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Ridepooling/microtransit are special types of ridehailing that benefit from reduced

pollution and lower costs to users by placing multiple unrelated customers that share

similar itineraries in the same vehicle. This dissertation studies problems related to

ridepooling from several angles, from algorithmic, numerical, theoretical, to real-

world practical studies. The bulk of the work relates to Request-Trip-Vehicle de-

compositions for ridepool assignments problems, a recent technique that has gained

popularity because it preserves optimal solutions, provides large flexibility to adapt

to a variety of constraints, and because of good practical performance. In this disser-

tation, we start by presenting an algorithm for the operation of high-capacity electric

vehicle fleets in ridepool systems where the vehicles need to recharge during the day.

We show that our algorithm outperforms a naive approach with respect to the service

rate metric and discuss how the results reinforce the importance of having demand

forecasts in ridepool settings. Next, we present some novel formulations of the ride-

pool assignment problem based on inexact models. These formulations, as well as

some from the literature, are benchmarked on New York City taxi data according to

the service rate metric. After observing that the service rate is very similar for all of

the algorithms we then demonstrate evidence that there may be a service rate barrier

that many algorithms are hitting. We hypothesize that in order to break this barrier



algorithms must be adapted to take into account demand forecasts. On the front of

microtransit, we first study a method for developing approximation algorithms for

tail-risk minimization problems motivated by routing shared vehicles to maximize

the probability of successful transfers to other transit. Then more concretely, we dis-

cuss work done in collaboration with transit agencies in Seattle and Minneapolis-St.

Paul, using tools and algorithms we developed to perform a data-driven design of

microtransit feeder services, with the first pilots slated for deployment in fall 2021.

Finally, as a timely contribution we present a model and efficient implementation for

studying infectious diseases on university campuses.
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CHAPTER 1

INTRODUCTION

Innovations in technology and the prevalence of smart phones has created a rev-

olution in on-demand transportation. With new mobile technologies allowing users

to request rides anywhere at any time, new transportation options range from high-

availability city-scale ridehail services to smaller, neighborhood scale services con-

necting with fixed route transit options. Users are attracted to these services as they

reduce individual dependence on vehicles and parking, increase options for those

with limited mobility, and abate gaps of fixed route public transit coverage. While

similar in concept to a traditional taxi, these services are distinguished by the central

control afforded to the dispatcher using the new mobile communications technology

as well as the ability to leverage new algorithms to efficiently create shared rides,

which offer benefits both in cost and in environmental impact.

There are several forms these services can take on. Some of the most well known

existing on-demand services run by centrally matching two sides of the market. In

this setting, drivers and riders each separately join and leave the platform and the

dispatcher’s task is to pair riders with drivers and to determine fair cost allocation.

Not all systems operate like this, however. The services studied in this disserta-

tion run one-sided markets where drivers are regularly scheduled employees, a setup

common in government sponsored systems and a natural choice for services run by

autonomous vehicles.
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A common element appearing in both types of systems is sharing, where multiple

unrelated riders travel in the same vehicle at the same time. This gives rise to some

important terminology which will be used in this dissertation, though it is important

to note that this terminology is not universally standardized. In the most general

sense, ridesharing refers to systems that provide transportation services to passengers

riding in vehicles that they do not own. When we use the related term ridehailing,

we are emphasizing the fact that the driver is working rather than traveling, as might

be the case in an organized carpooling system. The term ridepooling draws attention

to situations where multiple riders simultaneously ride in the same vehicle. This last

term, ridepooling, drives the central motivation of this dissertation.

The advantages ridepooling offers over traditional taxis come from the efficiency

afforded by serving multiple riders simultaneously. To see this, first consider the

impact of single-occupancy ridehail services compared to the use of individual vehicle

usage. Suppose that all travelers in an area use their own personal vehicle to get

from an origin to a destination of choice. To serve that same group of people using

a single-occupancy ridehail service the system must drive at least as many miles,

assuming people drive on the shortest path, and additionally must add extra miles

for when a vehicle moves from the destination of one passenger to the origin of

another. So while the total number of vehicles required may have decreased from

an individual usage scenario, the total miles traveled, and accordingly the associated

pollution and environmental impact, can actually rise. This is why ridepool systems

are of growing interest.
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In the field of operations research, ridepool systems are of interest because of the

many mathematical and algorithmic challenges associated with on-demand opera-

tion. Challenges include matching potential riders to vehicles, determining routes

for the vehicles, modeling travel times on road networks and predicting traffic, and

forecasting customer demand, among others. This dissertation focuses on several of

these topics, ranging from theoretical coverage all the way down to real-world ap-

plications showing how these algorithms and models can be used to design transit

projects in data-drive manners.

This work is divded into five chapters, with the bulk of the work focusing on algo-

rithms for on-demand operations of centrally controlled on-demand fleets of vehicles.

The first chapter will show how to exploit a decomposition of the vehicle routing

problem to control large-scale fleets of electric vehicles. This is followed by a chapter

that gives a more in depth study of the assignment process itself. Then a detour will

be taken to address a mathematical question motivated by work on routing problems

where robust variants of combinatorial problems are solved by systematically mod-

ifying existing tool for deterministic optimization. Next, a real world case study is

presented where the tools and framework for on-demand systems is used to provide

a data-driven approach to planning two pilot first/last mile microtransit systems.

Finally, the work is rounded off by a small detour with a timely contribution to

fighting the COVID-19 pandemic by creating an efficient simulation framework for

modeling the spread of infectious diseases in university environments.

The algorithms studied in this work for on-demand operations all fall under the
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Request-Vehicle-Trip (RTV) decomposition framework. To explain what this is,

first consider the background of these problems. Centrally controlled, on-demand

ridepooling systems have a fleet of vehicles V and a set of requests R that become

visible in real-time. Each request is defined by an origin and destination and wishes

to be served immediately upon becoming visible to the system, meaning there is no

booking in advance. Often, making assignments in these systems is done in batches

ranging from a few seconds to a minute depending on the application. The operator

must then choose, from the set of all possible assignments, a solution that maximizes

their objective. The Request-Vehicle-Trip decomposition splits this problem into two

parts. First, it develops a candidate set of potential assignments by defining a trip

t = (v, r̄) as a vehicle v ∈ V and a set of requests r̄ ⊆ R. A trip can be evaluated to

determine whether it can be routed in a way that meets system constraints as well

as the cost of the trip. Then, in a second step an optimization problem can be solved

that chooses from the set of candidate trips the subset that yields the best value.

The first chapter of this dissertation studies the way the properties of this decom-

position can be used to operate high-capacity fleets of electric vehicles in ridepooling

systems. Research prior to this has generally either focused on the large-scale, high-

capacity ridepooling aspect of the problem or studied systems with electric vehicles

in the context of smaller scale and lower-capacity systems. To the best of our knowl-

edge, this is the first work that focuses on the combination of both. The combina-

tion introduces the challenge of managing vehicles that must go offline during the

day to charge since many larger electric vehicles on the market that are affordable

have ranges that are significantly smaller than seen on the high-end personal vehi-
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cle market. This chapter shows the versatility provided by the RTV decomposition

framework for integrating the constraints of an electric fleet into real-time system

management.

The reason the decomposition framework helps in this case is the flexible mod-

ularity of developing candidate trips in the assignment optimization problem. The

solution we propose is iterative: at each iteration, first assign incoming requests to

vehicle subject to respecting the charging schedule, then update the charging sched-

ule given the new vehicle paths. While each of the optimizations is run in a separate

step, it is important to note that there is significant interplay between the two prob-

lems in the form of constraints. The constraints for the charge scheduling problem

are naturally developed in the chapter along with that portion of the algorithm since

it is new. But as for the assignment process, the flexibility of the RTV decompo-

sition comes from the separation of the trip selection problem from the candidate

trip generation problem, which uses a blackbox function called the travel function.

This function takes in a trip t = (v, r̄) and searches for the best route that meets all

constraints. Even when employing heuristics to evaluate this, it is a trivial addition

to reject routes that fail to bring a vehicle to its scheduled charging station on time

and with all passengers already dropped off.

The first chapter gives a formal introduction to the RTV framework as well as

the concept for the iterative solution. It then gives an overview of the mathematical

model used for batteries in the electric vehicle fleet. The solutions section pro-

poses three approaches to scheduling charging: naive on-demand charging, an exact

5



scheduling model based on a mixed integer linear program (MIP), and a heuristic for

generating schedules. All of the approaches are compared in numerical results. The

results show that the decomposition in combination with either the heuristic sched-

ule or exact, MIP generated schedule are able to reduce the loss of served passengers

compared to a naive, on-demand charging approach.

The second chapter of this dissertation moves away from exploiting the decom-

position framework for new capabilities and instead studies in depth the core of the

assignment process itself. The goals of this chapter are twofold. First, the chapter

aims to provide a detailed reference to those who may want to build real implemen-

tations of RTV ridepooling algorithms. It introduces the framework, gives detailed

descriptions of several assignment algorithms, gives important remarks about solv-

ing the routing subproblems necessary to implement such systems, and comments on

the gap in performance left for future research caused by the myopic nature of the

assignment problem. Second, it explores the trade off between algorithm run-time

and performance. Performance results for ridepool assignment algorithms are typi-

cally reported in the literature at the day level, and the most popular metric is the

service rate. The service rate indicates the percentage of requests that were served,

as opposed to the percentage that were rejected because a route could not be found

to serve them that met all of the system’s constraints.

The trade off between run-time and performance is not a new topic in itself.

From the seminal work of [3] that uses full enumeration to lighter-weight solutions of

[53] and [70], solutions have been proposed within the RTV framework that compete
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by showing off their run-time and performance. The critical missing component is

understanding why these algorithms are giving performance that they do and com-

paring them under fair and equal settings. As this question is explored in the chapter,

we also introduce several new variants of assignment algorithm and benchmark them

against solutions in the literature. In fact, we find a solution that gives nearly the

same full day performance in our experiments than nearly all existing solutions while

utilizing less run-time than full-enumeration style algorithms.

Moving deeper into the theory side, the third chapter studies certain types of

robust combinatorial optimization problems. The motivation to study this comes

from a proposed microtransit system pilot that seeks to match first mile riders with

fixed route services, such as train or bus departures. As is natural in the RTV

framework, there needs to be an algorithm that can find an optimal route for any trip.

While a deterministic setting is generally satisfactory for the problems in research

settings, in real world settings we must also consider the way that traffic patterns and

other events can cause a vehicle to not reach certain targets on time. In particular,

if a system promises a customer that they will be delivered to a fixed route service

before it departs there is a significant reputation cost if the service fails to deliver

the promised connection on time. Treating the travel times on the road network as

random variables, the goal is now to find a route for the trip that maximizes the

probability that the connection is made on time.

The question asked in the third chapter is actually a slight simplification of the

real problem: given a set of nodes to visit, find a circuit that visits all of the nodes
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whose probability of exceeding a certain time budget is minimized. This simplifi-

cation eliminates a major difficulty in studying the proper routing problem caused

by the possibility of time windows imposed for each request. When time windows

enter the equation, it becomes NP-complete to determine whether a feasible route

exists. The relaxation of this constraint allows us to analyze the problem in an ap-

proximation context. What we look for is an α-approximation for the probability

maximization problem, a polynomial time algorithm that is guaranteed to find a

solution whose probability of success is at least α times the optimal probability, for

0 ≤ α ≤ 1.

The third chapter builds off of the work of [51] who studies a general tool for

creating approximation algorithms for this space of robust optimization problems by

systematically modifying existing approximation algorithms for deterministic vari-

ants of the problem. In our case, the metric traveling salesman problem (metric

TSP) is the deterministic analogue of our problem. However, analysis shown in the

chapter reveals a weakness of the tool when the only known approximation algorithm

for the deterministic problem has a poor approximation ratio. We propose an alter-

native way of analyzing the problem that avoids several of the weaknesses, though

we cannot overcome all of them.

The fourth chapter goes in the opposite direction from the third chapter and

instead looks at two case studies showing how ridepooling algorithms and the RTV

framework can be used by transit agencies to design real-world pilot systems. Mi-

crotransit systems are not in and of themselves a new concept. Several such systems
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have been run historically. The reason these particular case studies are important

is because of the shift made to a flexible simulation testing framework that allowed

for major decisions on system policy and design to be guided in data-driven manner.

The chapter covers the entire process from site selection, gathering data, compar-

ing alternative options for evaluation, and the communication and dialogue process

between the the agencies and the research team on simulations and algorithms.

Finally, in chapter five we make a timely contribution to fighting the COVID-19

pandemic by creating an efficient simulation framework for modeling the spread of

infectious diseases in university environments. COVID-19 took the world by surprise

and changed the way people lived, greatly affecting the operations of every organi-

zation that relies on drawing large populations together, such as universities. The

last year and a half of the work done in this dissertation was completed under the

unusual and unprecedented reality brought on by fighting this disease. Early on in

the pandemic, many researchers in technical areas were looking for ways to apply

their skills to help with the pandemic response. One component of that response

was giving the university tools and insights related to reopening for the 2020-2021

academic year. While the student body in general was considered low risk for severe

complications from the disease, uncontrolled spread in the student population could

affect faculty, staff, the local community, and members of the student body with

higher individual risk.

The contribution in chapter five is a general tool that was developed to model

and study the spread of infectious diseases, such as COVID-19, through an agent
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based model. Stepping back for a moment, at a high level there are two related,

but different, approaches to studying disease spread in a population. The first way

is known as a compartment model. In this case, at each point in time the total

number of people in the population who are susceptible, exposed, infectious, and

recovered are known in the aggregate and a procedure is used to calculate how many

people from each state transition to another state at each time. The second way,

which we use here, is agent based modeling. Here, each member of the population

is tracked individually. While this contains some extra overhead in storing the extra

information, it is useful in this context because it allows us to use class roster based

interaction graphs to determine how classes affect spread. This enables us to, among

other things, evaluate how potential alternatives to a traditional class schedule can

be used to mitigate and control the spread of infection.

Beyond just proposing a model, chapter five also presents a Python package that

efficiently implements the model and can simulate infection spread in a university set-

ting with nearly 20, 000 agents in a matter of seconds. It also allows for easy study

of several common interventions such as contact tracing, quarantine, and asymp-

tomatic testing. These are all interventions that have commonly been used during

the pandemic.

Each of the five chapters is derived from papers where the author of this disser-

tation was the primary author. They are included here with minor modification.
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CHAPTER 2

REAL TIME OPERATION OF HIGH-CAPACITY ELECTRIC

VEHICLE RIDESHARING FLEETS

2.1 Introduction

Recent innovations in communications technology and mobile devices have enabled

the emergence of large-scale ridesharing1 services which provide on-demand, door-to-

door transportation services. These services are attractive to users as they provide

alternatives to the cost and hassle of finding parking, overcome the the problems of

slow or unreliable transit options, and offer service when no other transit options

are available [13]. These new services are possible as private operators begin to take

advantage of new mobile technologies and methodologies to match riders and drivers

together with higher speed and efficiency than has been done before. Cities also

stand to benefit from ridehailing services with the hopes that they may act as an

extension to public transportation, reduce congestion, and have a positive impact on

pollution.

While private ridehailing services have made a debut in many countries around

the world, in many cities these services have actually been found to contribute to

higher congestion [18] and green house gas emissions [59]. One cause for this is asym-

metry in demand patterns causing local mismatches between supply and demand,

1We use the term ridesharing to refer to any system that allows riders to travel in vehicles not
owned by themselves. For an explanation of terminology used in this chapter, refer to section 2.2.1.
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leading many vehicles in ridehailing services to deadhead (also known as rebalancing)

in order to relocate to other areas [27]. This process increases the number of vehicle

miles traveled required to serve the traveling population compared to the same users

driving in their own vehicles. A solution to this problem that has received increased

attention recently is high-capacity ridepooling, where a large number passengers can

share a trip in a single vehicle in order to increase the system’s efficiency (ratio of

passenger miles traveled to vehicle miles traveled). An ever growing area of research,

shared ridepooling has the potential to offer mass mobility as a compliment to ex-

isting public transit options. As a consequence of serving riders using fewer vehicle

miles traveled, shared ridepooling has the potential to reduce roadway congestion

and reduce pressure in municipal parking areas [74].

In addition to using shared ridepooling as a tool to reduce pollution, total green-

house gas emissions can be further reduced by operating ridepool systems with fleets

of hybrid or electric vehicles rather than conventional internal combustion engine

(ICE) vehicles, with most of the benefits of electric vehicles in particular depending

on the availability of green energy sources [52]. Not only do electric vehicles help

reduce smog and other pollutants in cities, empirically they have been found to be

more energy efficient in urban settings due to the ability of regenerative braking to

reclaim energy. With ongoing research on autonomous vehicles making large au-

tonomous electric fleets a possibility, it is necessary that algorithms for ridepooling

systems adapt to handle the new constraints introduced by electric fleets.

Past research on ridesharing systems has generally focused on either large-scale,
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high-capacity ridepooling or smaller scale and lower-capacity ridehail systems with

electric vehicles, but few have focused on both. Our contribution with this work

is a model and accompanying methods for the control and operation of large-scale,

high-capacity ridepool systems with a fleet comprised of electric vehicles 2. Unlike

models that have assumed the use of ICE vehicles, electric vehicle fleets must be able

to go out of service to charge mid-day to maintain quality levels of service. Even as

maximum battery ranges continue to grow in higher end cars, the actual number of

miles that electric vehicles can travel can be significantly affected by outside factors

such as temperature [34]. In addition, time dependent consumption of power from

air and auxiliary systems mixed with slow travel in congested city roadways can

negatively impact range [57].

The chapter is organized as follows. Section 2.1.1 reviews the literature on ride-

hailing and ridepooling algorithms as well as studies concerning electric vehicles.

Section 2.2 formally defines the setting of the problem and reviews an algorithm for

ridepool management that we extend for electric vehicles. Section 2.3 presents the

formulation of the charge scheduling subproblem and proposes two solution methods.

Finally, section 2.4 presents the results of simulations of large-scale ridepool systems

and compares the performance of the proposed solutions with benchmark and ICE

vehicle baselines.

2Our approach can handle the case of mixed fleets by setting the battery capacity of ICE vehicles
to be infinite or explicitly modeling refueling if necessary.
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2.1.1 Literature Review

Literature on operational algorithms for high-capacity ridepooling and management

of electric vehicles in ridepooling systems has largely been separate. Much of the

work on the management of large-scale on-demand ridepooling assumes the use of

conventional internal combustion engine (ICE) vehicles.

Many early ideas for large-scale ridepooling employed greedy assignment al-

gorithms. This group of methodologies consider requests sequentially, usually in

chronological order, and assigns them to vehicles in a way that minimizes some cri-

teria subject to constraints. [45] presented T-Share, a framework that manages a

real-time taxi system where multiple users can share a ride. The system sequentially

handles incoming travel requests by matching each request with the vehicle that

would have to travel the least additional distance to serve them. The focus is on how

to efficiently compute this greedy assignment. In follow up work, [46] demonstrated

simulations of the system with over 7000 taxis on a map in Beijing. To measure the

performance of the system, they introduce the taxi-share rate and seat occupancy

rate statistics, which other works use as well, to benchmark the performance gains of

ride-sharing algorithms. The taxi-share rate is the percentage of requests that share

a ride while the seat occupancy rate is the ratio of passenger-minutes to the total

number of available seat-minutes in the system.

[53] proposed the STaRS simulation framework which, similar to T-share, incor-

porates quality of service requirements limiting the maximum amount of waiting
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time for customers that are served as well as the total amount of delay that can be

incurred due to sharing rides. Requests arrive into the system online and are pro-

cessed sequentially, each request is greedily assigned to the best vehicle, and vehicles

are not rebalanced at the end of each iteration.

Another line of methodologies instead rely on batching requests over a time period

and processing requests simultaneously. Many of these methods aim for exhaustive

searches over the space of vehicle and request matches during each batch. Starting

this line of work, [60] introduced the notion of a shareability network. The shareabil-

ity network is a graph that contains a node for every request in the system. If two

requests are mutually shareable under quality of service requirement such as maxi-

mum waiting time and detour time, an edge is drawn between them. For groups of

3 or more requests, shareability can be represented by checking group feasibility and

then creating hyperedges connecting the request nodes.

[3] built upon the concept of shareability network in a batch-optimization frame-

work. In this framework, requests arrive to the system in batches. A shareability

network is produced on the set of requests that arrived in the batch. Unlike the work

of [60], it also includes nodes representing the vehicles in the shareability network.

By modifying the definition of a trip to be a collection of passengers along with a

vehicle, every feasible shareable trip forms a clique in the shareability network in-

cluding exactly one vehicle. By fixing a particular vehicle and group of requests it

is possible to compute optimal routing, costs, and revenues associated with various

assignment and routing decisions. Using the results of the extended shareability net-
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work, the set of trips and costs are used as inputs to integer linear program. The

result of decomposing the problem into trip generation and selection preserves op-

timality in the solution up to computational limits that apply at each step. The

results is a system that makes routing decisions that are optimal at all times given

request currently in the system.

Other work proposes ideas that straddle the space between greedy assignment

and batching. A variant proposed by [70] allows for significant speed gains at the

cost of optimality. To avoid searching for cliques in a sharability graph, they restrict

the definition of a trip to be only a vehicle and a single request. At each time step,

the optimization only requires solving a linear assignment problem. Once a passenger

is assigned to a vehicle, they cannot be reassigned to a different vehicle later even

if the new matching would lead to better performance. In addition, [42] consider

decomposing the problem into paths rather than into trips which allows for faster

computation at the cost of exact constraint evaluation.

Work on electric vehicle systems address two main challenges: where to locate

charging infrastructure and how to operate fleets of electric vehicles in real time.

On the front of locating charging infrastructure, most researchers propose two

phase procedures where a first stage simulates a system initialized without charging

infrastructure, and then use these results to make decisions about locating the charg-

ing infrastructure via various methods. For example, the works of [11], [20], and [41]

simulate a ridehail system with electric vehicles with a first phase that dynamically

creates charge stations at the location of each vehicle if the vehicle is running too
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low on charge and no previously created charge station is in range. Using a different

approach, [83] instead saves the locations of the charge requests when vehicles report

they are low on charge and then solves a K-means problem to locate the charging

stations. Going beyond the use of simulations to provide the two phases, [31] studies

where to place charging stations by reviewing GPS data for vehicle trajectories from

real world systems and using where they tend to park and spend time idling to guide

station location decisions.

Some researchers have studied charge station location outside of the context of a

two-phase simulation. For example, [35] looks to choose the best location for charge

stations out of a set of candidates by solving a MIP model that minimizes the cost of

constructing charge stations subject to coverage constraints. Similarly, [36] chooses

charge station locations from a set of candidates by solving a p-median problem

minimizing the average distance from nodes in the map to charge stations.

On the electric vehicle operations side of the problem, many studies have focused

on simple myopic policies [21, 8, 37, 9] while others have attempted to incorporate

planning for future demand [2, 68, 33, 29], though these methods do not necessarily

scale to operational size.

Many prior works have used myopic threshold charging policies or policies acti-

vated by special events. These policies allow the vehicles to operate without regard to

future charging needs until vehicle charge goes below a threshold value or the range

is low enough that it cannot reach a charge station after serving a possible next

request. The method of [21] assigns passengers to the nearest vehicle and charges
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the vehicles when they get below 25%, or a different threshold at some times of day

based on the cost of electricity. In a similar vein, [8] also uses a greedy passenger

assignment algorithm and a greedy algorithm to assign vehicles to charge stations

when they need to charge. Using a slightly different mechanism, [37] implements

charging as part of a rebalancing process where the vehicle charges when it cannot

reach its rebalancing target with its current level of charge. Planning charging as

part of a vehicle’s travel assignment, [9] sequentially processes requests that arrive to

the system and attempts to insert them into the vehicle’s schedule, with strategies

to add, extend, or modify the vehicle’s charge station visits if necessary.

Some studies have used methods that try to be aware of the future, either directly

or indirectly. One approach is to use approximate dynamic programming (ADP),

such as [2] which uses ADP to determine when vehicles get new passengers and

whether vehicles should charge. In [68] and [33], deep reinforcement learning is used

to develop policies for vehicles to determine when to accept new customers and when

to charge. They suggest that the learning process allows the system to anticipate

future demand. In [29], two model predictive control optimization algorithms are

used to both solve for routing and charging decisions, demonstrating their method

on up to 30 vehicles.

A few studies have used other methods that were applied at small scale, such

as [69] which controls 4 single capacity vehicles and determines assignments and

charging times using a MIP model, [56] which looks for a policy to operate a single

electric vehicle using reinforcement learning, and [10] which uses a MIP to create
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routing for all visible requests subject to the routes satisfying charge constraints.

In this work we will derive methods from the batching, exhaustive search frame-

work of [3] to show performance under optimal routing with high-capacity electric

vehicles is possible in real time without having to use a myopic charging strategy.

Nothing we present prevents adapting the underlying fleet assignment and routing

algorithm to other methods in the literature as our electric vehicle additions are

modular in this respect.

2.2 Preliminaries

2.2.1 Terminology

The area of shared transportation does not, unfortunately, have universally stan-

dardized terminology and so we briefly explain our usage in this chapter. We use

the term ridesharing to refer to any system that allows riders to travel in vehicles

not owned by themselves. This includes carpooling systems where the driver of the

vehicle is traveling to the same or similar destination as the passengers as well as

settings where the driver is strictly offering services to passengers. When we wish to

draw attention to the fact that the driver of a vehicle is working as a driver rather

than making personal travel, we call it a ridehailing system. When we wish to draw

attention to the fact that multiple passengers can travel in a vehicle simultaneously,

we call it a ridepool system.
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2.2.2 The Problem

In the general on-demand ridepool problem, the inputs given are a graph G = (N,A)

representing a road network, a set of vehicles V with possible heterogeneous capacities

that are centrally controlled by the operator, and a set of passengers R that arrive

online. Each passenger request r ∈ R is specified by a system entry time, an origin,

and a destination.

The system is constrained to provide a set of minimum quality of service (QoS)

requirements to all requests that are accepted into the system. These requirements

are general, can be request specific, and can be chosen differently by each operator.

For example, an operator may impose a maximum waiting time and a maximum

detour constraint, ensuring that all accepted passengers are picked up within tmax
w

time of submitting their requests and that the extra time traveling in the vehicle due

to a shared ride is no more than tmax
s . An operator may opt to choose settings such

as tmax
w = 5 minutes and tmax

s = 15 minutes.

If a request cannot be served using a trip that meets the QoS requirements, it must

be rejected. The feasibility of a trip is determined by solving a constrained traveling

salesman problem, where among other constraints we must consider the capacity

of the vehicle at each point in time. Thus, matching a passenger to a vehicle in a

particular batch does not require that the passenger will actually board the vehicle

during that batch or that the vehicle has capacity for the new passenger at that
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precise moment in time. In deterministic settings3, since we gain no new information

over time that reduces the set of constraints in the system (i.e., no information that

allows for previously infeasible pickups to be feasible) if a request is rejected in one

batch, it will be infeasible to find a trip to serve them in later batches as well.

In our problem we assume that vehicles are electric and identical with battery

properties that will be discussed in section 2.2.5. A subset of the nodes in the

graph are designated as charge stations, S ⊂ N . Each charge station s ∈ S has a

maximum capacity Ks denoting the maximum number of vehicles that can simulta-

neously charge at s. The charge stations are private and are for the exclusive use of

the operator; no consideration is given to others using the stations.

Operationally, the system is different from typical ridepool systems since 1) elec-

tric vehicles need to go out of service during the middle of the day to charge and 2)

charging electric vehicles takes significantly longer than filling an internal combus-

tion engine vehicle with gasoline.4 It is possible that with poor planning many of

the charge stations could become congested and not be able to serve all the vehicles

that are assigned to charge at them. If it is not possible for a vehicle to continue

operation due to low charge, it may go to a charge station and wait. When vehicles

charge, we assume they will always charge up to level qmax, which may or may not

be the vehicle battery’s theoretical maximum capacity.

3deterministic travel times and no dropouts
4Operationally, refueling does not have a large impact on the performance of ICE vehicles since

they usually have a long fuel range, can refuel in a short time, and have a large number of options
for getting fuel.
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Though the system operates online, without a prediction of future demand we

cannot make meaningful decisions about when to charge vehicles, especially since

some may need to be preemptively charged. For example, during rush hour (when

demand is at its highest) it would be unwise to maximally utilize the charging in-

frastructure. To this extent, we allow the vehicle operator to create, in advance, a

requirement function R(t) for each time t designating the number of vehicles that

must be online rather than charging. The operator can compute this function in any

way, be it from demand quantity alone, value of customers at certain times of day,

etc. It can also be created in more complicated ways such as considering the cost of

electricity by time of day and making the requirement function so as to limit vehicles

being offline and charging during the most expensive times of day.

The computation of R(t) may hide a great deal of work itself. However, not only

are these values computed offline, these values can involve a large number of practical

considerations from the operator that are beyond the scope of this chapter. In this

work we limit the construction of R(t) to simple functions of expected demand, as

discussed in section 2.4.3.

The objective of the operator is to assign requests to vehicles and assign routes

to vehicles to maximize some function of the assignments. If the function is linear

in the selection of request and vehicle assignment decisions, this leads to an ILP

formulation for the problem.
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2.2.3 Trip-Oriented ridepooling Framework

The underlying passenger assignment framework used in this work is based on the

trip-oriented formulation of [3]. The online arrival of requests is split into batches

of uniform length and computations are performed once for every batch. For any

vehicle v ∈ V and any set of requests rb ⊆ Rb all in the same batch, a trip t =

(v, rb) is a pairing of the vehicle and the requests. For any given trip, an optimal

route for the vehicle and associated cost ct can be found by solving a constrained

traveling salesman problem (CTSP). The method used in [3] for trip generation is

very general and allows for the insertion of additional constraints, something we will

take advantage of as we extend the problem to electric vehicles.

The formulation of [3] is presented as an optimization formulation that first as-

signs a large penalty for requests that are not assigned and second penalizes the cost

of serving the assigned trips. They use a binary variable εr to track which requests

are rejected and then apply a large penalty, M . For the secondary objective, the cost

ct is left unchanged. The optimization problem remains general, however, since one

could choose M = 0 and then use an arbitrary function to assign cost ct, possibly

negative, for each trip. The operator’s assignment problem in a non-EV ridepool
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system would thus be the solution of

min
x

∑

t∈Trips

ctxt +M
∑

r

εr

subject to
∑

t∈Trips:
v∈t

xt ≤ 1 ∀v ∈ V

∑

t∈Trips:
r∈t

xt + εr = 1 ∀r ∈ Rb

x ∈ {0, 1}|Trips|, ε ∈ {0, 1}|Rb|

where here Trips is the set of feasible trips and the solution is constrained to assign

at most one trip to each vehicle and choose at most one trip containing each request.

Notice that this relies on full enumeration of all feasible trips. The authors of [3]

observe that when the quality of service requirements are tight, as is typical in

ridepooling applications, the set of feasible trips is small enough to approximately

enumerate in real-time.

Trips are found using a shareability graph, a concept introduced in [60]. A share-

ability graph, as extended by [3], is an undirected graph G = (N,E) in which the

node set N = V ∪ R is comprised of nodes for each vehicle and request. The edge

set E contains all pairs (v, r), v ∈ V, r ∈ R if vehicle v can serve r and all its current

passengers while satisfying the quality of service constraints. E also contains all pairs

r1, r2 ∈ R if it is possible for an ideal hypothetical vehicle to serve both requests

(for example, if the requests are 5 minute apart and the maximum waiting time is 2

minutes even an ideally located vehicle cannot serve both).

Every feasible trip induces a clique in the shareability graph containing exactly
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one vehicle node. This is the case since the edge set was constructed from necessary

conditions for the feasibility of a trip. While the general problem of finding cliques

is hard, [3] proposes a method for searching for the cliques in the shareability graph

that is exact and, when heuristics are used such as restricting requests to be paired

with the nearest 30 vehicles, can be solved in real time.

It may be the case that after the assignment process some requests are not served

and some vehicles are left unassigned. If this is the case, a minimum cost matching

based on distance is performed between the vehicles and the rejected requests. Those

vehicles are then routed to the locations of the rejected requests as a heuristic for

rebalancing to areas that require additional coverage. This is only one strategy

for rebalancing; more sophisticated rebalancing strategies have also been proposed

[40, 76].

2.2.4 Extending Models for Electric Vehicles

Algorithms for managing ridepooling fleets with electric vehicles are differentiated

from typical ridepooling algorithms in that we must now additionally plan for when

and where the vehicles will charge according to our operational objective. While

many ridehailing operators use business models where individuals choose when to

enter and exit the market, something that would naturally provide charge scheduling

outside of the scope of the operator, our work considers algorithms that scale for

use with high-capacity vehicles, possibly up to capacity 10. Higher capacity vehicles
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Figure 2.1: Flow or each iteration. First new requests arrive. Constrained on the
existing charge schedule, passenger assignments are made. Finally, conditioned on
the new passenger assignments the charging schedule is updated.

increase the potential benefits of pooling, but come with the caveat that these vehicles

are unlikely to be owned by individuals. Our choice to use a centrally controlled

system where drivers always follow the directions of the operator, as is the case in

the model we build off of from [3], reflects this expectation. Therefore, we aim to

create a charging schedule for the vehicles given fixed charging infrastructure with

the assumption that vehicles will respect their assignments.

Rather than computing charging schedules and passenger assignments in a single

computation, we separate the operations of the system into two steps. The first com-

ponent, from the trip-oriented framework, assigns requests to vehicles constrained on

not violating the current charging schedule. The second component plans when and

where vehicles will charge constrained on the previously created request assignments.

As shown in Figure (2.1) and algorithm (1), they work in successive steps with the

interplay between the two components controlled by constraints that restrict each to

decisions fully consistent with the previous output of the other.

Implementing the constraints on passenger assignments is straightforward in the

trip-oriented assignment framework. All that must be done is add extra constraints

in the trip generation phase to exclude possible tours that violate the charging con-
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Algorithm 1 Basic Electric Vehicle Ridepooling

1: Initially run charging planner.
2: for each iteration (occurs once every TB time) do
3: Collect list of new requests and vehicle states.
4: Run the request assignment algorithm.
5: Run the charge planning algorithm.
6: end for

straints while solving the constrained-TSP. Because of this, the rest of the chapter is

dedicated to formulating the last step - where the charge schedule is generated and

updated.

2.2.5 Battery Model

An important part of running any system with electric vehicles is to understand how

the batteries behave. In this subsection we describe the assumptions we make in

our models. While more sophisticated models can be used, especially for charging,

we use simplified linear models that can be justified for typical everyday use in the

context of operational optimization of ridepooling fleets. A detailed justification

for the simplification of the charging model, as well as a brief literature review on

batteries, can be found in A.1.
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Discharging.

Discharging involves drawing energy from the battery to power the vehicle’s drive

train and auxiliary systems. Detailed research has been done on the manner in

which electric vehicles consume power based on topography, acceleration, regenera-

tive breaking, etc. For high accuracy modeling of power consumption, one may refer

to works such as [22].

We model discharge, the decrease in battery state of charge, with a linear function

of the distance traveled. This is a reasonable first order approximation since the drive

train of the vehicle consumes more power than the auxiliary systems. If one wishes

to go further, models of power consumption could be used to define a custom arc

“distance” using as a measure the typical power consumption of vehicles over those

arcs, as done in works such as [38]. More generally, since we always know the path

the vehicle has traveled on or is planned to travel on, any general path-based model

can be used in our work, though we continue to use the simple distance model for

the purposes of our numerical results.

In order to schedule vehicles to charge one must be able to estimate when the

vehicle will run out of power. The primary variable source of power consumption

in a vehicle is the engine, whose energy consumption is a function of distance and

terrain. However, in an online system it is difficult to predict the mileage and terrain

vehicles will travel on. Therefore we use predicted or historical data to estimate

the typical rate, qest, at which vehicles consume power over time from both time

28



dependent auxiliary services and non-time dependent components such as the engine.

This estimate is based not only on the particular fleet of vehicles but also on the

operator’s experience with the particular road network they operate on. Since actual

vs predicted power consumption is always stochastic, it is preferable for qest to err

on the side of over estimating power consumption over time. This helps alleviate

the risks associated with sudden bursts of power usage not accounted for by the

scheduling algorithm.

Charging.

While it may be natural to assume that batteries gain charge linearly over time

when they are plugged into charge stations, this turns out to not be the case [23].

Many batteries charge using a procedure called Constant-Current Constant-Voltage.

Under this system, the charge in the battery initially increases linearly and after

reaching a specific charge threshold gains charge progressively slower [54]. While the

resulting battery charging functions are non-linear, under optimal operating policies

they are nearly linear. Since charging is less time efficient as the battery nears full

charge, it is natural from an economic standpoint to consider a policy that vehicles

should only charge up to some level less than 100% instead of fully charging due to

the opportunity costs associated with charging, such as inability to carry passengers

during charging. In the general case, the optimal behavior is to allow the vehicles

to charge slightly beyond the constant-voltage portion of the charging curve. The

process of charging just beyond the constant voltage point can be approximately
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modeled as a linear function with little loss of accuracy.

In the rest of this chapter we assume that charging times are linear with rate η

(% / minute). A more detailed discussion is provided in the Appendix.

Battery Conclusions

In the rest of this chapter we assume that charging and discharging are linear, as

described previously. In our models we will treat vehicles as charging up to 100%

and needing charge before reaching 0%, though we assume that the operator’s charge

policy actually means that 0% and 100% are not exactly those values. For instance,

in the Subsection on charging we argued that an optimal policy does not fully charge

the battery but we will consider it to be 100% for the purposes of the calculations

here. On the other side, we also assume that 0% is not quite zero as described in

Assumption 2.2.1.

Assumption 2.2.1. The operator fixes a buffer level qmin which is the lowest charge

vehicles are allowed to have.

For example, this might be 15%. If the vehicle accidentally goes slightly below

this level it will still be able to reach a charge station without being towed. Not

only does this help extend the long-term longevity of the battery, this assumption

is important since it will give us a buffer in scheduling vehicles to charge as battery

usage under our discharge model cannot be fully predicted since vehicle routing can
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constantly be changed and updated. For convenience, we will denote this as 0% since

it is the lowest we intend to let the vehicle discharge to.

2.3 Methods

In this section we propose algorithms for solving the charge scheduler’s problem.

Recall from section 2.2.4 that the scheduler needs to determine when each vehicle

will charge and where. Before we present our proposed algorithms, we first make

some notes on the interaction between passenger assignment and charge scheduling.

The charge scheduler and the passenger assigner interact through the necessity

of mutually compatible solutions - passenger assignments cannot prevent a vehicle

from charging and an updated charge schedule cannot interfere with a passenger’s

ride. In terms of scheduling, it is sufficient to have a mutually agreed method for

computing release dates for each vehicle. The release date for a vehicle is the earliest

time the vehicle can charge given its current location and passenger assignments.

When scheduling vehicles for charging, this calculation is used to avoid scheduling

charging while the vehicle is serving a passenger. When considering possible pas-

senger assignments, this determines if a potential trip routing violates the charging

schedule.

We define release dates for two cases - when the vehicle’s assigned charging station

is known and when the assigned charging station is unknown.
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Suppose vehicle v is assigned to charge at station s. Let tc and n denote the time

and location v drops off the last passenger under a potential or actual trip. The

earliest time the vehicle v can be scheduled to charge at station s is

ev,s = tc + t(n, s),

where t(a, b) denotes the time needed to travel from node a to b in the graph.

In the other case, if the charge station is unknown we have to intelligently add a

time buffer. Let sopt be the closest charge station to the vehicle’s ending location n.

Given buffer time D, we can conservatively estimate the earliest charging time as

ev = tc + max{t(n, sopt), D}.

The choice of D directly impacts the system as it limits which requests vehicles

can be paired with whenever the charge station assignment is not yet known. It

would be conservative to choose D to be the worst case travel time between any

charge station and node in the graph that are the furthest apart since this will

always guarantee each vehicle can be assigned a station to charge at at the assigned

time. In practice one would likely choose a smaller value such as the time sufficient to

reach the nearest k charge stations since this would allow more riders to be matched

at the small risk that vehicles periodically cannot reach their assigned station. In

such cases, the vehicle could pause and charge after being reassigned stations or, in

the worst case, be directed to a closer charge station where it can charge later after

some delay.
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2.3.1 Charge Scheduler Problem Formulation

The objective of the charge scheduler is to charge vehicles so that, to the extent

possible, there are at least R(t) vehicles on the road at any given time. Let the day

be separated into a set of discrete time intervals T . Assume that at each time t we

expect we need R(t) vehicles available and the actual number of vehicles available is

B(t). Using the positive part operator (x)+ = max{0, x}, the objective of minimizing

total short fall in supply is

min
∑

t∈T

(
R(t)−B(t)

)+
. (2.1)

We allow the loss to be linear in the number of vehicles short we are in the

solution in contrast to making a hard constraint. This is to ensure that a feasible

solution always exists. Additionally, the soft penalty takes a linear form since it is

more efficiently computed than other penalties, such as quadratic penalties.

To make the objective well defined, we must specify when a vehicle is and is not

available. Notice that as a vehicle approaches the time it needs to charge, the set

of requests it can be assigned to becomes continually more restricted. This means

vehicles on the road may be neither fully available nor unavailable.

Consider the following example:

Example 2.3.1. Suppose there is a vehicle with a single passenger who will be

dropped off in 5 minutes. When the vehicle drops off the passenger it will be 5 min-

utes away from the charge station it has been assigned to go to. There are currently
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15 minute remaining until the vehicle must be at the charge station.

In this example, after the vehicle drops off the passenger it will have 5 minutes

of idle time where one is naturally temped to say the vehicle is available. However,

if a request arrives that wishes to be driven 10 minutes in a direction away from the

charge station, the vehicle will have to reject this request. On the other hand, if a

request arrives asking to travel 4 minutes and wishes to be dropped off close to the

charge station the vehicle may be able to serve it. Therefore the vehicle is neither

fully available or fully unavailable.

This justifies the introduction of fractional availability. Fractional availability is

a value between 0 and 1 that is a function of the time remaining until a vehicle is

scheduled to charge and of the time remaining since a vehicle completed its previous

charging. When a vehicle is charging the availability is 0. Likewise, when the previous

charging and next charging times are far in the past and future, the availability

should be 1. It is also reasonable that for a vehicle that charges exactly once, the

availability should be monotone non-increasing as the charging time approaches, and

be monotone non-decreasing afterwards as the charging time has passed.

To incorporate such a general function into an MILP formulation of the scheduling

problem, we let the function a(t) denote the availability of a vehicle at any point in

time t. To adapt a(t) to be suitable for insertion in an MILP formulation we break

vehicle charging apart into multiple time periods and then introduce the helper

function A(t) to denote the availability of a vehicle that charges for one time period

starting at time t = 0, ending at t = Πc. It is an intentional design choice that a full

34



charge could require multiple time periods since this allows for preempting charging

and heterogeneous battery capacities. Now, for any charging schedule the actual

availability of each vehicle can be computed as the minimum over such functions

with appropriately adjusted arguments.

Formally, the helper function A(t) : R→ [0, 1] is monotone non-increasing for t <

0, is zero for 0 ≤ t ≤ Πc, and is monotone non-decreasing for t > Πc. Intuitively, the

monotonicity is natural since as we move further away from the scheduled charging

time, both earlier and later, the vehicle has more flexibility to serve passengers. This

notion of availability only considers the charge in the vehicle indirectly through the

time and duration the vehicle is scheduled to charge. Let the time periods a vehicle

is scheduled to charge at be given by the binary variables xt, for times t ∈ T . The

availability of the vehicle at any time t is given by the equation

a(t) = min
s∈T

1− (1− A(t− s))xs.

In the context of a MILP, suppose for each vehicle v ∈ V and each discrete time

t ∈ T , the continuous variable av,t denotes the availability of vehicle v at time t and

the binary decision variable cv,t determines if v charges at time t. Since without loss

any optimal solution will maximize availability, it is sufficient to use the constraint

av,t ≤ min
s∈T

1− (1− A(t− s))cv,s.

Thus, since the value of A(t− s) is not dependent on any decision variable even

general nonlinear availability functions can be incorporated into the MILP.
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2.3.2 Two Stage Planning Process

Our method for charging management is split into two parts: time scheduling and

location scheduling. Here we will briefly justify and explain the details of this sepa-

ration.

Scheduling vehicles to charge has two components: determining when vehicles will

charge and where they will charge. Since ridepooling systems operate online, choosing

the charging location for vehicles many hours in advance cannot be meaningfully

done in any ‘optimal’ way, other than ensuring each vehicle will have a station to

charge at. With this observation, we split the charge scheduling process into two

separate parts: a long horizon where we only consider changing the time at which

vehicles charge and a short horizon where we only consider the locations at which

Now TSL
tTSL + Δ

Time only

Location only

Planning Horizon

Figure 2.2: In the long horizon, the schedule more than TSL time in the future can be
modified. The short horizon station problem only assigns vehicles that are scheduled
to charge within TSL + ∆ of current time. ∆ can be 0, but theorem 2.3.1 shows it
cannot be too large.
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vehicles charge. More formally, the long horizon only modifies charge schedules at

least TSL time in the future while the short horizon assigns charge stations to vehicles

scheduled to charge within TSL+∆ for some chosen TSL and parameter ∆ controlling

the maximum overlap. For example, one might choose TSL = 45 minutes and ∆ = 15

minutes. See Figure (2.2). It is not necessary to choose ∆ > 0, but an upper limit

on ∆ exists as will be shown in theorem 2.3.1.

While the proposed split reduces computation complexity of the problem, the

solutions it produces may be suboptimal. For example, it may be possible to choose

better station locations in the short horizon if charge times can be shifted by a small

amount. However, since the short horizon problem is defined only over a small subset

of times, the flexibility to reschedule vehicle charging times is greatly restricted unless

the full complexity of the long horizon problem is reintroduced.

With the short and long horizon problems being solved separately, it is necessary

to take steps to ensure the times vehicles are scheduled to charge in the long horizon

problem admit feasible charge station assignments. The choice of D in the release

date equation ev = tc + max{t(n, sopt), D} provides the trade off between guarantees

of feasibility with conservative, large D and flexibility to serve more requests with

aggressive, smaller D. Sufficiently large D guarantee that feasible solutions will exist,

but come at the cost of being restrictive on which requests a vehicle can serve.

Since an operator may not feel that updating time and location information

for vehicle charging is necessary at the same frequency as passenger assignments are

made, it is possible to run these planning algorithms at only a subset of the iterations.
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For example, if requests arrive in batches every TB seconds, then one could run the

short horizon station location problem every T S seconds (divisible by TB) and run

the long horizon time problem every T ` second (divisible by T S). As a variant of

algorithm (1), this modified procedure is shown in algorithm (2).

Algorithm 2 Electric Vehicle Ridepooling

1: Initially run Long horizon planning algorithm.
2: for each iteration (occurs once every TB time) do
3: if T ` time has passed since last run of short horizon planner then
4: if T S time has passed since last run of long horizon planner then
5: Run the long horizon planning algorithm.
6: end if
7: Run the short horizon planning algorithm.
8: end if
9: Run the request assignment algorithm.

10: end for

As a final note, the choice of overlap ∆ must be less than or equal to 2T `, as

explained in the following theorem.

Theorem 2.3.1. It is necessary and sufficient that ∆ ≤ 2T ` to guarantee that feasible

charge station assignments will exist for all vehicles.

Proof. Without loss of generality, assume the system clock is currently set to time

0.

1. Case 1 : ∆ = 2T `.

Consider the set of vehicles the long horizon problem schedules to charge in time

periods TSL and TSL+∆. Those in the former will have their assignments fixed
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and will not appear in the next round of long horizon optimization since the

long horizon only modifies schedules at least TSL time in the future. The later

will appear one more time in the next iteration of long horizon optimization.

Any vehicle in the next round of longest optimization will either be a vehicle

previously assigned in time slot TSL + ∆, in which case it already has a station

assignment, or a vehicle that has no previous station assignment. In the case

of no assignment, the buffer time ev = tc + max{t(n, sopt), D} guarantees these

vehicles have passenger assignments that are compatible with being assigned

any station. Thus, a feasible charge station assignment always exists.

2. Case 2 : ∆ > 2T `

Let ∆ = 3T `. Suppose there are two charge stations of capacity one that

are far apart. In the first iteration, one vehicle is assigned to charge for a

single time period at time TSL + ∆ and another is assigned to charge at time

TSL + 2∆. Assume both vehicles are assigned the same charge station, call it

c1. Since both of these vehicles now have an assigned station, their buffer time

calculation changes to ev = tc + t(n, c1). This means that it is possible that

each vehicle, in the next iteration, is assigned passengers that want to travel

to c1 and who will be dropped off just as the vehicles’ assigned charge times

begins.

In the next iteration, it is feasible for the long horizon problem to now assign

both vehicles to the same charge time, TSL + 2∆. However, if the distance

between c1 and the other station, c2, is greater than ∆, then both vehicles can

still only reach c1 due to the passenger assignments. But they are scheduled to
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charge at the same time and each station has capacity 1. So there is no longer

a feasible charge station assignment.

2.3.3 Long Horizon Planning

The long horizon problem sets vehicle charging times that are scheduled at least TSL

beyond the present time. We propose solving this problem using a MILP that assigns

charging times for the full day. In addition to the objective of minimizing short falls

given in equation (2.1), we also include a soft penalty if the schedule expects any

vehicles to reach or go below zero charge. The soft penalty on negative charge levels

guarantees there is always a feasible solution to the long horizon problem for any

input.5 Additionally, recall from earlier that we assume the operator chooses a charge

level qmin > 0 that we refer to as 0% charge. Therefore, even if a vehicle goes slightly

below this level it will still be able to operate.

Since we cannot know the exact charge in the vehicles in the future, we estimate

the charge by computing the charge in the vehicle when it is done serving its current

passengers at time ev, which we call Qv,0. We then use the estimated linear discharge

5In practice, the model penalizes vehicles for having negative charge but not for being close
to negative charge, so many vehicles will run out of charge slightly before the scheduled charge
time due to the discharge function depending on the vehicle’s routing, which is not fully known in
advance. This is not a problem since either vehicles can idle at the charge station prior to charging
or the ‘zero’ charge mark is actually a safe buffer away from true empty.
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rate qest discussed in the section on batteries for the time periods the vehicle does

not charge and η to account for when the vehicle does charge.

The total capacity of all charge stations is denoted by K =
∑

s∈SKs. Since the

fractional availability function may be less than one for vehicles that have charged,

or are planning to charge, prior to the first time period considered in the long horizon

problem, we introduce the value Pv,t which equals A(t−t′) where t′ is the most recent

time period vehicle v charged.

There are three decision variables used in the problem.

1. c ∈ {0, 1}|V ||T | - binary decision to charge vehicle v at time t.

2. a ∈ R|V ||T |+ - decision of fractional availability of vehicle v at time t.

3. q ∈ R|V ||T | - decision of estimated charge in vehicle v at time t.

Using the above, the MILP model6 is defined by

6Let (x)+ = max{0, x}, (x)− = max{0,−x}.
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min
∑

t∈T

(
R(t)−

∑

v∈V

avt

)+

+M
∑

v∈V

∑

t∈T

(qvt)
− (2.2)

s.t.
∑

v∈V

cvt ≤ K ∀t ∈ T (2.3)

cvt = 0 ∀t < ev ∀v ∈ V (2.4)

qv,tv = Qv0 ∀v ∈ V (2.5)

qvt ≤ qv,t−1 − qest(1− cv,t−1) + ηcv,t−1 ∀t > ev ∀v ∈ V (2.6)

avt ≤ min
s∈T

(1− (1− f(t− s))cvs) ∀t ∈ T ∀v ∈ V (2.7)

avt ≤ Avt ∀t ∈ T ∀v ∈ V (2.8)

0 ≤ a ≤ 1, c ∈ {0, 1}, q ≤ 1, (2.9)

where ev is as defined at the beginning of Section 2.3.

The objective (2.2) penalizes having fewer than the required number of vehicles

at each point in time and also penalizes for vehicles having negative charge. M

allows control between supply shortfall and avoiding negative charge as the primary

objective. M is typically large since it is most important that charge is non-negative

whenever possible.

Constraint (2.3) forces the number of vehicles charging at any one time to be at

most the total available capacity across all charging stations. Constraint (2.4) ensures

that no vehicle is scheduled to charge before the release date, which accounts for final

passenger drop-off and the minimum time needed to reach charge stations.
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Constraint (2.5) defines the charge in the vehicle at the vehicle’s release date.

Constraint (2.6) then describes how the charge value evolves over time, decrement-

ing by qest if it is not charging, and increasing by η if it is. The constraint prevents

vehicles from gaining more charge in a single period than is possible using the charg-

ing infrastructure and works in conjunction with constraint (2.9) which limits the

maximum charge in vehicles to 100%.

Constraint (2.7) defines the fractional availability of each vehicle in terms of the

function f(t), though it does not account for the possibility of reduced availability

due to prior charging. Finally, constraint (2.8) restricts the value of availability to

account for the prior charging.

While non-preemptive solutions are preferred, the model is preemptive since there

are no constraints that require selected charging periods to be of the length neces-

sary to fully charge. The solution is encouraged to be non-preemptive through the

penalty of availability introduced in constraint (2.7). Since the availability function

a(t) reduces the amount of availability a vehicle is considered to have just before and

after charging, when a vehicle’s charging is preempted the system cannot fully re-

claim the vehicle’s availability. Between it and the vehicle that preempted it, this will

detract from the systems’ total amount of availability and potentially lead to a worse

objective value. In schedules where many vehicles need to charge and the system

is running near minimum availability in all time periods, non-preemptive solutions

allow the model to charge more vehicles while maintaining the required availabil-

ity. Therefore, we expect that typical solutions will not contain many preemptive
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elements.

2.3.4 Short Horizon Planning

Short horizon planning refers to the problem of scheduling where vehicles should

charge when the vehicles’ scheduled charge times are within a short window, i.e.

less than TSL + ∆. Short horizon planning will make final assignments of vehicles

to stations minimizing the impact of charging on the vehicles. This is done by

associating a cost dv,s for matching vehicles v ∈ V to stations s ∈ S. For example,

the cost dv,s might be the distance from the vehicle’s last drop-off point to station s.

When it is not feasible to match a particular vehicle and station we let dv,s =∞.

Although the short horizon problem does not select charging times, this problem

must nonetheless consider both space and time. Let V ′ ⊆ V be the set of vehicles

to be assigned charge stations, let T refer to the set of time intervals during which

any vehicle in V ′ is assigned to charge, and recall that Ks is the capacity of each

station. For any time t ∈ T , let Vt be the set of vehicles that charge at time t. For

any vehicle v ∈ V ′, let Sv be the set of stations the vehicle can reach by its scheduled

charge time.

Since vehicles may have heterogeneous battery capacities or states of charge,

note that the charging times will be vehicle specific. In other words, given some time

discretization step Πc, tv = |{t | v ∈ Vt}| denotes the number of time periods needed

to charge vehicle v, which leads to a charging time of Πc · tv. This differentiates the
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short horizon problem from a bipartite matching problem since the vehicle charges at

the same location during each of the successive time periods it’s assigned to charge.

The sole binary decision variables is P ∈ {0, 1}|V ′||S| which is the indicator for

whether vehicle v ∈ V ′ charges at station s ∈ S. The binary programming formula-

tion is

min
∑

s∈S,v∈V ′
dvsPvs (2.10)

s.t.
∑

v∈Vt

Pvs ≤ Ks ∀s ∈ S,∀t ∈ T (2.11)

∑

s∈Sv

Pvs = 1 ∀v ∈ V ′ (2.12)

P ∈ {0, 1}|V ′||S| (2.13)

Constraint (2.11) ensures that each station is operating at or below capacity

during each time period and constraint (2.12) ensures each vehicle receives exactly

one valid station assignment.

The station assignment problem can be shown to be NP-complete by reduction

to the hierarchical interval scheduling (HIS) problem with single machine capacities

which was introduced and shown to be hard by [32]

Definition 2.3.1 (from Kolen et al. 2007 ). Given K continuously available ma-

chines and n jobs with starting times sj and finishing time fj such that each job can
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only be processed on machine {0, . . . , rj}, it is NP-hard to determine if there exists

a feasible schedule.

Theorem 2.3.2. The short horizon station location problem is NP-complete.

Proof. To show the problem is in NP it suffices to show that the number of constraints

is polynomial in |V | and |S|. Constraints (2.12) clearly satisfy this. It is sufficient for

constraint (2.11) to satisfy this if the number of discrete time periods T is O(|V |).

Since the starting and ending time of each charging job is fixed, an interval graph can

be created with vehicles as vertices and edges connecting nodes that represent vehicles

with overlapping charging time. Simultaneously charging vehicles form cliques in the

graph and it is sufficient to consider the maximal cliques in the graph. It is an old

result that interval graphs have at most linearly many maximal cliques all of which

can be found in linear time [66]. Thus, the problem is in NP.

To show it is NP-complete, start by letting there be K charging stations, each

with capacity 1. For each job j, create a vehicle that needs to charge from sj to fj.

Let the cost dvs of pairing station s with vehicle v be 0 if s ≤ rj and 1 otherwise.

There exists a feasible schedule to the HIS problem if and only if there exists

a solution to the ILP of zero total cost. Thus the short horizon problem is NP-

complete.

While solving the ILP is NP-complete, as with many problems in practice com-

mercial solvers were able to solve sufficiently large instances in less than a tenth of
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a second. Earlier it was argued that release dates for the long horizon problem can

be computed so that this problem will always have a solution. But what happens if

under more aggressive parameterizations of D there is no feasible solution in some

iteration? Since all vehicles that were present in the previous iteration could be

assigned charge stations, we know the infeasibility of the problem must stem from

vehicles that were just added to V ′ and that have the latest charge times of all vehi-

cles in V ′. One way to resolve this is by solving the short horizon problem without

these vehicles, using a greedy assignment on the new vehicles, and then forcing any

remaining unassigned vehicles to be rescheduled in the long horizon problem in the

next iteration. In simulations, this step was never needed.

In the real world, the simulated prediction of the mechanics of the vehicle could

be incorrect and charge could be used faster than expected. This could cause a

vehicle to be unable to reach the charge station it was assigned previously because

its charge level is now expected to be below zero at its assigned charging time.

Without compromising the practical applicability of this method, there are a variety

of model properties that allow this problem to be addressed.

In this case, it is typically sufficient to make a hard constraint that any vehicle

that was assigned to charge station s in the previous assignment period must also

have that station included in Sv in the next iteration as well. Recall from section

2.2.5 that for battery longevity reasons there is a buffer between what the operator

calls 0 charge and the actual empty level for the battery (assumption 2.2.1). Thus

a vehicle might have a charge level that is too low for any stations to be included
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in Sv though in reality it has sufficient range to reach at least some stations. All

else failing, vehicles can travel to the nearest charge station and wait for the next

available slot, even if it is outside of the assigned time window. A variety of other

resolutions could be used, such as letting the vehicle wait and be assigned a new

charging time similar to the resolution proposed for aggressive parameterizations of

D.

2.3.5 Heuristic Long Horizon Planning

While the short horizon planning problem can be solved very efficiently in practice,

the long horizon MILP is not practical for real-time use. This is not surprising since

it contains O(V T ) variables and constraints making it pseudo polynomial in size

with the resolution of time used. Time indexed formulations are known to be large

and intractable in many settings. While in the machine scheduling literature there

exist exact techniques, such as column generation approaches [72], for solving similar

problems, these methods do not yield strong worst-case runtime guarantees and thus

instead of adapting exact techniques for this novel MILP formulation we propose an

efficient heuristic to update the charge schedule for vehicles.

As motivation for the heuristic, consider a system with a single vehicle and a

single charge station. The vehicle is always either operating or charging. Supposing

discharge and charge are linear function of time, the time for the vehicle to charge

after driving for t minutes can be modeled as at+ b, where b is the offline time spent
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driving to the charge station. If the cost of operation is proportional to time offline

for charging, then the average cost over the course of the day

g(t) =
at+ b

at+ b+ t
=

at+ b

(a+ 1)t+ b

is decreasing in t. Meaning, the impact of being offline is minimized when the battery

is used to the maximum extent and charging occurs as infrequently as possible. This

directly motivates our heuristic:

Heuristic 2.3.1. The vehicle with most remaining charge should be scheduled to

charge as late as possible. Other vehicles can be scheduled iteratively.

In the online model we would like to only consider the next time each vehicle

charges. Even though vehicles must charge multiple times we hope that the objective

of maximizing time until charging, as suggested in the example, will accomplish this

goal. However, choosing a charging schedule that waits as long as possible has a

downside - it maximizes the amount of work that needs to be done in the single

charge time horizon we consider.

It is well known in the literature of time dependent job scheduling that processing

the shortest job first minimizes the makespan (total work) of the schedule. In fact, the

problem closely resembles the time dependent jobs with deadlines problem studied

by [12]. However, by scheduling vehicles with the most remaining charge last we are

doing the opposite - we are placing the shortest jobs at the end, resulting in a final

schedule where realized processing times are not in any sorted order.

We believe the justification for our heuristic stands even in light of this. The
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total amount of work to be done recharging is first the fixed cost of detouring to

a charge station and second charging time, which we assume is proportional to the

miles the vehicle have driven. Assuming the vehicle drive the same number of miles

under any scheduling scheme, the best schedule will be one the aims to minimize the

number of times vehicles charge. This is what our heuristic does.

This conflict between minimizing work in a single scheduling horizon versus min-

imizing work over the entire day also illustrates why it was important for the long

horizon MILP to produce schedules for the entire day rather than just find the next

time each vehicle charges. Under the shortest work rule used in time dependent job

scheduling (in its strictest sense) vehicles that finish charging would have to imme-

diately turn around and charge again while vehicle with depleted batteries would

never be charged!

Algorithm.

In order to implement the planning heuristic we will first define some objects to store

static data and the dynamically updated state of slack in the problem’s constraints

and then describe how they are used in the algorithm.

We start by creating an object Constraints which can be queried for each time

of day to know the slack on capacity constraints (total capacity K) and availability

constraints (given by R(t)). As decisions are made, changes can be written to the

Constraints to show reduction in slack.
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The basic algorithm works as follows. For each vehicle, we compute the value of

ev and store these values in the discrete map Earliest. Similar to Av,t in the MILP

formulation, for each previous assignment, we update our Constraints object to

reflect reduction in availability so that fewer jobs are scheduled at that time.

Since we can compute the charge in vehicles Qv,0 at time ev, we can use qest to

extrapolate the first time each vehicle is expected to run out of charge. This is the

deadline for the vehicle, which we store in the discrete map Deadlines.

Next, we sort the list of vehicles according to their Deadlines. Vehicles with

later deadlines are given the highest priority, they will be scheduled as far in the

future as possible. We store this sorted list as Priorities.

Using this priority based scheduling, sometimes it is not possible to schedule all

the vehicles to charge given capacity, availability, and deadline constraints. When

this happens, all elements of the schedule are pushed into the future until sufficient

space is made, using algorithm (3) PushBack. This operation is done by first pushing

back vehicles with lowest priority - minimizing the maximum extent any vehicle is

moved back compared to its current assignment. This operation can be performed

efficiently using doubly linked lists to avoid redundant computations for groups of

vehicles scheduled to charge at the same time.

This could cause some vehicles to have charge times after they would be expected

to run out of charge. Since qest is a slightly pessimistic estimate of charge usage, it

is often the case that the vehicles that are pushed back will not actually run out of
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power before charging. In addition, since we assume that the 0% mark is actually

a safe buffer qmin away from absolute zero this will not be a significant issue for the

vehicle. In any case, if this poses a practical issue for the operator modifications

can easily be made to passenger assignment and vehicle routing algorithm to halt a

vehicle at a nearby charge station if it is nearing empty charge.

The PushBack algorithm is shown in algorithm 3 and the full algorithm for charge

scheduling is given in algorithm 4. The PushBack algorithm uses two special func-

tions: ClearAvailability and ClearCapacity. Each of these takes as an input

the working copy of Constraints, the Schedule, the vehicle’s priority, and time

for which the vehicle to be scheduled is blocked either by availability or capacity

constraints. For ease of notation, the Constraints and Schedule arguments are

omitted in the algorithms.

ClearAvailability and ClearCapacity do the following: if there is a set of

vehicles of higher priority that can be removed that will clear sufficient capacity

or availability, the smallest set of such vehicles is returned. Keeping the recursive

nature of the PushBack algorithm in mind, the functions always return the vehicle

of highest priority among all that would clear the constraints in order to minimize

work in future iterations.

Lemma 2.3.1. The complexity of the PushBack algorithm (algorithm 3) is O(T ).

Proof. Note that the first loop runs over O(T ) time frames. Assume that the

maximum number of time windows a vehicle may need for a full charge, Needed-
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Algorithm 3 PushBack(N→ (V, T ) Items, Schedule, Constraints)

1: if Items = ∅ then
2: return Schedule.
3: end if
4: (v, t) = Items.pop() (lowest priority item).
5: for time s = t, . . . , T do
6: Constraints′ = Constraints, Schedule′ = Schedule.
7: BumpList : N→ (V, T ) = {}.
8: for increment i = 0, . . . ,NeededCharge do
9: if Constraints′ availability insufficient at time (s+ i) then

10: obstruction [v′] = ClearAvailability(Prioritiesv, s+ i).
11: if no obstruction then
12: Continue to iteration s = s+ 1.
13: else
14: for v′ ∈ [v′] do
15: Unschedule v′ in Schedule′, Update Constraints′, Schedule′.
16: BumpList∪ = {Prioritiesv′ : (v′, s+ i)}.
17: end for
18: end if
19: end if
20: if Constraints′ capacity insufficient at time (s+ i) then
21: obstruction [v′] = ClearCapacity(Prioritiesv, s+ i).
22: if no obstruction then
23: Continue to iteration s = s+ 1.
24: else
25: for v′ ∈ [v′] do
26: Unschedule v′ in Schedule′, Update Constraints′, Schedule′.
27: BumpList∪ = {Prioritiesv′ : (v′, s+ i)}.
28: end for
29: end if
30: end if
31: end for
32: Schedule vehicle v at time (s+ i) in Schedule′.
33: Update Schedule′ and Constraints′.
34: return PushBack(Items ∪ BumpList, Schedule′, Constraints′).
35: end for
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Charge, are O(1). Within each loop, we have a constant number of steps. The

ClearAvailability and ClearCapacity functions take constant time by looking

up the time index in an array and then inspecting at most the first c vehicles as-

signed at that time, with c being the number of time periods needed for charging and

assumed to be O(1). Since the ClearAvailability and ClearCapacity function

prefer to select vehicles with the highest priority among all vehicle eligible at each

point in time, running the Unschedule and Schedule routines takes constant time

by storing elements for each vehicle at each time in a doubly linked list structure.

Updating constraints is also constant time since we have O(1) removals to clear space

and O(1) insertions to add the current vehicle.

To see that the algorithm is O(T ) including recursion, notice that when vehicles

are removed they are only considered for rescheduling at a later time. This is because

we always choose to remove the vehicle scheduled at that time with the highest

priority and we can only bump vehicles of higher priority when choosing a new

charge time for the vehicle. Thus each time period is considered at most a constant

number of times and the recursive algorithm is O(T ).

Theorem 2.3.3. The complexity of the Long Horizon Heuristic (algorithm 4) is

O(n log(n) + nT ).

Proof. The algorithm sorts all vehicles by priority using O(n log(n)) time. Then the

algorithm tries to schedule the vehicle in one of O(T ) time periods with each period

requiring a constant amount of work to verify whether there is space or not. Insertion
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into the schedule takes constant time if the duration is O(1), which we assume, and

the schedule is implemented as an doubly linked list.

If the PushBack algorithm is required, this adds at most O(T ) time to the loop.

Thus the loop runs in time O(nT ). Since the algorithm begins with sorting, the total

running time is O(n log(n) + nT ).

Algorithm 4 Long Horizon Heuristic

1: Input: (V, Constraints, Deadlines, Earliest, Priorities).
2: Schedule : V → [T ] = {}.
3: for each vehicle v ∈ Priorities in descending order do
4: for each time s from Deadlinesv down to Earliestv do
5: duration = number of time windows v needs if start charging at s.
6: if Can schedule v at time s then
7: Schedule = Schedule ∪ {v : [s, . . . , s+ duration]}.
8: break
9: end if

10: end for
11: if not yet scheduled then
12: vs : N→ (V, T ) = {Prioritiesv : (v, Earliestv)}.
13: Schedule = PushBack(vs, Schedule, Constraints).
14: end if
15: end for

2.4 Numerical Results

To test the performance of our proposed methods, simulations were performed using

publicly available taxi ridership data in Manhattan from August 2013 [15] We use

a threshold of TSL = 45 minutes and let requests arrive in batches every TB = 60
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seconds. We weighted the objective function to first maximize the number of requests

served and then, second, minimize total vehicle travel time.

The charging rate η was chosen so that vehicles would take 30 minutes for a full

recharge. The estimated discharge rate over time qest was estimated using distance

over time simulation results from ICE simulations whose results were dependent on

the choice of request data set used (e.g., which day). Recall, discharge does not have

to be computed as a function of distance but we choose to do so for simplicity.

The simulations were performed on a desktop using an Intel Core i7-6700 CPU

with 8 cores and 16GB of RAM. The simulation was written in C++ and optimization

was performed using Mosek version 8.

The experiments tested four different methods:

1. MILP: Long horizon MILP model and short horizon MILP model.

2. Heuristic: Long horizon heuristic in combination with the short horizon MILP

model.

3. Benchmark: Simple algorithm that does not use information about future de-

mand, defined in section 2.4.2.

4. ICE Baseline: None of the vehicles are EV.

In the rest of this section we discuss how the inputs to the simulations were

produced and discuss the results.
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2.4.1 Charge Station Location

As discussed in the literature review, a variety of approaches have been proposed to

choose locations for charging stations. Following the spirit of the methods that use K-

means problems, we considered locating the charge stations using a weighted k-means

clustering algorithm. As a proxy for determining where the vehicles would have no

passengers, and thus available to charge, we referred to the taxi data set which

consists of historical request data for Manhattan in the form of origin-destination

pairs. Every time a vehicle charges it is between its last drop-off and next pickup and

so this data set can be interpreted as samples of possible locations at which vehicles

will be empty.

Combining the two ideas, we performed weighted k-means clustering where

weights were proportional to the number of originations/destinations at each node

and normalized so the total weight of the graph was equal to the desired total charg-

ing capacity. The central node of each cluster was chosen to be the charge station

and the total capacity of the charging infrastructure was distributed in proportion

to the corresponding cluster weights.

2.4.2 Benchmark Method

As a benchmark, we created a simple algorithm to schedule vehicles that does not

take into account any information about future demand. The method is similar to
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the method used in [21] which greedily assigns vehicles to the closest charge station,

though we additionally allow the vehicle to go to further stations if it is able to

charge sooner there. In addition, we allow charge going below a threshold to be the

signal for charging similar to [21], though rather than implementing this as a check

whenever a passenger is dropped off we also check before assigning a new passenger

to a vehicle, a necessary change since [21] only considers single capacity vehicles.

In this algorithm, vehicles make individual decisions of when to charge. Vehicles

operate all day until their charge goes below the threshold qmin. Then the vehicles

continue to serve requests that have been assigned to them, but refuse to accept any

new passengers. Once the final passenger has been dropped off, the vehicle requests

space at a charge station that will allow the vehicle to charge the soonest. To help

keep vehicles near areas of high demand, we limit the set of charge stations the

vehicle can charge at to be within a specified time radius of its location, which we

choose to be 15 minutes. Once the vehicle is finished charging it returns to service.

This is described in Algorithm 5. Additionally, the Algorithm 6 describes how

a vehicle that is empty and is below the charge threshold is assigned to a charging

station in a greedy manner.

2.4.3 Producing Availability Requirements R(t)

To compute the vehicle availability requirement vector R(t) for methods that are

aware of information about future demand, we employed a simple procedure that
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Algorithm 5 Benchmark Charging Algorithm

1: for each vehicle v do
2: if charge in v is below threshold then
3: Forbid vehicle from accepting new passengers in next assignment iteration.
4: if vehicle is empty and has no charge station assignment then
5: Assign charge station using Greedy Assignment algorithm.
6: end if
7: else
8: Clear vehicle’s charge station assignment.
9: end if

10: end for

Algorithm 6 Greedy Station Assignment(vehicle)

1: `← current location of vehicle.
2: S ← set of charging stations within distance threshold.
3: Times ← {time(vehicle, s) for s ∈ Stations}.
4: Earliest ← {(s, first available slot time at s for )s ∈ S}.
5: Assignment ← arg mins∈S max{Timess,Earliests}.
6: Update S with Assignment.
7: return s, max{Timess,Earliests}.

roughly models the required number of vehicles by time of day as a weighted average

of the entire fleet and a scaled multiple of the customer demand profile. Letting d(t)

be an expected demand profile vector and λ be a scalar parameter, our model for

R(t) is described by the equation

R(t) = |V |
(
λd(t) + (1− λ)

)
.

First, to select d(t) we started by considering all requests in the input data file

and associated each with an interval starting when the request is made and with

duration equal to the travel time from the request’s origin to destination. For every

thirty minute block of time during the day we counted the number of requests whose
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intervals overlap any portion of that block. We used the results to form d(t) as a

piecewise constant function and normalized so the largest value was 1.

Next, to select λ we started by computing an estimate for the number of hours of

charging that must be done given the size of the fleet and the range of the vehicles.

We first tried using a λ that made the number of offline vehicle hours equal to the

total charging demand. This turned out to not be sufficient since vehicles have

limitations on when charging can be done, such as not running out of power and

being limited to 100% charge. The peaks and troughs in the demand function were

sometimes too spread out or too heavily concentrated in the morning to yield an

effective requirement function. Thus we decided another method was needed to

determine a reasonable λ.

We used a greedy algorithm to create a naive charging schedule for the day given

the expected battery discharge rate and λ = 0, so no feasible solution could be found.

Then λ was continuously raised until it was possible to find a feasible schedule using

the greedy algorithm. This λ was then used for the experiments. Since this method

is only a heuristic, it is possible that optimal solutions may exist for tighter (smaller)

λ, meaning more vehicles required on the road at all times. In practice an operator

would have many factors to consider beyond the scope of this dissertation and so

we leave open the space of possible procedures for constructing R(t). We explored

some of the possibilities of other constructions in R(t) in our experiments as well,

see tables 2.7 and 2.8.
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2.4.4 Fleet Size and Reduced-Size Map for MILP Method

Experiments

Simulations with ICE vehicles and those using computationally efficient methods,

such as the benchmark and long horizon heuristic methods, were tested with up to

2000 vehicles. Since the long horizon MILP models are large and do not scale well in

simulations with many vehicles, in order to run experiments with the MILP method

we reduced the number of vehicles and produced a reduced size graph for testing.

To make the reduced-size graph we selected a portion of Manhattan roughly

from 19th Street to 59th street. This reduced the total number of intersections in

the graph by about 78%. All requests that did not originate and terminate in this

region were removed from the input data set. Calibrating the experimental service

rate by randomly filtering out requests was put off until the number of vehicles had

been chosen.

To determine the number of vehicles to use in the reduced size experiment, we

ran a small number of iterations of the long horizon MILP at various vehicle counts.

We chose 220 vehicles since it was near the limit of how many vehicles the MILP

solver could handle in a reasonable period of time. Based on observations, we choose

two time limits for the MILP solver to use in the final experiments of 180 and 55

seconds, after which in each case we use the best solution found so far. Giving the

MILP solver more than 180 seconds did not result in significantly lower objective

values.
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To select the demand level, we ran the ICE method on the reduced size system

at various levels of demand with 220 vehicles and reduced the number of requests

until the service rate reached 90%. This resulted in filtering 2/3 of the requests from

the input data set.

In summary, we chose 220 vehicles to use on the reduced-size map on which we

perform experiments on all four methods. In addition, we ran experiments using 1000

and 2000 vehicles for the heuristic method, benchmark method, and ICE baseline.

2.4.5 Battery Range and Expected Charge Duration

While battery ranges on small personal vehicles have grown significantly in recent

years, albeit with high price tags, ranges for larger commercial vehicles lag behind.

Since our target system is a high-capacity ridepool system, we surveyed information

about charge range for electric service and passenger vans. When reviewing the data,

we assume that tests performed using NEDC have real-world energy consumption

that is 38% higher [50] and tests that do not list a method were performed using

the newer WLTP standard with resulting real-world energy consumption that is 14%

higher [17]. By reviewing a list of electric vans that are to be available in 2020 [19],

we find that the average listed electric van has a range of 160 km using the default

or lower capacity battery option and 200 km using the default or higher capacity

battery option. From this, we selected 180 km as the range for our hypothetical

vehicles in simulation.
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Both the MILP method and the heuristic for charge scheduling require an esti-

mate of when batteries in vehicle will need to be charged. However, the assumption

that energy usage is linear in distance traveled requires us to produce a separate

estimate for how long batter charges last. For each of the 3 fleet sizes we first run

a simulation using ICE vehicle. Then, using the number of miles driven during the

simulated day we produce an estimate of the number of hours until discharged. For

220 vehicles, the result was 13 hours and for 1000 and 2000 vehicles it was 10 hours,

different values due to differences in request density and map size discussed in 2.4.4.

See Table 2.10 to see how sensitive these estimates were.

2.4.6 Data Processing and Simulator Implementation

The Manhattan taxi ridership data [15] was converted into a format usable by the

simulator by map matching the origin and destination coordinates onto the road

network used in the simulator. The time that each request was submitted in the

ridership data was preserved and the resulting combinations of time and locations

were stored in a file. To run the simulation, the file is loaded and each request is

presented to the assignment algorithm at the end of the batch interval during which

it actually arrived in the ridership data.

At the end of each batch of processing, the central operator gives each vehicle an

updated assignment list. The operator can update the assignment list at any time

without regard for the state of the vehicle, with the exception that the assignment
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must be feasible given the quality of service constraints and passengers that are

already onboard must remain in the assignment list until the vehicle drops them off.

After each batch of assignments, the simulator executes the following steps for each

vehicle:

1. From the trip assigned from the RTV graph, get optimal ordering of passenger

pickup and drop off, given current vehicle position, onboard passengers, time

remaining for quality of service constraints for each request, and any electric

constraints on the vehicle.

2. Expand the ordering with an edge-by-edge path.

3. Follow the path, making pickups and drop offs as appropriate. Pause when the

end of the batching interval is reached, even if the vehicle has not completed its

assignment or has only partially traversed the current edge. Travel will resume

after the next batch of assignment updates have been processed.

2.4.7 Results

We primarily evaluated the performance of each method by the percentage of requests

served, though we also report vehicle miles traveled as well as other statistics. The

statistics we report are similar to those used by [3], [46], and [53]. A summary of

all statistics used and their abbreviations are given below. See Table 2.1 for a more

compact reference.
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• Service rate, abbreviated as Rate, is the ratio of the number of requests that

were served to the total number of requests that were made.

• Waiting time, denoted WT, is the average amount of time, among requests

that were served, between system entry time and vehicle pickup.

• Riding time, denoted RT, is the average amount of time between requests

boarding vehicles and alighting from them.

• Total delay, denoted delay, is the average difference between shortest path

travel time from requests’ origins to destinations and the actual time from

request system entry to drop-off.

• Absolute utilization, denoted Abs, is the ratio of the total number of rider-

minutes in the system to the total number of vehicle-operating minutes in the

system.

• Rider share rate, denoted rider, is the ratio of the total number of rider-minutes

to the total number of vehicle minutes while at least one rider was in the vehicle.

• The shared rate, denoted, shared, is the percentage of riders who shared their

ride with another rider at any point in their journey.

• Distance is the total number of kilometers driven by the entire fleet of vehicles

over the course of the day.

The results for experiments with 220 vehicles are shown in Table 2.2. Compared

to the simulation with internal combustion engine vehicles (ICE), the benchmark

method has the lowest service rate, which performs about 8% worse. All of the non
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trivial methods for electric vehicles perform well, recovering around 80% of the lost

service rate compared to the upper bounding ICE vehicle simulation.

The reason for the poor performance of the benchmark method is largely due

to the offline time of the vehicles. Figure (2.3) shows that the vehicles charge in

a single short period. Although the number of vehicles charging is capped at the

number of charging stations in the simulation, the drop of the vehicle miles traveled

(shown in orange) indicates congestion at the charge stations and that many vehicles

are waiting offline. Vehicles wait an average of 76 minutes before they can begin

charging due to vehicles running out of charge at similar times.

Table 2.1: Description and abbreviations for statistics reported from experiment.

Statistic Abbr. Description
Service Rate Rate Requests served / requests made
Waiting Time WT Average of pickup time minus request time
Riding time RT Average time in vehicle
Total delay delay Average ride time minus direct travel time
Abs utilization Abs Rider minutes / total vehicle minutes
Rider share rate rider Rider minutes / non-empty vehicle minutes
Shared rate shared Percent of riders that shared a ride
Distance distance Average distance vehicles travel

Table 2.2: Simulation results for 220 Vehicles. The MILP and Heuristic methods
had significantly higher services rates than the benchmark. The ICE baseline has no
charging and is an upper bound on service rate performance.

Method ILP Time Limit Rate WT RT Delay Abs Rider Shared Distance
ICE 90.99 125.96 534.68 86.77 1.35 1.63 92.06 256.68
MILP (180 seconds) 89.19 125.93 540.15 93.23 1.34 1.67 92.99 248.85
MILP (55 seconds) 89.37 126.71 540.74 93.62 1.34 1.67 93.17 249.33
Heuristic 89.35 126.88 541.47 94.16 1.34 1.67 93.21 248.73
Benchmark 82.56 125.3 532.56 88.39 1.22 1.64 91.83 233.22
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Figure 2.3: Benchmark method for 220 vehicles. Notice that vehicle charging, in blue,
is concentrated during a single period in late afternoon. The number of vehicle miles
traveled during this time, in orange, plummets. The 30 minute service rate during
the period, shown in red, also dips resulting in a reduction of the total cumulative
service rate.

The variation in performance of the heuristic and MILP methods comes down

to the quality of the availability vector A(t) given as an input to the problem. We

see that the MILP and heuristic methods perform similarly. In Figure (2.4), we can

see that avoiding congestion at charge stations played a major role in reducing the

negative impact on service rate.

We can only assume the heuristic method preforms similarly to the MILP methods

in larger cases since the long horizon MILP cannot be solved in reasonable time.

The results of the simulation for 1000 vehicles are shown in Table 2.3. Here

again we see the heuristic method outperform the benchmark method and recover

more than 50% of the lost service rate as compared to the ICE vehicles simulation.

Vehicles in the benchmark method spent an average of 60 minutes waiting for an
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Figure 2.4: Heuristic method on 220 vehicles. The fractional availability used, shown
in blue, is defined to include both charging and the 15 minute period prior to charging
in which it is assumed that vehicles lack full ability to serve customers due to con-
straints on reaching the charging station. The maximum allowed offline availability,
shown in yellow, indicates the limit by time of day of unavailable vehicles.

Table 2.3: Results for simulations with 1000 Vehicles. Compared to the bench-
mark, the heuristic method mitigated the loss in service rate compared to the upper
bounding ICE baseline.

Method Rate WT RT Delay Abs Rider Shared Distance
ICE 88.44 176.87 793.97 190.46 2.1 2.37 98.19 342.59
Heuristic 86.38 177.71 796.34 196.81 2.06 2.43 98.17 327.51
Benchmark 83.35 175.79 791.68 196.61 1.98 2.44 98.22 315.77

available charging station. Figures (2.5) and (2.6) show that a similar concentration

of charging demand affected the benchmark method again, similar to the case with

220 vehicles. Results for simulations with 2000 vehicles, shown in Table 2.4, show

the heuristic method similarly performing well with respect to the gap between the

ICE method and benchmark.

There are situations, however, where the performance of the benchmark method
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Table 2.4: Results for simulations with 2000 Vehicles. As with the experiments with
fewer vehicles, the heuristic method has a service rate much closer to the upper
bounding ICE than the benchmark algorithm.

Method Rate WT RT Delay Abs Rider Shared Distance
ICE 93.11 171.38 781.63 174.22 2.18 2.56 98.25 331.68
Heuristic 92.51 172.71 785.88 179.93 2.18 2.61 98.21 323.7
Benchmark 90.08 171.01 781.02 180.7 2.11 2.63 98.34 313.25

0 5 10 15 20 25
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Vehicles Charging

Figure 2.5: Benchmark method on 1000 vehicles. This shows that the the vehicles all
needed to charge at a similar time. Some of the effect is hidden since only charging
vehicles are counted in blue. A larger number of vehicles are offline waiting to be
charged during that time, only visible through the great reduction in vehicle miles
traveled shown in orange.

is comparable to that of the heuristic method. As an example, consider again the

simulation with 1000 vehicles and suppose they are initially fully charged at midnight.

The low levels of demand in the early morning do not require all vehicles be used

and so the distribution of charges among vehicles is widely spread by 7am. This

has the effect of preventing vehicles from needing to charge at the same time. In

fact, on average vehicles only wait 5 and a half minutes before getting a charging

assignment. Figure (2.7) shows this. Table 2.5 shows the results of some 220 and
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Figure 2.6: Heuristic method on 1000 vehicles. This shows that the times the vehicles
charged at were better spread, as evidenced by the small reduction in vehicles miles
shown in orange.

1000 vehicle simulations starting at midnight. But in practice we expect the fleet to

charge overnight for the early morning and thus the simulations starting at midnight

are likely not the best representative of an actual system.

In this particular case for 1000 vehicles, not only were the charging times well

spread by a fortunate coincidence, most of the vehicles were in service during the

peak demand period with charging levels slowly resuming as demand falls at the end

of the day.

The computation times for the experiments are shown in Figure 2.6. As expected,

the average computation time increased as the number of vehicles increased. In the

case of 220 vehicles, the per iteration cost using the MILP long horizon method

took significantly more time since there were many iterations where the solver would

spend the maximum allowed time performing branch and bound. In general, the
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Table 2.5: Vehicle simulations from midnight. When experiments start at midnight,
the low demand in the early morning causes the distributions of charges in vehicles
to spread. As a result, the service rate of the benchmark method is similar to that
of the heuristic method.

Veh. Count Method Rate WT RT Delay Abs Rider Shared Distance
220 ICE 91.06 124.92 532.58 83.93 1.11 1.59 89.98 272.93
220 Heuristic 89.59 125.95 538.75 91.0 1.1 1.63 91.25 264.23
220 Benchmark 86.79 125.25 533.4 86.34 1.06 1.6 90.51 259.96
1000 ICE 88.01 177.05 795.88 189.11 1.78 2.33 97.83 381.81
1000 Heuristic 85.73 178.23 800.15 197.43 1.74 2.39 97.86 364.01
1000 Benchmark 85.94 177.68 801.98 198.08 1.75 2.39 98.03 367.71
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Figure 2.7: Benchmark method on 1000 vehicles starting at midnight. By coincidence
it turns out that the vehicles all finish charging before the day’s peak demand, a
fortunate gain for this particular run.

long horizon heuristic and benchmark method did not add significant computational

overhead. In fact, there is a counterintuitive effect where the benchmark method

seems to be spending less time per iteration even compared to the ICE method. The

changes in time are primarily driven by changes in the length of time required to

solve the passenger assignment problem, which is affected by the number of vehicles

that are online and available at different times throughout the day.
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Table 2.6: Average Per Iteration Computation Time. Computation time increases
with number of vehicles. MILP methods take a significant amount of time. The
heuristic, benchmark, and ICE methods use roughly the same time. The changes
in time are primarily driven by changes in the length of time required to solve the
passenger assignment problem. This is affected by the number of vehicles that are
online and available at different times throughout the day and the relation of that
to the number of requests that need to be assigned.

220 1000 2000
MIP (180 sec) 4.41 sec
MIP (55 sec) 1.95 sec
Heuristic 0.38 sec 6.14 sec 33.3 sec
Benchmark 0.35 sec 5.31 sec 29.7 sec
ICE 0.37 sec 5.79 sec 31.9 sec

2.4.8 Sensitivity Analysis

The results presented above require many assumptions about the practical setting

in which a high capacity electric ridepool fleet might operate. To add credence

to the conclusions suggested by the results, here we will perturb a variety of the

input parameters and discuss how the outputs change compared with the default

settings. First we vary the preferred availability schedule A(t), then we look at

battery capacity, estimated range, number and location of charge stations, maximum

distance the benchmark method can send vehicles to get to a charge station, and

vehicle capacity.

Since the proposed methods rely heavily on the choice of the availability function,

first we compare three different choices of A(t): the preferred availability schedule, a

uniform availability schedule, and an intentionally counterproductive schedule that

emphasizes charging during peak periods. For the heuristic method, the service rate
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Table 2.7: 220 Vehicle Simulations for Availability Sensitivity. Even in the worst case
with an inverted schedule, the service rate is significantly higher than the benchmark
method, at 82.6% (see Table 2.2).

R(t) version Rate WT RT Delay Abs Rider Shared Distance
Typical 89.35 126.88 541.47 94.16 1.34 1.67 93.21 248.73
Uniform Demands 88.47 125.99 537.28 90.6 1.32 1.66 92.89 249.12
Inverted Schedule 88.9 125.61 539.39 92.7 1.33 1.67 92.84 247.49

Table 2.8: 1000 Vehicle Simulations for Availability Sensitivity. While generating
R(t) using an inverted schedule yields the lowest service rate, it still only loses 0.6%
service rate compared to the typical model we developed in section 2.4.3, much
smaller than the 2.5-3% gap between all of these results and the benchmark method.

R(t) version Rate WT RT Delay Abs Rider Shared Distance
Typical 86.38 177.71 796.34 196.81 2.06 2.43 98.17 327.51
Uniform Demands 86.05 177.54 796.41 198.04 2.05 2.44 98.16 324.23
Inverted Schedule 85.8 176.37 793.63 196.1 2.04 2.42 98.09 325.7

is not very sensitive to the choice of availability function. As shown in Tables 2.7

and 2.8, the impact of various choices of availability function yield similar results.

Choices that place too much availability at the wrong time of day do moderately

worse. All experiments had sufficient availability for the system to maintain fully

charged vehicles. This suggests that the majority of benefits of the heuristic charging

method over the benchmark, which only served around 82.6% and 83.4% of requests

in the case of 220 and 1000 vehicles, respectively, come from its ability to look

ahead and appropriately spread the timing of vehicle charging. As a secondary

effect, choosing the availability function with consideration of demand patterns offer

smaller, positive improvements.

Next we vary the battery range used in the simulations, whose default value

was 180km. In Table 2.9, simulation results are shown for three different battery
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Table 2.9: Vehicle Simulations Across Various Battery Ranges. Longer battery range
typically resulted in better service rate since vehicles spent less time on average
offline. The benchmark method did not strictly follow this trend, however, since it
is also sensitive to the demand patterns at the time of day vehicles typically need to
begin charging.

Veh. Count Method Battery Range Rate WT RT Delay Abs Rider Shared Distance
220 Heuristic 150km 88.83 126.63 541.79 95.55 1.33 1.68 93.49 245.85
220 Heuristic 180km 89.35 126.88 541.47 94.16 1.34 1.67 93.21 248.73
220 Heuristic 210km 89.67 126.5 538.8 91.5 1.34 1.66 93.28 250.7
1000 Heuristic 150km 85.44 177.32 796.77 199.2 2.04 2.45 98.07 321.92
1000 Heuristic 180km 86.38 177.71 796.34 196.81 2.06 2.43 98.17 327.51
1000 Heuristic 210km 86.76 177.42 797.72 197.27 2.08 2.43 98.17 329.63
220 Benchmark 150km 83.03 125.93 536.04 90.74 1.23 1.66 92.85 233.46
220 Benchmark 180km 82.56 125.3 532.56 88.39 1.22 1.64 91.83 233.22
220 Benchmark 210km 84.31 125.66 532.86 89.7 1.25 1.66 92.65 235.65
1000 Benchmark 150km 82.63 176.1 793.19 199.75 1.97 2.46 98.38 310.12
1000 Benchmark 180km 83.35 175.79 791.68 196.61 1.98 2.44 98.22 315.77
1000 Benchmark 210km 82.9 175.88 788.48 194.79 1.96 2.4 98.17 317.72

capacities: 150km, 180km, and 210km. In general, longer battery ranges resulted

in better performance. This is not surprising since we know that ICE vehicles,

effectively vehicles with infinite charge, have the highest performance. There are

some unexpected trends in the data under the benchmark method. While the general

trend preferring longer battery range appears for the high and low end of the battery

range, with the default 180km we do not get strictly better or worse performance than

a longer or shorter battery capacity. This is likely due to the effects of timing since

the benchmark method is sensitive to the dictates of the timing of battery depletion.

If by coincidence the vehicles run out of charge during a period of lighter demand

there is less impact than if they run out during high demand. So in some sense,

the battery capacity determines the time of day the vehicle runs out of power. The

heuristic methods seem less dependent on this and thus has fairly steady variations

in performance when the range is perturbed.
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Table 2.10: Analysis of Heuristic Method at Various Estimated Battery Lives. Esti-
mated battery life has a weak effect on service rate.

Veh. Count Battery Life Estimate Rate WT RT Delay Abs Rider Shared Distance
220 11hr 89.18 126.3 541.28 94.45 1.34 1.67 93.4 248.6
220 15hr 89.56 125.93 540.68 93.59 1.34 1.66 93.53 250.35
1000 8hr 85.79 177.6 796.32 198.08 2.05 2.44 98.12 323.64
1000 12hr 86.6 177.43 796.91 197.07 2.07 2.43 98.13 328.27

Next, recall the heuristic method is also dependent on the estimate for the ex-

pected duration that vehicle batteries last for. In Table 2.10 we compare the default

13 hour estimate for 220 vehicle and default 10 hour estimate for 1000 vehicles used

in the simulations, as discussed in Section 2.4.5, with a variation of 2 hours, up

and down. The sensitivity appeared fairly low. Although service rate increases with

longer expected battery duration, recall that this means that it is more likely that

vehicles will approach true zero charge, which is below what we consider to be zero

in the planning model, based on the assumption of a buffer (Assumption 2.2.1).

We consider sensitivity of the system to the placement of charge station infras-

tructure in two ways. First, to test the sensitivity of the default charge station

location layout, we compare the scenarios with 220 vehicles and 1000 vehicles to a

layout made by a simple greedy algorithm that places stations of capacity one. First

we randomly place the first charge station, then subsequently place stations so that

the each placed station maximizes the distance to the nearest placed charge station.

The results are shown in Tables 2.11 and 2.12, which order the result in the same or-

der as they were presented for the default charge station placement scenarios shown

in Tables 2.2 and 2.3, respectively. Generally, the performance of the heuristic and

MILP methods we not affected by the change in charge station placement; in the
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Table 2.11: Results for 220 vehicles when charge stations are placed using a greedy
algorithm. The benchmark method increased in performance by about 0.6%, but the
heuristic and MILP methods are largely unchanged. See Table 2.2 to compare these
results with the default charge station layout.

Method ILP Time Limit Rate WT RT Delay Abs Rider Shared Distance
ICE 90.99 125.96 534.68 86.77 1.35 1.63 92.06 256.68
MILP (180 seconds) 89.36 126.45 540.86 93.36 1.34 1.67 93.24 247.78
MILP (55 seconds) 89.36 126.45 540.86 93.36 1.34 1.67 93.24 247.78
Heuristic 89.46 126.36 540.85 93.49 1.34 1.67 93.31 248.3
Benchmark 83.15 125.44 530.94 87.46 1.22 1.64 91.72 233.36

Table 2.12: Results for 1000 vehicle when charge stations are placed using a greedy
algorithm. Both the heuristic and benchmark methods have lower service rate when
compared to the default charge station layout, shown in Table 2.3, with the bench-
mark method impacted slightly more.

Method Rate WT RT Delay Abs Rider Shared Distance
ICE 88.44 176.87 793.97 190.46 2.1 2.37 98.19 342.59
Heuristic 86.0 177.88 795.7 196.18 2.05 2.43 98.09 328.53
Benchmark 82.84 176.46 792.51 196.66 1.97 2.43 98.18 317.52

case of 220 vehicles the service rate stayed roughly the same or increased marginally,

in the case of 1000 vehicle the service rate decreased marginally. The benchmark

method had a slightly larger change benefiting by about 0.6% in the case of 220

vehicles and losing about 0.5% in the case of 1000 vehicles. In all cases, the heuristic

and MILP methods outperformed the benchmark method.

Second, we consider the sensitivity of the methods to the number of available

charge stations. In the above experiments there were 101 stations available for the

1000 vehicles. In Table 2.13 we compare the outputs from the experiments had that

number been reduced to 90 charge stations, using the same procedure as outlined in

section 2.4.1 for placement. The heuristic method is hardly affected by this change
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Table 2.13: 1000 Vehicle Simulations with Reduced Station Count. Reducing the
number of charging stations has a larger impact on the service rate of the benchmark
algorithm than the heuristic method.

Method Charge Station Count Rate WT RT Delay Abs Rider Shared Distance
Heuristic Typical 101 86.38 177.71 796.34 196.81 2.06 2.43 98.17 327.51
Heuristic 90 86.23 177.38 796.79 197.19 2.06 2.43 98.15 327.52
Benchmark Typical 101 83.35 175.79 791.68 196.61 1.98 2.44 98.22 315.77
Benchmark 90 82.12 175.87 790.67 196.65 1.94 2.44 98.22 311.64

Table 2.14: Comparison of Benchmark Method Maximum Charge Station Travel
Time. Allowing the greedy station assignment algorithm to assign vehicles to stations
nearer or farther away did not change the service rate enough to be competitive with
the heuristic method. See Tables 2.2 and 2.3.

Veh. Count Greedy Search Bound Rate WT RT Delay Abs Rider Shared Distance
220 600 sec 80.9 125.48 532.08 89.13 1.19 1.65 92.13 225.03
220 1200 sec 82.48 125.42 532.15 87.97 1.22 1.64 91.79 233.82
1000 600 sec 83.28 176.09 792.16 196.9 1.98 2.44 98.25 314.69
1000 1200 sec 83.3 176.08 791.89 196.91 1.98 2.44 98.2 316.73

while the benchmark method looses more than a full percent of service rate under

reduced stations. This is expected since the greedy assignment algorithm will not be

able to give all vehicles that need to charge immediately available assignments while

the heuristic can look ahead and avoid congestion situations all together.

Next, we look at a parameter the benchmark method has for the maximum dis-

tance between a vehicle’s position and the charge station it is assigned to. This

parameter controls the trade off between keeping vehicles near areas with high de-

mand and making sufficient charging options available. We use a default of 900

seconds of travel time, but we compare this with 600 second and 1200 second op-

tions.The choice of 900 seconds outperformed both the 600 and 1200 second bound.

See Table (2.14).
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Table 2.15: Results for 220 vehicles when capacity is reduced to 4. Compare to Table
2.2 which shows the same simulations when vehicle capacity is 10. The ICE method
suffers little impact from the change in capacity, but the other methods lose around
a percentage point of service rate.

Method ILP Time Limit Rate WT RT Delay Abs Rider Shared Distance
ICE 90.32 125.96 535.6 213.93 1.07 1.76 91.76 262.55
MILP (180 Seconds) 88.15 126.67 541.04 221.03 1.05 1.8 92.72 253.9
MILP (55 Seconds) 88.22 126.89 542.11 222.36 1.05 1.81 93.08 253.85
Heuristic 88.65 126.23 541.01 220.95 1.06 1.74 92.88 254.69
Benchmark 81.72 125.43 533.75 214.76 0.96 1.79 91.42 239.56

Table 2.16: Results for 1000 vehicles when capacity is reduced to 4. Compare to
Table 2.3 which shows the same simulations when vehicle capacity is 10. Roughly all
methods in this case were negatively impacted by the lower capacity, typically losing
about two and a half percentage points of service rate.

Method Rate WT RT Delay Abs Rider Shared Distance
ICE 86.17 183.73 784.4 369.87 1.62 1.83 97.57 345.8
Heuristic 83.99 183.99 786.45 376.5 1.58 1.99 97.61 329.38
Benchmark 80.83 183.21 780.52 374.55 1.51 2.4 97.58 318.73

Finally, we consider the sensitivity of the system to our choice of using capacity

10 vehicles by comparing against scenarios where the capacity is reduced to 4. We

compared the vehicle capacity across all vehicles counts, shown in Tables 2.15, 2.16,

and 2.17. As expected, the service decreases when vehicle have lower capacity. The

impact of lower capacity was strongest among simulations with larger fleet sizes. The

general relationships between the ICE, MILP, heuristic, and benchmark methods

appears to be the same in the capacity 4 case as it was in the default capacity 10

case.

In summary, the sensitivity analysis has shown that changes in the input pa-

rameters can make marginal changes to the performance of the system in terms of

78



Table 2.17: Results for 2000 vehicles when capacity is reduced to 4. Compare to Table
2.4 which shows the same simulations when vehicle capacity is 10. All methods were
negatively impacted by the lower capacity, with the ICE method taking the small
hit to service rate with a 3.4% loss, and the benchmark method taking the worst hit
with a 4.5% loss in service rate.

Method Rate WT RT Delay Abs Rider Shared Distance
ICE 89.73 180.95 770.48 349.7 1.66 2.07 97.71 338.21
Heuristic 88.74 183.06 775.29 358.8 1.65 2.56 97.76 328
Benchmark 85.57 182.14 768.51 358.11 1.58 2.48 97.76 315.49

service rate. However, despite the differences in performances under the various per-

turbations a few features remained constant. First, the ICE method always served as

an upper bound for the performance of any system that required a charging scheme.

Second, the benchmark method was always outperformed by the MILP and heuristic

methods, supporting the intuition that algorithms that foresee future conditions can

be beneficial in electric ridepool systems.

2.5 Conclusions

Results from experiments demonstrated that high-capacity ridepool systems can be

run at scale with electric vehicles in real time. Unlike the case with ICE vehicles

which do not need refueling over the course of the day, the requirement for electric

vehicles to recharge added a new set of constraints to the already hard problem of

high-capacity ridepooling. This work presented a two-phase method that allowed

the operator to manage the fleet by separating the problem of passenger assignment

and charge scheduling into separate optimization procedures. While our method
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required estimating new parameters, such as estimates of daily vehicle availability

requirements, reasonable estimates we ran experiments on performed similarly and

well suggesting such an approach may work well in a real-world setting.

The benefits of the methods presented are significant since strategies that act

purely online without making any estimates of future demand, such as the benchmark

method studied here, pose risk when the distribution of charges is initially uniform

across vehicles. These risks are most prominent when the entire fleet is fully charged

at the beginning of the work day, though experimental results showed that night

service can sometimes mitigate this risk by causing the charge in vehicles to spread.

The spread caused by night time service is different from regular service as the

variability is not caused by the vehicles traveling on roads with different speeds but

rather by the large portion of downtime experienced by the vehicles. In cases when

night traffic is especially low, as seen in the experiments with 220 vehicles, this effect

is smaller. In realistic settings, operators would likely use dynamic fleet sizing which

would concentrate utilization of vehicles and again raise similar risks as with the

fully charged fleet.

Although our experiments assumed the distribution of vehicle miles traveled is

uniform over the course of the day, it may be beneficial not to make this assumption.

For example, if one were to operate a system 24 hours a day, the night time may be

better accounted for with lower expected battery usage. This change can easily be

implemented in our framework since expected battery usage is entirely accounted for

per-period; one could estimate and utilize separate qest,t in the long horizon MILP
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for each time period.

If the operator rents rather than owns charge station capacity, the model can

further be adapted to allow for different numbers of vehicles to be assigned at different

times of day. This implementation has the caveat that the long horizon problem will

only take into account whether the schedule is feasible for the total number of vehicles

charging, not whether the schedule is feasible for the particular set of stations that

are available at different times. For example, suppose that before noon the operator

has access to one set of stations and then after noon they have access to a mutually

exclusive set of stations. The solution to the long horizon problem may still schedule

a vehicle to charge from 11:45 until 12:15 since sufficient capacity seems to exist,

but it is not feasible since no station assignment could accomplish that. While this

problem can be avoided in both the heuristic and MILP formulations by forbidding

scheduling vehicle times that cross certain time boundaries, this solution is too strong

for most cases since it is rare that the time constraint would apply to all charging

stations at a single time step.

In the future we would like to extend the model to allow for dynamic fleet sizing,

where vehicles that do not need to be available are allowed to stop. The model used

in this chapter assumes that vehicles must always be able to be in service unless they

are charging. But in practice it may be advantageous to have the capability to keep

more vehicles online during busy hours while having fewer vehicles available during

off peak hours.
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CHAPTER 3

CENTRALLY CONTROLLED RIDEPOOL ALGORITHMS:

EFFICIENCY AND PERFORMANCE

3.1 Introduction

Ridepooling is a growing and popular form of urban transportation which aims to

overcome the efficiency limitations of taxi-like, single-rider systems by grouping mul-

tiple riders with similar trips together on the same vehicle. From an operations

perspective, ridepool systems can have varying levels of central control, with some

platforms creating a two-sided market between passengers and vehicle operators and

others simply providing an interface for passengers to interact with a centrally con-

trolled system. In either case, a central decision maker has to suggest or make

assignments between the passengers and the vehicles in order to achieve an opera-

tional objective. In the case of on-demand, centrally controlled systems there has

been much recent work proposing a variety of methods [3, 43, 53, 58, 70].

The basic setting is as follows: an operator has a fleet of vehicles under their

control. In real time, requests are sent to the operator for trips that give an origin and

destination pair. The requests wish to complete their journey as soon as possible and

can be served immediately following the submission of their request. The operator

in these scenarios has two options: either guarantee the passenger a trip that meets

certain requirements, such as maximum time until pick up or maximum on-board

83



delay, or otherwise reject the passenger from the system. These requirements are

generally referred to as quality of service (QoS) constraints. The requirement that

trips satisfy certain criteria is an advantage computationally and leads to popular

performance metrics such as the service rate, also known as the percentage of requests

served.

This chapter focuses on the assignment process of ridepooling, deciding which

requests get paired with which vehicles. In this setting, since all requests that are

assigned must be given a trip satisfying QoS constraints it is common for the results

of these methods to be presented as the service rate at the day level, among other

metrics, reporting the number of feasible trips assigned. While metrics are reported

at the day level, since assignments are made on-demand throughout the day this

means that the performance of each of the methods is more than just a function of

the quality of the solution in each step in time. Rather, it includes an unquantified

effect resulting from the sequence of assignments made over the full day, with the

system state at each time being a function of the solution found in the previous

epoch. The hallmark of a good method by this metric would be serving the highest

percentage of people during the day or achieving a good service rate with small

computation time.

There is a wide spectrum of methods in the literature that span the tradeoffs be-

tween run-time and performance, ranging from greedy algorithms to full enumeration

techniques. Full enumeration in this context refers to finding all possible trips in the

Request-Trip-Vehicle (RTV) type decomposition for ridepool assignment algorithms,
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a category we will restrict ourselves to in this chapter. RTV based algorithms are a

method of decomposing the assignment problem by first generating candidate com-

binations of requests and vehicles, called trips, and then in a second step choosing

the combination of trips to use in the final solution. If each of the two steps are

performed exactly, then this is equivalent to solving the complete assignment prob-

lem. The methods we study will frequently use heuristics for many of these steps.

In contrast to RTV based algorithms, methods we do not study include those that

define the assignment (and implicitly routing) problem over a graph nor those that

use other types of decompositions, such as the zone-path model of [42].

Despite all the work developing methods from many directions to solve ridepool

problems, there are gaps left by these works that may be helpful for algorithm re-

searchers to address. First, the methods presented by different authors are difficult

to compare to each other in terms of performance. While many authors report algo-

rithmic performance in terms of service rate, this by itself is not sufficient to make

comparisons. By using different data sets and running tests on different cities it be-

comes difficult to rule out the impact of the demand profiles on the ultimate results

as it’s possible that certain demand patterns are more compatible with certain algo-

rithmic procedures. Even when authors make direct comparisons of their methods

with others from the literature it can be difficult to determine whether authors are

interpreting and implementing methods the same as each other or are solving for the

same objectives. And in fact, in many cases, they are not.

Part of the reason authors interpret and implement each other’s methods differ-
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ently is that publications often do not have space to discuss all of the nuances of the

problem that would be necessary to exactly replicate the results. From the perspec-

tive of researchers or engineers that wish to implement or use any of these methods,

replicating much of the existing literature requires searching for addition details or

making assumptions about how certain subproblems required in the methods are

being solved.

We address these problems in this study in several ways. First, the software

tool used to make all of the results presented here will be released publicly. This

should be considered a best practice, and is done by some authors, as the code itself

serves as a complete description of the methods tested. Next, we describe several

methods and place them side by side in the same simulation environment to make

direct comparisons and study features of the results.

We also make new contributions to the literature motivated by the direct com-

parisons. After reviewing several methods from the literature, we present some ex-

tensions of weighted bipartite matching based methods and demonstrate that they

can yield very similar performance to full enumeration based methods. In fact, we

show that many of the existing methods yield similar performance as well. There is

currently no work in the literature that studies why the performance of many of the

proposed methods have performance at the day level that is much more similar than

would be expected at the single time period level. Meaning, there have not been

studies about the way these methods affect themselves on an epoch-by-epoch basis.

By running these methods in a controlled, offline settings we can demonstrate that
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the effect of time has a significant impact on these full day results. In a synthetic

demand environment, we show evidence that these methods may have similar per-

formance since the system might have a throughput barrier, whose value depends on

several factors.

While the main focus of this chapter is on myopic versions of the assignment

problem, as a consequence of this the results over the course of a full day may

not be optimal even when running exact algorithms for each time period. Having

shown that there might be a throughput barrier in ridepool systems, we next provide

analysis that both tries to quantify the gap between non-myopic solutions compared

to myopic solutions and that shows that incorporating forecasts of the future into

the assignment process may raise the throughput barrier. It is not in the scope of

this chapter to propose algorithms that close the myopic/non-myopic gap, but the

interested reader may refer to work such as [42] to see example approaches that try

to overcome this obstacle. However, we argue that this is the best direction for future

research on these types of assignment algorithms.

In short, this chapter makes several contributions to the ridepool literature. First,

we provide comparable benchmarks of some of the major methods in the literature

used for ridepooling. We also propose new methods that aim to provide a lower

runtime solution that yields similar service rates to slower, full enumeration style

algorithms. In addition, we provide the first analysis we are aware of comparing

the methods directly in solving the assignment problems on a per-iteration basis

rather than only summarizing performance over the course of an entire day. We
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then provide in-depth analysis of the solutions produced by the methods to explain

why there is a performance disconnect between the offline and online problems. For

each of the methods we test, we provide detailed descriptions and discuss some of

the subproblems required to implement them, such as the function used to find an

optimal route for a vehicle given a candidate set of passengers.

The chapter is organized as follows: Section 3.3 introduces the ridepool problem

setting, assumptions, and nomenclature used in the chapter. Section 3.4 formally

defines several assignment methods from the literature, introduces a new assignment

method based on very large neighborhood search, and discusses the intuition behind

them. Section 3.5.1 provides a discussion of solution methods for the constrained

traveling salesman problem, an essential component of all ridepool assignment algo-

rithms. Section 3.6 introduces the testing framework we use to run all experiments

in this chapter. The source code for the framework is available online at GitHub.

Section 3.7 evaluates the performance of each of the methods both in full-day, on-

line settings and in an offline, iteration-per-iteration comparison. It also looks at

the impact of optimizing service rate vs miles traveled and uses a numerical study

to answer the question of why a wide variety of methods proposed in the literature

perform similarly and well. Finally, Section 3.8 investigates the cost of being myopic

in ridepool problems.
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3.2 Literature Review

The VRP problem has been studied for a long time as its applications are more

general than that of the ridepooling problem. Early techniques used to solve the

ridepooling problem include greedy solutions [73] and [61] and MILP formulations

that include the road network graph as some of the variables [39] and [28] . An

important shift in approach used for ridepooling problems came with the creation of

the shareability graph in [60] which suggested a view of feasibility of rider groupings

as a separate step from optimal matching selection.

Papers have shown a wide variety of methods for this problem. A scalable but

greedy solution was proposed in [53] which considers requests in chronological or-

der by arrival and greedily searches for the best match. Much work stemmed from

the seminal paper of [3] which presented full framework for a ridepool system, in-

cluding vehicle-passenger assignments as well as an unassigned vehicle rebalancing

algorithm. Other methods for a similar framework that are particularly relevant for

this chapter include the work of [70] which uses a similar assignment system but re-

duces the computational demand of the solution by reducing the possible matching

graph to a bipartite matching problem. In addition, [58] use a column generation

heuristic to select candidate trips that exploits the tightness of the LP relaxation of

the assignment problem. Building off these works, we also refer to general techniques

for improving solutions for hard problems by building off work of [1] on very large

neighborhood search methods.
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There are also works that are mostly similar such as [42] which use an alternative

computational heuristic that simplifies path construction and selection, but we don’t

include them in the comparison of methods here since they do not guarantee that

the QoS constraints will be satisfied.

An important part of the assignment problem is handling the subproblem associ-

ated with ordering pick ups/drop offs and checking feasibility. Some literature places

significant focus on this portion of the problem. The work of T-Share [45] focuses

on solving the shortest path problem from the perspective of shortest paths. They

come up with a heuristic/algorithm for quickly finding the best vehicle to match

with a request by using a spatio-temporal index. The work of [71] discusses search

procedures for finding paths using insertion heuristics. While not optimal, they are

practical and the procedure has low complexity. The work of [67] focuses on con-

structing valid ridepool paths through merge operations. They start by identifying

the shortest paths for each request and then build trip sets through sequences of

merge operations.

There has been some work on identifying competitive algorithms for myopic set-

tings and work that tries to use machine learning to improve myopic algorithms.

Rather than using future information to change the final assignment stage, [81] in-

stead seeks to serve requests without using shortest paths - biasing paths to follow

routes that are expected to enable future matching of demand. The challenges faced

by myopic algorithms are discussed directory in [5] which studies matching pairs of

requests in time windows with differing matching values. They show that the best

90



possible competitive ratio in such a setting is 1/2. To overcome the challenges of

the myopic nature of the assignment problem, [62] use neural approximate dynamic

programming to modify the objective costs associated with candidate trips. His-

torical information has also been leveraged directly in the method proposed by [4]

which incorporates virtual future requests into the optimization procedure. The vir-

tual requests are intended to guide the system towards more productive paths and

assignments. Although using a slightly different framework, a follow up [43] to the

zone path model presents adaptations for a non-myopic optimization procedure.

3.3 Preliminaries

3.3.1 Problem Description

We are given a road network G = (N,A) with distance metric d(·, ·), a system

starting time and end time, and a collection of centrally controlled vehicles V , each

associated with a capacity vc. Each vehicle has an initial position vn ∈ N and is

assumed to be empty. Vehicles can only move to nodes in the network adjacent to

their current location. When a vehicle moves from some node a to b with travel time

d(a, b), we say the vehicle is at node b with offset 0 < t ≤ d(a, b) describing the time

remaining before the vehicle reaches node b. Vehicles can only pickup and drop off

requests at nodes in the network.

Not visible to the operator, there is a set of requests r ∈ R that spans all requests
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made to the system over the entire day. Each request r = (o, d, te, lb, la) is defined

by an origin o ∈ N , a destination d ∈ N , a time the request becomes visible to the

operator te, the latest time the request will tolerate boarding lb, and the latest time

the request will tolerate being dropped off la. For simplicity, we often choose lb and

la in terms of the request’s direct travel time: lb = te + tmax
b , la = te + d(o, d) + tmax

a .

In this case, tmax
b is referred to as the maximum waiting time and tmax

a is referred to

as the maximum total delay, which includes the waiting time.

The day is partitioned into a set of decision epochs, typically uniformly spaced.

At each decision epoch e ∈ E, the operator can view all requests that have become

visible at that time or earlier, formally Re = {r ∈ R | te(r) ≤ e ≤ lb(r)}. The

operator then makes routing decisions for the vehicles and assigns each requests

r ∈ Re to a vehicle, reassigns them to different vehicles if allowed to, or leaves them

unassigned. Assignment of a request to a vehicle can happen under any routing plan

the operator chooses that satisfies vehicle capacity constraints, and each request’s

constraints lb and la. The operator makes these decisions in order to maximize a

private objective function. Given a notification window tmax
n , any request r that is

not given an assignment before time te(r) + tmax
n is permanently rejected from the

system (because we are unable to serve them). We typically assume that tmax
n is equal

to the epoch length so that all requests not assigned in an epoch are automatically

rejected. In deterministic settings, if we are unable to guarantee a vehicle assignment

to a request in one iteration, the same will be true in all future iterations as well.1

1In deterministic settings, we can compute the future states of all vehicles under every possible
assignment. If we find we cannot serve a request in one iteration, no new assignment possibilities
will appear in future iterations and so the request will still not be assigned.
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In this setting, the operator’s problem is to determine how to make vehicle as-

signments to requests and how to route vehicles at each epoch in order to maximize

their objective over the span of the day, though they can only observe their objective

in that epoch.

3.3.2 Common Concepts and Objectives

Routing instructions to vehicles are referred to as trips. A trip is defined by a

vehicle, and an ordered set of NodeStops to visit. A NodeStop consists of a location

node, and possibly other data such as a requests to pickup or drop off, or in some

instances a delay time (in order to allow routing instructions to be general). Under

most circumstances, since requests are available to be picked up as soon as we are

aware of their existence, there is no value in delaying at a location. In some special

circumstances, such as model extensions that allow requests to walk to other nodes

to be picked up, delay may be necessary to wait for requests to be available for pickup

at a particular place.

We classify trips in two ways: those that serve requests, and those that do not.

Trips without requests are called rebalancing trips. These trips are used to move

vehicles that are not assigned any requests to other locations with the intention that

the new location is more likely to yield a profitable match with requests in future

epochs.

Assumption 3.3.1. The operator’s objective function is separable as the sum of
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objectives over each vehicle.

In this chapter, we assume that the operator’s objective function is separable

across vehicles. For example, the objective may be a reward for the total number of

requests served minus a penalty for vehicle minutes travelled serving those requests.

This would be separated across vehicles as the reward for the number of requests

assigned to the individual vehicle minus a penalty for the number of vehicle minutes

travelled serving those requests. The advantage of Assumption 3.3.1 is that we can

now compute the optimal routes for vehicles independently of each other. In order

to find a route, it is sufficient to be given a vehicle and a set of requests. Because of

this, we often denote trips using the notation t = (v, r̄) where v ∈ V is the vehicle,

and r̄ ⊆ Re is the set of requests. While this is a common assumption used in

the literature, it leads to certain limitations. For example, travel times have to be

exogenous and cannot depend on other trip assignments since that would made the

objective non-separable.

Since the costs of rebalancing are often omitted from the operator’s objective, un-

der certain objective functions, such as vehicle miles traveled, the optimal assignment

of requests to vehicles may not be the same across epochs even if no new requests

become available. This is formally shown in Lemma 3.3.1. This issue can appear in

many methods presented in the literature since rebalancing is often performed as a

separate problem from request assignments.

Remark 3.3.1 (Objective Instability from Rebalancing). Assume that the operator’s

objective function does not include the cost of rebalancing. Then there exist objective
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functions for which the optimal assignments may change between consecutive epochs

even if no new requests are available.

To gain intuition for this, consider a request that can be assigned to two vehicles.

Perhaps one of the vehicles is farther away but is assigned to this request since the

extra cost of assignment is lower due to a passenger already on board the vehicle.

Suppose that the closer vehicle then starts rebalancing towards a nearby point. After

enough iterations pass, the closer vehicle is so close that it can serve the request

with less additional cost than the vehicle it was already assigned to and therefore

the assignments change. In essence, the price of moving the vehicle was paid by

the system even though the assignment problem did not account for it. In other

words, the objective value of the assignment problem was wrongly discounted and

this caused the solution to change. A formal proof of this remark is included in the

Appendix.

Proof of Remark 3.3.1. Consider a network defined by a rectangular lattice with

uniform speeds. Suppose there is a request that wishes to travel from (0, 0) to (0, 1).

Vehicle A is located at (−3, 0) carrying one passenger destined for location (2, 0).

Vehicle B is empty and is located at (0,−3). If the new request is assigned to vehicle

A, the vehicle would incur an extra 3 units of travel distance. If assigned to vehicle

B, the vehicle would incur an extra 4 units of travel distance. The optimal solution

is to assign the request to vehicle A.

During the rebalancing phase, assume that vehicle B is assigned to move towards
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(0, 0).

At the next decision epoch, both vehicles have moved two units. Vehicle A is now

at (−1, 0) and vehicle B is at (0,−1). Consider changing the request’s assignment

from vehicle A to vehicle B. Unassigning the request will reduce vehicle A’s travel

distance by 3 units. The cost of assigning the request to vehicle B is now only 2. So

swapping the request to vehicle B will result in a savings of one unit of total distance.

Since the optimal assignment has changed without any new requests arriving, the

claim has been proven.

3.4 Formulations and Assignment Algorithms

In this section we first review an exact algorithm for solving the epoch-wise ride-

pooling problem, as formulated in [3]. As the size of the exact formulation can be

intractable to solve, we identify some heuristics, including those used in [3], that can

be used in conjunction with the algorithm. Striking the right balance between achiev-

ing the best objective at each epoch computation time can be a difficult tradeoff.

Beyond just applying heuristics to the exact algorithm, some heuristics are meth-

ods in their own right. After the exact algorithm we will present several non-exact

approaches to the problem that are similarly used to reduce computational burden.

The first alternate approach we cover uses column generation on a linear relaxation

of the assignment problem to find a promising set of candidate trips. Then we cover

a variety of approaches based on bipartite matching with extensions for locally im-
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proving the solution. Finally, we cover an methods that combines efficient matching

based assignment with a sophisticated local improvement algorithm.

3.4.1 Exact Formulations

The first set of methods we study are based on exact formulations. Even when

heuristics are used to solve the resulting problem, a good solution for the model

is necessarily a good solution for the assignment problem in that particular epoch.

This will contrast with the formulations studied in the next subsection which solve

inexact models of the assignment problem. While the optimal solutions to the exact

formulation give the best epoch-wise assignment, the computational effort required

to find them can make alternative heuristics attractive in practice.

Epoch-Wise Exact Solution via RTV Graphs

In the Epoch-Wise Exact Solution, at each epoch we choose the assignment of re-

quests to vehicles that maximizes our reward. Because of the Separability Assump-

tion (3.3.1), it is sufficient to use a decomposition of the problem that enumerates

all feasible trips t = (v, r̄) and then selects a set of trips of maximum value. Given a

set of trips, the optimal choice of trips can be determined through an integer linear

program (ILP).
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Problem Formulation. The objective, as presented by [3], assumes that the cost

function is the sum of the the cost for making the assignment to the vehicles and

the cost of rejecting the passengers that were not matched. Assuming that the

cost of rejecting each passenger is M , this means the reward for selecting a trip

t = (v, r̄) is wt = M |r̄| − ct. In this formulation the cost for rejecting requests is

separated from the particular trip that serves it, though it could also be written as a

reward maximization problem by ignoring this separation. Written as a minimization

problem, the separated formulation is

min
x

∑

t∈Trips

ctxt +M
∑

r

εr

subject to
∑

t∈Trips:
v∈t

xt ≤ 1 ∀v ∈ V

∑

t∈Trips:
r∈t

xt + εr = 1 ∀r ∈ Re

x ∈ {0, 1}|Trips|, ε ∈ {0, 1}|Re|.

(3.1)

Solution method. While the formulation is NP-hard (since it generalizes weighted

set packing), in practice commercial solvers can find near-optimal solutions to real-

world size instances. What would remain for solving the higher-level, decomposed

problem is to determine the set of trips that are given as inputs to the optimization

problem.

An exact approach for doing this was presented by [3]. They note that due to QoS

constraints for requests (lb, la), the set of possible trips can be feasibly enumerated.

They produce the full set trips using the following three steps:
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1. Create Request-Request graph on the node set Re. An edge is added between

pairs of requests if the two requests could in theory be served by the same

vehicle, assuming that a hypothetical empty vehicle could be placed in an ideal

location. This is the same as the shareability graph introduced in [60].

2. Create Vehicle-Request graph on node set V andRe. An edge is added between

a vehicle v and a request r if the trip t = (v, {r}) is feasible. Passengers already

on the vehicle are considered implicitly.

3. Let the Request-Trip-Vehicle (RTV) graph be defined by starting with the

union of the Vehicle-Request graph and Request-Request graph. Begin by

defining a trip for each edge connecting a request to a vehicle, effectively enu-

merating all trips with exactly one request. To enumerate all trips with n ≥ 2

requests, consider all pairs of trips with n−1 requests associated with the same

vehicle. If the union of the requests r̄ contains n requests and the set of nodes

{v} ∪ r̄ forms a clique in the RTV graph, add the trip to the list of feasible

trips if a feasible routing exists.

While using the RTV graph is not strictly necessary to build the set of trips,

checking if a trip corresponds to a clique in the RTV graph can help identify trips that

will be infeasible without needing to perform expensive feasibility checks using many

more constrained traveling salesman problems. It also creates a natural termination

condition for the algorithm.

The Full-RTV method, without any algorithmic optimizations, is described in

Algorithm 7.
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Algorithm 7 Full-RTV Assignment(V , R)

1: Rr ← {(r1, r2) | r1, r2 ∈ Re, v
∗ empty, loc(v∗) ∈ {o(r1), o(r2)}, c(v, {r1, r2}) <

∞}. . RR Graph
2: V r ← {(v, r) | v ∈ V, r ∈ Re, c(t = (v, {r})) <∞}. . Vehicle-Request Graph
3: Rtv ← Rr ∪ V r.
4: Trips : N→ {Trip} = {}.
5: Trips[0]← {(v, ∅) | v ∈ V }.
6: Trips[1]← V r.
7: k ← 1.
8: while |Trips[k]| > 0 do
9: Trips[k + 1] ← {t′ = (v, r̄1 ∪ r̄2) | (v, r̄1), (v, r̄2) ∈ Trips[k], |r̄1 ∪ r̄2| = k +

1, {v} ∪ r̄ a clique, c(t) <∞}.
10: k ← k + 1.
11: end while
12: P =

⋃
k Trips[k].

13: x← opt(P ).
14: T : V → Trip = {}.
15: for t = (v, r̄) ∈ P do
16: if xt = 1 then
17: T [v] = t.
18: end if
19: end for
20: return T .

The need for heuristics. While vehicle routing problems are hard to solve in

general, the reason this problem is tractable in practice for ridepooling settings is

because the quality of service constraints, latest boarding and alighting time con-

straints (lb and la), considerably limit the number of feasible trips. Despite this, in

the case of larger instances, producing an exact solution using Full-RTV is imprac-

tical because these constraints do not prune the number of trips enough. In order

to combat these problems, there are several places where exact computations in the

Full-RTV method can be replaced by heuristic approximations, though the solution
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is no longer guaranteed to be epoch-wise optimal. Several such heuristics found in

the literature can be used to reduce the solving time:

1. Use a heuristic CTSP solver to determine feasibility of trips, especially when

large. This heuristic is general and can be useful for reducing computation

time of any trip-based method. See, for example, [3].

2. Create only an approximation of the Request-Request graph [3, 25].

3. Create only an approximation of the Vehicle-Request graph [3].

4. Enforce computing time limits on trip generation by fixing a maximum search

time or a maximum number of queries [3].

5. Under computational limits, build the trip list in a heuristic order that increases

the chances of good trips being found within the time budget [58].

6. Don’t allow requests to be reassigned to other vehicles. Compute RR, VR, and

RTV graphs only using newly observed, unassigned requests. Let previously

assigned requests be implicit in the cost of routing each vehicle even if they

have not yet boarded [70].

In our numerical results, we use heuristic 1 in all cases. While we don’t use

heuristic (2), heuristic (3) is used for building RTV graphs in all results except for

the Section 3.8 where we study non-myopic settings. When heuristic (4) is applied

to the RTV graph generation process we refer to the resulting method as Fast-RTV.

Heuristic (5) is implemented in the Column Generation Approach, which is discussed

next. Heuristic (6) is used by the Linear Assignment method, discussed later.
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Column Generation Approach

An alternative approach for solving the decomposed problem was proposed by [58]

using Column Generation [7], which we will abbreviate as CG. Still a trip-based

formulation, the CG method is based on ILP 3.1 and is developed as an alternative

procedure to select the candidate trip list. The aim of using column generation is to

save computation time by only evaluating a fraction of the possible trip combinations

that are likely to be useful in the final solution.

Problem formulation. Column generation is a technique for solving linear pro-

grams when the number of variables is large, such as the case here where there is a

variable for each candidate trip. The technique takes advantage of the fact that in a

basic optimal solution the number of non-zero variables can be considerably smaller

than the total number of variables. First, the linear program is solved with only a

subset of the variables. Since a minimization linear program has no negative-costs

associated with any variable at an optimal solution, the technique evaluates whether

the solution to the linear program with the subset of variables is optimal by using an

oracle that either states that the solution is optimal or returns a variable that can

be added that has a negative reduced-cost. Such oracles, referred to as separation

oracles, need to be tailored to each problem and in an ideal setting run efficiently.

The name separation oracle comes from the equivalence of finding primal vari-

ables to enter the basis and finding violated constraints in the dual linear program.

Column generation can be used for linear programs but not for integer programs
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since the integrality constraints in the primal are not explicitly expressed, meaning

the dual formulation can only be used to separate the linear relaxation. As such,

the term column generation in this context refers to a heuristic approach for solving

integer programs where the linear relaxation of the problem is solved and then an

integer program is solved that only uses variables that were introduced by the linear

program’s column generation procedure. Such a heuristic is not guaranteed to return

an optimal solution but is the approach covered here for the assignment problem as

suggested by [58].

A limitation of the heuristic is that even when a feasible solution exists that can

serve all of the requests, the set of columns produced might not be able to serve all

of those requests when the integrality constraint is added. In fact, as the following

lemma shows, even if one allows multiple trips serving the same request to be selected,

an integer solution may not be able to serve as many requests as were served in the

solution to the relaxed problem. This is simply the cost of using this heuristic.

Lemma 3.4.1. Let x∗ be an optimal solution to the linear relaxation of ILP 3.1.

In general, there does not exist an integer solution covering as many requests as x∗,

even if we are allowed to choose multiple trips serving the same request.

Proof. Suppose we are working in R2 with the usual Euclidean distance. Suppose

there are requests at w = (0, 0), x = (0, 1), y = (1, 0), and z = (1, 1, ). Each request

wants to be transported to a point at distance ε from their pickup point, for some

small ε. Suppose that vehicle A is at (2, 1/2) with a passenger bound for (−1, 1/2).

Further, suppose vehicle B is at (1/2,−1) with a passenger bound for (1/2, 2). Each
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request can tolerate up to 1 unit of delay.

In this setting, vehicle A can serve requests w and y or x and z. Similarly, vehicle

B can serve requests w and x or y and z. The optimal linear solution selects each trip

with value 1/2, resulting in each request being completely covered. Using complete

enumeration, it is possible to see that the maximum number of requests served in

the integer setting is 3.

To find a separation oracle, start by writing the dual of the linear relaxation of

ILP 3.1 which in this case is

max
x

∑

r∈Re

πr +
∑

v∈V

σv

subject to πr ≤M ∀r ∈ Re

∑

r∈t

πr + σvt ≤ ct ∀t ∈ Trips

π ≥ 0, σv ≤ 0,

(3.2)

where dual variables πr correspond to constraints on requests and dual variables σv

correspond with the requirement vehicles are assigned at most one trip.

Given a solution to the LP relaxation of ILP 3.1, the separation problem is to

search for trips such that ct − σv <
∑

r∈t πr. If we interpret −σv to be the benefit

of having more or the cost of having less access to resource v, we can interpret the

separation problem as a search for trips such that the cost of the trip plus the value

of the vehicle are less than the price we would be willing to pay to not have to serve

the requests in the trip. Notice that the separation problem does not change the
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subproblem of finding the optimal route and cost for trip t with vehicle v.

Solution method. Solving the separation problem requires finding a vehicle v

and group of requests r̄ so that the resulting trip t = (v, r̄) solves the maximization

problem

max
t=(v,r̄)

{
σv +

∑

r∈r̄

πr − ct

}
.

Solving this problem is NP-hard since determining the cost of the trip ct is NP-

hard. In fact, it is hypothesized that even approximating this problem is hard [48].

However, in some ways this is not the main difficulty associated with the separation

problem since as before with the full RTV method we are willing to let the CTSP

subproblem be solved by a call to an oracle. Thus the problem can be solved by

making an oracle call for every combination of vehicle and group of requests. The

issue we are concerned with is whether this uses fewer oracle calls than the Full-RTV

method. Surely, if one is willing to search over every combination of vehicle and

requests to identify columns then one can skip the column generation procedure and

use the Full-RTV method instead. Thus, instead one must use an inexact heuristic

to solve the separation problem .

At a high level, the heuristic separation procedure used in [58] starts by checking

for columns with the smallest cardinality of requests first. If at least one trip with

k requests exists that should be added to the basis, they suggest producing a list of

request-disjoint trips all of size at most k at the same time. This process is repeated

until there is an iteration in which no new trips are found. The two questions this
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leaves are how to determine which columns to add and identifying a termination

condition.

The authors of [58] suggest the following heuristic procedure to search for

columns. Given a solution x∗ to the relaxation, and a cardinality k, search for

new columns as follows:

1. Select the request r with largest dual value πr.

2. Select the vehicle that can match with r at the lowest dual adjusted price.

3. Iteratively add additional requests to the set, choosing the set that minimizes

the dual adjusted price at each step. If we cannot find k of these, delete r and

go back to step 1.

4. Of the k trips generated, select the one with the best dual adjusted price.

5. Delete the requests used in the selected trip and go back to step 1, if there are

any requests remaining.

There is not a natural termination condition for this procedure if there is not a

bound on the number of requests that can be included in each trip and so [58] use an

arbitrary time budget. Compare this to the RTV graph generation process where if

there no feasible trip for a vehicle with k requests there cannot be a feasible trip with

k + 1 requests with that same vehicle. This same logic cannot be directly applied

to the column generation process since the value σv +
∑

r∈r̄ πr − ct is not monotone

decreasing when considering a trip with one additional request.
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Comments. Note that this procedure can benefit greatly by caching the requests

of trip pricing queries (meaning the price before adjustment with the dual variables),

both for the trips that are feasible and those that are infeasible.

3.4.2 Linear Assignment based methods

While the methods above use heuristics to solve an exact model of request assign-

ment, here we present methods that instead make assignments by solving heuristi-

cally simplified assignment models. We will start with a simple bipartite matching

algorithm, called Linear Assignment, which can be solved in polynomial time. Then

we show some extensions of the matching algorithm to explore the tradeoff between

computation time and solution quality, with some extensions coming from the liter-

ature and others being newly presented here.

Linear Assignment (LA)

The linear assignment method (LA), also referred to as single-matching assignment,

and first demonstrated in [70], approaches the problem from a different angle that

results in significant time savings by avoiding the costly trip generation phases used

in the Full-RTV and CG methods. It can be solved in polynomial time with an

algorithm for weighted bipartite matching, assuming usual access to a CTSP oracle.
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Problem formulation. This method saves computation time by only generating

the RV graph rather than the entire RTV graph. Here, the assignment problem is

modeled as a matching problem on the bipartite RV graph, with edges weighted by

the change in cost incurred if the request is matched with the vehicle. The cost on

each edge is determined by the change in cost for the associated vehicle plus a factor

rewarding serving a previously unserved passenger.

To formalize the approach, we first define a δ trip which will capture the concept

of making a single change to an existing trip. For a trip t = (v, r̄), the δ trip

associated with adding request r is δ(t, r) = (v, r̄ ∪ {r}). The cost associated with

a δ trip δ(t, r) is c(t, r) = c(δ(t, r)) − c(t). Given the previous trip assignments T

to vehicles, let the set of all single-addition trips we consider form a bipartite graph

with edge set given by

E = {δ(t, r) | c(t, r) <∞,∀r ∈ R, ∀t ∈ T}.

Solution method. The bipartite matching problem is solved. For each edge se-

lected, the request corresponding to the edge is added to the set of requests assigned

to the vehicle. All of the assignments made to the vehicle previously are preserved.

Optionally, requests not assigned in an epoch may be saved and considered again at

the next epoch since assigning these requests may still be possible, something not

true from an exact solution of the Full-RTV method.
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Comments. Unlike the previous two methods, LA never reassigns requests that

have not yet boarded to different vehicles. Additionally, requests might not be as-

signed to a vehicle even if there exists a trip that could serve them since only one

new request can be added to a vehicle in each epoch. Because of this, it is necessary

to consider storing unserved requests in future epochs.

On the most naive end, one might have started with a greedy algorithm that

considers each request in turn and assigns them to the best possible vehicle, regardless

of any other requests that may come into the system, as is used in [53]. It may

seem as if LA imposes an artificial relationship on the assignments since a request

that pairs well with another could be assigned to a different, suboptimal vehicle,

something both the Full-RTV method and a greedy method could avoid. Suppose

for a moment that we are using a simplified model and each vehicle can only accept

one request each epoch. Now the LA method finds the exact solution to the problem.

Even only considering the number of requests that are assigned, we know that the

greedy algorithm is only a 1/2-approximation to the maximum cardinality bipartite

matching problem. Even though LA can only assign at most |V | requests per epoch,

this does not imply that it cannot achieve high service rates as long as the epoch

length is shorter than the average request’s travel time, divided by the optimal

average capacity of the vehicles.
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Multi-Round Assignment (LA-MR)

In this section we present the first extension of the LA method, first considered in

joint work [16] and modified here. Motivated by the consideration in LA of carrying

unassigned requests from one epoch to the next, this method considers performing

multiple rounds (hence LA-MR) of assignment to address the same issue.

Problem formulation. The basic formulation is the bipartite graph used in the

LA method. While not strictly necessary, here we incorporate an additional heuristic

that might increase the chances that two compatible requests are assigned to the same

vehicle, at the cost of some extra iterations. See the Comments for a discussion. In

short, this heuristic says that if a request is assigned to a vehicle, then any other

request that could have shared a ride with that request must not get assigned in

that round. Once a request is assigned to a vehicle, any other request that could be

assigned to that vehicle cannot be assigned in the same round. A pair of requests

that can both be assigned are referred to as independent. The concept is formally

defined as follows.

Definition 3.4.1 (Independent Requests). Two requests are considered independent

if there is no vehicle such that both requests can feasibly be assigned to the vehicle. In

other words, two requests are considered independent if there is no vehicle that has

an edge between it and both of the requests in the bipartite graph.
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Solution method. Rather than add constraints to the matching problem to re-

strict assignment according to Definition 3.4.1, the bipartite matching problem is

solved in the normal way and then a subset of the edges in the solution are chosen

and used to make assignments. These edges are drawn from the edges in the solution

in an arbitrary order and edges that correspond to assignments with a request that

is not independent of another request made in the same iteration are not chosen.

These requests are saved and used in the next round. The process ends when there

is a round where no new assignments are made.

Comment. The use of a sub-solution is motivated by the following example: Sup-

pose there are two travelers with the same origin and destination that both request

a trip at the same time. Intuitively, an efficient way to serve the two travelers would

be to place them in the same vehicle. When we use the bipartite matching problem

to find a matching, if there is more than one vehicle that can serve the passengers

then each traveler will be assigned to a different vehicle. This possibly undesirable

situation can be avoided if only one of those assignments is accepted in the round.

By definition, since both travelers could have been assigned to the same vehicle they

are not considered independent. Thus, one of the travelers will have to wait until the

next round to be assigned. In this next round, it is possible to assign that traveler to

the vehicle the first traveler was matched with. Although only a heuristic, it creates

potential to better serve requests that would do well matched together.
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Linear Assignment with Naive Swapping (LA-MR-S)

For a first try at swapping, we create a new method that adds an additional layer on

top of the LA-MR method in a naive way that preserves the efficiency of the bipartite

matching. This method is naive in the sense that it is lightweight to compute but the

objective value of the solution may not correspond with the actual realized objective

gain. The objective value is not accurate since swapping involves two vehicles and a

request while each edge in the bipartite graph only connects a request with a single

vehicle.

Problem formulation. LA-MR-S starts with the bipartite matching graph used

in each round of the LA-MR method. For every request that has already been

assigned, a node is added to the bipartite graph representing the request. An edge is

added between this node and any vehicle it can be assigned to, other than its current

assignment. Each such edge represents removing the request from the vehicle it’s

currently assigned to and adding it to the new vehicle. The cost associated with the

edge is the benefit to the vehicle that no longer needs to serve the request less the

cost to the vehicle that must now serve it. This is formalized in the concept of a

δ-swap.

Definition 3.4.2 (δ-swap). Given trips t1 = (v1, r̄1 ∪ {r}) and t2 = (v2, r̄2), with

v1 6= v2 and r /∈ r̄2, a δ swap of r from t1 to t2 is denoted by δ(t1, t2, r). A δ swap

results in the creation of two new trips, t′1 = (v1, r̄1) and t′2 = (v2, r̄2 ∪ {r}). The

associated cost is c(t1, t2, r) = c(t′1) + c(t′2)− c(t1)− c(t2).
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In addition, as mentioned above this sense of swapping is naive since each edge in

the bipartite graph is adjacent to at most one vehicle even though swapping involves

two vehicles. Related to this reason, we here add the concept of independent vehicles

for use in drawing a sub-solution. While Definition 3.4.1 was used as a heuristic, here

the constraint is also necessary to guarantee the algorithm terminates, as discussed

in the Comments. The formal definition is given as follows.

Definition 3.4.3 (Independent Vehicles). Two vehicles are considered independent

if there is no request currently assigned to one of the vehicles that can feasible be

assigned to the other.

Solution method. The problem is solved as in the LA-MR method using the

extended bipartite graph with edges for δ-swaps along with extra notion of indepen-

dence given in Definition 3.4.3 added to the sub-solution drawing step. Rounds of

assignment continue until no more changes are made.

Comments. Unlike the case of LA-MR where independence is used as a heuristic

for good assignments, in the case of LA-MR-S we need independence to ensure the

method terminates. Consider the case where there are two vehicles, each with one

request assigned to them. Further assume that each request has the same origin

and destination. In this case it would be most efficient to serve both requests in

the same vehicle, thus using half of the VMT to serve them. Under the formulation

used for LA-MR-S, there would be a significant positive weight assigned to the each

of the edges denoting the requests being swapped to the other vehicle. But if both
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of those swaps are actually made we actually end in the same situation we started

with. Using the notion of independent vehicles as we choose our sub-solution only

allows one of those swaps to be made, meaning that each vehicle whose assignment

is updated must be making a change that strictly improves the total objective value.

Thus, eventually the procedure must terminate.

This example further calls attention to why the notion of swapping here is naive

— the objective value of the solution doesn’t consider the cost of assigning a request

to a vehicle if another request is simultaneously being removed from it via swapping.

Proper Swapping (LA-MR-PS)

In this section we again consider swapping, but propose and approach whose objective

value is accurate. The weakness of LA-MR-S was that the objective value in the

bipartite matching problem could not accurately capture the case when a vehicle

had both an assignment and one or more reassignments. Here, we avoid the issue

while preserving polynomial time solvability by converting the model into a general

matching problem. As with LA-MR-S, this model is larger than LA and requires

more CTSP queries to build the graph the matching is performed on.

Problem formulation. As before, this method uses a graph as the underlying

mechanism for decision making. Start by creating the bipartite graph used in the

LA and LA-MR methods. Since every swap of a request involves two vehicles, we

extend the model by adding new edges connecting vehicle nodes if there is at least
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on request in one of the vehicles that can feasibly be assigned to the other. Each

such edge connects two vehicle nodes and has value equal to the value of swapping

a single request from one vehicle to the other.

Note that since we can compute the best single swap between any pair of vehicles,

and a matching would always choose the best arc between any pair of nodes, with

out loss of generality we can make the graph extension undirected.

Solution method. This method works in rounds, similar to LA-MR. Each round

begins by finding an optimal maximum weight matching in the graph. As before with

LA-MR, as a heuristic we draw a subset of the edges from the solution using the

notion of independence in Definition 3.4.1. Edges are drawn in an arbitrary order,

rejecting edges if any request the edge is adjacent to is not independent of previously

drawn requests.

Comments. Since every edge in the model is adjacent to each vehicle modified by

selecting it (in contrast to the LA-MR-S model), the use of Definition 3.4.1 is not

required for the method to terminate. The solution at each step only selects groups

of edges that each individually contribute a strict improvement in objective value

since we can omit zero valued edges. This was not the case in LA-MR-S since two

edges could have been selected that correspond to assignment modifications for the

same vehicle while still being a valid matching. The effect of taking a sub-solution

does not defeat the strict improvement property, rather it serves only as a heuristic
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to get better matches.

Very Large Scale Neighborhood Search (LA-MR-CE)

Here we introduce another new method that pushes further into the tradeoff be-

tween execution time and solution quality by adding a more sophisticated swapping

mechanism. This method extends the LA-MR method with swapping based on the

cyclic exchange very large-scale neighborhood search algorithm proposed by [1]. As

with the other linear assignment based methods, this is only a heuristic for solving

the epoch-wise optimal assignment problem. Still running in polynomial time, the

advantage of this method is the ability to swap the assignments of multiple requests

at the same time. It may be an attractive use of extra computation time to do this

sophisticated swapping under the hypothesis that swapping has the largest marginal

benefit in assignment algorithm heuristics.

Problem formulation. In this method, we think of each vehicle as a partition.

The objective is total value given by each partition, each of whose value is determined

by a general cost function as a function of the vehicle and the set of requests assigned

to the partition. In the cyclic exchange method, we will move requests between the

partitions (vehicles) in order to reduce the total cost of the solution. It should be

noted that this method will allow us to serve the requests in a more efficient manner,

but we are not assigning requests that were previously not assigned to any vehicle.

In the cyclic exchange method, we create a graph G with a node for each request
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and a dummy node for each vehicle. A directed arc leads from request ri to request

rj in the graph if the requests are assigned to different vehicles and it is feasible to

route the vehicle that rj is currently on if rj were to be replaced by ri. A directed

arc leads from request ri to dummy vehicle node v if it is feasible to route v when

ri is added as an assignment. An arc leads from every dummy vehicle node v to

each request node in the graph representing removing the request from its vehicle

without replacement. The cost associated with an arc (i, j) is the net benefit (which

is sometimes negative) experienced by the vehicle corresponding to node j.

The crux of this method is identifying valid cycles in G, as defined here.

Definition 3.4.4 (Valid cycle). A cycle in G is considered valid if no two vertices

in the cycle are associated with the same vehicle (partition) and at most one node in

the cycle is a dummy vehicle node.

The restriction on dummy vehicle nodes is without loss since they effectively allow

us to create cycles that are paths. Any cycle with more than one dummy vehicle

node can be recast as two separate cycles with identical total objective value.

The cyclic exchange procedure requires the use of two additional data structures.

First, a set P which stores the set of nodes that need to be processed by the algorithm.

Second, an associative array T which maps nodes in the graph to a set of nodes, to

be updated during the course of the algorithm to track which nodes must be re-

evaluated.
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Solution method. The method begins by assigning new requests using the LA-

MR method. Then, a second stage is begun that executes the swapping through

repeated use of the cyclic exchange procedure.

The cyclic exchange method begins by adding all nodes other than dummy nodes

to the set P and by letting T map nodes to the empty set. Each iteration of the

cyclic exchange method removes an element from P and processes it by searching for

valid cycles starting at that node. If a cycle with positive-value is found, updates are

made to assignment and the set T is updated and used add some nodes back to P .

If none is found, T is updated but no new elements are added to P . The procedure

terminates when P is empty. Each step will now be explained in detail.

Each iteration begins by selecting a starting vertex from P and searching for a

maximum-benefit cycle. The process of finding a maximum-weight cycle in a simple

graph is known to be NP-hard and the process of finding a maximum-weight cycle

in G could be equivalent to this, and therefore is hard as well. To find the exact

maximum weight valid cycle in G we would need to use a vertex labeling algorithm

that tracks the best objective observed at each vertex with respect to each possible

subset of predecessor vertices. This in and of itself is computationally hard as it may

require us to track an exponential number of states. As a heuristic, we make two

simplifications to the problem.

First, without loss of generality we require that the running sum of benefits along

the arcs be strictly greater than the potential benefit of removing the origin request

from the starting vehicle. This is without loss since every cycle will have at least one
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feasible starting point under this condition.

Second, to directly address the problem of searching for maximum-benefit cycles

we use the heuristic suggested by [1]. In this heuristic, we search for the cycles with

a node labeling algorithm where each time we visit a vertex we check that the partial

cycle is valid (not visiting the same vehicle multiple times) and then if this partial

cycle has the best objective of all partial cycles that have visited this vertex so far

we discard all other partial cycles that have visited it and save the newest one.

In the case where a positive-benefit cycle is found, we make all request swaps

that are denoted by the edges in the cycle. Then we update the weights on all arc

corresponding to swaps into and out of the vehicles that were affected by the cycle,

possibly creating or destroying some arcs in the process as appropriate. For every

node in the cycle, we look up the set of request nodes mapped to in T , add them to

P , and then clear the set of nodes from T . We also add the origin node to P in case

there are more cycles that originate there.

In the case where no positive-benefit cycle is found, for each node touched by the

search procedure the origin node is added to the corresponding set in T .

Comments. This is the most heavy-weight of the linear assignment based meth-

ods. It is interesting to note that this method performs the assignment and swapping

in two disjoint steps. The focus on swapping in the second step emphasizes efficiently

serving requests and clearing them out of the system in minimal time. Since the fleet

size is fixed and vehicles have limited capacity, swapping is essential to high through-
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put. This method may be most attractive when system performance causes more

of a bottleneck than the ability of the first step to find initial assignments for new

requests.

3.5 Stability of Solutions

Stability refers to the ability to replicate parts of a solution across subsequent epochs.

This applies both to recalculating the routes that vehicles should take as well as to the

optimality of the assignments between vehicles and requests. This section discusses

stability in both of these contexts.

3.5.1 Computing the Constrained TSP Subproblem

No matter which method is used to make assignments, the route the vehicle takes

must be computed by a constrained traveling salesman problem which takes into

account the objective value of a route and feasibility with respect to the QoS con-

straints. When the number of requests assigned to a vehicle is not too large, exact

algorithms are usually sufficient to find optimal routes. However, as the number of

requests grows it becomes infeasible to explore all patterns. Here it is natural to

utilize heuristics for larger problem instances. Despite the convenience offered by

heuristics, when routes are recomputed each epoch both with new sets of requests,

possibly adding more or removing some, the heuristic may not give a feasible solution
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to the new problem. In light of this, here we will discuss the important property of

stability for heuristics used in CTSP algorithm.

Stability in heuristics

Epoch-wise approaches to vehicle-request assignment must constantly run CTSP

subproblems as a normal part of determining whether requests can be swapped or if

new requests can be added to the assignment of a vehicle. When using a heuristic for

the CTSP subproblem, we hope that the heuristic will frequently yield good solutions

and in particular think about issues related to updating vehicle assignments. Since

assignments can be constantly updated it is natural to consider recalculating the

optimal route each epoch. Unlike the case of the standard metric TSP problem, it

is NP-hard to determine whether a feasible route exists for the CTSP problem. The

first issue this brings up is whether heuristic can find a feasible route for a vehicle

given an assignment in a previous even when the no new requests have been added, a

possible concern depending on the sensitivity of the heuristic to requests being picked

up/dropped off and vehicle motion. While this problem can be directly addressed

by saving the vehicle’s route in memory, if a heuristic cannot reproduce a route we

may be concerned that it might also be less likely to be able to find a way to add

additional requests to the vehicle in future epochs. This is an issue since the ability

to maintain several requests assigned to the same vehicle is a key focus of yielding

performance in ridepooling systems.

Heuristics that avoid these problem, and in particular are able to give a vehicle
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the same assignment from epoch to epoch, can be thought of a stable in the sense

that they provide a constant output. This is formally defined as follows.

Definition 3.5.1 (Stable heuristic). A heuristic is (strictly) stable if for any vehicle

and set of requests that is given a feasible routing under the heuristic, at all points as

the vehicle follows the given route, picking up and dropping off requests as assigned,

the heuristic always produces an (identical) feasible route for the vehicle in its new

state and the remaining set of requests.

A simple type of heuristic is an insertion heuristic, for example see [3]. An inser-

tion heuristic builds a route in stages, though there are several ways to implement

them. Insertion heuristics can sometimes start with a base trip, such as a copy

of the vehicle’s previously assigned route from another epoch. Then additional re-

quests can be added either sequentially or as a group, at each point preserving the

order of requests previously added. Sometimes heuristics are used in conjunction

with a threshold policy, which provides a simple mechanism to alternate between a

brute-force solution and heuristic.

Definition 3.5.2 (Threshold policy). Given a vehicle, a set of requests, a routing

heuristic, and a threshold value, a threshold policy is a rule that produces a number

as a function of the vehicle and requests, and if the number exceeds the threshold

returns a path made by the routing heuristic, otherwise returning a path made by an

exact search.

Threshold policies are in effect a way to make a new heuristic from an existing

heuristic by adding the ability to use an exact search for some instances. These
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policies need to meet some conditions to ensure that the resulting policy is stable,

in the sense of Definition 3.5.1.

Definition 3.5.3 (Stable threshold policy). A threshold policy is stable if it is built

on a stable heuristic and for any vehicle and set of requests that is considered below-

threshold, that same vehicle and set of requests is considered below-threshold when

1. Any of the requests are removed

2. Any of the requests become onboard passengers

3. Any of the onboard passengers are removed.

As discussion of some heuristics that are stables is included in Appendix B.1.

Not all TSP heuristics are stable for CTSP

Given that the CTSP must find a route that satisfies QoS constraints, heuristics that

are natural for the TSP are not necessarily stable for CTSP. This is unsurprising since

finding a feasible solution to the CTSP is NP-hard. As an example of this, consider

the use of a simple insertion heuristic. This heuristic starts with no requests assigned

to the vehicle. Then, one by one the requests are inserted into a schedule for the

vehicle with the pickup (if it applies) and drop off point of the request being inserted

at the locally optimal locations with the order of all previously inserted requests held

constant.

The following Lemma shows that this heuristic is not stable.
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Lemma 3.5.1. The insertion heuristic is not stable.

Proof. To prove the heuristic is not stable it suffices to show an example where the

heuristic produces a feasible solution but then fails to produce a feasible solution at

a later portion of the journey.

Suppose there is a vehicle with two passengers and a new request. Due to the

time the requests arrived, they must all be dropped off before time 20 and request 3

must be picked up before time 10. The destination of of passengers 1 and 2, as well

as the origin and destination of new request 3, are shown in Subfigure 3.1a. Using

the heuristic, first passengers 1 and 2 are added to the path, resulting in the partial

path {V, 2, 1}. Next, request 3 is inserted. The optimal way to do this is the path

{V, 3O, 3D, 2, 1} which is a path of length 19.8 units. Assuming the vehicle travels

at unit speed, this means that all constraints will be satisfied and we have a feasible

path.

After the vehicle reaches the origin of request 3, suppose we recalculate the vehi-

cle’s path using the heuristic. After the first two steps considering passengers 1 and

2, the partially built insertion path is {V, 1, 2}. Notice that this is already differ-

ent from the first situation - the order of the first two passengers has been flipped.

There are three locations that request 3 can be inserted into the path. None of these

insertions yield a feasible path since the length of the path, plus the time already

traveled, exceeds 20 units. The shortest path, {V, 1, 2, 3D}, gives a total time of

21.6.
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Figure 3.1: Example demonstrating instability of insertion CTSP heuristic.

Thus the heuristic is not stable.

In short, this example illustrates that unless one uses a stable CTSP algorithm

then one must save the previous path assigned to each vehicle at each epoch in

order to guarantee that a feasible path can be found when recalculating routes in the

following epoch, though relying on saved paths may inhibit assigning new requests

to the vehicle. This is different than the observation that heuristics cannot always

find a feasible solution to CTSP, for which it is NP hard to determine if a feasible
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solution exists. Rather, it points out that even when a feasible solution is found the

heuristic may not be able to solve the residual CTSP problems as the vehicle follows

the assigned route.

3.5.2 Notes on Stability in Rebalancing

Stability not only applies to vehicle routes but also to solutions overall. In the

methods presented here, vehicle rebalancing is performed as a second step that occurs

after the assignment process has completed. Rebalancing refers to the process of

moving empty vehicles without an assignment to other locations in anticipation that

the new location will be more likely to lead to a successful assignment. There are

a wide variety of rebalancing algorithms used in the Ridepooling literature. While

we will not comment here on which one has the best performance in any particular

situation, we have found that memory across iterations is an important aspect of the

successful rebalancing algorithms we have used.

Consider the rebalancing algorithm used in [3]. With slight modification, it can

be written as a bipartite matching problem between the set of vehicles with no

passengers or assignment and the set of requests in the current iteration that were

not assigned to a vehicle. Rebalancing assignments are determined as the solution to

a minimum cost matching in the graph subject to either all requests being matched

or all vehicles being matched, depending on which set is smaller. As presented, there

is no clear instruction for what vehicles given a rebalance assignment should do in the
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following epoch if they are once again not given an assignment. Some authors have

chosen the interpretation that the vehicles must receive a new rebalancing assignment

each epoch.

The limitation of this approach is that it is sensitive to the duration of the batch-

ing interval. If, for example, the batching interval is short then most vehicles will

not be matched in the rebalancing process since smaller intervals generally include

fewer requests.

A better alternative is for vehicles to save their rebalancing assignments across

epochs. In this model, any vehicle can always be assigned requests to serve. However,

in the rebalancing process vehicles that were heading towards a rebalance target in

the previous iteration are excluded and continue towards the same target as before.

By excluding these vehicles, the rebalance process gains some independence from the

length of the batching interval since the quantity of requests that can be matched as

rebalance targets over any period of time is no longer attached to the batch interval

length.

3.6 Testing Framework

We develop a testing framework in C++ that simulates the full day operation of a

ridepool system. The inputs to the simulator are a directed graph whose arc weights

represent travel times, the initial location of all vehicles, and a file listing the entry
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time, origin, and destination of all requests that will arrive during the day. Requests

can only have origins and destinations at nodes in the graph, not at midpoints of

arcs. Other parameters can be selected as well if the defaults are not desired. Such

parameters include the batching interval, which assignment method to use, which

routing heuristics use, QoS constraint values, fleet sizing, and output folder location.

The output of the framework includes results summaries from each iteration not-

ing computation time, basic information about the system state, and key output

statistics including the service rate, shared rate, and average times associated with

each of the QoS constraints. It also outputs a vehicle action log file that tracks

each vehicle’s movements throughout the network and records the times each served

request was picked up and dropped off.

The choice of C++ as a programming language is based on the efficiency with

which it can process the large computational demand placed on it by several methods,

especially those the require building large RTV graphs. C++ allows the program to

be built in a modular way, which along with clean variable scoping rules makes it

easy to verify the program as a decomposition of the entire problem. It also gives a

high degree of control to the data structures used and ways to prevent unnecessary

duplication of data when passing arguments to functions. The typing system in C++

also gives clarity throughout the program of the purpose and functionality of various

functions.

In building the testing framework, trade offs were encountered between the gener-

ality of the framework and computational efficiency. While generalization is typically
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beneficial to large computer projects due the modularity they provide, making such

a framework for all features sometimes creates an unnecessary computational burden

when such features are not being used. For example, if the travel function is to han-

dle objectives that are functions of the sum of the waiting times for all passengers

served then not only must we find a way to pass such metadata in recursive function

calls, we must also go through the effort of computing it. Since this is not necessary

in the most common scenario we have, where we only search for the feasible path

that minimizes VMT, this leads to a trade off where it can be more beneficial to have

duplicate functions that differ in metadata and computation for the sake of saving

computation time typically. The result is harder to read since there is more code,

however.

3.7 Numerical Comparisons of Assignment Methods

In this section, we will look at a comparison of the assignment methods in two

settings: in full day performance and in instance-per-instance performance. It is

important to consider these two cases separately as they give different results since

in full-day performance the problem instances solved at each epoch are a function of

the decisions made in previous epochs. We discuss the results and conduct further

tests to explain the differences in some of the methods. Finally, we explore the

difference between using service rate and RMT as a primary objective.

129



Table 3.1: Service rate comparison for various demand levels under each method.
Note there are only half as many vehicles used in experiments with quarter-level
demand.

LA LA-MR LA-MR-S LA-MR-PS CG Fast-RTV Full-RTV LA-MR-CE
Full 56.83 56.85 57.46 57.14 57.21 57.29 57.99
Two-thirds 74.22 74.34 75.09 75.03 71.29 75.46 75.4902 75.83
Half 86.47 86.31 86.83 87.07 83.54 87.47 87.56 87.41
Quarter 79.49 79.58 80.41 80.54 75.12 81.09 80.85 81.11

Table 3.2: Computation time (minutes) on initial runs for each method. The results
are only approximate since some of the trials were run in parallel, potentially neg-
atively impacting their runtime. Note there are only half as many vehicles used in
experiments with quarter-level demand.

LA LA-MR LA-MR-S LA-MR-PS CG Fast-RTV Full-RTV LA-MR-CE
Full 26.9 38 129.7 92.7 1567.9 63.7 238.7
Two-thirds 21.6 31.2 97.6 77.5 1048.1 53.9 5838.1 199.4
Half 19.3 29.1 77.8 71.8 814.9 48.8 535.9 169.1
Quarter 6.4 10.2 17 15.6 141.7 8.3 10.5 15.5

3.7.1 Comparison of Methods

We begin by comparing the methods by running each for a full day on identical data

sets. Here, we will use New York City taxi data for out inputs. We use the data

set at four levels: full (including all requests), two-thirds (removing one-third of the

requests from the full data set), half, and quarter. We use 1000 vehicles for each trial

except for the quarter simulation, for which we used 500 vehicles. Results are shown

in Table 3.1 and the average per-epoch running times are shown in Table 3.2.

The first thing to note from the table is that the Full-RTV method outperforms

most of the other methods in the trials, which would seem to be intuitive given it

finds the optimal solution to the myopic problem. Among the methods that build
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solutions iteratively, without using swapping LA and LA-MR consistently get lower

service rates than any of the other methods that do allow swapping. Between LA and

LA-MR, the service rates are nearly identical, with LA-MR performing on average

0.02% better on the full data. With the basic swapping methods, LA-MR-S and

LA-MR-PS, LA-MR-PS performed better when the demand levels were lower while

LA-MR-S performed better when demand levels were higher though performance

was similar. LA-MR-CE performed exceptionally well. Except in the case of the

half demand level (and the full demand level which was not tested for Full-RTV),

LA-MR-CE achieved a higher service rate than Full-RTV.

The CG and Fast-RTV methods are both timed and thus their performance is

not strictly deterministic as it is a function of the performance of the computer’s

CPU. The strong performance of CG was most pronounced on the full data, with

its performance notably dropped at lower demand levels. This is likely due to a

combination of it producing fewer candidate trips at lower demand levels together

with the general fact that column generation optimizes for the linear relaxation,

which might not translate to a good integer solution. The Fast-RTV method also

performed quite well and actually outperformed the regular Full-RTV method in the

case of the lowest demand.
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3.7.2 Offline Analysis of Methods

While it is useful to compare assignment methods by evaluating their full-day per-

formance, to gain a better understanding of why each of the methods performs

differently we give one of the first direct comparisons of the methods on a series of

identical states. First we run the Full-RTV method for a full day on the two-thirds

data set and at each time step save a copy of the RTV graph as well as the state

of the requests and vehicles. Then, the offline problem for each method is run as a

type of replay: each method observes each of the states and creates a solution and we

report the average performance for each of the methods across all of the saved states.

This creates a fair comparison for each of the methods since all of the methods were

presented the same states at each step.

Unlike with the online problem, the column generation procedure used in the

offline problem instances is not timed. The timing feature is not necessary when the

full set of possible trips has already be precomputed in the saved RTV graph state.

Thus, CG performance represented optimal performance under that method.

The results are shown in Table 3.3. Although CG performed quite well in the

offline tests, remember that the computation duration shown hides the time needed

to evaluate feasible combinations of trips. An exhaustive list of feasible trips was

available (effectively an oracle) for all methods. Since we know that the Full-RTV

method can take a long time due to the time required to produce the RTV graph, we

wonder to what extent CG would need to query the same number of trips in order
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Table 3.3: Average rejections and VMT across full day for each method under iden-
tical inputs.

Algorithm Rejected Trips Distance Assigned
LA 48.229 756840
LA-MR 45.401 757965
LA-MR-S 45.397 757965
LA-MR-PS 44.972 755949
LA-MR-CE 45.401 753559
CG 39.063 753659
Full-RTV 39.075 753802

to achieve the objective found here. In the online tests, a heuristic was used that

limited the columns found.

In general, we can see a few trends in the results that seem reminiscent of the

full-day performances of each of the methods. First we notice that LA and LA-MR

perform worse than LA-MR-S and LA-MR-PS, respectively, showing benefits from

allowing swapping. Further, we see what while LA-MR-CE did not bring significant

gains in terms of rejecting fewer trips it did reduce the average assigned VMT com-

pared the those four previous methods. Perhaps this is partly why it had such strong

online performance.

CG and Full-RTV, which in this case were untimed, rejected the fewest trips.

It may be misleading to consider the average VMT they assign compared to other

methods since some of the extra distance is accounted for by virtue of not rejecting

as many requests.
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3.7.3 Why do many methods perform similarly?

While the offline analysis made it clear that each of the methods have different

abilities to achieve low rejection rates, the range of outcomes varied considerably

more than they did in the online case. Our claim is that this is because there is

certain amount of feedback that naturally occurs in the system. For example, if an

assignment method does a good job of assigning as many requests as possible in one

iteration, then in the next iteration it will be harder to assign as many of the new

requests because more of the system capacity has already been reserved. On the flip

side, if an method does a poor job at achieving its objective in one iteration then

the system is likely to have more capacity in future iterations, giving it a chance to

catch up.

To test this hypothesis we compare two of the methods, LA and Full-RTV, against

each other when the demand levels are uniform over the course of the day. The

purpose of this trial is to determine if good performance of an assignment method

(assigning many of the available requests) is subsequently being counteracted by

worse options in the following iterations, and vice versa when they assign only a few

of the available requests. By using uniform demand levels, we expect in general that

the number of people assigned in each iteration should have no correlation over time

if the hypothesis is false. If, in contrast, the performance of one iteration does impact

future iterations then we would expect there to be a negative correlation between

the number of people assigned over some time interval. This would capture good

performance followed by bad and bad performance followed by good.
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To do this, we ran a steady state simulation under the two methods. First we

consider how the number of requests accepted changes over time by plotting lagging

pairs on a scatter plot for lag duration 1, 10, 20, and 30 minutes, as shown in Figure

3.2. As the regression lines show, there is a positive correlation between the number

of requests served over subsequent, 1 minute intervals, while over 20 minute intervals

there is a negative correlation. For 30 minute and longer, the regression line appears

fairly level.
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Figure 3.2: Number of requests served per iteration, plotted in pairs for fixed lag
durations. LA method shown in blue, Full-RTV method shown in orange. Regression
lines shown over plot.
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The 1 minute lag positive correlation means that the number of requests that

are assigned at each iteration is very similar across immediately adjacent iterations.

Meaning, if a large number of requests are assigned in this iteration, then in the next

iteration we will also tend to assign many requests. If on the other hand a smaller

number of requests are assigned, then in the next iteration a smaller number will

typically also be assigned. At the 20 minute lag level we see a negative correlation

which means that if many requests are assigned right now, fewer will be assigned in

an iteration 20 minutes from now, and vice versa.

To show the effect more directly, the slope of the regression lines are plotted

against lag durations in Figure 3.3. The results in the Figure show that the number

of passengers assigned during each iteration has a positive correlation over short time

periods. This means that if a large (small) number of requests are assigned in one

iteration, then in the following iteration there will also likely be many (few) requests

assigned. The Full-RTV method in particular shows negative correlation around the

20 minute lag window. This means that if many (few) requests are assigned in a

particular iteration, then 20 minutes later there will likely be fewer (more) requests

served per iteration. An interpretation of this might be that the system’s capacity

is being packed and relieved over cycles of roughly 40 minutes.

This behavior is possible is due to a combination of two reasons. First, the system

has a maximum capacity it is capable of handling at each point in time. For example,

given that the average request rides in a vehicle for about 14 minutes, serving 90%

of the demand in this scenario (180 requests per minute) means each vehicle must
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Figure 3.3: Slope of regression line for lagging pairs of number of requests served per
iteration, varied by the duration of the lag between the pairs.

sustain an average of 2.3 passengers at all times. The second reason is that some

optimization methods, such as Full-RTV and LA, can assign more requests in a single

iteration than the system can handle, given its long term maximum capacity. So any

method that can assign requests at a rate at least that of the system’s maximum

capacity will be able to achieve a similar steady state service rate, except to the extent

that an method might use extra information such as that about future demand.

One might hypothesize that the cyclic behavior of over-assigning requests and

then hitting a capacity bottleneck may be bad for system performance. To test

this idea, we rerun the steady state simulations with the restriction that in each

iteration, at most x requests can be assigned, for some choice of x. This means that

the method will be forced to choose the subset of requests at each iteration that

are most beneficial for performance while also placing a damper on using system

capacity too fast. In Figure 3.4, we show the steady state service rate resulting from
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Figure 3.4: Steady state service rate when there are 180 requests per minute. In
each iteration, the Full-RTV method is restricted to assign at most x requests, for x
given on the x-axis.

limiting the Full-RTV method with various values of x. The results show a mixed

response applying the limit. The maximum steady state service rate of 94.27% is

achieved when the method can assign at most 172 requests per minute (out of 180),

meaning a theoretical maximum of 95.6% service rate. Below 172, the steady state

service rate drops off rapidly. While this experiment may benefit from additional

randomized trials to help account for some of the variability in observed rates, it

does suggest that the packing behavior of the method may have been hurting it.

These results show that methods can have a wide range of performances on the

same input at any given time period while still providing high overall service rates

over full days. In practical settings, this could suggest that a wide variety of methods

can provide high service rates. However, the results from the static simulations

showed that these methods might nonetheless have widely varying capabilities on a

138



per-instance basis. This could be relevant in situations where the objective function

is significantly different from maximum service rate, such as if the reward for making

the assignments were determined under an alternative cost model. A simple method

such as LA that fails to capture the full epoch-wise benefits in the offline instances

may fail to achieve the same catch-up that was observed under the service rate metric

here. In short, when an method yields a competitive service rate this does not show

that it will perform competitively with regards to the specific objective an operator

might have.

3.7.4 Alternate Primary Objectives: Revenue Miles Trav-

eled

We analyze what happens when we optimize for RMT instead of service rate. Table

3.4 shows the results from three methods: LA, LA-MR-PS, and Full-RTV. Each

method was run twice, once using service rate as the primary objective and in the

second case the total revenue miles traveled. RMT is computed as the sum of the

direct travel distances of all assigned requests. In both cases, the secondary objective

was to minimize VMT used to serve the requests.

In general, while optimizing for RMT improved the objective with respect to

RMT compared to service rate optimization, the increase in RMT was marginal at

less than a half of a percent improvement in performance. The service rate, however,

decreased considerably ranging from just over a one percent decrease for the Full-RTV
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Table 3.4: Comparison of service rates, revenue miles traveled, and vehicle used by
method and objective type.

Half Dataset Objective SR RMT Idle Enroute Rebalancing Inuse
LA SR 86.47% 118355593 18172581 2221909 4174005 61771505
LA RMT 83.98% 118664785 17576010 2225211 4507789 62030990
LA-MR-PS SR 87.07% 119502377 19114910 2126998 4431663 60666429
LA-MR-PS RMT 85.02% 119986511 18586687 2095150 4732277 60925886
Full-RTV SR 87.56% 120308750 19915552 1960652 4111796 60352000
Full-RTV RMT 86.20% 120510567 19420534 1988165 4401003 60530298

method to nearly two and a half percent decrease for LA. Optimizing for RMT, in

general appears to reduce vehicle idle time. Most of this time is now being consumed

by the rebalancing process and in-use time. The decrease in service rate might not

be entirely unexpected since several trips in the data set had extremely short length.

3.8 Value of Future Information and the cost of being My-

opic

The previous sections suggest that there could be a significant difference between

solving the myopic problem and the full-day problem. To know the value of exploring

this space it is perhaps more important to directly address the question of how much

we stand to gain from knowing the future. Or equivalently, what is the cost of being

myopic in ridepool assignment problems? The answer to this question is important

since it has implications on how much we can gain by intelligently changing our

objective functions, and thus how much value we can get from future research in this

area.
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While computational limitations prevent us from solving the exact problem, we

can instead study what happens when we have partial visibility into the future. We

employ one sixteenth-level demand with 125 vehicles. We use a variant of the limit

and recall CTSP method described in section B.1.2 whereby we allow an excess

number of requests to be considered if the extra requests are future requests that

will arrive after the current epoch’s nominal time. After building a solution using

the limit and recall CTSP method with the excess future requests removed, the

future requests are added sequentially to the route, ordered so requests that arrive

sooner are considered first. While this CTSP variant might not be stable across time

periods, this is mitigated by removing the requirement that a future request that is

assigned must also be assigned in subsequent assignment epochs.

We begin by considering up to 8 minutes of future requests visibility. The results,

shown in Figure 3.5 for both the LA and Full-RTV methods, show a substantial in-

crease in service rate with even a small amount of future visibility. In this particular

experiment, 8 minutes of future visibility raised the service rate from 63.5% to 70.6%

for Full-RTV and from 62.3% to 69.5% for LA. A possible explanation for the ob-

served increase in performance may have to do with coverage. If all requests must

be picked up within 5 minutes of entering the system, then each vehicle acts as a

5-minute radius cover of the map. When we can see 8 minutes into the future the

radius of coverage expands to 13-minutes. While still limited by the ability to pack

passengers onto vehicles, this allows the planning problem to find routes that utilize

the expanded coverage that we could not have identified otherwise.
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Figure 3.5: With demand reduced by a factor of 16, and with 125 vehicles, the service
rate is shown when we have different visibility into the future.

The improvement from using future information is not limited to cases where the

service rate is low. For example, in the case of one-eighth level demand with the

Full-RTV method we see an improvement in service rate from 71.8% without future

information improving to 78.0% with 6 minutes of future information.

Despite the benefits of using future information, in practice utilizing it is harder

since we typically only have a partial view of what comes next. To demonstrate this

sensitivity we develop one possible simple procedure one could use to take partial

or noisy future information and incorporate it into routing. We allow the system

to view future requests as before, but then when the time until the future request

arrives is too soon, we delete it from the system. This is a necessary step since it does

not make sense for a vehicle to arrive at a request that does not actually exist. The

theory would be that although the request expires when it reaches a certain threshold

the vehicle in the meantime will have roughly moved to an area near where demand
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(b) 2-minute threshold

Figure 3.6: With demand reduced by a factor of 16, and with 125 vehicles, the service
rate is shown when we have noisy information about the future.

actually occurs so that actual demand is more likely to be served. We do not claim

this to be an optimal approach - rather it is just a simple one we can test.

First we experiment with what happens when we choose a threshold of 60 and 120

seconds. This means that we keep the virtual future requests in the system until 60

(120) seconds before they would have arrived. We then vary how long into the future

the requests first become visible. We give future requests the same weighting in the

assignment process as real requests. The experiment is run on both the true data and

various perturbations of the data, ranging from shifting time/location information

all the way to resampling the data from the same distribution as the true data. The

results are shown in Figure 3.6. While using the method with the true data produces

a positive net benefit, albeit much smaller than when the information is available

continuously, the cases with alternative data show wide variation.

In the case of simple perturbations of the time and location, altering the location
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had a small negative impact on service rate compared to the true data. In this case

the locations of the origins and destinations of each request was randomly drawn

from a ball of radius 45 second from the true origin/destination of the request. This

radius was chosen since it at least 95% of requests had at least one node within 45

seconds of their origin.

As for perturbing time, surprisingly the performance is actually better than in

the case with the true data. This data was created by shifting the apparent arrival

times of the future data by up to 59 second earlier or later. To better understand

the effect, we create two separate experiments: one with all future requests reporting

a 59 second earlier arrival time and one with all reporting a 59 second later arrival

time. The scenario with the arrival times shifted later performs extremely well,

nearly as good as with the true data when we don’t delete the future requests. In

contrast, shifting the apparent times earlier performed slightly worse than when the

locations were perturbed. The conclusion we draw is that the gap between when the

future virtual request is removed and the real request appears is giving time for the

vehicles to be given alternative assignments that move them away from the requests

actual location. When we falsely report the request as arriving 59 seconds later, we

effectively shorten this gap at the cost of making the matched vehicle in the solution

arrive up to a minute later than would otherwise have happened.

In contrast, creating future information by resampling from the requests’ distri-

bution performs very poorly. Perhaps, though, this is more of a function of the simple

method we are using to incorporate the future information rather than a weakness
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of the information itself.

In contrast to the 60 second threshold, the 120 second threshold shows more

muted results. The extra gap appears to be reducing the impact of all forms of

future information, both good and bad. We attribute this to the extra gap between

the virtual requests being removed and the real ones appearing allowing the vehicles

to deviate from reported future information.

These results, taken together, show that utilizing knowledge of the future is im-

portant and can improve performance but also shows that performance can be very

sensitive to the quality and way it is used. While our simple resampling method

performed poorly, some researchers have developed stochastic optimization models

in similar frameworks that perform quite well. Perhaps an adaptation of the method

to the trip based framework could provide a future direction towards achieving the

optimal performance in real-world systems. However, finding the best possible non-

myopic method is out of the scope of this work.

3.9 Conclusions

In this work we have shown several key points, the most import of which is that

there is evidence of a throughput ceiling for requests in ridepool systems that was

similar for a wide range of assignment methods. We showed this by demonstrating

the cycling behavior of the Full-RTV and LA methods on a synthetic dataset that
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had uniform demand distribution over time. This suggests that a similar effect could

explain why the service rates for all of the methods we tested were so similar on the

NYC taxi data.

In part because of this effect, we showed that a wide range of methods from full

enumeration based techniques to simple extensions of weighted bipartite matching

can yield nearly the same service rate on a full day of request data. This was a

surprising result for us as each of the more sophisticated methods would have been

expected to perform significantly better when considering the solution at a single

iteration. Confirming that intuition, the offline experiments experiments showed av-

erage assignments rates varying by up to 23% between the best and worst method.

Even here though it is impressive that the bipartite assignment process of LA could

assign as many requests as it did, likely indicating that the structure of the typical

assignment problem is admitting a large number of feasible trips that do not require

incoming requests to share rides with each other. Extending simple bipartite match-

ing, swapping was shown to be a computationally cheap way to improve the quality

of the solution.

Looking forwards, we believe that the next big space for improving service rates

for ridepool systems lies in the modeling of future information. We showed in Section

3.8 that allowing both the Full-RTV and LA methods to look eight minutes into

the future resulted in significant gains in service rates. Importantly, both methods

enjoyed a similar improvement in service rate. This suggests to us that the limitations

of myopic optimization may be more significant now that the difference between the
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methods that actually solve the problem to make assignments.
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CHAPTER 4

A NOTE ON TRANSFORMATIONS OF APPROXIMATION

ALGORITHMS FOR ROBUST COMBINATORIAL OPTIMIZATION

4.1 Introduction

In combinatorial optimization many problems may never be solvable by algorithms

that are guaranteed to run in polynomial time. The field of approximation algo-

rithms has sought to get around this problem by defining a class of algorithms that

always run in polynomial time and return a solution guaranteed to not be too much

larger than the optimal solution (in the case of minimization). Formally, for an α-

approximation algorithm for a minimization problem is a polynomial time algorithm

that finds a feasible solution with objective no greater than α times larger than the

optimal solution.

While much research has focused on solving problems with deterministic for-

mulations, here we are interested in certain robust optimization problems whose

form closely resembles deterministic combinatorial problems. These problems can

introduce new difficulties by virtue of introducing a probability requirement in the

formulation, all the more daunting when the closest deterministic problem is some-

times already hard to solve. In an ideal world, we would not have to start from

scratch finding new algorithms to solve these problems.

This note is concerned with methods to automatically transform approximation
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algorithms for deterministic settings into approximations for robust optimization

problems. A method introduced by [51] provides such an automated transformation

for three robust formulations of interest, tail risk, value-at-risk, and mean-variance

models. However, the method they provide for solving tail risk formulations has a

limitation on which approximation algorithms and which problem instances it can

transform.

The motivation for this note is a tail-risk minimization problem related to the

metric traveling salesman problem known as the stochastic on-time tour (SOTT)

problem. In this problem we are given a graph G = (N,A) where the cost of travers-

ing an arc is given by a normal random variable with known mean and standard

deviation. Given a budget B, the objective is find a tour that minimizes the prob-

ability that the length of the tour exceeds the budget. This problem has a natural

deterministic parallel with the traveling salesman problem, which seeks to find a

tour in a deterministic graph of minimum length. The best known deterministic

approximation algorithm for this problem is the Christofides-Serdyukov which pro-

vides a 3/2-approximation1. The limitations of the method proposed by [51] cannot

transform any approximation algorithm with an approximation factor this large, thus

motivating our search for an alternative.

The main contributions of this chapter are an analysis of the algorithm of [51]

showing its limitations and the proposal of a new algorithm that circumvents these

limitations to a degree.

1A randomized algorithm with approximation factor less than 3/2 − 10−36 has been found in
[30], but since we want a deterministic algorithm we use the 3/2 factor instead
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The note starts in Section 4.2 by reviewing the problem setting and the algorithm

of [51], including a discussion of its limitations. Then in Section 4.4 we introduce a

new algorithm and compare it with the algorithm of [51] and show its limitations as

well.

4.2 Approximating Robust Combinatorial Problems

In this section we introduce the robust problems setting used throughout the note.

Then we review the algorithm proposed by [51] for transforming approximation al-

gorithms for deterministic problems into new algorithms that can solve the robust

variants. We comment on the transformations in the context of the motivating prob-

lem, the SOTT problem and its deterministic parallel the metric TSP.

4.2.1 Robust Combinatorial Problems

Let F ⊆ {0, 1}n be a feasible region to some combinatorial problem. Let W be a

stochastic cost vector, with non-negative mean and variance vector given by µ ∈ Rn
+

and τ ∈ Rn
+ respectively. We make the following assumption.

Assumption 4.2.1. Each element Wi is independent.

The robust problem we are interested in is tail-risk minimization, seeking to find

the solution that minimizes the probability the cost exceeds a given budget. For a
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budget t, the tail-risk problem is given by

min
x

P
(
W Tx > t

)

subject to x ∈ F .
(4.1)

In two natural cases this problem can be written in terms of the mean and variance

of the solution.

1. Wi ∼ N for all i.

In this case, we can rewrite the tail-risk minimization problem as

max
x

t− µTx√
τTx

subject to x ∈ F
(4.2)

2. Wi have an arbitrary distribution, with known mean and variance.

In this case there cannot be an explicit form for the tail-risk, but [51] shows that

a one-sided Chebyshev bound can be written in terms of mean and variance as

max
x

(t− µTx)2

(t− µTx)2 + τTx

subject to x ∈ F .
(4.3)

We will comment on the algorithm of [51] with respect to these two cases.

151



4.2.2 General procedure of Nikolova for Approximating Ro-

bust Combinatorial Problems

The algorithm proposed in [51] is geometrically inspired. First, since the objective

functions for the two cases in the previous subsection can be written in terms of the

mean and variance of the solution alone, they consider the projection of F on the

mean variance plane. This projection is possible since the each Wi is independent,

meaning the means and variances add. In this projection we can superimpose level-

lines for each of the robust formulations. The objective is now to find the point in

the projected feasible region that intersects the level-set line of maximum value.

This concept is illustrated in Figure 4.1. Suppose we have an oracle that can

find solutions in F minimizing any linear objective. One approach to finding the

optimal solution to the robust problems would be to choose the linear objective to

be perpendicular to a tangent line where the feasible region F intersects the optimal

level-line, assuming there is a way to find the linear objective. Figure 4.1(a) shows

the projection of F as the polygon P . The optimal robust solution, (m∗, s∗), is given

by choosing the linear objective denoted by the arrow and the optimal level set is

given by λ∗.

The first thing to notice is that for many combinatorial problems of interest we

only have access to a δ-approximate oracle. This means that even with the correct

choice of linear objective we may get a suboptimal solution. This is illustrated in

Figure 4.1(b). The shaded region shows all of the possible return values of the ap-
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(b) Approximate solution region.

Figure 4.1: Visualization of the geometric approach of Nikolova. On the left, the
feasible region is shown projected on the mean-variance plane, µTx and τTx respec-
tively. The optimal solution can be found by solving for the linear objective shown
in the center of the feasible region P and the optimal level set λ∗ is shown. On the
right, an approximate linear oracle is used with the same linear objective. The set
of possible solutions is shaded in gray, bounded by a line parallel to the tangent line
at the optimal solution resulting from the δ-approximation guarantee of the oracle.
The worst case level set is λ.

proximate oracle. The level set λ is the worst-case level set among all that correspond

to solutions in the shaded area. The different between λ and the optimal level set λ∗

defines the approximation guarantee for the robust problem.

The second thing to notice is that we cannot know a priori the correct linear

objective to use. This is resolved in [51] by sampling several linear objectives and

taking the best solution found.

No approximation guarantee is given in [51] for the general case with Chebyshev

bounds, but in the case of W having normal distribution, they show that when

the optimal solution has mean length at most (1 − ε)t and there is access to a δ-
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approximate oracle for the deterministic problem, the robust problem can be solved

within a factor of √
1−

[
δ − (1− ε2/4)

(2 + ε)ε/4

]
. (4.4)

4.3 Limitations of the Direct Oracle Method

In this section we will identify some of the limitations of the direct oracle method for

solving robust problems, guided by our motivation to solve the stochastic on-time

tour problem. The primary cause of limitations we study are approximation oracles

with large approximation factors. Recall the deterministic parallel of SOTT is the

metric TSP problem with a 3/2-approximation oracle.

To start to see the limitations of the direct oracle method, consider first the

approximation guarantee given in Equation 4.4. The approximation factor is only

well defined when the value in the square root is non-negative. Some algebraic

manipulation shows that this implies that ε > 2δ − 2. When δ = 3/2, as is the case

for SOTT, this mean that ε > 1. However, combining this with the requirement that

the mean value of the optimal solution is no greater than (1 − ε)t, we can see that

this gives no guarantee unless the optimal tour length is zero.

Intuition for this limitation can be developed from Figure 4.1(b). In general,

we do not know where the projected feasible region P lies. This means that in our

analysis we must assume the set of possible solutions returned by the approximate
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oracle is any point in the gray region, which must be defined to be all points between

the tangent line with intercept b∗ and the line with intercept δb∗. If the mean value

of the solution or the approximation factor δ are too large, this shaded region could

cross beyond the budget line t. This means that the approximate oracle could return

solutions with arbitrarily low probability of satisfying the budget.

This intuition will be formalized through analysis for both the robust formula-

tions.

4.3.1 Normal distribution case

In this section we will prove the following theorem:

Theorem 4.3.1. Suppose we have a δ-approximate oracle for solving the determinis-

tic combinatorial problem. Suppose Wi are independent, normally distributed. Then

the direct oracle method provides no approximation guarantee for the tail-risk problem

unless the optimal solution value m∗ is at most 2−δ
δ
t.

Proof. Let the optimal solution be denoted as (m∗, s∗) with objective value λ∗, where

m∗ and s∗ are the mean and variance of the solution. Let b∗ be the y-intercept of

the line that is tangent to the level set λ∗ at the solution (m∗, s∗). Suppose we use a

δ-approximate oracle for the underlying combinatorial problem. Denote the returned

solution as (m, s) with objective value λ and tangent line y-intercept b. In all cases

assume that m < t.
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From Lemma 4.3 in [51], we know that

(
λ

λ∗

)2

= 1− b− b∗

s∗
.

Since the oracle is linear, we also know that b
b∗
≤ δ, which by definition is tight.

Therefore,

(
λ

λ∗

)2

= 1−
(
b− b∗

b∗

)(
b∗

s∗

)
= 1−

(
b

b∗
− 1

)(
b∗

s∗

)
≥ 1− (δ − 1)

(
b∗

s∗

)
,

which is tight. The last inequality follows from b ≤ δb∗.

In [51], lemma 4.4 shows that

b∗

s∗
= 1 +

2m∗

t−m∗
.

Continuing from above,

λ

λ∗
≥

√
1− (1− δ)

(
1 +

2m∗

t−m∗

)
,

which is tight.

Using the fact that δ > 1, in order for the square root to be real valued, we must

have

2− δ
δ

t > m∗.
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As a natural consequence, we get the following lemma for optimization problems

with weak approximations.

Corollary 4.3.1. There are no risk-averse guarantees under the method of [51] for

the normal probability tail model if the best approximation algorithm for the under-

lying optimization problem has δ ≥ 2.

Further, notice that for the special case of the Christofides-Serdyukov algorithm

with a 3/2-approximation using the last line of the proof we find that we require m∗ <

t/3. This means we can only operate in this regime if the optimal path is very short

compared to our limit. This limit, however, is much too small for practical use in

problems of our interest and therefore we say that there is no practical approximation

guarantee for normally distributed edge weights for the SOTT problem.

4.3.2 General case with Chebyshev bounds

In this section we will show the perhaps more surprising claim that the direct oracle

method does not provide an approximation guarantee for maximizing the Chebyshev

bound, regardless of the approximation factor δ > 1 or the mean value of the optimal

solution m∗.

As before, let the optimal solution be denoted as (m∗, s∗) with objective value λ∗,

where m∗ and s∗ are the mean and variance of the solution. Let b∗ be the y-intercept

of the line that is tangent to the level set λ∗ at the solution (m∗, s∗) and let −a
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be the slope of the tangent line. Using a δ-approximate oracle for the underlying

combinatorial problem, denote the returned solution as (m, s) with objective value

λ and tangent line y-intercept b.

Recall that the Chebyshev bound, in terms of the mean-variance plane, is denoted

max
(m− t)2

(m− t)2 + s
.

We will derive a formula for the worst case objective value λ in terms of the other

parameters of the problem. Then we will argue that the value can be arbitrarily

small. First, we need some supporting facts.

First we will find the value of y-intercepts b in terms of a, t, and λ.

Recall that the y-intercepts are b = s+ am. To start, we need to find the values

of s and m in terms of our input λ, t, and a.

Lemma 4.3.1. The slope, −a, of the line tangent to the optimal solution is − 2s
t−m .

Proof. To compute the slope of the tangent line we need to rearrange the objective.

Let x = t−m.

λ =
(m− t)2

(m− t)2 + s
=

x2

x2 + s
.

This implies s = x2 (1−λ)
λ

. The derivative is then ∂s
∂x

= −a = 2x(1−λ)
λ

. Substituting for

λ gives the result

−a = − 2s

t−m
.
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Lemma 4.3.2. The intercept of the tangent line to a solution of value λ with slope

−a is given by

b = at− a2

4

λ

1− λ
.

Proof. First we find the value of s. Starting with the result from Lemma 4.3.1 that

shows a = 2s
t−m , we find that s = 1

2
a(t −m). Using the substitution a = 2s

t−m from

Lemma 4.3.1 again, we get s = 1
4
a2(t − m)2. Solving the objective equation for

(m− t) yields (m− t) =
√

λs
1−λ . By substitution, we get

s =
1

4
a2 λ

1− λ
.

Now we find m continuing from the above computations. Starting from the value

of s, we solve for a and again apply Lemma 4.3.1 to get

m = t− 1

2

λ

1− λ
a.

Substituting these computations in for the definition of b, we get

b = s+ am =
1

4
a2 λ

1− λ
+ a

(
t− 1

2

λ

1− λ
a

)
= at− a2

4

λ

1− λ
.

Now we are ready to prove the desired result.

Theorem 4.3.2. Suppose we have a δ-approximate oracle for solving the deter-

ministic combinatorial problem with δ > 1. The direct oracle method provides no

approximation guarantee for the Chebyshev bound maximization problem regardless

of optimal mean value m∗ or approximation oracle δ.
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Proof. The tangent line to the worst case solution has y-intercept b = δb∗. From

manipulating the result from Lemma 4.3.2, we find that

λ

1− λ
=

4t

a
− 4ba2.

Considering the relationship b = δb∗ and substituting in the above equation, we get

λ

1− λ
=

4t

a
− δ 4

a2

(
at− a2

4

λ∗

1− λ∗

)
= (1− δ)4t

a
+ δ

λ∗

1− λ∗
.

The value of λ is then

λ =
(1− δ)4t

a
+ δ λ∗

1−λ∗

(1− δ)4t
a

+ δ λ∗

1−λ∗ + 1
.

Now let x = (1− δ)4t
a

+ δ λ1
1−λ1 so that

λ =
x

x+ 1
.

Since δ > 1, x ∈ (−∞, y) with y = δ λ1
1−λ1 > 0. With a being a function of s∗, for any

m∗ there exists an s∗ so that x = 0 and λ = 0. This concludes the proof that there

is no approximation guarantee regardless of m∗ and δ.

4.4 An alternative approximation

Here we show that in certain cases we can use an approach inspired by a different

orientation in the space to get better approximations to the stochastic problems under

certain circumstances. This uses a different geometric approach using a bicriteron-

optimization approximation algorithm introduced by [47]. The theorem they provide

that we will use, with minor modification, is
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Theorem 4.4.1. Let there be a ρ-approximation algorithm for a combinatorial prob-

lem. Let there be two objective vectors, c and d. Given a budget C on metric c, for

any γ there exists an algorithm that finds a solution to the combinatorial problem

such that the solution exceeds the budget by at most a factor of (1 + γ)ρ and ex-

ceeds the optimal value with respect to d under the budget restriction on c by at most

(1 + 1/γ)ρ.

We will use this theorem to derive an alternative procedure to find a new approx-

imation algorithm to maximize the probability of on time arrival problem. Although

the theorem was written in terms of solving problems on subgraphs, this is corrected

by replacing the phrase “subgraph” with “solution to the combinatorial problem” in

their proof.

To introduce how we use the bicriterion approximation algorithm to create an

approximation in the risk-averse setting, suppose the optimal solution is (m∗, s∗)

with objective value λ∗, where m∗ and s∗ are the mean and variance of the solution.

Let b∗ be the y-intercept of the line that is tangent to the level set λ∗ at the solution

(m∗, s∗). Given a δ-approximate oracle for the underlying combinatorial problem,

suppose we use the procedure from Theorem 4.4.1 to get a solution with mean length

at most (1+γ)δm∗ and that achieves the linear objective within (1+1/γ)δ of optimal.

Under certain conditions, the worst case approximation guarantee comes from the

case where the returned solutions has the largest possible mean value and highest

variance of any solutions with that mean value.

An illustration of the procedure is shown in Figure 4.2. On the left in Subfigure
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4.2(a) the feasible region is shown, projected onto the mean-variance plane in the

same way as the approximation in the previous sections. The optimal linear objective

is shown with an arrow and the optimal objective level set λ∗ is shown. Since finding

the optimal solution requires an exact oracle, suppose now we use the bicriterion

method to search for a solution. The method will give us two things: an upper

limit on the the budget with respect to one objective criterion, in this case the mean

value, at the cost of a weaker linear oracle that now only guarantees a solution within

(1+1/γ)δ of optimal. The set of possible solutions this will return is shown in gray in

the Figure, bounded by the vertical budget line, the weakened linear approximation

line, and the feasible region P .

4.4.1 Applicability of the bicriterion-budget constraint

As the main differentiating component of this new approach, we make the assumption

that the worst possible solution will be the one with largest linear objective and

largest mean value, meaning the budget constraint is tight. Of course, this is not

true for all problems and possible optimal solutions. Here we derive bounds on what

values of m∗ are guaranteed to satisfy this requirement as function of the problem

parameters, t, δ, ε and γ.

In Figure 4.2(b) notice that the level set line λ touches the set of possible solutions

in the upper right corner, meaning the budget constraint is active. However, it is

possible that in some conditions the worst case level set may touch the solution set
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(b) Region of possible solutions from bi-
criterion oracle.

Figure 4.2: Visualization of the bicriterion method. On the left, the feasible region
is shown projected on the the mean and variance plane, µTx and τTx respectively.
The optimal solution can be found by solving for the linear objective shown in the
center of the feasible region and the optimal level set λ∗ is shown. On the right, an
approximate oracle along with the bicriterion approximator of [47] is used. The set
of possible solutions is shaded in gray, bounded on the right by the budget (1+γ)δm∗

and above by the standard tangent line for a δ-approximation oracle. The worst case
level set is λ.

somewhere along the interior of the upper edge of the solution set, similar to what

can be seen in Figure 4.1. Informally, to ensure the worst case level set touches on

the right hand side, it is sufficient for us to constrain that the point on the level set

with slope equal to the slope of the upper diagonal line of the solution set has mean

value no less than the value of the budget (1 + γ)δm∗.

As before, we start by considering the tangent line to the solution (m∗, s∗) and

consider the parallel line that corresponds to a worse linear objective, in this case

a factor of (1 + 1/γ)δ larger. We will also assume that we only have approximate

knowledge of the optimal linear objective, only within a factor of 1 − ξ. We start
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with a lemma about the set of points for which the local level sets have equal tangent

slope.

Lemma 4.4.1. For any solution (m, s), the slope tangent to the level set at that

point is given by −2s/(t−m).

Proof. Since s = λ(t−m)2 for objective value λ,

∂s

∂m
= −a = 2λ(t−m) =

2s

t−m
.

Lemma 4.4.2. Let the slope of the tangent line at the optimal solution be −a. Sup-

pose that the actual slope our algorithm assumes in −(1− ξ)a. Then for 0 ≤ m ≤ t,

all points on the line s = s∗(1 − ξ)(1 − m−m∗
t−m∗ ) also lie on level sets whose tangent

line has slope −(1− ξ)a at the respective points.

Proof. Substitute the value of s into the equation of slope shown in Lemma 4.4.1.

(1− ξ)a =
2s

t−m
=

2s∗(1− ξ)
(
1− m−m∗

t−m∗
)

t−m
= (1− ξ) 2s∗

t−m∗
.

Thus, the slopes are constant.

Next, we want to know the slope of the line corresponding to the worst possible

linear objective returned.

Lemma 4.4.3. The line upper bounding the returned worst-case variance from the

δ-approximate oracle as a function of m is given by

s =

(
1 +

1

γ

)
δs∗

t+m∗ − 2ξm∗

t−m∗
− (1− ξ) 2s∗

t−m∗
m.
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Proof. In general, we know that the line corresponding to a suboptimal linear objec-

tive is of the form s = (1 + 1
γ
)δb∗ − (1− ξ)am. In this case,

b∗ = s∗ + (1− ξ)am∗ = s∗ + (1− ξ) 2s∗m∗

t−m∗
= s∗

t+m∗ − 2ξm∗

t−m∗
.

Using the above substitution for b∗ and Lemma 4.4.1 gives the result.

The intersection of the variance upper bound given by Lemma 4.4.3 and the line

given by Lemma 4.4.2 give the point at which the line representing the variance

upper bound is the tangent line for the worst case level set. We want to constrain

the budget for the bicriterion algorithm to always be less than or equal to the value

of m at the intersection. This guarantees that the worst possible solution is the one

with the highest mean value, and highest variance conditioned on maximal mean

value.

Lemma 4.4.4. The worst case solution returned by the bicriterion algorithm is the

solution of largest variance among solutions with mean value equal to the budget B

when

B <
1

1− ξ

(
1 +

1

γ

)
δ(t+m∗ − 2ξm∗)− t.

Proof. We set the value of the line found in Lemma 4.4.2 to be less than the line

corresponding to the worst case variance found in Lemma 4.4.3. Using algebraic

manipulation we find that

s∗(1− ξ)
(

1− m−m∗

t−m∗

)
<

(
1 +

1

γ

)
δs∗

t+m∗ − 2εm∗

t−m∗
− (1− ξ) 2s∗

t−m∗
m

m <
1

1− ξ

(
1 +

1

γ

)
δ(t+m∗ − 2ξm∗)− t.
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In order to get the best possible approximation of the minimum tail-risk solution,

we next need to the find the setting of γ in the algorithm that will produce the best

approximation guarantee. Before we can do that, first we need to establish the

domain of γ that can be used in the approximation.

Lemma 4.4.5. To guarantee the worst case solution is the solution with largest

variance with mean equal to the budget when the optimal mean solution has value m∗

and ξ < 1/2, γ must satisfy

0 ≤ γ ≤ min

{
t

m∗δ
− 1,

−ξm∗δ + tδ + t− tξ +
√

(ξm∗δ − tδ − t+ tξ)2 + 4(1− ξ)δ2m∗(m∗ + t− 2ξm∗)

2(1− ξ)m∗δ

}
.

Proof. On the one hand, since the mean value of the solution returned by the algo-

rithm can be as large as (1 + γ)δm∗ and we need solutions with value at most t, it

must be the case that

γ ≤ t

m∗δ
− 1.

On the other hand, we also need to be sure that the mean value of the solution

produced lies in the range of m such that the upper right solution is the worst case,

as shown in Lemma 4.4.4. Substituting the worst case mean value (1 + γ)δm∗ for m

in the equation above, we require that

(1 + γ)δm∗ ≤ 1

1− ξ

(
1 +

1

γ

)
δ(t+m∗ − 2ξm∗)− t.

Multiplying both sides by γ and solving for γ using the quadratic formula yields the

desired result. Since the expression is an inequality we only need to give the upper
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critical point (the other one is found by placing a negative sign in front of the square

root). It can be seen that the interval between the two critical points is correct by

considering γ →∞ makes the left hand side too large.

4.4.2 Approximation guarantee

Now we will determine the approximation factor generated by the algorithm.

Start by supposing we know the optimal solution (m∗, s∗). Instead of considering

the tangent line with slope −a∗, suppose we use our near-linear objective so that the

tangent line has slope with a = (1 − ξ)a∗. Recall that for any solution (m, s), the

slope tangent to the level set at that point is given by 2s/(t−m), per Lemma 4.4.1.

We will show the following Theorem, whose result is shown in Figure 4.3.

Theorem 4.4.2. Given δ, m∗, ξ, and a γ satisfying the conditions of Lemma 4.4.5,

the bicriterion algorithm provides an approximation ratio of√√√√ 1

δ(t−m∗)
· (t− (1 + γ)δm∗)2

(
1 + 1

γ

)
(t−m∗ + 2(1− ε)m∗)− 2(1 + γ)(1− ξ)m∗

.

We will now establish a few facts before proving the theorem.

Lemma 4.4.6. When m = (1 + γ)δm∗, the variance of the worst case solution is

s = δs∗
((

1 +
1

γ

)(
1 +

2(1− ξ)m∗

t−m∗

)
− (1− ξ)

(
2

t−m∗

)
(1 + γ)m∗

)
.

Proof. The lemma will be proved in three steps. First we determine the y-intercept

for the level set of the linear objective passing through the optimal solution (m∗, s∗).
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Using that, we find the equation for the line of the level set of the worst case linear

objective. Finally, we combine that with the budget to compute the worst case

variance.

First, to find the y-intercept of the level set of the linear objective passing through

the optimal solution we use the point and slope to yield

b∗ = s∗ + (1− ξ)am∗ = s∗ +
2(1− ξ)s∗m∗

t−m∗
.

Next, the worst case y-intercept for the actual realized solution is

b =

(
1 +

1

γ

)
δb∗ =

(
1 +

1

γ

)
δ

(
s∗ +

2(1− ε)s∗m
t−m∗

)
.

Since the worst case solution has mean value m = (1 + γ)δm∗, the result can be

obtained by substituting the above in s = b− (1− ξ)m.

Now we are ready to prove the theorem.

Proof of Theorem 4.4.2. By definition, the optimal level set is

λ2
∗ =

(t−m∗)2

s∗
.

Similarly, the value for the worst case level set, as given by m = (1 + γ)δm∗ and

s found in Lemma 4.4.6, is

λ2
n =

(t−mn)2

sn

=
1

δs∗
· (t− (1 + γ)δm∗)2

(
1 + 1

γ

)(
1 + 2(1−ε)m∗

t−m∗

)
− (1− ε)

(
2

t−m∗
)

(1 + γ)m∗
.
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The result is then given by substituting the two previous values in λ
λ∗

.

Thus it can be seen that the optimal choice of γ depends only on the mean value

of the optimal solution m∗, the approximation factor δ, and the sampling term ξ.

Though we do not solve the equation explicitly for γ, we are able to numerically

select the best value of γ for any given m∗, δ, and ξ by searching the domain of γ

defined in Lemma 4.4.5.

Figure 4.3 shows the tail bound approximation guarantees given both by this

new algorithm as well as that of Nikolova. There are two notable advantages of the

new algorithm that can be seen in the figures. First, the range of mean values m∗

for which an approximation factor can be given is larger, especially as δ gets larger.

This is clearly evident when δ ≥ 2 since the algorithm proposed by Nikolova cannot

make any approximation guarantee in this range, even when ξ = 0.

Note that the Figures show the case when ξ = (t−m∗)/2t, as selected in Nikolova’s

paper.

4.4.3 Issues in selecting γ

While the previous section gives an approximation guarantee for the problem when

we know the optimal m∗, without an exact oracle we do not have access to m∗ and

therefore do not know the optimal γ. Here we will show that despite this, we can

get good approximations in nearly all cases.
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(c) Case of δ = 1.5.
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(d) Case of δ = 2.0.

Figure 4.3: Approximation factors for the newly proposed algorithm (blue) and the
algorithm proposed by Nikolova (orange), both using ξ = (t−m∗)/2t. The key feature
of the new algorithm is that it continues to provide an approximation guarantee even
as δ grows large, though it is sometimes outperformed by Nikolova’s algorithm for
smaller δ.

The basic approach is to check many values of m∗ along a logarithmic scale. For

upper and lower bounds mu and m` on the value of m∗, we choose γ by assuming

that m∗ = mu(1 − α)i for some α ∈ (0, 1] and for i starting at zero and up to the

first value such that mu(1− α)i < m`. This means we choose the optimal value of γ

for almost the correct value of m∗. As a consequence, in the worst case we may get

a lower approximation guarantee for the problem than may have been theoretically

possible given knowledge of the optimal mean value, or even have no approximation
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(b) Case of δ = 2.0.

Figure 4.4: Comparing the approximation guarantee when the mean value of the
optimal solution is not known. The figures compare perfect knowledge (orange) with
a lower bound on the guarantee given when we use m = 0.8m∗.

guarantee at all.

To get a lower bound for the guarantee given when approximating the optimal

mean value within a factor of (1−α), we plot in Figure 4.4 the performance guarantees

for all m∗ assuming the use of the optimal γ for a solution a factor of (1−α) smaller.

The top two figures show the guarantee made when we have the approximate value of

m∗, shown in blue, and the optimal guarantee when we know m∗, shown in orange.

The subfigures below them show the corresponding ratios of the two guarantees.

While the ratios are disfavorable when the mean value is larger, the ratio is nearly

1.0 when the mean value is even just a little smaller.
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4.4.4 Some Geometric Intuition

In this subsection we cover some of the intuition behind why the algorithm works

better (and sometimes worse) than the algorithm of [51] depending on the mean value

of the optimal solution. Recall that the bicriterion method has two components, a

linear objective that is being optimized and a budget constraint that limits the

maximum mean solution value returned. Depending on the mean value of the optimal

solution a wide range of values for γ can be used, with increases and decreases in

γ having opposite effects on the resulting approximation guarantee for the linear

objective and the budget constraint. In general, the best solution falls into one of

three categories:

1. When the mean value is large, using small γ for a tight budget constraint.

2. For lower/intermediate mean values, medium valus of γ balance between budget

and linear objective.

3. For small mean values, even for large γ the budget constraint becomes more

powerful than the linear objective itself.

We present the geometric intuition through a sequence of figures. In each figure

we give a geometric demonstration of the bicriteria method and the simple linear

approximate oracle method side-by-side on the same problem. Shading illustrates

the set of possible solutions that might be returned using each method. The optimal

level set λ∗ is shown as well as the worst case level set λ when it exists. In all of
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(a) Bicriterion method has an approxi-
mation guarantee.
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(b) Simple linear oracle cannot make a
guarantee.

Figure 4.5: Geometric demonstration for bicriteria method (left) and simple linear
oracle (right). In this case the mean value is large, with m∗ = 0.5t and γ = 0.14.
The regions of possible returned solutions are shaded in gray.

the examples we suppose we have a combinatorial problem for which we only have a

δ = 1.4-approximate linear oracle for the deterministic problem.

First, in Figure 4.5 we suppose a case where the optimal solution has large mean

value m∗ = 0.5t. Using the bicriteria method with γ = 0.14 we are able to show

visually that the set of feasible returned solutions, in the worst case, have tail-

risk corresponding to the curve λ. However, in the case of the linear oracle the

set of solutions crosses the budget line, meaning we can get solutions whose mean

value is larger than the budget. Because of this, it can be seen that no non-trivial

approximation of the tail-risk can be given under such a procedure.

Next, in Figure 4.6 we consider a case where the optimal solution has an

intermediate-magnitude mean value m∗ = 0.17t. In this case, the simple linear
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(b) Simple linear oracle method has a
stronger guarantee.

Figure 4.6: Geometric demonstration for bicriteria method (left) and simple linear
oracle (right). In this case the mean has an intermediate value, with m∗ = 0.17t and
γ = 1. The regions of possible returned solutions are shaded in gray.

oracle outperforms the bicriteria method. This can be seen since the y-axis of both

graphs spans an equal range and the ratio of the scale parameters for the level set

curves λ∗ and λ is clearly larger in the left subfigure.

Finally, in Figure 4.7 we consider a case where the optimal solution has very

small mean value m∗ = 0.002t. In this case the bicriteria method gives a slightly

stronger guarantee, powered by the budget constraint removing the possibility of

solution with larger mean value.
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(b) Simple linear oracle has slightly
weaker guarantee.

Figure 4.7: Geometric demonstration for bicriteria method (left) and simple linear
oracle (right). In this case the mean value is small, with m∗ = 0.002t and γ = 25.
The regions of possible returned solutions are shaded in gray.

4.5 Conclusions

In this note, we reviewed a method proposed by [51] for approximating the tail-risk

minimization problem. We showed that the method has limitations with respect to

the mean value of the optimal solution and the approximation ratio of the best avail-

able δ-approximate oracle. Using bicriterion approximations, we gave an algorithm

that overcame these limitations in some contexts.

Unfortunately, some of these limitations may be inherent in the problem. For

example, consider the way that both methods we discuss must not return solutions

with mean value greater than the budget constraint. This is a limitation of our

geometric approach to solving the problem since in those cases we cannot rule out

low variance solutions, whose tail-risk can be arbitrarily close to 1. This means that
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it is NP-hard to give an approximation guarantee to the tail-risk problem unless the

mean value of the optimal solution is at most t/δ.

While there is likely no algorithm can give an approximation guarantee for tail-

risk when the optimal solution has mean value greater than t/δ within the geometric

framework we have presented, we cannot rule out the possibility that such algorithms

might exist under another approach or for special cases of interest. Future work may

be able to address this area of the problem as well as provide stronger approximation

guarantees for instances whose optimal mean value is close to t/δ.
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CHAPTER 5

THE BENEFITS OF SIMULATION-INTENSIVE MICROTRANSIT

PLANNING: TWO CASE STUDIES

5.1 Introduction and Motivation

The past decade has seen a surge of interest in on-demand ridehailing services, al-

lowing users to request rides in real-time using apps on their phones. These services

improve upon older system designs that required users to book by phone and some-

times book significantly in advance. By generating schedules and routes dynamically

throughout the day, ridehailing services add convenience beyond what can be offered

by most forms of public transit. While the largest ridehailing services can cover

entire metropolitan areas, small services, typically referred to as microtransit sys-

tems, have become the subject of study and aim to either connect users to existing

fixed route transit, fill transit gaps in off-peak times or low-density areas, or serve as

paratransit providing accessibility services [44]. In general, microtransit refers to on-

demand shared mobility services using smaller vehicles (compared to buses). These

services can serve predefined pickup points, can dynamically make new pickup points

for individual passengers, or can ask riders to walk to shared pickup points. These

smaller systems typically take advantage of ridepooling for efficiency, the practice

whereby multiple riders with similar itineraries can share the same vehicle.

Public transit agencies have a growing interest in microtransit as they view it as an
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opportunity to supplement or increase accessibility to their existing services. Increas-

ingly, these services are implemented with the help of public-private partnerships.

These private organization can provide a range of services from fleet acquisition,

customer facing phone-apps, to running the real-time components of operations. De-

spite private organizations offering a means for operating a given service, the scarce

availability of planning tools limits the ability of agencies to plan new services, espe-

cially when the proposal contains new service elements. Microtransit services require

planning not normally required for traditional fixed route services, including service

region, user facing apps and operational technology, and a wide variety of possibilities

in the space of service design due to their tailoring to their smaller, use-case specific

setting. Without tools to aid in the planning process, agencies are left to create their

own processes for designing the services, possibly spending effort rediscovering what

has already been learned by other agencies.

The two case studies presented in this chapter begin to address this problem

using a simulation model to test potential configurations of the potential microtransit

services offering first- and last-mile connections to regional transit services. While

the aim of the simulation model is not to provide novel estimates of demand or

customer behavior, it provides a new and flexible tool to understand the impact on

system performance caused by a wide range of potential configurations and demand

assumptions not previously available to transit agencies, including limits on waiting,

riding time, maximum distances customers can be required to walk, frequency of

accessible lift deployments, and more. The simulation work was conducted by a

research team on simulation and algorithms at Cornell University in partnership
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with Ford, King County Metro (KCM) in Seattle, Washington, and Metro Transit

in the Minneapolis-Saint Paul metropolitan area.

The goal in each of the case studies is to create FMLM shuttles services that allow

riders in areas underserved by public transit to connect with the transit network.

Each of the transit agencies presents a unique setting. For KCM, the project aims

to cover an area with mixed use in Kent, part of the service area being residential

while the other part containing a large employment area. The goal of the service

is to provide access to jobs by connecting the residential and industrial areas, and

connecting both of those areas to Kent railway station, which hosts regular commuter

trains and many fixed route bus lines. For Metro Transit, the project aims to create

a feeder service for a bus rapid transit (BRT) service. The BRT, as well as traditional

bus lines, serve the area and the goal is for a FMLM service to allow riders to travel

to stations that connect to the bus routes.

In each case, the final service that is being considered is the result of a multi-

year planning process, working from site location all the way to service model and

design. While this is not the first project that seeks to create a microtransit service,

a particular goal is to illustrate the way a flexible simulation tool can be used inform

the design process. Throughout the case studies we will go into detail about which

questions the simulation seeked to answer, what the results were, and how the agen-

cies reacted. Although the simulation tools can compare alternatives, ultimately the

agencies may end up choosing against some of the recommendations made. In these

cases, its important to note that the decision is still informed by the data.
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This chapter is organized as follows: Section 5.2 provides a background on mi-

crotransit deployments in general and introduces the need and purpose of this work.

Section 5.3 discusses the general process used to plan the services and the form

of communications used between the agencies and the research team. Next, Sec-

tion 5.4 presents the modeling framework used for passenger assignment and discusses

changes to the model that were needed to adapt to the demands of the case studies.

Section 5.5 describes the results of the iterative process of working with the agencies,

showing the progress and development of the systems across several meetings held

with both agencies. Finally, in Section 5.6 we give concluding remarks.

5.2 Literature Review

This literature review, and portions of the introduction, have been adapted from a

technical report [82] by the members of the project team, including the author of

this dissertation.

Microtransit sits within the category of shared mobility along with jitneys, para-

transit, dollar-vans, and employer-provided shuttles [63, 64]. In its most general

form, microtransit can be defined as an app-enabled, pooled ride service in a

small shuttle or van for which routes, schedules, or both vary based on demand

[14, 44, 64, 65, 63, 75, 80]. While early research defined microtransit as a form of

private transit, similar to a jitney but enhanced with information technology [63],

microtransit now also encompasses public-private partnerships with goals such as
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improving transportation quality for elderly, disabled, and low-income populations,

serving new transit riders, and enabling public transit agencies to redistribute re-

sources more efficiently [44].

Through a study of more than 60 microtransit deployments across the United

States, Lucken et al. [44] developed a typology categorizing microtransit private-

public partnerships. They found four categories: first-mile/last-mile (FMLM) to or

from public transit stops, serving low-density areas that cannot support fixed route

service, supplementing coverage during off-peak hours, and paratransit applications

to supplement or replace the transit agency’s existing paratransit service. Each

typology was found to have advantages and disadvantages. FMLM models benefit

transit by effectively subsidizing rides to and from transit stations, though it can

compete with other FMLM options such as walking, biking, and riding the bus.

Serving low-density zones provides better service than infrequent bus services but

can directly compete with any existing transit services in the area. Off-peak models

can provide trips at a lower cost to the agency than fixed route services but these

services can add coverage at times not normally served by transit, thus representing a

possible cost increase for the agency. Paratransit models lower per-trip costs, but this

may stem from less driver training and agencies may not have wheelchair accessible

vehicles ready in their fleet.

In a review of case studies, Curtis et al. [14] found that the dominant target

market of microtransit deployments was FMLM, providing transit connections when

other means of access were limited. Volinski et al. [75] found that microtransit
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service areas are often in the range of five square miles, though their study found

systems ranging from one up to thirty square miles. Service area design was affected

by a large number of factors including demand levels and desired travel times, though

sometimes political boundaries were used for simplicity. The large flexibility in ser-

vice design afforded to microtransit systems can be both a benefit as well as a cost.

On the one hand, it enables operators to optimize the service structure by time of

day. In one case study, customers in peak service hours cared most about directness

and reliability while in off-peak hours customers cared most about convenience and

flexibility [55]. The optimization engine in that study was able to take advantage

of this by ensuring certain connection stops were visited on a frequent basis during

peak hours while allowing vehicles to roam more freely during off-peak hours. As

Perera et al [55] note, having too much flexibility can be a liability when spatial and

temporal freedom hinder the ability to group trips. Nonetheless, as illustrated by

New York-based Via, when done properly fully dynamic services can be successful

[64].

Understanding the right way to design and plan microtransit services is import

because of the wide range of benefits microtransit can offer, from reduced parking

demand and emissions to increased access to public transit in underserved areas.

However, future access to these benefits needs established frameworks for modeling

and evaluating new services [26] and organized, intentional planning between agen-

cies and the service provider [14]. The case studies in this work illustrate a way

to overcome problems experienced by previous services by using an approach that

actively engages the transit agency with a simulation and modeling team.
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5.3 Service Design Process

Planning a new service requires more than just an objective. While agencies may

have little trouble forming a goal and purpose for a new service, launching a success-

ful service requires a detailed understanding of the service area, customer demand,

system design parameters, and the capabilities of the technology used to operate it.

Because of this, it is essential that the agency planning the service have a simulation

environment for the design process itself. Simulation environments are useful both

by giving the agencies a risk-free way to explore design decisions, such as fleet size

or service area, as well by clearly communicating the capabilities of the technology

which may be provided by a third-party vendor, an important step in developing

RFPs prior to deployment.

The service design process has to include a combination of local knowledge, gen-

eral goals for the service, data to support analysis of potential service areas, and

a simulation tool that can demonstrate the relative impacts of changes in policies.

This section will discuss some of the steps in the design process and how they fit into

the larger planning picture.

5.3.1 Demand Modeling

Predicting demand can be difficult when planning a new type of service since there

are limited sources of data available to extrapolate demand levels. For a given service
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area, there are two important dimensions of demand: time and space.

In the two case studies, the intention is to design a first/last mile transit system

that feeds into existing fixed route services. One natural way to estimate the demand

by time of day is to look at the temporal distribution of demand, both in and out, of

fixed route services that serve each hub. Some agencies have the ability to report the

number of passengers boarding and alighting from the fixed route services at each

stop. This data can either be used to create demand intensities split into buckets,

perhaps and hour or half an hour in length, or can be used to generate random

numbers of passengers that enter the system at times roughly corresponding to the

time the bus serves the hub.

Predicting demand over space can be difficult with limited data. For lack of more

information, assuming a uniform spread of demand may be the best option though

demand is unlikely to be truly uniform in the real world. In all likelihood, demand

will have spots of higher concentration and lower concentration. Concentrated areas

can generally be served more efficiently by a shared service since there is less time

overhead in picking up multiple requests that spatially closer together. Uniform

distributions in that sense give a conservative view of the distribution of demands

since it will be more challenging to serve it. However, if the demand is actually

concentrated near the boundary of the service area the uniform distribution may

create demand that is easier to serve than real demand.

Another way to plan for service demand is by dividing the space into regions

that are expected to have different ridership characteristics. In King County, for
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example, the service area studied could be partitioned into a distinct residential zone

and industrial zone. The dynamics of each space were estimated by aggregating data

from fixed route lines that passed through each zone. A distinction was found in the

time varying component in the fraction of riders heading into and out of the hub.

5.3.2 Policy Exploration

Microtransit systems are defined by many parameters and design choices. Simulation

tools can help inform decisions that need to be made including

• Service Area. Service area impacts a service through request density and travel

times on roads. Larger areas may capture a larger user base while hurting key

performance metrics for the system.

• Waiting Time/Max Delays. In contrast to serving all riders on a first-come

first-serve basis, instead the system can aim to maximize ridership throughput

subject to hard constraints. If these constraints cannot be satisfied for a re-

quest, the system must reject the request so they can seek other transit options.

Waiting time refers to the maximum amount of time that can elapse between

a request being submitted and the vehicle picking them up. Delay means the

excess time from when a request is submitted until they are dropped off at

their destination beyond what would be experienced by someone leaving in a

personal vehicle at the time the request was submitted.

• Connection constraints. When a first mile trip wishes to connect to a particular
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fixed route, there are several possible constraints to consider. For example,

there can be a requirement that passengers that are accepted to the system

must get to their transit connection at least five minutes before its departure.

Or, perhaps instead we accept all passengers but must simply warn them if a

connection cannot be made.

• Number of shuttles. Determining the number, types, and capacities of vehicles

to use introduces a tradeoff between cost and quality of service. Fewer vehicle

cost less while more vehicles serve more people with lower waiting times.

• Dynamic vs Static fleet sizing. A static fleet plan uses the same number of

vehicles all day. A dynamic fleet plan may add or remove vehicles during peak

and off-peaks hours.

• Additional parameters. This captures anything else of interest to the agency. It

may include creating different maximum waiting times depending on whether

a trip is first- or last-mile, or it could be parameters surrounding how far riders

can be asked to walk to meet a vehicle.

When testing the effects of different policies, we start each round of simulations by

building a base case. Then, we extend the base case by varying one of the dimensions

of the problem. Often we present the results in a way that let’s the x-axis be the

demand level. We do this since the demand level is difficult to accurately predict for

a new type of service. This allows the impact of the effect to be seen in a variety

of possible settings. A typical representation of experimental results is illustrate in

Figure 5.1.
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Figure 5.1: An illustration of comparing alternative scenarios. This y-axis of this
plot shows the percentage of customers served in a variety of experiments. Each color
line represents a different scenario. The x-axis represents the average daily demand
so the difference in each scenario can be understood in the face of uncertainty about
the actual demand level.

Presentation of results is very important in exploring possible policies since small

nuances in the way an experiment is being performed or the way a constraint is

being modeled may not be understood well by all parties. For example, there can be

a difference between rejecting rides that would require waiting more than a specified

amount of time versus operating a system that achieves a satisfactory average waiting

time. Or a constraint may have unclear impact, such as the connection constraint.

This constraint allows first mile riders to request a specific fixed route connection

they want to reach. An important decision is whether we should reject requests

when we cannot get them to the fixed route connection in time or whether we should

allow it but give users a warning. Clear presentation of results is essential for leading

conversations on these questions.

187



5.3.3 Communication and Dialogue Process

The study of microtransit service relies on the expertise of both a transit agency

and a simulation experiment specialist. Transit agencies have unique knowledge in

their customer base and the behavior and results desired from the system. The

specialist may have a deep knowledge of the computational side of the problem or

available technology while not knowing the particular goals or demographics of the

area. While the details of this process are discussed in detail in the results presented

in Section 5.5, here we give a summary of some key lessons learned.

One major hurdle that slowed down the process was not knowing which data

to explore. Transit agencies have the capability to collect vast amounts of data on

their existing services but were not be sure which data would be helpful for us to

use in designing experiments for the pilots deployments. We found that useful data

included boarding and alighting data for existing fixed route services in the candidate

areas as well as data on any previous pilots that may have been run by the agency,

even if they were in a different part of their jurisdiction. We used this to estimate

the relationship between fixed route ridership and first/last mile service used, though

an exact demand forecast was difficult due to localized differences in employment,

demographics, and service and connection quality.

Another difficulty we encountered was the agency not knowing or understanding

the range of capabilities offered by algorithms we intended to provide. Reason-

ably, this can be an issue when an agency begins work with any external operations
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provider. This made early dialogue difficult between our group and the agencies

when they didn’t know which questions need to be asked or what types of impacts

to be looking for.

In the case studies presented in this work, we found utility in adopting an itera-

tive process. First, time would be spent working on developing either a new demand

model, algorithmic capabilities, or set of experiments. Then the results would be re-

viewed and a decision would be made about which questions needed to be addressed

by the agencies. Sometimes these questions were ones the agencies had already

explicitly raised, and sometimes these questions related to details of system perfor-

mance that the agency may not have been aware of or had not thought of asking

due to their lack of familiarity with our particular simulation tool. Then a presen-

tation would be made that explained the impacts of different ways of answering the

questions, utilizing concrete language to describe the impact to strengthen the solic-

itation for feedback from the agency. Sometimes we would even present ideas that

we reasonably expected to be rejected when we felt they would help solicit comments

or illustrate another recommendation we had through comparison and contrast.

We repeated this process several times, as can be seen in Section 5.5. Over time, as

the research team and agencies gained familiarity with the process and design of the

system developed, the purpose of the meetings changed. Early meetings concerned

general goals and selecting a general location for the service. Later, meetings focused

on the boundaries of the service and discussions around modeling demand. Last, the

final round of meetings concerned particulars of the system, such as hours, fleet size,
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and other quality of service and user experience choices.

5.4 Model Background

At a high level, the ridepooling model that we study is an centrally-controlled, on-

demand service. Centrally-controlled means that all of the vehicles obey the instruc-

tions given by the operator of the service. This is in contrast with other models that

treat vehicle operators as independent contractors that can accept or reject each

job. The assumption of central control may be reasonable for settings with either

autonomous vehicles or when vehicles are managed by a single organization, such

as government transit agencies. The on-demand aspect means that we do not allow

early booking. Rather, we cannot know in advance when requests will be made and

when a request is made we assume the rider wants to start their trip as soon as

possible.

In order to operate a microtransit service there needs to be an algorithmic frame-

work that can process the demands and service policies and output decisions about

how to match riders and vehicles, as well as computing the paths that vehicles take.

As a tool for operation, the assignment algorithm is also an important component of

a simulation environment that allows agencies to study the relative performance of

hypothetical new services under a variety of designs. In other words, the simulator

provides a sandbox in which we can study the impact made by changing service

fundamentals and the way we assign passengers to vehicles. While there are many
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flavors of simulation tool used in the transportation community, here we will study

a simulator that works with the following three core components:

1. Demand profiles

2. Environment simulator

3. Assignment algorithm

To start an experiment, we input a pre-prepared file with the demand profiles

and service policies. A demand profile is a list of requests where each request has

a stated origin, destination, and time of request. When an experiment is run, the

demand profile is used to mimic the real-time arrival of requests to the system. The

environment simulator knows how many vehicles there are, where they are and who

is on board, has a copy of the road network, and serves the purpose of keeping track

of the state of the system. When a vehicle is told to follow a planned path to pick up

a group of requests, the environment simulator will begin to move the vehicle along

the planned path, according to the travel times on the road network, and perform

the pick ups and drop offs. The assignment algorithm is the final piece that, at

regular intervals, inspects the current state of the environment, takes in the newly

visible requests from the demand profiles, and generates a new set of assignments

and paths for the requests and vehicles. Under some circumstances some requests

can be rejected. Further, since this is a shared system, the assignment algorithm is

allowed to preempt the current path of any vehicle and insert new requests. But,

once a request is assigned to a vehicle it can never be rejected in the future by new

computations.
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The algorithms we use come from the framework of [3], which is designed for

large-scale, high-capacity systems. While the microtransit systems we study utilize

high capacity vehicles, there are many differences caused by the change in scale of

the systems as well as special constraints that may be imposed on such systems. In

addition, while ridepool frameworks generally target systems where requests have

complete freedom on choosing origin and destination pairs, we study first/last mile

systems where all rides are to or from a fixed set of hubs.

The rest of this section introduces the general ridepooling framework of [3] and

then describes how its properties lend to modification for first/last mile microtransit

settings.

5.4.1 General Ridepooling Framework

In the general on-demand ridepool problem, the inputs given are a graph G = (N,A)

representing a road network, a set of vehicles V with possible heterogeneous capacities

that are centrally controlled by the operator, and a set of passengers R that arrive

online. Each passenger request r ∈ R is specified by a system entry time, an origin,

and a destination.

The system is constrained to provide a set of minimum quality of service (QoS)

requirements to all requests that are accepted into the system. These requirements

are general, can be request specific, and can be chosen differently by each operator.

For example, an operator may impose a maximum waiting time and a maximum
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delay constraint, ensuring that all accepted passengers are picked up within tmax
w

time of submitting their requests and that the extra time traveling in the vehicle due

to a shared ride is no more than tmax
s . An operator may opt to choose settings such

as tmax
w = 5 minutes and tmax

s = 15 minutes.

If a request cannot be served using a trip that meets the QoS requirements, it must

be rejected. The feasibility of a trip is determined by solving a constrained traveling

salesman problem, where among other constraints we must consider the capacity

of the vehicle at each point in time. Thus, matching a passenger to a vehicle in a

particular batch does not require that the passenger will actually board the vehicle

during that batch or that the vehicle has capacity for the new passenger at that

precise moment in time. In deterministic settings1, since we gain no new information

over time that reduces the set of constraints in the system (i.e., no information that

allows for previously infeasible pickups to be feasible) if a request is rejected in one

batch, it will be infeasible to find a trip to serve them in later batches as well.

The underlying passenger assignment framework used in this work is based on the

trip-oriented formulation of [3], which solves the assignment problem by decomposing

it into separate subproblems. The online arrival of requests is split into batches

of uniform length and computations are performed once for every batch. For any

vehicle v ∈ V and any set of requests rb ⊆ Rb all in the same batch, a trip t =

(v, rb) is a pairing of the vehicle and the requests. For any given trip, an optimal

route for the vehicle and associated cost ct can be found by solving a constrained

1deterministic travel times and no dropouts
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traveling salesman problem (CTSP). The method used in [3] for trip generation is

very general and allows for the insertion of additional constraints, something we will

take advantage of as we extend the model for the agencies.

The formulation of [3] is presented as an optimization formulation that first as-

signs a large penalty for requests that are not assigned and second penalizes the cost

of serving the assigned trips. They use a binary variable εr to track which requests

are rejected and then apply a large penalty, M . For the secondary objective, the cost

ct is left unchanged. The optimization problem remains general, however, since one

could choose M = 0 and then use an arbitrary function to assign cost ct, possibly

negative, for each trip. The operator’s assignment problem in a non-EV ridepool

system would thus be the solution of

min
x

∑

t∈Trips

ctxt +M
∑

r

εr

subject to
∑

t∈Trips:
v∈t

xt ≤ 1 ∀v ∈ V

∑

t∈Trips:
r∈t

xt + εr = 1 ∀r ∈ Rb

x ∈ {0, 1}|Trips|, ε ∈ {0, 1}|Rb|

where here Trips is the set of feasible trips and the solution is constrained to assign

at most one trip to each vehicle and choose at most one trip containing each request.

Notice that this relies on full enumeration of all feasible trips. The authors of [3]

observe that when the quality of service requirements are tight, as is typical in

ridepooling applications, the set of feasible trips is small enough to approximately
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enumerate in real-time.

Trips are found using a shareability graph, a concept introduced in [60]. A share-

ability graph, as extended by [3], is an undirected graph G = (N,E) in which the

node set N = V ∪ R is comprised of nodes for each vehicle and request. The edge

set E contains all pairs (v, r), v ∈ V, r ∈ R if vehicle v can serve r and all its current

passengers while satisfying the quality of service constraints. E also contains all pairs

r1, r2 ∈ R if it is possible for an ideal hypothetical vehicle to serve both requests (for

example, if the requests are five minute apart and the maximum waiting time is two

minutes even an ideally located vehicle cannot serve both).

Every feasible trip induces a clique in the shareability graph containing exactly

one vehicle node. This is the case since the edge set was constructed from necessary

conditions for the feasibility of a trip. While the general problem of finding cliques

is hard, [3] proposes a method for searching for the cliques in the shareability graph

that is exact and, when heuristics are used such as restricting requests to be paired

with the nearest 30 vehicles, can be solved in real time.

It may be the case that after the assignment process some requests are not served

and some vehicles are left unassigned. If this is the case, a minimum cost matching

based on distance is performed between the vehicles and the rejected requests. Those

vehicles are then routed to the locations of the rejected requests as a heuristic for

rebalancing to areas that require additional coverage. This is only one strategy

for rebalancing; more sophisticated rebalancing strategies have also been proposed

[40, 77].
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5.4.2 Modification for Microtransit Systems

While from a descriptive standpoint there are many differences between ridepool

systems in general and first/last mile transit systems, from an algorithmic point of

view the primary difference between such systems is in the definition of constraints.

This can lead to two problems: 1) computing routes and feasibility for potential

trips and 2) handling the possible exponential increase in the number of feasible

trips caused by the relaxation of many constraints, which in the general setting had

been used to prune down the size of the list of feasible trips.

First we address the issue of computing routes for potential trips. A key advan-

tage of the trip based framework is that the evaluation of potential trips allows the

algorithm to be separated into modular components, whereby adding new constraints

to routes that are served does nothing other than change the black-box function that

is used to evaluate them. There are several constraints that we might consider in

the first/last mile setting that are different from what was proposed in [3], and some

the might be considered in either that were not addressed. This includes

1. Separate maximum wait times for first-mile origins vs last-mile origins

2. Longer boarding times for requests that need a lift to board/alight

3. Constraints for first-mile trips to meet specific transit connections

4. Dynamic fleet sizing, vehicles entering/exiting service

5. Heterogeneous request population, such as some requiring lift deployments to

board
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Each of these constraints can be naturally incorporated into the trip evaluation

process through a simple construct-and-reject method. This method can be imple-

mented through a depth-first search that builds paths by sequentially considering

every possible next step the path could follow. Each possible next step is evaluated

to see whether adding it will cause one of the constraints to be violated. If so, that

particular decision is rejected and other choices are tried. If there is a path that can

serve all of the requests while meeting the constraints, at least one of these searches

will add every single request to a complete path. In that case, the solution is the

complete path that has the best objective value, however we choose to define it. If

there is no choice that yields a solution, then the trip is infeasible. It is important

that the path evaluation process use the same mechanics of motion as the environ-

ment simulator. If they have different behavior, it is possible that a trip that is

thought to be feasible ends up violating a constraint when executed.

The second issue is handling the large number of potential trips. In the case of

dense, city-scale ridepooling, we have the ability to impose strict QoS constraints

that effectively limit the number of feasible trips. Even when these constraints are

somewhat loose, simple timeout heuristics can still produce candidate trips sets that

yield sufficiently high performance while being manageable in size. However, in

first/last mile transit settings a significant portion of the requests may be able to

share the same vehicle with each other. In this case, the number of feasible trips can

quickly grow to be too large to handle.

One way to handle this is by reducing the problem into an easier one. The overall
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solution may not be optimal, though this is expected since the exact solution is too

expensive to compute. The way we simplify the problem, when necessary, is to only

generate cliques of size one — meaning pairing a vehicle and a request. All previous

assignments to the vehicle are preserved implicitly. We then run the assignment ILP

to match as many of the requests as possible.

5.5 Results

This section describes the experiences and results of the iterative design process with

the two agencies.

5.5.1 Initial sites in King County.

Work began first on the King County location with an objective of choosing a site for

the pilot to run. Initially, there had been multiple candidate locations in the county

that were considered. Among the candidates, the area around Kent was chosen based

on favorable estimates for demand. The purpose of the first round of experiments

was to introduce the agency to the simulation tools and to solicit feedback on refining

the service design.

The initial concept was a first/last mile service coming in and out of Kent railway

station. As a first attempt at a concrete siting for the pilot, little was known about

how the agency wanted to operate the system. The many unknowns included the
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size of the service area, requirements for standards of service, vehicle counts, whether

booking in advance would be allowed, as well as information about user demograph-

ics and density. Rather than being an all day service, the first set of experiments

considered only a first-mile service for the Sounder commuter train, which provides

access to jobs in downtown Seattle.

To get the temporal distribution of demand, boarding data for the sounder trains

was used to estimate the intensity of demand in 30-minute buckets, spanning from

5:30am until 8:30am. The bucket from 8:00 to 8:30 was discarded since it would not

be possible to request a ride in that interval while still catching a train by 8:30. When

we needed to generate a request, we first identified the bucket and then uniformly

selected a time within the bucket.

The spatial distribution was complicated by the fact that we did not know how

big a service area would be desired. We defined four service zones by creating four

concentric rings around Kent railway station, each one, two, three, and four miles in

radius respectively, as shown in Figure 5.2, then creating zones by nesting the rings.

Within each one-mile thick ring we proposed a density of demand considering both

distance from the station and the density of roadways in the ring. We then defined

four groups of demand profiles for a service in a circular area with each radius.

Finally, since we did not know what kind of demand intensity to expect we

generously created two cases: 270 requests per day and 450 requests per day. These

numbers were chosen by estimating that between 20% and 33% of inbound rides

on the Sounder rail could be converted to first mile rides. We explored serving
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(a) Initial Kent service area. (b) Demand spread in concentric rings.

Figure 5.2: The initial service area was drawn from OpenStreetMap. The service
centered on Kent railway station. A simple technique to create demand regions
was chosen by forming concentric rings around the station and defining a demand
intensity within each one.

the demand using between three and five vehicles of capacity eight and added the

constraint that the waiting time plus the onboard delay for passengers that were

served could be at most 30 minutes.

The results showed that service could be very promising in the one and two mile

radius areas, but the larger four mile area had an unacceptably low percentage or

requests being served, as shown in Table 5.2. Analysis at the request-by-request

level revealed that in the large service areas, requests that were made further away

from the station were significantly more likely to be rejected. This suggested that

the large service area was also unrealistic since users in the peripheral areas would

be less likely to be repeat customers.
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Table 5.1: Service rates.

Vehicles 3 4 5
1 mile 99.71 99.71 99.71
2 miles 52.55 64.41 74.62
3 miles 35.21 44.6 53.44
4 miles 27.59 35.37 42.41

Table 5.2: Service rates (percent of requests served) for the nested service zones with
radius of one, two, three, and four miles. While having additional vehicles is better,
it is a struggle to achieve good service rates in the largest service area.

While somewhat naive, these experiments were valuable in familiarizing both

groups with the service area and the simulation technology. As a result of the

experiments, a dialog began with regards to the boundaries of the service area. It

was agreed that the four mile service area was too large and the agency gave a

general introduction to the Kent area, describing certain areas as being residential,

commercial, and industrial. This is when it became clear that the agency’s objective

was to serve passengers in low-income areas where the fixed-route service did not

provide adequate coverage. Despite this, questions were still left unanswered about

details of exact service area boundaries, many parameter settings, and questions of

fleet size. The possibility of night-ahead booking was still not eliminated, though it

was not part of the experiments presented.

5.5.2 Site revision.

In the second iteration of work, headway was made exploring ways to make a selection

for the service area. Following information from the agency, it turned out that
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population density was not evenly distributed over the large area defined by the

four-mile circular proposal. Instead, a new boundary was considered directly east of

Kent railway station. The goal of this modification was to focus on residential areas

and to gain efficiency by reducing the size of the boundaries to get higher densities

of requests.

The new proposal on the east Kent service area never made it through the com-

plete experimentation process since the transit agency made a decision to revive a

proposed service area in the area of Kent just north of the station. The new service

area had two distinct zones - a residential area and an industrial area, with the res-

idential zone being defined with a larger and smaller option available, as shown in

Figure 5.3. In addition to the refined area, the new service area also came with new

proposed hours of 5am until 7pm.

Despite the progress on the service area choice, the challenge with using exper-

imentation to continue developing the service was the sensitivity of the results to

the levels of demand, customer behavior, and the lack of decisions being made on

parameters that were key to defining the service, everything from those defining

trip constraints to higher level choices such as on-demand versus book-ahead style

service. The research team used an algorithm that had specific constraints, such as

maximum waiting and delay times, that had significant impact of the performance of

the system since these constraints drove the decision between accepting and rejecting

rides. On the other hand, the agency was used to defining constraints in terms of

average performance and deferred these decisions to other members of the project.
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Figure 5.3: Service area north of Kent. The region can be partitioned into residential
areas, highlighted in orange, and industrial areas, highlighted in blue. The railway
station is near the bottom left. Credit Andrea Broaddus.

This created a difficulty since it became hard for the research team to be sure that

agency understood the questions that needed to be addressed to continue meaningful

development on the project.

A benefit of having a well-defined service area is that work could begin on de-

veloping higher-fidelity models for demand generation. Three issues considered were

demand estimation, mode-share estimates, and generating demand profiles for exper-

iments. Demand level estimates were produced using a combination of two models.

For first mile trips, generation models were used that captured demand from res-

idential customers using data from known sources including employment locations

and transit ridership levels. For last mile trips, gravity models were used for employ-

ment and shopping areas. This number is compared with the mode-share estimates,
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which are used to produce the final estimated ridership level. This process yielded

an estimate of 350 riders per weekday, which represented a significant reduction in

demand density compared to the first round of experiments which only covered the

morning rush hour.

The meeting with the agency had a focused purpose of soliciting decisions by

presenting the model in the most concrete way possible, hoping this would lead to a

discussion from the agency that would give insights into their thinking. To this end,

the demand generation methodology above was presented along with a description

of the service in terms of specific parameters, vehicle counts, and a proposal that

night-ahead booking be dropped from consideration. They agreed with the decision

to drop night-ahead booking and thought that the demand generation model seemed

reasonable. The times of service were changed to 6am-7pm. The service area was

fixed, but they brought up that they might also consider an option where only a

smaller portion of the residential area was included in the pilot.

5.5.3 Demand modeling for North Kent.

The next step for the research team was to develop demand profiles that matched

the proposed demand model. Of concern was the reliability of the demand estimates.

Not only was the actual demand hard to estimate due to its ultimate entanglement

with the quality of the pilot service design and the unpredictable changes in customer

behavior due to the COVID-19 pandemic, but the results from simulation showed
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sensitivity to the demand levels. Therefore, the research team moved away from

specific estimates of demand to instead showing the various performance metrics

for a range of possible demand levels, allowing for consideration of design decisions

under the full range of possible demands that could actually occur when the service

launched. See Figure 5.8 for an example.

The first big challenge was implementing the new demand model. Using the model

to generate demands consisted of two steps: 1) determining the balance between

residential and industrial traffic and 2) estimating the temporal spread of the demand

in each direction. This was done by analyzing boarding and alighting data for buses

that traveled through the respective zones.

The temporal distribution of demand was formed by dividing the day into three

parts: morning from 6am-9am, midday from 9am-4pm, and evening from 4pm-7pm.

Results showed that demand intensity was higher in the morning and evening com-

pared to midday, as shown in Figure 5.4. In general, more travel seemed to occur in

the evening.

By comparing the number of riders on the buses used in the data, it was estimated

that in general 44% of demand would come from residential areas and 56% of demand

would be to the industrial area, as shown in Figure 5.5. Under the option with smaller

bounds in the residential areas 16% of demand would come from the residential area

and 84% would come from the industrial area, a value computed by comparing the

ratio of sizes of the residential areas in each option and assuming an even spread of

demand.
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Figure 5.4: Number of transit riders by time of day, split into residential demand
(blue) and industrial demand (orange). Note that the AM and PM peaks are each
three hours long while the midday period is seven hours long. This means that
demand intensity during midday is significantly lower than during peak hours.

Figure 5.5: Break down of relative demand by region, comparing full residential
option (left) and the smaller residential option (right).

Finally, the bus data was used to estimate the ratio of first-mile riders that would

be traveling into Kent railway station to last-mile riders heading out. As shown in

Figure 5.6, the residential area showed strong directional trends over the course of

the day, suggesting a pattern of commuting to work in the morning and returning

in the evening. The industrial area is more balanced, suggesting steady employment

work load in the area.
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Figure 5.6: Directional trend of demand by time of day. Residential demand shown
in blue, industrial demand shown in orange.

In this round of experiments, the research team introduced the first breakdown of

the results into separate scenarios so that direct comparisons could be drawn between

different parameter choices. The baseline scenario used three vehicles of capacity

eight and a maximum delay time of 30 minutes. The second scenario reduced the

fleet size to two vehicles and the third scenario explored using two vehicle with an

extra third vehicle during peak hours 6am-9am and 4pm-7pm. The fourth and fifth

scenarios explored raising the fleet size to four and five, respectively. The sixth

scenario increased the capacity of the vehicles to fourteen to see whether investment

in larger vehicle should be considered. Finally, the seventh and either scenario replace

the 30 minute maximum delay time with a total-journey limit of 2x Door-to-Door

time and Door-to-Door time plus 15 minutes, respectively. The simulation tool itself

had some modest improvements, now allowing us to model the time it takes for

passengers to board and alight the vehicles, something we refer to as dwell time.

Initially we made the simple assumption that the dwell time is 30 seconds in all

cases.

In general, we found that adding more vehicles increased the percent of demand

that could be served, but it did not significantly reduce the total delay times for
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(a) Service rates. (b) Total delay times.

Figure 5.7: While increasing the number of vehicle makes a considerable improvement
in service rate (left), it has little effect on the total delay time for passenger (right).

riders. This is illustrated in Figure 5.7. The reason the delay time did not decrease

had to do with the way the extra capacity was being used. Since the primary objective

is serving as many people as possible, the algorithm was using the extra capacity

to serve requests that Although the delay time may have decreased for individual

passengers, many passengers who were rejected since their trips would have added

too much delay time were now able to be served. Since the primary objective of the

assignment process is to serve as many people as possible, the ability to serve the

extra demand dampened any benefit seen to average delay times. If there had been

enough vehicles to serve all of the requests then it might be expected that service

qualities, such as delay time, might decrease.

We found that performance was strongly affected by the choice of delay constraint.

Allowing for 30 minutes of total delay performed best while 2x door-to-door time

performed worst, as shown in 5.8. Roughly, this is due to the magnitude of time

that each strategy allowed for. In addition, 2x door-to-door time also suffered from
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Figure 5.8: Comparison of delay constraints. 30 minute delay performed best, fol-
lowed by door-to-door + 15 minutes delay and door-to-door delay. The ordering is
not surprising. The constraints that effectively allow more delay time perform better.

rejecting passengers closer to Kent railway station at a higher rate. This is because

the passengers in this area had a short direct time and therefore could only be

picked up by vehicles that were very close. Figure 5.9 shows rejections in the service

area under the best and worst delay limits. Careful inspection reveals a higher

density of rejections near the bottom, where the railway station is located, in the

2x door-to-door experiment compared to the 30 minute max delay experiment. We

recommended that the default of 30 minute max delay be kept to maximize the

number of people served, but consideration may also be made to customer experience

and preference.

In addition, we found that using three vehicles all day instead of two vehicles with

an extra at peak hours made little improvement in the service rate. Unsurprisingly,

the smaller residential zone led to more people served than the larger one since

demand was spread out over a smaller area. Finally, we found that increasing the

capacity of the vehicles beyond eight did not provide a measurable benefit. This is
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(a) 30 minute delay. (b) 2x door-to-door time.

Figure 5.9: Rejection patterns for two delay constraints. While the distribution of
rejections is fairly uniform in the 30 minute delay model (left), in the case of 2x
door-to-door time (right) the density of rejections is higher in the lower portion of
service area, corresponding with locality to the hub. In many ways this is expected
since the delay constraints would require very fast service in those areas.

likely because the constraints on service quality have a larger impact on rejections

than the capacity of the vehicle.

5.5.4 Initial experiments for Minneapolis

The initial experiments were conducted after the general site had already been cho-

sen, which had been made prior to the research team starting significant work in the

area. An advantage of starting work in Minneapolis after having some prior work

already done was the maturity of the simulation tools and our better positioning

to solicit useful information early on in the process. At the request of the agency,

the simulator now included the new ability to accommodate riders that needed lift

deployments in order to use the service. This meant that a lift request would be
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treated as requiring a longer amount of time to board and alight the vehicle, distinct

from the time that is normally required for other passengers. We were concerned

that the extra dwell time needed for lift request passengers would cause them to

be rejected at a higher rate than other passengers, an issue that could raise equity

concerns. To address this, we made the assumption that the extra time required by

a lift request passenger would not count against the maximum dwell time constraints

for passengers on the vehicles since they would be understanding. The dwell times

for other passengers remained, with values updated to be one minutes for boarding

and 30 seconds for alighting.

The first question to be studied was the choice between a larger and smaller

service boundary, as shown in Figure 5.10. Then, we wanted to know how important

it was to focus on acquiring vehicles with larger capacity. The default capacity for

vehicles during the COVID-19 pandemic was assumed to be three. However, we

wanted to identify if spending more to get vehicles of capacity eight would be a

beneficial tradeoff. Third, we wanted to know the sensitivity of the service rate to

the number of vehicles. The agency had suggested budget for three vehicles, but we

were interested in seeing the impact of adding an extra vehicle. The experiment was

to focus on running from 5am until 2am.

Finally, we wanted to address a more difficult problem: the choice of delay con-

straints. The choice impacts the system, but the nuances between them and how

they change the customer experience can be difficult to understand for those un-

familiar with the difference in definitions. We explored four options for the delay
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(a) Smaller service option. (b) Larger service option.

Figure 5.10: Two possible service area options proposed for the Minneapolis pilot
after initial site selection. The smaller service option (left) is contained within the
larger service option (right).

constraint.

1. 2x Door-to-Door time (2x Detour) for total in-vehicle time.

2. Fixed Detour, 10 minutes or less for excess riding time.

3. Hybrid option, any trip okay if it satisfies either of the previous two constraints.

4. Fixed Delay, passengers want the sum of detour and waiting time and excess

riding time to be less than 10 minutes.

Being the first round of experiments, there were limitations in making demand

profiles because we had only received preliminary data on the service area. We used

data on the C-Line BRT to determine the distribution of demand across 30 minute

increments, as it was presented in the data provided. We placed an even weight on

first-mile and last-mile trips since the data did not distinguish directions. Spatially,
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we spread the demand uniformly across the service regions. Each trip was either first

or last mile to the bus station at Olson & Penn. In addition, not having data on lift

deployments, we made the assumption that 2% of requests would need to use a lift.

We presented the results of our experiments to the agency using the service rate,

waiting times, and detour times, though here we illustrate using only the service

rate metric. In general, we found that the performance was significantly higher than

what we had seen in King County. We attribute this to the smaller general size of

the candidate service areas.

As for the first question about the design of the service area, we found that

the service rate tended to not be sensitive to which area we used. As shown in

Figure 5.11, either area performed better in some experiments at different demand

levels. This suggests that the difference is mostly notable at higher demand levels

where the smaller area yields better performance since the average travel distance

required is slightly smaller.

For the second and third question we had asked, we found that the number

of vehicles was significantly more important than the capacity of the vehicles. As

shown in Figure 5.12, the service rate for high demand levels climbs sharply when

increasing from three to five vehicles. However, increasing the capacity from three

to eight makes negligible difference.

Finally, we found that the best detour constraint was the “Fixed Detour” option,

which was similar to the one we had recommended in King County. In essence, this
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Figure 5.11: Comparing the larger (blue) and smaller (orange) service area option.
The smaller service area may be performing better at high demand levels since the
shorter average distances make matches between requests and vehicle more likely.

(a) Varying fleet size. (b) Varying capacity.

Figure 5.12: Evaluations of capacity vs fleet size indicate that fleet size is more
important. In the left figure, the 5-vehicle fleet (orange) does not suffer from degraded
service as demand increases anywhere near as much as the 3-vehicle fleet (blue) does.
In the case of vehicle capacity, shown in the right figure, a capacity-6 vehicle (orange)
offers only a small benefit over a capacity-3 vehicle (blue) option.
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Figure 5.13: Service rate of the system under various delay constraints. The best
was the Fixed Detour option (red) which overlapped the Hybrid option (blue). The
Hybrid option turned out to be equivalent to the Fixed Detour option.

boils down to this version of the constraint being the most generous and therefore

also the least likely to require rejecting passengers. As shown in Figure 5.13, the

Hybrid constraint also performed as well as the Fixed Detour constraint. This is

not surprising, since it allowed any trip permitted under either Fixed Detour or 2x

Door-to-Door time (2x Detour) constraints, and the Fixed Detour constraint was

always the most generous.

As for next steps, the agency agreed to provide ramp deployment data for fixed

route buses to help make estimates for the actual percentage of riders that would

require lift deployments. They also pointed the research team towards data that

could be used to derive directional trends in demand. They also decided to move

forward with the larger service area to cover more demand since the performance

was expected to be similar for both possible service area sizes.
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5.5.5 Second round experiments for Minneapolis

The second round of experiments introduced new functionality. First, it introduced

the ability to consider a dynamic fleet where vehicles can enter and exit service

at predefined times during the day. Second, it added realism to the simulation by

differentiating different street corners for C line stations, which was relevant since

they were located on divided roadways. And third, it allowed maximum waiting time

constraints to be defined separately for first-mile trips vs last-mile trips.

The first question we wanted to answer was whether it would be beneficial to add

a second bus station to the service area at Plymouth & Penn, as shown in Figure

5.14. Second, we wanted to know if relaxations of the constraints for passengers

needing a lift allowed them to be served with the same general rate as all customers

as a whole. Third, we also wanted to know whether the dynamic fleet allocation

plan proposed by the agency performed differently from using a static number of

vehicle all day, with the same total number of vehicle hours. Fourth, we wanted

to know how the maximum waiting time for customers being picked up at the bus

station impacted the service, varying it separately from waiting times at first mile

origins. This feature is important since weather in the area is expected to cause lower

waiting tolerances for last mile riders. Finally, we wanted to know what impact our

assumptions on boarding and alighting times for customers had on the performance

results we were getting. Namely, we wanted to try increasing them from the one

minute boarding/30 second alighting used in the previous round since we considered

it possible that actual boarding times may be less optimistic than assumed in our
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Figure 5.14: Illustration of the Minneapolis service area, with orange dots indicating
intersections requests can be made from. Two blue triangles show the location of
the two fixed route stations considered to be hubs.

previous rounds.

The baseline we used included the two bus stations, dynamic fleet sizing, and con-

straints for fixed detour and maximum waiting set to ten minutes. The next scenario

we tried considered replacing the dynamic fleet schedule with a static schedule that

used the same number of vehicle hours per day. The third scenario varied the max-

imum waiting time tolerance for last-mile customers. The fourth scenario explored

removing the new station at Plymouth & Penn, only leaving the station at Olson

& Penn, to see whether the extra station improved performance. Finally, the fifth

scenario looked at the sensitivity of the simulations to our assumption of boarding

and alighting times.

We found that dynamic fleet sizing outperformed the static 3-vehicle fleet in our

experiments, even though the number of vehicle hours was the same. We attribute

the slight improvement in service to the way the dynamic fleet sizing plan given by
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agency coincided with patterns of demand.

Reducing the maximum waiting time for last-mile trips from ten to five minutes

reduced the average waiting time by about 1.5 minutes at the cost of serving 3% fewer

requests. While serving more requests is usually considered better, the demand for

lower waiting times comes from passengers desiring less time spent waiting outside

for a ride during the cold winter months. Since both longer waiting and higher

rejection rates are considered to be undesirable, we left it to the agency to make a

decision on the tradeoff.

While adding an extra bus station did not make significant improvement in the

percentage of requests that were served, we found that waiting times and in-vehicle

times were significantly reduced. We attribute this gain to the reduction in average

distance required to serve requests since they can now choose stations that are closer

to their first/last mile location. On the other hand, the lack of change in percentage

served likely can from the two stations reducing sharing opportunities.

On a less positive note, we found that performance showed sensitivity to dwell

times when it took more than two minutes for passengers to board and 60-seconds to

alight. These times were explored since it is possible that first-mile customers may

not already be at the street side when the vehicle arrives at their location. As long

as these times remain low, decent performance may be expected to be maintained.

As before, the results overall appeared very optimistic since the service area

overall is fairly small.
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5.5.6 Final round experiments for Minneapolis

The final round of experiments for Minneapolis did not involve as many updates

to the simulator itself. Rather, having established the technical needs from previ-

ous iterations this round mostly focused on using the simulation tool to compare

additional design alternatives.

At the request of the agency, we considered the impact of adding a third station

at Plymouth & Fremont/Emerson, as shown in Figure 5.15. This station was not on

the C-line and required us to produce new demand profiles based on new bus data

provided by the agency. From the data, we estimated there would be twelve vehicle

lift deployments per day on the fixed route services and scaled that amount in each

microtransit scenario according to the demand level. For illustrative purposes, we

also tested the system performance under two types of “no denials” settings. First,

we do this by increasing the number of vehicles until no one is rejected. Second, we

do this by removing all waiting and delay constraints. This was an important test as

it would provide the agency with an understanding of the impact of the constraints

they were requesting.

Similar to the addition of the second station, we found that adding the third bus

station did not significantly change the percentage of requests that were served but

it did reduce the waiting and in-vehicle time of the passengers, as shown in Figure

5.16. An exception to this is that the average time that last-mile trips waited to be

picked up at the bus station made a small increase.
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Figure 5.15: Map of Minneapolis service area, showing roads and intersections. Three
blue triangles indicate the location of three fixed-route stations under consideration
for the final round of experiments.

(a) Service rates. (b) In-Vehicle time.

Figure 5.16: Evaluation of adding a third station. While the service rate (left) does
not noticeably change, the in-vehicle time (right) is reduced for the three station
option. This is likely since the average distance between hub and destination is
lower when there are more hubs to choose from.
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In the no-rejection scenarios, we found that increasing the fleet size to eight ve-

hicles could serve 100% of the daily demand. Increasing beyond eight gave steady

improvements in waiting time and in-vehicle time, but the marginal benefits de-

creased considerably.

In the second no-rejection scenario where all of the constraints are relaxed, we

found that the typical waiting time for passengers increased though the in-vehicle

time decreased. We attribute these seemly opposite changes to an increase in ef-

ficiency in moving the passengers. By removing nearly all of the constraints and

focusing instead on throughput, we are able to batch passengers together into effi-

cient groups that move many people at the same time. This means people must wait

longer for a ride, but once on board the assignments are effective at getting passen-

gers to the station quickly. This agrees with the objective we use in the simulation

solver to minimize vehicle miles traveled: when all passengers are served, this metric

is minimized when each passenger on average spends the least possible amount of

time on board. In practice, a no-rejection policy would likely not be attractive to an

agency since the wait times for a small number of individuals can be very high.

5.5.7 Final round of experiments for King County.

Having paused to spend time on work for Minneapolis, we now returned to King

County to do a final round of experiments, taking advantage of the developments we

had made to our simulation tools and understanding of several transit agency goals
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(a) First-mile waiting time. (b) In-Vehicle time.

Figure 5.17: Effect of rejection constraints. The average first-mile waiting time
grows substantially when there are no rejections (orange) compared to rejections
(blue). The in-vehicle time decreases when there are no rejections, attributable to
more efficient assignments.

to help answer lingering questions about the Kent pilot.

The final round of experiments included a new baseline. The service was to run

from 6am until 7pm on weekdays and 7am till 7pm on weekends. There would be

two vehicles, plus a third vehicle during peak hours on weekdays each with a capacity

of six passengers. The dwell time assumed in simulation for picking up passengers

would be two minutes, the drop off time 30 seconds, and groups of passengers could

board/alight at the same location and only use the dwell time once. As before, lift

deployments were five minutes and 2% of requests were assumed to require a lift.

Similar to the case in Minneapolis, the agency was interested in adding a second

hub to provide more options for riders. In this case, they wanted to locate the new

station in the middle of the industrial portion of the service zone. In general, they

anticipated 80% of demand would want to travel to the railway station and 20%
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would want to travel to the new station in the industrial area. In addition to the

new station, they also wanted to know what system performance would look like

under a possible “COVID” scenario where the vehicle capacity was reduced from six

to three and the split of demand between the railway station and the new station

became 50-50. They also wanted to know the impact of reducing the maximum

waiting time from twenty minutes to ten minutes.

A new feature we introduced to the simulator was the ability to exactly match a

request with a particular fixed route bus. For this experiment, we generated demand

profiles where customers request service approximately 15-25 minutes before the bus

they want to catch, uniformly spread, if they are first mile trips. If we cannot find

a vehicle route that will get the passengers to the station by that time their bus

departs we are required to reject them.

The difficulty with making demand profiles that specify a target bus for the

requests is that customer behavior affects the service rate, as illustrated in Figure

5.18. Meaning, if customers in the data set request rides well in advance then a larger

percentage of the customers will be served and brought to their bus on time. However,

if they request at the last minute then we will see most of them being rejected. It is

important to study this aspect of the problem separately since otherwise we cannot

know how any other results we derive from these data sets may have been influenced

by the particular choice of behavior.

As shown in Figure 5.19, as customers make their requests earlier and earlier

the percentage of requests that we can serve steadily increases. At the low end,
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Figure 5.18: Customer behavior. Alice and Bob want to connect to a 10am bus
departure. If Alice requests 10-20 minutes in advance of the bus departure she is
less likely to be served than Bob, who requests 15-25 minutes in advance, since there
are fewer options to serve tighter connections than looser ones. When generating
demand profiles, we must consider whether customers are more like Alice or more
like Bob.

requesting 5-15 minutes in advance typically leads to less than 50% of demand being

served while in cases where passengers request 20-30 minutes in advance around

70-80% is served. As a representative choice for our experiments, we decided to use

15-25 in advance as the default option, trading off a slightly better expected customer

experience with a slightly lower service rate.

Overall, we found that using two stations instead of one did not noticeably in-

crease the percentage of requests served or reduce the waiting time for passengers,

but it did decrease the amount of time passengers spent on board the vehicle. In ad-

dition, the average waiting time for last-mile trips was slightly longer. We interpret

this to mean that last mile passengers waited longer since they were split into two

locations, and a vehicle might be close to one of the locations but not the one the

request comes from. Similarly, waiting time for first-mile trips did not significantly
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Figure 5.19: Service rate by how far in advance of a connection requests are made.
Generally, booking earlier is better.

change since having two stations does not change how far these customers are from

the typical vehicle location at the time they submit their request. Finally, on-board

time decreased since the typical customer had a shorter average trip distance between

their origin and destination, as the new station was in a more central location. This

is similar to our findings in the Minneapolis experiments.

In a similar vein, we found that the COVID scenario had similar results to the

two station scenario, though on board time was further decreased. We attribute

these results to the fact that the COVID scenario was defined for two stations and

more weight was placed on the central station in the industrial zone rather than the

railway station, which is at the extreme southern end of the service area.

Reducing the maximum waiting time from twenty minutes to ten minutes made

a 3-5% reduction in service rate, as well as nearly 16% decrease in waiting time

for first-mile trips. Last-mile trips were less affected and in-vehicle time increased

modestly.
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5.6 Conclusions

The use of a simulation tool in planning proposed microtransit pilots aided several

agency decisions. Besides being a focal point for envisioning the system as it would

look at deployment, the metrics it produced also informed important decisions, some-

times in expected and sometimes less expected ways. Some results reinforced what

the agencies already suspected, such as the early finding that extremely large service

areas are hard to operate with short waiting and delay times. Other results were

pleasant surprises, such as the value added from increasing the number of hubs the

FMLM service connected to. It would have been difficult to predict that on-board

times would be impacted more than service rate without the aid of a simulation tool.

Some results led to recommendations that agencies ultimately ignored. For example,

results showed that there was little marginal benefit to using higher capacity vehi-

cles. However, this did not stop one of the agencies from pursuing that route. They

believed that since buses bring in groups of requests at the same time, higher capac-

ity vehicles could take advantage of batching in a way our results were not showing.

Since the simulation demand profiles we used assumed a somewhat uniform spread

of demand across time, they reasoned it could be failing to capture that effect.

It is important to highlight the key ways simulation tools add value to the plan-

ning process. First, these tools give agencies the ability to compare service design

elements such as service area, hub placement, and vehicle capacity in nuanced ways

by comparing output statistics from simulation experiments that test a wide variety

of scenarios. Second, the output statistics from the simulation allow agencies to un-
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derstand the customer experience in a way that is not possible with a simple high

level analysis. Metrics such as waiting time for first mile rides, total in-vehicle time,

and the percent of rides that are shared are all sensitive to the scenario and the var-

ious parameters at a level of detail that cannot be made without a simulation tool.

Finally, the simulation tool also served an algorithm “proof-of-concept”. This means

that when a simulation experiment is run that implements standard constraints such

as maximum waiting time limits as well as custom constraints such as first-mile re-

quest bus matching, it serves as its own assertion that an algorithm can be run in

real-time to make assignments that meet these constraints.

Nonetheless, simulation tools do have limitations. The simulation tool used in

this work had limitations unique to its academic nature. Since the primary focus of

the research simulator was the study of the assignment algorithm process, the tool

was very developed in terms of performance of trip route selection and generation.

However, this came at the cost of other features that may be of interest in real-

world settings. One example of this is the deterministic travel times used in the road

network. Any real-world implementation of the service would need to account for and

model uncertainty in travel times and should also give a nuanced consideration to the

way that route elements such as left turns and traffic lights can impact travel times.

Another example is the way the simulation tool only considers vehicle boarding and

alighting at road intersections. This restriction again comes from the simplicity of the

travel time calculations — the internal representation of the road network only stores

the travel times between intersections. None of these restrictions are theoretical in

nature, rather they are artifacts of representing lower priority goals in a university
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simulation tool where exact travel time models don’t contribute to algorithm research

questions being asked.

In addition, using a simulation tool does not help with predicting features that

might be regarded as input. For example, the simulation tool does not give a novel

way to predict demand. In fact, the demand profiles used in this study were fairly

simple in nature. Rather, since the tool takes demand profiles as an input it is clear

that the problem of improved demand modeling still remains open. It also cannot

teach us about customer behavior. A reasonable research question might be how a

service would perform over a long period of time considering the way that customers’

use of the system depends on their own past experiences. While a future simulation

tool could include elements of behavioral feedback, such a system would still require

the user to choose the behavior model for the customers and the sensitivities of the

results to those assumptions would need to be carefully studied.

Going forward, we highly recommend the use of a flexible simulation tool to aid

the design of microtransit systems. Not only do these tools give transit agencies

transparency in how performance metric forecasts and design recommendations are

made, it allows close collaboration between technology experts and transit agency

field experts. At this time much works needs to be done to have such high quality

tools readily available for agencies and potential partners to study future services.

However, with a growing number of dedicated organizations appearing that specialize

in microtransit services it is possible that such tools could be developed in the near

future.
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CHAPTER 6

SEIR-CAMPUS: MODELING INFECTIOUS DISEASES ON

UNIVERSITY CAMPUSES

6.1 Introduction

SEIR-Campus is a Python package designed to aid the modeling and study of infec-

tious diseases spreading in communities with a focus on fast computations for large

university campuses. It uses an agent based framework with interactions derived

from individual movement patterns and interactions. For example, in the univer-

sity setting using course registration data and models of student social dynamics to

simulate day-by-day spread of infections in discrete time. Its features include:

• An epidemiological model based on the SEIR model

• Distinction between symptomatic and asymptomatic cases

• Modeling interactions (e.g., course contacts and social interactions) that change

day-by-day

• Specifying stochastic model parameters (e.g., the infectious period, recovery

time etc. can be a stochastic process)

• Highly customized testing protocols and quarantine procedures for individuals

• Integration of contact tracing

• Ability to add custom social networks
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• Fast computation of large problem instances (e.g., 20,000 individuals for a

semester in less than five seconds)

The package is designed to be easy to use out of the box, at a minimum only

requiring formatting an input file identifying a list of individuals and a list of gath-

erings they attend. The package is also designed to be highly customizable for a

variety of circumstances of interest to users. For example, the in-built infection

testing model can be extended to allow for any custom function to decide who to

test and what failure rates may occur. Also, a simple default example of contact

tracing is included, but any custom contact tracing algorithm can be inserted. How

customizations work, and more, is explained in the examples Section 6.4 to allow for

simple extensions. We encourage users with implementation experience to explore

the source code themselves.

Our work is motivated by the emerging literature on studying disease spread in

university settings. One such example, [24], creates a model that estimates the dy-

namics and interactions at a university by randomly generating interactions among

agents for each day, including randomization for constructing student course sched-

ules. Another related study [6], considers interactions in terms of agents meeting at

physical locations. This is done via a graph modeling spaces on campus with agents’

itineraries randomly generated as movements in the graph on an hour-by-hour basis.

As an alternative to largely randomized models, [78] uses real university transcript

data to study the interaction graph of students based on historical course enrollment.

Building from these ideas, our simulator uses an agent based model that allows for
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dynamic interaction graph construction by integrating interaction data (e.g., from

transcript data) with information/models of other social gatherings, both in a de-

terministic and randomized manner. While the accuracy of the specific predictions

about actual disease propagation are dependent upon the data and parameters se-

lected by the user and other factors, the main intended purpose of this tool is to

help understand the relative changes in the dynamics of the system under different

assumptions.

Related to our package, Epidemics on Networks (EoN) [49] is a Python package

that simulates infections in Susceptible-Infected-Susceptible (SIS) and Susceptible-

Infected-Recovered (SIR) disease models both over networkx graphs and differential

equation models, also including a variety of visualizations. In contrast to EoN,

our package is specifically targeted at the context of communities (e.g. university

campuses) with discrete day-by-day dynamics and includes features designed to be

convenient when information such as transcript data, demographic information for

students, and campus group identifications are available.

One limitation of our model compared to EoN is that we only consider single,

simple contagion to which agents recover with immunity. EoN has the ability to pro-

cess other simple contagion, such as infections that do not produce lasting immunity,

competing diseases which cause partial cross immunity, cooperative diseases where

one helps the other spread, and complex contagion where infection rates may be

non-linear in the number of infectious individuals agents are exposed to. EoN also

models diseases where susceptible individuals become vaccinated at a given rate,
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something that could be added to our model with small modifications. While EoN

models run very fast, it is hard to compare the running time efficiency of EoN with

SEIR-Campus directly due to differences in our model, as we allow daily changing

interaction graphs, which means infectious periods for agents must be computed

across multiple iterations to account for temporal changes in contacts.

Our package gains its computational speed by compressing all interactions within

each day as an unordered collection of events. Since the infections we are studying

do not cause individuals to become contagious on the same day they are exposed, we

need only to compute the groups of individuals who would interact each day and the

amount of time they are exposed to each other, possibly different every day of the

semester. Events, such as individuals being quarantined or recovering from infection

and no longer being susceptible or contagious, can be handled efficiently during sim-

ulation runtime. While some stochastic elements such as infection duration, whether

exposures occur, and whether exposed individuals develop symptoms are efficiently

handled during runtime, other randomized elements such as changes to the daily

interaction networks are preprocessed and have computation time highly dependent

on the customized procedures used to create the changes.

The applications of this tool are not limited to simulations of an entire university

campus; it can be used in any context in which a community of individuals whose

intra-community interactions need to be modeled explicitly. For example, profes-

sional sports leagues are keeping athletes in special “bubbles” that are intended

to isolate them from the outside world so that there are no infections internally, a
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context well suited for this tool. Similarly, as many universities are moving to online-

only instruction, some are considering offering special programs to keep athletes on

campus. In practice it is prudent to consider that external infections may reach

such groups and simulations tools that help plan policies that are robust against the

spread of infection may prove invaluable in getting the best results.

This document introduces the modeling framework we use and illustrates the

software’s usage through sets of examples. The modular implementation of the sim-

ulator allows for custom choices of quarantine policy, contact tracing policies, and

testing procedures, all of which are explained and included in the examples file in

the package. We will use the example of student interactions in a university campus

throughout the rest of the discussion, but note again that the applicability of the

package is not limited to this use case.

6.2 Epidemiological Model

This packages assumes a standard agent based Susceptible-Exposed-Infectious-

Removed (SEIR) model that considers each student as an agent and models student

interactions through meetings (e.g., course contacts and social interactions). Within

each meeting, all individuals have equal exposure to all other individuals for the full

duration of the meeting (though we discuss generalizations in 6.2.1). SEIR models

give each agent one of four states: susceptible (has not been infected with disease),

exposed (has the disease but is not yet infectious), infectious (can spread disease to
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others, may or may not have symptoms), and removed (either recovered or other-

wise unable to spread/receive disease). An initial state is given to each agent and

the purpose of the model is simulate how infections cause agents’ states to change

over the duration of simulation period. While traditional agent-based SEIR models

place agents as nodes in a static social network graph, either as a time-free model

or with Markovian transmissions over time, this software implements the ability to

have a transmission graph that changes each day, and whose weights are determined

by the durations and intensities of the respective interactions, the product of which

we refer to as the effective exposure time.

The key building block of our tool is meeting events, which act as an efficient

shortcut for interaction graph generation by defining gatherings that recur on a

regular or semiregular basis. Meetings can be created in many ways, e.g., by social

interactions or by class interactions. Meetings have three fundamental properties: a

set of individuals, meeting dates, and meeting duration. Classes, a key focus of our

tool, can be defined in this way automatically through transcript data. Transcripts

can tell us which classes students are enrolled in, which days the classes meet, and

how long they last each day. Models, perhaps aided by available data, may also

be able to to create meetings that capture expected social interactions by students

outside of class. Of course, students will typically have many other interactions

both with each other and the community at large that are hard to capture by direct

modeling. We model these interactions via an exogenous infections rate parameter

that can be calibrated appropriately. While admittedly this is a somewhat crude

approximation, our focus is on understanding the implications of the intra-campus
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interactions which we have the data to model (e.g., course network and specific social

gatherings), and the impact of intervention policies that alter these interactions (e.g.,

course size restrictions, hybrid courses, limits on social gatherings).

The SEIR model propagates infection between infectious individuals and suscep-

tible individuals when they share a meeting, with effective minutes of exposure time

as a weight for whether the disease successfully spreads each day. This means that

two individuals who share a longer class will have a higher probability of spreading

an infection to each other than two individuals who share a shorter class. While

the realities of infection dynamics depend on many factors, infection rate is approx-

imated in our model through the flexible choice of exposure duration. For example,

if students mingle before or after class, the effective duration of the class might be

considered to be longer than its schedule time. If a class has long duration but in-

volves significant social distancing, such as some lab classes, their effective duration

can be reduced to represent the duration of close contact expected during the class.

In other words, the effective duration (a scaled version of the actual duration) can

be used as a tool to calibrate the infectioun risk of individual meetings.

We use a SEIR model with the following standard extensions. First, we differ-

entiate symptomatic infectious individuals from asymptomatic infectious individuals

by creating two separate infectious states. This distinction allows us to capture dif-

ferences in infection spread rate and agent actions, such as not attending meetings

after noticing the development of symptoms. It also allows us to model compliance

by treating a fraction of those who are symptomatic as asymptomatic agents, cap-
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turing behavior where agents choose to have close contacts despite their symptoms.

Second, we consider the possibility that individuals will be placed in quarantine.

The two principle distinctions with quarantine is whether the individual is actually

infected, as uninfected individuals leave quarantine as susceptible individuals while

infected individuals only leave upon recovery. For the purposes of statistics, and

the possibility of features that take advantage of the extra information, we create a

quarantine state to mirror each of the states other than the removed state.

6.2.1 Generalizations and possible future extensions

In the SEIR model we adopt, individuals fully interact with each other for the full

duration of the meeting. However, there are generalizations of this that might be

considered for more realistic scenarios that could easily extend our model and im-

plementation without much work.

One such extension would consider that not all individuals in meeting spend the

same amount of time in class. For example, if a small number of individuals leave

early this reduction in exposure could be captured by means of a rejection process: if

the person is identified as exposed in the simulation, a coin could be flipped that with

some probability rejects the infection. If multiple people have differing arrival and

departure schedules this method would involve more effort to implement as it would

not be compatible with the assumption that meetings cannot be subdivided, which

was used to optimize transmission computation performance in the SEIR-Campus
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package. In this case, within each meeting each infectious individual’s transmissions

are computed separately and each susceptible individual’s rejection probability can

be selected based on the amount of overlap between each of their schedules.

Another possible extension would consider that individuals in different part of

the room have unequal chances of transmitting based on features such as physical

distance. Similar to the previous extension, this would not be compatible with

the currently implemented computation optimizations since it requires infectious

individuals to be considered separately from each other. Similar to the previous

case, the solution to implementing this would be to run separate computations for

each infectious individual and calculate transmissions to others by coin flips weighted

by a function of their physical separation based on the seating arrangement.

6.3 Model Details

Here we give a precise, detailed overview of the simulation model. We begin by for-

mally defining the states individuals can be in, describe the transition mechanics that

govern when individuals change state, and then describe the algorithm for efficiently

implementing the defined model.
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6.3.1 States

Each agent in the system is in one of nine states. The states are extensions of the

four typical SEIR states, with two separate infectious states and a quarantine state

to mirror each state other than removed.

1. Susceptible (S)

2. Exposed (E)

3. Infectious, asymptomatic (Ia)

4. Infectious, symptomatic (Is)

5. Quarantined while Susceptible (Q)

6. Quarantined while Exposed (Qe)

7. Quarantined while infectious, asymptomatic (Qa)

8. Quarantined while infectious, symptomatic (Qs)

9. Removed/Recovered (R)

6.3.2 Actions

Agents in the model change state through the follow set of transition rules. Some

of the rules may not apply to all simulations, such as those that do not use testing,

contact tracing, or quarantine, while other happen automatically if not interrupted,
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S E Ia Is

Q Qe Qa Qs R

Figure 6.1: State flow chart. Susceptible individuals (S) may be quarantined (Q), but
then return to being susceptible afterwards. When infected, susceptible individuals
become exposed (E). An exposed individual eventually becomes infectious, either
asymptomatic (Ia) or symptomatic (Is). Infectious individuals, if not subject to any
interventions, recover and enter the removed state (R). Exposed (E) or infectious
(Ia, Is) individuals may be quarantined in (Qe), (Qa), or (Qs) respectively. Since
these individuals are infected before they enter quarantine, they only leave once they
have recovered and are moved to the removed state (R).

such as exposed agents becoming infectious. Figure 6.1 gives a visual representation

of agent states and possible transitions.

1. Transmission. Each day, infectious individuals from Ia and Is can transmit

infection to individuals in S at a rate determined by effective exposure minutes

between pairs of individuals. This causes the state transition S → E.

2. Spontaneous exposure. Each day, individuals from S become exposed spon-

taneously (due to infections exogenous to the interaction model) with a certain

probability. This causes them to transition S → E.

3. Incubation. Individuals in E transition to either Ia or Is with a given prob-
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ability and transition at a rate dependent on which state they transition to.

4. Testing. Tests happen both at regular intervals and at scheduled times due to

an individual being selected by contact tracers. Testing latency causes results

to be returned after a delay from when the test is performed, by default the

next day. Tests have certain probabilities of type 1 and type 2 errors. A test is

correctly positive when an individual is any of states Ia, Is, Qa, or Qs. When

a test yields a positive result, contact tracing is invoked on the the individual

who tested positive. A positive test result causes state transitions S → Q,

E → R, Ia → R, and Is → R.

5. Contact tracing. Contact tracing on an individual identifies a group of peers

that have been near the individual for an extended period of time, though the

precise method used to do this is not part of the model specification. Each

individual identified in contact tracing is moved into quarantine for a specified

number of days. It causes the state transitions S → Q, E → Qe, Ia to Qa, and

Is → Qs. Each individual quarantined may be tested

6. Release from Quarantine. It is assumed that exposed individuals in quar-

antine are detected at some point during the infection and never leave until

they are recovered. Thus, they leave quarantine at the later of their recovery

time and the expiration of their Quarantine. This results in state transitions

Qe → R, Qa → R, and Qs → R. Additionally, unexposed individuals return

to the susceptible state with the transition Q→ S.

7. Recovery. On an individual’s recovery date, they are no longer infectious and

move to the removed state, through the transition Ia → R and Is → R.
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6.3.3 Internal Structure

The model is executed over a set of days D, which includes weekends and holidays

from the beginning of the semester. The model contains a bipartite graph between

individuals and meetings M . Since there are courses at the university that have

irregular meeting days and times, there is a function that gives the duration the

course meets each day Dur : (D,M)→ R+. There are sets corresponding to each of

the 9 states each individual can be in. In addition, each member of E, Ia, Is, Q, Qa,

and Qs are associated with a date at which they will automatically transition to a

subsequent state if there are no interventions. These transition times are stored in

associative array data structures.

The only two types of actions that are not scheduled are contact tracing and

testing. While contact tracing is typically scheduled on the same day that a positive

test result is returned and therefore is not scheduled in advance, testing can happen

under a variety of conditions that may require prior scheduling. For example, weekly

infection testing may occur or someone who is quarantined for any reason may be

scheduled to receive a test result the following day. In general, an individual may

be tested multiple times if they are tested while susceptible or exposed but not yet

contagious. However, only in the case of a susceptible individual does leaving quar-

antine mean returning to the general population. Therefore, in effect only susceptible

individuals can ever test positive more than once and only susceptible individuals

can invoke contact tracing multiple times.
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6.3.4 Order of Operations

The simulation processes time in units of days1. For each simulated day, events are

processed in the following order:

1. Scheduled transitions due that day (such as an individual recovering) are pro-

cessed and sets are updated.

2. Testing results come in. A list is made for contact tracing and quarantines are

updated.

3. Contact tracing is performed and quarantines are updated.

4. Daily infection spread is processed.

6.3.5 Processing Daily Infections

In traditional SEIR models on static interaction graphs, all of the outgoing edges

from an infectious individual to neighboring susceptible individuals are considered

and a weighted coin is flipped to determine whether the infection spreads to each

susceptible individual. The coin flips can even be preprocessed on an edge-by-edge

basis. However, this approach is not possible for models where the interaction graphs

change dynamically. Rather, we use a procedure that aims to efficiently compute

transmission by considering each day sequentially.

1Using units of days is sufficient and without loss when infections cause agents to change state
on the order of multiple days.
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In simulating the model each day, infection computations are done on a meeting-

by-meeting basis. Each of the meetings is processed sequentially to determine that

day’s transmissions. First, the set of infectious individuals are identified in each

meeting. Then, since infectious individuals transmit infections to susceptible indi-

viduals at a fixed rate per effective minute of exposure time, and since we assume

that meetings are fully connected interactions, we next determine the total num-

ber of exposure minutes experienced by susceptible individuals in the meeting that

day. Exposure per susceptible individual is equal to the total number of infectious

individuals multiplied by the transmission rate and effective duration of the meet-

ing. To determine which susceptible individuals become infected, we use one of two

procedures depending on which involves fewer calculations.

If the effective exposure per susceptible individual is less than one, then the

expected number of transmissions during that class is less than the number of sus-

ceptible individuals. In this case we use a Poisson process to determine the total

number of infections that occur and then uniformly, with replacement, draw that

number of individuals from the susceptible population. On the other hand, if the

number of expected transmissions is greater than the number of susceptible individ-

uals we instead use a binomial random variable for each susceptible individual using

the probability per individual of transmission.
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6.3.6 Time Considerations

The running time of each repetition of the model is divided into two portions: prepro-

cessing, which creates the set of nominal interactions, and runtime, which processes

infection spread and agent states. While the runtime of the preprocessing step cannot

be stated since it allows an arbitrary number of customizations, the largest driving

factors of runtime for the simulation are the number of individuals who eventually

become infected and the number of distinct meetings in the simulation. The influ-

ence of these factors comes directly from the model: each day, the spread of infection

is event driven and carries out a computation based on the set of meetings that have

at least one infected individual.

It is worth mentioning some alternative approaches to processing infection spread

that we rejected either due to runtime considerations or compatibility problems with

our dynamic model. Since classical SEIR models compute the spread of infection

by flipping coins on weighted edges between infectious and susceptible individuals,

a natural first idea is to compute a large static graph of contacts for each infec-

tious individual that covers all susceptible individuals they will contact during their

infectious period, complete with the appropriate weights based on the the sum of

the contact times from each days’ meetings. This approach fails, however, to allow

generalizations with testing and contact tracing procedures which may ultimately

limit the number of days the infectious or susceptible individuals have contact with

others. We decided instead to compute the spread of infection on a day-by-day

basis. Computationally, this is just a reordering of events since in either case we
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must determine the total contact minutes between pairs of individuals on each day’s

interaction graph. Further, this can sometimes lead to simplifications since some

individuals may become infected or quarantined on later days, reducing the number

of computations needed.

Another key note is the choice to have two procedures to compute transmis-

sion based on the expected number of individuals to infect. Initially we anticipated

that a very small number of people would become infected in each meeting each

day, suggesting that the most efficient manner to compute infections would be to

compute the number of susceptible individuals that would become infected using a

Poisson process and then drawing, with replacement, that number of people from

the susceptible population and label them as infected. In scenarios where few peo-

ple become infected this procedure can be implemented very fast in Python since it

can be performed by external libraries, such as Numpy’s random.choice function,

which offer significant speed advantages over explicitly written for-loops. However,

in scenarios where many individuals are infectious it becomes slow. In these cases,

the expected number of infections in a meeting may exceed the number of suscep-

tible individuals, which can lead the choice function to redundant work since we

draw with replacement. Therefore, in these situations, we instead use an alternate

procedure of flipping coins for each susceptible individual using an explicit for-loop,

which ensures no redundant work is done.

245



6.4 Usages Examples

The best way illustrate the flexibility of the model is through a series of demonstra-

tions. This section explains the basics for loading data into the model, and then

discusses ways the model can be expanded and customized. Since the SEIR-Campus

model is implemented in Python, each of the examples below is also written in Python

and is included in the Examples Jupyter notebook from the git repository. To get

the most value, the reader is encouraged to play along with these examples as they

read.

6.4.1 Basic Usage

To begin, we will create and load a simple example to demonstrate how the simulation

works. We will describe the input file format, how the data is loaded, and how

repetitions of the simulation are performed. This model will assume that individuals

only interact through course contacts and that no testing or contact tracing programs

are in place.

Input file format.

A course description file has three types of entries: student entries (demographic

information), meeting entries (used for classes or precomputed social gatherings),

and group entries (used for constructing custom social groups). Each line of the file
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contains a single entry and is in the form of a Python dictionary, whose key is the

entry type and whose value contains a dictionary of the appropriate information for

each entry type. For example, a stem student enrolled as an undergraduate might

have an entry:

1 {’student ’: {’id’: 12345 , ’demographics ’: {’gender ’: ’m’, ’is_grad ’:

’n’, ’field’: ’STEM’}}}

The key student indicates that this entry is for a student, rather than a meeting or

group. The value is a dictionary which defines the student id and a demographics

dictionary. The demographics dictionary has no fixed format; it is a convenience for

use in building custom groups and meetings by user code.

Meetings, used to build classes or other fixed social gatherings, are defined with

the key meeting. As an example, a class might be created using

1 {’meeting ’: {’id’: ’5166’, ’info’: {’name’: ’CLASS 5166’}, ’meets ’:

[(’9/2/2020 ’, ’11/13/2020 ’, ’MWF’, 60)], ’members ’: [1452, 1633,

1960, 2305, 2417, 2456, 2535, 2635, 2682, 2738, 2767, 2832, 2873,

2945, 2975, 3235, 3250, 3332, 3334, 3644, 3812, 3835, 4036,

4053, 4059, 4154, 4220, 4288, 4423, 4582, 4591, 4848, 4925, 4932,

4976, 5033, 5143, 5230, 5251, 5258, 5261, 5274, 5365, 5379,

5422, 5455, 5463, 5474, 5514, 5516, 5523, 5600, 5634, 5644, 5663,

5777, 5802, 5887, 5915, 5944, 5957, 6026, 6061, 6071, 6095,

6145, 6401, 6446, 6624, 6706, 6734, 6786, 6873, 6898, 6978, 7092,

7201, 7408, 7448, 7462, 7595, 7601, 7666, 7751, 7771, 7772,

7809, 7818, 7832, 7890, 7987, 7998, 8049, 8102, 8114, 8125, 8300,

8316, 8339, 8371, 8376, 8386, 8399, 8446, 8449, 8473, 8496,
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8520, 8545, 8613, 8616, 8620, 8630, 8631, 8645, 8725, 8726, 8739,

8804, 8826, 8854, 8875, 8943, 8956, 8966, 8971, 8972, 9000,

9034, 9036, 9062, 9141, 9212, 9221, 9288, 9310, 9311, 9342, 9492,

9500, 9535, 9727, 9860, 9880, 9975, 10108, 10139, 10147, 10208,

10209, 10304 , 10311 , 10321 , 10362 , 10413 , 10437 , 10545 , 10618 ,

10667, 10716 , 10791 , 10806 , 10853 , 10895 , 11054 , 11236 , 11260 ,

11402, 11435 , 11553 , 11594 , 11604 , 11653 , 11663 , 12346 , 12511 ,

12933, 13193 , 13287 , 13449 , 13572 , 13713 , 13970 , 14041 , 14243 ,

14287, 15000 , 15110 , 15419 , 15522 , 15657]}}

The meeting is defined by an id, a list of members comprised of student ids, and an

info dictionary. The info dictionary contains a list of names the class is referred to

(typically one but classes are sometimes cross listed) and meets information which

lists tuples of the form (start date, end date, weekday pattern, duration).

Dates are written using Month/Day/Year convention and weekday patterns can con-

tain any combination of the letters MTWRFSU. Many classes need only one such tuple,

but some classes with custom schedules may require multiple.

Finally, there are group definitions. These are not required, but provide an easy

way to load information about groups into the system for later manipulation into

social meetings. Groups are not the same as classes or social meetings, per se. The

intention is that they are for creating meetings dynamically, such as the meeting

patterns of members of a club which may be random or meetings that the user wants

to create in custom ways. This is in contrast to typical meeting definitions which

are static and computed at the time of the creation of the data set.
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A group only defines a name and a list of members. An example entry might be,

1 {’group ’: {’name’: "Women ’s Varsity Ice Hockey", ’members ’: [311,

351, 811, 1151, 1251, 1331, 1391, 1411, 1471, 1571, 1631, 1851,

1871, 1931, 1951, 1991, 2031, 2051, 2071, 2111, 2131, 2151, 2171,

2191, 2211]}}

Production of sample data

The data included in the repository for this package is produced from a combination

of publicly available data and a randomized model for courses and students. The

underlying course network is from the network used by Weeden and Cornwell [78] in

the supplemental materials [79]. From this data, student demographic information

is assigned by labeling all even student id numbers as female and all odd student

id numbers as male, something that will be used to create varsity teams later on.

Graduate/undergraduate status and field of study are directly from the Weeden and

Cornwell data.

Since the data has been anonymized and therefore does not contain any informa-

tion about the identifies of the courses, we must make artificial choices about meetings

times and dates. Despite the wide variety in class meeting times in reality, we assume

all classes in the data set meet for 60 minutes. We determine the weekly meeting

pattern randomly, as in [24], by assuming 40% of courses meet Monday/Wednes-

day/Friday, 20% meet Monday/Wednesday, and 40% meeting Tuesday/Thursday.

All starting and end dates are selected to be September 2, 2020 through November
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13, 2020, in order to align with the Cornell University Fall 2020 academic calendar.

We also note that October 14, 2020 is the only holiday during the semester, though

holiday information is added during runtime and is not part of the data set.

For varsity data, we synthetically create the teams as follows. First we chose four

team names and roster sizes as:

• Women’s varsity Ice Hockey, 25 students

• Men’s varsity Squash, 15 students

• Varsity Football, 100 students

• Varsity Gymnastics, 20 students

Then we select students, without replacement, from the list of students provided in

the Weeden and Cornwell data. We do this by starting with student index 10 for

women and 11 for men, and incrementing the indices 10 at a time, selecting a student

subject to not being labeled as a graduate student. After populating a team, the

starting index for populating the next team resumes where the previous index left

off.

The resulting list of students, courses, and varsity teams is then formatted appro-

priately as an input file for the simulator. Remember, this data set is not intended to

be a realistic scenario; rather, it is just a random data set to show the functionality

of the SEIR-Campus model.
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Loading the data.

The basic object of the simulation is the Semester object. This object stores all fields

described in the input file, expands the meeting schedules into daily meeting lists,

and accepts modifications during runtime. To create the Semester object, we pass

the data filename and a list of holidays that classes will not occur on to the object

constructor. The Semester object will automatically not expand class meetings on

those days.

1 from datetime import datetime

2

3 holiday_list = [(2020 ,10 ,14) ,]

4 holidays = set(datetime (*h) for h in holiday_list)

5 semester_full = Semester(’publicdata.data’, holidays)

Running the simulation

Creating a simulation is now very simple. We create a Parameters object using the

default settings, but changing the number of repetitions to 100 (note that repetitions

is the only, and optional, argument to the Parameters object; however we will discuss

all of its members as we go through the examples). Then we use the convenience

function run_repetitions to execute multiple instances of the simulator.

1 parameters = Parameters(reps = 100) # <-- Can change from default

number of repetitions

2 run_repetitions(semester , parameters)
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Figure 6.2: Results from running a basic simulation. Each simulation outputs three
charts. The first shows the number of susceptible, exposed, infectious, recovered, and
quarantined individuals by date. The second shows the percentiles for the number
of exposed individuals by date across all repetitions. The final chart shows the
percentiles for the number of infectious individuals by date across all repetitions.

Refer to Figure 6.2 for sample results.

6.4.2 Asymptomatic and Symptomatic Individuals

SEIR-Campus allows you to make distinctions between individuals who are asymp-

tomatic and those who are symptomatic. The primary distinction we make is that

symptomatic individuals are 1) more contagious than asymptomatic individuals and

2) will self report to take a test when they notice symptoms developing. Control

over which individuals are symptomatic and how long infections last can be fully

customized, though some convenient defaults are also provided. For full control, you

must make a class that provides the following function call:

1 def duration(self , simulation , student , date):

2 # (Custom code goes here)
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3 return infectious_start_date , infectious_end_date ,

is_symptomatic

The function is called by the simulator with a reference to itself, as well as the

student’s id and the date of infection. The return value is the day the individual

will become infectious, the day the individual will no longer be infectious (possibly

because they isolate themselves after recognizing symptoms), and a boolean indi-

cating whether the individual will develop symptoms. For users who don’t need as

much flexibility, there are two built-in classes ready to use. If you want control over

the infection duration without considering symptomatic individuals, you can use the

BasicInfectionDuration class. It takes two arguments: the rate at which indi-

viduals become contagious (per day) and the rate at which contagious individuals

recover (in days). It then draws actual durations from a geometric distribution with

the given parameters.

1 duration_computer = BasicInfectionDuration (1 / 3.5, 1 / 4.5)

This gives a mean duration of 3.5 days until an infected individual becomes infectious,

and an average of 4.5 days subsequently until they recover.

If symptomatic individuals are of concern, you can use the class VariedResponse.

This class is initialized with the rate at which individuals become contagious, the

rate at which individuals recover, the rate at which individuals develop symptoms

(if they will be symptomatic), and the percentage of individuals that never develop

symptoms. The default used by the simulator is:
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1 duration_computer = VariedResponse (1 / 3.5, 1 / 4.5, 1 / 2, 0.75)

This gives the same number of days, on average, as before until an individual becomes

infectious and then recovers, but also provides that an average of 2 days pass after

becoming infectious before the individual starts showing symptoms and that 75%

of the individuals are asymptomatic. This is also the default method used by the

simulator to compute infection durations if you do not provide an alternative.

The infection duration method of your choice can be passed to the simulator by

placing it in the Parameters object. Here is an example where all individuals are

asymptomatic. Note that the code for functions that are already implemented can

be seen in the code repository and can serve as a template for creating new ones.

1 parameters = Parameters(reps = 100)

2 parameters.infection_duration = BasicInfectionDuration (1 / 3.5, 1 /

4.5)

3 run_repetitions(semester , parameters)

Sample results for this code are shown in Figure 6.3.

6.4.3 Testing

The first intervention strategy we will look at is testing, which identifies whether

individuals are infected. In simulation, determining whether an individual is infected

comes from inspection of the individual’s state. E, Ia, and Is could all be states
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Figure 6.3: The three output charts for the basic simulation with the modification
that none of the individuals report/have symptoms.

that might cause a positive test. Some infections may only be detectable while the

individual in infectious, in states Ia and Is. The goal of a testing policy is to report

individuals who are infected so that they can quarantine to prevent further spread

of infection and possibly help with contact tracing efforts. While the default setting

in the simulation is to not use any testing, there are multiple interfaces one can use.

The Simulator objects tracks several quantities across the duration of the sim-

ulation to help facilitate testing policies, even though the Simulator itself leaves

testing to outside functions. The most useful quantity for knowing who to test is a

dictionary called test_requests, indexed by date. This dictionary contains a list for

each day of individuals who have been recommended for testing on that day. Indi-

viduals may have been added to this list for several reasons, for example individuals

who show symptoms that may wish to be tested or individuals reported by contact

tracing for testing. Of course, individuals not on the test_request list might also

be tested as well, especially in infection surveillance programs that purposely test

individuals that might not know they need to be tested. Other information tracked

255



by the Simulator is also directly relevant to determining test results, such as state

information that tracks which individuals are currently infectious.

The Simulator object offers a very general way to implement testing policies

by placing the responsibilities for testing in a callable object given by the user and

placed in the Parameters object. The goal of the object is to report to the Simulator

which individuals have taken a test that will return a positive result. The object is

called by the simulator on each simulated day. At a more detailed level, the object

should be an instance of a class that provides the function testing whose argu-

ments take a reference to the Simulator and the current date as arguments. The

testing function can determine who to test and who will get a positive result using

any of the resources mentioned in the previous paragraph, possibly even including

random elements if false positive and false negatives are to be modeled. Positive

results are reported through a function exposed by the Simulator object called

schedule_positive_test_result, which takes as an argument the id of the indi-

vidual who tests positive. It will automatically notify the individual of their test

result after the default test return latency (1 day).

As an example, consider the following testing policy, which is included in the

SEIR-Campus package.

1 class IpGeneralTesting:

2 def __init__(self , test_groups):

3 self.test_groups = test_groups

4 def testing(self , simulation , date):

5 to_test = set(self.test_groups[date.weekday ()])
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6 to_test.update(simulation.test_requests[date])

7 for s in to_test:

8 if s in simulation.state.Ia or s in simulation.state.Is

or \

9 s in simulation.state.Qa or s in simulation.

state.Qs:

10 simulation.schedule_positive_test_result(s)

This testing policy tests a fixed group of individuals each day of the week, as

well as any who have been identified by contact tracing. The class initializes with

a dictionary mapping the weekday (as a number 0-6). When the testing function

is called, it gets the set of individuals that regularly test on that day of the week

and adds to that the set of individuals who need to be tested because of contact

tracing or showing symptoms. For each individual identified, if they are infectious

or in quarantine and infectious it reports they have tested positive.

The flexibility offered by creating a testing class allows potential for other con-

siderations, such as testing that does not conform to weekly patterns, false negative

and false positive test results, and failure to participate for individuals.

SEIR-Campus comes with some convenient ready-made testing policies to ex-

plore. Below are descriptions and how to create them.

• IpWeeklyTesting(semester, weekday = 0) Test all individuals on a given

day of the week (default is Monday).
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Figure 6.4: The three output charts for the basic simulation with the modification
that each weekday, 1/5 of the student body is tested for infection. Those that test
positive are placed in quarantine the next day when the result comes back.

• IpWeekdayTesting(semester) Test individuals once per week, with individu-

als evenly assigned to be tested on Monday - Friday.

• IpDailyTesting(semester) Test individuals once per week, with individuals

evenly assigned to be tested each of the seven days of the week.

• IpRollingTesting(semester, days = 5) Test all individuals on a 5 day cy-

cle, independent of alignment with the week. Individuals evenly assigned to

test each day of the rolling cycle.

Here we run an example of testing, with sample results shown in Figure 6.4.

1 parameters = Parameters(reps = 100)

2 parameters.intervention_policy = IpWeekdayTesting(semester)

3 run_repetitions(semester , parameters)
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6.4.4 Contact Tracing

Contact tracing is an essential tool in public health. Contact tracing allows those who

may have been exposed to an infectious individual to either be tested or quarantined

before they would normally be tested or develop symptoms. The default setting in

SEIR-Campus is to not perform any contact tracing, though the package comes with

some simple policies that can be used as well as the ability to make custom policies.

A custom contact tracing policy can be made by producing a class that provides the

function trace, taking a reference to the Simulator object and the date as argu-

ments. To illustrate this, let’s look at the implementation of BasicContactTracing

in SEIR-Campus.

1 class BasicContactTracing:

2 def __init__(self , quarantine_length , trace_length = 3):

3 self.quarantine_length = quarantine_length

4 self.trace_length = trace_length

5 def trace(self , simulation , date):

6 ’’’ For each student to trace , find all of their peers from

the past

7 3 days. Then , quarantine all those peers for some days

and

8 schedule a test for them. ’’’

9 trace_dates = [date - timedelta(days = d + 1) for d in range

(self.trace_length)]

10 for s in simulation.contact_trace_request[date]:

11 recent_meets = set()

12 for m in simulation.semester.student_enrollment[s]:
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13 if simulation.semester.meeting_type[m] != MeetType.

UNTRACEABLE:

14 for d in trace_dates:

15 if m in simulation.semester.meeting_dates[d

]:

16 recent_meets.add(m)

17 break

18 peers = set()

19 for m in recent_meets:

20 peers.update(simulation.semester.meeting_enrollment[

m])

21 if len(peers):

22 peers.remove(s)

23 for peer in peers:

24 simulation.initiate_quarantine(peer , date , self.

quarantine_length)

The BasicContactTracing class gets the contact tracing list from the Simulator

object’s dictionary member contact_trace_request, indexed by date. By default,

this policy looks back three days at all meetings for the individual that are trace-

able and sends all members of those groups to quarantine. It does this using the

Simulator object’s member function initiate_quarantine, which requires argu-

ments of the student’s id, the date the quarantine starts, and optionally the length of

the quarantine. If no length is given, the default specified in the Parameters object

is used.
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Figure 6.5: The three output charts for the basic simulation with the modification
that when individuals show symptoms and take a test with a positive result, everyone
they have been near in the past three days is placed in quarantine.

Here we demonstrate the usage of the basic form of contact tracing.

1 parameters = Parameters(reps = 100)

2 parameters.contact_tracing = BasicContactTracing (14)

3 run_repetitions(semester , parameters)

Sample results from this code are shown in Figure 6.5.

6.4.5 Exploring Alternative Course Designs

In preparing a policy for operation, course design can have a big impact since it is

a primary contributor of social interactions under the control of the university. The

Semester object in SEIR-Campus comes with function to help explore modifications

to the course meeting design by adding and removing individual courses. There are

also several built in functions that can modify a semester in specific ways.

To add a course, the Semester object provides a function add_meeting. It takes
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as arguments

1. name The id the course will be referenced by in the simulation.

2. info A dictionary of information about the meeting.

3. meets Can be given in one of two forms. The first form is a dictionary, indexed

by date, that gives the duration of the class meeting on the days it meets. The

second form is a list of tuples. Each tuple contains a start date, an end date,

a weekday meeting pattern, and a duration.

4. members A list or set of student ids corresponding to individuals enrolled in

the course.

5. meet_type One of the following: MeetType.COURSE, MeetType.SOCIAL, or

MeetType.UNTRACEABLE.

6. holidays If giving the meets argument as a list, this is a list of dates to exclude

from class meetings.

To remove a course, you only need to know the name (id) of the course that

should be removed, using the function remove_meeting, taking the name as the

only argument. There is also a function, clean_student_list, that removes any

individuals that are not part of any meeting.

The usage of these function can be shown through the following example. Suppose

we want to move all classes with capacity higher than 50 online, meaning they no

longer represent in-person contact. The following built-in function accomplishes this:
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1 def make_alternate_smallclasses(semester_base , max_size = 50):

2 ’’’ No large course: only classes with at most 50 students. ’’’

3 semester = copy.deepcopy(semester_base)

4 canceled_meetings = [m for m, ss in semester.meeting_enrollment.

items ()

5 if len(ss) > max_size

6 and semester.meeting_type[m] == MeetType.

COURSE]

7 for m in canceled_meetings:

8 semester.remove_meeting(m)

9 return semester

10

11 semester_alt_small = make_alternate_smallclasses(semester , max_size

= 50)

First this class makes a clean copy of the Semester object. Then it makes a list of

all courses with capacity greater than 50. Each class in this set is then removed from

the meeting list through the remove_meeting function provided by the Semester

object.

SEIR-Campus also comes with two other functions to modify schedules. The first

is make_alternate_hybrid, which randomly separates courses into two groups and

then, alternating each week, schedules one group to be in-person and the other to be

online. Online education does not involve contact, so the class is effectively canceled

on that week. The second is make_alternate_splitclass. This function splits all

courses in half (effectively into two classes each with half of the students) and then

263



2020-09-03

2020-09-17

2020-10-01

2020-10-15

2020-10-29

2020-11-12

Day of Year

0

5000

10000

15000

20000

Nu
m

be
r o

f S
tu

de
nt

s
Epidemic Progression

S
E
I
R
Q

2020-09-03

2020-09-17

2020-10-01

2020-10-15

2020-10-29

2020-11-12

Day of Year

0

2000

4000

6000

8000

Nu
m

be
r o

f S
tu

de
nt

s

Percentiles of Exposed Students
100%
95%
75%
50%
25%
5%
1%

2020-09-03

2020-09-17

2020-10-01

2020-10-15

2020-10-29

2020-11-12

Day of Year

0

200

400

600

800

1000

1200

Nu
m

be
r o

f S
tu

de
nt

s

Percentiles of Infectious Students
100%
95%
75%
50%
25%
5%
1%

Figure 6.6: The three output charts for the basic simulation with the modification
that courses are split into two groups, each groups alternating each week between
meeting in-person and meeting online.

alternately schedules, week by week, the two splits. As an example, the following

code creates and simulates a hybrid schedule starting from the loaded data.

1 semester_alt_hybrid = make_alternate_hybrid(semester)

2 parameters = Parameters(reps = 100)

3 run_repetitions(semester_alt_hybrid , parameters)

Sample results are shown in Figure 6.6.

6.4.6 Social Groups

While social groups can have a large impact on spread of infectious diseases, unlike

courses the precise interaction network is not known. The SEIR-Campus meeting

objects provide a framework to add social interactions by modeling these interactions

as courses with specific meeting durations and dates. For example, a group of friends

that meets every weekend can be modeled as a class that meets for an hour or
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two on Saturdays. In practice, social networks are often not known exactly and

instead generative models are used to create interaction networks. The social network

features in SEIR-Campus come with an convenient type of object, called a Cluster,

that is specifically intended for use in producing social networks. A Cluster is

like a simplified form of course, only containing a list of members and a dictionary,

indexed by date, of meeting durations. The sample social-network generators all

return lists of Clusters. Once all desired social interactions have been produced, the

list of Clusters is passed to the function make_from_clusters which automatically

expands each Cluster into a social meeting in the Semester object.

Randomized social meetings.

The simplest way to produce social meetings is to produce them randomly from

the population. The built-in function make_randomized_clusters provides an easy

way to do this, given the population and a ClusterSettings object. This object

is specifically tailored for use in the built-in functions for making clusters but is

not generally necessary if you wish to make you own custom cluster generators. The

built-in functions work on the following principle: from the population, draw a certain

number of clusters of a certain size (to the extent possible). Then, each individual

interacts with everyone in their cluster for a predefined amount of time, given that

the day is either a weekday or a weekend. To enable this, the ClusterSettings

object contains the following settings:

• start_date, end_date Time range for the set clusters
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• weekend_group_count, weekday_group_count Number of individuals per

group, by weekend or weekday.

• weekend_group_size, weekday_group_size Number of individuals to draw

from each group each day to form a cluster, by weekend or weekday.

• weekend_group_time, weekday_group_time Amount of time individuals in

each cluster spend with each other.

A simple way to produce a social network for a Semester object is illustrated

below. In this example, each weekday 280 groups of 10 random students meet for

120 minutes and each day of the weekend 210 groups of 20 random students meet

for 180 minutes.

1 settings = ClusterSettings(

2 start_date = min(semester.meeting_dates), end_date = max(

semester.meeting_dates),

3 weekday_group_count = 280, weekday_group_size = 10,

weekday_group_time = 120,

4 weekend_group_count = 210, weekend_group_size = 20,

weekend_group_time = 180)

5 clusters = make_randomized_clusters(semester.students , settings)

6 final_semester = make_from_clusters(semester , clusters)

As shown above, first we create a settings object, create the clusters using the

make_randomized_clusters function, and then apply them to the Semester ob-

ject using the make_from_clusters function.
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Another built in function is make_social_groups_pairs. This function, which

as an argument takes a Semester object, a number fraction_paired for the per-

centage of individuals that are paired, a number interaction_time for the number

of minutes each pair interacts per day, and an optional set excluded of students ids

of individuals that should not be considered in the pairing process.

Many of these function utilize randomization. In order to ensure that a new

randomized network is used with each simulation repetition, there is a special option

in the Parameters object to set a function preprocess, which as argument takes

a Semester object and returns a new Semester object. This function is called to

create a new Semester object prior to each repetition. Its usage is demonstrated in

the following example, which uses the same definition of ClusterSettings as above,

but instead of creating a single Semester object it creates a new version each time.

1 def groups_random(semester):

2 clusters = make_randomized_clusters(semester.students ,

settings)

3 return make_from_clusters(semester , clusters)

4

5 parameters = Parameters(reps = 100)

6 parameters.preprocess = groups_random

7 run_repetitions(semester , parameters)

Sample results are shown in Figure 6.7.

Similarly, we can use the preprocess capability to create new sets of pairs of

individuals in each repetition.
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Figure 6.7: The three output charts from the basic simulation with the modification
that social groups have been added via random social clusters. These groups meet
for 2 hours on weekdays and 3 hours on weekends.

1 def pairing(semester):

2 clusters , _ = make_social_groups_pairs(semester , 0.25,

interaction_time = 1200, weighted=False)

3 return make_from_clusters(semester , clusters)

4

5 parameters = Parameters(reps = 10)

6 parameters.preprocess = pairing

7 run_repetitions(semester , parameters)

Sample results are shown in Figure 6.8.

6.4.7 Social meetings from groups.

The final example we will give shows how to utilize group information loaded in the

input file. Recall that group information in the input file is optional but can be

useful for creating custom groups. Here we will make social groups corresponding
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Figure 6.8: The three output charts for the basic simulation with the modification
that 25% of individuals have been randomly assigned to be pairs that meet for
the equivalent of 20 hours each day, which accounts for hypothesized lack of social
distance and not wearing face masks.

to varsity athletic teams. Within each of the varsity sports, each day we will split

the group into clusters of six (to the extent possible) under the assumption that six

is the maximum group size allowed to interact. Individuals are assumed to interact

with all other individuals within the cluster of six for 180 minutes per day. Included

in the data set that we loaded are entries like the following

1 {’group ’: {’name’: "Men’s Varsity Squash", ’members ’: [170, 610,

630, 950, 970, 1150, 1350, 1530, 1590, 1630, 1770, 1850, 1870,

1890, 1910]}}

with we have created to mimic the composition of of each varsity sports team.

The built-in function we use to process these teams and create clusters is shown

below.

1 def make_social_groups_varsity(semester ,

2 weekday_size , weekday_time ,

3 weekend_size , weekend_time):
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4 varsity = {name : members for name , members in semester.groups.

items ()

5 if ’Varsity ’ in name}

6 max_size = max([len(x) for x in varsity.values ()])

7 cluster_settings = ClusterSettings(min(semester.meeting_dates),

max(semester.meeting_dates),

8 max_size , weekday_size ,

weekday_time ,

9 max_size , weekend_size ,

weekend_time)

10 clusters = []

11 processed_students = set()

12 for sport , roster in varsity.items():

13 clusters.extend(make_randomized_clusters(roster ,

cluster_settings))

14 processed_students.update(roster)

15

16 return clusters , processed_students

First the function reads through the list of groups in the Semester object and saves

those that have “Varsity” in the name. Since the behavior of the ClusterSettings

object is to make only a limited number of groups from the total population, we set

its parameters weekday_group_count and weekend_group_count to a sufficiently

large number (max_size) so that the group count constraint never causes anyone on

the roster to be omitted from placement in a cluster. Then, for each sports team we

use the ClusterSettings object to make the clusters based on the team’s roster. We
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Figure 6.9: The three output charts for the basic simulation with the modification
that members of varsity teams spend time with each other each day, with clusters
changing within each team each day.

return the set of clusters as well as a set called processed_students which let’s the

user know which individuals are present in clusters. This may be useful if you don’t

want individuals assigned a group by one function to be assigned another group in

a another function. The following code runs the scenario with varsity student social

groups.

1 def groups_varsity(semester):

2 clusters , processed = make_social_groups_varsity(semester ,

6, 240, 6, 240)

3 return make_from_clusters(semester , clusters)

4

5 parameters = Parameters(reps = 10)

6 parameters.preprocess = groups_varsity

7 run_repetitions(semester , parameters)

Sample results are shown in Figure 6.9.

Under some social models, the remixing of groups into new clusters each
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Figure 6.10: The three output charts for the basic simulation with the modification
that members of varsity teams spend time with each other each day. In this version,
clusters do not change over the course of the semester.

day may seem excessive. In this case, we can substitute the function

make_randomized_cluster with make_randomized_static_clusters, which takes

the same arguments but uses the same clusters each day, defaulting to weekday

settings for each day. Demonstrating this alternative of the previous scenario, the

following code produces the result shown in Figure 6.10.

1 def groups_static_varsity(semester):

2 clusters , processed = make_social_groups_varsity_static(

semester , 6, 240)

3 return make_from_clusters(semester , clusters)

4

5 parameters = Parameters(reps = 10)

6 parameters.preprocess = groups_static_varsity

7 run_repetitions(semester , parameters)
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6.4.8 Overview of other Parameters settings

Not all of the options available in the Parameters object were described in the

examples above. This section lists and summarizes the members and how to use

them.

• verbose - Output day-by-day statistics of infection states, as well as compu-

tation time.

• rate - Probability that an infectious individual spreads their infection to a

susceptible individual per effective minute of contact time.

• daily_spontaneous_prob - Probability that a susceptible individual becomes

infected each day from an external source that is not part of the simulation.

This models infections coming from outside the community.

• contact_tracing - Python object that has member function trace that takes

as arguments Simulator and a date with no return value. It performs contact

tracing as described in previous sections.

• intervention_policy - Python object that has member function testing

that takes as arguments Simulator and a date with no return value. It per-

forms interventions, such as testing, as described in earlier sections.

• infection_duration - Python object that has member function duration

with arguments Simulator, student id, and date. It then returns the date the

individual will become infectious, the day they will stop being infectious, and a

Boolean indicating if this is because the individual will become symptomatic.
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• quarantine_length - Default number of days individuals sent to quarantine

spend before being returned to the general population, if they are in fact not

infected.

• preclass_interaction_time - Extra time individuals spend near each other

at the beginning and end of class that adds extra interaction time due

to entering and leaving the classroom. Only applies to meetings of type

MeetType.COURSE.

• initial_exposure - Either a list of individuals who are initially exposed or

an integer for a number of individuals to draw at random at the beginning of

the simulation that are exposed.

• preprocess - Function that takes Semester object as input and output that

performs any preparation, including randomization, prior to each repetition.

• repetitions - Number of simulation repetitions to perform.

• start_date - Python Datetime object representing the first day to simulate.

The default value is September 2, 2020.

• end_date - Python Datetime object representing the last day to simulate. The

default value is November 13, 2020, the day before Thanks Giving break.

6.5 Conclusions

We encourage everyone to to visit our Git repository at https://github.com/

MAS-Research/SEIR-Campus. It includes a copy of the SEIR-Campus package as
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well as a Jupyter notebook containing all of the examples included in this chapter.

We hope that the package will be useful and remind users that the intention of the

package is to be customized to fit your needs. We encourage user comments and

suggestions for additional features that may be useful for us to include in the future.

275



APPENDIX A

APPENDIX FOR CHAPTER 1

A.1 Battery Section

An important part of running any system with electric vehicles is to understand

how the batteries behave. In this section we briefly review some of the literature

on batteries used in electric vehicles and then demonstrate that simplified models

can be justified for typical everyday use in the context of operational optimization

of ridepooling fleets.

A.1.1 Charging.

While it may be natural to assume that batteries gain charge linearly over time

when they are plugged into charge stations, this turns out to not be the case [54].

Many batteries charge using a procedure called Constant-Current Constant-Voltage.

Under this system, the voltage in the charger slowly increases to maintain a constant

current into the battery. However, batteries have a maximum safe voltage they can

operate at. Once the voltage in the charger reaches that threshold, the voltage is

then held constant at the maximum value and the current into the battery steadily

drops off. This explains why batteries can charge to mid-high charge values, such as

75%, quickly though getting to 100% can take significantly longer.
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The differential equation that governs the state of charge in the battery in the

constant voltage regime is given by

d

dt
SOC(t) =

VCV − VOC(SOC(t))

R · 3600 ·Q

where SOC is the state of charge, VCV is the voltage in the charger at the constant

voltage level, VOC is the open circuit voltage, R is the resistance in the charger, and

Q is the maximum battery capacity in ampere-hours. Simplifying the form of the

differential equation, we get

d

dt
SOC(t) = C1 − C2VOC(SOC(t)).

If we make the rough approximation that VOC is a linear function of the state of

charge, then the solution to the differential equation is

SOC(t) =
C1

C2

+ ke−C2t.

Since under this model the battery can never theoretically be fully charged, we

make the following assumption so that charging can have a well defined endpoint.

Assumption A.1.1. The manufacturer specifies that “100%” charge is some fixed

level below this asymptotic maximum. Meaning, “100%” is not truly at full charge.

As an illustration of the model, combining the solution for SOC(t) for the

Constant-Voltage regime and a linear function for the Constant-Current, let τ de-

note the time to fully charge an empty battery to the manufacturer’s full capacity

(less than true theoretical capacity), let ρ denote the number of minutes after which
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the charging rate of an initially empty battery begins to decrease and let Q be the

amount of charge in the battery at time ρ. Figure (A.1) shows a typical charging

curve.
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Figure A.1: Simple model of charge in an initially empty battery as a function of
charging time. The curve has two components: in blue, the charge in the battery
initially increases linearly until time ρ, at which point the battery has charge Q
and charging continues as the orange curve which asymptotically approaches the
battery’s theoretical maximum charge at an exponentially decreasing rate. Denoted
in green are the lines x = τ and y = 1. The asymptotic limit is shown as a red line.
In this example, linear charging lasts for the first ρ = 15 minutes at which point the
battery has charge Q = 0.7 and it takes T = 30 minutes for a full charge.

Due to assumption A.1.1, the charge in the initially empty battery as a function

of time is given by the concave function

c0(t) =





Qt
ρ

0 ≤ t ≤ ρ

1− Q
ρβ

(
1

eβ(τ−ρ)

) (
eβ(τ−t) − 1

)
ρ < t
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where the scaling parameter β is given by

β =
Q

ρ(1−Q)
+

1

τ − ρ
W (zez), z =

ρ− τ
ρ

Q

1−Q
,

where W denotes the Lambert W function and Q
ρ
> 1

τ
.

Now consider a battery that is not initially empty. If the vehicle requires t minutes

to completely charge, the amount by which the battery was initially depleted must

have been c(t) = 1− c0(τ − t). Similarly, given a battery with state of charge q the

time to fully charge is given by f(q) = c−1(q).

Since charging is less time efficient as the battery nears full charge, it is natural

from an economic standpoint that there may be a policy that vehicles should only

charge up to some level q ∈ [Q, 1] instead of fully charging due to the opportunity

costs associated with charging, such as inability to carry passengers during charging.

Additionally, since charging is most efficient in the linear charging region with state

of charge in [0, Q] we make the following assumption about when vehicles begin

charging.

Assumption A.1.2. Vehicles always deplete their battery to a state of charge less

than or equal to Q before they begin charging.

Consider the following scenario. Suppose an operator allows the batteries in the

fleet’s vehicles to discharge down to zero at which point the operator orders the

vehicles to charge their batteries back up to state of charge q′.

For simplicity, suppose that qest is the discharge rate while vehicles operate and
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that vehicles have to travel empty for d minutes to reach a charge station. If the cost

per minute of unusable vehicles is c, then the average operating cost is

k(q′) =
d+ f(q′)

d+ f(q′) + q′/qest
· c.

The optimal value for q′ can be quickly found via binary search. Figure A.2

shows examples of choosing a charge up-to policy of minimum cost. The first shows

a general example and the second shows the effect of having no lost time (d = 0)

traveling with no passengers while they travel to charging stations.
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(a) General case.
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(b) No fixed penalty per charge.

Figure A.2: Assume a vehicle takes 30 minutes to fully charge and receives 70% of its
charge from empty in the first 15 minutes. Suppose that on average the vehicle wastes
5 minutes of time traveling to the charge station while not holding any passengers, a
full battery lasts 400 minutes, and that offline time costs the operator $1 per minute.
Figure (A.2a) plots k(q′) with d = 5 and Figure (A.2b) plots k(q′) with d = 0.
Optimal value in general case is q = 78.2% and optimal value when d = 0 is any
value less than Q.

In the general case, see Figure (A.2a), the optimal behavior is to allow the ve-

hicles to charge slightly beyond the constant-voltage portion of the charging curve.

Referencing the corresponding charging curve in Figure (A.1), charging just beyond
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the constant voltage point, Q, can be approximately modeled as a linear function

with little loss of accuracy.

Thus, while studies such as [23] have policies that assume full recharging and find

that the non-linear portion of the charging curve is important to model accuracy,

under optimal operating policies we can assume that the battery charging functions

nearly linear and therefore model them as linear functions.
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APPENDIX B

APPENDIX FOR CHAPTER 3

B.1 CTSP Heuristics

This appendix briefly describes how the CTSP can be exactly solved. It then uses

the same machinery to describe two heuristics.

In the case of exact enumeration, the easiest way to find the optimal route is via

a recursive, depth first search of the order in which the requests are to be served.

For each request that has not yet boarded the vehicle, we create a NodeStop for

their origin and destination. A NodeStop contains four pieces of data: a reference to

the request it is associated with, a physical location it is associated with, whether it

represents a pickup or a drop off, and the latest time the NodeStop can be visited.

The last piece of information is an invaluable way to check that QoS constraints are

satisfied as the path is being built. For requests onboard a vehicle, a NodeStop only

needs to be made for the drop off.

To make the recursive search more efficient, and to generalize in a way that

is useful to our heuristics, we create a new structure called a MetaNodeStop. A

MetaNodeStop contains two pieces of data: a NodeStop, and a (possibly empty)

list of follower MetaNodeStops that can only be accessed subsequent to visiting the

NodeStop. This information is used in the recursive search procedure by means

of a list of available MetaNodeStops: the next NodeStop on the optimal path can
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only be selected from among those contained in the available MetaNodeStops. Once

a NodeStop is selected as the next candidate node in the path search process, all

follower MetaNodeStops are added to the available list in the recursive call to find

the optimal remainder of the path.

The simplest application of this is precedence constraints for pickup and drop off.

Suppose that the MetaNodeStop associated with each pickup NodeStop contained

the associated drop off MetaNodeStop as the only follower. If the recursive path

function is initially given an availability list that only includes MetaNodeStops as-

sociated with pickups, with the exception that we include MetaNodeStops for drop

offs for onboard requests, then any path produced by the recursive search function

will automatically satisfy the required precedence constraints.

Using this terminology, we now discuss two heuristics below and comment on

their stability. Refer to Definition 3.5.1 for the definition of a stable heuristic.

B.1.1 Fixing order of on-board passengers

The On-board Order Fixing (OOF) heuristic was used in [3], though we use a vari-

ation here. In its original presentation, this heuristic is only used in place of exact

search when the number of passengers plus the number of requests yet-to-board ex-

ceeds a threshold, which they choose to be four. It can be checked that this is a

stable threshold policy.
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The OOF heuristic works by fixing the drop off order of all passengers onboard

the vehicle, but any order can be used for requests that have yet to board. In terms

of MetaNodeStops, each MetaNodeStop associated with a drop off has as its only

follower the MetaNodeStop associated with the next passenger drop off, in the order

determined by the route assigned to the vehicle in the previous assignment iteration.

The set of initially available MetaNodeStops is given by all MetaNodeStops asso-

ciated with the pickup of new requests, and the singular MetaNodeStop associated

with the drop off of the passenger onboard (if any exist) that was scheduled to be

dropped off first in the previous iteration’s assignment.

Lemma B.1.1. The OOF heuristic is stable.

B.1.2 Limit and recall prefix

The Limit and Recall Prefix (LRP) heuristic is a generalization of the OOF heuristic

that allows for larger trip sizes. The idea behind LRP is that if a vehicle was

previously assigned many requests, then adding new requests in a future iteration is

more likely to change the portions of the path that are further in the future than the

portions that will happen more imminently.

The LRP heuristic works by choosing a threshold for the maximum number of

NodeStop that can be ordered through complete enumeration. A passenger onboard a

vehicle would count as one NodeStop while a request that had not yet boarded would

be two NodeStop, one for pick up and one for drop off. If the number of NodeStop
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exceeds the threshold, then we start by recalling the vehicle’s path assignment from

the previous iteration. We remove from the previous path all NodeStop that do not

represent a NodeStop in the current problem. Then, among those that are left we

choose the smallest prefix of that path such that number of NodeStop we need to

consider that are not part of the prefix is at most the threshold. If no prefix can

satisfy this condition, we can either reject the trip or just use the maximum possible

prefix size. We then search for the optimal path with the constraint that the all

NodeStop in the prefix occur in the same order as in the previous iteration, though

NodeStop not in the prefix may interweave.

Lemma B.1.2. The LRP heuristic is stable.
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[23] Aurélien Froger, Jorge E Mendoza, Gilbert Laporte, and Ola Jabali. New formu-
lations for the electric vehicle routing problem with nonlinear charging functions.
Centre interuniversitaire de recherche sur les reseaux d’entreprise, la logistique
et le transport (CIRRELT), 2017.

[24] Philip T Gressman and Jennifer R Peck. Simulating covid-19 in a university
environment. preprint arXiv:2006.03175, 2020.

[25] Xiaotong Guo, Yang Liu, and Samitha Samaranayake. Solving the school bus
routing problem at scale via a compressed shareability network. In 2018 21st
International Conference on Intelligent Transportation Systems (ITSC), pages
1900–1907. IEEE, 2018.
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