation of

the TZ, QZ, and 5Z energies to get an estimate, -15.8475 Ha, for the CBS energy.

Comparing to Table I in the main text we see that this DMC energy is very

close to the SHCI+PBE-OT value of -15.8478 Ha, and to the SHCI-only value of

-15.8477 Ha, but differs significantly from the SHCI+PBE-UEG value of -15.8490

Ha.
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CHAPTER 7

CONCLUSIONS AND OUTLOOK

In this dissertation, I have focused on a few different approaches to improving

the efficiency and scalability of the SHCI method. Broadly speaking, all the im-

provements discussed here can be categorized based on whether they enhance

the convergence to the exact limit in a given basis (i.e., the FCI limit) or the

convergence to the infinite basis limit, both of which are crucial for obtaining

high-accuracy results with the SHCI method.

The first class of improvements bring one ever closer to the FCI limit in a

given basis set. The most important approach presented is orbital optimization

in Chapter 3, where I have shown that for many systems much can be gained by

optimizing beyond natural orbitals. These fully optimized orbitals yield more

compact representations of the variational wave function with lower computer

memory footprints. I have provided detailed analysis of the various optimiza-

tion schemes and highlighted the importance of taking into account the cou-

pling between CI and orbital parameters when designing fast-converging algo-

rithms. In Section 5.2, I proposed a way to refine the selection of determinants

and obtain better-quality variational wave functions by imposing a second de-

terminant selection criterion in addition to the heat-bath selection criterion that

has become a defining feature of the SHCI method. This second selection cri-

terion serves as a proxy for the energy denominator in perturbation theory ex-

pressions and becomes useful when the orbitals contained in the basis set span

a large energy range.

The second class of improvements aim to narrow the gap between finite ba-

sis set energies and energies in the CBS limit. The density-based basis-set cor-
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rection methods discussed in Chapter 4 uses ideas from range-separated density

functional theory to estimate the basis-set incompleteness error for finite basis

set wave functions. These correction methods address the inadequacy of finite

basis sets to accurately describe short-range correlations and serve to accelerate

basis-set convergence by around two cardinal numbers. The basis set truncation

procedure in Section 5.2 addresses basis-set incompleteness from a different an-

gle by designing for a given system an optimal basis set of a certain size from

a larger basis set. The new basis set thus obtained has higher angular momen-

tum basis functions mixed in to better describe short-range correlations without

adding much to the computational cost. These two approaches for enhancing

basis-set convergence can also be used in combination.

Finally, I have also provided results from large-scale benchmark studies on

the Gaussian-2 set and transition metal systems. The methodological improve-

ments presented in this dissertation have helped provide accurate benchmark

energies in both finite basis sets from DZ to 5Z and also the CBS limit. Impor-

tantly, we have been able to achieve chemical accuracy on these systems, a level

of accuracy needed in order for computational quantum chemistry methods to

have experimentally relevant predictive power.

Looking ahead, although SCI methods such as SHCI have been able to

achieve ever greater accuracy on ever larger system sizes in recent years, the

combinatorial scaling of the Hilbert space of quantum chemical systems still

limit the scalability of such methods. A promising future direction is to de-

velop hybrid approaches that combine SHCI with more scalable methods that

benefit from high-quality approximate FCI solvers or wave functions. Indeed,

there has already been initial success on several different fronts: the incremen-
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tal FCI method where SHCI is used as accurate solvers for the incremental

sub-problems [161, 162], quantum embedding methods where SHCI is used to

provide accurate impurity Green’s functions [160], and auxiliary field quantum

Monte Carlo where SHCI wave functions are used as trial wave functions [90].

The highly scalable nature of these hybrid approaches mean that one can hope

to obtain accurate solutions on much larger systems than can be achieved with

SHCI alone.
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Manby, and Martin Schütz. Molpro: a general-purpose quantum chem-
istry program package. Wiley Interdiscip. Rev.: Comput. Mol. Sci., 2(2):242–
253, 2012.

[150] J. L. Whitten and Melvyn Hackmeyer. Configuration interaction studies
of ground and excited states of polyatomic molecules. i. the ci formulation
and studies of formaldehyde. J. Chem. Phys, 51(12):5584–5596, 1969.

[151] Kiel T. Williams, Yuan Yao, Jia Li, Li Chen, Hao Shi, Mario Motta,
Chunyao Niu, Ushnish Ray, Sheng Guo, Robert J. Anderson, Junhao Li,
Lan Nguyen Tran, Chia-Nan Yeh, Bastien Mussard, Sandeep Sharma,
Fabien Bruneval, Mark van Schilfgaarde, George H. Booth, Garnet Kin-
Lic Chan, Shiwei Zhang, Emanuel Gull, Dominika Zgid, Andrew Millis,
Cyrus J. Umrigar, and Lucas K. Wagner. Direct comparison of many-body
methods for realistic electronic hamiltonians. Phys. Rev. X, 10:011041,
2020.

[152] Angela K. Wilson and Thom H. Dunning. So2 revisited: Impact of tight d
augmented correlation consistent basis sets on structure and energetics. J.
Chem. Phys., 119:11712, 2003.

[153] Xuefei Xu, Wenjing Zhang, Mingsheng Tang, and Donald G. Truhlar.
Do Practical Standard Coupled Cluster Calculations Agree Better than
Kohn–Sham Calculations with Currently Available Functionals When
Compared to the Best Available Experimental Data for Dissociation En-
ergies of Bonds to 3d Transition Metals? Journal of Chemical Theory and
Computation, 11(5):2036–2052, May 2015.

[154] Yuan Yao, Emmanuel Giner, Tyler A. Anderson, Julien Toulouse, and C. J.
Umrigar. Accurate energies of transition metal atoms, ions, and monox-

130



ides using selected configuration interaction and density-based basis-set
corrections. The Journal of Chemical Physics, 155(20):204104, 2021.

[155] Yuan Yao, Emmanuel Giner, Junhao Li, Julien Toulouse, and C. J. Umrigar.
Almost exact energies for the Gaussian-2 set with the semistochastic heat-
bath configuration interaction method. J. Chem. Phys., 153(12):124117, Sep
2020.

[156] Yuan Yao and C. J. Umrigar. Orbital optimization in selected conguration
interaction methods. J. Chem. Theory Comput., 17:4183, 2021.

[157] Yuan Yao, C. J. Umrigar, and Veit Elser. Chemistry of the spin-1
2

kagome
heisenberg antiferromagnet. Phys. Rev. B, 102:014413, Jul 2020.

[158] Dominika Zgid and Emanuel Gull. Finite temperature quantum embed-
ding theories for correlated systems. New Journal of Physics, 19(2):023047,
feb 2017.

[159] Shiwei Zhang and Henry Krakauer. Quantum monte carlo method us-
ing phase-free random walks with slater determinants. Phys. Rev. Lett.,
90:136401, Apr 2003.

[160] Tianyu Zhu and Garnet Kin-Lic Chan. Ab initio full cell gw + DMFT for
correlated materials. Phys. Rev. X, 11:021006, Apr 2021.

[161] Paul M. Zimmerman. Incremental full configuration interaction. J. Chem.
Phys., 146(10):104102, Mar 2017.

[162] Paul M. Zimmerman. Strong correlation in incremental full configuration
interaction. J. Chem. Phys., 146:224104, 2017.

131


