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This thesis describes a variety of topics and techniques for building a scalable quan-

tum computer. Some topics discussed are within the field of active error correction:

magic state distillation, stabilizer code conversion, and bounds on thresholds and

efficiency for quantum decoders. In particular, we present an algorithm that pro-

duces a mapping between any two stabilizer codes, either by performing unitary

operations or through projective measurements. Another piece discussed is the

efficient simulation of novel quantum hardware using tensor network techniques.

We present some results from our model of a family of superinductors. Lastly, we

discuss our driven-dissipative approach to preparing quantum states. We give a

protocol for producing an optical analog of the Laughlin state in an open quan-

tum system using AMO techniques – a step towards creating many-body fractional

quantum Hall states having non-Abelian excitations.
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And which of you by worrying can add a day to his life’s span? Therefore if

you cannot do even a very little thing, why do you worry about the other things?

Consider the lilies, how they grow: they neither labor nor spin; but I tell you, not

even Solomon in all his glory clothed himself like one of these. Now if God so

clothes the grass in the field, which is alive today and tomorrow is thrown into the

furnace, how much more will He clothe you? You of little faith! Luke 12:25-28

(NASB)
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CHAPTER 1

INTRODUCTION

Quantum computers are computational devices that harness quantum entangle-

ment and the ability of quantum systems to be in a superposition of many states

[14]. At the time of writing this thesis, it is predicted that quantum computers

can be much faster than classical computation for solving certain problems, and

experimentally proving this quantum advantage is an active research area [15,16].

Building a quantum computer requires a scalable physical system with a well-

characterized qubit. One needs long qubit coherence times, the ability to initialize

the qubits to a starting state, and a universal set of quantum gates. One also

needs to be able to carry our certain measurements. These criteria are known as

the DiVencenzo criteria [17]. Several quantum computing systems possessing all of

these criteria have been proposed to date: the quantum circuit model, the quantum

Turing model, the adiabatic quantum model, the one-way quantum computing,

and cellular automata [18–24]. Each of these proposed models for a quantum

computer have their own unique hardware designs. Part of this thesis focuses on

a small part of this broad field of quantum computing: the quantum circuit model

with superconducting qubits and dissipative state preparation in atomic systems.

A natural way to represent gates in the quantum circuit model is the stabilizer

formalism [25], see Sec. 2. The stabilizer formalism breaks down the quantum

computational space into a region which is efficiently simulatable through classi-

cal computation and a region where it is not: this concept is also known as the

Gottesman-Knill theorem [25].

In the region where classical computation is inefficient, one could demonstrate
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a quantum advantage. Within this formalism, universality requires special gates,

which arise from states outside of the efficiently-computable regime. Such states

are error-prone, and one way to obtain the desired fidelity is through quantum

magic state distillation, see Sec. 2.1. Magic state distillation protocols are resource

intensive. This thesis elaborates on an alternative method for obtaining a protected

universal computation by introducing an algorithm for mapping between any error-

protecting frameworks whose complimentary gate sets form a universal set, see Sec.

3.

To date, all quantum resource states and gates are faulty to some percentile.

Determing error thresholds for fault-tolerant computations is a complicated process

dependent on the computing architecture and quantum error protecting procedures

at hand, but generally such thresholds are low. This requires development of

robust hardware that provides protection against unwanted decoherence. Several

proposed protected qubit designs are promising, [9, 26–32] and require advanced

techniques to model, see Sec. 5.

The method of topological quantum computation lies within the circuit model,

where defects are braided to perform a universal set of gates on topologically-

protected encoded qubits. Candidate defects with non-Abelian braiding statistics

are found in fractional quantum Hall states [33]. Creating these states is challeng-

ing. One novel construction is to use dissipation. By design, the system would

protect the state against dechoherence by using decoherence to stabilize itself. We

use this design and propose an AMO experiment to prepare a two-body fractional

quantum Hall state, a step towards universal computation using these states, see

Sec. 6.

This thesis covers a wide variety of topics. In Ch. 2, we introduce some
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background information on magic distillation protocols. In Ch. 3, we present our

original algorithm for converting any one stabilizer code into another. In Ch. 4,

we derive some bounds on the thresholds for quantum decoders (some of which are

found in the literature) to show that the addition of a type of error reduces the

possible decoding thresholds despite having knowledge that the error exists. We

also show how some of the thresholds relate to the estimated phase boundaries from

statistical mechanical models. In Ch. 5, we discuss some background information

about superconducting circuit design, and then we discuss our software tool and

use it to find the lowest-lying energy spectrum of superinductor. In Ch. 6, we

briefly introduce dissipation in open quantum systems. In Ch. 7, we discuss our

proposal for dissipatively preparing the Laughlin state of Rydberg polaritons in a

twisted cavity.
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CHAPTER 2

UNIVERSAL QUANTUM COMPUTATION IN THE CIRCUIT

MODEL

Quantum information stored and manipulated in a quantum computer is sen-

sitive to errors due to entanglement with the environment. Such entanglement can

occur with stray magnetic fields, electric fields, photons from black body radiation,

unstable control signals, etc. causing decoherence of the quantum information.

One method to protect against decoherence is by encoding quantum information

into a code, namely, stabilizer codes.

Stabilizer codes were first introduced by Peter Shor in 1995. He showed that

classical error-correcting codes, which were used in computers in the years before

classical hardware was reliable, had a quantum analog formed through their rep-

resentation by the Pauli group [14]. Since Shor’s discovery, a large number of

examples of stabilizer codes have been constructed. Most of them belong to the

class of additive codes, where the codewords form a common eigenspace of com-

muting stabilizer operators, each of which is a product of Pauli matrices acting on

different qubits.

Stabilizer codes are a type of error-correcting code that encodes k logical bits of

quantum information in n qubits. A stabilizer is an operator composed of a tensor

product of Pauli operators σx, σy, σz acting on the physical qubits. The code is

generated by a collection of n − k stabilizers which commute with one another,

forming an Abelian group. The common eigenspace of these operators forms the

codespace, in which the logical qubits reside. Allowed operations on the logical

qubits are composed of operators which commute with all of the stabilizers defining

the codespace, and anticommute with one another. Thus, there are only two things
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for specifying a stabilizer code - a generating group of commuting stabilizers and

a logical operation.

States and state evolution described in the stabilizer formalism can be tracked

conveniently using the Heisenberg description of the quantum computer – this is

also called the product-operator formalism [25]. A state in the stabilizer formalism

is described by the set of Pauli operators of which it is an eigenstate, and quantum

state evolution is tracked by elements in the Clifford group, a group of tensor

products of Pauli matrices acting on the state, also see Sec. 3. States described in

the stabilizer formalism and the evolution of such states can be simulated efficiently

(i.e. in polynomial time) by a classical computer (see the Gottesman-Knill theorem

[25]).

To see the convenience of the product-operator formalism, assume the state |ψ〉

is an eigenstate of operators N in a stabilizer code such that N |ψ〉 = |ψ〉. One

can track state evolution by a unitary operator U ,

UN |ψ〉 → UNU †U |ψ〉 (2.1)

so that now the operator UNU † is the new stabilizer describing the evolved state

U |ψ〉. So, instead of tracking the evolution of a quantum state having dn terms

(where d is the dimension of the Hilbert space and n is the number of physical

particles), once can simply keep track of the evolution operators whose product

determines U .

The product operator formalism not only simplifies quantum evolution but it

also simplifies the quantum noise models. A quantum system can be subject to

a continuous spectrum of noise. Noise could cause qubits to be lost or erased,

or noise could be modeled as any unitary acting on the physical qubits. In the

stabilizer code picture, stabilizer measurements project the quantum system into
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an eigenstate of all of the commuting stabilizers – a continuous spectrum of quan-

tum noise is thus projected into the Pauli group. (For example, a qubit that is

lost can be modeled by one that is lost and then prepared in the fully mixed

state. A stabilizer measurement would then project the qubit into an eigenstate

of an element of the Pauli group.) The simplification of the error model allows

errors on qubits to be represented by an error channel composed of Pauli ro-

tations occurring probabilistically. Such an example is the depolarizing model,

ε(ρ) = (1− pi)ρ+ pxXρX + pyY ρY + pzZρZ where the probabilities px,py, pz and

pi = 1− px − py − pz.

The stabilizer measurements are similar to parity checks on a classical computer

– they provide information about errors on the encoded quantum information

without directly measuring the state. The collection of eigenvalues obtained from

measurements of the stabilizers is called a syndrome. Syndromes are accumulated

throughout a computation. They are stored on a classical computer and interpreted

by a decoding algorithm which decodes the errors into a correction to be applied

at the end of the quantum computation.

One could argue the point of doing quantum computation in the stabilizer

formalism at all, since the evolution and errors can be all be tracked efficiently

using classical hardware. A quantum computation in the stabilizer formalism can

be efficiently simulated on a classical computer, that is, until special gates, called

non-Clifford gates are introduced, see Sec. 3. It is the addition of this type of

gate which allows a quantum computer to have an advantage over a classical one

– a quantum computer can calculate efficiently in a region that is inefficient for a

classical computer.

One protocol for implementing these special gates is through magic state dis-
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tillation, where a special state is obtained through a purification procedure within

a stabilizer code and injected into the circuit to perform a non-Clifford gate, see

Sec. 2.1. Distillation procedures are resource-intensive [1, 2, 34,35], usually taking

90% of the resources in a quantum calculation (many layers of the quantum com-

puter can be dedicated to non-Clifford gate factories [36, 37]). Another protocol

for achieving universality is through stabilizer code mapping, where a universal

set of gates on encoded quantum information is achieved though complementary

gate sets naturally occurring in each stabilizer code. Previously, it was only known

that a small subset of codes could be mapped between through a method called

gauge-fixing [38–41]. The work included in this thesis shows that any stabilizer

code can be mapped to any other stabilizer code, with no contingencies, and it

presents an algorithm for doing so without requiring any insight, see Sec. 3.

2.1 Magic State Distillation

Clifford group operations and Pauli group measurements do not provide a universal

set of quantum gates. One can verify this by performing Pauli rotations on a

quantum state in the Bloch representation, i.e.,

ρ̂ =
1

2
(1 + ρxσx + ρyσy + ρzσz) (2.2)

where the sum over the ρiσi terms is a statistical combination of Pauli opera-

tors. As described below, statistical mixtures of Pauli rotations of Pauli operator

eigenstates only allows one to reach a subspace of the Bloch sphere, namely the

octahedron defined by,

|ρx|+ |ρy|+ |ρz| ≤ 1. (2.3)

The vertices of the octahedron correspond to the eigenstates of the Pauli matrices,

and the surface and interior of the octahedron correspond to all states that are

7



X

Z
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Figure 2.1: Bloch sphere and inscribed octahedron formed by the condition in Eqn.
2.3.

statistical combinations (ensembles) of those eigenstates.

For example, start with an eigenstate of the σx, which is a vertex on the oc-

tahedron and lies on the surface of the Bloch sphere, ρ̂x = 1
2

(1 + σx). Rotations

of this state by single-qubit Clifford operations (i.e. 1, σx, σy, σz) are symmetries

of the octahedron taking the eigenstate which is a vertex on the octahedron to

another vertex on the octahedron. Thus, one cannot rotate ρ̂x to points lying on

the Bloch sphere outside of the inscribed octahedron.

Taking statistical combinations of eigenstates of σx, σy, and σz produces states

within or on the octahedron. For example, taking a statistical combination of the

eigenstate of σx and σy say, ρ̂ = 1
2
ρ̂x + 1

2
ρ̂y, gives the state ρ̂ = 1

2

(
1 + 1

2
σx + 1

2
σy
)

- a point on the surface of the octahedron with a component of 1
2

on the σx axis

and 1
2

on the σy axis of the Bloch sphere.
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On the other hand, if we rotate the eigenstate ρ̂x by a π
4

rotation about the

σz axis, i.e. R(π
4
) =

1 0

0 ei
π
4

, a non-Clifford gate, we get the rotated state,

ρ̂′x = R(π
4
)ρ̂xR(π

4
)† = 1

2

(
1 + 1√

2
(σx + σy)

)
. The rotated state ρ̂x has a component

of 1√
2

on both the σx and σy axes of the Bloch sphere, so the rotated state lies on

the Bloch sphere, does not satisfy the Eqn. 2.3, and thus is not a Clifford state.

For a series of quantum rotations to cover the entire Bloch sphere, thus en-

abling universal quantum computation, another gate outside of the Clifford group

is needed. Such a gate could be a Toffoli gate, see Appendix 3.5.6, a π
8

rotation

of the Bloch sphere, or the square root of the controlled-NOT gate, among other

examples. The Clifford group plus an appropriate extra gate generate a set of

unitary operators dense in U(2n) and therefore form a universal set of gates.

Knill’s theorem implies that quantum computation is only more powerful than

classical computation when it uses gates outside the Clifford group. However,

networks using only Clifford group gates also have a number of important appli-

cations in the area of quantum communications. Quantum error-correcting codes

are an important example. Other important communication problems, such as

quantum teleportation, also use only Clifford group gates and measurements. Fi-

nally, networks consisting of Clifford group gates and measurements may provide

useful subroutines to more complex quantum computations; an efficient method of

analyzing and searching for such subroutines could prove very useful [25].

Magic states are non-stabilizer states, states which lie outside of the octahedron,

and are used as a consumable resource to indirectly implement a non-Clifford

operation. This can be accomplished using a technique called state injection, see

Sec. 2.1.1. Magic states are often assumed to be faulty resource states. A technique
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called magic state distillation uses a stabilizer code to convert a large number of

resource states into a smaller number of magic states having higher fidelity.

Magic state distillation is often described in an abstracted manner, indepen-

dent of the particular quantum computing architecture. In magic state distillation

literature, Clifford operations are often considered ideal. This means that Clifford

gates performed on physical qubits contribute no errors, and the only errors that

need to be corrected are from the magic states to be distilled. Other operations

that are considered to be ideal are preparation of the state |0〉, and measurements

of a Pauli operator on any qubit. The preparation of a state, ρ, however, is faulty.

There are at least two methods for magic state distillation. The first method

is to treat a collection of faulty magic states as if they were encoded and decode

them, discarding the reduced state if an error has occurred [2], [34]. This allows

for a higher threshold probability, although it is at the expense of computing

resources. Another method is to encode faulty magic states into a code using

Clifford operations, and perform a parity check measurement on the encoded magic

state using non-Clifford gates created using state injection of additional copies of

magic states [1]. In this method, the code would catch errors not only on the faulty

magic states, but also from the errors in the non-Clifford gates used for the parity

check measurement.

A great simplification for engineering a magic state distillation circuit results

from the use of twirling. Twirling is the probabilistic application of a (Clifford)

gate to a faulty resource state. Following the example in [1], on an initial state ρ0,

the channel,

ρ =
1

2
ρ0 +

1

2
Hρ0H

† (2.4)

applies the Hadamard gate or the identity both with equal probability. Multiple

10



iterations of this gives a state that is in the eigenspace of H,

ρ = λ1 |H〉 〈H|+ λ2 |−H〉 〈−H| (2.5)

where λ1 and λ2 are the eigenvalues of the twirled state ρ. Such a state is used

as a faulty resource magic state which can only suffer from Y errors with some

probability p, since Y |H〉 = − |H〉.

One way to distill magic states from faulty resource states is to perform a parity

check measurement. For example, consider the following circuit from [1],

|+〉 • • X

H

H H

which measures the logical parity operator H̄1H̄2. Assuming the input states are

twirled and the gates are perfect, this measurement can determine if there is one

Y-error.

The gates, in fact are non-Clifford, so they are not perfect. Blindly implement-

ing such a gate could break the fault-tolerance of the circuit. Such non-Clifford

gates are rather constructed using state-injection, see Fig. 2.1.
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Figure 2.2: Injection circuit for a controlled-H non-Clifford gate, modified from [1].

In the injection circuit, if a Y-error occurs during state preparation of |H〉, it

propagates to a Y gate on the output. When implementing the controlled-H gate

if: (1) a Y error from the first Y
(−π

4

)
gate occurs, it propagates to a Z-gate on

the control and a Y-gate on the target (2) a Y-error on the second Y
(
π
4

)
gate

occurs, it translates to a Y-gate after the gate (3) two Y-errors occur, then there

is a Z-error on the control.

Not only do we need to check the input states for errors, but we also need to

check the non-Clifford gates for errors. In order to do this, the entire parity check

circuit in Eqn. 2.1, is embedded into an error-correcting code. Because the error

in performing the controlled-H gate using state injection, the error-correcting code

must detect and correct both Z and Y errors.

The error-correcting code choice in Meier, et al. [1] is the four-qubit code, which

is just a sequence of three gates composed entirely of CNOTs. After enumerating

the error patterns of Y and Z error and classifying them by whether or not they

are detected and where or not they causes a logical error, one can determine

the probability that an undetected error pattern will cause a logical error. In

distillation routines, the errors are considered to be equiprobable and independent.

This is not necessarily an experimental reality, but it greatly simplifies the counting

to provide an error probability. Error probabilities are expressed as polynomials

in p, the probability of a single qubit error. If an error involving n qubits can
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occur C ways, it contributes Cpn. For example, if there are nine ways two errors

are not detected and cause a logical error, then its contribution to the polynomial

is 9p2. Conversely, error patterns that have no effect reduce the probability of a

logical error. For example, if there are fifty-six ways that three errors operate as

stabilizers of the code, then the term in the polynomial is −56p3. Error patterns

which can be detected do not contribute terms.

The lowest degree of the error polynomial gives some measure of the error

correcting properties of the code. In [1], the lowest degree is 2, and so the code

provides quadratic suppression of errors – any single error is detected by the code.

First, this means that having the code is better than not. Second, it is advan-

tageous for protecting against higher-order error patterns that reduce to a single

error. The second-order error suppression is understood by propagating errors on

non-Clifford gates and reducing them to Pauli errors plus a single qubit Y-error.

A Y-error projects the state out of the codespace and so it is detected by the code,

see Fig. 2.1. Also, by design, a Y-error on the resource state is detected by the

parity measurement.
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Faulty resource states 
(subject only to Y-errors after twirling)

Four-qubit code
encoding

Four-qubit code
decoding

Parity check measurement

Puri�ed 
output states

(from resource
 states) 

(from 
non-Cli�ord 

gates)

Figure 2.3: Magic state distillation circuit modified from [1]. There are two |H〉

resource states which can have only Y-error on them after twirling. The effective

circuit is a parity check circuit which can detect one Y-error on either of the

twor resource states. Because the parity check circuit requires non-Clifford gates,

these gates are faulty, but their faults are made in a predictable way using state-

injection, see Fig. 2.1. To catch the errors from the non-Clifford gates, the parity

check circuit is embedded into an error-correcting code, in this case, the four-qubit

code. Thus the resource |H〉 states become logical states after the encoding, and

the operators in the parity check measurement are logical (i.e. the circuit in the

middle performs the parity check in Fig. 2.1). Pauli error patterns produced from

the non-Clifford gates are pushed through the circuit, using circuit identities, to

the section in yellow. Many of these error patterns (up to order 8, eight errors at

once, in all possible ways) are generated and categorized into two categories (either

logical error or not) to determine the error polynomial.
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2.1.1 State Injection

Bravyi and Kitaev [2], introduce a protocol for consuming a magic resource state

to perform an arbitrary phase gate rotation,

Λ(eiθ) =

1 0

0 eiθ


by the injection of the magic state |Aθ〉 = 1√

2

(
|0〉+ eiθ |1〉

)
. This process is fully

described in [2], but we outline it here in a way to compare it with another injection

method.

Our goal is to perform an arbitrary phase rotation on an arbitrary state |ψ〉 =

a |0〉 + b |1〉. First, form the product |ψ0〉 = |ψ〉 ⊗ |Aθ〉 = 1√
2

(
a |00〉+ beiθ |11〉

)
+

1√
2

(
a |01〉+ beiθ |10〉

)
= |ψ+

0 〉+ |ψ−0 〉, where |ψ+
0 〉 corresponds to the +1 eigenstate

of σz ⊗ σz and |ψ−0 〉 corresponds to the -1 eigenstate. Then, the second step in

the process is to measure S = σz ⊗ σz. This is equivalent to entangling the state

with an ancilla and applying the projector P± = 1
2
(1 ± σz ⊗ σz) depending on

the state of the ancilla: 1√
2
(|0〉 + |1〉) ⊗ |ψ0〉 → 1√

2
(|0〉P+ |ψ0〉 + |1〉P− |ψ0〉). If

the ancilla bit |0〉 is measured, then the state of the data qubits is in the +1

eigenspace of S (i.e. |ψ0〉 → |ψ+
0 〉). Conversely, if the ancilla bit |1〉 is measured,

then the state of the data qubits is in the -1 eigenspace of S (i.e. |ψ0〉 → |ψ−0 〉).

Finally, applying an XOR between the data qubits implements the phase gate. In

the case of |ψ+
0 〉 we have: |ψ+

0 〉 → 1√
2

(
a |00〉+ beiθ |10〉

)
→ 1√

2

(
a |0〉+ beiθ |1〉

)
|0〉,

and the procedure has applied the gate Λ
(
eiθ
)
. In the case of |ψ−0 〉 we have:

|ψ+
0 〉 → 1√

2

(
aeiθ |01〉+ b |11〉

)
→ 1√

2
eiθ
(
a |0〉+ be−iθ |1〉

)
|1〉, and the gate Λ

(
e−iθ

)
is applied. The procedure above is equivalent to the circuit in Fig. 2.4, where the

eigenvalues of the Z-measurement on the first and third qubits have the relation,

±1 → Λ
(
e±iθ

)
. (i.e. if +1 eigenvalues are measured, then the gate Λ

(
e±iθ

)
was
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|0〉 H • • H Z

|ψ〉 Z •

|Aθ〉 Z Z

Figure 2.4: Equivalent circuit diagram to the procedure described in [2] for imple-
menting the arbitrary phase gate Λ

(
e±iθ

)
by injecting the magic state |Aθ〉.

applied. Conversely, if the -1 eigenvalues are measured, then the gate Λ
(
e−iθ

)
was

applied.)

The downside of this particular procedure is the probabilistic phase shift in the

gate applied. Although implementing the phase −θ instead of θ can be corrected

and would probably contribute to an overall global phase in most cases, it could

still in practice require some dynamic gate compensation, thus complicating the

computing hardware.

Another way to inject a magic state into a stabilizer code to perform a gate is

described in [42]. Equipped with a magic state, one can inject the state to perform

a non-Clifford gate. Take the following circuit:

Z

Z
(
π
g

)
=

|eiπ/g〉 • Z
(

2π
g

)
X

This circuit injects (and thus consumes) the resource state |eiπ/g〉 to implement a

rotation of π
g

about the Z-axis.
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CHAPTER 3

STABILIZER CONVERSION

We present an algorithm for manipulating quantum information via a sequence

of projective measurements. We frame this manipulation in the language of stabi-

lizer codes: a quantum computation approach in which errors are prevented and

corrected in part by repeatedly measuring redundant degrees of freedom. We show

how to construct a set of projective measurements which will map between two

arbitrary stabilizer codes. We show that this process preserves all quantum in-

formation. It can be used to implement Clifford gates, braid extrinsic defects, or

move between codes in which different operations are natural. This chapter was

adopted from [43].

3.1 Introduction

Although there is broad agreement that quantum mechanics can provide an im-

portant resource for computation, the community continues to search for the best

way to exploit that resource. Here we describe a tool which can be incorporated

into a number of quantum information processing architectures, and we show how

it can be applied to solve important problems such as giving access to a universal

set of transversal gates and braiding non-Abelian anyons.

Our approach is framed in the language of quantum stabilizer codes. These are

approaches to quantum error correction in which k logical qubits are stored in n

physical qubits (quantum spins or other two level systems): the remaining degrees

of freedom are restricted by requiring that the allowed wavefunctions (those in

the codespace) are eigenstates of n− k given stabilizer operators. These stabilizer
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operators define the code.

Given two arbitrary stabilizer codes, we show how to construct a sequence of

measurements which map the codespace of one code into the codespace of the other

while preserving the quantum information. Under appropriate circumstances this

mapping is fault-tolerant. The utility of such rewiring has been recognized by the

community, and our arguments build on ideas of “code deformation” [44,45] (which

involves small rewirings of topological codes) and “code conversion” [46,47]. This

latter strategy has also been termed “code switching” [48,49], and typically is based

on a sequence of unitary gates. Our contribution is the construction of a general

algorithm for finding a sequence of projective measurements which allow arbitrarily

large deformations. As with the previously studied cases, rewiring can be used to

implement quantum gates: a cyclic rewiring generically acts as a rotation in the

codespace. We explicitly construct the unitary matrix that corresponds to the

gate.

One motivator for mapping between codes is the realization that the amount

of resources needed to perform different gates depends on the code. Recently,

Paetznick and Reichardt [50] noted that this disparity can be taken advantage of

by mapping between codes. Specifically, a mapping can thereby produce a universal

set of gates which have a particularly simple structure, described as “transversal”.

Transversal operations are naturally fault-tolerant, but there is no single code that

admits a universal set of transversal gates [51]. To overcome this, Anderson, et. al.

[39] proposed a quantum circuit which maps between the 7-qubit Steane code and

the 15-qubit Reed-Muller code. The former admits transversal Clifford gates, while

the latter admits transversal T and control-control-Z gates. Subsequently, several

authors proposed other circuits for this mapping [38, 41]. Our algorithm provides

18



a systematic approach to this, and related, problems. We illustrate its utility by

producing a mapping between the Steane and Reed-Muller codes. The resulting

circuit is particularly simple, involving only measuring stabilizer generators of the

other code, and is fault-tolerant.

Our algorithm fits in with a long tradition of using measurement to manipulate

quantum information. Measurement is a key piece of any quantum circuit, and

there are well known computing architectures which consist primarily of repeated

measurements [22, 24, 52–59]. These algorithms are often discussed within the

stabilizer formalism [59] and can be interpreted as rewiring stabilizer codes. In

this context, we emphasize that our innovation is not the basic idea that one

can use projective measurements to map between codes, but rather the explicit

construction of the sequence of measurements.

Beyond its application to quantum computing, our algorithm can be used to

enable the study of novel collective effects of interest to condensed matter physics.

A physical realization of a quantum stabilizer code can be considered a Hamiltonian

system where the Hamiltonian is simply the projector onto the codespace. Kitaev

has argued that this mapping allows the observation of anyons (excitations which

behave as particles with statistics that are neither fermionic nor bosonic [60]).

Using our code rewiring algorithm, we show how to braid non-Abelian twist defects,

allowing the first direct observation of non-Abelian quasi-particle statistics. Such

“quantum emulation” experiments would be highly impactful.

3.2 Algorithm
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3.2.1 Stabilizer Codes

A stabilizer code stores k logical qubits in n physical qubits by specifying that a

physical state is an eigenstate of n− k given stabilizer operators (generators) with

eigenvalue 1. The space of physical states is denoted the codespace. The stabilizer

generators (g0, g1, . . . gn−k−1 ∈ G) are typically taken to belong to the Pauli group

– meaning that they are products of Pauli operators (I,X, Y, Z) acting on the

physical qubits. They therefore all have eigenvalues ±1. The generators should

be independent, and the space generated by their products is denoted S. For

the codespace to be non-trivial, the stabilizers (and hence the generators) must

commute with one-another. The generators for a stabilizer code are not unique:

the same set S is generated if gigj replaces gi, for any j.

In addition to the stabilizers, one can define logical operators, which map the

codespace onto itself. The space of logical operators is generated by 2k mem-

bers of the Pauli group, which can be labeled X̄1, · · · X̄k, Z̄1, · · · Z̄k, with X̄j anti-

commuting with Z̄j, but commuting with all other logical generators. The labeling

of the logical operators is not unique. Any member of the Pauli group that com-

mutes with the stabilizers, but is not itself a stabilizer, is a logical operator.

3.2.2 Moving in the space of stabilizer codes

Consider two stabilizer codes S, S ′ that differ by only one anti-commuting gen-

erator: S is generated by G = {g0, g1, · · · gn−k−1}, while S ′ is generated by

G′ = {g′0, g1, g2, · · · gn−k−1}, with anti-commutator {g0, g
′
0} = 0. As is readily

verified by its action on the generators, the unitary operator U = (1 + g′0g0)/
√

2

20



maps the codespace of S to the codespace of S ′. One can further see that when

acting on a state |ψ〉 in the codespace of S,

U |ψ〉 =
√

2P1|ψ〉 =
√

2g0P−1|ψ〉, (3.1)

where P±1 = (1±g′0)/2 are projectors into the space spanned by the ±1 eigenstates

of g′0. This relationship suggests an algorithm. Starting from a state |ψ〉, one

measures g′0. If the result of the measurement is −1, one applies g0 to the new

state, otherwise one leaves it alone. Due to Eq. (3.1), this procedure is completely

equivalent to the unitary transform, but is often simpler to implement.

One can chain these operations together – one-by-one changing the stabilizer

generators. In the next section we show how to construct a sequence of measure-

ments that map between any two given stabilizer codes. If the final code is the

same as the initial code, then we thereby apply a gate (given by the product of

the U ’s in Eq. (3.1)). This feature is used in a number of algorithms, such as

topological [44, 45], and teleportation [52] based computing schemes.

The operator U in Eq. (3.1) maps the Pauli group onto itself, and is therefore

described as a Clifford operator. Clifford operators are insufficient for universal

quantum computation, and a quantum circuit only involving Clifford operators can

be efficiently simulated on a classical computer [61]. Relaxing the constraint that

the generators belong to the Pauli group opens up the ability to generate arbitrary

gates.

Although the arguments have largely appeared elsewhere, in 3.5.1 we give the

proofs that U has all of these properties. Note, if one has a non-measurement way

to apply U , such gates could also be used as part of the rewiring.
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3.2.3 Constructing a sequence of stabilizer codes

Given two stabilizer codes S, S ′, we wish to construct a sequence of stabilizer

codes S0, S1, · · · , SN , such that S0 = S, SN = S ′, and Sj differs from Sj−1 by only

one anti-commuting generator. By the arguments in Sec. 3.2.2 one then can map

between S and S ′ by performing N measurements.

To facilitate constructing this sequence of stabilizer codes, we first make use of

the fact that the generators are not unique, and find a set of generators of S and S ′

such that each of the generators fall into one of three blocks, denoted GA, GB, GC

and G′A, G
′
B, G

′
C . The first blocks are identical: GA = G′A. The second blocks,

GB and G′B contain the same number of elements, and have the property that the

generators in GB commute with members of S ′, but are not in S ′. Conversely,

those in G′B commute with the members of S, but are not in S. Thus the elements

of GB are logical operators for the code defined by S ′, and vice versa. The elements

in the third block are in one-to-one correspondence, and for each gj ∈ GC , there

exists a single element g′j ∈ G′C , such that gj and g′j anticommute. The element gj

however, commutes with all other elements of G′ (and likewise for g′j). We claim

that one can always find generators satisfying these conditions, and in Sec. 3.2.4

we provide a constructive algorithm for finding these generators.

For each element gj ∈ GB our construction also gives a complementary operator

g
(c)
j with the property that g

(c)
j anticommutes with gj, but commutes with all other

elements of G. Furthermore g
(c)
j commutes will all elements of G′. Similarly, for

each g′j ∈ G′B we find a complementary operator g
′(c)
j with analogous properties.

Given this construction, we can then generate the sequence of stabilizer codes

S0, S1, S2, · · ·SN . If the number of generators in blocks GA, GB, GC are a, b, c, then
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we require N = 2b + c steps. It will require one step to replace an element of GC

with one of G′C , and two steps to replace an element of GB with one of G′B. The

required operation for replacing elements of GC is simple: one just measures the

elements of G′C . In order to replace gj ∈ GB with g′j ∈ G′B, one first measures the

product g
(c)
j g

′(c)
j , then measures g′j. Each of these steps is of the form detailed in

Sec. 3.2.2.

Note if GB is empty, then the two codes S and S ′ are different gauge fixings of

a single subsystem code. In that case, our algorithm reduces to a standard gauge

fixing approach. See Sec. 3.2.5.

In 3.5.3 we give some simple examples to illustrate the mechanics of this pro-

cedure. Section 3.3 further explores the utility of these mappings.

3.2.4 Construction of the generators and complementary

operators

In this section we explicitly construct generators of the form described in Sec. 3.2.3.

Given an arbitrary set of generators, G and G′ of S and S ′, we first construct a

connectivity matrix M , whose (i, j)’th element is 1 if the i’th member of G anti-

commutes with the j’th member of G′. Otherwise that element is zero. For codes

with n physical qubits and k logical qubits, M will be a (n−k)×(n−k) matrix. As

already emphasized, the generators are not unique, and the same set of stabilizers

are formed if one replaces any one generator by its product with another. Such a

replacement in G corresponds to adding the j-th row of M to the i-th row mod(2).

A similar replacement in G′ corresponds to adding columns mod(2). By using the

same techniques used for row reduction, one can thereby find a set of generators
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for which M is diagonal (with zeros and ones along the diagonal). The generators

gi and g′i with Mii = 1 correspond to block C, as defined in Sec. 3.2.2.

Consider any gj /∈ GC . Because of the structure of M , it commutes with all of

the generators of the stabilizer group of S ′. Thus it is either a member of S ′ or

logical operator of S ′. If it belongs to S ′, then it equals a product of the members

of G′ – and one can always construct a set of generators for S ′ such that gj ∈ G′,

giving us blocks GA and G′A. This rearrangement of G′ does not require replacing

any of the elements of block C. Finally, all of the remaining generators are logical

operators for the other code, and hence are in blocks GB and G′B.

We further transform the generators, based upon the operators in blocks GB

and G′B. Each gj ∈ GB is a logical operator for S ′, and hence there is a comple-

mentary logical operator g
(c)
j , that anti-commutes with gj. By construction, g

(c)
j

commutes with all elements of G′ (and hence the elements of GA). The complemen-

tary operators can always be chosen to commute with each other: If {g(c)
j , g

(c)
k } = 0

for some gk ∈ GB, one simply takes g
(c)
j → g

(c)
j gk. After this manipulation, one

can further transform the generators so that g
(c)
j commutes with all if gk ∈ GB

or GC , for k 6= j: If gk ∈ GC anti-commutes with g
(c)
j , we take gk → gkgj. This

transformation does not change any of the other commutation relations. Note,

as illustrated in Sec. 3.3, one can map between codes with different numbers of

qubits by simply appending auxiliary qubits to the shorter code with trivial local

stabilizers.
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3.2.5 Distance Bounds

In commonly-studied noise models, noise acts independently on physical qubits.

Consequently, one measure of the robustness of the code is its distance – the

lowest weight operator that performs a logical X- or Z- operation. Here weight is

the number of qubits which are acted on by the operator. A code of distance d

can correct errors of weight t or less, where d = 2t+ 1.

Our basic algorithm can produce intermediate codes whose distance is smaller

than that of S and S ′. 3.5.4 gives an explicit example. In Secs. 3.2.5 and 3.2.5

we quantify this issue by deriving lower bounds on the distances of the intervening

codes generated by our algorithm when mapping between S and S ′. As recently

shown by Huang et al. [62], these lower bounds are worst case scenarios, and

after adding appropriate ancilla qubits, there always exists a path in which the

intermediate codes have distance no smaller than S or S ′. Moreover, Huang et

al. find the remarkable result that a random path yields high distance codes with

high probability (and this probability can be made arbitrarily large by adding more

ancillary qubits).

Subsystem Codes

We first consider the case where GB is empty, and one only needs to measure

stabilizers belonging to the code to which we wish to map. In this case our algo-

rithm may be interpreted as a gauge fixing procedure on a subsystem code [63–66].

Below we describe subsystem codes and outline this procedure. In particular we

show that if GB is empty, then all codes in the path between S and S ′ are gauge

fixings of a single subsystem code. One consequence is that the distances of each
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of these codes are bounded below by the distance of that subsystem code.

A subsystem code stores k logical qubits in n physical qubits. States in the

codespace are eigenstates of s independent stabilizer operators (forming a group S

and having generators G), where s < n− k. This leaves r = n− k − s degrees of

freedom which are not used to encode any information. These r degrees of freedom

are called gauge qubits, and they can be freely manipulated. The gauge group T is

composed of Pauli operators that commute with both the logical operators and the

stabilizers of the subsystem code. This is the set of operators which cannot disturb

the encoded information. The gauge group of a subsystem code is generated by

s + 2r elements – the generators of the stabilizer group and the generators of the

“logical operators” that act on the gauge qubits. Gauge fixing amounts to creating

a stabilizer code whose generators consist of r independent commuting elements

of T/S along with the elements of G. Choosing those r elements in different ways

can produce distinct stabilizer codes. Given a state stored in a subsystem code, its

gauge-fixed variant is produced by simply measuring the relevant gauge operators.

Consider two stabilizer codes with stabilizer generators G and G′, decomposed

into blocks A, B, and C, as in Sec. 3.2.3. Recall that the elements of the two

A blocks are identical: GA = G′A, and the elements of the two C blocks are

in one-to-one correspondence with gj ∈ GC anti-commuting with one g′j ∈ G′C

and commuting with all other elements of G′C . If the B block is empty, we can

construct a subsystem code by taking its stabilizer group to be generated by GA =

G′A. We use GC and G′C as the generators of the gauge group (along with GA).

The two stabilizer codes are created from this subsystem code via gauge fixing.

Our algorithm then reduces to the standard gauge-fixing process, and each code

along the path represents a different gauge fixing. A consequence is that if the
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subsystem code has distance d, then we are guaranteed that each code visited

during the conversion will have at least distance d. This distance, for example, can

be calculated using the approach in [67].

When GB and G′B contain b > 0 elements, the most naive generalization of

this procedure fails. Namely, consider a subsystem code with stabilizer group

GA and gauge group containing the union of GB, G
′
B, GC , and G′C . If b is the

number of elements in GB and c is the number of elements in GC , this gauge group

contains at least 2b+ c linearly independent commuting elements – namely the set

GB ∪ G′B ∪ G′C . Thus it encodes at most n− (a + 2b + c) logical qubits, which is

smaller than the n− (a+ b+ c) qubits encoded by the two original stabilizer codes.

Generic Case

Here we generalize the argument of Sec. 3.2.5 to produce a general bound on the

distances of our codes. In particular, if the B-blocks of S and S ′ contain b elements

each, then we construct 2b subsystem codes. We argue that any stabilizer code

generated by our procedure must be a gauge fixing of one of these. In the special

case where b = 0, this procedure generates the subsystem code in Sec. 3.2.5. The

distance of any code generated by our procedure is then bounded below by the

smaller of the distances of all these subsystem codes. For modest b the task of

enumerating these subsystem codes and finding their distances is reasonable.

For this construction we take the B-blocks to contain GB = {Z ′1, ..., Z ′b} and

G′B = {Z1, ..., Zb} where Z ′j and Zj are logical operators for S and S ′. Note,

this notation does not imply that these necessarily correspond to logical Z. The

complementary logical operators are {X ′1, ..., X ′b} and {X1, ..., Xb}. We further

define the set GB = {X1X
′
1, X2X

′
2, ..., XbX

′
b} and the 2b sets Gs

B made by choosing
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hs elements from GB and b− hs from G′B. Here s labels which of these choices are

made. We then construct the subsystem code with stabilizer group GA, and gauge

group generated by GA, G
s
B, GB, GC , G

′
C . Any code traversed in our procedure will

have its stabilizer generators in the gauge group of one of these codes, and hence

is a gauge fixing of that code.

3.2.6 Fault Tolerance

Intuitively, a measurement of the form of those in Sec. 3.2.2, is fault-tolerant if

errors that occur during the measurement do not degrade the error-protective

properties of the code. For a code of distance 3 or higher (ie. one in which at least

a single qubit error can be corrected), this intuitive requirement can be satisfied

by the property that no single error during the measurement can propagate to

more than one qubit on the data [61]. The cat state method, as introduced by

Shor [3] and nicely discussed by Aliferis, Gottesman, and Preskill [4], provides one

approach to meeting this requirement. The measurement is described in detail in

3.5.2.

3.2.7 Implementing Constraints

In practical applications, the physical apparatus may introduce constraints on the

operators measured. For example, one may only be able to carry out single qubit

measurements, or measurements on sets of qubits that are connected by hard-

coded wires. In the presence of such constraints, it is no longer possible to map

between any two arbitrary stabilizer codes. The mapping may also be asymmetric:

the constraints may be satisfied in mapping from A to B, but not in mapping from
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B to A. This latter setting is the domain of “one-way” quantum computing [52].

One defines the constraints through the set W of all measurable operators.

Given stabilizers codes S and S ′ generated by G and G′, a necessary, but not

sufficient, condition for the existence of a rewiring path is that G′ is a subset of

the group generated by W ∪G. For small systems, constrained paths can be found

via an exhaustive search.

Note in many cases, measuring high-weight stabilizers is problematic. If one

constrains the weights of the generators to be measured along the path from one

code to another, such a path is not guaranteed to be generated by the algorithm.

3.3 Applications

In this section we illustrate the utility of our algorithm by using it in physically

relevant cases: code conversion for universal transversal computing and braiding

defects and twists in topological codes.

3.3.1 Universal transversal computing

The [[7,1,1]] Steane code is a 7-qubit code that supports transversal Clifford gates,

and the 15-qubit [[15,1,3]] quantum Reed-Muller code supports several transversal

non-Clifford gates which complement those of the Steane code. Thus [38, 39, 41]

suggested sequentially mapping between these codes to produce a universal set of

transversal gates. The generators for these codes are given in Table 3.1, where we

have appended extra bits to the Steane code.
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Table 3.1: Generators for Steane code (g0 − g5) and Reed-Muller codes (g′0 −
g′13). Additional qubits with arbitrarily chosen stabilizer generators (g6 − g13) are
appended to the Steane code for the conversion.

Steane Reed-Muller
j gj g′j
0 X1X3X5X7 X1X3X5X7X9X11X13X15

1 X2X3X6X7 X2X3X6X7X10X11X14X15

2 X4X5X6X7 X4X5X6X7X12X13X14X15

3 Z1Z3Z5Z7 X8X9X10X11X12X13X14X15

4 Z2Z3Z6Z7 Z1Z3Z5Z7Z9Z11Z13Z15

5 Z4Z5Z6Z7 Z2Z3Z6Z7Z10Z11Z14Z15

6 Z8 Z4Z5Z6Z7Z12Z13Z14Z15

7 Z9 Z8Z9Z10Z11Z12Z13Z14Z15

8 Z10 Z1Z3Z9Z11

9 Z11 Z2Z3Z10Z11

10 Z12 Z3Z7Z11Z15

11 Z13 Z1Z3Z5Z7

12 Z14 Z2Z3Z6Z7

13 Z15 Z4Z5Z6Z7

Without any reference to the structure of the codes, our algorithm gives a

mapping between them (see 3.5.5 for details). For example, we find that 7 op-

erators need to be measured to map from the Steane to the Reed-Muller code:

g′0, g
′
1, g
′
2, g
′
3, g
′
8, g
′
9, g
′
10. Remarkably, these are all stabilizer generators of the Reed-

Muller code, and hence no additional hardware is required, beyond what one al-

ready needs for implementing error correction. These operators can be measured

in any order desired, or even simultaneously. Similarly one can map back to the

Steane code by only measuring stabilizers: g0, g1, g2, g6, g8, g9, g10. The resulting

round-trip acts as the identity operator. The distance of the code never falls below

3 so, as discussed in Sec. 3.2.6, the process is fault-tolerant.

Due to its importance, the literature contains several other approaches to map

between the Steane and Reed-Muller codes. Hwang et al. produced a circuit

based on the particular structure of these codes and the fact that they can both
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be transformed into a common canonical form [38]. Anderson, Duclos-Cianci, and

Poulin made the insightful observation that these two codes could be considered to

be identical subsystem codes – with additional stabilizers added to fix the gauge

[39]. They were able to use this structure to generate a map between the codes.

Bombin also made similar observations [40]. Quan et al. later extended this

idea [41]. Our approach is in the same category as these gauge-fixing methods,

but has the added benefit that it automatically finds the minimal set of operators

which need to be measured. It is purely algorithmic and does not require any

insight.

As a related example, Huang and Newman used our algorithm to create a

mapping between the 5-qubit code and the Steane code [62].

3.3.2 Moving defects in topological codes

Topological codes are stabilizer codes where the spins are arranged on a lattice,

the stabilizer generators are local (meaning they only involve spins which are near

one-another), but the logical operators are non-local. These codes are particularly

robust against local noise sources. They are also of great intellectual interest,

as they have connections to gauge theories, spin liquids, and topological order.

These codes are typically translationally invariant, but it can be advantageous to

introduce “extrinsic defects,” which locally disrupt the wiring. One can implement

gates by deforming the code so that these defects move around one-another [68].

Here we apply our algorithm to the problem of moving these defects – reproducing

known protocols for moving “e” and “m” type defects in surface codes, and finding

new protocols for converting between these defects, and moving “twist defects”.

The latter is valuable beyond quantum information processing, as moving twist
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Figure 3.1: Transporting an e type defect in the surface code. Qubits sit at
the vertices of the square lattice, yellow (light) and red (dark) plaquettes denote
stabilizers corresponding to the product of Z or X operators on the four qubits at
the corners. The white squares represent the absence of a stabilizer. To convert
from the code on the left to the one on the right, one first measures the X operator
highlighted in the middle panel, then the highlighted stabilizer in the right panel.

defects around one-another is equivalent to braiding Majorana fermions, which

would allow the direct observation of excitations with non-Abelian statistics.

We will explicitly consider the toric/surface code. There are several conventions

for defining this code. We follow [69], and place the qubits on the vertices of a

checkerboard lattice with alternate plaquettes colored yellow and red (Fig. 3.1).

For each yellow plaquette there is a stabilizer corresponding to the product of Z’s

on the four qubits at the vertices. For each red plaquette there is another stabilizer

corresponding to the product of X’s. The number of logical qubits stored by the

code depends on the boundary conditions and the topology of the surface tiled by

the qubits.

The simplest defect involves “removing” one of the stabilizers – meaning that

one removes that generator from G, reducing the constraints on the codespace. In

the presence of appropriate boundaries, this extrinsic defect yields one additional

logical qubit. This defect is referred to as an Z or X defect (or equivalently e and

m) depending if the removed stabilizer is a product of Z’s or X’s. Bombin [44,45]

uses the phrase “code deformation” to describes the operations required to move
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Figure 3.2: Changing an e type defect into an m type defect. This conversion
requires measuring a non-local operator corresponding to a product of Y operators
extending from the defects to the edge of the sample.

these defects, and the algorithm is explained in detail by Fowler [68]. Our general

code rewiring algorithm can be used to find these operations.

Consider for instance the setup in Fig. 3.1 where one wishes to move a Z

defect (shown as a white square in the leftmost panel) to a diagonally adjacent site

(rightmost panel). The two codes differ by only one generator: g0 = Z1Z2Z3Z4,

g′0 = Z4Z5Z6Z7, where Z4 acts on the shared qubit. These are logical operators

for the other code (ie. lie in the B blocks). The complementary logical operators

involves a product of X operators extending from the each of the defects to the

boundary. The product of these logical operators is simply X4. Thus, following

the prescription in Sec. 3.2.2, one rewires the code by first measuring X4 then

measuring g′0. This protocol coincides with the one in [68].

As a second example, consider Fig. 3.2 where one wishes to convert a Z defect

into an X defect on a neighboring plaquette. Again the codes differ in only one

generator, and the generators are logical operators for the other code. The comple-

mentary operators this time are a string of X ′s and a string of Z’s extending to a

boundary. Their product is a string of Y ’s. Thus rewiring this code requires mea-

suring a non-local quantity. In many topological quantum computer architectures

this is impractical, as one wishes to avoid measuring non-local operators. In such
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a case, one could first move the defect near a boundary, where the string becomes

short, at the cost of reducing the distance of the code.

Finally we consider a “twist” defect, illustrated in Fig. 3. Two of the square

plaquettes are replaced by pentagons, and the plaquettes between them become

rhombuses. As illustrated in the figure, the stabilizer associated with a pentagon

involves measuring a product of three X operators, a Y and a Z or the product of

three Z operators, a Y and a X. The stabilizer associated with a rhombus involves

the product of two Z’s and two X’s. Twist defects are important for several

reasons. For example, an X defect can be converted into a Z defect by moving it

through the rhombus cells – a procedure that only requires local measurements.

Given appropriate boundary conditions, adding a twist defect yields one additional

logical qubit.

We wish to consider how to deform the code in order to move one of the

pentagons. For example, in Fig. 3 we illustrate a move in which the defect is

made shorter. In this case, the code changes by two generators: On the left,

g0 = Z1Z2X4X5 and g1 = X2X3Z5Y6X7. On the right, g′0 = Z1Z2X4Y5Z6 and g′1 =

X2X3X6X7. Following the algorithm in Sec. 3.2, we find a new set of generators

G = {g0, g1g0}, G′ = {g′0, g′1g′0}, where g0g1 = g′0g
′
1, and g0 anti-commutes with g′0.

Thus to convert between the codes one need only measure g′0.

These manipulations allow for operations which can be interpreted as braiding

quasi-particles with unusual quantum statistics. As discussed by Kitaev [60], the

codespace can be identified with the ground-space manifold of a Hamiltonian which

is the sum of the stabilizer generators. Turning off one of the generators, say

Z0, enlarges the space. States that are eigenstates of Z0 with eigenvalue −1 are

identified with excited states of the Hamiltonian and are said to contain a quasi-
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Figure 3.3: Shortening a twist. Twist defects, as illustrated in this figure, contain
stabilizers corresponding to products of four or five operators. The ends of these
defects have properties analogous to Majorana fermions. One converts the code
on the left to the one on the right by measuring the operator X2X3X6X7. Our
algorithm similarly gives the procedure for other moves.

particle at that location. Moving a Z defect around a X defect produces a control-

not gate [68], which in this context can be interpreted as a phase that is contingent

on the presence of the quasi-particles. Hence, there is a phase generated by moving

one quasi-particle around another, which is the defining property of an anyon. The

twist defects are even more interesting, as in this mapping the pentagons play the

role of particles with non-Abelian statistics (described either as Ising anyons or

Majorana fermions) [69].

3.4 Summary and Outlook

Quantum codes, first introduced for error correction, become more powerful with

operations that map between them. The way information is encoded influences

what operations are most accessible; moreover, gates can be applied through the act

of mapping between codes. This code-conversion paradigm is at the heart of one-

way quantum computing and topological quantum computing. In this paper, we
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introduce a general-purpose algorithm for mapping between two arbitrary stabilizer

codes, often in a fault-tolerant manner. We illustrate two applications of the

algorithm: mapping between the Steane and Reed-Muller codes and moving defects

in topological codes.

Our algorithm provides a means for creating a mapping between arbitrary sta-

bilizer codes. Such mappings are not unique, and depending on which path is

taken, a different logical gate can be produced. It would be exciting to extend

our approach and gain the ability to choose which logical operation is performed:

i.e. given a desired logical operator, how does one construct a sequence of mea-

surements that performs the desired gate? Similarly, it would be useful to develop

approaches that allow the incorporation of constraints, such as locality or code

distance [62].
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3.5.1 Properties of U

Here we establish that U = (1+g′0g0)/
√

2 in Eq. (3.1) is a unitary Clifford rotation,

and we verify its relationship to the projectors P±1 = (1 ± g′0)/2. We rely on the

fact that g′0 and g0 are Pauli operators that anti-commute, {g′0, g0} = 0. The fact

that U is unitary follows from writing

UU † = (1 + g′g)(1 + gg′)/2 = (1 + g′ggg′ + {g′, g})/2, (3.2)

where we have neglected the subscript. We then note that for any Pauli operator,

g2 = (g′)2 = 1, and hence UU † = 1. Similar arithmetic gives UgU † = g′.

The relationships with the projectors come from noting that for any state |ψ〉

in the S-codespace, g|ψ〉 = |ψ〉. Thus

U |ψ〉 =
1 + g′g√

2
|ψ〉 =

1 + g′√
2
|ψ〉 =

√
2P1|ψ〉 (3.3)

U |ψ〉 =
1 + g′g√

2
|ψ〉 =

g − gg′√
2
|ψ〉 =

√
2gP−1|ψ〉. (3.4)

To show that U is a Clifford rotation, we first recall that a Clifford rotation

is defined by the property that for any σ in the Pauli group on n qubits, Pn,

UσU † = σ′ ∈ Pn. We take an arbitrary σ ∈ Pn, and separately consider the

two cases where σ commutes or anti-commutes with gg′. (One of these conditions

is always satisfied by any two arbitrary Pauli operators.) If [σ, gg′] = 0, then

UσU † = σ ∈ Pn. If {σ, gg′} = 0, then UσU † = (σ + 2σgg′ − σ)/2 = σgg′.

Products of Pauli operators are Pauli operators (Pn is closed under multiplication),

so σgg′ ∈ Pn.
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3.5.2 Fault-tolerant measurement of Pauli operators

A stabilizer measurement requires measuring operators of the form g = σ1σ2 · · ·σm,

which is a product of m Pauli matrices, each acting on a different qubit, labeled

by j = 1, · · · ,m. Here we reproduce the argument from Shor [3] (see also, [4]),

showing that this measurement can be done in a fault-tolerant manner.

One first prepares m ancilla qubits in a m-qubit cat-state, which is an equal

superposition of all ancilla qubits in the |0〉 state and all ancilla qubits in the |1〉

state. As shown in Fig. 3.4, one then entangles the j’th ancilla qubit with the

system by applying a control-σj operator. A Hadamard gate is applied to each

ancilla qubit, then the ancilla are measured in the standard basis. A measurement

having even parity will have projected the encoded state into the +1 eigenbasis

of g. A measurement having odd parity will have projected the encoded state

into the −1 eigenbasis of g. Neglecting normalization, the quantum state of the

composite system evolves as (|0〉⊗m+ |1〉⊗m)⊗|ψ〉 → |0〉⊗m⊗|ψ〉+ |1〉⊗m⊗g|ψ〉 →

|e〉 ⊗ (1 + g)|ψ〉+ |o〉(1− g)|ψ〉, where |e〉 and |o〉 are equal weight superpositions

of all of the ancilla states with even and odd parity. Each ancilla qubit interacts

with a single, unique physical qubit.

While this scheme prevents errors from propagating, an error on one of the

ancilla qubits could be mistaken for an error on one of the system qubits (or

could mask such an error). The standard procedure for addressing this problem

is to repeatedly measure the stabilizer. By comparing subsequent measurements,

one can bound the probability of an undetected or misdiagnosed error, yielding a

fault-tolerant algorithm.
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Figure 3.4: Circuit illustrating the cat-state method [3, 4] for the fault-tolerant
projection measurement of a stabilizer generator.

3.5.3 Trivial Examples

To illustrate the mechanics of our algorithm, we carefully apply it to two simple

examples. These are not physically relevant, but they provide a platform for

understanding the arithmetic.

First consider the case where we have n = 2 physical qubits, storing k = 1

logical qubits. Suppose S is generated by g0 = Z1 and S ′ is generated by g′0 = Z2.

Following our algorithm, we construct the 1× 1 connectivity matrix M , which in

this case is equal to zero. This tells us that our generators are either equal to one-

another (which would put them in blocks GA and G′A), or they are logical operators

of the other code (which puts them in blocks GB and G′B). Clearly the latter is the

case. The complementary operators are g
(c)
0 = X1 and (g′0)(c) = X2. The sequence

of stabilizer codes is then generated by G0 = {Z1}, G1 = {X1X2}, G2 = {Z2}.

Each subsequent set of generators differs by exactly one non-commuting element,
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allowing us to map between them via the the procedure in Sec. 3.2.2.

A somewhat more sophisticated, but equally artificial, example involves n = 3

physical qubits and k = 1 logical qubits. Suppose S is generated by g0 = Z1Z2, g1 =

Z3 while S ′ is generated by g′0 = Z1, g
′
1 = X2X3, The connectivity matrix is then

M =

 0 1

0 1

 . (3.5)

This is made diagonal via the transformation g0 → ḡ0 = g0g1 = Z1Z2Z3. By

construction, S is generated by ḡ0 and g1. The operators ḡ0 and g′0 are logical

operators for the other code (so are in block GB and G′B), and the complementary

operators can be taken to be ḡ
(c)
0 = X3 and g′0

(c) = X1X2. Following Sec. 3.2.4,

we then check the anti-commutator of these complementary operators with the

elements of S and S ′. We find that ḡ
(c)
0 anti-commutes with g1, necessitating

the replacement g1 → ḡ1 = g1ḡ0. The sequence of stabilizer generators is then:

{Z1Z2Z3, Z1Z2} → {X1X2X3, Z1Z2} → {Z1, Z1Z2} → {Z1, X2X3}.

3.5.4 Code distance during rewiring

The distance of a code d is the minimum number of single qubit errors required to

give a non-zero overlap between two basis states in the code-space. Equivalently,

d is the minimum number of single qubit Pauli operators which are needed to

construct a logical operator. In a distance d code one can correct t = (d − 1)/2

errors. As described in Sec. 3.2.5, an important question is how the distance of the

code evolves along the path in Sec. 3.2.3. In that section we established a lower

bound on the distance of these codes. Nonetheless, in many practical examples

(Secs. 3.3.1, 3.3.2) the distance of the code is maintained throughout the path.
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Here we explicitly construct a mapping between two distance 3 codes for which

our algorithm yields an intermediate code of lower distance.

In particular, consider the case where S0 = S is the Steane code de-

fined by the first six stabilizers in the left-hand column of Table 3.1, and

S2 = S ′ is a modified version of the same code where the third and fourth

qubit are exchanged – that is in each stabilizer one makes the substitution

X3 → X4, Z3 → Z4, X4 → X3, Z4 → Z3. Both of these are distance 3

codes. Our algorithm gives an intermediate code S1 which is generated by

{Z1Z4Z5Z7, X1X2X5X6, X1X3X4X6, Z1Z3Z5Z7, Z1Z2Z5Z6, Z1Z3Z4Z6}. This code

is only distance 1 as the operator Z7 commutes with all of the generators, but is

not itself a stabilizer – and is therefore a logical operator. Thus if a “phase” error

occurs on qubit 7 in this intermediate state, the error could neither be detected,

nor corrected.

One approach to avoiding this issue is given in [62].

3.5.5 Connectivity matrices for mapping between Steane

and Reed-Muller Codes

Here we explicitly show how our algorithm is applied to finding a mapping between

the Steane and Reed-Muller codes. As described in Sec. 3.3.1, we first append arbi-

trary stabilizers to the Steane code so that there are an equal number of stabilizers

in both codes (see Table 3.1). Then, we form the connectivity matrix and find its

diagonal form by mod(2) row reduction.

The row reduction procedure yields a new set of generators that are used to
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Table 3.2: Connectivity matrix for the Steane and Reed-Muller codes. A one in
the row indicates an anti-commutation relation, and zeros are inserted where the
stabilizer generators are identical.

g′0 g′1 g′2 g′3 g′4 g′5 g′6 g′7 g′8 g′9 g′10 g′11 g′12 g′13
g0 1
g1 1
g2 1
g3 0
g4 0
g5 0
g6 1
g7 1 1
g8 1 1
g9 1 1 1
g10 1 1
g11 1 1 1
g12 1 1 1
g13 1 1 1 1

construct the sequence of measurements described in Sec. 3.3.1. We additionally

use column reduction in order to produce the simplest sequence of measurements

for mapping in the opposite direction. We start by creating the connectivity ma-

trix, Table 3.2, corresponding to the operators in Table 3.1. We show ones where

the stabilizers anticommute, and zeros are implied at all other locations. We place

explicit zeros in the locations where the stabilizers are identical.

We first note that the first six rows and the last six columns decouple from the

others, and we can diagonalize them by simply reordering the rows and columns.

Three of these generators are identical (and hence belong in block A), (g3, g4, g5) =

(g′11, g
′
12, g

′
13). The other elements form anti-commuting pairs (and hence belong in

block C), {g0, g
′
9} = {g1, g

′
8} = {g2, g

′
10} = 0.

We diagonalize the last 8 rows using row reduction mod(2). First, we re-

arrange the rows so that the rows with ones in the first column are at the

top, rows with ones in the second column are next, etc. This yields an order-

ing g13, g11, g9, g7, g12, g8, g10, g6. We add the first row (mod 2) to the second,
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Table 3.3: Connection matrices for intermediate steps of the row reduction used to
find the generators needed to map from the Steane code to the Reed-Muller code.

g′0 g′1 g′2 g′3
g13 1 1 1 1
g11g13 1
g9g13 1
g6 1
g12 1 1 1
g8 1 1
g7g13 1 1
g10 1 1

g′0 g′1 g′2 g′3
g13g12 1
g11g13 1
g9g13 1
g6 1

g12g6g9g11

g8g6g11g13

g7g13g11g9

g10g6g9g13

third, and fourth, to eliminate the ones in the first column, yielding generators

g13, g11g13, g9g13, g7g13, g12, g8, g10, g6. Table 3.3 shows the resulting connection ma-

trices after slight reordering. We then pivot, adding the fifth row g12 to the first

g13, making the first four rows diagonal. The remaining 1’s in the last four rows are

then readily eliminated by adding rows from this diagonal block (see Table 3.3).

Thus we have four new elements for block C: {g13g12, g
′
0} = {g11g13, g

′
1} =

{g9g13, g
′
2} = {g6, g

′
3} = 0. The remaining generators either belong to block A

(meaning they are equal to stabilizers of the other code) or block B (in which case

they are logical operators for the other code). Given that the two codes share a

logical operator Z =
∏

j Zj, block B must be empty, and the rest of the generators

are in block A.

To find the most convenient sequence to convert backwards from the Reed-

Muller code to the Steane code, we follow the same procedure but use column

reduction. We reorder the rows as shown in Table 3.4, and add columns together

(mod 2) in order to reduce the lower four rows to diagonal form. To simplify the

expressions we also reorder the rows. Finally, we use row reduction to eliminate

all ones in the upper four rows. This establishes a simple mapping backwards.
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To map a state from the codespace of the Reed-Muller code to that of the Steane

code, we measure: g0, g1, g2, g6, g8, g9, g10.

Table 3.4: Connection matrices for intermediate steps of the column reduction used
to find the generators needed to map from the Reed-Muller code to the Steane code.

g′0 g′1 g′2 g′3
g13 1 1 1 1
g11 1 1 1
g9 1 1 1
g7 1 1
g12 1 1 1
g8 1 1
g10 1 1
g6 1

g′0 g′1g
′
0 g′2 g′3g

′
2g
′
1

g13 1 1 1
g11 1 1 1
g12 1 1 1
g7 1 1 1
g9 1
g8 1
g10 1
g6 1

g′0 g′1g
′
0 g′2 g′3g

′
2g
′
1

g13g9g10g6

g11g9g8g10

g12g8g10g6

g7g9g8g6

g9 1
g8 1
g10 1
g6 1
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3.5.6 Common Quantum Circuit Operators

Measurement Single qubit unitary Multi qubit unitary

X U
U

Controlled unitary Controlled not Controlled phase

•

U

• •
•

Swap Toffoli Fredkin

×
×

•
•

•
×
×

The Pauli group can be generalized to higher dimensions, d. Instead of gen-

erating the Pauli group from the two-dimensional X and Z, we generate it from

tensor products of Xd and Zd where Xd |j〉 = |j ⊕ 1〉 and Zd |j〉 = ωj |j〉, where ω is

the primitive d-th root of unity (i.e. ω = e2πi/d), and the addition ⊕ is performed

modulo d [70]. Another equivalent representation is [71],

Xd =
∑
j∈Zd

|j ⊕ 1〉 〈j| Zd =
∑
j∈Zd

ωj |j〉 〈j| . (3.6)

The operators satisfy the commutation relation XdZd = ω−1ZdXd. (This is easy

to see by first muliplying the operators and then using orthogonality.)
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CHAPTER 4

SOME BOUNDS FOR QUANTUM ERROR-CORRECTING CODE

DECODERS

Quantum computing hardware is susceptible to noise which causes the destruction

of the quantum information in the computing system. Noise is a limiting factor

of the scalability of quantum system – it limits the number of qubits (width)

and the number of calculation time steps (depth). Fortunately, quantum error-

correcting codes can mitigate certain errors in the system, allowing for scalability

under certain conditions.

Quantum error correction involves a process called syndrome decoding. Syn-

dromes are measured eigenvalues of the parity check operators of the quantum

code. Eigenvalues that do not correspond to the desired eigenspace of the code are

interpreted as errors in the quantum state. Syndrome decoding algorithms take in

the errors detected from the measurements and output a best guess at a correction

to those errors. Decoding calculations are performed on a classical computer, and

the corrections are stored and applied to the corrupted quantum information that

is measured at the end of the quantum computation.

The threshold for error is a measure of how well the decoder performs. The

threshold is the maximum physical error probability below which a quantum calcu-

lation can be corrected to arbitrarily low logical error probability. When physical

error rates are above the threshold value, running the decoding algorithm produces

logical error rates that are worse than if the calculation was done without any error

correction.

Thresholds of decoding algorithms can be computed for a single time step.
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Neglecting the measurement errors, which form error patterns in time, gives the

threshold for a quantum memory rather than for a quantum computation. Al-

though this implies an unrealistic situation where the system can be measured

quickly and performed instantaneously, one can generalize the decoder to a fully

fault-tolerant setting [72]. Also see Sec. 4.1.1.

An optimal decoder is one which gives the highest threshold for the error model

(a description of the errors that occur on the system) and the measurements from

the error correcting code at hand. In the following sections, we calculate an upper

limit to the thresholds of decoders for several error models and the information

provided by the syndrome measurements, and we compare our bounds to the

thresholds calculated numerically in the literature.

4.1 Upper Bounds on Thresholds of Error Correcting

Codes

Takeda and Nishimori conjectured that optimal decoding thresholds should corre-

spond to the hashing bound by showing that the hashing bound thresholds apply

to more general models in statistical mechanics [73, 74]. Their conjecture remains

an open question, but numerical results support it [5, 71,72].

In this section, we use the hashing bound and entropy arguments to find an

upper bound for the thresholds of error correcting codes for a variety of models

– each model is based on the types errors the quantum code can detect and the

types of errors present in the quantum system. We compare our calculations to

thresholds found in the literature.
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One way to protect a noisy quantum system is to encode the qubits using a sta-

bilizer code and to perform a combination of protective stabilizer measurements

on the system. These stabilizer measurements reveal information about the er-

rors present on the system, and they give partial information about what errors

occurred on the physical qubits. The amount of information gained about the in-

dependent errors on the physical qubits from these measurements can be quantified

by the information entropy.

The information entropy can be interpreted as the average amount of informa-

tion we need about the qubit to determine which error occured on the qubit (i.e.

It is the average amount of inforamation we need to answer the question, “Did the

qubit undergo a bit-flip, or a phase-flip, etc.?”). To find the form of the entropy

for a noisy quantum system, we must consider the types of errors that can occur

on the physical qubits and what the measurements on the system can tell us about

those errors – the entropy is dependent on the error model of the system and the

measurements made on the system. If an independent error occurs on a physical

qubit (or qudit with dimension D) with a probability pi, and the information is

measured in dits having dimension D, then the information entropy gained by a

measurement of the qubit is,

HD = −
n∑
i

pi=1 logD(pi). (4.1)

The number of terms in the sum correspond to the number of operations that can

occur on the system.

Let us look at an example where we have a single error: a bit-flip error model

where a bit-flip error occurs with probability px. We have the error channel ρ →

ε(ρ), where

εbf2 (ρ) = (1− px)IρI + pxXρX. (4.2)
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Say we measure the qubit, and our measurement determines if a the bit has flipped

or not – the measurement determines in which X-eigenstate the qubit resides. The

entropy we gain is,

Hbf
2 (px) = −(1− px) log2(1− px)− px log2 px. (4.3)

Here we are viewing the qubit as a two-sided coin where it remains heads with

probability 1− px (the identity operation occurs) or it is tails with probability px

(a bit-flip operation occurs). A measurement on the coin answers the question of

whether or not the coin is heads or tails, and so it provides information about

which operation occurred.

The amount of information we learn from a measurement event is dependent

on the uncertainty we have of the outcome. Continuing with this example, let us

consider the case where we are entirely uncertain if a qubit was subjected to a

bit-flip error, where px = 1/2. In this case, the entropy gained by measuring the

qubit is,

Hbf
2

(
1

2

)
= − log2

(
1

2

)
= log2(2) = 1. (4.4)

The information we gain is measured in bits, so the base of the log is 2. Thus,

we learn one bit of information from the measurement. If we have some prior

knowledge of the outcome, say we know a bit-flip error occurs with px 6= 1/2, then

Hbf
2 (px) is always less than 1 – we learn less than one bit of information from the

measurement.

If our physical system has more than two degrees of freedom, then we can

extend the model to account for the extra degrees of freedom. In D dimensions we

have the error channel,

εbfD (ρ) = (1− p)IρI +
p

D − 1

D−1∑
i=1

X i
Dρ(X i

D)†, (4.5)
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where X i
D is the D-dimensional generalized Pauli-X operator, see Sec. 3.5.6.

If our measurement determines in which X-eigenstate the qudit resides, the

entropy we would gain from that measurement is,

Hbf
D (p) = −(1− p) logD(1− p)− p logD

p

D − 1
. (4.6)

Similarly, we can impose a phase-flip error model on the quantum system and

measure in which Z-eigenstate the qudit resides. In this case, we find an expression

for the entropy as given in Eqn. 4.6 where p is instead represents the probability

of a phase flip. When the noise channel is symmetric (i.e. the probability of a bit

flip is the same as the probability of a phase flip), we have Hpf
D (p) = Hbf

D (p).

Now let us consider the case where three types of errors can occur on a qubit

with equal probability. This corresponds to a depolarizing error model – the prob-

abilities of Pauli-X, -Y, and -Z errors are p/3, where p is the total probability of

having any error. The qubit depolarizing error model is,

εdp2 (ρ) = (1− p)IρI + p/3(XρX + Y ρY + ZρZ), (4.7)

and the entropy gained from measuring the qubit is,

Hdp
2 (p) = −(1− p) log2(1− p)− p log2(p/3). (4.8)

We can generalize further to a qudit depolarizing error model where there are D−1

Pauli-X errors, D − 1 Pauli-Z errors, and (D − 1)2 Pauli-Y errors giving,

εdpD (ρ) = (1−p)IρI+
p

D2 − 1

(
D−1∑
k=1

Xk
Dρ
(
Xk
D

)†
+ Zk

Dρ
(
Zk
D

)†
+

D−1∑
l=1

D−1∑
m=1

(iX l
DZ

m
D )ρ(iX l

DZ
m
D )†

)
.

(4.9)

The entropy gained by a measurement of the D-level qudit is,

Hdp
D (p) = −(1− p) logD(1− p)− p logD

p

D2 − 1
. (4.10)
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Now say we have a qudit depolarizing noise model, but the measurement only

provides bit-flip information. In this case, we cannot distinguish between I or

Pauli-Z errors and Pauli-X or Pauli-Y errors. Since there are D− 1 Pauli-Z errors

that cannot be distinguished from the identity, the probability of detecting the

identity is 1 − p + p(D−1)
D2−1

= 1 − p D
D+1

. Similarly, since our measurement cannot

tell us the difference between Pauli-Y errors and Pauli-X errors, the probability

of detecting one bit-flip error is p
D2−1

(1 +D − 1) = pD
D2−1

. The expression for the

entropy gained is,

H
bf |dp
D (p) = −

(
1− D

D + 1
p

)
logD

(
1− D

D + 1
p

)
− D

D + 1
p logD

D

D2 − 1
p. (4.11)

There are D− 1 Pauli-X errors occuring with probability pD
D2−1

, so there is a factor

of D − 1 on the second term corresponding to the number of Pauli-X error terms

in the sum.

We can calculate the entropy in a similar way for the case when we have a

system subject to depolarizing noise and our measurements on the system provide

only phase-flip information, as opposed to bit-flip information. In this case we

cannot distinguish between I or Pauli-X and Pauli-Z or -Y errors, and we get an

expression for the entropy which is the same as Eqn. 4.11.

Now that we have shown how to derive the entropies for several different models

of the system (i.e. bit-flip error model with the measurement detecting Pauli-X

errors, a depolarizing error model with the measurement detecting Pauli-X, -Y,

and -Z errors, and a depolarizing error model with the measurement detecting

only Pauli-X errors), we can use the quantum hashing bound to make a statement

about the amount of information gained about the errors in the quantum system.

The hashing bound is defined by [75,76],

HT
D(p̄) ≤ 1, (4.12)
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where HT
D is the total entropy measured in units of D (i.e. dits) and p̄ is the error

probability vector containing the possible error probabilities (in our case these

probabilities are px = py = pz = p, where the probabilities of each Pauli error are

equal). The bound originates from the rate achievable by using a random coding

protocol, given by R = 1−HT
D(p̄). Values of p̄ where the rate, R, is zero correspond

to the hashing bound threshold.

A quantum decoder interprets the measurements on the system and attempts

to provide to us as much information as possible about the errors on the qubits. A

perfect decoder would provide the maximum information about the errors on the

system. A decoder that attains the equality in Eqn. 4.12 is said to be a perfect

decoder [71].

We would like to calcuate the maximum probability of error that a perfect de-

coder could handle, i.e. its error correction threshold. Below the threshold error

probability, the information we have about the errors is sufficient for error correc-

tion and we can correct errors to arbitrarily high accuracy; above the threshold we

cannot.

The error correction threshold depends on a given type of error model and

the errors that are detected. We are considering symmetric error models, so the

probability at which the quantum hashing bound is a maximum can be represented

in terms of the single Pauli error probability, p.

Table 4.1 gives the probabilities, p, that maximize the hashing bound for qudit

dimensions 2-6 for the three different models we discussed. We see that the bounds

obey the predicted general trend of increasing with increasing qudit dimension

[5, 71,77].
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Data in the first column lists the probabilities in the case where the system

undergoes bit- and phase- flips and our decoder does not take into account Pauli-

X and Pauli-Z error correlations. The error model corresponds to Eqn. 4.5 for

both the bit flips and phase flips. The total entropy is the sum of the individual

entropies gained from the independent information attained about the bit-flips and

the phase-flips, HT
D(p)bf+pf = Hbf

D (p) + Hpf
D (p) = 2Hbf

D (p) where Hbf
D (p) is given

by Eqn. 4.6. This model is equivalent to the error channel,

ε
bf/pf
D (ρ) = (1− p)IρI +

p

2(D − 1)

D−1∑
k=1

Xk
Dρ
(
Xk
D

)†
+ Zk

Dρ
(
Zk
D

)†
(4.13)

where the probability p corresponds to the probability of both a Pauli-X or Pauli-Z

error occuring. The form for the bit-flip entropy is Hbf0
D (p) = −(1 − p

2
) logD(1 −

p
2
)− p

2
logD

p
2(D−1)

. The entropies for the independent bit-flip and phase-flip mea-

surements are equal in the symmetric error model, Hbf0
D (p) = Hpf0

D (p), so the total

entropy is given by HT
D(p)bf/pf = Hbf0

D (p) +Hpf0
D (p) = 2Hbf0

D (p).

We can compare the thresholds calculated in first column to the values of the

optimal error correction thresholds predicted using phase boundaries for disordered

Potts gauge glasses, see Fig. 4.1 adopted from Fig. 3 in [5]. (The Potts gauge

glass is a generalization of the random bond Ising model to qudits, see Appendix

B in [71].) Furthermore, the bound calculated for D = 2 is the optimal threshold

value predicted using the random bond Ising model by Dennis, et. al. [72].

The second column corresponds to the error model in Eqn. 4.13, except now

both the Pauli-X and Pauli-Z errors can be measured simultaneously. The total

entropy in this case is given by, HT
D(p)bpf = −(1 − p) logD(1 − p) − p logD

p
2(D−1)

.

Notice the slight increase in the threshold from the first column. This increase is

likely from the increased entropy gained from the simultaneous measurement of

Pauli-X and Pauli-Z, as opposed to two independent measurements.
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Figure 4.1: Phase boundaries estimated from Monte Carlo simulations of the re-
spective disordered Potts gauge glasses representing quantum error correction for
d-level quantum systems. The error thresholds for each dimension correspond to
the points where the corresponding Nishimori line (dashed) intersects the phase
boundary. The values of the hashing bound in the first column of Table 4.1 also
compare well with the figure insert. Figure and caption adopted from [5].

The third data column lists the probabilities for a depolarizing error model

where the decoder takes into account Pauli-X and Pauli-Z error correlations (which

is the Pauli-Y error). The bound for D = 2 corresponds for the threshold of

18.9(3)% calculated in Bombin, et. al. [77] using Monte Carlo simulations that

take into account these correlations. The error model is given by Eqn. 4.9 and the

total entropy by Eqn. 4.10.

The fourth column gives the probabilities where the error model is depolarizing

(we have Pauli X-, -Y, and -Z errors), but the measurement events only separately

provide bit-flip or phase-flip information and do not take into account the Pauli-

X and Pauli-Z correlations (the Pauli-Y errors). The total entropy is 2H
bf |dp
D (p)

where H
bf |dp
D (p) is given by Eqn. 4.11.

The highest thresholds for the independent bit- and phase-flip error model are in

the second column, where the decoder can detect error correlations but the system

not subject to them. The highest thresholds for the depolarizing error model are
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calculated in the third column, where the decoder can detect error correlations.

This motivates using decoders like the maximum likelihood decoders [78], which

take into account Pauli error correlations.

If we want to compare the bit- and phase-flip models to the depolarizing models

(i.e. comparing columns 1 and 2 with columns 3 and 4 in Table 4.1), then we need

the thresholds to correspond to the probability of any error occurring (as opposed

to the probability of just a Pauli-X or Pauli-Z error occurring). Since the thresholds

in the first and second columns correspond to the probability of a single Pauli-X or

Pauli-Z error occurring, and we have assumed that those probabilities are equal,

we can multiply the thresholds in those columns by a factor of two. For example,

in the first row of the first column, the threshold probability is px = 11.00%. Since

that probability corresponds to a single X (or Z) error, the total probability of

both an X or Z error occurring is pT = px + pz = 2px = 22.01% (the 1 is from

rounding the exact calculation to the fourth decimal place). We list the scaled

values in Table 4.2.

Using this scaling for comparison of the two error models, from Table 4.2, we

see an overall reduction in the threshold, for all dimensions, when the code is

subject to correlated Pauli-X and Pauli-Z errors (the thresholds in the first and

second columns of Table 4.2 are larger than the thresholds in the third and fourth

columns). This reduction is from the inclusion of an additional flavor of error (the

Pauli-Y error) in the depolarizing model.

The values of the hashing bound for the depolarizing model for dimension D

are equal to the values of the hashing bound for the generalized bit flip error model

for dimension D2. This is easily seen analytically by equating Eqns. 4.6 and 4.10.
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D GBF BPF DPN GBF given DPN
2 0.1100 0.1135 0.1893 0.1650
3 0.1595 0.1667 0.2552 0.2126
4 0.1893 0.1992 0.2897 0.2366
5 0.2099 0.2218 0.3113 0.2518
6 0.2252 0.2388 0.3263 0.2627

Table 4.1: Qudit hashing bounds for generalized bit-flip (GBF), the bit- and phase-
flip (BPF), the depolarizing noise (DPN), and the GBF given DPN channels for
qudit dimension (D). The hashing bound is conjectured to be an upper bound
of the threshold of a quantum decoder (i.e. it represents the highest threshold a
quantum decoder can have given an error model and the types of errors the decoder
detects).

D GBF(s) BPF(s) DPN GBF given DPN
2 0.2201 0.2271 0.1893 0.1650
3 0.3189 0.3333 0.2552 0.2126
4 0.3786 0.3984 0.2897 0.2366
5 0.4197 0.4437 0.3113 0.2518
6 0.4504 0.4776 0.3263 0.2627

Table 4.2: Qudit hashing bounds for qudit dimension (D) for the scaled generalized
bit-flip, GBF(s) and the scaled bit- and phase- flip, BPF(s) channels. The depolar-
izing noise (DPN), and the GBF given DPN channels are included for comparison.

4.1.1 A Note on Faulty Syndromes

Each time stabilizers are measured, one obtains a pattern of syndromes correspond-

ing to the errors which are detected. It is possible, however, for the syndromes

to be erroneous. For example, errors can occur during the process of the projec-

tion measurement involved in measuring a stabilizer. For the computation to be

fault-tolerant, the process of extracting a syndrome must also be fault-tolerant.

During a quantum calculation, syndromes are measured many times, and er-

roneous syndromes measurements can form error patterns in the time domain.

Typically syndrome measurement errors are detected and corrected using a major-
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ity vote - if the syndrome gives a result the majority of the time, then we assume

the syndrome to be accurate. This assumes that the errors occurring on the code

change more slowly than the time it takes for the all of the syndromes on the code

to be measured multiple times to get a sufficient result. When syndrome errors are

included in a model, it is called a gate model. A gate model of a stabilizer code

takes into account the errors occurring on the code, which are seen from stabilizer

measurements, and multiple measurements of the code are shown in time.

4.2 Upper Bounds on the Efficiency of Error-correcting

Codes

The efficiency of an error-correcting code, either classical or quantum, is given by

the ratio of the number of correctable words to possible words. In this section

we use the Hamming bound to find an upper bound on the efficiency of error-

correcting codes, and we examine the difference between the classical Hamming

bound and the quantum Hamming bound using a sphere packing argument.

Consider a classical code that corrects up to t errors and has codeword vectors

of length n with elements in Zq. The maximum number of correctable errors can be

represented by a ball with a codeword at the origin and having a size corresponding

to the number of correctable errors. The ball has size,

Emax =
t∑

k=0

(
n

k

)
(q − 1)k. (4.14)

The binomial coefficient counts the number of possible correctable words having k

errors, and the factor (q− 1)k counts the number of different errors. For example,

let q = 2 (so we have bits), n = 5 (so the codewords are made of five bits), and
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t = 2 (so we can correct up to two errors on each codeword). This can be an

example of majority vote decoding, where if three or four bits out of five are the

same (a codeword 10000 or 11000), then we say the word was the closest codeword

having the majority of identical bits (we say it is supposed to be 00000). The size

of the ball is
∑2

k=0

(
5
k

)
= 16.

Say we stick with the parameters in the previous example but instead had a dit

with dimension q = 3. The codewords would have elements in {0, 1, 2}, and there

would be a factor of 2k to count for the possible errors on each dit. For example,

we can choose a codeword 00000 and correct 21 codewords with an error on the

first dit: 10000 or 20000. Since there are
(

5
1

)
ways to have one error (it can be on

the first dit, the second dit, etc.), we can correct a total of 10 codewords having

one error.

Each codeword has a ball of size Emax surrounding it, and no two balls can

intersect (i.e. if two balls corresponding to two different codewords intersected,

then words inside of the intersection could belong to either codeword, and thus be

uncorrectable). If the number of codewords is equal to A, (i.e. the code has rank

A), then the union of all the balls is A
∑t

k=0

(
n
k

)
(q − 1)k. The number of possible

words is qn so,

A

t∑
k=0

(
n

k

)
(q − 1)k ≤ qn. (4.15)

The equality is achieved when the code can correct all of the possible words. In

this case each word lies in a single ball belonging to a unique codeword (i.e. one

can partition the space of all words into correctable sets, where each set can be

represented by a unique codeword). Rearranging this expression gives a bound on

the total number of codewords, called the Hamming bound,

A ≤ qn∑t
k=0

(
n
k

)
(q − 1)k

. (4.16)
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A code that achieves equality is called a perfect code.

Now let us look at the form of quantum Hamming bound. For an [[n,A, d]]

code in Zq it is [79],

A ≤ qn∑t
k=0

(
n
k

)
(q2 − 1)k

. (4.17)

Notice the difference between this expression and the expression for classical codes

– the size of the ball is proportional to (q2−1)k instead of (q−1)k. This difference

arises from counting the number of single errors that can occur on one codeword.

In a quantum code, a single error arises from one of three Pauli operators. There

are q2 − 1 Pauli errors which can occur (i.e. q − 1 Pauli-X errors, q − 1 Pauli-Z

errors, and (q− 1)2 Pauli-Y errors), so the ball size is proportional to (q2− 1)k. In

a classical code, only bit flips are present, so there are only q − 1 errors and the

ball size is proportional to (q − 1)k.

For example, say we have a codeword made from qubits, and we have one error

on the first qubit. The operator corresponding to one error could be one three

Pauli errors, X,Y,or Z (i.e. (22 − 1)1 = 3). If we have a codeword made from bits,

then there is no phase and the operator corresponding to one error is a bit flip (i.e.

X, and (2− 1)1 = 1). See [80,81].

Deriving the quantum Hamming bound for only Pauli-X and Pauli-Z errors fol-

lows similarly, with the ball size proportional to (2(q−1))k: the quantum Hamming

bound for independent X and Z error models is,

A ≤ qn∑t
k=0

(
n
k

)
2k(q − 1)k

. (4.18)
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CHAPTER 5

SUPERCONDUCTING QUBIT DESIGN

Superconducting circuits are composed of wires carrying a superconducting cur-

rent. These wires can be configured in different ways to form circuit components,

like capacitors, inductors, and Josephson junctions, see Sec. 5.1. Since supercon-

ducting circuits are complicated networks different superconducting configurations,

they can be difficult to model from first principles. Luckily there are two main

ideas (see [6]) that allow us to simplify the description of quantum circuits: first,

we can treat the quantum circuit as a network of lumped components, and second,

we can quantize the circuit using canonically conjugate variables by replacing vari-

ables by operators. Quantization of a quantum circuit is analogous to quantization

in wave mechanics where one can choose a basis in which the coordinates retain

their meaning as numbers but the canonically conjugate variables, the momenta,

become differential operators [82]. In superconducting circuits, these canonical

variables are charge and phase operators.

An advantageous consequence of these simplifications is that a harmonic quan-

tum circuit can be quantized by a measurement of its frequency response [7]. This

observation follows from a reactance theorem developed by Foster in 1924 [83],

which states that any classical reactive circuit (inductors and capacitors only, no

resistors or power sources) can be fully described by the zeros and poles of the

impedance. Applying the theorem to a harmonic superconducting circuit allows

one to characterize the properties of the circuit using a single measurement of the

impedance (or reactance, since there is no resistance) as a function of frequency.

As an example, let us quantize a simple quantum harmonic oscillator (quantum

LC circuit, see page 12 in [6] or Fig. 5.1). We first write the charge and flux
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Figure 5.1: Harmonic oscillator LC circuit. Figure adapted from [6].

operators as Q̂ = −iQZPF (â − â†) and φ̂ = ΦZPF (â + â†) where QZPF =
√

~
2Z

and ΦZPF =
√

~Z
2

, and Z =
√

L
C

is the characteristic impedance of the oscillator.

Here we already notice two fundamental scales of quantum circuits emerging: the

resistance quantum, RQ, and the superconducting flux quantum, Φ0. We can define

a dimensionless characteristic impedance z = Z/RQ where RQ = h
(2e)2

and Φ0 = h
2e

(note: 2eRQ = Φ0). We can also see how the zero-point fluctuations in charge

and phase are dependent on the characteristic impedance: QZPF = 2e
√

1
4πz

and

ΦZPF = Φ0

√
z

4π
.

Modern superconducting circuit designs incorporate many degrees of freedom.

Having so many degrees of freedom, these circuits can be difficult to simulate. One

way to find the majority of the circuit properties is to approximate each element

in the circuit as a linear element and solve the resulting generalized eigenvalue

problem for coupled harmonic oscillators. In this case, the inverse inductance

matrix and capacitance matrices are used, and their sizes are equal to the number

of isolated nodes (or islands) by the number of LC oscillators in the circuit [84].

Solving the generalized eigenvalue problem yields a collection of eigenvalue and
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eigenvector solutions. Each eigenvalue corresponds to the frequency of a mode

and each eigenvector describes the phase behavior across the nodes of the circuit.

Taking the derivative of the eigenvectors with respect to the nodes describes the

current through the circuit.

We can also quantize the circuit. One can use the collection of eigenvectors

found from solving the generalized eigenvalue problem to write down the phase and

charge operators. The phase variable matrix is formed using the eigenvectors and

yields a matrix describing the zero point fluctuations in the circuit, Φν,n
ZPF where ν

is the mode index and n is the node index. Using this matrix, one can write down

the flux operator for a particular node by summing over all of the various modes in

the multi-mode circuit, Φ̂n =
∑

ν Φν,n
ZPF (âν + â†ν). The conjugate variable (charge)

is constructed similarly using the inverse transpose of the phase variable matrix.

We have just seen that we can find the mode structure as well as the phase be-

havior across the junctions and the superconducting current. We can also quantize

the circuit using techniques from classical harmonic analysis.

The approximation of the superconducting elements as linear elements for har-

monic mode analysis is called “black box quantization” [85, 86]. The term “black

box” is used because the linear part of the circuit can be viewed as a black box, and

one can characterize the main effects of the circuit by measuring the impedance

(which can be accomplished by single-port measurements).

Black box quantization works well if the circuit is well within the transmon

regime, meaning the ratio of the energy for Cooper pairs to mobilize across the

junctions to the charging energy of the circuit is set so the effects of offset charges

are low. In this case, the non-linearity of the Josephson junctions can be included

62



by using perturbation methods.

Modern software programs typically use the black box quantization approach

to simulate superconducting circuits. The linear circuit is solved and then the

junction nonlinearity is included to various orders using first-order perturbation

theory (such as in QuCAT [87]).

This perturbative method also uses a second assumption in addition to low

offset charge effects – the approximation is good at certain flux values where the

effects of the junction non-linearity are low. Close to critical values of the flux,

higher-order perturbative terms or other simulation methods are necessary.

Recently, several other methods have been proposed for finding effects due to

offset charges and calculating the energy spectrum near critical values of the flux

in highly multi-mode circuits [8, 11, 88–91]. It was found that the eigenspectrum

and the dispersive effects of offset charges can be found when modeling the full

Hamiltonian, even for circuits having a large number of junctions [8, 11]. Such

circuits are introduced in Secs. 5.2, 5.3 and techniques for modeling them are

discussed in Secs. 5.5, and 5.6.

5.1 The Josephson Junction

In this section we find the properties of a Josephson junction. This is discussed

in [6], and here we include some additional details.

A Josephson junction can be viewed as a small gap between two relatively large

superconducting metals across which Cooper pairs can tunnel. The superconduct-

ing metals lie on the left and right sides of the gap and are relatively large in size.
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The total number of Cooper pairs on the metals is large: less than Avogadro’s

number but still large. Let us denote the number of Cooper pairs on the left by

NL and the number of Cooper pairs on the right by NR. The total number of

Cooper pairs on the two metals is the sum of the numbers on the left and the

right, N = NL +NR

The Josephson junction can be modeled as a double well potential, where we

label the left well c and the right d. The tunneling of a Cooper pair from the left

side to the right is denoted by the annihilation of a pair in the left well and the

creation of of a pair in the right well, i.e. cd†. If one Cooper pair has a tunneling

energy t, then the Hamiltonian is H = t(d†c+ c†d).

We can use the number of Cooper pairs on either side of the junction gap to

represent the degenerate states. We label the degenerate states by the number of

Cooper pairs that have tunneled from the left side of the junction to the right. If

m Cooper pairs have tunneled from the left to the right, we have NL −m Cooper

pairs on the left and NR +m Cooper pairs on the right, where this ground state is

labeled |m〉 = |NL −m,NR +m〉. For example, if one pair has hopped from the

left well into the right, we have the state |1〉 = cd† |0〉 ∝ |NL − 1, NR + 1〉.

In the m-basis, the Hamiltonian becomes,

HT = −1

2
EJ
∑
m

|m〉 〈m+ 1|+ |m+ 1〉 〈m| (5.1)

where we have replaced the tunneling energy t with −1
2
EJ , where EJ is the Joseph-

son energy. The Josephson energy is derived from the Ambegaokar and Baratoff

relation, which gives the junction energy from first principles of the superconduct-

ing material: EJ = 1
2

~
(2e)2

GN∆ where GN is the conductance and ∆ is the gap

energy [92].
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We have a model analogous to a 1D nearest neighbor hopping model in a crystal,

and a trial general solution to this Hamiltonian could be the unnormalized wave-

function |φ〉 =
∑∞

m=−∞ e
imφ |m〉, where ~φ is a momentum and φ = ka where the

lattice constant a = 1. In this basis, we find HT |φ〉 = −EJ/2
∑

mj(|m〉 〈m+ 1| +

|m+ 1〉 〈m|)eijφ |j〉 = −Ej
2

(eiφ |φ〉+ e−iφ |φ〉) = −EJ cosφ |φ〉.

This is interesting. We have derived both the discrete hopping form of the

Hamiltonian as well as the cosine form. First we viewed the Josephson junction

as a double well potential, and by counting the number of Cooper pairs crossing

the junction gap we have derived the discrete form of the Hamiltonian. Then by

relating it to a nearest-neighbor 1D hopping model in a crystal, we derived the

cosine form of the Hamiltonian.

5.1.1 First Josephson Relation

Our basis thus far labels degenerate states by the number of Cooper pairs that

have crossed the junction gap. A quantity of interest we might like to measure

is the number of Cooper pairs that have hopped across at some instant in time.

In this basis we can define the number operator n̂ =
∑

m |m〉m 〈m|. We can also

65



define a rate for the hopping and define the current operator, Î = 2edn̂
dt

.

Î = 2e
dn̂

dt
(5.2)

= 2e
i

~
[HT , n̂] (5.3)

= −2e
i

2~
EJ [|m〉 〈m+ 1|+ |m+ 1〉 〈m| , |j〉 j 〈j|] (5.4)

∝
∑
mj

[|m〉 〈m+ 1| , |j〉 j 〈j|] + [|m+ 1〉 〈m| , |j〉 j 〈j|]

∝
∑
mj

|m〉 δj,m+1j 〈j| − |j〉 jδjm 〈m+ 1|+ |m+ 1〉 δjmj 〈j| − |j〉 jδj,m+1 〈m|

∝
∑
m

|m〉 (m+ 1) 〈m+ 1| − |m〉m 〈m+ 1|+ |m+ 1〉m 〈m| − |m+ 1〉 (m+ 1) 〈m|

=
e

i~
EJ
∑
m

|m〉 〈m+ 1| − |m+ 1〉 〈m| (5.5)

=
e

i~
EJ

(
ĥ− ĥ†

)
(5.6)

where HT is the Hamiltonian for the Josephson junction, Eqn. 5.1 and ĥ =∑
m |m〉 〈m+ 1| is the hopping operator. The first Josephson relation defines a

relationship between the supercurrent and the phase across the junciton. Apply-

ing our current operator to the state |φ〉 yields the first Josephson relation:

Î |φ〉 =
e

i~
EJ

(∑
m

|m〉 〈m+ 1| − |m+ 1〉 〈m|
)(

∞∑
j=−∞

eijφ |j〉
)

(5.7)

=
e

i~
EJ
∑
mj

|m〉 〈m+ 1| eijφ |j〉 − |m+ 1〉 〈m| eijφ |j〉 (5.8)

=
e

i~
EJ
(
eiφ |φ〉 − e−iφ |φ〉

)
(5.9)

=
2e

~
EJ sinφ |φ〉 (5.10)

= Ic sinφ |φ〉 (5.11)

where we used the relation
∑

m |m+ 1〉 eimφ = e−iφ
∑

m |m+ 1〉 ei(m+1)φ = e−iφ |φ〉.

Thus the maximum value of the current is reached where the sine is unity, and it

is referred to as the critical current of the Josephson junction Ic = 2e
~ EJ .
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We can also recover the first Josephson relation by using the differential form

for the number operator n̂ in Eqn. 5.3. We find the differential form for n̂ in a

similar manner as in the previous section, where we found the differential form for

the Hamiltonian of the Josephson junction, HT by applying the discrete form of

the operator to the unnormalized trial wavefunction |φ〉. Here we have, n̂ |φ〉 =∑
mj |m〉m 〈m| eijφ |j〉 =

∑
mme

imφ |m〉 = −i ∂
∂φ
|φ〉. Being careful to extract the

form for n̂ we use: ψ(φ) = 〈φ|ψ〉 and 〈φ|n̂|ψ〉 = i ∂
∂φ
〈φ|ψ〉 so n̂ = i ∂

∂φ
. Now we can

recover the first Josephson relation by using the differential form for n̂:

Î = 2e
dn̂

dt
(5.12)

=
2e

−i~ [HT , n̂] (5.13)

=
2e

−i~

[
−EJ cosφ, i

∂

∂φ

]
(5.14)

=
2eEJ
~

[
cosφ,

∂

∂φ

]
(5.15)

=
2e

~
EJ sinφ. (5.16)

The differential form for the number operator is useful – can apply Hamilton’s

equations of motion directly to arrive at the first and second Josephson relations.

5.1.2 Second Josephson Relation

Let us add a potential term to the Hamiltonian by producing a fixed voltage drop

across the junction by applying an external electric field, HT = −EJ cosφ− 2eV n̂.

By Hamilton’s equations of motion where we treat n̂ as the position variable and

~φ as the momentum variable, we have, dn̂
dt

= 1
~
∂H
∂φ

and dφ
dt

= −1
~
∂H
∂n̂

. (In our

picture of the junction discussed above, the momentum ~k is ~φ, where the lattice

constant a = 1.) Then, Hamilton’s equations of motion yield: 2eV = −∂H
∂n̂

= ~dφ
dt

.
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Solving for V gives,

V =
~
2e

dφ

dt
(5.17)

which is the second Josephson relation.

Note, using the equations of motion we can immediately recover the first

Josephson relation: The current operator is Î = 2edn̂
dt

= 2e
~
∂H
∂φ

= 2e
~ EJ sinφ.

5.1.3 Consequences of the Relations

Here we combine the Josephson relations and find some interesting effects. First,

we will see how the junction acts as a DC to AC converter, then we will see how

the junction acts as a nonlinear inductor.

The first and second Josephson relations give us equations of motion in voltage

and current: I(t) = Ic sinφ(t) and V (t) = ~
2e
dφ(t)
dt

. If we apply a constant DC

voltage, V0, across the junction, integrate the second Josephson relation and plug

it into the first relation, then we get an AC current, I(t) = Ic sin(2e
~ V0t). By

applying a DC voltage across the junction we can generate an AC current.

Now, we can see how the Josephson junction acts as a nonlinear inductor.

Differentiation of the first Josephson relation gives İ = Icφ̇ cosφ. Observing

that V = Lİ and plugging V into the first Josephson relation yields a nonlin-

ear inductance, L(φ) =
(
Ic

2e
~ cosφ

)−1
=
(
EJ
(

2e
~

)2
cosφ

)−1

. As φ → π
2
, the

nonlinear Josephson inductance reaches a maximum, and as φ → 0, we find

LJ =
(

2e
~ Ic
)−1

=
((

2e
~

)2
EJ

)−1

which is the inductance of the Josephson junction.

(Also note the flux quantum which we introduced in Sec. 5 is formed from the

square root of the product of the Josephson energy and the Josephson inductance
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that we derived here: Φ0 = 2π
√
EJLJ).

5.2 The Transmon and Fluxonium

Different superconducting circuits are designed to mitigate the effects of different

types of environmental noise. For example, fluctuations in charge cause fluctua-

tions of the qubit transition energies. We know from the analysis of the quantum

harmonic oscillator in Sec. 5 that decreasing the impedance of circuit spreads out

the wavefunction in the charge variable – a low impedance causes the circuit to

be less sensitive to the effects of charge fluctuations. In this section, we briefly

introduce two superconducting circuits which have small and large impedances,

respectively: the transmon and fluxonium.

The transmon is a Cooper pair box (i.e. the first superconducting version of

an artificial atom) [93] shunted by a large capacitor, see Fig, 5.2. This large shunt

capacitor decreases the charging energy of the circuit, EC . For a derivation of

the charging energy, see [6, 7]. The ratio of the Josephson energy to the charging

energy (EJ/EC) is set to a sweet spot which suppresses the circuit’s sensitivity to

charge noise and increases the circuit’s coherence time [7].

Relating this back to the LC oscillator, it is easy to see how increasing the

capacitance reduces sensitivity to offset charge noise. The charging energy of the

circuit, EC , is inversely proportional to the circuit capacitance. By increasing

the capacitance, the characteristic impedance of the circuit is reduced causing the

zero point fluctuations in phase to become small and the fluctuations in charge

to become large. The wavefunction spreads out in charge, so the circuit is less

sensitive to fluctuations in charge.
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Figure 5.2: Cooper pair box (left) and transmon circuit (right). The transmon
is a modification of the Cooper pair box, where the capacitor is large and the
Josephson junction is flux-tunable. Figure adapted from [6] and [7].

The flux variable, on the other hand, is well-defined. The transmon is sensitive

to flux noise, and it a prominent noise source when variable magnetic field sources

are used to control the qubit. Recent efforts to improve the transmon include

replacing flux control with voltage control [94–96].

There is a tradeoff between reducing the charge sensitivity of the circuit and the

anharmonicity of the energy level transitions. Sufficient anharmonicity is required

for accurately controlling transitions between the lowest two energy levels. The

large capacitance of the transmon reduces the anharmonicity of the energy levels

compared to the Cooper pair box. Fortunately, this reduction of anharmonicity

is linear in the charging energy while the dispersive effects due to charge offsets

decrease exponentially.

There is a sweet spot of this tradeoff between the charge sensitivity of the circuit

and the anharmonicity, and it is called the “transmon regime.” In the transmon

regime, the ratio of the Josephson energy to charging energy EJ/EC is about 50.

Here, effects of offset charges are minimal and the anharmonicity is large enough
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to avoid unwanted transitions between higher energy levels.

The transmon has an additional feature to the Cooper pair box – it is flux-

tunable. The junction of the Cooper pair box is replaced with a flux-tunable

junction. The flux-tunable junction is created by two parallel junctions that to-

gether form a loop through which an externally applied flux can penetrate. The

large capacitance is achieved by a inter-digital capacitor on either side of the flux-

tunable junction. Strong qubit-cavity coupling is achieved by coupling the junction

to a resonator where the electric field oscillating inside is the greatest, see Fig. 5.2.

Fluxonium is the opposite of the transmon in the sense that the characteristic

impedance of a Cooper pair box is increased using a large inductor (instead of being

decreased by using a large capacitance, as in the transmon case). Fluxonium is a

Cooper pair box shunted by a large inductor, and the idea is to suppress sensitivity

to flux noise. Suppression of flux noise can be understood intuitively from the LC

oscillator picture. By increasing the circuit inductance, and thus the circuit’s

characteristic impedance, fluctuations in charge become suppressed causing the

wavefunction to spread out in phase.

A large inductance is hard to create. Several approaches for creating a large in-

ductance have been to increase the kinetic inductance by using a string of Joseph-

son junctions [9] or a small nanowire [30, 31], and to increase the geometrical

inductance by winding a large wire [29].
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5.3 Superinductor

A large inductance is required in several superconducting circuit designs such as

the 0− π qubit [26] and fluxonium [9,27,28].

There are several ways to make such a large inductance [9,29,31]. One way is to

string together a chain of Josephson junctions. This design uses the idea of kinetic

inductance, where the kinetic inductance is found from equating the kinetic energy

of a Cooper pair to the energy stored in the inductor. Each Josephson junction

in the array is constructed so that it is in the transmon regime (for a discussion

see 5.2). This is the design currently employed in [9], see Fig. 5.3. This string of

Josephson junctions can be called a superinductor.

There are several advantages to creating a large inductance this way. This con-

struction allows for a large impedance while simultaneously avoiding impedance

limitations from accumulated parasitic capacitance (such as those accumulated

by using a large wire) [6], [9]. This construction also allows for superinductors

to have large impedance while remaining insensitive to offset charge fluctuations.

This may sound counter-intuitive – we know that in an LC oscillator, a large char-

acteristic impedance reduces zero-point fluctuations in charge and increases the

circuit’s sensitivity to charge fluctuations. But, by choosing Josephson junction

parameters in the transmon regime (see Sec. 5.2) and increasing the number of ar-

ray junctions, superinductors can have large impedance while remaining insensitive

to offset charge fluctuations.
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Figure 5.3: The fluxonium circuit contains a large superinductor composed of
many Josephson junctions (left). The junctions collectively act as a large inductor
(right). Figure adapted from [8].

5.4 Harmonic Analysis and Black Box Quantization

Some novel qubit designs have a large number of degrees of freedom [9,32]. Mod-

elling such circuits requires approximations. Many large circuits can be approx-

imated by a harmonic circuit where the junction nonlinearity is added as a per-

turbation to the harmonic Hamiltonian. Alternatively, numerical techniques can

solve the full nonlinear problem. In this section, we introduce a method which

solves the harmonic part of the circuit exactly and includes the nonlinear part

perturbatively. This method is also known as “black box quantization.”

First let us consider a circuit consisting only of capacitors and inductors with no

power sources. Since there is no resistance, the impedance is completely imaginary.

Such circuits are called reactive.

Foster’s theorem [83] states that for a reactive circuit, the impedance increases

strictly monotonically with frequency. This means that the impedance as a func-

tion of frequency is a series of alternating zeros and poles. Such alternation sug-

gests that any passive, reactive circuit is equivalent to another if it has the identical
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(a) A Foster equivalent circuit modelled as series LC circuits in parallel.

L1 L2 L3 LN

C1 C2 C3 CN =

Z1 Z2 Z3 ZN

(b) Dual Foster equivalent circuit to (a) modelled as parallel LC circuits in series.

Figure 5.4: Foster network model of passive, reactive circuits. Reactive circuits can
be characterized completely by a single port measurement – one hooks up the end
leads (open terminals pictured on the left of each circuit) to a infinite-impedance
current source or a zero-impedance voltage source. If the circuit is hooked up
to a zero-impedance voltage source, then the model best describing the circuit is
Fig. 5.4a. The voltage source shorts the first LC loop allowing for its oscillation
frequency and characteristic impedance to be measured. If the circuit is hooked
up to an infinite-impedance current source, then the best model describing the
circuit is Fig. 5.4b, a model of LC oscillators in series. With an infinite-impedance
source, a false measurement due to the formation of the additional loop around
the entire circuit is avoided.

impedance diagram. This stems from the condition that such circuits can be mod-

eled as coupled LC oscillators, each having its mode frequencies and characteristic

impedances given by the corresponding zeros and poles. In other words, these

circuits can be modeled by coupled LC oscillators in series or series LC oscillators

in parallel, where each LC section of the circuit is described by its characteristic

frequency and characteristic impedance, see Fig. 5.4

In Fig. 5.4a, the passive network model consists of parallel (ladder) configura-

tion of inductors and capacitors in series. This is the best model of an admittance,

where the total admittance of the circuit is the sum of admittance of the individual

rungs (i.e. YT = Y1 + Y2 + ... + YN). In this model, the poles of the admittance

correspond to the resonance frequencies.
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In Fig. 5.4b, the passive network model consists of a series combination of

parallel inductors and capacitors. This is the best model of an impedance, where

the total impedance of the circuit is the sum of the impedance of the individual

parallel circuits (i.e. ZT = Z1 + Z2 + ... + ZN). In this model, the poles of the

impedance correspond to the resonance frequencies.

The model that represents the circuit, either Fig. 5.4a or Fig. 5.4b, is depen-

dent on the drive source. This is described in detail in Fig. 5.4.

Relating this model back to the quantum LC oscillator, we see that we can

obtain the harmonic excitations of any superconducting circuit simply by finding its

zeros and poles. To quantize the circuit, we also need the characteristic impedance

since the zero-point fluctuations are written in terms of fundamental constants and

the characteristic impedance.

We can find the characteristic impedance using the slope of the frequency re-

sponse near resonance. For this, we take the inverse of the function and look at

the zeros (i.e. for an admittance diagram, where the resonance frequencies cor-

respond to the poles, we invert the diagram and instead look at the zeros which

correspond to the resonance frequencies.) Taking for example, a model of parallel

LC circuits in series (where we look at the poles of the impedance), we get the

following admittance,

1

Z
=

1

iωL
+ iωC (5.18)

=
−i
ω

1

Z0

√
LC + iω

√
LC
Z0

(5.19)

=
i

Z0

(
ω

ω0

− ω0

ω

)
(5.20)

where we see that the zero corresponds to the resonance frequency, also see Fig.

5.5. Taking the derivative of the admittance with respect to frequency and eval-
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Im(Y)

ω/ω0
1

Figure 5.5: Example of the admittance of a parallel LC circuit. For a parallel
LC circuit, the poles of the impedance correspond to the resonance frequency.
Since it is often more convenient to look at the zero instead of the pole to find the
resonance frequency, we have inverted the function and have plotted the admittance
instead of the impedance. The slope of the admittance near resonance yields the
characteristic impedance.

uating it at the resonance frequency gives, ∂Y
∂ω
|ω=ω0 = 2i

ω0Z0
. So we have that the

characteristic impedance is,

Z0 =
2i

ω0
∂Y
∂ω
|ω=ω0

(5.21)

We can fully quantize any reactive quantum circuit using the characteris-

tic impedances of its harmonic modes – each harmonic mode corresponds to a

unique LC harmonic oscillator having its own characteristic impedance. The

Hamiltonian is written as a sum over all of the harmonic modes in the circuit,

H0 =
∑

m Ωmâ
†
mâm. The phase operator is given by the sum of the phase op-

erators over the modes, Φ̂ =
∑

m Φ
(m)
ZPF (âm + â†m) where Φ

(m)
ZPF =

√
~Zm

2
. The

canonically conjugate variable, the charge operator is Q̂ = −i∑mQ
(m)
ZPF (âm− â†m)

where Q
(m)
ZPF =

√
~

2Zm
.
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5.5 Simulation Techniques

Circuits having a large number of degrees of freedom have a large Hilbert space

and can be difficult to simulate. Simulations of large superconducting circuits

often require approximations to the Hamiltonian, an implimentation of numerical

techniques, or both.

One method to simulate a large circuit is to use“black box quantization”, dis-

cussed in Sec. 5.4. Here one approximates the Josephson junctions in the circuit as

linear inductances. With this approximation, the Hamiltonian becomes harmonic.

One then solves the generalized eigenvalue problem for a system of coupled har-

monic oscillators. The conjugate phase and charge variables found in the same way

discussed in Sec. 5.4. The junction non-linearity is later added as a perturbation

to obtain a first-order correction to the energy.

Let us discuss this method a little more in detail. We first recall from Sec. 5.4

that any passive LC circuit can be fully quantized by its equivalent circuit – the

conjugate variables are found by the summing over the circuit modes, where each

mode is represented by its harmonic frequency and characteristic impedance. This

is a good motivation for solving a harmonic approximation to the circuit. If the

circuit is weakly anharmonic, where the Josephson junctions are weakly nonlinear

(for example, the circuit could be in the transmon regime, see Sec. 5.2), a harmonic

approximation is a good first approximation to the Hamiltonian. We accomplish

this by approximating the nonlinear inductance of each Josephson junction by a

linear inductance,
( ~

2e

)2 1
EJ

, see Sec. 5.1.3. Since the junction non-linearity is

assumed to be small, we can later add the nonlinear inductive terms as a pertur-

bative correction. The result of approximating the Josephson junctions as linear
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inductors is a harmonic circuit composed only of inductors and capacitors.

The number of LC oscillators in the equivalent circuit is equal to the number of

modes of the circuit (see Sec, 5.4), so we can solve a generalized eigenvalue problem

for the coupled harmonic oscillators and obtain the resonances and characteristic

impedances of the circuit.

The generalized eigenvalue problem is formed using the inverse inductance ma-

trix and the capacitance matrix. Both the capacitance and inverse inductance ma-

trices are adjacency matrices where the nodes of the circuit (islands) correspond

to the locations. The circuit ground is included as a node. The eigenvalues of the

generalized eigenvalue problem are the square of the energies of the modes. The

matrix of eigenvectors corresponds to the phase matrix, where each eigenvector

gives the superconducting phase of each node for a given circuit mode.

One can easily obtain the current by taking the derivative of the phase eigen-

vector for a particular mode with respect to the nodes. The current flow across

the circuit is interesting. It shows the character of the mode, and it reveals places

where the current builds up and might be most sensitive to charge offsets.

If we would like to see how the modes behave at different values of flux, we can

replace the non-linear inductance of the Josephson junctions with its inductance

at a certain flux value and solve the corresponding generalized eigenvalue problem.

Repeating this at each specified value of flux gives a composite energy spectrum

which shows the mode structure as a function of applied flux.

The harmonic spectrum we obtain this way is in a form which can often be

compared directly with experimental values reported in the literature. For weakly

nonlinear circuits, the harmonic spectrum should resemble the measured spectrum,
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and upon the inclusion of a perturbative term to account for the junction non-

linearity, it should compare well with the measured spectrum.

We are now in a position to include the junction non-linearity in the Hamil-

tonian. A perturbative term that includes higher order terms in the junction

non-linearity can be easily added to the Hamiltonian. The cosine of the phase op-

erator is expanded to the desired order. The unperturbed part of the Hamiltonian

is a harmonic oscillator written in terms of the squares of the conjugate variables

weighed by the Josephson and charging energy matrices. The higher order terms

of the phase operator are used in the first order correction to the energy of the

harmonic oscillator. The higher order terms can be expanded out in terms of its

creation and annihilation operators, (i.e Φ̂ =
∑

m Φ
(m)
ZPF (âm + â†m) for mode m),

which reveals the self- and cross-Kerr shift terms. The self-Kerr shift of the first

mode is often referred to as the “anharmonicity” of the circuit [7].

This type of harmonic analysis is done in open-source software [87], where the

cosine of the phase operator is expanded to the order specified by the user. For a

weakly nonlinear circuit, the contribution of the junction non-linearity shifts the

energy spectrum slightly from the harmonic approximation.

This method is acceptable for analyzing many circuits. The energy spectrum

found from using this method can resemble the measured energy spectrum par-

ticularly well when the Josephson junctions are operated in the transmon regime.

However, near half-integer values of the flux quantum (see see analysis of the LC

oscillator in Sec. 5), this approximation can break down. Also, the effects of offset

charges were assumed to be small. To calculate the spectrum accurately near cer-

tain critical values of flux, and to see the effects of offset charges, other numerical

methods need to be employed.
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5.6 Tensor Networks for Qubit Simulation

Modeling the exact Hamiltonian for quantum circuits having many degrees of

freedom can be difficult. It could be to our advantage to find methods in the

literature for modeling many-body systems and apply them to our problem of

modeling large superconducting circuits. In this section, we describe a tensor

network model of superconducting circuits which is fairly useful for finding the low-

energy spectrum of quantum circuits having a large number of degrees of freedom.

First, let us start by finding the similarities between quantum circuit Hamil-

tonians and ones modeled in condensed-matter – a mature field employing many

advanced numerical techniques.

Many superconducting circuits are composed of capacitors and Josephson junc-

tions. We would like to find a Hamiltonian that models a large collection of these

quantum circuits. To find a basis, we can make an assumption that the circuit is

designed so that the phase variable is well-confined: this occurs when the circuit is

in the “transmon regime,” see Sec. 5.2. If the phase variable is well-confined, the

phase itself becomes the quantized variable instead of the cosine of the phase, for

a great discussion see [6]. In the transmon regime, the wavefunction is no longer

periodic and the charge is well-defined on each node. A good choice for a basis in

this case could be the charge number basis, which counts the number of Cooper

pairs on a node.

We can make this even better by observing that most circuits are floating. In

this case, the total charge of the circuit is conserved. We can place the total charge

on the first node and set it to zero, removing the first degree of freedom. On the
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remaining degrees of freedom, instead of using the charge number basis, we can

use the junction basis, where we count the difference in number of Cooper pairs

between each node, i.e. |m〉 where m is the difference in Cooper pairs across the

nodes, see Sec. 5.1. A discussion of this coordinate transformation can be found

in the first appendix of [8].

Floating circuit composed of capacitors and Josephson junctions have a com-

mon form for the Hamiltonian,

H =
N−1∑
i<j

E
(ij)
C n̂in̂j +

N−1∑
i=1

E
(i)
J −

1

2

N−1∑
i=1

E
(i)
J

(
ĥ†i + ĥi

)
, (5.22)

where there are N nodes in the circuit, the operator n̂ is the number operator,

see Sec. 5.1.1, and ĥ is the hopping operator, see Sec. 5.1.1, EC is the charging

energy, and EJ is the Josephson junction energy. The first term in the Hamiltonian

is the sum of the charging energies over each pair of nodes of the circuit, which

are similar to superconducting “islands,” see [8]. The charging energy term is the

source of long-range interactions in the circuit, which could be problematic in the

simulation. The second term is the sum of all of the Josephson junction energies,

and it is an offset term and gives positive energy eigenvalues. The third term in

the Hamiltonian is the energy it takes for Cooper pairs to hop across the junctions.

The form of the Hamiltonian and choice of basis is suggestive – we may be able

solve the Hamiltonian using standard techniques from condensed matter physics.

This Hamiltonian looks like some popular models that have been solved using a

density matrix renormalization group method, DMRG [10,12,97,98].

DMRG is a tensor network method that takes in an input matrix product

operator (MPO) form of the Hamiltonian and outputs a matrix product state

(MPS) form of the wavefunction that minimizes the energy. For a great review,
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see [10]. Additional, yet instructive descriptions of the DMRG algorithm can be

found in [12,99].

The bond dimension of the tensor network represents the product of tensors

in the network. The larger the bond dimension, the larger the contraction be-

tween tensors. Since the charging energy can cause long-range interactions between

nodes, larger MPS bond dimensions might be necessary. Two site DMRG method

is a viable candidate for large superconducting circuits [10], since the method al-

lows the bond dimension to grow during the algorithm.

It would be exciting if we could find the lowest-lying energies of superconduct-

ing circuits using DMRG or other tensor network methods. To date, there are

several examples in the literature employing DMRG techniques for quantum cir-

cuits: current mirror [91], the superinductor [11], and fluxonium [8]. Typically the

low-energy spectrum is desired, and to obtain energies using DMRG beyond the

ground state, a penalty term is added [12]. In [8], an extra index was added onto

the MPS wavefunction, so that the optimized solution contained a collection of

the low-energy eigenvalues. The DMRG technique for circuits accurately produces

the low energy spectrum at critical flux values, it allows for the calculation of en-

ergy dispersion as a function of offset charge, and even the decoherence effects of

coherent quantum phase slips [8].

5.7 MPS-MPO-MPS Form for DMRG

In this section, we explain how set up the tensor network form of a superconducting

circuit to model using DMRG.

82



H
MPO

MPS

MPS

Ψ

Ψ

k

d

m

Figure 5.6: MPS-MPO-MPS tensor network. The local Hilbert space dimension is
d, and the bond dimensions of the MPO and MPS are m and k, respectively.

DMRG uses a tensor network like the one shown in Fig. 5.6. The DMRG

algorithm uses the MPO to find the MPS that minimizes the contraction value

of the tensor network. If we let the MPO in Fig. 5.6 be the MPO form of the

Hamiltonian of our quantum circuit, then the MPS output from DMRG will be

the ground state wavefunction and the contraction value of the network will be the

ground state energy of the quantum circuit.

To start, let us see if we can recast the Hamiltonian into MPO form. Every

tensor in the MPO has physical indices and virtual indices. The physical indices

correspond to operators that act locally on one node. The virtual indices represent

contractions of the MPO.

To create an MPO from the Hamiltonian, we want to break down the Hamil-

tonian into a tensor product of operators, where each tensor corresponds to one

node. The MPO tensor should be set up such that after contraction of the MPO

(taking the tensor product of the operators), we arrive at the original algebraic

form of the Hamiltonian.

In the Hamiltonian, Eqn. 5.22, we have the operators ĥ and n̂, which are dxd
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sized matrices where d is the dimension of the local Hilbert space. Since these

operators are matrices that act locally on the physical space, they each have two

indices with length d that correspond to physical indices.

The local Hilbert space dimension is cut off by the minimum and maximum

number of Cooper pairs we allow to hop along the nodes of the circuit, i.e. if we

allow 10 Cooper pairs to hop across the junctions from one node to another, our

local Hilbert space is 21 dimensional (-10 to 10), and we say that the cutoff for

that node is 10.

We choose the cutoff value. It takes energy for Cooper pairs to hop along the

circuit, so we would like to choose a cutoff that is large enough to capture the

dynamics of our problem but small enough that the Hilbert space does not bog

down the simulation. As the cutoff is increased, the simulation becomes more

accurate, but it takes longer. A good choice of a cutoff value can be found by

running multiple simulations at increasingly larger cutoffs and looking for a change

in energy which is below our desired error tolerance.

Each ith tensor in the MPO has virtual index mi, called the bond dimension.

The length of the index is dependent on the Hamiltonian. In Sec. 5.7.1, we will

find a specific MPO and its bond dimension by example.

Each ith tensor in the MPS has physical indices with dimension d of the local

Hilbert space and virtual indices with dimension ki. The physical indices of the

MPS contract with the physical indices of the MPO, and so they have the same

dimension, d. The dimension of the virtual indices of the MPS is typically called

the bond dimension of the MPS. The wavefunction on the bottom side of the MPO

in Fig. 5.6 is the complex conjugate of the MPS on top.
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The contraction value of the MPS-MPO-MPS tensor network in Fig. 5.6 (the

scalar resulting from the tensor product taken by a sum over the virtual and

physical indices) corresponds to an energy – it is the expectation value of the

Hamiltonian (represented by the MPO) in some quantum state (represented by

the MPS). DRMG finds the MPS which minimizes the contraction value of the

MPS-MPO-MPS tensor network, so the output MPS from DMRG is the ground

state wavefunction and the contraction value of the tensor network is the ground

state energy.

5.7.1 Example MPO Construction for a Superconducting

Network of Capacitors and Josephson Junctions

In this section, we show by example how to construct an MPO for a superconduct-

ing circuit which is composed of capacitors and Josephson junctions. This section

is adopted from [11].

Consider the circuit in Fig. 5.7. The circuit has three Josephson junctions two

large end capacitances to ground, and two small parasitic capacitances to ground,

i.e. this is a minimal superinductor circuit having open boundaries, see [9]. There

are four nodes in the circuit. The circuit is floating, so the total charge of the

circuit is conserved. Here each Josephson junction is represented by a nonlinear

inductance (represented by an X) and a capacitance in parallel. This is one way to

represent the Josephson junctions. Each junction has a capacitance and a nonlinear

inductance. The capacitance of each junction can be represented separately from

its inductive element by a capacitor in parallel. The parallel capacitors contribute

to the charging energy, and the nonlinear inductances contribute to the Cooper
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1 2 3 4

Josephson junction

Figure 5.7: Example superconducting circuit composed of capacitors and Joseph-
son junctions. Each Josephson junction is represented by a nonlinear inductance
and capacitance in parallel. The Hamiltonian of the circuit is given in Eqn. 5.23,
and the corresponding MPO is given in Eqn. 5.24. This circuit is a minimal form
of superinductor [9].

pair hopping energy.

The Hamiltonian is a sum of the kinetic and potential energies, H = T + U .

The potential energy is often chosen to be the energy stored in the capacitors

U =
∑N−1

i<j E
(ij)
C n̂in̂j where n̂i is the Cooper pair number operator on the ith node

in the network. The term E
(ij)
C is the charging energy matrix that is determined

by the configuration of the capacitors in the network – it is the inverse capacitance

matrix. This matrix is often the source of long-range interactions in the circuit.

(If these are exponentially-decaying interactions, the DMRG simulation should

converge well, see [12,98].) The kinetic energy is the energy it takes for the Cooper

pairs to hop across the junctions, T = −∑iE
(i)
J cos θi. The E

(i)
J term is the

Josephson junction energy for the ith Josephson junction. By expanding cos θi,

shown in Sec. 5.1.1, we find the Hamiltonian given by Eqn. 5.22. The Josephson

junction energy can be different for each Josephson junction due to differences in

fabrication. Although different EJ are easily accounted for in the MPO (see Sec.
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5.8), in this example we make the simplification that similar junctions have the

same EJ .

Including these simplifications, the Hamiltonian of the circuit in Fig. 5.7 is,

H = E
(11)
C n̂1n̂1 + E

(12)
C n̂1n̂2 + E

(13)
C n̂1n̂3 + E

(22)
C n̂2n̂2 + E

(23)
C n̂2n̂3

+ E
(33)
C n̂3n̂3 + (N − 1)EJ + EJ(ĥ†1 + ĥ†2 + ĥ†3 + ĥ1 + ĥ2 + ĥ3). (5.23)

We can find a form for the MPO of the Hamiltonian,

H =

(
E

(11)
C n̂2

1 − 1
2
EJ

(
ĥ†1 + ĥ1

)
n̂1 1

)
⊗


1 0 0

E
(12)
C n̂2 E

(13)
C 0

E
(22)
C n̂2

2 − 1
2
EJ

(
ĥ†2 + ĥ2

)
E

(23)
C n̂2 1



⊗


1

n̂3

E
(33)
C n̂2

3 − 1
2
EJ

(
ĥ†3 + ĥ3

)
+ 3EJ

 . (5.24)

We have included subscripts on the operators n̂ and ĥ for clarity. We do not need

to do this since subscripts are implied by the tensor product (i.e. 1⊗ n̂ = n̂2).

5.8 Understanding the MPO: Some MPO Constructions

for Superconducting Circuits

There are an infinite number of ways to write the MPO form of a Hamiltonian.

In this section, we describe a few of these ways to construct the MPO for various

superconducting circuit Hamiltonians.

We use the triangular form since it is straightforward. This method does not

always provide the most compact representation for the MPO. There are compres-
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sion algorithms that can reduce the bond dimension after a representation is found

using the triangular form. One excellent example of a compression algorithm is

in [12]. This algorithm can reduce the bond dimension by finding another form of

the MPO, or it can reduce the bond dimension by finding an approximate MPO

to an accuracy specified by the user.

Superconducting circuits often have a term in the Hamiltonian which consists

of a sum of operators, each acting on a single site, i.e.

H =
L∑
1

Xi, (5.25)

where each X operator acts on a site i where there are L sites. We want to

represent H as a tensor product H = M (1)⊗ ...M (i)⊗ ...M (L), where each operator

M (i) contains elements that only act on site i. We can write one operator in the

form,

M (i) =

 I 0

Xi I

 (5.26)

where Xi operates on the ith site. The tensor product of the operator which

operates on site i with the operator that operates on site M(i+ 1) gives,

M (i) ⊗M (i+1) =

 I 0

X I

⊗
 I 0

X I

 =

 I ⊗ I 0

X ⊗ I + I ⊗X I ⊗ I

 ,

where we have dropped the subscript i since the site on which the operator acts is

implied by the tensor product.

The Hamiltonian in Eqn. 5.25 has open boundary conditions, so the first and

last operators in the tensor product are vector-like: M (1) =

(
X I

)
on the left,

and M (L) =

 I

X

 on the right.
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We have a similar pattern for a Hamiltonian of the form H =
∑

iXiYi+1, where

the M (i) operators have the form,

M (i) =


I 0 0

Y 0 0

0 X I

 . (5.27)

The tensor product of nearest-neighbor operators is,

M (i) ⊗M (i+1) =


I 0 0

Y 0 0

0 X I

⊗

I 0 0

Y 0 0

0 X I

 =


I ⊗ I 0 0

Y ⊗ I 0 0

X ⊗ Y I ⊗X I ⊗ I

 .

Again, one chooses the form of the boundary operators to match the specified

boundary conditions.

Below is a MPO form for a Hamiltonian having unique interaction energies,

H = J1

∑
i ZiZi+1 + J2

∑
i ZiZi+2. The zeros are converted to blanks for clarity

and the explicit denotation of the tensor product (⊗) is dropped for compactness.

M (i) =



I

Z

I

J1Z J2Z I


(5.28)
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M (i) ⊗M (i+1) ⊗M (i+2) =



I

Z

I

J1Z J2Z I





I

Z

I

J1Z J2Z I





I

Z

I

J1Z J2Z I



=



II

ZI

IZ

J1ZZ J2ZI + J1IZ J2IZ II





I

Z

I

J1Z J2Z I



=



III

ZII

IZI

J1ZZI + J2ZIZ + J1IZZ J2IZI + J1IIZ J2IIZ III



5.9 Understanding the MPS: the AKLT state

Now that we understand how to create an MPO, we would like to have a bet-

ter understanding of the MPS. In this section, we explain matrix product states

through example. Here we use the AKLT state, which is the exact solution of the

Heisenberg spin model by Affleck, Kennedy, Lieb, and Tasaki [100]. This state has

interesting properties and can be used as a resource state for quantum computa-

tion [101–103].

The AKLT state is a very good example of a MPS. A MPS is the representation

of a wavefunction as a product of matrices. When one hears the term product state,

the product of vectors may come to mind. The MPS is a product of matrices rather

than a product of vectors. The extra dimension of a matrix allows for entanglement
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1 2 3 4

spin-1 

spin-1/2

singlet

1 2 3 4

spin-1 

=

=

Figure 5.8: An example spin-1 AKLT state formed from four spin-1/2 particles.
The state P |ψ〉 is formed by contracting neighboring pairs into a singlet, rep-
resented by the solid bond. The state is then symmetrized by projecting the
remaining neighboring spins into triplets, represented by the circular bonds.

in the wavefunction while maintaining a product state notation.

The spin-1 AKLT state is formed by contracting neighboring pairs of spin-1/2

particles into singlets and projecting the particles between each pair into the spin-1

space. See Fig. 5.8.

The spin-1 AKLT state has the property that no two neighboring sites are in a

spin-2 state. We see this from the state |ψ〉 in Fig. 5.8: the two spin-1/2 particles

in the middle of the chain are contracted to form a singlet, and the remaining spin-

1/2 particles could form a triplet or a singlet (spin-2 is not possible). This picture

also show us that there is a 4-fold degeneracy, and up to this 4-fold degeneracy,

the ALKT state is unique.

Let us explicitly construct the AKLT state shown in Fig. 5.8. We use the

convention where spin up is |0〉 and spin down is |1〉 so the singlet state is, |s〉 =

1√
2

(|01〉 − |10〉). The projector onto the spin-1 configuration is,

P = |00〉 〈00|+ 1√
2

(|01〉+ |10〉) 1√
2

(〈01| − 〈10|) + |11〉 〈11| . (5.29)

We denote the spin-1 states compactly,
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|+̃〉 = |00〉, |0̃〉 = 1√
2

(|10〉+ |01〉), |−̃〉 = |11〉

where tildes are used so the triplet spin-1 state |0̃〉 is not confused with the spin-1/2

particles on the ends in state |0〉.

Let us start in the configuration where we have projected the center neighboring

pair into the singlet state, i.e. |ψab〉 = |a〉 |s〉 |b〉. This corresponds to the configu-

ration where the endpoint spins (denoted by |a〉 and |b〉) can be either spin up or

spin down. If the two endpoint spins are both spin up, we have |ψ00〉 = |0〉 |s〉 |0〉.

Applying the projection operator, Eqn. 5.29, to spins 1 and 2, and spins 3 and 4

gives P1,2P3,4 |ψ00〉 = − 1√
2

(
|+̃0̃〉+ |0̃+̃〉

)
.

We can repeat this procedure for all four configurations of the endpoint spins

and obtain the following table:

Contracted state Projected state

|ψ00〉 = |0〉 |s〉 |0〉 P1,2P3,4 |ψ00〉 = − 1√
2

(
|+̃0̃〉+ |0̃+̃〉

)
|ψ01〉 = |0〉 |s〉 |1〉 P1,2P3,4 |ψ01〉 = 1√

2
(|+̃−̃〉 − |0̃0̃〉)

|ψ10〉 = |1〉 |s〉 |0〉 P1,2P3,4 |ψ10〉 = 1√
2
(|0̃0̃〉 − |−̃+̃〉)

|ψ11〉 = |1〉 |s〉 |1〉 P1,2P3,4 |ψ11〉 = 1√
2
(|0̃−̃〉 − |−̃0̃〉)

Table 5.1: The four possible states resulting from the contraction and projection in
Fig. 5.8. The states in the left column correspond to the four configurations of the
top state in Fig. 5.8, where the middle neighboring particles are contracted into a
singlet state and the endpoint particles can be combinations of spin up and spin
down. The second column corresponds to the projected state, where the remaining
spin-1/2 particles on the endpoints are projected into the spin-1 space with the
particles on neighboring sites, bottom of Fig. 5.8. This example can be generalized
to longer 1D chains of spin-1/2 particles.

The states in this table suggest some other properties of the AKLT state. For

example, a +1 spin (|+̃〉) can be followed by any number of 0 spins (|0̃〉) then a

-1 (|−̃〉) spin, but it is never followed by a +1 spin. Similarly, a -1 spin is never
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followed by a -1 spin. Additionally, the parity of the two spin-1/2 particles on the

endpoints tells us what the total spin of the spin-1 chain is: (i) if there is odd

parity, then the total spin of the spin-1 chain is 0 (we have an equal number of |+̃〉

and |−̃〉); (ii) if the parity is even and they are both spin down, then the total spin

of the spin-1 chain is -1 (if the number of |+̃〉 in the chain is n, then we have n+ 1

number of |−̃〉); (iii) and if the parity is even and they are both spin up, then the

total spin of the spin-1 chain is +1 (if the number of |−̃〉 in the chain is n, then

we have n+ 1 number of |+̃〉).

Representing the AKLT State as a MPS

In this section, we show how to represent the AKLT state as a MPS. Fig. 5.9 shows

the overall process for constructing the AKLT as a MPS with periodic boundary

conditions.

The top figure, Fig. 5.9a, shows the auxiliary system and the operators explic-

itly: the solid circles correspond to the auxilary spin 1/2 particles, ai and bi, which

are contracted into singlet states (solid bonds) and projected into the spin-1 space

(circles). The solid bonds between the auxiliary particles represent operators, Σa,b,

that project the spin-1/2 particles into the singlet state. The circles between the

auxiliary particles represent operators, Mσ
a,b, that project the particles into the

physical spin-1 space.

Each operator can be written as a tensor, where the legs of the tensor corre-

spond to the indices of the tensor. For example, the operator Mσ1
a1b1

has legs on the

left and the right, a1 and b1, respectively, that contract with the Σ operators on

either side. The σ indices are left open-ended, and they can be contracted with an

operator that acts on the spin degrees of freedom. When the operators are written
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in this form, we arrive at Fig. 5.9b, which represents the diagram in Fig. 5.9a.

Fig. 5.9b is the MPS of the AKLT state.

We can simplify the network in Fig. 5.9b by contracting the Mσ
a,b tensors with

the Σ tensors. The simplified network is shown in Fig. 5.9c. Each A tensor has a

single index σ that originated from the M tensor, and the first and last A matrices

are connected, showing the periodic boundary. In some cases the σ indices are

written out explicitly in the diagram and protrude out from the A matrices.

Finally we sum over the σ indices and arrive at Fig. 5.9d. This form suggests

a trace of the product of the A matrices.

Now let us write these steps out in a mathematical way. We start by writing

out the state of the auxilary system of size spin-1/2 particles shown in Fig. 5.9a,

|σ〉 = |a1, b1; a2, b2; a3, b3〉 = |σ1, σ2, σ3〉. Each Σbi,ai+1
operator represented by a

solid bond projects the auxilary particles on neighboring sites (i.e. bn, an+1) into

the singlet state. We can represent spin-up by |0〉 and spin-down by |1〉, so these

operators have the form,

Σ =

 0 1√
2

− 1√
2

0

 (5.30)

Each M operator projects the system into the physical spin-1 space. Since there

are three possibilities for the spin, we have three operators, M+,M0, and M−.

M+ projects the auxiliary particles on a site (an, bn) into the state |00〉 = |+̃〉. We

have,

M+ =

1 0

0 0

 . (5.31)

94



Σb1a2 Σb2a3

Σb3a1

a1 b1 a2 b2 a3 b3

Ma1b1 Ma2b2 Ma3b3

σ3σ1 σ2

(a)

Mσ1 Mσ2 Mσ3Σ Σ Σ
a1 b1 a2 b2 a3 b3

(b)

Aσ1 Aσ2 Aσ3a1 a2 a3

(c)

A A A
a1 a2 a3

(d)

Figure 5.9: Tensor network representation for constructing the AKLT matrix prod-
uct state. This construction follows the one shown in [10].

Similarly, M0 projects the particles into the state 1√
2
(|01〉+ |10〉) = |0̃〉. We have,

M0 =

 0 1√
2

1√
2

0

 . (5.32)

Finally M− projects the particles into the state |11〉 = |−̃〉, and we have,

M− =

0 0

0 1

 . (5.33)

Using these forms for the operators, we can apply them to the state |σ〉 accord-
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ing to the diagram in Fig. 5.9b. We have,

|ψ〉 =
∑
ab

∑
σ

Mσ1
a1b1

Σb1a2M
σ2
a2b2

Σb2a3M
σ3
a3b3

Σb3a1 |σ〉 . (5.34)

Now we can simplify the network by contracting over the b’s, which is just matrix

multiplication of M and Σ. After contraction, we arrive at Fig. 5.9c. We have,

A+ = M+Σ =

1 0

0 0


 0 1√

2

− 1√
2

0

 =

0 1√
2

0 0

 (5.35)

A0 = M0Σ =

 0 1√
2

1√
2

0


 0 1√

2

− 1√
2

0

 =

−1
2

0

0 1
2

 (5.36)

A− = M−Σ =

0 0

0 1


 0 1√

2

− 1√
2

0

 =

 0 0

− 1√
2

0

 (5.37)

We must normalize the A matrices. Both left and right normalization gives the

same answer in this example. Explicitly, if we right normalize we have,

∑
σ

AσAσ† =

0 1√
2

0 0


 0 0

1√
2

0

+

1
4

0

0 1
4

+

 0 0

− 1√
2

0


0 − 1√

2

0 0

 =
3

4
I (5.38)

. If we left normalize we have,

∑
σ

Aσ†Aσ =

 0 0

1√
2

0


0 1√

2

0 0

+

1
4

0

0 1
4

+

0 − 1√
2

0 0


 0 0

− 1√
2

0

 =
3

4
I (5.39)

. The normalized A matrices are,

A+ =

0
√

2
3

0 0

 (5.40)

A0 =

− 1√
3

0

0 1√
3

 (5.41)
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A− =

 0 0

−
√

2
3

0

 (5.42)

Including the normalization, we are left with the state represented in Fig. 5.9c,

|ψ〉 =
∑
a

∑
σ

Aσ1a1a2A
σ2
a2a3

Aσ3a3a1 |σ〉 . (5.43)

We can rewrite the contraction of the A matrices over a indices in terms of a regular

matrix product and the trace (because of the periodic boundary). We have,

|ψ〉 =
∑
σ

Tr(Aσ1Aσ2Aσ3) |σ〉 . (5.44)

Expanding out the sum over σ gives,

|ψ〉 = Tr((A− |−̃〉+ A0 |0̃〉+ A+ |+̃〉)(A− |−̃〉+ A0 |0̃〉+ A+ |+̃〉)

x(A− |−̃〉+ A0 |0̃〉+ A+ |+̃〉)).

If we let the A’s include the state vectors we get,

A = A+ |+̃〉+ A0 |0̃〉+ A− |−̃〉 =
1√
3

 − |0̃〉
√

2 |+̃〉

−
√

2 |−̃〉 |0̃〉

 (5.45)

and,

|ψ〉 = Tr(AAA). (5.46)

This is the tensor network represented by Fig. 5.9d.

A matrix product state representation can provide insight into the properties of

the wavefunction. We see from Eqn. 5.46 that the AKLT state is translationally

invariant (i.e. we can increase the number of particles in the AKLT state by

including more A matrices). Also, the trace implies that the state has periodic

boundary conditions.
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Now let us find more properties of the AKLT state using the MPS form. We

start by writing the state in terms of the 9 vectors that span the Hilbert space of

two spin-1 particles (i.e. using the form |s,m〉 =
∑

iCi |m1m2〉):

|2, 2〉 = |+̃+̃〉 (5.47)

|2, 1〉 =
1√
2
|+̃0̃〉+

1√
2
|0̃+̃〉 (5.48)

|2, 0〉 =
1√
6
|+̃−̃〉+

√
2

3
|0̃0̃〉+

1√
6
|−̃+̃〉 (5.49)

|2,−1〉 =
1√
2
|0̃−̃〉+

1√
2
|−̃0̃〉 (5.50)

|2,−2〉 = |−̃−̃〉 (5.51)

|1, 1〉 =
1√
2
|+̃0̃〉 − 1√

2
|0̃+̃〉 (5.52)

|1, 0〉 =
1√
2
|+̃−̃〉 − 1√

2
|−̃+̃〉 (5.53)

|1,−1〉 =
1√
2
|0̃−̃〉 − 1√

2
|−̃0̃〉 (5.54)

|0, 0〉 =
1√
3
|+̃−̃〉 − 1√

3
|0̃0̃〉+

1√
3
|−̃+̃〉 (5.55)

Taking two of the A matrices and multiply them together gives, |0̃〉
√

2 |+̃〉

−
√

2 |−̃〉 − |0̃〉


 |0̃〉

√
2 |+̃〉

−
√

2 |−̃〉 − |0̃〉

 =

|A〉 |B〉
|C〉 |D〉

 (5.56)

|A〉 = |0̃0̃〉 − 2 |+̃−̃〉 = −
√

3 |0, 0〉 −
√

2 |1, 0〉

|B〉 =
√

2 |0̃+̃〉 −
√

2 |+̃0̃〉 = −2 |1, 1〉

|C〉 = −
√

2 |−̃0̃〉+
√

2 |0̃−̃〉 = 2 |1,−1〉

|D〉 = −2 |−̃+̃〉+ |0̃0̃〉 =
√

2 |1, 0〉 −
√

3 |0, 0〉

(5.57)

The MPS form for the AKLT state is enlightening. We immediately see that up

to to a 4-fold degeneracy, the AKLT state is unique. We also see that the AKLT

state can never be a spin-2 state: the states comprising the 4-fold degeneracy are
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all in the spin-1 subspace. This form immediately suggests a generalization to

states having more particles. If we stare at the matrix form, we can see AKLT

states having more particles can easily created by including more A matrices in the

product. The larger state also retains its properties: multiplying more A matrices

still gives a 4-fold degeneracy, and the four states always stay in the spin-1 subspace

(for example, a |−̃〉 can be followed by a |+̃〉 or |0̃〉 but never another |−̃〉, etc.).

If we consider periodic boundary conditions, the trace produces an AKLT state

having zero spin.

5.9.1 Symmetry of AKLT state

In Sec. 5.9 we discovered some properties of the AKLT state using the MPS

form. We discovered that the spin of the states are dependent on the parity of the

auxiliary particles on the end points. Now we ask the question, Why is the spin of

the physical system dictated by the auxiliary system? The answer is because both

systems have the same symmetry. In this section, we aim to explain this reasoning

by investigating some symmetry and conservation laws.

Conservation Laws and Symmetry

One rule of symmetry is: if we have an initial symmetry, then the final system will

have that symmetry. For example, let particles A and B have a Z2 symmetry (i.e.

they can be in the state +1 or -1). Say the particles A and B combine to form

new particles, C and D (A*B = C*D). We see that the possible states of A*B are

+1 or -1, so the possible states of C*D are also +1 and -1. The particles C and D

also have Z2 symmetry.
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A version of Noether’s theorem says where there is a conservation law, there is a

corresponding symmetry and vice versa. Two simple examples of symmetries that

are related to conserved quantities from classical examples are: (i) translational

symmetry and momentum (a particle with the same potential energy at point a

and point b with the same mass and velocity will have the same momentum at

those points) and (ii) rotational symmetry and angular momentum (a particle in

a circular orbit will have the same angular momentum). So, if the Hamiltonian

cannot distinguish between states of the system (there is some degeneracy), then

there is a symmetry revealed by those states having the same energy. A quantum

example is the Ising model,

H = −
n−1∑
i=1

σ(i)
z σ

(i+1)
z (5.58)

where the the ground states are,

|ψ(1)〉 = |↑↑ ...〉 (5.59)

|ψ(2)〉 = |↓↓ ...〉 (5.60)

The energy is the same for these two possible ground states, so there is a Z2

symmetry.

One method of finding symmetries (and therefore conserved quantities) is look-

ing for things that commute with the Hamiltonian. For example,
∏n

i=1 σ
(i)
x com-

mutes with the Hamiltonian. If we apply that to one ground state, say |ψ(1)〉, we

get the other |ψ(2)〉. Parallel: In language of quantum algorithms, the Hamilto-

nian represents the code and the degenerate states (and therefore symmetries and

conserved quantities) are found using the logical operators of the code.

Now that we have some very basic idea of symmetry and conserved quantities,

let us look at the AKLT state again.
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Symmetry of the AKLT State

Here we prove that the symmetry of the physical system is dictated by the spin of

the auxiliary system. Let |ω̂〉 = 1√
2
(|↑〉 − |↓〉) be the singlet state of two auxiliary

particles from adjacent sites. We know that |ω̂〉 is SU(2) invariant. This is easy to

show using the 2D representation (or spin-1/2 representation) of SU(2). Let u ∈

SU(2) where,

SU(2) =


α −β̄

β ᾱ

 : α, β ∈ C, |α|2 + |β|2 = 1

 . (5.61)

By multiplying this out and applying the conditions for the coefficients we see,

u⊗ u |ω̂〉 = |ω̂〉 . (5.62)

Specifically, the 2D representation of SU(2) has:

basis: |1
2
,
1

2
〉 =

1

0

 , |1
2
,−1

2
〉 =

0

1

 (5.63)

generators: J1 =
1

2

0 1

1 0

 , J2 =
1

2

0 −i

i 0

 , J3 =
1

2

1 0

0 −1

 (5.64)

These are the Pauli matrices. Now, all we need is a 3D representation (spin-1

representation) of SU(2). It is,

basis: |1, 1〉 =


1

0

0

 , |1, 0〉 =


0

1

0

 , |1,−1〉 =


0

0

1

 (5.65)

generators: J1 =
1√
2


0 1 0

1 0 1

0 1 0

 , J2 =
1√
2


0 −i 0

i 0 −i

0 i 0

 , J3 =
1√
2


1 0 0

0 0 0

0 0 −1
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To show that the symmetry is preserved, start by letting Ru : spin-1 represen-

tation of u and P =
∏

s=1 be the projector into the spin-1 space, and |ψ〉 is the

state of the physical system. The 2D and 3D representations of SU(2) show us

that acting on the physical system with a spin-1 rotation is the same as acting on

the auxiliary system with spin-1/2 rotation on both particles. That is,

RuP = P (u⊗ u). (5.66)

Now we can show that if the auxiliary system has some rotational invariance (sym-

metry), then the physical system has that same symmetry.

R⊗nu |ψ〉 = R⊗nu (P⊗n |ω̂〉⊗n)

= (RuP )⊗n |ω̂〉⊗n

= (P (u⊗ u))⊗n |ω̂〉⊗n

= P⊗n |ω̂〉⊗n

= |ψ〉 ,

where in step 2-3 we used Eqn. 5.66.

We’ve shown that the two representations of the AKLT state have the same

rotational symmetry and by Noether’s theorem, they have conserved angular mo-

mentum. This is why the spin of the physical system is dictated by the spin of the

auxiliary system.

5.9.2 W-state

For further understanding of the MPS, let us examine an example of a case when

the MPS matrices are not the same on every site. One such example is the W-state.
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|1

|0

|0 |0

|0 |0

|1 |1 |1 |1 |1

|0 |0

|0 |0 |0

A1A2A3A4A5A6

Figure 5.10: Binary tree for the W-state representing the structure of its MPS
form.

The W state on 6 qubits is,

|W 〉 =
1√
6

(|100000〉+ |010000〉+ |001000〉+ |000100〉+ |000010〉+ |000001〉)

and the structure of the kets are represented by the binary tree in Fig. 5.10:

To get the form for each MPS, one can start at the back of Fig. 5.10. The last

number in a ket is either a 0 or a 1, so the A matrix is,

A1 =

|1〉 0

0 |0〉

 (5.67)

In the end, we only care about the trace, so we determine a and d in,a b

c d


|1〉 0

0 |0〉

 =

a |1〉 b |0〉

c |1〉 d |0〉

 . (5.68)

Now to determine A2 and A3, we use the structure of matrix multiplication,a3 b3

c3 d3


a2 b2

c2 d2


|1〉 0

0 |0〉

 =

(a3a2 + b3c2) |1〉 (a3b2 + b3d2) |0〉

(c3a2 + d3c2) |1〉 (c3b2 + d3d2) |0〉

 . (5.69)

If the last number is 1, then all preceding numbers in the ket have to be 0, so we

choose a3 = a2 = |0〉 and b3 = c2 = 0. We need both terms in the sum for the kets
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that end in 0, so we also choose c3 = |1〉, b2 = |0〉, d3 = |0〉 and d2 = |1〉. This

gives,

A2 =

|0〉 |0〉
0 |1〉

 (5.70)

A3 =

|0〉 0

|1〉 |0〉

 (5.71)

We realize that A3 = A4 = A5 = A6. Multiplying times A3 always puts a zero on

the upper left and right kets, and it puts a 1 on the upper right ket and a 0 on the

lower right ket and adds them into the lower right ket. Because we take the trace,

is does not matter what the lower left ket contains. We then repeat on each site

an end up with,

|W 〉 = Tr


|0〉 0

|1〉 |0〉


|0〉 0

|1〉 |0〉


|0〉 0

|1〉 |0〉


|0〉 0

|1〉 |0〉


|0〉 |0〉

0 |1〉


|1〉 0

0 |0〉


 .

5.10 Using DMRG to Model the Superinductor

Recent superconducting circuit designs require parts of the circuit to have a large

number of degrees of freedom [9, 26, 27]. Such designs motivate the development

of simulation toolboxes for modeling large circuits [8, 11]. Another motivation for

simulating larger circuits is to create qubits with high coherence times (such as

fluxonium [8,9]), engineering topological protection (as in the current mirror [91]),

and simulating multi-qubit systems (i.e. gates between qubits).

Some software programs widely available to the public, see [87], use approxi-

mate methods, such as those discussed in Sec. 5.4. We saw that these appoximate

methods are useful for weakly non-linear circuits.
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We would like to find a method that can simulate the full circuit model. In this

section, we adopt the results from [11], where we discussed a tool for construct-

ing and analyzing the exact model of large superconducting circuits. This talk

introduced Circuitizer, which uses QuTiP [104, 105], an open-source software for

simulating the dynamics of open quantum systems. Circuitizer was combined with

ITensor [12], a C++ library for implementing tensor network calculations, in an

effort to simulate circuits beyond the boundary where exact diagonalization fails

(i.e. ten degrees of freedom requires on the order of a terabyte per eigenstate). By

combining the modeling techniques, we calculated the low-energy spectrum of a

family of superinducting circuits having a local Hilbert space of 21 with up to 64

degrees of freedom (corresponding to a 2164 dimensional Hilbert space). We also

include error estimates for these results.

5.10.1 The DMRG Software Tool

The toolbox discussed in [11] implements a software flow diagram, see Fig. 5.11.

The software flow starts by utilizing Circuitizer and QuTip starts to create a

Python model of a superconducting circuit that the user design within the tool.

Analysis of this user-specified circuit design produces the Hamiltonian for the cir-

cuit. An MPO for this Hamiltonian is constructed in Python using the techniques

we discussed in Sections 5.7 and 5.8. This MPO is imported into ITensor [12, 98]

using the json format.

At this time the user can specify a MPO bond dimension reduction (which

sometimes results in approximation). If the bond dimension reduction is requested,

then the MPO is compressed in ITensor [106]. A DMRG algorithm is performed

in ITensor and it produces the MPS eigenstates.
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Figure 5.11: Software flow diagram of our software tool developed for simulating
superconducting circuits. This image is adoped from [11]. In Python, the user
draws a superconducting circuit in Circuitizer. Circuitizer then interfaces with the
program QuTip to produce the Hamiltonian. An MPO form of this Hamiltonian
is produced using algorithms derived from the techniques described in Sections 5.7
and 5.8. Then, the MPO is stored in a json file and imported into ITensor. ITensor
performs DMRG and gives the eigenstates in MPS form. The MPS is contracted
with the exact Hamiltonian (before compression) to determine the convergence
properties of the simulation (i.e. at each iterative step during DMRG, the variance
is calculated using the exact Hamiltonian MPO and the eigenstate produced at that
step). Upon reaching a stopping criterion, the loop halts. At this time, observables
of interest can be calculated using the output MPS. For example, the MPO form
for the charge operator, which can include offset charges on the junctions, can be
produced in Python, imported into ITensor, and contracted with the MPS to find
the charge dispersion effects due to offset charges.
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Observables specified by the user are calculated using the MPS eigenstates. An

error estimate is calculated using the variance. The variance is calculated using

the Hamiltonian MPO before compression. (Note: With highly-accurate calcula-

tions producing very small variances, catastrophic cancellation can be encountered

producing negative values of the variance near machine precision, which should

not be cause for alarm. It is also useful to note that there are several ways to con-

tract the MPS-MPO-MPS tensor network in ITensor, and slight variations in the

results from these different contraction methods, which are almost always below

the desired precision, and should also not be cause for alarm. These deviations

are to be expected with highly-accurate calculations of the MPS, which produce

energy variances which are zero to machine precision. If accurate values of the

variance near machine precision are desired for some reason, one can easily im-

plement numerically stable algorithms for calculating the variance that mitigate

loss of precision, see [107, 108].) Some other observables of interest that can be

calculated are the lowest-lying energies, the zero-point fluctuations of the circuit

in charge or phase, and the charge dispersion due to offset charges.

One can also find an upper bound on the error in a DMRG simulation by using

the smallest gap between states (assuming a state has not been skipped) and the

variance. The chosen stopping criterion for the simulations in [11] is an accuracy

better than 10−6. The difference between the actual energy and the calculated

energy for the ith state is, ∆E ≤ σ2
i

∆i
, where σ2

i is the variance and ∆i is the

smallest energy gap between the ith state and a neighboring state.

Estimating the error using an error bound can be expensive since computing

the variance could involve contractions of large tensor networks (having large bond

and local Hilbert space dimensions). In the literature, there are approaches to
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calculating the expectation values used in the variance which are efficient [109].

One strategy to estimate the error in energy is to quantify the difference in error as

at various bond dimensions: one can run multiple DMRG simulations at various

bond dimensions and plot the energies and extrapolate using a polynomial fit.

The difference in energy between the extrapolated value and the value having the

largest bond dimension gives the error bar. Another method for estimating error is

to take multiple data sets under various conditions and obtain the error bar from

the range of values [98].

The bond dimension is related to the truncation error, which is∑
n∈discarded λ2n∑

n λ
2
n

≤ ε, where ε is the user-defined cutoff, and λn are the small-

est singular values such that the truncation error is less than ε [98]. In other

words, in the SVD, M = UDV †, values we set the smallest diagonal elements of D

to zero so that the new matrix M ′ = UD′V † has a zero column. This column can

then be truncated, reducing the dimension of the original matrix M with minimal

approximation.

The truncation error is the sum of the squares of the singular values we set to

zero – it is the norm of the difference in the M matrices normalized by the sum of

the squares of all of the singular values [98]. So, one way to quantify the error from

bond dimension truncation is to the take the norm of the difference ||M −M ′||2,

which should be small.

The DMRG simulation time is dependent on the local Hilbert space dimension,

the number of degrees of freedom, the MPS and MPO bond dimension, the specified

target variance, and the initial state. In some cases, a well-chosen initial state

can reduce simulation time. Running multiple simulations using a large number

of different initial states, however, is one of the best methods for demonstrating
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convergence [98].

5.10.2 Low-Energy Spectrum for a Family of Superinduc-

tors

In this section, we use the software tool introduced in Sec. 5.10.1 to find the low-

energy spectrum for a family of superinductors having 4 to 64 degrees of freedom

and a local Hilbert space dimension of 21.

In Fig. 5.12a, we plot the energy spectrum of a family of superinducting circuits

increasing in size. These superinducting circuits are efficiently described by an

MPO with Nd2m2 parameters and have wavefunctions efficiently represented using

Ndk2 parameters, where N is the number of nodes, k is the MPS bond dimension,

m is the MPO bond dimension, and d is the local Hilbert space dimension, see

Fig. 5.6. The low-energy spectrum for a family of these superinducting circuits is

shown in Fig. 5.12b.

The upper error bound on the energy is shown in Fig. 5.13a. Since the bound

is dependent on the energy difference between nearest states, states that are nearly

degenerate suffer from a larger upper bound. This effect is particularly prominent

where the energies of the second and third excited states coincide at 30 nodes, see

Fig. 5.12b.

The variance used to calculate the bound is shown in Fig. 5.13b. The first

stopping criterion for this calculation is a variance below 10−6GHz2. For circuits

having a node number larger than 30, the target variance was not obtained, and

the simulations were halted after reaching the same specified sweep number (at
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(a)

(b)

Figure 5.12: Left: A four-node superinductor drawn in Circuitizer. The user
specifies the junction properties and capacitances. Right: Transition energies from
the ground state for the first three excited states for a family of superinducting
circuits from 5-64 nodes, where the junctions are in the transmon regime. Excited
states are obtained by adding a penalty term, see [12]. Image adoped from [11].

least 150 sweeps).

To validate the error bound for a small superinductor, we calculate an actual

error between exact diagonalization and DMRG and compare this with calculated

upper bound. The absolute actual error remains below the calculated upper bound,

see Fig. 5.13c.

We can also see that the truncation error affects the error in the energy. In

Fig. 5.14, we incrementally decrease the truncation error as the sweep number

increases and show how the error bound reduces.

We compare the DMRG data to our harmonic mode analysis of the circuit,

see the method described in Sec. 5.4. In Fig. 5.15, we plot the normal modes

of the circuit along with the energy spectrum calculated from DMRG. We see

that the normal modes coincide well with the DMRG results. We can also see
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(a)

(b) (c)

Figure 5.13: Top: Upper bound on the energy difference (in GHz) between the
calculated and actual energies for a family of superinductors having 5-64 nodes..
The worst case errors have an upper error bound of 500Hz corresponding to the
peak at 30 nodes for the second and third excited states. Bottom (left): Variance
at the last sweep used in calculating the error bound in the top figure. Bottom
(right): Comparison of upper error bound and the actual error between DMRG
results and exact diagonalization for a five-node superinductor.

that the energy spectrum calculated using DMRG captures the nonlinearity of the

Josephson junctions, since the DMRG energies lie below the harmonic modes. At

circuit sizes below 20 nodes, the DMRG results show that more harmonic levels

are required to capture the third excited state.

In Fig. 5.16, we show the time to solution in hours for a family of superin-
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Figure 5.14: Error bound and the change in energy between neighboring sweeps
versus sweep number for the first four states. Each step down in the in the error
bound corresponds to a drop in the truncation error by one order of magnitude.
The truncation error begins at 10−8 and ends at 10−12.

Figure 5.15: Comparison of the harmonic analysis and DMRG results for the
lowest-lying energies of various superinductors.
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Figure 5.16: Time to solution for the DMRG simulation versus superinductor size.
The calculation includes the time required to calculate the variance.

ductors. The initial state for all the simulations is chosen at random. The full

simulation time to simulate these circuits is impressive – it takes about 14 hours

to calculate the lowest-lying energy spectrum and validate the simulation error for

a superinducting circuit having a Hilbert space of 2164.
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CHAPTER 6

DISSIPATION ENGINEERING IN OPEN QUANTUM SYSTEMS

In elementary physics classes, much of the material learned encapsulates prop-

erties of closed systems and neglects the effects of the environment. For example,

a typical elementary homework problem involving the calculation of the velocity of

an object sliding down a slope usually neglects air resistance. However, including

environmental effects in the calculation provides insight into the paradigm of such

calculations – including air resistance can allow one to discover the beneficial ef-

fects of using a parachute to slow a shuttle landing in a finite-sized air strip. Thus,

simulation of open systems can lead one to discover convenient effects.

Here we consider an open system in quantum mechanics. On one hand, en-

tanglement of the system with the environment can destroy the coherence of the

quantum system. On the other hand, dissipation can produce longer-lasting quan-

tum memories, decreased quantum computation time, and creating exotic quantum

phases of matter. Studying open quantum systems allows us to understand the

advantages and limits of environmental effects on quantum systems.

The total open system consists of two parts – the subsystem whose dynam-

ics we interested in, and the environment external to the system. The external

environment is referred to as a reservoir which acts on the subsystem of interest.

Interactions between the subsystem and the reservoir can have a recursive effects,

called non-Markovian interactions. The interactions can also have no memory of

previous interactions, and in this case, these interactions between the subsystem

and reservoir are called Markovian interactions. Such an example of a Markovian

interaction between the subsystem and the environment is dissipation.

114



Dissipation can be incredibly useful. One application for dissipation is stabiliz-

ing resource states for quantum computing. In the next chapter, Ch. 7, we discuss

our proposal for the dissipative preparation of the Laughlin state, a fractional

quantum Hall state.
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CHAPTER 7

DRIVEN DISSIPATIVE PREPARATION OF FEW-BODY

LAUGHLIN STATES OF RYDBERG POLARITONS IN TWISTED

CAVITIES

We present a driven dissipative protocol for creating an optical analog of the

Laughlin state in a system of Rydberg polaritons in a twisted optical cavity. We

envision resonantly driving the system into a 4-polariton state by injecting pho-

tons in carefully selected modes. The dissipative nature of the polariton-polariton

interactions leads to a decay into a two-polariton analog of the Laughlin state.

Generalizations of this technique could be used to explore fractional statistics and

anyon based quantum information processing. We also model recent experiments

that attempt to coherently drive into this same state. This chapter is adapted

from [110].

7.1 Introduction

Efforts to produce analogs of fractional quantum Hall effects [111] in atomic

[112–114,114–125] and optical settings [126–133] are driven by the desire to directly

observe and manipulate “anyon” excitations, which act as particles with unconven-

tional quantum statistics [134–137]. In addition to being of fundamental interest,

these anyons can be useful for quantum information processing [60,138–140]. Here

we give a driven dissipative protocol for producing a minimal quantum Hall state

in a system of Rydberg polaritons in a non-coplaner optical cavity.

The quantum Hall effect is seen in 2D electron systems in large magnetic fields.

As argued by Schine et al. [133], there is a one-to-one correspondence between
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quantum state of such electrons and the optical modes of a non-planar (or twisted)

cavity. This correspondence has lead to a number of proposals to use twisted cav-

ities to reproduce quantum Hall physics [127, 141]. In order to produce an analog

of electron-electron interactions, these proposals hybridize the photon modes in

the cavity with long-lived Rydberg excitations of an atomic gas. The resulting

Rydberg polaritons interact via a strong dipole-dipole interaction, which can be

modelled as a short-range repulsion [142]. At particular filling factors, the ground

state is expected to be a fractional quantum Hall state.

A key difference between the electronic and optical system is that polariton

number is not conserved: One readily injects polaritons into the cavity by shining

an appropriately tuned laser on the system; Polaritons decay due to the finite

cavity lifetime, or in inelastic scattering processes. Here we take advantage of this

feature, and show that one can drive this system in such a way that it naturally

evolves into an analog of the Laughlin state, one of the most iconic examples of

fractional quantum Hall states [143].

Our scheme is in the spirit of other driven-dissipative state preparation proto-

cols [144–155], which have analogs in autonomous error correction [140, 156–163].

The basic idea is that you want to construct a situation where the state of interest

is a “dark state” which is neither excited by the drive, nor decays through the

dissipative channel. We rely upon one of the key features of the Laughlin state,

namely that it vanishes when two electrons come close together. In the Rydberg

polariton context, this means that inelastic two-body loss is strongly suppressed

in the Laughlin state. We construct a drive which takes the system to an excited

state, which then decays into the Laughlin state.

In section 7.2 we present our model of Rydberg Polaritons in twisted cavities.
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We analyze the dynamics via a Lindblad equation, and in section 7.3 we describe

our numerical approach. In section 7.4 we validate our model by reproducing

the observations from [13], including calculating the pair correlations functions of

emitted photons, one of the key signatures used in the experiment. Section 7.5

uses our validated model to introduce our driven dissipative protocol for producing

the Laughlin state and provides our numerical study of the dynamics. Section 7.6

briefly describes how one can verify that that our approach is successful.

7.2 Modeling

Researchers in Chicago have designed an optical cavity where the modes are in one-

to-one correspondence to the quantum states of 2D harmonically trapped charged

particle in a magnetic field.

An atomic gas is placed in the cavity, and the cavity modes hybridize with a

long-lived Rydberg excitation. An idealized effective model [141] for the resulting

polaritons, in the cavity’s image plane, is H = H0 +Hint with

H0 =
∫
d2r 1

2m0
ψ̂†
(

1
i
∇− eA

)2
ψ̂ + 1

2
m0ω

2r2ψ̂†ψ̂

Hint =
∫
dr dr′ V (r − r′)ψ̂†(r)ψ̂†(r′)ψ̂(r′)ψ̂(r). (7.1)

The operator ψ̂(r) annihilates a polariton at location r, defined in the 2D plane.

The effective vector potential A corresponds to a uniform effective magnetic field,

and is related to the non-planarity of the cavity [164]. We use the symmetric gauge

and take A = −B
2
yx̂ + B

2
xŷ. The coefficients m0 and ω are related to the cavity

geometry and the amount of mixing between the photon modes and the Rydberg

excitation. The polariton-polariton interaction V (r) comes from the dipole-dipole

interaction between the Rydberg excitations. It is short-ranged, and as long as the
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cavity is sufficiently large it can be replaced by a local potential V (r) ≈ Uδ(r).

Some technical details of arriving at this description are given in Appendix 7.9.1.

The modes which diagonalize Eq. (7.1) have frequencies ωmn = (ωc + Ω0)n +

(ωc − Ω0)m, where Ω0 =
√
ω2
c + ω2, and ωc = eB

2m0
which is half the cyclotron

frequency [165, 166]. When ωc ≈ Ω0 (or equivalently ω ≈ 0), modes with different

m have the same energy. These nearly-degenerate modes make up the lowest

Landau level, and have wavefunctions,

φm(x, y) = (x+ iy)me−(x2+y2)/d2 (7.2)

with normalization,

1/c2
m =

∫
|φm(x, y)|2dx dy =

d2(m+1)πm!

2m+1
. (7.3)

The characteristic length is 1
d2

= 1
2
m0Ω0.

When multiple polaritons are in the cavity, the interaction term, Eq. (7.1),

breaks this degeneracy. The preeminent role of the interactions leads to highly non-

trivial physics. The ground state of this model when there is one polariton for every

two modes is the ν = 1/2 Laughlin state [13, 143]. It boasts fractionally charged

anyonic excitations. When there is one polariton per mode, and the interactions

are appropriate, one instead finds the ν = 1 Pfaffian, with non-Abelian excitations

[167]. The goal of these experiments is to produce such states and demonstrate

their exotic properties.

The defining feature of the ν = 1/2 state is that it is the highest density state

which vanishes whenever two polaritons touch:

ΨL(z1, z2, · · · zN) =
∏
i<j

(zi − zj)2e−
∑
j |zj |2/d2 . (7.4)
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As a first step, Clark et al. have isolated three of the modes from Eq. (7.2),

corresponding to m = 3, 6, 9 (all with n = 0). This is sufficient to produce a

2-polariton analog of the Laughlin state,

ψL(z1, z2) ∝ z3
1z

3
2(z3

1 − z3
2)2e−|z1|

2/4d2−|z2|2/4d2 . (7.5)

Given the three accessible modes, this is the state with the largest number of

polaritons that vanishes when two polaritons touch. It can also be written as

|L〉 =
|66〉 −

√
2.1 |39〉√

3.1
, (7.6)

where |66〉 = â†6â
†
6|vac〉/

√
2 and |39〉 = â†3â

†
9|vac〉.

Our goal is to construct a protocol for deterministically producing the two-

photon state, |L〉. Once this goal is achieved, one can consider generalizations

that will lead to the many-body state in Eq. (7.4).

We project Hint into the relevant space, writing

ψ̂(x, y) =
∑
m

cmâmφm(x, y) (7.7)

where cm and φm are given by Eqs. (7.2) and (7.3). This equation defines the

annihilation operators âm. In order to model the experiment, we restrict the sum

to be over m = 3, 6, 9 – but in a future experiment it could run over the entire

lowest Landau level.

By substituting Eq. (7.7) into Eq. (7.1) and performing the resulting Gaussian

integrals one arrives at

Hint = U
∑

m1m2m3m4

Λm3m4
m1m2

â†m1
â†m2

âm3 âm4 (7.8)

where the coefficient Λm3m4
m1m2

vanishes unless m1 +m2 = m3 +m4, in which case it

is

Λm3m4
m1m2

=
1

πd22m1+m2

(m1 +m2)!

(m1!m2!m3!m4!)1/2
. (7.9)
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Although we do not make use of it, this interaction is separable: Λm3m4
m1m2

=

λm1m2λm3m4 . One can readily verify that Eq. (7.6) is in the null-space of Ĥint.

Polaritons can be injected into the cavity by shining lasers with appropriately

shaped wavefronts onto the cavity mirror. This can be modeled by

Ĥdrive =
∑
m

λme
iνmtâm + h.c.. (7.10)

Here νm is the frequency of the laser which couples to mode m. As long as ν3+ν9 =

2ν6 one can remove all time dependence by shifting to a rotating frame, in which

case the single-particle Hamiltonian is H1 = H0 +Hdrive with

H0 = −ω3â
†
3â3 − ω6â

†
6â6 − ω9â

†
9â9 (7.11)

Hdrive = λ3

(
â3 + â†3

)
+ λ6

(
â6 + â†6

)
+ λ9

(
â9 + â†9

)
,

here ωm is the detuning of the drive from mode m.

Polaritons are lost through several processes, which we model using a Lindblad

rate equation for the density matrix ρ,

∂ρ

∂t
= −i[H, ρ] +

∂ρ

∂t

∣∣∣∣
incoherent

(7.12)

Both the cavity modes and the the Rydberg excitations have finite lifetimes. These

are modeled by the jump operators L̂m =

√
γ

(m)
1 âm. They contribute

∂̂ρ

∂t

∣∣∣∣∣
(1)

incoherent

=
∑
m

DL̂m,L̂
†
m

[ρ̂] (7.13)

where

DÂ,B̂[ρ̂] = Â ρ̂ B̂ − 1

2
B̂Â ρ̂− 1

2
ρ̂ B̂Â. (7.14)

We treat the single-photon loss rate as independent of the mode index, γ
(m)
1 = γ1.

We also model collisional losses. As argued in Appendix 7.9.1, one can engineer

the system so that the dominant collisional loss channel involves a process where
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Figure 7.1: (color online) Schematic level diagram for three-mode system
(|3〉, |6〉, |9〉) with no more than four polaritons. Vertical axis represents energy,
and horizontal axis is the angular momentum relative to a state formed from atoms
in the |6〉 mode: L − 6N . Dashed horizontal lines are separated by ω0, the mode
frequencies in the absence of interactions. Numbers under each stack of levels
represent the angular momenta of the polaritons in the system. For example, the
states labeled with 3, 9 and 6, 6 are superpositions of the states |3, 9〉 and |6, 6〉.
These are split by an energy proportional to the interactions U . The decay rate due
to inelastic two-body collisions are represented by the width of each line. There
are four long lived states: the vacuum, the single polariton states, and the two po-
lariton Laughlin state. Green arrows are representative single-photon transitions,
and brown wavy arrows indicate decay channels from the four photon manifold to
the Laughlin state.

two proximate polaritons are simultaneously lost. This is described by

∂ρ

∂t

∣∣∣∣(2)

incoherent

= γ2

∫
d2rDψ(r)ψ(r),ψ†(r)ψ†(r)[ρ] (7.15)

= γ2

∑
j

Λj3j4
j1j2

Dâj1 âj2 ,â
†
j3
â†j4

[ρ]. (7.16)

Crucially, the decay rate is proportional to the interaction energy, and states with

zero interaction energy are infinitely long-lived. This means that in the absence

of single particle loss the Laughlin state has an infinite lifetime. When restricted

to three modes (m = 3, 6, 9), the only long-lived states will be the vacuum, the

single-polariton states, and the two-photon Laughlin state in Eq. (7.6). All others
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decay due to these two-polariton processes

We will use these incoherent processes as resources to produce the ν = 1/2

Laughlin state by engineering a drive which will excite the system to the four-

polariton manifold, relying on loss to populate the long-lived Laughlin state.

Figure 7.1 shows the energy eigenvalues of Ĥ, with 4 or fewer polaritons. The

vertical axis corresponds to energy, and the horizontal axis to angular momentum

L − 6N . As depicted by the three arrows extending from the vacuum state, the

λ6-drive couples states which are vertically separated, while the λ3 and λ9 drives

cause diagonal transitions. The thickness of each energy level corresponds to the

decay rate from the collisional two-polariton loss.

In this diagram, sets of lines have labels which correspond to the angular

momenta of the polaritons in the state. For example, the states above the la-

bel 3,9 and 6,6 are the Laughlin state |L〉 ∝ |66〉 −
√

2.1 |39〉, and the state

|L̄〉 ∝
√

2.1 |66〉 + |39〉. As denoted by dashed horizontal lines, in the absence

of interactions, all states with N polaritons, would have energy Nω0, where ω0

is the bare cavity frequency. The collisional decay rate is proportional to the

interaction energy, so the linewidth grows as one moves away from the dashed line.

7.3 Numerical Techniques

We use two different numerical techniques to analyze the Lindblad equation. First,

we numerically integrate Eq. (7.12), using a Runge Kutta finite difference scheme.

This gives us the full time evolution of the D × D density matrix ρ̂. In our full

model, D = 35.
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Alternatively, we vectorize the Lindblad equation interpreting ρ̂ as a length 352

vector, ~ρ. The Lindblad equation becomes ∂~ρ/∂t = Lρ, with

L = −iH ⊗ 1 + i1⊗HT + Γ
∑
ν

Lν ⊗ (L†ν)
T

− 1

2

(
L†νLν ⊗ 1 + 1⊗

(
L†νLν

)T)
. (7.17)

The steady state corresponds to the kernel of the 352 × 352 matrix L. We numer-

ically find the null-space of L using standard linear algebra libraries.

7.4 Validation

Before implementing our dissipative approach to generating the Laughlin state, we

validate parts of our model by reproducing the experimental observations in [13].

In addition to giving us the opportunity to compare to experimental results, the

simpler nature of this experiment lets us explicitly write down all expressions,

making our arguments more concrete.

In [13] the experimentalists resonantly drive the |6〉 mode: ω6 = ν6 − ω0 = 0.

The other two modes are undriven: λ3 = λ9 = 0. Since the states |vac〉,|6〉, and

|L〉 are resonantly coupled, and the drive strengths are low, there is essentially zero

probability to end up in any other state except these three, and the states they

decay into: |3〉 and |9〉. It therefore suffices to truncate to the simplified model

depicted in Fig. 7.2.

124



Figure 7.2: (color online) Energy-level diagram depicting the relevant states in the
experiment of Clark et al. [13], analyzed in Sec. 7.4. A resonant drive connects
|vac〉, |6〉 and |L〉. The modes |3〉 and |9〉 can become occupied through single-
photon decay from |L〉.

In the rotating frame, the Hamiltonian is

H =



0 0 Ω 0 0

0 0 0 0 0

Ω 0 0 0 Ω′

0 0 0 0 0

0 0 Ω′ 0 0


(7.18)

where the basis states are |vac〉 , |3〉 , |6〉 , |9〉 , |L〉. The matrix elements are

Ω = 〈vac|λâ |6〉 = λ (7.19)

Ω′ = 〈6|λâ |L〉 =

√
2

3.1
λ, (7.20)

None of these states experience collisional losses, so we only need to consider
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Figure 7.3: (color online) Time evolution of the probability of being in the Laughlin
state for the scenario in Fig. 7.2. Here γ1 is the single-polariton loss rate, and
λ = λ6 is the drives strength. Solid blue: λ/γ1 = 20; Dashed-dotted black:
λ/γ1 = 5. Inset: Steady-state probabilities of the Laughlin state as a function of
drive strengths.

the single-photon loss terms, corresponding to jump operators

L̂3 = |vac〉 〈3| −
√

2.1√
3.1
|9〉 〈L| (7.21)

L̂6 = |vac〉 〈6|+
√

2√
3.1
|6〉 〈L| (7.22)

L̂9 = |vac〉 〈9| −
√

2.1√
3.1
|3〉 〈L| (7.23)

We numerically integrate the Lindblad equation,

∂tρ̂ = i[ρ,H] + γ1(DL3,L
†
3
ρ+DL6,L

†
6
ρ+DL9,L

†
9
ρ), (7.24)

Starting from the vacuum state at time t = 0. Figure 7.3 shows typical results for

the time evolution of the probablility of being in the Laughlin state 〈L〉 = 〈L|ρ̂|L〉.

If the drive is weak compared to the single-photon loss rate, λ� γ1, then very

few polaritons are ever in the cavity: As soon as a polariton is created, it decays.

In the opposite limit λ� γ1, damped Rabi oscillations are seen. As shown in the
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Figure 7.4: (color online) Correlation functions gij = cij/ΓiΓj corresponding to
the scenario in Fig. 7.2. Here cij(t) is the joint probability of emitting a photon
into mode i and a second into j, with a time delay of t; Γi is the steady state
probability of emitting into state i. The single-photon decay rate is γ1, and the
drive strength is λ.

inset, the steady-state population of the two-photon Laughlin state is a monotonic

function of the drive amplitude, saturating at roughly 21% when the drive is very

strong. In the experiment [13], λ/γ1 ∼ 0.35, and one therefore expects that the

steady-state ensemble only has a 1.8% probability of being in the Laughlin state.

To verify that they have produced the Laughlin state, the experimentalists use

a correlation measurement: If two photons are simultaneously emitted from the
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cavity, then the cavity must have been in a two-polariton state. Aspects of the two-

photon state can be extracted from the mode-structure of the out-coming photons.

This can be thought of as a form of post-selecting: “What is the quantum state

when two polaritons are in the cavity?”

More precisely, the experimentalists measure the steady state correlation func-

tion gjk(τ) = cjk(τ)/ΓjΓk, where cjk(τ) is the joint probability of measuring a

photon in mode j at time t and another in mode k at time t + τ . This quantity

is normalized by the the product of the probabilities of measuring each of these

events separately, Γj and Γk. In steady-state the denominator is time independent.

Results from our numerical calculations are shown in Fig. 7.4. In the top panel

one sees that sequential photons in the 6-mode are anti-correlated. At delay τ = 0,

g66(0) =
(γL→6)(γ6→L)PL

((γ6→vac)P6 + (γL→6)PL)2 =
1

3.1
PL

(P6 + 2
3.1
PL)2

, (7.25)

where P6 and PL are the steady state probabilities of being in the |6〉 or |L〉

states. The rate of emitting a 6 photon from |L〉 is γL→6 = 2γ1/3.1, while the

rate for emitting from |6〉 is γ6→vac = γ1. For large delay, g66(∞) = 1, as the two

events are uncorrelated. The photons are anticorrelated at short times because

once a photon is emitted from the |6〉 state, a second cannot be emitted until

another photon enters the cavity. For larger λ/γ1 one sees weak oscillations in the

correlation function, as Rabi oscillations between the states make certain delays

less likely than others.

The photons in the |3〉 and |9〉 modes are positively correlated. Whenever a |3〉

photon is emitted, a |9〉 photon must follow at a later time. At zero time delay

g39(0) =
(γL→3)(γ3→vac)PL

((γ3→vac)P3 + γL→9PL)((γ9→vac)P9 + γL→3PL)

=
2.1
3.1
PL

(P3 + 2.1
3.1
PL)(P9 + 2.1

3.1
PL)

, (7.26)
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where, as before, the rate of emission from i to j is γi→j: γL→3 = γL→9 = γ1(2.1/3.1)

and γ3→vac = γ9→vac = γ1. Equation (7.26) can be somewhat simplified by using

the principle of balance: PLγL→3 = P3γ3→vac, and PLγL→9 = P9γ9→vac. This yields

g39(0) =
1

4

3.1

2.1

1

PL
. (7.27)

When PL is small, then the time between emission of the individual photons in a

3-9 pair is short compared to the time between event pairs. This leads to a large

correlation peak. At long times g39(∞) = 1, as one is detecting photons from

different pairs. The correlation function should just fall exponentially between

these values, with decay time τ1.

To numerically calculate gjk(τ), we first integrate Eq. (7.24) for a long time

to produce the steady state density matrix ρ̂∞. We calculate the emission rates

Γj = γ1Trâ†j âj ρ̂∞ = Trâj ρ̂∞â
†
j. The density matrix immediately following a j-

photon emission event is ρ̂j = âj ρ̂∞â
†
j/Γj. We then evolve this density matrix for

time τ to calculate cjk = ΓjTrâ†kâkρ̂j(τ), and gjk = cjk/ΓjΓk.

Another important probe in [13] is to compare the probability of simultaneously

observing a 3 and 9 photon, to that of finding two 6 photons,

R =
c39(0) + c93(0)

c66(0)
. (7.28)

Within this truncated model, the only contributions to the correlation functions

come from the diagonal element of ρ̂ corresponding to the Laughlin state,

R =
PL〈L|a†3a†9a9a3|L〉+ PL〈L|a†9a†3a3a9|L〉

PL〈L|a†6a†6a6a6|L〉
(7.29)

= 2.1. (7.30)

The experimental results are within error bars of this number, which is consistent

with producing the Laughlin state.
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Figure 7.5: (color online) Steady state probabilities of the Laughlin state as a
function of the detuning. Each of the three modes are driven with equal amplitude:
λ3 = λ6 = λ9 = λ. The m = 6 detuning, ω6 is displayed on the horizontal
axis, and the m = 3 and m = 9 drives are chosen such that the four-body state
|A〉 = −0.362 |3339〉 − 0.932 |3366〉 is on resonance. The energy level diagram
corresponding to this drive condition is depicted in Fig. 7.6. For reference, the
three highest peaks are labeled by different numbers of asterisks.

7.5 Driven-Dissipative Preparation of the 2-polariton

Laughlin State

As illustrated by the model in Sec. 7.4, in the absence of careful timing, one cannot

efficiently produce the Laughlin state by resonant coupling. This is a generic

feature of coherent quantum systems: For example, resonantly coupling the levels

of a two-level system will not create a steady-state inverted population. On the

other hand, a laser can be made from a 3-level atom. There one produces a large

occupation of an excited metastable state by driving to a third level which decays

into it. We will explore the many-body analog of this approach. Four-polariton

states play the analog of the unstable excited level, and the Laughlin state plays

130



the role of the metastable excited level. Collisional two-polariton loss provides the

decay from the four-polariton manifold to the Laughlin state.

The challenge in designing this protocol is that many levels are involved. Fig-

ure 7.1 shows a complicated network of 35 levels. Each N polariton states couple to

three states with N+1 polaritons. This gives 60 distinct transition matrix elements.

One needs to be able to efficiently couple the vacuum state to the four-photon man-

ifold without coupling the Laughlin state to any other level. Moreover there are a

large number of parameters, including the amplitude and frequencies of the three

drives, the interaction strength, and the various decay constants.

The challenge would be greatly reduced if we had a technique to coherently

inject 4-photons, directly coupling the vacuum state to the four-polariton manifold.

Appendix 7.9.2 analyzes that simplified case. Here we tackle the full problem,

where the drive is of the form in Eq. (7.11).

Exciting the system into the 4-polariton manifold is a fourth order process –

which will be very strongly suppressed when the drive is weak. One cannot simply

increase the drive strength, as a strong drive will also deplete the Laughlin state.

Our strategy for overcoming this difficulty is to engineer a string of intermediate

states. Ideally the photons would be absorbed through four resonant (or near

resonant) transitions. Simultaneously we need the Laughlin state to be spectrally

isolated.

We adjust the detunings ω3, ω6, and ω9 to optimize this process. As previously

explained, in order to have a well-defined rotating frame, we require ω3 +ω9 = 2ω6.

Furthermore, we require that the four-photon transition is resonant. There are ten

4-polariton states which have a finite probability to decay into the Laughlin state.
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As a concrete example, consider |A〉 = −0.362|3339〉 − 0.932|3366〉, with in-

teraction energy EA = 1.245U . To resonantly couple to this state, we need

3ω3 + ω9 = 2ω3 + 2ω6 = EA. Throughout we use units where U = 1 and take

γ2 = 0.001. We neglect single-polariton loss, taking γ1 = 0.

Figure 7.5 illustrates the role of resonances by plotting the steady-state proba-

bility of being in the Laughlin state as a function of ω6, calculated by the technique

in Sec. 7.3. Here we fix ω3 = EA/2− ω6, so that the state |A〉 remains degenerate

with the vacuum state, in the rotating frame. One sees at least six discrete peaks,

corresponding to when various intermediate states become resonant. The most

prominent peaks correspond to the simultaneous alignment of multiple interme-

diate states. Figure 7.6 shows energy level diagrams corresponding to the three

largest peaks. These depict the rotating-frame energy of the states from Fig. 7.1,

separated into columns, each of which represents a different number of polaritons.

As illustrated by the arrows, the drive changes the polariton number by 1, and

hence connects states in neighboring columns. Two-polariton collisional loss causes

an incoherent decay into a state which is two columns to the left. Energy conser-

vation is relevant to the coherent drive processes, but not the loss processes. As

before, the line-widths are shown by the thickness of the lines. These three energy

level diagrams illustrate the central design principles behind our approach.

The most important feature of the level diagrams in Fig. 7.6 is the fact that

there is a direct chain of near-resonant excitations that takes one to the four-

polariton manifold. The closer these intermediate states are to resonance, the

higher the effective transition rate to the four-polariton state. The second most

important feature is how spectrally isolated the Laughlin state is. The reason that

the peak marked (*) is higher than the one marked (***) is that the Laughlin state
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Figure 7.6: (color online) Rotating frame energy level diagrams corresponding to
the three most prominent peak Fig. 7.5, marked by (*) top, (**) middle, and (***)
bottom. As illustrated by horizontal arrows in the top panel, a single-photon drive
sequentially couples states which differ by one polariton. The Laughlin state is
populated by two-body loss from the four-body manifold (denoted by the double
arrow).
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Figure 7.7: (color online) Steady state probability of the Laughlin state for the
three largest peaks in Fig. 7.5 as a function of drive amplitude λ3 = λ6 = λ9 = λ
for γ2 = 0.001.

is more isolated. One is led to the intuitive recipe: Align the the levels needed to

absorb photons, but keep the Laughlin state isolated.

The second highest (**) peak in Fig. 7.5 is qualitatively different than the

others, as the Laughlin state is coherently coupled to the vacuum. In that sense

it is more similar to the scenario in Sec. 7.4, and it shares the qualitative features

of that model.

There are however two differences. First, in this section we are driving with

λ3, λ6, and λ9, while in Sec. 7.4 only λ6 was nonzero. The three drives add

coherently, and result in a somewhat larger population of the Laughlin state. The

other difference between this scenario and Sec. 7.4 is that there are 3-polariton

and 4-polariton states which are also resonant. The minimal model here requires

including these two additional states, resulting in a 7 dimensional Hilbert space.

As shown in Fig. 7.7, the probability of ending up in the Laughlin state is
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a non-monotonic function of the drive-strength. For weak drive, the bottle-neck

is populating the four-photon manifold. In this regime, the population of the

Laughlin state increases with drive strength. The rate of increase depends on the

accuracy of the alignment of the intermediate states: Thus for small λ the solid red

curve (corresponding to the peak with a single asterisk in Fig. 7.5) rises slower than

the dotted green curve (corresponding to three asterisks). As should be apparent,

the physics of the dashed curve is somewhat different, as the Laughlin state is

resonantly excited.

If the drive is made too strong, the probability of ending up in the Laughlin

state falls. This occurs because the drive excites the system out of the Laughlin

state.

The story is somewhat complicated by the fact that there are three different

λ’s. Figure 7.8 further explores the amplitude dependence of the (*) peak in

Fig. 7.5. We set λ9 = 0 and vary λ3 and λ6. The most prominent feature is

a peak at λ6 = 0.010, λ3 = 0.013, and a ridge which extends out from it at an

angle. This ridge is a quantum interference effect: For a certain ratio of λ6/λ3, the

excitations to the four-polariton manifold are enhanced. Due to the presence of

many different intermediate states, and many states which couple to the Laughlin

state, the structure can be quite rich: For example, the dotted green curve in

Fig. 7.7 has a dip near λ = 0.035, and the red curve has several kink-like features.

We systematically explored all ten potential four-photon transitions, producing

the analog of Fig. 7.5 for each of them. For each of the large peaks we numerically

optimized the values of λ3, λ6, λ9 and ω6. The most favorable example is the one in

Fig. 7.6 which resulted in a steady-state occupation of the Laughlin state of 83.9%

with λ6 = 0.0086, λ3 = 0.0129, and λ9 = 0.0014.
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Figure 7.8: (color online) Steady state probability of being in the Laughlin state
for detuning ω6 = 0.1064 (corresponding to the (*) state in Fig. 7.5 as a function
of λ3 and λ6 drive amplitudes with λ9 = 0. The peak probability is 83.7% at
λ6 = 0.010 and λ3 = 0.013.

7.6 Measurements

The most easily interpreted probe of our system is monitoring the light emitted

by the two-polariton loss events. No such events occur in the Laughlin state,

and the disappearance of this signal is a direct measurement of the short range

polariton-polariton correlation function. Analogous correlation measurements were

carried out in atomic systems [125]. The challenge of this measurement is that the

light is presumably emitted in random directions. Furthermore, this signal cannot
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Figure 7.9: (color online) Probability of the long-lived states |vac〉 , |3〉 , |6〉 , |9〉 and
|L〉 as the system in the (*) configuration evolves according to the Lindblad master
equation. The time scale for the finite evolution is in terms of the two-body loss
rate. The evolution uses optimized parameters for this configuration. The system
configuration at long times contains a non-zero population of the long-lived single-
body states.

distinguish between different dark states.

A slightly more indirect, but simpler measurement is monitoring the reflected

light from the drive. Any photons which enter the cavity show up as an attenuation

of this reflected light. Thus when the system reaches the Laughlin state, which is

dark, the reflected intensity increases. Again, any dark state would give the same

signal.

A third approach is to monitor the intensity and correlations of the light emitted

through single-polariton losses, as was discussed in Sec. 7.4. Since this probe is

harder to interpret, it is not as useful as a “smoking gun.” Its primary advantage

is that the measurement is relatively straightforward.
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7.7 Summary and Discussion

We presented a driven dissipative approach to producing the two-particle Laughlin

state of polaritons in a twisted cavity. This is part of a broader goal of producing

and braiding anyons in an AMO system.

Producing the two-particle Laughlin state is a modest, but necessary step to-

wards this goal. Our technique is a useful complement to existing proposals, and

it brings with it a number of pros and cons.

Most importantly, our technique is self-correcting: If a perturbation (such as

decay of a polariton) knocks the system out of the Laughlin state, the driven-

dissipative process will bring you back. It also does not rely upon any careful

timing.

Unfortunately, our technique does require fine-tuning the of the drive frequen-

cies and amplitudes. In an experiment, this fine-tuning would need to be done by

trial and error, as our models have finite accuracy. These experiments also require

a hierarchy of energies which may be difficult to attain – namely: γ1 � λ, γ2 � U .

Here γ1 is the rate of single-photon loss, λ is the drive strength, γ2 is the rate of

interaction-driven two-photon loss, and U is the interaction strength. The most

challenging aspect, requiring novel cavities, is making γ1 smaller than the other

scales. The relative size of γ2 and U can be controlled by adjusting the detuning

of the EIT transition used for the Rydberg polaritons (Appendix 7.9.1). The drive

strengths λ are under direct experimental control.

A crucial question is the scalability of the approach. The biggest impedi-

ment here is that as one adds more states, the energy-level spectrum becomes
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quite dense. Consequently even more fine-tuning would be needed to create larger

Laughlin states. Nonetheless, this driven-dissipative approach is a valuable tool

for state creation and stabilization.
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7.9 Appendix

7.9.1 Microscopic Model of Interacting Rydberg Polari-

tons in Nearly Degenerate Multimode Cavity

For completeness we give a brief derivation of the model from Sec. 7.2. We make no

attempt at mathematical rigor – more thorough treatments can be found elsewhere

[168–172].

The modes of an optical cavity are labeled by a longitudinal index k, and

transverse indices α. In the image plane, where the atoms sit, the electric field

has magnitude E
(k)
α (x, y). We are considering the case where several modes with

the same k are nearly degenerate. We consider only those modes, and drop the

longitudinal index in our expressions. For simplicity we will assume that the Eα

form a complete set of states in the x − y plane. If they do not, we can always

formally add the missing states, giving them an infinite energy.
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The operator which creates a photon in mode α is χ̂α, and can define an

operator which creates a maximally focused beam as

χ̂(x, y) ∝
∑
α

Eα(x, y)χ̂α. (7.31)

By the completeness property, these obey the standard Bose commutation rela-

tions. The Hamiltonian can be expressed as

Ĥγ =
∑
α

εαχ̂
†
αχα (7.32)

=

∫
dr dr′ χ̂†(r)Hχ(r, r′)χ̂(r′), (7.33)

which defines the kernel Hχ.

At every point in space we envision a large number of 3-level atoms, with ground

state |g〉, a short lived excited state |p〉, and a long-lived excited Rydberg state

|s〉. The cavity photons couple the states |g〉 and |p〉, and a control beam couples

|p〉 and |s〉. We introduce operators φ̂s(r) and φ̂p(r) that change the number of

excitations at r, and work in a rotating frame. The Hamiltonian describing these

degrees of freedom are

Ĥr =

∫
dr
[
g(χ̂†φ̂p + φ̂†pχ̂) + Ω(φ̂†sφ̂p + φ̂†pφ̂s) + ∆φ̂†pφ̂p

]
(7.34)

Here ∆ = δ − iγ, where δ = Ep − Es + ωc is the detuning of the p-state from

resonance and τ = 1/(2γ) is the lifetime of that state. Here Ep and Es are the

energies of the states in the lab frame, and ωc is the frequency of the control

laser. The Rabi frequencies from the cavity and control lasers are g and Ω. Since

this Hamiltonian is strictly local, we have left off the position arguments in the

operators.
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It is convenient to transform to a basis which diagonalizes Eq. (7.34),

ψ̂ ∝ Ωχ̂− gφ̂s (7.35)

φ̂+ ∝ gχ̂+ E+φ̂p + Ωφ̂s (7.36)

φ̂− ∝ gχ̂+ E−φ̂p + Ωφ̂s (7.37)

These represent the long-lived dark polaritons, with energy Edark = 0 and the

short-lived bright polaritons with energies

E± =
∆±

√
∆2 + 4g2 + 4Ω2

2
. (7.38)

The relationships in Eq. (7.35) through (7.37) can be inverted to write

χ̂ =
Ω√

Ω2 + g2
ψ̂ + η+φ̂+ + η−φ̂− (7.39)

where η± = g/
√

Ω2 + g2 + |E±|2. We substitute this into Eq. (7.33). There are

nine terms, but the bright polaritons are far off resonance. Keeping only the terms

involving the dark polaritons,

Ĥγ =

∫
dr dr′ ψ̂†(r)Hψ(r, r′)ψ̂(r′), (7.40)

where

Hψ(r, r′) =
Ω2

Ω2 + g2
[Hχ(r, r′)− ω0δ(r − r′)] (7.41)

and ω0 = Ep − Eg − ωc is the difference between the Rydberg excitation energy

and the control frequency. It appears due to transforming into the rotating frame.

It simply shifts the entire spectrum, and has no physical consequences.

Our truncation is only valid if the spectrum of Hχ − ω0I is small compared

to the splitting between polaritons ∼
√

Ω2 + g2. The influence of the discarded

modes can be treated perturbatively [168].

141



The Rydberg atoms interact via a dipole-dipole interaction,

Ĥint =

∫
dr dr′ V (r − r′)φ†s(r)φ†s(r′)φs(r′)φs(r), (7.42)

where the interaction is typically modeled as V (r) = C6r
−6 – though the exact

potential is more complicated [173]. The challenge here is that V can be much

larger than any of the other scales, and hence mixes in the other polariton modes.

It is large, however, only in a small region of space. Thus its effect on the modes

is captured by a zero-range potential

Ĥeff
int = U

∫
dr ψ†(r)ψ†(r)ψ(r)ψ(r). (7.43)

The coefficient U is found by matching the low-energy scattering phase shifts, for

example by summing a set of ladder diagrams [169]. Due to mixing in the dark

polariton states, these interactions generically contain an inelastic piece. As we

argue below, when δ is small, both of the polaritons in the collision are lost. In a

Lindblad formalism, this corresponds to the jump operator in Eq. (7.15).

While the full analysis of the scattering problem is tedious, the central physics

is apparent by considering two polaritons at fixed locations, r and r′. The Hilbert

space is then 9-dimensional, as all three flavors of polaritons will be mixed. We are

considering the case where δ is small, so the state with two dark polaritons |dd〉 is

nearly degenerate with the state containing one of each flavor of bright polaritons

| + −〉. When V is small compared to
√

Ω2 + g2, we can truncate to these two

states. In the basis |+−〉, |dd〉, the local Hamiltonian is then

Hlocal ≈

 VΥ±± + ∆ VΥd±

VΥd± VΥdd

 (7.44)
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with

Υ±± =
1

2

Ω4

(Ω2 + g2)2
(7.45)

Υdd =
g4

(Ω2 + g2)2
(7.46)

Υd± =
1√
2

g4

(Ω2 + g2)2
. (7.47)

If V = 0 the state |dd〉 is an eigenstate, with energy 0. For non-zero interactions

the state continuously connected with that one has an admixture of |+−〉 and its

energy is found by solving a quadratic equation. For V � |∆|, the mixing is weak,

and the potential that the polariton feels is just the Rydberg-Rydberg coupling

scaled by the overlap with the Rydberg state

Eweak
local = V

g4

(Ω2 + g2)2
. (7.48)

When the interaction is strong, V � |∆|, the eigenstate is independent of V

and the effective interaction is proportional to ∆ = δ + iγ,

Estrong
local = ∆

2g4

2g4 + Ω4
. (7.49)

Within this framework, the fact that this energy is complex indicates there is

particle loss. Since the loss comes from coupling to the state with two bright

polaritons, two particles are lost.

As argued in [168], when V is sufficiently large, one will also have collisional

loss events where only one of the polaritons are lost. These will dominate if δ �√
Ω2 + g2. Thus for our driven-dissipative state preparation scheme to work, we

require that we are in the regime where δ is small.
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7.9.2 Multi-photon Drive

Our protocol faces two challenges: (1) efficiently exciting from the vacuum state

to the metastable 4-polariton manifold, and (2) avoiding driving the system out of

the Laughlin state. Both of these difficulties would be avoided if we could directly

inject 4 photons into the system, for example with a drive term of the form

H4 = λâ†6â
†
6â
†
6â
†
6 + c.c. (7.50)

Under those circumstances the Laughlin state is a true dark state (in the absence

of single-particle loss). In this Appendix we briefly explore the dynamics under

this hypothetical drive, contrasting it with a two-photon drive

H2 = λâ†6â
†
6 + c.c. (7.51)

and the single-photon drive used in the main text. In this latter case, we take

λ3 = λ9 = 0.

As in the main text, we use units where U = 1, and take γ1 = 0, but we use a

significantly stronger 2-body decay rate γ2 = 0.1. The latter sets the characteristic

scale for the incoherent transitions from the four-polariton manifold to the Laughlin

state, and the widths of various resonances.

There are three different four-polariton states which can be excited by these

drives. They are resonant when ω6 = 0.31, 0.19, 0.12. Figure 7.10 shows the

probability of being in the Laughlin state after a time γ2t = 1000, for different

drive strengths. We choose to look at the finite-time probabilities, as in our 4-

photon drive model the Laughlin state is a true dark state, and if one waits long

enough the system will have a 100% chance of occupying that state.
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The top panel of Fig. 7.10 shows results for the four-photon drive. The dom-

inant feature is a large peak near ω6 = 0.19. This corresponds to the transition

with the largest coupling matrix element. Smaller peaks are visible near the other

resonances. As the drive amplitude increase, the maximum probability saturates

at 100%, and spreads into a plateau.

The two-photon drive (middle panel) shows the same three peaks, with an

additional feature closer to ω6 ≈ 0.1. This corresponds to a two-photon resonance.

Generically the probabilities of occupying the Laughlin state are smaller for the

two-photon drive than for the four-photon drive. Note that interactions in the

intermediate two-polariton states mix the different polariton flavors, enhancing

the ω6 = 0.12 compared to what is seen in the top figure.

The single-photon drive (bottom panel) shows essentially zero occupation of

the Laughlin state, unless the drive is very strong. This is because with only

the λ6 drive there is no way to arrange a set of resonant intermediate states.

The location of the peak that appears near ω6 ≈ 0.09 for very strong drive is a

compromise between the final-state and intermediate-state resonances.

7.9.3 Lindblad Superoperator

Sometimes we would like to create a simpler problem from a more complicated one.

In our case, we are interested in a subspace of solutions to the Lindblad evolution,

i.e. the steady-state solutions. Solutions to an eigenvalue problem where the

eigenvalues are zero would produce such a subspace. In this section, we show how

to transform the Lindblad equation to a linear transformation using some tensor

network algebra.
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Figure 7.10: (color online) Probability of occupying the Laughlin state at time t =
1000/γ2 for four-photon (top), two-photon (middle), and single-photon (bottom)
drive. In all cases only the m = 6 mode is driven, and γ2 = 0.10. The different
curves correspond to various drive amplitudes λ relative to the two-body loss rate
γ2.
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We would like to create the linear algebra problem, ∂ρ
∂t

= L(t)ρ and find where

∂ρ
∂t

is zero. To equip ourselves, we should first look at some simple examples of

tensor network algebra.

Let us start by looking at an example of a matrix, Aik, and its transpose,

(Aik)
T = Aki, see Fig. 7.11a. A matrix is a rank-2 tensor, and it has two indices

labeled with arrows that denote the direction of operation. The transpose is created

by switching the direction of the arrows.

Now let us look at an example of a tensor contraction, see Fig. 7.11b. We

have the usual representation for matrix multiplication, where the matrix A is

formed from the tensor contraction of matrices B and C over the index j, i.e.

Aik =
∑

j BijCjk.

One useful technique is knowing how to represent a matrix as a vector. Fig.

7.11c shows the matrix A represented as a matrix on the left as a vector on the

right. We show how the elements transform in Fig. 7.11d.

Ai kAi k T
=

(a)

A B Ci k i j k
=

(b)

j

k

A

j

k

A

(c)

00 01

10 11

00
01

10

11

(d)

Figure 7.11: Some useful tensor network identities.

We are now in a place to form the linear algebra problem using the techniques

in Fig. 7.11.

147



The first term in in the Lindblad equation, Eqn. 7.12, is the commutator

[H(t), ρ] = H(t)ρ− ρH(t). The first term in the commutator, H(t)ρ, has the ρ on

the right. Transforming this term into the form we need is simple – we vectorize ρ

and change the shape of H(t) accordingly, see Fig. 7.12. Transforming the second

term, ρH(t), requires a bit more manipulation.

Let us start with the first term. We simply need to write H(t)ρ in terms of

tensors and contractions, see Fig. 7.12a. We vectorize ρ in Fig. 7.12b by moving

the k index of ρ to the left side and flip its direction (refer to Figs. 7.11c and Fig.

7.11d). The identity is inserted as a placekeeper, so we have H(t) ⊗ 1ρ, see Fig.

7.12c.

Now we can transform the second term from the commutator, ρH(t), see Fig.

7.13. We start by writing the ρH(t) term as a tensor network, see Fig. 7.13a. We

rearrange the indices on ρ and insert the identity on the top index. Then, we take

the transpose of H(t). This vectorizes ρ, see Fig. 7.13b. Finally, we can express

the tensors as 1⊗HT (t)ρ, see Fig. 7.13c.

Terms involving the jump operators, Lj, are manipulated in a similar fash-

ion, see Fig. 7.14. Fig. 7.14a shows the manipulation L†jρLj → Lj ⊗
(
L†j

)T
ρ.

Fig. 7.14b shows the manipulation L†jLjρ → L†jLj ⊗ 1ρ. Fig. 7.14c shows the

manipulation ρL†jLj → 1⊗
(
L†jLj

)T
ρ.

We now have the superoperator form for the Lindblad operator,

L(t) = −iH(t)⊗1+ i1⊗HT (t)+
∑
j

Lj⊗
(
L†j

)T
− 1

2

(
L†jLj ⊗ 1 + 1⊗

(
L†jLj

)T)
.

(7.52)

It is interesting to note that quantum circuit diagrams are often represented

as simplified examples of these more general tensor networks, where the length of
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kl

(b)

i j

kl

(c)

Figure 7.12: Tensor network manipulation of the term H(t)ρ to obtain the form
H(t)⊗ 1.

the indices on the tensors are two for qubits, three for qudits, and so on. Oper-

ations between different quantum channels or between quantum bits, for exam-

ple controlled-NOT gates, are superoperators! Also note that the tensor network

identities do not change additive properties, they change only the form of the

contractions.

7.9.4 A Note about Long-lived Rydberg States

In this section, we have a short heuristic note on the lifetime of Rydberg excitations.

Intuitively one might think that a highly-excited electron would decay quickly

into a lower-energy orbital. The difference in energy between the intial and final

states is large, but this is only half of the picture. The electron decay rate can be

found using Fermi’s golden rule, which involves the product of two quantities: the
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(a)
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kl

(b)

i j

kl

(c)

Figure 7.13: Manipulation of the term ρH(t) using tensor network algebra to
obtain the equivalent form 1⊗HT (t).

difference in energies of the initial and final states and the overlap of the initial

and final states.

Let us consider three possible electron excitations, and see what Fermi’s golden

rule says about each decay rate.

An electron in a low orbital that is excited into a nearby orbital has a high

decay rate. This is because the energy difference is somewhat large and the overlap

between the two orbitals is large. The decay rate of an electron in a highly-excited

orbital (n ≈ 100) into a low orbital is low. Although the energy difference between

the final and initial states is large, the overlap between the states is low. The decay

rate of a highly-excited electron into an orbital with high energy (say for example,

n0 = 100 and n1 = 101), is low. The state overlap is high but the energy difference

between the initial and final states is small.

There is no path of decay within the atom that can lead to a large decay rate
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i j k l
=

i j

kl

i j

kl
=

(a) L†jρLj → Lj ⊗
(
L†j

)T
ρ

i j k l

=

=

i j k

lm

i j

kl

(b) L†jLjρ→ L†jLj ⊗ 1ρ

=

=

i j k l

n i

jkl

i j

kl

(c) ρL†jLj → 1⊗
(
L†jLj

)T
ρ

Figure 7.14: Tensor network manipulations of the jump operator terms.

for electrons in highly-excited states.

7.9.5 Additional Notes on the Microscopic Model of Inter-

acting Rydberg Polaritons

In this section, we supplement the analysis in Sec. 7.9.1 with plots.

In Sec. 7.9.1, we considered the microscopic model of a Rydberg atom. We

modeled the atom as shown in Fig. 7.15 and the microscopic Hamiltonian by Eqn.

7.34. We saw that coupling the atom with light gives three polariton modes –

upper bright, dark, and lower bright. The modes are given by Eqn. 7.35 and their

energies are given by Eqn. 7.38.
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Figure 7.15: Energy level model of the Rydberg atom. The state without a label
corresponds to the ground state of the atom. This is the state in which most of
the background sea of atoms in the cavity reside. With selection rules, the atom
is pumped into the lossy p-state, |p〉. A control beam, Ω, at detuning δ pumps
the atom from the p-state into the highly-excited Rydberg state, |s〉. Interference
between the p and s levels, induced by a cavity photon, allows for an electromag-
netically induced transparancy configuration, where a polariton with no p-state
component exists (i.e. the ‘dark’ polariton).

In Fig. 7.16, we plot the energies of the dark and bright polaritons versus

the detuning of the p-state from resonance, as given by Eqn. 7.38. Curves with

nonzero width have a p-state component and are called bright polaritons. Bright

polaritons decay and fluorescence, so they are, well, bright. The dark polaritons

have no p-state component. They do not decay and so they are dark. The energy

separation between the bright and dark polaritons increases with coupling strength.

At δ = 0 the polaritons are in an electromagnetically induced transparency (EIT)

configuration. On EIT resonance and at sufficiently strong couplings, short-lived

bright polaritons are far off-resonance from the long-lived dark polariton.

Now we shift our attention to the two-body problem. Let us consider the two-

body Hamiltonian given by Eqn. 7.42. We write out this Hamiltonian as a matrix

in the basis, |nχ, np, ns〉 =
(
χ†
)nχ (

φ†p
)np (

φ†s
)ns |vac, vac, vac〉, which specifies the

number of photons, p-excitations, and Rydberg-excitations. This gives the two-
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Figure 7.16: Energies of the bright and dark polaritons versus detuning, given by
Eqn. 7.35. Widths of the lines are related to the p-state component and thus
the decay of the polariton states. The points where δ = 0 correspond to the
electromagnetically induced transparency (EIT) configuration, where both bright
polaritons are off-resonant from the long-lived dark polariton.

body Hamiltonian,

H2−body =



0 0 0
√

2g 0 0

0 2(δ − iγ) 0
√

2g 0
√

2Ω

0 0 2V 0 0
√

2Ω
√

2g
√

2g 0 δ − iγ Ω 0

0 0 0 Ω 0 g

0
√

2Ω
√

2Ω 0 g δ − iγ


(7.53)

In Fig. 7.17, we plot the eigenenergies of the 2-body Hamiltonian from Eqn.

7.53. At high values of the potential, we can see states with a high Rydberg com-

ponent splitting away from the photon and p-state states. We know these states

have a high Rydberg component since the Rydberg state is the only state which

varies with a dipole interaction potential, V . A p-state component corresponds to

decay, so curves that have width will decay.

Now look at the curves near small values of energy (the red and yellow curves).
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Figure 7.17: Eigenenergies of the two-body Hamiltonian, Eqn. 7.53, as a function
of the Rydberg dipole interaction potential.

The yellow curve has a large p-state component, and it represents two bright polari-

tons. The red curve has a small p-state component and a large s-state component,

and it represents two dark polaritons. These two curves are on resonance at some

small positive value of the interaction energy. At this resonance, the two dark

polaritons can interact and decay into two bright polaritons. This is the two-body

polariton loss that occurs from collisions we are considering, i.e. γ2.
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