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The simulation of nonlinear internal waves (NLIWs) is a challenging task for

several reasons. The inherent long width of NLIWs and their long propagation

distances necessitate high-aspect-ratio, anisotropic and usually deformed (due

to complex bathymetry) computational domains. Furthermore, the broad range

of scales for turbulence-resolving simulations pose a great challenge in environ-

mental flow solvers. This dissertation discusses the mathematical formulation

and numerical implementation in a high-performance-computing context of a

hybrid Spectral Element Method and Fourier Galerkin (SEM/FG) flow solver

specifically tailored to address these difficulties. In the first part of this work, an

emphasis is given on the most computationally challenging implicit stage of the

flow solver, the numerical solution of the domain-decomposed pressure Poisson

equation (PPE). The resulting Schur complement system of equations of the PPE

is iteratively solved using a deflated block-Jacobi preconditioned conjugate gra-

dient solver which ensures a fast convergence rate independent of the domain’s

aspect-ratio, the number of elements in the along-wave propagating direction

and the polynomial order per spectral element. Other implementation details

regarding the solver’s development are also reported including benchmarks of

increasing complexity. In the next part of this dissertation, the approximate

enforcement of a free-slip boundary condition (BC) in the context of the prop-

agation of a NLIW over a non-zero-curvature bottom boundary is analyzed. It



is shown that when an approximate free-slip BC is imposed, the velocity com-

ponents can be treated as scalar quantities allowing the use of the same compu-

tational machinery as for the calculation of the density and the pressure. The

effective numerical drag produced by the approximate free-slip BC is quanti-

fied thereby enabling the assessment of the accuracy of the tested approxima-

tions. Finally, in the last chapter of this dissertation, the SEM/FG flow solver

development culminates with the simulation of a three-dimensional shoaling

of a mode-one internal solitary wave (ISW) of depression. In these massively

parallel, high-resolution and high-accuracy simulations, the ISW shoals over a

realistic gentle bathymetric slope and complex background stratification, back-

ground current profiles sampled in the South China Sea. As the ISW shoals,

the resulting convective and shear instabilities and ISW-driven turbulence are

investigated.
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CHAPTER 1

NONLINEAR INTERNAL WAVES AND TURBULENCE IN THE OCEAN

1.1 Oceanic Nonlinear Internal Waves

nonlinear internal waves (NLIWs) in the ocean are at the receiving end of the

cascade of energy originally injected into the water-column by winds and tides

[1, 32]. Propagating over long distances, NLIWs dissipate and mix the wa-

ter column along their propagation path and deposit energy away from their

generation site through breaking as a result of turbulence and instabilities in

wave interior and wave-seafloor interactions [103, 7]. Inherently strongly non-

linear and non-hydrostatic phenomena, NLIWs are often encountered in the

form of mode-one internal solitary waves (ISWs) of depression, characterized

by a delicate balance between their nonlinearity and physical dispersion. ISWs

of depression typically occur in the ocean as mode-one waves, i.e., at any loca-

tion along the wave only a single maximum of isopycnal displacement occurs

throughout the water column (cf. Fig. 1.1). Intimately connected to this mode-

one structure is the presence of oppositely signed horizontal wave-induced cur-

rent above and below the pycnocline. Similarly two lobes of oppositely signed

vertical velocity exist, ahead of and behind the wave trough. It is the strength

of the wave-induced horizontal current, relative to the wave propagation speed

and the associated background shear, which is usually linked to tidally induced

background currents, that can be responsible for different instabilities which

drive the wave breaking. The breaking of an ISW is a process of critical sig-

nificance to ocean energetics where the associated turbulence and mixing are

induced via either a shear instability (cf. Fig 1.2) [87] or a convective instability
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(cf. Fig. 1.3) [76, 77, 70] as they shoal into shallower coastal waters.

FIG. 9.Wave observed on 3 June. Contour plots of (a) temperature, (b) salinity, (e) potential density, (f) along-wave velocity, (g) across-
wave velocity, and (h) vertical velocity. (c),(d) Time series of temperature and salinity at ;75-m depth observed by the shipboard CTD
(red curves) and by the mooring (blue curves). The thick black dashed curve in (b) represents the depth of the shipboard CTD. The thick
black solid curves in (e),(f) depict the isopycnal of the maximum vertical displacement. The two white dots in (e) mark the time and depth
of the half amplitude of the maximum displacement. The magenta contour in (f) represents the contour of the wave propagation velocity.
The horizontal red lines on the right of (a),(b) indicate the depths of CTD measurements on the surface mooring.
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Figure 1.1: Mooring observations in the South China Sea of a velocity field in
the along-wave (top) and vertical directions (bottom) induced by
a mode-one internal solitary wave of depression. The solid black
contour line corresponds to the maximum isopycnal displacement.
The magenta contour line indicates the region within the interior of
the wave where the horizontal induced velocity exceeds the wave’s
propagation speed which is an indication of a convective instability.
The wave propagates from right to left. Figure is taken from Lien et
al. [77].

Figure 1.3: A shipboard measurement of acoustic backscatter from the
turbulence and instabilities generated by a shoaling internal
solitary wave. Clearly visible is acoustic backscattering from
the Kelvin-Helmholtz instability generated within the internal
wave, all the more enhanced by the presence of zoo-plankton
being advected along by the instability. From Ref. [74].

numerical method outline in this dissertation, it’s worth explaining reasons that such a

relatively complex numerical method was developed in the first place.

1.4.1 Why an element-based method?

In a broad sense, all numerical methods for solving partial differential equations work

by choosing a set of basis functions in which to expand the unknown solution. Then,

they solve a finite subset of equations in that basis, and consider that an approximating

solution.3 A finite element method, works by decomposing the domain on which a solution

3As an interesting aside, it is notable that the proof of the existence and uniqueness of weak solutions to
elliptic partial differential equations mirrors this finite basis approach. A weak form of the ellipic equation is
derived, a basis is constructed in which the solution is expanded, and the coefficients are solved in a finite

10

Figure 1.2: Echo-sounder image of a mode-one ISW propagating in the Ore-
gon Continental Shelf. In the interior of the wave, shear Kelvin-
Helmholtz-like instabilities are developed. Note that the wave prop-
agates from left to right. Figure is taken from [87].
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ISW-driven turbulent dissipation and mixing are critically important for con-

tinental shelf and slope energetics [69]. Because such finer-scale phenomena

are below the grid-resolution of both global and regional circulation models,

their accurate sub-grid scale parameterization, which is currently lacking, is es-

sential for the reliable operation of these larger-scale models [85]. Under calm

wind conditions, turbulent mixing by ISWs has been proposed as the primary

controlling mechanism for maintaining the thermal equilibrium of the water

column [114, 115] and thereby regulating marine ecosystem health. Moreover,

turbulence-carrying ISWs operate as particularly efficient suppliers of nutrients

and drivers of primary production throughout the water column [110].

The South China Sea (SCS) is a highly-studied region of the world ocean

where some of the largest-ever ISWs have been observed, in the form of 1 km-

long, 200 m-deep depressions of the oceanic thermocline (Fig. 1.3). These waves

progressively move, i.e. shoal, from depths of 900 m to 300 m across a prop-

agation distance of 70 km. Field observations by Dr. Ren-Chieh Lien and his

team have shown that, as the waves shoal over a gentle bathymetric slope of

0.5 − 2%, they are subject to a form of wave breaking associated with what is

known as a “convective” instability [76, 77]: as the ISW continues to mantain

its symmetric waveform, the plunging isopycnals originating from the rear of

the wave produce a heavy-over-light configuration in the wave interior. The

same field studies have identified, on account of the near-surface structure of

the background ocean currents, a recirculating core which develops inside the

wave well below the ocean surface (Fig. 1.3): a large volume of fluid remains

effectively trapped inside the wave and is stirred by two larger-scale counter-

rotating vortices with significant finer-scale turbulence therein. The core, and

the vigorous turbulent dissipation and mixing it drives, are expected to persist

3



for a long time ; any particulate matter captured by the core will be transported

over very long distances.

Figure 1.3: Left: Oceanic in situ echo sounder image of one shoaling inter-
nal solitary wave (ISW) with convective instability observed in the
northern South China Sea (SCS). The area of convective instability
is about 1 km wide and 50 thick. Black contour curves show the
streamlines in the frame moving with the wave computed from ship-
board Acoustic Doppler Current Profiler (ADCP) velocity measure-
ments [76]. The ISW propagates westward (to the left). Right: Con-
vective instability in a model simulation. Both figures are taken from
Lamb et al. [70].

Despite their illuminating contribution to confirming the existence of recir-

culating cores in convectively breaking, shoaling ISWs, field observations are

limited in spatiotemporal resolution. Data sampled from either fixed moor-

ings or ship-mounted wave-tracking systems sample only in the vertical and

in time. Moreover, a detailed sampling of the relevant parameter space (wave

amplitude, bathymetric slope and background current structure) is practically

impossible. One needs to turn to more controlled environments to investigate

the physics of interest. Laboratory flumes, of typical depth 1m, would need to

be prohibitively long to accommodate slope values as gentle as those discussed

above. Furthermore, any turbulence in a laboratory-generated ISW is expected

to be subject to significant restrictions in dynamic range, i.e., the separation be-

tween largest overturning and smallest dissipating scales as measured by the
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ISW-based Reynolds number, ReW = CH/ν, where C, H and ν are the ISW prop-

agation speed, water column depth and kinematic viscosity of the water, re-

spectively. Typical laboratory ReW [15, 108] is O(105), as much as three orders of

magnitude smaller than its oceanic counterpart. Finally, the laboratory cannot

support the complex background current structure found in the ocean.

The simulation of the propagation of an ISW over a realistic bathymetry

presents a highly promising alternative for an in-depth probe of the physics

of convective breaking of shoaling ISWs. Nevertheless the simulation of such

a phenomenon poses a challenge to state-of-the-art numerical modeling. Es-

sentially, the wave-scale response to the bathymetry, given the particular back-

ground shear and stratification, has to be effectively captured over long propa-

gation distances without being spuriously altered by numerical dispersion and

dissipation. Furthermore, the numerical discretization has to be carefully cho-

sen for any finer-scale motions developing within the simulated wave to be as

close as possible to their oceanic counterparts. It must therefore reproduce, for

a given grid resolution, as broad range of scales as possible within a turbulent

flow occurring inside the wave. In this regard, high-accuracy pseudo-spectral

discretizations have emerged as powerful approaches for simulating stratified

flows. Aside from triply periodic discretizations [26, 128], features such as

complex boundary conditions and geometries, necessary for the simulation of

NLIWs, have been recently developed for Fourier-based [129] and Chebyshev-

collocation techniques [119]. An alternative to global spectral discretizations,

such as those discussed above, are high-order element-based techniques. Spo-

radically used for the simulation of stratified flows [29, 101, 92], high-order

element-based discretizations are attractive for the simulation of NLIWs and the

resultant instabilities and turbulence since they support the exponential conver-
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gence, for high polynomial orders, of global spectral methods with the inherent

flexibility of elemental discretizations in localizing resolution in areas of inter-

est [27, 64, 56]. As such, high-order element-based discretizations are a powerful

potential alternative to Adaptive-Mesh-Refinement techniques [3, 111].

1.2 Simulating the shoaling of an Internal Solitary Wave of de-

pression

The primary dissertation objective is to perform a high resolution three-

dimensional simulation of a shoaling internal solitary wave of depression in

a South China Sea transect. This simulation is motivated by in situ observations

of convectively breaking internal solitary waves in the South China Sea [76, 77]

and previously performed coarse two-dimensional and three-dimensional sim-

ulations [101, 102]. Through this high resolution, turbulence-resolving simula-

tion, the convectively induced turbulence, mixing and overall flow energetics

will be assessed. To perform such computationally demanding simulations,

a high-order flow solver is developed. The flow solver’s constituents such as

the temporal and spatial discretization, the resulting numerical linear algebra

and parallel performance had to be carefully designed to address challenges

arising from the simulation of shoaling internal solitary waves over realistic

bathymetry and background current, background stratification profiles.

As such, the implementation and verification of a high-order element-based

flow solver and the enforcement of boundary conditions pertinent to the simu-

lation of nonlinear internal waves on complex bathymetries are presented. The

first two chapters of this dissertation can serve as a reference platform to the
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ocean modeller interested in the implementation and verification of such high-

order numerical methods. Subsequent high-resolution, high-accuracy three-

dimensional simulation results for a convectively breaking ISW over a real-

istic South China Sea bathymetic transect and background current and back-

ground stratification profiles is presented which is unique and illuminating for

the oceanographic community.

The work in Chapter 3 regarding the enforcement of boundary conditions

has been published in Ocean Modelling [28], while the work in Chapter 2 which

describes the implementation and benchmarking of the newly developed strat-

ified flow solver will soon be submitted to Ocean Modelling. The last part of this

dissertation regarding the highly resolved simulations of a shoaling ISW is pre-

liminary in scope and focuses on select analysis of a single point in parameter

space. A more complete journal article draft is under preparation and consists

of a broader sweep of parameter space and more detailed physical analysis.

1.2.1 A hybrid Fourier-Galerkin and spectral element stratified

flow solver

In Chapter 2, the mathematical formulation, the implementation and bench-

marking of a high-order hybrid continuous Galerkin numerical method strati-

fied flow solver is described. The distinct non-hydrostatic nature of nonlinear

internal waves and any instabilities and turbulence therein, necessitates the nu-

merically challenging solution of the pressure Poisson problem. A defining fea-

ture of this work is the application of a domain decomposition approach, com-

bined with a local and global preconditioner for the pressure Poisson equation.

Such a combined approach is particularly suitable for the long high aspect-ratio
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complex domains of interest and enables the efficient high-accuracy reproduc-

tion of the distinctly non-hydrostatic dynamics of nonlinear internal waves and

any accompanying turbulence and instabilities. A series of benchmarks of in-

creasing complexity demonstrate the robustness of the flow solver. The bench-

marks culminate with the three-dimensional simulation of a convectively break-

ing mode-one nonlinear internal wave over a realistic South China Sea bathy-

metric transect and background current, and background stratification profiles.

Although the developed flow solver is designed for the propagation of NLIWs

over complex domains it can also be used to address other type of environmen-

tal flows where complex domains and boundary conditions are encountered.

Examples of such flows are: flows within an arctic lake [99], internal swash

zones [84] as well as the development of atmospheric bottom boundary layer

over complex domains [131].

1.2.2 Enforcement of a free-slip boundary condition on com-

plex non-zero-curvature boundaries

The imposition of a free-slip boundary condition in the framework of a shoal-

ing internal solitary wave over a realistic bathymetry is critical for reasons both

numerical and computational. Since we’re interested in the top few hundred

meters of the water column where the convective breaking takes place, under-

resolving a bottom boundary layer induced by the wave under no-slip bound-

ary conditions may compromise the simulation. Furthermore, any effort of re-

solving this bottom boundary layer is prohibited due to the already high com-

putational cost of resolving as many turbulent scales as possible induced by the
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convective instability. Enforcing a stress-free boundary condition on a deformed

bathymetry is the natural option to bypass the above challenges. Nevertheless,

using a weak-form-based discretization and a Cartesian frame of reference adds

complexity to the implementation since the free-slip boundary condition cou-

ples the Cartesian velocity components. Therefore, in Chapter 3, we describe

various strategies for approximating the free-slip boundary condition on de-

formed domains encountered in the propagation of nonlinear internal waves.

1.2.3 High-resolution simulations of a shoaling internal soli-

tary wave of depression in the South China Sea

The final chapter, which contains the primary results of this work, is the cul-

mination of the code development and implementation efforts presented in the

two chapters of the dissertation that precede it. A series of high-resolution, mas-

sively parallel simulations (6.1K cores per run) were performed to quantify the

energetics of an internal solitary wave of depression shoaling over an actual

bathymetry. The simulation parameters and the initial conditions for these sim-

ulations are reported in detail in Chapter 4. The same baseline wave is used

as an initial condition with the same background current and stratification as

in [101]. For these production runs, the resolution in the along-wave propagat-

ing and periodic (transverse) directions is increased, leading to a fourfold in-

crease in overall resolution when compared to the simulations in Chapter 2 and

[102]. The strategy for enabling transition to turbulence is also described. Chap-

ter 4 explores the three-dimensional flow structure of the convectively unstable

wave, quantifies the onset of the primary convective instability and investigates
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the subsequent development of a shear instability. To the best of the author’s

knowledge, these are the first simulations, over realistic bathymetry and back-

ground current, background stratification, where shear instabilities are reported

for shoaling ISWs over an actual bathymetry. The turbulent properties of the

trapped core in the periodic direction, such as the energy spectrum, are also re-

ported, indicating a high-energetic turbulent core which persists for more than

20 km of its initial formation.

The dissertation ends with concluding remarks and recommendations for

future work. The interested reader may also refer to the appendices for further

implementation details regarding the flow solver and the enforcement of an

approximate free-slip boundary condition.
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CHAPTER 2

IMPLEMENTATION AND VALIDATION OF A PARALLEL STRATIFIED

FLOW SOLVER FOR LONG DOMAINS WITH VARIABLE BATHYMETRY

2.1 Introduction

In this chapter, a continuous Galerkin Spectral Element Method (SEM) [93] is

demonstrated, used for discretizing, in two dimensions, the along-wave and

vertical directions as well as representing any complex topographic features.

First, localized flow resolution in the vertical allows the reliable representation

of background stratification and currents along with any finer-scale motions in

wave interior, typically concentrated in the upper layer of the water column for

ISWs of depression [76] or at the bottom boundary when studying their bot-

tom boundary layer induced by the wave [108, 109]. Second, for the present

case of convectively breaking, shoaling ISWs, grid resolution in the along-wave-

propagating direction is increased in the breaking region, i.e., shallower waters,

while remaining coarse in deep waters, enabling a reduction to the computa-

tional cost compared to the uniform grid case. Lastly, by adhering to a high

polynomial order (N ≥ 7) within each element, the smallest resolved scales are

not numerically damped as any artificial dissipation is minimized at these scales

for the particular resolution when compared to a lower order discretization 1.

Additionally, any error introduced by the commonly used linear interpolation

of the bathymetry is avoided. It is worth noting that high polynomial orders

also introduce minimal numerical dispersion which does not artificially impact

the physical dispersion of the wave. This is essential for preserving the ISW’s

1Prof. Oliver Fringer, personal communication.

11



waveform over long propagating distances and ensuring that any numerical

phase errors, which may lead to the development of artificial trailing waves, are

mitigated.

Note that the Diamessis Research Group has established a significant knowl-

edge base in the context of high-order element discretizations, through the

adaptation and implementation of the Spectral Multidomain Penalty Method

(SMPM), i.e., a discontinuous collocation-based numerical method [47, 36,

29], in the framework of the incompressible Navier-Stokes equations (INSE).

Nonetheless, on account of its inherently discontinuous nature, the SMPM is

found to develop elevated spurious divergence at the elemental interfaces for

highly under-resolved simulations [53]. Consequently, the spatial discretization

is replaced by the SEM, i.e, a weak-form-based continuous numerical method.

In this work, the nodal version of SEM is used which corresponds to the

high-order-extension of the canonical Finite Element Method. In the nodal SEM,

Lagrange polynomials of variable order are used for the discretization of a given

variable within an element as it will be later described in more detail in Sec. 2.4.

The choice of the nodal SEM is motivated by the fact that the coefficients of

the polynomial expansion of any discretized variable are equal to the actual

nodal-values at the grid points of the computational domain. Consequently, a

discrete polynomial transform which essentially maps the nodal-values to the

polynomial-coefficient-space, necessary when other type of basis functions are

used, is avoided. The non-expert reader is referred to [27, 13] for more details

on the use of the nodal SEM and the equivalence between the modal and nodal

representations.

From an implementation standpoint the predecessor SMPM flow solver uses
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a one-dimensional parallelization strategy [54] where a subset of the computa-

tional domain in the x-direction, i.e., along-wave direction, is assigned to each

parallel process. This choice restricts the overall resolution and parallel scalabil-

ity for three-dimensional simulations. Therefore, in the newly developed SEM

flow solver, the parallelization strategy takes place in two dimensions (cf. Ap-

pendix A.3) enabling the use of much larger number of parallel processes with

the associated decrease of the memory footprint per parallel process.

A crucial aspect of implementation which has to be addressed when using

a high-order element-wise discretization for the INSE, is the numerical linear

algebra associated with the solution of the pressure Poisson equation (PPE) [54,

112]. Admittedly the most computational costly part of an INSE solver, the PPE

solver design, as applied to the NLIWs modelling, is constrained by the leptic

grids [112], essentially inherited from the high aspect ratio nature of NLIWs and

long, yet shallower, computational domains inextricably connected to the long

wave propagating distances. Consequently, when simulating NLIWs, the PPE

solver to be used, and specifically its adopted preconditioning strategy, need to

carefully take into account these design considerations, to achieve convergence

with the minimum number of iterations possible.

As such, the numerical solution of the Pressure Poisson problem in this work

is broken down into the following steps. First, the discretized PPE is refor-

mulated via the use of multi-level static condensation, iterative substructuring

[22, 56], a domain decomposition technique which takes into account the geom-

etry of the discretization and local support of the elemental basis functions [13].

Note that this domain decomposition approach is one of the main advantages

of the SEM when solving an elliptic equation, compared to other high-order
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Galerkin discretizations [132]. Hence, the discretized system of equations is

condensed, via block Gaussian eliminations, into a hierarchy of smaller Schur

complement problems where each matrix division takes place locally except for

the last level of the condensation. Secondly, the last Schur complement problem

is solved iteratively via a two-level deflated preconditioned conjugate gradi-

ent solver. Based on the work of [54] albeit for a symmetric discretization in

this case, deflation enchanced by a block-Jacobi preconditioner is an effective

preconditioning approach irrespective of the grid’s aspect-ratio, number of ele-

ments used and polynomial order of the approximation.

The extension of the SEM two-dimensional solver and the respective PPE

computational kernel into three-dimensions is guided by in situ observations

regarding the propagation of NLIWs [76, 77]. Since the propagation of NLIWs

may be reasonably approximated as operating along a trajectory normal to the

isobaths, an additional third periodic direction is incorporated via a Fourier-

Galerkin (FG) discretization [64]. The incorporation of a periodic direction, mo-

tivated by physical arguments, greatly reduces the overall computational cost of

the implicit kernels when compared to fully three-dimensional SEM discretiza-

tions. More specifically, the orthogonality of the Fourier basis functions and its

derivatives lead to a decoupling of the periodic direction once the field variables

and operators are transformed in Fourier space. Nonetheless, this is not the case

when a three-dimensional SEM discretization is used. In such case, the corre-

sponding implicit solves are fully coupled, increasing the overall floating point

operations per solve and the condition number of the discretized operator [13].

Note that a direct comparison between existing three-dimensional SEM flow

solvers [89, 95] and the SEM/FG solver is out of the scope of this dissertation.

Although hybrid SEM/FG have been developed in the past [55, 89, 6], to the best
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of the author’s knowledge, a high-order hybrid SEM/FG discretization specif-

ically designed for high-aspect ratio complex, long domains combined with a

robust PPE preconditioning strategy has yet to appear in the literature.

This chapter is organized as follows: In Section 2.2, the main model equa-

tions are presented. Section 2.3 presents the implicit-explicit stiffly stable split-

ting scheme of the INSE along with the necessary implicit solves needed to in-

tegrate the field variables in time. Section 2.4 discusses the spatial discretiza-

tion and the associated domain decomposition and preconditioning strategies

adopted for the pressure Poisson problem along with a brief discussion of the

viscous term treatment. Section 2.5 covers the stabilization techniques used in

the SEM/FG discretization. In Section 2.6, a series of unstratified and stratified

benchmarks, with the latter emphasizing propagating NLIWs in configurations

of increasing complexity, culminating in the simulation of a convectively break-

ing, shoaling ISW, are shown, which demonstrate the efficacy of the flow solver.

2.2 Equations of motion

The equations of motion of an incompressible fluid under the Boussinesq ap-

proximation are typically written as:

∂u
∂t

= −u · ∇u −
g
ρ0
ρ′k −

1
ρ0
∇p′ + ν∇2u (2.1)

∂ρ′

∂t
= −u · ∇

(
ρ′ + ρ̄

)
+ κ∇2ρ′ (2.2)
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∇ · u = 0 , (2.3)

where u is the velocity vector field with components (u, v,w) in the (x, y, z) di-

rections, respectively. For stratified flows, a steady state background current

U = U(z) is commonly included in the horizontal velocity component

u = u′ + U

w = w′

v = v′ ,

(2.4)

where the prime symbol denotes the deviation of the velocity field from the

background state, ρ0 is the reference density, g is the gravitational acceleration

and k is the unit vector in the upward (positive) vertical direction. In the mo-

mentum equation (2.1), p′ is the pressure perturbation from the background hy-

drostatic pressure and ν, κ are the molecular diffusivities which are assumed to

be constant. Note that the representation of the viscous terms, i.e., vector Lapla-

cian, is a direct result of incompressibility [28]. Additionally, ρ′ is the density

perturbation which originates from the decomposition [67],

ρ = ρ0 + ρ̄(x, y, z) + ρ′(x, y, z, t) with ρ′ � ρ̄ � ρ0 , (2.5)

where ρ̄ is the background density. The reader should not construe the advec-

tion diffusion (Eq. (2.2)) to be in conflict with the conservation of mass. As

elaborated in detail in fluid mechanics textbooks [67], Eq. (2.2) is an evolution

equation for an active scalar derived from a rigorous sets of arguments from the

mechanical energy equation under the constraints of the Boussinesq approxi-

mation.
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2.3 Time discretization

The semi-discrete equations which arise from the velocity projection scheme

[57] are comprised of three fractional steps, treated separately and in succesion:

1) the advective (nonlinear) term, 2) the pressure and 3) the viscous term.

2.3.1 Nonlinear term

The nonlinear term is advanced in time using an explicit extrapolation (J = 3)

[57] where an intermediate velocity field û is obtained

ũ −
∑J−1

i=0 (αiun−i)
∆t

= −

J−1∑
i=0

βi

(
un−i · ∇un−i +

g
ρ0

(
ρ′

)n−i k
)
, (2.6)

where αi and βi are the respective time-stepping coefficients which depend on

the time discretization order and time-step ∆t. The formulation of this multi-

step scheme referred to as stiffly-stable scheme are given in great detail in the

works of Karniadakis et al. [55] and in Peyret’s textbook [97] for a variable time-

step. Details regarding the spatial discretization and implementation of the non-

linear term are provided in Appendix A.2.

2.3.2 Pressure Poisson equation and projection step

The equation for the pressure arises from the time-advancement of the first in-

termediate velocity field ũ into a second intermediate, divergent-free velocity

field ˆ̂u,
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ˆ̂u − ũ
∆t

= −∇pn+1, (2.7)

where p is the temporal mean of the pressure perturbation calculated over one

time-step (not to be confused with the instantaneous pressure [29]). Eq. (2.7) can

be reformulated as

1
∆t

ˆ̂u + ∇pn+1 =
1
∆t

ũ . (2.8)

The equation above is effectively the Helmholtz decomposition of the first in-

termediate velocity field ũ into a solenoidal vector field ˆ̂u and an irrotational

vector field ∇pn+1. Taking the divergence of Eq. (2.8), a Poisson equation arises

for the pressure

−∇2 pn+1 = −
1
∆t
∇ · ũ . (2.9)

The consistent boundary conditions for the pressure Poisson equation aimed to-

wards ensuring O
(
∆t2

)
accuracy of the time-discretization scheme are specified

in [57]. Once the pressure is computed, the second intermediate velocity ˆ̂u is

computed from the projection

ˆ̂u = ũ − ∆t∇pn+1 . (2.10)
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2.3.3 Viscous equation

The evaluation of the velocity field at the next time step is computed implic-

itly by solving a vector Helmholtz equation. Notice that as written in Eq. (2.1),

the viscous term of the incompressible Navier-Stokes equations is expressed in

the form of a vector Laplacian, under the assumption of a constant kinematic

viscosity

−α∇2un+1 + un+1 = f . (2.11)

Here, α = ν∆t/γ0 is a positive scaling coefficient, with γ0 a time stepping coef-

ficient, and f = ˆ̂u/γ0 is the right-hand side. Note that for viscous flows with

complex boundaries of non-zero curvature, enforcement of free-slip boundary

condition is performed by solving each component of Eq. (2.11), separately [28].

2.3.4 Density equation

The advection-diffusion equation for the density perturbation, Eq. (2.2), follows

the same implicit-explicit temporal discretization. First an intermediate density

perturbation is computed through the explicit advancement of the advective

term. Second, an implicit solve of a scalar Helmholtz equation, i.e., the diffusive

term takes place for computing the density perturbation at the next time-step. It

is during this last step where boundary conditions are imposed for the density

perturbation. Throughout this work, the boundary conditions for the density

perturbation are considered of the homogeneous Neumann-type, i.e, zero flux.
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2.4 Spatial discretization of elliptic equation

In this section, the spatial discretization of the pressure Poisson equation (PPE)

and the ensuing domain decomposition technique, along with its underlying

numerical linear algebra, are presented in detail. To avoid redundancy, the rest

of the field variables adhere to the same spatial discretization as for the pressure

during their respective implicit steps of the solver (see Eq. (2.11) and Sec. (2.3.4)).

Nevertheless, the overall computational kernel for the PPE differs drastically

in terms of complexity with respect to the velocity and density implicit solves

(see Sec. (2.4.6)). Therefore, emphasis is given to the numerical linear algebra

when solving the Poisson problem which is inextricably linked to long compu-

tational complex domains encountered in the simulation of NLIWs and their

non-hydrostatic dynamics. The overall preconditioning strategy, along with the

adopted domain decomposition and parallelization scheme, which are tailored

specifically to solve robustly the PPE under these computational meshes, are

then further discussed.

2.4.1 Periodic direction

Denoting as Ω ⊂ R2 a two-dimensional domain and as Ω′ = Ω × [0, Ly], the ex-

truded three-dimensional domain in the transverse periodic direction y ∈ [0, Ly],

and a field variable p, which can be any of the field variables, is approximated

by the truncated Fourier series as

p(x, z, y) =

Ny/2−1∑
n=0

p̂n(x, z)φn(y) , (2.12)
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where φn = eikny are the Fourier basis functions, Ny the number of grid points in

the transverse direction, kn is the wavenumber, and p̂n(x, kn, z) = p̂n(x, z) ∈ C is

the respective Fourier coefficient. Following a Fourier Galerkin discretization in

y [64], the Poisson problem (see Eq. (2.9)) for a single transverse wavenumber

becomes

−∇2
xz p̂n(x, z) + k2

n p̂n(x, z) = f̂n , (2.13)

where ∇2
xz stands for the Laplacian operator in the non-homogeneous directions,

and f̂n(x, z) = f̂n(x, z, kn) corresponds to the Fourier coefficients of the right-hand-

side of the Poisson problem. Now, by virtue of the orthogonality of the Fourier

basis functions and for all of the transverse non-zero wavenumbers kn, Eq. (2.13)

is a two-dimensional complex Helmholtz equation in Fourier space. Therefore,

a series of two-dimensional solves in the x-z plane of the Helmholtz equation

Eq. (2.13), one for each transverse wavenumber, has to be performed to compute

p in Ω′.

2.4.2 Non-homogeneous directions

The discretization in the non-homogeneous directions x-z is presented for a sin-

gle transverse wavenumber with each of the two parts (real and imaginary) of

the complex Fourier coefficient p̂n following naturally the discretization herein.

Let VN ⊂ H1(Ω), be a finite subspace where p, v ∈ VN are a part of the solu-

tion, i.e., the real or imaginary part of a Fourier coefficient and the test function

respectively. Note that the wavenumber dependence of p and right-hand-side

f are not included here to simplify notation. Accordingly, the weak form of
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Eq. (2.13) under the Galerkin approximation becomes

∫
Ω

∇v · ∇pdΩ + k2
n

∫
Ω

vpdΩ =

∫
Ω

v f dΩ +

∮
∂Ω

v∇p · ndS , (2.14)

where ∇p · n = ∂p/∂n is the natural boundary condition [27]. By defining VN

as the finite subspace spanned by two-dimensional Lagrangian basis functions

up to order N, VN = span{h1(x, z), . . . , hn(x, z)}, p and v are approximated as

p =
∑

k pkhk and v =
∑

k vkhk where k ∈ {1, . . . , n} is the corresponding index

set, and n is the total number of degrees of freedom in the x-z plane. Note that

each element has the same polynomial order. Thus, the discretized Eq (2.14) is

written in a matrix form

H(kn)p = Mf ⇒ H(kn)p = g , (2.15)

where H(kn) is the discrete-weak-form-based Helmholtz operator

H(kn) = K + k2
n M , (2.16)

and Ki j =
∫

Ω
∇hi · ∇h jdΩ and Mi j =

∫
Ω

hih jdΩ are the respective entries of the

assembled stiffness and mass matrices [27] where i, j ∈ {1, . . . , n}. For Eq. (2.15),

and without loss of generality, homogeneous Neumann boundary conditions

are assumed for p, since non-homogeneous Neumann boundary conditions

contribute only on the left-hand-side of the equation [27]. Note that the viscous

and diffusive equations for the velocity and density field follow the same weak-

form-based formulation and discretization as further discussed in Sec. 2.4.6.
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2.4.3 Domain-decomposition of the PPE and the Schur comple-

ment problem

A non-overlapping domain decomposition (DD) method iterative substructur-

ing, static condensation is used for each transverse wavenumber when solving

for the pressure [56]. In tandem with a logically Cartesian topology, Eq. (2.15)

is broken down into a hierarchy of smaller, trivially parallel, problems with ho-

mogeneous Dirichlet boundary conditions for the two levels of the condensa-

tion [56, 50, 27]. Once the second and last stage of the DD is reached, a Schur

complement problem on the vertical interfaces, Γv, of the subdomains is itera-

tively solved. In the context of hierarchy of problems, a subsequent backwards

sweep ensures the solution on the global computational domain. An example

grid demonstrating the decomposition is shown in Fig. 2.1.

Using a conforming nodal SEM discretization, the solution of Eq. (2.15) is

sought for exactly at the grid points. For the DD to take place, the unknowns

are first ordered in groups based on their grid point location on the x-z plane.

Three groups of unknowns are therefore identified: a) the interior elemental

unknowns pi ∈ Ωi, b) the unknowns which reside on the horizontal edges of

the computational domain ph ∈ Γh and c) the vertical edge degree’s of freedom

pv ∈ Γv where Γv = Ω∩(Ωi∪Γh). The resulting diagonal block-matrices which then

emerge in Eq. (2.17), and are shown in Fig. 2.2, correspond to the self-interaction

between unknowns of the same group of unknowns with the off-diagonal block-

matrices expressing the coupling across different groups
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Hii Hih Hiv

Hhi Hhh Hhv

Hvi Hvh Hvv




pi

ph

pv

 =


gi

gh

gv

 . (2.17)

Figure 2.1: Grid example for each level of the domain decomposition. (a) The
full computational grid where grid points are color-coded based on
their location. Black dots denote the interior elemental grid points
(Ωi), whereas blue and red solid lines represent the horizontal (Γh)
and vertical edges (Γv), respectively. (b) The skeleton mesh of S (1)

matrix (Eq. (2.18) and Fig. 2.3). (c) The vertical edges (red lines) of the
second Schur problem S (2) matrix (Eq. (2.19) and Fig. 2.4). The blue
dashed lines denote the elimination of the horizontal edges from the
last level of the condensation. The black outline which encloses a
vertical strip of elements corresponds to a subdomain.

Figure 2.2 demonstrates the sparsity structure of the block-based representa-

tion of H matrix in Eq. (2.17) for the computational grid shown in the top panel
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of Fig. 2.1. Although this corresponds to the assembled, i.e, global matrix, in

practice, global matrices are not explicitly built due to memory limitations for

large problem sizes. Nevertheless, for the better illustration of the DD technique

all of the resulting matrices and their sparsity structures correspond to the as-

sembled ones shown in Fig. 2.2.

Figure 2.2: Sparsity structure of the reordered Helmholtz matrix of Eq. (2.17) for
the grid shown in Fig. 2.1 with the block diagonal matrix Hii in black.
The horizontal Hhh and vertical Hvv block matrices are shown in blue
and red, respectively. The off-diagonal block matrices are shown in
grey.

As a first stage of the DD, the elemental interior unknowns ui are eliminated,

via a block Gaussian elimination, condensing Eq. (2.17) to a Schur complement

matrix S (1) on the horizontal and vertical edges, skeleton mesh, with the follow-

ing algebraic structure:

S
(1)
hh S (1)

hv

S (1)
vh S (1)

vv


ph

pv

 =

g
(1)
h

g(1)
v

 , (2.18)
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where S (1)
mn = Hmn − HmiH−1

ii Hin are the block matrices of the first Schur prob-

lem, g(1)
m = gm − HmiH−1

ii gi is its right-hand-side and m, n = {h, v}. Note that each

level of condensation entails the division by the self-interaction block matrix

of the group of unknowns eliminated by the condensed equations. In this first

level of condensation, the elimination group refers to the interior elemental un-

knowns pi and thus the inversion of the Hii matrix is required. Now, since the

Hii matrix is block-diagonal [13, 56] (cf. black blocks of Fig 2.2), with each block

corresponding strictly to the interior unknowns of each quadrilateral element,

its inversion is trivially parallel. Consequently, the block entries of S (1) matrix

in Eq. (2.18) are computed first in an element-wise fashion with a subsequent

assembly of the shared interfaces, i.e., direct stiffness summation, to enforce

continuity [27, 94].

The second, and last level of condensation refers to the computation of a sec-

ond Schur matrix (Eq. (2.19)) for the vertical edges of the computational domain

(cf. Fig. 2.1(c)) which results from the block-Gaussian elimination when solving

for the pv group of unknowns in Eq. (2.19)

S (2) = S (1)
vv − S (1)

vh (S (1)
hh )−1S (1)

hv

S (2) pv = g(2)
v .

(2.19)

where g(2)
v = g(1)

v − S (1)
vh S (1)

hh
−1

g(1)
h is the respective right-hand-side. Notice the di-

vision with the S (1)
hh matrix for the computation of the second Schur matrix and

its right-hand-side. Similar to the case of Hii, S (1)
hh is block diagonal but now

each block geometrically belongs to the horizontal edges of a vertical collec-

tion of elements, i.e., subdomain (cf. Fig. 2.3). Once the second Schur system of

equations is solved iteratively, two successive Dirichlet problems (Eq. (2.20)) are
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solved directly, following the backward substitution step of the block-Gaussian

elimination (Eq. (2.17-2.18)). First, the horizontal-edge unknowns are computed

with a subsequent computation of the elemental interior unknowns (Eq. (2.20)).

These inversions are local at a subdomain and element level with correspond-

ing Dirichlet boundary conditions enforced by “lifting” the known solution

[56]. Lifting is a commonly used strategy for prescribing the contribution of

the Dirichlet boundary conditions to the interior unknowns by updating ac-

cordingly the right-hand-side of the system of equations (cf. Eq. (2.20)) [6]

ph = (S (1)
hh )−1(g(1)

h − S (1)
hv pv)

pi = (Hii)−1(gi − Hih ph − Hiv pv) .
(2.20)

Figure 2.3: Sparsity structure of the first Schur complement matrix S (1) of
Eq. (2.18) with S (1)

hh in blue, S (1)
vv in red, and the off-diagonal block

matrices are delineated in grey, following the same stylistic structure
as Fig. 2.2. Note that the S (1)

hh matrix is block-diagonal with each block
corresponding to the coupling among the horizontal edges within a
subdomain.
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2.4.4 Solving the second Schur problem

The second Schur problem of Eq. (2.19) represents geometrically the coupling

among the vertical edges of the computational domain. S (2) is block-tridiagonal

(Fig. 2.4), since each vertical edge has at most two neighbouring edges, with a

bandwidth directly proportional to the vertical grid point count, Nz. For high-

aspect ratio grids, where the number of elements in x, mx, is much larger than

that of the elements in z, mz, mx >> mz, as in the simulation of highly NLIWs, S (2)

is a large matrix with a relatively small bandwidth. Furthermore, S (2) is symmet-

ric positive definite a property inherited from the original matrix H of Eq. (2.17).

Note that for kn = 0, the S (2) matrix is positive semi-definite and thus it is regu-

ralized via a nullspace projection of the right-hand-side vector [98]. Essentially,

the inverse of S (2) is a full matrix which effectively enforces the coupling of all

of the vertical-edges degrees of freedom, therefore imposing a global commu-

nication pattern among computational processes [124]. Consequently, once a

solution is obtained for the vertical edges, the remaining solves (Eq. (2.20)) are

local and embarrassingly parallel.

The block-tridiagonal structure of the condensed Schur matrix S (2) is

amenable to the use of a direct solver in a purely serial framework. Nonetheless,

since a naive parallel block Thomas algorithm performs poorly [49], various

techniques have been proposed for the solution of statically condensed, coarse

grid problems with efforts being concentrated on mitigating memory limita-

tions and overall parallelization bottlenecks [9, 124, 73, 113]. Nevertheless, for

computationally intensive simulations the use of an iterative solver is preferred

due to efficiency considerations [91].
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Figure 2.4: The second block-tridiagonal Schur complement matrix S (2) for the
vertical edges of the computational domain shown in Fig. 2.1. The
tridiagonal structure of S (2) denotes that each vertical edge is coupled
with at most two of its adjacent vertical edges.

2.4.5 Deflation block-Jacobi preconditioned conjugate gradient

solver

A deflation-based block-Jacobi preconditioned conjugate gradient solver is uti-

lized for the solution of the second Schur system of equations (see Eq. (2.19))

[2, 106, 82]. As demonstrated in [54] for high-aspect ratio leptic grids, the com-

bination of a block-Jacobi preconditioner with deflation, ensures convergence

independent of the domain aspect ratio, the polynomial order of the elemental

expansion, and the number of elements used in the x-direction. Although the

convergence properties of this combined approach have been demonstrated for

a high-order collocation discontinuous element based method, the effectiveness

of this approach is transferable to symmetric discretizations like the spectral
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element method [90].

As such, for the domain-decomposed second Schur matrix, its main block-

diagonal (see Fig. 2.4) is used as a block-Jacobi preconditioner. Note that the

choice of a non-overlapping block-Jacobi preconditioner is a commonly adopted

strategy [38, 22, 54, 50] which ensures that no communication overhead among

processes is introduced during its application in parallel. More specifically, the

block preconditioner is factorized during the set-up stage of the solver with

the overall factorization cost being amortized over the many pressure Poisson

solves per simulation.

For the deflation component of the iterative solver, a deflation matrix Z ∈

Rnv×nc is defined, where nv = dim(S (2)) is the total number of unknowns which

reside on all of the vertical edges and nc = mx + 1 is the number of vertical edges,

whose columns are the deflation vectors z j with their entries given by [54],

(z j)i =


1, if xi ∈ Γv

j

0, if xi < Γv
j

 , (2.21)

where i ∈ {1, . . . , nv}, j ∈ {1, . . . , nc} and xi is a grid point that if resides on the Γv
j

vertical edge then the respective entry of the deflation vector is unity and zero

if otherwise. Essentially, Z and ZT can been interpreted as the restriction and

prolongation operators commonly used in multigrid methods [120]. A coarse

grid matrix C(kn) = ZT S (2)(kn)Z ∈ Rnc×nc of the second Schur matrix is then con-

structed. This coarse Schur matrix C is a good approximation of S (2) and is sub-

sequently used to update the search direction of the deflated preconditioned

conjugate gradient method, achieving faster convergence [2, 106]. Note that the
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coarse version of the second Schur complement C(kn) is tridiagonal and can be

seen as one-dimensional x-direction equivalent of Eq. (2.13) using linear basis

functions, i.e., the Helmholtz matrix for the FEM [54]. Particularly for a high

polynomial order where fewer elements are used in the x-direction than in the

equivalent in resolution lower polynomial order case, C matrix is much smaller

in size than the original Schur complement matrix, i.e., nc << nv. Therefore, the

coarse problem is solved directly and redundantly within each process to avoid

any introduced communication overhead.

Notice that the rank deficiency of the second Schur complement matrix S (2)

for the zeroth mode is passed onto C(kn = 0). Nonetheless, since the coarse ma-

trix C is solved directly, a regularization technique via Householder matrices

[37], equivalent to the right-hand-side null-space projection of the S (2) matrix

(see also Sec. 2.4.4), is used [98]. However, since the regularization technique

on C is not sparsity-preserving, a one-dimensional DD technique is adopted be-

tween the interior and the two boundary unknowns of the C(kn = 0) matrix.

First, a 2 × 2 Schur complement matrix is computed corresponding to the first

and last unknowns of C(kn = 0). Once this Schur complement matrix is regu-

larized and the two boundary values are computed, a final tridiagonal solve is

performed for the interior unknowns of C(kn = 0) matrix. For the curious reader,

a conceptual interpretation of the deflation algorithm is given in Appendix A.5.

2.4.6 Viscous and diffusive solves

A simple strategy is adopted for the numerical solution of the viscous

(Eq. (2.11)) and diffusive (see Sec. (2.3.4)) parts of the solver. It is during this
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step of the solver where boundary conditions for the velocity field and the den-

sity perturbation are enforced [28]. Consequently, adhering to a DD approach

for these implicit solves, such as that described in Sec. 2.4.3, would introduce an

additional complexity regarding the enforcement of different types of boundary

conditions. For instance, the dimensionality of the discretized system of equa-

tions will be accordingly reduced; as for the case of Dirichlet boundary condi-

tions where the solution is already known at the boundaries [56]. Following the

discretization presented in Sec. (2.4.1)-(2.4.2), the respective Helmholtz matrix

Hu(kn) of Eq. (2.11) for a given transverse wavenumber kn is given by

Hu(kn) = αK + (1 + k2
n)M , (2.22)

where the time-step coefficient α (cf. Eq. (2.11)) scales linearly with ν∆t or κ∆t.

Thus, for high Reynolds number flows, Hu is diagonally dominant and Hu ≈

(1 + k2
n)M. Therefore, the implicit viscous and diffusive solves are performed

iteratively for the uncondensed system of equations using the diagonal mass

matrix M as a preconditioner [6] which is an efficient preconditioning strategy

for achieving convergence in a few iterations.

2.5 Stabilization techniques

An exponential filter [29, 125] is used as a surrogate of a hyperviscous operator

[88] both in the periodic y, and non-homogeneous directions x-z. Each velocity

component and density perturbation are filtered once every time-step after the

computation of the nonlinear (Eq. (2.6)) and advective terms respectively. The

filter orders in y, qy and x-z directions, qxz are reported for each benchmark in

32



Sec. 2.6. Additional stabilization is achieved in the x-z non-homogeneous di-

rections via polynomial over-integration of the nonlinear and advective terms.

Details regarding the stabilization techniques used in this work are provided on

A.1 and A.2.

2.6 Benchmarks

In this section, the overall accuracy of the solver is demonstrated for a se-

ries of benchmarks of increasing complexity, ultimately building up to a three-

dimensional benchmark of a convectively breaking, ISW propagating over a re-

alistic bathymetry [102]. Results are validated, when applicable, with analytical

solutions or with other studies for both unstratified and stratified flows.

2.6.1 Kovasznay flow

The steady-state Kovasznay flow [65] is consistently used as a benchmark for

high-order methods solvers [48, 83, 60]. It is based on an exact solution of the

incompressible Navier-Stokes equations corresponding to a laminar flow past

a physical grid in the laboratory (Eq. (2.23)) on Ω = [−0.5, 1] × [−0.5, 1.5] (m2) .

A time step of dt = 10−3 s is chosen for a constant number of equally sized ele-

ments 8 × 8 and a varying polynomial order, i.e., p-refinement [48]. Simulations

are initialized with the exact solution of the velocity field, given in Eq. (2.23) for

non-homogeneous Dirichlet boundary conditions and performed over a time

span of t = [0, 1] (s). Lastly, viscosity is uniform and set equal to ν = 0.025 m2/s.

No exponential filtering is used since the flow is laminar and well-resolved.
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The L2 error norm of the field variables is shown in Fig. 2.5 at time t = 1 s as a

function of the polynomial order per element per dimension. Notice the expo-

nential convergence [64] of SEM, similar to a global spectral method, achieving

an error close to machine precision as the polynomial order within each element

increases.

λ =
1
2ν
−

√
1

4ν2 + 4π2

u = 1 − exp (λx) cos (2πz)

w =
λ

2π
exp (λx) sin (2πz)

p =
(
1 − exp (2λx)

)
/2 .

(2.23)

Figure 2.5: Lin-log plot of the L2 error norm of the (u,w) velocity components
and instantaneous pressure p as a function of the polynomial order
of the element approximation at t = 1 s.
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2.6.2 Normal collision of a vortex dipole with a no-slip wall

The normal collision of a vortex dipole enables the validation of the fully nonlin-

ear time-dependent INSE by examining the propagation of a distinct flow fea-

ture, namely the vortex dipole, and its interaction with the finer-scale boundary-

induced vorticity as it reaches the bottom wall. The work of [119] is used

as a reference since it offers a detailed comparison with previous numerical

experiments in the context of high-order discretizations [20, 66]. The two-

dimensional collision is initially investigated with a subsequent extension to

three-dimensions by incorporating a third periodic transverse direction as in

[119]. In this study, simulations were performed for a moderate Reynolds num-

ber of Re = UH/ν = 1250 [20], where H = 1 m is the half length of the normalized

computational domain Ω = [−1, 1] × [−1, 1] and U is the computed full-domain-

averaged RMS velocity

U =

√
1
4

∫
Ω

u2 (x, t = 0) dΩ = 1 (m/s) . (2.24)

The initial two-dimensional velocity field u = (u,w) induced by the dipole is

given by the following expressions

u
U

=
ω0

2
(z − z1) exp

(
−r2

1/r
2
0

)
−
ω0

2
(z − z2) exp

(
−r2

2/r
2
0

)
w
U

=
ω0

2
(x − x2) exp

(
−r2

2/r
2
0

)
−
ω0

2
(x − x1) exp

(
−r2

1/r
2
0

)
,

(2.25)

where (x1, z1) = (−0.1, 0) is the initial dimensionless location of the positive

monopole, (x2, z2) = (0.1, 0) is the initial dimensionless location of the negative

monopole, r1, r2 is the distance from the center of the positive and negative
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monopole respectively, r0 is the radius of each monopole and ω0 ≈ 299.5284 is

the amplitude of the monopole’s vorticity ω computed from Eq. (2.24). Note

that the x-z plane is used for this benchmark. Therefore, the y-component of

vorticity is reported throughout the presentation of two-dimensional and three-

dimensional results. In particular, the sign of vorticity, not its direction, is in-

verted due to a different choice of Cartesian axes when compared to previous

studies [20, 66, 119].

A constant polynomial order of N = 8 per element per direction is used

for a varying number of elements (mx, mz) with mx = mz. Additionally, a grid

stretching strategy is used in the bottom half of the domain, to better resolve

the fine bottom boundary layer features resulting from the dipole collision with

the wall. The ratio of the heights of two adjacent elements in the vertical is

equal to a constant ϕz = ∆zi+1/∆zi ≤ 1, where the index i increases with depth.

Varying width elements with a constant ratio of ϕx = 0.92, symmetrically placed

around the center of the domain, are used for two of the cases (Fig. 2.6). In

total, three simulations were performed by increasing the grid resolution in x

and z directions through an increase of the number of elements with the corre-

sponding minimum horizontal (∆xmin) and vertical grid spacings (∆zmin) shown

in Table 2.1. A weak filter of qxz = 14 order is used for both the two-dimensional

and three-dimensional simulations with a transverse filter order of qy = 48, af-

fecting only the top 23% of the transverse wavenumber range, is used for the

three-dimensional test-case.

Three metrics are used to assess the efficacy of the simulations, the total ki-

netic energy
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KE(t) =
1
2

∫
Ω

(
u (x, t)

U

)2

dΩ , (2.26)

the magnitude and time of occurence of the maximum enstrophy

E(t) =
1
2

∫
Ω

(
ω (x, t)
U/H

)2

dΩ , (2.27)

and the location and strength of the maximum negative vorticity of the primary

monopole as described in [119].

Figure 2.6: Initial vorticity of the dipole overlapped by the computational mesh
for the 321 × 321 case. Each element has a 9 × 9 Gauss-Lobatto-
Legendre grid.

The two monopoles are initially closely spaced and thus their interaction

produces a downward-travelling dipole. As the dipole propagates down-

ward and comes sufficiently close to the wall, a bottom boundary layer is

formed with an induced vorticity of opposite sign from that of the primary
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monopole. Once the boundary-layer-induced vorticity interacts with the pri-

mary monopole (Fig. 2.7), the total enstrophy assumes a maximum value and

dissipation of kinetic energy increases (Fig. 2.8). A secondary smaller increase

of enstrophy occurs later in time when the primary vortex recirculates and in-

teracts again with the bottom-boundary-generated vortices. The maximum en-

strophy and time of its occurence for different grid resolutions, as compared to

previous studies [20, 66, 119], are reported in Table 2.2. Lastly, the strength of

the maximum negative vorticity of the primary monopole at t/(H/U) = 0.6 and

the corresponding location of this maximum are reported in Table 2.3. For all

the reported quantities in both Table 2.2 and Table 2.3 agreement with previous

studies improves for increasing resolution.

Figure 2.7: Vortex dipole interaction with the bottom boundary induced vor-
ticity shortly after the maximum enstrophy time of occurence
(t/(H/U) = 0.363).
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(N,mx,mz) Nx × Nz ϕx ϕz ∆xmin ∆zmin

(8, 40, 40) 321 × 321 0.92 0.96 2.506 × 10−3 1.014 × 10−3

(8, 64, 64) 513 × 513 0.92 0.96 3.249 × 10−4 3.306 × 10−4

(8, 144, 144) 1153 × 1153 1 0.985 6.961 × 10−4 3.114 × 10−4

Table 2.1: Grid parameters and resolution for the two-dimensional vortex
dipole wall-normal collision. Polynomial order N, number of ele-
ments in the horizontal mx and vertical mz directions and the respec-
tive number of grid points Nx, Nz in the x and z directions respec-
tively are shown. The grid stretching constants (ϕx, ϕz) are also re-
ported along with the minimum resolution (∆xmin, ∆zmin). Note that
the grid points within each element are the Gauss-Lobatto-Legendre
points which are non-equidistant.

Nx × Nz Enstrophy Time
321 × 321 1883.550 0.341672
513 × 513 1893.337 0.341576

1153 × 1153 1897.243 0.341454
[20] 1899 0.3414
[66] 1899.2 0.3414

[119] 1899.921 0.341369

Table 2.2: Maximum enstrophy and its time of occurence for different grid reso-
lutions and reported values from previous studies [20, 66, 119].

Grid points (xm, zm) Vorticity
321 × 321 (0.1495, 0.1269) 218.8496
513 × 513 (0.1489, 0.1258) 219.0806

1153 × 1153 (0.1505, 0.1257) 219.1692
[20] (0.151, 0.126) 219.4
[66] (0.1506, 0.126) 219.29

[119] (0.1514, 0.1257) 219.2434

Table 2.3: Maximum absolute value of vorticity of the primary negative
monopole and its location (xm, zm) for different grid resolutions at
t = 0.6 and reported values from previous studies [20, 66, 119]. The
reported values of vorticity correspond to the same dipole location al-
beit for a different sign of vorticity but same direction as defined by
the right-hand rule for a given coordinate system. The coordinate zm

is the vertical distance of the primary monopole from the bottom wall.
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Figure 2.8: Evolution of enstrophy (top) and kinetic energy (bottom) of the
vortex-dipole normal wall collision for a resolution of Nx × Nz =

1153 × 1153 grid points (solid black line). Dashed lines correspond
to the three-dimensional time evolution of, averaged in y-direction,
enstrophy and kinetic energy for an additive white Gaussian noise
of a 10−2 standard deviation (red) and 10−3 (green) respectively for a
resolution of Nx × Ny × Nz = 513 × 96 × 513 grid points.

2.6.3 Extension to three-dimensions

The three-dimensional benchmark of the vortex-dipole collision is performed

by extruding the x-z computational domain Ω into Ω′ = Ω × [0, 0.4]. The x-z

resolution corresponds to the 513×513 grid shown in Table 2.1 along with a dis-

cretized y-direction of Ny = 96 grid points. White Gaussian noise is added onto

every velocity component at each grid point of the computational domain, fol-

lowing the same approach as in [119]. In total, two three-dimensional runs are

performed for the same grid resolution albeit with different noise amplitudes

determined by the standard deviation (σ) of the Gaussian white noise which

is set equal to σ = 10−2, as in [119], and σ = 10−3 for the stronger and for the
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weaker noise run, respectively.

The evolution of averaged-in-y enstrophy and kinetic energy (KE) for the

three-dimensional benchmarks is shown in Fig. 2.8. The σ = 10−2 test-case fol-

lows the same behavior as the two-dimensional simulation up until the first

interaction of the dipole with the no-slip-driven vorticity at the bottom bound-

ary. At this point, enstrophy continues increasing which is a signature of fine

structure, assuming larger values due to vortex stretching, with a concurrent

increase of KE dissipation when compared to its two-dimensional counterpart.

Although, the standard deviation of the noise is equal to the one reported in

[119], the three-dimensionalization of the flow starts much earlier, where any

initial secondary transverse instabilities [45] are bypassed due to the strong am-

plitude noise. This deviation is attributed to the weak filtering order (qy = 48)

in the periodic direction which is further enforced by examining the evolution

of the enstrophy and KE for the σ = 10−3 run and possible subtle changes in the

structure of the noise.

In that case due to the weaker perturbations which drive a slower growth

rate of any transverse flow structure, enstrophy starts deviating later in time

from the two-dimensional benchmark, after the first interaction of the dipole

with the bottom-generated vorticity. A second peak of enstrophy of almost

equal strength with the first one is now observed during the second interaction

of the dipole with the bottom boundary-generated vorticity similar to the one

reported in [119]. The second enstrophy peak drives an increase in KE dissipa-

tion as in the σ = 10−2 case, albeit less intense. Lastly, in Fig. 2.9 two isosurfaces

of the transverse vorticity ωy and one isosurface of the magnitude of vorticity

|ω| =
(
ω2

x + ω2
y + ω2

z

)1/2
are shown for the σ = 10−3 test-case soon after the sec-
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ond enstrophy peak. The almost parallel to the x-z plane generated vorticity,

indicates the three-dimensionalization of the flow; similar patterns are also ob-

served in [119].

Figure 2.9: Isosurfaces of the transverse vorticity ωy = −50 (blue), ωy = 50 (red)
and the magnitude of vorticity |ω| = 40 (grey), soon after the second
interaction of the vortex dipole with the no-slip-driven generated
vorticity at t/(H/U) = 0.605 for σ = 10−3.

2.6.4 Stratified test-cases

The stratified test-cases share the common theme of the propagation of an in-

ternal solitary wave (ISW) of depression under different conditions. Starting

from an idealized configuration, i.e., two-layer continuous stratification with

no background current, uniform depth and inviscid flow, the complexity of the

simulations is gradually increased. Initially, a small bathymetric feature is in-

corporated, culminating into a study of the three-dimensional propagation of an

ISW over a realistic bathymetry, with realistic background currents and strati-

fication, inspired by actual measurement in the South China Sea (SCS) [76, 77].

The propagation of an ISW is used as a platform to assess the robustness of

the flow solver because of the delicate inherent balance between their nonlinear
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steepening and physical dispersion. Consequently, if a numerical discretiza-

tion is not carefully chosen, any spurious flow features, such as non-physical

dispersive trailing waves, erroneous propagation speed or artificial amplitude

attenuation due to numerical diffusion, introduced by the flow solver, will even-

tually compromise the simulation. By virtue of the hybrid SEM/FG numerical

method used, the dynamic nature of the two-dimensional convectively break-

ing ISW is successfully captured along with the three-dimensional scales down

to grid resolution.

2.6.5 Tankscale ISW in uniform depth water

The initial ISW satisfies the Dubreil-Jacotin-Long (DJL) equation [80, 30] for an

initial available potential energy (APE) of APE = 0.05 J/m under a continuous

two-layer stratification

ρ

ρ0
= 1 −

∆ρ

2ρ0
tanh

(
z + h1

δ

)
, (2.28)

where ρ0 = 1000 kg/m3 is the reference density, ∆ρ = 40 kg/m3 is the dif-

ference between the lower and upper densities, h1 = 3 cm is the upper layer

depth and δ = 0.5 cm is the interface thickness. The ISW propagates inviscidly

where the viscous and diffusive terms in Eq (2.1,2.2) are deactivated and the

time discretization is adjusted accordingly. The wave is expected to propagate

in a uniform depth tank of H = 15 cm and length L = 10 × Lw = 6.9 m, where

Lw ≈ 0.69 m is the ISW’s width, with a DJL-prescribed constant propagation

speed of c = 0.1145412 m/s. In regards to spatial discretization, a resolution

of Nx × Nz = 513 × 257 grid points is used in the x and z directions respectively
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for a polynomial order N = 8 per element in each dimension and uniform sized

quadrilateral elements. Fig. 2.10 a shows the DJL-based ISW which is used as an

initial condition for the tankscale uniform depth propagation as well as for the

wave propagation over a small bathymetric feature as examined in Sec. 2.6.6.

The overall numerical dissipation of the flow solver, as generated by the

numerical filtering, is investigated by calculating the kinetic energy KE =

ρ0/2
∫

Ω
u2 (x, t) dΩ of the ISW as a function of time. In the case of the invis-

cid propagation of an ISW in a constant depth waveguide, on purely physical

grounds the KE of the ISW should remain constant. In practice however, when

a high-order discretization is used, mitigation of any aliasing induced instabil-

ities attributed to the nonlinear terms of INSE requires the introduction of an

artificial, albeit controlled, dissipative mechanism. An initial increase of the KE

dissipation rate is observed due to the reduced order of the time integration

scheme for the first two time-steps of the solver (Fig. 2.11). Once the high-order

time integration is established, the dominant source of dissipation is the weak

exponential filter, of order qxz = 14, used. More specifically, the KE assumes a

constant value of ∂KE/∂t ≈ −1.6×10−4 which corresponds to ∼ 0.1% KE∗ loss per

width of propagation where KE∗ is the ISW’s kinetic energy normalized by the

initial KE of the wave. Note that the overall loss of KE∗ can be used as a useful

metric to assess the artificial dissipation introduced by a stratified flow solver.

For a uniform depth waveguide, inviscidly propagating ISWs should have

a constant propagation speed c. Consequently, by tracking the position of the

wave as a function of time, one should expect a straight line of slope c. The

ability of the flow solver to perform reliably in this context is shown in Fig. 2.12

where the position of the trough of the wave is given as a function of time. Ob-
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tained through, linear regression, the numerically computed propagation speed

of the wave, cnum = 0.1145173 m/s is in excellent agreement with the DJL-based

initial propagation speed of the ISW with a relative error of 2.1 × 10−4.

2.6.6 Tankscale ISW over a Gaussian bump

An additional level of complexity is now introduced by inserting a small bathy-

metric feature in the propagation path of the DJL-based ISW considered in

Sec. 2.6.5. To accurately represent the Gaussian bump, the computational mesh

and the respective elements in the vicinity of the topographic feature are curvi-

linear and highly deformed as shown in Fig 2.10. Thus, the capability of the

solver for supporting complex boundary geometries is tested. The ISW propa-

gates over a Gaussian bump of height hb = 0.03H and width Lb = 3Lw/4, with the

initial configuration shown in Fig. 2.10 a. The dimensions of the bump are cho-

sen for the ISW to propagate inviscidly over this feature without inducing any

convective or shear instabilities. Over such a gentle bathymetric feature, the

ISW responds to the bathymetric change, by slightly adjusting its waveform,

but recovers its original shape (Fig. 2.10 b) and propagation speed as soon as it

moves back into uniform-depth water. Therefore, this adjustment and recovery

of the ISW waveform are an additional aspect of the flow solver testing pro-

vided by this benchmark. In this benchmark, the dynamics of the wave propa-

gation are effectively inviscid and governed by the incompressible Euler equa-

tions under the Boussinesq approximation. The reader should be cautioned not

to confuse the presentation of this benchmark with the tankscale ISW propaga-

tion over a Gaussian bump in Chapter 3. In the latter case, the viscous terms

are included in the simulation for assessing any potential drag introduced by
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approximately enforcing a free-slip boundary condition for high Re numbers.

As the wave approaches the bump, its KE is converted into available po-

tential energy (APE) [71]. Note that, the computation of the ISW’s APE is not

included in this work. The reverse energy exchange is observed once the ISW

goes over the bump: its APE decreases with an accompanying increase of its

KE. The evolution of the ISW’s KE as it propagates over the bump are shown in

Fig. 2.11. Notice, when the ISW has gone over the bump, its KE assumes values

close to the uniform bottom test-case, indicating how the ISW recuperates its

original waveform as it propagates again over a uniform bottom. The position

of the trough of the wave as function of time is shown in Fig. 2.12. As the wave

propagates over the bump, the slope, i.e., the propagation speed, changes but

quickly returns close to the original values as the water depth becomes uniform.

Lastly, no error is introduced by the representation of the complex boundary

due to the high polynomial order used for each element [117].
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(a) t/(Lw/c) = 0

(b) t/(Lw/c) = 5.14

Figure 2.10: The computational mesh for the simulation of the inviscid propa-
gation of a tankscale ISW of depression over a Gaussian bump at
x/Lw = 3.5 . Shown in color are the isopycnal contours of the to-
tal density, equispaced from the reference density, for two different
snapshots of the simulation. Grid resolution, domain dimensions
and initial conditions are the same as for the flat-bottom test-case of
Sec. 2.6.5.
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Figure 2.11: Evolution of the kinetic energy of the inviscidly propagating
tankscale ISW for the uniform depth (black dots) and the bump
(solid red) test-cases, non-dimensionalized by the initial kinetic en-
ergy of the wave.
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Figure 2.12: Position of the trough of the ISW as a function of time for the flat
bottom (black dots) and the bump (solid red). Bottom right panel is
a detail of the position of the wave as it propagates over the bump.
Notice the change of slope in the timeseries, i.e, propagation speed,
as the wave goes over the bump and how the ISW recuperates its
initial propagation speed as it moves back into uniform-depth wa-
ter.

2.6.7 South China Sea shoaling ISW

In this section, the three-dimensional inviscid shoaling of an ISW of depression

over a realistic gentle bathymetric slope in the South China Sea (SCS) and its

three-dimensional convective instability are explored. This benchmark prob-

lem consists of the ultimate objective of code development regarding the three-

dimensional propagation of ISWs, and NLIWs in general, over realistic configu-

rations. Namely, the flow solver has to successfully capture the ISW adjustment

over long distances on a constantly varying waveguide by combining realistic

background stratification, background current profiles based on the observa-
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tional work of [76, 77] in the SCS. Simulations [123] are performed primarily

following the methodology of [101, 102] albeit for a different numerical method,

filtering order used, and value of viscosity. Note that for the present resolution

as well as for the higher-resolution run shown in Chapter 4, viscosity does not

have any effect on the resolving scales. Furthermore, the overall stabilizing ef-

fect of the exponential filter is much greater than in the case of a viscous sim-

ulation. Lastly, the choice of an inviscid simulation greatly reduces the overall

computational cost since the viscous and diffusive implicit solves of the time-

split INSE are avoided.

Figure 2.13: Density field of the initial ISW shoaling over the realistic SCS bathy-
metric transect. The 20km artificial plateau is also shown. The ver-
tical black dashed line denotes where the 3-D simulation is initial-
ized.

The initial ISW is the baseline wave of amplitude A = 143 m as in [101]. Ini-

tially, the ISW starts propagating from an artificial plateau of 921 m, to bypass

any artificial shoaling response at the wavescale. The simulation is originally

performed in two-dimensions up to approximately the 25.7 km of the transect

(Fig. 2.13). At this stage of the simulation, the computational domain is ex-

truded in the y-direction with a width of Ly = 50 m.

In this work, a weak filtering is utilized until the onset of the convective
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instability where the flow is highly energetic and thus the filtering becomes

slightly stronger in the x-z plane as shown in Table 2.4. Other modelling pa-

rameters and grid resolution for the whole computational domain are shown

in the same table. Notice the variation of the resolution in the x-direction for

increasing range values. Although the minimum resolution in the x-direction

is restricted to ∆x ≈ 2 m as the wave becomes convectively unstable, turbulent-

like structures within the core of the wave can still be identified (cf. Fig. 2.16).

Here, the turbulent-like term is used because further quantitative results, out-

side of the scope of this study, are needed to determine whether the observed

finer scale three-dimensional structure developed inside the wave is truly tur-

bulent. Such computational demanding, turbulence-resolving, simulations are

shown in Chapter 5.

Both the two-dimensional and three-dimensional simulations were per-

formed in overlapping windows, i.e., subsets of the computational domain in

the x-z plane which encompass the wave, for reducing the computational cost

per time-step [101]. For the three-dimensional runs each window was spanning

approximately 13 km of the transect with an overlapping region of 6 km.

Upon the initialization of the first three-dimensional windowed run, pertur-

bations [102] of amplitude equal to 3×10−5 (units are m/s for velocity and kg/m3

for density) are inserted to each field variable. The noise is added once in every

velocity component and in the density perturbation on every grid point of the

computational domain. Specifically, white noise is inserted on each x-z plane,

adhering to a −5/3 slope spectra in the transverse y-direction.
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Range (km) ∆xmin (m) ∆zmin (m) (qxz, qy)
0 4.13 0.52 (14, 20)
54 2.07 0.29 (13, 20)
60 2.07 0.24 (13, 20)

(N, mx, mz) ∆y (m) ∆t (s) Ny

(7, 2374, 60) 0.7812 0.227 64

Table 2.4: Grid parameters and resolution for the shoaling ISW. Minimum reso-
lution in the x-z directions (∆xmin, ∆zmin) and orders of the exponential
filter (qxz, qy), for different ranges of the SCS transect, are reported.
Transverse parameters of the 3-D simulation, as the resolution (∆y),
number of transverse points (Ny), and time-step (∆t) are also included.
Note that the reported number of elements in the x-direction, mx, is
the total number of elements of the computational domain and not
the number of elements per window.

As the ISW shoals and enters shallower waters, its propagation speed de-

creases below the maximum induced horizontal velocity (c.f. Fig. 2.17). Conse-

quently, it undergoes a distinct convective instability at a critical depth. Unlike

the setup of [126] where the rear of the wave significantly steepens because of

the much higher proximity of pycnocline to the bottom, the SCS shoaling ISW

perserves its symmetric waveform. Figure 2.14 shows the onset of the trapped

core formation and evolution of the convective instability for the SCS shoaling

ISW. As the wave shoals, heavier isopycnals than those in its interior detach

from the rear of the wave (Fig. 2.14a) and eventually plunge, in the form of an

inclined gravity current, into the interior of the wave (Fig. 2.14b-c). The result-

ing flow structure inside the wave resembles the corresponding one reported in

recent studies on subsurface trapped cores [46, 101, 102]. The onset of the con-

vective instability leads to the development of a transverse instability (Fig. 2.15)

which eventually grows in amplitude as the core develops. This heavy-over-

light configuration eventually drives the formation of the subsurface core [46]
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and the associated turbulent-like structure and localized mixed regions inside

the wave in three-dimensions (Fig. 2.16).

Figure 2.14: Evolution of the convective instability as the ISW shoals through vi-
sualization of the y-averaged density field. The ISW retains its sym-
metric shape while heavier fluid detaches from the rear of the wave
and plunges on top of ligher fluid within the wave interior. The
colored solid lines are the y-averaged isopycnals of 1022.58 kg/m3

(grey/reference density), 1022.30 kg/m3 (blue) and 1022.26 kg/m3

(red) as shown in Fig. 2.16.

Once the ISW starts to become convectively unstable, a secondary trans-

verse instability gradually grows in amplitude (Fig. 2.15) which drives the three-

dimensionalization of the flow field as the ISW continues to shoal (Fig. 2.16). As

previously stated, the transition to turbulence from the formation of the trapped

core, its persistence, as well as the induced mixing, will be further explored via

higher resolution simulations in Chapter 4. Note that the initial transverse mode
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differs from the one reported in [102] possibly due to differences in the inserted

perturbations. Specifically, perturbations are inserted only in two of the velocity

components with the transverse velocity component being computed by virtue

of the projection onto a solenoidal velocity field during the time-advancement

of INSE (Eq. 2.10). The development of three-dimensional transition (Fig. 2.15)

and turbulent-like structure of the ISW’s interior (Fig. 2.16) is delayed as com-

pared to field measurements [77] where a fully turbulent trapped core at ap-

proximately the 54th km of the transect was observed. For further comparison

to field data and different noise insertion strategies for accelerating the three-

dimensionalization of the flow field, the reader is referred to the study of [102].

Figure 2.15: Structure of the transverse velocity at 58.2 km of the transect on the
1022.26 kg/m3 density isosurface. The early manifestation of the
secondary transverse instability and its structure are shown.
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Figure 2.16: Evolution of the 3-D convectively breaking, shoaling ISW. Three
density isosurfaces are shown: 1022.58 kg/m3 (grey/reference den-
sity), 1022.30 kg/m3 (blue) and 1022.26 kg/m3 (red). Top: On-
set of the primary convective instability which is mainly two-
dimensional. Middle: Heavier fluid clearly detaches from the rear
of the wave while the signature of the transverse secondary insta-
bility starts becoming noticeable. Bottom: The flow is fully three-
dimensional and turbulent-like. The arrow indicates the propagat-
ing direction of the ISW.

Fig. 2.17 shows the variations of the maximum induced horizontal veloc-

ity Umax and propagation speed c as the wave shoals. For more details on the

methodology of computing c the reader is referred to the work of [101, 102].
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Both of these properties are computed from the y-averaged velocity field since

it is shown that their differences per x-z plane are negligible. The along

propagation-path location of the onset of the convective instability which takes

place when the maximum horizontal induced velocity exceeds the propagation

speed of the wave, i.e., Umax/c > 1, is consistent with the locations of snap-

shots of the isopycnal overturning shown in Fig. 2.14. Furthermore, as the wave

shoals, the Umax/c ratio follows the same evolution (Fig. 2.17) as in [101].

Figure 2.17: Maximum horizontal induced velocity (Umax) and propagation
speed (c) of the wave as it shoals. The black and blue lines de-
note the two-dimensional and three-dimensional simulations re-
spectively.
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CHAPTER 3

ENFORCEMENT OF A FREE-SLIP BOUNDARY CONDITION ON

COMPLEX DOMAINS

3.1 Introduction

The incompressible Navier-Stokes equations (INSE) under the Boussinesq ap-

proximation are a commonly used mathematical model of choice to simu-

late highly nonlinear, non-hydrostatic phenomena, with characteristic scales

of O(1 km) or less, in the stratified ocean [128, 129, 40, 31]. Typical examples

of such geophysical flow phenomena are highly nonlinear internal waves and

the resulting turbulence formation within the wave core [101], tidally-driven

stratified boundary layers over a bathymetric slope [127] and flows over ocean

ridges [96]. Critical to the robust simulation of such phenomena is the pre-

scription of physically relevant boundary conditions, namely over the deformed

bathymetry. Intimately connected to the enforcement of such boundary condi-

tions is the operator splitting approach used in the time-advancement of the

INSE.

In the context of such splitting schemes, the lack of a prognostic equation for

the pressure, associated with a non-hydrostatic flow, in the INSE is commonly

dealt with by decoupling the pressure from the velocity field by implicitly en-

forcing, via a projection to a divergence-free space, the incompressibility con-

straint. The resulting equations are elliptic in nature both for the pressure and

the viscous-diffusive terms of the velocity and density field, in the presence of

stratification, respectively after the splitting/time discretization (see Eq. (2.11)).

Specifically, using a popular velocity projection scheme [57] the three elliptic
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equations, a pressure Poisson equation, a vector Helmholtz equation for the

velocity field and a scalar Helmholtz equation for the density, have to be con-

secutively solved for the time-advancement of the flow field. Therefore, from an

implementation standpoint, the preferred strategy is to utilize one single com-

putational kernel, which solves numerically the scalar elliptic equations, either

Poisson or Helmholtz, for all field variables both scalars and vectors. Ideally,

each of the components of the velocity field can be computed separately by

treating the vector Helmholtz equation in the same way as its scalar counter-

part. Nevertheless, the geometry of the computational domain and the type of

boundary conditions for the velocity field, prescribed both by the physics of the

problem as well as for stability of the numerical simulation, effectively dictate

whether each velocity component can be solved independently or not.

For the simulation of highly nonlinear, non-hydrostatic internal waves prop-

agating over a bathymetry, a vast range of scales is present within the wave as

determined by a wave-based Reynolds number of O(108) [77] defined using the

water column depth and the propagation speed of the internal wave. Resolv-

ing such a very broad range of scales in its entirety is unrealistic in terms of

computational cost. One path towards enabling the feasibility of these type of

simulations is to bypass the resolution of the fine-scale, no-slip-driven, wave-

induced bottom boundary layer (BBL), therefore facilitating the resolution of

areas of interest e.g. regions of shear and convective instability within the wave

[76, 7]. To this end, traction boundary conditions allow one to circumvent the

resolution of the BBL by either emulating bulk BBL effects via the imposition

of a predefined bottom-stress or by specifying a frictionless bottom boundary,

i.e., a free-slip condition. Consequently, one assumes that the no-slip-driven

fine-scale BBL physics are not of interest [7, 108, 109]. Any challenges linked to
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the under-resolution of the no slip BBL which may compromise the numerical

experiment, are circumvented.

The enforcement of a traction boundary condition on a deformed boundary,

as in the case of an actual oceanic bathymetry, introduces a coupling between

the Cartesian velocity components through the definition of the stress tensor

[67]. Accordingly, the vector Helmholtz equation for the Cartesian components

of the velocity field has to be solved under the constraint of the associated cou-

pling of all the velocity components. A series of approaches may then be fol-

lowed for the exact imposition of a stress-type boundary condition depending

on the numerical method of choice. A point-wise rotation and the subsequent

coupling of the Cartesian momentum equations on the deformed boundary was

first introduced by [34] and is extensively used in various applications when

a Galerkin-based numerical method is adopted [5, 39, 16]. For discretizations

based on the strong-form of the equations [130], a terrain-following coordinate

system is commonly utilized. Nevertheless, a simplification of the transformed

equations enabled by a strictly diagonal metric tensor, is necessary and is usu-

ally achieved by virtue of an orthogonal grid [130]. While these strategies are

designed to impose exactly any type of stress boundary condition on general

geometries, the resulting coupling between the Cartesian velocity components

leads to an increase of computational complexity. On the other hand, a series of

assumptions can be made to simplify the equations and decouple the velocity

field components, which give rise to a number of physical inconsistencies [78].

A potential solution for the above problems, has been introduced by [35] for

a finite difference discretization, i.e., a strong-form-based numerical method,

where a decoupled system of equations for the velocity field results through
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a series of conditions. More specifically, a system of equations for the bound-

ary values of the velocity field is derived from the stress boundary condition

and the impermeability of the boundary. A subsequent solve of the discretized

boundary conditions is then performed in each time-step to specify the bound-

ary values of the velocity field.

To our best understanding, there is a limited discussion in the literature in

the context of the INSE and the implementation of stress-free boundary condi-

tions using a weak-form-based numerical method. In this work, the discretiza-

tion of the INSE is performed using the hp nodal version of the finite element

method namely, the Spectral Element Method (SEM) [93]. More specifically, the

imposition of a stress-free boundary condition on a deformed boundary in two-

dimensions is examined for the weak form of the INSE under the Boussinesq

approximation which leads to a decoupled vector Helhmholtz equation for the

velocity field.

First, by following a similar methodology as in [35], a series of decoupled

boundary conditions are derived for each of the velocity components for the

variational formulation of the viscous terms. Deviating from the approach fol-

lowed in [35], the resulting boundary condition is imposed weakly in the form

of a natural boundary condition which will effectively modify the variational

formulation of the viscous terms. Therefore, the same computational kernel

is used for all the elliptic equations in combination with the imposition of the

stress-free boundary condition in a physically consistent way. Second, a series of

assumptions which lead to a decoupled system for the velocity field and avoids

the intricacies of modifying the variational formulation is investigated.

The efficacy of these various strategies is demonstrated for the propagation
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of an internal solitary wave (ISW) of depression over a Gaussian bump at three

different values of wave-based Reynolds number. In particular, the structure

and amplitude of the resultant spuriously-induced bottom tangential traction, i.e.,

pseudo-traction, and the predictive accuracy of a scaling estimate for the latter

are explored. Under the assumptions of a decoupled velocity field, the pseudo-

traction exerted on the fluid is compared to the wall shear stress for a no-slip

boundary. Furthermore, the energy lost due to the pseudo-traction as the ISW

crosses the Gaussian bump is computed and is found to constitute a negligible

portion of the viscous dissipation of the flow in the water-column interior.

3.2 Equations of motion and time discretization

The equations of motion are the incompressible Navier-Stokes equations un-

der the Boussinesq approximation as reported in Sec. 2.2 with the same time

splitting scheme as in Sec. 2.3. In this chapter, the analysis is restricted to a

two-dimensional flow field u with components (u,w) in the (x, z) directions re-

spectively.

3.2.1 Weak form of the viscous equation: Laplacian formula-

tion

In the subsequent sections, an emphasis is placed on the Helmholtz equation for

the viscous term, Eq. (2.11), since at this step any stress-type boundary condi-

tions are enforced. As required by the weak formulation, Eq. (2.11) is multiplied

by a vector test function v ∈ V, withV ⊂ H1(Ω) an appropriate functional space
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[27]

−α

∫
Ω

v · (∇ · (∇u)) dΩ +

∫
Ω

v · udΩ =

∫
Ω

v · fdΩ⇒ (3.1)

α

∫
Ω

∇u : (∇v)T dΩ +

∫
Ω

v · udΩ =

∫
Ω

v · fdΩ + α

∮
∂Ω

(n · ∇u) · vdS . (3.2)

After performing an integration by parts, the boundary integral term which

emerges in Eq. (3.2) corresponds to what is known in the finite element literature

[118] as the natural boundary condition. Any Neumann or Robin type bound-

ary conditions are enforced weakly via this boundary integral term. Dirichlet

boundary conditions can be imposed strongly by lifting the known solution [56].

Subtleties in the prescription of this boundary integral term are critical in de-

termining whether the free-slip condition is truly satisfied, since the integrand

does not always correspond to the actual tangential stress. As such, in the next

section, this boundary integral term is described in terms of its physical under-

pinnings along with its connection to the enforcement of the free-slip boundary

condition.

3.3 The free-slip boundary condition

The correct specification of boundary shear stress requires that one revisits the

definition of the viscous force. Following the parlance of [43], the viscous force

per unit area on any given boundary can be expressed as a function of the vis-

cous component of the stress tensor τ and the normal vector to the boundary n

as
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F = n · τ . (3.3)

Note that, τ is the deviatoric stress tensor [67]

τ = 2µS , (3.4)

where S =
1
2

(
∇u + (∇u)T

)
is the strain rate tensor and µ = ρ0ν, is the dynamic vis-

cosity. The static component of the stress related to the pressure is omitted, since

the calculation of the pressure is decoupled from the viscous component of the

incompressible Navier-Stokes, following the time-splitting scheme described in

section 2.3. Although, F is formally a force per unit area, i.e., a stress, for the

sake of compactness and further adhering to the terminology of [43], we will

refer to it as a “force”, hereafter.

The viscous force on a boundary can be decomposed accordingly into its

normal Fn = n · F and tangential Ft = t · F components, as schematically shown

in Fig. 3.1. A free-slip boundary condition requires that Ft = 0. In particular,

for an undeformed rectangular domain, where the t and n vectors are parallel with

the Cartesian axes, and for an impermeable boundary, the free-slip boundary

condition is effectively imposed by simply requiring that (n · ∇u) j = ni
∂u j

∂xi
= 0.

Therefore, in this particular configuration, by using the Laplacian formulation

(Eq. (2.11)) for the viscous terms, the free-slip boundary condition can be con-

veniently and exactly enforced through the boundary integral term of the vari-

ational formulation in Eq. (3.2).

Nevertheless, for a deformed boundary, where the Cartesian velocity com-

ponents do not correspond to those of the tangential and normal velocity, the
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free-slip boundary condition cannot be enforced as simply as in the rectangular

domain case. One can easily show that n · ∇u = 0 is not a sufficient condition for

Ft = 0 because

Ft = µ

(
���

��:0
n · ∇u · t + n · (∇u)T

· t
)
, 0 . (3.5)

Consequently, if one adheres to the Laplacian formulation (Eq. (2.11)), the re-

sulting natural boundary integral term in the variational formulation (Eq. (3.2)),

used for the weak-enforcement of boundary conditions, does not necessarily

correspond to the physical force [43] as the second term in Eq. (3.5) may ac-

tually still be non-zero. Now, irrespective of the formulation of the bound-

ary condition for the Laplacian formulation, a spurious tangential force Fp, the

pseudo-traction, will develop at the free-slip boundary. More specifically, this

pseudo-traction, for an impermeable boundary, is directly associated with the

boundary’s curvature namely [58]

Fp ≈ µ
(
n · (∇u)T

· t
)
≈ µκ (t · u) , (3.6)

where κ = t · ∂n/∂s is the curvature and s, the arc length parameterization of the

boundary respectively. For a particular formulation of the free-slip condition

(see Table 3.1), the pseudo-traction Fp may deviate from µ
(
n · (∇u)T

· t
)

since

the first term of Eq. (3.5) may not always be set exactly to zero for all of the

velocity components. Therefore, the pseudo-traction Fp scales with the dynamic

viscosity µ, the tangential velocity on the boundary t · u and its curvature κ.

Note that as expected, for a rectilinear boundary where κ = 0, when using the

Laplacian formulation the free-slip boundary condition can be imposed exactly

64



as noted in [79]. In contrast, when the boundary is deformed, the homogeneous

Neumann boundary conditions associated with the Laplacian formulation can

be interpreted as a specific type of Navier boundary condition [58].

!
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() = ' ⋅ % ⋅ *

(+ = ' ⋅ % ⋅ '

(, = ' ⋅ % ⋅ -

(" = ' ⋅ % ⋅ .

Figure 3.1: A schematic of the viscous force per unit area exerted on a fluid at
a deformed boundary. For a free-slip boundary condition, the tan-
gential component of the viscous force Ft has to be zero. The viscous
stress tensor τ is responsible for coupling the velocity components.
The vectors i, k are the associated horizontal and vertical unit vectors
and t, n are the tangential and normal unit vectors on the boundary,
respectively.

3.3.1 Stress tensor formulation of the viscous equations

In light of the previous discussion, the use of a homogeneous Neumann bound-

ary condition, as imposed through the boundary integral term of Eq. (3.2), in the

context of prescribing a free-slip condition effectively ignores some important

physics and produces a spurious viscous force at the boundary. The goal of this

section is to present a variational formulation of the viscous terms in which the

boundary integral term will correspond to the actual viscous force. Therefore, a

traction boundary condition can be consistently enforced, introducing however

some practical considerations that need to be taken into account, as discussed

below.
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3.3.2 The consistent natural boundary conditions

Formally, the viscous term of the INSE (Eq. (2.1)) can be written in the more

general stress-tensor-based representation

1
ρ0
∇ · τ =

1
ρ0
∇ · (2µS) =

1
ρ0
∇ ·

(
µ
(
∇u + (∇u)T

))
. (3.7)

Notice that for an incompressible fluid the following vector identity holds

∇ · (∇u)T = ∇(∇ · u) = 0 . (3.8)

Therefore, for a constant viscosity µ and for a Cartesian coordinate system, the

stress-tensor-based representation of the viscous term is identical to the com-

monly used vector Laplacian formulation of Eq. (2.11).

Now, the goal is to rewrite the natural boundary condition of the weak form

of the viscous equation in such a way that the actual viscous force may be im-

posed weakly through the corresponding boundary integral term. Essential to

this regard is that the viscous term in Eq. (2.11) be recast as a function of the

stress tensor τ, shown above in Eq. (3.7) which leads to a modified weak form

representation

−β

∫
Ω

v · (∇ · τ) dΩ +

∫
Ω

v · udΩ =

∫
Ω

v · fdΩ . (3.9)

Applying integration by parts, one obtains
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β

∫
Ω

τ : (∇v)T dΩ +

∫
Ω

v · udΩ =

∫
Ω

v · fdΩ + β

∮
∂Ω

(n · τ) · vdS

=

∫
Ω

v · fdΩ + β

∮
∂Ω

F · vdS ,

(3.10)

where β = ∆t/(ρ0γ0) = α/µ and f = ˆ̂u/γ0.

To allow a closer comparison of this modified weak form with Eq. (3.2),

one follows the methodology of [78], and substitutes Eq. (3.4) into Eq. (3.10).

Eq. (3.9) is equivalently written as

α

∫
Ω

∇u : (∇v)T dΩ +

∫
Ω

v · udΩ + α

∮
∂Ω

n · (∇u)T
· vdS

=

∫
Ω

v · fdΩ + β

∮
∂Ω

F · vdS ,

(3.11)

where it is now apparent that the boundary integral term of the left hand side

causes a coupling across the equations for each velocity component [78]. An im-

mediate consequence of this integral term is that the vector Helmholtz equation

now has to be solved at once for the whole velocity field. As a result, the nu-

merical implementation of the viscous solve becomes more elaborate since addi-

tional computational complexity and memory demands need to be considered.

Most importantly, the computational tool used for the numerical calculation of

the scalar quantities, i.e., the density perturbation ρ′ and the temporal mean of

the pressure perturbation p, cannot be directly adapted for the computation of

the coupled velocity components.

Now, note that although boundary integral terms are commonly used for im-

posing weakly a boundary condition, in this case, the integrand of the boundary

term in the left hand side of Eq. (3.11) involves unknown quantities and cannot
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be prescribed a priori. Nonetheless, the boundary integral term in the right

hand side is now the natural boundary condition, i.e., the physical viscous force

exerted on the fluid and thus the physically consistent boundary condition of

the Navier-Stokes equations [43].

3.3.3 Decoupling the velocity components in the Laplacian for-

mulation

Now that the consistent variational formulation has been defined, with its asso-

ciated computational complexities, i.e., coupling of the Cartesian velocity com-

ponents, it will serve as a platform for the development of a series of, either

exact or approximate, approaches for the enforcement of the free-slip bound-

ary condition in the framework of the Laplacian formulation of the viscous terms

(Eq. (3.2)) which are now discussed. First, the consistent non-homogeneous

Neumann boundary condition which satisfies the impermeability of the bound-

ary, and guarantees a traction-free boundary, will be presented when the vis-

cous terms are expressed in the form of a vector Laplacian (Eq. (3.2)). How-

ever, the resulting exact imposition of the free-slip boundary condition, as it

will be subsequently described, leads to a more complex variational formula-

tion which poses various questions on its numerical stability from an imple-

mentation standpoint. Two different assumptions will be then presented which,

although do not guarantee an exact free-slip boundary, simplify the resulting

variational formulations. Note that the common objective of these approaches

for imposing the free-slip condition is to allow the independent computation

of each velocity component by circumventing the coupling discussed in section
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3.3.2 .

3.3.4 Implicit formulation

The implicit formulation is constructed following the methodology of [104], for

an impermeable and twice differentiable bottom boundary. The derivation of

the boundary conditions for the two velocity components is discussed in more

detail in Appendix B.1. A non-homogeneous Neumann boundary condition

is derived for the horizontal velocity component u by rewriting the free-slip

boundary condition Ft = 0 as

n · ∇u = −

nx

(
∂ζ

∂x

)2

+ nz
∂ζ

∂x
+ 3nx

 ∂u
∂x
−
∂u
∂z

nx
∂ζ

∂x

− u
∂2ζ

∂x2

(
nx
∂ζ

∂x
+ nz

)
,

(3.12)

where n = [nx, nz] are the components of the boundary normal vector and ∂ζ/∂x

is the boundary slope [104]. Subsequently, in the framework of the weak form

of the Laplacian formulation of the viscous terms in Eq. (3.2), once the horizon-

tal velocity component u is computed with the above boundary condition, the

vertical velocity component w can be independently computed by enforcing the

impermeability of the boundary (Eq. (3.13)) as a non-homogeneous Dirichlet

boundary condition

n · u = 0⇒ w = u
∂ζ

∂x
. (3.13)
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Nonetheless, the use of the boundary condition of Eq. (3.12) will augment the

left hand side of the weak form of the viscous operator in the form of additional

boundary integral terms which may compromise the stability of the numerical

method since it may constitute a “variational crime” [12]. The proof of stability

of this more complex variational formulation is out of the scope of this study.

Furthermore, from a numerical standpoint, the inclusion of terms associated

with products of first or second derivatives of the bathymetry function, ζ(x),

and quadratic expressions thereof, may contribute to aliasing effects even when

higher-order polynomial approximations are used in the spectral-element dis-

cretization of the governing equations [59] along with what is apparently suffi-

cient grid resolution of any bathymetric features at hand. This aliasing effect is

particularly true in the benchmark case considered in section 3.4.1 where ζ(x) is

an exact Gaussian, since the representation of the bathymetry depends solely on

the grid resolution. It may also be present when any in-situ sampled bathymetry

is used based on lower-order, cubic-spline interpolations [101]. Therefore in the

subsequent sections, an emphasis will be given on enforcing approximately the

free-slip boundary condition in a simplified variational setting, while ensuring

a decoupling of the velocity components.

3.3.5 Small boundary slope approximation

The complexity in the variational formulation that is introduced via the bound-

ary condition of Eq. (3.12), in the form of additional boundary integral terms,

can be mitigated under the assumption of a sufficiently small boundary slope,

i.e., a weak departure from the rectilinear domain, where ∂ζ/∂x ≈ 0. Thus,

Eq. (3.12) may be written as
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n · ∇u ≈ 0 . (3.14)

Note that the impermeability of the bottom boundary needs to be satisfied

exactly since it is associated with the divergence of the velocity field within the

closed computational domain

∫
Ω

∇ · udΩ =

∮
∂Ω

n · udS = 0 . (3.15)

In the case where Eq. (3.15) is not satisfied up to machine precision, a spurious

non-zero divergence may be formed which can compromise the stability of the

numerical simulation. Therefore, the boundary condition for the vertical veloc-

ity component w is the one in Eq. (3.13).

3.3.6 The inviscid and pseudo-traction assumptions

Starting from the consistent viscous formulation of Eq. (3.11) two assumptions

are made which lead to a decoupling of the velocity components. First, we

assume that the viscous force exerted on the fluid at the boundary is F = 0,

i.e., what is regarded as an “inviscid” boundary [78]. Second, the boundary

integral term on the left hand side of Eq. (3.11) associated with the coupling

of the velocity components n · (∇u)T and consequently the pseudo-traction Fp

(Eq. (3.6)) is neglected. Therefore, the component of the strain rate responsible

for the pseudo-traction is assumed to be zero. Thus, taking the inviscid and

pseudo-traction assumptions into consideration the equation to be solved for

the velocity field is identically the same as the Laplacian formulation of Eq. (3.2)
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with homogeneous Neumann boundary conditions, i.e., n · ∇u = 0 which may

then also be employed in this case.

Once the velocity field is computed, a velocity correction takes place to en-

force the impermeability of the boundary by projecting out the normal compo-

nent of the velocity field

ũ = u − (n · u) n , (3.16)

where ũ is tangent to the bottom boundary.
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3.4 Results

3.4.1 Benchmark problem configuration

The robustness of the different approaches in the enforcement of the free-slip

boundary condition discussed so far is now examined through simulating the

propagation of an internal solitary wave (ISW) over a Gaussian hill in a lab-scale

flume with purely free-slip boundaries. The reader is cautioned to consult the

discussion of Chapter 2 on the differences between the inviscid propagation of

an ISW over the Gaussian bump (cf. Sec 2.6.6) and the test-case shown in this

chapter. In terms of the scope of the work under consideration, the particular

benchmark is attractive as the ISW employed (see below) is an exact solution of

the incompressible stratified Euler equations under the Boussinesq approxima-

tion [30]. As such, it serves as a non-trivially demanding test for the accuracy

and robustness of an incompressible flow solver when run in inviscid mode:

in a uniform depth channel, the ISW should propagate at a constant, theoret-

ically prescribed, speed while maintaining its initial waveform and having its

total energy (sum of kinetic and available potential energy) remain unchanged.

When viscous/diffusive terms are incorporated in the governing equation, in a

uniform-depth free-slip channel, the ISW’s propagation speed, waveform and

energy content will undergo a weak adjustment due to viscous and diffusive

effects in the wave interior, as determined by the values of the wave-scale

Reynolds numbers (see Eq. (3.18)) and Schmidt numbers, S c = ν/κ. Neglect-

ing the above viscous/diffusive effects, if a gentle, i.e., small slope, bathymetric

feature, such as the Gaussian bump considered here, is now inserted the numer-

ically simulated wave should propagate over it without any significant struc-
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tural changes and should recover its original waveform a short downstream

distance from the bump. Nonetheless, per §3.3 and when an approximate free-

slip boundary condition is used, the finite curvature of the bump will produce

a pseudo-traction which will serve as an additional form of ISW energy loss

focused at the bottom boundary.

When a higher order spatial discretization is used, as is the case here, a more

accurate quantification of the pseudo-traction and its impact as an energy sink is

possible. On one hand, the numerical dissipation at the smallest resolved scales,

in the wave interior and bottom boundary, is minimal. On the other, so is the

numerical dispersion which will not spuriously interfere with any subtle phys-

ical dispersion effects of the ISW as it propagates over the bump. Furthermore,

through the particular high order discretization and the isoparametric approxi-

mation of the bottom boundary via curvilinear elements [64], any spurious sep-

aration documented for analogous problems when linearly mapped elements

are used [117], is not observed. Hence, any contributions to the pseudo-traction

will originate from assumptions in the formulation of the approximate free-slip

boundary condition.

The initial conditions of the ISW are generated via the solution of the

Dubreil–Jacotin–Long (DJL) equation [30] for a continuous two-layer stratifi-

cation given by

ρ

ρ0
= 1 −

∆ρ

2ρ0
tanh

(
z + h1

δ

)
, (3.17)

where ρ0 = 1000 kgm−3 is the reference density, ∆ρ = 40 kgm−3 is the difference

between the lower and upper densities, h1 = 3 cm is the upper layer depth and
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δ = 0.5 cm is the interface thickness. The ISW is generated for an initial available

potential energy (APE) of APE = 5 × 10−5 m4s−2 with an initial wavelength Lw ≈

0.69 m and a propagation speed c ≈ 0.114 ms−1. The domain dimensions are,

H = 15 cm the domain height and L = 7 × Lw = 4.83 m the domain length. The

centre of the Gaussian hill is placed in the middle of the computational domain

with a height of hg = 0.03×H and width Lg = 3×Lw/4. The problem configuration

is shown in Fig. 3.2. The simulation is stopped when the ISW arrives at a along-

bed position, which is symmetric to the wave’s starting position with respect to

the center of Gaussian bump.

The benchmark ISW is intentionally chosen to be moderate in amplitude, as

measured by the ratio of wave-induced maximum isopycnal displacement to

water column depth, which is equal to approximately 24%. Such a moderate-

amplitude ISW will operate well below the convective or shear instability limits

[68] both in uniform depth water but also while propagating over the Gaussian

bump. Such instabilities would drive elevated dissipation in the wave interior

which would complicate any comparison thereof with the energy lost purely

due to pseudo-traction (see section 3.4.5 ). Finally, the choice of amplitude of

Gaussian bump elevation is motivated by similar arguments, as a steeper bump

would enhance the likelihood of the above flow instabilities. The maximum

slope of the bump at hand is 3%, which is less than the maximum bathymetric

slope found in recent observational and modeling studies of ISWs shoaling in

the South China Sea [101, 76, 72].

In regards to spatial discretization, the nodal version of the Spectral Element

Method (SEM) [93] is used with mx = 20 and mz = 13 of quadrilateral elements

in the x and z directions respectively, for a polynomial order per element per
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dimension p = 15 which corresponds to Nx × Nz = 301 × 196 grid points. The

high polynomial order is chosen to minimize any numerical dissipation and

dispersion, as discussed above. A grid stretching technique applied to element

height is used with ∆zi+1 = 0.75∆zi where ∆zi is the height of the ith element.

Figure 3.2: The domain geometry used for the simulation of the propagation
of an internal solitary wave (ISW) in a continuous two-layer strat-
ification over a Gaussian bump. In each element, 16 × 16 Gauss-
Lobatto-Legendre grid points are used. The solid coloured contour
lines are the full density contours equispaced from the reference den-
sity. The rightward-propagating ISW originates at x/Lw = 1.5, as
shown. The simulation stops once the wave trough has arrived at
x/Lw = 4 where it has nearly recovered its original waveform, after
any transient structural adjustments during the propagation of the
wave over the localized bump.

A qualitative and quantitative assessment of the exact and approximate im-

plementations of the free-slip boundary condition is performed for three differ-

ent values of wave-based Reyonlds number, Re

Re = cH/ν . (3.18)

Specifically, values of Re = 2.5 × 104, 105 and 4 × 105 are chosen, with the middle

value representative of an ISW propagating in a typical laboratory flume [14].

Each test case is denoted as ReXXXYY : XXX can be 025, 100 or 400, depending

on the value of Re, whereas YY can be SA and IP which correspond to the small
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angle approximation and inviscid/pseudo-traction approach, respectively, as

elaborated in sections 3.3.5 and 3.3.6. An additional test case, with a no-slip

bottom boundary condition is also considered, using the shorthand notation NS,

at each Re to compare free-slip pseudo-traction to no-slip bottom shear stresses.

For all the test-cases, the resolution along with the time-step were kept constant

and dictated by the no-slip run of the highest Re number (Re = 4 × 105) to allow

comparison across different implementations and Re numbers. The time-step

dt = 6.6 × 10−3 s, is chosen such that the initial CFL number in the vertical

direction is equal to 0.33.

3.4.2 Tangential bottom shear stress structure

Fig. 3.4 shows the spatial structure of the tangential force (traction), Ft, as a

function of along-bed position and time over the time interval during which

ISW propagates over the Gaussian bump. The contour values of Ft are scaled by

the free-stream dynamic pressure (a measure of form drag) computed based on

the maximum wave-induced horizontal velocity (at the wave trough). Fig. 3.4

is restricted to results for Re = 2.5 × 104: for a particular boundary condition

implementation, the structure of Ft is found to be independent of Re, whereas its

magnitude scales linearly with 1/Re as it is directly proportional to the dynamic

viscosity of the fluid.

For the no-slip case, the tangential traction structure assumes values which

are in direct response to bottom boundary layer formation under the wave and

the resulting flow separation due to the ISW-induced adverse pressure gradi-

ent in the rear half of the wave [7]. This particular structure of the tangential
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traction has been established prior to the arrival of the wave at the Gaussian

bump and subsequently tracks the propagating wave, remaining relatively un-

changed, over the Gaussian bump. Because of the moderate amplitude of the

wave and steepness of the bathymetric bump, no phenomena of enhanced bot-

tom boundary layer separation are observed, such as those reported by [44] due

to the adverse pressure gradient associated with the bathymetric bump itself.

Finally, for the lowest Re considered, the magnitude of the local tangential trac-

tion can be as high as 3% of the bump-induced form drag.

In contrast, the structure of any non-zero tangential traction for the case of

an approximate free-slip boundary is concentrated within a fixed region along

the bottom boundary, centered around the Gaussian hill, suggesting that the

geometry of the bump and, in particular, its curvature is the primary driver

(Fig. 3.3). As such, the peak positive tangential traction develops on the top of

the hill. For the lower Re considered, this peak tangential traction is no greater

than 2× 10−5 of the bump-induced form drag, a distinctly small value. The neg-

ative contour values that the tangential traction assumes for the two approxi-

mations are attributed to the overall change of sign of curvature, i.e., convex at

the beginning/end of the Gaussian bump (Fig. 3.3). As noted in Sec. 3.3.2, any

results of the implicit formulation are not shown due to the formation of spuri-

ous high-amplitude grid-scale oscillations in the tangential traction which may

be attributed to aliasing errors. These errors result from the high order deriva-

tive terms of the bathymetry function, ζ(x) (Eq. (3.12)), chosen to be an exact

Gaussian in our case, as well as inconsistencies potentially introduced due to

the modification of the variational formulation through the boundary integral

terms associated with the updated natural boundary condition for the horizon-

tal velocity component.
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Figure 3.3: Normalized bathymetric profile ζ∗(x) and curvature κ∗(x) as a func-
tion of along-bed position.
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(a) No-slip (b) Small-angle

(c) Inviscid-pseudo-traction

Figure 3.4: Time evolution of the normalized tangential traction with the dy-
namic pressure at the trough of the wave Ft/(ρ0u2/2) at the bottom
boundary as the ISW goes over the Gaussian hill for Re = 2.5 × 104.
The vertical dashed line on graphs (b & c) corresponds to the location
of highest curvature.

3.4.3 Pseudo-traction as a function of curvature

The prediction of the pseudo-traction, per the scaling of Eq. (3.6), is compared

to the corresponding magnitude of the tangential free-slip traction, computed

from the simulation results, in Fig. 3.5 (a)–(c). The comparison is restricted to

the trough of the propagating ISW where the tangential wave-induced velocity
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is the largest, noting that very similar trends occur along the entire Gaussian

bump. For all Re examined, the magnitude of the simulated tangential traction

appears to scale linearly with the boundary curvature κ, with a slope very close

to the theoretically predicted µ (t · u). Consequently, this a priori estimate of the

pseudo-traction by virtue of its scaling, can be a useful assessment tool of the

significance of the pseudo-traction based on the flow’s characteristic velocity

and boundary’s curvature.
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(a) (b)

(c)

Figure 3.5: (a-c) Comparison of the tangential traction Ft (data points) to the the-
oretical estimate of the pseudo-traction Fp (solid line) as a function
of bottom boundary’s curvature with respect to the three Re exam-
ined. Results are shown for locations with a curvature larger than
the mean curvature of the bottom boundary. The reported tangen-
tial traction corresponds to the trough of the wave as it propagates
over the Gaussian hill. The slight mismatch between the IP and SA
values on panel (b) is a result of sampling the data points on different
locations, to mitigate any interpolation error introduced during the
computation of the ISW-induced velocity at the wave trough which
does not always coincide with a grid point.
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3.4.4 Free-slip to no-slip traction ratio

Fig. 3.4, and its higher Re counterparts (not shown here), indicate that the

tangential traction computed from the different free-slip-implementation sim-

ulations is at least three orders of magnitude smaller than the corresponding

bottom tangential stress for the no-slip case. A simple predictive scaling for

the ratio of pseudo-traction Fp to no-slip traction Fw, leveraging the scaling of

Eq. (3.6), as a function of either bump or ISW-based non-dimensional parame-

ters is

Fp

Fw
=

√
H
R

1
√

Re
. (3.19)

Details regarding the derivation are provided in Appendix B.2. Eq. (3.19) ef-

fectively indicates that the relative effect of pseudo-traction is enhanced when

the radius of curvature of a bathymetric feature R is considerably smaller than

the water column depth H. The practical implications of this dependence, in

the context of bathymetry resolution, are further discussed in Sec. 3.5. The

predicted Re−1/2 scaling for Fp/Fw is verified for our benchmark problem simu-

lations in Fig. 3.6, shown on a log-log plot since the ratio Fp/Fw follows the ex-

pected power-law behaviour (see Eq. (3.19)). Consistent with the scaling anal-

ysis above, the pseudo-traction and the wall shear stress are computed at the

trough of the wave at the highest point of curvature of the bottom boundary,

i.e., top of the Gaussian bump. Oceanically-relevant values of Re can be two to

three orders of magnitude larger than the ones considered here. Adhering to the

potentially limiting assumptions of laminar flow and constant viscosity near the

bed, pseudo-traction may be regarded practically negligible at such Re. Sec. 3.5

addresses one scenario where such a claim might need to be reconsidered.
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Figure 3.6: Log-log plot of the ratio of the tangential traction Ft when an approx-
imated free-slip boundary is enforced over the tangential traction for
a no-slip boundary condition as a function of Re number. The solid
line corresponds to a slope of −1/2.

3.4.5 Energy lost due to pseudo-traction

So far, we have established an understanding of the spatial structure of the

free-slip-induced pseudo-traction and its dependence on bathymetric curva-

ture, with a focus on the ISW trough which carries the maximum horizontal

wave-induced velocity. We now turn to investigating the associated cumulative

energy losses along the entire wave footprint and over the full time required for

the ISW to propagate over the Gaussian bump. In particular, a control-volume

(CV) analysis is used. The boundaries of the CV coincide with those of the com-

putational domain. At any instance during which the ISW propagates over the

bottom Gaussian bump, the rate of change of kinetic energy in the fixed CV can

be calculated as [105]
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dE
dt

= −

∮
∂Ω

{uE + p′u − 2νu · S} · ndS +

∫
Ω

(
ρ′gw + 2νS : S

)
dΩ , (3.20)

where, E and E = ρ0||u||2/2 are the total kinetic energy and kinetic energy per

unit volume, respectively, S is the strain-rate tensor and n the outward wall

normal vector. Notice that for impermeable boundaries n · u = 0, the boundary

integral of Eq. (3.20) is equal to

2ν
∮
∂Ω

u · S · ndS , (3.21)

which corresponds to the kinetic energy loss due to viscous stresses on the

boundaries of the control-volume/computational-domain. Note, that all the

boundaries of the computational domain except the bottom one (Fig. 3.2) are

non-deformed impermeable boundaries where the free-slip boundary condi-

tion is exactly enforced. Thus, any loss of kinetic energy due to physical, or

spurious, viscous stresses will originate from the bottom boundary. In the case

of a no-slip boundary, this integral term is equal to zero since the velocity field

assumes a zero value on the no-slip boundary. If, instead, an approximate free-

slip boundary condition is used, pseudo-traction is expected to drive the above

loss of kinetic energy. In that case, for an impermeable bottom boundary, with

a tangential-only velocity component, the surface integral term (Eq. (3.21)), in

combination with Eq. (3.5) becomes

2ν
∮
∂Ω

u · S · ndS = 2ν
∮
∂Ω

ut · S · ndS =
1
ρ0

∮
∂Ω

uFtdS . (3.22)

One may now consider the relative importance of the time-integrated energy
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lost to pseudo-traction, due to the approximate enforcement of the free-slip con-

dition, with respect to that lost due to viscous dissipation in the domain inte-

rior. In this regard, one may ignore the buoyancy flux term, i.e., the first of the

two terms in the volume integral of the right-hand-side of Eq. (3.20). The time-

integrated ratio of energy lost due to pseudo-traction and viscous dissipation

may now be written as

r =

∫
t

(
2ν

∮
∂Ω

u · S · ndS
)

dt∫
t

(
2ν

∫
Ω

(S : S) dΩ
)

dt
. (3.23)

Fig. 3.7 shows the dependence of r on Re for the three Reynolds numbers

examined, where time-integration is applied over the time interval required

for the ISW to propagate over the bottom Gaussian bump. Note the particu-

larly small values, O(10−4), r assumes irrespective of Re. Moreover, the ratio

value r appears to asymptotically assume a constant value as Re increases and

approaches its oceanic counterpart. Whereas the analysis here considers two-

dimensional laminar flow in the wave interior, the presence of turbulence and

elevated viscous dissipation in the wave-interior, originating from shear or con-

vective instabilities [76, 77, 87], would reduce the value of r even further, at least

in the context of a single topographic feature as considered here.
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Figure 3.7: Time-integrated ratio, r, of the energy lost due to viscous stresses
over viscous dissipation, as a function of Re. Time-integration has
been performed over the time-interval during which the ISW propa-
gates over the Gaussian bump.

3.5 Discussion

The relative magnitude of the pseudo-traction on a deformed domain with re-

spect to the equivalent bed stress of a no-slip bottom boundary, under the con-

straint of assuming two-dimensional laminar flow at the bottom boundary, has

been examined for the benchmark of an ISW propagating over a Gaussian bump

at three different Re representative of the laboratory scale or somewhat larger

in value (Fig. 3.6). The relative magnitude of the pseudo-traction decreases

with increasing Re with a 1/2 power law as predicted by the scaling analysis

of sec. 3.4.4. Consequently, at oceanically relevant Re, of O(108 − 109), the rel-

ative strength of the pseudo-traction is expected to be reduced by as much as

a factor of 100 as compared to what is shown in Fig. 3.6. However, in practice,

near-bed flows at such high Re will be inevitably three-dimensional and turbu-
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lent [108, 134]. As discussed in the introduction, a simulation of such complex

three-dimensional flows is practically not feasible due to the associated high

computational cost inextricably linked to the resolution required to resolve the

broad range of scales, even in a partial manner. In such a case, a commonly used

alternative is the use of an eddy viscosity which is often localized near the bot-

tom [72] or is set equal to a constant background value at the boundary when

it changes dynamically [62, 61]. A commonly used value of the eddy viscosity

can be up to 4 to 6 orders of magnitude larger than its molecular counterpart

[72, 92]. As elaborated by Özgökmen et al. [92], such high values will apply to

both horizontal and vertical components of eddy viscosity for near-boundary

flows, unlike what is the case in stratified mid-water where the vertical compo-

nent can be much weaker. Therefore, when combined with the approximated

free-slip boundary, use of an eddy viscosity is likely to drastically intensify the

contribution of the resulting pseudo-traction to the overall flow energetics. Nev-

ertheless, in the context of a Large Eddy Simulation (LES) subgrid scale model

[107], additional terms related to the model, e.g., subgrid stress tensor, will be

introduced in the momentum equations and thus affect the overall coupling of

the velocity components. Therefore, their contribution to the overall pseudo-

traction needs to be carefully studied. Nonetheless, any further investigation in

the context of LES subgrid scale modelling is out of the scope of this study.

Another possible increase of the pseudo-traction contribution, could be

due to elevated curvature, i.e., reduced radius of curvature, of the bottom

bathymetry (see Eq. (3.19)). Nevertheless, in this scenario, a practical consid-

eration needs to be taken into account: High curvature boundaries are naturally

very small in scale; accurately representing them would require very high reso-

lution, which is prohibitive from an implementation standpoint.
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Furthermore, the relative energy loss due to pseudo-traction normalized by

the viscous dissipation in the domain interior is shown as a function of Re num-

ber in Fig. 3.7. Note, that this ratio appears to plateau as Re is increased ; the

energy lost due to pseudo-traction, over the time required for the wave to propa-

gate over the Gaussian bump, is only the 0.01% of the energy lost due to viscous

dissipation over the same time interval. Therefore, one can safely propose, in

the context of the benchmark at hand and the assumption of laminar flow within

the water column, that the effect of approximating the free-slip bottom bound-

ary condition to the overall flow energetics is also negligible in a time-integrated

sense. Such a claim would hold even more strongly if highly dissipative turbu-

lence due to shear and convective instabilities were to be present in the ISW

interior, under the restriction that the near-bed flow is assumed to be laminar.

However, in the case of an elevated near-bed eddy viscosity discussed above,

any claim of negligible time-integrated energetic significance of pseudo-traction

may have to be reconsidered.
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CHAPTER 4

FLOW STRUCTURE AND TURBULENT ASPECTS OF A

SUBSURFACE-RECIRCULATING CORE IN A SHOALING INTERNAL

SOLITARY WAVE OF DEPRESSION

In this chapter, a fully completed, high-resolution, three-dimensional sim-

ulation of a shoaling internal solitary wave of depression in a South China

Sea bathymetry is considered. This preliminary work focuses on the three-

dimensional structure of the flow and the associated convective instability

which takes place within the interior of the wave. A selective quantitative anal-

ysis is presented focusing on the formation of convective and shear instabilities,

as the wave shoals, as well as the convectively induced turbulence. Additional

analysis and documentation is the topic of ongoing work.

4.1 Initial Configuration

The initial ISW for the high-resolution simulations is the same baseline wave of

amplitude A = 143 m as the one described in Sec. 2.6.7. The in situ background

shear and stratification profiles were provided by Dr. Ren-Chieh and his group

[77] with minute modifications (cf. Fig. 2 in [101]). The same SCS bathymet-

ric transect (Fig. 2.13), and transverse width of Ly = 50 m, were utilized as for

the coarse three-dimensional run, with the three-dimensional simulation initi-

ated when the trough of the ISW was located at approximately the 40 km of the

transect [102]. Two locations of particular interest are highlighted in this study

based on the observational work in [77]. First, a subsurface mooring situated

at 54.13 km, and a second surface mooring located at 60.23 km of the transect,

with the former location corresponding to the maximum slope of the transect
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(cf. Fig 4.1). Based on observations [77] and simulations [101, 102] of shoaling

ISW, this 6 km-long window is where the wave undergoes a convective instabil-

ity and thus it is expected, at this location, that a highly turbulent recirculating

core will have developed. ConclusionsMotivation Flow Solver BenchmarksIntroduction ISW

Initial ISW10 and Grid Parameters

10Rivera et al., JPO (2020) 

Artificial 

Plateau
Subsurface 

mooring

Surface mooring

Range 

(km)

Δxmin (m) Δzmin (m)

0 4.13 0.52

54 1.03 0.29

60 1.03 0.24

DJL – generated ISW10

A (m) 143

Lw (m) 1,014

c (ms-1) 1.92
Polynomial 

Order

7

Elements in x 4202

Elements in z 60

Time step (s) 0.227

Figure 4.1: Density distribution of the initial ISW for the high-resolution simula-
tions. The ISW is initially placed on an artificial plateau to gradually
propagate on the SCS transect without the introduction of any arti-
ficial shoaling [101]. The corresponding locations of the subsurface
and surface moorings, as deployed in the SCS by [77], are noted.

4.2 Triggering the transition to turbulence

For reasons of computational efficiency, the noise insertion strategy and the sub-

sequent transition to turbulence of the shoaling ISW was first investigated in the

framework of a coarse resolution three-dimensional runs. Parameters and grid

resolution are shown in Table 2.4. The presence of a turbulent-like structure and

spectra as the wave becomes convectively unstable is an indication that the pre-

scribed perturbations will eventually trigger a turbulent recirculating trapped

core for the higher resolution production runs.

Diverging from the methodology followed by Rivera et al. [102], perturba-

tions are inserted only once during the simulation instead of every window-
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run. This is attributed first, to the fact that in this study, the ISW propagates

inviscidly, therefore perturbations are only dissipated artificially through filter-

ing. Second, the adopted numerical method (SEM) is less dissipative than the

one used in [102]: a) field variables are filtered only once per timestep, with a

weaker order filter and b) a de-aliasing technique is applied in the non-periodic

directions (cf. Appendix A.2).

To induce the three-dimensional convective breaking, white Gaussian noise

with standard deviation σ = 10−2 is inserted in each x-z plane. In the transverse

y-direction, only the first seven non-zero modes are triggered, with the remain-

ing modes of the transverse spectrum to be gradually energized as the wave

propagates. The initial perturbations are added to the u, w velocity components

in the x and z directions (respectively) and the density perturbation ρ′ as:

u′ = u′ + WR (4.1)

w′ = w′ + WR (4.2)

ρ′ = ρ′ + WR (4.3)

where u′, w′ and ρ′ are the wave-induced perturbations of the velocity field and

density field respectively (Eq. (2.4)), R = R(x, y, z) stands for the Gaussian white

noise at every grid point and W = W(x, z) is a windowing function acting on the

x-z plane as shown in Fig. 4.2. The perturbations in the transverse y-direction are

computed during the projection step of the time-splitting scheme (cf. Eq. (2.8))

to ensure the incompressibility of the added noise.
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Figure 4.2: Structure of the inserted noise windowing function for each x-
z plane. The shown computational domain corresponds to an
overlapping-window-run. Note that perturbation are inserted only
once throughout the simulation.

The structure of the windowing function W is chosen for the perturbations

to taper off close to the four boundaries of the computational domain in the x-z

plane (Fig. 4.2). Since the ISW propagates inviscidly, no boundary conditions

are enforced in the velocity and density field. Nevertheless, through the non-

homogeneous Neumann boundary condition for the pressure (Eq. (2.9)) [57],

the impermeability of the four boundaries is implicitly enforced. This structure

of the windowing function is designed to improve stability in the context of

inviscid flows, as the stability of the simulation may be compromised when

non-zero perturbations are introduced exactly at the boundaries.

The perturbations were inserted at the 12 km-long window shown in Fig. 4.2,

where the trough of the ISW was located approximately at 40 km of the transect.

The wave propagated until the 56.3 km, shortly after the subsurface mooring

location, and the simulation was stopped. Fig. 4.3 shows selected density iso-

surfaces as the wave shoals. Initially, strong disturbances with weak overturns
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decay followed by an increase in their magnitude during the onset of the con-

vective instability. As heavier isopycnals start to steepen due to the decrease

of wave’s propagation speed, their transverse disturbances are becoming more

noticeable. The overall effect of the noise insertion strategy, for triggering the

three-dimensionalization of the flow, is quantified by the computation of the

spectrum of the transverse velocity v′.

The y-averaged transverse spectrum and the respective compensated trans-

verse spectrum for different locations of the trough of the ISW were computed

within a region of a width equal to one initial width, Lw, of the ISW and depth of

180 m, which encompassed the wave. As shown in Fig. 4.4, it is evident, that as

the ISW shoals, the energy content of the smaller, initially non-energized, scales

starts increasing. Interestingly, the energy content of the larger length scales

start to decrease in magnitude up to the 49.5 km where the convective insta-

bility starts manifesting. Finally, the spectrum adheres to what appears to be

a −5/3 slope at 56.3 km range where a convective instability clearly has taken

place and further developed within the interior of the wave.
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41.3 km

(a)

46.2 km

(b)

49.5 km

(c)

54.3 km

(d)

56.3 km

(e)

Figure 4.3: Evolution of the coarsely-resolved three-dimensional convectively
breaking, shoaling ISW. Three density isosurfaces are shown:
1022.58 kg/m3 (grey/reference density), 1022.30 kg/m3 (blue) and
1022.26 kg/m3 (red) for the noise insertion strategy described in
Sec 4.2. Notice, the more energetic structure of the 1022.26 kg/m3

isosurface, when compared to the smaller amplitude noise case of
Fig. 2.16. The transverse velocity spectrum for each reported loca-
tion is shown in Fig. 4.4.
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Figure 4.4: Top: Non-dimensional spectrum of the transverse velocity |a| nor-
malized by the standard deviation σ of the inserted perturbations
for different locations of the trough of the ISW. The black solid line
denotes a line with a −5/3 slope. Bottom: The respective compen-
sated spectrum ((|a|/σ)K5/3) of the top figure.
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4.3 Computational grid and window runs

For the high-resolution production runs, the element-based numerical dis-

cretization is leveraged in terms of the spatial resolution in the x-z plane. As

shown in Fig. 4.5, the minimum resolution in the x-direction is gradually de-

creased by reducing the width of each element, assuming a minimum value of

∆xmin ≈ 1 m in the range where the three-dimensional simulations are initial-

ized, to guarantee better resolution in the convectively breaking region. The

minimum resolution in the vertical direction is kept the same as in the coarse

run with a horizontal variation shown in Fig.4.5. Note that, the height of each

element is computed based on a constant height-ratio, ϕz = ∆zi+1/∆zi = 1.02, be-

tween two adjacent in the vertical elements, i and i + 1, with the i + 1 element

located in deeper depth, to allow the concentration of vertical resolution in the

first few hundred meters where the turbulent core of the wave is observed. The

variation of ∆zmin in the horizontal is attributed to the fact that the number of el-

ements in the vertical is fixed irrespective of the water depth. Details regarding

the grid and other parameters for the production runs are shown in Table 4.1.
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Figure 4.5: Top: Minimum horizontal resolution in the along-wave propagat-
ing direction as a function of the range of the SCS transect. Bottom:
Minimum resolution in the vertical direction.

Lastly, and as described in Sec. 2.6.7, the simulation of the shoaling ISW was

performed in overlapping windows in the along-wave propagating direction to

reduce the computational cost per time-step. Each window run was approx-

imately 12.3 km long with an overlapping region of 6 km. In total 6 window

runs were performed with mw
x = 768 elements each.
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Range (km) ∆xmin (m) ∆zmin (m) (qxz, qy)
0 4.13 0.52 (14, 20)
54 1.03 0.29 (10, 15)
60 1.03 0.24 (10, 15)

(N, mx, mz) ∆y (m) ∆t (s) Ny

(7, 4202, 60) 0.391 0.227 128

Table 4.1: Grid parameters and resolution for the shoaling ISW for the high-
resolution simulations. Minimum resolution in the x-z directions
(∆xmin, ∆zmin) by using mx and mz elements in the horizontal and ver-
tical directions with a constant polynomial order N per element, and
orders of the exponential filter (qxz, qy), for different ranges of the SCS
transect, are reported. Transverse parameters of the 3-D simulation,
as the resolution (∆y), number of transverse points (Ny), and time-step
(∆t) are also included. Note that the reported number of elements in
the x-direction, mx, is the total number of elements of the computa-
tional domain and not the number of elements per window run.

4.4 Flow topology of a convectively breaking internal solitary

wave

Initially, the convective instability is manifested as steepening of the lighter iso-

density values followed by pronounced transverse variations (cf. Fig 4.6). As

the wave continues to shoal, the steepening of heavier isodensity lines at the rear

of the wave is observed which is succeeded by their three-dimensionalization.

An inclined gravity current at the rear of the wave is formed which eventu-

ally plunges within the interior of the wave. This event leads to intense turbu-

lence and mixing, initially at the rear of the wave with the trapped core being

advected towards the front as the wave continuous to propagate. Essentially,

as the wave becomes convectively unstable and during these strong turbulent

events that take place within the wave’s interior, its waveform doesn’t change
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drastically as it was observed in the SCS [76, 77, 17] and from previous numer-

ical experiments, when compared to different shoaling configurations [126]. As

it will be further described in Sec. 4.7, the convective instability establishes a

persistent turbulence for at least 20 km of the transect inducing strong mixing

along its propagation path [1].
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Figure 4.6: Left: Evolution of the three-dimensional convectively breaking,
shoaling ISW for the high-resolution production runs. Right: Mid-
plane (y = 25 m) potential density at the same location as the three-
dimensional figures, overlapped with the σ contour lines; colors and
values correspond to the σ isosurfaces. Values are saturated to em-
phasize the convective instability.
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4.5 Tracking the convective instability in parameter space

A well-established criterion on the formation of a convective instability is when

the wave-induced horizontal velocity exceeds the propagation speed of the

wave (Umax > c) [77, 101, 46, 68]. In this study, the propagation speed of the

wave is computed via the methodology proposed in [19]. The location of the

wave’s trough as a function of time, and thus its propagation speed, are found

through the computation of the zero crossing of ∂u/∂x below the pycnocline. For

the three-dimensional runs, the wave’s propagation speed was computed via y-

averaging the u′-velocity field. As shown in Fig. 4.7, the propagation speeds

of the two-dimensional and three-dimensional simulations are in a good agree-

ment, except for the late stages of the wave’s propagation, 62-65 km, where in

three-dimensions, the wave’s interior is highly turbulent and the wave transi-

tions from the continental slope to the almost uniform depth plateau. The prop-

agation speed in both of the simulations assumes nearly the same value as the

wave approaches the uniform depth shelf.

The three-dimensional maximum ISW-horizontal induced velocity indicates

that the onset of the convective instability takes place in nearly the similar lo-

cation as its two dimensional counterpart. Overall, the maximum horizon-

tal induced velocity follows a similar trend as in the two-dimensional simu-

lation, validating that the primary convective instability is two-dimensional.

Past the surface mooring, a higher, but not dramatically different than in two-

dimensions, decrease of the ISW-horizontal induced velocity is observed due to

turbulent dissipation as augmented by the spectral filter.
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Figure 4.7: Maximum horizontal induced velocity Umax and propagation speed
c as a function of the along-wave propagating direction. The re-
sults for the two-dimensional and three-dimensional simulations are
shown in black and blue respectively.

The examined wave, with an initial amplitude of A=143m, may be charac-

terized as a medium-to-large amplitude wave, per the classification of Chang

et al. [18] based on a collection of long-term (6-month-long) mooring obser-

vations of ISWs in the SCS. The phenomenon of marginal instability, where the

maximum horizontal induced velocity assumes values close to the wave’s prop-

agation speed, Umax ≈ c, is not observed for either the two-dimensional and

three-dimensional simulations as it is shown in Fig. 4.8. Initially, Umax for the

three-dimensional runs oscillates around the convective breaking limit, never-

theless this behaviour is attributed to the adjustment of the wave to the noise

insertion. For both the simulations, as the convective instability forms, Umax > c

persists throughout the wave propagation. As shown in Fig. 4.7, past the surface

mooring, i.e, depth smaller than 450 m, the rate of decrease of the horizontal in-

duced velocity is similar to the rate of decrease of the wave’s propagation speed,

which is also confirmed by observations in the SCS for large ISWs [17].
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Figure 4.8: A different perspective of the convective instability criterion. The
upper triangle of the figure denotes the region where the wave
induced horizontal velocity exceeds the propagation speed of the
wave.

4.6 Evidence of shear instability

Two competing effects coincide during the shoaling of an ISW: velocity shear

and buoyancy. The former acts as a destabilizing, turbulence-inducing mecha-

nism, while the latter suppresses any shear-induced motions through its restora-

tive mechanism in the vertical direction. The dimensionless parameter that

characterizes the effect of shear and buoyancy on a stratified flow is given by

the Richardson number (Ri)

Ri =
N2

S 2 , (4.4)
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where N2 is the Brunt-Väisälä frequency defined as

N2 =
g
ρ0

∂ρ

∂z
(4.5)

where ρ0 is the reference density and ρ is the total density. S stands for the shear

induced by the horizontal velocity component given by the following expres-

sion

S =
∂u
∂z

, (4.6)

where u includes the along-wave background current U as well as the wave in-

duced horizontal velocity u′. For purely parallel stratified shear layers, where

the pycnocline is located at the same depth as the velocity shear, the critical

Richardson number for inducing Kelvin-Helmholtz (K-H) shear instabilities is

Ri = 1/4 [86, 63]. Nevertheless, for mode-one ISWs, the critical Ri for induc-

ing shear instabilities of K-H type is found, through numerical simulations [4]

observations [17] and experiments [41], to be further reduced to Ri = 0.1 for

perturbations to develop.

Until recently, shear instabilities in convectively breaking ISWs weren’t ob-

served due to their short-lived nature and lack of spatio-temporal resolution

although the background properties of the flow were favoring such shear in-

stabilities [76, 77]. Therefore, it was conjectured that turbulence-induced dis-

sipative mechanisms of shoaling ISWs were either via purely shear-driven in-

stabilities due to the vertical shear of the wave-induced horizontal velocity [87]

(cf. Fig. 1.2) or via their convective breaking when shoaling over gentle slopes.

Chang et al. [17] reported for the first time the presence of shear instabilities
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in convectively breaking ISWs observed in the SCS, a location similar to where

Lien et al. [76, 77] made their observations which motivated the present study.

In shoaling ISWs, the convective core compresses the pycnocline (cf. Fig. 4.13

and 4.14) increasing both the stratification and shear [14, 17]. Nevertheless, the

shear is more dominant and consequently a region of Ri < 0.1 above the pycn-

ocline (cf. Fig. 4.12) and close to the trough of the wave, is formed contributing

to the formation of K-H type instabilities which eventually are further enhanc-

ing the mixing and dissipation of the water column. As shown in Fig. 4.10,

these density roll-ups presumably travel with a velocity smaller than the wave’s

propagation speed and eventually are washed downstream, which is consistent

with observations [17]. Lastly, the vertical length scale of the roll-up, shown in

Fig. 4.10 within the white box, is ∼14 m, close to the observed values reported

in [17].

Interestingly, the two-dimensional simulation of the shoaling ISW does not

demonstrate the same features as its three-dimensional counterpart regarding

both the convective instability as well as the occurrence of a shear instability.

In Fig. 4.9, the potential density, σ, is shown for the two-dimensional simula-

tion of the shoaling ISW in the SCS transect at approximately the same location

where the K-H type instability is observed for the three-dimensional simulation

(cf. Fig. 4.10). Note, how distinct the convective instability is due to lack of a

turbulent mixing mechanism when compared to the three-dimensional results.

In two-dimensions, the initially plunging isopycnal is now displaced within the

wave’s interior and is advected to smaller depths. Furthermore, by examining

the spatial distribution of the two-dimensional Richardson number (Fig. 4.11) at

similar locations as the three-dimensional simulation (Fig. 4.12), the Richardson
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number values are inconsistent with observations and experiments of shear-

unstable ISWs, where critical Ri values are expected to be observed closer to

the trough of the wave. In three-dimensions and as the wave shoals, a region

of Ri < 0.1 emerges close to the trough of the wave which gradually expands

towards the rear of the wave. This region of increased shear (cf. Fig. 4.12 c)

coincides with the density roll-ups shown in Fig. 4.10.

Figure 4.9: Structure of potential density σ = ρ − 1000 kgm−3 for the two-
dimensional simulation, saturated to illustrate the convective insta-
bility in the wave’s interior.
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(a)

(b)

(c)

Figure 4.10: Potential density for three instances of the convectively breaking
ISW. Values of σ = ρ − 1000 kgm−3 are saturated to illustrate the
shear and convective instabilities. (a): Shear instabilities are located
at the trough and rear of the wave with a K-H type roll-up being vis-
ible within the white box and the respective inset. Values of σ are
shown for y = 0 m. (b): The K-H type roll-ups are washed down-
stream of the wave, as shown in the bottom left inset [17]. Values of
σ are shown for y = 0 m. (c): Transverse-averaged potential density
where shear induced instabilities persist, affecting heavier density
values.
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(a) (b)

(c)

Figure 4.11: Distribution of the Richardson number, 0 < Ri < 1/4, for the
two-dimensional shoaling ISW at different locations in the along-
wave propagating direction. The black and red lines correspond
to density values equal to 1022.58 kg/m3 (reference density) and
1022.26 kg/m3 respectively.
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(a) (b)

(c)

Figure 4.12: Distribution of the Richardson number, 0 < Ri < 1/4, for the
averaged in the transverse direction flow field during the three-
dimensional shoaling of the ISW in the SCS transect. As the wave
shoals, critical values Ri < 0.1 are assumed within a region close
to the trough of the wave, indicating the presence of strong vertical
shear. The black and red lines correspond to density values equal to
1022.58 kg/m3 (reference density) and 1022.26 kg/m3 respectively.

Figures 4.13 and 4.14 complement the Ri number calculation, and possibly

shed some light on whether changes in stratification or shear (or both) are the

main contributors for enhancing the shear induced instabilities in the three-

dimensional simulation. Both the velocity and density profiles at the trough

of the wave for the two-dimensional and three-dimensional runs demonstrate
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a similar structure. Nevertheless, by the point the trapped core has become

well-formed within the interior of the wave (∼ 64 km), the three-dimensional

simulation exhibits a well mixed region extending from ∼ 80 m to ∼ 160 m in

depth. Examining the vertical shear at the same depth as the location of the

density roll-ups, ∼ 130-150 m the vertical shear is not dramatically changing for

different positions of the wave’s trough. Therefore, a possible interpretation

for the generation of convectively induced shear instabilities is due to enhanced

mixing attributed to the convective overturning and resulting turbulence within

the wave’s core.
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Figure 4.13: (a): Total density vertical profiles at the wave’s trough for the two-
dimensional simulation. (b): y-average (solid lines) of the total
density vertical profiles at different locations of the wave’s trough.
The respective mid-plane (y = 25 m) values are shown in dashed
lines. (c): Overlapping two-dimensional and three-dimensional
(y-average) ∂ρ/∂z profiles for the location of strong shear in the
three-dimensional shoaling ISW. Values of ∂ρ/∂z ≈ 0 indicate a well
mixed region with weak stratification. The corresponding distribu-
tions of Ri at these locations is shown at Fig. 4.12c and Fig. 4.11c for
the three-dimensional and two-dimensional runs respectively.
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Figure 4.14: (a): Horizontal velocity vertical profiles at the wave’s trough for the
two-dimensional simulation. (b): y-average (solid lines) horizontal
velocity vertical profiles at different locations of the wave’s trough.
The respective mid-plane (y = 25 m) values are shown in dashed
lines. (c): Overlapping two-dimensional and three-dimensional (y-
average) vertical profiles of the horizontal velocity for the location
of strong shear in the three-dimensional shoaling ISW. The corre-
sponding distributions of Ri at these locations is shown at Fig. 4.12c
and Fig. 4.11c for the three-dimensional and two-dimensional runs
respectively.
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4.7 Convectively induced turbulence

The energy spectra of the transverse velocity v are computed at different loca-

tions as the wave shoals. For each x-location of the wave’s trough, the transverse

spectrum is first computed within a x-z window which encompasses the wave

and its trapped core, and subsequently averaged in the non-periodic directions.

Each window has a width equal to the initial width of the wave and a depth

of 200 m to encompass the region of strong shear instability near the wave’s

trough. As shown in Fig. 4.15, at a location close to the initial white noise inser-

tion, smaller wavenumbers are almost equally energized. As the wave shoals,

the overall energy content of the flow is increasing with a concurrent increase

of the energy content of the smaller length scales. The transverse spectrum and

compensated spectrum indicate an inertial subrange corresponding to a −5/3

slope. The energy spectrum reveals two interesting features of the overall ener-

getics of convectively breaking ISWs. First, the convective instability inherently

generates a turbulent flow within the wave interior. Second, the generated tur-

bulence persists: the turbulent trapped core remains for at least ∼ 20 km of its

propagation.
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Figure 4.15: Top: Non-dimensional spectrum of the transverse velocity |a| nor-
malized by the standard deviation σ of the inserted perturbations
for different locations of the trough of the ISW. The black solid
line denotes a line with a −5/3 slope. The dashed line indicates
the first wavenumber affected by the transverse exponential filter.
Bottom: The respective compensated spectrum ((|a|/σ)K5/3) at the
same locations of the ISW’s trough as in the top figure. Note that
the transverse wave structure is shown at various locations of the
ISW’s trough in Fig. 4.6.
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4.8 Scales affected by filtering

In the context of under-resolved high-order simulations, as in the case of the

convectively breaking shoaling ISW in the SCS, smaller, under-resolved spatial

scales are aliased back to larger scales. As a consequence, the energy content of

these larger scales is increased, leading to spectral blocking [11] with detrimen-

tal consequences to the overall stability of the simulation if not properly treated.

This numerical artifact is more pronounced in the case of an inviscid flow where

the flow field is devoid of any physical dissipative mechanism. Therefore, a

controlled dissipative mechanism has to be introduced to ensure the stability

of the simulation. As a result, and as it was previously described in Sec. 2.5

and Appendix A.1, an exponential filter is applied both in the periodic, y, and

non-periodic x-z directions. The purpose of this section is to estimate, during

the post-processing stage of the simulation, the numerically introduced dissipa-

tion via the computation of the kinetic energy of the flow before and after the

application of the exponential filter.

As shown by Gottlieb et al. [42] the application of an exponential filter is

equivalent to using a hyperviscous operator albeit without the additional time-

stepping restrictions. For the modal version of SEM, Kirby et al. [60] proposed a

stabilization via spectral vanishing viscosity (SVV), however the required SVV

operator requires the application of a stiffness summation and thus introduces

additional communication overhead. Therefore, the application of an exponen-

tial filter not only ensures the C0 continuity of SEM via filtering of the interior

boundary adaptive basis but it is also a trivially parallel operation, performed

within each element locally. Nonetheless, the estimation and computation of

the introduced numerical viscosity from the application of the exponential filter
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in the non-periodic directions, is not a trivial task.

In the periodic direction, since a Fourier expansion is used for approximating

the field variables (Eq. (2.12)), a filtered Fourier mode of wavenumber kn has a

distinct spatial length scale that can be associated with, i.e., its wavelength λn ∝

O(1/kn). Therefore, one can accurately assess the effect of the filter as a specific

range of the resolved length scales and as such, quantify the introduced artificial

dissipation. In a similar vein, a question may arise regarding the filter in the

non-periodic directions: Can someone easily identify the filtered length-scales in these

non-periodic directions? The answer is no, and it has to do with the nature of the

expansion of the field variables in the non-periodic directions. The Lagrange

interpolants are first projected onto the modal coefficient space of the boundary

adaptive basis functions to ensure that the values at the element interface are

preserved after filtering. Although, the corresponding interior bubble functions

are hierarchical and demonstrate an oscillatory-like structure with increasing

polynomial order [13], associating the effect of the filtering function to one of

the modes and mapping this energy reduction to a particular physical length-

scale, is not trivial. First, the boundary adaptive basis are not orthogonal, in an

inner product sense, meaning that filtering one of the modes will concurrently

affect higher and lower modes. Second, the use of fully curvilinear elements,

irrespective of the choice of basis functions, complicates the association between

a length scale in the physical domain and the filtered mode which is defined in

the reference computational domain.
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4.8.1 Quantifying the numerical dissipation

In this section, a simple technique for computing the a posteriori estimate of the

introduced dissipation by the exponential filter is presented. The methodology

is based on computing the reduction in kinetic energy (KE) of the velocity field

after the application of the exponential filter. Since filtering of the velocity field

takes place only after the computation of the nonlinear terms (cf. Eq. (2.6)), the

ISW-encompassing volume-integrated difference of kinetic energy between the

intermediate velocity field ũ and the filtered velocity field ũF quantifies, in a

spatially average sense, the energy of the flow which is removed by the filter. A

first order estimate of the numerical dissipation is subsequently computed by

dividing the difference in KE by the time-step ∆t as

dKE
dt
≈

1
V∆t

∫
V

(KE{ũ} − KE{ũF}) dV , (4.7)

where KE{u} = (u′2+w′2+v′2)/2 is the kinetic energy of the wave-induced velocity

field and V is the volume which encompasses the ISW. In Fig. 4.16 the numerical

dissipation dKE/dt is shown as a function of the wave’s position. Initially, the

wave adjusts to the inserted perturbations and the energy removed by the filter

is gradually decreasing as the perturbations are apparently decreasing in am-

plitude until they then correlate to the two-dimensional wave breaking process.

During the shoaling of the ISW and in the 57-60 km range, a sudden increase of

dKE/dt coincides with the growth of the convective instability within the wave’s

interior (cf. Fig. 4.6). A subsequent small decrease of the KE dissipation is fol-

lowed by an increase of its values, which is likely linked to the observed and

persistent shear instabilities at the trough and rear of the ISW (cf. Fig. 4.10) and

the highly energetic transverse velocity spectra (cf. Fig. 4.15). Lastly, an inter-
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esting observation regarding the magnitude of the numerical dissipation is that

its order of magnitude O(10−6) m2/s3 is close to the observed dissipation rates of

shoaling ISW’s ∼ O(10−4 - 10−6) m2/s3 [17, 74, 116]. It should be emphasized that

the dissipation of kinetic energy shown in Fig. 4.16 is the introduced numerical

dissipation to ensure that the simulation remains stable. Nonetheless, since the

ISW propagates in an inviscid flow regime, the corresponding viscous dissipa-

tion cannot be defined. Potentially, one may be tempted to choose an arbitrary

value of viscosity and compute the dissipation rate ε = 2νS : S, where S is the

strain-rate tensor [67], but this is outside of the scope of the present work.
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Figure 4.16: Dissipation of the kinetic energy of the wave-induced velocity field,
introduced by the exponential filter as a function of the wave’s po-
sition.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

5.1 Chapter 2: Implementation and validation of a parallel

stratified flow solver

In this chapter, a continuous hybrid nodal spectral element/Fourier Galerkin

flow solver for the simulation of fully non-hydrostatic stratified flows has been

presented. The solver is specifically designed for the long, high-aspect-ratio

computational domains encountered in the propagation of nonlinear internal

waves in the ocean, where the bathymetry is variable and the direction of wave

propagation is normal to the isobaths. The solver is furthermore capable of

capturing the convectively-induced turbulence in the wave interior as the wave

shoals.

A defining feature of the nonlinear internal waves is their strong non-

hydrostatic nature which necessitates the solution of a pressure Poisson

problem. When combined with the high-aspect-ratio domain with complex

bathymetry, the efficacy of numerically solving the pressure Poisson equation is

of paramount importance for the overall performance of the flow solver. Adopt-

ing a domain decomposition technique for the pressure Poisson equation, the

resulting condensed Schur complement problem is solved via a block-Jacobi

deflated preconditioned Krylov iterative solver. A robust preconditioning tech-

nique is used, which ensures favorable convergence properties, i.e., low itera-

tion count for the examined domains and flow problems, as recently demon-

strated in [54].
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The overall accuracy of the flow solver is demonstrated through a suite of

benchmarks showing good agreement when compared to analytical solutions

and previous studies. The benchmarking effort culminates with the three-

dimensional shoaling of an internal solitary wave of depression over realistic

bathymetry and background conditions in the South China Sea motivated by

in situ observations of [76, 77]. The flow solver captures the key features of

the shoaling wave along with turbulent-like structures in its interior, in good

agreement with previous studies [101, 102]. Additional applications in stratified

flows, such as the simulation of internal swash zones [33, 122, 25] and the po-

tentially related boundary-interior exchange [84], excited by deep water waves,

will also be investigated.

The performance of the flow solver will further be optimized guided from

what is already known to be a bottleneck. From a parallel performance stand-

point, multithreading would greatly accelerate the most computationally de-

manding parts of the solver, which are locally performed within a rank, such

as the transverse Fourier transforms, as well as the assembly and on-the-fly fac-

torization of the elemental and subdomain matrices required by the domain-

decomposed pressure Poisson problem. Furthermore, an investigation of the

choice of the deflation vectors may possibly accelerate the convergence rate of

the second Schur problem solve and mitigate the large number of the required

iterations when the aspect-ratio of the domain is close to unity as for the vortex-

dipole benchmark [54]. Lastly, for computationally intensive simulations the

implementation of a parallel I/O is of paramount importance since memory

limitations during the collective communication of the global field variables and

writing-to-disk-times can inhibit the parallel scaling of the flow solver.
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5.2 Chapter 3: Enforcement of a free-slip boundary condition

on complex domains

The exact enforcement of the free-slip boundary condition on a deformed

boundary introduces a coupling between the Cartesian velocity components.

Consequently, solving for the velocity field under a free-slip boundary condi-

tion adds a computational complexity which can be mitigated by approximat-

ing the free-slip boundary condition to achieve an independent solve per each

velocity component. Various free-slip approximations have been proposed for

a continuous high-order Galerkin numerical discretization with a possible ex-

tension to other weak-form-based and strong-form-based discretizations. Since

the two proposed approximations are comprised of Dirichlet and Neumann

type of boundary conditions, these boundary conditions can be easily enforced

strongly when a strong-form-based numerical discretization is used, e.g., a finite

difference method. Thus, when these approximations are adopted, the overall

pseudo-traction is expected to behave in a similar manner for the same type of

flow, irrespective of the numerical discretization.

The extension of these approximations to three dimensions follows naturally

from its two-dimensional counterpart. Now the pseudo-traction will be a vec-

tor with two components, the tangential and binormal to the bottom boundary,

with each component proportional to its respective curvature and thus to the

tangent and bi-normal boundary velocity component. Therefore each compo-

nent of the pseudo-traction is expected to adhere to the scaling analyses pre-

sented in sections 3.3 and 3.4.4.

The propagation of an internal solitary wave over a Gaussian hill has been
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used as a benchmark to quantify the exerted traction on the fluid due an ap-

proximate free-slip boundary condition. The tangential traction, i.e., pseudo-

traction associated with the approximated free-slip boundary depends mainly

on the magnitude of the tangential velocity component as well as the curvature

of the deformed boundary. The energy loss attributed to the pseudo-traction

compared to the total viscous dissipation, accounts to a negligible percentage,

i.e., much less than 1%.

Overall, for oceanic flow modelling, the effect of the pseudo-traction seems

to be negligible, alleviating the modeller from the computational intricacies of

solving a coupled vector equation for the velocity field. However, the signifi-

cance of the pseudo-traction to the overall flow energetics may possibly change

in the case of an elevated near-bottom eddy-viscosity which poses an open ques-

tion worthy of future investigation.

5.3 Chapter 4: Turbulent aspects of a subsurface-recirculating

core in a shoaling internal solitary wave of depression

This final chapter is the culmination of the flow solver development and im-

plementation shown in the previous two chapters of the dissertation. A high-

resolution, high-accuracy massively parallel simulation of a shoaling internal

solitary wave over a realistic bathymetry in the South China Sea was performed

in three-dimensions with its accompanying two-dimensional investigation. In

this preliminary analysis, the flow structure was examined, indicating the for-

mation of an energetic, convectively induced, trapped turbulent core which per-

sists for more than ∼ 20 km of the transect. The onset of the convective insta-
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bility within the wave’s interior is attributed to a spilling gravity-like current

emanating from the rear of the wave. The persistence and energy content of the

trapped core is quantified by computing the energy spectra of the transverse

velocity component which subsequently adheres to a −5/3 slope for the inertial

subrange.

It is a common approach, in the study of geophysical turbulence to examine

one-dimensional wave number spectra to look for potential signatures of a tur-

bulent inertial range [100, 23]. This is a particularly straightforward approach to

follow when one of the directions of the flow is homogeneous [133]. The search

for the −5/3 slope is used as a means of identifying the range of scales which be-

long to the inertial subrange. For the shoaling ISW, the numerically computed

range of scales which belong to the inertial subrange (approximately 10 m-1 m)

are consistent with Lagrangian-based observations of shoaling ISWs [75]. Note

that the turbulent scales which belong to the inertial subrange in the transverse

direction are more clearly delineated as the flat-region of the compensated ve-

locity spectrum shown in Fig. 4.15 [24]. Nevertheless, even if tempted, the cu-

rious reader should not interpret the transverse velocity spectrum in the classic

K41 theory [24]. As shown in Fig. 4.6, the flow is clearly not homogeneous in the

x-z directions. Consequently, It is particularly challenging to identify a window

of finite dimensions on the x-z plane within which the homogeneity assumption

is valid.

The convectively unstable core mixes far more efficiently in three-

dimensions than in two-dimensions. In three-dimensions, the mixing in the

interior of the wave leads to a weakening of the stratification, with the vertical

shear of the horizontal velocity remaining relatively unchanged. This results
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to Kelvin-Helmhotlz type instabilities which appear as density roll-ups at the

trough and rear of the wave. The computed Richardson number assumes criti-

cal values of Ri ≤ 0.1 at the same location of the observed roll-ups [17], confirm-

ing the necessary condition for the occurrence of shear instabilities within the

wave as shown by previous studies [14, 41, 4, 17].

A study of two additional cases of three-dimensional shoaling of higher am-

plitude waves is already underway. These simulations will further explore the

effect of the wave’s amplitude on the onset and potential occurrences of the

convective instability as the wave shoals on the same transect. Furthermore,

a more careful analysis of the overall wave energetics will be performed. The

analysis will focus on computing the energy budgets of the kinetic energy and

available potential energy. More specifically, the resulting dissipation rate ε will

be quantified for all of the examined waves and contrasted to field observations

as well as the buoyancy fluxes ρ′wg and the flux of energy transported by the

wave. These quantities will be computed at different locations along the wave

propagation path and correlated to the corresponding turbulent flow structures.

Lastly, a Lagrangian particle-tracking study will be performed for the baseline

wave, which will quantify the mass transport properties of the trapped core.

The coupling of the flow-solver with a particle tracker [52] is completed and

simulations will be conducted in the near future.
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APPENDIX A

SUPPLEMENTAL MATERIAL FOR CHAPTER 2

A.1 Exponential filtering

Since a continuous Galerkin discretization is used in the x-z directions, it is

crucial for the filtered quantity to preserve the C0 continuity of the numerical

method [10]. Therefore, a discrete polynomial transform (DPT) takes place be-

fore the application of the exponential filter using appropriate basis functions

which ensure the C0 continuity among elemental interfaces. Essentially, a DPT

is the mapping from the nodal coefficient space, i.e., Lagrange polynomials, to

the modal coefficient space. Instead of the commonly used Legendre basis func-

tions, the modal coefficients of a field variable are computed for the boundary-

adaptive basis functions [13, 56]. In one-dimension, the boundary-adaptive ba-

sis functions are comprised of two linear basis functions which are non-zero at

the two boundaries and a series of basis functions or bubble modes of increas-

ing polynomial order, i.e, hierarchical, which are zero at the boundaries. Thus, a

subsequent filtering, only of the respective bubble modes, ensures the continu-

ity among element interfaces.

Let Σ ∈ R(N+1)×(N+1) be an exponential filtering diagonal matrix with corre-

sponding entries the values of the filtering function evaluated at a given poly-

nomial mode (see Eq. (36) in [29]) where N is the polynomial order of the ex-

pansion. Then the one-dimensional filtering matrix F ∈ RN+1×N+1 is given by the

following expression
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F = VΣV−1 , (A.1)

where V ∈ RN+1×N+1 is the forward discrete-polynomial-transform matrix with

columns the computed boundary-adaptive basis at the Gauss-Lobatto-Legendre

points [13]. Lastly, the inverse V−1 denotes the backward transform from

nodal to modal coefficient space. Note that the two-dimensional equivalent

filter matrix is simply computed by taking the Kronecker product of the one-

dimensional filter matrix F with itself.

A.2 Nonlinear terms calculation

The explicit step of the time-splitting scheme (Eq. (2.6)) for any velocity com-

ponent u of the velocity vector is shown following a Galerkin approximation

in the non-periodic domain Ω. To simplify notation, the density perturbation

term is omitted and the intermediate velocity ũ is time-advanced using a first

order time integration scheme (J = 1), i.e., Euler method, which can be easily

extended to a higher accuracy time integration. Therefore, Eq. (2.6), for a given

test function v, is written as

∫
Ω

vũdΩ =

∫
Ω

vudΩ − ∆t
∫

Ω

vN{u}dΩ , (A.2)

where N{u} = u · ∇u is the nonlinear operator. Based on the discretization pre-

sented on Sec. 2.4 the nonlinear term N{u} is approximated in Ω, as a linear

combination of two-dimensional Lagrange polynomials

128



N{u}(x, y, z) =

n∑
k=1

N{u}k(y)hk(x, z) , (A.3)

where n are the degrees of freedom within a x-z plane. Note that the test-

function v, the intermediate velocity ũ and the previous time-step velocity u

adhere to the same discretization. Thus, Eq. (A.2) is discretized into the follow-

ing matrix form

Mũ(y) = Mu(y) − ∆tMN{u}(y) , (A.4)

where M is the mass matrix and N{u}(y) = {N{u}k(y)}, u(y) = {uk(y)}, ũ(y) = {ũk(y)}

are the nodal values of N{u}, u and ũ respectively.

Now the second term of the right-hand-side of Eq. (A.4) is equal to

MN{u}(y) = Cu(y) , (A.5)

where Ci j =
∫

Ω
hiu · ∇h jdΩ is the weak-form-based discrete nonlinear operator.

In high Re advection dominated flows, such as the propagation of nonlinear in-

ternal waves and the associated turbulence, aliasing induced instabilities due to

inexact integration of the entries of C matrix may compromise the simulation.

This is of particular importance on complex computational domains where the

integrand of Ci j includes the associated metric terms for the mapping of the

physical domain to the computational domain. Furthermore, since it is a com-

mon practice for the use of an isoparametric mapping [64] (see A.4 for more

details), the integrand of Ci j has an elevated polynomial order and, thus, any

inexact numerical integration using the Gauss-Lobatto-Legendre points [56] is
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exacerbated if not properly treated. On this account, stability is ensured via

polynomial over-integration on C to retain its skew-symmetry [81]. Briefly, the

integrand of Ci j is spectrally interpolated into an over-integration grid for its in-

tegral to be computed exactly through numerical integration. For more details

regarding the computation of C in deformed geometries the reader is referred

to [27, 81].

Lastly, the Fourier coefficients of the intermediate velocity ̂̃u are obtained by

first inverting the diagonal mass matrix M of Eq. (A.4) followed by a discrete

Fourier transform in y, Fy

̂̃u(kn) = Fy{u(y) − ∆tN{u}(y)} , (A.6)

where kn is a transverse in y wavenumber.

A.3 Parallelization strategy

A parallel domain decomposition is used in the x and y directions, following the

hybrid approach of [8]. One of the advantages of this parallelization strategy is

its flexibility on the distribution of x and y computational processes with a di-

rect increase of performance compared to one-dimensional decompositions [8].

From an implementation standpoint, all the communications are performed via

the Message Passing Interface (MPI) library where a process Pk is mapped into a

two-dimensional Cartesian topology, Pk 7→ Pi j. More specifically, subsets of the

computational domain are assigned to each process, both in a wavenumber (y)

and subdomain sense (x), i.e., a vertical collection of elements. Essentially, com-
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munication is restricted among groups of processes of the same row or column

(Fig. A.1).

Two communication patterns emerge through this topology. First, plane-

wise communication where adjacent processes with overlapping vertical edges

which belong on the same x-z plane, communicate by non-blocking point-to-

point communication during the direct stiffness summation which enforces the

C0 continuity of the SEM and adheres to the integral nature of the weak form

[27]. Therefore, this communication pattern occurs both in the implicit and ex-

plicit steps of the solver. Additionally, a collective communication restricted

on each x-z plane is performed only during the deflation stage of the pressure

solver during the application of the ZT matrix. Second, all-to-all collective com-

munications in y are restricted between processes of the same column (Fig. A.1).

Thus, the significant introduced all-to-all communication overhead that triply

periodic flow solvers suffer from is mitigated [129]. In this regard, the overall

communication overhead of the data transposition required by the nonlinear

terms (Eq. (A.6)) is reduced by ensuring that processes of the same column re-

side on the same multi-core computational node.
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Figure A.1: Example of the parallel domain decomposition and its Cartesian
topology. In this example, each process owns two points in the y-
direction and four subdomains per x-z plane. Data transposition
(solid arrows) takes place during the forward and inverse Fourier
transforms among processes which reside on the same column, e.g,
P11-P21. The vertical edge overlap between two adjacent processes
of each x-z plane is exchanged (dashed arrows) via point-to-point
non-blocking communications. Each x-z plane communication (P11-
P12 and P21-P22) takes place during the direct stiffness summation,
a direct result of enforcing C0 continuity in SEM, and in the form
of a global communication, only among processes residing on the
same x-z plane, during the deflation preconditioning of the pressure
Poisson problem (dotted arrows).

A.3.1 Strong scaling on Stampede2

The scaling study of the flow solver shown below was performed on Stampede2

[121] and demonstrates the efficacy of the adopted parallelization strategy. For
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the strong scaling study, a computational domain of (Nx,Nz,Ny) = (2048 × 289 ×

128) ≈ 76M grid nodes in total was used. For this given resolution, both the

number of processes in the x and y directions were gradually increased. The

speed-up is given by the following expression:

Speed-up = Nre f
tre f

tN
, (A.7)

where Nre f is the number of cores, tre f is the wall-clock time for the reference

run and tN is the wall-clock time when using N in total cores. The results of the

strong-scaling study for each computational kernel of the flow solver are shown

in Fig. A.2 (b). The flow solver demonstrates reasonably good scaling results for

up to 4096 cores. Notice that the largest portion of the averaged wall-clock time

per timestep (Fig. A.2 (a)), is attributed to the implicit steps of the flow-solver

i.e. pressure and viscous, and diffusive terms, due to the series of systems of

equations that need to be solved, inextricably connected to the spectral element

discretization in the x-z directions and the numerical linear algebra involved as

described in Chapter 2.
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(a)

(b)

Figure A.2: (a) Log-log plot of the average wall-clock time per time-step for the main
computational kernels of the flow solver for a resolution of 76M grid points
as a function of the number of cores. Timings are listed for each of the
three fractional step components of the Navier-Stokes equations ; I/O has
negligible contribution to computational cost. (b) The respective speed-up
of the main computational kernels.

134



A.3.2 Weak scaling on Stampede2

For the weak scalability study, three different cases, each with a fixed number of

computational grid nodes per core were tested. The weak scaling is measured

based on the equation:

Scale-up = Nre f
NxNzNy

tN

Nre f
x Nre f

z Nre f
y

tre f

−1

(A.8)

where the re f quantities stand for the reference test-case, Nx,Nz,Ny are the res-

olution in the x, z, y directions, respectively, and Nre f is the number of cores in

the reference test-case. The results of the weak-scaling study are shown in Fig.

A.3. Note that the deviation from the linear scaling at 4096 cores is caused by

the successive increase of the number of elements in the x-direction for a con-

stant work-load per core. This sub-linear behavior is attributed to the elliptical

nature of the operators linked to the pressure Poisson equation and the viscous,

and diffusive terms of the incompressible Navier-Stokes equations under the

Boussinesq approximation.
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Figure A.3: Weak scaling of the flow solver. The total number of computational grid
nodes for the 20.8K nodes/core case are shown above each respective
marker.

A.4 Mapping to curvilinear elements

An isoparametric approximation [64] is adopted for representing the mapping

between the computational grid coordinates of the reference quadrilateral ele-

ment ξ, η ∈ Ωe = [−1, 1]× [−1, 1] and the physical coordinates xe(ξ, η), ze(ξ, η) ∈ R2

for each element

xe(ξ, η) =

N∑
i=0

N∑
j=0

xi jli(ξ)l j(η)

ze(ξ, η) =

N∑
i=0

N∑
j=0

zi jli(ξ)l j(η) ,

(A.9)
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where xi j, zi j are the physical grid coordinates within a quadrilateral element

and li, l j are the one-dimensional Lagrange polynomials in the reference do-

main. From Eq. (A.9), the partial derivatives of xe, ze with respect to the refer-

ence coordinates ξ, η can be easily computed numerically via the use of two-

dimensional spectral differentiation matrices [21]. Furthermore the derivatives

of the inverse mapping in two-dimensions are computed as [64]


∂ξ

∂x
∂η

∂x

∂ξ

∂z
∂η

∂z

 =
1
J


∂z
∂η
− ∂z
∂ξ

−∂x
∂η

∂x
∂ξ

 , (A.10)

where J = ∂x
∂ξ

∂z
∂η
− ∂z

∂ξ
∂x
∂η

> 0 is the Jacobian of the transformation. Notice that

both the derivatives of the inverse mapping with respect to the physical coor-

dinates and the Jacobian are used throughout the computation of derivatives

and integrals respectively (e.g. first left-hand-side term of Eq. (2.14)). For more

details regarding the computation of the elemental stiffness and mass matrices

(cf. Eq. (2.16)) for curvilinear elements the reader is referred to the textbook of

[27].

In the context of a domain decomposition, the use of curvilinear elements,

dictated by complex computational geometries, requires a unique mapping to

the reference element Ωe. As such, each elemental matrix differs from element

to element, since the Jacobian of the transformation J assumes different values

per grid point [27]. Consequently, any tensor-product-based calculations for

the inversion of the self-interaction matrices Hii and S (1)
hh (see Eq. (2.20)) are not

in this case applicable [51, 22].
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A.5 Conceptual demonstration of deflation

This appendix serves as a demonstration of one of the various deflation strate-

gies in the context of a conjugate gradient (CG) iterative solver. The reader is re-

ferred to the work of Tang et al. [120] for a detailed comparison among different

deflation algorithms. First, a projection matrix P ∈ Rnv×nv , where nv = dim(S (2)),

which deflates, i.e., sets equal to zero, the low frequency eigenvalues of the

Schur complement matrix S (2) is defined as:

P = I − S (2)ZC−1ZT , (A.11)

where Z and C are the deflation matrix and the coarse version of S (2) matrix,

respectively (cf. Sec. 2.4.5). Second, the solution of the pressure at the vertical

edges of the computational domain pv is broken down into two parts:

pv = (I − PT )pv + PT pv , (A.12)

where the first part (I − PT )pv = ZC−1ZT pv is the coarse component of the so-

lution which is solved directly. The second part of the solution, PT pv, is the

deflated component and corresponds to the last part of the deflation algorithm.

This second part of the solution is iteratively solved via the deflated precondi-

tioned conjugate gradient solver (DPCG). An example of the accelerated con-

vergence rate of the DPCG solver is shown in Fig. A.4 for the computational

grid of Fig. 2.1 (a). Note that a randomly generated vector was used as a right-

hand-side for Eq. (2.19).
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Putting it all together: DD and DPCG 
Benchmarks ISW ConclusionsMotivationIntroduction Flow Solver

50 100 150 200 250
Iteration

10 -10

10 -8

10 -6

10 -4

10 -2

L2  E
rr

or

• Domain decomposed Schur complement.

• Deflated block-Jacobi preconditioned Schur complement.

CG

DPCG

Figure A.4: L2 error norm as a function of the number of iterations to achieve
convergence for the unpreconditioned conjugate gradient solver
(CG) and the deflated block-Jacobi preconditioned conjugate gra-
dient solver (DPCG) of Eq. (2.19). For the CG solver, the error
plateaus due to the low frequency components of residual which
are removed in the case of the DPCG solver.
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APPENDIX B

SUPPLEMENTAL MATERIAL FOR CHAPTER 3

B.1 Details on the derivation of the implicit formulation

If n = [nx, nz] and t = [nz,−nx] are the components of the boundary normal and

tangential vectors (see Fig. 3.1), and we write the velocity vector with respect to

its Cartesian components u = [u,w], the free-slip boundary condition

Ft = 0⇔ µ
(
n · ∇u · t + n · (∇u)T

· t
)

= 0 , (B.1)

can be rewritten, following [104], as

nz

(
∂u
∂x

nx +
∂u
∂z

nz

)
+
∂w
∂x

nznz +
∂u
∂x

nxnz

−
∂u
∂z

nxnx −
∂w
∂x

nxnx − 2
∂w
∂z

nznx = 0 .
(B.2)

Notice that, with some rearranging and dividing through with nz, that the first

term in brackets above effectively furnishes the natural boundary condition for

u in Eq. (3.1), i.e., the Laplacian formulation

n · ∇u = −
∂u
∂x

nx −
∂u
∂z

nx
∂ζ

∂x
−
∂w
∂x

(
nx
∂ζ

∂x
+ nz

)
+ 2

∂w
∂z

nx , (B.3)

where ζ = ζ(x) is the vertical position of the bottom deformed boundary written

as a function of x and ∂ζ/∂x = −nx/nz is the boundary slope as in [104]. As is
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evident, the above boundary condition still produces a coupling between the

two velocity components through the third and fourth term in the right hand

side of Eq. (B.3). Nevertheless, using the incompressibility condition

∇ · u =
∂u
∂x

+
∂w
∂z

= 0⇒
∂w
∂z

= −
∂u
∂x

, (B.4)

and by assuming an impermeable boundary (see Eq. (3.13)) whose bathymetric

height function is twice continuously differentiable

∂w
∂x

=
∂u
∂x
∂ζ

∂x
+ u

∂2ζ

∂x2 ,
(B.5)

the natural boundary condition in Eq. (B.3) is made independent of the vertical

velocity component w and thus, Eq. (3.12) is derived.

B.2 Scaling of pseudo-traction to bottom shear stress ratio

To this end, one focuses on the ISW trough which carries an induced horizontal

current U. In the no-slip bottom case, at this location under the wave, one may

assume that the development of the bottom boundary layer is driven purely by

viscous diffusion and is not impacted by boundary layer separation. Under the

propagating wave, the boundary layer thickness may then be approximated as

δ ≈
√
νt. If the bump’s maximum radius of curvature, which occurs at its center,

is R = 1/κ, the time it takes for the wave to propagate up to this location is

approximately t ≈ R/c. Consequently, if one further assumes that the near-bed

141



velocity profile is close to linear over a distance δ, the wall shear stress for the

no-slip boundary for a purely tangential velocity u = ut, can be approximated

as

Fw = µ
∂ut
∂n
≈ µ

U
δ

= µUκ

√
Rc
ν

= Fp

√
Rc
ν
, (B.6)

where Fp = µUκ is the pseudo-traction due to an approximated free-slip bound-

ary, per Eq. (3.6). The ratio of the pseudo-traction to the bottom shear stress may

then be written as a function of the ISW-based Reynolds number as in Eq. (3.19).

142



BIBLIOGRAPHY

[1] Matthew H Alford, Thomas Peacock, Jennifer A MacKinnon, Jonathan D
Nash, Maarten C Buijsman, Luca R Centurioni, Shenn-Yu Chao, Ming-
Huei Chang, David M Farmer, Oliver B Fringer, et al. The formation and
fate of internal waves in the South China Sea. Nature, 521(7550):65–69,
2015.

[2] Romain Aubry, Fernando Mut, Rainald Löhner, and Juan R Cebral. De-
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