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Electron paramagnetic resonance (EPR) or more specifically, pulsed dipolar

EPR spectroscopy (PDS), combined with the site-directed spin labelling (SDSL)

technique has emerged as a key technique in protein structure determination.

The core concept is to filter out the weak dipolar interaction between a pair of

spin labels by applying an appropriate pulse sequence and retrieve the inter-

spin distance from the dipolar EPR signal. Double-quantum coherence (DQC)

and double electron-electron resonance (DEER) are two such methods primarily

used in studying the structure of proteins and other biomacromolecules. There

are two main classes of spin labels used in PDS studies, (i) triarylmethyl (TAM)

and (ii) nitroxides. DQC signal expression of nitroxide spin labels is extremely

complex and without knowing the analytic form of the signal, the resulting

spectra, especially in 2D, cannot be analyzed both accurately and efficiently.

In the first part of the thesis, we derive analytic expressions of DQC signals

for both TAM and nitroxide spin labels. These expressions are extremely

useful in analyzing experimental signals using personal computers. Hence, we

believe that this innovation is an important and necessary step in motivating

the scientific community to use DQC more frequently in their studies.

Another key challenge in PDS signal processing is the removal of

intermolecular or background signal. An error in the process of background



signal removal can translate into a critical error in obtaining the distance

distribution. We have derived an analytic expression of the total DQC signal for

spin, S = 1/2, particles in frozen samples and this expression can be integrated

over the spatial variables to derive the functional form of the signal. We have

demonstrated the importance of the analytic expression in studying the spatial

distribution of the spin-labeled proteins in frozen samples.

In the last chapter, we present experimental studies that demonstrate the

effect of the rate of freezing on the distance distributions derived from DEER

experiments. In the same project, we have explored the effect of varying the

amount of cryoprotectant and using different spin labels on the reconstructed

distance distributions. We conclude that both slow freezing (≥ 1 s) at 30%

glycerol by weight and rapid freeze-quench (100 µs) at 10% glycerol result into

reduced intermolecular spin-spin interactions and improved signal-to-noise

ratio (snr). Additionally, we find that the effect of the conformational sub-states

of the spin-labels on reconstructed distance distributions is averaged out in slow

freezing, while the trapping of the conformational sub-states in rapid-quenched

samples yields broadened distance distributions.
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CHAPTER 1

INTRODUCTION

1.1 Protein Structure Determination and Pulsed Dipolar EPR

Spectroscopy

Determination of protein structures, especially that of the membrane proteins,

is arguably the most important problem at present, owing to its impact in

understanding disease mechanisms and development of novel pharmaceutical

products [1, 2]. Even with the recent technical advancements in the field of

structural biology, membrane protein deposition at Protein Data Bank (PDB)

accounts for less than 3% of the total volume of the database [3]. The challenges

associated with expressing and purifying proteins in sufficient amounts and

producing crystals by packing them in a stable form to obtain high resolution

X-ray diffraction data are the major barriers in solving membrane protein

structures [4]. Despite the challenges associated with it, X-ray crystallography

remains the most widely used technique in the field of structural biology.

Certain nuclear magnetic resonance (NMR) spectroscopic methods are used

as complementary techniques to X-ray crystallography in protein structure

determination. However, such applications of NMR to solve protein structures

are inadequate for samples with low protein concentrations and for proteins

bigger than ∼ 50 kDa [3]. While both X-ray crystallography and NMR

determine the locations of the nuclear coordinates in protein molecules, it is

necessary to develop complementary methods for cross-verification purpose

and to resolve partial protein structures. Electron paramagnetic resonance

(EPR), combined with site directed spin labeling (SDSL), has emerged as
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a very useful complementary technique in measuring distances between an

intramolecular pair of spin labels in the range of 1 to 9 nm [5]. As the

gyromagnetic ratio of an electron is much higher than any nuclei, the resolution

and sensitivity of EPR are much higher than NMR. Using SDSL, it is possible

to label specific positions within a protein of arbitrary size and study the

local environment [6, 7]. The method involves removal of native cysteines

by mutation to either alanine or serine, introduction of cysteine residues at

the sites of interest and attaching nitroxide spin labels, usually MTSL1, to the

exogenous cysteines by forming covalent disulfide bonds. MTSL is one of the

most popular choices for outer cellular applications, but several modifications

and innovations over the past few years have produced spin labels that are

stable under reductive environments and more rigid than MTSL with regard

to side-chain conformations [8]. For the theoretical calculations presented in

this work, the term “nitroxide” is used in a generic sense and side chain

conformations are not explicitly taken into consideration. Moreover, the

concentration of this thesis is on specific applications of pulsed dipolar EPR

spectroscopy (PDS) in measuring distances and distance distributions between

spin probes in the solid state. While continuous wave (cw) EPR spectroscopy

can be used to measure distances in the range of 0.6 nm to 1.5 nm, PDS enables

measurement of distances as long as 9 nm and it allows a variety of spin

labels other than nitroxides to be used for that purpose [9–11]. Additionally,

the distance distributions obtained in such measurements, not just the most

probable distance, are crucial in understanding conformational topology of

proteins and membranes. The measured distances, used as constraints in

molecular dynamics simulations, can improve the accuracy of the predicted

protein structures [12]. In summary, long range distance measurements, in

12,2,5,5-tetramethyl-1-oxyl-3-methyl methanethiosulfonate
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combination with other experimental and theoretical studies, play a crucial

role in structural characterization of biomacromolecules and their complexes,

possessing the potential to become a key tool by itself in harvesting complex

structural information from macromolecules [3, 13–15].

1.2 Distance Measurement by PDS

In the present EPR community, PDS primarily consists of two techniques,

double electron-electron resonance (DEER) spectroscopy and double-quantum

coherence (DQC) dipolar spectroscopy. As the names suggest, the signals

generated in both methods depend on the pairwise dipolar interactions between

the electronic magnetic moments of the spin probes. The dipolar interaction

varies inversely with the cube of the distance between the two spins and hence,

it is considerably weaker than other energy terms in the spin Hamiltonian

for any distances larger than ∼ 1.5 nm. Therefore, in cw EPR, the dipolar

interaction cannot produce a resolvable splitting of the signal in the frequency-

domain when the inter-spin distance is longer than 1.5 nm. DEER and DQC

spectroscopies are designed to measure the weak dipolar coupling in a direct

fashion, to reveal the inter-spin distances and information about the relative

orientations of the spin labels.

In a standard 4-pulse DEER experiment, a pair of dipolar coupled spins,

A and B, are excited by a microwave pulse-sequence of the form
(π

2 − t1 − π −

t2 − π − (t2 − t1) − detection
)

with an applied carrier frequency (ωA) in resonance

with spin A, and a pumping π pulse of frequency, ωB, applied after a time t

from the point of maximum primary echo as shown in Fig. 1.1. Inversion of
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the state of B spins by the pump pulse changes the frequency of coupled A

spins and the modulation of the echo amplitude, V(t) ∝ cos (2πat), where a

contains the dipolar coupling terms, is recorded by changing the timing of the

pump pulse. It is possible to calculate the dipolar coupling constant, a, from

Figure 1.1: Standard 4-pulse sequence for DEER with primary and refocused
echo signals.

the oscillation period of the dipolar signal and hence, measure the distance

between the two spin probes. The distance distribution is usually determined

by Tikhonov regularization [16]. There are many good review articles [17, 18]

that describe recent developments and applications of DEER in the field of

structural biology [19, 20]. An additional point to note here is that a depends

on the magnitude of the dipolar interaction as well as the angle between the

dipolar vector and the external magnetic field. In case of nitroxide spin labels

with large g anisotropy, the dipolar coupling constant provides information on

the molecular orientations of the spin labels. By resolving the g anisotropy of

the nitroxide spin labels at high fields and / or reducing the distortion caused

by the spin label flexibility, it is possible to determine the relative orientations

of the spin labels in PDS studies [21, 22].

DQC EPR dipolar spectroscopy, developed in the Freed group [23],

is another PDS technique for measuring inter-spin distances and the

4



corresponding distance distributions [9, 23, 24]. In this set of experiments,

double-quantum transitions are separated by phase cycling and distance

information is extracted from the echo modulation given by F(t) =

sin (2πatp) sin (2πat2) in its simplest form. A standard 6-pulse experimental setup

is shown schematically in Fig. 1.2. The pulse sequence in a DQC experiment

Figure 1.2: Schematic diagram of pulse sequence and selected coherence
transfer pathways for DQC.

consists of preparation, evolution and mixing and detection periods [9]. In the

preparation period, the first π
2 -pulse creates in-phase single quantum coherence

(SQC). At the end of this period, the in-phase SQC evolves into anti-phase SQC

due to coupling interactions with other spins. The π
2 -pulse in the evolution period

creates multiple-quantum coherence (MQC) and those are evolved over the 2 t1

period. The next π
2 -pulse converts the MQC to anti-phase SQC and at the end

of the mixing and detection period, the anti-phase SQC evolves into in-phase

observable SQC, which produces the signal. The evolution period, along with the

phase cycles given in the appendices, constitutes a filter to produce and isolate

5



the DQC signal from zero quantum coherence. The period, t1, is kept constant

while tp and t2 are varied. For 1D spectra, the maximum dipolar evolution

time, tm = t2 + tp, is kept constant and the signal is recorded versus tξ = t2 − tp

over a window of ±tm. Fourier transform of the time-domain signal produces a

Pake pattern [25] with two primary splittings at ωd and 2ωd apart, where ωd is

the dipolar constant. DQC EPR has been applied extensively to measure long

range distances in frozen samples of biomacromolecules [26, 27] and also in

immobilized samples at physiological temperatures using triarylmethyl (TAM)

radicals [28, 29]. Additionally, for nitroxide radicals with large g anisotropy,

it is possible to implement 2D DQC EPR spectroscopy to identify spin-spin

correlations and the relative spatial orientations of the spin labels [30].

1.3 Overview of the Thesis

The number of DEER users is much bigger than the number of DQC users. Two

major reasons behind this difference are accessibility of DEER instruments and

better understanding of the process. Starting as early as in 1970, experimental

and theoretical aspects of DEER have both undergone significant development.

As a result, DEER instruments are easily accessible and the signal analysis

tools are readily available to its users. The DEER signal can be written

as V(t) = F(t) × B(t), where B(t) represents the background signal arising

from intermolecular dipolar interactions and F(t) represents the intramolecular

interaction. One huge advantage of using DEER over DQC from a user’s

point of view is that in the DEER experiment there is an explicit form for

B(t) available and the intermolecular signal can be extracted from V(t) by

simple mathematical manipulation [17]. The motivation behind this work is to

6



encourage structural biologists to use DQC EPR more frequently in their studies

by improving and standardizing the signal analysis process. The objective

of this thesis is to derive analytic expressions of DQC signals of coupled

spin-labels in the solid state and design a set of necessary tools for efficient

spectral simulations using the analytic expressions. A program2 written in

Mathematica, in conjunction with other programming languages, is used to

develop the models for simulations of DQC EPR signals and spectra. In the

second and the third chapters, we have used the secular approximation to

obtain analytic expressions of DQC signals for solid samples of (1) TAM, (2)

15N-nitroxides and (3) 14N-nitroxides. The analytic signal expressions are used

to simulate both the 1D dipolar and 2D DQC spectra of spin labels with varying

distances and distance distributions between them. The fourth chapter focuses

on obtaining approximate expressions for the intra- and intermolecular DQC

signals resulting from N interacting spin-1/2 particles in the solid state. The

fifth chapter demonstrates the effect of sample freezing rate on the distance

distributions derived from DEER signals.

2The original package was provided by the creator, John A. Marohn at Cornell University.
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CHAPTER 2

DERIVATION OF THE ANALYTIC EXPRESSION OF

DOUBLE-QUANTUM COHERENCE EPR SIGNAL FOR AN ISOLATED

PAIR OF TRIARYLMETHYL (TAM) SPIN LABELS IN THE SOLID STATE

2.1 Introduction

Site directed spin labeling (SDSL), pioneered by Professor W. L. Hubbel’s

research group [1, 2], has found a plethora of applications in various EPR

studies. Pulsed dipolar EPR spectroscopy (PDS), coupled with SDSL, has

emerged as a highly accurate tool for distance measurements in the nano-meter

range for studying the structure and function of biomacromolecules [3–5]. For

different classes of biomacromolecules and inner or outer cellular applications,

a large pool of spin-labels are designed by varying structural parameters (ring

size, substituent, side chain length) and linkage strategies [5–8]. In the present

work, we consider two general classes of spin probes that are widely used in

PDS experiments, triarylmethyl (TAM) radicals and nitroxides [3].

For a pair of coupled S = 1/2 particles, the secular and pseudo-secular (flip-

flop) terms of the dipolar Hamiltonian can be written as [9]

Hd = a S 1z S 2z + b (S 1x S 2x + S 1y S 2y) (2.1)

If the angle between the dipolar vector and the applied magnetic field equals θ,

the angular dependent secular and pseudo-secular dipolar constants become

a = ωd (1 − 3 cos2 θ) + 2 J and b = −
a
2

(2.2)

where ωd = 2 π νd, νd is the dipolar coupling constant in frequency units, and J

is the exchange coupling constant. For two spin probes with g-tensors, g1 and
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g2, νd is given by

νd = µ0
(µB g1) · (µB g2)

4 π h
(2.3)

where µ0 is the vacuum permeability, µB is the Bohr magneton and h is the

Planck’s constant. If we consider the isotropic case with g1 ' g2 ≈ ge (the g-

value of a free electron), which is a good approximation for organic radicals

such as TAM, and express the inter-spin distance, r, in units of nm, νd can be

written as

νd =
52.02

r3 MHz

Thus, determination of the dipolar constant directly yields the value of the inter-

spin distance, r, or the distance distribution, P(r). In this context, both double-

quantum coherence (DQC) and pulsed electron-electron double resonance

(DEER) EPR spectroscopies have emerged as important methods in determining

distances between the coupled spin probes by measuring the corresponding

dipolar constants [4, 10, 11]. DQC EPR spectroscopy is a highly sensitive PDS

technique, which captures inter-spin dipolar coupling interactions, following

a forbidden double-quantum coherence transfer pathway [12] using the pulse

sequence shown in Fig. 1.2 [9, 13]. A 256-step phase cycle, given in

Appendix A.2, is used to select the specific coherence transfer pathways shown

in Fig. 1.2. While the average dipolar coupling constant can be calculated from

the primary splitting of the Pake pattern obtained in the frequency-domain, the

distance distribution is reconstructed by fitting the DQC time-domain signal

using Tikhonov regularization [14].
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2.2 Theory of DQC EPR in TAM-Labeled Biomolecules

The spin Hamiltonian for a pair of dipolar coupled TAM radicals can be written

as [9]

H = Ω1S 1z + Ω2S 2z + aS 1zS 2z + b(S 1xS 2x + S 1yS 2y) (2.4)

where the dipolar constants, a and b, are given in Eqn. 2.2, Ωi represent the

resonance offset of the ith-spin in the rotating frame of reference [15]. To start

with, we drop the pseudo-secular dipolar terms, (S 1x S 2x + S 1y S 2y), and use the

secular Hamiltonian in order to obtain the simplest form of the DQC signal.

Although it might seem like an oversimplification, the simplest expression of

the signal fits the experimental spectra quite well in cases where the inter-spin

distances are longer than 1.5 nm [16, 17]. However, for shorter distances, the

effect of the pseudo-secular terms must be included in the analysis of the DQC

signal [18].

2.2.1 The Secular Expression

Using the secular approximation, the Hamiltonian in Eqn. 2.4 simplifies to the

following form

Hs = Ω1 S 1z + Ω2 S 2z + a S 1z S 2z (2.5)

We use infinitely hard pulse or δ-pulse approximation such that the amplitude

of the pulse, B1 >> (Ωi, a), and hence, the Hamiltonian during the application

of the pulse can be written as

Hmw = B1 (S 1x + S 2x) cos φ + B1 (S 1y + S 2y) sin φ (2.6)
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In general, the amplitude, B1, is set such that the flip-angle, β = B1 τ, where τ is

the duration of the pulse. The phase of the pulse is denoted by φ and we have

arbitrarily assigned φ = 0 to correspond to the x-axis in the laboratory frame.

For the present case, the ith δ-pulse propagator, Ri, and the jth free-evolution

propagator, Q j, are defined as

Ri = e− i βi
∑
α (S αx cos (φ) + S αy sin (φ)) and Q j = e− i Hs t j (2.7)

Please note that δ-pulses are supposed to rotate the magnetization by an angle

β around the axis of application and excite the full EPR spectrum. In reality, this

is a reasonable approximation for TAM-based radicals because of their narrow

EPR lines [19]. For nitroxide radicals and experiments at very high magnetic

fields, the hard pulse approximation may not hold true. A method to introduce

the effect of finite and imperfect pulses into the calculations presented in this

thesis will be introduced in near future.

Using the definitions in Eqn. 2.7, the time evolution of the density operator,

ρ(t) → ρ(t + δt), and the propagation by a δ-pulse, ρ(t) → ρ(t)+, with a flip

angle of β and phase, φ = 0, are given by the solution to the time-independent

Liouville-Von Neumann equation [20]

ρ(t + δt) = e− i Hs δt ρ(t) e i Hs δt

ρ(t)+ = e− i β
∑

S αx ρ(t) e i β
∑

S αx

(2.8)

We use a 256-step phase cycle [9], shown in Appendix A.2 along with the 6-pulse

DQC sequence to separate out the preferred coherence transfer pathway shown

in Fig. 1.2. The density operators in every step of the evolution are tabulated in

Tables 2.1, 2.2, and 2.3. The final density matrix is given by

ρ(2 tp + t2 + t3) =
i
2

(S 1− e−i Ω1 δt + S 2− e−i Ω2 δt) sin (a tp) sin
(
a (t2 + t3)/2

)
(2.9)
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where S j± = S jx ± i S jy and δt = t2 − t3. For the special case of t2 = t3, Eqn. 2.9

simplifies to

ρ(2 tp + 2 t2) = i (S 1− + S 2−) sin (a tp) sin (a t2) (2.10)

Hence, the normalized dipolar and DQC signals can be written as

Mdip
DQ =

Tr[ρ(2 tp + t2 + t3) · S +]
14

= (i/2) sin (a tp) sin (a t2)

MDQ = (i/2) e−
i
2 (Ω1 + Ω2)δt cos (∆Ω δt/2) sin (a tp) sin (a (t2 + t3)/2)

(2.11)

where 1n is the normalization factor and n =
∏

j (2 m j + 1), where m j is the

magnitude of the spin quantum number of the jth spin.

Recall from Eqn. 2.2 that the dipolar constant, a, depends on both the inter-

spin distance, r, and the angle between the external applied magnetic field

and the inter-spin vector, θ. Integration of the expression in Eqn. 2.11 over θ

produces the powder average. The probability of finding a dipolar orientation

between θ and θ + dθ is taken to be sin θ dθ [21]. For the simplest form of the

signal, the integral can be solved exactly and the powder averaged signal is

given by〈
Mdip

DQ

〉
=

∫ π/2

0
Mdip

DQ sin θ dθ

=
i
√
π

4
√

6ωd

(
1
δt1

(
cos (ωd δt1) C(

√
6ωd δt1/π) + sin (ωd δt1) S (

√
6ωd δt1/π)

)
−

1
δt2

(
cos (ωd δt2) C(

√
6ωd δt2/π) + sin (ωd δt2) S (

√
6ωd δt2/π)

) )
(2.12)

In Eqn. 2.12, S and C are the Fresnel sine and Fresnel cosine integrals [22] and

δt1 or 2 = t2 ± tp. However, the integral does not exist in a closed form for the rest

of the cases discussed in this work and in those cases, we will have to replace

the integral by a discrete sum over the relevant angles [21].
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2.2.2 Effect of Pseudo-Secular Dipolar Coupling

It should be noted that for distances smaller than 1.5 nm, the coupling constant,

a, can be replaced by (3 a/2) in the simplest form of the signal expression

(Eqn. 2.11) to account for the pseudo-secular dipolar coupling [9]. In the

intermediate- and weak-coupling limits, the secular spectral features become

dominant and hence, the secular expression can be used as the kernel in

extracting distance distributions from DQC experimental data. We will test

these hypotheses for both TAM and nitroxide-based radicals in this work.

The spin Hamiltonian for two S = 1/2 particles, including the pseudo secular

terms, can be written as [9]

H = Ω1S 1z + Ω2S 2z + aS 1zS 2z + b(S 1xS 2x + S 1yS 2y) (2.13)

where b = −a/2. We can diagonalize the Hamiltonian by a rotation about

S 1xS 2y − S 1yS 2x with an angle of η = arctan
(

b
Ω1−Ω2

)
. The resulting Hamiltonian, H̃,

is given by

H̃ =
1
2

(Ω+ + k) S 1z +
1
2

(Ω+ − k) S 2z + a S 1z S 2z (2.14)

where Ω+ = Ω1 + Ω2 and k =
√

b2 + (Ω1 −Ω2)2. Following the calculation scheme

shown in the previous section and the phase cycle given in Appendix A.2, the

dipolar signal expression is evaluated to be

Mdip = 2 i (1/k4)
(
(∆Ω2 + b2 cos (k tp)) sin (a tp) − b k sin (k tp) cos (a tp)

)
×

(
(∆Ω2 + b2 cos (k t2)) sin (a t2) − b k sin (k t2) cos (a t2)

) (2.15)

where ∆Ω = Ω1 −Ω2.
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2.3 Results and Discussion

We simulated DQC dipolar signals and the corresponding frequency-domain

spectra using Eqn. 2.11 and Eqn. 2.15. The primary objective of this thesis is to

use ordinary computers in simulating the signals and to reduce the computation

time. All calculations in this work were performed using a computer with Intel

Core i5-2520M CPU (processor speed: 2.5 GHz), 4 GB RAM, 64-bit operating

system (Windows 7 Professional).

In Fig. 2.1, we have shown the simulated dipolar signals and frequency-

domain spectra for a pair of TAM radicals. A Gaussian distance distribution

with mean, r0 = 2.5 nm, and standard deviation, σ = 0.25 nm, was used. Two

different strategies were compared to calculate the orientational average and the

spectral broadening due to the distance distribution. First, the exact solution to

the orientationally averaged signal in Eqn. 2.12 was used and the signal was

averaged over 50 equally spaced distances in the range of (r0 − 4σ, r0 + 4σ)

with a Gaussian probability distribution function. The corresponding results

are plotted in red. The plot in blue was calculated by averaging the dipolar

expression in Eqn. 2.11 over 5000 randomly generated values of (θ, φ, r). The

range of r was set to (r0 − 4σ, r0 + 4σ), while the domains used for φ and θ were

(0, π) and (0, π/2) respectively. Considering the computation times, (red: 54.24

s, blue: 0.14 s), and comparing the results, we note that the second strategy is

more efficient in simulating 1D dipolar spectra of TAM radicals.
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Pseudo-code for simulations of powder averaged dipolar signals is given by

Generate the grid of random o r i e n t a t i o n s , Z = (r, θ, φ) , and

s t o r e in an m × 3 matrix , m = number of o r i e n t a t i o n s ;

Define the points in the time −domain and s t o r e as an

n × 1 vector ;

s i g = {} ; i =1 ;

While [ i ≤ n ,

<s(ti)> =
∑

s(z, ti) : z 7→ Z ;

s i g = Append ( sig , s ) ; i ++]

Pseudo-code for the Fourier transform [23, 24] of time-domain signals

(considering tξ = ±tm as the acquisition window) is given by

The frequency −domain i s defined as :

δω = 1/(2 tm) ;

n = s i z e of the time −domain ;

f o r i ∈ 0 ,n :

f r e q = ( i −n/2)×δω ;

s ( t ) = time −domain s i g n a l ;

s ( f ) = R o r t a t e L e f t [ Re [ Four ier [ Im [ s ( t ) ]

−Mean[ Im [ s ( t ) ] ] ] ] , n / 2 ] ;

The mean of the s i g n a l i s subtrac ted to remove the peak

at 0 frequency .

R o t a t e L e f t i s used to r e p o s i t i o n the zero frequency to

the midpoint of the l i s t .
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Figure 2.1: Simulated 1D dipolar (a) time-domain signals and (b)
frequency-domain spectra of TAM pairs are shown. A Gaussian distance
distribution with mean, r0, and standard deviation, σ, of 2.5 nm and 0.25 nm
was used. The plots in red were calculated by multiplying the exact integral in
Eqn. 2.12 with the Gaussian distribution function and averaging the expression
over 50 equally spaced values of r in the range of (r0 − 4σ, r0 + 4σ). In
calculating the plots shown in blue, the integral over θ in Eqn. 2.12 were
replaced by a discrete sum over a grid of 5000 randomly generated values of
θ and r. The Pake patterns in the frequency-domain spectra show peaks at ±νd,
while the secondary peaks at ±2 νd get masked because of the broadening
caused by the distance distribution. Note that the mean of the time-domain
signal was subtracted from itself to remove the zero-frequency component,
which caused the downward spikes in the middle of the frequency-domain
spectra.
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2.3.1 Simulation of Dipolar Spectra Including Pseudo-Secular

Dipolar Terms

The primary difference between the secular and pseudo-secular expressions is

that the latter depends on the frequency parameter, ∆Ω = Ω1 − Ω2, where Ωi

represents the resonance offset of ith spin. For TAM radicals, Ωi is considered to

follow a Gaussian distribution and at an applied magnetic field of 9.5 GHz, the

distribution has a standard deviation of ∼ 2.5 MHz (full width at half maximum

of 21 G) [25]. Hence, ∆Ω was considered to follow a normal distribution of mean

and standard deviation of 0 and ∼ 2 × 2.5 MHz = 5 MHz. The simulations of 1D

dipolar signals and spectra of TAM radicals are shown in Fig. 2.2. Going from

top to bottom in the figure, the average inter-spin distances (r0) were 1.5 nm, 2.5

nm and 4.0 nm. The maximum dipolar evolution time, tm, was set to 0.5 µs, 2

µs and 4 µs and tξ was varied between ±tm with step-size of 1 ns, 3 ns and 4 ns

respectively. The averaging over (φ, θ, ψ) was performed using 2× 104 randomly

generated orientations. The plots in red were calculated using the Dirac delta

function, δ(r0), as the distance distribution, P(r). In the strong-coupling limit,

Fig. 2.2 (a.2), the spectrum shows two major peaks at ±(3/2) νd = ±22.7 MHz and

two minor peaks at ±3 νd = ±45.3 MHz. In the intermediate case, Fig. 2.2 (b.2),

the major peaks appear at ±νd = ±3.3 MHz, while a set of secondary peaks occur

at ±(3/2) νd. Two sets of minor peaks can be seen at ±2 νd and ±3 νd. However,

at r0 = 4.0 nm in Fig. 2.2 (c.2), the spectrum shows two major peaks at ±νd =

±0.8 MHz and minor peaks at ±2 νd = ±1.6 MHz, similar to the secular spectra

presented in the previous section. In the strong- and intermediate-coupling

limits, the frequency-domain spectra shift towards the corresponding secular

spectra when we use a broad distance distribution, for example, a Gaussian
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distance distribution with a standard deviation of 0.2 nm or more in Fig. 2.2.

Thus, we see that even at a distance of 2.5 nm, the pseudo-secular dipolar

terms might have a significant contribution, especially for an extremely narrow

P(r) [18]. Therefore, even in the intermediate- or relatively weak-coupling

limit, one should include the pseudo-secular terms when extracting the distance

distributions from DQC signals. Note that the frequency-domain spectra are

noisy, especially in the strong- and intermediate-coupling limits. The reasons

behind this observation are likely buried in the powder averaging strategy

and the fact that we did not enforce the time-domain signals to go to zero at

tξ = ± tm. In Fig. 2.3, the DQC dipolar spectra were simulated using the same

set of parameters used in Fig. 2.2 (a), while the number of orientations used in

calculating the powder spectra was increased from 2 × 104 to 105. In addition

to that, the simulated time-domain signals (not shown) were multiplied by an

exponential window function [26] of the form exp (−|tξ |/tm) and it can be seen

that the noise is largely reduced in the resulting frequency-domain spectra. It

is necessary to optimize the calculation of powder spectra by implementing

different strategies. References [21, 27–29] present a detailed discussion on

spherical codes or numerical approximations to powder spectra in magnetic

resonance. While we plan to create a Python package for applying different

spherical codes and optimize the simulation time, the present work is limited to

the derivation of DQC EPR analytic expressions using Mathematica.
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Figure 2.2: Simulated (1) time-domain signals and (2) frequency-domain
spectra for a pair of TAM radicals with r0 of (a) 1.51 nm, (b) 2.5 nm and (c) 4.0
nm at 9.5 GHz are shown. The values of tm for those cases were set to (a) 0.5 µs,
(b) 2 µs and (c) 4 µs and the time increment, δt, was set to (a) 1 ns, (b) 3 ns and
(c) 4 ns. The time-domain signals were averaged over 2 × 104 random
orientations. The signals with P(r) = δ(r0) are shown in red. The signals in blue
correspond to Gaussian distance distributions, characterized by standard
deviations, σ, of (a) 0.2 nm, (b) 0.2 nm and (c) 0.5 nm. The signals in gray
correspond to Gaussian distance distributions, characterized by σ = (a) 0.4 nm,
(b) 0.5 nm and (c) 1.0 nm. The frequency parameter, ∆Ω, was assumed to follow
a normal distribution with mean and standard deviation of 0 and 5 MHz.
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Figure 2.3: Simulated frequency-domain spectra of a pair of TAM radicals at
9.5 GHz are shown for (red) P(r) = δ(r0) and (blue and gray) a Gaussian
distance distribution with mean, r0. For all the simulations, the value of r0 was
set to 1.51 nm and the value of the standard deviation, σ, was set to (blue) 0.2
nm and (gray) 0.4 nm. The value of tm and the time-increment were set to 0.5 µs
and 1 ns respectively. The frequency parameter, ∆Ω, was assumed to follow a
normal distribution with mean = 0 and σ = 5 MHz. The signal was averaged
over a set of 105 randomly generated values of (∆Ω, θ, r). The simulated
time-domain signals (not shown) were multiplied by an exponential window
function before calculating the frequency-domain spectra.
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2.4 Conclusion

In this chapter, we evaluated the analytic expressions of DQC signals of TAM

radical pairs, a major class of spin label used in PDS studies and implemented

an efficient simulation method to calculate the DQC spectra. We introduced

the effect of the pseudo-secular dipolar coupling in the simulation of DQC

dipolar spectra. We showed that in the strong-coupling limit (r0 ≤ 2 nm) and for

extremely narrow distance distributions, the spectra of TAM radicals produce

primary peaks at ±(3/2) νd and secondary peaks at ±3 νd. In the intermediate-

coupling limit (2 nm < r ≤ 2.5 nm), the TAM dipolar spectra show primary

peaks at ±νd and another set of strong peaks at ±(3/2) νd. Two sets of minor

peaks appear at ±2 νd and ±3 νd. In the weak-coupling limit (r ≥ 2.5 nm),

the spectra resemble the secular ones and the primary and secondary peaks

appear at ±νd and ±2 νd respectively. However, when we used a relatively

broad distance distribution, the secondary peaks became practically invisible.

This behavior can be explained by realising that in the (a) strong- and (b)

weak-coupling limits, we have (a) k ≈ b and (b) k ≈ ∆Ω, where ∆Ω is

the frequency factor in Eqn. 2.15, b = −a/2 and k =
√

b2 + ∆Ω2. Hence,

the dipolar signal expression in Eqn. 2.15 in the strong-coupling limit takes

the form of sin (3 a tp/2) sin (3 a t2/2) and the corresponding frequency-domain

spectrum shows primary peaks at ±(3/2) νd. Similarly, in the weak-coupling

limit, the signal expression approaches the secular expression of the form

sin (a tp) sin (a t2). In the intermediate case, we obtain a mixture of these two

cases.

The methods presented here can be used as the recipe to simulate and
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analyze DQC spectroscopic data in a feasible manner. The theory is extended

to obtain analytic expressions of DQC signals of nitroxide spin labels in

the next chapter. It is also possible to include multiple spin-probes and

obtain the multiple-quantum coherence (MQC) signal expressions. Using

low cost simulations, the pros and cons of such MQC EPR studies can be

evaluated to optimize their designs in studying the structure and function of

biomacromolecules.
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CHAPTER 3

DERIVATION OF THE ANALYTIC EXPRESSIONS OF

DOUBLE-QUANTUM COHERENCE EPR SIGNALS FOR ISOLATED

PAIRS OF 15N- AND 14N NITROXIDES IN THE SOLID STATE

3.1 Introduction

In this chapter, we evaluate analytic expressions for the 6-pulse DQC signal of

an isolated pair of nitroxide radicals in the solid state, another key spin label

used in studying protein structures by PDS [1, 2]. There are two cases within

this class of radicals, (i) 15N-nitroxide or the S = 1/2, I = 1/2 system and (ii) 14N-

nitroxide or the S = 1/2, I = 1 system. The derivation of the signal expression

for nitroxide radicals is significantly more challenging compared to that of TAM,

owing to the presence of the nitrogen magnetic nucleus. It becomes essential to

include the dipolar coupling between the unpaired electron and the 15N (I =

1/2) or 14N (I = 1) nucleus [3]. We will start our discussion with the former

case because of its relative simplicity. In both the cases, we omit the pseudo-

secular dipolar terms from the Hamiltonian, which restrict the application of the

theory to longer inter-spin distances or the weak-coupling limit. The 1D dipolar

signal primarily depends on the inter-spin distances between the spin labels and

hence, in the strong-coupling limit, we can use Eqn. 2.15 for nitroxides, while

explicitly calculating the values of ∆Ω and Ω+ [4].

In case of nitroxide radical pairs, along with the extraction of inter-spin

distances, it is possible to obtain information on inter-spin correlations and the

spatial orientations of the intramolecular spin-pairs from 2D DQC spectra [4, 5].

In a 2D DQC experiment, the value of t3 in the pulse sequence shown in Fig. 1.2
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is set different from that of t2, such that the echo shape can be captured along

with its dipolar modulation. Previously, highly accurate simulation of the DQC

signals, both in one and two dimensions have been calculated using rigorous,

numerical methods [4]. However, the trade-off between the accuracy of the

results and the computation time reduces the practicality of such methods in

simulating the spectra. Therefore, we aim to derive approximate analytic signal

expressions for nitroxide radicals, capable of reproducing the key features of

both 1D and 2D DQC EPR spectra at a lower computational cost.

In this context, we should mention that for spin labels with broad spectra

(nitroxides and metals), the rotation of the magnetization by a finite pulse

depends on the effective field, resulting from the off-resonance effect of the

static field and the oscillatory microwave field [6]. Additionally, it is important

to consider the shape of the pulse in simulations of DQC spectra for two

reasons. Real rectangular pulses are seldom perfectly rectangular in shape [6]

and thus, such calculations might be effective in identifying the artifacts and

optimizing the pulses for specific applications. In addition, by using specially

designed shaped pulses of low power, we can achieve uniform excitation of

broad EPR spectrum with an improved sensitivity, when required [7]. That

has been the motivation for using broadband pulses in PDS studies [8–10].

Hence, it is necessary to consider (1) off-resonance effects and (2) the shape

of the pulse, especially in simulating the 2D DQC spectra for nitroxides. In

case of 2D DQC experiments, it is essential to excite the entire EPR spectra of

nitroxide spin labels in order to produce the characteristic patterns and identify

orientational correlations between the spin probes. We should mention that

the split Hamiltonian theory (SHT) has been applied previously to account for

the finite pulse effects in DQC EPR in an analytical fashion [11]. In SHT, an
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arbitrary pulse of duration, τ, is replaced by a set of 2 n non-selective pulses

of duration, τ/2 n, separated by periods of free evolution of duration, τ/n. The

approach becomes computationally untenable beyond n ≥ 16. At present, we

are developing a package that utilizes quaternion algebra [12] and its relation to

rotation in R3 [13] to calculate the rotation of the magnetization vector by finite

pulses, which can be merged easily with the current simulations without any

added computational cost.

3.2 Theory of DQC EPR in Nitroxide-Labeled Biomolecules

3.2.1 The Spin Hamiltonian

The spin Hamiltonian for a pair of nitroxide radicals is much more complicated

than the Hamiltonian for a pair of TAM radicals. Considering the applied

magnetic field to be parallel to the laboratory z-direction, zLAB, an approximate

form of the Hamiltonian of the nitroxide radicals in the rotating frame of

reference can be written as [3]

H = Ω1 S 1z + Ω2 S 2z + a S 1z S 2z

+ ω1n I1z + ω2n I2z + A1zz S 1z I1z + A2zz S 2z I2z

+ A1zx S 1z I1x + A2zx S 2z I2x + A1zy S 1z I1y + A2zy S 2z I2y

(3.1)

In writing this Hamiltonian, we have ignored all the terms associated with

S ix and S iy. As described before, Ωis are the electron resonance offsets and

a is the secular dipolar coupling constant, defined in Eqn. 2.2. The nuclear

Zeeman terms are given by ωins and the hyperfine coupling constants are given

37



by Aizx, Aizy, Aizz in the laboratory frame of reference. In order to perform

sequential rotations during the free-evolution periods of the pulse sequence,

we diagonalize the Hamiltonian and the process will be described in the next

section.

3.2.2 DQC Expression for 15N-nitroxide Spin Labels

For the S = 1/2, I = 1/2 case, diagonalization of the Hamiltonian in Eqn. 3.1 can

be achieved by the following successive rotations [14, 15]

H
∏

exp (−i I jy δ ja)
−−−−−−−−−−−→

∏
exp (−i S jz I jy δ jb)
−−−−−−−−−−−−−→

∏
exp (−i I jx λ ja)
−−−−−−−−−−−→

∏
exp (−i S jz I jx λ jb)
−−−−−−−−−−−−−→ H̃

The parameters, {δ, λ}, are defined in Appendix A.3. The diagonalized

Hamiltonian, H̃, depends on the nuclear spin quantum number, mI , and is given

by

H̃ =

(
Ω1 +

m1I

2

(√
M2

1a (A1zz − 2ω1n)2 + A2
1zy +

√
M2

1b (A1zz + 2ω1n)2 + A2
1zy

))
S 1z

+

(
Ω2 +

m2I

2

(√
M2

2a (A2zz − 2ω2n)2 + A2
2zy +

√
M2

2b (A2zz + 2ω2n)2 + A2
2zy

))
S 2z

+ a S 1z S 2z

(3.2)

where Mia and Mib are given by

Mia =

√
1 +

A2
izx

(Aizz − 2ωin)2 (3.3a)

Mib =

√
1 +

A2
izx

(Aizz + 2ωin)2 (3.3b)

We denote the coefficients of S iz in Eqn. 3.2 as Ω̃i in the subsequent discussions.
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In this basis, the Hamiltonian during the application of the microwave pulse

along the x-axis (φ = 0) can be written as

H̃mw =
∑

j

B1

(
S jx cδ jb/2 cλ jb/2 + S jy I jz sδ jb/2 sλ jb

)
︸                                                ︷︷                                                ︸

Allowed EPR Transitions

+
∑

j

B1

(
2 S jy I jy sδ jb/2 cλ ja + 2 S jy I jx cδ jb/2 sλ jb/2

)
︸                                                        ︷︷                                                        ︸

Forbidden EPR Transitions

(3.4)

where sδ and cδ are abbreviations for sin δ and cos δ respectively. This

abbreviated notations are used for very long equations throughout the thesis,

whereas the standard forms are used to write short equations. We will restrict

our discussion to the allowed EPR transitions and hence, we are going to retain

the first part of Eqn. 3.4. Finally, we diagonalize H̃mw by the following unitary

operator

U j,m jI =
∏

e− i arctan (2 m jI sδ jb/2 sλ ja/cδ jb/2 cλ jb/2) S jz (3.5)

The diagonalized Hamiltonian during the application of the microwave pulse

is given by

˜̃Hmw = U H̃mw U†

= B1

∑
j

S jx cδ jb/2 cλ jb/2

√
1 + 4 m2

jI sec2 (λ jb/2) s2
λ ja

tan2 (δ jb/2)
(3.6)

A point to note here is that we need to apply U to the density operator before

operating with ˜̃Hmw and U† afterward, to return to the basis of H̃. For the rest

of the calculation, we will utilize the scheme described in the previous section.

The density operator at the end of the preparation period can be written as

ρ(2 tp)+ =
(
c f (1)

5 cos (k1 + k2) + c f (2)
5 sin (k1 + k2)

)
DQy

+
(
c f (1)

5 sin (k1 + k2) − c f (2)
5 cos (k1 + k2)

)
DQx

(3.7)
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The coefficients, c f (1)
5 and c f (2)

5 , are defined as

c f (1)
5 = (sa tp/4)

[
− 4 (cq1 π/2 cq2 π/2)2 (c2 Ω̃1 tp

+ c2 Ω̃2 tp
) sq1 π/2 sq2 π/2

+ (sq1 π/2 sq2 π/2)3 + (−2 + cq1 π + cq2 π) sq1 π sq2 π sΩ̃1 tp
sΩ̃2 tp

]
c f (2)

5 = sa tp cq1 π/2 cq2 π/2

[
sq1 π/2

(
−c2

q1 π/2 cΩ̃1 tp
+ s2

q1 π/2 cΩ̃2 tp

)
sq2 π sΩ̃1 tp

+ sq2 π/2

(
−c2

q2 π/2 cΩ̃2 tp
+ s2

q2 π/2 cΩ̃1 tp

)
sq1 π sΩ̃2 tp

]
(3.8)

where k j is the angle described in Eqn. 3.5 and q j is the coefficient of B j S jx in

Eqn. 3.6. The variables can be explicitly written as

k j = − arctan (2 m jI sδ jb/2 sλ ja/cδ jb/2 cλ jb/2) (3.9)

and

q j = cδ jb/2 cλ jb/2

√
1 + 4 m2

jI sec2 (λ jb/2) s2
λ ja

tan2 (δ jb/2) (3.10)

The density operator at the end of the mixing period can be written as

ρ(2 tp + 2 t1) =
(
c f (1)

8 cos (k1 + k2) + c f (2)
8 sin (k1 + k2)

)
DQy

+
(
c f (1)

8 sin (k1 + k2) − c f (2)
8 cos (k1 + k2)

)
DQx

(3.11)

The coefficients, c f (1)
8 and c f (2)

8 are given by

c f (1)
8 = −c f (1)

5 s2
q1 π/2 s2

q2 π/2 + c2
q1 π/2 c2

q2 π/2

(
c f (1)

5 c2 (Ω̃1 + Ω̃2) t1 − c f (2)
5 s2 (Ω̃1 + Ω̃2) t1

)
c f (2)

8 = c f (2)
5 s2

q1 π/2 s2
q2 π/2 + c2

q1 π/2 c2
q2 π/2

(
c f (2)

5 c2 (Ω̃1 + Ω̃2) t1 + c f (1)
5 s2 (Ω̃1 + Ω̃2) t1

) (3.12)

The density operator after the final (π/2)-pulse is given by

ρ(2 tp + 2 t1)+ = c f (1)
9 S +

1 S 2z + c f (2)
9 S +

2 S 1z

= (ei k1/2)
(
c f (1)

8 − i c f (2)
8 cq1 π/2

)
sq2 π/2 S +

1 S 2z

+ (ei k2/2)
(
c f (1)

8 − i c f (2)
8 cq2 π/2

)
sq1 π/2 S +

2 S 1z

(3.13)

In this case, for quadrature detection, we need to add another 4 steps of phase

cycling [16], which leads to the following expression of the DQC dipolar signal
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in the laboratory frame of reference

MDQ,dip = (1/8) sa t2 sπ q1/2 sπ q2/2

[
e−i (k1+ΣΩ t2)

{
ei ΣΩ t2 (i c f (1)

8 + c f (2)
8 cπ q1/2) (−1 + cπ q2)

+ e2 i Ω̃1 t2 cπ q1/2 (c f (2)
8 + c f (2)

8 cπ q2 + 2 i c f (1)
8 cπ q2/2)

}
cδ1b/2 cλ1b/2 sπ q1/2 +

e−i (k2+ΣΩ t2)
{
ei ΣΩ t2 (i c f (1)

8 + c f (2)
8 cπ q2/2) (−1 + cπ q1)

+ e2 i Ω̃2 t2 cπ q2/2 (c f (2)
8 + c f (2)

8 cπ q1 + 2 i c f (1)
8 cπ q1/2)

}
cδ2b/2 cλ2b/2 sπ q2/2

]
(3.14)

where ΣΩ = Ω̃1 + Ω̃2. For the general case of (t2 , t3), the DQC signal can be

written as

MDQ = (1/16) sπ q1/2 sπ q2/2

[
2 e−i(k2−Ω̃2 t3+ΣΩ t2) cδ2b/2 cλ2b/2 sπ q2/2

{
e2 i Ω̃2 t2

(c f (2)
8 + c f (2)

8 cπ q1 + 2 i c f (1)
8 cπ q1/2) cπ q2/2 ca t2/2 sa t3/2 + e1 ΣΩ t2 (i c f (1)

8 + c f (2)
8 cπ q2/2)

(−ca t3/2 sa t2/2 + cπ q1 ca t2/2 sa t3/2)
}
+

2 e−i(k1−Ω̃1 t3+ΣΩ t2) cδ1b/2 cλ1b/2 sπ q1/2

{
e2 i Ω̃1 t2 (c f (2)

8 + c f (2)
8 cπ q2 + 2 i c f (1)

8 cπ q2/2)

cπ q1/2 ca t2/2 sa t3/2 + e1 ΣΩ t2 (i c f (1)
8 + c f (2)

8 cπ q1/2) (−ca t3/2 sa t2/2 + cπ q2 ca t2/2 sa t3/2)
}]

(3.15)

3.2.3 DQC Expression for 14N-nitroxide Spin Labels

For 14N-nitroxides, if we ignore nuclear quadrupole coupling, the secular

Hamiltonian with pseudo-secular hyperfine coupling terms is given by Eqn. 3.1.

In order to define rotation about angular momentum operators of I = 1, we

utilize the vector Rodrigues’ rotation formula [17], given by the following

expression

ei θ (n̂· I) = 1 − i (n̂ · I) sin θ + (n̂ · I)2 (cos θ − 1) (3.16)

We diagonalize the spin Hamiltonian by the same method that is described for

15N-nitroxides and the diagonalized Hamiltonian has the same form as given
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in Eqn. 3.2. In this basis, the pulse propagator for spin- j along the x-axis in the

rotating frame of reference can be written as

H̃mw = B1 S jx (1 − 2 i m jI cλ ja sδ jb sλ jb/4) + m jI B1 S jy (−3 + 4 cλ jb/4) sδ jb sλ ja (3.17)

where m jI is the magnetic spin quantum number associated with the jth nucleus.

H̃mw is diagonalized by a rotation about S jz by an angle, k ja, and the diagonalized

Hamiltonian and k ja are given by

˜̃Hmw = B1 S jx sec k ja

(
1 − 2 i m jI cλ ja sδ jb sλ jb/4

)
(3.18a)

k ja = − arctan
m jI (−3 + 4 cλ jb/4) sδ jb sλ ja(
1 − 2 i m jI cλ ja sδ jb sλ jb/4

) (3.18b)

Following the calculation scheme described earlier, DQC dipolar and echo

expressions are evaluated to be

MDQ,dip =(1/96) sπq1/2 sπq2/2 sat2[
e−ik1a (−1 + cπq2) (cλ1b + cδ1b (1 + cλ1b)) (2 i c f (1)

8 sπq1/2 + c f (2)
8 sπq1)

+ e−ik2a (−1 + cπq1) (cλ2b + cδ2b (1 + cλ2b)) (2 i c f (1)
8 sπq2/2 + c f (2)

8 sπq2)
]

+ (1/96) sπq1/2 sπq2/2 sat2[
2 e−i (k1a+(−Ω̃1+Ω̃2) t2) cπq2/2 (i c f (1)

8 + c f (2)
8 cπq2/2) (cλ1b + cδ1b (1 + cλ1b)) sπq1

+ 2 e−i (k2a+(Ω̃1−Ω̃2) t2) cπq1/2 (i c f (1)
8 + c f (2)

8 cπq1/2) (cλ2b + cδ2b (1 + cλ2b)) sπq2

]
(3.19)
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MDQ =(1/48) e−i (k1a−Ω̃1 t3+(Ω̃1+Ω̃2) t2) (cλ1b + cδ1b (1 + cλ1b)) sπq1/2 sπq2/2[
ei Ω̃1 t2 (c f (2)

8 (1 + cπq2) + 2 i c f (1)
8 cπq2/2) sπq1 cat2/2 sat3/2

+ ei Ω̃2 t2 (2 i c f (1)
8 sπq1/2 + c f (2)

8 sπq1) (−cat3/2 sat2/2 + cπq2 cat2/2 sat3/2)
]

+ (1/48) e−i (k2a−Ω̃2 t3+(Ω̃1+Ω̃2) t2) (cλ2b + cδ2b (1 + cλ2b)) sπq1/2 sπq2/2[
ei Ω̃2 t2 (c f (2)

8 (1 + cπq1) + 2 i c f (1)
8 cπq1/2) sπq2 cat2/2 sat3/2

+ ei Ω̃1 t2 (2 i c f (1)
8 sπq2/2 + c f (2)

8 sπq2) (−cat3/2 sat2/2 + cπq1 cat2/2 sat3/2)
]

(3.20)

3.3 Results and Discussion

3.3.1 Computational Setup

The numerical simulations were done in the laboratory frame of reference and

hence, all the tensors and vectors were transformed to the laboratory frame of

reference. The g and the hyperfine coupling tensors, A, are diagonal in their

respective principal axes systems (PAS). At present, we considered the PAS of

the two tensors to be coincident and previous single-crystal studies on nitroxide

support that hypothesis [18, 19]. However, our simulation process does not

require the assumption of coincident PASs and different PASs can be used for

the tensors. The transformation from one reference frame to the other is defined

by the Euler angles, (α, β, γ), and the corresponding rotation matrix is defined as
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follows [20]

R(α, β, γ) = Rz(γ) · Rx(β) · Rz(α)

=


cα cγ − sα cβ sγ sα cγ + cα cβ sγ sβ sγ

−cα sγ − sα cβ cγ − sα sγ + cα cβ cγ sβ cγ

sα sβ −cα sβ cβ


(3.21)

where Rz(α) denotes a rotation about the fixed z-axis by an angle of α and s and

c are abbreviations used for sine and cosine functions. Thus, the dipolar vector,

(r̂), g and A in the laboratory frame are defined as

r̂LAB = R(φ, θ, ψ) · {0, 0, r}

gi
LAB = R(φ, θ, ψ) · R(αi, βi, γi) · gi

PAS · R(αi, βi, γi)† · R(φ, θ, ψ)†

Ai
LAB = R(φ, θ, ψ) · R(αi, βi, γi) · Ai

PAS · R(αi, βi, γi)† · R(φ, θ, ψ)†

(3.22)

where the Euler angles, (αi, βi, γi), define the orientation of the hyperfine and g

tensor PAS for the ith nitroxide in the dipolar frame of reference.

Next we tested the dependence of various parameters used in the analytic

expressions on the Euler, (α, β, γ), and the dipolar angles, (φ, θ, ψ). We used the

Hoeffding’s independence test [21] using the built-in function in Mathematica

for the purpose. The test data was generated using a set of 104 random

orientations for each of the Euler and dipolar angles. The dependence on the

Euler angles were tested by varying them for a fixed set of values of the dipolar

angles. Similarly, for testing the independence between the dipolar angles and

the parameters, a fixed set of Euler angles were used while varying the dipolar

angles. The summary of the test results is shown in Table 3.1 and it shows

strong dependence of the parameters on all the angles but α. However, the

dependence on α is not insignificant and hence, all the angles were considered

in the orientational averaging process.
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3.3.2 Simulation of 1D DQC Spectra

DQC dipolar signals were simulated using the expressions in Eqn. 3.14 and

Eqn. 3.19 at the echo maximum (t2 = t3). For calculating the powder pattern,

we averaged the signal over randomly generated orientations. The probability

of finding an ensemble in a specific orientation, (αi, βi, γi), was considered to be

1
8 π2 sin βi [22]. The time, tp, was varied between 0 and tm and the dipolar signal is

plotted against the variable, tξ = tm − 2 tp, where tξ varies between ±tm. For both

15N- and 14N-nitroxide pairs, the primary values of the g and A tensors in their

respective PAS were taken to be [23]

gdiag = {2.0092, 2.0061, 2.0022}

Adiag = {5.35 G, 6.42 G, 35.66 G}

Considering the relative orientations of the PASs of the spin probes, we can

have two distinct scenarios: (1) correlated and (2) uncorrelated spin pairs. In the

correlated case, the relative orientations of the spin probes remain unchanged

across all the spin-labeled molecules in the sample and in the uncorrelated

case, the spin probes’ orientations in the sample vary over the entire (relevant)

domains of all the angles. Both the correlated and uncorrelated cases are

shown in Fig. 3.1 and Fig. 3.2 for an isolated 15N- and 14N-nitroxide pairs.

When an inter-spin distance of 1.8 nm with a δ-distribution was used, the

dipolar spectra resemble a Pake pattern with primary and secondary peaks

appearing at ±νd and ±2 νd. The bottom rows in Fig. 3.1 and Fig. 3.2 show

the uncorrelated spectra, where the distance between the two probes follows

a Gaussian distribution with a standard deviation, σ = 0.2 nm. It should be

noted that in the latter case, the frequency-domain spectra becomes broad and

all the minor peaks get smudged. Given that we usually encounter relatively
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broad inter-spin distance distributions in biomacromolecules, the simplest form

of the DQC dipolar signal in Eqn. 2.11 is often used to analyze the 1D dipolar

data of nitroxide pairs with an acceptable accuracy for distances longer than 1.5

nm. However, we will argue in the following section that the pseudo-secular

expression of the signal should be used, unless we have prior knowledge about

the nature of the distance distribution. It is also evident from the figures that 1D

dipolar spectra are invariant to the relative orientations of the spin probes and

thus, cannot be used to distinguish between the correlated and the uncorrelated

cases [4].

We used 2000 randomly generated values of the Euler angles, (α1, β1, γ1) and

(α2, β2, γ2), and the dipolar angles, (φ, θ, ψ), to calculate the powder averaged

dipolar signals in case of a δ-distance distribution. When using distance

distributions of finite widths, 4000 of such randomly generated values of the

angles and the distance, r, were used in the averaging process. Before moving

forward, it is important to confirm that 2000 to 4000 orientations are sufficient

to produce convergent powder spectra. Starting with a set of 500 randomly

generated values of the angles and the inter-spin distance, the size of the set

was increased by 250 additional orientations in calculating the powder average

of the signal in each iteration. The convergence criteria at the end of the ith

iteration was that the root-mean-square-deviations (RMSD) calculated after the

ith and (i − 1)th iterations must be less than or equal to 10−4. The results of the

convergence tests are shown in Fig. 3.3 and it can be inferred that an optimal

powder averaging calculation requires more than 2000 and 3000 orientations in

simulating correlated and uncorrelated nitroxide DQC dipolar signals.
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Table 3.1: Hoeffding’s test results demonstrating the dependence of the derived
parameters, (δiα, λiα, Ω̃i), defined in Appendix A, on the different dipolar and
Euler angles. The test and the corresponding p-values (in parenthesis) suggest
that the simulated signals depend strongly on each of the angular values.

Dipolar and
Euler Angles δ1a δ1b λ1a λ1b Ω̃1

α1
2.8 × 10−5 −1.1 × 10−5 1.6 × 10−6 7.4 × 10−5 4.2 × 10−2

(0.19) (0.48) (0.35) (0.07) (0)

β1
1.7 E − 1 1.3 E − 1 2.1 E − 1 1.9 E − 1 2.0 E − 2

(0) (0) (0) (0) (0)

γ1
1.4 × 10−1 1.9 × 10−1 2.5 × 10−2 2.9 × 10−2 2.8 × 10−2

(0) (0) (0) (0) (0)

φ
2.1 × 10−2 4.1 × 10−2 7.2 × 10−2 8.8 × 10−2 1.1 × 10−2

(0) (0) (0) (0) (0)

θ
5.5 × 10−2 6.9 × 10−2 8.8 × 10−3 1.5 × 10−2 6.5 × 10−2

(0) (0) (0) (0) (0)

ψ
5.2 × 10−2 4.0 × 10−2 8.0 × 10−2 7.3 × 10−2 1.3 × 10−4

(0) (0) (0) (0) (0.02)
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Figure 3.1: Simulated 1D dipolar (1) time-domain signals and (2)
frequency-domain spectra of a pair of 15N-nitroxides for the (a) correlated
[β1 = 0, β2 = 0], (b) uncorrelated and (c) uncorrelated cases with a finite P(r) are
shown. Simulation parameters used were: B0 = 6200 G, t1 = 20 ns, tm = 1 µs,
r0 = 1.8 nm and a Gaussian distance distribution with standard deviation, σ =
0.2 nm, for the plots in (c). The reference frequency was taken to be the central
line of the EPR spectrum. The time, tξ, was varied between 0 and tm by a
step-size of 5 ns. The averaging over all possible orientations and the distance
distribution was achieved by calculating the signal over (a) 2000 and (b-c) 4000
randomly generated values of (α1, β1, γ1, α2, β2, γ2, φ, θ, ψ, r) at each step in the
time-domain. On average, the computation time varies between (a) 2 minutes
to (b-c) 4 minutes.
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Figure 3.2: Simulated 1D dipolar (1) time-domain signals and (2)
frequency-domain spectra of a 14N-nitroxide pair for the (a) correlated
[β1 = 0, β2 = 0], (b) uncorrelated and (c) uncorrelated cases with a finite P(r) are
shown. Simulation parameters used were: B0 = 6200 G, t1 = 20 ns, tm = 1 µs,
r0 = 1.8 nm and a Gaussian distance distribution with standard deviation, σ =
0.2 nm, for the plots shown in (c). The reference frequency was taken to be the
central line of the EPR spectrum. The time, tξ, was varied between 0 and tm by a
step-size of 5 ns. The averaging over all possible orientations and the distance
distribution was achieved by calculating the signal over (a) 2000 and (b-c) 4000
randomly generated values of (α1, β1, γ1, α2, β2, γ2, φ, θ, ψ, r) at each step in the
time-domain. On average, the computation time varied between (a) 6 minutes
and (b-c) 12 minutes.
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Figure 3.3: Convergence test result of powder averaging for (black, solid) an
uncorrelated and (gray, dashed) a correlated 14N-nitroxide pair is shown. The
figure shows the logarithm of the root-mean-square-deviation (RMSD)
between two successive calculations (signals) plotted against the number of
iterations. The initial signal was calculated using 500 randomly generated
orientations. An additional 250 such random orientations were used in
calculating the signal in each iteration. The convergence criteria has been set
such that at the end of the ith iteration, RMS Di ≤ 10−4 and RMS Di−1 ≤ 10−4. It
can be seen that the convergence was achieved after 8 (2500 points) and 11
(3250 points) iterations for the correlated and uncorrelated pair of nitroxides.
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3.3.3 Simulations of Dipolar Spectra Including Pseudo-Secular

Dipolar Terms

In the context of measuring intramolecular distance distributions by DQC, it

has been shown previously that the frequency-domain spectral features depend

primarily on the intramolecular electron-electron dipolar interaction and thus,

it is sufficient to use the expression for TAM radicals in the simulations of

1D dipolar spectra for nitroxide radicals [4]. Therefore, we used Eqn. 2.15 in

simulating the pseudo-secular dipolar spectra of nitroxides. In Fig. 3.4 and

Fig. 3.5, we have shown the simulated spectra for a pair of 15N and 14N-

nitroxides using primarily the same set of parameters used in the calculations of

TAM radicals, Fig. 2.2. For orientational averaging, 4 × 104 randomly generated

points were used. In the left panel of the figures, we have shown the simulations

for uncorrelated nitroxide pairs, while those of the correlated case of (β1 = π/2,

β2 = π/2) are shown in the right panel. In the strong-coupling limit (r0 = 1.5

nm) and for a distance distribution, P(r) = δ(r0), the primary and the secondary

peaks are seen at ±νd and ±(3/2) νd, while two sets of minor peaks occur at ±2 νd

and ±3 νd. These minor peaks are better visible in the correlated spectra. In

the intermediate- and weak-coupling limits, the peaks at ±(3/2) νd and ±3 νd are

hardly visible in the corresponding uncorrelated spectra. Although the peaks

are still visible in the correlated spectra, they are hard to identify. When we

used a Gaussian distance distribution in our calculations, the minor peaks in

the spectra practically vanished. The latter simulations resemble the secular

spectra, but the correlated spectra are appeared to be slightly broader than the

corresponding uncorrelated spectra.
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Figure 3.4: DQC dipolar spectra for a pair of 15N-nitroxides with inter-spin
distance, r0, of (a) 1.51 nm, (b) 2.5 nm and (c) 4.0 nm are shown. The value of tm

and δt for those cases were set to: (a) 0.5 µs, 1 ns, (b) 2 µs, 4 ns and (c) 4 µs, 5 ns.
The signals were simulated at 9.5 GHz and averaged over all the relevant
angles using 4 × 104 random orientations. The uncorrelated spectra are shown
in the left (1) and in the right panel (2), the correlated case with [β1=π/2,
β2=π/2] are shown. The spectra with P(r) = δ(r0) are shown in (a) solid red, (b)
dashed red and (c) filled red square. The plots in blue correspond to Gaussian
distance distributions characterized by the standard deviations of (a) 0.2 nm
(solid), (b) 0.2 nm (dashed) and (c) 0.5 nm (filled square). The plots in gray
correspond to Gaussian distance distributions characterized by the standard
deviations of (a) 0.4 nm (solid), (b) 0.5 nm (dashed) and (c) 1.0 nm (filled
square).
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Figure 3.5: DQC dipolar spectra for a pair of 14N-nitroxides with inter-spin
distance, r0, of (a) 1.51 nm, (b) 2.5 nm and (c) 4.0 nm are shown. The value of tm

and δt for those cases were set to: (a) 0.5 µs, 1 ns, (c) 2 µs, 4 ns and (e) 4 µs, 5 ns.
The signals were simulated at 9.5 GHz and were averaged over all the relevant
angles using 4 × 104 random orientations. The uncorrelated spectra are shown
in left (1) and in the right panel (2), the correlated case with [β1=π/2, β2=π/2]
are shown. The spectra with P(r) = δ(r0) are shown in (a) solid red, (b) dashed
red and (c) filled red square. The plots in blue correspond to Gaussian distance
distributions characterized by the standard deviations of (a) 0.2 nm (solid), (b)
0.2 nm (dashed) and (c) 0.5 nm (filled square). The plots in gray correspond to
Gaussian distance distributions characterized by the standard deviations of (a)
0.4 nm (solid), (b) 0.5 nm (dashed) and (c) 1.0 nm (filled square).
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3.3.4 Simulation of 2D DQC Spectra

In 2D DQC experiments, both the dipolar signal and the echo shape are recorded

with respect to tdip = tm − 2 tp and techo = t3 − t2 respectively. We record the echo

shape during a time window of ±tw, such that tp varies between {tw/4, tm − tw/4}

in steps of δt and t3 and t2 can be redefined as (tm + tdip)/2 ± techo/2. It has been

shown previously [4] that the Fourier transformed 2D DQC magnitude spectra

of the correlated and uncorrelated spin probes produce distinct patterns [24].

Our primary goal is to simulate the characteristic patterns of the 2D spectra

at the lowest possible computational cost. For highly accurate simulations,

DQC signal expressions can be averaged over a very large grid of orientational

parameters or a more sophisticated method can be adopted [4, 25].

A simulated time-domain 2D DQC signal and the corresponding frequency-

domain spectrum for a pair of uncorrelated 15N-nitroxides are shown in Fig. 3.6.

The corresponding density plot of the spectrum is shown in Fig. 3.7, where

we compare it with the correlated case of (β1 = π/2, β2 = π/2) and the

differences between the two plots are easily noticeable. The dipolar and EPR

spectra are extracted from the 2D plots by adding the spectral data along

the two orthogonal axes. The dipolar spectra for the two cases are virtually

indistinguishable and it conforms with the discussion presented in the previous

section.

In these simulations, we used 160 × 80 points (tdip × techo) in the time-

domain. This domain size was used throughout this section for the illustrated

2D DQC signals and spectra. The powder averaging, coupled with the large

size of the time-domain, becomes the bottleneck in running the simulations
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efficiently, especially for the uncorrelated spin pairs. We noted from the data

presented in Fig. 3.3 that 3250 or more random orientations are needed for an

optimal simulation of the DQC dipolar powder spectrum in the uncorrelated

case. This number is consistent with the findings in other relevant studies [26].

However, when we compare the density plots of an uncorrelated 15N-nitroxide

pair in Fig. 3.8, simulated by powder averaging the signal over (a) 2000 and

(b) 500 randomly generated points, both the spectra demonstrate the salient

features associated with an uncorrelated nitroxide pair. The computation time

of the latter was ∼ 4 minutes, while the former simulation took 20 minutes

to complete. We repeated the process in calculating 2D DQC signals for a

pair of 14N-nitroxides. The simulation for the uncorrelated case was achieved

using 2000 randomly generated orientations and the computation time was 46

minutes. The corresponding signal and the spectrum are shown in Fig. 3.9.

Next we compare the results of the high and the low-cost (1000 orientations)

simulations in Fig. 3.10. Similar to the findings in its isotopic pair, both the low

and high cost 2D spectra of 14N-nitroxides demonstrate similar characteristic

patterns. It should be noted that even the low cost simulation for the 14N-

nitroxide pair took 26 minutes, primarily because of the increased number of

combinations of the nuclear spin quantum number, (m1I ,m2I), compared to 15N-

nitroxides and the complexity of the signal expression.

For plotting purpose, the calculated spectra in the frequency-domain were

interpolated in the region of interest using spline as the method of interpolation

[27] at a resolution of 0.5 MHz. Another point to note is that each of the

frequency-domain density plots was sliced at half of its maximum.
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Figure 3.6: A set of 2D DQC (a-b) time-domain signals and (c-d) the
corresponding frequency-domain magnitude spectra of uncorrelated
15N-nitroxides are shown. Both (a, c) the 3D plots and (b, d) the contour plots
are shown. Simulation parameters used were: B0 = 6200 G, t1 = 20 ns,
tm = ±600 ns, tw = ±40 ns, r = 1.8 nm (νd = 8.9 MHz) and T2 = 200 ns. The reference
frequency was taken to be the central line of the EPR spectrum. The
time-domain signals were calculated over 160× 80 (tdip × techo) data points, while
the orientational averaging was done over 2000 randomly generated points.
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Figure 3.7: A set of 2D density plots of the DQC spectra of (a) an uncorrelated
and (b) a correlated (β1 = π/2, β2 = π/2) 15N-nitroxide pair are shown.
Simulation parameters used were: B0 = 6200 G, t1 = 20 ns, tm = ±600 ns,
tw = ±40 ns, r = 1.8 nm (νd = 8.9 MHz) and T2 = 200 ns. The reference frequency
was taken to be the central line of the EPR spectrum. The time-domain signals
were calculated over 160 × 80 (tdip × techo) data points and the orientational
averaging was done over 2000 randomly generated points. The 1D dipolar
spectra and the nitroxide EPR spectra were obtained by summing along the
axes of the frequency-domain 2D plots. Note that the 1D spectra are invariant
to the relative orientations of the spin probes.
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Figure 3.8: A set of 2D density plots of the DQC spectra for a pair of
uncorrelated 15N-nitroxides, simulated using (a) 2000 and (b) 500 randomly
generated points for orientational averaging over 160 × 80 (tdip × techo) data
points in the time-domain are shown. Simulation parameters used were:
B0 = 6200 G, t1 = 20 ns, tm = ±600 ns, tw = ±40 ns, r = 1.8 nm (νd = 8.9 MHz) and
T2 = 200 ns. The reference frequency was taken to be the central line of the EPR
spectrum. The simulation time of the two spectra were (a) 19.2 minutes and (b)
4.3 minutes respectively.
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Figure 3.9: Both 2D DQC (a-b) time-domain signal and (c-d) the corresponding
magnitude spectrum of an uncorrelated 14N-nitroxide pair in the
frequency-domain are shown. The 3D plots are shown in (a, c), while the
contour plots are shown in (b, d). Simulation parameters used were:
B0 = 6200 G, t1 = 20 ns, tm = ±600 ns, tw = ±40 ns, r = 1.8 nm (νd = 8.9 MHz) and
T2 = 100 ns. The reference frequency was taken to be the central line of the EPR
spectrum. The time-domain signal was calculated over 160 × 80 (tdip × techo) data
points and the orientational averaging was performed using 2000 randomly
generated points.
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Figure 3.10: A set of 2D density plots of the DQC spectra of an uncorrelated
14N-nitroxide pair were simulated using (a) 2000 and (b) 1000 randomly
generated points for orientational averaging over 160 × 80 (tdip × techo) data
points in the time-domain. Simulation parameters used were: B0 = 6200 G,
t1 = 20 ns, tm = ±600 ns, tw = ±40 ns, r = 1.8 nm (νd = 8.9 MHz) and T2 = 100 ns.
The reference frequency was taken to be the central line of the EPR spectrum.
The simulation time of the two spectra were (a) 45.5 minutes and (b) 26.8
minutes respectively.
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Next we analyze the variations in the 2D spectra for the correlated cases of

a pair of nitroxides with a set of (β1, β2) values. In Fig. 3.11 and Fig. 3.12, we

compare five different cases of 15N- and 14N-nitroxide pairs with (β1, β2) of (b)

(π/2, π/2), (c) (π/4, π/3), (d) (0, π/4), (e) (0, π/2) and (f) (0,0) respectively. In the (a)

uncorrelated case, the orientation dependent patterns get completely averaged

out. The time-domain signals of all the spectra were calculated over 160 × 80

points, while the powder spectra were calculated using 500 (15N) and 250 to 500

(14N) randomly generated orientations. Additionally, the components along the

dipolar frequency of 0 MHz for the latter cases (Fig. 3.12 through Fig. 3.17) were

removed to produce cleaner plots. From the 3D representations of the spectra

of 14N-nitroxides, shown in Fig. 3.13, the different patterns corresponding to the

various cases of the oriented spin labels can be seen. However, it is evident that

the 2D density plots are more efficient in demonstrating such distinguishing

patterns. The simulation time varied between 4 to 5 minutes for 15N- and 6 to

12 minutes for 14N-nitroxides.

It should be noted at this point that compared to the numerical methods used

by S. K. Misra, et al. in simulating 2D DQC spectra [4], we have reduced the

simulation time by more than an order of magnitude by using the analytic signal

expressions. The analytic expressions made it possible to run the simulations

on ordinary computers, while diagonalization of the spin Hamiltonian and

calculation of the density matrix evolution by numerical methods increases

the computational time and memory requirements massively [4]. However,

when hundreds or thousands of 2D DQC simulations are required, for example,

in creating a large dataset to train a model to extract spatial orientations of

the spin labels from 2D experimental data, the total computation cost might

still be very high (especially for 14N-nitroxides). Therefore, we tried to reduce
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the computation time further by simply reducing the number of iterations in

powder averaging such that the characteristic patterns for each of the correlated

cases remain visible in the simulated 2D spectra. The results shown in Fig. 3.15

were computed using 200 orientations, except for the uncorrelated one, for

which 400 orientations were used. The computation time reduced to 4 to 5

minutes for the correlated cases and to ∼8 minutes for the uncorrelated case.

At this point, we like to point out that the computation time can be reduced by

the factor of an order of magnitude or more by switching from Mathematica to

Python or C [28]. We have already started building a Python package to run the

numerical simulations and here, we simply present the analytic expressions for

validation purpose.

It is important to note that the occurrence of an extremely sharp distance

distribution (comparable to the Dirac delta function distribution, δ) is relatively

rare in biological samples and we need to average the time-domain signals over

distance distributions as well. We obtained broadened spectra in the frequency-

domain by convoluting the dipolar signals with distance distribution kernels

without affecting the computation time. If we compare the spectra in Fig. 3.12

with the ones in Fig. 3.15, we see that both the suboptimal and the broadened

spectra preserve the orientation dependent patterns. The corresponding 3D

plots are shown in Fig. 3.16 for completeness and even though it is possible

to distinguish the uncorrelated and correlated cases in those plots, it is much

easier to follow the 2D density plots and identify the inter-spin correlations

from those. The results for 15N-nitroxides are shown in Fig. 3.14. At a higher

field of 12500 G, the EPR spectra become broader than at 6200 G [29], but the

orientation-dependent patterns in the 2D DQC spectra can be read easily from

the density plots shown in Fig. 3.17. The computation time of all the simulations

62



in one and two dimensions are tabulated in Tables 3.2 and 3.3 respectively.

The pseudo-code for simulation of powder averaged two dimensional signal

is given by

Define the time −domain and s t o r e i t as a one dimensional

array , ttab = ( tdip, techo ) ;

n = maximum i t e r a t i o n s in c a l c u l a t i n g the powder average

s i g = 0 ; i =1 ;

While [ i ≤ n ,

Z = L i s t [ RandomReal [ ( 0 , π ) or ( 0 ,π/2 ) ] , 9 ] ;

* * Z s t o r e s the values of 9 o r i e n t a t i o n v a r i a b l e s ,

the Euler and the dipolar angles * *

C a l c u la t e the o r i e n t a t i o n dependent parameters and s t o r e

them in a one dimensional array , K ;

s i g = s i g + s(K, {td, te}) : {td, te} 7→ ttab ; i ++] ;

Where s(K, ttab) c a l c u l a t e s the s i g n a l f o r

s p e c i f i c o r i e n t a t i o n s of the spin l a b e l PASs in the

l a b o r a t o r y frame of r e f e r e n c e over the e n t i r e time −domain .
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Figure 3.11: The density plots of a set of DQC spectra for a pair of (a)
uncorrelated and (b-f) correlated 15N-nitroxides are shown. All the spectra
were simulated by orientational averaging of the signals over 500 randomly
generated points. For the correlated cases, all the Euler angles but β were set to
zero and the values of (β1, β2) were set to: (b) π/2, π/2, (c) π/4, π/3, (d) 0, π/4, (e)
0, π/2 and (f) 0,0. Simulation parameters used were: B0 = 6200 G, t1 = 20 ns,
tm = ±600 ns, tw = ±40 ns, r = 1.8 nm (νd = 8.9 MHz) and T2 = 200 ns and the size
of the time-domain was 160 × 80 (tdip × techo). The average simulation time was
4.2 minutes.
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Figure 3.12: The density plots of a set of DQC spectra for a pair of (a)
uncorrelated and (b-f) correlated 14N-nitroxides are shown. The spectra were
simulated by orientational averaging of the signals over (a) 500 and (b-f) 250
randomly generated points. For the correlated cases, all the Euler angles but β
were set to zero and the values of (β1, β2) were set to: (b) π/2, π/2, (c) π/4, π/3,
(d) 0, π/4, (e) 0, π/2 and (f) 0,0. Simulation parameters used were: B0 = 6200 G,
t1 = 20 ns, tm = ±600 ns, tw = ±40 ns, r = 1.8 nm (νd = 8.9 MHz) and T2 = 100 ns and
the size of the time-domain signal was 160 × 80 (tdip × techo).
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Figure 3.13: A set of 3D stacked plots of DQC frequency-domain spectra for a
pair of (a) uncorrelated and correlated 14N-nitroxides with (β1, β2) values of: (b)
π/2, π/2, (c) π/4, π/3, (d) 0, π/4, (e) 0, π/2 and (f) 0,0 are shown. Simulation
parameters used were: B0 = 6200 G, t1 = 20 ns, tm = ±600 ns, tw = ±40 ns,
r = 1.8 nm (νd = 8.9 MHz) and T2 = 100 ns and the size of the time-domain signal
was 160 × 80 (tdip × techo).
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Figure 3.14: A set of 2D DQC frequency-domain spectra for a pair of (a)
uncorrelated and (b-f) correlated 15N-nitroxides are shown. Five distinct
correlated cases with [β1, β2] values of (b) π/2, π/2, (c) π/4, π/3, (d) 0, π/4, (e)
0, π/2 and (f) 0, 0 are presented. Simulation parameters used were: B0 = 6200 G,
t1 = 20 ns, tm = ±2000 ns, tw = ±40 ns, a Gaussian distance distribution with
mean, r0 = 2.2 nm, and standard deviation, σ = 0.2 nm, and T2 = 200 ns.
Orientational averaging of the signals were done over all the Euler and dipolar
angles using (a) 400 and (b-f) 200 randomly generated points.
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Figure 3.15: A set of 2D DQC frequency-domain spectra for a pair of (a)
uncorrelated and (b-f) correlated 14N-nitroxides are shown. Five distinct
correlated cases with [β1, β2] values of (b) π/2, π/2, (c) π/4, π/3, (d) 0, π/4, (e)
0, π/2 and (f) 0, 0 are presented. Simulation parameters used were: B0 = 6200 G,
t1 = 20 ns, tm = ±2000 ns, tw = ±40 ns, a Gaussian distance distribution with
mean, r0 = 2.2 nm, and standard deviation, σ = 0.2 nm, and T2 = 100 ns.
Orientational averaging of the signal was done over all the Euler and dipolar
angles using (a) 400 and (b-f) 200 randomly generated points.
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Figure 3.16: The stacked 3D plots of the 2D DQC spectra, shown in Fig. 3.15,
for a pair of (a) uncorrelated and (b-f) correlated 14N-nitroxides are shown.
Five distinct correlated cases with [β1, β2] values of (b) π/2, π/2, (c) π/4, π/3, (d)
0, π/4, (e) 0, π/2 and (f) 0, 0 are presented. Simulation parameters used are:
B0 = 6200 G, t1 = 20 ns, tm = ±2000 ns, tw = ±40 ns, a Gaussian distance
distribution with mean, r0 = 2.2 nm, and standard deviation, σ = 0.2 nm, and
T2 = 100 ns. Orientational averaging of the signal was done over all the Euler
and dipolar angles using (a) 400 and (b-f) 200 randomly generated points.
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Figure 3.17: A set of 2D DQC echo spectra for a pair of (a) uncorrelated and
(b-d) correlated 14N-nitroxides are shown. Three distinct correlated cases with
[β1, β2] values of (b) π/2, π/2, (c) 0, π/2 and (d) 0, 0 are presented. Simulation
parameters used were: B0 = 12500 G, t1 = 20 ns, tm = ±2000 ns, tw = ±40 ns, a
Gaussian distance distribution with mean, r0 = 2.2 nm, and standard deviation,
σ = 0.2 nm, and T2 = 100 ns. Orientational averaging of the signal was done
over all the Euler and dipolar angles using (a) 400 and (b-d) 200 randomly
generated points.
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3.4 Conclusion

In this chapter, we evaluated the analytic DQC signal expressions for a pair of

15N- and 14N-nitroxide radicals using the secular approximation. For simulating

the dipolar signals in the strong-coupling limit, we used the expression obtained

in the previous chapter, derived using the pseudo-secular dipolar Hamiltonian.

In both 15N- and 14N-nitroxide dipolar spectra and across different coupling

limits, the primary peaks appeared at ±νd and the secondary peaks at ±2 νd.

The peaks at ±(3/2) νd disappeared when a distance distribution of finite width

was considered. However, for δ- or very sharp distance distributions, the

correlated nitroxide spectra showed prominent secondary peaks compared

to the uncorrelated nitroxides. Such sharp distance distributions are rare

in biological systems. Therefore, dipolar DQC spectra of nitroxides are not

suitable in investigating spin-spin spatial correlations in general. However,

a key observation is that the pseudo-secular frequency-domain spectra were

significantly different from the secular spectra for nitroxides in the intermediate-

and strong-coupling limits. Hence, we conclude that in order to obtain the

distance distributions from DQC dipolar signals of nitroxide radicals, without

prior knowledge on the nature of the distribution, the pseudo-secular DQC

signal expression should be used as the kernel.

Previously, highly accurate, but computationally expensive numerical

methods were employed in simulating 2D DQC signals for nitroxides in

the solid state. Corresponding two-dimensional frequency-domain spectra

provide information on spin-spin spatial correlation in addition to the inter-

spin distance distributions. The key achievement of this chapter had been
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the reduction of the average computation time in simulating 2D DQC spectra

for nitroxides by more than an order of magnitude compared to the rigorous

numerical methods. Most of the 2D simulations presented in this chapter

required 2 to 5 minutes of computation time, running on an ordinary computer

and using Mathematica, which is not the best choice for numerical simulations.

Therefore, we can expect to reduce the computation time by another factor

of 10 or more by switching to C or Python language. Simulated 2D DQC

spectra demonstrated the characteristic spectral features required to identify the

presence of inter-spin correlations and determine the relative orientations of the

spin labels.

The EPR spectra of nitroxide radicals are quite broad (∼ 100 to 200 G or

more) and most finite pulses can excite only a part of such a broad spectrum.

Therefore, the effect of finite pulses must be included in the simulations of

2D DQC spectra of nitroxides. At present, we are developing a Mathematica-

package to compute the pulse profiles of finite and shaped pulses using

quaternion algebra. The advantage of knowing the analytic expression of the

nitroxide DQC signal is that we can write the finite pulse signal expression

as a weighted sum of the signal expression obtained by using the ideal-pulse

approximation and the resonance offset dependent rotation of the spin angular

momentum.
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CHAPTER 4

SIMULATION OF DOUBLE-QUANTUM COHERENCE BACKGROUND

SIGNAL IN A SYSTEM OF N DIPOLAR COUPLED S = 1/2 PARTICLES

4.1 Introduction

The process of distance distribution reconstruction from DEER and DQC

dipolar signals is an ill-posed problem [1, 2] and a small perturbation to the

signal might introduce a large error in the solution [3]. So far in our discussion,

we have considered an isolated pair of spin labels in simulating the signals.

However, a real sample contains a large number of spin-labeled entities and the

resulting signal contains both intra- and intermolecular spin-spin interactions.

Hence, removal of the intermolecular signal or the background from the total

dipolar signal becomes a critical step in the analysis [4, 5]. It should be

mentioned that a regularized solution of P(r), such as the one obtained using

Tikhonov regularization [6], may not be affected by a small change in the signal

amplitude. However, for non-regularized methods, such as SF-SVD [7, 8], even

a small error in the background correction might translate into a significant error

in the reconstructed P(r). In the present chapter, we obtain an approximate

analytic expression of the total time-domain dipolar DQC signal in the solid

state. It should be noted that based on both experimental and theoretical

studies, the intermolecular decay in the time-domain DQC signal is considered

to be linear at spin-labeled protein concentration of ∼ 100 µM or less [9, 10].

The theory of DEER is thoroughly studied and well documented. The

approximate analytic expression of the 4-pulse DEER signal, V(t), is given by
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[11–13]
V(t)
V(0)

= V0(t) Vit(t)

V0(t) =
〈
1 − pB (1 − cos (a12 t))

〉
Vit(t) = exp

(
−pB α |t|d/3

) (4.1)

where V0(t) is the isolated pair-contribution, Vit(t) is the background signal, pB

is the fraction of B spin flipped by the pump pulse, α is the decay constant and

d = 3 corresponds to the homogeneous distribution of spin-labeled molecules

[11]. The closed-form expression of Vit(t) in Eqn. 4.1 is obtained by integrating

an expression of the DEER signal of an N-spin system over the available sample

volume and the spatial distribution of the spins in the sample. A point should

be noted that the spin-labeled macromolecules were approximated by point-

particles in deriving the expression of Vit(t) in Eqn. 4.1. Some recent efforts have

been made to address the effect of the finite size of spin-labeled molecules on

DEER background signal, but they are limited in number and scope [14, 15].

It has been discussed in the previous chapters how DQC has emerged

as an important technique in the field of measuring inter-spin distances in

the nanometer range [16, 17]. However, Google Scholar returned ∼ 30, 000

results when we searched for publications on DEER Distance Measurement post

January, 2000 and only ∼ 2500 results were obtained with the term, DQC

Distance Measurement, over the same period of time. We should note that

single frequency techniques, such as DQC, have higher sensitivity compared

to DEER. More importantly, DQC background signal amplitudes are often

negligible compared to pair-contributions at sample concentrations lower than

or equal to 50 µM and a regularized P(r) reconstruction method may not

require background removal in such cases, which is not the case in DEER [18].

Additionally, DQC has been used in measuring distances in biological samples
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at physiological temperatures [19, 20]. We believe that despite having these

advantages over DEER, there are two major reasons for infrequent employment

of DQC in biological studies, (1) use of extremely hard pulses in DQC

experiments and (2) absence of standard and easy-to-use data analysis tools. In

order to improve and standardize the analysis of DQC EPR experimental data,

we will utilize the methods presented in the second chapter of this thesis to find

an approximate analytic expression of the total DQC signal, which can be used

for background removal from DQC experimental signals.

The DQC and DEER pulse sequences are shown in Fig. 1.2 and Fig. 1.1

respectively. In deriving an analytic expression for the time-domain DQC

signal, we used the following approximations: (1) only the secular part of

the Hamiltonian describing an N-spin system was used, i.e., H =
∑N

i Ωi S iz +∑
i< j ai j S iz S jz [17], (2) the pulses were considered to be ideal pulses, (3) the

spin probes (not the spin-labeled protein molecules) were considered to be

S = 1/2 point particles and (4) the evolution of density operators in the mixing

period was reduced to the application of a π-pulse. The justification behind

approximation (4) will be provided later in the chapter. From an experimental

point of view, the derived signal expression does not lose generality due to the

adoption of these approximations.

4.2 Derivation of Analytic Signal Expressions

We derive an approximate analytic expression for the total time-domain

DQC signal and study its dependence on four key parameters, (I) the

concentration of spin-labeled proteins in a sample, (II) the dipolar evolution
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time, tm, (III) the spatial distribution of spin-labeled protein molecules in a

frozen sample and (IV) the size of the spin-labeled protein molecules. In

this context, we should note that the decay of a PDS time-domain signal

occurs by two general mechanisms, (1) instantaneous diffusion [21–23] and (2)

intermolecular interactions [10]. In a system of N spins in the solid state,

the echo produced by an ideal π-pulse gets inhomogeneously broadened

instantaneously due to the presence of dipolar coupling between all the

spins in the system and this spin-dephasing decay mechanism is known as

instantaneous diffusion. Writing explicitly, the application of an pulse-sequence

of the form (π/2 − FE(t) − π − FE(t)), where FE(t) represents a free-evolution

period, on a system of like-spins described by the dipolar constants, a1 j,

and a secular Hamiltonian,
∑

j a1 j S 1z S jz, would result in an inhomogeneous

broadening in the frequency-domain. Its effect in the time-domain is given

by multiplying the isolated pair signal with the factor,
〈∏

j cos
(
a(r1 j, θ) t

)〉
V

,

averaged over the entire sample volume space. On the other hand, the

intermolecular decay is caused by the dipolar interactions between all the spin-

labeled molecules, randomly distributed across the sample space. Hence, both

the effects depend on the sample spin concentration.

4.2.1 Analytic Expression of the Total DQC Signal

In this section we formulate the analytic expression of the total DQC signal

arising from N interacting spin-labeled molecules. It has been mentioned

previously that the total evolution period of the 6-pulse sequence can be

segmented into (a) preparation, (b) mixing and (c) detection periods in a DQC

experiment. The equilibrium density matrix, ρ0, was taken proportional
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to S 1z, which is sufficient to obtain the average total signal. Using the

calculation scheme presented in Chapter 2, the density operator at the end of

the preparation period can be written as

ρ(2 tp)+ =

N∑
n=3,5,...

∑
q⊂{2,3,...,N}
|q|=2 n−1

(−1)(n−1)/2 2n−1
∏
j=q

sa1 j tp

∏
k={3,5,...,N}−q

ca1k tp

× (S 1x

∏
j=q

S jy + S 1y

∏
j=q

S jx)

+

N∑
n=2,4,...

∑
q⊂{2,3,...,N}
|q|=2 n

(−1)(n−2)/2 2n−1
∏
j=q

sa1 j tp

∏
k={2,4,...,N}−q

ca1k tp

× (S 1z

∏
j=q

S jx − S 1z

∏
j=q

S jy)

(4.2)

where the notation, q ⊂ {N}, |q| = 2 n−1, denotes all the subsets of {N} of size 2 n−

1, while sα and cα are abbreviations for sinα and cosα. It should be noted that

in contrast to an isolated pair of spins, a series of multiple-quantum coherence

(MQC) (coherence> 2) and multi-spin DQC terms are produced at the end of

the preparation period. For example, when N = 6, the following set of multi-

spin DQ and multiple-quantum coherence terms are produced at the end of the

preparation period

2-spin DQC: S 1x S 2y + S 1y S 2x

3-spin DQC: S 1z

∏
j=2,3

S jx − S 1z

∏
j=2,3

S jy

4-spin DQC: S 1x

4∏
j=2

S jy + S 1y

4∏
j=2

S jx

5-spin DQC: S 1z

5∏
j=2

S jx − S 1z

5∏
j=2

S jy

6-spin MQC: S 1x

6∏
j=2

S jy + S 1y

6∏
j=2

S jx

(4.3)

The first five terms in Eqn. 4.3 are pure DQ coherence, while the last term is

a mixture of double- and hexa-quantum coherence. A DQ phase-cycle selects
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coherence orders of ∆p = 2 ± 4 l, where l ∈ {0, positive integers}. Carrying out

the evolution of multi-spin MQ operators in the mixing period is an extremely

tedious process beyond N ≥ 4. However, these multi-spin terms cannot be

neglected. In Fig. 4.1(A), the multi-spin DQ (or MQ) terms are plotted against tp

and, although the higher order MQ terms develop slowly, most of them attain

non-negligible amplitudes for tp ≥ 1 µs. We used a transverse relaxation time

of T2 = 0.4 µs in the simulations, given that only SQ terms existed during the

preparation time period [10]. In Fig. 4.1(B), we have plotted the amplitude

factors of the SQC terms, generated by the last π/2-pulse, relative to their

amplitudes prior to the mixing period, versus t1. In a 6-pulse DQC experiment,

the time period, t1, is kept constant to a very small value of 10 to 20 ns [10]. When

we consider an isolated pair of spins (N = 2), the mixing period can be replaced

by an ideal π-pulse and the subsequent application of a π/2-pulse converts

the double-quantum coherence to anti-phase single-quantum coherence. The

multi-spin DQ operators evolve differently than the isolated pair operator in

the mixing period. In this context, SQC(0) represents the anti-phase SQC

terms, originated from the multi-spin DQ operators, when the mixing period

is replaced by an ideal π-pulse. It is evident from the illustration in Fig. 4.1(B)

that the amplitude of all the SQC terms but SQC(0) remains close to 0. The

amplitude of SQC(0) decreases with increasing t1 in Fig. 4.1(B) because of the

application of a transverse relaxation effect (T2 = 0.2 µs). It should be noted

that the effective T2 is expected to be much lower for multi-spin DQ operators

compared to the two-spin DQC. Instead, an average value of T2 was used in

Fig. 4.1 for simplicity. This concludes our justification for approximating the

mixing period by a π-pulse and the density operator at the end of the mixing
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period is given by

ρ(2 tp + 2 t1) = −ρ(2 tp)+ (4.4)

After the application of the last π/2-pulse on the density operator in

Eqn. 4.4, both anti-phase single quantum and multiple-quantum coherence are

generated. Only anti-phase single quantum coherence evolves into detectable

in-phase single quantum coherence at the end of the detection period. Using the

phase cycle shown in A.2, the first part (odd n) of Eqn. 4.4 produces real anti-

phase SQC, while the last part (even n) produces imaginary anti-phase SQC.

The corresponding density operator after phase cycling is given by

ρ(2 tp + 2 t1)+ = −

N∑
j=2

(1/2) (S 1+ S jz + S j+ S 1z) sa1 j tp

N∏
k=2

k,1, j

ca1k tp

− (1/2)
N∑

n=3,5,...

∑
q⊂{2,3,...,N}
|q|=2 n−1

in−1 2n−1 S 1+

∏
j=q

S jz sa1 j tp

∏
k={3,5,...,N}−q

ca1k tp

+ (i/2)
N∑

n=2,4,...

∑
q⊂{2,3,...,N}
|q|=2 n

in−2 2n−1 S 1+

∏
j=q

S jz sa1 j tp

∏
k={2,4,...,N}−q

ca1k tp

(4.5)

The evolution of various anti-phase SQ operators to in-phase SQ operators

during the last sandwich of the form (FE(t2)-π-FE(t2)) can be summarized using
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the following relationships

S px

m∏
j=1
j,p

S jz →

(
1
2

)m
m f (p)

x

m∏
j=1
j,p

sin (ap j t2)
N∏

k=1
k,p, j

cos (apk t2)

S py

m∏
j=1
j,p

S jz →

(
1
2

)m
m f (p)

y

m∏
j=1
j,p

sin (ap j t2)
N∏

k=1
k,p, j

cos (apk t2)

or

S p+

m∏
j=1
j,p

S jz →

(
−i
2

)m

S p−

m∏
j=1
j,p

sin (ap j t2)
N∏

k=1
k,p, j

cos (apk t2)

where

m ∈ 1, 2, . . . ,N − 1

m f (p)
x = −i [... − i [−i [S px, S (1)

pz ], S (2)
pz ], ...S (m)

pz ]

m f (p)
y = i [S (m)

pz , ... i [S (2)
pz , i [S (1)

pz ,−S py]]...]

m f (p)
x + i m f (p)

y = (−i)m S p−

(4.6)

where [A, B] denotes the commutator between operators, A and B, and S ( j)
iz

denotes the angular momentum operator of the ith spin in the jth commutation.

Using the density operator expression in Eqn. 4.5 and the relationships in

Eqn. 4.6, we can write the total DQC signal expression in a neat closed-form

as

S (tp, t2) = (i/8)
[ N∑

j=2

sa1 j tp sa1 j t2

N∏
k=2
k, j

ca1k tp ca1k t2

+

N−1∑
n=2

(−1)n−1
∑

q⊂{2,3,...,N}
|q|=n

∏
j=q

sa1 j tp sa1 j t2

∏
k={2,3,...,N}−q

ca1k tp ca1k t2

] (4.7)

We have utilized the relationship, m f (p)
x + i m f (p)

y = (−i)m S p−, where S p± = S px ±

i S py and the fact that, tr(S p− S p+) = 1/2, in writing Eqn. 4.7. Notice that we

have reduced the sum over j and k from all possible subsets of {N} of size n to
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its average value, multiplied by an appropriate coefficient. This expression is

sufficient for numerical simulations where the ensemble averaging is done by

randomly varying the positions of each spin across the entire available volume.

Note that the derivation of the average signal expression in Eqn. 4.7 is

independent of the spatial arrangement of the spins, other than the fact that

spin-1 is located at the origin of the system. We arrange the spins such that

both spin-1 and spin-2 are attached to the same molecule, m1, and the rest of the

N − 2 spins are located on different molecules, mq, where q ∈ {2,N − 1}. Hence,

collecting the terms with j = 2 in Eqn. 4.7, the DQC intramolecular expression

is given by

Vir = − V0

[ ∏
k,1,2

ca1k tp ca1k t2 +

N−2∑
n=1

(−1)n−1
∑

q={3,4,...,N}
|q|=n

∏
j=q

sa1 j tp sa1 j t2

∏
k={3,4,...,N}−q

ca1k tp ca1k t2

]

= − V0

N−2∑
n=0

(
N − 2

n

)
(−x)n yN−2−n

= − V0 (y − x)N−2

(4.8)

where V0 is the isolated intramolecular pair signal, x = 〈sa tp sa t2〉 and y =

〈ca tp ca t2〉.

In comparison to Vir, the intermolecular signal, Vit, originates due to the

interactions among spin-1 and the spin labels located on molecules mk,1 as well

as the unattached spin labels in the sample, and it can be expressed explicitly as
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follows

Vit = − (i/8)
N−1∑
n=1

(
N − 1

n

)
(−x)n yN−1−n

= − (i/8)
[ N−1∑

n=0

(
N − 1

n

)
(−x)n yN−1−n − yN−1

]
= − (i/8)

[
(y − x)N−1 − yN−1]

(4.9)
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Figure 4.1: Amplitudes of various (A) multi-spin DQC (or higher order MQC)
operators at the end of the preparation period and (B) anti-phase SQC
operators at the end of the mixing period after the application of the last
π/2-pulse against the time periods, tp and t1, are shown. The legend S QC(0) in
(B) labels the single quantum coherence which was obtained considering the
mixing period to be a perfect π pulse. For the simulations, a system of 50 spin
were used, the dipolar constant values were chosen randomly between 0.001
and 0.1 MHz and the corresponding probability distribution was set to follow
power law of the radial distribution. The value of tp was varied between 0 to 5
µs by a time increment of 8 ns, while t1 was varied between 0 and 40 ns by a
time increment of 2 ns. The results were obtained by averaging each of the
double- and single-quantum coherence terms over 2 × 104 iterations.
Relaxation effect was included in the form of an exponential decay with time
constant, T2, of (A) 400 ns and (B) 200 ns.
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4.3 Numerical Simulations of the Total DQC Signal

In the simulations, the intramolecular and the background DQC signals were

calculated separately. The norm of the total DQC signals was used to normalize

the individual components. Sample concentrations were calculated considering

a spherical sample volume. Hence, a sample with N spin-labeled protein

molecules spatially distributed within a sphere of radius, R, had the mean molar

protein concentration, C, given by

C =
N

(4/3) πR3 NA
−1 10−3

where NA is the Avogadro’s constant and the factor 10−3 originates due to

the conversion of the concentration from moles per cubic meter to moles per

liter. The spin concentration, Cs, is given by 2 ps C, where ps is the fraction

of doubly labeled molecules in the sample. In the present work, the value of

ps was set to 1 for simplicity. Another key consideration in calculating total

DQC signals was the distribution of spin-labeled molecules in frozen samples.

In a uniformly distributed sample, the radial distance follows a power law,

the polar angle follows a sine distribution and the azimuthal angle follows a

uniform distribution [24]. The radial and the polar angle distributions, along

with the positions of the molecules in the homogeneously distributed sample

in a three dimensional space are shown in Fig. 4.2. Later in our discussion,

we include two relevant scenarios, where the spatial distribution of the spin-

labeled moieties deviates from homogeneity. Lastly, any protein molecule is

too large to be approximated by point particles and hence, we must include a

parameter to account for the finite size of the spin-labeled protein molecules.

In the simulations presented in this work, spin-1 is placed at the origin and the

total PDS expression is written in terms of the interactions of the rest of the spins
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with spin-1. Thus, in order to set a non-zero minimum distance, dev, between

the protein molecules, it was sufficient to change the radial distribution range

of the molecules from {0, R} to {dev, R}.

The next question we need to answer is whether the expressions produce

convergent solutions and how many spins, Nopt, should be used in simulating

optimal signals. In case of the DQC signal expression given by Eqn. 4.7, the

value of the parameter, n, should be optimized as well. In the numerical

simulations, we restricted the maximum value of n to 3, assuming that at sub-

millimolar concentrations, the average intermolecular dipolar constant would

be small and hence, the corresponding sine function produces an even smaller

number. Therefore, our hypothesis is that the terms with more than 3 such sine

functions would not change the amplitude of the signals significantly and it

is highly unlikely that the truncation of the series at n = 3 would change the

nature of the signal. In this context, we should note that in the simulations with

100 or more spins, the terms with n ≥ 25 are often smaller than the machine

precision of Mathematica, which equals to ∼ 16 decimal places. We show in

Fig. 4.3 that the simulated DQC signal converges for 100 or more spins where

the root-mean-square deviation (RMSD), plotted against the number of spins,

decreases to 5 × 10−4. Therefore, we used 150 spins in the simulations of DQC

EPR signals in this chapter.
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Figure 4.2: The sample distributions used in the simulations are shown in (A),
along with the (B) radial and (C) polar angular distributions. The radial
distribution follows a power law and the azimuthal angle follows a random
uniform distribution (not shown here), while the polar angles follow a sine
distribution.
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Figure 4.3: Root-mean-square deviation (RMSD) between the simulated total
DQC signals against the number of spins used in the simulations are shown.
The spins were distributed within a spherical volume element such that the
concentration of the spin-labeled molecules was 50 µM. The RMSD between
DQC simulations with more than 100 spins was lower than 5 × 10−4.
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4.3.1 Dependence on the Sample Concentration and Dipolar

Evolution Time

There are two different kinds of decay mechanisms observed in PDS signals, (a)

decay of the intramolecular signal by the instantaneous diffusion mechanism

[21–23] and (b) the background signal originating due to the interactions among

the intermolecular spin probes [10, 17]. The many-body dipolar interaction

produces an instantaneous dephasing when a hard inversion pulse is applied,

which causes an inhomogeneous broadening of the resulting frequency-domain

spectrum. Given that the many-body dipolar interaction is concentration

dependent, this inhomogeneous broadening is also concentration dependent

and hence, the decay mechanism is called the instantaneous diffusion (ID). In

Fig. 4.4, the total DQC signals, V(t) = Vir(t)+Vit(t), are decomposed into the intra-

and intermolecular DQC signals as per Eqn. 4.8 and Eqn. 4.9. The norm of V(t)

was used in normalizing both the components of the signal. We have mentioned

that DQC experiments are performed typically at sample protein concentrations

of 25 to 100 µM (or spin concentration of 50 to 200 µM) and the reason behind

that can be seen in Fig. 4.4. Both the ID and intermolecular decays increase with

increasing spin concentration. Hence, at relatively high sample concentration of

200 µM or more, the intramolecular signal amplitude diminishes significantly

because of ID and the intermolecular DQC signal becomes the dominating

contributor to the total time-domain signal. Other than the effect of the sample

concentration, we expect both ID and the intermolecular signal to depend on

the dipolar evolution time, tm, and we illustrate the effect in Fig. 4.5. In this

regard, it should be mentioned that with increasing tm, the signal amplitude

decays due to longitudinal relaxation effect as well, which is not taken into
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account in the present work. The effect can be introduced phenomenologically

by multiplying the total signal with a constant term proportional to exp (−tm/T2).

The concentration was set to 100 µM for the simulations shown in Fig. 4.5,

while tm of 3, 4.5 and 6 µs were used. This is the usual range of tm used in

most DQC experiments. The effect of increasing dipolar evolution time can

be summarized as follows, (1) the intramolecular signal amplitude decreases,

(2) the background time-domain signal shape shifts from linear to exponential,

the change is clearly visible when the evolution time was set to 6 µs and (3)

the maximum value of the background signal remains virtually unchanged.

We should note that it has been experimentally verified that the instantaneous

diffusion rate for DQC is practically constant across the time-domain and it is

believed to have an exponential form, which depends on the spin concentration

of the sample and the dipolar evolution time [17].
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Figure 4.4: The total DQC time-domain simulated data are decomposed into
(1) the intramolecular and (2) intermolecular signals. (A) The top row shows
simulations with typical sample concentration of 50 to 150 µM, while the
simulations at much higher concentrations of 200 to 1000 µM are shown in the
(B) bottom row. A bimodal normal distance distribution with means of 4.7 and
5.2 nm and standard deviations of 0.2 and 0.3 nm was used. The dipolar
evolution time and time increment were set to 4 µs and 32 ns respectively. All
the signals are plotted against a common y-axis.
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Figure 4.5: Simulated total DQC time-domain signals with varying maximum
dipolar evolution time, tm, are decomposed into (A) the intramolecular and (B)
intermolecular signals. The sample concentration was set to 100 µM, while tm

was set to (red) 3 µs, (blue) 4.5 µs and (black) 6 µs. A bimodal normal distance
distribution with means of 4.7 and 5.2 nm and standard deviations of 0.2 and
0.3 nm was used for the simulations. The time increment was set to 16 ns for all
the simulations.
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4.3.2 Dependence on Spin Distributions in the Sample

In this section we focus on two key parameters related to the spatial distribution

of the spin-labeled molecules in the frozen sample. We have already argued that

it is physically impossible for the spin-labeled molecules to come infinitesimally

closer to each other in the sample and hence, we include the parameter, dev,

corresponding to the closest approach between the centers of two protein

molecules, considering the molecules to be spherical in shape. We should

point out that for typical DQC samples, the average distance between the

intermolecular spin pairs are much larger than the average distance between

an intramolecular pair. Hence, we approximate the distance between the spin

labels attached to two different molecules by the distance between the centers

of those molecules. Typically, the minimum separation between two protein

molecules or the diameter of a typical protein molecule is in the range of 2.5

to ∼10.0 nm [25]. To introduce the exclusion volume factor in our simulations,

we used a constrained molecular distribution where spin-1 was located at the

origin, surrounded by an empty spherical space of radius dev. The rest of the

spins were arranged, as described before, with the radial distribution range

curtailed to {dev, R} from {0, R}. This setup is logical because the average signal

is written in terms of the interaction of all the spins in the system with spin-

1. We plot the simulated total DQC signals in Fig. 4.6 with varying dev of 0

nm, 2.5 nm, 5 nm and 7.5 nm at an average protein concentrations of 75 and

150 µM respectively. It can be seen that with increasing dev, the background

signal shape shifts from linear to Gaussian. From these results, it seems that the

deviation of the DQC background signal from linearity at sample concentration

of 150 µM is not large, even for dev = 7.5 nm. In order to study the effect of dev
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on P(r) reconstruction, we subtracted the actual (dev , 0) and the ideal point-

particle (dev = 0) intermolecular signals from the total signal and compared the

reconstructed P(r) from the background-corrected time traces. The regularized

reconstructed P(r) are shown in Fig. 4.7 for DQC time-domain signals simulated

at 150 µM protein concentration. Note that we added random noise to the total

signal in those simulations before applying background correction such that the

signal-to-noise ratio varied between 80 to ∼90 and it can be seen that the effect

of dev on the Tikhonov regularized P(r) is minimal. Although the regularized

P(r) remains unaffected by dev, the residual error in fitting the signal with the

ideal background expression increased with increasing dev (not shown).

Next we consider a likely deviation from ideal homogeneous distributions

of the spin-labeled molecules in the sample due to segregation in the frozen

samples of spin-labeled protein molecules. It has been shown previously that

under the standard sample preparation techniques, protein segregation may

occur physiologically or it may occur depending on the sample freezing rate

and the amount of cryoprotectants in the sample [26, 27]. When the segregation

occurs with high probability or throughout the sample, it is reflected in the

PDS signal quite clearly [28]. Note that we are not discussing multi-spin effects

(MSE) [29], where the intramolecular signal is affected by the presence of more

than a single pair of spins. In the latter, the additional spin-labeled molecules (or

spins) occur at a specific distance from the intramolecular spin pairs, whereas in

the case discussed here, the additional spins were distributed randomly within

a very small volume around the molecule at the origin. We present a set of

simulated DQC signals in Fig. 4.8 to study the effect of increasing segregation

compared to the signal produced by an ideal homogeneous distribution of the

spin labeled moieties. The signal decays sharply when segregation occurs and
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the rate of decay increases with increasing probability of segregation. The

radial probability distribution of the spin-labeled molecules are shown in the

right-most column of Fig. 4.8. The DQC simulations were carried out using

150 spins and 4 spin-labeled molecules were used to mimic the segregation

process, placed randomly within 1 to 10 nm from spin-1 at the origin. The

constant uniform probability factors associated with the radial distribution of

the molecules taking part in segregation was set to 0.07, 0.11 and 0.15 before

normalization. For comparison, note that an ideally distributed molecule

at r nm distance from the origin in a sample volume of (4/3) πR3 has an

associated probability factor of r2/R2. However, the molecules partaking in the

segregation process with a constant higher probability factor appear close to

the origin during the spatial ensemble averaging more frequently compared

to other background molecules. We notice that with increasing probability of

segregation, the decay rate as well as the spike at t = 0 increases. Another

scenario, where the segregation occurs with a lower probability, is presented in

Fig. 4.9. The number of molecules participating in the segregation process were

varied for these simulations, along with dev. The molecules participating in the

segregation process were placed within a radial distance of 0.1 to 1 nm from the

origin with constant probability factors of (A) 0.01 and (B) 0.02. The left panel

in the figures corresponds to 2 molecules forming the cluster around the origin

and the right panel presents data for 4 molecules forming the cluster. Again,

the resulting signals demonstrated sharp decay and the occurrence of the spike

near zero-time makes it a fingerprint to identify segregation of proteins in DQC

samples. The variation in the size of the spike near zero-time with variation

of the segregation size is easily noticeable. We like to point out that such

spikes were recorded experimentally while comparing the PDS signals obtained
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from samples prepared in H2O and D2O [17]. In the aforementioned work,

the observed spike was significantly larger when the sample was prepared in

H2O buffer, showing larger deviation from homogeneity. From the simulations

presented in Fig. 4.9, we can claim with confidence that those spikes signify

segregation in the sample or deviation from homogeneous distribution of spin-

labeled protein molecules in the frozen samples.
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Figure 4.6: Simulated normalized total DQC signals are shown at spin-labeled
protein concentrations of (A) 75 µM and (B) 150 µM with a varying range of
minimum intermolecular distance, dev, of (1) 0, (2) 2.5, (3) 5 and (4) 7.5 nm. The
background signal is plotted in red along with the total DQC signal (black). A
bimodal normal distance distribution with means of 3.4 and 3.8 nm and
standard deviations of 0.15 and 0.25 nm was used for the simulations. The
dipolar evolution time and time increment were set to 2.5 µs and 16 ns
respectively. All the signals are plotted against a common y-axis.
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Figure 4.7: Minimal effect of the exclusion volume parameter, dev, in DQC
background correction on Tikhonov reconstructed distance distributions are
shown. The value of dev was set to (top row) 5 nm and (bottom row) 7.5 nm in
the simulations and an addition of random noise resulted in snr of (top) 80 and
(bottom) 88. The intramolecular pair signal was obtained by subtracting (left
panel) the background with dev , 0 and (right panel) the background
corresponding to dev = 0. The blue shaded area represents the model distance
distribution with means of 3.4 and 3.8 nm and standard deviations of 0.15 and
0.25 nm respectively. The value of tm and the time increment were set to 2.5 µs
and 16 ns.
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Figure 4.8: Normalized total DQC signals are shown at spin-labeled protein
concentration of 150 µM with different spatial arrangements of the
spin-labelled moieties. Signal-0 corresponds to an ideal homogeneous spatial
distribution, while (I-III) represents cases with varying degrees of segregation
occurring near the origin of the sample. The radial probability distributions are
shown in the right column. For all the plots, the exclusion volume parameter,
dev, was set to 5 nm. A bimodal distance distribution of means of 4.5 and 5.0
nm and standard deviations of 0.2 and 0.2 nm was used in the simulations. The
maximum dipolar evolution time, tm, and time increment were set to 4 µs and
32 ns respectively. All the signals are plotted against a common y-axis.
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Figure 4.9: Normalized total DQC signals are plotted at spin-labeled protein
concentrations of (A) 75 µM and (B) 150 µM, while varying the minimum
intermolecular distance, dev, between (1) 0, (2) 2.5, (3) 5 and (4) 7.5 nm. The
background signals are plotted in red and the total DQC signals are plotted in
black. A bimodal normal distance distribution with means of 3.4 and 3.8 nm
and standard deviations of 0.15 and 0.25 nm was used. The dipolar evolution
time and time increment were set to 2.5 µs and 16 ns. All the signals are plotted
against a common y-axis.
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4.4 Conclusion

This is the concluding chapter of the theoretical study of multiple-quantum

pulsed dipolar EPR spectroscopy. In this chapter, we derived an analytic

expression of the total DQC signal for N spin-labeled protein molecules in the

solid state. The analytic expression can be used in deriving the functional form

of the signal. We validated through numerical simulations shown in this chapter

that the intermolecular DQC time-domain signal is very small compared to

the amplitude of the intramolecular signal at spin concentrations of 150 µM

or less and the background signal remains linear or deviates from linearity

only slightly at such sample concentrations. The effect of the deviation on the

reconstructed distance distribution by Tikhonov regularization at such low spin

concentrations was found to be insignificant.

It is obvious that the spin-labeled moieties cannot come infinitesimally

closer to each other due to their finite and large size. Hence, we studied the

effect of exclusion volume on the simulated intermolecular interactions. We

introduced the effect in the numerical simulations in a very simple way. The

average signal expression was written as the interactions of all the spin-labeled

molecules in the sample with spin-1, located at the origin of the spherical sample

volume. Therefore, to introduce the excluded-volume effect, we reduced the

available radial distribution range from (0, R) to (dev ,R) in distributing the spin-

labeled molecules. The DQC background signal shape shifted from linear (or

exponential at higher concentrations) to Gaussian with increasing value of dev,

but the deviation was insignificant at low spin concentrations (≤ 150 µM).

We identified the effect of protein segregation in the frozen sample through
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numerical simulations, which demonstrated increase in the rate of signal

decay and also introduced a spike near t = 0 in the time-domain signal.

Such observations are aligned with previous experimental results from various

independent studies. Using the analytical expression derived in this chapter,

it is possible to quantify the deviation in the distribution of the spin-labeled

molecules from an ideal homogeneous distribution in a frozen sample. At

present, we are working on deriving the integral functional form of the total

DQC signal from the analytical expression and once finalized, it can be used

conveniently to analyze and fit experimental DQC data.
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CHAPTER 5

EFFECT OF FREEZING CONDITIONS ON DISTANCES AND THEIR

DISTRIBUTIONS DERIVED FROM DEER

[This manuscript, written in collaboration with Elka R. Georgieva, Vladimir

M. Grigoryants, Petr P. Borbat, Keith A. Earle, Charles P. Scholes, and Jack H.

Freed, had been published in Journal of Magnetic Resonance, Volume 216, Pages

69-77, 24 January, 2012]

5.1 Introduction

The growing interest in the PDS method of measuring distances and distance

distributions in biomacromolecules requires detailed knowledge about the

possible perturbations, which can be introduced by experimental variables,

such as sample preparation and handling. The focus of the work here is on the

effect of sample freezing and concentration of the cryoprotectant, glycerol, on

the distance distribution, P(r), between spin-labels attached to water-exposed

residues in T4 lysozyme (T4L). PDS experiments require frozen samples

since they are typically performed at cryogenic temperatures, usually below

70 K. Thus, questions arise about freezing-induced perturbation to distance

distributions. Even for the arguably rigid structures found in well-defined

globular proteins, PDS usually produces distance distributions between the

nitroxide moieties of bi-labeled molecules with broadening that may arise from

various rotamers of the spin-label tether [1, 2] and from conformational sub-

states of the macromolecule. Both the rotamer and conformational distributions

may, in principle, be perturbed by the method of freezing.
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This work demonstrates specific instances of how the freezing protocol may

affect the distance distributions derived from DEER. Results from bi-labeled

samples prepared in a regular shock-freezing procedure, referred to as ’slow

freezing’, where slow freezing occurs in a time scale of 1 s or longer are

compared with the results from very fast rapid freezing which occurs on a 100

µs (or possibly shorter) time scale. Since glycerol cryoprotectant has normally

been used as a vitrifying agent to prevent excluded volume effects resulting

in formation of large water crystals and solute segregation/aggregation,

comparisons are also made for distances and distance distributions from frozen

bi-labeled samples under slow (1 s) freezing conditions at 10% and 30% (by

weight) glycerol. To our knowledge, no such investigation aimed at the

expanding field of pulse dipolar spectroscopy has been done to measure the

perturbation from freezing.

The choice of T4L as a model system for our experiments was based on

the properties of this protein. T4L is a small globular protein of 164 amino

acids with predominantly helical structure and small regions of beta-sheets as

revealed by crystallography [3] (Fig. 5.1). It has been the paradigm protein for

EPR with mutation protocols well worked out. EPR-SDSL studies have been

directed both at ambient temperature to reflect the dynamic locale of the spin

label [4–7] and at low temperature to determine by PDS the distances between

bi-label sites [8]. Because of its relatively rigid structure, T4L usually produces

sharp distance distributions from the well defined dipolar oscillations that last

for several microseconds in the DEER time-domain signals. For the present

work a set of double cysteine mutants of T4L were produced, that are 8C/44C,

8C/128C, 65C/128C, and 65C/135C (Fig. 5.1), which include residues either

within the same domain or residues in both N-terminal and C-terminal domains
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Figure 5.1: A cartoon representation of the T4L structure, PDB code 3LZM. The
Cβ atoms of the residues, which were mutated to cysteins and spin-labeled, are
shown as colored spheres and labeled by the number of the residue. The
doubly spin label residues, which were used for distance measurements are
connected by dotted lines.

[9]. Both MTSL and its bromo-derivative have been used to help to distinguish

rotamer effects on P(r).

Our major findings suggest that the procedure of sample freezing for PDS in

general does not introduce perturbations into the protein structure/properties

since virtually the same inter-spin distance maxima for slowly and rapidly

frozen samples were observed. The freezing rate affects predominantly the

population of spin-label conformers, and therefore their distance distributions.

For the slowly frozen samples, in a regular shock-freeze procedure, the

concentration of glycerol affects the efficiency of vitrification and consequently

the homogeneous distribution of protein molecules within the sample volume.

Thus, at 10% glycerol we observed shortened phase memory relaxation time

(Tm) and lowered signal-to-noise ratio (SNR) of the DEER signal because

of increased local concentration of spin-labeled protein. For rapidly frozen
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samples in 10% glycerol, the protein did not have such a tendency to aggregate,

and the spin-labels had longer Tm’s and gave greater SNR’s for the time-

dependent DEER amplitude. Therefore, rapid freezing of samples with lower

concentration of glycerol might be a useful technique to preserve the properties

of proteins and obtain DEER signals of high quality. Another finding was that

the use of the bromo-derivative of MTSL usually leads to a narrower P(r).

5.2 Experimental

5.2.1 Mutagenesis, Protein Expression, Purification and Spin-

labeling

Proteins used in this study were produced from the ampicillin-resistant plasmid

(obtained from AddGene, plasmid # 18111) carrying the gene for cysteine-

free WT∗ T4L, developed in the laboratory of Matsumura [10]. Four double-

cysteine mutants, 8C/44C, 8C/128C, 65C/128C, and 65C/135C, were designed

and they were generated by site-directed mutagenesis using the Quick-

Exchange Multi Site-Directed Mutagenesis Kit (Agilent Technologies, Strata-

gene Products Division), as instructed by manufacturer. After confirming

the successful mutations by DNA sequencing, the plasmids were transferred

into E. coli BL21(DE3) cells, and colonies were grown overnight at 37◦C on

LB/agar/ampicillin plates. Mutants were expressed at 37◦C in Terrific broth

(Fluka) containing 100 µg/ml ampicillin, inoculated with cell stock solutions

from single colonies incubated overnight in LB medium at 37◦C. The protein

expression was induced by adding isopropyl-β-D-thiogalactoside (IPTG) to a
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concentration of 0.75 mM to the cell culture at an OD of 0.8. Cells were

harvested within 90 min after the induction and resuspended in a buffer

containing 25 mM MOPS, 25 mM Tris, 1 mM DTT (Dithiothreitol), 1 mM PMSF

(phenylmethylsulfonyl fluoride) and 10% glycerol, pH 7.6. Sonication on ice

was used to disrupt the bacterial cell wall and release the protein into the

buffer. Cell debris was removed by centrifugation, and the supernatant were

collected for further purification. The T4L double mutants were purified on

CM Sepharose ion exchange resin (Sigma). Two steps of washing with 40 and

100 mM NaCl were applied, and the protein was eluted with 220 mM NaCI.

The eluted T4L was analyzed by SDS-PAGE, and a single band was observed at

about 18 kDa, the molecular weight corresponding to the weight of T4L.

The purified double mutants of T4L were spin-labeled with a 10-fold excess

of either MTSL or 4-Bromo-MTSL (Toronto Research Chemicals, Inc.) in a

buffer containing 25 mM MOPS, 25 mM Tris, 50 mM NaC1 and 10% glycerol,

pH 7.6, used thereafter as the final buffer composition. The spin-labeling

was carried out for 2 h at room temperature and continued overnight at 4◦C.

The unreacted spin-label was removed by washing the protein solutions in

centrifuge concentrators, 5 kDa cutoff. The final samples for each T4L mutant,

prior to pulsed dipolar measurements, were prepared in both regular buffer

with ddH2O/glycerol and with 90% D2O/glycerol-d8. All data shown in this

work were obtained in buffer with 90% D2O. Protein concentration was in

the range of 30-80 µM. No difference in the DEER signals and reconstructed

distances was observed from protein in buffer containing H2O/glycerol or

D2O/glycerol-d8, keeping all other conditions unchanged. However, for

samples with H2O buffer, shorter transient evaluation times occurred because

there was a shortened phase memory relaxation and a faster decay in the spin
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echo amplitude. The spin-labeling efficiency was recorded at or close to 100%

for all T4L mutants, as estimated by comparing the concentration of spins to a

nitroxide radical standard [11]. The protein concentration was determined by

measuring UV absorbance at 280 nm using a calculated extinction coefficient of

E = 24750M−1cm−1 (protein properties calculator Scripps Research Institute).

5.2.2 DEER Distance Measurements

All measurements were done using a 17.3 GHz home-built Ku-band pulse

spectrometer [12, 13] at 60 K. A standard 4-pulse DEER sequence was used with

π/2−π−π pulse widths of 16 ns, 32 ns and 32 ns, respectively, and a 32 ns pump

pulse was used. The frequency separation between detection and pump pulses

was 70 MHz. The detection pulses were positioned at the low-field edge and the

pump pulse was positioned near the center of nitroxide spin-label spectrum,

close to the maximum. Distances measured were in the range of 3-5 nm, and

the DEER evolution time periods (tm) used were from 3 to 7 µs covering at least

2.5 periods of dipolar oscillations for each case. The homogeneous background

was removed from the raw time-domain DEER signals and the distances were

reconstructed from the base-line corrected and normalized signals by using the

Tikhonov regularization (L-curve) method [14] and refined by the Maximum

Entropy Method (MEM) [15].

5.2.3 Freezing Methods

To study the effect of sample freezing on the DEER signal and on its

reconstructed distances and distance distributions, three different methods of
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freezing used were as follows: (1) Rapid freezing (RF) was achieved by on the

sub 100 µs time scale by spraying a rapid, fine jet of sample onto a cryogenic

metal surface (rapid-freeze quench procedure). The samples prepared in this

procedure are referred to as ’rapidly frozen’; (2) Slow freezing (SF) occurred on

the time scale of 1.5 s and was achieved in a regular shock-freezing procedure by

plunging the EPR sample tube into liquid nitrogen The samples prepared in this

procedure are referred to as ’slowly frozen’; (3) Very slow freezing (VSF) was

achieved over a period of 30-40 s by placing the EPR sample tube into an empty

250 mL beaker within a -80◦C freezer. The samples prepared in this procedure

are referred to as ’very slowly frozen’. The freezing techniques are described in

more detail in the following sub-sections.

Rapid Freezing (RF)

The micromixer for rapid freeze-quench was fabricated at the Cornell

Nanofabrication Facility. The device was used here simply for rapid freezing

rather than for kinetic mixing followed by rapid freezing. The size of its

outlet [16] was approximately (10µmx100µ m = 1000µ m2), the flow velocity

was 50 M/s, and the delivery time from mixer outlet to cryowheels was 500

µs. This system achieved rapid freezing by spraying a high velocity jet of

sample on rapidly rotating cryogenic (100 K) gold-plated, oxygen free copper

wheels. It was fashioned according to the plans of Lin et al., [16] whose

rapid freeze quench system provided freeze-quenched metalloprotein samples

to within about 100 µs of mixing. The frozen sample was removed from the

rotating wheels as a fine powder by spring-loaded Teflon scrapers. The powder

was swept into a collection funnel within the liquid nitrogen and thence to

an EPR tube where it was packed using a Teflon packing stick under liquid
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nitrogen. Samples of approximately two cm height were packed in quartz tubes

(VitroCom, Mountain Lakes, NJ) of 2.0 mm i.d., 2.4 mm o.d. By comparison

of the sample height of packed frozen powder to the height of sample after

melting, the efficiency of packing was 60%.

A rapid reaction was used by us, which was the destruction of para-

magnetic 1 mM 2,2,6,6-tetramethylpiperidinyloxy (TEMPO) by 430 mM sodium

dithionite, to calibrate the freezing time on the wheel (this rapid reaction had

previously been used to calibrate our ambient temperature, stopped-flow EPR

[17, 18]). By extrapolating the amplitude of the kinetically decaying signal back

to zero time of flight, the time for freezing on the wheel was determined to be 30

µs with an uncertainty of ±70µ s. The deVries group used rapid sample freezing

on a cryogenic plate, and by a series of mixers with different output orifice sizes,

they calibrated the orifice size vs. freezing time. Their calibration indicates that

for a 1000 µm2 output orifice the actual freezing time on the cryogenic metal

would be 100-150 µs (pp. 53-56, [19]). A cryowheel device [20] very similar

to ours was developed in the lab of Brian M. Hoffman and was estimated to

have a 5 µs freezing time. This 5 µs estimate was obtained from formulas and

graphs developed by Bald [21] and Jones [22] to estimate the rapid freezing

time of a thin tissue layer on a cryogenic metal block; this approach requires

knowledge of the low temperature sample specific heat, thermal conductivity,

and thickness. In combining our own estimates with those of others, an upper

limit of 100 µs could be put to the freezing time on the cryowheel. However, the

critical issue here may not be the freezing time per se but the facility of the rapid

freeze quench method to prevent formation of ice crystals and segregation of

solute, possibly by rapid formation of amorphous ice.
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Slow Freezing (SF)

In ordinary or slow freezing, the EPR-tube containing the sample solution was

dipped into liquid nitrogen and shaken vigorously until the sample was frozen.

The time for heat transfer is limited by slow heat transfer from the sample

through the insulating nitrogen vapor layer on the surface of the sample tube.

The freezing time was estimated by monitoring with a fast electronic data logger

the voltage of a thermocouple immersed in the sample tube during the freezing

procedure. The 10% glycerol solution froze at -3◦C and the time for freezing

to occur at this temperature was approximately 1.3 s. It took about 3 s for the

sample temperature to decrease from room temperature to -3◦C.

Very Slow Freezing (VSF)

In order to let the sample freeze over a longer time, the EPR-tube containing

the sample was placed in a -80◦C refrigerator. This method is not highly

advisable for biological samples as the solute may precipitate. In cooling from

room temperature the VSF sample reproducibly supercooled to about -12◦C

within 150 s and then its temperature rapidly jumped back to the -3◦C freezing

temperature, where it froze within 30-40 s.

5.2.4 Percentage of Glycerol, Vitrifying Agent

For an experimentally consistent comparison of results from rapid freeze, slow

freeze and very slow freeze, 10% glycerol (weight) were used. (It should be

noted that 10% glycerol is not a necessity for very rapid freezing because good
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powders can be obtained with no glycerol.) For rapid freezing, 30% glycerol

makes the solution sufficiently viscous that the pressures needed to achieve

rapid flow could cause breakage of the mixer assembly. For a comparison

of the effects of glycerol on slow freezing results, samples with either 10%

or 30% glycerol were used and the results were compared keeping all other

experimental parameters the same. The ordinary slow frozen samples with 30%

glycerol appear transparent, whereas the samples with only 10% glycerol are

white in color. All EPR data reported in this study were obtained from samples

containing glycerol-d8 and D2O.

Two samples of 100 µM Tempol (4-hydroxy TEMPO) in 30% or 50% (by

weight) glycerol-d8/D2O were slowly frozen and their DEER signals were

collected under the same experimental condition as for samples of T4L doubly

spin-labeled mutants.

5.3 Results

5.3.1 Effect of Freezing Rate on Pulse-DEER Signal and

Distance Distributions for Doubly Spin-labeled with

MTSL T4L Mutant

For all mutants we observed broadening in the distance distributions when

the samples were prepared by rapid freezing, as compared to the distance

distributions from slowly frozen samples. Besides the overall broadening of fast

frozen samples, fast freezing resulted also in changes in the relative intensities
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of components in distance distributions. Although the rapid and slow freezing

altered the fine structures of the distance distributions, the distance maxima

corresponding to the most probable distance between spin-labels remained

virtually unchanged. In Fig. 5.2 we compare the distance distributions for all

four doubly spin-labeled mutants of T4L, 8/44, 8/128, 65/128, and 65/135 from

samples which were prepared by either rapid-freeze quench (in green) or slow

freezing in liquid nitrogen (in blue), and also very slow freezing at —80◦C (in

red for mutant 8/128). All results are from samples containing 10% glycerol. In

detail: (i) The mutant 8/44 after slow freezing gave rise to a sharp peak with

maximum at 3.1 nm and two shoulders at shorter and longer distances. The

distance distribution from the rapidly frozen sample is broader and also spans

longer distances (Fig. 5.2A); (ii) The most intriguing distance distribution was

obtained for doubly spin-labeled mutant 8/128. This particular mutant yielded

a bimodal distance distribution with well separated peaks having maxima at

3.7 nm and 4.0 nm when frozen slowly (Fig. 5.2B). The very slowly frozen

sample (frozen over 30 s or more) showed the sharpest features in the distance

distribution. However, the two peaks of 8/128 mutant are merged into one

broad peak with the rapidly frozen sample; (iii) The inter-spin distances from

slowly frozen mutant 65/128 showed a sharp peak with a maximum at 4.8

nm and a shoulder at 4.4 nm, and again, general broadening with a relative

increase in the intensity of its peak at 4.4 nm with respect to the peak at 4.8 nm

when rapid-frozen (Fig. 5.2C); (iv) The slowly frozen 65/135 mutant showed

primarily a sharp peak at 4.6 nm with a shoulder at 4.2 nm, while its rapidly

frozen counterpart was broadened overall and showed a more intense shoulder

at 4.2 nm (Fig. 5.2D).
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Figure 5.2: This figure provides baseline corrected and normalized DEER
signals (left) and corresponding reconstructed distances and distance
distributions (right) for four bi-spin-labeled mutants of T4L. The data labeled
(A) are for mutant 8/44; (B) for mutant 8/128; (C) for mutant 65/126; and (D)
for mutant 65/135. The DEER signals and distance distributions obtained for
rapidly frozen (RF), ≤100 µs, samples are plotted in green, those for slowly
frozen (SF) samples are, within 1 s, are in blue, and those for very slowly
frozen (VSF) samples, within 1 min or more, are in red. All samples contained
10% glycerol. The distance distributions are normalized to unity at maximum
intensity.
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An interesting observation from this experiment was also the effect of

freezing rate on the DEER time-domain signals. The slowly frozen samples

with 10% glycerol for all doubly spin-labeled mutants produced time-domain

signals with reduced SNR, as compared to signals from rapidly frozen samples

with the same content of glycerol (Fig. 5.2, right panels). We further elaborate

on this effect in more detail in the next sections.

5.3.2 Effect of the Concentration of Glycerol Vitrifying Agent

(Cryoprotectant) on Pulse-DEER Signal and Distance

Distributions for Doubly Spin-labeled with MTSL T4L

Mutant

To better understand how glycerol alters the quality of DEER data and

the resultant distance distributions, we used two different concentrations of

glycerol, which were 10% and 30%, under slow freezing conditions, and for

completeness, we also included a comparison to corresponding rapidly frozen

samples containing 10% glycerol. The distance distributions of the slowly

frozen 10% and 30% glycerol samples were narrower and similar to each

other, while the rapidly frozen distances and distributions were, as already

shown in Fig. 5.2, broader. Raw time-domain DEER, base-line corrected

DEER signals, and reconstructed distances are shown in Fig. 5.3A, Fig. 5.3B,

Fig. 5.3C for mutants 8/44, 8/128, and 65/135, respectively. As a function

of freezing method, differences are observed in the raw time-domain signals,

which are the product of the dipolar signal of the coupled intramolecular spins

of interest (Vintra) and intermolecular spin-spin interactions with spin-labeled
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molecules from the surrounding [23–25]. The latter, Vinter manifests itself in

an exponentially decaying background signal (plotted in gray in Fig. 5.3, left-

most panels), which reports on the local spin-concentration. For slowly frozen

samples, we observed a significantly increased slope in the background signal in

the raw DEER data when 10% glycerol was used, compared to corresponding

samples containing 30% glycerol. Interestingly, when the samples with 10%

glycerol were rapidly frozen, they gave raw DEER signals with shallower

slopes, comparable to those from slowly frozen samples containing 30% glycerol

(Fig. 5.3, left-most panels). The dipolar signals were extracted by removal of

the homogeneous background (the exponential slope due to Vinter). Fig. 5.3,

middle panel, shows the similarity of the dipolar signals Vintra of the different

mutants, where we note that the rapidly frozen samples showed less amplitude

in their longer time oscillations (because of the wider breadth of their distance

distributions) and the slowly frozen sample in 10% glycerol showed a poorer

SNR, because of enhanced intermolecular spin-spin interactions due to protein

segregation, resulting into shortened Tin’s.
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Figure 5.3: This figure shows raw time-domain DEER signals together with the
best approximation of the homogeneous background (left), base-line corrected
(with removed background) and normalized DEER signals (middle) and
corresponding reconstructed distances and distance distributions (right)
acquired for: (i) slowly frozen (SF) samples containing 10% glycerol (blue), (ii)
slowly frozen samples containing 30% glycerol (black), and (iii) rapidly frozen
(RF) samples containing 10% glycerol (green). The data are labeled (A) for
mutant 8/44, (B) for mutant 8/128, and (C) for mutant 65/135. The data for
very slowly frozen sample of mutant 8/128 are also shown in panel B in red.
The distance distributions are normalized in arbitrary units to unity at
maximum intensity.
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5.3.3 Rapid vs. Slow Freezing: Effective Local Spin

Concentration

To further investigate how to produce a more uniform spin distribution within

a sample by rapid-freezing, we performed a control experiment with 100 µM

Tempol (4-hydroxy TEMPO) in 30% and 50% (by weight) glycerol-d8/D2O. We

collected the DEER signal at the same experimental condition as for samples of

T4L doubly spin-labeled mutants. Since in the case of Tempol in glycerol/water

there are no coupled spins (i.e. there is no Vintra), the only contribution

to the DEER signal is the interaction with neighboring molecules producing

an exponentially decaying slope proportional to the local spin-concentration

(Fig. 5.4A). From this slope we could estimate the local spin concentration

and compare it with the actual concentration of Tempol molecules. In DEER

the inter-molecular interactions are characterized by the following equation

[13, 24, 26]:

Vinter(t) = exp (−k t) (5.1)

with a decay rate per microsecond

k−1 = 1.0027
10−3

pC
(5.2)

where C is the molar concentration and p is the probability of flipping B spins

by the pumping pulse. For our experimental conditions we found that p is

equal to 0.23 from calculations and confirmed by experiment. Therefore the

local spin-concentration can be calculated from the slope of the inter-molecular

DEER signal. In the case of Tempol in 50% glycerol we obtained a slope of

—0.023 per micro-second on a logarithmic scale and calculated a local spin

concentration of 100 µM, which corresponds to the actual concentration of
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Tempol molecules in the sample, and indicates that a fully vitrified glycerol-

d8/D2O mixture provides a homogeneous distribution of solute molecules at

cryogenic temperatures. In the case of 30% glycerol we obtained a slope of -0.046

per a microsecond on logarithm scale and calculated a local spin concentration

of 200 µM, which is twice the actual concentration of Tempol molecules,

indicating inhomogeneity in the distribution of Tempol molecules due to

aggregation. Then we compared the slopes which we used to approximate the

background signals for T4L samples prepared by rapid freezing in 10% glycerol

and those regularly frozen in liquid N2 in 30% glycerol and we found that

rapid freezing decreases the local spin concentration by approximately a factor

of 1.5 - 2, similar to fully vitrified sample of Tempol in 50% glycerol-d8D/2O,

which is shown in Fig. 5.4B and Fig. 5.4C for doubly spin-labeled with MTSL

mutants 8/128 and 65/135. However, for the samples containing 10% glycerol

and frozen in a regular shock-freeze procedure the decay of the background

signal was 5-6 times larger than those for rapidly frozen sample in 10% glycerol

(Fig. 4B and C). We demonstrate this effect in more detail by using the data

for mutant 65C/135C: The slopes of the background signals on logarithm scale

were -0.028, -0.057, and -0.133 yielding local spin concentrations of 122 µM, 248

µM, and 578 µM for rapidly frozen sample in 10% glycerol, slowly frozen sample

in 30% glycerol and slowly frozen sample in 10% glycerol, respectively. The

128



Figure 5.4: This figure provides the DEER background signals in logarithm
scale for samples of 100 µM Tempol and doubly spin-labeled mutants of T4L
both slow frozen: Panel A shows the experimental DEER signals in logarithm
scale for samples with 100 µM Tempol in 30% and 50% Gly-d8/D2O (in black)
and their linear fits (in red). Panel B shows the homogeneous background of
the DEER signals for samples of doubly spin-labeled T4L mutant 8C/128C
prepared by rapid freezing (in green) in 10% glycerol, slow (regular) freezing
in 30% glycerol (in black) and slow (regular) freezing in 10% glycerol (in blue).
Panel C shows the homogeneous background of the DEER signals for samples
of doubly spin-labeled T4L mutant 65C/135C prepared by rapid freezing in
10% glycerol (in green), slow (regular) freezing in 30% glycerol (in black) and
slow (regular) freezing in 10% glycerol (in blue). For the clarity of presentation,
all background signals were normalized to unity in the original
echo-amplitude scale. The CW ESR spectra of spin-labeled double cysteine
mutants 8C/128C and 65C/135C in 10% glycerol at RT are shown in panels B
and C. As seen, the contribution of free spin-label to the CW ESR spectrum
(designated by asterisk in panel C) and consequently to the background in
DEER signals is insignificant.
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protein concentration estimated by UV absorbance at 280 nm protein

concentration was 56 µM, which is in very good agreement with the local spin

concentration in rapidly frozen sample in 10% glycerol for doubly spin-labeled

T4L molecules. However, such an agreement could be affected by several

sources of error, such as absolute protein concentration determination, presence

of unreacted spin-label and others.

5.3.4 Probing the Protein Conformation vs. Spin-label Rotamer

Conformation: MTSL vs. 4-Bromo MTSL

Since we observed relatively complex distance distributions for all MTSL

doubly spin-labeled mutants, it was not obvious whether these distance

distributions originate from multiple protein backbone conformations trapped

during sample freezing, or whether they reflect just the population of different

MTSL rotamers. To answer this question, we spin-labeled three of the T4L

mutants, 8C/44C, 8C/128C, and 65C/135C, with the 4-Bromo derivative of

MTSL. The samples were regularly shock-frozen in liquid N2 and contained 30%

glycerol. The time-domain DEER data and distance distributions for doubly

spin-labeled with MTSL (green) and 4-Bromo MTSL (orange) are compared in

Fig. 5.5. Indeed, the two spin-labels produced somewhat different time-domain

DEER signals and distance distributions, which we believe reflect different

populations of side chain rotamers. In general the distance distributions from 4-

Bromo MTSL were narrower. Interestingly, in the case of mutant 8C/128C spin-

labeled with 4-Bromo MTSL a single peak distribution was obtained, which

coincides with the peak at 4 nm in the bimodal distance distribution using

MTSL.
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Figure 5.5: This figure provides experimental base-line corrected and
normalized DEER signals and reconstructed distances and distance
distributions for T4L mutants (A) 8/44, (B) 8/128, (C) 65/135 spin-labeled with
MTSL (green) and 4-bromo MTSL (orange). The samples were shock-frozen in
liquid N2 and contained 30% glycerol. The distance distributions are
normalized in arbitrary units to unity at maximum intensity.
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5.4 Discussion

5.4.1 Implications of the Sample Freezing Rate on Distance

Distributions: Contributions from Tether Rotamers

and/or Protein Conformations

Our initial objective was to determine the perturbation on the protein structure

due to freezing conditions since this perturbation could affect the interpretation

of the results from DEER measurements. Therefore, we conducted experiments

on samples which were frozen at three substantially different freezing rates:

rapidly (within 100 µs), slowly (within 1 s) and very slowly (within 30-40 s).

Our results show the distance maxima between studied spin-labeled sites are in

general unchanged, regardless of the freezing method (rate) used.

Compared to slowly frozen samples, the rapidly frozen samples showed

broadened inter bi-label distance distributions for all the double mutants

studied. The logical assumption is that with rapid freezing a larger ensemble,

including higher energy states, of spin label, possibly including protein

conformers is rapidly trapped. Since one studies frozen samples at cryogenic

temperature, the contribution from the dynamical properties of the spin-label

and/or protein is limited by the freezing times, which determine the capacity

of the system to relax to the lowest energy microstates at temperatures of liquid

N2. The shortest freezing time in our experiments was 100 µs. This puts a 100

µs upper limit on the time for conformers and rotamers to find the available

lowest energy microstates on the energy landscape. This landscape is provided
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by the system, which is the protein, and by nearby, protein-coupled solvent.

Of relevance to the nature of that solvent is the likelihood that rapidly frozen

samples [27], including those like ours prepared by spraying onto a cold metal

surface below 130 K [19], consist of amorphous ice, a solid that exhibits a

disordered liquid-like arrangement [28]. If our rapidly frozen sample consists

of amorphous ice, then the protein side chains and spin-label tethers appear to

have been frozen in a disordered state without the time to search the protein-

solvent landscape for energy minima. Slower freezing with a longer time at

the freezing point should enable the protein, the label, and the protein-coupled

solvent to achieve a reduced number of well resolved energy minima. Indeed,

the slowest frozen samples showed a distance distribution with sharpest peaks,

but fewer features.

It was interesting to determine whether, in our experiment, we could trap

both spin-label and protein conformers, which are possibly affected by the

sample freezing rate, and to distinguish their relative contributions to our

experimentally obtained distance distributions. Recently, an NMR study on

L99A T4L reported co-existence in solution of a stable long lived conformation

and a transient, much less populated, conformation with life time of about 1

ms [29]. Protein plasticity as a prerequisite for functionality has emerged as

a general idea in protein science [29, 30]. Therefore, multiple approaches and

methods to characterize these states are necessary. However, our experiments

with 4-Bromo MTSL have implied that tether rotamers contribute significantly

to the observed distance distributions. 4-Bromo substituted MTSL was used

previously in a study of T4L at physiological temperatures and it was found

that this spin-label has more restricted mobility when compared to MTSL

due to restricted amplitude of internal bond rotations in the side chain [1].
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Therefore, the expectation was to obtain narrower distance distributions when

using 4-Bromo MTSL instead of MTSL, and this expectation was in general

agreement with our results. To further help in understanding the origin

of our observed distance distributions, we performed an additional analysis

by using molecular modeling software (MMM) [2] which predicts possible

weighted rotamers of MTSL, and consequently distance distributions, based

on force fields and existing structures at atomic resolution. A large number

of rotamers was calculated for each solvent exposed spin-labeled residue of

T4L yielding distance distributions between each pair of spin-labeled residues

that are complex. The resolution of the calculated distance distributions was

insufficient to distinguish contributions from protein conformations.

5.4.2 Dependence of DEER Signal on Glycerol Content and

Sample Freezing Rate

Rapid freeze-quench allows for the possibility of trapping high energy rotamers

of the spin label (and possibly protein conformers, if the resolution of the

experiment allows) and thereby to report on properties of the system at higher

temperatures corresponding to more physiological conditions. Also we noticed

a reduction of the background signal of the DEER experimental data for

rapidly frozen samples when compared with the samples prepared by slow

freezing in liquid N2. This background signal is produced mainly by the

mechanism of instantaneous spin diffusion due to spin-spin inter-actions with

neighboring spin-labeled molecules and therefore depends on the effective

local spin concentration [13, 26]. Therefore, we concluded that rapid freezing

provides a more uniform (isotropic) distribution of spin-labeled molecules
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within the sample volume thereby reducing the contribution of inter-molecular

spin-spin interactions to the DEER signal. This increases the phase memory

relaxation times (Tm’s) and also facilitates the data analysis. For samples of a

small globular protein like T4L in 30% glycerol prepared by slow freezing in

liquid N2 the slope of the background DEER time-domain signal, resulting from

the effective local spin-concentration, increases by about a factor of 1.5-2 when

compared to the bulk spin concentration. However, this increase is about a

factor of 5-6 for samples containing 10% glycerol and prepared by slow freezing

(Fig. 3, left-most panel, Fig. 5.5), indicating high local spin-concentration due

to insufficient glycerol/water vitrification and protein aggregation. The direct

implication of the latter effect on the DEER data is shortened Tm’s, resulting in

lower SNR of the time-domain signals, insufficient time for signal evolution,

and reduced resolution of reconstructed distances.

The amount of glycerol used in biological samples for low temperature

EPR is highly empirical, and one should, in general, avoid using too high

a concentration of glycerol, since there is risk of modifying the properties of

proteins, for example their solvation and dynamic behavior [31, 32]. Our results

here clearly show that samples containing sufficiently homogeneous distributed

bi-spin-labeled protein molecules can be achieved at low glycerol concentration,

as small as 10%, when rapid freezing is used.

5.5 Conclusions

We used bi-spin-labeled T4L mutants prepared at different freezing rates and

with different concentrations of vitrifying glycerol cryoprotectant to study
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freezing-induced perturbations on the distance distributions derived from

DEER. Results of note were:

(i) The freezing rate alters the distance distribution, most likely because

trapping of spin-label conformational substates depends on the rate of

freezing. Rapid freezing (100 µs) provides a broadened distribution; slow

freezing (> 1 s) showed better resolved and narrower features.

(ii) No difference was observed in the mean interprobe distance from the same

mutant, regardless of freezing rate or cryo-protectant percentage, which

suggests that the freezing of protein samples for study at low temperatures

does not perturb the structure significantly.

(iii) Slow freezing with higher cryoprotectant (30% glycerol) or rapid freeze-

quench done at 10% glycerol both provided samples having a distribution

of spin-labeled biological molecules/complexes with long phase memory

times, reduced intermolecular spin-spin interactions, and good DEER

SNR.

(iv) The use of the Bromo-substituted MTSL typically leads to narrower

distance distributions probably because of fewer low-energy rotamers and

is helpful to distinguish when bimodal distance distributions result from

rotamers of unsubstituted MTSL.
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APPENDIX A

DQC EXPRESSIONS OF TAM AND NITROXIDE RADICALS

A.1 DQC Phase Cycle

Starting with the equilibrium density operator, ρ0, the density matrix evaluation

can be written as

ρ(2 tp) = (1/4)
∑
φ1

R(π/2,φ1)QtpR(π,φ1)QtpR(π/2,φ1)ρ0R†(π/2,φ1)Q
†
tp

R†(π,φ1)Q
†
tp

R†(π/2,φ1)

ρ(2 tp + 2 t1) = (1/4)
∑
φ2

Qt1R(π,φ2)Qt1ρ(2 tp)Q†t1R
†

(π,φ2)Q
†
t1

ρ(2 tp + 2 t1)+ = (1/4)
∑
φ3

R(π/2,φ3)ρ(2 tp + 2 t1)R†(π/2,φ3)

ρ(2 tm + 2 t1) = (1/4)
∑
φ4

Qt3R(π,φ4)Qt2ρ(2 tp + 2 t1)+Q†t2R
†

(π,φ4)Q
†
t3

(A.1)

In order to select the coherence transfer pathway shown in Fig. 1.2, the phases

φ js are varied as follows

Preparation period : ∆p (0→ ±2 ) = ±2 : sig = sig0 − sig1 + sig2 − sig3

Mixing period : ∆p (±2→ ∓2) = ±4 : sig = sig0 + sig1 + sig2 + sig3

Detection period (a) : ∆p (±2→ +1) = (−1,+3) : sig = sig0 − i sig1 − sig2 + i sig3

Detection period (b) : ∆p (+1→ −1) = −2 : sig = sig0 − sig1 + sig2 − sig3

(A.2)

By sigk, we denote the signal calculated using the pulse with a phase of k,

and {0, 1, 2, 3} represents the phase angles {0, π/2, π, 3π/2} respectively.

Signals obtained by varying the phases of the pulses during each time periods

are combined to obtain the average signal, sig. Detection periods, (a) and

(b), represent the time intervals (a) from the end of the mixing period to the

application of the last π/2 pulse and (b) t2 − π − t3.
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A.2 Spin Operator Matrices

The matrix representations of S = 1/2 and S = 1 operators are as follows In the

Operator Spin 1/2 Spin 1

Ix
1
2

(
0 1
1 0

)
1
√

2

0 1 0
1 0 1
0 1 0


Iy

i
2

(
0 −1
1 0

)
i
√

2

0 −1 0
1 0 −1
0 1 0


Iz

1
2

(
1 0
0 −1

) 1 0 0
0 0 0
0 0 −1


direct product basis of two spins, the operator, Iα, of the jth spin can be written

as

I1α = Iα ⊗ 12 I2α = 12 ⊗ Iα

For a pair of nitroxides, the operator, S α, of the jth electron and Iα of the jth

nucleus can be written as

S 1α = S α ⊗ 12,3 ⊗ 12 ⊗ 12,3 I1α = 12 ⊗ Iα ⊗ 12 ⊗ 12,3

S 2α = 12 ⊗ 12,3 ⊗ S α ⊗ 12,3 I2α = 12 ⊗ 12,3 ⊗ 12 ⊗ Iα

where 12 and 13 are used for 15N and 14N-nitroxides.
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A.3 Diagonalization of the Nitroxide Spin Hamiltonian

An approximate form of the spin Hamiltonian of a pair of 15N-nitroxides in the

laboratory frame of reference is given in Eqn. 3.1. In order to diagonalize the

Hamiltonian, first we rotate it about I jy by an angle, δ ja, and about S jz I jy by δ jb.

The off-diagonal terms of the resultant Hamiltonian can be written as

H′off =
∑

j

A jzy I jy + (1/2)
(
2ω jn cδ jb/2 sδ ja + (A jzz cδ ja − A1zx sδ ja) sδ jb/2

)
I jx

+
(
cδ jb/2 (A jzx cδ1a + A jzz sδ ja) + 2ω jn cδ ja sδ jb/2

)
S jz I jx

(A.3)

Considering ms = ±1/2, the H′off
vanishes for the following values of δ ja and δ jb

δ ja = (1/2)
(

arctan (−
A jzx

A jzz + 2ω jn
) + arctan (−

A jzx

A jzz − 2ω jn
)
)

δ jb = arctan (−
A jzx

A jzz + 2ω jn
) − arctan (−

A jzx

A jzz − 2ω jn
)

(A.4)

Using the values of δ, the total Hamiltonian, H′, can be written as

H′ =
∑

j

Ω j S jz + (1/4)
(
A jzz (−M ja + M jb) + 2ω jn (M ja + M jb)

)
I jz + A jzy S jz I jy

+ (1/2)
(
A jzz (M ja + M jb) + 2ω jn (−M ja + M jb)

)
S jz I jz

(A.5)

where M ja and M jb are given by

M ja =

√
1 +

A2
jzx

(A jzz − 2ω jn)2 (A.6a)

M jb =

√
1 +

A2
jzx

(A jzz + 2ω jn)2 (A.6b)
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Next we perform rotations about I jx and S jz I jx by the angles, λ ja and λ jb. The

off-diagonal terms of the resultant Hamiltonian are

H̃off =
∑

j

(1/2)
(
2 A jzy cλ ja cλ jb/2 − M ja (A jzz − 2ω jn) s(λ ja−λ jb/2)

− M jb (A jzz + 2ω jn) s(λ ja+λ jb/2)

)
S jz I jy

+ (1/4)
(
− 2 A jzy sλ ja sλ jb/2 + M ja (A jzz − 2ω jn) s(λ ja−λ jb/2)

− M jb (A jzz + 2ω jn) s(λ ja+λ jb/2)

)
I jy

(A.7)

Again setting ms = ±1/2 and H̃off = 0, the values of λ ja and λ jb are found to be

λ ja = (1/2)
(

arctan
(

A jzy

M jb (A jzz + 2ω jn)

)
+ arctan

(
A jzy

M ja (A jzz − 2ω jn)

))
λ jb = arctan

(
A jzy

M jb (A jzz + 2ω jn)

)
− arctan

(
A jzy

M ja (A jzz − 2ω jn)

) (A.8)

The resulting diagonalized Hamiltonian is given in Eqn. 3.2.
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