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Colloidal nanoparticles at the interface of two immiscible fluids experience certain 

restrictions on their position and orientation. This property is exploited to create long-

range, coherent assemblies of quasi-2D super-structures that are known to possess strong 

correlations between their packing symmetries (structure) and the displayed opto-

electronic properties (function). However, despite the recent advances in synthesis 

techniques, the underlying kinetic and thermodynamic factors governing the self-

assembly process are not yet completely understood. The overarching goal of this work 

is to increase the repeatability, precision, and control over the self-assembly of constituent 

NPs into superstructures with programmable symmetry. 

 

In this work, I will take you through not only 1) the development of a set of design rules 

based on energetic arguments obtained from simulations and theoretical considerations, 

but equally importantly 2) the development of a simulation paradigm that is faithfully 

able to reproduce the inherent physics, in-silico. The first step in this process is to 

investigate the behavior of an isolated NP at the interface. For this purpose, I use both 

particle-based coarse-grained molecular simulation and a theoretical continuum model. 

I present the free-energy characteristics of the NPs as a function of their orientations and 

their vertical positions with respect to the interface. Meaningfully probing the self-



assembly process at meso-scales requires simulation of 𝑂(10!) NPs. However, this is 

infeasible in an explicit-solvent setting with the typically available computing resources. 

To this end, a key contribution of this work is to develop an efficient (implicit-solvent) 

model that is not only able to reproduce experimentally exhibited behavior by NPs at 

fluid-fluid interfaces but is also scalable to the experimentally relevant length scales. 

 

By explicitly modeling coarse-grained ligands that cap the nanoparticle surface, I show 

that changes in nanoparticle shape and ligand densities give rise to drastically different 

mechanisms. In agreement with experiments, formation of bilayer honeycomb and 

monolayer square lattices is observed. My results indicate that the choice of solvent and 

rate of evaporation have a significant impact on reversibility and ultimately the coherence 

of the finally obtained superstructure. The proposed simulation paradigm would pave 

the way forward for exploration of the vast phase space.
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1 MODELING THE ORIENTATIONAL AND POSITIONAL 

BEHAVIOR OF POLYHEDRAL NANOPARTICLES AT FLUID-

FLUID INTERFACES 

 

Using Molecular Dynamics simulations to explicitly model fluid molecules, we study 

the effect of solvent wetting on the behavior of polyhedral nanoparticles at a fluid-fluid 

interface. First, we quantify the positional and orientational free energy characteristics of 

an isolated nanoparticle. Our results suggest that the structure of the interface can 

introduce non-trivial effects on the preferential particle orientations. A continuum model 

is proposed to account for the finite interfacial mixing region, and a qualitative 

comparison between the two approaches is presented. We examine the effect on the free 

energy of the system of changes in the particle’s solvation preference towards one fluid, 

and the degree of miscibility between the two fluids. By tuning these interaction 

parameters, we can potentially access and favor different orientations for the particle 

shapes examined. Further, we extend the insights gained from single particle behavior to 

the attachment of two particles. Our results reveal conditions that could drive the 

assembly of Cuboctahedra into either 2D Puckered Honeycomb lattices or linear rod-like 

structures. 

 

1.1 INTRODUCTION 

 
Recent advances in the synthesis of colloidal nanoparticles (NPs, aka quantum dots) 

with precisely controlled size, shape and composition have introduced a new paradigm 

of material synthesis. Using NPs as fundamental building blocks of superstructure 
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introduces the ability to control interactions between the particles and thereby tailor the 

material’s properties. Among the various self-assembly strategies that have been 

reported, interfacial assembly has emerged as the most promising and versatile. By 

restricting the motion of the NPs to two dimensions, e.g., by depositing them on a flat 

solid substrate or by pinning them at a fluid-fluid interface, a variety of superlattice 

structures can be realized from the same building blocks. Numerous experimental efforts 

[1]–[5] have been made over the years to increase the repeatability, precision and control 

over the self-assembly of colloidal NPs into quasi-2D superstructures with 

programmable symmetry. These quasi-2D superstructures provide important testbeds 

for the study of fundamental structure-property relations and have found multiple 

technologically important applications; e.g. in optics[6]–[8], photovoltaics[9]–[11], and 

catalysis[12], [13]. 

 

The self-assembly of NPs at a fluid-fluid interface is driven by a complex interplay 

of entropic and enthalpic forces. Although simulation studies have mostly focused on 

investigating systems dominated by entropic effects through Monte Carlo simulations of 

hard-core particles[14]–[17], a few studies have also examined systems exhibiting 

enthalpic interactions using Molecular Dynamics (MD) simulations[18], [19]. The current 

work primarily aims to assess the role of enthalpic interactions on the self-assembly 

process, using a coarse-grained model for the polyhedral NPs and explicit molecules to 

describe the fluids. The use of polybead models to represent polyhedral objects facilitates 

not only the implementation of enthalpic interactions but also the use of MD simulations 

which conveniently exploit multi-processor computing capabilities. 
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It has been long known that colloidal NPs possess a strong affinity towards fluid-

fluid interfaces and can bind to them irreversibly[20], [21]. It is widely believed that the 

driving force behind this irreversible adsorption is the reduction in the interfacial energy 

due to contact between the two immiscible fluids. Based on this principle, many 

analytical models [2], [3], [5], [22]–[24] have been developed to capture the orientational 

behavior of isolated NPs at sharp (zero thickness) interfaces.  

In the case of polyhedral particles, understanding and controlling the orientation 

of the NP relative to the normal of the interface presents an interesting challenge. The NP 

orientation is typically denoted by the Miller index vector or the NP facet parallel to the 

plane of the interface. Cilliers and co-workers [25], [26] have reported a model for the 

investigation of the orientation of isolated, non-spherical, micrometer-sized particles at 

fluid interfaces  Their continuum model showed that cubic particles with a fixed surface 

energy preferred the {100} facet up orientation at low contact angles and the corner-up 

{111} facet up orientation at high contact angles. Evers et al. [3]predicted that the most 

preferred orientation of a cubic NP at a non-deformable, sharp interface is {110} facet up. 

Recent experiments [27], [28] have demonstrated that, under certain conditions, cubic 

NPs at a fluid-fluid interface orient with the {111} facet up. Subsequently, by including 

the effect of capillary deformation in a sharp-interface model, Soligno et al.[24] showed 

that the {111} facet up preference of the cube could be captured correctly. Whereas the 

sharp-interface models may be suitable for applications to relatively larger NPs, the effect 

of an interfacial region with a finite “thickness” cannot be neglected when the NP size is 

comparable to the thickness of the interface.  

 



 

4 
 

In this work, we seek to establish the underlying thermodynamic principles 

governing the self-assembly of NPs using flat (fluid) interfaces as templates. The first step 

in this process is to investigate the behavior of an isolated NP at the interface. For this 

purpose, we employ solvent-explicit MD simulations to simulate the multibody effect of 

the fluid molecules on the NP. By explicitly modeling the interface, the effect of solvent 

wetting characteristics on the NP behavior can be more accurately captured. We use these 

simulations to map out the free-energy of the NPs as a function of their orientations and 

vertical positions with respect to the interface, and thus to identify the preferred NP 

configurations. We use selected molecular simulation results for a cube shape to illustrate 

the basis of the general characteristics displayed by an isolated NP at the interface, and 

to motivate the development of a continuum model where a non-deformable interfacial 

region of finite thickness contributes explicitly to the free energy of the system.  

 

The rest of this manuscript is organized as follows. In section 1.2, we describe the 

coarse-grained simulation model and simulation methodology. In section 1.3, we 

summarize the basis of our continuum model (providing additional details in the 

Supplementary Information, section 1.6). In section 1.4, we present the main results for a 

single NP near an interface, comparing key simulation data and trends to those predicted 

by the continuum model. In that section, we also extend the principles developed for a 

single NP to explain the assembly of two-NP systems, simulating polybead 

Cuboctahedra as test bed. Finally, we close with some concluding remarks and an outline 

of suggested future work in section 1.5. 
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1.2 MODELS AND METHODS 

 
1.2.1 Coarse-grained model and molecular dynamics (MD) 

The base system consists of a single colloidal NP (Figure 1.1), suspended at the 

interface of two vertically-stacked immiscible fluids (two NPs are simulated in select 

cases). For simplicity, the direction perpendicular to the average orientation of the 

interface is, henceforth, referred to as the vertical direction (represented by the y-axis). By 

construction, the interface is initially located at the center of the simulation box. The 

interface location is maintained near the box center by adding reflective walls at the box 

edges perpendicular to the vertical direction. Periodic boundary conditions (PBCs) are 

imposed in the x and z directions.  

 

The NPs are described using a Polybead model[29]. The desired shape is carved 

out from a Cubic Close Packed lattice, wherein each face is represented by a well-defined 

crystallographic plane. The NP is then shaped by placing Lennard-Jones (LJ) beads at the 

surface/outermost lattice sites only. The surrounding liquids (top solvent and bottom 

sub-phase) are explicitly defined as dimers of LJ beads. While such dimers are intended 

to be a coarse-grained representation of the fluid molecules, they are able to capture the 

multibody forces associated with the wetting characteristics of NPs and the varying fluid 

properties across the fluid-fluid interface. Typically, the number of solvent molecules was 

around 5500. 
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Figure 1.1 Snapshot of the polybead model depicting two fluid phases (in red and blue) 
and a cubic NP (in yellow) at their interface. For the sake of visibility, fluid molecules 
have been removed from the front half of the simulation box. 

 

The interaction between any two species is modeled by tuning the interactions 

between their corresponding beads. This inter-bead interaction is defined by the (12-6) 

cut and linearly shifted Lennard-Jones potential, 

 

UUrFGY = ϕUrFGY − ϕ(rH) − UrFG − rHY
IJ
IK#$
^
K#$LK%

; rFG < rH   (1.1) 

ϕUrFG	Y = 		4εFG aC
N
K#$	
F
(#
−	C N

K#$	
F
=
b     (1.2) 
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where rij is the distance between beads i and j and the cutoff radius is rc = 2.5. The effective 

diameter (σ) of all beads (in the NP and the two liquids) is taken to be the same (s = 1.0). 

The bond in a liquid dimer is described by the FENE potential, 

 

U(r) = −0.5KR%# 	ln g1 − D
K
O'
E
#
h + 4ϵ gDN

K
E
(#
− DN

K
E
=
h + ϵ   (1.3) 

 

and the bond length is maintained at 1s (K=30e/s2, R0=1.5s). MD simulations are 

performed using the canonical (NVT) ensemble in LAMMPS[30]. The simulation 

temperature is maintained at 0.85ε/kB using the Nosé-Hoover Thermostat. In this work, 

we only consider systems with a liquid-liquid interface, and so the density is kept close 

to 0.8 beads/σ3, and the integration step is 0.005τ. For a single NP system, the typical 

simulation box size is 20´40´20s3 (in the X-Y-Z dimensions respectively). Characteristic 

values of the reduced parameters for comparison with experimental data, as reported in 

Ref.[31], are s = 0.4nm, e = 100kB, and t = 2ps. 

 

Using the method given by Savoy et al. [32], the LJ well depth parameter (εij)  

between the NP surface and the fluid is tuned to correspond to a physically relevant 

contact angle value (qij) and the resulting calibration curve is given in section 1.6 (Figure 

1.9). The degree of miscibility between the two fluids is determined by the value of eS1,S2. 

For all the systems in the following sections, we first establish a base case where the eij 

value between all species is set to 0.5. This ensures that the NP interacts symmetrically 

with both the fluids, and the respective contact angle values are close to 90˚. 
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1.2.2 Free energy (FE) and key degrees of freedom 

The microstate of a single NP (and the free energy associated with it) is fully 

determined by its position and orientation relative to the fluid-fluid interface. We use a 

vertical position (H) and Euler angles (q, y) to describe such degrees of freedom.  

 

The interface diving surface is defined as the plane parallel to the average 

orientation of the interface and dividing the finite interface symmetrically through the 

middle. The distance H from the NP center of mass (COM) to the interface dividing plane 

is referred to as “vertical” position and is given in reduced units “y/e” where e is the 

edge length or a characteristic size parameter of the NP. To quantitatively characterize 

the thermodynamic driving force that controls the vertical position (H) of the NP, we 

perform Umbrella Sampling (US) [33] simulations to estimate the underlying Free energy 

(FE) profile. For this purpose, we divide the vertical position space into overlapping 

windows and use a harmonic biasing potential to constrain the NP to each window. A 

Weighted Histogram Analysis Method (WHAM) [34] scheme is then used to combine the 

results from individual simulation windows into the final unbiased FE profile.  

 

NP orientation is represented using the intrinsic Euler angle convention (y-z’-y’’) 

with three angles (ϕ, θ, ψ). The elemental rotations occur about the axes of the local 

coordinate system (fixed to the NP). Angle ϕ gives the rotation about the y-axis, i.e. the 

axis perpendicular to the interface. Rotation about this axis does not change the NP 

configuration with respect to the interface, and hence we ignore it. The tilt angle, θ 

described the rotation about the new (rotated in step 1) z-axis, and the spin angle, ψ gives 

the rotation about the new (rotated in step 2) y-axis. 
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For an isolated NP (of a given shape and size) at the interface, a free energy 

landscape can be generated with tilt (q) and spin (y) angles as parameters using an US 

technique. The vertical position of the NP is decoupled from such calculation by allowing 

it to freely fluctuate around its equilibrium position. The 2D orientation phase space is 

divided into overlapping windows. Independent MD simulations are run for each 

window with two discrete harmonic torsion springs constraining the corresponding 

orientation angles (details in section 1.6.4). The windows are then stitched together using 

WHAM to generate the unbiased FE landscape. The minima in this landscape helps to 

identify the preferred orientation of the NP. 

 

1.3 INTERFACIAL STRUCTURE AND CONTINUUM MODEL 

 
First, we used our MD simulations to probe the presence of hexapolar capillary 

deformations in the interface for a cubic NP in the {111} facet up orientation as predicted 

by Soligno et al.[24]. To do this, the simulation box is set up as described in section 1.2.1 

and a cubic NP is fixed at the origin in the {111} facet up orientation. The value of all eij is 

set to 0.5. The box is then divided into 3D voxels, and the density of the bottom solvent 

beads, 𝜌"# for each voxel is calculated and averaged over time. We simulate two NP sizes, 

5 and 10s and the density profiles at various vertical heights are shown in Figure 1.2. The 

approximate heights of capillary deformations for cubic NPs of sizes 5 and 10σ are 

estimated (in Figure 1.11) to be 0.25σ (0.05e) and 1.25σ (0.125e) respectively. Clearly, as 

the NP size increases, the capillary deformations become more pronounced and are 

expected to play a significant role in determining the NP orientation at the interface. This 
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increasing trend in capillary height with particle size is inconsistent with the size-

independent prediction of 0.15e made by Soligno et al., although such a theoretical value 

is in line with ours for the 10σ NP case. The likely cause for this deviation in behavior is 

the breakdown of the theoretical assumption of a sharp interface when the size of the NP 

is of the same order of magnitude as the size of the solvent molecules. In reality, the two 

fluids are not completely immiscible and they partially mix over a finite region[35]. 

 

 

Figure 1.2 Density profile of the bottom solvent (S2) when a cubic NP is fixed at the origin 
in the {111} facet up orientation. Different images represent the density profiles at various 
vertical positions (unscaled). The black shaded region represents the area excluded by a 

perfect (not polybead) cubic NP from the vertical plane. The NP edge length is (a) 5s and, 

(b) 10s. The color code is calibrated to number density of beads of S2, 𝜌"# such that the 
most red corresponds to the pure S2 phase and the most blue to the absence of S2 beads 
(i.e., pure S1 phase in the fluid region). 
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To illustrate the significance of the finite interface thickness, we simulated the two 

vertically stacked fluids and plotted the density of the fluid “beads” as a function of H in 

the absence of any NP [see Figure 1.3(a)]. We note that, in this case, the contact angle is ~ 

90° (eS1,S2 = 0.5). The density of the bottom solvent, S2 (red curve) gradually decreases, 

while that of the top solvent, S1 (blue curve) gradually increases as we increase H over a 

small region from -1.5s to 1.5s. We henceforth refer to this region as the mixing region 

and the width of this region is approximately 3s. It is seen that the overall density of the 

fluid beads [black triangles in Figure 1.3(a)] decreases in the mixing region. This low 

density region arises from the unfavorable contact between the two types of fluid beads, 

which is captured by a low value of eS1,S2 (= 0.5), and further leads to the low miscibility 

between the two fluids. 
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Figure 1.3 Key properties of fluid-fluid interface. (a) Bead number densities [1/s3] of the 
bottom fluid (red), top fluid (blue), and combined fluid (black triangles). (b) Probability 

density (of center of mass) of an unconstrained polybead cube of size e=5s (red) and 10s 
(blue) at the interface. (c) Representation of the theoretical model describing the division 
of the system into vertical slabs. 

 

Note that the capillary deformation shown in Figure 1.2 would be slightly smeared 

out if the NP’s position and orientation were not fixed but allowed to fluctuate due to 
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thermal (Brownian) motion. This is because by virtue of thermal energy, the vertical 

position (and orientation) of a small NP fluctuates significantly about the interface-

dividing plane. Figure 1.3(b) shows the probability distribution of a cubic NPs (of edge 

size, e = 5s and 10s) as a function of vertical position where the standard deviation about 

the mean (the interface-dividing plane) for both sizes is approximately 0.35s. 

 

To account for NP behavior at these smaller length scales (e = 5s), we propose an 

alternate theoretical model where we explicitly account for the contribution of the mixing 

region to the total energy of the system. We assume negligible contribution from capillary 

deformations, a simplification partially justified by the small length scales of interest. We 

divide the fluid system into a large number of adjacently placed, vertical slabs [Figure 

1.3(c)]. The total potential energy of the system is given as the sum of contributions by 

each slab. The function is shifted such that the energy of a NP completely immersed in 

the bulk of fluid 2 is zero: 

 

∆F(H, θ, ψ) = ∑ UγP,F − γP,			QRST#YAP,F + (βQRST	# − βF)VP,FQRST	#
FLQRST	(    (1.4) 

 

where γP,i is the interfacial tension between the NP and the fluid phase in the slab, and, 

βi is the internal energy per unit volume of fluid phase in the slab. AP,i and VP,i represent 

the lateral surface area and the volume of NP in the slab, respectively, and Vi represents 

the total slab volume. Since the interface (mixing region) is a region of unfavorable 

contact between immiscible solvents, the NP attempts to minimize the volume of the 

“unfavorable interfacial contact” by maximizing the volume it occupies inside the mixing 

region. Essentially, the variational principle of finding the values of H, q, and y that 
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minimize the system energy translates now to minimizing the volume of contact, as 

opposed to minimizing the planar area of contact. Further details on the minimization 

procedure are outlined in section 1.6.2. 

 

1.4 RESULTS AND DISCUSSION 

 
1.4.1 Single cubic particle at the interface 

Figure 1.4(a) shows the underlying FE profile as a function of the vertical height, 

leaving the NP orientation unconstrained. It can be seen that a cube of edge size, e=5s, 

pays a penalty of ~10 𝑘$𝑇 to move ~0.3e away from the interface-dividing plane. It is 

clear from the underlying FE profile that the NP can only reside in a small region near 

the interface [Figure 1.3(b)]. 

 

Figure 1.4(b) shows the FE landscape obtained from US calculations with q and y 

as parameters (which probe all possible orientations of a cubic NP), while allowing the 

NP to freely fluctuate perpendicular to the interface. For this “base” case, the contact 

angle between the NP and both fluids was ~90˚ (i.e., εS1,NP = εS2,NP = 0.5) and εS1,S2 was set 

to 0.5. It is observed that the cubic NP exhibits the strongest preference for the {111} facet 

up configuration [see Figure 1.4(c)], while the smallest preference for the {100} facet up 

configuration.  
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Figure 1.4 (a) FE as a function of H for a polybead cube (e=5s) at base case conditions. 
The most preferred orientation is {111} up near the interface-dividing plane. (b) 

Orientational FE landscape for cube (e=5s) marked with the locations of {100}, {110}, and 

{111} up orientations (scale bar in 𝑘$𝑇 units). (c) Depiction of the {100}, {110}, and {111} 
up orientations of the cube, with the grey region representing the finite interfacial mixing 
region (for simplicity, the polybead cube is shown as a perfect cube). 

 

In general, it was observed that pinning the NP at different vertical positions (H) 

causes a change in its orientational preference.  To probe this behavior, we break down 

the FE landscape, along the NP vertical position, into independent contributions from 

various orientational configurations. To do this, we fixed the orientation (q and y) of the 

NP and performed a 1D US calculation (similar to that described in section 1.2.2) with the 

vertical position as the only parameter. This procedure was repeated for 3 orientations, 

namely {100}, {110}, and {111} up [shown in Figure 1.4(c)]. Figure 1.5(a) shows the FE 

profiles for a polybead cube of size 5s with these fixed-orientations and for the 
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unconstrained case. It is observed that the unconstrained vertical FE landscape forms the 

lowermost envelope of all such possible curves corresponding to different orientations. 

For any vertical position, the orientation with the lowest free energy would be expected 

to be most stable.  This implies that each point in said envelope corresponds to the most 

stable orientation (lowest FE) at that vertical position. 

 

 

Figure 1.5 FE vs H for a cube at the base conditions corresponding to three major 

orientations (blue, red, and green) (a) Polybead model with e = 5s. The dotted black curve 
represents the unconstrained (or free-to-rotate) case [Figure 1.4(a)] (b) Continuum model. 
(c) Most preferred orientation for 4 studied polyhedral shapes at base conditions (from 
left to right) Cube: {111}, Cuboctahedron: {111}, Rhombicuboctahedron: {1n0}, 
Octahedron: {100}. 

 

It can be seen [in Figure 1.5(a)] that the FE of the {111} facet up orientation is lower 

than that of both the {100} and {110} facet up orientations. The {100} facet up configuration 

is stable beyond a certain distance (~0.4e) from the interface-dividing plane. This {111}-
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up to {100}-up change in preferential orientation is characterized by a slight flattening of 

the FE profile, followed by a change in its slope. These characteristics are correctly 

predicted by our version of the continuum model as seen in Figure 1.5(b). The parameters 

needed in the model are calculated by fitting the MD simulation results to equation (1.4) 

(details given in section 1.6.2).  

 

The US approach to find the most preferred orientation of NPs can be applied to 

different polyhedral shapes. We present results for 4 different NP shapes [in Figure 1.5(c)] 

of similar sizes, with additional details given in section 1.6.5.  

 

1.4.2 Tuning orientation preference of NP by changing relative contact angles 

For practical applications, it is important to understand how the interfacial properties 

of the fluids and the NP affect the preferential orientation that an isolated NP will exhibit 

at the fluid-fluid interface. We show here how different such NP orientations can be 

accessed and favored, by tuning the relative inter-species interaction parameters. In 

particular, we consider two cases: 

 

1) Changing eS1,S2 - the degree of miscibility between the two solvents: 

Increasing εS1,S2 increases the miscibility of the two fluids and, to some degree, leads 

to an increase in the width of the mixing region. For a higher value of εS1,S2, we 

observed a relatively shallower free energy profile (Figure 1.6(c)) along the vertical 

position. This result is consistent with the predictions from the continuum model 

since if the fluids are more miscible, the energy per unit volume (bi) in the mixing 

region is relatively lower. As per equation (1.4), a smaller negative value of the 
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prefactor (bBulk 2 - bi) for the excluded volume term (VP,i) will give a shallower FE 

profile. A shallower FE well allows the NP to symmetrically access higher vertical 

positions by virtue of its thermal energy.  

 

2) Changing qNP,S – the contact angles between solvents and the NP: 

By decreasing qNP,S1 (i.e., increasing εNP,S1), we give the NP an enthalpic preference to 

solvent 1 relative to solvent 2. The NP now prefers to be solvated by solvent 1 and 

thus has an incentive to move away from the interface-dividing plane. As shown in 

Figure 1.6(a), this change expectedly shifts the global minimum of the vertical FE 

profile to a higher H=H*, effectively changing the NP's mean position from 0.0 to H*. 

From the continuum perspective, due to the lower energy of interactions between NP 

and fluid 1, fluid slabs with a higher concentration of fluid 1 have a lower value of gP,i. 

Thus, the FE in the bulk of fluid 1 is lower than that in the bulk of fluid 2. 

 

As discussed before (for the symmetric case in section 1.4.1), there exists a strong 

correlation between the NP’s vertical position and preferred orientation. Thus, by altering 

the NP’s mean vertical position through changes in qNP,S1, we can indirectly change its 

orientation behavior. This is shown in Figure 1.6(b), where for εNP,S1=0.7 we see a change 

in the preferred orientation of the NP from {111} to {100}. We, however, also see that the 

depth of the orientational bias well is small (~3 kBT). This is the result of the effective 

flattening of the vertical FE profile over a large range of positive H values [Figure 1.6(a), 

green curve] for εNP,S1=0.7. In such a situation, the NP can reside over a wide range of H 

with almost equal probability, while accessing different orientations at different H. So, in 
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this case a reduction in positional selectivity leads to a corresponding reduction in 

orientational selectivity.  

 

If maintaining orientational selectivity is important, an alternative approach to 

tune NP orientation involves modifying both eS1,S2 and qS1,NP synergistically to gain a finer 

control over the shape of the FE profile. We can see from Figure 1.6(d) that for eS1,NP=0.7 

and eS1,S2=0.6 for a cube of 5s size, the FE minima is shifted from H=0.0 to H=1.5s, without 

flattening the profile. In this manner, we retain the positional selectivity while accessing 

a different preferential NP orientation (namely, {100} facet up). 
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Figure 1.6  FE characteristics for a cube of edge 5s; (a) FE vs H for different values of eNP,S1 

keeping eS1,S2(=0.5) fixed. (b) Orientational FE landscape marked with the locations of 

{100}, {110}, and {111}-up orientations with eNP,S1 = 0.7 and eS1,S2=0.5. (c) FE vs H for 

different values of eS1,S2 keeping eNP,S1=eNP,S2=0.5 fixed. Higher values of eS1,S2 generate 

successively shallower wells. (d) FE vs H with eS1,S2=0.6, eNP,S1=0.7; the cube’s most 
preferred position shifts upwards to ~0.3e, and its most preferred orientation changes 
from {111} to {100} facet up. 

 
 

1.4.3 Assembly of two particles at the interface 

Toward a future goal of describing multi-NP interfacial assembly, we attempt here to 

explain two-NP behavior at the interface as an extension to the insights on single NP 

behavior described in sections 1.4.1 and 1.4.2. As it will be shown, two-NP interfacial 

assembly can be explained by the interplay of the underlying FE characteristics for 
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individual NPs at the interface and the FE associated with NP-NP interactions. For this 

purpose, we illustrate our analysis using cuboctahedra (CO) whose NP-NP interactions 

are richer than those of cubes given that the former can contact each other through two 

different types of facets. Also, to model NP-NP interactions, we need to specify the 

interaction parameter eNP,NP between two Lennard-Jones beads belonging to the two 

different NPs (details in Figure 1.15). By synergistically selecting appropriate values of 

eNP,NP and eNP,S1, one can potentially calibrate the inter-NP attraction to mimic 

experimental behavior. 

 

As dictated by its FE characteristics (see Figure 1.12), for the base case (i.e., εS1,NP = 

εS2,NP = εS1,S2 = 0.5) an isolated CO prefers to stay close to the interface-dividing plane while 

orienting with its {111} facet up. However, as soon as two Cuboctahedra join at the square 

{100} facet, an additional constraint is added to the system. Now, it is geometrically 

impossible for both COs to individually satisfy all three (positional, orientational, contact) 

constraints simultaneously. If we assume a situation wherein the inter-NP attraction is 

strong enough to force a complete (square-square) contact constraint (e.g., for eNP,NP ³ 

0.15), the system now faces the following choices: 

 

1) If the COs remain close to the interface-dividing plane, they can either orient with their 

{100} facets up to form a square motif or they can orient with their {110} facets up to form 

a linear rod-like motif. In both of these situations, the COs pay an orientational FE penalty 

(~10 kBT per CO), OR  

2) If the COs attempt to orient in the desired {111} facet up orientation, a vertical distance 

separates their centers, as seen in Figure 1.7(a). In this case, they pay a penalty (~15 kBT 



 

22 
 

per CO) for moving up in the positional FE well (Figure 1.12). Moreover, if the particles 

move too far away from the interface-dividing plane, their orientation preference changes 

from {111} facet up to {110} facet up. 

 

Depending on the specific values of the parameters characterizing the NP-NP and 

NP-fluid interactions (qNP,S, size of the CO etc.), the system finds a preferred configuration 

that constitutes a compromise between the competing constraints. For e = 5s, the order 

of magnitude of positional and orientational FE penalties (as measured from the 

minimum value) is comparable, so the system spontaneously choses a state intermediate 

between states (1) and (2) as shown in Figure 1.7(c). 
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Figure 1.7 (a) and (b) are cartoon representations of two COs at the interface (grey region) 
with their {111} facets pointing vertically upwards. In (a) the contact between the square 
faces of the COs is complete, causing the COs to move away from the interface-dividing 
plane and out of the interface, hence decreasing the system’s stability. In (b) the COs can 
slip along their contacting surface and move into the interface, reducing, in the process, 
the vertical separation between their centers of mass. (c) Snapshot from brute-force MD 

simulation of two CO with e=5σ and eNP,NP =0.15. The complete contact constraint (due to 

high eNP,NP value) forces the joined structure to rotate as a whole, thereby bringing the NP 
centers closer to the interface dividing plane. The solvent beads are represented as small 
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dots for better visibility. (d) e=5σ, eS1,S2 =0.7 and, eNP,NP =0.125. The COs eventually attain 

and retain this structure even when initialized far away. (e) FE profile for a CO (e=5s) 

and eNP,S1 = 0.7. Under these conditions, CO prefers to stay at H~0.4e and with its {110} 
facet up. (f) Stable rod-like motif formed by two COs. The interfacial region in the 
snapshots is shown in grey.  

   

By setting the inter-NP attraction to a relatively low value (e.g., eNP,NP = 0.125), it is 

possible to relax the strong contact constraint. In such a scenario, the NPs forgo the 

energetic advantage of a complete (square-square) contact and slip along the contact 

surface. In doing so, the NPs reduce the vertical separation between their centers and, as 

a result, come closer to the interface-dividing plane. This structure [shown in Figure 1.7(b) 

and Figure 1.7(d)] is the basic motif in the superstructure referred to as the Puckered 

Honeycomb structure.  

 

The strategy developed for modifying the FE for a single NP (section 1.4.2) can be 

extended to a two-NP system as follows. For the purpose of stabilizing the Puckered 

Honeycomb motif, the degree of miscibility between the two fluids (eS1,S2) can be increased 

(without changing the relative contact angles of the fluids with the CO). By doing this, 

the FE well associated with the vertical position becomes shallower, thereby allowing the 

CO to access a wider range of vertical positions around the interface dividing plane (as 

shown in section 1.4.2). Similarly, we can reduce the contact angle between the NP and 

the top fluid, qNP,S1 (corresponding to eNP,S1=0.7) such that the most preferred position is 

centered about 1.5 - 2.0σ [Figure 1.7(e)]. At this vertical position, the COs preferentially 

orient themselves with the {110} facet up configuration, with no significant relative 

separation distance between NP centers. This gives rise to stable linear, rod-like 
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structures [Figure 1.7(f)]. It is important to note that if eNP,S1 is increased, eNP,NP has to be 

re-adjusted to mitigate the NP's solvation preference to fluid S1; specifically, if eNP,S1 is set 

to 0.7, then eNP,NP must be increased from 0.125 to ~0.25. 

 

1.4.4 Validity of the Continuum Model 

As can be seen in Figure 1.5(b), the continuum model proposed in section 1.3 is 

able to capture semi-quantitatively the key features and trends of behavior of the FE plots 

for the polybead, solvent explicit model and associated orientational and positional 

preferences of a single NP at a fluid-fluid interface. Compared to the sharp-interface 

model[36], the continuum model that we propose here gives a more detailed description 

of the system when the size of the NP is within the same order of magnitude as the size 

of the liquid molecules [O(10)]. An elegant feature of this formulation lies in the fact that 

it reduces to the previous sharp-interface model in the limit of very large NP sizes, as 

illustrated in Figure 1.8(a). Indeed, when the size of the NP is much greater than the width 

of the interface, we can write:  

 

Excluded volume (Vex) ≈ (Excluded area ´ interface width) 

 

NP area in contact with the mixing region ≈ (Perimeter ´ interface width) 
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Figure 1.8  (a) Illustration of the idea that if the NP size is much bigger than the 
characteristic thickness of the interface (as in the rightmost cube), the proposed finite-
interface model approaches the sharp-interface model. (b) (Top) MD simulation results 

for a polybead Cube (e=5s) for different sets of (eS1,S2, eNP,S1) parameter values; (Bottom) 

The sum (red curve) of changes in FE (DF) caused by independent changes in parameters 
to the base FE profile matches with the profile generated by changing both parameters 
simultaneously (target function, blue curve). 

 

As we saw in section 1.4.1, this continuum model correctly predicts the positional 

FE minimum for a cube. As further validation, we generated FE vs H profiles, for a single 
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cube (e=5s) at the interface, for different sets of (eS1,S2, eNP,S1) values [Figure 1.8(b), top 

panel]. Each profile is represented using the F(eS1,S2, eNP,S1) notation. Next, we calculated 

the change in the FE (DF) (at corresponding values of H) caused by a change in one 

parameter at a time. We, then, add the change caused by both parameters individually to 

the base value (F(0.5,0.5)). It can be seen in the bottom panel of Figure 1.8(b) that this sum 

is equal to the target function (F(0.6,0.6)). This additivity of individual FE effects for the 

solvent-explicit polybead model agrees with the linear structure of the relevant terms in 

the continuum model formulation [equation (1.4)] (non-linear effects are absent): 

 

F(0.5, 0.5) + [F(0.6, 0.5)– F(0.5, 0.5)] + [F(0.5, 0.6)– F(0.5, 0.5)] = F(0.6, 0.6)  (1.5) 

or, 

FUVWX + ∆FUεY(,Y#Y + ∆FUεZP,Y(Y = F[VK\X[      (1.6) 

 

1.5 CONCLUSIONS 

By using a polybead model, we simulated an isolated NP at an explicitly defined 

fluid-fluid interface. Using biased sampling techniques, we mapped the orientational and 

positional FE function for a cubic NP. In general, this methodology can be applied to any 

polyhedral shape (as illustrated in section 1.6.5), provided it can be formed using a 

polybead model. We found that an isolated cube at the interface, with no selective 

preference to either fluid, prefers a {111} up orientation. A Pieranski-type formulation 

[23] of the continuum model presented in Refs. [22], [36], however, predicts a {110} up 

orientation. It was found that when the width of the mixing-region is not negligible 

relative to the size of the cube, the effect of this finite interface on the underlying FE is 

significant. The FE trends observed in the MD simulations were justified based on the 
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proposed finite-interface-thickness continuum model. This model enacts the principle of 

minimization of interfacial energy based on reducing the interfacial volume (i.e. the 

volume of the mixing region) by maximizing the volume occupied therein by the NP. 

 

Thereafter, we proposed a strategy to gain access to different orientational 

configurations for a given NP shape. By changing the contact angles between the three 

system components, we can alter the shape and depth of the FE wells (that govern both 

positional and orientational behavior) to create conditions at which different target 

configurations of the NP can be stabilized. We showed that for certain conditions (eS1,S2 = 

0.6, eNP,S1 = 0.7) a cube of edge size, e=5s moves away from the interface-dividing plane 

and orients with its {100} facet up. We then built upon these principles to explain and 

control the assembly of two COs. Indeed, we predicted conditions for the stability of 

different types of assemblies and validated our predictions through direct MD 

simulations.  

 

We expect that the approaches developed in this study and the results generated 

therefrom to be potentially translatable to real systems and guide experimental efforts to 

improve protocols for interfacial assembly of NPs. Although, specific NP materials and 

fluids can be approximately mapped into our coarse-grained model by calibrating the 

different contact angles between the solid and fluid phases, several refinements can be 

introduced. For example, the NP model can be more detailed by using more numerous 

beads to represent its surface. We could even introduce facet-specific interactions (patchy 

NPs) by setting different eNP,S values for beads belonging to different types of facets. This 

would be of interest for certain kinds of NP shapes like cuboctahedra or 
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rhombicuboctahedra. Alternatively, this could also be achieved by adding grafted 

ligands onto the NP beads [37] (if existing in the real system). Likewise, more atomistic 

models could be used to describe specific solvents [38]. 

 

The implicit-solvent continuum model we propose and validate is also expected 

to be a valuable tool to model the interfacial behavior of NPs in the regime where the NP 

size is of the same order of magnitude as the solvent size or the interface thickness. For 

small NPs, we conjecture that the dynamic nature of the NP motions (both translation 

and rotation) perpendicular to the interface tends to average the capillary deformations 

into an effective mixing region. Through application of this analytical model, one can 

gain a more complete and intuitive understanding of the underlying physics that govern 

the relative stability of different NP orientations at various vertical positions. There exist 

different directions that can be pursued to improve the theory. For example, a more 

detailed model could be developed by further decoupling the effect of the deformation 

of the diving-surface in contact with the NP from the average width of the mixing region. 

In this context, simulations of NPs of increasing larger sizes (relative to the interface 

thickness) will also be informative to detect and quantify the contributions of capillary 

deformations and interfacial mixing.  

 

Future modeling studies could extend our work by probing the effect of NP 

solvent wetting at a vapor-liquid interface instead of a liquid-liquid interface. Also, multi-

particle interfacial assembly behavior can be studied by using solvent-explicit coarse-

grained models or be aided by a solvent-implicit continuum model like those presented 

here. Work along these lines is currently under way. 
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1.6 SUPPLEMENTARY INFORMATION 

 
1.6.1 Calibration curve 

We can tune the LJ well depth parameter (εij)  between the NP surface and a generic 

LJ fluid to correspond to a contact angle value (qij), as given in Ref. [32]. In this method, a 

small liquid drop is equilibrated on a flat solid surface (with beads on a square and 

hexagonal lattice, akin to those on a NP) and the angle qij measured directly. 

 

 

Figure 1.9  Calibration of intrinsic wetting angle, qij, with the solid-fluid LJ energy 

parameter eij 

 

1.6.2 Basis of the continuum approximation 

The system is divided into a set of adjacently placed, vertical slabs. Each slab 

contains a slice of the NP based on the values of the parameters (H,θ,ψ). The fluid phase 
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in the ith slab is characterized by distinct values of the physical properties, bi and gP,i. The 

energy of the ith slab can then be written as, 

 

𝑓7(𝐻, 𝜃, 𝜓) = 𝛾+,7𝐴+,7 + 𝛽7U𝑉7 − 𝑉+,7Y      (1.7) 

 

where γP,i is the interfacial tension between the NP and the fluid phase in the slab, and, 

βi is the internal energy per unit volume of fluid phase in the slab. AP,i and VP,i represent 

the lateral surface area and the volume of NP in the slab respectively, and Vi represents 

the total slab volume. The total potential energy of the system F is given by summing the 

contributions of all individual slabs; 

 

𝐹(𝐻, 𝜃, 𝜓) = ∑ 𝑓7$]C-	#
7L$]C-	( + const      (1.8) 

 

F is defined relative to some arbitrary reference energy state. To eliminate the constant 

from the above expression, we shift the energy state, where the NP is completely 

immersed in the bulk of fluid 2, to zero: 

 

𝐹(∞) = 𝛾+,$]C-#𝐴+ − 𝛽$]C-	#𝑉+ +∑ 𝛽7𝑉7$]C-	#
7L$]C-(     (1.9) 

 

where AP(=∑ 𝐴+,77 ) and VP(= ∑ 𝑉+,77 ) refer to the total surface area and the total volume 

enclosed by the NP shape.  

 



 

32 
 

∆𝐹(𝐻, 𝜃, 𝜓) = ∑ U𝛾+,7 − 𝛾+,			$]C-#Y𝐴+,7 + (𝛽$]C-	# − 𝛽7)𝑉+,7$]C-	#
7L$]C-	(   (1.4)	

 

The parameters gP,i, bi are modeled using sigmoidal functions [39], S*(H,A,Hm,D) of the 

same form as shown by the fluid density [Figure 1.3(a)]. 

 

𝑆(𝐻, 𝐴, 𝐻:, 𝐷) =
^
#
tanh 2	 (_4_()

`
      (1.10) 

 

𝑆∗(𝐻, 𝐴,𝑊,𝐷) = 𝑆(𝐻, 𝐴,𝑊,𝐷) + 𝑆(𝐻,−𝐴,−𝑊,𝐷)    (1.11) 

 

where H is the vertical position from the interface dividing plane, A is the depth of the 

potential well, W is a measure of the width of the well, and D is measure of the steepness 

of increase of the well. We posit that the characteristics of 𝛽 and 𝛾 are a consequence of 

the density distribution in the fluid-fluid system. We, therefore, assume that these 

functions have the same form (W, D), but can have different magnitudes (A) based on the 

physical properties they represent. The form of the function, S* as described by equation 

1.11 implicitly assumes that the location of the peak of the barrier is at the origin. A more 

general form of the equation can easily be written to account for the cases described in 

1.4.2. We then fit equation (1.4) to the results from MD simulations as shown in Figure 

1.5(a). The parameter values, obtained from the fitting operation, are used to generate 

Figure 1.5(b). For the base case for a cube of size 5s, the fitting parameters are A = 0.15, 

Hm = 0.0, D = 1.04, W = 1.42 for the ∆𝛾 = 	 (𝛾+ − 𝛾+,$]C-#) function, and A = -0.55, Hm = 0.0, 

D = 1.04, W = 1.42 for the ∆𝛽 = (𝛽7 − 𝛽$]C-	#) function.  
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Figure 1.10  Energy of a fluid slab per unit volume, 𝜷 as a function of vertical position, H 
as calculated from the polybead model (red dots); and estimated from the fitting 
operation using the continuum model (black line). For the sake of comparison, the curves 
are shifted to zero at their minimum values. 

 

To ascertain the correctness of the form of 𝛽function, we calculate the potential 

energy of the fluid-fluid system (without the NP) as a function of H (Figure 1.10). Again, 

the system was divided into vertical slabs. 𝛽 was estimated as the total pair potential 

between the two fluids in each slab, divided by the slab volume. The fitting parameters 

are seen to be consistent with the MD system that they represent, both in terms of the 

width of the interface (W), and the order of magnitude of 𝛽 (A). The increase in 𝛽 upon 

approaching the interface-dividing plane can be attributed to an increase in the cross-

interaction between molecules of two immiscible fluids. Also, the 𝛾 and 𝛽 values trend in 

opposite directions, as can be seen from the value of their fitting parameter, A. The 

decrease in 𝛾 near the interface is a direct consequence of a decrease in overall fluid 

density (i.e. less high-energy, cross-species interaction of NP and fluids). 
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1.6.3 Height of the hexapolar capillary deformations 

 

 

Figure 1.11  Approximate height of the interface (in σ units) surrounding a polybead 
cubic NP fixed at the origin in the {111} facet up orientation. The black shaded region 
represents the region where the interface is excluded by the NP. The NP edge length is 

(a) 5s and, (b) 10s. The color bar represents the approximate height of the interface, such 
that the red and blue correspond to the interfacial capillary deformations above and 
below the interface-dividing plane (at 0.0) respectively. 

 

Complementing our discussion in section 1.3 of the main paper, we quantify the 

extent of capillary deformations in the presence of a cubic NP fixed with its {111} facet 

pointing up. Again, we divide the simulation box into 3D voxels and average the 

densities of both solvent beads over a long MD trajectory. Next, we analyze the density 

profile for a vertical column of voxels to roughly estimate the height of the interface for 

that column (Figure 1.11). First, we identify an interfacial region (defined as a continuous 



 

35 
 

range of H values) where the bead densities of both solvent 1 and solvent 2 are 

simultaneously in the range from 0.15 to 0.65. This definition reflects the idea of a finite 

mixing region existing at the interface where the densities of both solvents 

simultaneously decrease rapidly from their bulk values to ~0.0 [Figure 1.3(a)]. The lower 

limit (0.15) is slightly greater than the density of one solvent in the bulk of the other, 

whereas the upper limit (0.65) is commensurately less than the bulk density of either 

solvent (0.8). Then, the height of the interface for any particular vertical column is the 

average H of this region. The columns for which such a region does not exist, are the 

portions of the interface excluded by the NP (shaded in black in Figure 1.11). From this 

analysis, we estimate the heights of capillary deformations for cubic NPs of sizes 5 and 

10σ to be ~0.25σ (0.05e) and ~1.25σ (0.125e) respectively. 

 

1.6.4 Details of 2D Umbrella Sampling (US) 

As mentioned in the main text, NP orientation is defined using the intrinsic Euler 

angle convention (y-z’-y’’) to give three angles (ϕ, θ, ψ). The effect of angle ϕ can be 

ignored as it causes a rotation about the global y-axis (yG) leaving the system microstate 

unchanged. It should be noted that a rotation about the local (rotated) z-axis (zL) leads to 

a change in the value of θ only and, a rotation about the local y-axis (yL) leads to a change 

in the value of ψ only. 

 

The 2D phase space is divided into a set of windows. For each window, NP 

orientation (θ, ψ) is constrained close to the window reference point (θ0, ψ0) by using 

independent harmonic torsion springs applied about the corresponding axes of rotation 
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(zL, yL). The total torque vector, t on the rigid NP can now be calculated as the sum of 

torques about both axes, 

𝝉 = −𝐾b(𝜃 − 𝜃%)𝒛𝑳 − 𝐾d(𝜓 − 𝜓%)𝒚𝑳      (1.12) 

 

where, K is the corresponding torsional spring constant. The value of K is chosen such 

that the spring is rigid enough to sample the window at the same time allowing for 

sufficient sampling overlap with the neighboring windows. The corresponding biasing 

potential energy for the system is given by, 

𝐸 = (
#
𝐾b(𝜃 − 𝜃%)# +

(
#
𝐾d(𝜓 − 𝜓%)#      (1.13) 

 

Thereafter, from the value of torque, the force experienced by each “bead” of the 

polybead NP can be calculated using Euler’s equation for rigid bodies. For a typical case 

of a cubic NP of 5s edge, the window width (in both dimensions) was chosen to be 5˚ 

and, the value of K (both) was set to ~235 kBT/rad. 
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1.6.5 Single particle behavior for other particle shapes 

 

 

Figure 1.12 (a) FE as a function of H for a polybead CO (e=5s) for the base case. The most 
preferred orientation is {111} up near the interface-dividing plane. (b) Orientational FE 

landscape for CO (e=5s) marked with the locations of {100}, {110}, and {111} up 

orientations (scale bar in 𝑘$𝑇 units). (c) Snapshots depicting the {100}, {110}, and {111} 
orientations of the CO shape, with the grey region representing the finite mixing region. 
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Figure 1.13  (a) FE as a function of H for a polybead Rhombicuboctahedron (e=4s) at base 
case conditions. The most preferred orientation is {1n0} up near the interface-dividing 
plane. (b) Corresponding orientational FE landscape marked with the locations of {100}, 
{110}, and {111} up orientations (scale bar in kBT units). (c) Depiction of the {100}, {110}, 
and {111} up orientations, with the grey region representing the finite interfacial mixing 
region. 
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Figure 1.14  (a) FE as a function of H for a polybead Octahedron (e=5s) at base case 
conditions. The most preferred orientation is {100} up near the interface-dividing plane. 
(b) Corresponding orientational FE landscape marked with the locations of {100}, {110}, 
and {111} up orientations (scale bar in kBT units). (c) Depiction of the {100}, {110}, and 
{111} up orientations, with the grey region representing the finite interfacial mixing 
region. 

 

1.6.6 Interactions between np-np 

We model NP-NP interactions by directly tuning the eNP,NP parameter. For a given 

value of eNP,NP, it is possible to map the change in FE as a function of the distance between 

two NPs using US (by adding a biasing harmonic potential between the two NP COMs) 

and WHAM in a similar way as described in section 1.2.2. We illustrate one such 

calculation for two identical COs (e=5s) in Figure 1.15, where all other eij values are equal 

to 0.5. For purely repulsive interactions (WCA [40]), the COs are seen to be solvated by a 

layer of liquid between their contacting surfaces. This is reflected in the increasing trend 
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in FE with decreasing inter-NP distance (i.e., a penalty is incurred in squeezing the liquid 

layer out). When eNP,NP is increased to 0.15, we begin to see a decreasing FE trend. The 

closest distance of approach between the centers two COs (from purely geometrical 

arguments) is Ö2e (in the case of a square-square facet contact). However, the results of 

our simulations indicate that the COs come closer than this distance. This is because the 

bumpy topography of the polybead model causes the two surfaces to contact with a close-

packed stacking. We also notice two significant dips in the FE profile for eNP,NP=0.2. These 

dips are caused by an intermediate contact between the triangle-triangle facets and the 

square-triangle facets of the two COs. 

 

 

Figure 1.15  FE of interaction between two COs as a function of the distance between their 

centers (r), for various values of eNP,NP and for purely repulsive NP-NP beads (WCA). 
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2 IMPLICIT SOLVENT MODEL FOR THE INTERFACIAL 

CONFIGURATION OF COLLOIDAL NANOPARTICLES AND 

APPLICATION TO THE SELF-ASSEMBLY OF TRUNCATED 

CUBES 

 

 

 

This study outlines the development of an implicit solvent model that reproduces the 

behavior of colloidal nanoparticles at a fluid-fluid interface. The center-point of this 

formulation is the generalized Quaternion-based Orientational Constraint (QOCO) method. 

The model captures 3 major energetic characteristics that define the nanoparticle 

configuration – position (orthogonal to the interfacial plane), orientation, and inter-

nanoparticle interaction. The framework encodes physically relevant parameters that 

provide an intuitive means to simulate a broad spectrum of interfacial conditions. Results 

show that for a wide range of shapes, our model is able to replicate the behavior of an 

isolated nanoparticle at an explicit fluid-fluid interface, both qualitatively and often 

nearly quantitatively. Furthermore, the family of truncated cubes is used as testbed to 

analyze the effect of changes in the degree of truncation on the potential-of-mean-force 

landscape. Finally, our results for the self-assembly of an array of cuboctahedra provide 

corroboration to the experimentally observed honeycomb and square lattices. 
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2.1 INTRODUCTION 

 
The presence of a fluid-fluid interface imposes certain restrictions on the position 

and orientation of a nanoparticle (NP) that resides across or at close proximity of the 

interface dividing plane. This effect has been exploited to create long-range, coherent 

assemblies of quasi-2D super-structures. These structures are of particular interest 

because they are known to possess strong correlations between their packing symmetries 

(structure) and the displayed opto-electronic properties (function). In particular, different 

NP shapes display a gamut of orientation behavior depending on the interfacial 

conditions. Multiple experimental[1], [4], [41], [42] and computational[2], [3], [5], [23], 

[24], [43]–[45] studies, reported over the recent years, have aimed to develop a finer 

control over NP interfacial assembly. However, most of these computational studies have 

primarily focused on single-particle behavior due to the high computational demands 

entailed in simulating the surrounding fluids and the resulting interface. This limitation 

prevents extensive computational probes of the mechanism and energetics of the self-

assembly process that leads to the formation of superlattices possessing atomic coherence 

across micrometer-sized grains[46]. To help fill in this gap, we put forth a theoretical 

framework, backed by explicit-solvent simulation studies, [43] that accounts for the effect 

of the fluid-fluid interface on the NP using an effective overlaid potential landscape. By 

eliminating the explicitly modeled solvent molecules in favor of an implicit-solvent, the 

number of particles to be simulated is greatly reduced. The associated reduction in 

computational expense allows access to the self-assembly process at meso-length scales 

(𝑂(10!) the size of a representative NP). Moreover, due to the high dimensional nature 

of the possible control parameters and conditions, a large portion of this phase space 

remains unexplored. In this context, implicit-solvent simulations can provide an effective 
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means for exploration of a wide range of interfacial conditions (determined by the choice 

of solvents), NP choice (shapes and sizes) and even meso-scale phenomena observed 

experimentally (like defects and grain boundaries). 

 

In a previous work,[43] we chose intrinsic (𝑦 − 𝑧’ − 𝑦” coordinate convention) Euler-

angles (𝜙, 𝜃, 𝜓) to describe the NP orientation. The advantage of this representation lies 

in the isolation of the rotation about the global axis perpendicular to the interface (𝜙). 

Since transformations around 𝜙 produces no change in the NP orientation with respect 

to the interface, 𝜙 can be factored out by leveraging the intrinsic cylindrical symmetry 

about the interface normal. Direct application of the above idea requires two independent 

springs to constrain the 𝜃 and 𝜓 rotations as reported by Soligno et al.[45] However, the 

Euler angle formulation suffers from operational difficulties such as the gimbal lock,[47] 

leading to discontinuities at the poles (𝜃 = 0, 𝜋). More importantly, analysis of the free 

energy (FE) plots for a range of NP shapes from explicit-solvent simulations points to an 

underlying symmetry in the orientation characteristics. We posit that the overall 

orientation bias function can be broken down into the sum of contributions from 

individual particle-shape features. Each feature, therein, corresponds to a hypothetical 

(ℎ𝑘𝑙) NP facet and comprises a basis set. Here, an (ℎ𝑘𝑙) facet represents (the miller indices 

of) a crystallographic plane. It is important to note that the “biases” applied to a NP in 

the implicit-solvent simulations are intended to re-create the effect of the interface on the 

NP (orientation and vertical position) behavior. These biases are not meant to be confused 

by those employed for the purpose of facilitating rare event sampling techniques. 
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We propose a generalized formulation based on generating a potential-of-mean-

force (PMF) function by superimposing the orientation constraints for multiple relevant 

NP features. Although all of the possible (ℎ𝑘𝑙) features are relevant, some contribute 

much more to the free-energy landscape. In this context, the formulation of the 

orientation bias is analogous to a Fourier series expansion with leading terms dominating 

local behavior. Individual constraints [for each (ℎ𝑘𝑙) feature] are generated using the 

Quaternion-based Orientational Constraint (QOCO) method. The QOCO method is 

predicated on three major knowledge priors of the physical system. Firstly, it enforces 

rotational invariance about the global vertical axis to replicate the cylindrical symmetry 

of the interface. Secondly, owing to a quaternion implementation, any generated torque 

is a continuous function across the entire rotation space. Lastly, it factors out the 

equivalent orientations in rotationally symmetric polyhedra.  

 

In section 2.2, we outline the details of our heuristic formulation and the QOCO 

method. In section 2.3.1 we demonstrate the ability of the formulation to capture the 

orientation characteristics of a wide range of polyhedral shapes using single- and 

multiple-feature biases. Thereafter, in section 2.3.2 we explore the underlying physical 

basis of the generated model parameterization. We focus on two separate cases to justify 

our design choices and to provide concrete examples for the parameter set. First, we 

consider cantellated cubes with {110} and {111} facet truncations, ranging from a cube 

(CU) to the rhombicuboctahedron (RCO). Then, we consider the series of {111} facet 

truncations from a cuboctahedron (CO) to the truncated octahedron (TO). We then 

discuss the geometric and energetic basis for the dominant contribution from certain 

features. Having established a physical correlation, we use the model to analyze the effect 
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of changes in NP shape on the orientation characteristics. In section 2.3.3, we present 

preliminary results for the self-assembly of an array of CO NPs (of size ~5	𝑛𝑚) at three 

different interfacial conditions. The large number of NPs are simulated in a highly 

parallelized molecular dynamics (MD) setting, using coarse-grained polybead 

nanoparticles.[43]  In agreement with experiments,[3], [27], [28], [48], [49] we observe the 

formation of bilayer honeycomb and monolayer square lattices. Lastly, in section 2.4 we 

provide some concluding remarks and comments on potential limitations and extensions 

of our approach. 

 

2.2 MODEL 

 
We consider a biasing potential to describe the effective interaction between the NP 

and the two fluids forming the interface. The total bias applied to each NP, with shape S, 

is given by 

𝐸>(𝑆, 𝐻, 𝒒��⃗ ) = 𝐸,(𝑆, 𝐻, 𝒒��⃗ ) + 𝐸0(𝑆, 𝒒��⃗ )			 (2.1) 

 

where 𝐻 is vertical position of the NP center-of-mass from the interfacial plane, and the 

quaternion 𝒒��⃗  defines the orientation of the NP from a fixed, arbitrary reference. 

2.2.1 Choice of the bias functions 

The component biases, vertical position (𝐸,) and orientation (𝐸0), are described as follows 

– 

1. Vertical position bias, 𝐸,: Due to the non-negligible interfacial mixing region[43] and 

thermal energy, the NP vertical position is expected to fluctuate significantly about 

the interfacial plane. This characteristic can be captured by tethering the NP to the 



 

46 
 

interfacial plane (at 𝑦 = 0) using a spring. [45]The harmonic potential, 𝐸,, is given as 

𝐸,(𝑆, 𝐻, 𝒒��⃗ ) = 𝑔(𝑆, 𝐻, 𝒒��⃗ )
𝑘,e

2
𝐻# =

𝑘,
2
𝐻#			 			(2.2)	

 

where 𝐻 is the distance of the NP center-of-mass from the interfacial plane. Typically, 

the orientation and vertical position of the NP at the interface are correlated. 

Previously, we have shown that as the NP moves away from the interfacial plane, the 

orientation preference changes. For the sake of simplicity, we currently do not take 

this effect into account and hence set the function 𝑔(𝑆, 𝐻, �⃗�) as constant, thereby 

making the 𝐸, and 𝐸0 biases independent. The parameter 𝑘, is extracted from the 

explicit-solvent simulation results reported in Ref. [43] by fitting a parabola to the FE 

plot [Figure 2.1(a)]. For example, for an RCO of edge length 𝑒 = 4𝜎, 𝑘, = 3.8 -!.
/"

. 

Choosing this form of the harmonic potential imposes a quasi-2D confinement on the 

NPs. The infinitely deep well is convenient for simulations as it prevents the 

desorption of NPs from the interface. If needed to more closely reproduce the flat FE 

profile far from the interfacial plane, the 𝐸, harmonic potential could switchover to a 

constant value beyond a |H| cutoff, or a different suitable function could be used 

such as a gaussian (akin to equation 2.3b below). 
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Figure 2.1 Interfacial explicit- and implicit-solvent model for RCO (edge size 𝑒 = 4𝜎). (a) 
Comparison of the single-NP vertical FE from the explicit solvent calculations (black, 
solid) and the fitted parabola (red, dotted) of the implicit solvent model. (b) and (c) FE 

(𝑘$𝑇 units in the color bars) as a function of orientation (𝜃, 𝜓), from explicit solvent 
calculations (b) is compared to a fitted 2-feature {100},{111} gaussian bias model (c). The 
bias is plotted on the surface of the RCO in the inset of (a). 
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2. Orientation bias, 𝐸0: The total orientation bias is defined as a linear super-position of 

the single-feature potentials, 𝐸0,; 

𝐸0(𝑆, 𝒒��⃗ ) = � 𝐸0,;
;∈g)

			(2.3) 

Similar to the vertical position bias, the form of the single-feature potential could be 

harmonic, 

𝐸0,; =
1
2𝑘0,;

U𝛼:,;(𝒒��⃗ ) − 𝛼%,;Y
#		 				(2.3𝑎) 

where 𝑘0,; is the spring constant, 𝛼:,;(𝒒��⃗ ) is defined as the angle of closest approach, and 

𝛼%,; is the equilibrium angle (see details below). We also consider a gaussian form, 

with an additional parameter, which has the advantage that the width (𝜎;) and depth 

(𝜖;) of the potential well can be controlled independently:  

𝐸0,; = −𝑘0,;𝜎;# exp �
−U𝛼:,;(𝒒��⃗ ) − 𝛼%,;Y

#

2𝜎;#
� = −𝜖; exp  

−Δ𝛼:,;#

2𝜎;#
¡																			 (2.3𝑏)	

 

  The feature space, 𝐹, is composed of all possible (ℎ𝑘𝑙) planes. In general, a (ℎ𝑘𝑙) 

orientation implies that the (ℎ𝑘𝑙) facet is oriented parallel to the interface normal (i.e., 

facing vertically upwards). Each single feature potential, 𝐸0,(D-C), adds a tendency to 

point the corresponding (ℎ𝑘𝑙) facet at an angle 𝛼%,(D-C) from the vertical. However, 

depending on the application, only a subset 𝐹", defined by the NP shape (𝑆) may be 

relevant. For the family of truncated cubes under consideration, choosing the subset, 

𝐹" ⊆ ¤{111}, {110}, {100}¥ is sufficient. The basis functions, 𝛼:,(D-C)(𝒒��⃗ ), capture the 

orientation of their corresponding NP facets relative to the interface normal and are 

calculated using the QOCO method (described in the following section). The 
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corresponding model parameters (𝑘0,;, 𝛼%,; and 𝜎;) are obtained by fitting the bias 

function, 𝐸0(𝑆, 𝒒��⃗ ) to explicit-solvent FE results[43] [e.g. Figure 2.1(b) for an RCO (𝑒 =

4𝜎)] and are reported in Table 2-1. The physical significance of parameters 𝑘0,;	and 𝑘, 

are discussed in section 2.3. 

 

We report results for conditions corresponding to symmetric interactions between the 

NP and the two fluids forming the interface. Accordingly, the respective contact angle 

values (between the NP surface and each fluid) are close to 90˚[32], [43]. However, the 

model is general and should be applicable to cases with disparate fluid-NP contact 

angles. 

 

2.2.2 Quaternion-based Orientational Constraint 

Quaternions represent a rotation between any two orientations in 3D space. Instead 

of performing a series of rotations about the principal axes attached to the NP, the 

transformation between the two orientations can be described by one rotation about a 

specific, global axis. Quaternions also represent orientations in terms of a rotation from 

some reference quaternion [typically the identity quaternion, (1,0,0,0)]. Let 𝒒��⃗ 𝒇L(𝒉𝒌𝒍) be a 

general NP orientation with the (ℎ𝑘𝑙) facet pointing vertically upwards. The angle of 

closest approach, 𝛼:,;, is defined as the minimum angle of rotation between the current 

orientation, 𝒒��⃗ , and the feature orientation, 𝒒��⃗ 𝒇, while accounting for the rotational 

symmetries of the shape. The method [illustrated in section 2.5.1] can be broken down 

into two sequential steps: 
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i. Conversion to the axis-angle representation: 

In terms of the intrinsic Euler angles, an orientation quaternion, 𝒒��⃗  can be defined 

as a composition of three subsequent rotations, 

𝒒��⃗ (𝜙, 𝜃, 𝜓) = 𝒒��⃗ l𝒒��⃗ b𝒒��⃗ d =

⎣
⎢
⎢
⎢
⎢
⎡cos C

𝜙
2F

0

sin C
𝜙
2F

0 ⎦
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎡cos C

𝜃
2F

0
0

sin C
𝜃
2
F⎦
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎡cos C

𝜓
2F

0

sin C
𝜓
2F

0 ⎦
⎥
⎥
⎥
⎥
⎤

		 			(2.4)	

The rotation from the current orientation 𝒒��⃗ (𝜙, 𝜃, 𝜓) to the feature orientation 

𝒒��⃗ 𝒇U𝜙; , 𝜃; , 𝜓;Y can be defined using a unit quaternion, 𝒅��⃗ 𝒇	, in the axis-angle 

representation, as 

𝒅��⃗ ; = 𝒒��⃗ 𝒇	𝒒��⃗ 4(	 = cos D
𝛼;
2 E + sin D

𝛼;
2 E �̄�m = 𝑑1,; + 𝑑7,; °̂ + 𝑑n,;²̂ + 𝑑-,;�́�		 			(𝟐. 𝟓)	

 

where 𝛼; is the angle of rotation about the unit vector �̄�𝒇U= 𝑢°̂ + 𝑣²̂ + 𝑤�́�Y  

representing the axis of rotation. An important part of the method is to include 

the effect of cylindrical symmetry at the interface by enforcing rotational 

invariance about the global vertical axis. Since 𝜙 represents a rotation about the 

global vertical axis, the transformation due to 𝒅��⃗ 𝒇 should leave 𝜙 unchanged. It 

can be shown that for 𝜙; = 𝜙, 

𝛼; = 𝑝U𝒒��⃗ , 𝒒��⃗ 𝒇Y = 2 cos4( Ccos C
Δ𝜃
2 F

cos C
Δ𝜓
2 FF

		 			(2.6)	

𝑑7,; = sin𝜙 sin C
Δ𝜃
2 F

cos C
Δ𝜓
2 F

− cos𝜙 sin C
Σ𝜃
2 F

sin C
Δ𝜓
2 F

		 			(2.7)	

𝑑n,; = cos C
Σ𝜃
2 F

sin C
Δ𝜓
2 F

		 			(2.8)	
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𝑑-,; = cos𝜙 sin C
Δ𝜃
2 F

cos C
Δ𝜓
2 F

+ sin𝜙 sin C
Σ𝜃
2 F

sin C
Δ𝜓
2 F

		 			(2.9) 

 

where Δ𝜃 = 𝜃 − 𝜃;, Σ𝜃 = 𝜃 + 𝜃;, Δ𝜓 = 𝜓 − 𝜓;. By construction, 𝛼; is independent 

of 𝜙. Interestingly, equation 2.6 shows that  𝛼; is also independent of the absolute 

orientations and only depends on the differences Δ𝜃 and Δ𝜓. The target 

orientation, Δ𝛼;(= 𝛼; − 𝛼%,;), is defined as an interpolation between 𝒒��⃗ 𝒇 and 𝒒��⃗  

about the same rotation axis, �̄�𝒇. As illustration, one instance of the feature 

orientation, 𝑓 = (111), is given by 𝒒��⃗ 𝒇 D𝜙, cos4(
(
√!
, p
<
E. 

 

ii. Symmetric reduction: 

 We also need to account for the redundancy associated with equivalent 

orientations in symmetric polyhedra. There exists a set of 𝑛A rotations 𝐸 =

{𝒆�⃗ 𝒊		|	𝑖 ∈ {1, … , 𝑛A}}, any of which when applied to an arbitrary orientation 𝒒��⃗ , 

generates an equivalent symmetry-preserving orientation. We do not consider 

chiral inversions to maintain handedness of the coordinate system. Using 

equation 2.6, the angle of closest approach can be formalized as 

 

𝛼:,;(𝒒��⃗ ) = 𝑚𝑖𝑛
7∈{(,…,s*}

𝑝U𝒒��⃗ 	𝒆�⃗ 𝒊	, 𝒒��⃗ 𝒇Y		 			(2.10)	

 

For shapes with rotational chiral octahedral symmetries, there exist (𝑛A=) 24 such 

equivalents for each orientation. For such cases, the set 𝐸 can be calculated as 

rotations to possible combinations of principal axes 6	(+𝑥,−𝑥,+𝑦,−𝑦,+𝑧,−𝑧) ×
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	4	(+𝑦,−𝑦,+𝑧, −𝑧) × 	1(+𝑧,−𝑧) from (+𝑥,+𝑦,+𝑧). Here, +𝑥 refers to the positive 

direction of the global x-axis [typically (1,0,0)]. The function 𝛼:,; has an a lower 

bound of zero and an upper bound based on the rotation symmetry of the 𝑓0D 

feature. The upper bound for features {100} and {111} is max
∀(b,d)

𝛼:,{(%%} =

max
∀(b,d)

𝛼:,{(((} = cos4( (
√!
~54.735˚, whereas for {110}, it ismax

∀(b,d)
𝛼:,{((%} =

p
<
. It is 

important to note that the reduction operation must be performed in the higher 

dimensional orientation space instead of the 2D projection space of 𝜃 and 𝜓. 

Although illustrated for the case of rotational octahedral symmetry, the 

formulation is generalizable to any other symmetry. 

 

In summary, for the current NP configuration 𝒒��⃗ (𝜙, 𝜃, 𝜓) the following steps are 

performed for each relevant feature, 𝑓: 

a. Cylindrical symmetry of the interface: Factor out 𝜙 from 𝒒��⃗  to calculate the 

specific feature orientation 𝒒��⃗ 𝒇U𝜙, 𝜃; , 𝜓;Y. 

b. Convert to a single rotation: Calculate the value of 𝛼; and �̂�; from the rotation 

quaternion 𝒅��⃗ ; = 𝒒��⃗ 𝒇	𝒒��⃗ 4(. 

c. Symmetric reduction: repeat for all symmetric equivalents to get 𝛼:,; and �̂�:,;. 

d. Biasing potential: Calculate Δ𝛼:,; = 𝛼:,; − 𝛼%,; in radians and apply the bias 

𝐸0,; as an equivalent torque about the corresponding axis �̂�:,;. 

 

In the context of MD or Langevin dynamics, the above calculations are to be 

performed at each time step to ensure that torque is applied in the direction of closest 
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approach to the equilibrium orientation. Effectively, the symmetric reduction operation 

ensures that each integration step includes a (greedy) gradient descent towards the 

nearest equilibrium orientation. Note that we have described here the method using the 

Euler angle representation for rotations for the sake of simplicity and to facilitate 

connections with previous work.[43], [45] The method can also be implemented using a 

purely quaternion-based approach. 

 

 

Table 2-1  Parameter sets for orientation bias for the representative NP shapes. The 
goodness-of-fit is reported in terms of the coefficient of determination by matching 

orientation basins centered about {100}, {110} and {111} (𝑅"#) and the entire landscape (𝑅#). 

The spring constant, 𝑘0 values ( -!.
123"

), equilibrium angle, 𝛼% (degrees), and standard of 

deviation, 𝜎 (degrees) are reported corresponding to the 𝑅# fits. The 𝑅"# values are also 
reported for a different fit (different parameter set). 

 
 
 
 
 

Polyhedron 
Edge 

(𝝈) 

Gaussian (single feature) Gaussian (2-features) Harmonic (2-features) 

{𝒉𝒌𝒍} 𝜶𝟎,{𝒉𝒌𝒍} 𝒌𝒕,{𝒉𝒌𝒍} 𝝈{𝒉𝒌𝒍}} 𝑹𝑺𝟐 𝑹𝟐 {𝒉𝒌𝒍} 𝜶𝟎,{𝒉𝒌𝒍} 𝒌𝒕,{𝒉𝒌𝒍} 𝝈{𝒉𝒌𝒍}} 𝑹𝑺𝟐 𝑹𝟐 {𝒉𝒌𝒍} 𝜶𝟎,{𝒉𝒌𝒍} 𝒌𝒕,{𝒉𝒌𝒍} 𝑹𝑺𝟐 𝑹𝟐 

Cube (CU) 5 100 54.7˚ 44..6 31.8˚ 0.98 0.96 
100 52.3˚ 55.9 29.8˚ 

0.98 0.97 
100 54.7˚ 27.8 

0.96 0.96 
110 45.0˚ 9.0 32.3˚ 110 45.0 5.8 

Rhombicuboctah
edron (RCO) 

4 100 31.2˚ 118.0 10.7˚ - 0.65 
100 29.4˚ 128.9 7.07˚ 

- 0.81 
100 29.8˚ 41.0 

- 0.74 
111 22.0˚ 24.1 50.0˚ 111 0 5.2 

Cuboctahedron 
(CO) 

5 111 0 80.0 19.5˚ 0.94 0.90 
111 5.35˚ 58.1 24.4˚ 

0.94 0.92 
111 0 28.6 

0.91 0.81 
110 45.0˚ 27.0 15.0˚ 110 45˚ 17.7 

Truncated 
octahedron (TO) 

4 110 45˚ 124.1 14.7˚ 0.86 0.78 
111 54.7˚ 6.8 50.6˚ 

0.86 0.84 
111 54.7˚ 11.2 

0.78 0.67 
110 45˚ 87.1 17.7˚ 110 45˚ 36.6 
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2.3 DISCUSSION 

 
2.3.1 Comparison to explicit-solvent calculations 

The model, qualitatively and quantitatively, captures the behavior of an isolated 

NP at an explicit fluid-fluid interface. The gaussian bias potential (equation 2.3b) is 

plotted for the RCO as a function of (𝜃, 𝜓) in Figure 2.1(c). The relevant parameter set 

comprising of the feature family {ℎ𝑘𝑙}, spring constant (𝑘0,{D-C}), equilibrium angle 

(𝛼%,{D-C} ∈ Ã0,maxU𝛼:,;YÄ) and potential-well width parameter (𝜎{D-C}) are presented in 

Table 2-1. The parameters were extracted by fitting the function 𝐸0 to the FE landscapes 

generated by explicit solvent calculations (details in section 2.5.2). To ensure a good fit in 

this process, the bias map was first smoothened using a gaussian filter. Umbrella 

Sampling (US) 8/2/21 1:12:00 PM calculations were performed (analogous to those for 

the explicit-solvent system in ref.[43]) for an isolated NP (with Langevin dynamics) to 

validate the implicit-solvent formulation. 

 

For most cases, the effect of the interface, as it pertains to orientational behavior, 

is effectively captured by a single feature potential. As expected, including a second 

feature leads to a better fit (Table 2-1) as seen in the increase in the corresponding 

coefficient of determination, 𝑅# values (details in section 2.5.2). Moreover, using the 

gaussian potential, with a well of finite-depth (= 𝜖;) and width (~𝜎;), achieves a higher 

level of fitness than that for the harmonic potential. The better fit is attributed to the finite 

nature of the gaussian potential well, wherein the potential decays to zero at large angular 

differences (𝐸0,; → 0 for Δ𝛼:,; ≫ 𝜎;). In that regard, this form of 𝐸0 potential provides a 

more realistic description of the short-ranged physical biases associated with the NP 
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facets. In contrast, the well depth/width imposed by a harmonic potential is bounded by 

the limits of the 𝛼:,; function. Note that for relatively small values of Δ𝛼:,; , equation 2.3b 

describes a shifted harmonic-like potential with an effective spring constant 𝑘0,;. 

𝐸0,; = −𝑘0,;𝜎;# exp  
−Δ𝛼:,;#

2𝜎;#
¡ = −𝑘0,;ÇÈÉ𝜎;#

"D7;0

+
1
2
𝑘0,;Δ𝛼:,;#

ÇÊÊÈÊÊÉ
_21:?s7u

+ 𝑂(Δ𝛼:,;< )		 			(2.11) 

In principle, the harmonic potential could be improved and made closer to the 

gaussian well by introducing a cut-off angle (3rd parameter) beyond which the potential 

plateaus. 

 

Figure 2.2  (a), (b), and (c) respectively describe the fitted bias PMF for representatives 

from the series of truncations from (a) CU (𝑅# = 0.94), to (b) an intermediate truncation 
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of 𝜂 = 0.5 (𝑅# = 0.97) to (c) the uniform RCO (𝑅# = 0.50). The top panel shows the 
generated single-feature {100} harmonic bias potentials, to be compared to the continuum 
model calculations (see main text) shown in the bottom left panel. The corresponding 
shapes at the interface are represented in bottom right panels. The red, green, yellow 
facets correspond to the {100}, {111}, and {110} truncations. The effect of truncation is 

captured by the change in the equilibrium angle of approach 𝛼%,{(%%}. Due to the increased 

“rounded-ness” of the shape, both the FE and the bias potential become flatter. The same 

layout is followed for the series of {111} truncations from (d) CO (𝑅# = 0.75) to (e) an 

intermediate truncation of 𝜂 = 0.5 (𝑅# = 0.93) and finally to (f) the uniform TO (𝑅# =

0.82). The top panel in (d)-(f) represents the 2-feature [{111}, {110}] harmonic potential. 
The effect of truncation is seen to correlate with a switchover in dominance of specific 
features. 

 

2.3.2 Effect of change in shape 

Because our framework encapsulates key mathematical symmetries of the 

physical system, it has the ability to capture a wide range of NP orientation behavior. 

Although generated empirically, the biasing functions can reveal physical insights into 

the interplay of different feature effects that determine a final orientation preference. For 

this and the following section, we illustrate our calculations using the harmonic form of 

the orientational bias potential. Although the harmonic form is less accurate than the 

gaussian model, this difference does not change the qualitative features of the results (and 

conclusions thereof) or the physical interpretation of the key parameters 𝑘0,;and 𝑎%,;; 

indeed, the gaussian model simply represents a higher order fit as per the analysis of 

equation 2.11. 

  



 

57 
 

Consider a general cantellated cube with {110} and {111} facets. The vertices are 

given by permutations of U±U1 + √2𝜂Y, ±1,±1Y. The parameter 𝜂 ∈ [0,1] represents the 

series of truncations from a cube (at 𝜂 = 0) to RCO (𝜂 = 1). Instead of using the 

computationally intensive explicit-solvent model, we use a continuum model 

formulation (details in section 2.5.3) to explore the serial change in orientation preference 

from {111} (CU) to {110} to {1n0} (RCO).  This continuum model was shown[43] to capture 

the explicit-solvent FE landscapes of model NPs nearly quantitatively. Using the 

harmonic form, we show that the bias function (top panel) reproduces the orientation 

characteristics of the entire series as predicted by the continuum model (bottom-left 

panel) [Figure 2.2 (a), (b), (c), Figure 2.7(a)]. 

 

From a physical standpoint, the orientation preference originates, in part, from the 

tendency to reduce interfacial contact between the two immiscible fluids. The NP 

achieves this by maximizing its excluded volume from the interfacial mixing region 

(equivalently, reducing the projected area of contact). For a perfect cube, this tendency 

orients the {100} facets as far away from the vertical as possible (max
∀(b,d)

𝛼:,{(%%}~54.735˚). 

As the cube becomes more rounded (i.e., relatively low value of asphericity[50]), there is 

a corresponding decrease in this preference. The orientation preference of the entire series 

can be studied in terms of the {100} feature potential. With increasing 𝜂, the PMF [Figure 

2.2, Top panel] is reproduced by a corresponding continuous decrease in 𝛼%,{(%%}(𝜂) from 

54.735˚ to 30˚: 

𝐸0(𝜂, 𝒒��⃗ ) =
𝑘0,{(%%}
2 D𝛼:,{(%%}(𝒒��⃗ ) − 𝛼%,{(%%}(𝜂)E

#
		 			(2.12) 
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Further, for a given NP volume, we expect an increase in “rounded-ness” to lead 

to a flatter FE landscape. Here, flatness of a function can simply be defined in terms of 

the difference between its maximum and the minimum values in the domain. Indeed, the 

limiting behavior would correspond to a flat (no orientation preference) landscape for a 

sphere. The formulation captures this effect, consistent with the theoretical and solvent-

explicit calculations. Mathematically, this originates from the bounds of 𝛼: ∈ [0,54.735˚], 

wherein an intermediate value of 𝛼%	(= 30˚) leads to a flatter U𝛼: − 𝛼%(𝜂)Y
# function as 

compared to the case with an extreme value of 𝛼%	(0 or 54.7˚). This implies that the 

(𝛼: − 𝛼%)# function is roughly able to capture the effect of shape. The RCO surface plot 

in Figure 2.1(a) also illustrates that the regions of deviation correspond directly to the 

relevant features: the pointed {1n0} edges of the otherwise rounded particle contribute 

the most to the potential landscape minima (blue regions). Comparing directly to the 

continuum model, the parameter, 𝑘0,; captures the physical effect of the NP volume and 

the implicit interfacial properties (e.g. surface tension[3], [24], [44] or internal energy per 

unit volume of the mixing region[43]). The bigger the particle and/or lower the degree 

of miscibility between the two solvents, the higher the value of 𝑘0,; (or the well-depth, 𝜖; 

for a gaussian potential) and vice-versa. It is possible to show – through a combination of 

analysis from the continuum model and explicit-solvent simulations using polybead NP 

surfaces – that the variations in FE with changes in NP size are accounted for by the 

polybead model (see details in section 2.5.5). The polybead model, however, suffers from 

only being able to change the NP size in discrete steps (in increments of the bead 

diameter). This limitation could be circumvented by changing the level of detail (beads 

per unit length and/or bead diameter) at the expense of increased computational load. 
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Similarly, consider the series of {111} truncations [Figure 2.2 (d), (e), (f), Figure 

2.7(b)] from CO (at 𝜂 = 0) to TO (𝜂 = 1). The vertices are given by permutations of 

(±(1 + 𝜂), ±1,±1). The PMF of the series can be described by the 𝐹" = ¤{111}, {110}¥ 

feature subset (details in section 2.5.3). For CO, the {111} feature potential (𝐸0,{(((}) 

dominates the PMF landscape [𝑘0,{(((} = 12.3, 𝑘0,{((%} = 5.4 T+v
KVI"

	]. However, as the {111} 

truncation increases, the major deviations in the potential landscape are caused by the 

pointed edges {110}. This leads to a {110} feature dominated landscape for high values of 

𝜂. The spring constants for TO are 𝑘0,{(((} = 7.2, 𝑘0,{((%} = 28.3 T+v
KVI"

. The goodness-of-fit, 

𝑅# is reported for both series in section 2.5 (Figure 2.7). 

 

2.3.3 Self-assembly 

A hollow-core polybead model[43] is used here to describe the faceted NP. The 

various facets types ({100}, {110}, {111}) of the NP can be tuned to encode the specific 

patchy behavior (see Figure 2.3(a)). It is known that the ligand binding energy is facet-

specific and increases in the order {100} < {110} < {111}; i.e., de-protection is fastest for the 

{100} facet.[42], [51] Therefore, in this study, we allow inter-NP epitaxial connections 

through the {100} facets only. The interaction between the (red) beads of two {100} 

surfaces is defined by the cut and linearly shifted (12-6) Lennard-Jones potential, 𝑈wx 

(cutoff radius, 𝑟u,wx 	= 	2.5𝜎, 𝜎wx = 𝜎). The reduced units are quantified based on the 

physical properties of a representative solvent (see details in section 2.5.4) such that, 𝜖 =

6.44 × 104#(	𝐽, 𝜎 = 0.55	𝑛𝑚, and 𝜏 = 2.7	𝑝𝑠. The presence of stabilizing ligands bound to 

the {110} and {111} facets prevent inter-NP epitaxial connections from these surfaces. The 
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steric interactions between ligand covered surfaces of two NPs have been shown to be 

typically repulsive in nature.[52], [53] 

 

 Therefore, the beads belonging exclusively to the {110} and {111} (yellow and 

green respectively) are coarse-grained to include the effect of the grafted ligands, and 

interact with other facet-specific beads (yellow, green and red) through a “bulky” and 

soft WCA-type repulsive potential[40] (with 𝜎y = 2𝜎, 𝜖y = 0.05𝜖 and truncated at 𝑟 =

2(/=𝜎y). Since the edge (brown) beads can belong to multiple different facets, they are 

modeled as hard-core like (non-overlapping) spheres to prevent ambiguous edge effects. 

The edge beads, therefore, interact with all other bead-types using the WCA potential 

(with 𝜎y = 𝜎, 𝜖y = 𝜖 and truncated at 𝑟 = 2(/=𝜎). 

 

 

Figure 2.3  (a) The polybead representation of an RCO with edge size of 5𝜎. Assuming 
fast desorption of ligands from the {100} facets, NPs are able to form epitaxial connections 
through the {100} facets (red beads) only. The {110}and {111} (yellow and green 
respectively) facet beads are coarse-grained representations of the surface-bound ligands 
present on these surfaces. Therefore, these beads interact with the other facet-specific 
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beads through a repulsive potential. The edge (brown) beads are modeled like hard-core 

beads. (b) FE is plotted as a function of the distance between NP centers (𝛥𝑟), shifted by 

the distance of closest approach along the {100}-{100} contact (𝑑{(%%} = 5√2𝜎 for a CO of 

edge, 𝑒 = 5𝜎). Increasing the inter-NP interaction parameter, 𝜖*+,*+, leads to increased 
stability of the epitaxial connection. 

 

We assume that the total PMF of a NP can be approximated as the additive 

contributions of the inter-NP interactions and the interfacial biases described in the 

previous sections. This assumption is justified by the fact that the biasing potentials, 

originating from the interactions between an isolated NP and the fluids, attempt to 

maximize the NP interfacial “footprint” to reduce the contact between the two immiscible 

fluids. These potentials hence primarily operate over the NP interfacial “footprint” and 

are, to a first approximation, independent from the inter-NP interactions which primarily 

operate laterally, orthogonally to those footprints. Indeed, although NP-NP contacts alter 

the solvent environment between those contacts, the solvent environment normal to the 

NP footprint (which the biases primarily capture) should be similar to that experienced 

by an isolated NP. Further, the FE associated with the inter-NP distance is calculated 

(using Umbrella Sampling[33], [54]) for different values of the Lennard-Jones interaction 

parameter, 𝜖*+,*+. For this purpose, two CO NPs of edge, 𝑒 = 5𝜎 are simulated under the 

conditions predicted by the explicit-solvent simulations, i.e. 𝑘, = 4 	-!.
/"

 and 𝑘0,{(((} =

50 -!.
123"

, leading to a {111} facet-up preference. As seen in Figure 2.3(b), increasing the 

value of 𝜖*+,*+ leads to formation and subsequent deepening of a FE well at a distance 

corresponding to the point of minimum energy (maximum stability) of epitaxial bonding 

between two {100} facets. The NPs, during their approach, need to overcome a FE barrier 
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associated with two competing transformations; either 1) an orientation change from 

{111}-up to a {100}- or {110}-up, or 2) vertical shift away from the interfacial plane. This 

transformation is necessitated by the fact that the NPs in the {111}-up orientation do not 

have available {100} facets to bond along the interfacial plane.  

 

Figure 2.4  Assemblies of 1024 CO NPs at different interfacial conditions simulated with 
the solvent-implicit {111} harmonic bias. The particles are colored to reflect their vertical 
distance from the interface from out-of-plane (most red) to on the interfacial plane (white) 

to into-the-plane (most blue). (a) Conditions corresponding to 𝑘, = 4 	-!.
/"

 and 𝑘0,{(((} =

25	 -!.
123"

 directly represent the explicit-solvent conditions. A strong {111} orientation 

preference coupled with a strong tendency to stay adsorbed to the interface leads to the 

formation of an unconnected monolayer. (b) A reduction in the vertical bias, 𝑘, = 2 	-!.
/"

 

and 𝑘0,{(((} = 25 -!.
123"

, facilitates the formation of small domains with a honeycomb bilayer 

structure. (c) However, for 𝑘, = 4 	-!.
/"

 and 𝑘0,{(((} = 12.5 -!.
123"

, the system readily 

transforms into square monolayer clusters. 

 

Using a single-feature, harmonic {111} potential, we report the assembly of an 

array of 1024 CO NPs (of edge 5𝜎, i.e. diameter of ~5 nm) at three different interfacial 

conditions. The system is simulated in the NVT ensemble with the LAMMPS[30] 

package. Particle trajectories are integrated using Langevin dynamics to mimic the effect 
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of Brownian diffusion in an implicit solvent. The simulations are performed with a time 

step of 13.5 fs (0.005𝜏), for a total of 135 ns. The Langevin thermostat maintains the 

temperature, 𝑇∗ at 0.85, with a relaxation time of approximately 27 ps. The cross-section 

of the simulation box (parallel to the interface) has the dimensions 277𝜎 × 277𝜎 

(0.15𝜇𝑚 × 0.15𝜇𝑚) with periodic boundaries across them. To mimic the gradual 

deprotection of the {100} facet, the inter-NP interaction parameter in 𝑈wx is ramped-up 

from 0 to a final value of 𝜖*+,*+, over the course of the simulation. For this case we chose 

a sufficiently high 𝜖*+,*+ = 0.6𝜖, to ultimately ensure irreversible bonding as can be seen 

in Figure 2.3(b). At this value of 𝜖*+,*+, the energy of interaction between two {100} facets 

at full contact is −10𝑘$𝑇 or −0.5 × 104({𝐽 (see section 2.5.5).  

 

Firstly, we simulate the conditions predicted by the explicit-solvent calculations, 

i.e. 𝑘, = 4 	-!.
/"

 and 𝑘0,{(((} = 25	 -!.
123"

. An unconnected monolayer is formed [Figure 2.4 (a)] 

with a strong {111} preference characterized by an average value of (angle of closest 

approach) 𝛼Ñ:,{(((} ~ 5˚. This is due to a relatively strong {111} orientation bias that 

prevents in-plane bonding, in tandem with a strong vertical bias that prevents out-of-

plane movement. Lowering the vertical bias (𝑘, = 2 	-!.
/"

 and 𝑘0,{(((} = 25 -!.
123"

), facilitates 

out-of-plane inter-NP bonding. In this case, the system adopts a honeycomb bilayer 

configuration [Figure 2.4 (b)], split into multiple smaller domains. The average value of 

the angle of closest approach is 𝛼Ñ:,{(((} ~ 5˚. On the other hand, maintaining a high 

vertical bias, while reducing the orientation bias (𝑘, = 4 	-!.
/"

 and 𝑘0,{(((} = 12.5 -!.
123"

) leads 

to a prompt transformation into a square monolayer [Figure 2.4(c)], the structure that, 
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given the conditions, expectedly maximizes inter-NP bonding. In this case,  𝛼Ñ:,{(((}  ~ 

52˚, which is very far away from the equilibrium value (𝛼%,{(((}) of 0. 

 

Both the honeycomb and the square superstructures have been reported extensively 

in experiments[3], [27], [28], [48], [49] and simulations[45] for nanocrystals of the lead 

chalcogenide (PbX) family. As discussed briefly in section 2.3.2, the changes in conditions 

(corresponding to theoretical parameters 𝑘, , 𝑘0, 𝜖*+,*+) may be indirectly achieved 

experimentally by tuning a wide range of parameters such as degree of miscibility of the 

two fluids, NP shape, NP surface chemistry, surface ligand chemistry, etc. We also note 

that 𝛼:,; effectively embodies a single-valued measure of the orientation of the NP, while 

being invariant to the rotational symmetries of the NP shape. This implies that it can 

function as an adequate “local” orientational order parameter (or be used as a parameter 

for a more complex one) for these symmetric polyhedral shapes. 

 

2.4 CONCLUSIONS 

 
The overarching goal of this study is to develop a tool for prediction of and control 

over the process of interfacial self-assembly of colloidal nanoparticles (NP) into 

epitaxially connected superlattices. We have developed an empirical model to augment 

the standard Brownian dynamics of a NP in a homogeneous fluid by including the effect 

of a planar fluid-fluid interface. By eliminating the need to simulate the solvent, we 

achieve a vast reduction in the number of particles to be simulated. This makes the 

simulation of a significant number of NPs (>1000) accessible for studies of phase behavior 

or nucleation. The proposed method potentially provides an efficient means to probe 
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interfacial self-assembly to complement present experiments and guide future ones. We 

introduced the QOCO method to calculate the angle of closest approach (to NP facet 

orientation), a key geometrical metric to describe NP orientational behavior. This multi-

step method accounts for the cylindrical symmetry of the planar interface and the 

rotational symmetry of the particle shape which ensure that the biasing potential is 

applied consistently across all equivalent features. We demonstrate the versatility of the 

formulation in capturing all major orientation characteristics for a wide range of shapes. 

The choice of feature space (𝐹") encodes the information about the physical symmetry 

into the model. For some cases, a single feature potential is sufficient to capture all the 

major orientation characteristics.  However, depending on the level of required detail and 

complexity of the landscape, multiple features can be easily applied. In principle, the 

method is generalizable to any NP shape and one could augment the (ℎ𝑘𝑙) feature set to 

model more complex shapes and symmetries. Conversion to a quaternion-based 

formulation allows us to leverage the underlying symmetry in the orientational free-

energy landscape to achieve an overall reduction in the number of independent torques 

applied by half. Also, independent controls on the vertical and orientation biases allow 

the description of a wide range of systems and conditions. The number of available 

degrees of freedom can be used to model fundamentally different interfacial conditions 

(i.e., fluid-NP and fluid-fluid surface tensions, NP size and shape, etc.).[43]  

 

By studying the varying degrees of truncation for different NP shapes, we provide 

justification for our choice of linear combination of the feature potentials and a quadratic 

form of the feature potentials (equation 2.3). However, the form of the orientation bias is 

flexible and can be tuned to fit specific applications. We also investigated a 3-parameter 
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gaussian bias potential (equation 2.3b). As seen in the corresponding 𝑅# values (Table 2-1 

and section 2.5.3), this form of the potential provides a considerable improvement over 

the harmonic form. From an empirical viewpoint, the 𝑘0,; parameter can be seen as a 

measure of the relative contribution of the 𝑓0D feature to the PMF landscape. However, 

we also show a strong physical correlation among 𝑘0,;, the NP size and interfacial 

properties. Similarly, we show that the chosen forms of the function and the feature 

choice combine to capture the effect of NP shape. Finally, we explored the deployment of 

our formulation in the context of the self-assembly of a large array of CO NPs. Our results 

show the existence of the honeycomb bilayer and the square monolayer at different 

interfacial conditions. These are consistent with the phases observed experimentally and 

reported in recent simulation studies. In this study, we have focused only on a specific 

case of NPs of size ~5 nm. However, it is worth noting that, the combined effect of the 

interplay of the orientation, vertical position preferences and the energy of bonding can 

lead to vastly different phase behaviors for different NP sizes (see discussion in 2.5.5). 

 

Rather than using analytical biasing potentials, the raw simulated FE landscape 

data could also be directly used (i.e., if stored as tables) and deployed in multi-NP 

simulations by employing a suitable tabular interpolation scheme (like piece-wise cubic 

splines) to produce any required on-the-fly forces and torques. The quaternion-based 

functional fits advocated here, however, have the advantage of not only efficiently 

encapsulating the FE data (factoring out redundancies by incorporating the system’s 

symmetries) and avoiding numerical discontinuities, but also providing a deeper 

understanding of the behavioral trends with changes in particle shape or interfacial 
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conditions, through the concomitant trends in a few physically meaningful model 

parameters. 

 

We observe that the degree of truncation introduces significant changes in the NP 

orientation preference. Ongoing simulations aim to collate and catalog the rich phase 

behavior of multi-NP systems as a function of the parameters controlling single-NP 

orientation preferences for different shapes. Within the scope of this study, we have not 

considered the effect on NP orientation of interactions of the NP surface or ligands with 

the fluids. However, it is straightforward to show that the proposed feature-based 

formulation can encode those characteristics too. Additional studies could also examine 

the self-assembly of a polydisperse mixture of similar shapes and sizes. Such efforts aim 

to achieve a better understanding of the actual physical conditions and processes 

accessible via experiments. As reported before,[43] as the NP moves away from the 

interfacial plane the orientation preference changes; hence, an added layer of complexity 

would be to model the effect of change in orientation preference with changing distance 

from the interfacial plane (equation 2.2). Further, targeted studies are warranted to test 

and refine the assumption of additivity between inter-NP potentials and single-NP biases 

as employed in our multi-NP assembly simulations. Finally, the NPs could be simulated 

with added coarse-grained ligand grafts to add a greater level of detail to the model. 
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2.5 SUPPLEMENTARY INFORMATION 

 
2.5.1 Quaternion-based orientational constraint 

In this section, we illustrate one approach for the calculation of the closest angle of 

approach for the {100} feature, 𝛼:,{(%%}. We start by converting the underlying function 

[Figure 2.5(a)], A = cos4( Dcos D|
#
E cos D}

#
EE to Euler’s rotation angle, 𝛼. This is achieved by 

transforming the variables,  (X, Y) → (𝜃, 𝜓), according to the Euler angle conventions. We 

chose the feature orientation, 𝑓 = (100), given by U𝜃; , 𝜓;Y ≡ Dp
#
, 𝜋E. Then, for a given NP 

orientation, 𝒒��⃗ (𝜙, 𝜃, 𝜓), we generate a set of 24 equivalent (for shapes possessing chiral 

rotational octahedral symmetry) symmetry-preserving orientations, 𝒒��⃗ 7(𝜙7 , 𝜃7 , 𝜓7) =

𝒒��⃗ 	𝒆�⃗ 𝒊∀	𝑖 ∈ {1, … ,24}. For each of these we calculate the angle of approach, 𝛼;,7 given as 

 

𝛼;,7 = 2 cos4( Ccos C
𝜃7 − 𝜃;
2 F cos C

𝜓7 − 𝜓;
2 FF																																			(2.10) 	

 

𝛼;,7 is plotted as a function of (𝜃, 𝜓) in Figure 2.5 (b) as the ith subplot. 

 

For each (𝜃, 𝜓), a minimum reduction operation is performed across all 24 values 

of 𝛼;,7 to calculate the closest angle of approach, 𝛼:,;. This procedure is repeated to 

generate the |𝐹"| basis functions, each corresponding to a feature in the 𝐹" set. The three 

[{110},{100},{111}] used in this work are presented in Figure 2.5(c) (top to bottom, 

respectively). The basis functions can then be parameterized (e.g., with a 2-parameter 
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harmonic form) and combined (linear sum) in any number of ways to generate the final 

Potential-of-mean-force (PMF) landscape. 

 

 

Figure 2.5  (a) The form of the function, 𝐴 = 𝑐𝑜𝑠4( D𝑐𝑜𝑠 D5
#
E 𝑐𝑜𝑠 D6

#
EE, plotted as a function 

of X and Y. (b) Angle of approach, 𝛼{(%%},7 for 24 equivalent orientations (corresponding 

to chiral rotational octahedral symmetry) as a function of (𝜃, 𝜓). (c) Symmetric reduction 

of the 24 𝛼((%%),7 functions into the final 	𝛼:,{(%%} basis function (middle panel). Using the 

same procedure, the 𝛼:,{((%}, 𝛼:,{(((} basis functions can also be generated (top and 

bottom panel respectively). 

 

2.5.2 Data fitting and parameter extraction 

The potential-of-mean-force (PMF) function, 𝑒 = 𝐸0(𝑆, 𝒒��⃗ ) is fitted to the free energy 

(𝑦 = 𝐹𝐸) data using a least-squares regression method. As a measure of goodness-of-fit, 

we use the coefficient of determination (𝑅#) which is given as, 

𝑅# = 1 − 𝜒# = 1 −
∑ (𝑦7 − 𝑒7)#7

∑ (𝑦7 − 𝑦~Ö)#7
																																																		(2.11)  
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𝜒# represents the sum of the square of residuals (numerator) as a proportion of the 

variance in the FE data (denominator). A value of 𝑅# close to one implies that the fitted 

model perfectly describes the data. Similarly, a value close to, e.g., 0.8 can be interpreted 

as the model’s ability to capture ~80% of the variance in the data.  

 

For our purposes, a pre-selected feature subset, 𝑋 ⊆ {{111}, {110}, {100}} is chosen. 

A combinatorial search is performed across the (2! − 1 =)	7	subsets (not considering the 

empty set) to select the best fit with the least number of features. To ensure a good fit near 

the orientations of interest, we selectively sample the data from basins (circles of 15˚ 

radius in the 𝛼; space) centered around the {100}, {111}, {110} orientations to calculate 𝑅"#. 

The 𝑅"# statistic is not reported for the RCO shape because the regions of interest (FE 

basins) do not necessarily coincide with the {100}, {111}, {110} basins. Another metric 𝑅# 

is also calculated by fitting the entirety of the data. It is important to note that, the 𝑅# and 

𝑅"# values are generated from two separate fitting operations, each generating a different 

set of optimized values for the parameter sets. In Figure 2.6, we show two examples for 

the PMF landscape generated using the gaussian form of the potential given by equation 

2.3b in the main text. The 𝑅# values are consistently higher for this 3-parameter gaussian 

model than for its 2-parameter harmonic counterpart (see Table 2-1 in the main text and 

Figure 2.7). We also note the sharp drop in fitness for the geometry close to the RCO. This 

is because as the FE map becomes “flatter”, the simplistic fitting procedure (choice based 

on ensuring generality and accessibility) used becomes unable to distinguish between 

distinct features. A better fit can be achieved by using specific, more advanced regression 

techniques. 
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Figure 2.6  The top panel describes 2-feature gaussian form of the bias potential for (a) 
CO with {111}, {110} features, and (b) RCO with the {100}, {111} features. The PMF is fitted 
to the corresponding continuum model results shown in the bottom left panels. 

 

2.5.3 Continuum model and the truncation series 

 

To display the generalizability of the proposed heuristic PMF model, we 

consider the fit to the PMF of two series of polyhedra from the family of truncated 

cubes. A relatively (computationally) inexpensive way to estimate the PMF series of 

truncations is to use a continuum model formulation. We find that a coarser form of 

model described in in Ref.[43] is sufficient to this end. 

  

The continuum theory describes an isolated NP at the interface of two immiscible 

fluids where the stacked fluids can be roughly divided into three regions, each with 

distinct physical properties. The regions (from top to bottom) are the bulk top-solvent 
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(S1), a narrow mixing region (M), and the bulk sub-phase (S2). The finite central mixing 

region represents the diffused interface and is responsible for the observed NP 

preferential configurations. The PMF of the NP in such a theory is given by, 

∆𝐹(𝐻, 𝜃, 𝜓) = � U𝛾+,7 − 𝛾+,"#Y𝐴+,7 − (𝛽7 − 𝛽"#)𝑉+,7
7∈{"(,�,"#}

																													(2.12)  

where 𝛾+,7 is the interfacial tension between the NP surface and the 𝑖0D fluid phase, and 

𝛽7 is the internal energy per unit volume of 𝑖0D fluid phase. 𝐴+,7 and 𝑉+,7 represent the 

lateral surface area and the volume of NP in the 𝑖0D region respectively. The reference 

configuration for the system for PMF calculation is defined when the NP completely 

desorbs from the interface and is present in the bulk of the sub-phase, S2. In this study, 

we have considered the cases in which the NP interacts equivalently with both the 

fluids, i.e. 𝛾+,"( = 𝛾+,"# and 𝛽"( = 𝛽"#. Upon substitution, expanding equation 2.12 leads 

to, 

∆𝐹(𝐻, 𝜃, 𝜓) = U𝛾+,� − 𝛾+,"#Y𝐴+,7 − (𝛽� − 𝛽"#)𝑉+,7 = Δ𝛾+,�𝐴+,� − Δ𝛽�𝑉+,� 															(2.13)  
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Figure 2.7  Goodness-of-fit measured in terms of 𝑅# (solid line) and 𝑅"# (dashed line with 

symbols) as a function of the truncation, 𝜂. Two forms of the biasing potential, namely 
harmonic (red) and gaussian (blue), are fitted to the PMFs generated using the continuum 
model. (a) From cube to RCO using the {100}, {110} features, and (b) from CO to TO using 
the {111}, {110} features. 

 

The parameters Δ𝛽� and Δ𝛾+,� are extracted from the explicit-solvent Molecular 

dynamics simulations.[43] Choosing the values of Δ𝛽� = 3𝑘$𝑇/𝜎! and Δ𝛾+,� =

−0.5𝑘$𝑇/𝜎# and the width of the interface 𝑊 = 1𝜎, leads to a reasonable fit of the PMF 

to explicit-solvent MD calculations. Figure 2.7 shows the coefficient-of-determinations 

values for the two series of polyhedra fitted using 2-feature orientation biases. In general, 

we see that the harmonic potential performs reasonably well across the entire series, i.e., 

with 𝑅# > 0.7. On the other hand, the 3-paramter gaussian potential provides a much 

better fit (𝑅# > 0.9) across the board. As expected, the selective fit near regions of interest, 

𝑅"#, is also generally better than 𝑅#. 
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2.5.4 Mapping of physical units 

 

The reduced units are scaled to physically relevant values by comparing[32]  the 

generic dimeric fluid used in the explicit-solvent simulations[43] with a representative 

solvent like tridecane. Firstly, by equating the density of tridecane[55] (𝑀 = 184.361 �
:?C

, 

𝜌 = 0.7564 �
u:,, therefore 𝜌∗ = �

�
= 4.1 × 104! :?C

u:,) and that of a dimeric Lennard-Jones 

fluid[56] (𝜌∗ = 0.4:?CAu]CA�
/,

= 6.641 × 104#� :?C
/,

), we evaluate the length scale 𝜎 as 

0.55	𝑛𝑚. The mass of a single bead, m is calculated from the density as 1.53 × 104#�	𝑘𝑔. 

Then, we estimate 𝜖 by comparing the critical temperature of tridecane[55] (𝑇u = 676𝐾) 

to that of the dimer[56] (𝑇u = 1.475 �
-!

), which gives the energy scale 𝜖 as 6.44 × 104#(	𝐽. 

Finally, the time scale, 𝜏	(= 𝜎Ú𝑚/𝜖)	 is calculated as 2.7	𝑝𝑠. 

 

2.5.5 Size scaling of the polybead model 

For a fixed thickness of the interfacial mixing region (M in eqs. 2.12 and 2.13), the 

NP size is an important factor in determining its preferred orientation and vertical 

position about the interface. As is apparent from equation 2.13, the size is accounted in 

the area of contact (𝐴+,7) and excluded volume (𝑉+,7) terms. So, as the NP size increases, 

the corresponding terms increase, leading to deeper FE wells and in certain cases, entirely 

different (orientation) preferences.[24], [43] We note that the NP size effect is accounted 

for in the used polybead model as follows. With a change in the number of beads per 

facet, the excluded volume (from the interfacial region) of the polybead NP scales in 

perfect accordance with its geometrical/continuum counterpart. Similarly, Δ𝛽� is 
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independent of the NP size as it depends only upon the properties of the interface. More 

importantly, it has been shown[32], [43] that the contact angle, 𝜃u 	 between an explicit 

fluid (e.g., a Lennard-Jones dimeric fluid) and a polybead surface (where the surface is 

composed of discrete CG beads) is independent of the surface size. We ascertain from 

Young’s equation [𝑐𝑜𝑠𝜃u =
�)-4�).
�.-

, where 𝛾 is the surface energy of contact between the 

solid (S), liquid (L) and Vapor (V) phases] that the intrinsic property Δ𝛾+,� is not 

dependent on the NP surface size. 

 

Keeping the consideration described above in mind, the implicit solvent 

parameters (𝑘, , 𝑘0) defining the FE of a larger (or smaller) NP can be generated either by 

(1) directly simulating the larger NP in an explicit-solvent setting, or (2) fitting a reference 

explicit-solvent calculation (e.g., for the reported size of 5𝜎) to the continuum model, to 

generate the size independent parameters Δ𝛽� and Δ𝛾+,�, and using equation 2.13 to 

generate the FE map of the larger particle. 

 

 
Figure 2.8  (a) Plot of 𝐸{(%%} as a function of NP edge size, e (red square). The scaling is a 
2nd order polynomial (black solid line) which represents an effective area of contact 
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between the two {100} surfaces. (b) FE is plotted as a function of the distance between NP 

centers (𝛥𝑟), shifted by the distance of closest approach along the {100}-{100} contact 

(𝑑{(%%}). The solid lines and the dotted lines with the symbols represent the 5𝜎 and 8𝜎 

sizes respectively. 

 
We also note that the polybead model provides reasonable scaling of inter-NP 

interaction energies with increasing NP size. We define 𝐸{(%%} as the total interaction 

energy between two NPs when their respective {100} facets are in complete contact; i.e., 

when surfaces are placed parallelly at the distance of minimum energy while maintaining 

maximum contact. This represents the minimum interaction energy possible between the 

{100} facets of the two NPs. Figure 2.8(a) shows 𝐸{(%%} as a parabolic function of NP edge 

size. 𝐸{(%%} ranges roughly from 10𝑘$𝑇 (for 𝑒 = 5𝜎) to 100𝑘$𝑇 (for 𝑒 = 10𝜎) (i.e. 0.5 −

5 × 104({	𝐽 based on 𝜖 = 6.44 × 104#(	𝐽) which is in good agreement with corresponding 

values for {100} facets in PbX NPs.[57] 

 The 2nd order polynomial, (𝑒 − 1)# − 3.4(𝑒 − 1) + 3.4, perfectly accounts for the change 

of surface energy with edge size, 𝑒. This expression is easily derived analytically by 

assuming that a single bead in the {100} surface of the first NP interacts with only 9 (3 × 3) 

beads of the second NP’s aligned {100} surface. This is a reasonable assumption 

considering the length scale and cut-off of the applied Lennard-Jones potential. We also 

assume that an outer-most (red) bead from the first facet, on average, interacts with a 

fraction, 𝑓(∈ [0,1]) of the energy of that of a bead close to the center of the facet. Note that 

our NP model is hollow and is described purely by surface beads. In this context, “outer-

most” and “close to center” are measures of the radial distance of the beads (that comprise 

the facet surface) from the facet center. The number of these outer-most beads for a 
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surface width edge, 𝑒 is given by (𝑒 − 1)# − (𝑒 − 3)# = 4(𝑒 − 2). Therefore, if the average 

energy of bead-bead interaction is given by 𝛾, the total energy of interaction, 𝐸{(%%} can be 

calculated as, 

 

𝐸{(%%} = 𝛾 × (𝑒 − 3)# + 𝑓𝛾 × 4(𝑒 − 2)

= 𝛾[(𝑒 − 1)# − 4(1 − 𝑓)(𝑒 − 1) + 4(1 − 𝑓)]										(2.14) 

 

This gives the value of 𝑓 as ~1/6. For an infinitely large surface, the scaling would have 

simply been the surface area of contact i.e. (𝑒 − 1)#. However, due to the finite surfaces 

of the polybead NPs, discontinuity of interactions for the beads at the facet edge cause 

the scaling to change to an “effective area of contact”. We also plot the FE (calculated 

using Umbrella Sampling[33], [54]) as a function of inter-NP distance [Figure 2.8(b)] for 

two edge sizes,  𝑒 ∈ {5𝜎, 8𝜎}. The CO-shaped NPs are simulated under the conditions 

predicted by the explicit-solvent calculations [Figure 2.4(a)], i.e. 𝑘, = 4 	-!.
/"

 and 𝑘0,{(((} =

50 -!.
123"

. As expected, due to increased surface area of contact, the larger NP has deeper 

FE wells at short distances of approach as compared to the smaller NP, for the same 

𝜖*+,*+. However, the shape of the FE curves remains qualitatively the same. 
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3 EXPLORING THE MECHANISM OF INTERFACIAL SELF-

ASSEMBLY OF COLLOIDAL NANOPARTICLES 

 

Through the aid of non-equilibrium Molecular Dynamics simulations, we probe the 

driving forces behind the formation of highly ordered, epitaxially connected 

superlattices at fluid-fluid interfaces. By explicitly modeling coarse-grained ligands that 

cap the nanoparticle surface, we show that the nanoparticle shape and ligand densities 

give rise to drastically different transformation mechanisms. Our results indicate that 

the choice of solvent and rate of evaporation have a significant impact on reversibility 

and ultimately the coherence of the final two-dimensional superstructure obtained. To 

track the incipient order in the system, we also outline a set of novel order parameters 

that measure the local orientation alignment between nearest neighbor pairs. We 

anticipate that the simulation protocols advanced in this work could pave the way 

forward for exploration of the vast phase space associated with the interfacial self-

assembly of nanoparticles. 

 

 

3.1 INTRODUCTION 

 
Recent studies have made great strides in perfecting the synthesis protocols of not only 

faceted colloidal nanoparticles[58], [59] (NP) but of the wide range of superlattice 

structures that emerge from them. Remarkably, these superstructures have been shown 

to possess long-range range order and coherence across micron length-scales. These 

discoveries have poised colloidal NPs as a promising candidate for the next generation 
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of electronic materials[60], [61] with applications in optics[62]–[64] and 

photovoltaics.[65]–[67] This has also spurred numerous experimental and 

computational works that attempt to shed light on the underlying thermodynamic and 

kinetic processes driving the phase changes associated with superlattice formation. 

 

The fundamental step driving the self-assembly process is the formation of an 

irreversible epitaxial connection between exposed {100} facets of two colloidal NPs.[68]–

[72] Indeed, the {100} facets are reported to be relatively much more “sticky” when 

compared to the other major NP facets, e.g., {111}. In practice, to prevent premature, 

uncoordinated inter-NP bonding, the NP surfaces are initially protected by binding 

ligands to them. The self-assembly process is therefore divided into two major 

sequential steps. Firstly, ligand-covered NPs aggregate at a fluid-fluid interface to form 

a “pre-assembled” structure. This pre-assembly is held together by stabilizing inter-NP 

ligand interactions and is allowed to equilibrate. Subsequently, through the 

introduction of a chemical trigger[73] (typically ethylenediamine or EDA), the surface-

bound ligands are desorbed leading to exposed NP facets. The NPs can then fuse to 

form epitaxial bonds, and the pre-assembled structure can undergo a transformation 

into the final connected superlattice structure. 

 

In previous work,[74], [75] the local density of NPs was indirectly constrained by 

changing the simulation box size for a given number of NPs, and the long-range 

interactions due to ligands were coarse-grained by encoding them directly into the NP 

surface beads. However, during experimental synthesis, the unconnected ligand-

passivated NPs are held together in a “pre-assembled” state through ligand-ligand 
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interactions. Moreover, as we demonstrate in section 3.3.1, the potential-of-mean-force 

(PMF) landscape as a function of inter-NP is a complex function of ligand coverage. As 

surface-bound ligands are gradually desorbed away, the free-energy minimum changes 

continuously from a relatively large inter-NP distance to the distance where the bare 

{100}-facets of NPs are in contact. This change is ultimately observed in the form of a 

reduction in lattice spacing with time. By modeling in this work, the explicit ligands, 

their stochastic removal, and the overall densification of domains, we strive to achieve a 

more realistic description of NP surface-deprotection and the resulting structural 

evolution of multi-NP systems. Our results show that addition of these details play a 

major role in determining transformation mechanisms for the various experimentally 

observed phases. 

 

In recent years, various mechanisms have been proposed for the formation of multi-

layer assemblies.[72], [76]–[80] Whitham et al.[72] proposed that this transformation 

occurs at coherent grain boundaries through distinct nucleation and growth steps. 

Similar efforts have been made to elucidate the quasi-2D self-assembly under interfacial 

confinement.[81]–[83] Geuchies et al.[83] proposed a formation mechanism for the final 

square superlattice via a pseudo-hexagonal intermediate, facilitated by the increased 

attraction between bare {100} facets. In section 3.3.2, with the use of Molecular 

Dynamics (MD) simulations, we demonstrate that our coarse-grained model can 

reproduce the experimentally observed square phase. More importantly, we observe 

that based on the choice of NP shape and density of the capping ligand bound to the NP 

surface, the transformation from a hexagonal, unconnected lattice to a an epitaxially-

connected square lattice can occur through different pathways. In particular, for the 
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cuboctahedron (CO) shape, the phase change proceeds by a stepwise growth 

mechanism. This involves the formation of multiple, small, branched clusters which 

then rearrange and to form bigger clusters. However, for the truncated octahedron 

shape, a highly concerted transformation is observed via an intermediate rhombic 

phase which is composed of linearly stacked rods. 

 

3.2 METHODS 

 
3.2.1 Nanoparticle model 

We use a polybead[74], [77], [84], [85] model to describe faceted, hollow NPs as 

illustrated in Figure 3.1(c). The simulations are run using Molecular Dynamics[86] 

software. The MARTINI[77], [87] force-field is used to model inter-species interactions 

(details in section 3.5.1). Instead of using the surface beads as coarse-grained 

representations of the ligand-ligand interactions, we explicitly model fully flexible, 5-

bead ligands to represent C-18 oleate ligands. Ligands are bound to the surface beads 

on the {100} [represented by red beads in Figure 3.1(a)], {111} (green beads) facets 

using harmonic bonds. Consistent with the experimental findings, we allow inter-NP 

epitaxial connections through the {100} facets only. Therefore, only the surface-beads 

belonging to the {100}-facets (white beads in Figure 3.1) interact through a cut and 

shifted Lennard-Jones potential, while the rest of the surface beads (gray) are purely 

repulsive (details in section 3.5.1). During experimental synthesis of PbX NPs, the 

chemisorption of the oleate ligands onto the NP causes an enlargement of the {111} 

facets at the expense of {110} facets, often giving rise to shapes ranging from a 

cuboctahedron (CO) to truncated octahedron (TO).[88] Therefore, in this work, we focus 
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on two representative NP shapes: cuboctahedron (CO) with 5 beads per edge (𝑒 = 5) 

and truncated octahedron (TO) with 𝑒 = 4. Moreover, the transition from CO to TO 

involves reduced {100} area which translates into smaller energy per {100}-epitaxial 

connection. This is accompanied by a corresponding increase in {111} area which 

translates into much larger number of binding sites for oleate ligands. Therefore, these 

two shapes, while being representative of the experimentally observed shapes, also 

provide an excellent opportunity to compare and contrast the role of {111}-ligands in 

the formation of square phase. The effect of solvation of the ligand shell in the 

surrounding fluid is captured by a solvent parameter, 𝑠. This parameter scales the 

attractive part of the standard 12-6 Lennard-Jones potential to account for the effect of 

screening of inter-species interactions by the surrounding solvent.[77] 

 

Molecular dynamics simulations were conducted for up to 144 NPs (between 75,000 to 

165,000 coarse grained beads) whose concentration was controlled as follows. In typical 

experiments, large concentration fluctuations occur over the interface which lead to 

both dense and sparse regions of NPs, in part driven by the loss of ligands and the 

concomitant reduction of NP footprint area; it is only the dense regions which are of 

interest for interfacial self-assembly. Because of the limited ability to simulate only a 

small number of NPs, the dense NP regions would be uncharacteristically small and 

disconnected if simulated in a canonical ensemble with constant interfacial area. Hence, 

to form larger, more representative dense NP regions, we implemented an isobaric 

ensemble. This allows for a reduction in the total interfacial area, and therefore an 

increase in NP concentration, by squeezing out regions left empty by the loss of NP 

footprint area during the ligand deprotection process. The osmotic pressure was small 
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(𝑃 = 1𝑎𝑡𝑚) and was merely intended to keep a compact interfacial packing of the NPs 

with or without ligands. 

 

To minimize the computational cost associated with simulating the surrounding 

solvent, we use an implicit solvent description implemented through a Langevin 

thermostat. The effect of the fluid-fluid interface is captured by employing the recently 

developed Quaternion-based Orientation Constraint (QOCO) scheme.[75] By applying 

suitable spring potentials to each NP, we can reproduce the positional and orientational 

preferences imposed by the interfacial confinement on each NP. In particular, we are 

interested in ethylene glycol (EG) interfaces where PbX NPs capped with oleate ligands 

have been shown to preferentially orient with their 〈100〉 axes parallel to the interface 

normal.[72], [82], [83] We emulate this preference using an orientation free-energy (FE) 

landscape previously reported[75] for a TO-like shape (details in section 3.5). The 

position of the center-of-mass of each NP is allowed to fluctuate about the “vertical” 

direction normal to the interface using a harmonic spring. 

 

Ligand binding energy and surface coverage has been shown to be facet-specific, 

𝐸{(%%} < 𝐸{((%} < 𝐸{(((}, such that the surface de-protection is fastest for the {100} 

facet.[89] This trend is captured in our simulations by stochastic desorption of ligands 

from the NP facets.[90] The desorption is modeled by assuming first-order kinetics 

using a Poisson process 

Δ𝐿; =
𝐿;
𝐿;,%

= 	1 − 𝑒41/0	 (3.1) 
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where, Δ𝐿; is the fraction of ligands desorbed from facet 𝑓, 𝑟; is the rate of ligand 

desorption from facet 𝑓. The reported value[91] of rate of desorption of amine-based 

ligands from NMR data is around 50	𝑠4(.  However, for the timescales accessible in our 

simulation setup, we are forced to choose much faster rates, specifically 𝑟{(%%} =

5 × (%01

(%,;�
= 50	𝜇𝑠4(, 𝑟{(((} = 0.5	𝜇𝑠4(. We also assume uniform concentration of the 

chemical trigger across the simulation box. For the length scales corresponding to our 

simulations (~100 nm), this assumption has been shown to be largely true for EDA as a 

chemical trigger in an ethylene glycol sub-phase.[82] For specific cases intended to 

explore the effect of {111}-ligand removal, we change 𝑟{(((} to 50	𝜇𝑠4( once all {100}-

ligands have been removed, to thus make the simulation temporally accessible. This 

assumption is justified based on the separation of the time scales of ligand exchange for 

different facets. 

 

 

3.2.2 Order Parameters 

Owing to the quasi-2D nature of the system under consideration, we employ the 2D 

bond-orientation order parameter[92] as a measure of resemblance between the local 

environment around the 𝑖0D NP (𝑁𝑃7) and a perfect k-fold lattice, 

 

𝜓-,s7 =
1
𝑛
�𝑒7-b2,4
s

nL(

	∀	𝑗 ∈ 𝑁𝑁(𝑖) (3.2) 

where, 𝑁𝑁(𝑖) is the set of nearest neighbors of 𝑁𝑃7, n is the number of nearest neighbors 

that are accounted for, 𝒓�⃗ 7,n is the NP-pair vector drawn from the center-of-mass of 𝑁𝑃7 to 
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𝑁𝑃n, and 𝜃7,n is the angle between 𝒓�⃗ 7,n and the positive x-axis. Typically, we only include 

the k-nearest neighbors (𝑛 = 𝑘). Additionally, the shifted and normalized box projection 

area, Δ𝐴>?@ ∈ [0,1] is measured as 

Δ𝐴>?@ =
𝐴>?@ − 𝐴"�

𝑚𝑎𝑥0L%� (𝐴>?@) − 𝐴"�
	 (3.3) 

where, 𝐴>?@ is the area of projection of the simulation box along the interface normal 

and 𝐴"� 	(Δ𝐴>?@ = 0) is the area of a perfect square lattice made from the NPs in the 

system. 

 

In general, the global orientation of the NP at a cylindrically symmetric planar interface 

can be defined by the intrinsic (𝑦 − 𝑧’ − 𝑦” coordinate convention) Euler-angles (𝜙, 𝜃, 𝜓). 

However, owing to their ease of interpretability in terms of the NP facets, the angles of 

closest approach (𝛼:,;, described in Ref. [75]) provide a better descriptor of the NP 

orientation. 𝛼:,(D-C) is the smallest rotation angle required to orient the direction 〈ℎ𝑘𝑙〉 

along the interface normal. We specifically focus on three major crystallographic 

directions 〈100〉, 〈110〉 and 〈111〉.  

 

3.2.3 Pair Alignment Parameter 

Traditional bond-order [93] (𝜓s, 	𝑄s) and orientational-order (𝑃s, 𝐼s) parameters do not 

account for information about the particle anisotropy in tandem with the bond-order. In 

this work, we develop a generalized order parameter to quantify the alignment of a NP 

with respect to its nearest neighbors in 3D. Consider an arbitrary NP i, and one of its 
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nearest neighbors 𝑗 ∈ 𝑁𝑁(𝑖). For an arbitrary 𝑁𝑃7, we define 𝛽;,7(𝑗) as the angle of 

closest alignment of its facet 𝑓, to the NP-pair vector, 𝒓�⃗ 7,n, 

𝛽;,7(𝑗) ∈ g0, cos4(
1
√3
	h : {𝑖 ∈ ℤ	|	1 ≤ 𝑖 ≤ 𝑁; 𝑗 ∈ 𝑁𝑁(𝑖)}	 (3.4) 

The pair-alignment parameter is similar to the angle of closest approach, 𝛼:,(D-C) as 

described in the previous section in all aspects except that the direction of alignment is 

changed from a global-fixed interface normal to a dynamically changing local NP-pair 

vector. A detailed treatment on the calculation of the angle of closest approach is 

presented elsewhere.[75] 

 

Further, we can classify a nearest-neighbor pair based on the individual pair-alignments 

of its constituents. We define a nearest-neighbor (𝑖, 𝑗) pair as f-aligned if 

U𝛽;,7(𝑗) < 𝛽%Y 	∧ 	U𝛽;,n(𝑖) < 𝛽%Y	 (3.5) 

where 𝛽% is a threshold value (typically 10˚). We identify the NN-pairs that are {100}-

aligned but not necessarily epitaxially connected. With that we can define the fraction of 

NPs with exactly k {100}-aligned pairs as 

𝑓2C,-: 𝑘 ∈ {0,1,2,3,4}	𝑠. 𝑡. 	�𝑓2C,-

<

-L%

= 1 (3.6) 

As a pre-cursor to the actual epitaxial bond, this parameter tracks the local (in the first-

nearest neighbor shell) alignment changes as a measure of the incipient order in the 

system. 

 

We can also identify NN-pairs that are epitaxially connected. We define a nearest-

neighbor (𝑖, 𝑗) pair as f-connected if 
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U𝛽;,7(𝑗) < 𝛽%Y ∧ U𝛽;,n(𝑖) < 𝛽%Y ∧ Uå𝑟7,nå < 𝑟%Y (3.7) 

This stronger classification includes a distance cut-off to ensure that the NPs in the f-

aligned pair also lie within a distance, 𝑟%, such that the f-facets of both NP can come into 

contact. In similar fashion, we define the fraction of NPs with exactly k {100}-epitaxial 

connections as 

𝑓AB,-: 𝑘 ∈ {0,1,2,3,4}	𝑠. 𝑡.�𝑓AB,-

<

-L%

= 1 (3.8) 

For a perfect, infinite square lattice, 𝑓AB,< = 1. The 𝑓AB,< correlations can be used as an 

alternate (to 𝜓<) order parameter for shapes with octahedral symmetry confined to two 

dimensions. The reason for considering only up to the first 4 (𝑘 ≤ 4) correlations is 

because: (1) the {100} facets have an octahedral symmetry, and (2) we only consider the 

case of formation of monolayer superlattices. In other words, by restricting the NPs to a 

quasi-2D interfacial region, we effectively enforce that a given NP can have a maximum 

of 4 {100} facets accessible for epitaxial contacts (parallel surface-to-surface) in the 

interfacial plane. This happens when the NP is oriented with its  〈100〉 along the 

interface normal. If, however, the NPs are allowed to fluctuate more about the plane, 

then they can form epitaxial connections through all 6 {100} facets leading to multi-layer 

structures. 

 

3.3 RESULTS AND DISCUSSION 

 
We design our simulation protocol to mimic the effects and trends associated with 

experimental processing conditions. Accordingly, the {100}-bound ligands are removed 

gradually (at 𝑟{(%%} = 50𝜇𝑠4() without significantly desorbing the {111}-bound ligands 
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(𝑟{(((} = 0.5𝜇𝑠4(). As the driver of the sought-after change, the fraction of ligands 

desorbed from facet f, Δ𝐿; is depicted as a function of time in the top plot of Figure 3.2 

(g, n, o).  

 

3.3.1 Effect of solvent 

The quality of solvent is determined by the solvent parameter s. A higher value implies 

poor screening of inter-species interactions by the solvent resulting in lower (more 

negative) energies of interaction (details in section 3.5) between all species and vice-

versa. A value of 𝑠 = 0 implies complete screening, whereas 𝑠 = 1 represents 

interactions in vacuum. To illustrate this, we calculate the PMF between two CO NPs in 

different implicit solvent environments using an Umbrella Sampling approach.[85], [94] 

One consequence of improving the solvent quality is the swelling of the ligand shell. 

This can be seen in the increasing equilibrium distance (corresponding to a minimum in 

the PMF), between the fully ligand-covered NPs [illustrated in Figure 3.1(a)], with 

increasing 𝑠 [Figure 3.1(d), dotted lines]. As the deprotection reaction progresses, the 

{100}-bound ligands are gradually removed, eventually rendering the {100} facets bare 

[Figure 3.1(b)]. For this scenario, the PMF landscape is changed drastically, and the 

particles contact at closer distances [Figure 3.1(d), solid lines]. For each profile we also 

observe a relatively shallow, local minimum at the separation corresponding to 

interactions between the {111}-ligand shells of the two NPs. As expected, we observe a 

second minimum that represents the epitaxial bond between the {100}-facets. 
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Figure 3.1: (a) Coarse-grained, polybead representation of the NP core fully covered by 
ligands. As the reaction progresses, the {100} facet-bound ligands (red beads) are 
gradually desorbed, relatively fast leading to (b) the intermediate state where only the 
{111}-facets are (almost) fully ligand covered while the {100}-facets are completely bare. 
The “sticky” exposed {100}-facets (white) form the inter-NP epitaxial connections. (c) The 
desorption, of the {111}-bound ligands, takes place over a much longer time-scale, 
ultimately leaving bare just the NP core. The gray beads make up the edges and the {111}-
facets and are modeled as purely repulsive. (d) PMF for a pair of CO-shaped NPs, with 
edge size of 3.1 nm. The dotted and solid lines represent the PMF of fully covered NPs 
[as shown in (a), left inset] and only {111}-covered (b, right inset) respectively, 

corresponding to a choice of different solvent parameters (𝑠). All ligand types are 
functionally the same but are colored differently to distinguish between the tethering 
facets. 
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While it is true that using a relatively poor solvent would lead to an overall stronger 

inter-NP interaction (𝑠 = 0.6, dotted green line), in practice, we find that it also leads to 

premature sticking of the pre-assembled structure. In this situation, even 1-2 neighbors 

can provide enough stability  (10 − 15	𝑘$𝑇) for the thermal energy to overcome. This 

leads to irreversible sticking between ligand shells, thereby preventing the equilibration 

of NP positions and orientations, causing the formation of localized metastable clusters 

filled with defects. A very good solvent (𝑠 < 0.4), on the other hand, would screen all 

inter-ligand interactions and therefore, provide no energetic incentive for the formation 

of a pre-assembled structure. In such a scenario, the NPs would require an external 

force to bring them together (such as an osmotic pressure, as discussed in section 3.2.1). 

 

An alternate physical interpretation of the solvent parameter is the extent of solvent 

evaporation as explored by Fan et al.[77] This interpretation is motivated by the fact 

that removal of solvent by evaporation also results in stronger inter-ligand interactions 

and more compact ligand shells. A more reversible, coherent self-assembly is achieved 

experimentally by using a smaller evaporation rate.[95]–[97] In our simulations, we use 

a fixed value of the solvent parameter for a given trajectory, to primarily probe the 

effect of the solvent on the kinetics of structure transformation. 

 

3.3.2 General trends 

Despite displaying two distinct transformation mechanisms, both NP shapes under 

consideration, namely CO and TO, eventually assemble into a square lattice bound by 

{100}-epitaxial connections. In general, due to the nature of the imposed orientational 

behavior [〈100〉 axis parallel to the interface normal described in section 3.2.1], the 
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initial equilibrated pre-assembled structures have a majority of NPs oriented with their 

〈100〉	 axes parallel to the interface normal.  Owing to a relatively small barrier between 

the {100}-up and {111}-up configurations in the underlying PMF (Figure 3.5), a 

significant fraction of NPs orient with their 〈111〉 parallel to the interface normal. These 

fully ligand-covered NPs, oriented with {111}-up show a strong tendency for pair-

alignment with the {110}-facets. This is attributed to the 6-fold nature of the {111}-up 

orientation wherein the ligands bound to the 6 faces, each of the {100} and {111} facets is 

made available to the other NPs trapped at the interface. Therefore, an increased inter-

particle ligand-ligand coordination is made possible in a quasi-2D hexagonal packing 

with a {111}-up orientation. This is also seen in a relatively high initial value of the 

fraction of {110}-aligned pairs in the 6-NN (details in Figure 3.7) and a six-fold 

distribution of the {110}-aligned pairs visualized as yellow lines overlaid on the Voronoi 

diagrams in Figure 3.2. 

 

3.3.3 Cuboctahedron 

We now consider the contrasting cases of assembly of 144 CO NPs in a well-solvated 

[𝑠 = 0.4, Figure 3.2(a-g)] and a poorly solved environment [𝑠 = 0.6, Figure 3.2(h-n)]. As 

discussed in section 3.3.1, pre-assembly in a relatively poor solvent is fraught with large 

void volumes [Figure 3.2(h)] in contrast to the relatively well equilibrated, close-packed 

distribution for 𝑠 = 0.4 [Figure 3.2(a)]. This fact is also reflected in the difference of the 

initial 𝜓=	values	. Also, since the {100}-facets are initially fully covered by ligands, there 

are no epitaxial connections i.e., 𝑓AB,% = 1. However, a significant fraction (15-20%) of 

the NPs display a {100}-alignment with their nearest neighbors without being connected 



 

92 
 

with an epitaxial bond. This is quantified in terms of the difference 𝑓AB,s − 𝑓2C,s, between 

the bonding and alignment correlations [shaded regions in Figure 3.2(g,n)]. 

 

With the gradual removal of the {100}-bound ligands, the mutually exposed {100} facets 

in NN-pairs begin to bond. With the appearance of NP “dimers”[98], 𝑓AB,( ≠ 0 there is a 

corresponding fall in the fraction of free “monomers”, 𝑓AB,%. Initially, no NPs are found 

with more than one epitaxial connection i.e., 𝑓AB,- = 0	∀	𝑘 ∈ {2,3,4}. It is only after the 

fraction of dimers reaches an appreciable value that the fraction of trimers starts to 

increase, resulting in the formation of both I-shaped (parallel bonds) and L-shaped 

(perpendicular bonds) clusters. The fall of the initial, high 6-fold order is highly 

correlated with the appearance of NP “trimers”. The increase in order in the system is 

stepwise and not chain-growth-like, as each subsequent 𝑓AB,s correlation only emerges 

after the previous correlation, 𝑓AB,s4( increases to a certain point [Figure 3.2(g, n)]. 

Ideally, if the final structure is a single, continuous lattice, then the correlations 

𝑓AB,- 	∀	𝑘 ∈ {0,1,2,3}	decay to zero, while the ultimate value of 𝑓AB,< is high. 

 

Interestingly, in a good solvent, changes in alignment occur in the neighborhood of the 

NPs before the formation of an epitaxial bond. All bonding correlations U𝑓AB,sY emerge, 

after a small delay, once the local alignments U𝑓2C,sY take place. This delay is visualized 

in terms of the larger thickness of the shaded regions in Figure 3.2(g) as compared to 

that for a poor solvent in Figure 3.2(n). The existence of this delay has two major 

implications: (1) the screening effect provided by the solvent helps prevent premature 

inter-NP bonding, and (2) formation of epitaxial bonds introduces local alignment 
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changes to the NP neighborhood, which are then propagated into further epitaxial 

bonds. For a poorly solvated system, this delay is rather short which translates into 

insufficient equilibration time and the formation of fast, irreversible epitaxial bonds, 

that preclude the concerted changes observed for the well-solvated case. This causes the 

emergence of multiple small domains which are rotated with respect to each other and 

give a weaker 4-fold order as seen in the relatively small values of 𝜓< and 𝑓AB,<. 
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Figure 3.2: Representative trajectories for selected cases illustrating a variety of self-
assembly mechanisms. (a-g) The kinetics of self-assembly of 144 CO NPs (cartoon 

illustration in the inset) in a relatively good (implicit) solvent (s = 0.4). Each column in 
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(a-f) represents a simulation timestamp (0, 50, 100ns). The top row shows MD snapshots, 

viewed along the interface normal. For each NP oriented with their 〈100〉 axis parallel 
(within a margin of 10˚) to the interface normal, its in-plane orientation is shown using 
an arrow color-coded (color bar on the top left) from red (aligned to the box x-axis) to 
white (45˚ from the box x-axis). For other orientations the NP center is marked by a blue 
dot. The bottom row shows the respective Voronoi diagrams with each cell colored 

according to number of {100}-epitaxially connected nearest-neighbor pairs from 0 (green) 
to 4 (red). Additionally, the {100}-epitaxially connected and {100}-aligned pairs are joined, 
respectively, by red and black solid overlaid straight lines. Similarly, the {110}-connected 
and {110}-aligned pairs are joined, respectively, by yellow solid and thick black dashed 
lines. Plots in (g) summarize the time evolution of various order parameters tracking the 
transformation progress (see main text). Top plot shows the fraction of ligands desorbed 

from facet f, Δ𝐿; , order parameters, 𝜓<, 𝜓= and the box projection area, 𝐴>?@. The bottom 

plot depicts the epitaxial 𝑓AB,- (solid line) and alignment 𝑓2C,- 	∀	𝑘 ∈ {0,1,2,3,4} (dotted) 

correlations. (h-n) shows layout similar as (a-g) for the self-assembly for 144 CO NPs in a 

poorer solvent (𝑠 = 0.6) and (o-u) 64 TO NPs with solvent parameter, s = 0.4. 

 

3.3.4 Truncated Octahedron 

We now consider the assembly of 64 TO NPs in a well-solvated medium [𝑠 = 0.4, Figure 

3.2(o-u)]. The observed transition path can be divided into two distinct parts. Like the 

transformation seen in CO, with the removal of the {100}-bound ligands the initial 

emergence of “dimers” is observed. Thereafter, an increase in 𝑓AB,# is driven exclusively 

by the formation of linear rods – a result of two parallel {100}-epitaxial connections. This 

is a direct consequence of the higher stability of the initial 6-fold symmetry (high 𝜓=), 

which does not break down by the formation of epitaxial bonds [Figure 3.2(u)]. The 

formation of branching (L-shaped clusters) would induce local 4-fold order as observed 

for the CO shape. However, due to formation of the linear rods, the hexagonal unit cell 
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gradually shifts to a rhombic one. This stable rhombic structure is held together by the 

larger number of {111}-ligands for TO as compared to CO. We also note that for a TO 

(with edge 𝑒 ≥ 2), the number of beads per a close-packed, hexagonal {111} facet 

[3(𝑒 − 1)(𝑒 − 2) + 1] is greater than that per a square-packed, square {100} facet 

[(𝑒 − 2)#]. Eventually, the rods shift with respect to each other by a distance equal to 

half the lattice parameter for a perfect {100}-connected square lattice, giving rise to a 

“stacked rods” phase [Figure 3.2(r)]. 

 

For a fraction of the observed trajectories, the system remains stuck in this “stacked 

rods” configuration described above. However, in some cases, the system 

spontaneously and abruptly transitions from this phase to the square phase. The 

transformation is brought about by a concerted sliding of the rods relative to each other. 

This is marked by a sharp transition in the various order parameters e.g., an abrupt 

increase in 𝜓< and 𝑓AB,< with a correlated decrease in 𝜓= and 𝑓AB,# [Figure 3.2(u)]. 

Expectedly, for the cases where the system gets stuck in the “stacked rods” phase, a 

subsequent gradual removal of the {111}-ligands leads to breaking of the 6-fold 

symmetry, causing it to sharply transition into the square phase. This phase change is 

also accompanied by a change in the box shape and a significant decrease in the area of 

the system, 𝐴>?@. Since Δ𝐴>?@ < 0 for the transition, then increasing the pressure would 

also tend to favor the transition. This coordinated sliding of rods is reminiscent of the 

displacive (Martensitic) transformations observed in intermetallic alloys.[99] 
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Figure 3.3: (a-d) Close-up snapshots from the simulation depicted in Figure 3.2 (o-u) 
corresponding to different timepoints.  The “Stacked rods” phase depicting (a) only the 
NP-core beads and (b) only the {111}-ligand beads. This phase is stabilized by the 
formation of isolated serpentine networks, made up of {111}-ligands contacts, between 
adjacent rods. The average conformation of {111}-ligands (between two epitaxially 
connected NPs) for the top-left and bottom-right rods are depicted by red and semicircles 
respectively. (c, d) Eventually, the rods can slide past each other to form the square phase. 
In doing so, the {111}-ligands change from the serpentine to cylindrical blob-like clusters 
as seen in (d). (e) The top plot is measure of reaction progress in terms of extent of ligand 
removal from the {100} (in red) and {111} (in green) facets. The bottom plot depicts the 
energy of epitaxial bond (black, dotted), and energy of interaction between the {111}-

ligands (blue, solid) per NP in 𝑘$𝑇 units. 
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By virtue of their longer persistence on the NP surface, {111}-ligands stabilize and hold 

the hexagonal bond-order and enable the formation of the linear rods. Interestingly, 

such structures are stabilized by the formation of a serpentine network composed of 

{111}-ligands [Figure 3.3 (b)]. These networks are localized between any two adjacent 

rods. In this configuration, each NP on average gains ~40	𝑘$𝑇 of stabilizing energy by 

the inter-{111}-ligand interactions alone, when compared to the hexagonally distributed, 

unconnected configuration of the pre-assembly [see Figure 3.3 (e)]. In some cases, as 

these ligands gradually desorb, the thermal energy eventually becomes sufficient to 

cause a concerted phase change into the square lattice. At this stage, the {111}-ligands 

can drive the sliding of these rods to reduce the global energy of interaction between 

the {111}-ligand beads [Figure 3.3(e)]. This is because in the square phase, in addition to 

the formation of 2 additional, stabilizing {100}-epitaxial bonds per NP, each square void 

is filled with ligands bound to 2 {111}-facets each from 4 different NPs. The {111}-

ligands take on a blob-like conformation, when localized in the voids, as visualized in 

Figure 3.3 (d). The serpentine-to-blob transformation can be explained in terms of the 

large, correlated drop in the energy of interactions between the {111}-ligand beads, 

which amounts up to 40	𝑘$𝑇 per NP. In contrast, the stability gained, by increased 

interactions between {100} facet beads, is an order of magnitude smaller (~4𝑘$𝑇). In 

this way, {111}-ligands play a dominant role in mediating the orthorhombic to square 

transformation via the formation of an intermediate “stacked rod” phase. It is 

interesting to note that the sliding process also induces a slight, overall rotation in the 

superlattice directions [in Figure 3.3 from (a) to (c)]. 
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Due to the kinetic nature of the assembly process (which should be more appropriately 

described by a transition path ensemble), in some trajectories the transformation from 

the “stacked rods” to the square phase is not as dramatic as for the prototypical 

simulation shown in Figure 3.2 (o-u). Instead, it manifests as the transformation – 

through the sliding mechanism – occurring for only a portion of the simulation box, 

while the rest of the box remains stuck in the “stacked rods” phase. Unlike the case of 

the CO shape, the local transformations still occur in a concerted fashion, mediated by 

the ligand-ligand interactions Expectedly, for these trajectories, the change in box size is 

not as pronounced (Figure 3.6). Finally, using poorer solvents (i.e., by increasing s) has a 

similar effect – of creating disjoint, localized, ordered clusters – as for the CO shape. 

 

3.4 CONCLUSIONS 

 
In this work, we have probed the self-assembly of faceted, colloidal NPs under 

interfacial confinement. We show that with explicit coarse-grained ligands, the model is 

able to capture key aspects of self-assembly process. Moreover, to aid the analysis, we 

developed order parameters that describe the emergence of incipient local order in 

terms of generalized pair-alignment parameters. We observed that CO shaped NPs 

assemble via the formation of intermediate branched clusters with 1, 2, 3 {100}-epitaxial 

connections. However, the breaking of local 6-fold order induced by the formation of 

proximal (L-shaped) epitaxial bonds initially inhibits the formation of bigger clusters. 

Eventually, these smaller clusters rearrange to form the final square lattice. The pointed 

{110} facets of the CO shape create a jagged interface between different intermediate 

clusters, which makes the self-assembly for the CO NPs more difficult than that for TO. 

Indeed, the CO {110} facets sterically prevent re-organization through sliding between 
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different clusters. The TO shape, on the other hand, has more rounded {110} facets 

(edges instead of vertices) and during their assembly no 𝑓! correlations emerge until the 

abrupt rhombic to square transition. This transformation is mediated by the {111}-

ligands through an intermediate phase made of linear, stacked rods that has a quasi-

hexagonal bond order. 

 

We also demonstrated a direct correlation between the solvent quality and the degree of 

reversibility of contacts between a pair of NPs at various stages of the assembly. An 

alternate interpretation of the solvent quality parameter is as the extent of evaporated 

solvent.[77] Therefore, one can argue that a faster rate of evaporation of the solvent 

could also explain the formation of irreversible defects as described for the case of a 

poor solvent. We have employed an NPT ensemble to ensure that, as ligands are 

gradually removed, the projection of the simulation box on the interfacial plane shrinks 

to eliminate the void area and promote well-packed structures of larger clusters despite 

the small system sizes accessible to our simulation. In this way, the laterally applied 

osmotic pressure is intended to mimic the moving boundary of a much larger 

transformation. 

 

A similar effect (to changing the solvent quality or the evaporation rate) of altering the 

inter-NP binding free-energy could be achieved by tuning the ligand chemistry directly. 

However, the choice of physical parameters like solvents or ligand chemistry is heavily 

constrained by the experimental setup, the choice of NP compound, etc. Inspired by our 

findings, we suggest an alternate experimental protocol that maintains close inter-NP 

contacts in the NP pre-assembly stage. Instead of using a strong enthalpic attraction 
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between ligand shells, the pre-assembly can be driven and maintained by a small 

external lateral pressure that constrains and “compresses” the interfacial area. In this 

scenario, if the inter-NP contacts are designed to be sufficiently reversible (i.e., order of 

most a few 𝑘$𝑇), then the formation of defects will likely be minimized. This protocol 

can potentially be realized experimentally by using, for example, a Langmuir 

Trough.[100], [101] 

 

In our ongoing work, we will attempt to describe the continuously varying landscape 

with a more economical implicit ligand model. This can be approached by calculating 

the free-energy of inter-NP approach for a wide range of surface-ligand coverage using 

an explicit ligand system. In such a scenario, the NP surface beads would encode the 

specific patchy or directional interactions exhibited by explicit ligands. This would 

allow for a very large reduction in the computational cost of simulating large number of 

ligand-beads and a corresponding increase in the system sizes tractable. Additionally, 

using the simulation protocol, described in this work, as a base, it would be interesting 

to explore the effects of different NP ligand geometries (i.e., linear vs. branched) and 

chain lengths. Moreover, apart from their use as order parameters, the pair-alignment 

parameters proposed in this work can be used for adding alignment biases in a 

simulation methodology. This has potential use in enforcing specific relative 

orientations between nearest neighbor pairs or for implementing force (torque)-based 

(Molecular Dynamics) or energy-based (Monte Carlo) biased-sampling techniques. 
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3.5 SUPPLEMENTARY INFORMATION 

 
3.5.1 Nanoparticle model details 

 

 

Figure 3.4: The MARTINI force-field for various values of the solvent parameter, 𝑠. 

Decreasing 𝑠 causes increased screening between species leading to a shallower 
minimum energy of interaction. 

 

Inter-species interactions are given by the MARTINI[87] force field, 

𝑢�(𝑟, 𝑠) = ì
𝑢wx(𝑟) + (1 − 𝑠)𝜖;

𝑠𝑢wx(𝑟);
		 𝑟 ≤ 2

(
=𝜎

2
(
=𝜎 < 𝑟 ≤ 𝑟u]0

(3.9) 

 

To model the effect of different solvents the attractive part of the potential is scaled by a 

Hamaker constant. The relative strength of interactions in solvent, 𝑠 ∈ [0,1] scales from 

completely screened (0) to interactions in air (1). The bonds between the nanoparticle 
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(NP) core and the ligand beads, as well as the bonds bond between beads in the ligand 

chain are modeled using a harmonic potential, 

𝑢>?s3(𝑟) = 𝑘>?s3(𝑟 − 𝑟%)# (3.10) 

 

The angle between NP core and first two beads of the ligand is constrained by a 

harmonic potential, 

𝑢2s�CA(𝑟) = 𝑘2s�CA(𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝜃%)# (3.11) 

The specific parameters[77], [87] chosen are given in Table 3-1. 

 

Table 3-1: MARTINI force field parameters. * refers to all species in the system. 

Species 𝜖	(𝑘𝑐𝑎𝑙 𝑚𝑜𝑙⁄ ) 𝜎(Å) 𝑟,-. 

{100}-{100} 1.0 6.2 2.5𝜎 

{ {111},Edge }-* 1.0 6.2 2/ 0⁄ 𝜎 

{100}-ligand 0.5 6.2 2.5𝜎 

Ligand-ligand 0.8365 4.7 2.5𝜎 

 

 

3.5.2 Simulation details 

The system is simulated in the NPT ensemble with the LAMMPS[86] package. Particle 

trajectories are integrated using Langevin dynamics to mimic the effect of Brownian 

diffusion in an implicit solvent. A Berendsen barostat is added to maintain a pressure of 

1 atm independently, across both the dimensions parallel to the interface. The 

simulations are performed with a time step of 10fs for a total of 200ns. The Langevin 

thermostat maintains the temperature at 300K, with a relaxation time of approximately 
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5ps. The cross-section of the simulation box (parallel to the interface) has periodic 

boundaries across them. To generate initial configurations, the NPs are initialized at the 

interfacial plane (𝑦 = 0), far away from each other (infinite dilution). This allows the 

NPs to equilibrate their vertical positions, orientations, and surface-ligand 

conformations as isolated particles. Then the simulation box is compressed – such that 

the area of the interface is gradually reduced and therefore, the NPs are brought into 

contact – to a relatively high area density. 

 

 

Figure 3.5: The free-energy of orientation calculated using the Quaternion-based 
Orientation Constraint method and imposed upon each NP to constrain their orientation 

with their < 100 > axes parallel to the interface normal. The continuum of orientations is 
colored from the most stable in the blue to least stable in red. Additionally, some reference 
orientations – {100}, {110}, {111} – are also marked on the plot. 
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Moreover, the orientation of each NP is constrained to {100}-up, using an artificially 

imposed bias shown in Figure 3.5. The strength of the bias can be scaled using a pre-

multiplier to produce different well depths as required. In this work, typically, a strong 

bias with free-energy minimum of ~100𝑘$𝑇 has been used. 

 

3.5.3 Additional analysis 

We report the fraction of NPs that are oriented with their {ℎ𝑘𝑙} facet parallel to the 

interface as follows in Figure 3.7, 

𝑃U𝛼{D-C}Y =
(
*
∑ Ã𝛼{D-C}(𝑖) < 𝛼%Ä*
7L(     (S4) 

where, [… ] represent the Iverson brackets. [𝑋] is defined to be 1 if 𝑋 is true, and 0 if it is 

false. 𝛼% is a threshold value that accounts for a margin of error, and is typically chosen 

as 10˚. We can also keep track of the ratio of the various f-aligned pairs out of all the 

first 6-NN pairs given by 𝑃=U𝛽;,7(𝑗)	Y. 
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Figure 3.6: Representative trajectories for the truncated octahedron (TO) shape for 

assembly in a well-solvated medium (𝑠 = 0.4). (a-g) For a fraction of the kinetic 
trajectories, the hexagonal pre-assembly of TO NPs, transform into, and gets stuck in the 
“stacked rods” phase. (h-n) In some other cases, the system can overcome the basin of 
stability reached in “stacked rods” phase and undergo a partial transformation into the 
square phase by the rods sliding mechanism. The local transformations observed in this 
case are fundamentally different to those observed for the cuboctahedron (CO)-shaped 
NPs. 

 

Another parameter we report is the average inter-NP (center-to-center) distance, 

〈Δ𝑟-,-E(〉 between a central NP its 𝑘0D and (𝑘 + 1)0D nearest neighbor. We perform the 
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averaging based on how far only the neighbors 𝑘 and 𝑘 + 1 are from the central NP. So, 

〈Δ𝑟(,#〉 represents the average inter-NP distance for only the first two NN pairs. 

Similarly, 〈Δ𝑟!,<〉 includes only the third and fourth, while 〈Δ𝑟�,=〉 includes only the fifth 

and sixth NN pairs. 

 

 

Figure 3.7: Companion analysis for the trajectories described in the main text. (a) CO-

shaped NPs in a good (𝑠 = 0.4) and (b) a poor solvent (𝑠 = 0.6). (c) TO-shaped NPs in a 
good solvent. The top plots represent the progress of the self-assembly process as 
measured by the extent of desorbed ligands and the 2D bond-order parameters. Middle 
plots represent the distribution of average orientations of the NPs as a function of time, 

𝑃U𝛼{D-C}Y and the distribution of the average pair-alignment between the first 6-nearest 

neighbors, 𝑃=U𝛽;,7,(𝑗)Y. The bottom plots are a measure of distribution of nearest neighbor 

spacings for each case, 〈Δ𝑟-,-E(〉. The solid lines and shaded regions represent the means 
and standard deviations respectively. 
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