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ENGINEERING THE KINETICS OF SELF ASSEMBLY OF FACETED NANOPARTICLES 

Abhishek Kumar Sharma, Ph. D.  

Cornell University 2021 

Recent developments in synthesis techniques have enabled production of colloidal 

nanoparticles of with intricate shapes with unprecedented precision. When put under 

high osmotic pressure, faceted particles can self-assemble into intricate structures that 

find applications in photonic and photoelectric systems. Thus, it is of engineering 

interest to understand design principles governing nanoparticle self-assembly. Not only 

can such understanding be of practical importance, but it can also reveal general 

principles about the way how naturally occurring systems self-assemble into complex 

nanostructures. 

In this thesis, I will discuss findings from our Monte Carlo simulations that reveal the 

influence of the shape of a nanoparticle on its self-assembly. We find that the way such 

nanoparticles are faceted has important consequences upon how quickly they self-

assemble, providing us ‘design rules’ for the nanoparticle shape. For example, 

octahedral particles tend to align their facets in the disordered phase, but not in the 

ordered phase. Entropic preference to facet alignment in the disordered phase results 

in a large kinetic barrier for its disorder-order transition.  

In our studies of a variety of shapes (such as cubes, truncated cubes and gyrobifastigia), 

we have found transitions that show departures from classical nucleation that motivate 
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development of new theories and simulation methods. Based on the geometric 

properties of the particle shape, such particles may also form mesophases – phases that 

have an intermediate degree of order between disordered and ordered phases. I will 

also illustrate examples of transitions to and from mesophases – and how their 

existence might hinder or accelerate disorder to order transitions.  We studied how 

either a rotator mesophase or a liquid crystal forms a crystal; the former case illustrates 

a transition primarily involving particle reorientations with minimal translations, while 

the latter is an example of a transition with large particle translations with minimal 

reorientations. In both cases, we the structure and formation kinetics of the incipient 

crystalline nucleus could depart from the classical theory considerably. These results 

contribute to improving our current understanding of self-assembly of nanoparticles, 

with predictions that are suitable for experimental validation in near future.  
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PREFACE 

The context of this work lies in need to understand bottom-up assembly crucial for 

formation of the next generation of materials. We are approaching the limits of top-

down design, such a falling short of Moore’s law predictions for transistor density on a 

microchip. In contrast, many naturally occurring systems generate complexity through 

bottom-up design where simple small-scale units compose complex and functional 

macroscopic structures such as virus envelopes. One of the simplest synthetic 

paradigms for such bottom-up materials design are colloidal nanoparticles. Recent 

developments in customizable nanoparticles with complex shapes and surface 

chemistries has unlocked an unchartered design space. How must one relate the design 

of an individual nanoparticle with the emergent properties of a collection of the same? 

Can we control such behaviors? How quickly might such emergent properties arise (i.e. 

kinetics)? Simulations can provide useful answers to such questions by the virtue of 

microscopic knowledge. In this thesis, I have focused on asking the question of whether 

a particle’s shape can influence its ordering kinetics.  

The simulations do have their limitations. For one, it is hard to tell whether a given 

simulation is sampling the phase space ergodically. Most of the Monte Carlo simulations 

in this thesis comprise local single particle moves that may not be effective in glassy 

systems, or systems where cooperative motions might be important. Further, 

polydispersity in experimental systems would result in deviations from the modelling 

predictions that use strict monodispersity. Finally, the effect of enthalpic forces is non-
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trivial, and how their interplay with entropic effects might turn out is hard to predict a 

priori. Nevertheless, by studying the entropic effects in isolation, these studies do form 

a good basis for adding in more complexities. These studies are also great model 

systems of creating theories and methods that would be applicable beyond this specific 

context of nanoparticles.  

This is a papers-only thesis; hence it is primarily organized in relatively independent 

chapters that have been or will be published as peer-reviewed publications. 

Nevertheless, interesting connections between the chapters are drawn here wherever 

they exist. The chapters are mostly placed in chronological order. 

Chapter 1 pertains to the nucleation of the solid phases for the particle shapes 

belonging to the truncated cubes family. This work picks up where a previous graduate 

student left off, adding novel techniques to understand trends in the ease of solid phase 

formation as they relate to facet alignment. The article was published and chosen as 

the cover article for 21st March 2018 issue of Soft Matter journal.  

Chapter 2 develops and validates a method that improves upon a popular technique to 

study hard to nucleate particle shapes. As we test the method, we find unexpected 

behavior in the phase transition of gyrobifastigia, largely enabled by the new method. 

The article was published in The Journal of Chemical Physics in May 2018.  

Chapter 3 focusses on the kinetics of disorder to order phase transition in cubic 

nanoparticles. This system was infamously hard to study under the established 
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understanding of kinetics of solid phase formation. We develop new techniques and 

borrow from methods developed in Chapter 1 to elucidate the novel kinetics. This study 

was published in The Journal of Physical Chemistry B in September 2018. 

Chapter 4 follows up the preceding chapter by a two-pronged approach of simulation 

and theory to substantiate its conjectures regarding unusual kinetics of cubic 

nanoparticles. Physical properties of the system are measured by newly adapted 

methods. These measurements are used to inform predictions of a theoretical model 

to explain the anomalous observations. This study has been accepted for publication in 

The Journal of Physical Chemistry B in April 2021 and is featured on the Supplementary 

Cover of special issue Carol K. Hall Festschrift. 

Chapter 5 is recent study that complements Chapter 1 in that it studies two candidate 

shapes from the same family, except that we focus on rotator to crystal transition. Novel 

methods are developed to study this transition, contrasting the two cases where the 

rotator phase and crystal phase may be placed on similar and dissimilar lattice. This 

study is a work-in-progress and will be published in near future in a more advanced 

form.  

Chapter 6 builds upon the novel findings in Chapter 2 in two ways. First, we provide 

independent prediction of the aspect ratio of nuclei for gyrobifastigia through cleaving 

walls method from Chapter 4. Second, we study how this interesting behavior is 

influenced by the aspect ratio, finding interesting alterations in phase behavior and 
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kinetics. Like Chapter 5, this study will also be published in near future with more 

developed analysis.  

The text in Chapters 1-4 is sourced from the final manuscripts for the respective 

publications. However, there would be several minor editorial changes in the published 

articles made by journal editorial staff. Such changes are not incorporated here.  

Chapters 5 and 6 are still works in progress and are written in a communication style 

focused on succinctly reporting key results known at the present time. Hence, their 

introductions and conclusions would be expanded before they are published. 

Nevertheless, most of the relevant background for Chapter 5 and 6 is available in 

Chapters 1 and 2, respectively. If all goes well, you should be able to find published 

versions of these papers in next few years.  

Each chapter is formatted as a standalone unit with its own numbering of equations, 

figures, and tables. Chapter 1 includes contribution from Vikram Thapar. Rest of the 

chapters are authored by me and Fernando.  
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CHAPTER 1: SOLID-PHASE NUCLEATION FREE-ENERGY BARRIERS IN TRUNCATED 

CUBES: INTERPLAY OF LOCALIZED ORIENTATIONAL ORDER AND FACET ALIGNMENT 

Abhishek K. Sharma*, Vikram Thapar*, and Fernando A. Escobedo 

Smith School of Chemical and Biomolecular Engineering, Cornell University, Ithaca, NY 

14853 

*) These authors contributed equally to this work. 

Abstract 

The nucleation of ordered phases from the bulk isotropic phase of octahedron-like 

particles has been studied via Monte Carlo simulations and umbrella sampling. 

Specifically, selected shapes that form ordered (plastic) phases with various symmetries 

(cubic and tetragonal) are chosen to unveil trends in the free-energy barrier heights 

∆G* associated with disorder to order transitions. The shapes studied in this work have 

truncation parameter (s) values of 0.58, 0.75, 0.8 and 1. The case of octahedron (s = 

1.0) is studied to provide a counterexample where the isotropic phase nucleates directly 

into a (Minkowski) crystal phase rather than a rotator phase. The simulated ∆G*’s for 

these systems are compared with those previously reported for hard spheres and 

truncated cubes with s = 0.5 (cuboctahedron, CO) and s= 2/3 (truncated octahedron, 

TO). The comparison shows that, for comparable degrees of supersaturation, all rotator 
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phases nucleate with smaller ∆G*’s than that of the hard sphere crystal, whereas the 

octahedra crystal nucleates with larger ∆G*’s. Our analysis of near-critical 

translationally ordered nuclei of octahedra shows a strong bias towards an orientational 

alignment which is incompatible with the tendency to form facet-to-facet contacts in 

the disordered phase, thus creating an additional entropic penalty for crystallization. 

For rotator phases of octahedra-like particles, we observe that the strength of localized 

orientational order correlates inversely with ∆G*. We also observe that for s>0.66 

shapes and similar to octahedra, configurations with high facet alignment do not favor 

high orientational order, and thus ∆G* increase with truncation. 

1 Introduction 

Recent studies 1–10 have made remarkable progress in understanding the self-assembly 

of anisotropic particles. By virtue of their geometry, anisotropic particles have 

configurations that depend upon the orientation of individual particles, i.e., possess 

orientational degrees of freedom.  Examples of experimentally synthesizable 

anisotropic particles include branched particles11,12, faceted polyhedra13–19, patterned 

particles20–23, and rod and ellipsoid shaped particles24–27. Among them, polyhedral 

particles are being extensively studied as they have well defined geometries that are 

amenable to both synthesis and modeling. Over the years, simulations have proven very 

useful in exploring the rich phase behavior of polyhedral particles of a diversity of 
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shapes and for various extents of size polydispersity4–10. Using Monte Carlo simulations 

in the isothermal-isobaric ensemble, it has been shown4 that some of the hard 

polyhedral particles that tessellate space undergo transitions from an disordered phase 

to a fully translationally and orientationally ordered phase via partially ordered phases 

termed as “mesophases”, which are defined as phases whose structural order is 

intermediate between disordered liquids and ordered crystals. Unlike spherical 

particles that form ordered phases having only translational order, the orientational 

degrees of freedom in anisotropic particles allow the formation of phases that may or 

may not be orientationally ordered. Thus, examples of mesophases of anisotropic 

particles include liquid crystals that are orientationally ordered but translationally 

disordered, and rotator plastic crystals that are translationally ordered but 

orientationally disordered. 

One of the families of shapes that are readily synthesizable using a polyol process17,18 is 

that of truncated cubes, defined by a truncation parameter, s, which varies from cubes 

(s = 0) via cuboctahedra (s = 0.5) to octahedra (s = 1). In this family, shapes with s < 0.5 

are denoted as ‘cube-like’ while shapes with s > 0.5 are denoted as ‘octahedron-like’. 

Recent computational studies7,10 have rigorously examined the phase behavior of the 

truncated-cube family via simulation and revealed a rich diversity in crystal structures 

and plastic crystal mesophases. Specifically for octahedron-like particles, i.e., shapes 

with s > 0.5, the lattice symmetry of the plastic mesophases transforms from body-
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centered tetragonal (BCT) to body-centered cubic (BCC) as the truncation is increased. 

This provides a simple illustration of how changes in faceting influences the stability of 

different lattice structures. Along with mapping the phase behavior, it would be 

interesting to explore how such changes in particle truncation and rotator lattice 

symmetry influence the kinetics of disorder-to-order phase transitions. Thapar and 

Escobedo8 performed a computational study to explore the homogenous nucleation 

kinetics from disordered phase to rotator phase of two shapes of the truncated cube 

family, namely, truncated octahedra (TOs) (s = 2/3) and cuboctahedra (COs) (s = 0.5). It 

was shown that both these shapes nucleate the ordered phase faster than hard spheres 

(HSs) at comparable degrees of supersaturation. It is unclear, however, whether other 

particle shapes in the same truncated cube family follow a similar trend or whether 

particular truncations are optimal in facilitating the nucleation of the solid phase. 

The homogeneous nucleation of an ordered phase from an isotropic phase at small or 

moderate degrees of supersaturation is a rare event – it requires a critically large 

domain within the isotropic phase to seed a stable ordered nucleus – an event far from 

the immediate phase space visited by the disordered phase. The unlikeliness of such a 

rare event makes its quantitative characterization using conventional brute force 

simulations computationally inefficient. Hence, many sophisticated sampling methods 

28,29,38,39,30–37 have been developed to overcome this challenge. Among them, the 

umbrella sampling (US) method has been widely used to estimate the free energy 
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barrier height associated with nucleation40,41. The technique involves biasing the system 

such that the rare events are sampled more frequently with a reasonable computational 

effort. The US calculations are performed along a reaction coordinate that tracks the 

progress of the nucleation process. Most crystal nucleation studies of hard particles 

have successfully employed the size of the largest solid like cluster8,40–42 in the system 

as reaction coordinate. Once the biased probabilities of forming clusters of different 

sizes are known, they are unbiased to obtain the free energy as a function of the 

reaction coordinate. 

In this work, we apply US to estimate the nucleation barriers for the transition from a 

disordered phase to an ordered phase for hard octahedron-like (s > 0.5) particles. 

Specifically, the shapes studied are octahedrons (Oct) and truncated cubes with 

truncation parameter s = 0.58 (TC58), s = 0.75 (TC75) and s = 0.8 (TC80). TC58, which is 

the truncated cube with minimum asphericity,10 forms a plastic body-centered 

tetragonal (PBCT) lattice, while the other two form a body-centered cubic (PBCC) 

rotator phase. All three shapes undergo a first-order phase transition from an isotropic 

phase to a plastic crystal phase, whereas for Oct the system undergoes a phase 

transition from isotropic phase to Minkowski crystal phase7. To allow meaningful 

comparisons, we use US to simulate these transitions at comparable degrees of super 

saturation, which quantifies the thermodynamic driving force to nucleation. For our 
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comparisons, we will also peruse rotator-phase nucleation data for shapes with s = 0.5 

(CO) and s = 2/3 (TO) from a previous simulation study8. 

Our selection of methods and analysis is appropriate for the systems of interest as the 

phase transitions involved were well described by classical nucleation pathways. It 

should be noted, however, that non-classical pathways could also occur, especially  for 

anisotropic particles4 where independent orientational and translational order may 

occur at different stages in the ordering process and lead to metastable or stable 

intermediary mesophases. This is important, for example, in isotropic-to-smectic phase 

transitions in hard rods43 where two-step processes may occur with orientational order 

preceding translational order or vice versa. The occurrence of more complex ordering 

pathways are also well known in two-step freezing processes44–48 where the particles 

form an intermediate dense liquid phase before translational order ensues. The 

existence of multistage mechanisms can be revealed by a detailed analysis of transition 

state configurations and transitional pathways.8,40  

The rest of this paper is organized as follows. In Section 2 we describe the model used 

to simulate the hard polyhedral particles, our choice of order parameter, and other 

relevant simulation details. In Section 3 we show and discuss our simulation results for 

nucleation free-energy barriers. Finally, in Section 4 we provide some concluding 

remarks.  
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2 Methods  

2.1 Model 

In this work, we use a hard particle pair potential given by: 

bU
ij

=
0 if flag = 1

¥ if flag = 0

ì
í
î                             (1) 

where Uij is the interaction potential between particle i and j, and β = 1/𝑘𝐵𝑇 (kB is 

Boltzmann constant and T is the temperature). The value of variable flag is set to 1 if 

particle i and j do not overlap with each other, otherwise flag = 0. The overlapping of a 

particle i with particle j is checked through the separating axis theorem49  (which states 

that two convex shapes do not overlap, if there exists an axis on which their projections 

do not intersect).  

2.2  Order Parameters 

For all the transitions studied in this work, the order parameter used is the number of 

particles in the largest translationally ordered cluster, ntr. The crux in estimating this 

order parameter is to determine whether a given particle is “solid-like”; i.e., 

translationally ordered. This is determined using the local bond order parameter 

analysis proposed by Steinhardt et al.50 and used in several nucleation studies (e.g., for 
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hard spheres40–42, and for TOs and COs8).  For every particle i, the local bond order 

parameter, ql,m(i) is defined by: 
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where Nb(i) is the number of neighbors of particle i and Yl,m(θ,ϕ) are the spherical 

harmonics, θi,j and ϕi,j are polar and azimuthal angles between particle i and its neighbor 

j respectively, l is the symmetry index and the value of m ranges from –l to l. In this work 

we use l = 6. The neighbors of particle i are those particles which are within the cutoff 

distance rc of particle i; here we chose rc  1.2 times the distance to the first peak of the 

radial distribution function. The translational-order correlation between particle i and 

its neighbor j, d6(i, j) is given by: 
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 where the asterisk denotes the complex conjugate. Two particles i and j are defined as 

translationally connected if d6(i,j) > 𝑑𝑐, which is the translational order correlation 

cutoff. In this case, we use a value of 𝑑𝑐= 0.7 as used in our earlier studies8. A particle 

with at least 𝜁𝑐= 7 translational connections is classified as translationally ordered or 

solid-like. A solid-like cluster is identified by using a criterion that if two solid like 
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particles are within the cutoff distance, rc then they belong to the same cluster. This 

definition of order parameter involves three tunable parameters: 𝑟𝑐, 𝑑𝑐, and 𝜁𝑐. In an 

earlier study,41 it was demonstrated that umbrella sampling free-energy barrier 

calculations that used this definition of order parameter are robust and relatively 

insensitive to variations of these tunable parameters. Consistent with such studies,8,41 

our preliminary tests also showed that while variations in such parameters do alter the 

shape of the free energy landscape being sampled (e.g., the location of the critical 

nucleus size), the free energy difference between the transition state at the barrier top 

and the initial state remained largely unaffected.  

As a complementary metric of order, for selected cases we also evaluated the global 

orientational order parameter, P4, of the particles belonging to ntr:  
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                          (4) 

where, ui is the unit vector along a relevant particle axis and n is a director unit vector 

which maximizes P4 (see details in John et al.51). The summation is performed over all 

three axes for all ntr particles in the nucleus. In this formulation of 𝑃4, 𝑃4 = 1 

corresponds to perfect orientational order. 
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In order to study local orientational order, we use the 𝐼4 orientational order parameter52 

that captures the relative orientation of a particle to an arbitrary reference coordinate 

frame. It uses spherical harmonics similar to 𝑞6 but for angles associated with individual 

particle axes orientations instead of the bond orientation between two neighboring 

particles. In its normalized form it is evaluated for a given particle j as: 

𝐼4,𝑚(𝑗) =
∑ 𝑌4,𝑚(𝜃𝑖,𝜙𝑖)3

𝑖=1

√∑ | ∑ 𝑌4,𝑚(𝜃𝑖,𝜙𝑖)|2 3
𝑖=1

4
𝑚=−4

      (5)   

where 𝑌4,𝑚(𝜃𝑖, 𝜙𝑖) are spherical harmonics with symmetry index 4, and 𝜃𝑖  and 𝜙𝑖  are 

polar and azimuthal angles of the particle axis i to the reference coordinate frame. 

Analogous to 𝑑6, the dot product in 𝐼4 between two particles i and j is defined as: 

𝑑4(𝑖, 𝑗) = ∑ 𝐼4,𝑚(𝑖). 𝐼4,𝑚
∗ (𝑗)4

𝑚=−4      (6) 

where the asterisk (*) implies complex conjugate. The two particles are assumed to be 

aligned if 𝑑4(𝑖, 𝑗) > 0.7. We use 𝐼4 in conjunction with 𝑞6 such that two neighboring 

particles are bonded if 𝑑4(𝑖, 𝑗) > 0.7 and d6(i,j) > 0.7 simultaneously. Similar to 𝑞6, a 

particle with at least 7 translational connections is termed as solid-like, and if two solid 

like particles are within the cutoff distance, rc then they belong to the same cluster. 
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2.3 Facet Alignment Measure 

It has been speculated in previous studies19,53 that neighboring faceted particles might 

tend to align their facets in order to minimize their excluded volume and maximize 

packing entropy. However, since calculation of the volume excluded by particles is a 

non-trivial, computationally intensive task, here we introduce a simpler surrogate 

metric that quantifies the extent of facet-to-facet matching, whose values are expected 

to correlate with the smallness of excluded volume. Indeed, we exploit the fact that a 

signature of local efficient packing of particles is that the nearest facets tend to align 

parallel to each other, in a way the if viewed normal to one of the facets would lead to 

a near complete overlap. Accordingly, we define a facet alignment measure Δ(𝑖, 𝑗) for 

any two neighboring particles i and j. In essence, it is the overlap area of the nearest 

facets (defined by the minimum centroid to centroid distance) when one is projected 

onto the other (Figure 1). Since this operation can be performed in two different ways 

(i.e., projecting the facet from i onto the plane of the facet from j, and vice versa), the 

maximum of the two areas is taken to be the final value of Δ(𝑖, 𝑗), thus making the 

operation commutative. The larger the value of Δ, the higher is the facet alignment. 

∆(𝑖, 𝑗) is scaled with respect to the maximum possible value for a given system (i.e., the 

area of the largest facet). In our calculations, neighboring particles were defined based 

on a Voronoi construction54. Since for any particle shape with facets of disparate sizes, 

the larger surface-area facets are expected to have stronger tendency toward facet-to-
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facet alignment, for 𝑠 ≥ 2/3 only the hexagonal faces are considered for nearest facet 

calculations. 

It is important to note that ∆(𝑖, 𝑗) is in principle independent of local orientational order 

in that they need not be correlated, i.e., there may be configurations with high facet-

alignment but low orientational order and vice versa. 

 

Figure 1: Definition of facet alignment measure 𝚫, demonstrated for octahedra. (a) Nearest 
facets (green) are identified such that the centroid-to-centroid distance is the minimum. (b) 
One of the facets is projected (red) upon the plane of the other. The intersection of the 
projection with the other facet is obtained (blue). (c) The in-plane area of the intersection is 
calculated and normalized relative to the area of the triangular facet (the largest facet in the 
system). The calculation is repeated in the reverse order of facets and the higher value is taken. 
Sample configurations are shown for near-complete facet-to-facet alignment (∆ ~ 1) in (d) and 
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a staggered orientationally-ordered configuration present in the Minkowski crystal (∆ ~ 2/3) in 
(e).  

2.4  Simulation Details 

Metropolis Monte Carlo (MC) simulations were conducted in a cubic cell with periodic 

boundary conditions and N = 2744 particles. The simulations are performed at constant 

reduced pressure, P* = βPv (v is the volume of a shape) and constant temperature, T. 

Each MC cycle consisted of N translational moves, N rotational moves, and one volume 

move. All trial moves are accepted according to the Metropolis criterion55, which 

requires ruling out overlaps between any two particles (via the separating axes 

theorem49). Each value of pressure, P* corresponds to a given value of degree of 

supersaturation (DSS), which is estimated via:   

 =DSS
                          (7) 

where Δμ is difference in the chemical potential between the metastable liquid and the 

stable solid. |Δμ | represents the thermodynamic driving force for nucleating the new 

phase. The details for estimating DSS are provided in earlier publications8.  

Since we focus on DSS conditions where brute force MC simulations are impractical to 

estimate the free energy barrier height to nucleation, ∆G*, we employed umbrella 

sampling (US) 30,31simulations to do so. US is performed by partitioning the phase space 

along the order parameter ntr into a set of windows with overlapping boundaries. For 
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each window, MC simulations are performed with rigid reflexive walls at the boundaries 

and keeping the track of number of times system visits a given value of ntr. While inside 

a given window, ntr is allowed to change unbiased. To reduce computational cost, 

instead of evaluating the order parameters for every cycle40, we measure 𝑛𝑡𝑟 every 2 

MC cycles. If the proposed move entails the change ntr
(o) → ntr

(n) and ntr
(n) falls outside 

the window, the entire 2 MC cycle trajectory is rejected, and the system is reset to the 

earlier configuration within the window which adds a visit to ntr
(o). The histogram of 

visits H(ntr) thus collected is unbiased and it was directly used to estimate free energies 

for each window via G(ntr) ~ ln H(ntr) and the full free-energy profile is then obtained 

by matching the free-energy values obtained at the boundaries between consecutive 

windows; free energy values are shifted so that it is zero for 𝑛𝑡𝑟 = 0  as reference. 

3 Results and Discussion 

3.1 Crystal nucleation of Octahedrons (Octs) 

To study the isotropic to crystal nucleation in Oct, US calculations were performed at 

various degrees of supersaturation using the largest q6-based translationally ordered 

cluster as the reaction coordinate. The free energy barriers are tabulated in Table 1. 

Figure 2 shows the free energy G(ntr)/kBT versus ntr for DSS=0.49, showing that free-

energy barrier height, ΔG*, is approximately 66.8 kBT.  

Table 1: Nucleation barriers for octahedra using umbrella sampling. 
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Reduced 

Pressure 

(P*=𝜷𝒑𝝈𝟑) 

Degree of 

Supersaturation 

(𝜷∆𝝁) 

Order 

Parameter 

Barrier 

Height 

(𝜷∆𝑮∗) 

Critical 

Nucleus 

Size 

10.64 0.30 𝑞6 121.0 416 

11.33 0.49 𝑞6 66.8 196 

12.0 0.71 𝑞6 41.2 103 

11.33 0.49 𝑞6 ∩ 𝐼4 68.2 172 

 

 

Figure 2: Free-energy profile, G(ntr) versus ntr obtained using US simulations for Octs at P* ≈ 
11.33 (DSS = 0.49). 
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Figure 3: Free-energy barrier-height ΔG*/kBT for octahedra and hard spheres43 at different 
values of DSS. Spline interpolations are shown as solid lines.  

Figure 3 shows a comparison of nucleation barriers of isotropic to Minkowski crystal 

transitions in octahedrons with those for the isotropic to FCC crystal transition of HSs41. 

The comparison shows that the nucleation barriers for octahedrons are much larger 

than HSs for comparable DSS values. In order to understand why octahedra may have 

more difficulty ordering than HSs, we look for some clues in the microstructure of the 

near-critical nucleus. For this we collected and analyzed configurations from the US 

window near the top of the barrier (i.e., for 180< ntr<200 in Fig. 2). The orientation 

distribution function of the particles in these near-critical nuclei was obtained by 

plotting the components of all particle axes on the surface of a unit sphere. As shown 

in Fig. 4(a), the particle orientation distribution clearly shows well-defined clusters at 

six different locations, indicative of preferential orientational alignment. This is further 
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confirmed by the high value of global orientational order parameter P4  0.46   for the 

particles in the nucleus. Although the order parameter ntr is solely derived from 

translational correlations in a system, these results show that the particles in the 

nucleus tend to also pack with orientational alignment. To further validate the claim 

that orientational order is a characteristic feature of this transition, we performed the 

US simulation using a conjunction of 𝑞6 and 𝐼4  used to define the ordered cluster to 

capture both orientational and translational order present (see Methods section). The 

resulting nucleation barrier for P*=11.33 was still found to be higher than that of hard 

spheres and close to what was determined using q6 alone (see Table 1). Thus, in contrast 

to the hard sphere case, orientational alignment is an essential feature of the crystalline 

nuclei in octahedra. Similar to the Minkowski crystal being nucleated, this orientational 

alignment has incomplete face-to-face alignment as seen in one of the snapshots of the 

portion of a ntr = 189 nucleus shown in Fig.4(b): The triangular faces are primarily 

staggered with respect to each other. 

We now examine how local orientational order correlates to the face-to-face matching 

in the Minkowski crystal. For local orientational order we calculate  𝑑4 from Eq. (6) 

between neighboring particles. Parameter 𝐼4  (see Eq. 5) describes the preferential 

orientational alignment into six clusters of octahedral symmetry in Fig. 4(a). As shown 

in Fig. 4(c), 𝑑4 captures the orientational alignment present in the Minkowski crystal in 

contrast with the disordered phase. Figure 4(d) shows the variation of 𝑑4 with respect 
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to facet alignment measure Δ. It is evident that for ∆> 2/3, increasing alignment 

correlates with a decrease in orientational alignment. Thus, the presence of 

configurations with neighboring particles aligning their facets in the isotropic phase 

hinder the orientational alignment needed to grow the Minkowski crystal. In order to 

nucleate into and grow the Minkowski crystal, the spontaneous orientational 

fluctuations in the isotropic phase must stir configurations away from complete face-

to-face alignment. This additional restriction in the nucleation pathway reduces the 

probability of particles to assemble into the crystalline structure, hence increasing free-

energy barrier height for crystal nucleation in octahedra relative to hard spheres. 
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Figure 4: Nucleation of Minkowski crystal for octahedra at P* = 11.33. (a) Particle orientation 
distribution function of near-critical nuclei with 180<ntr <200. The distribution is obtained over 
20 different configurations. (b) Snapshot of a portion of the nucleus from one of these 
configurations with ntr = 194. (c) Histogram of 𝑑4 values for Voronoi neighbor pairs in a 
Minkowski crystal and the disordered phase. Both systems had 2744 particles. (d) 2D Histogram 
plot of 𝑑4 values for Voronoi neighbor pairs vs. corresponding facet alignment measure values 
∆  (∆ = 1 implies perfect alignment). The darker the color the higher the number of neighbors 
belonging to that region. For ∆> 2/3 possible orientational alignment is limited, the extent of 
which decreases with facet alignment, shown by presence of a forbidden (empty) region on the 
top right of the plot (enclosed by dashed lines). Most particles in the crystal phase are restricted 
to Δ < 2/3, as that is the maximum possible value of Δ for an orientationally aligned pair of 
particles, implying a staggered arrangement of nearest triangular facets.  
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3.2 Rotator-phase nucleation of TC58, TC75 and TC80 

In this section we compare the nucleation barriers for isotropic-to-plastic solid 

transition for particles with various degrees of truncations and degrees of 

supersaturation. For these comparisons, we group our results into shapes lying into two 

ranges: the first for 0.5  s  0.667, and the second for 0.75  s  0.85. The main reason 

for this grouping is that they correspond to shapes that form different types of rotator 

phase structures: the first group forms BCT-lattice, weakly-orientationally ordered 

rotators, while the second group forms a BCC-lattice, moderately ordered rotator10. 

Figures 5 and 6 and Table 2 show our results for s = 0.58, 0.75 and 0.85 as determined 

by US calculations using largest 𝑞6-based translationally ordered cluster as the reaction 

coordinate.  
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Figure 5: Free-energy profile, G(ntr) versus ntr obtained using US simulations for TC58, TC75 and 
TC80 for comparable DSSs ≈ 0.3, corresponding to P* ≈ 7.60, 9.34 and 10.17, respectively. 

 

 

Figure 6: Free-energy barrier-height ΔG*/ kBT of TC58, TC75, TC80 and HS43 at different values 
of DSS. Solid lines are cubic interpolations. 
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Table 2: Nucleation barriers for truncated cubes using umbrella sampling. Error bars estimated 
via block-data analysis. 

Truncation 

(s) 

Degree of 

Supersaturation 

(𝜷∆𝝁) 

Barrier Height 

(𝜷∆𝑮∗) 

Critical Nucleus 

Size 

0.58 0.31 30.0±1.0 210 

0.58 0.37 18.5±0.5 140 

0.58 0.46 8.7±0.4 65 

0.75 0.27 14.4±0.4 85 

0.75 0.32 10.7±0.5 65 

0.75 0.36 7.4±0.4 40 

0.8 0.28 23.9±0.8 140 

0.8 0.36 14.3±0.6 80 

0.8 0.43 8±0.5 46 
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In order to compare nucleation free-energy barriers for shapes with different s for the 

same value of DSS = 0.34 (Fig. 6), we  perform cubic spline interpolation for the data 

obtained here and other available data reported in previous studies8 for cuboctahedra 

(s=0.5) and truncated octahedra (s=2/3). This particular value of DSS is chosen because 

it leads to barriers of the order of ~20 𝑘𝐵𝑇, making them easier to estimate reliably via 

US (compared to very high or very small barriers which carry larger uncertainties). 

 

Figure 7: Free-energy barrier-height ΔG*/ kBT for isotropic to rotator phase transition for 
particle shapes with different truncations at DSS = 0.34. Data for CO and TO obtained from prior 
work 8. For comparison, ΔG*  for HS41 at DSS= 𝟎. 𝟑𝟒 would be ~42𝐤𝐁𝐓. 
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In an earlier publication8 we highlighted the role of orientational order in catalyzing the 

nucleation of rotator phases in anisotropic particles, including CO and TO. The degree 

of orientational order is reflected in the presence of certain preferred orientations in 

the rotator phase. As long as such preferred orientations are a subset of those 

orientations promoted by the natural tendency for facet-to-facet contacts between 

particles, then the anisotropy of particle orientational distribution in the rotator phase 

can be seen as an indicator of the catalytic effect of local orientational order. As has 

been demonstrated,10 all the rotator phases generated by particle shapes from the 

truncated cube family have non-uniform orientational distribution and hence it is 

expected that the nucleation barriers for all cases considered here are lower than that 

observed for HS40,41. However, the more diffuse (isotropic) the distribution of preferred 

orientations in the rotator phase is, the less the catalytic effect of orientational order is 

expected to be, for in the limit of particles approaching a fully isotropic orientational 

distribution, hard sphere like behavior would ensue. 

We first examine the trends in ∆G* data for the group of shapes in 0.5  s  0.667. 

Shapes similar to TC58 undergo a first order phase transition from isotropic to rotator 

phase with a very small extent of global orientational order10 (similar to that of the 

isotropic phase). Specifically, for s = 0.58 the preferred orientations are spread over 18 

clusters on the unit sphere and hence the nature of its isotropic-solid phase transition 

would be close to that for HSs, where a globally translationally ordered and 
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orientationally disordered phase is nucleated. This is further confirmed by plotting the 

particle orientation distribution of nuclei for 187<ntr <217 (near the top of the barrier 

for P* ≈ 7.60), which is seen in Fig. 8(a) to be quite diffuse, and by the small value of 𝑃4 

 0.07 (the snapshot of a ntr = 209 near-critical nucleus is shown in Fig. 8(b)). Such results 

are also consistent with the TC58 having the smallest asphericity among all shapes 

considered here.10 In comparison, the critical nuclei of COs and TOs have higher values 

for 𝑃4 ≈ 0.1 and 0.15 respectively (associated with 6 preferred clusters, the lower value 

in CO implying a more ‘diffuse’ clustering). Thus, it is expected that the catalytic effect 

of orientational order is weaker in case of TC58 and thus its nucleation barriers be 

higher than those for CO and TO. Thus, the strength of local orientational order 

correlates with lower nucleation barrier heights.  

We now consider the second group of shapes with s = 0.75 and 0.80. The rotator phases 

of TC75 and TC80 are termed as high-cubatic plastic crystal phases10, as they have non-

negligible global orientational order. Similar orientational order is also observed for 

nuclei near top of the barrier for both TC75s and TC80s, which is also related to that 

observed in the Minkowski lattice of perfect octahedra. As shown for TC75 at P* = 9.34 

and TC80 at P* = 10.17 in Fig. 8(c) and (d) respectively, the orientation distributions of 

these nuclei show inhomogeneous distribution with weak clustering at different 

regions, with TC75 exhibiting more scattered clusters compared to TC80. This clustering 

however is stronger than that of TOs as indicated by the moderate P4 values of 0.39 and 
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0.41 for TC75 and TC80, respectively. Snapshots of a portion of near-critical nucleus for 

TC75 (ntr = 62) and TC80 (ntr = 148) are also shown in Figs. 8(d) and 8(f) respectively.  

If we apply here the same criteria, we used to explain trends in barrier heights for 𝑠 ∈

[0.5,0.66], we would predict that the nucleation barriers for these shapes would be 

much lower than those of TO, with TC80 having a lower barrier than TC75. In contrast, 

we observe that TC80 has a higher free-energy barrier than TC75 for comparable DSS. 

To understand this discrepancy, we must explore the spontaneous fluctuations in local 

order present in the isotropic phase and how they affect the nucleation behavior. 

Similar to the case with the Minkowski crystal in octahedra, we anticipate that a similar 

discord between facet-to-facet matching and orientational order might be contributing 

to the rise of nucleation barriers. If we consider the distribution of facet alignment 

measure for both TC75 & TC80 (Figure 9), we clearly observe that the size of the 

forbidden region on the top-right is larger for TC80. Moreover, due to a more scattered 

distribution of preferred orientations for TC75, more high-∆ configurations are explored 

by the particles in the rotator phase. Thus, the nucleation barrier is smaller for TC75 

than for TC80 due to a reduced hindrance to nucleation pathways from states of high 

facet-to-facet matching. Using a similar line of reasoning, we predict a monotonous 

increase in the nucleation barrier for s>0.8 as the lattice structure of the rotator phase 

essentially remains the same while the hindrance associated with the forbidden region 
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in the d4-∆ diagram likely increases. As a limit, truncated octahedra (s=0.66) do not have 

any significant forbidden region (see SI). 
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Figure 8: Particle orientation distribution map of near-critical nuclei for (a) TC58 at P*=7.60, (c) 
TC75 at P*=9.34 and (e) TC80 at P*=10.17. Each distribution is obtained over 20 different 
configurations. Snapshots of a portion of the nucleus are shown in (b) for TC58, (d) for TC75 and 
(f) for TC80. 
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Figure 9: 2D Histogram plot for 𝑑4 values for Voronoi neighbor pairs vs. corresponding facet alignment 
measure values (∆) for (a) s=0.75 and (b) s=0.8, each for 𝐷𝑆𝑆 ≈ 0.34. The systems contained 2744 
particles. The darker the color the higher the number of neighbors belonging to that region. Similar to 
perfect octahedra, we observe that there is a ‘forbidden’ region (empty area enclosed by dashed lines) 
on top right which implies that high facet alignment can restrict orientational alignment. The size of the 
forbidden region is significantly larger for s = 0.8 in comparison to s = 0.75.  
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4 Conclusion 

In this work, we performed MC simulations to study the nucleation of ordered phases 

of selected octahedron-like shapes from the truncated cube family. The analysis unveils 

non-trivial trends in nucleation free energy barriers ∆G* (as surrogates for describing 

nucleation kinetics) as a function of the extent of shape truncation. We demonstrate 

that for perfect octahedra the simulated nucleation barriers for nucleating the 

Minkowski crystal are much larger than those for solid-phase nucleation in HS for 

comparable degrees of supersaturation. Our analysis of configurations of neighboring 

particles reveals that this transition to crystal involves a mismatch between facet-to-

facet alignment and local orientational order. Since facet-to-facet match-up increases 

local packing entropy, configurations with high degree of facet-to-facet alignment occur 

as spontaneous fluctuations in the isotropic phase, as quantified by a novel facet 

alignment metric. However, any two octahedra with near perfect facet matching will 

necessarily be orientationally misaligned and are hence inconsistent with the high 

orientational order needed to realize the Minkowski crystal lattice. Since there is a 

spontaneous tendency for a subpopulation of particles in the isotropic phase to have 

such high facet alignment, such configurations hinder the nucleation pathways, 

resulting in higher values of ∆G* as compared to systems where such hindrance is 

absent (like HSs).  
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It is the interplay between the tendency for facet alignment and local orientational 

order8 among particles that underpins the attainment of translational-ordered packing 

and the observed trends in ∆G*  for particle shapes with varying degrees of truncation. 

In essence, local facet alignment may or may not be conducive to configurations that 

on average match the stable ordered structure, hence aiding or deterring the nucleation 

process. For all truncations (except for perfect octahedra which do not form a stable 

rotator phase), the estimated ∆G* values for the isotropic-to-rotator phase transition 

are smaller than those for HSs at similar degrees of supersaturation, presumably due to 

the beneficial effect of local orientational order as described in earlier studies8. We also 

observe that such a catalytic effect of local orientational order correlates with the 

degree of overall orientational order in the incipient rotator phase (as detected, e.g., by 

the clustering of particle orientations along preferential directions), which leads to a 

maximum for ∆G* around TC58, whose critical nucleus has negligible orientational 

order. The near-isotropic particle orientation distribution in the solid nucleus of TC58 

renders its ∆G* values closer to those of HS for comparable degrees of supersaturation. 

For 𝑠 > 0.66, however, even as local orientational order increases with increasing 

truncation, the rotator-nucleation barriers increase. In these cases, we infer that, 

instead of facilitating, facet alignment hinders some of the nucleation pathways that 

lead to the local orientational order required to form the solid phase (akin to the effect 

in octahedra), leading to higher barriers to nucleation as truncation increases (and the 
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octahedron shape is approached). Despite the complex interplay between orientational 

and translational order in the systems studied, we found no evidence for multi-step 

non-classical nucleation pathways. 

Future simulation studies could be aimed at calculating nucleation rates by either 

complementing ∆G* data with the evaluation of kinetic prefactors8,40,41 or by 

implementing transition path sampling methods37. In addition, to further test the 

hypotheses regarding the interplay between localized orientational order and facet 

alignment, similar analyses can be performed for other particle geometries. We 

anticipate that the effects of localized orientational order and facet-to-facet matching 

are general and can help understand the dynamics with which faceted particles self-

assemble. However, the metrics we have used in this study are system specific and will 

require suitable extensions and specialization for application to systems with particles 

with different geometries/symmetries. Finally, the effect on nucleation kinetics of 

shape and size polydispersity, a prevalent feature in experimental systems, should also 

be investigated. On the one hand, polydispersity may  suppress some nucleation 

pathways as has been observed for hard spheres56 (with large extent polydispersities 

eventually suppressing crystallization altogether57-58); on the other hand, in some 

systems a small degree of polydispersity could also  lessen the facet-alignment-based 

hindrances that we have identified in this study. 
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This study adds to the body of work devoted to unveiling guidelines to engineer the self-

assembly of anisotropic particles. Our analysis identifies some specific shapes that 

exhibit favorable kinetic for the homogeneous nucleation of translational order and the 

microscopic mechanisms that can be responsible for such behavior. For example, we 

have elucidated how local 2-particle correlations can aid or hinder collective phase 

transition phenomena. Such insights could be used to design fast self-assembling 

particles and external fields and additives that could act as catalysts for heterogeneous 

nucleation.  
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6 Supplementary Information 

6.1 Calculation of Facet Alignment Measure 

Here we describe the methodology used to implement facet alignment (∆) for convex 

particles with convex facets (this can conveniently be generalized for concave cases). 

For two particles, say particle 1 and particle 2, the facet alignment measure is defined 

in the following steps: 

1. Search for a pair of facets (belonging to either particles) 𝐹1𝑛 and 𝐹2𝑛 that have the 

shortest centroid-to-centroid distance. 

1.1. Centroid of a face is defined as the arithmetic mean of individual Cartesian 

coordinates all vertices of the face. 

2. Project  𝐹1𝑛 to the plane of  𝐹2𝑛. 

2.1. Create a 2 × 3 transformation matrix T to map vertices of  𝐹1𝑛 onto a 2-D 

coordinate system defined in the plane of 𝐹2𝑛. 

2.1.1. In order to define the transformation matrix, we need two orthogonal 

unit vectors that lie in the plane of  𝐹2𝑛. Arbitrarily choose one edge vector 

of the face as the first unit vector. To obtain the second unit vector, use 

the cross product of the first unit vector with the cross product of itself and 

another non-parallel edge vector.  
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2.2. Multiply T with each of the vertices (3 × 1 𝑚𝑎𝑡𝑟𝑖𝑥) of 𝐹1𝑛 to obtain the 

projected face 𝐹1𝑛
𝑝   in the plane of 𝐹2𝑛. Repeat the same for the vertices of 𝐹2𝑛 

to obtain its description in the 2-D coordinate system 𝐹2𝑛
𝑝  

3. Find the intersection area 𝐴12 between  𝐹1𝑛
𝑝  and 𝐹2𝑛

𝑝 . 

3.1. For all edges belonging to face 𝐹1𝑛
𝑝 , find their intersections with all the edges of 

𝐹2𝑛
𝑝 . Call the set of intersections I. 

3.2. Find all the vertices that belong inside both 𝐹1𝑛
𝑝  and 𝐹2𝑛

𝑝 . This can be done using 

inpolygon MATLAB built-in function. Call this set of vertices C. 

3.3. Take the union of C and I and evaluate the area 𝐴12 of the resulting polygon.  

4. Repeat steps 2 & 3 by projecting 𝐹2𝑛 to the plane of  𝐹1𝑛 and obtain area 𝐴21. 

5. Find 𝐴𝑚 = max(𝐴12, 𝐴21). 

6. Evaluate ∆ = 𝐴𝑚/𝐴𝑙,  where 𝐴𝑙  is the area of the largest facet present on the 

particle. 
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6.2 𝑑4 𝑣𝑠. 𝛥 Histogram for s=0.667 

 

It is noted that there is no significant range of ∆ that is not accessed by the rotator 

phase, thus the hindrance due to incompatible facet matching is minimal. 

 
 

  



37 

 

CHAPTER 2: NUCLEUS-SIZE PINNING FOR DETERMINATION OF NUCLEATION FREE-
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Abstract 

Classical Nucleation Theory (CNT) has recently been used in conjunction with a seeding 

approach to simulate nucleation phenomena at small-to-moderate supersaturation 

conditions when large free-energy barriers ensue. In this study, the conventional 

seeding approach [J.R. Espinosa, C. Vega, C. Valeriani, and E. Sanz, J. Chem. Phys. 144, 

034501 (2016)] is improved by a novel, more robust method to estimate nucleation 

barriers. Inspired by the interfacial pinning approach [U. R. Pedersen, J. Chem. Phys. 

139, 104102 (2013)] used before to determine conditions where two phases coexist, 

the seed of the incipient phase is pinned to a preselected size to iteratively drive the 

system toward the conditions where the seed becomes a critical nucleus. The proposed 

technique is first validated by estimating the critical nucleation conditions for the 
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disorder-to-order transition in hard spheres, and then applied to simulate and 

characterize the highly non-trivial (prolate) morphology of the critical crystal nucleus in 

hard gyrobifastigia. A generalization of CNT is used to account for nucleus asphericity 

and predict nucleation free-energy barriers for gyrobifastigia. These predictions of 

nuclei shape and barriers are validated by independent umbrella sampling calculations.  

1 Introduction 

First order phase transitions from metastable phases to stable phases often take place 

through a mechanism of nucleation and growth. In particular, crystal nucleation 

involves the formation of ordered domains of the stable phase (nuclei) that, once 

sufficiently large, can spontaneously grow to reach macroscopic size. The condition at 

which a given nucleus has an equal probability to grow and decay is termed as 

critical57,58. To a good approximation, this critical state corresponds to a saddle region 

in the transition pathway and hence where the nucleus attains its highest free energy. 

The nucleus must overcome this critical or transition state to form the stable phase, and 

the difference between the free energy of the critical state to the pure metastable state 

is called nucleation barrier (∆𝐺∗). Detailed knowledge of the mechanism of how such 

nuclei form and grow is of great practical importance, for this can open the door to 

rationally manipulate or bias these processes, e.g., to catalyze the assembly of 

nanoparticles into ordered structures8,59. 
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Computer simulations have emerged as a valuable complementary tool to experiments 

and theory to study the mechanism of nucleation and growth for a variety of phase 

transitions and systems. Since the formation of an ordered domain in a moderately 

metastable disordered phase is a rare event, using brute force simulations to sample 

representative nucleation trajectories is computationally impractical unless the 

nucleation free-energy barrier is small (say order of a few 𝑘𝐵𝑇). For example, for a 

nucleation barrier of 20 𝑘𝐵𝑇, the chance of sampling the critical condition is nearly one 

in a billion trial configurations attempting to escape the metastable basin. Hence, a 

variety of rare-event sampling techniques have been developed and employed to 

understand nucleation kinetics, such as umbrella sampling40–42, forward flux 

sampling28,29,41,60,61, and metadynamics62–64. However, application of these techniques 

is limited in cases where nucleation barriers are steep and/or high where the ratcheting 

of configurations through milestones along the pathway from the disordered phase 

becomes inefficient and tedious. This is because when climbing steep free-energy 

profiles, the relative frequency with which the high free-energy states are visited is quite 

low in proportion to the low free-energy states, thus leading to poor sampling and 

inaccurate estimates of free energy differences. A way to overcome this limitation is the 

‘seeding approach’65–68. The approach essentially involves insertion of a preformed 

ordered domain (seed) into the disordered phase and observing its growth/decay 

behavior. Several simulations are then run for different degrees of supersaturation 
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trying to narrow down the conditions when a transition occurs between growth and 

decay behaviors67,68, i.e., the seed grows spontaneously above a critical supersaturation 

while decays spontaneously below it. Once the critical conditions are found, they are 

used in combination with classical nucleation theory (CNT) to evaluate the key 

parameters that characterize the nucleation process such as the nucleation free-energy 

barrier, interfacial energy, and the nucleation rate. This seeding approach has been 

successfully demonstrated for nucleation in L-J systems65, NaCl68, hard spheres67, water, 

lattice models69, and metals70. Besides homogenous nucleation, the method has been 

employed to study heterogeneous nucleation phenomena in nanoparticles71, including 

cases with a cubic seed72.While seeding appears to be a promising method to study 

nucleation at low-to-moderate supersaturations (and to complement the scope of 

other methods that can resolve nucleation behavior for moderate-to-high 

supersaturations without resorting to CNT), its applicability relies on the following 

preconditions/assumptions:  

(i) CNT can be used to estimate the free-energy barrier height. An appropriate 

order parameter to detect the seed and Classical (as opposed to non-

classical) nucleation pathways are ingredients typically associated with this 

assumption. 
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(ii) The seed growth-to-decay transition behavior is abrupt and detectable with 

limited sampling. 

(iii) The system can evolve from an initially arbitrary shaped seed (typically 

spherical) to the inherent seed shape in a timely fashion. The configurations 

obtained upon insertion and equilibration of the seed are representative of 

those that would occur spontaneously in the system.  

Assumption (i) underpins the seeding method and the extension to be elaborated in this 

work. Assumption (ii) can be invalid for systems with a flat or diffusive free energy 

profile around the top of the barrier (implying a low Zeldovich factor), where the 

transition from growth-to-decay behavior is gradual, and when even a slightly post-

critical nucleus has significant probability of dissolution. In such a scenario, it would be 

difficult to precisely pinpoint the critical condition altogether and extensive sampling 

required to quantify growth vs. decay behavior. We note here that conventional seeding  

studies have thus far only considered the ‘first occurrence’ of growth to decay to 

bracket the critical condition67,68. A more statistically rigorous implementation would 

entail, e.g., estimating growth/decay probabilities from more extensive sampling of 

trajectories, such that the critical condition58,66 can be established by the equality of 

growth and decay probabilities. Assumption (iii) could be violated if the initially assumed 

seed shape is very different from the inherent seed geometry73–76. While equilibration 
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of the seed can take place over a shorter time scale than that for seed growth/melting 

as implemented in conventional seeding77, such a trend is system and seed-size 

dependent. Further, it may not be straightforward to establish whether seed 

equilibration is attained, which may affect the seed growth/decay behavior and lead to 

unreliable results for both the seed size and critical condition. In fact, even though we 

can ‘surgically’ insert an ordered seed into a disorder phase and then equilibrate67,68 it, 

the initial structures of the core and interface may remain far from their ‘natural’ states 

over very long simulation periods. This is important because the configurations present 

at the interface can play a crucial role in the overall mechanism of nucleation and 

growth8.  

In this study, we propose and demonstrate a variant of the seeding approach that 

improves the handing of the constraints (ii) and (iii) listed above. In essence, we 

introduce an iterative scheme (similar to interfacial pinning78–80) that converges to the 

critical nucleation conditions for a seed of a prescribed size without the need to assume 

the seed shape or to constrain the interface morphology. We call this method nucleus-

size pinning (NSP) which we couple to a generalization of CNT to extend its scope to 

treat seeds of arbitrary geometry. Our main application of this approach is for the 

nucleation of an aspherical seed for hard gyrobifastigia (GBFs). GBF is a Johnson solid 

consisting of four square and four triangular faces whose equilibrium phase behavior 

has been studied earlier, being remarkable for its ability to form a space-filling crystal 
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and inability to form any mesophase4. GBF can be seen as a test-bed that provides a 

stringent test to simulation studies of crystal nucleation, given not only the anisotropy 

of its shape and of its crystal lattice, but also the large free-energy barriers that have 

been associated with their disorder-to-order phase transition.4  

The rest of this paper is organized as follows. In Section 2.1 we present the 

generalization of CNT for arbitrary seed geometries. In Section 2.2 we describe the 

details of NSP method, followed by a description of simulation details and order 

parameters in Section 2.3 and 2.4, respectively. In Section 3.1, we first validate the 

applicability of NSP by replicating established nucleation barrier results for hard 

spheres,40,41,67 and then in Section 3.2 we apply this method to GBF crystallization. 

Finally, in Section 4 we present our conclusions and an outlook for the method.  

2 Methods 

2.1 Generalized Classical Nucleation Theory 

For a system with an ordered (solid) seed of volume 𝑉𝑠 and surface area 𝐴𝑠, the 

extensive free energy of the system 𝜙𝑇  in reference to a disordered (liquid) bulk phase 

is given as: 

𝜙𝑇 = 𝜙𝑏𝑢𝑙𝑘 +  𝜙𝑖     (1) 
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where 𝜙𝑖  is the contribution of the interface between the seed and the liquid, and 𝜙𝑏𝑢𝑙𝑘 

is the difference between contributions of bulk solid and liquid phases for a volume 𝑉𝑠. 

𝜙𝑖  is proportional to 𝐴𝑠, while the bulk contributions are proportional to 𝑉𝑠 or to the 

number of particles in the seed Ns, thus equation (1) becomes: 

𝜙𝑇 = −∆𝜇𝑁𝑠 + 𝛾𝐴𝑠    (2) 

where ∆𝜇  is the chemical potential difference between liquid and solid and 𝛾 is the 

interfacial free energy to maintain the solid-liquid interface. For systems where the 

liquid phase is metastable, ∆𝜇 is positive (implying that  decreases with 𝑉𝑠, because 

the solid is thermodynamically more stable). For a given seed of fixed geometry,  𝑁𝑠 is 

proportional to the volume 𝑉𝑠, which in turn is related to the length scale of the seed 

(L) as: 

𝑁𝑠  ∝ 𝑉𝑆 ∝ 𝐿3     (3)     

→ 𝐿 ∝ 𝑁𝑠

1

3      (4)      

Similarly, for a given geometry, the surface area 𝐴𝑠 is proportional to 𝐿2. Upon 

rearranging terms,  

𝐴𝑠 ∝ 𝐿2 ∝ 𝑁𝑠

2

3     (5) 

Equation (5) can be used to rewrite Eq. (2) with a proportionality constant (𝑘𝐴) as:  
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𝜙𝑇 = −∆𝜇𝑁𝑠 + 𝑘𝐴𝑁𝑠

2

3    (6) 

In order to find the critical nucleus size 𝑁𝑠
∗, the expression for the derivative of 𝜙𝑇  with 

respect to 𝑁𝑠 is given by: 

𝑑𝜙𝑇

𝑑𝑁𝑠
= −∆𝜇 +

2𝑘𝐴𝑁𝑠
∗−

1
3 

3
= 0   (7) 

𝑁𝑠
∗ = (

2𝑘𝐴

3∆𝜇
)

3

     (8) 

Which when substituted in equation (6) gives: 

𝜙𝑇
∗ = −∆𝜇 (

2𝑘𝐴

3∆𝜇
)

3

+ 𝑘𝐴 (
2𝑘𝐴

3∆𝜇
)

2

=
4𝑘𝐴

3

27∆𝜇2 =
𝑁𝑠

∗∆𝜇

2
    

this critical free energy barrier will also be denoted later as ∆G* so that this equation is: 

𝜙𝑇
∗   ∆𝐺∗ = 𝑁𝑠

∗∆𝜇 2⁄     (9) 

This expression is the same as the one associated with CNT and has been reported in 

earlier studies.67,68,81,82 The key feature of Eq. (9) is its independence of seed geometry; 

as it only assumes the validity of the square-cube law relating the surface area and the 

volume. Thus, equation (9) can be used to calculate the nucleation barrier (∆𝐺∗) once 

a critical seed (of size 𝑁𝑠
∗) of appropriate geometry is obtained, which need not be 

spherical. 
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2.2 Nucleus-Size Pinning  

In this section, we shall derive the iterative expression used by nucleus-size pinning for 

estimating of the critical supersaturation conditions. For concreteness, this derivation 

is targeted to estimating the critical pressure (at constant temperature) but it can be 

readily generalized for any  thermodynamic field other than pressure (e.g., 

temperature) as described in our earlier publications78. For a pure component system 

at fixed temperature T, the fundamental thermodynamic equation can be written as: 

𝑑𝜇 = 𝑣𝑑𝑝     (10) 

In an isothermal-isobaric (NPT) ensemble with N total particles at pressure p and 

temperature T, the probability 𝑝(𝑁𝑠) of a state with 𝑁𝑠 particles in the solid phase seed 

can be written as: 

𝑝(𝑁𝑠) ∝ exp (−𝜙𝑇(𝑁𝑠))   (11) 

The total free energy can again be split up as: 

𝜙𝑇(𝑁𝑠) = 𝜙𝑏𝑢𝑙𝑘,𝑠𝑜𝑙𝑖𝑑(𝑁𝑠) − 𝜙𝑏𝑢𝑙𝑘,𝑙𝑖𝑞𝑢𝑖𝑑(𝑁𝑠) + 𝜙𝑖(𝑁𝑠)  (12) 

For critical nucleation conditions, the slope 𝑆𝑇 =
𝑑𝜙𝑇

𝑑𝑁𝑠
 should be zero, thus: 

𝑆𝑇 =
𝑑𝜙𝑏𝑢𝑙𝑘,𝑠𝑜𝑙𝑖𝑑

𝑑𝑁𝑠
 −

𝑑𝜙𝑏𝑢𝑙𝑘,𝑙𝑖𝑞𝑢𝑖𝑑

𝑑𝑁𝑠
+

𝑑𝜙𝑖

𝑑𝑁𝑠
= 0    (13) 
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But since at constant pressure and temperature:  𝜙𝑏𝑢𝑙𝑘,𝑗 = 𝜇𝑗𝑁𝑠, equation (13) 

becomes: 

 

𝑆𝑇 = 𝜇𝑠𝑜𝑙𝑖𝑑 − 𝜇𝑙𝑖𝑞𝑢𝑖𝑑 +
𝑑𝜙𝑖

𝑑𝑁𝑠
     (14) 

Let 𝑝∗ denote the critical pressure corresponding to a preset, target seed size 𝑁𝑠,𝑡 . 

Assume that an initial isothermal isobaric simulation is conducted at a pressure 𝑝𝐴 

corresponding to a point A on the free energy curve where the seed of size is 𝑁𝑠,𝐴. The 

goal is to devise a scheme that, given simulation data at 𝑝𝐴, it returns a guess 

pressure 𝑝𝐵 that is closer to 𝑝∗, a process that can be iterated till converge to 𝑝∗, in a 

manner analogous to interfacial pinning78–80.  For this purpose, we approximate 

selected terms in equation (14) by truncated Taylor expansions around point A to obtain 

an extrapolation to a point of interest B as follows: 

𝜇𝑗,𝐵 = 𝜇𝑗,𝐴 +  
𝜕𝜇𝑗,𝐴

𝜕𝑝
 ∆𝑝𝐵𝐴     (15) 

𝑑𝜙𝑖,𝐵

𝑑𝑁𝑠
= 𝐶𝐴      (16) 

which are the first and zeroth order approximations respectively, with 𝜇𝑗,𝐴 and  𝐶𝐴 

being the values of properties at point A, and ∆𝑝𝐵𝐴 = 𝑝𝐵 − 𝑝𝐴. Note that for equation 

(16), we assume that for small changes in pressure the interfacial contribution to the 
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slope is not a strong function of pressure67, and hence can be approximated as a 

constant (whose value is  𝐶𝐴). This assumption may be relaxed with the use of a suitable 

modification to CNT that describes the variation of interfacial free energy with pressure; 

a more detailed analysis of this assumption, including a CNT-based estimation of 𝛾 is 

given in the Appendix.  Substituting equation (10) into equation (15): 

𝜇𝑗,𝐵 = 𝜇𝑗,𝐴 +  �̅�𝐴 ∆𝑝𝐵𝐴    (17)    

Where �̅�𝐴 is the ensemble average of the specific volume at point A. Further: 

∆𝜇𝑠𝑙,𝐵 = 𝜇𝑠𝑜𝑙𝑖𝑑,𝐵 − 𝜇𝑙𝑖𝑞𝑢𝑖𝑑,𝐵 = ∆𝜇𝑠𝑙,𝐴 + ∆�̅�𝑠𝑙,𝐴∆𝑝𝐵𝐴   (18) 

where ∆𝜇𝑠𝑙,𝐴 and ∆�̅�𝑠𝑙,𝐴 are the differences in chemical potential and specific volume 

at point A, respectively. Substituting equations (16) and (18) into equation (14) we 

obtain an expression for 𝑆𝑇,𝐵: 

 𝑆𝑇,𝐵 = ∆𝜇𝑠𝑙,𝐴 + 𝐶𝐴 + ∆�̅�𝑠𝑙,𝐴∆𝑝𝐵𝐴 = 𝑆𝑇,𝐴 + ∆�̅�𝑠𝑙,𝐴∆𝑝𝐵𝐴  (19) 

For a given point A, if 𝑆𝑇,𝐴 and ∆�̅�𝑠𝑙,𝐴 are known, the needed change in pressure ∆𝑝𝐵𝐴  

to reach the desired value of 𝑆𝑇,𝐵= 0 (critical condition) can be obtained as, 

∆𝑝𝐵𝐴 =  −
𝑆𝑇,𝐴

∆�̅�𝑠𝑙,𝐴
       (20) 

→ 𝑝𝐵 = 𝑝𝐴 −
𝑆𝑇,𝐴

∆�̅�𝑠𝑙,𝐴
        (21) 



49 

 

This estimate of  𝑝𝐵 can be further improved by iterating the entire process, eventually 

converging towards 𝑝∗, the critical pressure. Such a convergence is expected for 

systems having a monotonically varying slope for free energy (with respect to nucleus 

size), as was the case for the systems studied in this work and is likely the case for many 

nucleation and growth phenomena. 

At any given pressure, the value of ∆�̅�𝑠𝑙  can be obtained using the equations of state 

for either phases. The slope 𝑆𝑇 of the free energy profile can be obtained using an 

approach similar to interfacial pinning 78–80. However, instead of pinning the position of 

the interface, we pin the nucleus size by biasing the system with a harmonic potential 

of the form:  

∆𝑈𝐻 =
𝜅

2
(𝑁𝑠 − 𝑁𝑠,𝑡)

2
      (22) 

We note that while this biasing potential is similar to the one traditionally used in 

umbrella sampling simulations, the purpose here is not to map the local free energy 

profile but rather to provide the balancing potential to pin the seed size and iteratively 

converge to the underlying free energy maxima. The ideal probability distribution 

associated with such a potential is a Gaussian distribution centered at 𝑁𝑠 = 𝑁𝑠,𝑡, noting 

that both Ns,t and the pinning force constant  are user defined values. When applied 

to a given point A on the total free energy curve, the resulting probability distribution is 

given by: 



50 

 

𝑝(𝑁𝑠) ∝ exp (−(𝜙𝑇 + ∆𝑈𝐻))    (23)  

In the neighborhood of 𝑁𝑠,𝑡, 𝜙𝑇  can be assumed to be a linear function with slope 𝑆𝑇. 

With this assumption, it can be shown that the p(Ns) is also a quasi-Gaussian distribution 

with a shifted mean value of 𝑁𝑠 such that: 

𝑆𝑇 = −𝜅(〈𝑁𝑠〉 − 𝑁𝑠,𝑡)      (24) 

Thus, by calculating the average value of 𝑁𝑠 in a biased simulation [under the external 

potential of Eq. (22)], we can determine the value 𝑆𝑇 needed for the iterative scheme 

of equation (21) to obtain 𝑝∗. Convergence proceeds as the pressure correction 

becomes negligible and 𝑆𝑇 approaches zero.  

2.3 Simulation Details 

2.3.1 Model 

For both hard spheres and gyrobifastigia we used hard pair potential given by: 

𝛽𝑈𝑖𝑗 = {
0 𝑖𝑓 𝑛𝑜 𝑜𝑣𝑒𝑟𝑙𝑎𝑝

∞ 𝑖𝑓 𝑜𝑣𝑒𝑟𝑙𝑎𝑝
      (25) 

For spheres, overlaps are detected by evaluating if the center-to-center distance 𝑟𝑖𝑗 is 

less than the diameter (𝜎). For gyrobifastigia, overlaps are checked by employing the 

separating axis theorem.49   
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2.3.2 Metropolis Monte Carlo 

Metropolis Monte Carlo (MC) simulations were performed in an isothermal-isobaric 

(NPT) ensemble where the number of particles, the pressure, and the temperature of 

the system were kept constant. As is customary40,41, for  spheres the pressure was 

scaled as 𝑝 = 𝛽𝑝𝑎𝜎3, where 𝛽 =
1

𝑘𝐵𝑇
 , 𝑝𝑎 is the unscaled pressure, 𝑘𝐵 is the Boltzmann 

constant, and 𝜎 is the diameter of the sphere. For GBF, the pressure was scaled as 𝑝 =

𝛽𝑝𝑎𝑎𝑐
3, where 𝑎𝑐 is the radius of the circumscribing sphere. Simulations were 

conducted using periodic boundary conditions and cycles consisting of N translational, 

2 isotropic volume moves, and for GBF, an additional N rotation moves. A volume move 

attempt involves the rescaling of the simulation box size while maintaining constant the 

reduced coordinates of the particles’ centers of mass (and particle orientations for 

GBF).31 For spheres the simulation box was cubic while for GBF the box was cuboidal in 

shape to accommodate an equal number of particle layers of the anisotropic solid-

phase lattice vector. For hard spheres, the degree of supersaturation were taken and 

interpolated from the literature67. For GBF, the equations of state for the various phases 

were obtained and selected degrees of supersaturation DSS (= 𝛽∆𝜇) were evaluated 

upon integration of suitable branches of those equations of state, by using the same 

formulas discussed in earlier work4,8. 
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2.3.3 Nucleus-Size Pinning 

The biased NPT MC simulations were performed in manner similar to those described 

in prior studies78. Following  the conventional seeding66,67 methods, an ordered 

spherical seed of a chosen size is inserted into a hole carved in a disordered phase by 

eliminating any overlapping particles. To avoid finite size effects, a system sufficiently 

larger than the seed size was simulated to ensure that the seed does not interact with 

its periodic images. For this purpose, the size and shape of the simulation box were 

altered, as necessary.  Both the ordered seed and the disordered configurations were 

at equilibrated volume fractions corresponding to the pressure of interest as per the 

equations of state. To save computational time, the order parameter calculations were 

performed once every 100 MC cycles, upon which the modified Metropolis criteria with 

the biased potential was used to accept or reject the trajectory of the last 100 cycles (if 

rejected, the old trajectory was restored). Once key system properties such as the 

cluster size, the specific volume, and, in the case of GBF, the aspect ratio of the nucleus, 

have fully converged (usually in about 3 × 106 MC cycles), the run is stopped and 

statistics for the cluster size are evaluated (note that this equilibration process 

eliminates potential artifacts from the original seed preparation). Using equation (21), 

a new estimate of the sought-after pressure is obtained, and a new iteration of the 

process is started. 
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For the method to work efficiently, the strength of harmonic potential (𝜅) needs to be 

chosen carefully. If too high, the system would be too constrained to be able to explore 

diverse configurations and statistics thus obtained would not be representative. If too 

low, the assumptions regarding the local behavior of various system properties as 

implied by the Taylor series expansions in equations (15) and (16), may not be correct. 

An insufficiently strong potential can lead to multimodal p(Ns) distribution, with peaks 

on either side of the barrier. This is possible when the unbiased free energy profile 

exhibits a high variation in slope near the target nucleus size, allowing for solutions to 

equation (13) on either side of the peak. This issue can be remedied by increasing 𝜅 and 

a suitable value can be found using the following criterion78: 

𝜅 >
1

𝜎𝑁𝑠
2      (26) 

where 𝜎𝑁𝑠

2  is the variance in the 𝑁𝑠 values for a short unbiased simulation around the 

target conditions. For the purpose of estimation of barrier heights, since the method 

uses CNT, the method is more indicated for lower degrees of supersaturation where 

larger nuclei ensue. Thus, it is a complementary technique to conventional methods 

such as umbrella sampling and forward flux sampling which tend to be inefficient at low 

DSS. 
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2.3.4 Umbrella Sampling (US) 

To provide an independent estimation of the homogeneous solid-nucleation free-

energies for GBFs for comparison to estimates from the proposed NSP method, we also 

implemented umbrella sampling (US) simulations8. Using as reaction coordinate the size 

of the greatest cluster of ordered particles (𝑁𝑠), the transition path from the disordered 

to the ordered state is divided into overlapping windows. Each window is simulated 

separately with reflective walls and 𝑁𝑠 is recorded every 2 MC cycles. Reflective walls 

are implemented such that any trajectory moving outside the window at the end of 2 

MC cycles is returned to the configuration prior to the 2 MC cycles, which is counted 

again. Statistics obtained from each window are used to obtain relative free energies 

for the Ns states within a window. Finally, individual sections are stitched together by 

matching values at the boundaries of the windows, keeping the value for the most 

frequent entry near 𝑁𝑠 = 0 as the reference. All US calculations were performed with 

a system of 1728 particles. 

2.4 Order Parameters 

2.4.1 Hard Spheres 

As in previous crystal nucleation simulations of hard spheres40,41, we use the size of the 

largest translationally ordered cluster as the reaction coordinate. We use 𝑞6 
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Steinhardt50 order parameter defined as follows: For every particle i, the local bond 

order parameter, ql,m(i) is defined by                

𝑞𝑙,𝑚(𝑖) =
1

𝑁𝑏(𝑖)
∑ 𝑌𝑙,𝑚(𝜃𝑖,𝑗, 𝜙𝑖,𝑗)𝑙

𝑗=1     (27) 

where Nb(i) is the number of neighbors of particle i, Yl,m(θ,ϕ) are the spherical 

harmonics, θi,j and ϕi,j are polar and azimuthal angles between particle i and its neighbor 

j respectively, l is the symmetry index and the value of m ranges from –l to l. In this work 

we use l = 6. The neighbors of particle i are those particles which are within the cutoff 

distance rc = 1.4𝜎 of particle i. The translational-order correlation between particle i and 

its neighbor j, d6(i, j) is given by:                       

𝑑6(𝑖, 𝑗) =
∑ 𝑞6,𝑚(𝑖)𝑞6,𝑚

∗ (𝑗)6
𝑚=−6

(∑ |𝑞6,𝑘(𝑖)|6
𝑘=−6

2
)

1
2

(∑ |𝑞6,𝑙(𝑗)|6
𝑙=−6

2
)

1
2

    (28) 

where the asterisk (*) denotes the complex conjugate. Two particles i and j are defined 

as translationally connected if d6(i, j) > 0.7. A particle with at least 7 translational 

connections is classified as translationally ordered or solid-like. Solid clusters are 

identified by the condition that any two solid-like particles within the rc belong to the 

same cluster. The tunable parameters in such order parameters need to be optimized 

using criteria described in prior studies8,41. 
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2.4.2 Gyrobifastigia 

We found that the Steinhardt order parameters were  not effective  to capture the local 

translation symmetry present in the ABCD cubic lattice formed by GBFs4. Hence, we 

devised an orientational order parameter that proved to be suitable to capture the 

inherent crystal symmetry. It is based on the observation that in the crystal lattice all 

constituent particles have their long axes aligned. We can then define an orientational 

order correlation or a ‘dot-product’ similar to 𝑑6 as follows. For a given pair of 

neighboring particles i and j (i.e., within the cutoff distance 𝑟𝑐 = 1.4𝑎, where 𝑎 is the 

side length of GBF), we define the orientational order correlation 𝑑𝑧(𝑖, 𝑗) as: 

𝑑𝑧(𝑖, 𝑗) = |𝑧(𝑖). 𝑧(𝑗)|      (29) 

where 𝑧(𝑖) and 𝑧(𝑗) are unit vectors pointing along the long axis of particles i and j. 

𝑑𝑧(𝑖, 𝑗) is essentially the magnitude of the cosine of the angle included between the 

two axis vectors, and hence varies from zero to 1 for orthogonal to aligned 

configurations, respectively. Note that the correlation is unaffected by whether the 

vectors are flipped 180° and the operation is commutative. Particles i and j are 

considered orientationally correlated if 𝑑𝑧(𝑖, 𝑗) > dz,min = 0.95, implying a ~ 18° 

tolerance from perfect alignment. If a given particle has at least 4 aligned neighbors, it 

is considered solid-like. If two solid-like particles are orientationally correlated, then 
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they belong to the same cluster. The size of the largest orientationally ordered cluster 

is used as the reaction coordinate for the nucleation process. 

3 Results and Discussion 

3.1 Nucleus-size Pinning for Hard Spheres 

To validate the NSP method for a well-studied system, we apply it to hard spheres. The 

free energy barriers ∆𝐺∗ for disorder to order transition for HS have been determined 

via a variety of methods such as US40 and seeding67. Thus, our first objective was to test 

the barriers and critical nuclei sizes found by NSP by comparison with those reported in 

literature. The results for various target nuclei sizes are tabulated in Table 2 and shown 

in Figure 1(a). It can be seen that the NSP-estimated values provide a good interpolation 

to the reported estimates, hence showing a suitable consistency with prior data. It 

typically takes 5-6 iterations to obtain convergence within one percent relative error in 

the pressure value. 

For 𝑁𝑡 = 1300, the convergence of the algorithm was tested with different initial 

guesses for pressure (one higher and one lower than the reported value) as shown in 

Figure 1(b). The values obtained from either direction are asymptotically convergent. In 

practice, one may stop iterations as successive values are within the desired tolerance, 

and yet the estimates from the different starting points may differ by a non-negligible 

amount. This is possible if the profile is relatively flat (i.e., the corresponding Zeldovich 
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factor is low). Convergence to a narrower range of p* could be improved by using a 

weaker biasing potential that can better resolve weaker slopes near the top of the 

barrier. 

Table 2: Nucleus-size pinning for hard spheres. 𝑵 is the total number of particles in the system, 
𝑵𝒕 is the target seed size, and 𝒑𝒊 is the initial guess of the critical pressure (whose converged 
value is p*) and 𝜿 is the strength of the biasing potential as described in Eq. (22). 

N 𝑵𝒕 𝒑𝒊 𝜿 𝒑∗ 

55183 400 14 0.005 14.42 

55183 600 14 0.0005 14.066 

55143 800 14 0.0005 13.783 

55116 1300 12.5 0.0005 13.37 

55116 1300 14 0.0005 13.42 
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Figure 2: Nucleus-size pinning simulation results for hard spheres. (a)  critical nucleation 
pressures (p*) for various critical nucleus sizes 𝑵𝒔

∗ as determined by NSP (blue) and by the 
seeding method of Espinosa et al.67 (red). (b) Convergence towards the critical pressure for a 
target critical nucleus size of 1300 for different initial pressures of 12.5 (blue) and 14 (red). The 
values asymptotically converge towards a common critical pressure value, with the last step 
correction on each run being less than ∆𝒑∗~𝟎. 𝟎𝟐.  

The associated free energy barriers can be calculated using equation (9), which shall be 

in agreement with reported results for seeding67. These estimates will become 

increasingly accurate for lower DSS as the critical nucleus becomes larger and the 

system approaches the macroscopic phase properties as assumed in the CNT approach.  

3.2 Gyrobifastigia 

3.2.1 Umbrella Sampling 

We performed US calculations to generate reference results for the crystal critical 

nucleus size (𝑁𝑠
∗) and free-energy barrier (𝛽∆𝐺∗) of GBF to test the predictions of NSP 
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(for 𝑁∗) and its combination with the CNT (for 𝛽∆𝐺∗). These simulations generate the 

complete free energy profile along the reaction coordinate, from which one can readily 

obtain 𝑁𝑠
∗ and 𝛽∆𝐺∗.  

The results from US are tabulated in Table 2. Figure 2(a) shows the estimated free 

energy profiles for GBFs at various pressures. Figure 2(b) shows a comparison of 

nucleation barriers for GBFs and hard spheres41. It is observed that for the same DSS 

value GBF has a much higher 𝛽∆𝐺∗ than hard spheres. These large ∆𝐺∗ for GBF may be 

due to the tendency of neighboring particles to pack in configurations that, while 

minimizing excluded volume83 and maximizing packing entropy,53 are inconsistent with 

the final ABCD crystal structure of GBFs.  For example, two particles may tend to match 

their square facets while maintaining their long axes at a 60 ° angle (Figure 2(d)), 

excluding a volume (to other particles) larger than that in the ABCD lattice where the 

particle long-axes align (Figure 2(c)). Such misaligned configurations can lead to ‘dead 

ends’ in the nucleation pathway and require particles to first disassemble to further 

progress towards the crystalline global order59. Such poisoning can even preclude 

nucleation as is the case in the isotropic-nematic transition of colloidal rods;84 we 

speculate that the coupling of orientational and translational order in GBFs helps the 

system overcome similar local configurational traps. Particle-alignment defects near the 

crystal interface likely increase the interfacial tension; in fact, our estimates shown in 

Fig. 8 in the Appendix indicate that 𝛾 of GBFs is nearly twice larger than that of hard 
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spheres. In addition, since for a given size, an aspherical seed has an associated larger 

surface area, a larger effective interfacial contribution to the free energy, and a higher 

barrier height would also be expected. Since estimating larger 𝛽∆𝐺∗ via US or another 

standard simulation method becomes more challenging, its calculation for GBFs for DSS 

= 𝛽∆𝜇 <0.5 would be an especially suitable application for the NSP method.  

Table 3: Results for barrier height (𝜷∆𝑮∗) and critical nucleus size (𝑵𝒔
∗) from umbrella sampling 

(US) calculations for gyrobifastigia for various pressures (𝒑), along with their corresponding 
degrees of supersaturation (𝜷∆𝝁). 

Reduced Pressure 

(𝒑) 
DSS (𝜷∆𝝁) 𝜷∆𝑮∗ 𝑵𝒔

∗ 

12.5 0.684 73.0 252 

13 0.873 46.1 153 

14 1.244 19.0 48 

15 1.608 8.6 27 
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Figure 3: Nucleation free-energy barriers for gyrobifastigia using umbrella sampling. (a) 
Representative estimated free energy (𝜷∆𝑮) vs. nucleus size (𝑵𝑺) (for different pressures (𝒑∗). 
(b) Nucleation barriers 𝜷∆𝑮∗ for gyrobifastigia (diamonds) and for hard spheres41 (circles) at 
various DSSs. Configurations of gyrobifastigia particle pairs in (c) the ABCD crystal, and (d) a non-
crystalline high local packing entropy state53,59. 

Interestingly, the morphology of the nuclei formed for GBF is significantly aspherical as 

shown in Figure 3(a). This behavior likely stems from the difference in interfacial 

energies of the nucleus along directions parallel to the particles’ long axes and 

perpendicular to it. A feature emerging out of the geometry of GBF lattice is that the 
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facets of the anisotropic nucleus are slanted at an angle of tan−1(2√3)  ≈ 73.9° as 

revealed in Figure 3(a, inset).  

We also investigated how the shape anisotropy of the crystal nucleus evolved as it grew 

beyond its critical size. While the nucleus aspect ratio could increase indefinitely with 

size to become filamentous in shape, it was conjectured that it maintained a quasi-

octahedral shape, based on the characteristic slant of the nucleus facets. To test this 

conjecture, we simulated the growth of a post critical nucleus up to a size of 𝑁𝑠 ≈ 8000 

(over 50 times its critical size) at which point local features are smoothed out and 

macroscopic behavior could be considered emergent. We observed that the shape 

anisotropy persists even for such large nuclei and the aspect ratio remains about the 

same (Figure 3(b)). The presence of a nearly invariant nucleus geometry validates the 

use of the CNT equation (9) to estimate ∆𝐺∗. We thus estimate ∆𝐺∗ from the known 

critical nucleus sizes (from US) using equation (9); the results and their error bars are 

shown in Figure 4. We find that CNT tends to overestimate ∆𝐺∗ by a relatively constant 

deviation of ~ 10kBT but the relative deviations decrease as DSS is reduced. These trends 

are expected, as the nuclei tend to have larger size for lower DSS and hence approach 

the macroscopic limiting behavior that CNT assumes. Note that one could use a ∆𝐺∗ 

value obtained from US, ideally corresponding to large 𝑁𝒔
∗ (and small ∆ ), to fine-tune 

the order parameter definition (i.e., parameters rc and dz,min in Section 2.4.2) until the 

𝑁𝒔
∗ calculated in the US simulation agrees with the 𝑁𝒔

∗  calculated via the CNT Eq. (9). 
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While in this way the US and CNT curves in Fig. 4 would be brought in closer agreement, 

this would not necessarily provide an independent test of the quality of the order 

parameter or of the general applicability of CNT.41 Regardless of such refinements, ∆𝐺∗ 

estimates from the critical nucleus size [via Eq. (9)] are expected to have large 

uncertainties for smaller nucleus sizes (when errors in estimates of interfacial particles 

can contribute significantly to the nucleus size) and become increasingly accurate as 

lower DSS values (and hence larger cluster sizes) are probed. 
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Figure 4: Morphology of nuclei for gyrobifastigia. (a) Near-critical nucleus (𝑵𝒔
∗ ≈ 𝟏𝟓𝟎) obtained 

by umbrella sampling at p*=13, evidencing its aspherical, elongated shape along the particle 

long-axis. Inset: The nucleus is approximately faceted at a specific angle = 𝒕𝒂𝒏−𝟏(𝟐√𝟑). In the 
inset a is the side length of a gyrobifastigium. (b) A quasi-octahedron shaped (post-critical) 
nucleus corresponding to 𝑵𝒔 ≈ 𝟖𝟎𝟎𝟎. Particles are colored according to the deviation from the 
director of the nucleus – from blue to red as the alignment decreases.  
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Figure 5: Comparison of CNT-estimated nucleation barriers (𝜷∆𝑮∗) with those calculated using 
umbrella sampling (US) as a function of degree of supersaturation (DSS). The CNT values are 
obtained using equation (9) by inputing 𝑵𝒔

∗  values from umbrella sampling.  

 

3.2.2 Nucleus-size Pinning for Gyrobifastigia 

Having established the presence of anisotropic solid nuclei and the applicability of the 

CNT to GBF in the previous section, we now demonstrate how the NSP method can be 

implemented as an alternative and complement to US to study the shape and size of 

the critical nuclei, and to estimate nucleation barriers. The simulations were performed 

for a range of nucleus sizes that overlaps and extends beyond the upper bound explored 

before using US. The results are shown in Table 3. As shown in Fig. 5(a), the relationship 

between critical nucleation pressure and 𝑁𝑠
∗ as determined by NSP agrees well with that 

obtained from our US calculations performed earlier.  Similarly, Fig. 5(b) shows that NSP 
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with CNT produces free-energy barrier heights which slightly overestimate those found 

by US, as was earlier observed (in Figure 4).  

Table 4: Results from nucleus-size pinning method for GBF 

𝒑𝒊 𝑵 𝑵𝒕 𝜿 𝒑∗ 
DSS = 

𝜷∆𝝁 
𝜷∆𝑮∗ 

14 3373 100 0.01 13.34 0.977 48.875 

11.5 1666 100 0.05 13.35 0.9813 49.065 

14 1664 50 0.05 13.9004 1.1844 29.61 

14 3373 150 0.01 12.9083 0.8155 61.163 

14 3344 300 0.01 12.41 0.6275 94.125 

14 3334 500 0.005 12.1205 0.5149 128.725 
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Figure 6:  Comparison of NSP (blue) and umbrella sampling (US, red) for GBF (a) Comparison of 
critical conditions: p* and Ns* are the critical pressure and nucleus size, respectively. (b) 
Comparison of free energy barrier heights values (𝜷∆𝑮∗)  as a function of degree of 
supersaturation (𝜷∆𝝁). 

The converged values obtained from iterations started from different initial pressure 

guesses were quite close in the cases examined, presumably due to a sharper peak of 

the free energy profile as compared to the calculations for hard spheres discussed in 

Section 3.1. Since there is no constraint on the shape of the nucleus but only on its size, 

its shape should eventually tend to the ‘natural’ one. Indeed, Figure 6 shows that the 

shape of the GBF nuclei as determined by NSP have geometries consistent with those 

found earlier via US, becoming increasingly quasi-octahedron like as the size increases 

and having an aspect ratio of ~2 (found from the principal moments of the nucleus 

inertial tensor, as a ratio of longest axis to the mean of the shorter ones. This aspect 

ratio would slightly increase for much larger nucleus sizes (it is still 2.1 for the one in 
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Fig. 3(b)) if the aberrations at the top and bottom vertices of the quasi-octahedron were 

to smooth out.  

 

 

Figure 7: Various critical nuclei of GBF as obtained using the NSP method for 𝑵𝒔  ≈ (a) 50, (b) 
100, (c) 150, (d) 300, and (e) 500, with aspect ratios close to 2.0 (1.9, 2.0, 1.9, 2.0, and 2.1 
respectively). Particles are colored as in Fig. 3.  

4 Conclusions 

In this study we introduced the nucleus-size pinning (NSP) method which, as an 

extension of the seeding technique67, is designed to iteratively converge to the critical 

state in a nucleation process. We first validated the method by reproducing the known 

results for hard spheres. We then demonstrated the robustness of the method by 

identifying non-trivial anisotropic growth of nuclei during disorder-to-order transition 
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in gyrobifastigia. By combining NSP with a formulation of classical nucleation theory that 

allows the treatment of an aspherical nucleus, we were able to determine nucleation 

barriers for gyrobifastigia in a range of small DSS where conventional methods would 

be very computationally expensive. The method allows the ‘natural’ seed geometry to 

be attained and the critical state to be readily identified, as demonstrated here for 

gyrobifastigium. The proposed method may even prove useful in studying the transition 

state in situations where a global order parameter rather than a local order parameter 

(as in classical nucleation) is used to describe the phase transition process. The 

proposed NSP approach can be easily applied to other systems for the determination of 

the critical states provided suitable order parameters are employed. For example, 

applications should be readily implementable to nucleation processes where the degree 

of metastability (or DSS) is defined by departures of temperature (as opposed to 

pressure) from the coexistence conditions. Moreover, NSP can help reveal important 

microstructural features of transition states, which might be non-trivial to hypothesize 

a-priori. Altogether, NSP provides a means to effectively and unambiguously target the 

simulation of the critical transition state in a nucleation process, one that complements 

existing rare event sampling techniques.  The iterative process can be further 

automated such that the equilibration (at each iteration step) is checked via statistical 

tests for normality85 and by pre-specifying a tolerance for global convergence.  
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While the NSP method provides a more robust way for establishing the conditions for 

cluster criticality than the traditional seeding approach, it retains certain limitations. 

First, it requires a valid model (such as CNT) to relate critical nucleus size to the 

nucleation free-energy barrier. Only in the presence of an applicable model can we 

determine other properties of interest such as interfacial energy. Nevertheless, even in 

the absence of such a model, the method is still able to describe the critical nuclei at 

different DSS, whose characterization may be of interest in various context, e.g., to 

identify differences in structural order between the core and interfacial regions of 

potential configurational bottlenecks associated with transition states33,34,86.  Second, 

the convergence of the algorithm is dependent upon the ‘flatness’ of the target free 

energy profile. If there is a broad region (in comparison to the spread of the biasing 

harmonic potential) with nearly constant free energy around the barrier top, then the 

method can end up identifying any of those states as the critical one (within a user-

specified tolerance). Note, however, that such flat barrier tops would pose challenges 

to many simulation methods and entail an intrinsic ambiguity to the definition of the 

critical nucleus. Third, and in common with other methods (like umbrella sampling), NSP 

requires the use of order parameters that are a good approximation to the reaction 

coordinate that best describes the transition process39. In fact, the choice of nucleation 

order parameter (e.g., the criteria to decide which particles are solid-like) affects not 

only the effective height of the free-energy barrier but also its flatness (as pertaining to 
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the second limitation listed before). Finally, variants of the NSP method can be 

implemented to improve the convergence of the iterative scheme, e.g., to more 

explicitly account for the dependence of interfacial free energy on supersaturation 

conditions (as discussed in the Appendix).  
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6 Appendix: Interfacial Contribution to Free Energy Derivative 

In Section 2.2 we assumed that the interfacial-energy contribution to the slope CA in Eq. 

(16) can be neglected for small changes in pressure ∆𝑝∗ < 1, an assumption which is 

consequential to the convergence properties of the NSP iterations to the critical 

conditions, but not to the final results. We note that this assumption is consistent with 

earlier studies that found the variation of interfacial energy (γ) ∆γ  to be small (i.e., less 

than 5%) for changes ∆𝑝∗ < 1 ,67  and that in NSP iterations the usual step corrections 

in pressure are much smaller than ∆𝑝∗ < 0.5.  Nevertheless, in this section we re-

examine this assumption by first rearranging Eq. (14) to obtain the interfacial 

contribution to the slope (𝑆𝑖) as: 
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𝑆𝑖 =
𝑑𝜙𝑖

𝑑𝑁𝑠
= 𝑆𝑇 − (𝜇𝑠𝑜𝑙𝑖𝑑 − 𝜇𝑙𝑖𝑞𝑢𝑖𝑑) = 𝑆𝑇 − ∆𝜇𝑠𝑙    (A1) 

Thus, for a simulation performed at a given pressure, Eq.  (A1) can be used to evaluate 

Si, the interfacial contribution to the slope (note that this involves a contribution from 

interfacial tension and from nucleus geometry, either of which may vary with pressure).  

One such evaluation is illustrated in Table 4 and Fig. 7 for a series of iterations in case 

of hard spheres for a target cluster size of 𝑁𝑡 = 1300: 
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Table 4: Calculation of interfacial contribution to the slope from data of total slope and chemical 
potential difference for various iterations of NSP for hard spheres with 𝑵𝒕 = 𝟏𝟑𝟎𝟎. 

Iteration  𝒑𝒊 ∆𝝁𝒔𝒍 𝑺𝑻 𝑺𝒊 

1 14.00 -0.235 -0.054 0.180 

2 13.72 -0.207 -0.029 0.178 

3 13.58 -0.193 -0.017 0.176 

4 13.49 -0.184 -0.005 0.179 

5 13.46 -0.181 -0.003 0.178 

6 13.45 -0.180 -0.003 0.178 

7 13.44 -0.179 -0.003 0.176 

8 13.42 -0.177 0.001 0.179 
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Figure 7: Key contributions to the variation of the slope 𝑺𝑻 of the free energy as a function of 
pressure. The interfacial contribution 𝑺𝒊 is nearly constant. 

It can be seen in Fig. 7 that the major contribution to the variation of the total slope 

(𝑆𝑇) is through the variation of ∆𝜇𝑠𝑙 = DSS, while the interfacial contribution remains 

nearly constant ~0.178, consistent with the assumption of Eq. (16).   

Alternative implementations of the NSP could explicitly take into account the variation 

of γ with pressure. For instance, one can use the known values of  𝑆𝑖 =
𝑑𝜙𝑖

𝑑𝑁𝑠
  at two or 

more nearby pressures (from the iterative steps) to obtain an extrapolation model 

Si=Si(p*) and use such a model to improve the estimate of p* for the next iteration. 



76 

 

As a related extension, we note that the NSP method and CNT can also be combined to 

extract the interfacial tension γ from 𝑆𝑖. Assuming for concreteness that the nucleus is 

spherical, then 𝑘𝐴 = 𝛾 (
36𝜋

𝑁𝑡𝜌𝑠
2)

1

3
 and 𝑆𝑖 =

2𝑘𝐴

3𝑁
1
3

 , from which it follows that: 

𝛾 = 𝑆𝑖 (
3𝑁𝑡𝜌𝑠

2

32𝜋
)

1

3
        (A2) 

Equation (A2) can be used to estimate 𝛾  at successive steps in the NSP iteration process, 

as shown in Figure 8(a) for hard spheres. The results are in line with what has been 

reported in prior studies using other techniques40,67,87,88. The intermediate calculations, 

however, may be less reliable than that for the converged critical condition as a CNT fit 

may be more suitable near the top of the free-energy barrier than away from it40. Similar 

calculations for 𝛾 could be performed for aspherical nuclei, perusing explicit expressions 

for volume and surface area of a nucleus of known geometry. For example, for GBF if 

we approximate the nuclei as a prolate spheroid with an aspect ratio ~2 (see Figure 6), 

the interfacial tension can be written as: 

𝛾 =
𝑆𝑖

4𝜋

3√3
+1

(
3𝑁𝑡𝜌𝑠

2

8𝜋
)

1

3
        (A3) 

In the reduced units employed, 𝛾  values for GBFs (Fig. 8(b)) appear to be larger than 

those for hard-spheres (Fig. 8(a)) for comparable DSS, a difference that correlates with 

the difference in free energy barrier heights shown earlier in Fig. 2(b). The intermediate-
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step 𝛾 estimates using this approach are also shown in Fig. 8(b). Note, however, that 

isolating an average, crystal-facet independent  𝛾  for the GBF nucleus, should be seen 

as rather approximate calculation, especially for small nuclei (large 𝑝∗) where their 

shape may depart vastly from a spheroid (possibly causing the non-monotonous trend 

for 𝑝∗ > 13. Further, the errorbars were found to be rather large, i.e., ~ ±0.05 for the 

initial pressure 𝑝∗ = 14, which should be representative of those of nearby points 

where equilibration was less converged.  Within errorbars then, the data available does 

not allow us to ascertain whether for 𝑝∗ > 13 the 𝛾  trend is non-monotonous or simply 

approaches a plateau. 
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Figure 8: Interfacial tension (𝜸) vs. pressures (𝒑∗) from various simulation methods. (a) Hard 
spheres, comparing  NSP +CNT results for  (converged) final pressure values and intermediate 
step values (excluding the first iteration), seeding method67, US+CNT40, cleaving walls (CW) 
approach88, and capillary fluctuation (CF) method87. (b) GBFs for NSP+CNT results.  
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Finally, once we have an estimate for 𝑆𝑖, and hence 𝑘𝐴, we can estimate 𝑁𝑠
∗ for the 

corresponding pressure using Eq. (8). Note that we can apply such a CNT-based 

approach to the estimate 𝑁𝑠
∗ in a single simulation, irrespective of whether convergence 

to the critical condition has been reached. We tested this idea in Fig. 9 for hard spheres 

and GBF, by comparing the NSP+CNT based estimates of 𝑁𝑠
∗ from intermediate steps 

and from the converged values and with data from other methods. We observe a good 

agreement in the results among the various techniques, suggesting that the validity of 

CNT for the systems under study.  
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Figure 9: Comparison of estimates of critical conditions in the pressure (p*) vs. nucleus size (𝑵𝒔

∗) 
plane, obtained from: Seeding67, US = Umbrella sampling, the NSP described in the main text, 
and the NSP+CNT approach described in Appendix.  (a) Hard spheres. (b) Hard gyrobifastigia. 
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CHAPTER 3: DISORDER FORESHADOWS ORDER IN COLLOIDAL CUBES 

Abhishek K. Sharma and Fernando A. Escobedo* 

Robert Frederick Smith School of Chemical and Biomolecular Engineering,  

Cornell University, Ithaca, NY 14853 

Abstract 

Monte Carlo simulations are used to investigate the mechanism of the disorder-to-

order phase transition for a bulk system of colloidal hard cubes. It is observed that the 

structure of the ordered state is foreshadowed in the disordered state through multiple 

spontaneously occurring ordered domains. Such domains arise due to the entropic 

preference for local facet alignment between particles and occur transiently and 

sparsely throughout the system even in the stable isotropic phase.  At pressures (and 

degrees of supersaturation) where the isotropic phase becomes marginally metastable, 

a classical nucleation process is never observed; instead, the ordered domains increase 

in number and size, eventually reaching a critical point where they percolate the entire 

system and spontaneously consolidate to form the ordered phase. The critical number 

of particles and the per particle free energy barrier both decrease with pressure. Using 
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the total number of locally ordered particles as a global order parameter, it is predicted 

that for large systems the ordering transition would only be spontaneous above a 

critical pressure. Finally, a test designed to probe the ability of the system to favor a 

single monodomain solid from initially misaligned ordered domains, reveals that an 

active interdomain zone mediates the concerted reorientation of particles. 

1 Introduction 

Microscopic colloidal particles can self-assemble into complex meso-scale structures89 

whose characteristics are dictated by individual features of the particles such as size, 

shape, and specific inter-particle interactions90. With recent advances in our ability to 

synthesize nanoparticles with precise control over those individual features, a 

concurrent interest has bloomed to understand the design principles to engineer 

desired behaviors out of such customized components.91 Not only can such a design be 

of practical importance, but it can also reveal general principles about the way how 

naturally occurring systems self-assemble into exquisitely complex microstructures.92  

It has long been known that entropic effects93 alone can result in the self-assembly of 

hard spherical particles into a close-packed lattice.55 Oblong hard particles and rods, 

which possess additional orientational degrees of freedom, result in the formation of 

different ordered states such as nematic phases with aligned particles, where the loss 

of orientational entropy is compensated by a gain in translational entropy83. A further 
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level of particle shape complexity has been explored by considering faceted particles 

such as polyhedra4,94, where their additional orientational degrees of freedom can lead 

to the formation of  different types of crystals and mesophases (thus called for they are 

neither completely disordered (isotropic), nor completely ordered (crystal)).  To control 

the emergence of these phases in polyhedral systems6,7 it is important to study and 

characterize not only their thermodynamic behavior but also the mechanisms 

underlying disorder-to-order phase transitions. Similar to hard spheres,40,42 the 

transitions involved are often first order transitions,10 comprising nucleation and 

growth of the incipient phase from a metastable mother phase. Recent studies8,53,59 

have revealed several design rules for engineering the particle shape to control the ease 

of self-assembly. For example, it was observed8 that for several polyhedra with small 

asphericity and high rotational symmetry, translationally-ordered rotator phases 

nucleate from the disordered state with a smaller free-energy barrier than that 

observed for hard spheres at a comparable degree of supersaturation. This effect was 

attributed to the presence of productive correlations between local orientational order 

and translational order, which catalyze the isotropic-to-rotator phase transition. 

Recently, it was reported59 that even though similar local fluctuations in orientational 

order are ubiquitous for other polyhedral shapes,  their effect is only catalytic when the 

final ordered phase comprises configurations with extensive facet alignment between 

neighboring particles. This is because the excluded volume for a pair of neighbor faceted 
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particles tends to be minimized, and the local packing entropy maximized, if their facets 

align. Because such high local entropy configurations spontaneously occur in the 

disordered phase, systems whose solid phase exhibits high facet alignment (like 

truncated octahedra and rhombic dodecahedra) will tend to have lower transition free 

energy barriers than systems whose solid phase exhibits no such facet alignment (like 

octahedra). In fact, the latter systems will even tend to have higher transition free 

energy barriers than hard spheres since the spontaneously occurring facet aligned 

configurations in the isotropic phase are counterproductive toward forming the solid 

phase. Thus, the extent of “coherence” between local vs. global packing tendencies of 

such polyhedral systems during phase transition can lead to facilitated or impeded self-

assembly.  

In this work, we explore the disorder-to-order transition mechanism of hard cubes, an 

archetypal case of a system that exhibits strong coherence between local and global 

packing tendencies during ordering. Because hard cubes have equal facets and the 

ordered phase entails perfect facet alignment, it is expected that cubes would be one 

of the easiest systems to self-assemble. Cubes have been shown to possess an 

interesting phase behavior (see Fig. 1) with a disordered liquid phase at low pressure, a 

simple cubic crystal at high pressures, and a cubic mesophase in-between that merges 

continuously with the crystal phase.4 This cubic mesophase could be seen as a state 

where the crystal phase contains a high concentration of mobile vacancies; in fact such 
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vacancies have been described as key contributors to the crystal stability,95 and to result 

in diffusivities that are much larger than those of typical solids. For simplicity, we will 

henceforth refer to such mesophase state as ‘solid’ or ordered phase. 

The rest of the paper is organized as follows. In Section 2, we explain our model, 

simulation methods, and analysis techniques including the order parameters used to 

track the progress of the transition. In Section 3.1, we analyze what happens when the 

isotropic phase spontaneously transitions into the crystal phase, revealing that a 

significant portion of the isotropic phase has particles that are in a locally ordered 

configuration. In Section 3.2 we further characterize the phase transition using umbrella 

sampling to determine the free energy barriers associated with different degrees of 

metastability of the disordered phase. In Section 3.3 we describe a computer 

experiment intended to illustrate the ability of cubes to resolve grain boundary conflicts 

through cooperative rearrangements. Finally, in Section 4 we provide our concluding 

remarks. 



86 

 

 

2 Methods 

2.1 Model 

For a given pair of cubes i and j, we use hard pair-potential given by: 

𝑈𝑖𝑗 = {
0 if no overlap
∞ if overlap

      (1) 

The overlaps between any two cubes are detected using the separating axis theorem.49   

2.2 Metropolis Monte Carlo 

Metropolis55 Monte Carlo (MC) simulations were performed in an isothermal-isobaric 

(NPT) ensemble where the number of particles (N), the pressure, and the temperature 

of the system were kept constant. As per the conventions used in our previous studies4, 

Figure 8: Sample snapshots of the disordered (left) and ordered (right) phases in hard cubes near the 
disorder-order transition.   
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the dimensionless pressure is 𝑝 = 𝛽𝑝𝑎𝑎𝑐
3, where 𝑝𝑎 is the actual unscaled pressure and 

𝑎𝑐 is the radius of the circumscribing sphere for a cube (for a cube of unit edge, it would 

be 
√3

2
) and 𝛽 = 1/kBT with kB = Boltzmann constant. Simulations were conducted using 

periodic boundary conditions, and each MC cycle consisting of N translation, N rotation, 

and 2 isotropic volume moves. Each move was accepted based on the Metropolis 

acceptance criteria. For each pressure, at least 3 × 106 MC cycles were performed. All 

simulations were performed in a cubic box, and all system sizes had a perfect cube 

number of particles. For our ensuing discussions, we take the order-disorder phase 

transition of hard cubes to take place at 𝑝 = 𝑝𝑐𝑜 = 4.0 as estimated in literature95. We 

note, however, that this value is only referential as the effective 𝑝𝑐𝑜in simulation will 

depend on system size, given the non-negligible finite-size effects known to particularly 

affect the ordered phase95. 

2.3 Order Parameters 

2.3.1 𝑞4 local translational order parameter  

We use the 𝑞4 Steinhardt34,50 translational order parameter defined as follows: For 

every particle i, the local bond order parameter, ql,m(i) is                 

𝑞𝑙,𝑚(𝑖) =
1

𝑁𝑏(𝑖)
∑ 𝑌𝑙,𝑚(𝜃𝑖,𝑗, 𝜙𝑖,𝑗)𝑙

𝑗=1     (2) 
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where Nb(i) is the number of neighbors of particle i, Yl,m(θ,ϕ) are the spherical 

harmonics, θi,j and ϕi,j are polar and azimuthal angles between particle i and its neighbor 

j, respectively, l is the symmetry index and the value of m ranges from –l to l. In this 

work we use l = 4 to characterize cubatic order, henceforth using the symbol  𝑞4 to refer 

to the collection of all 9 components (2𝑙 + 1= 9). The neighbors of particle i are those 

particles whose centers of mass are within the cutoff distance rc = 1.4𝜎 of particle i. The 

translational-order correlation between particle i and its neighbor j, 𝑑𝑞(𝑖, 𝑗) is given by:                       

𝑑𝑞(𝑖, 𝑗) =
∑ 𝑞4,𝑚(𝑖)𝑞4,𝑚

∗ (𝑗)4
𝑚=−4

(∑ |𝑞4,𝑘(𝑖)|4
𝑘=−4

2
)

1
2

(∑ |𝑞4,𝑙(𝑗)|4
𝑙=−4

2
)

1
2

    (3) 

where the asterisk (*) denotes the complex conjugate.  

2.3.2 𝑖4 local orientational order parameter 

In order to study local orientational order, we use the 𝑖4 orientational order parameter52 

that captures the symmetry in orientations of cubes in the ordered phase. It is defined 

in a very similar manner as 𝑞4 but instead of using the bond orientation vectors between 

two neighboring particles it uses the angles associated with individual particle axes 

orientations. In its normalized form it is evaluated for a given particle j as: 

𝑖4,𝑚(𝑗) =
∑ 𝑌4,𝑚(𝜃𝑛,𝜙𝑛)3

𝑛=1

√∑ | ∑ 𝑌4,𝑚(𝜃𝑛,𝜙𝑛)|2 3
𝑛=1

4
𝑚=−4

      (4)   
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where 𝑌4,𝑚(𝜃𝑛, 𝜙𝑛) are spherical harmonics with symmetry index 4, and 𝜃𝑛 and 𝜙𝑛 are 

polar and azimuthal angles of the 3 particles axis n with respect to the reference 

coordinate frame. Analogous to translational order, the orientation correlation 

between two particles k and l is defined as: 

𝑑𝑖(𝑘, 𝑙) = ∑ 𝑖4,𝑚(𝑘). 𝑖4,𝑚
∗ (𝑙)4

𝑚=−4      (5) 

where the asterisk (*) implies complex conjugate. While we primarily use 𝑑𝑖 to detect 

local correlations of neighboring particles for most of our calculations, we also use it in 

Section 3.1 to obtain the orientation correlation function over distance, 𝑑𝑖(𝑟), which is 

the average value of di(k,l) over all pairs of particles {k, l} whose centers lie at a distance 

r from each other. 

2.3.3 Labelling of ordered particles 

The orientational order parameters 𝑖4 and 𝑑𝑖(𝑘, 𝑙) are used to identify ordered 

particles; the rationale for this choice is discussed in the Results Section. Two particles 

k and l within the first neighbor cutoff distance 𝑟𝑐 = 1.4𝑎 are defined as connected if 

𝑑𝑖(𝑘, 𝑙) > 0.7. A particle with at least 3 connections is classified as ordered or solid-like. 

Solid clusters are identified by the condition that any two solid-like particles within rc 

belong to the same cluster. The tunable parameters for the order parameters are set 

using criteria described in prior studies8,41 for discriminating the disordered and ordered 

states; details on these calculations are provided in the SI (Fig. S1). 
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2.3.4 𝑃4 global orientational order parameter  

To obtain an overall measure of orientational order among N particles, we used global 

orientational order parameter, P4 defined as:  

𝑃4 = max
𝑛

3

14𝑁
∑ 𝑃4(𝒖𝒊. 𝒏)𝑖 = max

𝑛

3

14𝑁
∑ (35 cos4 𝜃𝑖,𝑛 − 30 cos2 𝜃𝑖,𝑛 + 3)𝑖          (6) 

where, ui is the unit vector along a relevant particle axis and n is a director unit vector 

which maximizes P4 (see details in John et al.51) and 𝜃𝑖,𝑛 is the angle contained by 𝒖𝒊 

and 𝒏. The summation is performed over all three axes for all N particles. A value of 

𝑃4 = 1 describes perfect orientational order. 

2.3.5 Particle orientation scatter plot  

Particle orientations can be visualized by plotting as dots on the surface of a unit sphere, 

the unit vectors corresponding to the orientation axes of all or a selected subset of 

particles in the system (see SI in Agarwal et al.4 The resulting plot reveals how correlated 

(clustered dots) or uncorrelated (diffused dots) those particle orientations are; e.g., in 

the perfect cubic crystal, all orientations will fall within 6 mutually orthogonal spots on 

the sphere, while in a fully isotropic phase the orientation dots will appear uniformly 

spread out over the whole spherical surface. 
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2.4 Umbrella Sampling (US) 

Umbrella sampling (US) simulations8 were performed to determine free energy barriers 

for the ordering transition. The total number of ordered particles (𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑) in the 

system was chosen to be a suitable reaction coordinate to describe the disorder-order 

transition, as preliminary results revealed that the solid phase did not emerge from a 

single nucleus but rather from multiple regions in the entire system. The transition path 

along 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 from the disordered to the ordered state was divided into overlapping 

equal-sized windows. The size of each window was varied depending on the conditions 

and the size of the system. Each window is simulated separately with reflective walls 

and 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 was recorded every 2 MC cycles. Reflective walls are implemented such 

that any trajectory leaving the window at the end of 2 MC cycles is returned to the 

configuration prior to those 2 MC cycles, which is counted again. Statistics obtained 

from each window are used to obtain relative free energies for the Nordered states within 

a window. Finally, individual sections are stitched together by matching values in the 

middle of the overlap between successive windows, keeping the value for the most 

frequent state in the disordered phase as the reference (zero point) for the calculation 

of the free energy barrier ∆𝐺∗ as described in earlier work.8,59,96 Values of  ∆𝐺∗ are 

scaled with respect to  𝑘𝐵𝑇. We also implemented a version of US that allows mapping 

the free-energy surface over two order parameters despite using only a single order 
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parameter to bias or ‘drive” the simulations; this is done by concurrently bookkeeping 

a 2nd  “passenger” order parameter,30 as further detailed in the SI (Fig. S3). 

2.5 Facet Alignment Measure 

To quantify the degree of facet alignment between a pair of neighboring cubes i and j, 

the facet alignment measure ∆(𝑖, 𝑗) introduced in an earlier study59 was employed. In 

essence, ∆ is the overlap area of the nearest interparticle facets (defined by the 

minimum centroid to centroid distance) when one is projected onto the other. This 

measure and its implementation have been described in detail in a previous study59. 

3 Results and Discussion 

3.1 Spontaneous Phase Transition 

Defining the degree of supersaturation (DSS) as the difference in chemical potentials 

between the isotropic and the solid phase40, the disorder-to-order first-order phase 

transition is spontaneous and the disordered phase metastable when DSS is positive. 

Such transitions  are often characterized as following the mechanism of nucleation and 

growth57,97 at low DSS (less than 2 𝑘𝐵𝑇96), eventually leading into a spinodal 

decomposition regime at very high supersaturation64. In this study, we are only 

considering cases where DSS is much less than 0.1 𝑘𝐵𝑇, for which a nucleation 

mechanism would be expected. 
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Upon compression of an isotropic system with stepwise pressure increments (starting 

with 𝑝 = 1), we observe a spontaneous disorder-to-order transition at  𝑝 = 4.07. The 

distribution of orientational and translational correlations is shown in Figure 2 as the 

transition progresses.  The distributions of ordered and disordered particles are farther 

apart along 𝑑𝑖 than along 𝑑𝑞, indicating that the orientational correlation is a better 

metric to discriminate between the two states.  We observed that even at coexistence 

(𝑝 = 4.0), there is a non-negligible fraction of particles that are significantly more 

correlated than most particles in the disordered phase and experience a local 

environment that is akin to that of the ordered state. This amount of locally ordered 

particles is uncommon among polyhedral systems; for example, in case of octahedra59 

the population of such particles is comparatively insignificant as seen in Fig. 3. Of 

course, any such comparison provides only a rough guide since the count of ordered 

particles depends on the order parameter used.  
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Figure 9: Contour plots for neighboring particle pair-correlations, as the system transitions from 
disordered (a) to ordered (d) state. dq captures the translational correlation and di the 
orientational correlation for a system of 1728 particles at p = 4.07. Frequency increases from 
blue to yellow. The equilibrium disordered phase (a) contains a non-negligible population of 
particles-pairs that are near the same region of phase space that is frequented by the ordered 
state (d). The system transitions through stages (b,c) where the population of ordered pairs 
becomes more significant. In the ordered state all particles populate the top-right corner (d).  
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Figure 10: Orientational correlation distributions for (a) cubes and (b) octahedra59 at liquid-solid 

coexistence conditions (pco,cubes  4.0, pco,oct  6.93). For cubes (octahedra), 65% (30%) of the 
particle population in the disordered phase have configurations occupying the same di region 
as the ordered phase.  

We examined the spatial distribution of the locally ordered particles in the disordered 

phase to see if a large consolidated nucleus is distinguishable as the signature of a 

nucleation process as has been observed in other polyhedral particles.8,59 Our clustering 

algorithm revealed that this is not the case; indeed, these particles were almost always 

sparsely distributed throughout the bulk disordered phase. For example, while about 4 

percent of particles are ordered for 𝑝𝑐𝑜 = 4, only one-tenth of them are consolidated 

in the largest cluster. Even during the disorder-to-order transition, we observe that the 

increase in the total number of ordered particles precedes their consolidation into a 

single spanning cluster (Figure 4(a)). In the metastable isotropic basin, we observe that 

clusters of ordered particles are largely uncorrelated as shown in Figure 4(b) for a 
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sample configuration and its corresponding spherical scatter plot for the orientation 

particle axes. As the transition progresses towards the ordered phase and 13% of the 

particles are ordered, we find that the clusters become more correlated, as evidenced 

in the scatter plot and snapshot of Figure 4(c). In this case we clearly see that the scatter 

plot has the characteristic symmetry with six orthogonal clusters. To further 

characterize this trend, we show in Fig. 5 the distance-dependent orientational 

correlation function of the ordered particles, 𝑑𝑖(𝑟), during a transition at 𝑝 = 4.05 for 

N = 8000 particles. When only 6% of the particles are ordered, the correlation decays 

to a very low value over a distance of r ~10 ac, revealing short-range order. For a 10.3 

% of ordered particles, which corresponds to the top of the free-energy barrier as 

discussed later in Section 3.4, the particles become correlated over longer distances 

(i.e., across the simulation box length). This long-range correlation becomes even 

stronger as the fraction of ordered particles increases (i.e., to 13% as shown in Fig. 5). 

Further, using an US calculation with the greatest cluster size as order parameter (which 

would be the appropriate reaction coordinate for a nucleation process) readily 

encounters multiple clusters of similar sizes coexisting in the system. This observation, 

which was common to simulations at all DSS values tested and for different definitions 

of solid-like particles making up the nuclei, indicates that the ordering process does not 

conform with the picture of classical nucleation. Hence, instead of the size of the largest 

consolidated nucleus, we chose the total number of ordered particles as an appropriate 
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order parameter for this transition. Indeed, we find that such ordered particles occur 

spontaneously at a given pressure (see Fig. 6), with their number increasing as the 

system’s density slowly rises. For a N = 1728 system and 3 × 106 MC cycles per pressure 

point, on compression from the isotropic state a sudden jump in 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 occurs at 𝑝 =

4.07, while upon expansion from the ordered crystal, a sharp drop in 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 occurs 

at 𝑝 = 3.90. These results are only illustrative as the extent of hysteresis in the 

observable transition pressures around 𝑝𝑐𝑜 depends on system size and the length of 

the simulation runs. 
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Figure 11: (a) Variation in number of ordered particles (𝑵𝒐𝒓𝒅𝒆𝒓𝒆𝒅) and largest cluster sizes (NI: 
largest, NII: 2nd largest, etc.)  during a spontaneous transition at p = 4.07 and N = 1728. A steady 

increase in 𝑵𝒐𝒓𝒅𝒆𝒓𝒆𝒅 precedes a rise in the size of the largest cluster NI (after 2105 MC cycles). 
Before the consolidation, the relative size of various clusters is comparable (inset). 𝝓 (black line) 
is the volume fraction of the cubes. (b,c)  Visualization of ordered particles at two points during 

the transition:  when 6% (b, 2.1105 MC cycles) and 13% (c, 2.1105 MC cycles) of the particles 
are ordered. The ten largest clusters are shown on the right, each with a different color that 
corresponds to those used in the scatter plot of particle orientation axes shown on the left.  
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Figure 12:  Mean di orientational correlation as a function of interparticle distance (r) for all the 
ordered particles in a system at various percentages of ordered particles. Results for p = 4.05 
and N = 8000, for cubes of side of two units of length.  

 

Figure 6: Number of spontaneously ordered particles (Nordered) as a function of pressure (p) for 
a system of 1728 particles. Data points for compression from the isotropic phase in red and for 
expansion from the isotropic phase in blue. Error bars, representing one standard deviation 
from the mean, are shown as vertical bars on each point (as illustrated in the legend).  
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One contributing factor towards the presence of ordered domains in the disordered 

phase is the tendency of neighboring particles to align facets59 (see Fig. 7). Since the 

final ordered structure has a very high population of facet-aligned particles compared 

to the disordered phase, it is expected that those local configurations in the latter with 

high facet alignment (high ∆ values) would bear an imprint of the final ordered 

structure. Since facet alignment is locally favored,59 a local configuration that is 

disordered in di but has a typical ∆ ≈ 0.5 would be more likely to transition into an 

ordered configuration (di > 0.75, ∆ >  0.7). This is in contrast with the case of 

octahedra,59 for which it was found that high-∆ disordered configurations hinder the 

ordering into the solid phase whose intrinsic low-∆ necessitates low-∆ configurations to 

precede the nucleation of translational order. 
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Figure 7: Contour plots describing the distribution of particle neighbor-pairs over the 
orientational correlation (di)) and facet alignment measure (∆). The population moves towards 
a higher facet alignment as system goes from the disordered (a) to the ordered state (b). System 
of N = 1728 hard cubes at p = 4.  

CNT fails to describe the present ordering transition as it neglects inter-nuclei 

interactions and supposes bulk-average interfacial properties, assumptions that are 

inconsistent with the observed physical picture. Indeed, for all DSS tested hard cubes 

order via multiple spontaneously forming and spatially interacting nuclei, whose small 

size and irregular, fluctuating shapes create effects that are not properly accounted for 

by just the bulk average values of interfacial area and tension.  

Thus, we hypothesized that at any given pressure above 𝑝𝑐𝑜 an initially isotropic phase 

contains a certain fraction of particles forming multiple scattered ordered domains 
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which will increase as the ordering transition proceeds until such domains interact and 

consolidate. Such consolidation reduces the interfacial area and thus would be 

thermodynamically favored.   

3.2 Free Energy Barriers  

Figure 8(a) shows the US results for the free energy profile at 𝑝 = 4 for a system of 

1000 particles. We observe that there is a well-defined well within which the disordered 

phase exists with about 38 ‘ordered’ particles (3.8% of total) present on average at a 

given time. Using US, we bias the system to explore rarer states with higher values of 

𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑. Eventually, we find that we attain a critical state, beyond which the system 

would be more likely57 to spontaneously reach the ordered phase than the disordered 

phase. Figure 8(b) further shows that, overall, consolidation of the ordered domains 

increases with 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑. There exists, however, an initial decrease in the fraction of 

consolidated particles with 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑, indicating a regime where the ordered domains 

can grow while still being sufficiently dilute to avoid significant mutual interactions. 

Note that the 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 value where the free energy profile in Figure 8(a) has an inflexion 

point is close to where the minimum in Figure 8(b) occurs (i.e., 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 55). At this 

point additional ordered domains can be added to the system without any 

consolidation, which is unfavorable due to a concomitant increase in interfacial area. 

This is different from the behavior in the middle of the isotropic basin (𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑= 38) 

where the number of domains decreases with 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑. For 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑  >  55, however, 
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such merging of domains likely entails smaller changes in interfacial area so that the 

addition of newer domains leads to progressively smaller free energy increments. 

Interestingly, we find that even as the orientational correlation 𝑃4 (Fig. 8(c)) among the 

ordered particles gradually increases with 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑, the increase is particularly rapid 

during this region of consolidation (55 <𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 <103). Interestingly, at the top of the 

free energy barrier (𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑  103) less than 20% of all ordered particles have been 

consolidated into the largest cluster; the fact that the free energy decreases thereafter 

suggests that any further increase in 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 involves a net reduction in interfacial 

area; i.e., consolidation reduces its value more than new ordered particles can increase 

it. 

Since the system undergoes a significant change in specific volume (v) during the 

transition, we examined the relation between v and 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 by concurrently obtaining 

statistics for v while mapping the free energy landscape via US.30  The resulting free 

energy surface, shown in Figure 8(d), reveals that 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 and v are strongly 

correlated. (Within errorbars, we obtained the same free-energy landscape when v is 

used as the primary order parameter in US while 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 is the “passenger” order 

parameter). We also performed another US simulation run in a reverse order (going 

from order to disorder) using the same 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 as order parameter and we found the 

that the free-energy barrier heights (from the disordered basin to the barrier top and 

from the ordered basin to the barrier top) were essentially the same as those found in 
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the forward direction, indicating that this order parameter samples a reversible path 

across the transition. The values of the barriers determined from the 2D free energy 

surface of Fig. 8(d) or from the 1D free energy profile of Fig. 8(a) are nearly identical 

and thus we use the results from the latter approach for concreteness. The suitability 

of Nordered as order parameter for the transition state region (around the free-energy 

barrier top) was further confirmed via the histogram test for the committor probability 

as described in the SI (Fig. S2). 
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Figure 8: Umbrella sampling (US) calculations at p = 4 for N = 1000 particles. (a) ∆G profile along 
𝑵𝒐𝒓𝒅𝒆𝒓𝒆𝒅; disordered-phase basin is centered around Nordered = 38. The top of the barrier 
corresponds to 𝑵𝒐𝒓𝒅𝒆𝒓𝒆𝒅

∗ = 𝟏𝟎𝟑. Gray shaded regions represent error bars from the US 
calculation. (b) Relative proportion of ordered particles present in the largest cluster, averaged 

over each US window. A minimum occurs for Nordered  [30,55], which precedes the inflexion 
point in (a) Nordered ~ 60. (c) Global tetratic orientational order (P4) for the ordered particles as 
the transition progresses, averaged over each US window. Orientational order increases more 

rapidly for Nordered  [55,103], likely due to the different ordered domains realigning as they 
merge. (d) 2-dimensional ∆G landscape with respect to Nordered and specific volume (v).  

To see whether the ordering transition is well described via a bulk phase property, we 

performed US calculations of the free energy barrier ∆𝐺∗ for various system sizes using 

𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 as order parameter. Figure 9 shows that, for a given pressure, both properties 

scale linearly with system size N, and that the slope for a given pressure in Fig. 9(a), 

which would be equivalent to an “intensive” free energy barrier ∆𝑔∗in Fig. 9(a, inset), 

and to a fraction of ordered particles 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗  in Fig. 9(b, inset), both remain nearly 

constant and decrease with pressure. Our hypothesis was that if the transition is a global 

or bulk process, both ∆𝐺∗  and the critical number of ordered particles (𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗ ) 

should scale linearly with respect to 𝑁 (i.e., they would behave as “extensive” 

properties) with a prefactor that would be distinct from that expected for a nucleation 

process. Indeed, at the point when a classical nucleus of critical size 𝑁𝑐
∗ occurs, the total 

number of ordered particles in the system would be expected to follow a relation of the 

form: 

  𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗ = 𝑛∗𝑁𝑐

∗  +  𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
𝑖𝑠𝑜 𝑁            (7) 



106 

 

where 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
𝑖𝑠𝑜  is the fraction of ordered particles in the background, isotropic phase 

at the given DSS and n* is the number of nuclei of size 𝑁𝑐
∗ in the system, which at 

equilibrium is given by ~𝑁𝑒
−

∆𝐺∗

𝑘𝐵𝑇. Clearly, n* < 1 for a large barrier (say ∆G* > 10 kBT) and 

the system sizes used here 103≤ N <104, but n* = 1 if a nucleus of size 𝑁𝑐
∗ is present. It 

follows then that for such nucleation scenario: 

   𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗ = 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑

∗ 𝑁⁄ ~ 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
𝑖𝑠𝑜    (8) 

As shown in the inset of Fig. 9, 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗  ~ 0.1, a value significantly larger than 

𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
𝑖𝑠𝑜 ~0.04 for the pressures considered, values largely independent of N. Hence, 

although 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗  would increase linearly with N even if the transformation were to 

proceed via nucleation, the calculated slope 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗   is inconsistent with such an 

interpretation. Note that our results are also inconsistent with a linear percolation 

behavior where 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗   would be proportional to 𝑁

1

3. 

We note that as N increases at fixed 𝑝 (> 𝑝𝑐𝑜) any long-range correlations that may 

have enhanced the stability of the ordered phase is weakened, leading to an increase 

in 𝑝𝑐𝑜, a reduction in (𝑝 − 𝑝𝑐𝑜) and DSS, and hence to an increase in ordering transition 

barrier ∆G*. However, such finite size effects are expected to be significant only for small 

system sizes N < 103 particles98, and be rather negligible for the range 103≤N<104 under 

consideration (and unlikely to lead to a linear scaling ∆G* N). Note also that when the 
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top of the free energy barrier is reached most of our systems (~90%) are still in the 

isotropic phase where such finite size effects are minimal. We hence argue that the 

linear scaling on N that we observe for 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗  and ∆G* are most consistent with a 

transition having a bulk-like behavior.  

We further conjecture that the extrapolation of ∆𝑔∗ to zero would mark a characteristic 

pressure (𝑝𝑐) at which the ordering transition would be unrestricted (i.e., barrier-less). 

Our linear extrapolation (see Figure 9(a), inset) indicates that 𝑝𝑐  ≈ 4.08, corresponding 

to DSS   0.03. From a physical point of view, ∆𝑔∗ > 0 implies that in the large system 

limit (relevant to macroscopic experiments), the transition would be kinetically 

arrested. Only after the pressure is larger than a critical pressure (𝑝𝑐) at which ∆𝑔∗ ≤ 0 

can a spontaneous transition be kinetically viable. It should be pointed out, however, 

that our estimate of pc is based on ∆𝑔∗ values extrapolated from relatively small systems 

(Fig. 9(a)) that neglect the potential contributions to the transition of density and 

ordering fluctuations occurring over lengths scales larger than the simulation box size, 

implying that 𝑝𝑐  ≈ 4.08 would be an overestimation.  
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Figure 9: Free energy barriers for the disorder to order transition at various pressures and 
system sizes (N). (a) Scaling of free energy barrier (∆G*); the slope of the lines can be interpreted 
as an “intensive” free energy barrier ∆g*   which is shown in the inset for various pressures (p), 
along with a linear fit (dotted line).  (b) Scaling of critical number of ordered particles. Inset: The 
fraction of ordered particles at the critical point (𝒙𝒐𝒓𝒅𝒆𝒓𝒆𝒅

∗ , squares) and in the isotropic basin 

(𝒙𝒐𝒓𝒅𝒆𝒓𝒆𝒅
𝒊𝒔𝒐 , triangles); colors correspond to the pressures in the legend.  



109 

 

The fact that cubes order via a process quite different from the nucleation mechanism 

that has been observed for other polyhedra (at comparable DSS),14 including some from 

the truncated cube family,15 could be traced to the unique characteristic of the 

mesophase-like solid that cubes form near the disorder-order transition (i.e., for 0.5 < 

 < 0.55).  As discussed in the Introduction, such a solid phase could be seen as a 

mesophase not only because it contains an unusually large fraction of vacancies (~6.4%) 

for a crystal, but also because those vacancies are mobile and delocalized, spreading 

out over multiple lattice sites.17 Indeed, the diffusivity of cubes is much larger than that 

of other polyhedra8 or hard spheres in their solid states (near the ordering transition), 

which reflects the fast dynamics around the delocalized vacancies. The mobility of cubes 

in a solid-like cluster in contact with a disordered region is hence expected to be quite 

high and not too dissimilar to that of cubes in the disordered phase. The presence of 

‘crystal’ vacancies must amplify density fluctuations in a solid cluster and facilitate 

interfacial rearrangements, effects that may translate into a small interfacial tension. 

Indeed, the latter would in turn explain the tendency to form multiple metastable 

ordered clusters (rather than a single nucleus) during the ordering transition, despite 

the concomitant increase in interfacial area. Ultimately, the extensive nature of  ∆𝐺∗ 

would largely arise from the fact that the interfacial area needed to consolidate the 

solid phase increases with system size. 
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3.3 Grain Boundary Dissolution 

As shown in Figure 4(a), at early stages of the ordering process we always observe the 

presence of multiple, independent ordered domains in the system, which, if continued 

to grow without reorientation, would give rise to multiple grain boundaries. However, 

at least for the pressures and system sizes simulated, we never observe any (long-lived) 

polycrystallinity when the system fully transitions to the solid basin; the system always 

converges to a single-grain state. This ability to resolve domain misalignments likely 

plays a crucial role in facilitating the transition to the ordered phase. To gain some 

insight into the process of grain realignment, we created an artificial configuration 

consisting of two misaligned grains for N = 5544 as shown in Figure 10(a). Grain 1 has 

particles with their faces aligned parallel to the box vectors, while grain 2 is rotated by 

45 ° along the z-axis (pointing out of the page). We conducted NPT simulations at p = 5 

and tracked the evolution of the merging process. We observe that as the system is 

equilibrated, grain 1 tends to propagate (Figure 10(b)).  However, in the final structure 

(obtained after 6 × 106 MC cycles), both grains attain a final orientation that is 

intermediate between the original two orientations, albeit much closer to that of grain 

1 (Figure 10(c)). Replicate simulations (not shown) exhibited a similar behavior, with the 

final orientation being intermediate, with varying proximity to the original orientation 

of either grain 1 or grain 2. If disparate-sized grains were to meet, the smaller grain 

would likely consistently experience the largest reorientation. The process is vaguely 
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reminiscent of Ostwald ripening, wherein one grain grows by the gradual dissolution 

and particle transfer from another grain, except that in this case the grains are not 

dispersed in a solution and can hence “push” against each other. This capability of hard 

cubes to reorganize quickly, even when large grains are involved (as in this example) 

helps explain the absence of polycrystallinity in the ordered phase, as multiple ordered 

domains would be able to conveniently merge. Once again, the high concentration of 

delocalized (dynamic) vacancies95 and the high particle mobility4 unique to hard cubes’ 

solid-phase provide the likely microscopic mechanisms that facilitate the cooperative 

rearrangement of particles near an interface, and the propagation of those changes 

through the grains. Indeed, Smallenburg et al.17 found that spontaneous vacancies 

account for up to 6.4% (of lattice sites) which is several orders of magnitude larger than 

typically seen in colloidal crystals, including octahedra for which vacancies would not be 

observed in typical simulation system sizes (unless purposely implanted, in which case 

they would have minimal mobility). 
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Figure 10: Dissolution of grain boundaries in hard cubes. (a) The initial system consists of two 
grains simulated at p = 5. Grain 2 (right) is rotated at 45° with respect to grain 1 (left), which is 
aligned with the simulation box axes. Cubes are colored based on their alignment: from blue for 
vertically aligned to yellow for 45° misalignment.  (b) Grain 2 rotates driven by the facet 
alignment of particles at and around the grain boundaries. (c) Finally, the grains resolve into a 
single grain whose orientation is close to that of the original Grain 1. 
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4 Conclusions  

Our analysis of the disorder-to-order phase transition of hard cubes reveals that due to 

high level of local facet alignment occurring in both the ordered phase and (to a lesser 

extent) in the disordered phase, there is a high propensity in the latter to contain small 

‘ordered’ domains. At any given time, such domains are present in non-negligible 

quantities such that the total number of ordered particles describes the proximity to 

the ordered phase better than the size of the largest cluster alone. Analysis of unbiased 

simulations reveals that the transition involves an increase in the number of such 

domains, followed by their consolidation. Umbrella sampling calculations reveal that 

the free-energy transition barriers obtained from systems of different sizes are 

consistent with the view that the transition happens via a bulk process. Calculation of 

an ‘intensive’ free energy barrier allows us to extrapolate to a critical pressure 𝑝𝑐 above 

which the transition in a macroscopic system would take place unhindered and 

spontaneously. The absence of polycrystallinity in the solid phase is linked to the ability 

of the system to dissolve grain boundaries via cooperative, correlated motions that 

propagate through the grains as demonstrated by the simulation of misaligned grains 

that realigned by simultaneously changing their original orientations. Indeed, ordered 

domains that spontaneously arise and come in contact during the disorder-to-order 

process readily resolve any grain boundaries, resulting in a final single-grain ordered 

phase.  
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The existence of such a global ordering mechanism for hard cubes brings up the 

question about what other systems might exhibit a similar mechanism. Clearly, 

truncated cubes with a small amount of truncation13 or rounded cubes (described via 

superball99 or polybead models52) which undergo a similar transition into a cubic 

ordered phase should closely approach the behavior of the hard cubes studied here. 

More generally, systems with a strong coherence in their tendencies for local packing 

(in disordered phase) and global packing (in ordered phase) may exhibit a similar 

mechanism. For practical applications, it would be of interest to quantify the effect on 

the ordering mechanism of soft interparticle attractions21 and size polydispersity,30 two 

factors which are ubiquitous in experimental systems. Further studies can focus on 

finding theoretical models that can describe the general features of the phase transition 

mechanism studied here, incorporating the key elements that we observed in hard 

cubes, such as a high concentration of locally ordered particles in the isotropic phase 

basin and the proliferation and consolidation of ordered domains before reaching the 

solid phase basin. Also, studies employing methods designed to sample the disorder-to-

order transition kinetics and rates14,28 would provide complementary insights into the 

microstructure changes along transition pathways. 
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6 Supplementary Information 

6.1 Order Parameter Optimization 

The tunable parameters used to evaluate 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 were set based on values reported 

for similar calculations8,59,96 and by visual inspection of the results in representative 

configurations. However, they can be optimized further based on different criteria. 

Here we suggest an approach that ensures a suitable discrimination between the 

ordered and disordered states. The tunable parameters can be hierarchically optimized 

to match false positives with false negatives68, such that the probability of falsely 

labelling a disordered particles as ordered is equal to the probability of falsely labelling 

an ordered particles as disordered. The cutoff for the orientational correlation 𝑑𝑖 for a 

pair of neighboring particles to be identified as ‘connected’ can be obtained using the 

mislabeling distribution for sample ordered and disordered states. For example, for 

hard cubes at 𝑝 = 4.0 (Figure S1), the cutoff at 𝑑𝑖 = 0.63 provides the best 

discrimination with mislabeling fraction of 0.245. If we use this optimized cutoff to 

observe the distribution of mislabeling with respect to the number of connections, we 

find that the minimum mislabeling fraction of 0.248 is achieved at a cutoff of 𝜁 = 2. 

These optimal values, however, will vary depending on pressure and are slightly 

different from the ones we use in the main text (𝑑𝑐 = 0.7, 𝜁𝑐 = 3), which were chosen 

to render a stricter criterion to assign order, i.e., to mislabel fewer disordered particles 

than ordered particles.  
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Figure S13: Distribution of fraction of mislabeled particles for various cutoff values for (a) the 
orientational correlation 𝒅𝒊 and (b) the number of connections 𝜻 for the order parameter of 
hard cubes in ordered and disordered phases at p = 4.0 and N=1728. 
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Nevertheless, the main predictions in the text with respect to the phase behavior and 

transition barriers are largely unaffected by the choice of dc and c for values 

encompassed by those given above. Specifically, the free-energy barrier height is 

expected to exhibit little sensitivity to such fine tuning (as demonstrated before for a 

similar formulation of order parameters41) but the number of ordered particles were 

the barrier top occurs can change significantly due to the variability in assigning order 

to interfacial particles (those between ordered and disordered domains). For example, 

if the optimized values were used, it would increase the fraction of ordered particles in 

the isotropic phase at coexistence from 4% to 25%; hence, the spontaneous presence 

of ordered particles would still be observed, albeit with a seemingly unrealistic high 

value. 

6.2 Umbrella Sampling (US) 

While performing US simulations with respect to order parameter 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑, the 

following window sizes were used for various system sizes: 

Table S5: Window sizes for umbrella sampling 

System Size (N) Window Size 

1000 10 

1728 20 
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3375 40 

 

In practice, we generally kept an overlap of half of the window size between successive 

windows. For example, in a specific case it may go like [50, 70], [60, 80] and so on. The 

data from pairs of successive windows was combined by matching the values in the 

middle of the overlap region.  

To test the quality of the ordered parameter 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 in describing the region around 

the transition state determined using umbrella sampling, we performed a committor 

probability analysis by obtaining statistics for the growth of microstates belonging to 

the transition state ensemble.6 For this we chose a 8000 particle system at a pressure 

𝑝 = 4.05 whose relatively flat free-energy barrier top lies in the range 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 ∈ 

[790,860]. For 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 = 810, we ran 10 trajectories each for 55 uncorrelated 

microstates to estimate their growth probability 𝑝𝑔𝑟𝑜𝑤𝑡ℎ and plot the distribution 

shown in Figure S2. The average 𝑝𝑔𝑟𝑜𝑤𝑡ℎ is 0.58 is rather close to the expected 0.5 value 

(the operational definition of the transition state) and, importantly, the pgrowth 

histogram shows a tendency toward a central peak (despite the statistical noise). While 

an ideal reaction coordinate would give a histogram that is sharply peaked around 

pgrowth = 0.5, the shape of the histogram in Fig. S2 is sufficiently centrally biased to 
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confirm the suitability of  𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 as order parameter, especially considering the 

relatively flatness of the free-energy barrier top.  

 

Figure S14: Normalized histogram of committor probability 𝒑𝒈𝒓𝒐𝒘𝒕𝒉 of 55 uncorrelated 

configurations with 𝑵𝒐𝒓𝒅𝒆𝒓𝒆𝒅= 810 for a system of N = 8000 hard cubes.  

6.3 Specific Volume as an Order Parameter 

In order to test the robustness of 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 as an order parameter and see if it correlates 

with specific volume (v), we kept track of v data as a ‘passenger’ order parameter.7 Using 

these data we were able to obtain the two dimensional free energy landscape as shown 

in Figure 8 (d) of the main text, obtaining results consistent with barriers obtained with 

𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 alone. As a further consistency test, we performed the US calculation with 

specific volume (v) as the primary order parameter and  𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑 as the passenger order 

parameter. The window size was set at 0.01 along specific volume. The results from 
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these two US calculations are shown side by side in Figure S3. As can be observed, all 

the properties of interest (transition barrier heights, positions of the 

disordered/ordered phase wells) are essentially the same within statistical errors.  
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Figure S3: 2D Free energy landscapes calculated using umbrella sampling for a system (N=1000) 
hard cubes at p = 4.0 using Nordered and v as order parameters. (a) Primary OP: Nordered, passenger 
OP: v (b) Primary OP: v, passenger OP: Nordered. 
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CHAPTER 4: LOW INTERFACIAL FREE ENERGY DESCRIBES BULK ORDERING 
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New York 14853, USA.  
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Abstract 

Many hard faceted nanoparticles are known to undergo disorder-to-order phase 

transitions following a classical nucleation and growth mechanism. In a previous study 

[J. Phys. Chem. B 2018, 122, 9264-9273] it was shown that hard cubes undergo a non-

classical phase transition with a bulk character instead of originating from consolidated 

nuclei.  Significantly, an unusually high fraction of ordered particles was observed in the 

metastable basin of the disordered phase, even for very low degrees of supersaturation. 

This work aims to substantiate the conjecture that these unique properties originate 

from a comparatively low interfacial free energy between the disordered and ordered 

phases for hard cubes relative to other hard particle systems. Using the cleaving wall 

method to directly measure the interfacial free energy for cubes, it is found that its 
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values are indeed small, e.g., at phase coexistence conditions it is only one fifth that for 

hard spheres. A theoretical nucleation model is used to explore the broader implications 

of low interfacial tension values and how this could result in a bulk ordering mechanism.  

1 Introduction 

Recent advancements in chemical synthesis17,94,100 have enabled an unprecedented 

control of the shape and monodispersity of nanoparticles. Such tailored nano-scale 

colloids are important as building blocks for bottom-up materials design1,89–91,101 with 

potential applications in photonics102 and plasmonics.103,104  In the absence of strong, 

ligand- or patch-mediated energetic interactions, the self-assembling properties of 

colloidal nanoparticles can be largely traced to their shape and have been predicted 

through ‘hard’ particle models, e.g., the formation of different crystalline structures,6 

and mesophases,4,7,10,83,99 and the occurrence of phase transitions.8,40,41,59,96,105,106 To 

date, many of these predictions have been confirmed through experiments.13,73,94,107–

109 

Computer simulations have revealed that hard colloidal nanoparticles generally 

undergo first-order, disorder-to-order phase transitions in 3D space.8,59,105 One of the 

first cases studied through simulations was that of hard spheres,55 which form a face-

centered cubic (FCC) lattice via nucleation and growth.40,105  Adding anisotropy to  the 

shape of the particle, say by adding facets, alters the phase behavior by favoring 
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ordered structures that enhance packing entropy.4,6 As for the phase transition kinetics, 

the faceted particles studied thus far have been found to generally order via nucleation 

and growth.8,59,96,110  

Remarkably, simulations of hard cubic nanoparticles reveal both unusual phase 

behavior4,95,111 and ordering kinetics. Upon compression, they form an ordered phase 

with orientationally aligned particles arranged in a simple cubic lattice. Near the phase 

transition, this ordered phase has an unusually high diffusivity and concentration of 

vacancies for a crystalline phase when compared to that for other particle shapes. In a 

recent study106 where the disorder-to-order transition of hard cubes was tracked and 

free-energy barriers mapped via umbrella sampling, we observed that the kinetic 

pathway toward ordering was also unusual. Unlike most other polyhedra that have been 

studied in literature,8,59 the phase transition in cubes is not well described by classical 

nucleation and growth. Instead, it undergoes a ‘bulk-like’ transition behavior with the 

following features: 

(i) A large number of sparse, small clusters of ordered particles are present in the 

disordered phase. The concentration of ordered particles increases with 

supersaturation and, at a given supersaturation, is much higher when compared 

to other polyhedra that undergo nucleation and growth.  
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(ii) The apparent free energy barrier for the ordering transition was found to scale 

linearly with system size, which would imply that in a system of macroscopic 

size the transition would be practically impossible.  

(iii) At no or minimal degree of supersaturation, a critical concentration of ordered 

cubes – rather than a critically-sized ordered nucleus - needs to be attained for 

the transition to proceed. During the transition, the fraction of ordered particles 

gradually increases, leading to consolidation of ordered domains and an 

eventual transition to the ordered phase. 

It is well established that any stable or metastable phase will exhibit local fluctuations 

in structural order where motifs associated with another phase may occur.112 While 

these fluctuations will largely be transient, they will also encompass the seeds of an 

incipient (stable) phase as it nucleates and grows within a metastable phase. Of course, 

that such fluctuations also exist in a stable phase – albeit fewer and too small to initiate 

any phase transition. The presence of a significant fraction of ordered particles in a 

disordered phase reflects the ease of creating interfaces in the system, i.e., a small 

interfacial free energy between ordered and disordered phases. Hence, we hypothesize 

that the abundance of such fluctuations that resemble the ordered phase (henceforth 

simply referred to as cubatic fluctuations) in the disordered phase of cubes could be 

attributed to a low surface tension. In this paper we conduct direct measurements of 
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the interfacial free energy of a disorder-order interface for hard cubes and compare the 

resulting values to those of other hard-core systems. We also present a mass action-

derived classical nucleation theory (MADCNT) model to qualitatively understand how 

the extent of cubatic fluctuations depends on interfacial free energy. 

The paper is structured as follows: In Section 2 we outline the implementation of the 

cleaving walls method in Monte Carlo simulations. In Section 3 we present our results 

and discuss them in the context of a theoretical model to explore the consequences of 

low surface tensions on concentration of cubatic fluctuations. In Section 4 we provide 

a summary and outlook of our results. 

2 Methods 

2.1 Model 

For any two cubic particles i and j, we use a hard pair-potential given by: 

𝑈𝑖𝑗 = {
0 if no overlap
∞ if overlap

        (1) 

The overlap is detected by using the separating axis theorem.49  

2.2 Monte Carlo Simulations 

We use Metropolis55 Monte Carlo (MC) simulations in either the canonical (NVT) or the 

isothermal-isobaric (NpT) ensemble as necessary, where N is the total number of 
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particles, V is the volume of the system, p is the pressure, and T is the temperature. We 

use scaled units consistent with our previous studies,4 with lengths scaled by the 

circumradius (𝑎𝑐) of the polyhedron. Thus, the dimensionless pressure is given by 𝑝 =

𝛽𝑝𝑎𝑎𝑐
3, where 𝑝𝑎 is the unscaled pressure and 𝛽 =

1

𝑘𝐵𝑇
, where 𝑘𝐵 is Boltzmann’s 

constant. The chemical potential 𝜇 and free energy (∆𝐺) are scaled by 𝑘𝐵𝑇 and the 

dimensionless interfacial free energy is given by 𝛾 = 𝛽𝛾𝑎𝑎𝑐
2 where 𝛾𝑎 is the unscaled 

interfacial free energy. For comparison among different particle shapes we tried to 

remove the dependence on the choice of length scale ac, by defining a reduced 

dimensionless interfacial free energy as �̅� =
𝛾

𝜌𝑠
2/3 , where 𝜌𝑠 is the density of the 

solid/ordered phase. This definition is identical to that in an earlier study,8 and is 

consistent with the dimensionless surface component of free energy in classical 

nucleation theory. The supersaturation is defined as  ∆𝜇𝑜𝑑 = 𝜇𝑜 − 𝜇𝑑, where 𝜇𝑜 and 

𝜇𝑑 are chemical potentials associated with ordered and disordered phases, 

respectively. The coexistence pressure 𝑝𝑐𝑜 for hard cubes under this scaling is 𝑝 = 4.0 

as reported in literature.95 The simulations used periodic boundary conditions to mimic 

bulk behavior. Each MC cycle included N translation, N rotation, and 2 isotropic volume 

moves (for NpT ensemble runs only).  
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2.3 Cleaving Walls Method 

2.3.1 Outline 

The cleaving walls method used in this study is a Monte Carlo adaptation of an existing 

method113 typically implemented using molecular dynamics simulations. While there 

have been several modifications of the method over the years88 to improve accuracy, 

we use an early, simple implementation which proved to be sufficiently accurate for our 

purposes. To the best of our knowledge this is the first implementation of the method 

using Monte Carlo simulations. 
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Figure 15: Schematic illustration of steps in the cleaving walls method. (a) Bulk simulation boxes 
of solid and liquid phases with three-dimensional periodic boundary conditions at the desired 
pressure. (b) Phases cleaved at the midplanes. (c) Transposed simulation boxes with dissimilar 
phases facing each other. (d) Final two-phase state with the gap closed and the two interfaces 
created.  
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The method involves three steps: 

I. Cleaving: Start from independent simulation boxes of the two phases at a given 

pressure (Figure 1a). The two boxes need to have the same cross-sectional 

dimensions along the cleaving plane and satisfy periodic boundary conditions. 

Move the cleaving walls to create a gap in the midplane of the simulation box 

such that particles do not interact across the gap (Figure 1b). 

II. Transposition: Rearrange the boxes as shown in Figure 1c to create a larger 

simulation box with two gaps with dissimilar phases facing each other.  

III. Merging: Recede the two pairs of cleaving walls to close the gaps, creating two 

interfaces (Figure 1d).  

The interfacial free energy is then defined as the work done through these steps per 

unit area of the interface created. Since the interfacial particles do not undergo any 

change in energy at Step II, the interfacial free energy 𝛾 is given by the following 

expression: 

𝛾 = 𝑤𝐼 + 𝑤𝐼𝐼𝐼          (2) 

Where 𝑤𝐼 is the work done per unit area on both systems in Step I, and 𝑤𝐼𝐼𝐼 is the work 

done per unit area on the transposed system in Step III. The latter is negative and 

smaller in magnitude, resulting in a positive value for 𝛾.  
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The pressure faced by the cleaving wall is measured throughout steps I and III and it is 

crucial to move the wall very gradually to minimize hysteresis. The values were verified 

by also conducting the process in reverse, i.e., by cleavage of an interface. The initial set 

up, definition of the cleaving wall, and the pressure calculation are described in the next 

subsection.  

2.3.2 Initial Setup 

We performed all the calculations at the estimated bulk coexistence pressure 𝑝 = 4.0. 

As described in previous studies, the ordered phase of hard cubes at coexistence was 

generated by sequential NpT runs of 3 × 106 MC cycles each, starting from a high 

pressure (𝑝 = 20) and gradually reducing the pressure to 𝑝 = 4.0. For the (100) crystal 

plane, configurations with N=1000 were prepared on a simple cubic lattice aligned with 

the box vectors of a cubic box. The configurations presenting the (110) crystal plane 

were obtained in a cuboidal box with N=1024 particles. 

To obtain the disordered phase simulation box, the ordered phase simulation box was 

melted at 𝑝 = 1.0 with anisotropic volume moves along the z direction (orthogonal to 

the cleaving plane) to maintain the cross sectional (x-y) dimensions consistent for 

transposition in Step II. The system was then compressed to 𝑝 = 4.0 to obtain the 

equilibrium disordered phase at coexistence. To circumvent the finite-size effect of the 

interfacial region propagating into bulk-phase structure, longer boxes with 𝑁 = 2000 
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were primarily studied; these systems were obtained by duplicating the box along the z 

direction, followed by equilibration for 3 × 106 MC cycles. 

2.3.3 Cleaving Walls 

We implemented the cleaving walls as hard planes that only interact with the centroids 

of the particles (see Supporting Information for discussion on walls that interact with 

the full particle shapes).  There are two walls, one which moves in +z and the other in -

z direction. For a given simulation box, both walls start at the midplane along the z-axis 

and particles are disallowed from crossing the midplane or the wall. A given wall only 

interacts with particles in the direction of its movement during Step I. The simulation is 

conducted in the NVT ensemble and at the end of each MC cycle, walls are moved in 

either direction by small increments (< 10−4, in reduced units) with smaller increments 

used in cases where a particle would obstruct the wall. For example, if a movement of 

10−4  would lead to an overlapping particle, a movement of 10−5 would be considered. 

This process is continued until we have achieved a separation of at least one particle 

circumradius, ensuring that the particles do not interact across the gap. Throughout the 

process we output configurations at various separations to perform pressure 

calculations as described later.  

After transposing the two phases with dissimilar phases facing each other across the 

gaps, the two gaps are closed in small steps corresponding to separations at which the 
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pressure will be calculated (< 10−3). Each time the separation is reduced the system is 

given 103 MC Cycles to relax. Eventually the gap is entirely closed, and the system has 

two interfaces of area equal to the box cross section.  

2.3.4 Pressure and Work Calculation 

We calculate the pressure on the wall using virtual perturbations of the wall position 

following similar well-known volume perturbation methods:114  

𝑝 = (
𝜕𝐹

𝜕𝑉
)

𝑁,𝑇
=

ln(〈𝑒−βΔU〉)

Δ𝑉
         (3) 

where 𝐹 is the free energy, 𝑉 is the volume of box, 𝑈 is the configurational energy, and 

the changes (∆𝑈, ∆𝑉) are obtained upon virtual movements of the wall. Let the initial 

wall position from the midplane be 𝑧 and the cross-sectional area in the xy plane be A. 

If the wall is moved by 𝛿𝑧 then the change in volume ∆𝑉 = −𝐴𝛿𝑧, and we can write 

down Equation (3) as 

𝑝(𝑧) = −
ln(〈𝑒−βΔU(z)〉)

𝐴𝛿𝑧
         (4) 

The expression 〈𝑒−βΔU〉 in our case can be interpreted as the ensemble-average 

probability of overlap between the wall and any particle upon perturbation. For cubes 

we generally use 𝛿𝑧 = 0.001 (see Supporting Information).  
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To accurately determine the pressure at a given separation, we conduct an NVT 

simulation with the initial configurations as described previously. Each simulation was 

conducted for 106 MC cycles and overlap with a virtual perturbation was checked every 

10 cycles. The statistics thus obtained were analyzed to calculate the pressure 𝑝(𝑧) for 

Steps I and III. Assuming a reversible process, the work done per unit area was 

calculated with the following expression that integrates pressure (force per unit area 

on the plane) over the displacement of the wall: 

𝑤 = ∫ 𝑝(𝑧)𝑑𝑧
𝑧𝑓  

𝑧𝑖
         (5) 

where 𝑧𝑖 and 𝑧𝑓 are the initial and final distance of the wall from the midplane. The 

work per unit area thus calculated was used to obtain 𝛾 using Equation 2.  

2.3.5 Corrugated Cleaving Walls 

To measure the interfacial free energy of the (110) plane in hard cubes crystal we 

needed to implement corrugated walls88 compatible with the zigzagging interface, or 

else the crystal would spontaneously reorient during the cleaving and merging 

processes. Here we present a simplified implementation for corrugated walls that only 

interact with the centroids of the particles.  
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Let the plane be corrugated along the y-axis. The corrugated wall was simulated through 

a triangular wave given by the following function for the z coordinate of the wall (𝑧𝑤𝑎𝑙𝑙) 

at a given y-coordinate and position of the wall 𝑧:  

𝑧𝑤𝑎𝑙𝑙,±(𝑦, 𝑧) = |𝑦 mod 𝜆 −
𝜆

2
| −

𝜆

4
∓

𝜆

4
+ 𝑧      (6) 

where ± refers to different walls based on the direction of movement during Step I, and 

𝜆 is the wavelength of corrugation along the y-axis. Note that the position of the wall 𝑧 

is defined as the z-coordinate of the leading peaks of the triangular wave facing the 

direction of movement during Step I. In this way, at 𝑧 = 0 neither wall interacts with 

any particle at the beginning of the simulation.  

The final positions of the walls at the end of Step I was kept conservatively at 𝑧𝑓𝑖𝑛𝑎𝑙,± =

± (𝑎𝑐 +
𝜆

2
)  to ensure that particles cannot interact across the gap. The pressure 

calculations for the corrugated wall are identical to those for the flat wall. The 

wavelength 𝜆 is determined by the initial conditions of the crystal simulation box and 

was chosen such that the box length along y-axis 𝐿𝑦 = 𝑛𝑝𝜆  where 𝑛𝑝 is the number of 

particle layers along the y-axis. This choice ensures compatibility with the periodic 

boundary conditions and cleaves the systems in a manner conforming with the crystal 

plane. In principle this approach can be generalized to other topographies with an 

appropriate wall function. 
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2.4 Interfacial potential of mean force (PMF) 

We calculated the PMF experienced by a free particle interacting with a perfect 

interface of particles in a crystalline arrangement. NVT simulations were conducted 

comprising a single immobile layer of crystalline particles and a free particle. The 

spacing of the crystalline particles was chosen to be consistent with the volume fraction 

of the coexistence conditions. Statistics for free particle position were obtained through 

107 MC cycles. The coordinates of the free particles were histogrammed with a 

resolution of 0.05𝑎𝑐. The 𝑃𝑀𝐹 experienced at a given bin 𝑖 is given by: 

𝑃𝑀𝐹𝑖 = −𝑘𝐵𝑇 ln (
𝑓𝑖

𝑓∞
)        (7) 

where 𝑓𝑖  and 𝑓∞ are the visiting frequencies for the 𝑖𝑡ℎ bin and a distant bin where the 

particle is not interacting with the immobile particles, respectively. The statistics were 

sufficient to obtain states with PMF ~7 𝑘𝐵𝑇. For comparison across different systems, 

the “effective” position of the interface was chosen to correspond to the point where 

𝑃𝑀𝐹 = 5 𝑘𝐵𝑇. 

2.5 Measurement of Interfacial Thickness  

We estimate the thickness of the interface using the final configuration at the end of 

Step III of the cleaving process. The interface thickness 𝛿 is defined in a manner 

analogous to phase field models:115 
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𝜙(𝑧) =
1

2
(1 + tanh

𝑧

2𝛿
)        (8) 

where 𝜙 is a scalar order parameter and 𝑧  is the position with respect the interface. 

For our analysis we define 𝜙 as: 

𝜙 =
𝜌𝑠−𝜌(𝑧)

𝜌𝑠−𝜌𝑙
            (9) 

where 𝜌𝑠, 𝜌𝑙, and 𝜌(𝑧) are the densities of the bulk solid, bulk liquid, and system at 

position 𝑧. Thus, 𝜙 = 0 for the bulk solid, and 𝜙 = 1 for the bulk liquid. The starting 

interfacial configurations are simulated further for 106 MC cycles in an NVT ensemble 

to obtain statistics for 𝜙(𝑧). Equation 8 is fitted to the 𝑧 vs. 𝜙(𝑧) data using a least 

squares method to obtain 𝛿, which is reported in circumradius units (𝑎𝑐). 

3 Results and Discussion 

3.1 Interfacial Free Energy 

The calculation was carefully performed to ensure that the process does not 

significantly alter the bulk behavior of either phase (e.g., by ordering of the disordered 

phase or disordering of the ordered phase). The process was conducted for various 

system lengths, and it was observed that the cleaving process influences the structure 

of a layer ~3 particles deep into the bulk phases. Hence a system size of 𝑁 = 2000 

particles (~20 layers) on each phase was chosen. Sample configuration at the end of 
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Step III for the case that the interfacial plane faces the (100) crystal plane is shown in 

Figure 16a. Intermediate configurations at other steps are shown in the Supporting 

Information. The pressure profiles for cleaving and merging cubes at coexistence 

pressure 𝑝𝑐𝑜 = 4.0 are shown in Figure 16b and Figure 16c for the ordered and 

disordered phase, respectively.  

 

 

Figure 16: Cleaving walls for hard cubes (100) plane at coexistence pressure  𝑝 = 4.0. (a) Sample 
configuration at the end of Step III. Ordered and disordered phase particles are colored blue 
and red, respectively. Intermediate configurations at other steps are shown in the Supporting 
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Information. (b, c) Pressure variation with the position of the cleaving walls with respect to the 
midplane (quantifying the gap width) for (b) ordered and (c) disordered phase. Step I-Cleaving 
is shown with a solid line and Step II-Merging is shown with gray line. Scaling for the axes is 
described in Section 2.2.  

The interfacial free energy for the (100) orientation of the ordered phase was 

determined as 𝛾100 = 0.042 ± 0.007. Attempts to calculate the interfacial tension for 

the (110) orientation 𝛾110 with a flat (i.e., non-corrugated) cleaving wall resulted in the 

ordered phase reorienting in the (100) direction upon merging.  This rapid reorienting 

is rather unique to cubes as we have tested a variety of orientations of other polyhedral 

crystals without facing the same problem. There could be several reasons for this. The 

tendency to reorientation indicates that 𝛾100 < 𝛾110, so that the system relaxes toward 

the more stable interface. The short time scale of this process is likely facilitated by the 

unusually high diffusivity4 and vacancy concentration95,111 in the ordered phase for 

cubes. Fast crystal domain reorientation is consistent with our observations in a 

previous study106 that hard cubes exhibit fast gran resolution dynamics. Also, because 

the disordered phase is cleaved by a flat wall, the cubes in the closest layers tend to 

align parallel to it, which in turn tend to realign (flatten) the closest zigzag (110) layer of 

the ordered phase during the merging step. This limitation  was  resolved with 

implementation of a corrugated cleaving wall88 as described in the Section 2.3.5. This 

approach allows for the disordered phase to be cleaved with a zigzag presentation of 

the particles compatible with the (110) crystal plane. The final configuration with (110) 
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interfaces at the end of Step III and pressure profiles for both phases are shown in Figure 

17. 

 

Figure 17: Cleaving walls for hard cubes (110) plane at coexistence pressure p=4.0. (a) Sample 
configuration at the end of Step III. Ordered and disordered phase particles are colored blue 
and red, respectively. Intermediate configurations at other steps are shown in the Supporting 
Information. (b, c) Pressure variation with the position of the cleaving walls defined by the 
leading peak of the corrugated wall (see Section 2.3.5) with respect to the midplane (quantifying 
the gap width) for (b) ordered and (c) disordered phase. Step I-Cleaving is shown with a solid 
line and Step II-Merging is shown with dotted line. Scaling for the axes is described in Section 
2.2. 

The interfacial free energy for the (110) orientation of the ordered phase was 

determined as 𝛾110 = 0.090 ± 0.010.  This value is more than twice 𝛾100, confirming 
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that this difference is the main force driving the crystal reorientation with a flat wall 

observed earlier. The physical reason for why 𝛾100 < 𝛾110 can be rationalized by 

examining the entropic and enthalpic effects associated with the particles in the 

disordered region in contact with the different ordered planes, to be referred here as 

wetting layer. The pV component of the enthalpy (and free energy) favors smaller 

volumes or denser packing (due to closer contact) of the wetting layer; likewise, a more 

efficient packing (attained by partial lateral alignment) would favor packing entropy of 

that layer. As the potential of mean force (PMF) calculations reveal (Figure 18), the (110) 

plane produces a longer-range repulsive field, which is a consequence of its rougher 

and more intrusive profile (Figure 18 inset). This also translates into a thicker wetting 

layer as shown in Figure 19. These observations are consistent with a larger free energy 

penalty in the 110 wetting layer and hence 𝛾110 > 𝛾100. Based on these physical 

considerations, we further anticipate that 𝛾111 > 𝛾110  >  𝛾100. 
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Figure 18: Interfacial potentials of mean force (PMF) at coexistence for various cases. Inset: two-
dimensional PMF surface for (110) plane of hard cubes, where crystalline cubes (blue) are 
placed in the middle at their fixed positions in the calculation. Details on the calculation are 
provided in Section 2.4. 
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Figure 19: Scalar order parameter 𝜙 as a function of position with respect to the interface (𝑧, in 
circumradius 𝑎𝐶  units) for various crystal planes of hard cubes. The interfacial thickness of (100) 
and (110) crystal planes were found to be 𝛿100 = 1.6 ± 0.2 and 𝛿110 = 2.9 ± 0.3, respectively. 
Details on the calculation are provided in Section 2.5. 

Based on the 𝛾 values thus calculated, a Wulff construction116–119 could be performed 

to obtain information about the nucleus geometry. The governing principle of Wulff 

construction states that the length ℎ of a perpendicular to a crystal plane passing 

through the centroid is proportional to its interfacial free energy 𝛾. Based on this 

principle, the perpendiculars of (100) and (110) facets should be related as ℎ110 =

2.14ℎ100. This relation would put the (110) plane outside the inner volume enclosed by 

(100) plane since ℎ110 > √2ℎ100. This implies that, if we restrict ourselves to the closed-

packed facets,119 the (110) should not show up in an equilibrium nucleus geometry. 

Regardless, since the (100) facet is the most closed-packed119 facet for this crystal, 𝛾100 

can be used as a representative value for comparison across different shapes.  

We use reduced interfacial free energies �̅� as defined in Section 2.2 for comparison 

across different shapes. In most studies of hard polyhedra the interfacial free energy 

has been calculated indirectly through nucleation free energy barrier calculations8,105 

leveraging classical nucleation theory (CNT). These approaches are sensitive to the 

definition of the order parameter used to ascertain the interface of the nucleus.120 

Nevertheless, these indirect estimates for hard spheres are very much comparable to 

those obtained from direct methods including the cleaving walls approach.67 Hence we 
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use CNT estimates for comparison among shapes when results from any direct method 

is unavailable.  

At coexistence, the value of the reduced interfacial free energy for the (100) crystal 

facet in cubes (�̅�100 = 0.088) is about one sixth the value for hard spheres (�̅�𝐻𝑆~ 0.52 

for all closed packed orientations). For comparison, orientationally-average interfacial 

free energies reported for faceted particles (at the disorder-order phase transition) 

have been at most 20% lower than that of hard spheres (e.g.,  for cuboctahedra, 

truncated octahedra and rhombic dodecahedra),8 and often higher than that (e.g., for 

octahedra and gyrobifastigia). 59,96 We illustrate these observations in Figure 20 where 

we plot reduced interfacial free energy �̅� at a given supersaturation ∆𝜇𝑜𝑑 for a number 

of shapes as reported in the literature. It is evident that cubes have by far the lowest 

value of reduced interfacial free energy, which generally increases with Δ𝜇𝑜𝑑.  
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Figure 20: Reduced interfacial free energy �̅� at a given supersaturation ∆𝜇𝑜𝑑 for various shapes 
(HS: hard spheres, OCT: octahedra, GBF: gyrobifastigia, CO: cuboctahedra, TO: truncated 
octahedra, RD: rhombic dodecahedra, TC25: truncated cubes with s=0.25, and Cubes) reported 
in literature using a variety of methods (CW: cleaving walls, US: umbrella sampling and classical 
nucleation theory, NSP: nucleus-size pinning with classical nucleation theory). Data sources: 
HS(CW)88, HS(US)40,  HS(NSP)96, OCT(US)59, GBF(CW)121, GBF(NSP)96, CO-TO-RD(US),8  Cubes and 
TC25: this work. 

Physically, the small �̅� for hard cubes implies a small penalty for creating solid-liquid 

interfaces, which correlates with the observation of a relatively high incidence of 

ordered and disordered domains co-existing next to each other in both the disordered 

and ordered phase. This results in a significant concentration of ordered domains in the 

disordered phase and hence a high fraction of ordered particles (about 3% at 

coexistence compared to less than 0.05 % for hard spheres). Likewise, the high content 

(>6%) of mobile vacancies in the solid phase95 connotes some localized liquid-like 
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behavior. This similarity between some local configurations from its disordered and 

ordered phases means that both phases share a fraction of the same phase space in the 

terms of translational and orientational order, which enhance their interfacial affinity.  

The low 𝛾 could also be indicative of the proximity between the binodal and spinodal 

conditions for cubes, as a zero interfacial tension is a characteristic of the spinodal point 

in other systems.122,123 This hypothesis is strengthened by the fact that the orientational 

correlation length diverges with pressure (see SI). We attempted a calculation of 𝛾 for 

cubes at finite degrees of supersaturation, but the results were inconclusive due to large 

statistical variations associated with a significant tendency for ordering in the 

disordered phase.  A more complete picture of the consequences of low �̅� values is 

provided in the next section through a theoretical analysis.  

We also examined the effect of a small perturbation to the cubic shape on interfacial 

tension by computing �̅�100 for truncated cubes with truncation parameter7 𝑠 = 0.25, 

hereafter referred to as TC25. The phase behavior is similar to that of hard cubes, with 

a first order transition from a disordered phase to a simple cubic crystal. Moreover, the 

disordered phase also has abundance of cubatic fluctuations, and the ordering 

transition progresses spontaneously at very low supersaturations.  We also calculated 

the free energy barrier for the TC25 disorder to order transition at coexistence through 

umbrella sampling as described elsewhere106 (see crucial details in the Supporting 
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Information). The free energy profile as a function for fraction of ordered particles 

(𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑)  at coexistence pressure for TC25 is shown in Figure 21, along with previously 

reported106 results for hard cubes. At coexistence, the free energy barrier for TC25 is 

over three times larger than that of hard cubes. While there is no clear theoretical 

framework that can describe the exact relationship between �̅� and ∆𝐺∗ for this non-

classical phase transition, the much higher barrier would indicate a correspondingly 

higher value for interfacial free energy. Indeed, we find that the interfacial free energy 

for the (100) plane of TC25 using the cleaving walls method at the coexistence 

pressure10 𝑝𝑐𝑜 = 3.64 is �̅�100,𝑇𝐶25 = 0.194, which is about two times that for hard 

cubes. Another important observation is that 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 at both the disordered-state 

basin and the top of the barrier is much higher for TC25 compared to cubes. We note, 

however, that the order parameter definitions (see Supporting Information) are not 

identical for hard cubes and TC25 and hence the 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 for the two systems cannot 

be unambiguously compared. While the PMF for cubes and TC25 (associated with the 

100 plane) are expectedly comparable, the densities of the coexistence phases are 

higher for TC25 than those for cubes, which would be expected to increase 𝛾. 

An interesting trend in Figure 20 is that particles shapes having more similarity to cubes 

tend to have lower g (e.g., TC25 and CO). This could reflect the fact that a preference 

of local ordered motifs with 6-fold coordination and smaller unit cells are easier to 

generate than structures requiring the coordination for more nearest-neighbor 
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particles (like 8 or 12) and larger unit cells. The low coordination number of cube-like 

shapes is a likely contributor to low g values by promoting low-free-energy-cost 6-fold 

configurations in route to the ordered phases they form (even if not a simple cubic). 

Since no other hard particle is able to order with a smaller coordination number and 

unit cell, we surmise that hard cubes likely possess the lowest g value of all athermal 

systems at the order-disorder transition (note that we exclude the case of tetrahedra 

whose isotropic phase does not transition into a simple-unit-cell solid124). 

 

 

Figure 21: Free energy (∆𝐺) profile calculated as function of fraction of ordered particles 
(𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑) for TC25 via umbrella sampling at coexistence 𝑝 = 3.64. Previously reported106 free 
energy profile for a hard cubes system of identical size (N=1000) is also shown for comparison. 
Free energy is in 𝑘𝐵𝑇 units.  
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3.2 Theoretical quantification of cubatic fluctuations 

We aim to provide a simple description of how the fraction of ordered particles 

(𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑) compounding the local solid-like fluctuations in the disordered phase is 

related to  �̅� at a given supersaturation ∆𝜇𝑜𝑑. In this model, the cubatic fluctuations are 

in the form of nuclei which are non-interacting with each other and  distributed 

uniformly throughout the bulk.125 Let ∆𝐺(𝑛) be the free energy change associated with 

the formation of an ordered cluster of size 𝑛 (analogous to 𝑛 particles), the classical 

nucleation theory (CNT) provides the following expression: 

 ∆𝐺(𝑛) = ∆𝜇𝑜𝑑𝑛 + 𝐴�̅�𝑛2/3         (10) 

where 𝐴 is a geometric factor capturing the shape of the nucleus assuming that its 

surface area scales with the two-thirds power of the volume. For simplicity, we assume 

that both the inner and the interfacial regions of a cluster can be described by 𝜇𝑜 and 

�̅�. This is not true for clusters smaller than a characteristic length and there are models 

that could be used to account for such an effect.126–128 As such, our model will 

overestimate 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 if �̅� is higher for smaller clusters than larger ones in the system 

being considered, such as in hard spheres.129  

For steady state conditions for a system evolving from the metastable disorder-phase 

basin, the distribution of fraction of particles 𝑥𝑛 belonging to clusters of size 𝑛 can be 

described by the law of mass action130 as: 
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𝑥𝑛 = 𝑛𝑥0
𝑛𝑒−∆𝐺(𝑛)         (11) 

where 𝑥0 is the fraction of disordered particles. We note that such a formulation 

assumes no inter-cluster interactions, that is, the effect of impingements between 

clusters is neglected so that each cluster is independent from others and only 

surrounded by disordered cubes. Further, the ordered clusters exhibiting a range of 

representative sizes are assumed to be well mixed (uniformly distributed) throughout a 

“continuous” phase of disordered cubes. Despite the limitations imposed by these 

assumptions (i.e., a scenario of relatively dilute clusters), this model forms a good basis 

for illustrating the consequences of interfacial tension on the concentration of ordered 

particles in the metastable disordered basin. We define the metastable basin as a 

disordered phase that may contain clusters up to the critical cluster size at the top of 

the barrier defined as:  

𝑛∗ = (
2𝐴�̅�

3|∆𝜇𝑜𝑑|
)

3

          (12) 

The fraction of ordered particles in the basin can then be evaluated as an integral over 

various sizes of ordered clusters described by Equation 11: 

𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 = ∫ 𝑥𝑛𝑑𝑛
𝑛∗

0+          (13) 

A discrete version of the model could also be formulated considering only integer 

nucleus sizes (see Supporting Information). We favor here the continuous version of the 
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model as it avoids discontinuous jumps in values and makes trends easier to follow.  

Applying mass balance on all particles: 

𝑥0 + 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 = 1          (14) 

Since the left-hand side of Equation 14 (when coupled to Equations 12 and 13) consists 

of continuous functions and takes a value of zero for 𝑥0 = 0 and a value greater than 

unity for 𝑥0 = 1, then the intermediate value theorem ensures that a solution for 𝑥0 ∈

[0, 1] exists where the equality of Equation (14) holds. We can then numerically solve 

for this value of 𝑥0 at any given conditions of ∆𝜇𝑜𝑑 and �̅�. 

We can follow the consequences of this mass action-derived classical nucleation theory 

(MADCNT) model in the context of the cubatic fluctuations observed in the disordered 

phase of hard cubes by evaluating  𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 as a function of ∆𝜇𝑜𝑑 and �̅� for a particular 

case. For simplicity, if the ordered clusters are spherical, the geometric factor will be: 

𝐴 = (36𝜋)
1

3          (15) 

As an example, Figure 22a shows a plot of 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 as a function of ∆𝜇𝑜𝑑 and �̅�.  
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Figure 22: Predictions from the MADCNT model for spherical ordered clusters. (a) Fraction of 
ordered particles  𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑  and (b) Average cluster size 〈𝑛〉 as a function of ∆𝜇𝑜𝑑 and �̅�. The 
isolines for the nucleation barrier ∆𝐺∗ are shown in green. The calculations were performed 
with a resolution of 100 points along each axis. 

In general, 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 remains relatively low (< 0.01) except for a diagonal ‘band’ where 

it can get as high as 0.697. The model also allows us to extract information about the 

cluster size distribution. Sample distributions 𝑥𝑛 at coexistence as a function of cluster 

size 𝑛 are shown in Figure 23. Ordered clusters predominantly exist in clusters of small 

sizes, with the spread of cluster sizes generally decreasing with increasing �̅�. It is 

informative to evaluate the average cluster size: 

⟨𝑛⟩ =
𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑

∫ 𝑥0
𝑛𝑒−∆𝐺(𝑛)𝑑𝑛

𝑛∗

0+

         (16) 

Figure 22b reveals that the average cluster size generally correlates with 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑, also 

attaining higher values along the diagonal band.  
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The trends in these MADCNT predictions can be understood by considering two effects 

at play relating to the metastable basin: its depth (embodied by Δ𝐺(𝑛∗)) and its width 

(embodied by 𝑛∗). The width of the basin, 𝑛∗ determines the upper limit to the integral 

in Equation 13. A larger 𝑛∗ would imply that more numerous ordered species are 

competing against the disordered particles, resulting in a larger 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑. Hence the 

width contributes positively to 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑. On the other hand, the depth of the basin is 

related to the nucleation barrier: 

∆𝐺(𝑛∗) = ∆𝐺∗ =
4(𝐴�̅�)3

27|∆𝜇𝑜𝑑|2         (17)

  

and since Δ𝐺(𝑛) < Δ𝐺(𝑛∗), larger values will translate into smaller exponential factors 

within the integral in Equation 13, making the larger clusters rare. Hence an increased 

depth of the metastable basin contributes negatively to 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑. Since both width and 

depth of the metastable basin increase with  �̅� and decrease with ∆𝜇𝑜𝑑, the following 

three distinct regions in the plot can be identified depending on whether one effect 

dominates or both effects are in play: 

I. Bottom-left triangular region: This region has very low 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 ≪ 1 due to 

narrow metastable basins ensuing from a low �̅� and high |∆𝜇𝑜𝑑|.  In practice, it 

would be very difficult to sustain a metastable state located in this region due 

to the very small critical nucleus sizes and barriers (see isolines in Figure 8), 
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which will likely manifest as a spinodal decomposition. Interestingly, the line for 

𝑛∗ = 1 demarcates the boundary of this region where 𝑛∗ < 1.  

II. Top-right triangular region: This region also has a low 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 ≪ 1 but due to 

reasons different from those for region I. Due to the high �̅�, the basins are wide 

and deep. This would result in a rather robust metastable state with rare 

occurrence of nuclei akin to systems where nucleation and growth is the 

mechanism of phase transition. Generally, 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 decreases as �̅� increases 

(interfaces become more expensive) and/or as ∆𝜇𝑜𝑑 increases (ordered phase 

becomes less stable). In contrast with region I, 〈𝑛〉 is slightly higher because 

larger clusters are being considered. In this region we can sufficiently describe 

the fraction of ordered particles through MADCNT, since a low fraction implies 

the nuclei are not likely to interact with each other. The values of 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 

predicted by the model in this scenario have been validated for specific 

conditions for hard spheres, and are consistent with predictions of models that 

use appropriate corrections for interfacial tension as a function of nucleus 

size.129 

III. Downward diagonal band: In this region neither of the effects dominate, leading 

to a metastable basin that is neither too narrow nor too deep. This results in a 

non-negligible 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 that could take up values greater than 0.5, especially 
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near the lower-right corner (low �̅�, |∆𝜇𝑜𝑑|). This is a scenario that MADCNT is ill-

suited to describe since beyond a certain 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 the ordered clusters are likely 

to interact with each other and form motifs that are not described by Equation 

10. Indeed, at sufficiently high 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑, a percolating network of ordered 

cluster might form. We refrain from assigning a percolation threshold as it will 

depend on the cluster size distribution which varies with conditions  �̅�, |∆𝜇𝑜𝑑|. 

For example, for completely uncorrelated ordered particles distributed 

throughout the bulk, the three-dimensional percolation threshold for site 

percolation of the intrinsic crystal lattice might be an appropriate bound. The 

band becomes more diffused as we go to higher supersaturations, eventually 

connecting regions I and II. 
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Figure 23: Sample distributions (𝑥𝑛) of ordered particles over various cluster sizes (𝑛) at 
coexistence for various values of �̅� as predicted by MADCNT model. 

While �̅� and ∆𝜇𝑜𝑑 are easy-to-interpret physical properties, the trends get simplified 

when we evaluate 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 as a function of ∆𝐺∗ and 𝑛∗, surrogates of depth and width 

of the metastable basin respectively, as shown in Figure 24. We notice that regions I 

and II are mapped into a single triangular region (light area in Figure 24), and 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 

generally increases with increasing 𝑛∗ and/or decreasing ∆𝐺∗. Thus, the fraction of 

ordered particles in the metastable phase increases with shallower and wider basins. 

We note that this alternative mapping preserves the general trends described earlier 

but it shrinks certain areas of Figure 22  and expands others, with certain regions 

involving infeasible/unusual conditions.  
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Figure 24: Predictions from the MADCNT model for spherical ordered clusters with:  (a) Fraction 
of ordered particles  𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑  and (b) Average cluster size 〈𝑛〉 as a function of 𝑛∗ and ∆𝐺∗. The 
isolines for the supersaturation ∆𝜇𝑜𝑑 are shown in green. The calculations were performed with 
a resolution of 100 points along each axis. 

It is instructive to compare Figure 8a with Figure 6. While direct quantitative comparison 

may be difficult since the geometric factor 𝐴 is system specific, it can be observed that 

most shapes would likely be placed in region II given the relatively low concentration of 

ordered particles observed in the metastable disordered phases of those systems. On 

the other hand, both cubes and TC25 could be placed in region III by the virtue of their 

low �̅�, which is corroborated by the observation of non-negligible 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 in their 

metastable phases in simulations and can be associated with a wide, shallow metastable 

basin.  
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The validity of a nucleation scenario rests on the basic assumption that at the early 

stages of phase transformation the nuclei of the incipient phase are rare and grow 

without interacting with other nuclei before approaching their critical size. This would 

largely hold for the region II but would eventually not be true for systems in region III. 

For cubes, an abundance of cubatic fluctuations of the incipient ordered phase (as 

predicted for lower interfacial free energy) would violate this assumption. Under such 

circumstances, the dominant mechanism cannot be nuclei growth by conversion of 

disordered particles at the interface since there would also exist interfaces between 

ordered domains of non-negligible size. Usually, such impingement of nuclei leads to a 

halt in growth131 and a final polycrystalline state.  However, as illustrated in our previous 

publication,106 hard cubes exhibit fast dynamics of grain resolution by quickly 

reorienting intermediate layers along the boundary of two grains and then propagating 

a uniform alignment. Hence, any two impinging clusters could merge in a process similar 

to Oswald ripening. An increase in concentration of ordered clusters would increase 

instances of such growth mechanisms. There would be a critical concentration beyond 

which such instances of consolidation (or ripening) would become more probable than 

the breaking of clusters into smaller clusters. This would be consistent with our 

observation in a previous report106 of a critical concentration of ordered cubes being 

required to effect the disorder-to-order phase transition. Indeed, we found that cubes 
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exhibit a transition that involves ordered phase nuclei gradually consolidating by 

resolving grain boundaries through local reorientation events. 

4 Conclusion and Outlook 

In this study, we implemented the cleaving-walls method to directly measure order-

disorder interfacial free energy for the (100) and (110) crystal planes of hard cubes. We 

found them to be substantially lower than those for other reported cases of hard-core 

particles where nucleation and growth is reported. Our MADCNT model predicts that a 

lower interfacial tension gives rise to more abundant ordered clusters in the disordered 

phase, which could explain the abundance of cubatic fluctuations in the disordered 

phase for hard cubes. We also find that hard truncated cubes (TC25) have a higher �̅�100 

than hard cubes which also translates into higher free energy barriers at comparable 

coexistence conditions.  

There are however many open questions regarding the non-classical characteristics of 

the ordering phase transition of hard cubes. It would be of interest to attain a deeper 

understanding of why hard cubes have a lower surface tension than other shapes. Given 

that TC25 also has a smaller �̅� compared to other particle shapes points to the cubic 

lattice structure of the ordered phase, and its known peculiarities, as playing a central 

role. Of course, cubic symmetry may not be a sufficient condition for a low �̅�; indeed, 

we expect that if interparticle attractions are enacted among cubes, �̅� could be made 
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significatively larger. In this context, interfacial tension calculations for other hard-core 

shapes and crystal planes would be informative and could help illuminate any trends 

therein. For example, while we found that truncation of the cubes increases the 

interfacial free energy (i.e., going from perfect cubes to TC25), it would be worthwhile 

to explore if larger perturbations can alter the behavior to the point where the classical 

nucleation and growth picture becomes a valid description. In assessing the role of 𝛾 in 

the ordering of cubes and concomitant theories, it is also important to keep in mind 

that since most cubatic fluctuations are small and encompass only ten or fewer 

particles, bulk-like domains and their interfaces are not well defined. Further, as we 

have noticed in our simulations, the effect of the interface could reach ~3 particles 

deep into either phase. There are interesting approaches to address these 

effects128,129,132,133 and describe the free energy of small clusters. Even in cases where 

nuclei are large enough to have well defined geometries, it would be interesting to 

investigate the morphology of the nuclei through Wulff construction,116,119 especially in 

cases with aspherical nuclei96 as this would help evaluating the geometric factor (𝐴) in 

CNT-like theories. 

Further studies could aim to provide a more rigorous theoretical treatment that is 

applicable to region III described in Section 3.2. The key element would be a description 

of ordered motifs that are preferred when the classical theory predicts the presence of 

too many ordered nuclei. At high �̅� there would be a preference to make compact 
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motifs like nuclei but at lower �̅� the ordered domains could comprise loose dendritic 

structures. Also needing description is a mechanism that captures how the ordered 

motifs grow, analogous to nucleus growth in CNT. For non-compact ordered domains, 

the interfacial contribution to the free energy would not necessarily grow 

monotonously with concentration of ordered particles (see SI), hence leading to more 

complex free energy landscapes. 

Supporting Information 

Additional details pertaining to the cleaving walls method, the truncated cube system, 

and the MADCNT model. 
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6 Supporting Information 

6.1 Optimizing Pressure Calculation 

The value of the virtual cleaving wall perturbation 𝛿𝑧 used to calculate the pressure (see 

Equation 4 in main text) can influence the accuracy of the pressure and hence of 𝛾 

values. To assess this effect, for a simple case of N=1000 hard cubes at coexistence we 

evaluated 𝛾 for various values of 𝛿𝑧 (Figure S1(a)). We notice some systematic variation, 

more so for small 𝛿𝑧. For good accuracy, the quantity inside the logarithm in Eq. (4) i.e., 

the probability of overlap, should not be too close to either zero (correlated sampling) 

or one (sparse sampling). Furthermore, since the work integrals are dominated by larger 

pressures, their accuracy directly influences the value of 𝛾. Larger pressures imply the 

maximum probability of overlap should be near 0.5. Figure S1(b) shows how the 

probability of overlap quickly increases with increase in 𝛿𝑧, crossing 0.5 around 

𝛿𝑧~0.001. This is also reflected in the values of 𝛾 that plateau around the maximum 

Figure S1: Effect of perturbation size 𝜹𝒛 on pressure calculation for cubes with N=1000 at 
coexistence. (a) 𝜸 as a function of 𝜹𝒛. (b) maximum probability of overlap vs. 𝜹𝒛.. (c) Error 
estimate in 𝜸 using block averages. Lighter shade corresponds to the standard deviation while 
the darker refers to the standard error for 10 blocks. 
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probability of overlap being around 0.5. Further analysis using block averages reveals 

that this variation is not that significant and is within error bars of the method itself.  

6.2 Cleaving Walls Configurations for Cubes 

 

Figure S2: Simulation renderings at key steps in the cleaving walls method for {100} crystal plane 
(a) Bulk simulation boxes of solid and liquid phases with three-dimensional periodic boundary 
conditions at 𝒑 = 𝟒. 𝟎. (b) Phases cleaved at the midplanes. (c) Transposed simulation boxes 
with dissimilar phases facing each other. (d) Final two-phase state with the gap closed and the 
two interfaces created.  

 



165 

 

 

 

 

Figure S3: Simulation renderings at key steps in the cleaving walls method for {110} crystal 
plane using corrugated walls. (a) Bulk simulation boxes of solid and liquid phases with 
three-dimensional periodic boundary conditions at p=4.0. (b) Phases cleaved at the 
midplanes. (c) Transposed simulation boxes with dissimilar phases facing each other. (d) 
Final two-phase state with the gap closed and the two interfaces created. 
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6.3 Hard Truncated Cubes (TC25) 

The length scaling for TC25 was also done with respect to its circumradius 𝑎𝑐.  

6.3.1 Umbrella Sampling 

The umbrella sampling calculations for truncated cubes were performed largely 

following the procedure described in an earlier publication.106 The only difference is the 

optimized cutoff for the orientational correlation 𝑑𝑖 > 0.5 for connection between two 

particles (Figure S4(a)). For a system of 𝑁 = 1000 particles, windows 40-particles wide 

were used with half-width overlap. The calculated free energy barrier at coexistence 

pressure 𝑝 = 3.64 is ∆𝐺 = 26.0 ± 2.0 𝑘𝐵𝑇 and the critical number of ordered particles 

is 𝑁𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗ = 385.  

 

Figure S4: (a) Optimization of orientational correlation cutoff for the order parameter. (b) Free 
energy profile calculated via umbrella sampling for TC25 at coexistence. 
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6.3.2 Interfacial Free Energy Calculation  

For TC25 pressure calculation, 𝛿𝑧 = 7 × 10−4 was found to be the most appropriate 

for the starting cubic simulation boxes with N=1000 particles. The pressure profiles for 

cleaving walls method for TC25 at coexistence are shown in Figure S5. 

 

Figure S5: Pressure profiles for cleaving walls method for TC25. (a) ordered phase. (b) 
disordered phase. 

6.4 Discrete MADCNT  

We also solved the MADCNT model where only integer cluster sizes were considered. 

We took a floor function to determine the critical nucleus size 𝑛∗ = ⌊(
2𝐴�̅�

3|∆𝜇𝑜𝑑|
)

3

⌋. The 

results are shown in Figure S6. This model introduces discrete jumps as 𝑛∗ only takes 

integer values corresponding to specific ratios 
�̅�

|∆𝜇𝑜𝑑|
. Hence the jumps correspond to 

straight lines with varying slopes passing through the origin. The lower left triangular 
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region corresponds to 𝑛∗ = 1 and is the zone of spinodal decomposition. The results 

are qualitatively similar to those of the continuous case presented in the main text, with 

the main difference being that the metastable basin is entirely absent for 𝑛∗ < 1, 

leading to 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 = 0 and an undefined 〈𝑛〉 for region I.   

 

Figure S6: Predictions from the discrete MADCNT model for spherical ordered clusters with 
𝑛𝑚𝑎𝑥 = 𝑛∗. (a) fraction of ordered particles  𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑  and (b) average cluster size 〈𝑛〉 as a 
function of ∆𝜇𝑜𝑑 and �̅� The calculations were performed with a resolution of 100 points along 
each axis. 

6.5 Example of a non-monotonous interfacial contribution 

A simple lattice model can be used to illustrate how interfacial contribution to the free 

energy may be a non-monotonous function of the fraction of ordered particles.  Let the 

system consist of 𝑁 sites and  𝑛𝑜𝑟𝑑𝑒𝑟𝑒𝑑 randomly distributed ordered sites. Any unlike 
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neighbors on a lattice are considered forming one unit of interface. Let the interfacial 

area per site be 𝑎𝑠𝑖𝑡𝑒 (this will be half the coordination number of the lattice). Then on 

average the fraction of neighbors being ordered is the same as the fraction of sites being 

ordered in general, i.e., 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 =
𝑛𝑜𝑟𝑑𝑒𝑟𝑒𝑑

𝑁
. As a result, the average fraction of 

neighbors being disordered is (1 − 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑). The interfacial area per ordered site is 

then given by 𝑎̅ = 𝑎𝑠𝑖𝑡𝑒(1 − 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑), and the interfacial area per site is given by: 

𝑎𝑖 = 𝑎𝑠𝑖𝑡𝑒𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑(1 − 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑) 

This expression by itself is non monotonous with a maximum at 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 = 0.5. An 

expression for the total intensive free energy for the system ∆𝑔 =
∆𝐺

𝑁
 can be 

constructed as: 

𝛥𝑔 = 𝛥𝜇𝑜𝑑𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 + 𝛾𝑎𝑖 

𝛥𝑔 = 𝛥𝜇𝑜𝑑𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑 + 𝛾𝑎𝑠𝑖𝑡𝑒𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑(1 − 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑) 

 

This function has a maximum at 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗ =

1

2
(1 +

∆𝜇𝑜𝑑

𝛾𝑎𝑠𝑖𝑡𝑒
). This model predicts the 

following cases: 

A. Δ𝜇𝑜𝑑 ≤ 0: supersaturation: 
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1. 𝛾𝑎𝑠𝑖𝑡𝑒 ≥ |Δ𝜇𝑜𝑑|: 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗ ∈ [0,

1

2
] there is a critical fraction and Δ𝑔 is 

non-monotonous with Δ𝑔∗ > 0. 

2. 𝛾𝑎𝑠𝑖𝑡𝑒 < |Δ𝜇𝑜𝑑|: 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗ < 0 : since this 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑

∗  is unphysical, there 

is no critical fraction, Δ𝑔 is monotonically decreasing, Δ𝑔∗ = 0 

B. Δ𝜇𝑜𝑑 > 0: subsaturation:  

1.  𝛾𝑎𝑠𝑖𝑡𝑒 > |Δ𝜇𝑜𝑑|: 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗ ∈ [

1

2
, 1]: there is a critical fraction and Δ𝑔 is 

non-monotonous with Δ𝑔∗ > 0. 

2. 𝛾𝑎𝑠𝑖𝑡𝑒 < |Δ𝜇𝑜𝑑|: 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗ > 1: there is no critical fraction and Δ𝑔 is 

monotonically increasing. 

Since usually 𝛾 > 0 and Δ𝜇𝑜𝑑 = 0 at some condition and the latter varies continuously, 

cases A1 and B1 are bound to occur.   

This model could perhaps describe the intensive free energy barrier observed in hard 

cubes106 for both supersaturated and subsaturated conditions encompassing cases A1 

and B1. We also notice that 𝑥𝑜𝑟𝑑𝑒𝑟𝑒𝑑
∗  remains consistent over various system sizes. 

Further, the barrier calculations indicate that case A2 might indeed occur at a specific 

pressure (a surrogate for supersaturation) above which a metastable disordered phase 
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is impossible to sustain due to the absence of a barrier. Case B2 is simply a stable 

disordered phase.  

6.6 Shape-Interacting Cleaving Walls 

We have considered different approaches to implement cleaving walls, one of which is 

having walls that interact with the actual particle shape (instead of particle centroid as 

used in the main text). The implementation for cubes is relatively straightforward and 

involves calculating the relative position of cube vertices with respect to the wall. These 

walls start receded at one circumradius distance into the side of the box they do not 

interact with, hence the position of the wall (𝑧𝑤𝑎𝑙𝑙±) is different from the convention 

used in the plots as 𝑧𝑤𝑎𝑙𝑙± = 𝑧 ∓ 𝑎𝑐 . At the end of Step I the walls are both located at 

the midplane. For a system of N=1000 cubes at the coexistence pressure we performed 

benchmark calculations for both a centroid-interacting wall and a shape-interacting 

wall. The pressure change with wall position for the shape-interacting wall is shown in 

Figure S7. The shapes of curves are qualitatively different from the usual centroid-

interacting wall, but the resulting value of 𝛾𝑠ℎ𝑎𝑝𝑒 = 0.0654 was within 1% of the value 

calculated for 𝛾𝑐𝑒𝑛𝑡𝑟𝑜𝑖𝑑 = 0.0650. Given this agreement, we favored the use of the 

centroid-interacting wall as it is more readily transferable to other particle shapes, it 

does not induce facet alignment on interfacial particles, and it simplifies pressure 

calculations.  
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Figure S7: Pressure variation as a function of wall position for a particle-interacting wall for (a) 
solid and (b) liquid. 

6.7 Orientational Correlation in Disordered Phase 

The orientational correlation as a function of distance between two particles was 

calculated in the disordered phase using 𝑑𝑖 as described in a previous study.106  𝑑𝑖 as a 

function of distance 𝑟 was calculated at various pressures as shown in Figure S8. While 

a correlation function of the form e−𝑟/𝑙𝑐/r  (where 𝑙𝑐 is the correlation length) did not 

provide a good fit due to non-monotonous decay of di, the general trend is that 𝑙𝑐 

increases drastically with pressure. This could be attributed to an increase in 

concentration of ordered domains in the system, indicative that the system is close to 

the conditions of spinodal decomposition.  
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Figure S 3: Decay of orientational correlation (𝑑𝑖) as a function of interparticle distance (r) for 
various pressures, 𝑝𝑐𝑜 = 4. 
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CHAPTER 5: KINETICS OF ROTATOR-CRYSTAL TRANSITION OF TRUNCATED CUBES 

 

Abhishek K. Sharma and Fernando A. Escobedo* 

Abstract 

Rotationally symmetric faceted particles can form rotator mesophases which are 

translationally ordered and orientationally disordered. In this study we explore the 

possibility and mechanism of rotator-crystal transitions. Monte Carlo simulations are 

conducted for two selected truncations of cubes (𝑠 = 0.527 and 𝑠 = 0.572) that are 

known to form rotator phases. The two truncations are chosen because 𝑠 = 0.527 has 

dissimilar rotator and crystal lattices, whereas 𝑠 = 0.572 has an identical lattice. These 

differences set the stage for a qualitative difference in rotator-crystal transition. Our 

simulations reveal that significant lattice deviatoric effects could hinder the rotator-

crystal transition. We improve the sampling of orientational space by introducing 

specialized rotation moves. In case of 𝑠 = 0.527 we found that upon compression the 

rotator phase transitions to an orientational salt. This study paves the way for further 

analysis of diffusionless transformations in nanoparticle systems, and what features of 

lattice-distortion could influence the kinetics.  
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1 Introduction 

Particles in the truncated cubes family exhibit a rich phase behavior as a function of 

truncation 𝑠.4,6,7,10 Previous studies have focused on the isotropic to rotator transition 

that takes place via nucleation and growth.8,59 In this paper we complement those 

studies by investigating the rotator-to-crystal phase transitions. These transitions have 

been studied in the past for other shapes,134 revealing interesting influence of 

similarity/dissimilarity between local directional entropic forces (DEFs) and crystal 

lattice on the nature of the transition.  

We focus on two specific truncations: 𝑠 = 0.527 (TC52) and 𝑠 = 0.572 (TC57) whose 

phase behavior and coexistence conditions are well established. (Figure 1)  

 

Figure 25: Shapes from the truncated cubes family studied in this work. 

These particular shapes are selected because their preferred orientations in the rotator 

phase are of the same symmetry. Furthermore, despite being quite proximal in 

truncation space (𝑠), the lattice geometry for rotator and crystal phases is nearly 
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identical for TC57 but is different for TC52. This difference allows us to study the 

influence of lattice distortion on the rotator-to-crystal phase transition mechanism.  

This paper is organized as follows: Section 2 describes the simulation methods and 

order parameters employed in this study. Section 3 reports the observations and 

Section 4 discusses the results. 

2 Methods 

2.1 Model 

For any two particles i and j, we use a hard pair-potential given by: 

𝑈𝑖𝑗 = {
0 if no overlap
∞ if overlap

        

  

The overlap is detected by using the separating axis theorem.49 Particle shape for a 

given value of truncation parameter can be obtained through formulae described in an 

earlier study.10 

2.2 Monte Carlo Simulations 

Metropolis55 Monte Carlo (MC) simulations are performed in the isothermal-isobaric 

(NpT), where N is the total number of particles, p is the pressure, and T is the 

temperature. All lengths scaled by half-side (𝑎1/2) of the original cube the particles are 



178 

 

truncated from. Thus, the dimensionless pressure is given by 𝑝 = 𝛽𝑝𝑎𝑎1/2
3  , where 𝑝𝑎 

is the unscaled pressure and 𝛽 =
1

𝑘𝐵𝑇
, where 𝑘𝐵 is Boltzmann’s constant. The 

supersaturation is defined as  ∆𝜇𝑜𝑑 = 𝜇𝑜 − 𝜇𝑑, where 𝜇𝑜 and 𝜇𝑑 are chemical 

potentials associated with ordered and disordered phases, respectively. The 

coexistence volume fraction were obtained courtesy of the authors of an earlier study.95 

The simulations used periodic boundary conditions to mimic bulk behavior. Unless 

specified otherwise, each MC cycle included N translation, N rotation (along box 

coordinate axes), and 2 volume moves. Isotropic and anisotropic (triclinic) volume 

moves were used for isotropic and translationally ordered phases, respectively. To 

accelerate the exploration of different particle orientations in the rotator phase, we 

perform additional N 60° rotations along the particle’s body-diagonal. These rotations 

facilitate rotation between orientations with similar facet presentation.  

The crystal phase is initiated with configurations close to the best packing of the crystal 

phase previously reported.10 The configuration is then equilibrated at 𝑝 = 9.0 and 

gradually expanded until it orientationally melts into the rotator phase. For TC52, such 

a melting nearly always results in grain boundaries. To circumvent any grain boundaries, 

we pick the lowest pressure where the crystal phase was observed, and gradually 

expand it without any translational moves. The triclinic volume moves allow for proper 

distortion of the lattice to result in a rotator phase with defect-free lattice. This lattice 

is equilibrated with the standard NpT simulations and compressed gradually. 
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2.3 Order Parameters  

2.3.1 Definitions 

We use Steinhardt50 order parameters to capture both local translational and 

orientational order. For translational order we use 𝑞6 since it is found to be suitable for 

BCC-like arrangements.59 For orientational order we employ 𝑖4 as it can effectively 

capture 𝑂ℎ symmetry for all particles in the truncated cubes family.59,106 These 

parameters are evaluated for each particle in the system. 𝑞6 is dependent upon the 

neighbor cutoff distance 𝑟𝑐 = 8. More details on these order parameters are provided 

in the previous studies.59,106  

2.3.2 Correlations 

In any given context, the order parameters of any two particles can be used to evaluate 

a correlation function akin to a dot product used to measure alignment among two 

vectors. The translational-order correlation between particle i and its neighbor j, 

𝑑𝑞(𝑖, 𝑗) is given by:             

𝑑𝑞(𝑖, 𝑗) =
∑ 𝑞6,𝑚(𝑖)𝑞6,𝑚

∗ (𝑗)6
𝑚=−6

(∑ |𝑞6,𝑘(𝑖)|6
𝑘=−6

2
)

1
2

(∑ |𝑞6,𝑙(𝑗)|6
𝑙=−6

2
)

1
2

   

Analogous to translational order, the orientation correlation between two particles k 

and l is defined as: 

𝑑𝑖(𝑘, 𝑙) = ∑ 𝑖4,𝑚(𝑘). 𝑖4,𝑚
∗ (𝑙)4

𝑚=−4   
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where the asterisk (*) denotes the complex conjugate in both cases.  

2.4 Visualization of Configurations 

Simulation configurations are visualized using Visual Molecular Dynamics (VMD) 

software.135 Particles were colored based on their alignment with the box axis. For any 

particle, the dot product of its three axes unit vectors is taken with respect to the box 

x-axis. This dot product has a theoretical minimum of 
1

√3
 and a maximum of one. A 

colormap is then used to color the particles red if the dot product equals 
1

√3
 and blue if 

it equals one, with shades of yellow and green in between. In essence, this coloring 

measures the ‘orthogonality’ of the particle with respect to the box coordinate system. 

The configurations snapshots shown may have been reorientated for clarity, so 

apparent coloring of particles in the figures may not be comparable to other panels or 

figures.  

3 Results and Discussions 

3.1 Equations of State and Phase Behavior 

3.1.1 TC52 

Equations of state regimes for TC52 (𝑁 = 1000) are shown in Figure 2. While we 

observe the previously reported10 isotropic, rotator, and crystal phases, (Figure 3(a,b,d)) 

upon compression the rotator phase spontaneously transitions into a novel 
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orientational salt composed of two distinct orientations (Figure 3(c)). Like the cesium 

chloride (CsCl) crystal, TC52 particles are arranged in the body centered tetragonal 

(BCT) lattice with one orientation occupying the body center and the other occupies the 

corners of the unit cell. We suspect this configuration might have been missed in 

previous studies due to absence of rotations that allow for rotation between different 

orientational sectors in the rotator phase. We note that the salt formation is not 

observed if insufficient rotation moves are conducted in the simulations, where the 

rotator transitions to the crystal phase spontaneously.  

The coexistence pressure for between the rotator and crystal phases is 𝑝𝑐𝑜,𝑟𝑐 ≈  2.9 

and between the isotropic and rotator phases is 𝑝𝑐𝑜,𝑖𝑟 ≈  1.1. 
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Figure 26: Equation of state for TC52 obtained from various simulation runs. 
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Figure 27: Sample configurations for various phases obtained for TC52. (a) Isotropic phase at 
p=1.0; (b) Rotator phase at p=4.5; (c) Orientational Salt at p=4.8; (d) Crystal phase at p=4.5. 
Particle coloring correlates with their alignment with respect to the box coordinate as described 
in Section 2.4. 

 

3.1.2 TC57  

Equations of state for TC57 (𝑁 = 2304) are shown in Figure 4. In this case we observe 

the isotropic, rotator and crystal phases (Figure 5). The coexistence pressures between 

isotropic and rotator phases 𝑝𝑐𝑜,𝑖𝑟 ≈  1.1 and between rotator and crystal phases is 

𝑝𝑐𝑜,𝑟𝑐 ≈  4.5. 
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Figure 28: Equation of state for TC57 obtained from various simulation runs. 

 

Figure 29: Sample configurations for various phases observed for TC57: (a) Isotropic phase at 
p=1.0; (b) Rotator phase at p=4.5; (c) Crystal phase at p=5.0. Particle coloring correlates with 
their alignment with respect to the box coordinate as described in Section 2.4. 
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3.2 Analysis of Phases 

3.2.1 Crystal and Rotator Lattices 

The rotator phases for both shapes are reported to be positioned on a body centered 

tetragonal (BCT) lattice. The crystal phase for TC52 is a distorted BCT lattice whereas 

the TC57 lattice remains BCT.10  

We can illustrate the lattices by analyzing the coordination shells. Figure 6(a) shows 

coordination number as a function of distance for TC52 among the two phases at 𝑝 =

3.4. 
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Figure 30: Analysis of coordination shell for TC52 rotator and crystal phases at p=3.4: (a) 
Coordination number as a function of distance. (b) Nearest neighbors for the rotator phase. (c) 
Nearest neighbors for the crystal phase. Particle coloring described in Section 2.4. 

We find that there is a qualitative difference between the two phases in that the rotator 

phase has 12 nearest neighbors situated at roughly the same distance whereas the 

crystal phase has 8 nearest neighbors. The arrangement of the nearest neighbors for 

rotator and crystal phase is shown in Figure 6(b) and Figure 6 (c) respectively. The 

rotator phase’s nearest neighbors are quite similar in their arrangement to a face 

centered cubic lattice, which is not unexpected given at that FCC and BCT are related.136 

The crystal phase has the neighbors arranged as if the original particle is placed at the 
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body center and the rest are arranged at corners, albeit not on a cubic cell (hence 

distorted).  

In contrast, we find that the coordination shell for both rotator and crystal phases is 

identical (Figure 7), with both having a nearest coordination shell with 12 neighbors 

arranged on a BCT lattice. 

 

Figure 31: Analysis of coordination shell for TC57 rotator and crystal phases at p=5.0: (a) 
Coordination number as a function of distance. (b) Nearest neighbors for the rotator phase. (c) 
Nearest neighbors for the crystal phase. Particle coloring described in Section 2.4. 
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3.2.2 Rotator Phase Orientational Sectors  

The rotator phases for both shapes have similar distribution of orientations. Figure 8 

shows the arrangement of orientation vectors. The particles prefer 18 orientational 

sectors. These 18 sectors can be understood as a consequence of three distinct 

orientations and their 𝑂ℎ symmetry as three sets of six orthogonal sectors can be 

identified. These orientations do not particularly align with the bond vectors with the 

neighbors. Interestingly for TC57, the three distinct orientations all could form a perfect 

BCT crystal if all particles attain a single orientation. The same is not true for TC52 since 

the lattice is distorted relative to the orientation of the particles.  

At low densities, the particles can ‘travel’ between different sectors continuously. 

However, beyond a certain density such rotations can become rare. To accelerate and 

properly sample particle orientations, we use special 60° rotations along body-

diagonals as described in the Methods section. Please note that our recipe is not unique, 

as other symmetries of the particle may be leveraged. For instance, similar results could 

be obtained with a 90° rotation along edge diagonals.  
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Figure 32: Preferred orientational sectors for rotator phases: (a) TC52 at p=4.0, N=1000 (b) TC57 
at p=4.5, N=2304. Points colored as a function of x-axis, blue in the foreground and yellow in 
the background.  

3.2.3 Orientational Salt for TC52 

Compression of the TC52 rotator phase beyond 𝑝 = 4.0 results in the formation of the 

orientational salt. The analysis of coordination shells and sample arrangement of 

nearest neighbors is shown in Figure 9. We notice that the salt has the same number of 

nearest neighbors as the rotator phase, and the variation of coordination number as a 

function of distance is qualitatively similar to that of the rotator phase, except for a 

small ‘bump’ near 𝑟 = 3.1. The visualization of the nearest neighbors reveals an 

interesting arrangement of the two orientations. From the standpoint of the BCT lattice, 

one could describe the orientational salt as one orientation occupying the corners and 

the other orientation occupying the body centers. This 1:1 salt is reminiscent to cesium 

chloride (albeit being BCT instead of BCC). This arrangement manifests in an 
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orientational distribution shown in Figure 10. It has 12 preferred orientations instead of 

18 observed for the rotator. The spontaneous formation of this salt, instead of the 

crystal might be born out of kinetic considerations, with a transformation to the salt 

structure requiring a minimal lattice distortion while transformation to crystal structure 

requiring a significant lattice distortion and overcoming a larger concomitant free-

energy barrier.  

 

 

Figure 33: Analysis of coordination shell for TC57 orientational salt at p=4.8: (a) Coordination 
number as a function of distance. (b) Nearest neighbors. Particle coloring described in Section 
2.4. 
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Figure 34: Particle orientations for the orientational salt at p=4.8. Points colored as a function 
of x-axis, blue in the foreground and yellow in the background. 

 

 

3.2.4 Diffusionless Transformations  

As particles do not migrate great distances (compared to lattice spacing) in transitioning 

from rotator to crystal phase and vice versa, the phase transitions can be termed as 

diffusionless. As there is an abrupt change in volume fractions, these are also first-order 

transitions. We can borrow the classification from the literature on 

diffusionless/displacive transformations in metals and alloys.137,138 
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A transformation is called lattice-distortive if the shape of the unit cell is distorted in the 

process. In contrast, if particles rearrange within the unit cell, then it is termed as a 

shuffle transformation. The lattice-distortive transformations can further be composed 

of a dilational and deviatoric components, where the former refers to expansion or 

contraction of the lattice, and the latter refers to transformations where the lattice may 

have an undistorted line (such as a rotation or shear). Dilation itself could be 

homogeneous (isotropic) or heterogenous (anisotropic). These classifications are not 

sharp, as there can be transformations that may not fit clearly in one category. 

The rotator-crystal transitions are inherently lattice-dilational, given the change in 

volume fraction and distances between the nearest neighbors.  For TC52 (and not so 

much for TC57), there is a significant difference in the lattice structure of rotator and 

crystal, and one may expect a significant deviatoric component to the transformation.  

3.2.5 Visualization of Lattice Displacements  

The visualization of lattice displacements between two configurations could be useful 

in characterizing the transformations. In order to do this, we take two configurations 

(C1, C2) and pick a particle as the origin (i.e., shift and rewrap the configurations 

according to periodic boundary conditions such that a particular particle is at the origin). 

Then we calculate the displacements of all particles needed to go from C1 to C2. These 

displacements also need to be rewrapped. We can then plot the lattice displacements 
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in a quiver plot. The visualization is thus relative to one particle; hence you should 

expect larger displacement for distant particles as the effect adds up. 

Lattice displacements for a TC52 rotator-crystal transition are plotted in Figure 11. The 

average magnitude of displacement is ~1.97 which is less than but comparable to the 

lattice spacing (≈2.2). Note that the average displacement may not be a suitable 

measure if system sizes (N) are quite different as the displacements generally increase 

in magnitude moving away from the origin. The quiver plot has been rotated to clearly 

show the elongation/contraction of the lattice. This pattern is similar to a uniaxial 

contraction flow.  
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Figure 35: Lattice displacements for rotator-crystal transformation in TC52 at p=3.4. The rotator 
lattice is shown with blue points and red arrows terminate at the position of the particle in the 
crystal. 

In contrast, the transformation from rotator to the orientational salt does not lead to a 

significant lattice displacement (Figure 12). The average displacement in this case was 

found to be 0.3952, which is much less than that for rotator to crystal transition. 

Interestingly, the displacements could be described as a part of a rotation. There also 

exists a line along into the page where the displacements are very small, indicating the 

presence of an undistorted line.  
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Figure 36: Lattice displacements for rotator-salt transformation in TC52 at p=4.4. The rotator 
lattice is shown with blue points and red arrows terminate at the position of the particle in the 
salt. 

Finally, lattice displacements for TC57 from rotator to crystal are shown in Figure 13. 

The average displacement is 0.3697 (though note that the number of particles here is 
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2304 instead of 1000 for TC52). The displacements largely seem to be isotropically 

compressing the lattice.  

Based on this classification, we can describe the transformations as follows: 

• TC52 rotator-crystal transformation is dilational and considerably deviatoric, 

with a significant elongational-contraction.  

• TC52 rotator-salt transformation is dilational and deviatoric, with some 

rotational component.  

• TC57 rotator-crystal transformation is mostly dilational. 
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Figure 37: Lattice displacements for rotator-crystal transformation in TC57 at p=5.0. The rotator 
lattice is shown with blue points and red arrows terminate at the position of the particle in the 
crystal. 

3.3 Order Parameter Development 

3.3.1 TC52 Rotator-Crystal 

While we do not observe a spontaneous transition from the rotator to crystal phase, it 

is useful to evaluate orientational and translational correlations in the two phases. We 

do this by evaluating the mislabeling of neighboring particles (within 𝑟𝑐 = √8 of each 
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other) from either phase for a given cutoff correlation value. We perform this analysis 

at 𝑝 = 3.4. 

 

Figure 38: Mislabeling of neighbors as correlated/uncorrelated a function of cutoff for (a) 
translational and (b) orientational order for rotator and crystal phases of TC52 at p=3.4. 

We find that for translational correlation 𝑑𝑞 (Figure 14(a)) there is only minimal contrast 

among the two phases, with optimal mislabeling of roughly 40%. This implies that there 

is not a significant change in the relative translational order (particularly for 𝑞6) with 

both phases occupying a high 𝑑𝑞 space. On the other hand, there is an interesting 

contrast between the two phases in terms of orientational correlation 𝑑𝑖 (Figure 14(b)). 

It appears that while most crystal phase neighbor-pairs are aligned with respect to each 

other, there is a bimodality in the distribution for rotator phase neighbors, with nearly 

1/3 of them occupying a high 𝑑𝑖 space like the crystal phase. This number could be 

rationalized in that as the particles occupy three distinct orientations in the rotator 
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phase, and if they are present in equal proportions, we can expect one-third of the 

neighbors to be aligned at any given point. Hence, we can use 𝑑𝑖 to effectively 

discriminate between the two phases. In addition, we also know that there is a lattice 

distortion that takes place, and the discrepancy in the number of nearest neighbors 

could also be leveraged to identify particles belonging to the crystalline phase.  

3.3.2 TC52 Rotator-Salt 

Like the preceding case, we can compare the rotator phase with the orientational salt. 

At 𝑝 = 4.4, the results are shown in Figure 15. Interestingly, there was an appreciable 

contrast we could achieve through 𝑑𝑞 (Figure 15(a)). The salt seems to occupy a much 

higher 𝑑𝑞 space than the rotator. Note that the pressure here is much higher than the 

pressure at which we compared rotator and crystal phases. As for orientational 

correlation there is no appreciable contrast between the two phases, and it appears 

that both phases have nearly identical bimodal distributions with a given particle 

aligned with 1/3 of its neighbors. This is much simpler to explain for the salt, given that 

only the four body centered particles are aligned out of 12 nearest neighbors.  
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Figure 39: Mislabeling of neighbors as correlated/uncorrelated a function of cutoff for (a) 
translational and (b) orientational order for rotator phase and orientational salt of TC52 at p=4.4 

3.3.3 TC57 Rotator-Crystal  

We also performed similar analysis for TC57 at 𝑝 = 4.5 (Figure 16).  

Similar to TC52, the phases are indistinguishable from each other in terms of 

translational order with minimum achievable mislabeling being near 50%. The 

orientational correlation however reveals significant contrast between the two phases. 

Interestingly. It reveals that in the rotator phase there seems to be a preference to 

nearly 45% of the neighbors being aligned, indicating some level of affinity of the 

orientations with themselves.   
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Figure 40: Mislabeling of neighbors as correlated/uncorrelated a function of cutoff for (a) 
translational and (b) orientational order for rotator and crystal phases of TC57 at p=4.5. 

4 Conclusions and Future Work 

In this paper we have investigated the rotator-crystal transition for two truncations of 

cubes (TC52 and TC57). We found existence of a novel orientational salt that forms 

upon compression of the TC52 rotator phase.  We conducted analysis of these phase in 

terms of their coordination shells that reveals interesting differences and similarities 

among the lattices. Particularly, for TC52 we find that the coordination shell for rotator 

is much closer to that of the orientational salt than that of the crystal, which could be 

the reason why the rotator phase prefers transitioning to the orientational salt. In 

comparison, the relative similarity of rotator and crystal phase coordination shells for 

TC57 lead to a spontaneous rotator-crystal transition.  
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We also analyze the transition in the context of established classification of lattice-

distortive transformations using 3D quiver plots. Finally, we established order 

parameters for various transformations.  This characterization of the phase behavior 

and spontaneous transformations sets up the stage for investigation of the phase 

transitions. Next steps include the following ideas: 

1. Utilize the developed order parameters to study spontaneous phase 

transitions. Are there unique motifs that arise (e.g., nuclei)? 

2. Perform umbrella sampling40 to calculate free energy barriers and characterize 

transition states.  

3. Investigate the role of shear in formation of orientational salt vs. crystal. 

4. Study the formation of salt with odd number of layers to break the periodicity 

(currently we have only studied systems with even number of layers).  

5. Characterize lattice distortions further by fitting transformation matrices.  
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CHAPTER 6: INFLUENCE OF PARTICLE ASPECT RATIO ON KINETICS 

Abhishek K. Sharma and Fernando A. Escobedo* 

Abstract  

We study the influence of particle aspect ratio on the kinetics and phase behavior of 

hard gyrobifastigia through Monte Carlo simulations. We explain the formation of a 

highly anisotropic nucleus during isotropic to crystal transition in regular GBF through a 

direct measurement of interfacial free energies of various crystal planes through 

cleaving walls method and performing a Wulff construction to predict the nucleus 

geometry. We also study GBF-related shapes with various aspect ratios, revealing an 

easing of the kinetic barrier for isotropic-crystal transition upon increase in aspect ratio. 

At much higher aspect ratios, we find stabilization of an intermediate nematic phase. 

We calculate the equations of state and determine coexistence conditions using 

interfacial pinning method. Finally, develop order parameters to distinguish the 

isotropic, nematic, and crystalline phases and track the decay of correlation in 

respective phases. 

1 Introduction 

Particle aspect ratio (AR) is known to be an important determinant of the phase 

behavior of colloidal nanoparticles.4,6 Generally speaking, a higher particle anisotropy 
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stabilizes liquid crystalline phases.83 For example, cuboids of very large or very small 

aspect ratios can stabilize a myriad of mesophases, such as nematic, smectic, columnar, 

and cubatic phases.51,139,140 For low anisotropy, if the particle asphericity is low it leads 

stabilization of rotator mesophases (e.g. cuboctahedra, truncated cubes, rhombic 

dodecahedra).7,8 For aspherical shapes with low particle anisotropy, such as regular 

triangular prisms,4 octahedra,10,19 and gyrobifastigia (GBF),4 no mesophases are 

observed. When it comes to kinetics of disorder to order phase transitions, this category 

of shapes exhibits the highest nucleation free energy barriers (∆𝐺∗ )at a given 

supersaturation (∆𝜇𝑜𝑑). In fact, for high enough barriers no spontaneous transition to 

ordered phases is observed when disordered phases are compressed in unbiased 

simulations.4 This leads to a conjecture that the existence of a mesophase can kinetically 

ease the transition. This conjecture has been supported by observations made for 

mesophases of hard polyhedra8,59,106 and mesophases associated with block 

copolymers.141  

In this study we focus on the phase behavior and kinetics of disorder-order phase 

transition in hard gyrobifastigia (GBF). It is one of the few regular convex space-filling 

polyhedra but is quite an outlier in that it forms an ABCD lattice and is a quite 

asymmetric shape. In a previous study96 we calculated very large  ∆𝐺∗ for isotropic-

crystal transition (compared to other shapes at a given ∆𝜇𝑜𝑑 ). This observation was 

partly explained by the discord between the locally favored structures and the 
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arrangement of particles in the crystal. Further, nucleus-size pinning revealed a highly 

anisotropic nucleus shape with aspect ratio of approximately two. In this study we 

investigate those results by first performing direct measurement of disorder-order 

interfacial free energy of various crystal planes using the cleaving walls method.88,113 

We then use these results perform a Wulff construction to predict a nucleus geometry 

to corroborate our earlier predictions.   

The kinetics of self-assembly of anisotropic particles have also been of great interest in 

the literature.26,43,84,123 Colloidal rods for instance have interesting kinetics: short rods 

(𝐴𝑅 = 2) may follow nucleation and growth at moderate supersaturations, but will get 

kinetically arrested with large number of crystallites at higher supersaturations.123 At 

extremely high supersaturation the system gets arrested in a glassy state. For longer 

rods (𝐴𝑅 = 3.4), it was reported that isotropic-smectic transition is suppressed due to 

spinodal instability. This motivates us to study selected aspect ratios of GBF to 

investigate the effect of particle anisotropy on the kinetics of isotropic-crystal transition, 

and possible alteration in the mesophase behavior. 

This paper is organized as follows: Section 2 describes the simulation model, cleaving 

walls method and order parameters employed in this study, and Section 3 discusses the 

results. 
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2 Methods 

2.1 Model 

For any two particles i and j, we use a hard pair-potential given by: 

𝑈𝑖𝑗 = {
0 if no overlap
∞ if overlap

        

  

The overlap is detected by using the separating axis theorem.49 A gyrobifastigium is 

composed of two regular triangular prisms (fastigium pl. fastigia meaning roof) 

attached at a square base with a twist. This aspect ratio (AR) is defined as  

𝐴𝑅 =
ℎ

𝑎
 

where ℎ is the height of GBF and 𝑎 is the side of the square base. For a regular 

gyrobifastigium, the aspect ratio is √3. The particle aspect ratio in the study is varied by 

elongating the triangular faces into isosceles triangles while keeping square base of 

attachment unaltered. If the side of the square base is two units, then the height of the 

triangular facet is equal to the aspect ratio. We study four shapes (Figure 1): regular 

gyrobifastigium (GBF, 𝐴𝑅 = √3), oblate gyrobifastigium (oGBF, 𝐴𝑅 = 1), prolate 

gyrobifastigium (pGBF, 𝐴𝑅 = 2√3 − 1), and long gyrobifastigium (lGBF, 𝐴𝑅 = 3). 
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Figure 41: Shapes from the GBF family being considered in this work: (a) oblate gyrobifastigium 

(oGBF, 𝐴𝑅 = 1), (b) regular gyrobifastigium (GBF, 𝐴𝑅 = √3), (c) prolate gyrobifastigium (pGBF, 

𝐴𝑅 = 2√3 − 1), and (d) long gyrobifastigium (lGBF, 𝐴𝑅 = 3). 

2.2 Monte Carlo Simulations 

Metropolis55 Monte Carlo (MC) simulations conducted in either the canonical (NVT) or 

the isothermal-isobaric (NpT) ensemble as necessary, where N is the total number of 

particles, V is the volume of the system, p is the pressure, and T is the temperature. We 

use scaled units consistent with our previous studies,4 with lengths scaled by the 

circumradius (𝑎𝑐) of the shape. Thus, the dimensionless pressure is given by 𝑝 = 𝛽𝑝𝑎𝑎𝑐
3, 

where 𝑝𝑎 is the unscaled pressure and 𝛽 =
1

𝑘𝐵𝑇
, where 𝑘𝐵 is Boltzmann’s constant. The 

chemical potential 𝜇 and free energy (∆𝐺) are scaled by 𝑘𝐵𝑇 and the dimensionless 

interfacial free energy is given by 𝛾 = 𝛽𝛾𝑎𝑎𝑐
2 where 𝛾𝑎 is the unscaled interfacial free 

energy. For comparison among different particle shapes we tried to remove the 

dependence on the choice of length scale 𝑎𝑐, by defining a reduced dimensionless 
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interfacial free energy as �̅� =
𝛾

𝜌𝑠
2/3 , where 𝜌𝑠 is the density of the solid/ordered phase. 

The supersaturation is defined as  ∆𝜇𝑜𝑑 = 𝜇𝑜 − 𝜇𝑑, where 𝜇𝑜 and 𝜇𝑑 are chemical 

potentials associated with ordered and disordered phases, respectively. The 

simulations used periodic boundary conditions to mimic bulk behavior. Each MC cycle 

included N translation, N rotation, N flip (flips the particle along its long axis) and 2 

isotropic volume moves (for NpT ensemble runs only). Unless otherwise stated, all 

configurations were originally obtained for a cuboidal simulation box with 𝑁 = 1728 

particles containing 12 layers of 12 × 12 particles arranged in an ABCD crystal lattice of 

the GBF honeycomb.  

2.3 Cleaving Walls Method 

We use cleaving walls method113 to directly calculate 𝛾 for various crystal planes. The 

method essentially calculates the reversible work done per unit area of interface 

created. In this study, we used flat walls that interact with particle centroids, and 

performed all calculations at disorder-order coexistence pressures. More details on the 

method implementation and initial setup in Monte Carlo simulations is described in a 

previous study.142 
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2.4 Coexistence Pressures 

The isotropic-crystal coexistence pressure for GBF under this scaling is 𝑝𝑖𝑐,𝐺𝐵𝐹 = 10.8 

as calculated in a previous study.95 For non-regular GBFs we calculate the isotropic-

crystal coexistence pressures using the interfacial pinning method.78  

2.5 Order Parameters  

Steinhardt50 order parameters are used to capture both local translational and 

orientational order. We use 𝑞6 to quantify the translational order. 𝑞6 is dependent upon 

the neighbor cutoff distance 𝑟𝑐. More details on our use of this order parameter is 

provided in previous studies.8,96 𝑞6 values for any two particles (𝑖 and 𝑗) can be used to 

evaluate translational correlation 𝑑𝑞(𝑖, 𝑗):             

𝑑𝑞(𝑖, 𝑗) =
∑ 𝑞6,𝑚(𝑖)𝑞6,𝑚

∗ (𝑗)6
𝑚=−6

(∑ |𝑞6,𝑘(𝑖)|6
𝑘=−6

2
)

1
2

(∑ |𝑞6,𝑙(𝑗)|6
𝑙=−6

2
)

1
2

   

where the asterisk (*) denotes the complex conjugate in both cases.  

We use 𝑃2 orientational order parameter143 to measure the orientational correlation 

between two particles (𝑖 and 𝑗): 

𝑃2(𝑖, 𝑗) =
3 cos2 𝜃𝑖𝑗−1

2
  

where 𝜃𝑖𝑗 is the angle between the long-axis unit vectors.  
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3 Results and Discussion 

3.1 GBF 

3.1.1 Crystal Planes of Interest 

A given crystal may have several closed packed crystal planes.119 Based on results from 

nucleus-size pinning and umbrella sampling, we could narrow down the relevant crystal 

planes that are prominently present in the nucleus shape (Figure 2). We choose three 

crystal planes (100), (001) and (√12 0 1). The last plane will henceforth be referred to 

as the 𝑠 (slant) plane. 
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Figure 42: Crystal planes of interest based on their prominence in the nucleus of crystal phase 
of GBF.  
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3.1.2 Interfacial Free Energy Calculations 

We needed to use different system sizes for various crystal planes to have a proper 

cleaving walls calculation without any artifacts. All interfacial free energies were 

calculated at coexistence pressure 𝑝𝑖𝑐,𝐺𝐵𝐹 = 10.8.  

• For (001) crystal plane, we used 𝑁 = 1728 particles for each phase. 𝛾001 =

1.60. (Figure 3) 

• For (100) crystal plane, we used 𝑁 = 1728 particles for the isotropic phase and 

𝑁 = 3456 particles for the crystal. A longer crystal phase was required in order 

to avoid warping of crystal lattice. 𝛾100 = 1.13. (Figure 4) 

• For 𝑠 = (√12 0 1) crystal plane we had to specially create a new crystal 

configuration with 𝑁 = 1872 particles. Isotropic phase of the same size was 

generated by melting the crystal. 𝛾𝑠 = 0.76. (Figure 5) 
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Figure 43: Cleaving walls for GBF (100) plane at coexistence pressure p=10.8. (a) Sample 
configuration at the end of the procedure. Ordered and disordered phase particles are colored blue 
and red, respectively. (b, c) Pressure variation with the position of the cleaving walls with respect to 
the midplane (quantifying the gap width) for (b) ordered and (c) disordered phase. Cleaving is shown 
with a solid line and merging is shown with dotted line. Scaling for the axes is described in Section 
2.2.  
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Figure 44: Cleaving walls for GBF (001) plane at coexistence pressure p=10.8. (a) Sample 
configuration at the end of the procedure. Ordered and disordered phase particles are colored 
blue and red, respectively. (b, c) Pressure variation with the position of the cleaving walls with 
respect to the midplane (quantifying the gap width) for (b) ordered and (c) disordered phase. 
Cleaving is shown with a solid line and merging is shown with dotted line. Scaling for the axes is 
described in Section 2.2. 
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Figure 45: Cleaving walls for GBF 𝑠 = (√12 0 1) plane at coexistence pressure p=10.8. (a) 
Sample configuration at the end of the procedure. Ordered and disordered phase particles are 
colored blue and red, respectively. (b, c) Pressure variation with the position of the cleaving 
walls with respect to the midplane (quantifying the gap width) for (b) ordered and (c) disordered 
phase. Cleaving is shown with a solid line and merging is shown with dotted line. Scaling for the 
axes is described in Section 2.2. 
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3.1.3 Relation of Interfacial Roughness and Interfacial Free Energy  

In an earlier study we conjectured if the interfacial free energy correlates with the 

roughness of the crystal surface. The results from GBF crystal planes substantiate that 

conjecture as visual inspection (Figure 6(a)) places the roughness of facets in the order: 

(001)> (100)>𝑠, which is the same as the order for 𝛾. This could be understood by 

considering how much excluded volume for the isotropic phase a given crystal interface 

creates due to its roughness. This effect can be captured by calculating interfacial 

potential of mean force (PMF) experienced by a free particle at a given distance from a 

perfect crystal interface. The distance from the interface (𝑥) here is defined with respect 

to the point where PMF= 7 𝑘𝐵𝑇. This choice is based on the intuition that the surface 

at a certain point entirely forbids a particle from occupying a space i.e., 𝑃𝑀𝐹 → ∞. 

Since we cannot measure infinite PMFs, we use this threshold as a surrogate. More 

details of the method are provided in an earlier study.142 The interfacial PMF 

calculations are shown in Figure 6(b). We find that the 𝑠 facet unequivocally has the 

shortest range of influence. The (001) is has higher PMF at short distances (𝑥 < 0.5) 

than (100), but decays to zero quicker at longer distances, indicative shorter range of 

disruption overall.   
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Figure 46: Correlation of surface roughness and interfacial free energy. (a) Surface topographies 
of various crystal planes. (b) Interfacial potentials of mean force (PMF) experienced by a free 
particle at a distance x from the interface (defined by PMF=7𝑘𝐵𝑇). 

3.1.4 Wulff Construction  

We can utilize the interfacial free energy calculated for the three crystal planes to 

perform a Wulff construction.117–119 The construction is based on the derived relation 

that in a steady state nucleus of a crystalline phase, the perpendicular distance of a 

crystal facet 𝑖 from the center of mass (ℎ𝑖) is proportional to its interfacial free energy 

𝛾𝑖, i.e. ℎ𝑖 ∝ 𝛾𝑖. This relation can be used to determine the relative positions of crystal 

planes, with the enclosed volume representing the nucleus shape. Wulff construction 

for GBF is shown in Figure 7(a), where we take perpendicular distance to the 

energetically most inexpensive facet 𝑠 as ℎ𝑠 = 1. We also leverage the symmetry of the 

crystal to find the 3D volume enclosed by all the crystal planes for which we know 𝛾 

(Figure 7(b). We find that the crystal plane (100) does not appear in the predicted 
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nucleus shape, resulting in a shape we could describe as an elongated octahedron with 

truncated vertices along the elongated axis. The aspect ratio of this predicted nucleus 

geometry is calculated to be 2.05, which is quite close to the nucleus size-pinning 

estimates between 1.9 and 2.1. Based on relative areas of 𝑠 and (001) facets in the Wulff 

construction, we calculated the average interfacial free energy of the nucleus at 

coexistence to be 𝛾𝑎𝑣𝑔 = 0.79, which is also in agreement with the previous 

predictions.  

 

Figure 47: Wulff construction for GBF at coexistence. (a) Geometric construction. Generated 
using Desmos online graphing calculator144 (b) Schematic sketch of the 3D polyhedral shape 
predicted. 
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3.2 Oblate GBF (oGBF) 

The equation of state calculated for 𝑁 = 1728  of oGBF particles is shown in Figure 8. 

The phase behavior and kinetics are qualitatively similar to those of GBF. We find that 

there is an isotropic and a crystal branch, with a spontaneous melting of the crystal into 

the isotropic phase with minimal hysteresis. On the other hand, the isotropic branch 

does not spontaneously transition to the crystal phase upon compression, and instead 

enters a glassy state. This could indicate a higher ∆𝐺∗ compared to GBF at a given ∆𝜇. 

The isotropic-crystal coexistence pressure for oGBF calculated by interfacial pinning 

method is 𝑝𝑖𝑐,𝑜𝐺𝐵𝐹 ≈ 7.06. 

 

Figure 48: Equation of state for oGBF. 
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3.3 Prolate GBF (pGBF) 

The equation of state for pGBF calculated for 𝑁 = 1728 particles is shown in Figure 

9(a). Similar to GBF, we observe an isotropic branch and a crystal branch, with the 

crystal spontaneously melting into the isotropic phase upon expansion with minimal 

hysteresis. Interestingly, unlike GBF, at 𝑝 = 20 the isotropic phase spontaneously 

transitions to the crystal phase. The crystal phase thus formed is not perfect and 

contains multiple grains (Figure 9(b)), hence a small discrepancy is observed between 

the two branches. This suggests that the ∆𝐺∗ for the isotropic-crystal transition for 

pGBF would be lower than that for GBF at a comparable degree of supersaturation i.e., 

it is inversely related to the aspect ratio, perhaps consistent with inability of the oGBF 

to spontaneously crystallize. The isotropic-crystal coexistence pressure for pGBF 

calculated by interfacial pinning method is 𝑝𝑖𝑐,𝑝𝐺𝐵𝐹 ≈ 15.6. 
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Figure 49: (a) Equation of state for pGBF. (b) Imperfect crystal formed upon compression of the 
isotropic phase. The snapshot is equilibrated at p=30.0. 

3.4 Long GBF (lGBF) 

3.4.1 Equation of State and Phase Behavior 

The equation state for lGBF reveals major qualitative differences in phase behavior 

(Figure 10) relative to the previous cases. Apart from the standard isotropic and crystal 

branches, we found the existence of an orientationally ordered but translationally 

disordered (nematic) phase. Sample configurations of the three phases at 𝑝 = 19 are 

shown in Figure 11(a-c). The nematic phase can be obtained from both compression of 

the isotropic phase (at 𝑝 = 19) and expansion of the crystal (at 𝑝 = 18.5). The nematic 

phase also spontaneously transitions to isotropic phase upon expansion at 𝑝 = 18.5 

(although a lower transition pressure was observed from nematic phase obtained from 
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the crystal). The hysteresis in nematic-isotropic transition is minimal, implying that the 

coexistence pressure 𝑝𝑖𝑛,𝑙𝐺𝐵𝐹 ∈ [18.5,19.0]. 

Upon compression to 𝑝 = 22.5, the nematic phase spontaneously transitions to the 

crystal with a slight discrepancy in volume fraction (Figure 11(d)). The discrepancy is 

much smaller when compared to pGBF, with nearly all particles constituting a single 

grain in the present case.  

 

Figure 50: (a) Equation of state for lGBF (b) Zoomed-in for clarity. 

 



225 

 

 

Figure 51:(a-c) Sample configurations of various phases of lGBF particles at p=19 (a) Isotropic 
phase, (b) Nematic phase, (c) Crystal. (d) Sample configuration of crystal obtained upon 
compression of nematic phase, equilibrated at p=24. 
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3.4.2 Translational and Orientational Correlations 

We characterize the three phases and the transitions between them by calculating the 

correlations of translational and orientational order as a function of distance between 

the particles 𝑟 at 𝑝 = 19. The orientation correlation (𝑃2) is shown in Figure 12(a). We 

find that at all distances there is a clear distinction between the three phases with 

𝑃2
𝑐𝑟𝑦𝑠𝑡𝑎𝑙

> 𝑃2
𝑛𝑒𝑚𝑎𝑡𝑖𝑐 > 𝑃2

𝑖𝑠𝑜𝑡𝑟𝑜𝑝𝑖𝑐.  There is nearly no decay in orientational correlation 

for the crystal phase with distance. The orientational correlation in the nematic phase 

decays with distance to a moderate value (~0.5), while it decays quicker and to a lower 

value (~0.0) for the isotropic phase. Note that the minimum possible value for 𝑃2 is -

0.5.  



227 

 

 

Figure 52: Average correlation of order for lGBF phases as a function of interparticle distance 
(r, unscaled for base side = 2 units) at p=19. (a) orientational correlation (𝑃2); (b) translational 
order (𝑑𝑞).  

The translational correlation function 𝑑𝑞 for the three phases is shown in Figure 12(b). 

This correlation can clearly distinguish crystal from other phases, which look nearly 
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identical. Note that 𝑑𝑞 is impacted by the choice of 𝑟𝑐 (chosen here to be √2 in scaled 

units), hence the distinction would likely become sharper for a smaller 𝑟𝑐.  

3.4.3 Visualization of Order 

The lGBF system also presents a unique opportunity to develop visualizations that can 

reflect the presence of concurrent translational and orientational order. One way to 

achieve that is to plot the centroids of all particles in a plane that passes through a given 

particle, and color them according to orientational correlation. An example of such a 

visualization is shown in Figure 13 for the three phases at 𝑝 = 19.  

 

 

Figure 53: Visualization of orientational and translational order around a particle within its 
plane. Coordinate axes are unscaled, with the particle square base with side = 2. The color bar 
corresponds to 𝑃2 value. 

For isotropic phase, we find using this visualization that neighboring particles are 

generally spread uniformly and are only aligned with the central particle when in close 

proximity (especially near the rectangular faces). For the nematic phase we observe a 
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general increase in orientational order and a slight clustering of particles close to the 

central particle. For the crystal, we find a clear periodic clustering of highly aligned 

neighbors on a lattice.  

4 Conclusions and Future Work 

In this paper we have studied the origins of anisotropic nuclei in GBF through a direct 

measurement of interfacial free energy and predicted the nucleus shape and average 

interfacial free energy in agreement with independent estimates. Our calculations 

reveal a trend that the surface roughness correlates with the interfacial free energy. We 

then focus on related shapes with varying aspect ratio. It is revealed that changing the 

aspect ratio significantly alters both kinetics and phase behavior for GBF like particles. 

The key results are summarized in Figure 14. We find that while shortening the GBF 

does not alter the kinetics and phase behavior, elongating it makes the transition easier 

(i.e., lowers the barrier). For pGBF we observe that upon compression the isotropic 

phase spontaneous transition to a crystal (albeit with defects). Further elongation 

results in stabilization of a nematic phase, which can be formed by both expansion of 

crystal and compression isotropic phase. Further the nematic phase also compresses 

into the crystal with minimal defects. Finally, we studied how orientational and 

translational correlations distinguish various phases.  
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Figure 54: Key observations regarding the change of phase behavior and kinetics for GBF like 
particles. 
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These results set up the stage for some very interesting questions and directions that 

could be pursued: 

• Development of order parameters to track the spontaneous and rare 

transitions.43,123,145 

• Umbrella sampling and nucleus size pinning simulations to calculate ∆𝐺∗ for 

various transitions.  

• How does the nucleus shape change with aspect ratio?  

• How do the interfacial free energies at coexistence vary with aspect ratio? 

• Calculation of nematic-crystal coexistence pressure for lGBF. 

• Development of a measure for surface roughness similar to sinuosity or skew.  

• Investigating existence long-range structures, such as helices, in the 

orientational field for the nematic phase of lGBF particles.  
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