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The LIGO/Virgo collaboration has detected gravitational waves from dozens of binary

black hole mergers. Accurate determination of the source parameters of these binaries

is important for understanding the environments in which these objects can form and

merge. Many techniques are employed to speed up the parameter estimation of events

in LIGO/Virgo data. We demonstrate the success of the machine learning technique of

normalizing flows for inferring the parameters of several LIGO events in a matter of

milliseconds, and validate the novel machine learning pipeline against the widely used

technique of parallel-tempered MCMC.

Orbital eccentricity of a compact binary object is a signature of dynamical formation

in dense stellar clusters. We employ two novel waveform models to investigate the effects

of eccentricity on the detection and parameter estimation of the gravitational wave signal.

We find that, for LIGO-type detectors, the signal-to-noise ratio (SNR) of eccentric signals

is larger than that of quasi-circular mergers for e0 < 0.4. Furthermore, for future detectors

such as Einstein telescope, the SNR of eccentric signals is similar to that of quasi-circular

signals, and can still have appreciable SNR up to e0 < 0.6.

We then investigate the effect of using quasi-circular waveforms for the parameter

estimation of eccentric signals. We find that for eccentrities up to e0 < 0.3, there is an

up to 10% overestimation of the system’s chirp mass, and the recovered mass ratio is

determined to be closer to unity regardless of the true mass ratio. We also employ a full

inspiral-merger-ringdown waveform to perform parameter estimation of two gravitational



wave events, GW151226, and GW170608. We find that the chirp mass and eccentricity

measurements are also correlated in real data, and furthermore that there is a correlation

of the chirp mass and spin that can lead to spurious eccentricity measurements in the

case of a signal with appreciable spin. We measure the eccentricities of these two events

and constrain them to be < 0.15 and < 0.12 for GW151226 and GW170608 respectively.
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CHAPTER 1

INTRODUCTION

Since the first detection of gravitational waves - GW150914 - from the coalescence

of binary black holes, the LIGO/Virgo collaboration has detected gravitational waves

from dozens of binary black hole (BBH) mergers, two binary neutron star (BNS) mergers

and two mergers of a black hole and a neutron star [15, 13].

The rapidly growing field of gravitational wave astronomy is adding to our under-

standing of the universe. Our ability to detect more and more of these objects, and

determine their source parameters, allows us to more accurately model and constrain the

complicated astrophysical processes that lead to the formation of black holes and neutron

stars, and their eventual mergers.

In the introduction to this thesis we will review the basics of gravitational wave

emission, and the possible formation channels that allow binary black hole mergers to

occur. In particular, we are interested in the future importance that the orbital eccentricity

will have in constraining the merger rates from dense stellar clusters. We will briefly

review the detection and parameter estimation pipelines used in gravitational wave

astronomy. We will then discuss the current status of the modelling of eccentric binary

black hole systems, which will be required for the detection and parameter estimation of

such systems.

We conclude with a brief overview of the status of novel machine learning algorithms

for the parameter estimation of compact binary coalescences (CBC).
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Figure 1.1: Estimated amplitude spectral density (square root of the power spectral
density) for 128s of LIGO and Virgo data[5]. The spikes are due to
phenomenon such as the 60 Hz electric line, and violin modes of the
wires which suspend the mirrors. This shows that the detectors are
most sensitive to the ≈ 50 − 1000 Hz frequency range.

1.1 Gravitational Waves and LIGO

The first-order theory of gravitational waves is that of General Relativity in the linearized

limit, where the metric gµν ≈ ηµν + hµν where ηµν is the flat space Minkowski metric, and

hµν is what we refer to as the gravitational wave strain. In this limit, Einstein’s equations

reduce to a wave equation for the perturbation hµν

Let us consider how such a metric perturbation might affect a detector. If we consider

the proper separation L between two freely falling test particles situated on the x-axis

2



of our coordinates, it can be shown that an oscillatory gravitational strain h causes a

corresponding oscillation in L, with the fractional change δL given by

δL
L
≈

1
2

hxx. (1.1)

This is the principle behind which gravitational waves can be detected: the fractional

change in the distance between pairs of test masses can be measured and corresponds to

the gravitational wave strain. The strain can be one of two polarizations, denoted h+ and

h×, which induce the same oscillation patterns but rotated by 45 degrees.

LIGO consists of two interferometers, each with two orthogonal arms 4km in length.

With no gravitational waves passing the detectors, the strain output from the detectors is

zero. When a gravitational wave does pass, the strain induces a change in the relative

length of the arms, leading to an oscillatory strain output.

The strain we expect from typical sources, such as the mergers of compact binary

objects, is extraordinarily small - GW150914 had a measured strain of O(10−21). In

order to measure this strain, LIGO/Virgo need to ensure that the mirrors that act as test

masses are isolated from noise sources as much as possible. Fig. 1.1 shows the amplitude

spectral density of the noise of both LIGO and Virgo. It can be seen that the noise is

loudest at low and high frequencies. At low frequencies, seismic effects dominate, and

the photon shot noise from the lasers dominates the noise at higher frequencies. This

gives LIGO and Virgo’s most sensitive frequencies ranging from O(10) to O(1000) Hz.

For instance, the peak frequency of detection of GW150914 was about 150 Hz.

3



1.2 Gravitational Waves from Compact Binaries

Let us turn our attention to the basics of emission of gravitational waves from compact

binaries. In the limit that the source is Newtonian, v � c, then the gravitational wave

strain is given by

hi j =
2G

c4dL
Ïi j (1.2)

where dL is the distance to the source, Ii j is the mass quadrupole tensor, and the dots

denote time derivatives. We can also calculate the energy loss, which leads to the famous

quadrupole formula
dE
dt

=
1
5
〈

...
Ii j

...
Ii j〉 (1.3)

where angle brackets denote averaging over several wavelengths.

For the case of binary compact object systems, we can calculate these quantities in

the Newtonian limit simply using Kepler’s laws. The strain is oscillatory with dominant

frequency f = 2Ω in this case, with Ω the orbital frequency of the binary. The energy

loss can be calculated to be:

dE
dt

=
32
5

G4

c5 µ
2r4Ω6F(e) (1.4)

where µ is the reduced mass and r the separation of the binary. F(e) is an enhancement

factor which is rapidly increasing with eccentricity:

F(e) = (1 − e2)−7/2
(
1 +

73
24

e2 +
37
96

e4
)
. (1.5)

For the remainder of this section we take e = 0 so F(e) = 1.

By equating the energy loss from gravitational radiation to the loss of orbital energy

from the binary, we arrive at an expression for the time evolution of the gravitational

wave frequency f :

ḟ 3 =

(
96
5

)3 f 11

c15 (GM)5 (1.6)
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Here we have introduced the chirp mass,

M =
(m1m2)3/5

(m1 + m2)1/5 (1.7)

In practice, for the oscillatory gravitational wave signal, the phase evolution of the

signal is more important than the amplitude for determining the signal-to-noise ratio

(SNR). Since the lowest order time evolution of the phase φ =
∫

f dt is given by (1.6),

the chirp mass is the parameter that is best estimated from the strain data.

Here we have only considered the Newtonian dynamics. Higher orders of perturbation

theory must be used in order to calculate the effect of other parameters - mass ratio,

eccentricity and spins - of the black holes on the time evolution of the gravitational

strain’s phase. And as the black holes approach merger, perturbation theory breaks down

and we have to solve the full nonlinear Einstein equations numerically to determine the

waveform.

1.3 Formation Channels for Compact Binary Objects

In the Newtonian limit as described above, the energy loss from gravitational waves is

extremely small, especially when the black holes are far apart, and cannot alone explain

how stellar mass binary black holes can form and merge within the age of the universe.

For instance, if two stars were at an initial separation less than ≈ 10AU, then the stars

would engulf each other when they enter the giant phase. From (1.4) one can calculate the

dependence of the coalescence time on the initial separation, and such a large separation

would require much longer than the age of the universe for the black hole remnants from

the stars to merge.

There are many different proposed mechanisms to produce BBH mergers. We give a
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Figure 1.2: Cartoon from [141] illustrating black holes merging by formation of a
common envelope phase on the left and through dynamical interactions
on the right.

brief overview of two such formation channels. By analyzing the detected events, the

current best estimates for the merger rates of compact objects are R ≈ 15 − 28 Gpc−3

yr−1 for BBH’s and R = 80 − 810 Gpc−3 yr−1 for BNS [14].

Common Envelope Formation Channel of BBH

Common envelope formation is a process through which stellar mass binary stars can

form binary black hole mergers that merge within the age of universe. The left side of
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Figure 1.2 illustrates how this process can occur. The more massive star in the binary

grows to a giant star, and overfills the Roche lobe of the system. Mass transfers from the

more massive to less massive star, which allows the separation to decrease. The more

massive star then undergoes a supernova explosion. It is possible at this point for the

remnant to receive a sufficiently large kick velocity from the explosion to destroy the

binary. If the binary survives, however, the second star then grows to a giant star, and

transfers mass back to the black hole. At this stage a common envelope forms about the

binary of the black hole and the helium core of the lighter star. The common envelope

can unbind from the binary which extracts energy, again decreasing its separation to

the order of a stellar radius. The helium core then undergoes a supernova explosion,

leaving a binary black hole system. At this separation, gravitational wave emission is

finally efficient enough to allow the binary to merge within the age of the universe. If the

common envelope does not unbind, the helium core and black hole combine to form a

single black hole.

The method of common envelope formation is expected to produce black hole binaries

that have relatively low masses(≤ 50M� ), have spins that are aligned with the orbital

angular momentum, and have negligible eccentricity. The restriction on the expected

masses is because of the so-called pair instability supernova gap. In this case, a star is so

massive that the resulting supernova ejects so much material so as to not leave a neutron

star or black hole remnant.

It is clear that this process involves much complicated physics, and estimates of the

merger rate from this formation channel rely on complex stellar simulations and models.

Current best estimates place the merger rate through common envelope formation at

R ≈ 17 − 113 Gpc−3 yr−1[31].
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Dynamical Formation

The second formation channel, which is illustrated in the right side of Fig. 1.2, is that

of dynamical formation. In dense stellar environments such as globular clusters, the

density of objects can be as high as ≈1000 stars per cubic parsec. As Fig. 1.2 shows,

when a third body interacts with an existing binary, exchanges can take place and the

lighter companion can be ejected. Since lighter companions are more likely to be ejected,

heavier objects tend to cluster towards the center of the cluster. These exchanges tend to

harden the binary (decrease the separation), which can allow them to merge.

Another multi-body interaction that can drive a binary to merger is the Lidov-Kozai

mechanism. In this case the binary is a part of a hierarchical triple in which there is a

third body further from the binary which acts as a perturber to its orbit. In this case it is

possible for the perturbation to drive the eccentricity of the smaller binary to high values,

and from Eq. (1.4) we saw that eccentric binaries can radiate gravitational waves much

more efficiently and can then merge in a reasonable time.

Dynamical formation is predicted to produce a richer array of binary black hole

mergers than common envelope formation. Because of situations such as hierarchical

triples, there can be second generation binary black hole mergers which would have

masses larger than 50M�. The mergers could also have larger spin magnitudes, and the

orientation of the spins is expected to be isotropic because of the spherical distribution of

objects in globular clusters. In particular, due to the Lidov-Kozai interactions, eccentric

mergers are expected to largely originate from these dense globular clusters.

Since these many-body dynamical interactions depend almost entirely on the gravita-

tional interactions between the objects, our understanding of this formation channel is

largely through N-body simulations. Recent calculations of the dynamical merger rates
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are R ≈ 17 Gpc−3 yr−1[170], which is less than the rates from the common envelope

channel.

One important prediction from such N-body simulations is that, although eccentricity

is efficiently radiated in BBH mergers, there should be a fraction of binaries that enter the

LIGO frequency band with eccentricity > 0.1 [177]. Not only is eccentricity an important

signature for dynamical formation, but we should expect to see such mergers in LIGO.

1.3.1 Detecting Gravitational Waves

There are multiple search pipelines that search for gravitational wave data in the

LIGO/Virgo strain data. Two of these search pipelines are unmodelled searches. Burst

searches look for excess power in the detector data at short times in particular frequency

bins. A similar signal that is present in all detectors and is consistent with the light

crossing time between them would have a high SNR and be detected by this pipeline.

This search pipeline should trigger on short transient signals, such as particularly loud

CBC signals such as GW150914, or as-of-now undetected gravitational waves from

supernovae. Continuous gravitational wave searches look for very long-lived, close to

monochromatic gravitational wave signals that can be present in the detector over an

entire observing run. Sources for these signals can be spinning neutron stars with a

non-zero quadrupole moment, which also remain undetected so far.

The most successful search pipeline has been that of the modelled CBC searches. If

we can accurately model the gravitational wave signal that we expect in the detector data,

we can calculate a higher SNR for a given signal through matched filtering.

Our assumption is that the detector data d(t) = s(t) + n(t) consists of a signal s, and a
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particular realization of noise n. It can be shown that the optimal filter in the frequency

domain that extracts the signal from stationary, Gaussian, noise is given by the inverse of

power spectral density of the noise, S n( f ). This allows us to define an inner product (.|.)

between time series a and b in Fourier space:

(
a(t)|b(t)

)
= 4R

∫ ∞

0

ã( f )b̃( f )
S n( f )

d f , (1.8)

where R denotes the real part. From this we can define the optimal matched filter

signal-to-noise ratio for the template waveform h with respect to the data d

ρ =
1

(h|h)
(h|s). (1.9)

In quantum mechanical language, this is basically the overlap integral between the

template and the signal. With a network of detectors each of which has SNR ρi, the

network SNR is simply

ρ2
net =

∑
ρ2

i . (1.10)

To determine if a detection has occurred, a finite template bank of candidate wave-

forms h is constructed over the parameter space of masses, spins, etc. For each waveform,

the SNR is calculated with respect to the particular stretch of data being analysed, and

if the maximum SNR over the template exceeds some threshold value (≈ 5.5 in each

detector, although different pipelines use different thresholds), that signal is a candidate

for a detection. Followup tests need to be performed to ensure that the signal is of astro-

physical origin and not a glitch in the detectors or a statistical fluctuation. The network

SNR’s of the detections made so far by the LVC range from ≈ 8− 33. With future ground

based detectors that have longer arm lengths and can probe lower frequencies, SNR’s of

signals could rise to O(100), or O(1000) with the space based LISA detector.
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1.3.2 Estimation of Source Parameters

There are are 9 intrinsic parameters that determine the evolution of a binary black hole

system: the mass of each compact object m1,2, the three components of the spin of each

object S1,2, and the orbital eccentricity e of the binary. Furthermore there are extrinsic

parameters: the luminosity distance dL, the right ascension α and declination δ, which

together determine its position on the sky, the polarization angle ψ, the coalescence time

tc, and coalescence phase φc.

Matched filtering as described above provides crude estimates of the source param-

eters of a gravitational wave signal by identifying the parameters of the highest SNR

candidate in the template bank.

The problem of accurately determining the best set of parameters that describe a

detected gravitational wave signal naturally maps onto the language of Bayesian inference.

That is, we wish to determine the the multidimensional probability distribution for the set

of gravitational wave source parameters. If we denote the detector strain data as d and

the set of parameters as θ, we want to calculate the conditional probability distribution

p(θ|d) which is the probability of the parameters θ given the data d. We can calculate this

through Bayes’ theorem

p(θ|d) ∝ L(d|θ)p(θ) (1.11)

where L(d|θ) is the Bayesian likelihood of the data being described by the parameters θ,

and p(θ) is the prior probability for the parameters. The gravitational wave likelihood

function we employ is

L(d|θ) = exp

−1
2

N∑
i=1

(
d̃i( f ) − h̃i( f , x)

∣∣∣d̃i( f ) − h̃i( f , x)
) , (1.12)

where d̃i( f ) and h̃i( f , x) are the frequency-domain representations of the data and the

model waveform for detector i. The noise weighted inner product (·|·) between two
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frequency series ã, b̃ is defined as (1.8).

We can intuitively understand the likelihood function (1.12): if we subtract a candidate

waveform from the data, the more the residual resembles Gaussian noise, the higher the

likelihood that waveform is present in the data.

Estimating the posterior

Estimating the posterior is a computationally difficult task that requires exploring the

high-dimensional parameter space. The likelihood will be highly peaked around the most

likely parameters, and the majority of the parameter space contributes negligibly to the

posterior. There are several methods that are widely used to efficiently generate samples

from the high probability regions of the posterior. One such method is Markov Chain

Monte Carlo, which starts at a region in the parameter space and uses a random walk to

map out higher-probability regions of the parameter space. Another method is that of

nested sampling, which seeks to estimate the Bayesian evidence∫
L(θ)dθ (1.13)

and estimates the likelihood as a byproduct. Nested sampling randomly places a number

of live points in the parameter space according to the prior. At each iteration, each live

point is updated by moving it to a new point in parameter space with an explicitly higher

likelihood. At each iteration, the evidence integral is updated with the contribution to the

full integral from that live point.

There are multiple mature libraries that provide routines to easily perform parameter

estimation for gravitational wave data using either MCMC or nested sampling. Some

such packages include LALInference, PyCBC Inference, and Bilby, which are all widely

used in the gravitational wave community.
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1.4 Waveform Modelling

In both the case of generating a waveform template bank, and especially in evaluating

the likelihood (1.12), we need to be able to generate the gravitational wave strain as a

function of the parameters. In the case of a full parameter estimation run, mapping out

the likelihood surface can require up to O(105 − 106) waveform evaluations in order to

compute the posterior. Accordingly, to make such a computation tractable, we need a

way to quickly compute the strain for a given set of parameters.

In Sec. 1.1 we saw how the chirp mass of a binary contributes to the leading-order

phase evolution. It is possible to have increasingly accurate waveforms through incorpo-

rating higher orders in the post-Newtonian perturbation theory. This accurately models

the inspiral portion of the waveform, but breaks down before the merger and ringdown

portion. Calculating the strain from the entire evolution of a compact binary involves

solving the full set of Einstein’s equations, which are a set of non-linear PDE’s. This

takes weeks to months on a supercomputer and it is clearly not viable to do O(105)

simulations for a parameter estimation calculation.

There are multiple different modelling techniques that have been developed in order

to speed up the generation of the full inspiral-merger-ringdown (IMR) strain. The first

two such methods are phenomenological models, which fall into the Effective One Body

(EOB) and Phenom families. In the EOB case, the dynamics of the binary black hole

system is mapped onto the equivalent dynamics of a test particle on the background of a

single body. The Phenom family involves expanding the frequency domain waveform

as a power series in f in the same vein as a PN waveform, with extra corrections to

account for the merger-ringdown portion of the waveform. Both of these techniques

allow the waveform to be generated with simple, efficient techniques such as an ODE
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solve. However, each of these models has several free parameters, which must be fixed

by finding the best fit to a set of NR waveforms in the parameter space of interest.

In recent years, the method of surrogate modelling has been successfully used for

waveform modelling. Rather than constructing a phenomenological model with free

parameters, surrogate models aim to directly interpolate between NR waveforms to obtain

a waveform with the desired parameters. This interpolation is either done by finding

some reduced order basis for the NR waveforms, or through machine learning techniques

such as Gaussian Process Regression.

Eccentric Waveform Modelling

As with construction of any physical model, one first seeks to address the simplest cases

before expanding the scope of the model to incorporate additional effects. The history

of gravitational waveform modelling shows this process well. The first efficient, full

IMR models could predict the strain assuming the black holes were nonspinning. The

detection of GW150914 was performed with an EOB model that assumed the spins

of the two black holes were aligned. Quite soon after, models that could account for

precession — which occurs when the spins can point in any direction — were developed.

As the number of events we have seen has increased, more effects are constantly being

incorporated into waveform models. These include tidal effects, which can appear in

BNS waveforms, and higher order modes than the (l,m) = (2, 2) mode, which were

important for the parameter estimation of GW190412. The confidence we can have in

the parameter estimation of any system is dependent on our confidence in our waveform

models. The EOB, Phenom and surrogate models have all been widely used and have

been very successful in determining the source masses and spins of the events we have

seen.
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The state of waveform modelling for eccentric systems is still relatively immature

compared to the modelling of the other effects discussed above. This is partly because

most mergers within the LIGO band are expected to have circularized by the time

they merge, and an event with appreciable eccentricity is expected to be rarer than the

quasi-circular cases that most waveform models target.

For instance, the only eccentric waveform models that are available “out-of-the-box”

within the LIGO Algorithm Library are EccentricFD and EccentricTD, which are both

post-Newtonian only and do not incorporate spins. SEOBNRE is an EOB model that

incorporates eccentricity and aligned spins, but is too slow to evaluate to make parameter

estimation viable. There has also been some work done to construct a surrogate model

directly from eccentric NR runs that exist in the SXS catalogue.

In chapters 3 and 4, we utilize two newer eccentric models that provide full IMR

waveforms up to moderate eccentricities of ≈ 0.3. The first is ENIGMA. The inspiral

portion of the waveform is calculated by solving a set of PN equations for an eccentric

non-spinning binary. The merger portion is then constructed on the assumption that by

the time an eccentric system reaches merger, the eccentricity has largely radiated away.

In this case the merger only depends on the mass ratio q, so a one-dimensional surrogate

model is constructed from a set of NR waveforms to generate the merger portion for q up

to 10. The full IMR waveform is then found by hybridizing (i.e., smoothly joining) the

inspiral and merger portions.

The second eccentric waveform model we use is an extension of the TEOBResum

model that incorporates eccentricity. Unlike ENIGMA, this model also incorporates

aligned spins, and can be run sufficiently fast to enable its use in parameter estimation

calculations.
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Figure 1.3: Comparison of waveforms from TEOBResum with and without eccen-
tricity

Fig. 1.3 shows two waveforms produced from the TEOBResum model with e0 = 0.

and e0 = 0.2 respectively. We denote eccentricity with a subscript 0 since eccentricity

must be measured at a particular frequency, so e0 denotes the eccentricity at the initial

frequency of the waveform. It can be seen from Fig 1.3 that the eccentric waveform

differs strikingly from the quasi-circular case. In particular, the waveform is no longer

instantaneously monochromatic because of modulations in the amplitude on the order of

the orbital frequency. Interestingly, the waveforms do more closely resemble each other

for the last few cycles before merger. This is the assumption that eccentricity has radiated

away by the merger that is used in the construction of ENIGMA described above.

In Chapter 3, the ENIGMA model is used to investigate how the SNR of an eccentric

signal changes with increasing eccentricity, and how the construction of more ground-

based gravitational wave detectors should also affect the SNR. We show that for given

mass parameters, the presence of eccentricity can cause a significant enhancement of the

SNR, which should increase even more with future detectors.
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In Chapter 4, we use these two models to investigate the systematic biases that can

occur if one performs PE on an eccentric signal with templates that are quasi-circular.

We find that the measurement of the eccentricity is correlated with the measurement of

not only the mass parameters but also the spins of the binary. Also, we constrain the

eccentricity of the two events GW151226 and GW170608.

1.5 Machine Learning for Gravitational Wave Parameter Estimation

As discussed in 1.4, the expense in estimating source parameters of gravitational wave

events is the O(105) evaluations of the likelihood — and generation of the strain — which

are required to sample the posterior using MCMC or nested sampling. There have been

recently many novel approaches using machine learning techniques which aim to vastly

speed up the generation of gravitational wave posteriors. The crux of these machine

learning techniques is that the algorithm is split into two stages: an expensive training

phase and a much cheaper prediction phase.

All such machine learning models approximate the evaluation of the posterior p(θ|d)

for the parameters θ given the data d, with a different non-linear model with its own

set of parameters ϑ - usually implemented as a neural network using either PyTorch or

Tensorflow. By providing the model with simulated gravitational wave signals along

with their true parameters, the parameters ϑ of the approximate model can be learned

by calculating the error of the model’s predictions, and updating ϑ using optimization

techniques. We refer to this as the training phase. Crucially, if the model has been trained

correctly, it should be able to generalize to correctly predict the parameters of signals that

are not present in the set of training data. The training phase is expensive, and can require

O(106) or more evaluations of the machine learning model in order for ϑ to converge
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to their desired values. This can take days to weeks on modern GPU’s. However, once

the model is trained, and its ability to generalize tested robustly, each evaluation on a

GPU can take only milliseconds, as opposed to the days or weeks that MCMC or nested

sampling calculations can take.

In Chapter 2, a novel machine learning architecture using the concept of normalizing

flows is introduced to calculate the posteriors for the component masses, remnant mass

and remnant spin of binary black hole mergers. To validate the model, we performed

full MCMC calculations for 5 gravitational wave events to produce posteriors against

which the machine learning model can be tested. The model can accurately reproduce

the posteriors for these parameters for the 5 gravitational wave events in under two

milliseconds for each event.
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CHAPTER 2

STATISTICALLY-INFORMED DEEP LEARNING FOR GRAVITATIONAL

WAVE PARAMETER ESTIMATION

This paper submitted for publication in Physical Review D

Hongyu Shen, E. A. Huerta, Eamonn O’Shea, Prayush Kumar, Zhizhen Zhao

We introduce deep learning models for gravitational wave parameter estimation that

combine a modified WaveNet architecture with contrastive learning and normalizing

flow. To ascertain the statistical consistency of these models, we validated their

predictions against a Gaussian conjugate prior family whose posterior distribution

is described by a closed analytical expression. Upon confirming that our models

produce statistically consistent results, we used them to estimate the astrophysical

parameters of five binary black holes: GW150914, GW170104, GW170814, GW190521

and GW190630. Our findings indicate that our deep learning approach predicts

posterior distributions that encode physical correlations, and that our data-driven

median results and 90% confidence intervals are consistent with those obtained

with gravitational wave Bayesian analyses. This methodology requires a single

V100 NVIDIA GPU to produce median values and posterior distributions within

two milliseconds for each event. This neural network, and a tutorial for its use, are

available at the Data and Learning Hub for Science.

2.1 Introduction

The advanced LIGO [9, 7] and advanced Virgo [17] observatories have reported the

detection of over fifty gravitational wave sources [10, 15, 14]. At design sensitivity,

these instruments will be able to probe a larger volume of space, thereby increasing

19



the detection rate of sources populating the gravitational wave spectrum. Thus, given

the expected scale of gravitational wave discovery in upcoming observing runs, it is in

order to explore the use of computationally efficient signal-processing algorithms for

gravitational wave detection and parameter estimation.

The rationale to develop scalable and computationally efficient signal-processing

tools is apparent. Advanced gravitational wave detectors will be just one of many

large-scale science programs that will be competing for access to oversubscribed and

finite computational resources [110, 111, 221, 129]. Furthermore, transformational

breakthroughs in Multi-Messenger Astrophysics over the next decade will be enabled by

combining observations in the gravitational, electromagnetic and astro-particle spectra.

The combination of these high dimensional, large volume and high speed datasets in a

timely and innovative manner presents unique challenges and opportunities [18, 19, 109].

The realization that companies such as Google, YouTube, among others, have ad-

dressed some of the big-data challenges we are facing in Multi-Messenger Astrophysics

has motivated a number of researchers to learn what these companies have done, and

how such innovation may be adapted in order to maximize the science reach of big-data

projects. The most successful approach to date consists of combining deep learning with

innovative and extreme scale computing.

Deep learning was first proposed as a novel signal-processing tool for gravitational

wave astrophysics in [78]. That initial approach considered a 2-D signal manifold for

binary black hole mergers, namely the masses of the binary components (m1, m2), and

considered simulated advanced LIGO noise. The fact that such a method was as sensitive

as template-matching algorithms, but at a fraction of the computational cost and orders of

magnitude faster, provided sufficient motivation to extend such methodology and apply

it to detect real gravitational wave sources in advanced LIGO noise in [194, 79]. These
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studies have sparked the interest of the gravitational wave community to explore the use of

deep learning for the detection of the large zoo of gravitational wave sources [74, 197, 132,

215, 149, 70, 128, 58, 146, 122, 192, 63, 117, 64, 217, 32, 197, 118, 52, 164, 216, 218].

Deep learning methods have matured to now cover a 4D signal manifold that describes

the masses of the binary components and the z-component of the 3-D spin vector:

(m1,m2, sz
1, s

z
2) [104, 220]. These algorithms have been used to search for and find

gravitational wave sources processing open source advanced LIGO data in bulk, which is

available at the Gravitational Wave Open Science Center [210]. In the context

of Multi-Messenger sources, deep learning has been used to forecast the merger of binary

neutron stars and black hole-neutron star systems [216]. The importance of including

eccentricity for deep learning forecasting has also been studied and quantified [218]. In

brief, deep learning research is moving at an incredible pace.

Another application area that has gained traction is the use of deep learning for gravita-

tional wave parameter estimation. The established approach to estimate the astrophysical

parameters of gravitational wave signals is through Bayesian inference [84, 212, 195, 39],

which is a well tested and extensively used method, though computationally-intensive.

On the other hand, given the scalability and computational efficiency of deep learn-

ing models, it is natural to explore their applicability for gravitational wave parameter

estimation.

In this article we focus on the application of deep learning to estimate in real-time

the astrophysical parameters of binary black holes, focusing on the measurement of

the masses of the binary components, (m1, m2), and the parameters that describe the

post-merger remnant, i.e., the final spin, a f , and the frequency and damping time of the

ringdown oscillations of the fundamental ` = m = 2 mode, (ωR, ωI) (Also known as

quasinormal modes (QNMs)) [37].
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Related Work The first exploration of deep learning for the detection and point-parameter

estimation of a 2-D signal manifold, comprising the masses (m1, m2) of the binary

components, was presented in [78, 194, 79]. These results provided a glimpse of the

robustness and scalability of neural networks, and the ability to generalize to new types

of signals that are not used during training. These results provided sufficient motivation

to further develop these tools to use them in the context of high-dimensional signal

manifolds.

During the review of this article, there have been a number of studies that use deep

learning approaches to learn the posterior distribution predicted by traditional Bayesian

methods employed for gravitational wave parameter estimation. For instance, Ref. [53]

used neural networks to process simulated gravitational waves injected in Gaussian noise,

and to output a parametrized approximation of the corresponding posterior distribution.

Other methods have proposed the use of Conditional Variational Auto-Encoders (CVAEs)

to infer the parameters of GWs embedded in simulated noise [75, 86, 226]. In these

studies, the posterior estimation is indirectly formed by an integration of two probability

functions that are learned after model training. Instead of calculating the integration, they

draw one sample from each of the two probability functions sequentially to approximate

the posterior function. It is apparent that this approach may work well for high signal-

to-noise ratio (SNR) signals, the context in which these methods have been applied.

However, real gravitational wave events with moderate SNRs may present a challenge,

since noisy data may introduce greater variance in the integration approximation, leading

to a significant accumulation of errors. Thus, further studies are needed to establish

the applicability of this approach to reconstruct the parameters of detected events with

moderate and low SNRs. To overcome some of these limitations, we designed a model

that is able to make fast inference on events that cover a broad network SNR range,

between 13 to 24, with a short period of training time.
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We notice that while Refs. [65, 61] discuss similar ideas to learn a joint distribution,

the approach we introduce in this article to produce a data-driven posterior distribution

is entirely novel. Furthermore, while Refs. [65, 61] apply q(z), an arbitrary random

distribution to their generative model, our posterior distributions do not involve arbitrary

random distributions.

Although we recognize a similar idea that applies normalizing flow technique to

characterize the distribution exits in the previous works [85, 87], our method still differs

from the recent study [85] in GW study, where the authors showcase their method for

a single event, GW150914, and apply a data transformation of the original 8s-long

waveform inputs during model training and inference. Our method, on the other hand,

focuses on 1s-long time domain inputs. Furthermore, our method only overlaps in that

we both measure the masses of the binary components. Their method is then used to

measure other astrophysical parameters, while we apply our method to measure for the

first time the astrophysical parameters of the black hole remnant. We also demonstrate

that our proposed approach is able to generalize to other events from the first, second and

third observing runs, even if we only use noise from the first observing run to train our

model. We provide a more detailed list of highlights of this deep learning methodology

below.

Highlights of This Work Our novel methodology may be summarized as follows

• We have designed new architectures and training schemes to demonstrate that deep

learning provides the means to reconstruct the parameters of binary black hole mergers

in realistic astrophysical settings, i.e., quasi-circular, spinning, non-precessing binary

black holes. This 4-D signal manifold marks the first time deep learning models at

scale are used for gravitational wave data analysis, i.e., models trained using datasets

with tens of millions of waveforms to significantly reduce the training stage. Once
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fully trained, these deep learning models can reconstruct in real-time the parameters

of real gravitational wave sources.

• We guide the reader on the construction of the mathematical and statistical foundations

of our deep learning method. Thereafter, we study in detail the predictions of our

methodology against well known statistical models. This exercise establishes the

statistical validity and consistency of our approach.

• This methodology learns physical correlations during the training stage. As we

show below, these known correlations emerge naturally in the data-driven posterior

distributions predicted by our model.

• Our approach is domain agnostic. It can be readily apply to other time-series datasets.

• We trained a single model using open source advanced LIGO noise from the first

observing run. This model was able to generalize to five events GW150914, GW170104,

GW170814, GW190521 and GW190630 without additional fine-tuning. It is remarkable

that these events were observed in different observing runs, and cover a broad SNR

range.

• We have directly compared our data-driven posterior distributions with those pro-

duced by the Bayesian pipeline PyCBC Inference [39, 152, 214]. Though these two

methodologies are entirely different, we find that their predictions are consistent.

• Our model only requires 1s-long modeled signals to perform inference, which reduces

data storage, and minimizes training time.

This article is organized as follows. In Section 2.2 we describe the architecture of

our neural network model, and the datasets used to train, validate and test it. We briefly

describe the Bayesian inference pipeline, PyCBC Inference, in Section 2.3, which

we used as a baseline to compare the full posterior distributions predicted by our deep

learning model. We quantify the accuracy and physical consistency of the predictions

of our deep learning model for several gravitational wave sources in Section 2.4. We
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summarize our findings and future directions of work in Section 2.5.

2.2 Methods

In this section we describe our methodology for parameter estimation, and introduce

several new techniques to improve the training performance and model accuracy. We

have used PyTorch [155] to design, train, validate and test the neural network models

presented in this section

2.2.1 Deep Learning Model Objective

We briefly introduce the observation model, followed by our deep learning model for-

mulation and implementation details during the evaluation with real gravitational wave

events.

The goal of our deep learning model is to estimate a posterior distribution of the

physical parameters of the waveforms from the input noisy data. This approach shares

similarities with Bayesian approaches such as MCMC, e.g., once a likelihood function

and a predefined prior are provided, posterior samples may be drawn. The difference

between the deep learning model and MCMC is that our proposed framework will learn

a distribution from which we can easily draw samples, thereby increasing computational

efficiency significantly. It is worth emphasizing that once the likelihood model is properly

defined, the framework we introduce here may be applicable to other disciplines.

In the context of gravitational waves, the noisy waveform y is generated according to

the following physical model,
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yi,` = F(xi) + ni,`, (2.1)

where F is the function that maps the physical parameters (masses and spins) xi to the

clean waveform [39, 152, 214], and ni,` denotes the additive noise at various signal-to-

noise ratios (SNR). We use yi,` with subscript pair (i, `) to specifically indicate the i-th

template associated with `-th noise realization in our dataset D. For simplicity, we use y

and x to indicate noisy waveforms and the physical parameters when the specification

of i or ` subscript is not needed. We use K and M to denote the dimension of y and x,

respectively.

We use WaveNet [211] to extract features from the input noisy waveforms. WaveNet

was first introduced as an audio synthesis tool to generate human-like audios given

random inputs. It uses dilated convolutional kernel and residual network to capture

the spatial information both in the time domain and the model depth, which has been

shown to be a powerful tool in model time-series data. Previously,[219, 220] tailored this

architecture for gravitational wave denoising and detection. The encoded feature vector

h ∈ RL comes from an embedding function parameterized by the WaveNet weights ω,

fω : y 7→ h. In other words, h = fω(y).

Normalizing flow is a technique to transform distributions with invertible parameter-

ized functions. Specifically, we use a conditional version of normalizing flow: conditional

autoregressive spline [66, 60, 38] to learn the posterior distribution on top of the en-

coded latent space by WaveNet encoding. The actual implementation of conditional

autoregressive spline [38, 157] is done using the probabilistic programming language

Pyro [38]. The invertible function g(h,θ) : z 7→ x is parameterized by the learnable model

weights θ and the encoded feature h. In this way, we encode dependencies of the posterior

distribution on the input y. The random vector z ∈ RM is drawn according to a pre-defined
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base distribution p(z), and has the same dimension as x. The function g(h,θ)(z) is then used

to convert the base distribution p(z) to the approximated posterior distribution p̂ω,θ(x|y)

of the physical parameters,

p̂ω,θ(x|y) = p(z)

∣∣∣∣∣∣det
(
∂g(h,θ)(z)
∂z

)∣∣∣∣∣∣−1

, (2.2)

with h = fω(y).

The computation of the transformation g(h,θ)(z) contains two steps. The first step

is to compute the intermediate coefficients α from the feature vector h based on the

function kθ, which is parameterized by 2 fully connected layers with weights denoted

as θ, i.e., α = kθ(h). The coefficients α are used to combine the invertible linear rational

splines to form g(h,θ) (see Eq. (5) in [60] for details). Therefore, g(h,θ) is an invertible,

element-wise invertible linear rational spline with coefficients α. Since h depends on

the input waveform y and α = kθ(h), the resulting mapping g(h,θ) and parameterized

distribution in Eq. (2.2) vary with the input y. The parameterization of the estimated

posterior distribution is illustrated in Fig. 2.1.

To learn the network weights, we need to construct the empirical loss objective given

the collection of training data {xi, yi,`}. We propose to include a loss term defined on

the feature vectors in the our learning objective to take into account the variation in the

waveform due to noise. That is if the underlying physical parameters are similar, then

the similarity of the feature vectors should be large, and vice versa. To achieve this,

we use contrastive learning objective [90] to distinguish positive data pairs (waveforms

with the same physical parameters) from the negative pairs (noisy waveforms with

different physical parameters). Specifically, we use the normalized temperature-scaled

cross entropy (NT-Xent) loss used in the state-of-the-art contrastive learning technique

SimCLR [48, 49]. SimCLRwas originally introduced to improve the performance of image

classification with additional data augmentation and NT-Xent loss evaluation. We adapt
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the NT-Xent loss used in contrastive learning to our feature vectors,

l(hi, j, hi,`) ≡ − log
esim(hi, j,hi,`)/τ∑

i′,i
∑2

j=1
∑2
`=1 esim(hi, j,hi′ ,`)/τ

, (2.3)

where hi,· = fω(yi,·), τ ∈ (0,∞) is a scalar temperature parameter, and we choose τ = 0.2

according to the default setting provided in [48]. sim(a, b) is the cosine distance between

the two time series a and b. The NT-Xent loss performs in such a way that, regardless

of the noise statistics, the cosine distances of the encoded features associated with same

underlying physical parameters (i.e. hi, j and hi,`) are minimized, and the distances of

features with different underlying physical parameters are maximized. Consequently, the

trained model is robust to the change of noise realizations and noise statistics. Therefore,

incorporating the term in Eq. (2.3) can be used as a noise stabilizer for gravitational wave

parameter estimation. We found that the inclusion of this term speeds up the convergence

in training.

Our deep learning objective in Eq. (2.4) combines the NT-Xent loss in Eq. (2.3) with

the posterior approximation term. Given a batch of B physical parameters xi, we generate

different noise realizations yi,` for each xi and the empirical loss function is,

L(ω, θ) =
1

2B

B∑
i=1

− 2∑
`=1

log p̂ω,θ(xi|yi,`)

+

2∑
`=1, `, j

2∑
j=1

l( fω(yi, j), fω(yi,`))

 , (2.4)

where p̂ω,θ(xi|yi,`) is defined in Eq. (2.2). Minimizing the loss in Eq. (2.4) with respect to

ω and θ provides a posterior estimation for gravitational wave events.

2.2.2 Separate Models for Parameters

In this paper, we are interested in the following physical parameters: (m1,m2, a f , ωR, ωI).

We find that trying to estimate all parameters using a single model lead to sub-optimal
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Figure 2.1: Model Architecture. The first component of our model is a WaveNet
architecture with 11 blocks, whose input is a 1s-long waveform sam-
pled at 4096Hz, denoted by y. The output of the WaveNet module is a
254 dimensional vector, h, that is fed into a Normalizing Flow modulo,
which is then combined with a base distribution, p(z), to provide the
posterior distribution estimation p̂ω,θ(x|y). z represents the random vari-
able for the base distribution, and x represents the physical parameters
of the binary black hole mergers, respectively.

results given that they are of different scales. Thus, we use two separate models with

similar model architecture as shown in Fig. 2.1. One model is used to estimate the masses

(m1,m2) of the binary components, while the other one is used to infer the final spin (a f )

and QNMs (ωR, ωI) of the remnant.

The final spin of the remnant and its QNMs have similar range of values when the

QNMs are cast in dimensionless units. We trained the second model using the fact that
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the QNMs are determined by the final spin a f using the relation [37]:

ω220

(
a f

)
= ωR + iωI , (2.5)

where (ωR, ωI) correspond to the frequency and damping time of the ringdown oscil-

lations for the fundamental ` = m = 2 bar mode, and the first overtone n = 0. We

compute the QNMs following [37]. One can translate ωR into the ringdown frequency

(in units of Hertz) and ωI into the corresponding (inverse) damping time (in units of

seconds) by computing M f · ω220, where M f is the final mass of the remnant, and can

be determined using Eq. (1) in [92]. An additional benefit of using two separate models

is that the training converges faster with two models considering two different sets of

physical parameters at different magnitudes.

2.2.3 Dataset Preparation and Training

Modeled Waveforms We used the surrogate waveform family [40] to produce modeled

waveforms that describe binary black holes with component masses m1 ∈ [10M�, 80M�],

m2 ∈ [10M�, 50M�], and spin components sz
{1, 2} ∈ [−0.9, 0.9]. By uniformly sampling

this parameter space we produce a dataset with 1,061,023 waveforms. These waveforms

describe the last second of the late inspiral, merger, and ringdown. The waveforms are

produced using a sample rate of 4096Hz.

For training purposes, we label the waveforms using the masses and spins of the

binary components, and then use this information to also enable the neural net to estimate

the final spin of the black hole remnant using the formulae provided in [100], and the

quasinormal modes of the ringdown following [37]. In essence, we are training our

neural network models to identify the key features that determine the properties of the

binary black holes before and after merger using a unified framework.
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We use 90% of these waveform samples for training, 10% testing. The training

samples are randomly and uniformly chosen. Throughout the training, we use the

AdamW optimizer to minimize the mean squared error of the predicted parameters with

default hyper-parameter setups [136]. We choose the learning rate to be 0.0001. To

simulate the environment where the true gravitational waves are embedded, we use real

advanced LIGO noise to compute the power spectral density (PSD), which is then used

to whiten the templates.

Advanced LIGO noise. For training we used a 4096s-long advanced LIGO noise

data segment, sampled at 4096Hz, starting at GPS time 1126259462. We obtained these

data from the Gravitational Wave Open Science Center [210]. We estimate a

PSD using the entire 4096s segment to whiten the modeled waveforms and noise. For

each one second long noisy waveform used in training, we combine the clean whitened

template with a randomly picked one second long noise segment from the 4096s-long

advanced LIGO strain data. For each clean template, we generate two different noisy

realizations. The number of different noisy waveforms used in the training is equal to the

number of training iterations multiplied by two times the batch size.

In Section 2.4, we demonstrate that our model, trained only with advanced LIGO

noise from the first observing run, is able to estimate the astrophysical parameters of

other events across O1-O3. We fixed the merger point of the training templates at the

3,596th timestep out of 4,096 total timesteps. We empirically found having a fixed merger

point, rather than shifting the templates to have time-invariant property, provides a tighter

estimation of the posteriors. Our deep learning model was trained on 1 NVIDIA V100

GPU with a batch size of 8. In general, it takes about 1-2 days to fully train this model.
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2.2.4 GPS Trigger Time

It is known that a trigger GPS time associated with a gravitational wave event, typically

provided by a detection algorithm, may differ from the true time of coalescence. There-

fore, we perform a local search around the trigger time by any given detection algorithm

as a preprocessing step for the parameter estimation using the trained model. We first

identify local merger time candidates by evaluating the normalized cross-correlation

(NCC) of the whitened observation with 33,713 whitened clean templates, whose physical

parameters uniformly cover the range: m1 ∈ [10M�, 80M�], m2 ∈ [10M�, 50M�], and

sz
{1, 2} ∈ [−0.9, 0.9], over a time window of 0.015 seconds around the time candidates. The

time points with top NCC values are selected as the candidates. Then we use the trained

models to estimate the posterior distributions of the physical parameters at each candidate

time point. In practice, we found that the trigger times with the best NCC values differ

from those published at the Gravitational Wave Open Science Center by up to

0.01s. These trigger times produce different posterior distributions that vary in size by up

to ±1M� for the masses of the binary components, and up to 5% for the astrophysical

properties of the compact remnant. We have selected the time point that gives the smallest

90% confidence area for the results we present in Section 2.4.2.

Furthermore, they may be used to cross validate the physical reality of an event [104,

220], and to assess whether the estimated merger time is consistent between the two

separate models. For instance, if the models output very different merger times, then

we may conclude that they are not providing a reliable merger time. On the other hand,

when their results are consistent, within a window between 0.001s and up to 0.005s, then

we can remove the ambiguity introduced when using the NCC approach described in

Section 2.2.4.
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2.3 Bayesian Inference

We compare our data-driven posterior estimation with PyCBC Inference [39, 152,

214], which uses a parallel-tempered MCMC algorithm, emcee pt [73], to evaluate the

posterior probability p(x|y) for the set of source parameters x given the data y. The

posterior is calculated as p(x|y) ∝ p(y|x)p(x) where p(y|x) is the likelihood and p(x) is

the prior. The likelihood function for a set of N detectors is

p(y|x) = exp

−1
2

N∑
i=1

〈ŷi(k) − ŝi(k, x)|ŷi(k) − ŝi(k, x)〉

 , (2.6)

where ŷi(k) and ŝi(k, x) are the frequency-domain representations of the data and the

model waveform for detector i. The inner product 〈·|·〉 is defined as

〈âi(k)|b̂i(k)〉 = 4R
∫ ∞

0

âi(k)b̂i(k)
Pi(k)

dk , (2.7)

where Pi(k) is the PSD of the i-th detector.

We performed the MCMC analysis using the publicly available data from the GWTC-

1 release [10] and used the corresponding publicly available PSD files for each event [3].

We analyse a segment of 8 seconds around the GPS trigger 1167559935.6, with the

data sampled to 2048 Hz. We use the IMRPhenomD [119] waveform model to generate

waveform templates to evaluate the likelihood. We assume uniform priors for the

component masses with m{1,2} ∈ [10M�, 80M�) and uniform priors on the component

spins with a{1,2} ∈ (−0.99, 0.99). We also set uniform priors on the luminosity distance

with DL ∈ [10, 4000)Mpc and the deviation of the arrival time from the trigger time

−0.1 < ∆t < 0.1. We set uniform priors for the coalescence phase and the polarization

angle φc, ψ ∈ [0, 2π). The prior on the inclination angle between the binary’s orbital

angular momentum and the line of sight, ι, is set to be uniform in the sine of the angle,

and the right ascension and declination have priors to be uniform over the sky.
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2.4 Experimental Results

In this section we present two types of results. First, we validate our model with a well

known statistical model. Upon confirming that our deep learning approach is statistically

consistent, we used it to estimate the parameters of five binary black hole mergers.

2.4.1 Validation on Simulated Data

We performed experiments on simulated data that have closed form posterior distributions.

This is important to ascertain the accuracy and reliability of our method. The simulated

data are generated through a linear observation model with additive white Gaussian noise,

y = Ax + n, (2.8)

where the additive noise n ∼ N(0, σ2I). We consider the underlying parameters x ∈ RM

and the linear map A ∈ RK×M, with M = 2 and K = 5. The likelihood function is

p(y|x) =
1

(
√

2πσ)K
exp

(
−
‖y − Ax‖2

2σ2

)
. (2.9)

If we assume the prior distribution of x is a Gaussian distribution with mean 0 and

covariance S , we can get an analytical expression for the posterior distribution of x given

the observation y,

p(x|y) = C exp
(
−

1
2

(y − Σ−1b)T Σ−1(y − Σ−1b)
)
, (2.10)

where

C =
1√

(2π)M |Σ|
, Σ = S −1 +

1
σ2 AT A, b =

1
σ2 AT y .

During the training stage we draw 100 samples of x from its prior p(x), and y is generated

through the linear observation model (2.8). We train a 3-layer model with the model
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Figure 2.2: Comparison of posterior distributions produced by our deep learning
model (red contours) and a Gaussian conjugate prior family whose
posterior distribution (black contours) is given by a closed analytical
model. These data-driven predictions for the 50% and 90% confidence
contours are in agreement with expected statistical results.

objective (2.4), and show three examples of the posterior estimation in Fig 2.2. Therein

we show 50% and 90% confidence contours. Black lines represent ground truth results

(ellipses given the posterior is Gaussian), while the red contours correspond to the neural

network estimations, based on Gaussian kernel density estimation (KDE) with 9,000

samples generated from the network. These results indicate that our deep learning model

can produce reliable and statistically valid results.

2.4.2 Results with Real Events

In this section we use our deep learning models to estimate the medians and poste-

rior distributions of the astrophysical parameters (m1,m2) and (a f , ωR, ωI), respectively,

for five binary black hole mergers: GW150914, GW170104, GW170814, GW190521 and

GW190630.

As described in Section 2.2.1, we consider 1s-long advanced LIGO noise input

data batches, denoted as y, sampled at 4096Hz. We construct two posterior distribution
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Table 2.1: Data-driven and Bayesian results [10, 15] for the median and 90%
confidence intervals of the masses of five binary black hole mergers. The
network signal-to-noise ratio (SNRs) for each event are also provided
for reference.

Our model LIGO [10, 15]

Event m1[M�] m2[M�] m1[M�] m2[M�] SNR

GW150914 38.85+6.90
−4.15 31.20+4.39

−5.94 35.60+4.70
−3.10 30.60+3.00

−4.40 24.4

GW170104 28.90+6.55
−3.80 22.75+3.73

−5.14 30.80+7.80
−5.60 20.00+4.90

−4.60 13.0

GW170814 33.92+9.14
−5.27 24.31+4.13

−5.46 30.60+5.60
−5.30 25.20+2.80

−4.00 15.9

GW190521 46.10+8.77
−6.61 33.74+6.68

−8.47 42.10+5.90
−4.90 32.70+5.40

−6.20 14.4

GW190630 34.00+7.19
−4.43 26.17+4.54

−5.86 35.00+6.90
−5.70 23.60+5.20

−5.10 15.6

estimations, p̂ω,θ(x|y), by minimizing the loss in Eq. (2.4) for (m1,m2) and for (a f , ωR, ωI).

We use two different multivariate normal base distributions for p(z) in the two different

models. To estimate the masses of the binary components, the mean and covariance

matrix (µ,Σ) are: µ = (30, 30),Σ = diag(5, 5); whereas for the final spin and QNMs

model we use: µ = (0.5, 0.55, 0.07),Σ = diag(0.05, 0.03, 0.002). “diag(·)” refers to the

diagonal matrix with “·” being the diagonal elements. The number of normalizing flow

layers also varies for the two models. We use a 3-layer normalizing flow module for

masses prediction, and an 8-layer module for the predictions of final spin and QNMs.

Our first set of results is presented in Figures 2.3, 2.4, and 2.5. These figures provide
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Table 2.2: Data-driven and Bayesian results [10, 15] for the median and 90%
confidence intervals of the final spin of five binary black hole mergers.
Results for the frequencies of the ringdown oscillations, (ωI , ωR), are
directly measured by our model from advanced LIGO’s strain data,
whereas the results quoted for LIGO are estimated using a f values
from [10, 15] and Eq. (2.5) [36].

Our model LIGO [10, 15]

Event a f ωR ωI a f ωR ωI

GW150914 0.71+0.06
−0.07 0.536+0.028

−0.029 0.0805+0.0023
−0.0026 0.69+0.05

−0.04 0.528+0.016
−0.023 0.0811+0.0021

−0.0013

GW170104 0.69+0.06
−0.07 0.530+0.028

−0.030 0.0810+0.0023
−0.0025 0.66+0.08

−0.11 0.515+0.036
−0.033 0.0821+0.0026

−0.0030

GW170814 0.68+0.06
−0.09 0.525+0.028

−0.032 0.0815+0.0024
−0.0024 0.72+0.07

−0.05 0.541+0.037
−0.022 0.0800+0.0018

−0.0037

GW190521 0.73+0.05
−0.06 0.548+0.029

−0.028 0.0795+0.0024
−0.0029 0.72+0.05

−0.07 0.552+0.026
−0.030 0.0800+0.0025

−0.0025

GW190630 0.71+0.06
−0.07 0.535+0.028

−0.030 0.0806+0.0024
−0.0026 0.70+0.06

−0.07 0.532+0.030
−0.028 0.0808+0.0037

−0.0022

the median, and the 50% and 90% confidence intervals, which we computed using

Gaussian KDE estimation with 9,000 samples drawn from the estimated posteriors. In

Tables 2.1 and 2.2 we also present a summary of our data-driven median results and

90% confidence intervals, along with those obtained with traditional Bayesian algorithms

in [10, 15]. Before we present the main highlights of these results, it is important to

emphasize that our results are entirely data-driven. We have not attempted to use deep

learning as a fast interpolator that learns the properties of traditional Bayesian posterior

distributions. Rather, we have allowed deep learning to figure out the physical correlations

37



20 30 40 50 60 70
m1 [M ]

10

15

20

25

30

35

40

45

50

55

m
2
[M

]

90%

50%

True: [m1, m2]

(a) GW150914

20 30 40 50 60 70
m1 [M ]

10

15

20

25

30

35

40

45

50

55

m
2
[M

]

90%50%

True: [m1, m2]

(b) GW170104

20 30 40 50 60 70
m1 [M ]

10

15

20

25

30

35

40

45

50

55

m
2
[M

]

90%
50%

True: [m1, m2]

(c) GW170814

20 30 40 50 60 70
m1 [M ]

10

15

20

25

30

35

40

45

50

55

m
2
[M

] 90%50%

True: [m1, m2]

(d) GW190521

20 30 40 50 60 70
m1 [M ]

10

15

20

25

30

35

40

45

50

55

m
2
[M

]

90%

50%

True: [m1, m2]

(e) GW190630

Figure 2.3: Data-driven posterior distributions, including 50% and 90% confidence
regions, for the masses of black hole mergers.
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Figure 2.4: Data-driven posterior distributions, including 50% and 90% confidence
regions, for (a f , ωR) of black hole mergers.
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Figure 2.5: Data-driven posterior distributions, including 50% and 90% confidence
regions, for (a f , ωI) of real black hole mergers.
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among different parameters that describe the physics of black hole mergers. Furthermore,

we have quantified the statistical consistency of our approach by validating it against a

well known model. This is of paramount importance, since deep learning models may

be constructed to reproduce the properties of traditional Bayesian distributions, but that

fact does not provide enough evidence of their statistical validity or consistency. Finally,

given the nature of the signal processing tools and computing approaches we use in

this study, we do not expect our data-driven results to exactly reproduce the traditional

Bayesian results reported in [10, 15].

Our results may be summarized as follows. Figures 2.3, 2.4, and 2.5 show that our

data-driven posterior distributions encode expected physical correlations for the masses

of the binary components, (m1,m2), and the parameters of the remnant: (a f , ωR) and

(a f , ωI). We also learn that these posterior distributions are determined by the properties

of the noise and loudness of the signal that describes these events. Figure 2.3 presents

a direct comparison between the posterior distributions predicted by our deep learning

models and those produced with PyCBC Inference—marked with dashed lines. These

results show that our deep learning models provide real-time, reliable information about

the astrophysical properties of binary black hole mergers that were detected in three

different observing runs, and which span a broad SNR range.

On the other hand, Tables 2.1 and 2.2 show that our median and 90% confidence inter-

vals are better, similar and in some cases slightly larger than those obtained with Bayesian

algorithms. In these Tables, Bayesian LIGO results for a f are directly taken from [10, 15],

while (ωR, ωI) results are computed using their Bayesian results for a f and the tables

available at [35]. These results indicate that deep learning methods can learn physical

correlations in the data, and provide reliable estimates of the parameters of gravitational

wave sources. To demonstrate that our model represents true statistical properties of the
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Figure 2.6: P-P plot comparing the posterior distributions estimated by the neural
network model for five astrophysical parameters (m1,m2, a f , ωR, ωI).

posterior distribution, we tested the posterior estimation on simulated noisy gravitational

waveforms. We calculate the empirical cumulative distribution function (CDF) of the

number of times the true value for each parameter was found within a given confidence

interval p, as a function of p. We compare the empirical CDF with the true CDF of p in

the P-P plot in Figure 2.6. To obtain the empirical CDF, for each test waveform (1000

waveforms in total) and one-dimensional estimated posterior distribution generated from

the network with 9,000 samples, we record the count of the confidence intervals p (p=1%

, . . . , 100%) where the true parameters fall. The empirical CDF is based on the frequency

of such counts with the 1000 waveforms randomly drawn from the test dataset. Since the

empirical CDFs lie close to the diagonal, we conclude that the networks generate close
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approximation of the posteriors. Furthermore, our data-driven results, including medians

and posterior distributions, can be produced within 2 milliseconds per event using a

single NVIDIA V100 GPU. We expect that these tools will provide the means to assess in

real-time whether the inferred astrophysical parameters of the binary components and

the post-merger remnant adhere to general relativistic predictions. If not, these results

may prompt follow up analyses to investigate whether apparent discrepancies are due to

poor data quality or other astrophysical effects [76].

The reliable astrophysical information inferred in low-latency by deep learning algo-

rithms warrants the extension of this framework to characterize other sources, including

eccentric compact binary mergers, and sources that require the inclusion of higher-order

waveform modes. Furthermore, the use of physics-inspired deep learning architectures

and optimization schemes [117] may enable an accurate measurement of the spin of

binary components. These studies should be pursued in the future.

2.5 Conclusion

We designed neural networks to estimate five parameters that describe the astrophys-

ical properties of binary black holes before and after the merger event. The first two

parameters constrain the masses of the binary components, while the others estimate the

properties of the black hole remnant, namely (m1,m2, a f , ωR, ωI). These models combine

a WaveNet architecture with normalizing flow and contrastive learning to provide statisti-

cally consistent estimates for both simulated distributions, and real gravitational wave

sources.

Our findings indicate that deep learning can abstract physical correlations in complex

data, and then provide reliable predictions for the median and 90% confidence intervals
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for binary black holes that span a broad SNR range. Furthermore, while these models

were trained using only advanced LIGO noise from the first observing run, they were

capable of generalizing to binary black holes that were reported during the first, second

and third observing runs.

These models will be extended in future work to provide informative estimates for

the spin of the binary components, including higher-order waveform modes to better

model the physics of highly spinning and asymmetric mass-ratio black hole systems.
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CHAPTER 3

OBSERVATION OF ECCENTRIC BINARY BLACK HOLE MERGERS WITH

SECOND AND THIRD GENERATION GRAVITATIONAL WAVE DETECTOR

NETWORKS

This paper appeared in Physical Review D, April 2021

Zhuo Chen, E. A. Huerta, Joseph Adamo, Roland Haas, Eamonn O’Shea,

Prayush Kumar, Chris Moore

We introduce an improved version of the Eccentric, Non-spinning, Inspiral-Gaussian-

process Merger Approximant (ENIGMA) waveform model that utilizes a more stable

and robust numerical method to smoothly connect the analytical relativity-based

inspiral evolution with the numerical relativity-based merger phase. We find that this

ready-to-use model can: (i) produce physically consistent signals, without reporting

any failures, when sampling over 1M samples that were randomly chosen over the

m{1, 2} ∈ [5M�, 50M�] parameter space, and the entire range of binary inclination

angles; (ii) produce waveforms within 0.04 seconds, averaged over 1000 iterations,

from an initial gravitational wave frequency fGW = 15 Hz and at a sample rate of

8192 Hz; and (iii) reproduce the physics of quasi-circular mergers, since its overlap

with SEOBNRv4 waveforms is O ≥ 0.99 assuming advanced LIGO zero detuned

high power noise configuration, and signals generated from fGW = 15 Hz. We

utilize ENIGMA to compute the expected signal-to-noise ratio (SNR) distributions

of eccentric binary black hole mergers assuming the existence of second and third

generation gravitational wave detector networks. For second generation detectors,

we assume the geographical location and detection sensitivities of the twin LIGO

detectors, Virgo, KAGRA, LIGO-India, and a LIGO-type detector in Australia.

For third generation detectors, we assume the geographical location of second
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generation detectors, and use the proposed sensitivities of the Cosmic Explorer and

the Einstein Telescope. In the context of advanced LIGO-type detectors, we find

that the SNR of eccentric mergers is always larger than quasi-circular mergers for

systems with e0 ≤ 0.4 at fGW = 10 Hz, even if the timespan of eccentric signals is

just a third of quasi-circular systems with identical total mass and mass-ratio. For

Cosmic Explorer-type detector networks, we find that eccentric mergers have similar

SNRs as quasi-circular systems for e0 ≤ 0.3 at fGW = 10 Hz. Systems with e0 ∼ 0.5

at fGW = 10 Hz have SNRs that range between 50%-90% of the SNR produced by

quasi-circular mergers, even if these eccentric signals are just between a third to a

tenth the length of quasi-circular systems. For Einstein Telescope-type detectors,

we find that eccentric mergers have similar SNRs than quasi-circular systems for

e0 ≤ 0.4 at fGW = 5 Hz. The most eccentric events in our sample, e0 ∼ 0.6 at

fGW = 5 Hz, merge at least five times faster than quasi-circular systems, and may be

detectable with SNRs between 50%-85% the SNR of quasi-circular mergers with

identical binary components.

3.1 Introduction

The gravitational wave (GW) detection of binary black hole (BBH) mergers with the

advanced LIGO [7, 9] and advanced Virgo [17] detectors is now a common occur-

rence [10, 12, 16]. As these detectors gradually reach their target sensitivity, and more

detectors join the existing GW detector network, it is expected that an ever increasing num-

ber of GW observations will enable statistical analyses that may shed new and detailed

information about the astrophysical origin of compact binary sources [34, 33, 200, 57].

In this paper we are particularly interested in BBHs formed in dense stellar environ-

ments, such as core-collapsed globular clusters or galactic nuclei, and are expected to
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enter the frequency band of ground-based GW detectors with non-negligible eccentric-

ity [91, 196, 201, 180, 182, 181, 183, 126, 178, 180, 191, 162, 102, 190, 187, 107, 188,

183, 189, 106, 23, 184, 62, 185, 230, 166, 123, 135, 99, 81, 98, 161, 145, 150, 82, 25,

101, 26, 203, 83, 24, 22]. Recent studies suggest that the expected detection rate of

eccentric BBH mergers for second generation detectors is about 100 mergers per cubic

Gpc per year [11], and about 1700 mergers per cubic Gpc per year for binary neutron

star mergers [153]. For third generation detectors, it may be possible to observe from

several hundred to a few thousand eccentric mergers per cubic Gpc per year [106, 139].

The study and modeling of eccentric BBH systems has gained traction in recent years.

Waveform models that describe the GW emission of these sources has rapidly evolved

from inspiral-only GW models [101, 106, 93, 207, 67, 43, 113, 147, 138, 137], to semi-

analytical and machine-learning based models that describe the inspiral-merger-ringdown

evolution of these GW sources [108, 105, 95, 46, 97, 133, 51]. Numerical relativity

has also been used to obtain insights into the non-linear dynamics of these systems

throughout merger and ringdown [103, 94, 89, 116, 159], and to study the impact of

higher-order waveform modes for the detection of eccentric BBH mergers [164]. Recent

studies have also shed light on how to extract signatures of dynamical formation in GW

sources detected by advanced LIGO and Virgo [175, 11, 208, 160, 225], estimate the

eccentricity of GW signals [139], including the recent detection GW190425 [174].

In this article we introduce an improved version of the inspiral-merger-ringdown

ENIGMA waveform model [108], which describes the GW emission of non-spinning

BHs that evolve on moderately eccentric orbits, to compare the signal-to-noise (SNR)

distribution of quasi-circular and moderately eccentric BBH mergers. This study is

motivated by a number of observations, e.g., it has been documented in the literature that

GWs emitted by BBHs that evolve on moderately eccentric orbits exhibit the following
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properties [103]: (i) the waveform amplitude of eccentric signals tends to be larger than

that of quasi-circular ones during the early inspiral evolution; (ii) GWs produced by

eccentric BBH mergers are shorter than those of quasi-circular BBH mergers. In view

of these observations, one may naturally like to explore the astrophysical scenarios in

which eccentric and quasi-circular BBH mergers have similar SNR distributions, and to

quantify the eccentricity threshold at which condition (i) above no longer compensates

for condition (ii) leading to BBH mergers that produce GWs whose SNRs are lower

than quasi-circular ones. This article aims to shed light on these points in the context of

second and third generation, ground-based GW detector networks.

The rest of this article is organized as follows. Section 3.2 provides a brief description

of the new features in the ENIGMA waveform model [108], and a number of benchmark

analyses we have conducted to thoroughly test it. Section 3.3 introduces data analysis

tools that we use throughout this article. In Section 3.4 we describe the second and third

generation GW detector networks considered in this study, including the power spectral

densities (PDSs) used to represent each GW detector. We present and discuss our results

in Sections 3.4.1 and 3.4.2. We summarize our findings and future work in Section 3.5.

3.2 ENIGMA waveform model

The ENIGMA model has two pieces. The first combines post-Newtonian (PN) results

that describe the dynamics of moderately eccentric BBH mergers, and encompasses

instantaneous, tails and tails-of-tails contributions, and a contribution due to non-linear

memory [108, 28, 27, 42]. This framework is equivalent to the PN approximant TaylorT4

at 3PN order in the zero eccentricity limit. ENIGMA also incorporates higher-order PN

corrections for the energy flux of quasi-circular binaries and gravitational self-force
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corrections to the binding energy of compact binaries up to 6PN order. The equations of

motion that describe the orbital dynamics and the radiative evolution of the system are

expressed in terms of the gauge-invariant quantity x = (Mω)2/3, where M represents the

total mass of the binary and ω is the mean orbital frequency. We use this parametrization

because it provides an accurate description of eccentric BBH mergers when directly

compared to numerical relativity simulations [93, 108, 89].

The second part of the ENIGMA model is a stand-alone merger waveform. Since

ENIGMA is constructed under the assumption that moderately eccentric compact binaries

circularize before merger, this part of the model is designed to describe the late inspiral-

merger-ringdown of quasi-circular BBHs. The merger part is constructed using Gaussian

process emulation [163], i.e., we train a machine learning algorithm to do interpolation

using a dataset of numerical relativity waveforms that describe non-spinning BHs on

quasi-circular orbits [45]. Once trained, this Gaussian emulator produces merger wave-

forms within milliseconds. We then conduct an optimization procedure to identify the

optimal time at which we can smoothly connect the inspiral and merger pieces of the

waveform model. The inclusion of higher-order post-Newtonian and self-force correc-

tions improves the modeling of the inspiral phase, facilitating its attachment to the merger

waveform during the late-time inspiral evolution. We fine-tune this late-time attachment

condition by maximizing the overlap, computed using advanced LIGO zero detuned high

power configuration and a minimum filtering frequency of 15Hz, between quasi-circular

ENIGMA waveforms and SEOBNRv4 waveforms [44]. By construction, the higher-order

PN and self-force results we use to model the inspiral evolution of ENIGMA are reliable for

eccentricities e0 ≤ 0.6—see the analytical expressions used for this purpose in Appendix

A of [105]. Furthermore, since we also assume that the binary systems circularize prior

to attaching the quasi-circular merger waveform, the waveform approximant will only

attach a merger waveform is the residual eccentricity prior to merger is ≤ 0.01. If this
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condition is not met, then the approximant will output an error stating that the residual

eccentricity is too large to attach a quasi-circular merger waveform.

New features of the ENIGMA model The two key improvements to ENIGMA are in the

merger attachment and the handling of the binary inclination angle.

For the merger attachment, we sample the range Mω ∈ [0.02, 0.1] in steps of 1×10−4,

and for each frequency value, Mωi, we construct a complete ENIGMA waveform whose

merger phase is attached at Mωi. Each of these waveforms is then compared with

an SEOBNRv4 waveform that describes the same binary system, densely covering the

parameter space m{1, 2} ∈ [5M�, 50M�].

For this calibration procedure, we use standard tools, namely, if h and s denote

ENIGMA and SEOBNRv4 waveforms, S n( f ) the power spectral density (PSD) of a given

GW detector, and h̃( f ) the Fourier transform of h(t), the noise-weighted inner product

between h and s is given by

(h|s) = 2
∫ f1

f0

h̃∗( f )s̃( f ) + h̃( f )s̃∗( f )
S n( f )

d f . (3.1)

For calibration purposes, we set the initial GW frequency to f0 = fGW = 15 Hz, and use

the zero detuned high power noise curve for advanced LIGO [30] with f1 = 4096 Hz.

The waveforms are produced at a sample rate of 8192 Hz. The overlap between h and s

is defined as

O(h, s) = max
tc φc

(
ĥ|ŝ[tc, φc]

)
with (3.2)

ĥ = h (h|h)−1/2 , (3.3)
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where ŝ[tc, φc] indicate that the normalized waveform ŝ has been time- and phase-shifted.

We then determine the attachment frequency value Mω∗ that maximizes the overlap

between the two aforementioned waveform families across the parameter space under

consideration, and use it to compute the exact attachment time tattach. The previous

description summarizes the method utilized to calibrate ENIGMA in [108]. However, one

realizes that this procedure only tells us that when the orbital frequency during inspiral

meets the condition ωinspiral > ω
∗ then we know that tattach lies within the range [t − dt, t].

Thus, our accuracy is dependent on the size of dt, which for values we have used to

describe binary black hole mergers, i.e., dt = {1/4096s, 1/8192s}, dt may be inaccurate.

To address this limitation and better compute tattach, we have implemented the bisection

root finding method on the range [t − dt, dt] to determine the exact value of tattach. After

this addition, we have tested and found that tattach so obtained is sufficiently accurate up

to the limit of floating point precision. Figure 3.1 shows the difference between the two

methodologies used to construct complete ENIGMA waveforms.

Using the aforementioned approach to produce complete ENIGMA waveforms, Figure 3.2

presents the overlap between our newly recalibrated ENIGMA model in the quasi-circular

limit and SEOBNRv4 waveforms. It is worth pointing out that when we tested waveform

production at scale, we found that we can randomly sample the parameter space shown

in Figure 3.2, and produce 1M waveforms error free. In contrast, about 1% of these

waveforms would not be produced with the previous version of ENIGMA due to instabilities

in the merger attachment routine.

The second improvement to ENIGMA is the handling of the binary inclination angle. In

the original version of ENIGMA, the calibration was conducted assuming zero inclination.

We relax that assumption in this study. While for quasi-circular mergers the inclination

angle enters the amplitude of the plus and cross polarizations as a trivial multiplicative
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Figure 3.1: Comparison between the original ENIGMA model in [108], and the
model introduced in this article that has been recalibrated with the
updated SEOBNRv4 model found in LIGO’s Algorithm Library [131].
The binary black hole system used for this comparison has total mass
M = 40 M�, mass ratio q = 4, and initial eccentricity e0 = 0.1 at
a gravitational wave frequency fGW = 25 Hz. The left panel shows
the phase difference φ1 − φ2 between the gravitational wave templates
around the point in time where the merger-ringdown part is attached
to the inspiral part. Differences before that point are due to using a
different time integration method and interpolation scheme. Phase
differences beyond that are due to the updated matching parameters
obtained when recalibrating against SEOBNRv4. The right panel shows
the + polarization of the gravitational wave strain during the same time
interval. The shaded area is the pre-attachment inspiral region and the
non-shaded area is the merger-ringdown part.

factor, the inclination angle modifies the amplitude of the plus and cross polarizations in

a non-trivial fashion even at the leading-order PN correction level, as shown in Eqs. (8)

and (9) in [105]. In this version of ENIGMA we now provide a robust handling of the

inclination angle when smoothly connecting the inspiral and merger waveforms. To

get a glimpse of the importance of the inclination angle in the morphology of eccentric

mergers, Figure 3.3 presents the real part of the waveform strain that describes a BBH

merger with e0 = 0.3 at fGW = 9 Hz, mass-ratio q = 3 and total mass M = 60M�.

Figure 3.3 shows that in stark contrast with quasi-circular mergers, changing the

inclination angle from i = 0 to i = π/2 does not lead to a simple reduction of the
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Figure 3.2: Overlap distribution between ENIGMA and SEOBNRv4 ROM waveforms
for component masses 5 M� ≤ m{1, 2} ≤ 50 M�. These results were
produced assuming advanced LIGO zero detuned high power PSD
configuration, and setting a minimum gravitational wave frequency of
fGW = 15 Hz in Equation (3.2).

waveform amplitude by an overall factor of 1/2. Rather, we see that the morphology of

the two waveforms is rather different, see e.g., the slope of the signals near the peaks

and valleys. One may understand these changes by looking at Equations (8) and (9)

in [105]. There we see that the inclination angle enters in two different pieces. The first

one, proportional to 1 + cos2 i, is also present in quasi-circular mergers. However, the

second piece, proportional to ∼ sin2 i, is the one driving the changes in the morphology

of the waveforms.

In Section 3.4 we explore in detail the impact of the binary inclination angle in the SNR
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Figure 3.3: Real part of the waveform strain produced by a binary black hole
merger with parameters e0 = 0.3 at a gravitational wave frequency of
fGW = 9Hz, mass-ratio q = 3 and total mass M = 60M�. Note the
impact of the inclination angle in the amplitude of the waveform signal
for two sample cases i = {0, π/2}.

distributions of eccentric BBH mergers for second and third generation GW detector

networks. We introduce a minimal set of data analysis tools we require for such analyses

in the following section.

3.3 Data analysis toolkit

The SNR of a detector network is given by the sum of the power of the individual

detectors [72]

ρ2
N =

ND∑
k=1

ρ2
k , (3.4)
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where ND is the number of detectors and where we define the individual SNRs as

ρ2
k = 2

∫ f1

f0

|hk( f )|2

S h( f )
d f , (3.5)

where hk( f ) is the waveform projected onto the k-th detector. Averaging over the polar-

ization angle, ψ, we obtain

〈
ρ2

N

〉
= 2

∑
k

(F2
+,k + F2

×,k)
∫ f1

f0

|h( f )|2

S h( f )
d f , (3.6)

where F+,k and F×,k are the antenna patterns of the individual detectors. As noted in [193],

this integral does not depend on k and may therefore be taken outside the sum. Following

the conventions described in [193], the antenna pattern functions are given by

F+ = sin η[a cos(2ψ) + b sin(2ψ)], (3.7)

F× = sin η[b cos(2ψ) − a sin(2ψ)], (3.8)

where the functions a and b are given by
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a =
1
16

sin(2χ)[3 − cos(2β)][3 − cos(2θ)] cos[2(φ + λ)]+

1
4

cos(2χ) sin(β)[3 − cos(2θ)] sin[2(φ + λ)]+

1
4

sin(2χ) sin(2β) sin(2θ) cos(φ + λ)+

1
2

cos(2χ) cos(β) sin(2θ) sin(φ + λ)+

3
4

sin(2χ) cos2(β) sin2(θ) , (3.9)

b = cos(2χ) sin(β) cos(θ) cos[2(φ + λ)]−

1
4

sin(2χ)[3 − cos(2β)] cos(θ) sin[2(φ + λ)]+

cos(2χ) cos(β) sin(θ) cos(φ + λ)−

1
2

sin(2χ) sin(2β) sin(θ) sin(φ + λ) . (3.10)

The source location is determined by the spherical coordinates on the sky, (θ, φ); and

(β, λ) indicate the latitude and longitude location of GW detectors; the bisector of the

GW detector’s arms points in the χ direction which is measured counter-clockwise from

East. The GW detector arms have an opening angle η. As described in [193], in this

coordinate system the celestial coordinates (θ, φ) are aligned with latitude and longitude

in such a way that the equators of both systems coincide, and (θ = π/2, φ = 0) is in the

zenith direction above (β = 0, λ = 0). In what follows, we present results for

ρ̃ = 〈ρ2
N〉

1/2 . (3.11)

Furthermore, since we want to compare the SNR distribution of eccentric BBH popula-

tions with respect to quasi-circular BBH mergers, we will present our results using the

metric
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Label Longitude Latitude Orientation

L 90◦ 46’ 27.3” W 30◦ 33’ 46.4” N 208.0◦(WSW)
H 119◦ 24’ 27.6” W 46◦ 27’ 18.5” N 279.0◦(NW)
V 10◦ 30’ 16” E 43◦ 37’ 53” N 333.5◦(NNW)
K 137◦ 10’ 48” E 36◦ 15’ 00” N 20.0◦(WNW)
LI 74◦ 02’ 59” E 19◦ 05’ 47” N 270.0◦(W)
A 115◦ 42’ 51” E 31◦ 21’ 29” S 45.0◦(NE)

Table 3.1: Geographical location of the gravitational wave interferometers consid-
ered in this study. Labels are - LIGO Livingstone: L; LIGO Hanford:
H; Virgo: V; KAGRA: K; LIGO India: LI; and a gravitational wave
detector in Australia, AIGO, is labelled as A

∆ρ̃ = 100 ×
ρ̃(e0; θ, φ) − ρ̃(e0 = 0; θ, φ)

ρ̃LHV(e0 = 0; θ∗, φ∗)
, (3.12)

where ρ̃(e0; θ, φ) is the detector network SNR of a BBH system with initial eccentricity

e0 at a GW frequency f0; ρ̃(e0 = 0; θ, φ) is the detector network SNR for the same BBH

system but now assuming it is quasi-circular; and ρ̃LHV(e0 = 0; θ∗, φ∗) is the maximum

SNR of a quasi-circular BBH population across the sky assuming a network consisting

of GW detectors located at the LIGO Livingston (L), LIGO Hanford (H) and Virgo (V)

sites—or LHV from now on.

3.4 Signal-to-noise ratio distributions for second and third genera-

tion gravitational wave detector networks

We consider second and third generation, ground-based GW detector networks, whose

geographical locations are listed in Table 3.1. We use the following nomenclature in

Table 3.1: LIGO Livingstone: L; LIGO Hanford: H; Virgo: V; KAGRA: K; LIGO India:

LI; and a gravitational wave detector in Australia, AIGO, is labelled as A.
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Figure 3.4: Power Spectral Density configurations of advanced LIGO, advance
Virgo, Kagra, Cosmic Explorer, and the Einstein Telescope. We used
the data provided in [30, 69] to model the sensitivity of these second
and third generation gravitational wave detectors.

The PSD of each detector used in these studies was obtained from the open source files

at [30, 69], and are shown in Figure 3.4. Note that we have assumed that the opening

angle of all detectors is η = π/2. The actual networks we consider for second-generation

GW detectors are:

• L+H+V. Herein we assume the target PSD for advanced LIGO for both L&H, and the

target PSD for V.

• L+H+V+K. As the network above, and now also using the target PSD for K.

• L+H+V+K+LI+A. As the network above, and setting the PSDs for LI&A to be the

same as for L.
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For third generation detector networks that involve Cosmic Explorer [165] or the

Einstein Telescope, we will consider the same geographical locations for individual

detectors as listed in Table 3.1, and replace PSD with the target sensitivity of Cosmic

Explorer and the Einstein Telescope, configuration D (ET-D) [158, 20], as described

in [30, 69].
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Figure 3.5: Effect of the power spectral sensitivity of Advanced LIGO (left), Cos-
mic Explorer (center) and ET-D (right) on a waveform signal that
describes a binary system with component masses (50M�, 10M�), and
eccentricity of e0 = 0 (blue, dashed curve) and e0 = 0.5 (orange, solid
curve), both measured at a gravitational wave frequency fGW = 4 Hz.
The quasi-circular signal is 126.27s long, while the eccentric signal is
37.32s long. Eccentricity-driven amplitude amplifications are clearly
noticeable throughout the entire evolution (the orange signal is louder
throughout, see also insets which show data in a 1s interval at the begin-
ning of the eccentric signal). Data are normalized to have a maximum
amplitude of unity.
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To motivate the results we present in the following sections, in Figure 3.5 we present

a waveform that describes the merger of a BBH with component masses (50M�, 10M�),

and e0 = 0.5 at fGW = 4 Hz. The signal is whitened with the target PSDs for advanced

LIGO, Cosmic Explorer and the ET-D. We notice that Cosmic Explorer and ET-D magnify

amplifications in the amplitude of the waveform that are driven by orbital eccentricity.

The key point is that these amplifications occur at lower frequencies, or early times in

the waveform signal, in such a way that when we compute the SNR of these eccentric

mergers, amplitude magnifications compensate for the shrinkage in timespan that is also

driven by orbital eccentricity. For this particular case, this eccentric waveform is just a

fifth the length of its quasi-circular counterpart. However, as we discuss below, the SNR

of eccentric and quasi-circular systems are comparable. These observations will drive

the presentation of our results in the following sections.

3.4.1 SNR distributions for second generation detector networks

In this section we present our findings for second generation detector networks. We

have found that we can extract the most physics from the observation of eccentric BBH

mergers when we take into the account two key properties that drive the evolution of

eccentric mergers, i.e., the reduction in the length of waveform signals, and the rate at

which SNR is accumulated.

To motivate this discussion, Figure 3.6 presents SNR distributions of eccentric BBH

mergers, normalized with respect to quasi-circular BBH systems, assuming eccentricities

e0 ≤ 0.5 measured at fGW = 9Hz. The SNR distributions are computed by setting

f0 = 11 Hz and f1 = 4096 Hz in Eq. (3.5), and assuming a single advanced LIGO

detector.
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Figure 3.6: Length and signal-to-noise-ratio of eccentric binary black hole
mergers relative to quasi-circular systems. Both panels show
systems with total mass 20M� ≤ M ≤ 100M� and mass-
ratios 1 ≤ q ≤ 5. In these panels, relative SNR is
SNR(eccentric)/SNR(quasi-circular), and relative duration is
duration(eccentric)/duration(quasi-circular).

The panels in Figure 3.6 present results for BBH systems with total masses 20M� ≤

M ≤ 100M� and mass-ratios 1 ≤ q ≤ 5. These panels show the interplay between total

mass and mass-ratio in the SNR distribution of eccentric mergers. These results show that

heavier binaries have larger SNRs, and that they tend to have shorter duration in band.

These results show that the SNR of eccentric mergers will be between [0.8−1.2]×SNR of

quasi-circular mergers that have the same mass-ratio and total mass. The most dramatic

finding in these studies is that for these extreme scenarios in which the SNR of e0 ∼ 0.5
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mergers is similar to quasi-circular events, the waveform length of eccentric systems

is about eight times shorter for equal mass systems, and five times shorter for q = 5

systems. In other words, the rate at which SNR is accumulated for eccentric mergers is

significantly faster than for quasi-circular mergers. We will study this point in further

detail below.

In order to provide a visual representation of the importance of having access to a global

detector network, we have quantified the SNR sky distribution for a few sample cases with

component masses m{1, 2} = {(30M�, 30M�) , (50M�, 10M�)}, with eccentricities e0 ≤ 0.5

measured at fGW = 9Hz. The SNR distributions are computed by setting f0 = 11 Hz and

f1 = 4096 Hz in Eq. (3.5). Highlights of these results include:

• Figure 3.7 shows that for systems with component masses (30M�, 30M�), a gradual

increase in eccentricity drives a corresponding boost in SNR. This effect reaches

a maximum for e0 = 0.4, with a net SNR increase of ∆SNR ∼ 12% with respect

to quasi-circular systems. Systems with larger eccentricity, e0 = 0.5, have similar

SNRs than quasi-circular mergers. In other words, for e0 ≥ 0.4 BBH mergers the

increase in amplitude of the signal at lower frequencies no longer compensates for

the shrinkage in the waveform length. We can extract this information by looking

at the sky maps from top to bottom. If we now look at them from left to right, we

learn that a larger detector network increases the loudness of signals across the sky,

while also forming distinct detection hot spots, e.g., see the sky map for e0 = 0.4

assuming a 6 detector network.

• Figure 3.8 shows that asymmetric mass-ratio BBH mergers produce louder mergers

than comparable mass-ratio systems for larger values of eccentricity. In this case,

(50M�, 10M�) systems report a net increase in SNR, ∆SNR ∼ 30% for e0 = 0.5.
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Figure 3.7: Using the metric provided in Eq. 3.12, these sky maps show the relative
signal-to-noise difference between eccentric and quasi-circular black
hole mergers with component masses (30M�, 30M�). We use the Moll-
weide projection (ϑ, ϕ)→ (π/2 − θ, φ − π), averaged over polarization
angles, and set the binary inclination angle to i = π/4. The range of
eccentricity increases from top to bottom, while the size of the detector
network increases from left to right. Additional results for i = 0 are
presented in Appendix A.
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Figure 3.8: As Figure 3.7 but now for black hole mergers with component masses
(50M�, 10M�).
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3.4.2 Third generation detector networks

We consider two configurations for third generation detector networks. In these two cases

the geographical location of the GW detectors is identical to those listed in Table 3.1.

The only difference is that we replace the PSD of each of these detectors using the target

sensitivity of either Cosmic Explorer or ET-D.

Cosmic Explorer This is a proposed L-shaped detector, based in the US, whose arms

will be 10 times longer that advanced LIGO’s. Details regarding Cosmic Explorer’s

layout, scale, technology and science scope may be found at [54].

To provide a high level description of the importance of eccentricity, total mass and

mass-ratio for the observation of BBH mergers, we consider a single Cosmic Explorer

detector, and compute the SNR and waveform length of BBH systems with total mass

20M� ≤ M ≤ 100, mass-ratios 1 ≤ q ≤ 5, and e0 ≤ 0.5 measured at fGW = 9 Hz. We

compute SNR distributions setting f0 = 11 Hz and f1 = 4096 Hz in Eq. (3.5). We have set

these parameters for the computation of SNR to provide a direct comparison to advanced

LIGO-type detectors. The key difference is that Cosmic Explore provides enhanced

sensitivity at lower frequencies, as shown in Figure 3.4. These results, presented in the

top panels of Figure 3.9, show that the SNR distributions of eccentric and quasi-circular

mergers are comparable up to eccentricities e0 ≤ 0.4. However, there is a significant drop

in SNR for systems with e0 ∼ 0.5.

We also provide results to visualize the SNR sky distribution for a detector network

of Cosmic Explorers for two cases that describe BBH mergers with component masses

m{1, 2} = {(30M�, 30M�) , (50M�, 10M�)}, with eccentricities e0 ≤ 0.5 measured at fGW =

9Hz. The SNR distributions are computed by setting f0 = 11 Hz and f1 = 4096 Hz in

Eq. (3.5). Relevant findings include:
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Figure 3.9: As Figure 3.6, but now for Cosmic Explorer (top panels) and ET-D
(bottom panels). As before, these results present systems with total
mass 20M� ≤ M ≤ 100M� and mass-ratios 1 ≤ q ≤ 5.

• Figure 3.10 shows that, for equal mass-ratio BBH mergers, eccentric and quasi-

circular systems have comparable SNR sky distributions for e0 ≤ 0.4. We notice

that in some cold spots, quasi-circular systems are ∼ 34% louder than e0 = 0.5

BBH systems. Compared to similar systems presented in Figure 3.7 for second

generation detector networks, we notice that Cosmic Explorer will be able to

clearly tell apart these two types of populations through their SNR distributions for

eccentricities e0 ≥ 0.4.

• Figure 3.11 presents SNR sky distributions for BBH mergers with masses

(50M�, 10M�). These results show that larger mass-ratios tend to attenuate SNR

suppression for the most eccentric systems. Notice that while for equal mass-ratio

systems with e0 ∼ 0.5 the SNR drops by ∼ 36%, in this case the SNR is ∼ 24%

the SNR of quasi-circular mergers with identical total mass and mass-ratio. This

finding is also consistent with results presented for second generation detector

networks.
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In summary, we find that in the context of the Cosmic Explorer, the SNR of eccentric

and quasi-circular BBH mergers is comparable for eccentricities e0 ≥ 0.4. As we discuss

in the following section, we can disentangle this apparent similarity when we look at

the rate at which SNR is accumulated. We also find that quasi-circular mergers are

significantly louder than eccentric ones for e0 ∼ 0.5.

Einstein Telescope D This is a proposed third generation detector, based in Europe, that

aims to improve the target sensitivity of advanced LIGO-type detectors by an order of

magnitude. In this study, we assume a geometry in which the detectors arms are 10km

long, L-shaped, and consider the ET-D sensitivity curve for all calculations. Information

regarding the conceptual design and the fundamental physics that may be accomplished

with the Einstein Telescope may be found at [140, 68].

As we did for Cosmic Explorer, we begin this discussion by providing a high level

overview of the detectability of eccentric BBH mergers with ET-D. It is worth mentioning

that given the planned sensitivity for ET-D at lower frequencies, we can now produce

waveforms from fGW = 4 Hz, which enables us to explore systems with a broader range

of eccentricities, e.g., e0 ≤ 0.6. We compute the SNR distributions setting f0 = 5 Hz and

f1 = 4096 Hz in Eq. (3.5).

The bottom panels in Figure 3.9 show that the SNR of eccentric and quasi-circular

systems is comparable for eccentricities e0 ≤ 0.5. This is worth highlighting in view that

eccentric BBH mergers with e0 ∼ 0.5 had significantly lower SNRs than quasi-circular

mergers with identical total mass and mass-ratio when observed with Cosmic Explorer. In

the case of ET-D, we find that quasi-circular BBH mergers become louder than eccentric

mergers for e0 ∼ 0.6. We may understand this result if we consider that the improved

sensitivity of ET-D at lower frequencies amplifies the enhancement in the waveform

signal, driven by eccentricity corrections, thereby compensating for the signal reduction
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of such highly eccentric systems.

We have also produce SNR sky distributions for ET-D detector networks. For

consistency, we present results for systems with component masses m{1, 2} =

{(30M�, 30M�) , (50M�, 10M�)}, with eccentricities e0 ≤ 0.6 are measured at fGW = 4Hz.

The SNR distributions are computed by setting f0 = 5 Hz and f1 = 4096 Hz in Eq. (3.5).

Some observations we draw from these results include:

• We notice that for equal mass binaries, Figure 3.12, the SNR sky distributions of

quasi-circular and eccentric mergers are comparable for eccentricities in the range

e0 < 0.5. This is truly remarkable if one considers that these eccentric systems

have less than half the timespan of their quasi-circular counterparts. These results

underscore the impact that third generation GW detectors will have at boosting the

amplitude amplifications driven by eccentricity at lower frequencies, which will

actually compensate for the dramatic reduction in waveform timespan for signals

with e0 ∼ 0.5.

• As we have discussed before, asymmetric mass-ratio systems tend to attenuate

the SNR suppression in eccentric mergers. For instance, for the most eccentric

systems in our sample, see Figure 3.13, the SNR reduction for e0 ∼ 0.6 mergers

is about 40% the SNR of an equivalent system with zero eccentricity. In contrast,

Figure 3.12 shows that for comparable mass-ratio mergers, quasi-circular systems

are 50% louder than e0 ∼ 0.6 BBH mergers with the same total mass and mass-

ratio.

These results present a number of unique properties of eccentric mergers that may

be used to differentiate them from quasi-circular BBHs. It is worth mentioning that

while spin corrections may mimic the physics of moderately eccentric mergers, as shown
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in [105], the effects of eccentricity we have discussed are unique for moderate values of

eccentricity for second or third generation GW detector networks. No spin effects are

capable of amplifying the waveform amplitude and shortening the waveform timespan in

the way shown in Figures 3.5, 3.6, and 3.9, or to accelerate the accumulation of SNR at

the rate we presented in this section.

3.5 Conclusions

We have introduced an improved version of the ENIGMAmodel that provides a numerically

stable approach to attach the merger waveform to the inspiral evolution, as well as the

inclusion of the binary inclination angle, which is a key feature that not only modifies

the amplitude evolution of eccentric mergers, but also encodes additional physics even

at leading order post-Newtonian corrections. We have tested the robustness of our

waveform generator, finding that we can randomly sample the m{1, 2} ∈ [5M�, 50M�]

parameter space, varying the inclination angle, and produce over 1M physically consistent

waveforms without reporting any errors. We then established its accuracy in the quasi-

circular limit by computing overlaps with the SEOBNRv4model, finding overlapsO ≥ 0.99

over the parameter space of applicability for ENIGMA. We benchmarked ENIGMA, finding

that, averaged over 1000 iterations, it can produce a single waveform from fGW = 15 Hz

at a sample rate of 8192 Hz within 0.04 seconds.

We then explored the properties of SNR sky distributions produced by eccentric

and quasi-circular BBH mergers in the context of second and third generation GW

detectors. Our results indicate that SNR sky distributions tend to present eccentric and

quasi-circular mergers as similar events, which may only be differentiated for rather

eccentric BBH populations. We have introduced a complementary method to tell apart
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Figure 3.10: As Figure 3.7, but now assuming that the PSD of each detector corre-
sponds to the target sensitivity of Cosmic Explorer. These results are
produced assuming binary black hole mergers with component masses
(30M�, 30M�). As before, we have used the Mollweide projection,
averaged over polarization angles, and set the binary inclination angle
to i = π/4. See Appendix A for results assuming i = 0.
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Figure 3.11: As Figure 3.10 but now for component masses (50M�, 10M�).
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Figure 3.12: As Figure 3.7, but now assuming that the PSD of each detector cor-
responds to the target sensitivity of ET-D. These results are pro-
duced assuming binary black hole mergers with component masses
(30M�, 30M�). As before, we have used the Mollweide projection,
averaged over polarization angles, and set the binary inclination angle
to i = π/4. See Appendix A for results assuming i = 0.

73



-0.07-0.18-0.45-1.11-2.75-6.79-16.8-41.4 0 0.11 0.38 1.37 4.9

 [%]

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

L+H+V
(50M , 10M )   e0=0.1 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

L+H+V+K
(50M , 10M )   e0=0.1 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

L+H+V+K+LI+A
(50M , 10M )   e0=0.1 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.2 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.2 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.2 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.3 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.3 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.3 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.4 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.4 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.4 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.5 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.5 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.5 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.6 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.6 

-3
4 -2 -4 0 4 2

3
4

-3

-6

0
6

3

(50M , 10M )   e0=0.6 

Figure 3.13: As Figure 3.12 but now for component masses (50M�, 10M�).
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these two populations that consists of studying the rate at which SNR accumulates in

eccentric mergers, demonstrating that such approach exhibits tell-tale signatures that may

not be mimicked by other orbital effects, such as spin corrections.

With these studies we introduce a ready-to-use ENIGMAmodel that may be readily put

at work to conduct GW searches of eccentric events in similar manner to those presented

in [153, 127], or to constrain the eccentricity of all BBH mergers detected by LIGO and

Virgo to date. It may be timely and relevant to assess the use of ENIGMA waveforms to

recover the astrophysical parameters of eccentric BBH mergers using well characterized

eccentric numerical relativity waveforms [103, 94, 89, 159] embedded in real advanced

LIGO noise to quantify the biases that are introduced by noise and intrinsic waveform

errors in parameter estimation studies. These studies will be pursued in the near future.
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CHAPTER 4

CORRELATIONS IN PARAMETER ESTIMATION OF LOW-MASS

ECCENTRIC BINARIES: GW151226 & GW170608

This paper to be submitted for publication in Physical Review D

Eamonn O’Shea, Prayush Kumar

The eccentricity of binary black hole mergers is predicted to be an indicator of the

history of their formation. In particular, eccentricity is a strong signature of dynami-

cal formation rather than formation by stellar evolution in isolated stellar systems.

It has been shown that searches for eccentric signals with quasi-circular templates

can lead to loss of SNR, and some signals could be missed by such a pipeline. We

investigate the efficacy of the existing quasi-circular parameter estimation pipelines

to determine the source parameters of such eccentric systems. We create a set of

simulated signals with eccentricity up to 0.3 and find that as the eccentricity in-

creases, the recovered mass parameters are consistent with those of a binary with up

to a ≈ 10% higher chirp mass and mass ratio closer to unity. We also employ a full

inspiral-merger-ringdown waveform model to perform parameter estimation on two

gravitational wave events, GW151226 and GW170608, to investigate this bias on

real data. We find that the correlation between the masses and eccentricity persists

in real data, but that there is also a correlation between the measured eccentricity

and effective spin. In particular, using a non-spinning prior results in a spurious

eccentricity measurement for GW151226. Performing parameter estimation with

an aligned spin, eccentric model, we constrain the eccentricities of GW151226 and

GW170608 to be < 0.15 and < 0.12 respectively.
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4.1 Introduction

As of 2021, the Laser Interferometer Gravitatonal-wave Observatory (LIGO) and the

Virgo observatory have detected gravitational wave (GW) signals from dozens of binary

black hole (BBH) mergers during their first three observing runs [15]. As the field of

gravitational wave astronomy moves forward, the network of Earth-based detectors will

be joined by KAGRA [198], LIGO India [209], Cosmic Explorer (CE) [165] and the

Einstein Telescope (ET) [140]. Expanding the network to include more geographical

locations will improve the sky localization of events, and the increased sensitivity of

future detectors (CE and ET) will increase our detection rates, particularly at lower

frequencies.

The mechanisms of formation and merging of these binary systems are the subject of

active research [142, 21, 228]. One possibility is that of isolated binary formation, either

through formation of a common envelope phase [115, 134, 124], or through chemically

homogeneous evolution [56, 57]. This formation channel generally results in black holes

with lower masses, ∼< 50 M�, and aligned spins [229].

Another possible formation channel that can account for the rate of mergers seen is

that of dynamical binary evolution in dense globular clusters [231, 171, 173, 169, 154]

or in AGN disks [227, 144, 88]. In the case of dense environments, binary black holes

merge after undergoing many interactions with third bodies or other binaries. Dynamical

interactions can produce multiple generations of mergers. Such formation channels lead

to binaries with higher mass [80, 172] that can lie in the supernova pair-instability mass

gap [223, 222], isotropic spins [173, 204], and eccentricity [166, 186, 230]. In such cases

the eccentricity of a binary can be driven to non-zero values through the Lidov-Kozai

effect [130, 121]. By performing Monte Carlo simulations of such dense clusters, it
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has been shown [183, 167] that on the order of 5% of mergers in globular clusters can

have eccentricity > 0.1 when the frequency of their orbits enters the sensitivity band

of terrestrial GW detectors at 10 Hz. Interactions within AGN disks can also lead to

binaries with measurable eccentricity [202, 179]. Orbital eccentricity is therefore striking

evidence that can conclusively establish dense clusters as breeding grounds for compact

binary mergers.

The presence of eccentricity in any of the gravitational waveforms seen thus far has

yet to be conclusively established. Direct searches for eccentric neutron-star candidates in

LIGO’s O2 data have yielded no detections [153]. There have also been studies [175, 225]

to measure orbital eccentricities of merger events in GWTC-1, and the eccentricities of

the two neutron star events [127]. While they agree that most observed GW signals are

sourced from quasi-circular binary mergers, one of the studies finds evidence of residual

orbital eccentricity in a couple of events [225]. There is statistical evidence that at least

one merger in GWTC-2 is the result of hierarchical mergers [228] and that GW190521 is

favoured to have formed from the merger of second generation black holes [120]. There

is some evidence that it could be the result of an eccentric merger [77], although it could

be indistinguishable from a precessing, quasi-circular binary merger [176] given the short

length of the signal.

Our ability to accurately determine the eccentricity of mergers such as GW190521

should increase as the network of detectors expands to include deciHertz detectors. It

has been shown that the addition of detectors such as Cosmic Explorer and the Einstein

Telescope will increase signal-to-noise ratio (SNR) of eccentric signals, in some cases to

higher SNRs than similar quasi-circular systems [50].

There has been previous work to investigate the effect that eccentric signals can

have on the detectability of eccentric signals when the quasi-circular template banks that
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LIGO/Virgo currently employs are used [208, 101]. Mildly eccentric systems can still

be detected by the pipelines, but with a loss of SNR. However, moderately eccentric

(e0 > 0.275) systems would likely be missed by search pipelines [108]. Once detected,

ignoring eccentricity could still lead us to infer with biases other intrinsic parameters of

the source.

In this paper we pursue two related goals. The first is to understand how our lack

of inclusion of orbital eccentricity in waveform templates alters our inference on the

source parameters of GW signals. To this end we simulate a set of eccentric inspiral-

merger-ringdown (IMR) signals and perform Bayesian parameter estimation on them

using waveform templates that represent binary mergers on quasi-circular orbits. We find

that as we increase the orbital eccentricity of GW sources, our quasi-circular templates

furnish larger chirp mass values and less asymmetric mass ratios than the those simulated.

Although eccentricity alters the rate of inspiral in the same way a larger chirp mass

does [156], it also introduces modulations in the orbital frequency as a function of time

to make the phase evolution qualitatively very different from what a shift in binary

masses does. This bias is therefore not obvious, especially when considering the full

inspiral-merger-ringdown. We quantify the bias to find an O(10%) drift in chirp mass

measurement alone, which is significant given that the measurement precision on the

chirp mass is smaller than O(1%). We also find a similarly significant bias in the

measurement of binary mass ratio. Our quantitative findings are consistent with previous

results [143, 127].

Our second goal is to investigate whether this bias appears with real GW events.

To this end, we show that GW151226 and GW170608 are possibly eccentric binary

mergers, as Ref. [225] found and Ref. [175] disputed. In particular, we find that if we

use a non-spinning, eccentric waveform approximant to perform parameter estimation,
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GW151226 is consistent with a moderately eccentric event, with a chirp mass that is an

underestimate of that found by the LVC [10]. However, if we use an eccentric model

that also allows for black hole spins (aligned with the orbital angular momentum, i.e.

non-precessing), GW151226 is consistent with a non-eccentric event with non-zero spin,

in agreement with the LVC [10].The implication that the eccentricity measurement can

be correlated with the measured masses and spins implies that non-spinning eccentric

approximants may be insufficient for the measurement of eccentricities of binary black

holes, especially if the objects are spinning.

In Section 4.2 we describe our methods, including a description of the waveform

models we use in 4.2.1. In Section 4.2.2 we describe the setup for our parameter

estimation runs using BILBY. Section 4.3.1 details the eccentric simulated signals and

results of their recovery with quasi-circular templates. In Section 4.3.2 we employ a

full IMR, eccentric waveform to perform parameter estimation on the two GW events

described above, with and without spins included in our prior. We follow up our studies

on real events in Section 4.3.3 by simulating the best fit quasi-circular parameters for

these events, and performing inference with the same eccentric IMR model to determine

how their parameters would be recovered if they were truly non-eccentric.

Throughout, we refer to mass as measured in the detector frame. We denote eccen-

tricity as e0, meaning eccentricity at a particular reference frequency.

4.2 Methods
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(a) q = 1, e = 0 (b) q = 1, e = 0.3

(c) q = 0.33, e = 0 (d) q = 0.33, e = 0.3

Figure 4.1: Comparison of parameter estimation results for simulated signals of
zero and moderate eccentricity using IMRPhenomD as the likelihood
model and TEOBResumE as the signal model. Shown are the posterior
distributions of chirp massMc, symmetric mass ratio η, luminosity
distance DL and inclination ι, where the red lines indicate signal’s
values.

4.2.1 Waveform models

Detection and characterization of the source properties of eccentric signals require

accurate and efficient waveform models. Some of the existing waveform models use

a post-Newtonian description and only predict the inspiral portion of the signal, such

as the EccentricFD [106] and EccentricTD [205], which are both implemented in

LALsuite [131]. Recently, models have been developed to produce full inspiral-merger-

ringdown (IMR) waveform for eccentric binaries, by hybridizing eccentric inspiral signals
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with a quasi-circular merger-ringdown portion (ENIGMA) [108], through an effective

one-body (EOB) formalism [46, 51], or by surrogate modelling of numerical relativity

waveforms [114].

The first eccentric model we use is the inspiral portion of ENIGMA [108]. ENIGMA

is a time-domain model designed to produce full inspiral-merger-ringdown waveforms

up to moderate eccentricities. ENIGMA incorporates corrections for the energy flux of

quasi-circular binaries and gravitational self-force corrections to the binding energy of

compact binaries up to 6PN order. Higher-order corrections to the effect of the inclination

angle on the inspiral waveform were introduced in [50]. The framework coincides

with the TaylorT4 approximant at 3PN order in the zero-eccentricity limit. We opt to

use the inspiral portion of the model alone in our analyses, for reasons elaborated in

Appendix B. In order to produce the inspiral waveform, we integrate the equations of

motion from [108] until the expansion parameter x = (Mω)2/3, reaches the Schwarzschild

innermost stable circular orbit (ISCO), at xIS CO = 1
6 . Here, M is the total mass of the

binary and ω is the mean orbital frequency. We refer the reader to [108, 50] for more

details.

The second waveform model we use is an extension of the full IMR quasi-circular

model TEOBiResumS SM [148] to include eccentric effects, which was introduced in [51].

This model, which we will refer to as TEOBResumE, alters the angular momentum flux

portion of TEOBiResumS SM with a Newtonian-like prefactor, which generalizes the

quasi-circular model to moderate eccentricities (e ≈ 0.3). We have used the publicly

available implementation at [6] without any changes to the core routines. However,

we have loosened the absolute and relative error tolerances of its ODE integrator from

their default values of 10−13 and 10−11 to 10−8 and 10−7. We find that this allows

the likelihood function to be evaluated on the O(10−2 s) timescale, which makes full
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parameter estimation analyses viable. To ensure that loosening this tolerance does not

significantly degrade the produced waveforms, we calculate the mismatch,

M = 1 −
〈hstrict|hloose〉

〈hstrict|hstrict〉
(4.1)

between the stricter waveform hstrict and the looser waveform hloose, where we use the

straightforward inner product between two time series

〈a|b〉 =

∫
a(t)b(t)dt. (4.2)

We find that waveform generation is robust to such changes with the ODE integrator, and

the mismatches differ by no more than 10−3 over the parameter space.

4.2.2 Parameter estimation

We use the python package BILBY [29] to simulate the signals and perform parameter

estimation. BILBY calculates the posterior distribution p(θ|y) for the set of source

parameters θ given the data y, according to Bayes’ theorem, p(θ|y) ∝ p(y|θ)p(θ) where

p(y|θ) is the likelihood and p(θ) is the prior. The likelihood function for a set of N

detectors is the standard used for gravitational wave astronomy:

p(y|θ) = exp

−1
2

N∑
i=1

〈ŷi( f ) − ŝi( f , θ)|ŷi( f ) − ŝi( f , θ)〉

 , (4.3)

where ŷi( f ) and ŝi( f , θ) are the frequency-domain representations of the data and the

model waveform. The inner product 〈·|·〉 is given by

〈âi( f )|b̂i( f )〉 = 4Re
∫ fmax

fmin

âi( f )b̂i( f )
S i

n( f )
d f , (4.4)

with the weight factor S i
n( f ) being the advanced LIGO power spectral density (PSD).

Superscript i labels the detector, in our case either LIGO Hanford or LIGO Livingston. We

use the zero-detuning high-power noise curves [1]. The interpretation of this likelihood
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Parameter Simulated value
q { 1, 0.5, 0.33 }
e { 0, 0.001, 0.01, 0.05, 0.1, 0.2, 0.3 }

MT 20. M�

DL 400 Mpc
ι 0.4
α 0
δ 0
ψ 0
φc 0
tc 7 s

Network SNR 21-33

Table 4.1: Simulated signals values for the mass ratio q, eccentricity e, total mass
MT , luminosity distance DL, inclination ι, right ascension α, declination
δ, polarization ψ, coalescence phase φc, and coalescence time tc.

function is that a given candidate waveform is likely to be present in the data, if subtracting

it from the data resembles colored Gaussian noise.

We sample from the posterior distribution using a nested sampling algorithm im-

plemented via the dynesty package [199] in BILBY. We use 1, 000 live points, and a

stopping criterion of ∆ logZ < 0.1 where Z is the estimated Bayesian evidence. To

improve efficiency, we use the option in BILBY to analytically marginalize over the

coalescence time [71], coalescence phase [213] and distance [206] in the calculation of

the likelihood in Eq. (4.3), and then reconstruct the posterior for these parameters after

the maximum likelihood calculation has completed.
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Parameter Prior Range
q Uniform 0.25–1.
Mc Uniform 5– 10 M�

DL Uniform Comoving 10 –1000 Mpc
ι Uniform sin 0–π
α Uniform 0–2π
δ Uniform cos -π/2–π/2
ψ Uniform 0–π
φc Uniform 0–2π
tc Uniform 0–8

Table 4.2: Priors used in the parameter estimation for the mass ratio q, chirp mass
Mc, luminosity distance DL, inclination ι, right ascension α, declination
δ, polarization ψ, coalescence phase φc, and coalescence time tc.

Figure 4.2: Recovery of chirp massMc and symmetric mass ratio η at different
eccentricities when using ENIGMA-Inspiral as both template and signal
model. Horizontal dashed lines indicate the value of the parameter for
the signal. Error bars are 90% confidence intervals, with diamonds
denoting the median recovered value. The shaded region connecting
the errorbars is to illustrate the trend. Note the different scales between
[0., 0.01] and [0.01, 0.3] on the x-axis.
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Figure 4.3: Estimated values of the chirp mass for signals at different eccentricities.
Dashed lines indicate the value of the simulated signal. The colors blue,
green and purple correspond to the q = 1, 0.5, 0.33 signals respectively.
The bars represent the 90% confidence intervals, with the diamond
representing the median value. The shaded connects the ends of the
error bars to illustrate the upward trend. The labels on top specify
which model was used in the parameter estimation, and the labels on
the right side of the figure specify which model was used to simulate
the signal. Note the different scales between [0., 0.01] and [0.01, 0.3]
on the x-axes.

4.3 Results

4.3.1 Simulated signals

We have already observed binary black hole mergers with masses ranging from 14 M�

to 160 M� [2]. In this study, we focus on binaries at the lower end of this spectrum, as

a longer inspiral signal will have a stronger eccentric signature. Also, at lower masses

the inspiral of the signal dominates the SNR as compared to the merger portion, which

allows us to draw reliable conclusions using inspiral-only waveform models.

Since our goal is to understand the biases of existing GW parameter estimation
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Figure 4.4: Estimated values of the symmetric mass ratio for signals at different
eccentricities. Dashed lines indicate the value of the simulated signal.
The colors blue, green and purple correspond to the q = 1, 0.5, 0.33
signals respectively. The bars represent the 90% confidence intervals,
with diamonds representing the median value. The shaded region is to
illustrate the upward trend. The labels on top specify which model was
used in the parameter estimation, and the labels on the right side of the
figure specify which model was used to simulate the signal. Note the
different scales between [0., 0.01] and [0.01, 0.3] on the x-axis.

pipelines that use quasi-circular waveforms as filter templates, we limit our waveform

models in the likelihood evaluation to be SEOBNRv4 ROM [44] and IMRPhenomD [112,

119]. Since the waveforms produced with our modified ENIGMA model are inspiral-only,

we also utilise the PN quasi-circular model TaylorF2 to rule out any biases that may

arise comparing to inspiral-merger-ringdown templates. Using 3 waveform models for the

likelihood, 2 waveform models for the signals, and the direct product of the parameters

described in Table 4.1 gives us 126 signals on which to perform parameter estimation.

As a control, we also study a further set of six signals using ENIGMA-Inspiral as the

waveform approximant for the signal and likelihood evaluation, with q = 0.5 and the
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Figure 4.5: Estimated values of the luminosity distance for varying eccentricity
using TEOBResumE as the signal waveform and IMRPhenomD in the
likelihood model. The dashed line is the signal’s distance of 400 Mpc,
with the bars represent the 90% confidence intervals, and diamonds
the median value. Note the different scales between [0., 0.01] and
[0.01, 0.3] on the x-axis.

eccentricity taking the values in Table 4.1. The priors for all the parameter estimation

analyses are shown in 4.2. We use a non-spinning prior for our simulated signals since

the majority of the black holes detected thus far have had negligible spins.

Each of these signals is generated from 15 Hz using the given waveform model, and

then injected into zero noise. As described in Appendix C of [168], using zero noise

eliminates the biases in parameter estimation that can be caused by a particular noise

realization. The data is sampled at 2048 Hz, and we use the two-detector network of

LIGO Hanford and Livingston, with their design sensitivity PSD’s used to calculate the

likelihood evaluation given by Eq. (4.3). We sample in chirp mass and mass ratio, rather
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than component masses. We use sampling priors shown in Table 4.2. At a luminosity

distance of 400 Mpc, the signals are relatively loud, and have a two-network SNR ranging

from 21 to 33 at design sensitivity.

We start the discussion with Figure 4.1 where we show the posterior distributions

recovered for four representative simulated binary mergers. The signal waveform model

is TEOBResumE, which we expect to be the best example since it is a full IMR model,

with zero and nonzero eccentricity, and the mass ratios q = 1 and q = 0.33. We opt to

plot the symmetric mass ratio η =
q

(1+q)2 , instead of q in this section as it is the parameter

that appears to leading order in a PN expansion.

In the e = 0 cases, IMRPhenomD well recovers all of the component parameters. Since

these signals are high SNR and have a long inspiral, the chirp mass is extremely precisely

and accurately estimated, with the 90% confidence interval within less than 0.1% of the

simulated value.

The e = 0.3 cases, however, show a very precise but inaccurate inference of the chirp

mass, with the quasi-circular template drastically overestimating its value. The median

recovered value deviates from the simulated value by ≈ 3%, whereas the 90% confidence

interval is about 0.2% of the median estimated value. η is well determined to be 1
4 in both

the eccentric and non-eccentric cases. Moreover, in the asymmetric mass, non-eccentric

case, the correct value of η is inferred within our error-estimates. However, when the

simulated signal is asymmetric and eccentric, the value of η is confidently and incorrectly

inferred to be that of a symmetric binary.

Figure 4.2 illustrates these trends for the case of using ENIGMA-Inspiral for both the

signal and parameter estimation. At low eccentricities, the mass parameters are correctly

recovered, but at higher eccentricities, the recovered parameters are those of a heavier,
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symmetric binary.

Chirp Mass Recovery

Figure 4.3 summarizes the chirp mass estimates for the rest of our simulated signals,

showing the six combinations of signal and recovery waveform models. The top row

shows the case where the simulated signal is generated with the IMR model, TEOBResumE,

and the bottom row with the inspiral model ENIGMA-Inspiral.

Let us consider the top row, where TEOBResumE is used for the signal. No matter

the template model, we find a systematic bias in chirp mass recovery that increases in

proportion to orbital eccentricity. When TaylorF2 is used as the waveform model for

templates, the error bars are wider due to the missing merger-ringdown portion. Also in

the e0 = 0 case, there is a slight bias in the TaylorF2 recovery due the missing merger.

But since we see very similar results in the case of SEOBNRv4 ROM and IMRPhenomD, we

conclude that this result is invariant under a change of waveform family.

Let us now consider the bottom row, using ENIGMA-Inspiral for the signal. In the left

and middle panels, when using IMR models for inference, we see a small bias in chirp

mass recovery even at e0 = 0. This comes from the merger-ringdown portion of the IMR

templates fitting to the last few cycles of the ENIGMA-Inpsiral signal, resulting in a lower

chirp mass. We see no such bias in the TaylorF2 case at e0 = 0.

For each combination of signal and recovery model there is a clear trend: as the

eccentricity of the simulated signal increases, the circular templates strongly overestimate

the chirp mass beyond the values within the 90% credible intervals. The effect becomes

more pronounced at higher eccentricities, and the maximum fractional deviation over the

dataset is ∼ 9%.
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Mass Ratio Recovery

Figure 4.4 shows the effects of increasing eccentricity on the estimation of the symmetric

mass ratio, η. Overall, the trend is less systematic than in the case of the chirp mass.

Again, consider the top row with TEOBResumE signals. At e0 = 0, the recovered

η agrees well with the simulated value. One thing we notice is there is a jump in the

recovered η when the eccentricity changes from e0 = 0 to e0 = 10−3. This is due to

a slight discontinuity in the TEOBResumE waveform as the eccentricity goes to 0. For

small eccentricities, e0 ≤ 0.01, there is good agreement between TEOBResumE and

SEOBNRv4 ROM. There is a slight bias when e0 ≤ 0.01 in the IMRPhenomD case, since

the Phenom family of waveforms is constructed differently from the EOB family. In the

TaylorF2 case, the recovered η is overestimated as compared to the simulated value

except for η = 1
4 . This systematic bias is due to the lack of the merger-ringdown portion

in the templates.

Now consider the bottom row of ENIGMA-Inspiral signals. In both the SEOBNRv4 ROM

and IMRPhenomD case, we see the recovered η is underestimated compared to that of the

simulated signal. Again this is because the full IMR templates fit their merger-ringdown

portion to the last few cycles of the inspiral-only signal. In these cases the bias in recovery

between IMR templates with an inspiral signal is greater than the bias caused by using

different waveform families. The bias at e0 = 0 is much reduced in the case of TaylorF2,

since the signal and templates are inspiral-only. However there is a slight bias in the

recovery of the η = 1
4 signal, so the two waveforms models do not entirely agree in this

limit.

Despite these discrepancies, the trend we have already seen in Figure 4.2 clearly

persists in all cases: as the eccentricity of the signal increases, the recovered mass ratio
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becomes more consistent with that of a symmetric binary system. This is quite striking,

particularly at e0 = 0.3, the recovered mass ratio is consistent with an equal-mass binary,

regardless of the signal’s mass ratio for all combinations of waveform models.

Distance Estimates

From the representative corner plots of Figure 4.1, we can see that in eccentric case there

is also a slight bias in the recovery of the luminosity distance. Figure 4.5 shows the trend

for the case of a TEOBResumE signal with IMRPhenomD template. This overestimation

of luminosity distance is consistent with the templates not capturing the entire signal

SNR because of missing physical effects, i.e., orbital eccentricity. Having said that, even

though there is a clear trend upward in the distance recovery, we find it to broadly remain

within the statistical errors of the parameter estimation. We expect this bias to become

significant only at even higher SNR than we consider. In the worst case, the median

value is ≈ 50% higher than that of the simulated value. We also note that the behavior is

largely identical for each of the different simulations’ mass ratio.

Maximum a-posteriori Estimated Waveforms

To help understand what features of the simulated and recovered best-fit waveforms

contribute to the biases in parameter estimation, it is useful to look at the recovered

maximum a posteriori (MAP) waveforms for some of our signals.

Figure 4.6 shows the maximum likelihood estimated IMRPhenomD waveform from

four representative runs with q = 0.33, with TEOBResumE and ENIGMA-Inspiral used

for the signals. There is strong agreement in the zero-eccentricity limit between the

template and both signal waveform models, as is to be expected. When the eccentricity
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(a) e = 0 with TEOBResumE (b) e = 0.3 with TEOBResumE

(c) e = 0 with ENIGMA Inspiral (d) e = 0.3 with ENIGMA Inspiral

Figure 4.6: Comparison of the maximum a posteriori IMRPhenomD waveform
(blue) to the signal waveform (green) in the case of zero and non-zero
eccentricity, with mass ratio q = 0.33. Only the last 1s of the waveform
is shown and the coalescence time and phase of the waveforms have
been aligned.

is increased to e = 0.3, the quasi-circular model tries to best fit to the eccentric signal. In

the case of the full IMR signal with TEOBResumE, the best quasi-circular template fits to

the frequency of the last few cycles along with the merger-ringdown. In the inspiral-only

case, the best template tries to fit to the lower frequency cycles of the last portion of the

inspiral.

4.3.2 Gravitational-wave Events

Recently, Ref. [224] has indicated that two events GW151226 and G170608 in the first

GW transients catalog [10] could be the mergers of eccentric binary black holes. This

potentially overturned the conclusions of Ref. [175], which concluded that these two

events were consistent with circular binary black hole mergers. An important differ-

ence between the two approaches was that the first used an inspiral-only, non-spinning
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waveform model [106], while the latter used a complete inspiral-merger-ringdown model

from the effective-one-body family [46]. In the latter case, the posterior was not sampled

directly since SEOBNRE is too expensive to evaluate, and the eccentric posteriors were

found by reweighting the posteriors from non-eccentric runs.

In this section we study these two events with a two-fold purpose. We use the full

IMR eccentric waveform model to attempt to better understand the nature of these two

events. And we use them to further confirm the measurement degeneracy between binary

chirp mass and initial orbital eccentricity that we have so far shed light on using simulated

signals. Our application of TEOBResumE is sufficiently fast to allow its direct use in

parameter estimation runs with eccentricity and spins.

We use the same Bayesian inferencing setup as described in Sec. 4.2.2. We use

the open-source data available from the Gravitational-Wave Open-Science Centre [2].

The estimated parameters with confidence intervals for this section are summarised in

Table 4.4.

Non-spinning, Eccentric Inference

First we perform parameter estimation using TEOBResumE with a non-spinning prior, but

now we include eccentricity in the analysis. Our prior for the eccentricity is uniform in

the range 0 − 0.3, and the waveforms are generated from a lower frequency of 10 Hz, so

all quoted eccentricities in this section are measured at this frequency.

Panels (a) and (b) in Figure 4.7 shows the parameter estimation results of these

two events. In the case of GW151226 we measure an eccentricity of e0 ≈ 0.2, with

e0 = 0 strongly excluded from the posterior. Furthermore, in agreement with our

study of simulated eccentric signals, the recovered chirp mass differs remarkably from
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that measured by the LVC in [2], by an amount greater than the statistical error of

the measurement. In the case of GW170608, the recovered eccentricity is very much

consistent with e0 = 0. with an upper 90% estimate of e0 = 0.16. Its chirp mass is

measured to be somewhat lower than the LVC estimate, albeit consistent with 90%

credible intervals. In both cases the symmmetric mass ratio is determined to be closer to

q = 1 with greater certainty than the LVC estimate.

In both cases, the 2-dimensional marginalized posterior for the chirp mass and

eccentricity corroborate what our simulated signal study found along with [127]: the

measurement of the chirp mass and eccentricity are correlated. These results show that

GW151226 is likely an eccentric system with a lower chirp mass than previously thought,

if we can disregard component spins. The same effect is observed to a lesser degree

in GW170608, which we find to be consistent with having a non-eccentric origin. We

also note that allowing for eccentricity as a degree of freedom helps narrow down the

measurement of both chirp mass and mass ratio for this event.

The importance of including spin

It is well known that the measurement of binary spins is correlated with the measurement

of the mass parameters when determining the source parameters of gravitational-wave

signals. As explained by [55], the error in the estimated chirp mass and mass ratio

increase when one includes the spins of compact objects in their analysis, even if the

system is non-spinning. This makes it reasonable to expect our confident mass estimates

to be influenced by the exclusion of spin in our prior. Also, as we have found previously,

the chirp mass measurement is correlated with orbital eccentricity, and so it is also

possible that the chirp mass measurement is correlated with the spin measurement.
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We repeat our analysis of the two events GW151226 and GW170608, with the

same set of priors as in the previous section, but now with an aligned-spin prior. We

use the ”z-prior” implemented in Bilby and described in [125] for the aligned spins.

We perform several runs with different values of the maximum spin magnitude for

the prior to investigate how the resulting posterior depends on the spin prior. We use

|χmax| < 0.3, 0.7, 0.99. The value of 0.7 is chosen since the model TEOBResumE is only

validated against NR waveforms with spin up to this value. In the results we will quote

only the results of the effective spin, which is the best recovered spin parameter [8] and

is defined as

χeff =
m1χ1 + m2χ2

M
(4.5)

where M is the total mass and χ1,2 are the components of the spin aligned with the

binary’s orbital angular momentum.

Panels (c) and (d) in Figure 4.7 shows the results for the two events with |χ1,2| < 0.3.

Panel (c) shows the results from GW151226. The posterior for eccentricity now has

support for e0 = 0, in contrast with the non-spinning prior, although the e0 posterior peaks

at about e0 = 0.16. From theMc − e0 plane, we can clearly see the negative correlation

between the chirp mass and eccentricity. The chirp mass estimate agrees better with that

of the LVC than in the non-spinning case, except the posterior is slightly broader due

to the higher eccentricity contribution of the posterior. Most interesting for this event

is the χeff − e0 plane: we see a negative correlation between the spin and eccentricity

measurements, with e0 = χeff = 0 excluded.

Panel (d) of Figure 4.7 shows the results for GW170608. We find that including

spins has much improved the agreement with the LVC chirp mass estimate. Also the

posterior for orbital eccentricity has become narrower, with the upper 90% credible limit
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decreasing from e0 = 0.18 to 0.13. We can conclude that even when the event being

analysed is likely non-eccentric, including spin in the analysis improves the confidence

in the eccentricity constraints.

Panels (e) and (f) show the results from expanding the maximum spin in the prior to

0.99. Panel (e) shows the event GW151226. We can immediately see that the constraint

on the eccentricity is improved, and the recovery of the masses and effective spin are in

better agreement with the GWTC-2 values. The correlation between the effective spin

and eccentricity is still present in the 2D χe f f − e0 posterior but appears weaker than in

the case of the restricted spin prior. This demonstrates further that the measurement of

the eccentricity is correlated with that of the spin, and that to accurately measure the

eccentricity one should sample from as much of the spin prior as possible, which requires

waveform models that are reliable for moderate to large spin values.

Panel (f) shows the event GW170608. In this case the posteriors are largely unchanged

from the |χ1,2| < 0.3 case, with the eccentricity constraint becoming e0 < 0.12. Since

this event does not have appreciable spin, the more restrictive spin prior is well able to

account for the full range of physics contributing to the posterior.

Table 4.4 summarises the results from each of our runs. We opt not to plot the

posteriors for the case of |χ1,2| < 0.7 but the results are largely unchanged between this

case and that of |χ1,2| < 0.99, despite the TEOBiResumS SM model not being validated to

spins of that magnitude.

To evaluate the preference for the eccentric model over the non-eccentric one, we can

calculate the Bayes factor:

B =
Zeccentric

Znon−eccentric
. (4.6)

where Z is the Bayesian evidence. Since the set of parameters for the non-eccentric
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Prior GW151226 GW170608
|χ1,2| < 0.3 0.81 0.28
|χ1,2| < 0.7 0.45 0.28
|χ1,2| < 0.99 0.40 0.28

Table 4.3: Bayes factors for the eccentric versus non-eccentric model, with increas-
ing value of the maximum spin in the prior.

model is nested within the full eccentric model, this ratio becomes the Savage-Dickey

factor [59]:

B =
π(e0 = 0)
p(e0 = 0)

(4.7)

which is simply the ratio of value of the prior weight π(e0 = 0) to the posterior weight

p(e0 = 0).

Table 4.3 shows the estimated Bayes’ factors for the two events as a function of

increasing the maximum in the spin prior. In all cases we have B < 1, indicating that

the non-eccentric model is preferred. In the case of GW151226, the preference for the

non-eccentric model increases as the maximum spin is increased in the prior. As expected

from our previous results, increasing the spin has little effect on the results in the case of

GW170608.

4.3.3 Circular Simulated Signals for GW151226 and GW170608

We reaffirm our findings for GW151226 and GW170608 by follow-up analyses with

a set of simulated signal studies. The purpose of this is to investigate how binary

source parameters would be recovered using TEOBResumE, if the signals were truly non-

eccentric. We use the MAP source parameters from the GWTC posteriors for GW170608

and GW151226, and again inject the signals into zero-noise, and use the LIGO Hanford
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and Livingston detectors noise curves.

We use the TEOBResumE model with aligned spins to simulate the signals, and then

repeat our parameter estimation using the same model, with the sampler setup from our

previous runs. We wish for the signal to have e0 = 0, but from Figure 4.4 we saw that

TEOBResumE has a discontinuity at e0 = 0 so we set the value to 10−10. We use the same

eccentricity prior as before in all cases, and again perform two runs for each event’s

parameters: with a non-spinning prior and with an aligned spin prior.

Figure 4.8 shows the results for the two events’ parameters using both a non-spinning

and an aligned-spin prior with χ1,2 < 0.3 and < 0.99. Panels (a) and (b) show the

non-spinning case. We see the same general trends as in Figure 4.7 with the real event

data: the chirp mass for both events is underestimated, the mass ratio is overestimated to

be more consistent with that of a symmetric binary, and the presence of spin in the case

of GW151226 leads to a spurious eccentricity measurement.

Panels (c) and (d) shows the results when the prior is expanded to include aligned

spins up to 0.3. Since we are using the same waveform model for the signal and the

parameter estimation, we now see a much better recovery of parameters as expected.

Again the non-zero eccentricity measurement for GW151226 disappears.

In particular, the correlation between spin and eccentricity seen in panels (c) and (e)

in Figure 4.7 is not seen, and the signal is well recovered as a spinning non-eccentric

signal.

Panels (e) and (f) show the results when the maximum spin is increased to 0.99. The

results are qualitatively similar, but the recovery of the effective spin is improved.

These results also further illustrate the fact the mass parameters, spin and eccentricity
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are all correlated and it is important to include each of these effects when performing

parameter estimation. We defer a more systematic investigation of this degeneracy to

future work.

Table 4.4: Median estimates of source parameters from using TEOBResumE for
parameter estimation. The left-hand column specifies the prior on the
aligned spin, or whether the data is from GWTC-2. Upper and lower
error estimates are the 90% confidence intervals of the 1D marginalized
posterior.

Mc q χeff e0

GW151226

|χ1,2| = 0 9.38+0.04
−0.06 0.90+0.09

−0.15 — 0.19+0.02
−0.02

|χ1,2| ≤ 0.3 9.64+0.09
−0.16 0.84+0.14

−0.26 0.14+0.07
−0.08 0.10+0.07

−0.09

|χ1,2| ≤ 0.7 9.70+0.08
−0.12 0.68+0.29

−0.37 0.20+0.15
−0.09 0.6+0.09

−0.06

|χ1,2| ≤ 0.99 9.71+0.08
−0.12 0.64+0.33

−0.34 0.21+0.6
−0.09 0.6+0.09

−0.06

GWTC-2: 9.69+0.08
−0.06 0.56+0.38

−0.23 0.18+0.20
−0.12 —

GW170608

|χ1,2| = 0. 8.44+0.02
−0.03 0.91+0.08

−0.15 — 0.08+0.08
−0.07

|χ1,2| ≤ 0.3 8.50+0.05
−0.06 0.83+0.15

−0.26 0.05+0.06
−0.04 0.05+0.08

−0.04

|χ1,2| ≤ 0.7 8.50+0.05
−0.5 0.79+0.19

−0.34 0.06+0.11
−0.05 0.04+0.08

−0.04

|χ1,2| ≤ 0.99 8.51+0.05
−0.6 0.79+0.19

−0.36 0.06+0.12
−0.05 0.04+0.08

−0.04

GWTC-2: 8.49+0.05
−0.05 0.69+0.28

−0.36 0.03+0.18
−0.06 —
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4.4 Discussion

Let’s consider a single case from our simulated signal recovery, with Msignal
total = 20M� and

qsignal = 0.33. This corresponds to msignal
1 ≈ 15M� and msignal

2 ≈ 5M�, but the recovered

source masses would be m1 ≈ m2 ≈ 9.2M�. Correct inference of the source masses is

important for our understanding of the population of such objects, and in extreme cases

such biases could be enough to incorrectly identify certain objects to inside or outside of

the NS-BH mass gap of ≈ 2− 5M� or the supernova pair-instability mass gap of ∼> 50M�.

Thus, determining whether a signal is eccentric is important for the determination of the

rest of its source parameters. As more detectors join the array of ground based detectors,

the SNR of such eccentric signals will increase and systematic biases will become more

pronounced when compared to the estimated error from the parameter estimation.

In section 4.3.2 and 4.3.3 we could see theMc − e0 correlation manifest in the 2-D

marginalized posterior for the two gravitational wave events GW151226 and GW170608.

Although performing inference on these events with a non-spinning, eccentric prior

corroborated this correlation, neglecting to include spin in the analysis leads to over-

confident and biased estimates of the mass parameters. Clearly a more systematic

investigation of the relation effects of eccentricity on the spin measurement and vice-

versa are needed, which we defer to a future study.

In future we will want to accurately measure the eccentricities of newly detected

signals, as well as those already present in GWTC2. It is clear that we will not only

need accurate and fast-to-evaluate waveform models that can incorporate eccentricity, but

also spins, and most likely precession. By using, TEOBResumE we have constrained the

eccentricities of GW170608 and GW151226 to be < 0.12 and 0.15 at 90% confidence

respectively. Our constraints are slightly tighter than the values of < 0.166 and < 0.181

102



found by [225] which used a non-spinning, inspiral-only model. However, we find a

much looser constraint than those set by [175], who found e0 < 0.04 for each of these

events by re-weighting samples from a non-eccentric parameter estimation run using the

model SEOBNRE. From Fig 4.8, we found that our method could only constrain a zero

eccentricity to about e0 ≈ 0.06. Ref [127] finds that their measurement of the eccentricity

of GW190425 is also a much looser constraint than that of [175], and explains that

this could be due to the use of a log-uniform prior on e0, but also that the posterior re-

weighting scheme fails to capture the correlations between the chirp mass and eccentricity,

leading to overconfident measurements as compared to their full MCMC calculation. As

we have identified, the spin-eccentricity correlation is another factor that may be missed

by the posterior reweighting method. We have not explored the effects of a different

eccentricity prior on our results, which we defer to a future study.

In this paper we chose to focus on the two lower mass black hole events from the

GWTC1 data. It would be interesting to continue this analysis by applying TEOBResumE

to the parameter estimation of the rest of GWTC-2, in particular to see whether the

eccentricity of events such as GW190521 can be established or further constrained, and

also whether the presence of eccentricity has biased the existing LVC estimates of their

source parameters.

4.5 Summary

In section 4.3.1 we showed that there is correlation between the measurement of the

mass parameters of a binary compact object system and its eccentricity. If one uses

quasi-circular templates in their parameter estimation, this correlation manifests as a bias

in the measured chirp mass and mass ratio. In the moderately eccentric case of e = 0.3,
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a bias in the chirp mass of up to ≈ 4% can occur, but the bias in the mass ratio can be

much more, since it tends to make the binary system appear more symmetric.

In section 4.3.2 we sought to further establish this correlation on real gravitational

wave data. However, we found that in order to correctly estimate the masses along with

the eccentricity of such systems, we must employ a waveform model that can account for

eccentricity and spins simultaneously.

By using the eccentric, aligned spin model TEOBResumE, we measured the eccentricity

of GW170608 and GW151226 to be < 0.12 and 0.15 at 90% confidence respectively.
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(a) GW151226, |χ1,2| = 0 (b) GW170608, |χ1,2| = 0

(c) GW151226, |χ1,2| < 0.3 (d) GW170608, |χ1,2| < 0.3

(e) GW151226, |χ1,2| < 0.99 (f) GW170608, |χ1,2| < 0.99

Figure 4.7: Red: Posterior probability distribution using TEOBResumE with a for
GW151226 and GW170608 with an eccentric prior. Indicated is the
maximum value of the z−component of the spin, χ, allowed in the prior.
Median estimates with 90% confidence intervals are shown for this
data. Blue: GWTC-2 data from [4]. Contours show the regions of 50%
and 90% confidence. See Table 4.4 for a comparison with the exact
medians and error estimates of the GWTC data.
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(a) GW151226 |χ1,2| = 0 (b) GW170608 |χ1,2| = 0

(c) GW151226, |χ1,2| < 0.3 (d) GW170608, |χ1,2| < 0.3

(e) GW151226, |χ1,2| < 0.99 (f) GW170608, |χ1,2| < 0.99

Figure 4.8: Posterior probability distributions for the chirp mass,M, mass ratio q,
effective spin χe f f and eccentricity e0, recovered using TEOBResumE.
Red marks the simulated signal’s values, which correspond to the MAP
values given by the GWTC posteriors for each event. Shaded contours
correspond to the 90% and 50% confidence regions.
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APPENDIX A

ADDITIONAL SIGNAL-TO-NOISE SKY DISTRIBUTIONS FOR ECCENTRIC

BINARY BLACK HOLE MERGERS

In this section Figures A.1-A.6 present SNR sky distributions for eccentric BBH

mergers with inclination angle i = 0. These results mirror those we presented in the main

body of the article for second and third generation GW detector networks.
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Figure A.1: As Figure 3.7 but now setting the binary inclination angle to 0.
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Figure A.2: As Figure A.1 but now for component masses (50M�, 10M�).
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Figure A.3: As Figure 3.10 but now setting the binary inclination angle to 0.
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Figure A.4: As Figure A.3 but now for component masses (50M�, 10M�).
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Figure A.5: As Figure 3.12 but now setting the binary inclination angle to 0.
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Figure A.6: As Figure A.5 but now for component masses (50M�, 10M�).
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APPENDIX B

ENIGMA MERGER-RINGDOWN

Figure B.1: Green: Amplitude of ENIGMA generated waveform with m1 = 14M�,
m2 = 6M�, e0 = 0.3. Blue: The ENIGMA generated waveform with the
masses scaled by a factor of 4. The amplitude and samples times of the
waveform are scaled by the same factor of 4 so they can be compared.

The merger-ringdown portion of the ENIGMA waveform is constructed under the

assumption that a moderately eccentric compact binary has circularized by the time it

has reached merger, which has been shown to occur in numerical relativity simulations

of eccentric binaries [96]. Under this assumption, the parameter space for the merger-

ringdown portion of the waveform becomes one-dimensional, depending only on the mass

ratio q. A one-dimensional Gaussian-process-regression surrogate model is constructed

to interpolate between a training set of quasi-circular numerical relativity waveforms to

any mass ratio up to q = 10.

The final step in generating an ENIGMA waveform is finding the optimal attachment

time between the PN inspiral waveform and the surrogate merger-ringdown waveform.

The optimal attachment frequency is determined to be that which optimizes the overlap

between a circular ENIGMA waveform and the corresponding SEOBNRv4 waveform. This

overlap is calculated as in equation 4.4 with fmin = 15 Hz and fmax = 4096 Hz. Due to the
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instantaneous monochromaticity of these circular waveforms, the attachment frequency

can be converted to a corresponding attachment time.

In our studies, we found that ENIGMA sometimes furnishes qualitatively incorrect

waveforms at smaller values of total mass, and mass ratios < 0.5. This is because the

optimal matching time is found by optimizing the overlap of two waveforms, but with

respect to the LIGO PSD. At lower masses, which correspond to higher gravitational

wave frequencies, the LIGO PSD pushes the optimum attachment frequency lower than it

should. The attachment time is then many cycles before the merger, and the assumption

that the eccentricity has radiated before attaching the merger-ringdown waveform is no

longer valid. This manifests as a cusp in the amplitude of the waveform. Figure B.1

illustrates the difference between ENIGMA-generated waveforms with Mtotal = 20M� and

Mtotal = 80M�. The rescaled amplitudes should be coincident, but in the low mass case

the eccentricity ”switches off” in a non-smooth manner many cycles before the merger.

We find this same behavior regardless of the eccentricity value, but have chosen e0 = 0.3

to accentuate the modulation of the amplitude and make the difference more visible.
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[29] Gregory Ashton, Moritz Hübner, Paul D. Lasky, Colm Talbot, Kendall Ackley,
Sylvia Biscoveanu, Qi Chu, Atul Divakarla, Paul J. Easter, Boris Goncharov,
Francisco Hernandez Vivanco, Jan Harms, Marcus E. Lower, Grant D. Meadors,
Denyz Melchor, Ethan Payne, Matthew D. Pitkin, Jade Powell, Nikhil Sarin, Rory
J. E. Smith, and Eric Thrane. BILBY: A User-friendly Bayesian Inference Library
for Gravitational-wave Astronomy. ApJS, 241(2):27, April 2019.

[30] L. Barsotti, P. Fritschel, M. Evans, and S. Gras. Updated Advanced LIGO sensitiv-
ity design curves, 2018. https://dcc.ligo.org/LIGO-T1800044/public.

[31] Simone S. Bavera, Tassos Fragos, Michael Zevin, Christopher P. L. Berry, Pablo
Marchant, Jeff J. Andrews, Scott Coughlin, Aaron Dotter, Konstantinos Kovlakas,
Devina Misra, and et al. The impact of mass-transfer physics on the observable
properties of field binary black hole populations. Astronomy & Astrophysics,
647:A153, Mar 2021.

[32] B. Beheshtipour and M. A. Papa. Deep learning for clustering of continuous
gravitational wave candidates. Phys. Rev. D , 101(6):064009, March 2020.

[33] K. Belczynski, D. E. Holz, T. Bulik, and R. O’Shaughnessy. The first gravitational-
wave source from the isolated evolution of two stars in the 40-100 solar mass
range. Nature, 534:512–515, June 2016.

[34] Krzysztof Belczynski, Alessandra Buonanno, Matteo Cantiello, Chris L. Fryer,
Daniel E. Holz, Ilya Mandel, M. Coleman Miller, and Marek Walczak. The For-
mation and Gravitational-Wave Detection of Massive Stellar Black-Hole Binaries.
Astrophys. J., 789(2):120, 2014.

[35] E. Berti, A. Buonanno, and C. M. Will. Estimating spinning binary parameters
and testing alternative theories of gravity with LISA. Phys. Rev. D , 71(8):084025,
April 2005.

[36] E. Berti, V. Cardoso, and M. Casals. Eigenvalues and eigenfunctions of spin-
weighted spheroidal harmonics in four and higher dimensions. Phys. Rev. D ,
73(2):024013, January 2006.

[37] E. Berti, V. Cardoso, and C. M. Will. Gravitational-wave spectroscopy of massive

119

https://dcc.ligo.org/LIGO-T1800044/public


black holes with the space interferometer LISA. Phys. Rev. D , 73(6):064030–+,
March 2006.

[38] Eli Bingham, Jonathan P Chen, Martin Jankowiak, Fritz Obermeyer, Neeraj
Pradhan, Theofanis Karaletsos, Rohit Singh, Paul Szerlip, Paul Horsfall, and
Noah D Goodman. Pyro: Deep universal probabilistic programming. The Journal
of Machine Learning Research, 20(1):973–978, 2019.

[39] C. M. Biwer, Collin D. Capano, Soumi De, Miriam Cabero, Duncan A. Brown,
Alexander H. Nitz, and V. Raymond. PyCBC Inference: A Python-based Parameter
Estimation Toolkit for Compact Binary Coalescence Signal. The Astronomical
Society of the Pacific, 131(996):024503, February 2019.

[40] J. Blackman, S. E. Field, C. R. Galley, B. Szilágyi, M. A. Scheel, M. Tiglio, and
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