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The supply chain is a complex system with the participation of various parties.

Due to its complexity , supply chain management not only involves the regular

uncertainty from the demand and supply side, but also the specific risks de-

pending on the operational context and the industry. The regular risk has long

been studied in the literature. How to use operational strategy to alleviate the

unconventional risk remains less explained.

In this dissertation, we investigate different sources of supply chain risk: (1)

operational risk, (2) financial risk and (3) climate risk. We develop linear pro-

gramming and dynamic programming models to draw insight of how the firm

can proactively prepare for those risks, either under operational constraints,

third party intermediary, or government policy restriction. We also conduct

numerical studies both using data of the real firm and simulation to validate

the conclusion from the mathematical models.

The dissertation consists of three main chapters.

- Chapter 2: Mitigating Supply Chain Operational Risk Using Part Inventory

Portfolios. This is joint work with Professor William Schmidt.

- Chapter 3: Mitigating Supply Chain Financial Risk Using Reverse Factor-

ing. This is joint work with Professor Li Chen.

- Chapter 4: Mitigating Climate Risk Using Strategic Growing Area Plan-

ning in Agricultural Supply Chain. This is joint work with Professor Nagesh



Gavirneni.

The three chapters are independent but compliment each other. Chapter 2

uses the linear programming model to show how the firm reroutes its produc-

tion plan upon disruption, and how to proactive change in inventory policy

to mitigate the firm’s disruption exposure in a cost effective way using com-

pany data. Chapter 3 uses the dynamic programming cash management model

to study how Reverse Factoring creates value for both a small supplier and a

big buyer, and how the liquidity provider designs the optimal term. Chapter

4 builds stylized model to explore how the agricultural firm’s fixed investment

decision is impacted under yield uncertainty with or without the government

restriction on carrying over products. All these chapters commonly focus on

different sources of risk in the supply chain. Therefore, this dissertation aims to

contribute to strategically alleviating the risk in supply chain management by

incorporating specific context of the supply chain.
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CHAPTER 1

INTRODUCTION

1.1 Overall Introduction

The supply chain is a complex system with the participation of various parties.

Due to its complexity , supply chain management not only involves the regular

uncertainty from the demand and supply side, but also the specific risks de-

pending on the operational context and the industry. The disruption risk has

long been studied in the literature and has received more attention in the global

pandemic situation. How to use operational strategy to alleviate the disruption

risk of the supply chain now lies in the key interest of many firms. Neverthe-

less, the earlier financial crisis in 2008 has caused the tight credit rating for small

business and the consequence of high borrowing cost for small business is exac-

erbated in the current pandemic situation as well since firms call for more need

of liquidity. How supply chain can be configured to solve this problem and

facilitate the cooperation among supply chain parties also becomes the key to

the success of business. Last, specifically for the food supply chain in the agri-

cultural context, the climate risk impacts the profitability hence the investment

decision of the firms. In some agricultural sectors, the climate risk has posed

challenge for the regulators to balance the risk-bearing capability of the supply

chain and the control of the market. How to design the regulation to provide

the right incentives for the agricultural supply chain participants under the cli-

mate risk, has an important implication for the long-term development for the

agricultural industry of a country.
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1.2 Summary of Chapter 2

High impact / low probability supply chain disruptions pose a major challenge

for firms. Such disruptions represent a form of bottleneck shifting because the

firm’s constrained resource changes over time. When the firm can backlog some

portion of its unmet customer orders, its disruption exposure is driven by (i) lost

orders in the disruption stage due to part constraints and (ii) lost orders in the

recovery stage due to capacity constraints.

Although holding inventory has been shown to mitigate a firm’s disruption

exposure, it can be a costly approach. We address this challenge by showing

that the firm’s disruption exposure is (i) decreasing at a decreasing rate with

the inventory quantity of the disrupted part and (ii) decreasing at a decreasing

rate with the inventory quantity of non-disrupted parts. We examine the practi-

cal implications of these effect using the detailed supply chain and operational

data from our research partner (anonymized as DMF), a large manufacturer of

material handling equipment.

We show how targeted changes to a firm’s inventory policies across a set of

parts can cost-effectively achieve a significant reduction in its disruption expo-

sure. In DMF’s case, disruption exposure is reduced by 52.6% to 55.4% while

aggregate inventory holding and ordering costs are reduced by 1.7% to 8.1%.

We further show that the firm can materially reduce its disruption exposure

across all parts by holding a small amount of incremental inventory of selected

parts.

This “strategic portfolio” of parts serves as a means for the firm to effectively

store its otherwise unused disruption period production capacity.

2



1.3 Summary of Chapter 3

Small suppliers are often cash-strapped due to long payment collection cycles

and high credit rates. Supply chain finance, also known as reverse factoring

(RF), is a popular instrument used in practice to address this problem. Specifi-

cally, SCF enables a supplier to collect outstanding payments from a buyer ear-

lier at a discount through a third-party intermediary, usually a bank. In this

paper, we study the supplier’s cash management problem under RF, and also

quantify the value of RF to the supplier. We show that the optimal policy for

the multi-period cash management problem is a modified (Ln,Un) policy, with

the (borrow-up-to) Ln threshold increasing over time and the (invest-down-to)

Un threshold remaining constant. The value of SCF to the supplier is shown

to increase in the outstanding payment as well as in the credit rating disparity

between the supplier and the buyer. We explain how RF creates a win-win-win

situation for the supplier, the buyer and the bank. Moreover, our model can be

used to inform the design of the optimal term for supply chain finance.

1.4 Summary of Chapter 4

INAO (French version of FDA) decided to relax its regulation (June 20, 2018) on

the AOC wine due to the bad weather condition of the year to help the wine

makers to better hedge the risk. Previously, the wine makers are permitted 10%

of the annual yield as VCI and a total VCI of 30% in three years. The new

regulation allows 20% VCI annually and 50% in three years.

Extended from the wine regulation practice, we look at how the regulation

3



can impact the agricultural firm’s selling and stocking decision in different cir-

cumstances. Specifically, we want to look at two dimensions: (1) whether the

selling decision for the agricultural product is made before the market price

shock; (2) whether the product can be carried over across periods. Both the

yield and market price are considered uncertain for the agricultural firm, but

the realization of the price uncertainty may depend on the specific agricultural

market: it could be realized before selling quantity is decided or the agricultural

firm can make responsive selling quantity decision after observing the market

price. The agricultural firm’s decision involves its growing area decision be-

forehand and its selling quantity with or without the presence of the regulation,

where the regulation could be the permission of carrying over products in a

regulated market, i.e., the wine case.

4



CHAPTER 2

MITIGATING SUPPLY CHAIN OPERATIONAL RISK USING PART

INVENTORY PORTFOLIOS

2.1 Introduction

High impact, low probability supply chain disruptions represent a critical and

persistent business risk [14]. Examples include supplier outages [37], floods

[57], industrial accidents [30], and labor disputes [54], among others. Our re-

search focuses on mitigating the impact of such disruptions using part inven-

tory. The academic and practitioner literature has long recognized that hold-

ing inventory can reduce the firm’s exposure to a supply chain disruption

[58, 59, 53]. However, holding inventory can be expensive. As [8] neatly sum-

marize, “Holding inventory in this situation can get very costly. The reason is

simple: while holding inventory costs are incurred continuously, the inventory

would be used only in the rare event of a disruption.”

We consider the disruption exposure (DE) of a supply chain disruption to a

multi-product firm that can backlog a portion of its unsatisfied customer order

commitments. We measure DE as the impact of the disruption on the firm’s

gross profits. In this setting, a supply chain disruption can evoke two dis-

tinct stages – a disruption stage, during which a supplier is unable to deliver a

needed part to the firm, and a recovery stage, during which the firm is working

to satisfy any backlogged orders. The firm faces a bottleneck shifting problem

across the two stages. In the disruption stage, the firm’s DE is driven by unmet

orders due to part constraints. In the recovery stage, the firm’s DE is driven

by unmet orders due to capacity constraints. The capacity constraints in the

5



recovery stage are a consequence of the unused production capacity in the dis-

ruption stage, and the resulting backlog of orders. This backlog can overwhelm

the firm’s production capacity in the recovery stage, and prevent the firm from

recovering all of the backlogged orders from the disruption stage. Our research

accounts for these dynamic changes in the firm’s constraining resource.

Our objective is to examine how part inventory can be used to cost effec-

tively reduce the firm’s DE. An important feature of our analysis is accounting

for the fact that a supply chain disruption can occur at any time during the con-

sumption replenishment cycle for a part. In both our analytical and empirical

analyses, we account for this variation in the amount of disrupted part inven-

tory that the firm has available.

Using a restricted 3-product, 2-part optimization model, we analytically

show that a firm’s DE to a part is decreasing at a decreasing rate with the amount

of inventory of that part. We refer to the reduction in the firm’s DE with in-

creases in disrupted part inventory as the primary effect of inventory. We also

analytically show that the firm’s DE is decreasing at a decreasing rate with the

amount of inventory of other, non-disrupted parts. We refer to the reduction in

the firm’s DE with increases in non-disrupted part inventory as the secondary

effect of inventory. The secondary effect of inventory raises the possibility that

more inventory for non-disrupted parts can theoretically be used to mitigate

the firm’s DE for all parts. The intuition behind the secondary effect is that ad-

ditional non-disrupted part inventory allows the firm to avoid idling their pro-

duction capacity during the disruption stage by instead overproducing prod-

ucts that are not reliant on the disrupted part. This overproduction frees up

production capacity in the recovery stage that the firm can deploy to meet its

6



backlog of disrupted products.

Our analytical results cannot inform whether the primary and secondary

effects of part inventory are economically material, or even present, in prac-

tical settings. For that, we turn to the detailed operational and supply chain

data from our research partner, a large diversified manufacturing firm (here-

after anonymized as DMF). DMF is a make-to-order manufacturer with over

$1.5 billion in annual sales and a range of market-leading product offerings.

The company maintains a pipeline of committed customer orders, representing

approximately 8 to 13 weeks of production time. It regularly updates its pro-

duction plan, and uses it to make delivery commitments to its customers. Mi-

nor delivery delays are tolerable. For longer delays, however, DMF is exposed

to losing a portion of its late customer orders.

To quantify our analyticl insights, we develop a linear programming model

that estimates DMF’s DE to part outages in its supply chain. The firm must

reallocate its parts and production capacity to minimize the impact of the dis-

ruption on its total lost gross profit across both the disruption and recovery

stages. Other performance measures are trivial to implement, including lost

sales or lost units of production. We represent a disruption as an outage of a

single part from a single supplier for a fixed period of time (our main results

are presented using a 5-week disruption). In the case of DMF, there are 8,832

unique part-supplier pairs (hereafter, disruption scenarios). We estimate the

DE under different amounts of disrupted part inventory by setting six equally-

spaced inventory levels for each disrupted part based on the firm’s inventory

policy for that part. We apply our model to analyze each disruption scenario at

each inventory level for the disrupted part.

7



Using our model, we first confirm that the firm’s DE decreases at a decreas-

ing rate with the amount of disrupted part inventory, as predicted by our re-

stricted model. This marginal effect of inventory on the firm’s DE varies widely,

not only across parts but also within a part. Based on a disruption duration of

5 weeks, the average range of the firm’s DE for a disrupted part over its nor-

mal inventory replenishment cycle is $484K, with a minimum range of $0 and

a maximum range of $5.54M. We demonstrate the practical relevance of these

insights by showing that DMF can achieve a significant reduction in its DE at

a low-cost or even no cost by making targeted changes to its inventory poli-

cies. Depending on the part, these changes take two general forms – holding

more safety stock and / or reducing the order up to amount. We provide imple-

mentation examples that reduce the firm’s DE between 52.6% and 55.4% while

simultaneously reducing its inventory holding and ordering costs between 1.7%

and 8.1%. There are many operational factors beyond disruption risk mitigation

that a firm must consider before making such policy changes. Therefore, this

portion of our analysis can be interpreted as an example of how risk-mitigating

inventory policy changes can be identified. Such options can then be balanced

with other operational considerations before implementation.

Next, we find that the secondary effect of part inventory is absent at DMF

for individual non-disrupted parts. We provide intuition for why this is likely to

be the case in many practical settings. The firm can, however, create a “strategic

portfolio” of parts to unlock the secondary effect. Establishing a strategic port-

folio involves coordinating the inventory level across all of the parts needed to

build a particular product. We demonstrate that a well-chosen strategic port-

folio can have the dual benefit of (i) generating a large primary effect for some

disruption scenarios by meeting more of the production requirements in the

8



disruption stage and (ii) generating a large secondary effect for other disrup-

tion scenarios by using idle production capacity in the disruption stage to meet

a portion of the production requirements of the recovery stage. For some strate-

gic portfolios, the secondary effect benefit can exceed that of the primary ef-

fect. The DE reduction from a well-chosen strategic portfolio is also materially

larger than what can be achieved by naively increasing inventory levels across

all parts.

Our analysis of strategic portfolios is limited to sets of parts that comprise

the bill-of-materials for a single product. We provide an example that the firm

can further reduce its DE by allocating the same budget to a strategic portfolio

that includes the bill-of-materials for more than one product. Identifying the

optimal strategic portfolio is computationally expensive, however. For practical

settings in which this may be an issue, we introduce a heuristic that can ma-

terially reduce the processing time. In our practical setting, we find that the

heuristic estimate deviates from the full model in fewer than 0.2% of the disrup-

tion scenarios, and results in a DE estimate that, on average, is less than 0.5%

larger than the full model.

Our findings show that to more effectively mitigate DE using part inven-

tory, firms must account for (1) cross-part dependencies, (2) the primary and

secondary effects of part inventory, and (3) the related decreasing marginal ben-

efit of incremental inventory. By doing so, a firm can inexpensively achieve

a material reduction in its DE through targeted modifications to its inventory

policies and coordinating its inventory levels for a strategic portfolio of parts.

9



2.2 Literature

Our research is built upon three streams of operations management litera-

ture. The first deals with mitigating the operational performance impact of

low probability, high impact operational disruptions. Firms can consider a va-

riety of proactive strategies to mitigate their disruption exposure [34], includ-

ing holding more inventory [41, 23, 61], establishing multiple sources of sup-

ply [58, 12, 63, 21], business interruption insurance [16], and investing in pro-

cess flexibility [60, 2]. Using a principal-agent contracting framework, [28] in-

vestigate the incentives and outcomes under performance based contracts with

restoration service providers that are intended to help a company recover from

disruptions. [58] study the contingent rerouting of suppliers as a component

of the optimal disruption management strategy to reduce the firm’s cost. [55]

theorize strategies that may be cost-effective and time-efficient, including stor-

ing inventories at strategic locations that can proxy for carrying more safety

stock. [47] examines service level mitigation strategies under a disruption in a

two-echelon system consisting of multiple plants and distribution centers. The

focus is on echelon-level disruptions (as opposed to part-level disruptions) and

mitigation strategies that include drawing finished products from alternative,

non-disrupted facilities and distribution centers. [15] provide insights on how

to develop a portfolio of suppliers when the yields from the suppliers’ unre-

liable production processes are correlated. [36] propose an (s, S ) production-

inventory policy with random disruption in an unreliable bottleneck produc-

tion system. We add to this literature by examining how part-level disruptions

can be mitigated in a production system with backlogging. Although other re-

search acknowledges that it can be costly to use inventory buffer as a hedge

10



against disruption risk [61, 51], we show how to address this challenge by tak-

ing advantage of the primary and secondary effects of inventory with targeted

changes to part-level inventory policies.

We also build on the relatively smaller literature that explicitly accounts for

how firms operationally recover from a disruption. Much of this research is fo-

cused on the transportation industry generally, and within that, the commercial

airline industry. In this context, the firm’s recovery problem is formalized sim-

ilar to its original planning problem, but with fewer available resources due to

the disruption. Applications include aircraft re-routing [46], crew-flight pairing

[66], and train re-scheduling [62]. These papers focus on formalizing the prob-

lem and developing a general approach to solve them. Less attention is given to

quantifying the impact or efficiency of the solution. Various strategies are used

in airline disruption recovery planning, including redistributing existing slack

[1], adding extra buffers to the schedule, and avoiding operational complexity

[29]. We refer the reader to [9] for an overview of the disruption research in the

airline industry. While the transportation-related literature deals with recover-

ing from a service delivery disruption, other work examines disruption recov-

ery in the context of manufacturing a physical product. [42] develop a recovery

plan for disruptions in a two-stage production inventory system with consider-

ation for process reliability. [56] propose a heuristic for recovery in a machine

breakdown problem with two products. [25] exogenously set the duration of

the recovery stage in an analysis of disruptions in a manufacturing setting. [64]

analyze recovering from disruptions in a two-stage coordinated supply chain.

We contribute to this stream of literature by identifying how firms can imple-

ment changes that exploit the decreasing marginal impact of part inventory on

the firm’s disruption exposure, and quantifying the practical impact of those
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changes using data from our research partner.

Last, we contribute to the resurgence of practice-based research in manufac-

turing and service operations management. Examples of such practiced-based

research include[27], [3], [49], and [45]. [27] deals with the optimization of the

loading and routing decisions for a manufacturing firm’s supply chain. [3] im-

plements a collective decision support system of an automotive company. [49]

describes a solution approach for the scheduling problem of a manufacturing

firm. [45] develops a simulator to aid in planning, preparation, and evacuation

decisions of a military installation in response to tropical storm forecasts. We ap-

ply the optimization methodology to study the disruption risk mitigation strat-

egy using inventory policy, in the context of a large materials handling equip-

ment manufacturer. Our approach for measuring the impact of a disruption is

inspired by that of [50], but with four critical extensions. First, we generalize

our model to allow for backlogging of customer orders. This results in a more

complex, albeit realistic problem with shifting production constraints across pe-

riods. Second, we account for variation in the firm’s disrupted part inventory

by running each disruption scenario across representative ranges of inventory

levels. Third, we account for the production of all of the firm’s products, not

just those that rely directly on the disrupted part. Fourth, we explicitly model a

recovery stage and account for the production capacity constraints faced by the

firm.
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2.3 Research Setting and General Problem Description

We implement our general model and conduct our research in collaboration

with DMF, a large diversified manufacturing firm. DMF is a leader in its in-

dustry with annual revenue of approximately $1.5 billion. It primarily serves

North American customers, but augments this with exports to Central and

South America, Australia, and the Middle and Far East.

We consider a common make-to-order manufacturing system in which the

firm receives committed orders from customers in advance. The firm manufac-

tures multiple products with multiple parts from multiple suppliers. Many of

the firm’s parts are standardized and used across multiple products. Based on

inbound customer order commitments, the firm periodically updates its pro-

duction plan, schedules part orders with its suppliers, and commits to delivery

dates with its customers. The firm’s production capacity is scheduled and allo-

cated across products during the firm’s production planning process. The firm

has reasonably stable capacity over the short term, with variations over time

that are due to things such as scheduled maintenance, holidays, allowed over-

time, and planned capacity changes. Production plans and customer delivery

commitments must be balanced such that there is sufficient production capacity

to meet committed customer deliveries, with a small buffer to accommodate mi-

nor delays. DMF’s committed production plan represents approximately 90%

of its maximum production capacity in each period.

DMF’s production plan is also the basis for its rolling order purchase com-

mitments with its suppliers. These commitments provide reasonable assurance

that the firm will have sufficient parts to meet its production plan. DMF can
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deviate from its supplier commitments, but there are guard rails that constrain

the magnitude of the deviations. For instance, DMF shares its production plans

with suppliers on a rolling 13-week basis, and its purchase commitments can

be modified by ±15% at 9 weeks and ±10% at 6 weeks. The firm’s materials

requirement planning (MRP) system continuously reviews the inventory bal-

ances against the planned consumption for each part, and makes order recom-

mendations based on the inventory policies in place for the part and the firm’s

purchase commitments. Part inventory levels vary over time and across parts

as those parts are consumed in the manufacturing process and replenished by

suppliers. The firm does not maintain any uncommitted finished goods inven-

tory.

The firm employs flexible production processes, allowing it to switch over

production lines from products with low orders to products that are experienc-

ing high orders. Reallocations of flexible capacity can be done in the production

planning process, or in response to a disruption.

We obtained detailed operational data from DMF, including production

plans, product bill-of-materials, part inventory policies, suppliers information,

and product financial information. The firm has 327 suppliers that provide it

with 8,616 unique parts. None of the parts have more than two suppliers and

8,400 out of 8,616 parts have a single supplier. Consequently, DMF has 8,832

unique supplier-part pairs.

DMF has 20 products, representing a wide range of customer order quan-

tities. The average weekly production for each product ranges from 4 to 246

units, and there is no discernable seasonality. The number of unique parts used

in each product ranges from 241 to 2,014. Minor deviations in the timing of cus-
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Figure 2.1: Timeline for Supply Chain Disruption

tomer deliveries are acceptable, but DMF tries to minimize them. For longer

delays, the company estimates that 90% of its unmet customer orders can be

backlogged into the next delivery period.

As shown in Figure 2.1, our analysis spans two stages. The disruption stage

starts when a supplier is unable to deliver a part, and it ends when the dis-

rupted part arrives at the firm. The recovery stage starts once the disruption

period ends (i.e. once the disrupted parts are delivered), and it ends when the

firm no longer has any backlogged production. We consider an all-or-nothing

disruption such that the supplier cannot meet any of the firm’s orders for the

disrupted part during the disruption period, and can meet all of the firm’s cur-

rent and backlogged orders at the conclusion of the disruption period. We de-

fine the DE of a disruption scenario as the total lost gross profit that the firm

incurs as the result of the disruption. This is measured as the lost gross profit

in the disruption and recovery stages. When a disruption occurs, the firm can

adjust its production plan over the disruption and recovery stages to minimize

its DE.

In addition to our general problem, we analyze a restricted problem with

two parts and three products. This simplification of the general problem allows

us to build mathematical insights that we can test in our numerical analysis of

the general problem.
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2.4 The Model

2.4.1 Assumptions

We assume that the firm has planned its part orders and original production

plan without errors. This assumption allows us to focus on a disruption to the

focal part, and maintain that the firm will have enough production capacity and

inventory of non-disrupted parts to meet its original production plan. We as-

sume that the firm’s production resources are sufficiently flexible so as not to

constrain revisions to the original production plan. In a disruption, the firm can

modify its original production plan, given its production capacity and the pool

of parts required to meet the original production plan. We ignore certain costs

associated with the firm’s response to the supply chain disruption, including the

holding cost of inventory, expedited shipment costs, or higher part costs. The

cost of ordering and holding inventory is accounted for in our analysis of poten-

tial inventory policy changes, however. During a disruption, such costs can be

minor relative to the potential lost profits due to lost orders. For instance, when

asked by one of the authors whether inventory holding costs, transportation

costs, or higher part prices factored into their disruption response planning, a

senior executive at Nissan Motor Corporation (not affiliated with DMF) made

clear – “We are not worried about saving pennies . . . Instead, we are focused

on returning to normal production levels.” This sentiment was shared by the

managers at DMF.
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2.4.2 Notation

We summarize our notation in Appendix A.1. The duration of the disruption

stage is TD and the duration of the recovery stage is TR. TR is endogenously

determined by the model for each disruption scenario. As a result, we conduct

our analysis by pooling the periods in the disruption stage, but we must analyze

the recovery stage period-by-period. We index time periods with t, where t ∈

{TD, · · · ,TD + TR}.

Let S, F , andP denote the set of tier-1 suppliers, the set of finished products,

and the set of parts, respectively. Let SD, F D, and PD denote the set of disrupted

suppliers, the set of finished products that rely on the disrupted part, and the

set of disrupted parts. We use index i, j, k to indicate a supplier i in S, a finished

product j in F and a part k in P. Product j has gross profit of g j. Producing one

unit of product j requires w j of production capacity and rk j units of part k. The

portion of the unmet orders of product j that can be backlogged into the next

period is γ j. Supplier i can deliver a maximum ct
ik units of part k in period t. The

firm has a maximum production capacity of Ht in period t. The original planned

production of product j in period t is dt
j.

In each period t, the firm decides the amount of each part k that will be

sourced from each supplier i (ut
ik), the allocation of each part k to each product

j (yt
k j), and the production quantity of each product j (pt

j). The shortfall in the

production of product j in period t compared to the original plan is lt
j. The

inventory of part k at the beginning of period t is qt
k. The inventory of product j

at the beginning of period t is st
j.
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2.4.3 General Model

The general model can be described with the following objective and con-

straints.

The firm’s objective function is to allocate its part inventory and production

capacity to minimize its DE, which is expressed as:

TD+TR∑
t=TD

∑
j∈F

(1 − γ j)g jlt
j.

The solution is subject to the following constraints:

• Inventory Allocation Constraint: The units of part k allocated to the pro-

duction of product j is equal to the production of product j times the units

of part k needed to produce one unit of product j:

yt
k j = pt

j · r
t
k j, ∀k ∈ P,∀ j ∈ F , t ∈ {TD, · · · ,TD + TR}

• Inventory Balance Constraint: The ending part inventory for part k is the

beginning inventory, plus total supply of part k, less the total allocation of

part k in the production process:

qt+1
k = qt

k +
∑
i∈S

ut
ik −

∑
j∈F

yt
k j, ∀k ∈ P, t ∈ {TD, · · · ,TD + TR}

• Supplier Capacity Constraint: The part supply is constrained by ct
ik when

part k from supplier i is not disrupted. The part supply is zero when part

k from supplier i is disrupted.
ut

ik = 0 if i ∈ SD, k ∈ PD and t = TD,

ut
ik =

TD+1∑
t=TD

ct
ik if i ∈ SD, k ∈ PD and t = TD + 1,

ut
ik ≤ ct

ik, otherwise.
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The second term in this constraint set reflects our modeling assumption

that the disrupted supplier can meet all of the firm’s backlogged orders

for the disrupted part once the disruption stage ends. More relaxed or

constraining assumptions can also be implemented.

• Firm Capacity Constraint: The production of finished products is con-

strained by the firm’s production capacity:∑
j∈F

w j pt
j ≤ Ht, t ∈ {TD, · · · ,TD + TR}

• Unmet Production Constraint: The unmet production for each product

j is the planned production plus the backlogged production, plus the

change in product inventory, minus the production amount. The firm en-

ters the disruption without any backlogged orders.

lt
j = dt

j + γ jlt−1
j + (st+1

j − st
j) − pt

j, ∀ j ∈ F , t ∈ {TD, · · · ,TD + TR}

• Non-negativity Constraints: yt
k j, u

t
ik, pt

j, q
t
k, s

t
j, l

t
j ≥ 0 (∀i ∈ S,∀k ∈ P,∀ j ∈

F , t ∈ {TD, · · · ,TD + TR})

2.4.4 Three-product Model

Mathematically expressing the optimal solution to the general model in a practi-

cal setting is analytically tedious due to the high dimensionality of the problem.

To develop mathematical insights, we analyze a reduced form of this model. We

then apply the general model to data from our research partner to validate these

insights and quantify the practical results. We utilize two terms in our analysis.

Gross Profit per Part (GPP) is the ratio of a product’s gross profit and the num-

ber of units of part k needed to produce one unit of that product, i.e. g j

rk j
. Gross
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Profit per Capacity (GPC) is the ratio of a product’s gross profit and production

capacity needed to produce one unit of that product, i.e. g j

w j
. GPC is used only

in the appendix.

In the reduced setting, F = {1, 2, 3} and P = {A, B}, where A is the disrupted

part and B is the non-disrupted part. To simplify our notation, we assert that

the firm sources each part from one supplier. This allows us to remove the

supplier’s index from all of our notation. To simplify our analysis, we also assert

that the disruption and the recovery stages each last one period, i.e. TD = 1 and

TR = 1, and any unmet orders at the end of the recovery stage are lost. Finally,

we assume an equivalent backlogging rate (γ) across products, i.e. γ = γ1 = γ2 =

γ3. To avoid trivial outcomes, we consider the case where the starting inventory

for the disrupted part is not sufficient to meet the combined orders for both

dependent products in the disruption stage.

The bill-of-materials structure is illustrated in Figure ??. Products 1 and 2

each use one unit of part A. Products 2 and 3 each use one unit of part B. The

suppliers have sufficient capacity to meet the firm’s part requirements when

they are not disrupted. The disrupted supplier cannot deliver any units of part

A in the disruption stage, but will make up for the backlogged order in the

recovery stage. Thus, c1
A = 0, c2

A ≥ d1
1 + d1

2 + γ · (d2
1 + d2

2), c1
B ≥ d1

2 + d1
3 and

c2
B ≥ d2

2 + d2
3. The firm has just enough production capacity to cover the original

planned production in each period, i.e., H1 =
∑3

j=1 d1
j · w j and H2 =

∑3
j=1 d2

j · w j.

We represent the firm’s production decision as p = (p1,p2) =

(p1
1, p1

2, p1
3, p2

1, p2
2, p2

3), and the production plan for product j as p j = (p1
j ,p

2
j ),

j = 1, 2, 3 (the slight variation between these two notational forms is to ease

the presentation of our proofs in the appendix). Based on the simplifications of
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PART A PART B

PRODUCT 1 PRODUCT 2 PRODUCT 3

the three-product model, we describe it with the following objective and con-

straints:

min(1 − γ) ·
3∑

j=1

g jl1
j +

3∑
j=1

g jl2
j

subject to

q2
A = q1

A − p1
1 − p1

2 (Inventory Balance - Part A)

q2
B = q1

B + u1
B − p1

2 − p1
3 (Inventory Balance - Part B)

u1
A = 0; u1

B ≤ c1
B (Supplier Capacity)∑3

j=1 w j · p1
j ≤ H1 (Firm Capacity - Disruption)∑3

j=1 w j · p2
j ≤ H2 (Firm Capacity - Recovery)

l1
j = d1

j + s2
j − p1

j (Unmet Production - Disruption)

l2
j = d2

j + γ · l1
j − s2

j − p2
j (Unmet Production - Recovery)

u1
B, q

2
A, q

2
B, p1

j , p2
j , l

1
j , l

2
j , s

2
j ≥ 0,∀ j ∈ {1, 2, 3} (Non-negativity)

The feasible region F of the firm’s decision problem can be reduced to the

subspace of {0 ≤ p1
j ≤ d1

j + d2
j , 0 ≤ p2

j ≤ [d2
j + γ · l1

j − l1
j + (d1

j − p1
j), j = 1, 2, 3}, since it
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is never optimal to produce more than the overall orders for a product in the dis-

ruption and recovery stages. The firm’s adjusted production plan is constrained

by different resources in the disruption and recovery stages. In the disruption

stage, the disrupted part inventory is the primary constraint, although the non-

disrupted part inventory can also serve to constrain over-production of certain

products. In the recovery stage, the recovery capacity is the only constraint as it

is not useful to overproduce any products.

2.5 Analytical Results for 3-Product Model

The 3-product model allows us to develop analytical insights that can be tested

using our general model and data from our research partner. The proofs for

our propositions are in the Appendix. As with our general model, we must

account for both the disruption stage and a recovery stage in our analysis. In

the disruption stage, the potential constraining resources are: (1) part A inven-

tory, (2) part B inventory, and (3) production capacity. In the recovery stage,

the only constraining resource is the production capacity. The problem satisfies

strong duality, thus the KKT (Karush-Kuhn-Tucker) condition [31] is sufficient

and necessary for the solution. This problem represents two sub-LP problems

based on the range of l1
j and s2

j that can be characterized as:

• Product j Under-produced. l1
j ≥ 0 and s2

j = 0.

• Product j Over-produced. l1
j = 0 and s2

j > 0.

Whether product j is under-produced or over-produced is determined by

the parameter set R = {q1
A, q

1
B, g j,w j, d1

j , d
2
j }. The optimal production plan p∗ is
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the optimal solution of at least one LP problem. In each optimal solution, there

is a product that is allocated the last unit of available disrupted part inventory.

For expository convenience, we refer to this product as the marginal product.

Let Ω represent a basis in our linear program, or a set of binding constraints

with rank equal to the number of decision variables [13]. In our problem, Ω

can be formally described by two characteristics: (1) the resources that are bind-

ing and (2) the actual production versus the original production plan. In the

disruption stage, the actual production of a product can meet, exceed, or fall

short of the original production plan. In the recovery stage, the actual produc-

tion of a product can meet or fall short of the original production plan plus any

backlogged production from the disruption stage. The parameter set R deter-

mines the optimal LP basis, and therefore the optimal disrupted part allocation

decision. The complete partition of the parameter space and the optimal LP ba-

sis in each region can be analyzed with the following process: (1) propose the

binding constraints that compose the corresponding solution basis Ω; (2) calcu-

late the corresponding solution pΩ = A−1
Ω
· bΩ; (3) validate that the solution is

feasible, i.e., pΩ ∈ F; (4) confirm the parameter settings for the proposed solu-

tion to be optimal, i.e., A−T
Ω
· cΩ ≥ 0, where AΩ and cΩ are the constraint matrix

and objective function coefficients corresponding to Ω. To avoid trivial cases,

the disrupted part (part A) inventory and the recovery period capacity must be

binding. Other potentially binding constraints are the non-disrupted part (part

B) and the upper and lower bounds constraints in p ∈ F.

The optimal production plan can be used to determine the marginal bene-

fit of the binding resources. There are eight subspaces that must be analyzed.

We provide the details of the optimal production plan and the marginal bene-
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fit of the part inventory for one subspace in the Appendix. The details of the

remaining subspaces follow a very similar process, and are available from the

authors.

For a given parameter set R and base Ω, we can express the firm’s DE as a

function of R, i.e. DEΩ(q1
A, q

1
B, · · · ). The function is a linear combination of all

of the terms of the binding constraints. The coefficients are the corresponding

shadow price of the binding resources [5], i.e. A−T
Ω
· cΩ. We refer to the change in

the firm’s DE with respect to changes in disrupted part inventory (∂DEΩ(q1
A,q

1
B,··· )

∂q1
A

)

as the primary effect of inventory. We refer to the change in the firm’s DE with

respect to changes in non-disrupted part inventory (∂DEΩ(q1
A,q

1
B,··· )

∂q1
B

) as the secondary

effect of inventory. The primary and secondary effects of inventory remain con-

stant as long as the change in q1
A and q1

B does not cause a change in Ω. When Ω

changes, the marginal impact of the disrupted and non-disrupted part invento-

ries can also change. This means that the marginal effects of part A inventory

and part B inventory are both piece-wise linear.

We show that the firm’s DE decreases with increases in disrupted part inven-

tory, and the rate of decrease weakly decreases whenΩ changes. This finding is

captured in Proposition 1. The DE is piece-wise linear decreasing at a decreas-

ing rate in the amount of disrupted part inventory. Each linear piece represents

the optimal production plan represented by a specific base of the LP problem.

Theorem 1. The DE weakly decreases in q1
A at a weakly decreasing rate.

Similarly, the firm’s DE decreases with non-disrupted part inventory at a

decreasing rate. In the three-product model, additional inventory of part B al-

lows the firm to over-produce product 3 in the disruption stage. Doing so pre-

serves production capacity that may otherwise be lost in the disruption stage,
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and alleviates the production requirements in the recovery stage. This finding

is captured in Proposition 2.

Theorem 2. The DE weakly decreases in q1
B at a weakly decreasing rate.

Propositions 1 and 2 reflect the primary and secondary effect of part inven-

tory, respectively. These propositions hint at the complexity of the firm’s opti-

mal allocation decision, and the need to account for both disrupted and non-

disrupted part inventory. To shed light on this complexity, we start by further

simplifying the analysis. If we assume that the firm is unable to backlog cus-

tomer orders, then the firm can resume normal operations when the disruption

ends, and there is no recovery stage. Intuitively, this means that secondary effect

of non-disrupted inventory is zero and the firm is solely interested in reducing

its DE in the disruption stage. There may be other circumstances in which the

firm is solely interested in minimizing its DE in the disruption stage. For in-

stance, if the disruption is so great that it may jeopardize the firm’s survival

during the disruption stage. This intuition leads to the following Lemma.

Theorem 3. The firm can minimize the DE in the disruption stage by allocating dis-

rupted part inventory to meet the production requirements of disrupted products in

descending order of the products’ GPP.

This simplification of our problem serves as a convenient heuristic that can

be applied to both the three product model and the general model. Under this

heuristic, the firm’s updated production plan is straightforward: (1) allocate

sufficient disrupted part inventory to the disrupted products with the highest

GPP, up to the point that customer orders for those products are met in the dis-

ruption stage; (2) produce all non-disrupted products according to the original
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production plan. It can be advantageous to deviate from this heuristic if the firm

is capacity constrained in the recovery stage. In that case, the firm faces a bottle-

neck shifting problem, and it may benefit by producing products in the disrup-

tion stage that require a higher production capacity per allocated part. This can

include producing a disrupted product with a lower GPP, or overproducing dis-

rupted or non-disrupted products. Doing so allows the firm to avoid producing

those capacity-hungry products in the recovery stage. Intuitively, this is akin to

“storing” production capacity from the disruption stage that will otherwise be

unutilized. Deviations from the heuristic can come with costs, however. Over-

producing a disrupted or non-disrupted product may require under-producing

products that share a part with the overproduced product. If the firm produces

a disrupted product with a lower GPP, it loses orders of the under-produced,

higher GPP product. These tradeoffs are complex in practical settings because

there are many products, and parts are often shared across those products. To

understand how pervasive deviations from the heuristic are in practice, and to

test the prevalence and relevance of our analytical results, we turn to the data

from our research partner.

2.6 Practical Evidence

We conduct an analysis using industry data to achieve three objectives – vali-

date our analytical results, quantify the primary and secondary effects of part

inventory for individual parts, and provide examples of how the firm can ex-

ploit these effects by making targeted changes to its part inventory policies. The

last objective demonstrates how appropriate inventory policy changes can ma-

terially and cost effectively reduce DMF’s DE. Based on input from DMF, we
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present the results from our analysis of disruptions with durations of 5 weeks.

Results using other disruption durations are available from the authors. All

of our results are generated by solving the model defined in Section 2.4.3 with

ILOG CPLEX (version 12.6).

Recall that the supply of all non-disrupted parts is sufficient to match the

production requirements from the firm’s original production plan in each pe-

riod. We do not have records for DMF’s part order commitments to suppliers.

Unless otherwise stated, we therefore assume that existing part inventory and

supplier part order commitments are just enough to meet the original produc-

tion plan in each period. We examine whether having additional inventory of

any particular part has any bearing on the firm’s DE in our analysis of Proposi-

tion 2.

The provision of the disrupted part from the disrupted supplier is inter-

rupted for the duration of the disruption, leaving only the firm’s on-hand inven-

tory and deliveries from alternative suppliers (when present). The disruption

can start at any point in the disrupted part’s consumption-replenishment cycle.

To capture this, we construct six evenly spaced levels of inventory for each dis-

rupted part that range from its minimum (level 1) to its maximum order-up-to

amount (level 6). While this aligns with a periodic review (s,S) inventory policy

common at DMF and other firms, the specifics are not central to our analysis.

What is important, however, is that we capture that inventory positions are fluc-

tuating, and that a disruption to a part can strike when the firm’s inventory for

that part is low or high. This allows us to examine how DMF’s DE changes over

the normal inventory range of each disrupted part.
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2.6.1 Impact of Disrupted Part Inventory on DE

From Proposition 1, we anticipate that the firm’s DE weakly decreases at a

weakly decreasing rate with more inventory of the disrupted part. This implies

that the DE can be higher when the firm has little inventory of the disrupted

part (level 1) compared to when it has abundant inventory of the disrupted part

(level 6). To check this using DMF’s data, we run the general model for each

of the six inventory levels of each disrupted part to calculate the DE. Table 2.1

provides summary statistics of DMF’s DE by inventory level across all 8,832 dis-

ruption scenarios. It is evident from this table that there are material changes

in DMF’s DE over its normal inventory consumption and replenishment cycle.

The average DE drops from $503K to $19K as inventory of the disrupted parts

increases from level 1 to level 6. Within each inventory level, the range in the

DE over the parts is also material. At each inventory level, several hundred to

several thousand disrupted parts have a DE of $0, while the maximum DE is

$5.6M for level 1 and $1.4M for level 6.

Table 2.1: Summary Statistics for DE by Part Inventory Level (5-week Disrup-
tion Duration)

Level Mean SD 1-Quartile Median 3-Quartile Max DE = $0

1 $503K $729K $4K $181K $1,017K $5,584K 542

2 $192K $298K $2K $53K $236K $3,692K 845

3 $91K $199K $0K $1K $74K $3,042K 3,472

4 $52K $136K $0K $0K $11K $2,429K 4,545

5 $32K $90K $0K $0K $7K $1,881K 5,597

6 $19K $58K $0K $0K $4K $1,391K 5,824

Note: There are 8,832 disruption scenarios for each inventory level; “DE
= $0” identifies the number of disruption scenarios with $0 DE.

The change in DE with inventory varies by part. Some parts continue to have

28



a large DE at inventory level 6, while some parts maintain low DE across all in-

ventory levels (for instance, 542 scenarios have zero DE at all inventory levels).

In Figure 2.2, we order all scenarios based on the difference in the scenario DE

between inventory levels 1 and 6. As reflected in this figure, there is a wide

dispersion across parts in the difference of their DE over their normal inventory

range – the largest difference is $5.54M and the smallest is $0. On the right side

of the figure, 30% of disrupted parts (approximately 2,000) have a DE difference

in excess of $1M from inventory level 1 to 6. On the left side, more than 40% of

the disrupted parts have a DE difference less than $0.1M from inventory level 1

to 6.

Figure 2.2: The Gap of DE between Inventory level 1 and 6

To illustrate how DE changes with inventory of a disrupted part, we esti-

mate the DE over all possible inventory positions (as opposed to the six discrete

levels) between levels 1 and 6 for two parts – 580 and 5736. These parts are used

in integer quantities by all of the products that depend on them. Part 580 has

1,284 units of inventory between levels 1 (104 units) and 6 (1,388 units). Part
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5736 has 5,326 units of inventory between levels 1 (0 units) and 6 (5,326 units).

Therefore, to estimate the DE for each inventory position across these two prod-

ucts requires 6,610 runs of the model. The DE results by inventory for each part

are displayed in Figure 2.3, and the pattern for both parts corresponds to rela-

tionship described by Proposition 1. We check the slope of DE-inventory line for

each inventory position and confirm that the DE weakly decreases at a weakly

decreasing rate with more disrupted part inventory.

To more clearly establish the practical evidence supporting Proposition 1, we

turn to Table 2.2. This table presents summary statistics over each disruption

scenario for the DE differences by inventory level. The average reduction in DE

from inventory level 1 to level 2 is $310K, and the magnitude of the reduction

weakens for each subsequent inventory level. For each individual scenario, we

confirm that the DE for a part is weakly decreasing at a weakly decreasing rate

in the disrupted part inventory. We also conduct a perturbation analysis at each

inventory level and determine the marginal decrease in DE at those points. For

each scenario we find that the marginal decrease in DE is weakly decreasing at

higher inventory levels. This provides ample evidence that Proposition 1 holds

in practical settings, and no evidence that contradicts it.

2.6.2 Impact of Non-Disrupted Part Inventory on DE

From Proposition 2, we anticipate that the firm’s DE weakly decreases at a

weakly decreasing rate with more inventory of a non-disrupted part. Check-

ing every non-disrupted part for every scenario is impractical as it would re-

quire running each of the 8,832 scenarios 8,831 times to check a single inventory
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(a) Part 580

(b) Part 5736

Figure 2.3: Examples of DE change with inventory.

position for each non-disrupted part. Instead, we take two samples of the non-

disrupted parts and conduct our analysis on those. The first is a convenience

sample of the 5 parts that exhibit the largest primary effect when their inven-

tory level is increased from 1 to 2. The second is a random sample of 5 parts.
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Table 2.2: Summary Statistics for DE Differences by Part Inventory Level (5-
week Disruption Duration)

Level Mean SD Min 1-Quartile Median 3-Quartile Max ∆DE = $0

1→ 2 $310K $567K $0K $2K $73K $401K $5,098K 592

2→ 3 $101K $145K $0K $1K $38K $181K $1,633K 894

3→ 4 $39K $78K $0K $0K $1K $33K $766K 3,566

4→ 5 $20K $51K $0K $0K $0K $9K $591K 4,595

5→ 6 $14K $38K $0K $0K $0K $2K $527K 5,640

Note: There are 8,832 disruption scenarios for each inventory level; “∆DE = $0”
identifies the number of disruption scenarios with $0 change in DE across adjacent
levels.

We look at the effect on the firm’s DE from a disruption to each of the ten

in-sample parts after increasing the availability of a non-disrupted part by 1%

beyond what is just enough to meet the original production plan. This involves

running the model 88,310 times (8,831 non-disrupted parts times 10 disrupted

parts). Our analysis is conducted at inventory level 2 for the disrupted parts.

The DE is unchanged in each case, meaning the secondary effect of incremental

non-disrupted part inventory is zero for all of the 88,310 model runs.

These results do not contradict the claim of Proposition 2, nor do they sup-

port a practically meaningful effect. In the simple 3-product model, extra in-

ventory of the single non-disrupted part B allows the firm to overproduce non-

disrupted product 3. This saves the recovery period capacity from producing

product 3 and allows that capacity to instead be directed toward producing the

backlogged production of the disrupted products. In practical settings, how-

ever, the bill of material (BOM) for a product can be much more complex than

a single part. For DMF, an average of 867 unique parts (a range from 241 to

2,014 parts) are needed to build a product. Overproducing any product requires

under-producing multiple other products unless there is excess inventory of ev-
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ery part needed by the over-produced product. This means that additional in-

ventory of any single non-disrupted part is very unlikely to mitigate the DE for

another part. Obvious exceptions to this are if the non-disrupted part is a sub-

stitute for the disrupted part or if additional inventory is available for all other

parts needed to produce a product. In Section 2.6.3, we revisit how DMF can

exploit these otherwise tepid findings for Proposition 2

2.6.3 Developing Proposed Inventory Changes to Reduce DE

By understanding which parts have material changes in DE across inventory

levels, firms can identify (1) opportunities to reduce their DE through inven-

tory policy changes to targeted parts and (2) the appropriate adjustments to the

inventory policies of those parts. Other considerations enter into a firm’s inven-

tory decisions beyond DE mitigation, such as fixed order increments, minimum

order quantities, limited delivery schedules, supplier service levels, economic

order quantity guidelines, etc. We relax these constraints in our analysis. In-

stead, our objective is to demonstrate how firms can develop a set of proposed

adjustments and quantify the value of those adjustments. Such proposed adjust-

ments can be then be weighed against these other inventory adjustment consid-

erations before implementation.

We include two inventory-related costs – inventory holding cost and order-

ing cost. Recall that we ignored these costs when quantifying the DE for DMF,

arguing that they are minor considerations during the disruption and recov-

ery stages compared to the cost of lost production. These costs are much more

salient in our analysis of inventory policy changes because these costs would
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now be ongoing. Our analysis is based off of an annual inventory holding cost

rate for DMF of 6% and a fixed order cost of $100. We focus on 5,608 parts (out

of 8,616) for which DMF provided unit cost information. Using all 8,616 parts

would afford additional opportunities for DE mitigation and cost savings.

Inventory Changes to One Part

We first consider how the firm can change it’s DE for a single part. Such an

analysis is relevant in practical settings when a specific part is deemed to have a

high probability of disruption, such as when the part’s production is transferred

to a new supplier facility or even a new supplier.

In this analysis, we take advantage of Proposition 1 to identify inventory

policy changes that reduce the range of DE for the part, while maintaining the

current inventory cost of the part. The strategy is simple. First, take advan-

tage of the primary effect of inventory and hold more safety stock. Doing so

will reduce the firm’s highest DE for the part, but it will increase the inventory

holding and ordering costs for the part. Second, take advantage of the primary

effect of inventory and reduce the order-up-to amount for the part. Doing so

will marginally increase the firm’s lowest DE for the part and further increase

the ordering cost, but it will reduce the inventory holding cost. Although this

strategy may not achieve cost neutrality in all cases, it can be very effective at

reducing DE for parts that have a large maximum DE that is sensitive to addi-

tional inventory, and a low minimum DE that is insensitive to less inventory.

As an illustration, we apply this process to part 5736 and limit our inventory

choices to the 6 inventory levels. Expanding our choice set of inventory posi-
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tions can yield further benefits. Figure 2.3(b) provides the DE-inventory curve.

The inventory of part 5736 fluctuates between 0 units (level 1) and 5,326 units

(level 6). The average weekly demand for Part 5736 is 681 units, which implies

that an order is place approximately once every 7.82 weeks ((5,326-0)/681). The

per-unit cost for this part is $35.95. Using our cost assumptions, the firm’s cur-

rent inventory policy costs are approximately $6,409 annually. The annual or-

dering cost is $665 (52 / 7.82 × $100), the annual inventory holding cost is $5,744

(0.06 × (0+5,326)/2 × $35.95). DMF’s DE for part 5736 ranges from $1,740,227

(level 1) to $0 (level 6), and an average DE of $347,705 over all inventory posi-

tions between levels 1 and 6. DMF can consider two changes – (1) increase the

base stock to level 2 (1,065 units) and (2) reduce the order up to amount to level

5 (4,261 units). The first change reduces DMF’s maximum DE for this part to

$785,693, but it involves a material increase in the average inventory. The sec-

ond change leverages the findings from Proposition 1 and allows DMF to offset

its inventory holding cost while, in this case, keeping its minimum DE at $0. As

a result, the average DE for this part is reduced from $347,705 to $176,213 over

the remaining inventory range. Figure 2.4 shows the inventory cycles for the

original policy and the proposed policy with the two changes. Figure 2.5 shows

the DE under the original and proposed policies.

The average inventory is the same under the proposed inventory policy and

the original policy, as is the inventory holding cost. However, the part is ordered

more often – once every 4.69 weeks compared to once every 7.82 weeks. This

yields an incremental ordering cost of $444 annually. Increased cost = (52/4.69

- 52/7.82) × $100 = $444, new annual cost=$6,409 + $444 = $6,853. To offset this

cost, DMF could reduce its inventory holding costs by shifting down its safety

stock and order-up-to amount to 859 units and 4,055 units respectively (not

35



(a) Original Policy

(b) Adjusted Order Policy

Figure 2.4: Inventory Cycle for Different Policies, Part 5736

shown). Doing so yields a cost-neutral policy with an average DE of $231,593,

still far below the average DE under the original inventory policy.

Simultaneous Inventory Changes to Multiple Parts

DMF need not restrict itself to changing the inventory policy for a single part.

Instead, it can take a portfolio approach to minimize its aggregate DE exposure

across all parts. By decreasing the order-up-to amount of some parts, DMF can

free up budget at the cost of increasing the DE of these parts. However, the bud-

get savings can be redeployed to increase the safety stock level of other parts to

reduce their DE. By leveraging the intuition of Proposition 1, DMF can iden-

tify those parts that incur a small increase in DE from an order-up-to amount
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(a) Original Policy

(b) Adjusted Inventory Policy

Figure 2.5: DE for the Original and Adjusted Inventory Policies, Part 5736

decrease, and those parts that yield a large decrease in DE from a safety stock

increase.

Reducing the order-up-to level and increasing the safety stock level is akin

to DMF selling and buying disruption insurance. Under this framework, the

implied insurance rate is the ratio of the cost impact and the DE impact due to

either a decrease in the order-up-to amount or an increase in the safety stock

for a part, i.e. −∆Cost/∆DE. DMF can consider decreasing a part’s order-up-to

amount when the rate is high and increasing a part’s safety stock when the rate

is low.

We apply this portfolio approach to DMF, and limit our inventory choices for

each part to the 6 inventory levels. Once again, expanding the set of allowable

inventory positions can yield further benefits. We present our results based
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on DMF decreasing a part’s order-up-to amount if the implied insurance rate is

greater than 10% (i.e., the cost savings exceeds 10% of the increase in the average

DE), and increasing its safety stock if the implied insurance rate is below 2% (i.e.,

the cost incurred is below 2% of the decrease in the average DE). Other rates are

trivial to implement, and should be based on the target firm’s DE mitigation

strategy.

We require that for any inventory policy change, at least one inventory level

separates the safety stock and order up to amount for each part. At each inven-

tory level for each part, we calculate the impact on DMF’s inventory costs and

DE by moving up or down one inventory level. Starting at level 6 for each part,

if the insurance rate from moving down one level is above 10%, we move the

order-up-to amount for that part down one level. We repeat this process until

reaching level 2 or until the insurance rate for the next change in level drops

below 10%. We next turn to evaluating the firm’s safety stock by part. Starting

at level 1 for each part, if the insurance rate from moving up one level is below

2%, we move the safety stock for that part up one level. We repeat this process

until reaching level 5, reaching one level below DMF’s new order-up-to amount,

or until the insurance rate rises above 2%. Note that this process can result in

a change to both the safety stock and order-up-to amount for the same part.

While we restrict our analysis to levels 1 through 6, the firm may also use this

framework to analyze inventory quantities above a part’s current order-up-to

amount or below its safety stock.

Table 2.3 summarizes the total annual inventory cost and average DE before

and after the inventory policy changes. Before the implementation, the average

DE is $153K across all inventory levels and parts with cost information. After
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the implementation, the average DE is reduced to $68.3K, a 55.4% reduction.

The annual inventory cost drops from $23.6 M to $23.1 M, a 2.1% reduction.

Table 2.3: Implementations of Multiple Part Inventory Policy Changes

Inventory Policy Total Annual Cost Average DE

Original $23.6M $153K

Order-up-to at 10%, Safety stock at 2% $23.1M $68.3K

Note: Inventory changes are restricted to six levels for each part. The analysis is ap-
plied to the 5,637 parts with cost information.

The approach is similar when using other assumptions, although the out-

comes will vary. In Table A.2 of the Appendix, we include results based on (1)

an insurance rate threshold of 5% for changes to the order-up-to amount and

2% for changes to the safety stock, and (2) switching the sequence to change the

safety stock first and the order-up-to amount second. These results are substan-

tively similar to our main results.

For each of the 5,608 parts with cost information (spanning 5,637 scenar-

ios), we calculate the average DE over the part’s inventory levels, before and

after implementation of the proposed policy changes. Figure 2.6(a) presents the

average DE for each part pre-implementation (blue) and post-implementation

(orange) sorted from left to right in order of increasing pre-implementation av-

erage DE. This figure makes clear that while the policy implementation leads to

a net decrease in the average DE for some parts, it also yields a net increase in the

average DE for other parts. The order-up-to amount is reduced for 1,148 (20%)

parts, the safety stock is raised for 1,846 (33%) parts, the order-up-to amount is

reduced and the safety stock is raised for 120 (2%) parts, and 2,494 (44%) parts

are left unchanged. Figure 2.6(b) presents the same results, but with the post-

implementation DE sorted separately in increasing order. This figure shows that

39



the post-implementation distribution of average DE by part does not stochasti-

cally dominate the pre-implementation distribution, despite having an overall

decrease in the DE for the firm.

As described earlier, companies should weigh these recommendations

against other operational constraints and produce a list of implementable ad-

justments. Even then, it is unlikely that a firm can implement a large number of

changes in a short time period. Instead, the final set of adjustments may need

to be prioritized and implemented over time. Because of these practical con-

straints, our analysis likely overstates the number of adjustments that will be

implemented, and therefore overstates the realizable expected benefits, at least

in the short term.

Strategic Portfolios of Part Inventory

Recall from Section 2.6.2 that we found no evidence of a positive secondary ef-

fect when analyzing inventory changes to individual non-disrupted parts. We

reexamine this issue in the context of a “strategic portfolio” of parts. In par-

ticular, we consider holding additional inventory for all parts that compose the

BOM of a single product. Such a strategic portfolio will allow DMF to over-

produce the strategic portfolio product during the disruption stage, effectively

storing production capacity that can then meet a portion of the production re-

quirements in the recovery stage. This process, unlike the process outlined in

Section 2.6.3, is simple to implement as it does not require changes in the part

order frequencies. Once the strategic portfolio is in place, the order frequencies

and order amounts for the affected parts revert to normal levels. However, hold-

ing inventory in a strategic portfolio incurs an ongoing inventory holding cost.
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(a) DE Distribution, scenarios sorted on the x-axis by increasing order of pre-implementation
DE

(b) DE Distribution, scenarios sorted on the x-axis by increasing order of DE, independently
for pre-implementation and post-implementation

Figure 2.6: The Change of Risk Profile after the Implementation
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We generate a strategic portfolio for each of DMF’s 20 products using the same

inventory holding cost budget, and compare the results to a benchmark case

that instead allocates the budget to increasing the inventory for all of DMF’s

parts. As Propositions 1 and 2 make clear, the largest reduction in DE due to

incremental inventory is realized when inventory positions are low. For this

reason, it is not clear a priori whether a larger DE reduction can be achieved

through a strategic portfolio, and if so, which strategic portfolio will be most

effective.

We consider four annual budgets for the inventory holding cost – $25,000,

$50,000, $100,000 and $200,000. Although we do not have the cost for each of

DMF’s parts, we do have the total part cost for each of its products. Using the

holding cost of 6% per year, we translate each budget amount into the equiv-

alent annualized increase in inventory for each product-centric strategic port-

folio. For each strategic portfolio, we adjust the inventory levels based on the

strategic portfolio inventory, and we re-run all of the disruption scenarios. The

inventory levels for the disrupted, strategic portfolio parts are shifted up by the

quantity in the strategic portfolio for those parts. The availability of the non-

disrupted, strategic portfolio parts is increased by the quantity in the strategic

portfolio for those parts beyond what is just enough to meet the original pro-

duction requirements. The inventory for all disrupted, non-portfolio parts fol-

lows the original six inventory levels. The availability of the non-disrupted,

non-portfolio parts is maintained at just enough to meet the original production

requirements. We repeat this process for each budget. This entails running the

model 4,451,328 times (8,832 scenarios × 21 strategic portfolios × 4 budget levels

× 6 inventory levels).
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Table 2.4 summarizes the impact of each strategic portfolio on DMF’s total

DE (the results for a $200,000 budget is in Table A.3 of the Appendix). The

presented results are based on inventory level 2 (results for the other levels are

available from the authors). The strategic portfolios are numbered from 1 to

20, corresponding to the 20 DMF products in the analysis. The row labeled

“All” is our benchmark case and corresponds to increasing the inventory for all

parts. By considering the values in the “Total” columns for the different strate-

gic portfolios, it is apparent that while several strategic portfolios have a larger

DE reduction than the benchmark case, many others lag. Characteristics that

intuitively make a strategic portfolio perform poorly include low orders for the

strategic portfolio product during the recovery stage, and a low gross profit

margin for the strategic portfolio product. The first indicates that DMF can

quickly saturate the production requirements for a strategic portfolio product

when orders for that product are low, thereby gaining little from further over

production. The second implies that the firm does not generate much value

from over-producing low-margin strategic portfolio product in the disruption

stage compared to simply writing off the orders for that product in the recovery

stage.

To better understand what may lead some strategic portfolios to perform

so much better than the benchmark strategic portfolio, we disambiguate the

total DE impact of each strategic portfolio in Table 2.4 into the primary effect

of additional disrupted part inventory and the secondary effect of additional

non-disrupted part inventory. In line with our definition of the primary effect

of inventory, we classify the reduction in DE as a primary effect when the dis-

rupted part is included in the strategic portfolio and the part is used to produce

more units of a disrupted product in a disruption scenario. We classify the re-
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Table 2.4: Reduction in DMF’s DE Due to the Adoption of Strategic Portfolio
Inventory

Budget: $25,000 Budget: $50,000 Budget: $100,000
Portfolio Total Primary Secondary Total Primary Secondary Total Primary Secondary

1 $14.5M $1.7M $12.8M $23.5M $3.2M $ 20.3M $29.3M $4.6M $24.7M

2 $34.6M $15.8M $18.8M $55.8M $30.3M $25.5M $83.5M $56.0M $27.6M

3 $121.4M $38.0M $83.4M $218.3M $71.9M $146.4M $323.8M $109.2M $214.6M

4 $77.9M $32.5M $45.4M $151.6M $63.8M $87.8M $287.0M $123.3M $163.7M

5 $15.4M $15.3M $0.0M $28.5M $28.5M $0.0M $51.0M $50.9M $0.0M

6 $19.4M $12.5M $6.9M $30.0M $23.1M $6.9M $48.2M $41.3M $6.9M

7 $26.6M $5.1M $21.4M $51.1M $9.9M $41.2M $85.1M $19.0M $66.1M

8 $56.5M $32.1M $24.3M $111.0M $63.7M $47.3M $214.3M $124.6M $89.7M

9 $52.1M $31.4M $20.7M $101.7M $61.3M $40.4M $195.1M $117.7M $77.5M

10 $46.8M $18.8M $28.0M $83.3M $36.5M $46.8M $133.7M $69.1M $64.6M

11 $58.9M $12.0M $46.9M $115.1M $23.4M $91.7M $221.0M $45.3M $175.7M

12 $27.7M $6.4M $21.3M $54.6M $12.4M $42.2M $103.2M $23.9M $79.3M

13 $21.8M $6.6M $15.2M $30.2M $12.1M $18.0M $40.7M $22.6M $18.1M

14 $5.4M $0.8M $4.6M $6.0M $1.5M $4.6M $6.8M $2.2M $4.6M

15 $0.8M $0.6M $0.2M $1.5M $1.2M $0.3M $2.7M $2.3M $0.5M

16 $11.0M $0.8M $10.2M $13.6M $1.5M $12.1M $14.3M $2.1M $12.2M

17 $0.7M $0.6M $0.2M $1.4M $1.1M $0.3M $2.5M $2.0M $0.5M

18 $3.1M $3.1M $0.0M $6.0M $6.0M $0.0M $11.5M $11.5M $0.0M

19 $1.1M $1.1M $0.0M $2.2M $2.1M $0.0M $3.9M $3.9M $0.0M

20 $1.0M $1.0M $0.0M $1.9M $1.9M $0.0M $3.5M $3.4M $0.0M

All $51.1M $21.8M $29.4M $100.6M $43.4M $57.3M $195.2M $85.8M $109.3M

Note: Results are based on inventory level 2. Results for other inventory levels are available from the authors.

duction in DE as a secondary effect when the disrupted part is not included in

the strategic portfolio and the strategic portfolio inventory is instead used to

produce more units of a non-disrupted product. When a strategic portfolio has

a large total reduction in DE, it tends to have a large secondary effect. In many

cases, the magnitude of the secondary effect dominates that of the primary ef-

fect.

The primary and secondary effects of inventory are complementary. The pri-

mary effect works through reducing lost orders in the disruption stage, and the
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secondary effect works through applying otherwise wasted production capac-

ity in the disruption stage to reduce lost orders in the recovery stage. Recall

that Propositions 1 and 2 contend that the DE weakly decreases at a weakly

decreasing rate with increased inventory. This is captured in Table 2.4 for the

total, primary (Proposition 1), and secondary (Proposition 2) effects of inven-

tory. As the budget doubles from $25K to $50K to $100K, the total, primary and

secondary effects of inventory decrease DMF’s DE, but at a decreasing rate. The

presence of this pattern for the secondary effect provides our first support for

Proposition 2, and highlights that the secondary effect of inventory can have a

material impact on a firm’s DE. The secondary effect provides the mechanism

for a strategic portfolio to mitigate the firm’s DE across a wider range of disrup-

tion scenarios. For instance, Strategic Portfolio 3 reduces DMF’s DE for all 5,146

disruption scenarios with a positive DE and production capacity constraints in

the recovery stage. This includes 3,745 scenarios involving disruptions to parts

not in the strategic portfolio.

The DE impact of a strategic portfolio relative to other strategic portfolios de-

pends on the budget. For instance, while strategic portfolio 3 has the largest DE

impact using a budget of $25K, $50K, and $100K, strategic portfolio 4 has the

largest DE impact using a budget of $200K (refer to Table A.3 of the Appendix

for the results using a $200K budget). The firm can further improve the DE

impact per dollar of strategic portfolio inventory by combining parts for mul-

tiple products in its strategic portfolio. For example, using a strategic portfolio

that is based on allocating a $100K budget equally to the BOM for products

3 and 4 generates a total DE reduction of $351.9M (not tabled). From Table

2.4, this a larger DE reduction that what can be achieved by allocating the full

$100K to a strategic portfolio that consists only of either product 3 or product
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4. We leave optimizing the composition of a firm’s strategic portfolio to future

research. Collectively, our results demonstrate that (1) unlocking the secondary

effect of inventory can require a well-chosen portfolio of parts and (2) such a

strategic portfolio can reduce the firm’s DE over a wide range of parts, not just

those parts included in the strategic portfolio.

2.6.4 Heuristic Performance

In practice it may be useful to reduce the time required to complete this analysis,

provided the results are commensurate with the full model. We show that this

is possible in the case of DMF. It requires over 112 hours of processing time to

run the 741,888 models that generate the results in Table 2.4 (and comensurably

longer for the 4,451,328 scenarios across all of the analyses in Section 2.6.3. By

using the heuristic described in Lemma 3, the processing time is reduced to less

than 37 hours, a reduction of 67%. This proportional reduction in run time is

consistent for other parts of the analysis in the paper. To check the accuracy of

the heuristic, we regenerate the results from Table 2.1 using the heuristic and

summarize them in Table 2.5. The heuristic results compare favorably to the

results from the full model. The last two columns in Table 2.5 identify that

results from a small proportion of the scenarios differ between the full model

and the heuristic, and that the difference in the average DE between the full

model and the heuristic is slight. The results of the strategic portfolio analysis

using the heuristic (Table A.4 of the Appendix) are also very similar to those

presented in Tables 2.4 and A.3 using the full model.

46



Table 2.5: Inventory Level Sensitivity by Parts - Heuristic (Disruption Duration
5, Backlogging All 0.9)

Level DE mean DE sd 1-quartile median 3-quartile DE max DE= $0 Diff, 0 Diff mean

1 $503K $730K $4K $181K $1,017K $5,584K 542 157 $213

2 $193K $300K $2K $53K $239K $3,834K 845 282 $741

3 $91K $201K $0K $1K $74K $3,512K 3,472 147 $421

4 $53K $138K $0K $0K $11K $2,970K 4,545 93 $295

5 $32K $92K $0K $0K $7K $2,350K 5,597 78 $225

6 $19K $60K $0K $0K $4K $1,769K 5,824 83 $165

Note: “Diff, 0” identifies the number of scenarios in which the full model and the heuristic pro-
vide different results. “Diff mean” identifies the difference in the mean DE between the full model
(Table 2.4) the heuristic results.

2.7 Discussion and Managerial Implications

In this paper, we demonstrate how a firm can make cost-neutral changes to its

part inventory policies to achieve significant reductions in its disruption expo-

sure. We accomplish this by first providing analytical support that a firm’s DE

is weakly decreasing at a weakly decreasing rate with the quantity of both the

disrupted and non-disrupted part inventories. We combine this with the simple

observation that part inventories are continuously changing over their normal

consumption and replenishment cycles, to highlight that a firm’s DE for a part

can be highly variable over time. For instance, using the data from our research

partner, we observe that the variation in the firm’s DE (coefficient of variation

= 1.218) and is indeed much more variable than the variation in its part inven-

tories (coefficient of variation = 0.669). The magnitude of DMF’s DE variation

is also economically material, from an average of $503K per part at the safety

stock inventory levels to an average of $19K per part at the order-up-to inven-

tory levels (based on a 5-week disruption).

47



We characterize the primary effect of inventory as the reduction in the DE

of a part due to more inventory of that part, and the secondary effect of inven-

tory as the reduction in the DE of a part due to more inventory of other parts.

The latter raises the possibility that a small set of parts can be used to mitigate

the risk of all parts. Motivated by our analytical findings that both the primary

and secondary effect of inventory are weakly decreasing at a weakly decreasing

rate, we show how DMF can better exploit the part-level relationship between

DE and inventories to inexpensively mitigate its DE through a combination of

reductions in the order-up-to amount and increases in the safety stock across

many parts. The firm’s portfolio of parts can be viewed as a means for self-

insurance – “buying” insurance by holding more parts at inventory levels that

have the largest reduction in DE with additional inventory, and “selling” insur-

ance by holding fewer parts at inventory levels that have the smallest reduc-

tion in DE with additional inventory. This complements existing literature by

demonstrating how inventory can be an inexpensive means to reduce a firm’s

DE.

Although we observe substantial evidence for the primary effect of inven-

tory using DMF data, we find little evidence for the secondary effect of inven-

tory. In practice, having a secondary effect from more inventory of a single part

is rare because of the complexity of most product BOMs. To address this chal-

lenge, we introduce the concept of a “strategic portfolio” of inventory. A strate-

gic portfolio consists of all of the composing parts for a product’s BOM. Using

DMF data, we show there is wide variation in the DE mitigation of strategic

portfolios based on the product BOMs that compose those portfolios. Assessing

the efficacy of prospective strategic portfolios is computationally resource in-

tensive using practical data, however. In response, we propose a heuristic, and
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show that it performs well using the data from our research site. Our heuristic

minimizes the firm’s DE in the disruption stage, but it can lead to higher DE in

the recovery stage. While the heuristic may provide suboptimal results across

the combined disruption and recovery stages, it may be operationally attractive

if, for instance, the firm wants to prioritize its cash flow during the disruption

stage.

The insights from our research can be creatively applied to accommodate

other practical constraints. For instance, in some settings it may be impracti-

cal to maintain a physical strategic portfolio of inventory onsite. The firm may

still unlock the secondary effect of the strategic portfolio, which we find can

be larger than the primary effect, by ensuring expedited delivery of the parts

included in the strategic portfolio during the disruption stage. Our findings

on strategic portfolios also imply that there are benefits from coordinating in-

ventory levels, safety stock, and even part deliveries across a set of parts such

that synchronized levels of those parts are available. Finally, implementing in-

ventory policy changes can be restricted due to a variety of operational reali-

ties, such as fixed order increments, minimum order quantities, limited deliv-

ery schedules, supplier service levels, and economic order quantity guidelines.

A strategic portfolio, on the other hand, is simple to implement and effectively

bypasses many of these complexities.
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CHAPTER 3

MITIGATING SUPPLY CHAIN FINANCIAL RISK USING REVERSE

FACTORING

3.1 Introduction

Access to financing is a challenge for many small suppliers, especially when

high inflation and interest rates are present. In particular, many firms find it

difficult to finance their production cycle, because most buyers demand 30 to

90 days to pay after goods are delivered. The unpaid invoices are recorded

as account receivables in the supplier’s balance sheet, which are not liquid as-

sets. Since the small suppliers already have large amounts of capital tied up

by their inventory, work-in-process and raw materials, delayed payment could

raise severe financial issues during operations. Most small suppliers face high

borrowing rates from the bank due to short credit histories and unstable finan-

cial status, which results in their need of cheaper financing sources. As another

player in the supply chain, the buyers are usually relatively bigger and have

better credit ratings, but they still wish to have payment terms to free up cash

while keeping the suppliers in good shape for a cooperative relationship.

To alleviate such problems and resolve the conflicting interests of each party

concerning payment periods, Reverse Factoring (RF) has become increasingly

popular as a solution to take advantage of the credit arbitrage between buyers

and suppliers. Reverse Factoring, also referred as Supply Chain Finance (SCF),

is a form of supplier financing in which firms sell their credit-worthy accounts

receivable at a discount (equal to interest plus service fees) and receive imme-

diate cash. It is not a loan and there are no additional liabilities on the firm’s
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balance sheet, although it provides functional capital financing. A third party

financial institution, usually a bank, is involved when implementing the SCF

program. Figure 3.1 outlines the detailed process of carrying out Reverse Fac-

toring: the buyer transmits its account payable file with approved invoices to

the platform, and once the supplier chooses to execute the RF option for imme-

diate cash, the bank pays the discounted amount and request payment from the

buyer on the payment date. If RF option is not used, the buyer pays directly to

the supplier on the payment date.

Those parts of the industry who have been practicing supply chain finance

have reported its cost savings. [39] reported in the Wall Street Journal that P&G,

who spends more than $50 billion each year on procurement, could free up as

much as $2 billion in cash by extending its payment terms from 45 days to 75

days. From our conversations with the supply chain finance manager of the

Brazilian Food Corporation, we learned that by launching RF programs with its

suppliers, the BRF is in the position to extend average payment terms from 90

to 190 days. Demica’s survey in 2010 also reported a typical savings between

1 and 4 percentage points on borrowing cost by joining SCF programs for the

small suppliers.

Regardless of its adoption in the industry, there is a lack of analytical tools

and models for the value of supply chain finance, and academic literature is

falling behind. Reverse factoring can benefit both parties in a supply chain with

a small supplier and a larger buyer. The bank also earns an interest premium

by providing the service, which makes supply chain finance a win-win-win sit-

uation for all participants. The buyer enjoys payment extension and more oper-

ational flexibility. The supplier can save cash flow cost by claiming its account
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receivables earlier, at a lower cost, and with more flexibility. The value of the

reverse factoring largely comes from its value to the supplier’s cash flow man-

agement. The bank is also challenged with choosing an appropriate rate for

reverse factoring to make it beneficial for all entities. Thus, we want to build an

analytical model to quantify the value of reverse factoring and give support for

banks and suppliers when designing terms.

Regardless of the growing trend, only a small fraction of financial payables

are currently being financed using SCF. As estimated by McKinsey in 2015, this

fraction is $200 billion out of $2 trillion worth of financial payables, which is

around 10%.

It is essential for both parties to understand the nature of RF and how RF

adds to their value, in order for them to choose the appropriate contract terms

that fit their needs. On the other hand, the banks, as facilitators, are actively

participating in supply chain finance to serve the financial needs of the sup-

ply chain, as well as earning interest premium to serve their own needs. While

there are various financial institutes willing to offer supply chain finance ser-

vice, small suppliers should be able to decide whether the contract terms are

acceptable and which specific reverse factoring service to go for, depending on

their current financial status.

The value of the reverse factoring for the supplier comes from the liquid-

ity value in the supplier’s cash management. The supplier’s cash manage-

ment strategies will differ with reverse factoring to best capture its value. An-

other difficulty is that the supplier’s financial status is constantly changing and

its amount of outstanding account receivable with the buyer also dynamically

changes, while the bank is the one to choose the interest rate for reverse factor-
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ing. Thus the supplier needs to carefully value the supply chain finance con-

tracts and decide whether to accept or not.

Our goal in this paper is to provide insights into (1) the mechanisms of re-

verse factoring and how they impact the firm’s decision; (2) frame the decision

problem for the supplier from the cash flow management perspective and what

is the optimal decision; (3) elaborate how the cash flow management model

could be utilised in other related problems. To do this, we consider a stochastic

dynamic model as a framework for understanding the decision making process

and the nature of Reverse Factoring. This paper is structured as follows. Sec-

tion 2 reviews relevant literature on both Cash Management and Interface of

operations and finance. Section 3 makes assumptions and establishes the ba-

sic model. In Section 4, we carry out analytics for the model and then run a

numerical experiment in Section 5. We concludes the paper in Section 6.

3.2 Literature Review

Although there is no model in the literature addressing both cash management

and supply chain finance issues, there is substantial literature covering both

cash management and inventory decision making with financial constraint.

Cash management has long been a concern in the literature for both manage-

ment and economics, while supply chain finance has emerged as a relatively

new concept as the business world calls for more sources and options to manage

their working capital. Despite the well-developed literature of cash models for

production and inventory management, little exploration is done for the inter-

play between cash management and the build-in financing tools such as supply
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chain finance (as opposed to using external source for financing).

[26] gives a review of much of the early literature on how a firm can best

balance the sources and uses of funds (i.e., cash management problem). Early

literature on the economics of cash management take the view of estimating

the cash demand for households and firms. [4] frames a deterministic model

with a fixed transfer cost, which is quite similar to the EOQ model in the tra-

ditional operations literature. More often, stochastic programming models are

established to characterize optimal cash control policies ([17], [35], [38]). Similar

policies for inventory are derived in [18] for fashion products. Linear program-

ming is another way to capture the nature of a cash problem as [40] used an

unequal-period mode.

An important issue in supply chain management is the coordination of ma-

terial flows, information flows and financial flows. Cash management problems

interact with these three flows as well. [33] integrates material flows with cash

flows in a multi-divisional supply chains. Recently more research has been fo-

cused on the joint decision of inventory and finance, among which trade credit

is receiving great attention. See [43] for a detailed review. [22] studies the im-

pact of trade credit on supply chain contracting and inventory management and

comes up with an optimal stock policy. [32] and [65] view trade credit as a tool

for risk sharing and supply chain coordination. As opposed to reverse factor-

ing, trade credit favors buyers by giving them the additional option of early

payment at a discounted price, but [52] suggests that it also benefits the sup-

plier by serving as a screening mechanism for suppliers to evaluate the risk of

their customers. There are also other recent works at the interface of operations

and finance with similarities to our concern of reverse factoring. [6] interrelates
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the financial capacity and operational decisions of a retailer in an asset-based

financing setting. [11] models the borrowing behavior of a capital-constrained

newsvendor.

As mentioned in the introduction, the feasibility of reverse factoring lies

in the fact that there is credit arbitrage between small suppliers and buyers.

Research on small business finance confirms that large corporations have sig-

nificantly lower financing costs than their SME suppliers. [24] estimates that

marginal equity flotation costs for large firms start at 5.0%, while the corre-

sponding figure for small firms is 10.7%; bankruptcy costs amount respectively

to 8.4% or 15.1% of capital. [20] argues that a bankruptcy cost of 5% adds 1.2%

to the equity premium, while [10] points out that the SMEs take on more severe

information asymmetry and transaction cost.

Unfortunately, the mechanism of Reverse Factoring receives little attention

in the research community compared with Trade Credit. A few studies that

specifically looks into RF usually restrict themselves to carrying out high-level

management assessments (e.g., [48]), and use simple financial ratios to conclude

the benefits for the RF participants (e.g., [44]). We contribute to the literature by

developing a rigorous framework that integrates both the cash management

decision and the financial decision to reveal the value of RF and understand

how RF creats a win-win situation for the supply chain as a financing tool.

Thus, despite the plentiful literature discussing the interface of operations

and finance, there does not appear to be much specifically addressing underly-

ing mechanisms and the impact of reverse factoring as a financial tool for cash

management.
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3.3 Problem Formulation and Analysis

Consider a supply chain with a small supplier and a large buyer. The buyer,

being larger and more solvent, enjoys a higher credit rating than does the sup-

plier. Under the common fixed-term trade credit arrangement, when the buyer

orders from the supplier goods worth W dollar value, the buyer agrees to pay

the supplier in M periods after receiving the goods. In this case, while the buyer

has the option to pay the supplier sooner, the rational response is always to pay

the supplier at the agreed payment due date because of interest discounting.

An RF arrangement can help improve the fixed-term arrangement for both

parties. Specifically, the RF arrangement offers the supplier an option to receive

all or a portion of the payment W from a third party financier (henceforth re-

ferred to as a bank) anytime before the payment due date, and at the same time

enables the buyer to extend the payment due date from M periods to N periods,

with N > M (See Figure 3.2 for an illustration). In return for the service, the bank

charges the supplier an immediate interest payment by paying the discounted

amount of the requested payment at interest rate r for each period before the

payment due date.

Figure 3.1 illustrates the sequence of events under the RF arrangement: 1)

after the supplier delivers goods and an invoice to the buyer, the buyer sends

the approved invoice with amount W and due date N to a selected technology

platform; 2) the supplier views the approved invoice on the platform and de-

cides whether or not to request an early payment of all or a portion of W; 3)

if an early payment is requested by the supplier, the bank will review and ap-

prove the payment request; 4) upon approval of the request, the bank sends
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the discounted payment amount to the supplier at interest rate r, i.e., charges

the supplier an interest payment; and finally, 5) at the payment due date N, the

buyer remits the financed portion of W to the bank and the remaining portion

(if any) to the supplier.

SUPPLIER Technology
Platform

BUYER

BANK

3. Bank approves early
payment to supplier

4. Bank sends discounted
amount of requested
payment to supplier
using interest rate r

5. On due date N, buyer
remits the financed portion of
W to bank and the remaining

portion (if any) to supplier

1. Buyer transmits
approved invoice
with amount W
and due date N

2. Supplier selects
invoice for early
payment for all
or portion of W

Figure 3.1: Sequence of Events under Reverse Factoring

Clearly, the premise for the RF arrangement to work is that the interest rate

r charged by the bank under the RF arrangement should be lower than the

supplier’s own per period bank borrowing rate rS , i.e., r ≤ rS ; otherwise, the

supplier has no incentive to participate. On the other hand, since the buyer is

liable to the bank for the financed portion of W at the payment due date N, it

would be profitable for the bank to offer the service as long as r ≥ rB, where rB

is the buyer’s bank borrowing rate per period. Taking these two observations

together, we arrive at the first condition for RF to work: rB ≤ r ≤ rS . In other

words, an RF arrangement would work only if rB < rS . Therefore, the buyer

needs to have better credit rating than the supplier.

Another point of interest is to determine the optimal range of r that will
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ensure the participation of both the supplier and the bank under RF. To facilitate

our subsequent analysis, we need to define the supplier’s discounting interest

rate as rC per period, which can be interpreted as the risk-free interest rate the

supplier can earn from its savings account. To rule out arbitrage, we assume that

rC < rB < rS . Otherwise, the supplier could make a risk-free profit by borrowing

at rate rS and investing to earn the difference rC − rS . The same applies to the

buyer. Thus, the supplier’s discount factor is given by δ = 1/(1 + rC).

Let us first evaluate the RF arrangement through the lens of net present value

(NPV) analysis. Suppose that the supplier decides to withdraw an early pay-

ment z (with z ≤ W) at the beginning of period n (with n ≤ N). The supplier will

receive the discounted amount z(1 + r)−(N−n+1), equivalently as paying an inter-

est cost of z[1 − (1 + r)−(N−n+1)]. Thus, the NPV of the interest cost incurred by

the supplier is δn−1z[1 − (1 + r)−(N−n+1)]. Hence, the NPV of withdrawing z at the

beginning of period n is

δn−1z − δn−1z[1 − (1 + r)−(N−n+1)] = δn−1z(1 + r)−(N−n+1) < δn−1z(1 + rC)−(N−n+1) = δNz,

where the inequality follows from the fact that r > rC. The above analysis im-

plies that the NPV of withdrawing z at the beginning of period n is strictly less

than the NPV of receiving the payment at the end of period N (the payment due

date). The following lemma summarizes the result:

Lemma 1. From the NPV perspective, it is not optimal for the supplier to withdraw

early payment under the RF arrangement.

The above result is clearly at odds with the popularity of RF arrangements

observed in practice. This is because the NPV analysis fails to capture the value

of cash flow liquidity offered by the RF arrangement for the supplier. In order to
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evaluate the liquidity value of RF, we need a more sophisticated dynamic cash

management model, which is introduced and studied below.

3.3.1 Dynamic Cash Management Model

Consider an infinite-horizon cash management problem for the supplier. The

periods are numbered forward as n = 1, 2, ...,∞. In each period n, the supplier

experiences an i.i.d. random cash shock ξn, where ξn > 0 represents a net cash

outflow and ξn < 0 a net cash inflow. Let f (·) and F(·) denote the probability

density function (PDF) and cumulative distribution function (CDF) of the ran-

dom cash shock ξn, respectively. Also let ξ j
i =

∑ j
n=i ξn denote the cumulative

random cash shock from period i to period j. The supplier’s objective is to min-

imize the expected total discounted cost over the infinite horizon. (For ease of

reference, definitions of variables and parameters used in our model are listed

in Appendix B.1.)

Let xn be the supplier’s cash level at the beginning of period n. Before the

cash shock realization, the supplier can adjust the cash level xn up or down

to a new level y by either taking a short-term loan (paying interest rate rS ) or

making a short-term investment (earning interest rate rC). We assume that the

cash adjustment is achieved immediately and there is no fixed transaction fee.

To keep things simple, we further assume that the time frame of the short-term

loan or investment is one period, that is, the principal of the loan or investment

will be repaid in one period.

At the end of each period, if the cash position is negative, then the supplier

pays an interest cost with rate rS (e.g., interest charged on the business revolver
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account). If the cash position ends positive, there is no cost incurred, nor is inter-

est earned (the supplier needs to make an investment decision at the beginning

of a period to earn interest). Because the interest cost of an ending negative cash

position is the same as the interest cost of the short-term loan for the supplier, it

effectively rules out the option of taking a short-term loan at the beginning of a

period as the supplier can always do better without it.

The RF arrangement provides a new option for the supplier to raise its cash

level at the beginning of a period. Let wn be the available RF funds that can be

withdrawn at the beginning of period n. As discussed earlier, if the supplier

decides to withdraw z = (y − xn)+ ≤ wn from the RF funds at the beginning of

period n, it will receive the discounted amount (y− xn)+(1 + r)−(N−n+1), equivalent

to paying an interest cost of cn(r)(y − xn)+, where cn = 1 − (1 + r)−(N−n+1) and

(·)+ = max{·, 0}. Therefore, under an RF arrangement with rate r and due date

N, given the cash level xn, available RF funds wn, and cash level decision y with

y ≤ xn + wn, the supplier’s single-period cost function can be written as

R(y, xn,wn | r,N) = −rC(xn − y)+ + cn(r)(y − xn)+ + rS E
[
(ξn − y)+] , (3.1)

where −rC(xn − y)+ represents the single-period income from short term invest-

ment, cn(r)(y−xn)+ represents the interest cost incurred from early withdrawal of

the RF funds, and rS E
[
(ξn − y)+

]
represents the expected interest payment owed

to the bank at the end of the period. Note that the investment income is ex-

pressed as negative cost, i.e., −rC(xn − y)+, since our objective is minimizing cost.

Let Vn(xn,wn | r,N) denote the cost-to-go function from period n onward with

the cash level xn and available RF funds wn under the RF arrangement with rate

r and due date N. To reduce notation, we shall suppress the parameters (r,N) in

R(y, xn,wn | r,N) and Vn(xn,wn | r,N) whenever there is no confusion.
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Therefore, the dynamic cash management problem under the RF arrange-

ment can be formulated as the following infinite-horizon dynamic program-

ming: for n = 1, 2, ...,

Vn(xn,wn) = min
y≤xn+wn

{
R(y, xn,wn)+δE

[
Vn+1(xn + (y − xn)+ − ξn,wn − (y − xn)+)

] }
, (3.2)

with w1 = W, xN+1 = x1 + W − ξN
1 , and wN+1 = 0. This is because the supplier will

receive the whole amount of RF funds W by the end of period N, and thus there

will be zero available RF funds from period N + 1 onward.

In the fixed term arrangement, the supplier has no option to receive early

payment of its AR, and it can be treated as a special case for Problem (3.2) when

r = ∞. This is because the supplier will never execute its option to request early

payment of AR due to the infinite cost involved, thus it is equivalent to the fixed

term arrangement where no early payment request is allowed. The cost-to-go

function for the fixed term arrangement is hence Vn(xn,wn | ∞,N).

Given the same amount of AR with the same due date, the supplier’s cost

is lower in the RF arrangement than the fixed term arrangement because of the

additional flexibility provided by RF. This observation can actually be general-

ized. In the RF arrangement, the supplier will always have lower costs if the RF

rate offered by the bank is lower, because it is less costly for the supplier to take

the same action of changing its cash level when r is smaller. The RF arrange-

ment converges to the fixed term arrangement when r = ∞. However, the due

dates are in general different in the RF arrangement and the fixed term arrange-

ment, since the buyer will ask for an extension of the payment period in return.

With the same amount of AR, the supplier’s cost is higher for a longer payment

period assuming a fixed term arrangement. This is because the longer payment

period postpones the collection of the supplier’s AR, which will be permanently
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added to its cash pool, therefore adding flexibility to cash management onward.

This observation can be generalized as well. For a RF arrangement with fixed

r, the supplier’s cost is smaller if the payment period is shorter, following the

same argument as the fixed term arrangement. These observations are summa-

rized in the following lemma.

Lemma 2. (1)V1(x1,W | r,N) increases in r, specifically, V1(x1,W | r,N) ≤ V1(x1,W |

∞,N); (2)V1(x1,W | r,N) increases in N, specifically, V1(x1,W | ∞,M) ≤ V1(x1,W |

∞,N).

Now we have defined the supplier’s cash management problems in the RF

arrangement and the fixed term arrangement. They are illustrated in Figure 3.2.

In the fixed term arrangement, the supplier has its AR due in M periods with-

out option to request cash payment early, and all AR will be collected at the end

of period M; in the RF arrangement, the supplier has its AR due in N periods

(N > M), during which the supplier can request early payment of a portion or

all of its AR at a cost, and the unclaimed AR will be paid at the end of period

N. The RF interest rate r is determined by the bank. The supplier has no control

over r, but it knows well its own financial condition, namely, (x1,W). It is at the

supplier’s will to decide whether or not to accept the reverse factoring arrange-

ment that extends payment terms from M to N and has RF rate r. The supplier

should accept the RF arrangement if the expected cash flow cost is lower than

the original fixed term arrangement.

We have learned from Lemma 2 that a lower r will make reverse factoring

more attractive to the supplier. Hence, for an RF arrangment that extends pay-

ment terms from M to N, if the supplier is willing to accept an RF rate r, it will

accept any RF rate below r. There will be a breakeven point that makes the
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1 M

Cash Management without RF
x1 W

(a) Cash Management in Fixed Term arrangement

1 N

Cash Management with RF
x1 W

(b) Cash Management in Reverse Factoring arrangement

Figure 3.2: Fixed Term versus Reverse Factoring

supplier indifferent between the fixed term arrangement and the RF arrange-

ment. Let’s denote this breakeven point of RF rate as r(x1,W | M,N) because

it depends on the supplier’s condition (x1,W) and the payment term extension

(M,N); it is also the maximal RF rate the supplier could accept. We will use r for

short when there is no confusion. The condition for the supplier’s acceptance of

the RF arrangement is summarized in the following proposition.

Proposition 1. The maximal RF rate the supplier can accept for extending the payment

term from M to N is r, where r(x1,W,M,N) is a function of x1, W, M and N:

r(x1,W,M,N) = max{rB ≤ r ≤ rS | s.t. V1(x1,W | r,N) ≤ V1(x1,W | ∞,M)}

and the supplier will accept any RF rate smaller than r.

Recall that the bank’s offer of the RF rate falls in the range [rB, rS ]. If r ≥ rS ,

the supplier will accept all RF rates offered by the bank; if r < rB, the supplier

will never accept the RF arrangement; if rB ≤ r < rS , the supplier will be willing

to accept any RF rate in the range [rB, r]. The actual rate r in practice depends

on the bargaining power of the supplier, buyer and bank .
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Now we turn to determining what factors affect r. As we have already dis-

cussed, by switching from a fixed term arrangement to an RF arrangement with

payment extension, the supplier faces a tradeoff. On one hand, the RF option

adds some liquidity value in cash flow management. On the other hand, the ex-

tended payment terms lead to further delay in AR payment and the NPV of its

AR is lowered as well. When the supplier operates well with significant positive

net cash inflow, it does not need to use the RF option to claim its AR in advance.

Hence, the supplier incurs a cost for receiving its AR later. To ease our analysis,

we further propose a payment arrangement where the supplier will receive its

AR at the end of period N without the RF option, therefore the expected cost

in this hypothetical arrangement is V1(x1,W | ∞,N). We can then separate and

quantify the liquidity value of RF and the cost of delayed payment. The liq-

uidity value of RF with payment period N is V1(x1,W | ∞,N) − V1(x1,W | r,N),

and the cost of delaying payment from M to N without RF option is V1(x1,W |

∞,N) − V1(x1,W | ∞,M). Note that the cost of delayed payment is fixed given

x1, W, M and N, while the liquidity value of RF decreases with r. The breakeven

point r will be reached with the result that these two effects cancel each other.

For the supplier, the maximal acceptable RF rate hinges on its current finan-

cial status as it has little control over the payment terms M and N. The bank can

profit most from the reverse factoring service by designing the optimal payment

terms such that the RF rate offered is pushed close to r.
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3.4 Optimal Cash Management

To have the maximal acceptable RF rate r, we need to know the value functions

V0
1 and V1 for the No RF and RF cases respectively. We examine the supplier’s

optimal cash flow decisions in both cases.

3.4.1 Optimal Policy with RF

In this case, the expected cost-to-go from period N + 1 onward is

E
[
VN+1(x1 + W − ξN

1 , 0)
]
. Further notice that, for n ≥ N + 1,

Vn(xn, 0) = min
y≤xn

{
R(y, xn, 0) + δE

[
Vn+1(xn − ξn, 0)

] }
,

where it is clear that Vn+1(·, 0) is independent of y. Hence, a myopic policy that

minimizes R(y, xn, 0) is optimal. Let R∗(xn, 0) = miny≤xn R(y, xn, 0). It follows that

we can write

E
[
VN+1(x1 + W − ξN

1 , 0)
]

=

∞∑
i=0

δiE
[
R∗

(
x1 + W − ξN+i

1 , 0
)]
, (3.3)

which is a constant that can be predetermined based on x1 +W and N. Therefore,

the infinite-horizon dynamic program (3.2) is effectively reduced to an N-period

finite-horizon dynamic program with an expected terminal value specified in

(3.3).

By solving Problem 3.2, we determine the optimal cash policy for the sup-

plier to be the following:

Proposition 2. The optimal cash policy when the reverse factoring option is present is

a modified (Ln,Un) policy (Ln < Un) i:
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(1) When the cash level xn > Un, invest money down to Un;

(2) When the cash level xn < Ln, borrow money up to min{xn + wn, Ln};

(3) When the cash level falls into [Ln,Un], make no change

Proposition 3. The borrow-up-to threshold Ln is monotonously increasing in n under

the condition rC ≥
1

1+(r+1/r) or r ≤
[
(1 − rC) −

√
1 − 2rC − 3r2

C

]
/(2rC) (rC ≤

1
3 needs to

hold);and the invest-down-to threshold is a constant with Un ≡ U = F−1( rS−rC
rS

).

Figure 3.3 illustrates the modified (Ln,Un) policy. The (Ln,Un) policy structure

can be found in inventory management literature, such as [7]. The inventory

model with limited capacity is also well studied ([19]). The modified (Ln,Un)

policy for the supplier has the simple (Ln,Un) type structure while capacitated

by the supplier’s current outstanding account receivables. The inherent (Ln,Un)

bounds are decided regardless of the supplier’s current outstanding AR. Within

the scope of the supplier’s cash management, the current available wn only acts

as a capacity for the borrowing-up limit. When offered reverse factoring, the

supplier is trading off the benefit of an earlier claim of AR and the loss of cash

management flexibility in subsequent periods. Hence, the supplier is less ag-

gressive in using the RF option in early periods since RF has a higher flexibility

value, while it uses the RF option more aggressively as it approaches the due

date of AR since there are less periods left and the flexibility value of RF matters

less.

As Proposition 2 suggests that (Ln,Un) does not depend on the current state

(xn,wn), we can calculate Ln by specifically setting W → ∞. The Ln for Problem

(3.2) is therefore the same as the Ln for the following problem:

V∞n (xn) = min
y


−rC · (xn − y)+ + cn(r) · (y − xn)+

+rS · E(ξn − yn)+ + δ · E[V∞n+1(y ∨ xn − ξn)]

 (3.4)
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Figure 3.3: Illustration of Optimal Policy with RF

with V∞N+1(·) = 0.

Since W → ∞, we have in each period wn → ∞, and the state variable for

available account receivables can be dropped. Thus, Problem (3.4) is a reduced

form problem of Problem (2) with only one state variable. The optimal cash

policy of this new problem is simply the non-modified (Ln,Un) policy. Thus, it is

sufficient to only solve the reduced form problem to get the optimal policy for

the original problem.

3.4.2 Benchmark: Optimal Policy with No RF

To solve Problem (3.2), we start from the supplier’s cash management problem

when there is no RF option, which serves as the benchmark when we quantify

the value of reverse factoring. This problem is a special case of Problem (3.2) by

setting r = ∞. The value function Vn(xn,wn | ∞,N) can be shortened to V0
n (xn,wn |
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N) as mentioned above.

There is only one real state variable for the No RF case, namely, the cash

position at the beginning of each period xn. Since there is no early cash claim

through the RF option, wn is a constant and thus a pseudo state variable, i.e.,

wn ≡ W. V0
n (xn,W | N) is the value function that measures the expected total

cash flow cost valued at the beginning of period n with initial cash xn, and with

amount W of AR due at the end of period N. Since the state transition does

not depend on the control y taken, this dynamic programming problem can be

decoupled and is equivalent to solving a single period problem. The optimal

policy for each period can be summarized as Proposition 4.

Proposition 4. The optimal cash policy when there is no reverse factoring option is a

“U” policy with U0 ≡ U = F−1( rS−rC
rS

), and V0
n ≥ Vn:

(1) when xn > U0, bring the cash level down to U0;

(2) when xn ≤ U0, keep the initial cash level unchanged

This is a “U” policy with an upper bound for the initial cash at the beginning

of each period. It implies that the supplier should never borrow. This should be

the case for most suppliers if their borrowing rate rS is greater than the oppor-

tunity cost rC. Borrowing from the bank does not lower the cash flow cost if the

supplier has a low cash level. On the other hand, holding too much cash is not

favorable even for a small supplier and it is beneficial for them to invest the ex-

tra cash once the cash amount exceeds a certain threshold. For those suppliers

with low cash, cash management does not add any value. Instead, they should

seek to improve their cash generating activities to have better net cash flow in

subsequent operations.
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3.4.3 Comparison with Myopic Policy

To obtain optimal cash management for the case with RF, the supplier trades

off the immediate benefit of changing the cash level in the current period with

the potential cost in future periods. The analytical form of the optimal policy

bounds are difficult to characterize. However, an intuitive sub-optimal policy

can be easily obtained. This is the myopic policy. In the myopic policy the sup-

plier only tries to minimize its cash flow cost in the current period, and the re-

sulting cost function is an upper bound for the actual cost function. Proposition

5 gives the myopic policy for Problem (3.2) and compares it with the optimal

policy.

Proposition 5. The myopic cash policy when there is reverse factoring is a modified

(Lm
n ,U

m
n ) policy, where in period n the invest-down-to bound is Um

n = F−1( rS−rC
rS

) and the

borrow-up-to bound is Lm
n = F−1( rS−cn(r)

rS
) with the capacity limit wn. Compared with the

optimal policy:

(1) Lm
n ≤ Ln ≤ Un;

(2) Un = Um
n ≡ U;

(3) Vm
1 (x1,W) ≥ V1(x1,W)

Here Vm
n (xn,wn) denotes the cost function under the myopic policy. The ef-

fective upper bound Um
n remains unchanged for all n, while the effective lower

bound Lm
n changes with the period n. Since cn(r) is decreasing in n, Lm

n are in-

creasing in n with Lm
N = F−1( rS−r

rS
). Specifically for rS < cn(r), we have Lm

n → −∞

and the myopic policy converges to the “U” policy. The myopic policy tends to

use the RF option more aggressively in later periods due to the lower cost of RF

borrowing. In a myopic policy, the supplier ignores the future impact of current

decisions and only considers the cash flow cost in the current period when min-
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imizing its cash flow cost at the beginning of period n. The firm acts as if the

problem is decoupled.

The myopic policy shares the same policy structure with the optimal policy,

but the myopic policy bounds differ from the optimal policy bounds: the upper

bounds are the same while the optimal lower bound is above its counterpart

in the myopic policy for each period. The invest-down-to bounds are the same,

because only the market return counts when making cash investment decisions,

and no future impact needs to be considered because all investments are short-

term. For the borrow-up-to bound in a given period, the supplier tends to be

too conservative in early claims of its AR when myopic sighted. This lies in the

fact that the supplier is afraid of the high cost of early AR claims as the accrued

RF interest rate cn(r) is greater for smaller n in a myopic sense. However, there

will be more cash management flexibility due to the increased cash availability

by early claims of AR, despite the decreased outstanding AR available. Thus,

there are additional future benefits of early claims of AR in situations where the

supplier needs to borrow. The myopic decision neglects these future benefits

and hence results in a lower borrow-up-to bound than what should be optimal.

Specifically, in the two period case, we have described the optimal policy as

the following corollary.

Corrollary 1. When N = 2, the supplier’s optimal cash policy is a modified (Ln,Un)

policy: for the “U” bound, U1 = U2 = F−1( rS−rC
rS

); for the “L” bound, L2 = F−1( rS−r
rS

)

and F−1( rS−(1+δ)·r+δ·rC
rS

) ≤ L1 ≤ F−1( rS−r
rS

).

Note that the myopic borrow-up-to bound for period 1 is F−1( rS−(1+δ)·r
rS

). The

supplier can actually borrow more aggressively than its myopic decision when

in a low cash position, because the execution of the RF option can leverage its
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cash pool in the future as well. The worst consequence the supplier will have

for borrowing with the RF option is that it has too much cash on hand in the

future and incurs an opportunity cost at the rate of rC. The worst scenario hap-

pens when there is a large cash inflow in the future after the supplier uses its

RF option to borrow money. The borrow-up-to bound implied by the worst sce-

nario is F−1( rS−(1+δ)·r+δ·rC
rS

), since the effective cash holding cost in L(y, ξ) function

is rS + δ · rC. The supplier can borrow more aggressively than this scenario, and

the actual optimal L1 should be greater than (or equal to) F−1( rS−(1+δ)·r+δ·rC
rS

).

3.5 Numerical Results

Now we will numerically solve the optimal cash policy and see how the bank

will choose the optimal RF rate for extending payment terms, while making

both the supplier and the buyer better off. We use a normal distribution for the

iid cash shocks. The market risk free rate is drawn from the “LIBOR” rate, which

is an annualized rate. The USD LIBOR for one month is 0.99% on May 2nd in

2017, according to www.global-rates.com. The spread of an “A+” credit rating

firm with an interest coverage ratio around 6 is about 1%. Both the “LIBOR”

and interest rate spread are annualized. In our paper, we are looking at a period

base of 15 days, meaning one period equals 15 days. All parameters need to

be translated into a monthly basis. We thus approximately use rC = 0.1% as

the market risk free return and rB = 0.2% for a well credit rated large buyer.

However, the credibility of a cash constrained small supplier is bad and varies

greatly, hence its short-term borrowing rate is quite high and differs a lot from

firm to firm. We use 2% as a benchmark monthly borrowing rate for the small

supplier in our model, i.e., rS = 2%. For the iid random cash shock ξi, we use
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the normal distribution N(−1, 2). Here we normalize the expected cash inflow

of the supplier to $1 per period and the per period cash inflow is highly volatile

(2 times of the expected cash inflow) due to the nature of a small supplier’s

operations activity. The parameters of the base case are summarized in Table

3.1.

Table 3.1: Base Case Parameters

Interest Rates Normal Cash Shock
rC rB rS µ σ

0.1% 0.2% 2.0% −1 2

3.5.1 Optimal Cash Policy

To show how the (Ln,Un) policy changes for suppliers with different credit rat-

ings, we change the rS while keeping all other paremeters fixed. Specifically,

we will look at two more cases in addition to the base case: one with rS = 2.5%

referred to as “High rS Case” and one with rS = 1.5% referred to as “Low rS

Case”. The Un bound, Ln bound and the myopic Lm
n bound for the three cases

are shown in Figure 3.4.

The Un bound remains constant in all periods, while the Ln lies in between

the Un bound and the myopic bound Lm
n . The mismatch between the optimal and

myopic lower bounds is greater in early periods and they converge towards the

end of the payment term. The opitmal cash policy in the No RF case is a “Un”

policy, and thus can be interpreted as a special (Ln,Un) policy with Ln = −∞.

Since the Un bound is the same in the No RF and RF cases, the greater difference

in Ln results in more aggressive use of the RF option, thus leading to a greater
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(c) rS = 2.5%

Figure 3.4: (Ln,Un) Bounds, rC = 0.1%, rB = 0.2%, ξn ∼ N(−1, 2), N = 10

difference in the expected cash flow cost. Figure 3.4 indicates greater Ln for

greater rS , hence a supplier with a lower credit rating will enjoy the benefit of

more cash cost savings with an RF contract. In other words, the value of RF

increases as the credit disparity between the supplier and the buyer broadens.

3.5.2 Value of Reverse Factoring

For the base case, we will now fix the initial cash x1 = 1 and see how the cash

flow cost changes with W when employing the optimal policy and the myopic

policy. The cash flow cost in the No RF case is set as the benchmark and all cost

is expressed as a percentage of the benchmark cash cost. 3.5 shows the cash flow

cost for the No RF case, the RF with myopic policy case, and the RF with opti-

mal policy case. Both the optimal and myopic policies result in significant cost
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reduction compared with the No RF case, and the cash cost reduction becomes

more significant as the outstanding amount of AR increases. In practice, suppli-

ers with bounded rationality may not perfectly evaluate their decisions and may

end up with a policy between the optimal and myopic policies. However, re-

verse factoring is still quite attractive to the supplier for cash flow management

purposes even with a sub-optimal policy. The added liquidity and flexibility

in managing cash allows the supplier to accept the offer of a reverse factoring

contract from the buyer.
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Figure 3.5: Total Cash Flow Cost for x1 = 1, N = 5

3.5.3 Maximal Acceptable RF Rate

We will now look at the case where the supplier is originally offered a No RF

contract with payment term M = 2 and the RF contract targets to extend the

payment term to N = 4. We look at different initial cash levels for the supplier

ranging from $0 to $2, to represent different financial conditions the supplier

may be facing. We also look at different amounts of outstanding account receiv-
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ables for the supplier. Figure 3.6 shows how the maximal acceptable RF rate r

changes with x1 for different W.
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Figure 3.6: Maximal Acceptable RF Rate for M = 2, N = 4

The bank will offer an RF contract with effective borrowing rate r ∈ [rB, rS ].

The supplier will accept any RF rate below r. The actual RF rate also depends

on the bargaining power between the parties. For a given W, the supplier tends

to accept a wider range of offered r, or equivalently a higher r, while it has

more cash on hand. The acceptable range of r is more sensitive to the supplier’s

cash on hand when there is a smaller amount of outstanding account receiv-

ables. When the amount of outstanding account receivables is relatively small,

the supplier does not suffer much from the cost of delayed payment; thus the

supplier’s maximal acceptable r largely relies on its available cash on hand, as

it impacts the liquidity value of reverse factoring. As the figure illustrates, for

an extremely cash constrained supplier, a larger W leads to a greater r due to

the increasing liquidity value of RF while the cost of delayed payment is not

significant; for a supplier with abundant cash, on the contrary, a larger W leads

to a smaller r due to the increasing cost of delayed payment while the liquidity

75



1 N1 N2

Cash Management without RF Cash Management without RF
x1 α ·W

(a) Early Payment of Account Receivables

1 N2

Cash Management without RF
x1 W

(b) No Early Payment of Account Receivables

Figure 3.7: Cash Management with Two-term Trade Credit

value of RF is largely insignificant.

3.6 Two-term Trade Credit From A Cash Flow Perspective

Under the cash management framework, we can also explain two-term trade

credit. The supplier can decide the discount acceptable for early payment using

the cash flow management model. Two-term trade credit is equivalent to two

cash management problems without RF, but with different initial cash levels, as

illustrated in 3.7.

The smallest discount factor the supplier is willing to accept is the minimal

α such that

V0
1 (x1 | N1) + δN1 · EV0

1 (x1 + α ·W +

N1∑
i=1

ξi | N2 − N1) ≤ V0
1 (x1,W | N2)

which we denote as α. From the NPV view, the two-term trade credit discount
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factor αNPV is set such that

W
(1 + rC)N

2

=
αNPV ·W
(1 + rC)N1

Compared with the discount solely determined from the NPV view, the supplier

is willing to accept a deeper discount of early cash payments because of added

liquidity.

Theorem 4. lemma: α ≤ αNPV

This lemma explains the case as found in the real world and can assist both

the supplier and the buyer in optimal contract design.

3.7 Conclusion

In this paper, we deal with a supply chain composed of a small supplier and a

big buyer. Specifically, we explore the cash management problem of the supplier

and frame it as a dynamic programming model. We study the case where there

is no RF option and also the case where the supplier is myopic when using the

RF option.

We found the optimal cash policy for the supplier with the RF option to be

the modified (Ln,Un) policy and the amount is bounded by the current outstand-

ing AR. The two bounds are shown not to rely on the states of the supplier and

they can be solved in a degenerated problem with an infinite amount of AR.

We also show that the borrow-up-to bound Ln increases in n and it is greater

than that of the myopic policy. The RF option adds liquidity value to the sup-

plier, and the value of reverse factoring increases as the credit disparity between
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the supplier and buyer widens. By helping the supplier lower its cost of cash

flow management, the buyer is better in a better position to extend the payment

terms when designing the contract. The maximal payment term that can be

achieved results from the tradeoff between the added liquidity value and cost

of delayed payment. Our numerical result shows that the maximal payment

term achievable first increases and then decreases with the outstanding AR, and

a more cash constrained supplier is less reluctant to accept payment term exten-

sion. Our research explains how RF works and creates a win-win situation for

the supply chain. It also assists the managers in designing the contract terms.
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CHAPTER 4

MITIGATING CLIMATE RISK USING STRATEGIC GROWING AREA

PLANNING IN AGRICULTURAL SUPPLY CHAIN

4.1 Introduction

The agricultural industry is a special industry in that the selling season and

the production (growing) season usually have a significant time interval in be-

tween, and that the growing season is highly impacted by weather conditions,

an uncontrollable external risk. The storage of finished goods to smooth the

supply-demand mismatch is widely used in the industry, but there are some

particularity in carrying agricultural products across seasons to smooth the

yield uncertainty caused by the different weather condition each year: (1) the

agricultural products are perishable goods and have a limited shelf-life, thus

the firm either incurs a significant cost in carryover or needs to process the fresh

materials into non-fresh products for further sales; (2) agricultural products are

widely regulated by the government or related institutes, with policies such as

yield control, price restrictions and subsidy. It is interesting to see how agri-

cultural regulations impact the firm’s ability to operate with regards to the risk

posed by weather conditions.

The wine industry in France is a good example, especially AOC wine. AOC

(Appellation d’Origine Contrôlée), or “protected designation of origin” in En-

glish, is the French certification granted to certain French agricultural products

such as wines, cheeses, butters, and others, that indicates their geographical ori-

gin, all under the auspices of the government bureau Institut National Des Ap-

pellations d’Origine, now called Institut National de l’Origine et de la Qualité
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(INAO). This is based on the concept of terroir. (From Wiki “AOC Wine”) There

is a ceiling for the yield per hectare for the wine makers. In most of Europe,

yield is measured in hectoliters per hectare, i.e., by the volume of wine. In most

of the New World, yield is measured in tonnes per hectare (or short tons per

acre in the USA), i.e. by the mass of grapes produced per unit area. For the part

harvested in excess of the ceiling, it can be stored as VCI for future use. VCI

(Volume Complémentaire Individuel), is the individual supplement volume of

wine yield in excess of the annual yield allowed, which the wine makers can

voluntarily stock to hedge against weather risks that can lead to quantity and

quality problem of wine output in future years. VCI is used for several pur-

poses: (1) to guarantee the quality of the production, (2) to help the wine maker

to meet demand during years of low yield. It serves as an insurance for the wine

maker against the risk posed by weather. Management of the VCI is performed

by AVA, and the wine makers bear the relevant costs.

The VCI cannot be commercialized and sold to the consumers or the wine

dealers under normal conditions. The wine makers can make a claim to use it

in the following circumstances: (1) when there is a deficit in the harvest and

the annual maximum yield is not attained, (2) when there is a quality deficit in

the output and VCI is needed as a substitute. The wine maker can choose to

replace the VCI from the previous year with an equivalent amount of VCI in the

new year if applicable. In addition, if the VCI is not used as DREV in the year

following, it needs to be destroyed under the title of DRA.

Due to the increasing weather uncertainty, the National Institute of Origin

and Quality (INAO) of France has relaxed the use of VCI for wine makers in the

past years, by lowering the upper bound of VCI each year. It set new rules in
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Growing Area x
Planned Selling Quantity q

Yield Realized at y Market Price Revealed at
p

Figure 4.1: Timeline of Events - Upfront Selling Quantity Decision

June, 2018 that allow the producers of red and white wines to stock 20% of their

annual output, for a total of 50% over a 3-year period. Previously, they were

only allowed to stock 10% of their output. This decision was made to reinforce

the resilience of vineyards against recurrent weather hazards after a series of

fierce hailstorms battered fields across France in May, 2018.

In this chapter, we study how the stocking of finished agricultural products

such as VCI impacts an agricultural firm’s growing decision given the varying

nature of weather risks, and what their optimal stocking decisions are. We will

also numerically show how the restrictive government regulation on carrying

over influences the operations of firms.

4.2 The Model

4.2.1 Single period, one market, planned selling quantity up-

front

The risk-neutral agriculture firm grows a crop that is turned into one final agri-

cultural product. At the beginning of each season, the firm determines its grow-

ing area x (hectares), and plans for the selling q units. The firm occurs the op-

portunity cost c (dollars) for each unit of growing area. Due to the weather risk,
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the yield rate Y is random with cumulative distribution function F and den-

sity function f . Assume f is continuous and has first order derivatives almost

everywhere. When the harvest season comes, the realized yield rate y will be

observed and the actual selling amount q will be the minimum of the planned

amount to be sold and the realized total harvest, i.e., q(q, x, y) = min{q, y · x}. The

selling season follows the harvest season and the firm’s agricultural product

is sold on the market where all producers compete on the amount of quantity

available to sell. The market price is revealed when the actual amount to be sold

is decided and the market shock is observed. The market price is linear in the

actual quantity the firm will sell according to the Cournot model, along with the

random shock due to the fluctuating market condition ξ, where ξ ∼ H and ξ is

independent of y. Without loss of generality, Eξ = 0. Thus the market price is

p(q, ξ) = a − b · q + ξ. Here, a + ξ represents maximal willingness-to-pay of the

consumers. Any leftover quantity will be destroyed with no salvage value at

the end of the selling season. The time-line of events is described in Figure 4.1.

The firm’s expected profit function is expressed as

π(q, x) = Ey,ξ
[
q · p(q, ξ)

]
− c · x (4.1)

= Ey

{
Eξ

[
q · p(q, ξ) | y

]}
− c · x

= Ey

{
Eξ

[
q · (a − b · q + ξ) | y

]}
− c · x

= Ey

[
q · (a − b · q) + q · Eξ(ξ | y)

]
− c · x

= Ey
[
q · (a − b · q))

]
− c · x

= [1 − F(
q
x

)] · (a · q − b · q2) + F(
q
x

) · Ey[a · (y · x) − b · (y · x)2 | y <
q
x

] − c · x

Note that the random price shock does not matter in the expected firm profit

due to the independence between ξ and y. It is obvious that the planned selling

amount is chosen in the range [0, b
a ]. On one hand, given the growing area x, the
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firm’s best corresponding planned selling amount q∗(x) is obtained by setting

the FOC with respect to q to zero, i.e.,

∂π(q, x)
∂q

= [1 − F(
q
x

)] · (a − 2b · q)

By checking the second order derivative, we note that concavity is not guaran-

teed. However, it is easy to show that the best planned selling quantity is always

a
2b , i.e., q∗(x) = a

2b .

On the other hand, we can also obtain the optimal responsive function of x

with respect to q by taking the FOC with respect to x, i.e.,

∂π(q, x)
∂x

=

∫ q
x

0
f (y) · (a · y − 2by2 · x)dy − c

Using the optimal responsive planned selling amount, we get

∂π(q∗(x), x)
∂x

=

∫ a
2b ·

1
x

0
f (y) · (a · y − 2by2 · x)dy − c (4.2)

It is natural to assume that a · Ey > c, which means that the maximal expected

revenue of a unit of land exceeds the cost of a unit if land. Hence, the optimal

growing area x∗ solves the equation (4.2). In sum, with no harvest storage and

only one possible market, the agricultural firm will maximize its profit by tar-

geting its selling quantity at q∗ = a
2b and growing on x∗ hectares of land, where

x∗ sets the equation (4.2) equal to zero.

Without the loss of generality, we assume that a
b is sufficiently large, which

implies that the market size for the agricultural product is large enough, as the

average quantity to make the market price zero is a
b in the pricing line p = a−b·q.

We further restrict the yield distribution to the uniform distribution to derive

the closed form formula for the optimal growing area, i.e., Y,Y ′ ∼ U[Y ,Y]. So we

now have [Y ,Y] ∈ (−∞, a
2b + q − Y]. The FOC becomes

1
y − y

· (
a
2
· y2 −

2b
3
· y3 · x) |yy=y −c = 0
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Growing Area
x

Yield Realized at
y

Selling Quantity
q

Market Price
Revealed at p

Figure 4.2: Timeline of Events - Post Harvest Selling Quantity Decision

optimal growing area x∗ becomes

x∗ =
1
ỹ
·
−1

ỹ · c + a

b · (2 − 2
3 · R

2)

4.2.2 Single period, one market, selling quantity decided after

observing yield rate, before price realization

Let us consider another scenario all conditions equal, except that the selling

quantity is decided after the harvest amount is observed. The time-line is de-

scribed in Figure 4.2. Given x and y, the firm decides its responsive selling quan-

tity which is a function of x and y. Given x, the firm’s expected profit upon the

realization of yield y is

π(q | x, y) = Eξ[q · p(q)] − c · x (4.3)

= Eξ[q · (a − b · q + ξ)] − c · x

= q · (a − b · q) + q · Eξ − c · x

= q · (a − b · q) − c · x

, where q < y · x.

Note that the random shock does not impact the expected profit here, which

is the same as in the case of upfront selling quantity. The firm’s problem in the

harvest season is maximizing π(q | x, y) with respect to q. The optimal respon-

sive selling quantity is solved to be q∗(x, y) = min{ a
2b , y · x}. Thus, considering
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Selling Quantity
q

Figure 4.3: Timeline of Events - Post Harvest Selling Quantity Decision

the optimal responsive selling quantity, the expected profit is a function of the

growing area x as the following,

π(x) = Eyπ(q∗(x, y) | x, y) (4.4)

= [1 − F(
a
2b
·

1
x

)] ·
a2

4b
+ F(

a
2b
·

1
x

) · Ey[(y · x) · (a − b · (y · x)) | y <
a
2b
·

1
x

] − c · x

Taking the first order derivative, we have

dπ(x)
dx

=

∫ a
2b ·

1
x

0
f (y) · (a · y − 2by2 · x)dy − c (4.5)

π(x) is concave in x, as the second order derivative is negative. Note that equa-

tion (4.5) is the same as (4.2), thus the optimal growing area x∗ and selling

amount q∗ is the same as the case where q is decided upfront. The only differ-

ence is that here q∗(x, y) is a responsive selling amount bounded by the available

harvest amount y · x. In sum, with no harvest storage and only one possible

market, the agricultural firm will maximize its profit by setting selling quantity

at a
2b if the realized harvest amount is greater than that, and setting the selling

quantity at y · x∗ otherwise. The optimal growing area x∗ is solved by setting

equation (4.5) equal to zero.
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4.2.3 Single period, one market, selling quantity decided after

observing yield rate, after price realization

In this scenario, q is decided based on x, and the realization of y and ξ. Given

(x, y, ξ), the firm’s profit function with respect to q is

π(q | x, y, ξ) = q · p(q) − c · x (4.6)

= q · (a − b · q + ξ) − c · x

, where q < y · x.

Given x, and upon the realization of y and ξ, the firm will choose q to max-

imize π(q | x, y, ξ). The optimal responsive selling quantity is solved to be

q∗(x, y, ξ) = min{ a+ξ

2b , y · x}. Thus, considering the optimal responsive selling quan-

tity, the firm’s ex-ante expected profit function with respect to x is

π(x) = Ey,ξπ(q∗(x, y, ξ) | x, y, ξ) (4.7)

= EyEξ

[
q∗ · (a − b · q∗ + ξ) − c · x | y

]
= Ey

[∫ 2y·x·b−a

−∞

(a + ξ)2

4b
· f (ξ)dξ +

∫ ∞

2y·x·b−a
(y · x) · (a − b · (y · x) + ξ) · h(ξ)dξ

]
− c · x

Note that unlike the previous two scenarios, the random price shock

will matter when the firm chooses the optimal growing area. Let g(y, x) :=∫ 2y·x·b−a

−∞

(a+ξ)2

4b · f (ξ)dξ +
∫ ∞

2y·x·b−a
(y · x) · (a − b · (y · x) + ξ) · h(ξ)dξ. We then have

π(x) = Eyg(y, x) − c · x
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Take the first order derivative of π(x), we have

dπ(x)
dx

=Ey
∂g(y, x)
∂x

− c (4.8)

=Ey[2y · b · b · (y · x)2 · h(2y · x · b − a) − 2y · b · b · (y · x)2 · h(2y · x · b − a)

+

∫ ∞

2y·x·b−a
((a + ξ) · y − 2b · y2 · x) · h(ξ)dξ] − c

=Ey

{∫ ∞

2y·x·b−a

[
(a + ξ) · y − 2b · y2 · x

]
· h(ξ)dξ

}
− c

=

∫ ∞

−∞

{∫ ∞

2y·x·b−a

[
(a + ξ) · y − 2b · y2 · x

]
· h(ξ)dξ

}
· f (y)dy − c

=

∫ ∞

−∞


∫ a+ξ

2b·x

−∞

[
(a + ξ) · y − 2b · y2 · x

]
· f (y)dy

 · h(ξ)dξ − c

=φ(ξ̃) > φ(ξ) = φ(0)

, where ξ̃ > 0.

To compare the x solved by Equation 4.8 with that solved by Equation 4.5, we

want to show the concavity of
∫ a+ξ

2b·x

−∞

[
(a + ξ) · y − 2b · y2 · x

]
· f (y)dy as the function

in ξ. Denote this as φ(ξ), we show φ(ξ) to be an increasing function, and

dφ(ξ)
dξ

=

∫ a+ξ
2b·x

−∞

a · f (y)dy

,which proves that φ(ξ) is convex in ξ and Equation 4.8 is greater than Equa-

tion 4.5 for all x by Jensen’s Inequality. Equation (5) = φ(ξ), Equation (9) =∫ ∞
−∞
φ(ξ)h(ξ)dξ. Hence the optimal growing area is larger when the selling quan-

tity is determined after the random price shock.

4.2.4 Analog of the current model with Newsvendor

Before we go on to the discussion of how the optimal growing area changes

with the parameter settings for the three cases given specific distributions of
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yield and price shock, we need to look at the expected amount of yield that

will be left over with the optimal selling quantity. We can express the expected

leftover inventory of the case in Section 4.2.2 and Section 4.2.3 as the following.

We ignore the case when selling quantity is decided upfront before yield and

price realization, because the result is identical to the case in Section 4.2.2. We

denote the case in Section 4.2.2 as Case 1 and the case in Section 4.2.3 as Case 2.

Let LO(x) be the expected left over inventory given growing area x.

LO1(x) can be expressed as

E(y · x − q∗)+ =

∫ ∞

a
2b ·

1
x

(y · x −
a

2b
) · f (y)dy

=x ·
∫ ∞

a
2b ·

1
x

y · f (y)dy −
a

2b
· F(y >

a
2b
·

1
x

)

LO2(x) can be expressed as

E(y · x − q∗)+ =

∫ ∞

−∞

∫ ∞

a+ξ
2b ·

1
x

(y · x −
a + ξ

2b
) · f (y)dy

 h(ξ)dξ

Let k(x, ξ) =
∫ ∞

a+ξ
2b ·

1
x
(y · x − a+ξ

2b ) · f (y)dy, then LO1(x) = k(x, 0) = k(x, Eξ) and

LO2(x) = Ek(x, ξ). We have

∂k(x, ξ)
∂ξ

=
1

4b2 ·
1
x
· F(y >

a + ξ

2b
·

1
x

)

Since ∂k(x,ξ)
∂ξ

decreases in ξ, we observe k(x, ξ) to be a concave function. Hence,

by Jensen’s inequality, we have LO2(x) < LO1(x). We also know that the optimal

growing area for Section 4.2.2 is greater than that for Section 4.2.3, i.e., x∗1 >

x∗2. We then need to compare LO1(x∗1) and LO2(x∗2). It is obvious that k(x, ξ) is

increasing in x, so LO1(x) and LO2(x) will be increasing in x as well. We then

have

LO2(x∗2) < LO2(x∗1) < LO1(x∗1)
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Area x fixed

Yield Realized
at y

Selling
q decided

Growing
Area x′ fixed

Yield Realized
at y′

Selling
q′ decided

FIRST PERIOD SECOND PERIOD

Figure 4.4: Timeline of Events - Two Periods, One Market

Therefore, we know that when the firm can decide the quantity to be sold

after yield and price realization, and decide its optimal growing area, it will

result in less expected left over agricultural products.

4.2.5 Two period, one market, planned selling quantity upfront

Now the agricultural firm has the option to reserve some extra yield of its prod-

uct without selling it in the current period, but uses it to hedge the risk of de-

creased yield in the future. The timeline is illustrated in Figure 4.4.

For the simple case, assume the agricultural firm sells its product in two pe-

riods. The firm sets the selling quantity after observing the yield in each period;

it can choose not to sell all the products in the first period when yield permits,

and instead carry over some portion of the products to the second period. The

unsold products have zero salvage value in the second period. We also assume

a fixed growing area and zero price shock for the first-cut analysis. [So Y and Y ′

stands for the total yield in the first and second periods respectively, Y,Y ′ ∼ h(·),

i.i.d.]

The profit function for the second period (as a function of selling quantityq′),
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given (q,Y,Y ′) is

π(q′ | q,Y,Y ′) = −c · x + (a − b · q′) · q′

with q′ ≤ Y ′+(Y−q). The optimal responsive q′ is q′(q,Y,Y ′) = min{ a
2b ,Y

′+(Y−q)}.

The total profit of the first and second periods is (as a function of q) given Y is

πT (q | Y)

= − c · x + (a − b · q) · q + EY′[π(q′(q,Y,Y ′) | q,Y,Y ′)]

= − c · x + (a − b · q) · q +

∫ ∞

a
2b +q−Y

a2

4b
h(Y ′)dY ′

+

∫ a
2b +q−Y

−∞

[(a − b · (Y ′ + Y − q)) · (Y ′ + Y − q)]h(Y ′)dY ′

The concavity can be easily verified. So the optimal selling quantity decision is

determined by the following FOC ( under the requirement of q ≤ y):

dπT (q | Y)
dq

= a − 2b · q −
∫ a

2b +q−Y

−∞

(a − 2b · (Y ′ + Y − q))h(Y ′)dY ′

The term
∫ a

2b +q−Y

−∞
(a − 2b · (Y ′ + Y − q))h(Y ′)dY ′ represents the downside risk of

yield in the second period, and will determine how the optimal q in the first

period will deviate from the one period model in section 3.2, i.e, q∗ = min{ a
2b ,Y}.

Obviously, we have
∫ a

2b +q−Y

−∞
(a − 2b · (Y ′ + Y − q))h(Y ′)dY ′ > 0 for any q < Y .

Without the loss of generality, we assume that a
b is sufficiently large, which

implies that the market size for the agricultural product is large enough, as the

average quantity to make the market price zero is a
b in the pricing line p = a−b·q.

We further restrict the yield distribution to the uniform distribution to derive

the closed form formula for the optimal growing area, i.e., Y,Y ′ ∼ U[Y ,Y]. So we

have [Y ,Y] ∈ (−∞, a
2b + q − Y]. The FOC becomes

dπT (q | Y)
dq

= a− 2b · q−
∫ a

2b +q−y

−∞

(a− 2b · (Y ′ + Y − q))h(Y ′)dY ′ = −4b · q + 2b · (Y + Y)
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We then have q∗ = (Y +Y)/2 when q < Y is guaranteed, i.e., q∗ = min{(Y +Y)/2,Y}.

Compared with the one-period case, the agricultural firm now is enabled to

target at a much more balanced production level. In the one-period case, the

firm targets a
2b , which is unrealistically high. Now, let’s look at what the optimal

growing area is in the two-period case.

We assume that the growing area decision x is made upfront, thus Y ′ and Y

are i.i.d. random variables. We have already characterized the firm’s optimal

selling quantity in the first period, given x, i.e., q∗ = min{(Y + Y)/2,Y}.

Proposition 6. When y > a
b , the firm can allocate at least a

2b for both the first and

second period to achieve the global optimal. When Y < a
b , the trade-off is made between

the two periods and is yield distribution dependent.

Now, adding back the growing area decision x, we have π(q | y, x) as the

following,

πT (q | y, x)

= − c · x + (a − b · q) · q +

∫ ∞

1
x ·(

a
2b +q)−y

a2

4b
f (y′)dy′

+

∫ 1
x ·(

a
2b +q)−y

−∞

[(a − b · (y′ · x + y · x − q)) · (y′ · x + y · x − q)] f (y′)dy′

We have already characterized the optimal selling quantity given (y, x), i.e.,

q∗(y, x). The profit function given (y, x) is thus π(q∗ | y, x), where q∗ is the abbre-

viated notation for q∗(y, x). We are interested in the FOC of the expected profit

with respect to x, i.e., dEyπ(q∗ |y,x)
dx .

dπT (q∗ | y, x)
dx

= − c + a ·
dq∗

dx
− 2b · q∗ ·

dq∗

dx
+

∫ 1
x ·(

a
2b +q∗)−y

−∞

[a − 2b · (y′ · x + y · x − q∗)] · (y′ + y) f (y′)dy′
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With a uniform distribution for y and y′, i.e., y, y′ ∼ U[y, y], i.i.d., and suffi-

ciently large market size, we can further simplify the expression. First, we have

q∗(y, x) = x ·min{(y + y)/2, y}, and let ỹ = (y + y)/2 and ∆ = (y − y)/2. Multiply both

side of FOC by ∆2, we thus have

∆2 ·
dEyπ

T (q∗ | y, x)
dx

= − ∆2 · c + ∆2 ·
1
2
· (a · ỹ − 2b · ỹ2 · x) + ∆ · (

1
2
· a · y2 −

2b
3
· x · y3) |ỹy=y

+
a
6
· (y + y)3 |yy=y −

a
6
· (y + y)3 |yy=y −

b
6
· x · (y + y)4 |yy=y +

b
6
· x · (y + y)4 |yy=y

+
b
3
· x · ỹ · (y + y)3 |

y
y=ỹ +

b
4
· x · (y + y)4 |ỹy=y −

b
3
· x · y · (y + y)3 |ỹy=y

= − ∆2 · c + b · x · (8ỹ3 · ∆ − 29ỹ2 · ∆2 + 4ỹ · ∆3 −
73
12
· ∆4) +

25
6
· a · ỹ · ∆2 −

1
2
· a · ∆3

The FOC gives us the optimal growing area decision upfront:

x∗ =
−c · ∆2 + 25

6 · a · ỹ · ∆
2 − 1

2 · a · ∆
3

b · (−8ỹ3 · ∆ + 29ỹ2 · ∆2 − 4ỹ · ∆3 + 73
12 · ∆

4)

Denote the ratio ∆
ỹ as R, which measures the dispersion of the uncertain yield.

Dividing both the numerator and the denominator by ỹ4, we have

x∗ =
1
ỹ
·
−1

ỹ · c · R
2 + 25

6 · a · R
2 − 1

2 · a · R
3

b · (−8R + 29R2 − 4R3 + 73
12 · R

4)

Both the numerator and the denominator become polynomials of R, and x∗

is also scaled by the inverse of the average yield. The optimal growing area x∗

is solely determined by the average yield and the dispersion of yield relative to

the average yield, under the uniform distributed yield. The analytical results for

other general distributions are less likely to be obtained, thus we will focus on

the discussion of the uniform distributed yield. The larger the average yield, the

less the optimal growing area, which is very intuitive. However, it is not clear

how x∗ changes with R as x∗(ỹ,R) is not necessarily a monotonous function. It

is generally multimodal. The cost factor c and the market-pricing factor (a, b)
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will impact how the firm reacts in choosing the optimal growing area when its

yield uncertainty distribution is changed, either due to weather conditions or a

change in the level of available technology.

4.3 Numerical Experiment

We compare the optimal growing area decision for all cases under uniform dis-

tribution in the following table.

Table 4.1: Parameters and Optimal Growing Area

Market Condition Random Yield No Carryover Carryover
a b c y y x∗ π∗ x∗ π∗

50 1 10 1 2 22.82 793.56 16.84 1064.7

50 1 10 0.5 2.5 16.14 458.50 18.95 1014.0

50 1 10 2 4 16.14 786.37 8.42 1150.5

50 1 10 0.5 3 14.43 461.32 16.84 1027.3

50 1 2 1 2 51.03 727.06 18.95 1206.8

50 1 2 0.5 2.5 36.08 636.91 25.26 1189.4

50 1 2 2 4 36.08 697.17 10.53 1228.1

50 1 2 0.5 3 32.27 620.90 25.26 1188.5

The numerical results attest to our analytic analysis for the uniform distribu-

tion, that by allowing the carryover of the finished products, the optimal grow-

ing area can either be greater or smaller than a case without carryover. This

depends on the nature of the yield uncertainty. When the random yield is more

dispersed, the agricultural firm tends to be more conservative in planning its

growing area. In addition, when the average yield is low, the firm is more ag-

gressive in planning the growing area to hedge against the potential downturns

in the future period. The effect of the carryover policy also depends on the cost

per hectare of the growing area. In our simulation, when the growing area cost

is low, the carryover policy is more likely to result in a smaller growing area. In
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(a) Optimal Growing Area, c=10 (b) Optimal Profit, c=10

(c) Optimal Growing Area, c=2 (d) Optimal Profit, c=2

Figure 4.5: Sensitivity Analysis for Optimal Growing Area and Optimal Profit

both parameter settings, the firm has higher profits when carryover is allowed.

The results are rather complicated and do not seem to be monotonic, which

is mainly due to the multiplicative feature of the growing area to the random

yield. The results for the additive random yield form are much simpler but do

not represent the context we are studying here.

4.4 Managerial Insight

We have studied the agricultural firm’s growing area decision under the pres-

ence of risks posed by weather, while facing other constraints: (1) market price

is uncertain; (2) carrying over finished products is allowed. It is clear that, the

growing area in the multiperiod carrying case is not necessarily smaller than the

one-period no carrying over case. The area is parameter dependent, based on
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factors such as the market pricing line, the cost of land, and the distribution of

random yield.
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APPENDIX A

APPENDIX OF CHAPTER 2

A.1 Summary of Symbols

Table A.1: Symbol Definition

Symbol Explanation
F Set of all finished products
S Set of all tier-1 suppliers
P Set of all parts
F D Set of disrupted products
SD Set of disrupted suppliers
PD Set of disrupted parts
Ht Capacity of DMF in period t
rk j Units of part k required to produce unit product j
TD Duration of disruption period
TR Number of recovery periods
dt

j Planned production amount for product j in period t
qt

k Inventory of part k at the beginning of period t
st

j Inventory of product j at the beginning of period t
ut

ik Total delivery quantity of part k from supplier i in period t
pt

j Total production quantity of product j in period t
yk jt Allocation of part k to product j in period t
l j Unfulfilled production plan of product j in period t
w j Capacity occupation of DMF for one unit of product j
g j Gross profit for one unit of product j
cik Capacity of part k for supplier i
γ j Backlogged rate for lost sales for product j
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A.2 Proof of Propositions 1 and 2

For ease of exposition in our proof, we transform the formulation of the 3-

product model by (1) replacing lt
j with its component parts, (2) applying the

inequality instead of the equality that connect lt−1
j and lt

j, (3) removing the st
j and

(4) applying the inequality instead of the equality in the related constraints. The

production equilibrium in the original formulation is removed because the slack

variables lt
j are removed, and (d1

j − p1
j)

+ and (d2
j − p2

j − (p1
j − d1

j )
+ + γ · (d1

j − p1
j)

+)+

represent the original lt
j and implicitly contains the production equilibrium. The

marginal impact of the Part A and Part B stays the same for a given optimal pro-

duction plan in this new formulation, compared with the original formulation.

This alternative formation of the 3-product model serves to simplify our nota-

tion and the presentation of our proof.

The objective function is also changed to a convex function. The problem

can then be represented as:

min
p1

j ,p
2
j

(1 − γ) ·
3∑

j=1

g j · (d1
j − p1

j)
+ +

3∑
j=1

g j · (d2
j − p2

j − (p1
j − d1

j )
+ + γ · (d1

j − p1
j)

+)+

subject to 

p1
1 + p1

2 ≤ q1
A (Part A)

p1
2 + p1

3 ≤ q1
B + c1

B (Part B)∑3
j=1 w j · p1

j ≤ H1 (Disruption Capacity)∑3
j=1 w j · p2

j ≤ H2 (Recovery Capacity)

p ∈ F (Feasible Production)

97



A.2.1 Proof of Proposition 1 and 2

In the transformed 3-product model, the optimal production plan is the optimal

solution of at least one of the sub-LP problems and thus we have effectively 10

constraints all together: “Part A”, “Part B”, “Disruption Capacity”, “Recovery

Capacity” and the 6 constraints from production, either from “Product j Under-

produced” or “Product j Over-produced” (for each product, both “Product j

Under-produced” and “Product j Over-produced” involve 2 constraints). Since

we have 6 decision variables {p1
1, p1

2, p1
3, p2

1, p2
2, p2

3}, the optimal LP base consists

of 6 binding constraints.

“Part A” and “Recovery Capacity” are assumed to be binding because (1)

when “Part A” is not binding, the objective function will be zero and the propo-

sition is obvious and (2) when “Recovery Capacity” is not binding, the problem

becomes a disruption-stage only problem as in [50] and the part A allocation

will be in the order of GPP, hence the proposition is obvious. Of the other 8 con-

straints, there are 4 more binding constraints from S = {PartB, S 1
j , S

2
j , j = 1, 2, 3}.

For the 4 remaining constraints, “Disruption Capacity” must be loose for “Re-

covery Capacity” to be binding, and the other 3 constraints in S are in general

not binding.

For a given parameter setting {q1
A, q

1
B,H

1,H2}, let {S ′, S ′′, S ′′′, S ′′′′} represent

the four binding constraints, in addition to “Part A” and “Recovery Capacity”

for the corresponding optimal base Ω. Since {q1
B,H

1,H2} does not change, we

can treat Ω as a function of q1
A when analyzing the marginal benefit of part

A inventory, i.e. Ω(q1
A). The corresponding solution pΩ(q1

A) with Part A inven-

tory level at q1
A satisfies {S ′, S ′′, S ′′′, S ′′′′}. When we increase q1

A, holding ev-

erything else equal, the optimal base will stay the same until one of the con-
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straints S ′′′′′ ∈ S − {S ′, S ′′, S ′′′, S ′′′′} becomes binding. At that point, one of the

{S ′, S ′′, S ′′′, S ′′′′} constraints will be replaced by S ′′′′′. Without loss of generality,

we assume that S ′ is replaced. When q1
A (q1

A < q1
A ) is increased to the extreme

point of the convex hull (feasible region) q1
A, {S ′, S ′′, S ′′′, S ′′′′} and S ′′′′′ (i.e. all

five) are binding, along with the two resource constraints “Part A” and “Recov-

ery Capacity”. We want to prove that increasing Part A inventory from q1
A to

q1
A + ε has more value compared with increasing Part A inventory from q1

A to

q1
A + ε, where ε is a perturbation. Let Ω′ represent the new optimal LP based

for with Part A inventory at q1
A + ε. The corresponding optimal solutions are

pΩ′(q1
A+ε) and pΩ′(q1

A) for Part A inventory at q1
A + ε and q1

A. The difference of these

two solutions are ∆Ω′ = pΩ′(q1
A+ε) − pΩ′(q1

A). ∆Ω′ makes “Part A”, “Recovery Ca-

pacity” and {S ′′, S ′′′, S ′′′′, S ′′′′′} zero, and has non-zero values for constraints S ′.

f (pΩ′(q1
A+ε)) − f (pΩ′(q1

A)) = f (∆Ω′) = ε · λΩ′ , where f (·) is the objective function and

λΩ′ is the marginal benefit of Part A inventory further increasing from q1
A. If

λΩ′ < λΩ, i.e., the marginal DE reduction benefit of Part A inventory is higher

for LP base Ω′ compared with Ω, we can construct a contradiction. Let’s look

at the optimization problem with Part A level at q1
A + ε and check the feasi-

ble solution pΩ(q1
A) + ∆Ω′ . This solution has two interior points for constraints

S ′ and S ′′′′′, and does not correspond to the optimal LP at pΩ(q1
A+ε). However,

f (pΩ(q1
A) +∆Ω′) = f (pΩ(q1

A))+ f (∆Ω′) = f (pΩ(q1
A))+ξ ·λΩ′ < f (pΩ(q1

A))+ ε ·λΩ = f (pΩ(q1
A+ε)).

This is lower (better) than the optimal value indicated by the optimal LP base

Ω, so λΩ′ < λΩ cannot be true, and we have proved Proposition 1.

The proof of Proposition 2 follows the same logic, except that now “Part A”,

“Part B” and “Recovery Capacity” are assumed to be binding, and the other 3

binding constraints are from {S 1
j , S

2
j , j = 1, 2, 3}.
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A.2.2 Definition of Production Plans

We define firm’s reactive production plans that correspond to the extreme points

in the convex hull, which are the potential optimal production plans. They can

be characterized by the priority levels of each product in the disruption and

recovery periods. In the disruption period, each product has eight regions of

priority. We describe only four of them because the other four are symmetric.

The four regions are (1) prioritized to be produced for the disruption-period de-

mand and overproduced (if any) for the recovery-period demand, denoted as

O (totally prioritized to overproduction); (2) prioritized to be produced for the

disruption-period demand and overproduced with an amount such that there

will be no unmet demand for the other product in the recovery period; this is a

modification of O when the recovery period capacity is not fully consumed with

priority O, thus denoted as OH (modified for recovery period capacity); (3) pri-

oritized to be produced for disruption-period demand but not overproduced,

denoted as U (disruption period prioritized, underproduction of just enough);

(4) prioritized to be produced for the disruption-period demand to the point

where there will be no unmet demand for the prioritized product in the re-

covery period; this is a modification of U where the recovery period capacity

would be used to produce both products if prioritized as U, thus we denote it

as UH (modified for recovery period capacity). The remaining four priority lev-

els {U,UH,O,OH} are symmetric: the corresponding priority levels of the other

product are {U,UH,O,OH} respectively. Note that part inventory is very low,

there is no possibility for overproduction, hence O is the same as U and OH does

not exist. In the recovery period, each product has two levels of priority: (1)

prioritized to be produced for recovery-period demand , denoted as R (recov-

ery period prioritized); (2) produced after the recovery-period demand of the
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other product is fulfilled, denoted as R (the complement set for R, equivalent to

having the other product in priority level R).

We use Ωab to denote the production plan defined above, where a and b

denote the priority level of product 1 in the disruption period and recovery

period respectively. We have a ∈ {OH,O,UH,U,UH,U,O,OH} and b ∈ {R,R}.

There are 16 production plans defined altogether.

A.3 Supporting Results

Table A.2 summarizes the cost and DE impacts of other multi-part implemen-

tations using different thresholds of the insurance rate for the order-up-to de-

crease and the safety stock increase, as well as changing whether modifications

are first made to the order-up-to amount or the safety stock.

Table A.2: Implementations of Multiple Part Inventory Policy Changes

Inventory Policy Total Annual Cost Average DE

Original $23.6M $153K

Order-up-to at 10%, Safety stock at 2% $23.1M $68.3K

Order-up-to at 5%, Safety stock at 2% $21.8M $70.4K

Safety stock at 2%, Order-up-to at 10%, $23.2M $68.7K

Safety stock at 2%, Order-up-to at 5%, $21.7M $72.6K

Note: Inventory changes are restricted to six levels for each part. The analysis is ap-
plied to the 5,637 parts with cost information.

Table A.3 provides the DE reduction for different strategic portfolios with a

$200, 000 budget. It supplements the results of Table 2.4.

Table A.4 summarizes the overall disruption exposure reduction for different
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Table A.3: Reduction in DMF’s DE Due to the Adoption of Strategic Portfolio
Inventory with Budget $200K

Budget: $200,000
Portfolio Total Primary Secondary

1 $31.3M $6.4M $24.9M

2 $127.0M $99.4M $27.6M

3 $375.7M $134.6M $241.1M

4 $518.5M $230.7M $287.8M

5 $86.3M $86.3M $0.0M

6 $76.4M $69.6M $6.9M

7 $121.3M $35.4M $85.8M

8 $398.8M $240.0M $158.8M

9 $336.5M $212.5M $124.0M

10 $191.8M $121.4M $70.3M

11 $375.1M $83.8M $291.3M

12 $167.9M $44.5M $123.4M

13 $58.2M $40.1M $18.1M

14 $8.0M $3.4M $4.6M

15 $4.2M $3.7M $0.6M

16 $15.3M $3.3M $12.2M

17 $3.9M $3.2M $0.7M

18 $21.4M $21.4M $0.0M

19 $7.0M $7.0M $0.1M

20 $6.3M $6.2M $0.1M

All $366.3M $168.4M $197.9M

Note: Results are based on inventory level
2. Results for other inventory levels are
available from the authors.

strategic portfolios when we run all scenarios using the heuristic solution.
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Table A.4: Reduction in DMF’s DE Based on Heuristic Modeling of the Adop-
tion of Strategic Portfolios

Budget: $25,000 Budget: $50,000 Budget: $100,000 Budget: $200,000
Portfolio Total Total Total Total

1 $14.6M $23.7M $29.6M $31.6M

2 $34.4M $55.6M $83.4M $126.8M

3 $117.0M $210.8M $313.4M $364.7M

4 $76.9M $149.7M $283.2M $511.8M

5 $15.4M $28.7M $51.1M $86.3M

6 $19.4M $30.0M $48.2M $76.5M

7 $26.2M $50.5M $84.2M $120.2M

8 $54.8M $107.7M $207.9M $387.4M

9 $51.2M $99.9M $191.6M $330.8M

10 $45.5M $81.2M $131.0M $189.2M

11 $58.9M $115.2M $221.1M $375.6M

12 $27.3M $53.9M $101.9M $166.2M

13 $21.6M $30.1M $40.6M $58.3M

14 $5.5M $6.1M $6.8M $8.1M

15 $0.8M $1.6M $2.8M $4.3M

16 $11.1M $13.6M $14.5M $15.7M

17 $0.7M $1.4M $2.6M $4.0M

18 $3.1M $6.1M $11.6M $21.4M

19 $1.1M $2.1M $3.7M $6.8M

20 $1.0M $1.9M $3.5M $6.3M
All $50.2M $98.9M $191.7M $359.9

Note: Results are based on inventory level 2.
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APPENDIX B

APPENDIX OF CHAPTER 3

B.1 Symbol Definition

Table B.1: Symbol Definition

Symbol Explanation
rC The opportunity cost of holding cash for the supplier
rS The borrowing cost of the supplier
rB The borrowing cost of the buyer
r The borrowing rate set by the bank for reverse factoring
δ The discount factor, i.e., δ = 1

1+rC

N Number of payment periods
N1 Number of payment periods in the fixed payment contract
N2 Number of payment periods in the reverse factoring contract
W Total amount of outstanding Account Receivables for the supplier
wn The Account Receivables available for the supplier at the beginning of period n
xn The cash position of the supplier at the beginning of period n before decisions
y The cash position of the supplier at the beginning of period n after decisions
ξn The random cash shock during period n with i.i.d. density function f (ξn) and cdf F(ξn)

B.2 Proof of Proposition 2

B.2.1 Two Period Problem

In the two period problem, N = 2, c1(r) = 2r+r2

(1+r)2 and c2(r) = r
1+r . From the optimal

cash policy under No RF case, we know that it is never wise for a firm to borrow

on its own rate compared with staying at the current cash level. Then the only

wise choice possible to increase cash level is by using RF options. The myopic

policy says we should use RF up to a certain amount, we then want to to prove

it is optimal.
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We can write the two period model as

V2(x2,w2) = min
y2≤x2+w2


−rC · (x2 − y2)+ + c2(r) · (y2 − x2)+ + L(y2, ξ2)

+δ · E[V3(x1 + W − ξ1 − ξ2, 0)]



V1(x1,w1) = min
y1≤x1+w1


−rC · (x1 − y1)+ + c1(r) · (1 + δ)(y1 − x1)+

+L(y1, ξ1) + δ · E[V2(y1 ∨ x1 − ξ1,w1 − (y1 − x1)+)]


x2 = y1 ∨ x1 − ξ1

w2 = w1 − (y1 − x1)+, w1 = W

The optimal policy for V2 is the myopic policy. Once the cash decision y1

is made as well as the random shock ξ1 is realized in period 1, we can rewrite

the expression for V2(x2,w2) by substituting the expression for x2, w2. The value

function V2 in period 2 is a function of (y1, ξ1), written as V2(y1, ξ1). Hence EV2 is

a function of y1, written as EV2(y1).

We further plug in the choice of y2 according to the optimal policy (myopic

policy in this case) in period 2 and we can have the expression for V2(y1, ξ1) as the

following. (We intentionally leave out EV3 for simplicity since it does not impact

the decisions for period 1 and 2.) For x2 ≤ y
2
−w2, i.e., ξ1 ≥ x1 +w1−y

2
, the optimal

y2 = x1 + w1 − ξ1 and we have V2 = c2(r) · (x1 + w1 − y1 ∨ x1) + L(x1 + w1 − ξ1, ξ2); for

y
2
−w2 < x2 ≤ y

2
, i.e., y1∨ x1−y

2
≤ ξ1 < x1 +w1−y

2
, the optimal y2 = y

2
and we have

V2 = c2(r)·(y
2
−y1∨x1+ξ1)+L(y

2
, ξ2); for y

2
< x2 ≤ y, i.e., y1∨x1−y∗1 ≤ ξ1 < y1∨x1−y

2
,

the optimal y2 = x2 = y1∨ x1− ξ1 and we have V2 = L(y1∨ x1− ξ1, ξ2); for x2 > y, i.e.

ξ < y1 ∨ x1 − y, the optimal y2 = y and we have V2 = −rC · (y1 ∨ x1 − y− ξ1) + L(y, ξ2).
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So the expression for EV2(y1) is

EV2(y1) =

∫ ∞

x1+w1−y
2

[
c2(r) · (x1 + w1 − y1 ∨ x1) + L(x1 + w1 − ξ1, ξ2)

]
· f (ξ1)dξ1

+

∫ x1+w1−y
2

y1∨x1−y
2

[
c2(r) · (y

2
− y1 ∨ x1 + ξ1) + L(y

2
, ξ2)

]
· f (ξ1)dξ1

+

∫ y1∨x1−y
2

y1∨x1−y
L(y1 ∨ x1 − ξ1, ξ2) · f (ξ1)dξ1

+

∫ y1∨x1−y

−∞

[
−rC · (y1 ∨ x1 − y − ξ1) + L(y, ξ2)

]
· f (ξ1)dξ1

Thus, Problem for V1 incorporating the optimal decision in period 2 becomes

V1(x1,w1) = min
y1≤x1+w1



−rC · (x1 − y1)+ + r · (1 + δ)(y1 − x1)+ + L(y1, ξ1)

+δ · {
∫ ∞

x1+w1−y
2

[
c2(r) · (x1 + w1 − y1 ∨ x1) + L(x1 + w1 − ξ1, ξ2)

]
· f (ξ1)dξ1}

+δ · {
∫ x1+w1−y

2
y1∨x1−y

2

[
c2(r) · (y

2
− y1 ∨ x1 + ξ1) + L(y

2
, ξ2)

]
· f (ξ1)dξ1}

+δ · {
∫ y1∨x1−y

2
y1∨x1−y L(y1 ∨ x1 − ξ1, ξ2) · f (ξ1)dξ1}

+δ · {
∫ y1∨x1−y

−∞

[
−rC · (y1 ∨ x1 − y − ξ1) + L(y, ξ2)

]
· f (ξ1)dξ1}


Let G1(x1,w1, y1) be the NPV of cost when choosing cash level y1 in period 1

and optimizing choice in period 2. Since x1 and w1 are constants given. G1 is a

function of y1. We can write G1(y1) (short for G1(x1,w1, y1)) as G1(y1) = −rC · (x1 −

y1)+ + c1(r) · (y1 − x1)+ + L(y1, ξ1) + δ · EV2(y1). We want to investigate when G1(y1)
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is minimized by choosing y1. For the case y1 > x1,

dEV2(y1)
dy1

=

∫ ∞

x1+w1−y
2

(−c2(r)) · f (ξ1)dξ1

+

∫ x1+w1−y
2

y1−y
2

(−c2(r)) · f (ξ1)dξ1 − L(y
2
, ξ2) · f (y1 − y

2
)

+

∫ y1−y
2

y1−y

[
−rS · Pr(y1 − ξ1 < ξ2)

]
· f (ξ1)dξ1

+ L(y
2
, ξ2) · f (y1 − y

2
) − L(y, ξ2) · f (y1 − y)

+

∫ y1−y

−∞

(−rC) · f (ξ1)dξ1 + L(y, ξ2) · f (y1 − y)

=

∫ ∞

y1−y
2

(−c2(r)) · f (ξ1)dξ1

+

∫ y1−y
2

y1−y

[
−rS · (1 − F(y1 − ξ1))

]
· f (ξ1)dξ1

+

∫ y1−y

−∞

(−rC) · f (ξ1)dξ1

=

∫ ∞

y1−y
2

(−c2(r)) · f (ξ1)dξ1 +

∫ y1−y
2

y1−y
(−rS ) · f (ξ1)dξ1

+

∫ y1−y
2

y1−y
(rS ) · F(y1 − ξ1) · f (ξ1)dξ1 +

∫ y1−y

−∞

(−rC) · f (ξ1)dξ1

=(−c2(r)) · [1 − F(y1 − y
2
)] + (−rS ) · [F(y1 − y

2
) − F(y1 − y)]

+ (−rC) · F(y1 − y) + rS ·

∫ y1−y
2

y1−y
F(y1 − ξ1) · f (ξ1)dξ1

= − c2(r) + (r − rS ) · F(y1 − y
2
) + (rS − rC) · F(y1 − y)

+ rS ·

∫ y1−y
2

y1−y
F(y1 − ξ1) · dF(ξ1)

= − c2(r) + (r − rS ) · F(y1 − y
2
) + (rS − rC) · F(y1 − y)

+ rS · [F(y
2
) · F(y − y

2
) − F(y) · F(y1 − y)]

− rS ·

∫ y1−y
2

y1−y
F(ξ1)dF(y1 − ξ1)

= − c2(r) + rS ·

∫ y

y
2

F(y1 − t) · f (t)dt

The last step holds because we have F(y
2
) =

rS−c2(r)
rS

, F(y) = rS−rC
rS

. Moreover, we
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are replacing y1 − ξ1 with t in the last step. Hence we have for y1 ∈ [x1, x1 + w1]

dEV2(y1 − ξ1, x1 + w1 − y1)
dy1

= −c2(r) + rS ·

∫ y

y
2

F(y1 − t) · f (t)dt (B.1)

More generally, for any random variable ξ̃ with cdf F̃(·), we have

dEV2(y1 − ξ̃, x1 + w1 − y1)
dy1

= −c2(r) + rS ·

∫ y

y
2

F̃(y1 − t) · f (t)dt (B.2)

Thus, take derivative of G1(y1) with respect to y1, we have

dG1(y1)
dy1

=c1(r) − rS · Pr(y1 < ξ1) + δ ·
dEV2(y1)

dy1

=c1(r) − rS · (1 − F(y1)) + δ ·
dEV2(y1)

dy1

=c1(r) − δ · c2(r) − rS + rS · F(y1) + δ · rS ·

∫ y

y
2

F(y1 − t) · f (t)dt

To understand the convexity of G1(y1) with respect to y1, we need to know

the convexity of EV2(y1) because the the rest part is already convex in y1. Take

the second derivative of EV2(y1) with respect to y1, we easily have d2EV2(y1)
dy2

1
=

rS ·
∫ y

y
2

f (y1 − t) · f (t)dt ≥ 0. Thus EV2(y1) is convex in y1.

For G1, we then have

d2G1

dy2
1

= rS · f (y1) +
rS

1 + rC
·

∫ y

y
2

f (y1 − t) · f (t)dt ≥ 0

and G1 is proved to be convex in y1.

Now we turn back to calculate the optimal y1 (denote as y∗
1
) that sets dG1

dy1
= 0.

We have the expression for dG1
dy1

as the following:

dG1

dy1
= c1(r) − δ · c2(r) − rS + rS · F(y1) + δ · rS ·

∫ y

y
2

F(y1 − t) · f (t)dt

Since we have F(y
2
) =

rS−c2(r)
rS

, F(y) = rS−rC
rS

, and F(y1 − t) ∈ [0, 1]. We have 0 ≤

rS ·
∫ y

y
2

F(y1 − t) · f (t)dt ≤ c2(r) − rC. We have two bounds for dG1
dy1

:

c1(r)− δ · c2(r)− rS + rS ·F(y1) ≤
dG1

dy1
≤ c1(r)− δ · c2(r)− rS + rS ·F(y1) + δ · (c2(r)− rC)
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Assume y∗
1

is the value of y1 that sets the derivative dG1
dy1

to be zero. By valueing

at y1 = y∗
1
, we have

c1(r)−δ·c2(r)−rS +rS ·F(y∗
1
) ≤

dG1

dy1
|y1=y∗

1
= 0 ≤ c1(r)−δ·c2(r)−rS +rS ·F(y∗

1
)+δ·(c2(r)−rC)

which results in a range for y∗
1

(also as L1)

Lm
1 < F−1(

rS − c1(r) + δ · rC

rS
) ≤ L1 ≤ F−1(

rS − (c1(r) − δ · c2(r))
rS

) > L2 = F−1(
rS − c2(r)

rS
)

Thus, the optimal policy for period one is also a modified (Ln,Un) policy with

upper bound y (denoted as U), lower bound y∗
1

(denoted as L1) and the capacity

w1 = W.

B.2.2 Multi Period Problem

For the two period problem, we have proved the optimal policy in the first pe-

riod to be a modified (Ln,Un) cash policy. Now we want to generalize it to the

multi-period case. For each period, the decision problem can be formulated as

a simplified Problem. Let cn(r) = r · 1−δN−n+1

1−δ , and we have cN(r) = r. We define

Gn(yn, xn,wn) = − rC · (xn − yn)+ + cn(r) · (yn − xn)+ + L(yn, ξn)

+ δ · E[Vn+1(yn ∨ xn − ξn,wn − (yn − xn)+)] (B.3)

Thus for n = 1, · · · ,N, the simplified Problem becomes (B.4)

Vn(xn,wn) = min
yn≤xn+wn

{Gn(yn, xn,wn)} (B.4)

In the nth period problem, we can follow the same logic in the two-period

problem to obtain that the “U” bound is still F−1( rS−rC
rS

). Now we will look at the

“L” bound and focus on yn ∈ [xn, xn + wn]. We want to show that Gn(yn) (short for
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Gn(yn, xn,wn)) is convex in yn ∈ [xn, xn +wn] given any pair of (xn,wn). The first part

of Gn −rC · (xn−yn)+ +cn(r) · (yn− xn)+ + L(yn, ξn) is convex in yn, and we only need to

know the convexity of E[Vn+1(xn+1,wn+1)] = E[Vn+1(yn∨ xn−ξn,wn−(yn− xn)+)] in yn.

In the two-period problem, we have proved that E[V2(y1∨ x1− ξ1,w1− (y1− x1)+)]

is convex in y1 ∈ [x1, x1 + w1] given any (x1,w1).

Now we assume that for period n+1, E[Vn+1(yn∨xn−ξn,wn−(yn−xn)+] is convex

in yn ∈ [xn, xn + wn] given any (xn,wn). This is true for n + 1 = N, i.e., n = N − 1.

Then the optimal cash policy in period n is the modified (Ln,Un) policy structure

with upper bound y, lower bound y∗
n

and the capacity wn. This is derived from

the convexity of Gn. We want to show that this condition holds for period n as

well, which will guarantee the modified (Ln,Un) policy structure in period n− 1,

so the induction could continue backward. This condition for period n is that

E[Vn(yn−1 ∨ xn−1 − ξn−1,wn−1 − (yn−1 − xn−1)+] is convex in yn−1 ∈ [xn−1, xn−1 + wn−1]

given any (xn−1,wn−1).

We can write the expression of EVn(yn−1 ∨ xn−1 − ξn−1,wn−1 − (yn−1 − xn−1)+) for

yn−1 ∈ [xn−1, xn−1 + wn−1] as the following:

EVn(yn−1 − ξn−1, xn−1 + wn−1 − yn−1) (B.5)

=

∫ ∞

xn−1+wn−1−y∗
n

[cn(r) · (xn−1 + wn−1 − yn−1) + L(xn−1 + wn−1 − ξn−1, ξn)

+ δ · EVn+1(xn−1 + wn−1 − ξn−1 − ξn, 0)] · f (ξn−1)dξn−1

+

∫ xn−1+wn−1−y∗
n

yn−1−y∗
n

[cn(r) · (y∗
n
− yn−1 + ξn−1) + L(y∗

n
, ξn)

+ δ · EVn+1(y∗
n
− ξn,wn−1 − y∗

n
+ xn−1 − ξn−1)] · f (ξn−1)dξn−1

+

∫ yn−1−y∗
n

yn−1−y
[L(yn−1 − ξn−1, ξn) + δ · EVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)] · f (ξn−1)dξn−1

+

∫ yn−1−y

−∞

[
−rC · (yn−1 − y − ξn−1) + L(y, ξn) + δ · EVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)

]
· f (ξn−1)dξn−1
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For the simplicity in notation, we use Vn(yn−1) as the short form for Vn(yn−1 −

ξn−1, xn−1 + wn−1 − yn−1) in the following. Given the different initial cash level

xn = yn−1−ξn−1 (equivalently as different random shock ξn−1 since xn−1 is given) at

the beginning of period n, we can employ the optimal cash policy in period n to

value Vn(yn−1 − ξn−1, xn−1 + wn−1 − yn−1). For xn ≤ y∗
n
−wn, i.e., yn−1 − ξn−1 ≤ y∗

n
− (xn−1 +

wn−1 − yn−1) ⇔ ξn−1 ≥ xn−1 + wn−1 − y∗
n
, we have Vn(yn−1 − ξn−1, xn−1 + wn−1 − yn−1) =

Gn(xn + wn); for y∗
n
− wn < xn ≤ y∗

n
, i.e., y∗

n
− (xn−1 + wn−1 − yn−1) < yn−1 − ξn−1 ≤ y∗

n
⇔

yn−1 − y∗
n
≤ ξn−1 < xn−1 + wn−1 − y∗

n
, we have Vn(yn−1 − ξn−1, xn−1 + wn−1 − yn−1) = Gn(y∗

n
);

for y∗
n
< xn ≤ y, i.e., y∗

n
< yn−1 − ξn−1 ≤ y ⇔ yn−1 − y ≤ ξn−1 < yn−1 − y∗

n
, we have

Vn(yn−1 − ξn−1, xn−1 + wn−1 − yn−1) = Gn(xn); for xn > y, i.e., yn−1 − ξn−1 > y ⇔ ξn−1 <

yn−1−y, we have Vn(yn−1−ξn−1, xn−1 +wn−1−yn−1) = Gn(y). The expression for Vn(yn)

depending on ξn−1 can be summarized as the following:

Vn(yn−1) =



Gn(xn + wn) if ξn−1 > xn−1 + wn−1 − y∗
n

Gn(y∗
n
) if yn−1 − y∗

n
< ξn−1 ≤ xn−1 + wn−1 − y∗

n

Gn(x) if yn−1 − y < ξn−1 ≤ yn−1 − y∗
n

Gn(y) if ξn−1 ≤ yn−1 − y

For future convenience, we denote the four pieces of Vn(yn−1) as V1
n , V2

n , V3
n ,

V4
n (for given xn−1,wn−1, ξn−1), corresponding to Gn(xn + wn), Gn(y∗

n
), Gn(x), Gn(y)

respectively. The detailed expressions are:

V1
n (yn−1) = cn(r) · (xn−1 + wn−1 − yn−1) + L(xn−1 + wn−1 − ξn−1, ξn) + δ · EVn+1(xn−1 + wn−1 − ξn−1 − ξn, 0)

V2
n (yn−1) = cn(r) · (y∗

n
− yn−1 + ξn−1) + L(y∗

n
, ξn) + δ · EVn+1(y∗

n
− ξn,wn−1 − y∗

n
+ xn−1 − ξn−1)

V3
n (yn−1) = L(yn−1 − ξn−1, ξn) + δ · EVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)

V4
n (yn−1) = −rC · (yn−1 − y − ξn−1) + L(y, ξn) + δ · EVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)

We will show that for each specific ξn−1, Vn(yn−1−ξn−1, xn−1+wn−1−yn−1) is convex in

yn−1 ∈ [xn−1, xn−1+wn−1]. For a given ξn−1, Vn(yn−1−ξn−1, xn−1+wn−1−yn−1) is a function
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xn−1 − y xn−1 − y∗
n

xn−1 + wn−1 − y xn−1 + wn−1 − y∗
n

Region 1 Region 2 Region 3 Region 4 Region 5

Figure B.1: Critical Points of ξn−1 in Scenario (A)

xn−1 − y xn−1 + wn−1 − y xn−1 − y∗
n

xn−1 + wn−1 − y∗
n

Region 1 Region 2 Region 3 Region 4 Region 5

Figure B.2: Critical Points of ξn−1 in Scenario (B)

in yn−1 and it may be piecewise, i.e., for different range of ξn−1, Vn(yn−1) can be in

different forms. Depending on the order of xn−1 − y∗
n

and xn−1 + wn−1 − y, we have

two scenarios: (A) xn−1 − y∗
n
< xn−1 + wn−1 − y, i.e., wn−1 > y− y∗

n
; (B)xn−1 + wn−1 − y <

xn−1 − y∗
n
, i.e., wn−1 < y − y∗

n
.

In scenario (A) and (B), the form of Vn(yn−1) changes in the value of ξn−1 with

the following critical points:

In Scenario (A), the form of Vn(yn−1) is then

Vn(yn−1) =



V4
n (yn−1) if ξn−1 ≤ xn−1 − y
V3

n (yn−1) for yn−1 ∈ [xn−1, y + ξn−1]

V4
n (yn−1) for yn−1 ∈ (y + ξn−1, xn−1 + wn−1]

if xn−1 − y < ξn−1 ≤ xn−1 − y∗
n

V2
n (yn−1) for yn−1 ∈ [xn−1, y∗n + ξn−1]

V3
n (yn−1) for yn−1 ∈ (y∗

n
+ ξn−1, y + ξn−1]

V4
n (yn−1) for yn−1 ∈ (y + ξn−1, xn−1 + wn−1]

if xn−1 − y∗
n
< ξn−1 ≤ xn−1 + wn−1 − y


V2

n (yn−1) for yn−1 ∈ [xn−1, y∗n + ξn−1]

V3
n (yn−1) for yn−1 ∈ (y∗

n
+ ξn−1, xn−1 + wn−1]

if xn−1 + wn−1 − y < ξn−1 ≤ xn−1 + wn−1 − y∗
n

V1
n (yn−1) if ξn−1 > xn−1 + wn−1 − y∗

n
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In Scenario (B), the form of Vn(yn−1) is then

Vn(yn−1) =



V4
n (yn−1) if ξn−1 ≤ xn−1 − y
V3

n (yn−1) for yn−1 ∈ [xn−1, y + ξn−1]

V4
n (yn−1) for yn−1 ∈ (y + ξn−1, xn−1 + wn−1]

if xn−1 − y < ξn−1 ≤ xn−1 + wn−1 − y

V3
n (yn−1) if xn−1 + wn−1 − y < ξn−1 ≤ xn−1 − y∗

n
V2

n (yn−1) for yn−1 ∈ [xn−1, y∗n + ξn−1]

V3
n (yn−1) for yn−1 ∈ (y∗

n
+ ξn−1, xn−1 + wn−1]

if xn−1 − y∗
n
< ξn−1 ≤ xn−1 + wn−1 − y∗

n

V1
n (yn−1) if ξn−1 > xn−1 + wn−1 − y∗

n

To prove that for each ξn−1 in each scenario, Vn(yn−1) is convex in yn−1 ∈

[xn−1, xn−1 + wn−1], we need to show that V1
n , V2

n , V3
n , V4

n are convex; we also need

to show that in the kinky point of Vn(yn−1), dV1
n (yn−1)
dyn−1

≤
dV2

n (yn−1)
dyn−1

≤
dV3

n (yn−1)
dyn−1

≤
dV4

n (yn−1)
dyn−1

.

Obviously, dV1
n (yn−1)
dyn−1

=
dV2

n (yn−1)
dyn−1

= −cn(r), and V1
n , V2

n are both convex. For V3
n , V4

n , we

have EVn+1(yn−1−ξn−1−ξn,wn−1 + xn−1−yn−1) to be convex in yn−1 ∈ [xn−1, xn−1 +wn−1].

This is because when redefining new random shock as (ξn−1 + ξn), we can use the

assumption that E[Vn+1(yn ∨ xn − ξn,wn − (yn − xn)+] is convex in yn ∈ [xn, xn + wn]

given any (xn,wn). and this assumption holds in the last period regardless of

the distribution of random shock ξn (and the induction backward will also not

depend on the distribution of ξn−1). Hence, V3
n and V4

n are convex in yn−1. For

V3
n , since V3

n (yn−1) = Gn(xn), i.e., the optimal cash decision is to keep the original

case, we must have Gn(yn)
dyn
≥ 0 for yn ∈ [xn, xn + wn]. To compare the difference in

dV3
n (yn−1)
dyn−1

and Gn(yn)
dyn

, we have dV3
n (yn−1)
dyn−1

= −cn(r)+
Gn(yn)

dyn
, so dV3

n (yn−1)
dyn−1

≥ −cn(r) =
dV2

n (yn−1)
dyn−1

. Fi-

nally, we need to compare dV3
n (yn−1)
dyn−1

and dV4
n (yn−1)
dyn−1

, which is equivalent as comparing
dL(yn−1−ξn−1,ξn)

dyn−1
and −rC. Since dL(yn−1−ξn−1,ξn)

dyn−1
= −rS + rS ·F(yn−1 − ξn−1) and ξn−1 > yn−1 − y

for V3
n , we have dL(yn−1−ξn−1,ξn)

dyn−1
< −rS + rS · F(y) = −rC. Thus, dV3

n (yn−1)
dyn−1

≤
dV4

n (yn−1)
dyn−1

is also

proved.
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Now we have for each ξn−1 in each scenario, Vn(yn−1 − ξn−1, xn−1 + wn−1 − yn−1) is

convex in yn−1 ∈ [xn−1, xn−1 + wn−1] given any pair of (xn−1,wn−1). Thus EVn(yn−1 −

ξn−1, xn−1 + wn−1 − yn−1) is convex in yn−1 ∈ [xn−1, xn−1 + wn−1] given any pair of

(xn−1,wn−1), induction is completed. So we have Gn(yn) to be convex in yn for

any general n, and the optimal cash policy in each period is a modified (Ln,Un)

policy.

To further prove that (Ln,Un) does not depend on wn. It is obvious that,

Un = U does not depend on wn. Now we need to show that Un does not depend

on wn as well. For the “L” bound, it is determined by the FOC of the following

(for yn > xn):

dGn(yn)
dyn

=cn(r) − rS · Pr(yn < ξn) + δ ·
dEVn+1(yn − ξn, xn + wn − yn)

dyn

=cn(r) − rS + rS · F(yn) + δ ·
dEVn+1(yn − ξn, xn + wn − yn)

dyn
(B.6)

Starting from (B.5), we can look at the the derivative of EVn+1(yn − ξn, xn + wn − yn)

with respect to yn for yn > xn. We have

dEVn+1(yn − ξn, xn + wn − yn)
dyn

(B.7)

=

∫ ∞

xn+wn−y∗
n+1

[−cn+1(r)] · f (ξn)dξn +

∫ xn+wn−y∗
n+1

yn−y∗
n+1

[−cn+1(r)] · f (ξn)dξn

+

∫ yn−y∗
n+1

yn−y

[
dL(yn − ξn, ξn+1)

dyn
+ δ ·

dEVn+2(yn − ξn − ξn+1,wn + xn − yn)
dyn

]
· f (ξn)dξn

+

∫ yn−y

−∞

[
−rC + δ ·

dEVn+2(yn − ξn − ξn+1,wn + xn − yn)
dyn

]
· f (ξn)dξn
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Similarly, for any random variable ξ̃, we have

dEVn+1(yn − ξ̃, xn + wn − yn)
dyn

(B.8)

=

∫ ∞

xn+wn−y∗
n+1

[−cn+1(r)] · f (ξ̃)dξ̃ +

∫ xn+wn−y∗
n+1

yn−y∗
n+1

[−cn+1(r)] · f (ξ̃)dξ̃

+

∫ yn−y∗
n+1

yn−y

[
dL(yn − ξ̃, ξn+1)

dyn
+ δ ·

dEVn+2(yn − ξ̃ − ξn+1,wn + xn − yn)
dyn

]
· f (ξ̃)dξ̃

+

∫ yn−y

−∞

[
−rC + δ ·

dEVn+2(yn − ξ̃ − ξn+1,wn + xn − yn)
dyn

]
· f (ξ̃)dξ̃

We know from (B.2) that dEV2(y1−ξ̃,x1+w1−y1)
dy1

= −r + rS ·
∫ y

y
2

F̃(y1 − t) · f (t)dt (y1 >

x1) does not depend on w1 for any random variable ξ̃. Now we do backward

induction in (B.8). Assume dEVn+2(yn−ξ̃,wn+xn−yn)
dyn

(yn > xn) does not depend on wn

for any random variable ξ̃, then dEVn+2(yn−ξ̃−ξn+1,wn+xn−yn)
dyn

does not depend on wn for

each value of ξ̃ ∈ (−∞, yn − y], where ξn+1 ∼ F(·). Hence, dEVn+1(yn−ξ̃,xn+wn−yn)
dyn

(yn > xn)

does not depend on wn for any random variable ξ̃. Specifically, dEVn+1(yn−ξn,xn+wn−yn)
dyn

(yn > xn) does not depend on wn. Because Ln is determined by the FOC of (B.6)

(yn > xn), we then conclude that Ln does not depend on wn. Thus, the optimal

cash policy is a modified (Ln,Un) policy. Proof is done.

B.3 Proof of Proposition 3

We want to show how the modified (Ln,Un) policy changes over time, i.e., how

the “L” (borrow-up-to) bound and the “U” (invest-down-to) bound changes

with n. In the proof of two-period problem, we have shown that the “U” bound

is y = F−1( rS−rC
rS

) and it does not change with n. For the “L” bound, it is deter-

mined by (B.6). In the two period problem, we have shown L1 ≥ F−1( rS−c1(r)+δ·rC
rS

)

and L2 = F−1( rS−c2(r)
rS

). One sufficient condition for L1 ≥ L2 is −c1(r) + δ · rC ≥ c2(r),
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which translates into rC ≥
1

1+(r+1/r) or r ≤
(1−rC)−

√
1−2rC−3r2

C
2rC

. For the existence of
(1−rC)−

√
1−2rC−3r2

C
2rC

, we need rC <
1
3 and it is generally true since rC is the market risk

free rate.

We want to show that dGn−1(y)
dy ≤

dGn(y)
dy holds for all n while holding the ini-

tial state (x,w) to be same for period n − 1 and n under the condition of r ≤
(1−rC)−

√
1−2rC−3r2

C
2rC

. One sufficient condition for dGn−1(y)
dy ≤

dGn(y)
dy to be true is dEVn(y)

dy ≤

dEVn+1(y)
dy − δ−1 · (cn−1(r) − cn(r)). We have this to be true in the two-period problem

as specified by the condition. The resulting “L” bound in the two-period prob-

lem is L1 ≥ L2 (y∗
1
≤ y

2
in the two-period problem proof). So we assume that

dEVn+1(y)
dy ≤

dEVn+2(y)
dy − δ−1 · (cn(r) − cn+1(r)) is true and thus Ln ≥ Ln+1 (i.e., y∗

n
≤ y∗

n+1
),

we want to induce backward to see if dEVn(y)
dy ≤

dEVn+1(y)
dy −δ−1 · (cn−1(r)− cn(r)) holds.

Starting from (B.7), we look at the the derivative of EVn(yn−1−ξn−1, xn−1+wn−1−yn−1)

with respect to yn−1. We have

dEVn(yn−1 − ξn−1, xn−1 + wn−1 − yn−1)
dyn−1

=

∫ ∞

xn−1+wn−1−Ln

[−cn(r)] · f (ξn−1)dξn−1 +

∫ xn−1+wn−1−Ln

yn−1−Ln

[−cn(r)] · f (ξn−1)dξn−1

+

∫ yn−1−Ln

yn−1−U

[
dL(yn−1 − ξn−1, ξn)

dyn−1
+ δ ·

dEVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)
dyn−1

]
· f (ξn−1)dξn−1

+

∫ yn−1−U

−∞

[
−rC + δ ·

dEVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)
dyn−1

]
· f (ξn−1)dξn−1

≤

∫ ∞

xn−1+wn−1−Ln+1

[−cn(r)] · f (ξn−1)dξn−1 +

∫ xn−1+wn−1−Ln+1

yn−1−Ln+1

[−cn(r)] · f (ξn−1)dξn−1

+

∫ yn−1−Ln+1

yn−1−U

[
dL(yn−1 − ξn−1, ξn)

dyn−1
+ δ ·

dEVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)
dyn−1

]
· f (ξn−1)dξn−1

+

∫ yn−1−U

−∞

[
−rC + δ ·

dEVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)
dyn−1

]
· f (ξn−1)dξn−1

≤

∫ ∞

xn−1+wn−1−Ln+1

[−cn+1(r) − (cn(r) − cn+1(r))] · f (ξn−1)dξn−1 +

∫ xn−1+wn−1−Ln+1

yn−1−Ln+1

[−cn+1(r) − (cn(r) − cn+1(r))] · f (ξn−1)dξn−1

+

∫ yn−1−Ln+1

yn−1−U

[
dL(yn−1 − ξn−1, ξn)

dyn−1
+ δ ·

(
dEVn+2(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)

dyn−1
− δ−1 · (cn(r) − cn+1(r))

)]
· f (ξn−1)dξn−1

+

∫ yn−1−U

−∞

[
−rC + δ ·

(
dEVn+2(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)

dyn−1
− δ−1 · (cn(r) − cn+1(r))

)]
· f (ξn−1)dξn−1

=
dEVn+1(yn−1 − ξn−1, xn−1 + wn−1 − yn−1)

dyn−1
− (cn(r) − cn+1(r))

≤
dEVn+1(yn−1 − ξn−1, xn−1 + wn−1 − yn−1)

dyn−1
− δ−1 · (cn−1(r) − cn(r)).

The first inequality follows the fact that dL(yn−1−ξn−1,ξn)
dyn−1

+δ·dEVn+1(yn−1−ξn−1−ξn,wn−1+xn−1−yn−1)
dyn−1

≥

−cn(r) and Ln ≥ Ln+1. The second inequality follows the inductiona assumption.
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The last inequality holds because cn(r)− cn+1(r) ≥ δ−1 · (cn−1(r)− cn(r)). So we have

proved that Ln ≥ Ln+1 (y∗
n
≤ y∗

n+1
) for all n, meaning that the borrow-up-to bound

decreases with time given r ≤
(1−rC)−

√
1−2rC−3r2

C
2rC

.

Further, EVn(yn−1 − ξn−1, xn−1 + wn−1 − yn−1) can be decomposed into two parts:

EVn(yn−1 − ξn−1, xn−1 + wn−1 − yn−1)

=

{∫ ∞

xn−1+wn−1−y∗
n

[
cn(r) · (xn−1 + wn−1 − yn−1) + L(xn−1 + wn−1 − ξn−1, ξn)

]
· f (ξn−1)dξn−1

+

∫ xn−1+wn−1−y∗
n

yn−1−y∗
n

[
cn(r) · (y∗

n
− yn−1 + ξn−1) + L(y∗

n
, ξn)

]
· f (ξn−1)dξn−1

+

∫ yn−1−y∗
n

yn−1−y
[L(yn−1 − ξn−1, ξn)] · f (ξn−1)dξn−1

+

∫ yn−1−y

−∞

[
−rC · (yn−1 − y − ξn−1) + L(y, ξn)

]
· f (ξn−1)dξn−1

}
+ δ ·

{∫ ∞

xn−1+wn−1−y∗
n

[
EVn+1(xn−1 + wn−1 − ξn−1 − ξn, 0)

]
· f (ξn−1)dξn−1

+

∫ xn−1+wn−1−y∗
n

yn−1−y∗
n

[
EVn+1(y∗

n
− ξn,wn−1 − y∗

n
+ xn−1 − ξn−1)

]
· f (ξn−1)dξn−1

+

∫ yn−1−y∗
n

yn−1−y
[EVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)] · f (ξn−1)dξn−1

+

∫ yn−1−y

−∞

[
EVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)

]
· f (ξn−1)dξn−1

}
Let

EV̂n(yn−1)

=

∫ ∞

xn−1+wn−1−y∗
n

[
cn(r) · (xn−1 + wn−1 − yn−1) + L(xn−1 + wn−1 − ξn−1, ξn)

]
· f (ξn−1)dξn−1

+

∫ xn−1+wn−1−y∗
n

yn−1−y∗
n

[
cn(r) · (y∗

n
− yn−1 + ξn−1) + L(y∗

n
, ξn)

]
· f (ξn−1)dξn−1

+

∫ yn−1−y∗
n

yn−1−y
[L(yn−1 − ξn−1, ξn)] · f (ξn−1)dξn−1

+

∫ yn−1−y

−∞

[
−rC · (yn−1 − y − ξn−1) + L(y, ξn)

]
· f (ξn−1)dξn−1
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and

EṼn(yn−1)

=

∫ ∞

xn−1+wn−1−y∗
n

[
EVn+1(xn−1 + wn−1 − ξn−1 − ξn, 0)

]
· f (ξn−1)dξn−1

+

∫ xn−1+wn−1−y∗
n

yn−1−y∗
n

[
EVn+1(y∗

n
− ξn,wn−1 − y∗

n
+ xn−1 − ξn−1)

]
· f (ξn−1)dξn−1

+

∫ yn−1−y∗
n

yn−1−y
[EVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)] · f (ξn−1)dξn−1

+

∫ yn−1−y

−∞

[
EVn+1(yn−1 − ξn−1 − ξn,wn−1 + xn−1 − yn−1)

]
· f (ξn−1)dξn−1

To prove that Ln ≥ Lm
n .

We already have EVn(yn−1 − ξn−1, xn−1 + wn−1 − yn−1) = EV̂n(yn−1) + δ · EṼn(yn−1).

We have dEV̂n(yn−1)
dyn−1

= −cn(r) + rS ·
∫ y

y∗
n

F(yn−1 − t) · f (t)dt using the same logic in

two-period problem and

dEV̂n(yn−1)
dyn−1

= −cn(r) + rS ·

∫ y

y∗
n

F(yn−1 − t) · f (t)dt

≤ −cn(r) + rS ·

∫ y

y
n

F(yn−1 − t) · f (t)dt

≤ −cn(r) + rS ·
[
F(y) − F(y

n
)
]

≤ −rC < 0

Here y
n

is the myopic bound Lm
n , and we have y∗

n
≥ y

n
by induction for the first

step to hold.

In addition, we have dEṼn(yn−1)
dyn−1

≤ 0, because the expression of dEṼn(yn−1)
dyn−1

is as the
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following:

dEṼn(yn−1)
dyn−1

= − [EVn+1(y∗
n
− ξn, xn−1 + wn−1 − yn−1)] f (yn−1 − y∗

n
)

+ [EVn+1(y∗
n
− ξn, xn−1 + wn−1 − yn−1)] f (yn−1 − y∗

n
)

+

∫ yn−1−y∗
n

−∞

[
dEVn+1(yn−1 − ξn−1 − ξn, xn−1 + wn−1 − yn−1)

dyn−1

]
· f (ξn−1)dξn−1

=

∫ yn−1−y∗
n

−∞

[
dEVn+1(yn−1 − ξn−1 − ξn, xn−1 + wn−1 − yn−1)

dyn−1

]
· f (ξn−1)dξn−1

=

∫ ∞

y∗
n

[
dEVn+1(yn−1 − ξn−1 − ξn, xn−1 + wn−1 − yn−1)

dyn−1

∣∣∣∣
ξn−1=yn−1−t

]
· f (yn−1 − t)dt

The last step is arrived by using t = yn−1 − ξn−1. Because y∗
n
≥ F−1( rS−cn(r)

rS
) =

Lm
n (true for last period and can be induced backward), dEV̂n(yn−1)

dyn−1
≤ −rC. So we

have dEV̂n(yn−1)
dyn−1

+
dEṼn(yn−1)

dyn−1
≤ 0, resulting in y∗

n−1
≥ F−1( rS−cn−1(r)+δ·rC

rS
) ≥ F−1( rS−cn−1(r)

rS
).

(Induction completed, similar lower bound of y∗
n

achieved as the two-period

problem.)

Above all, we have proved that Ln ≤ Ln+1 and Ln ≥ F−1( rS−cn(r)
rS

). Also, from

the expression of dEV̂n(yn−1)
dyn−1

and dEṼn(yn−1)
dyn−1

, we can see they are not related with {wn},

thus the “L” bound is not impacted by {wn} and the current capacity wn which

modifies the (Ln,Un) policy is determined by the current outstanding account

receivables.

B.4 Proof of Proposition 4

Define

Gn(y) = −rC · (xn − y) + L(y, ξn) (B.9)

Hn(y) = rS · (y − xn) + L(y, ξn) (B.10)
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Both Gn and Hn are convex in y. The derivative of Gn(y) and Hn(y) with respect

to y is as below:

G′n(y) = rC − rS · Eδ(ξn − y)

= rC − rS · Pr(ξn > y)

= rC − rS + rS · Pr(ξn < y)

H′n(y) = rS · Pr(ξn < y) > 0

So Gn(y) is minimized at y∗ = F−1( rS−rC
rS

), i.e., U0 = F−1( rS−rC
rS

). Proof is done.

B.5 Proof of Proposition 5

The Um
n bound is the same as U0 for all n following the same logic in the no RF

case. For the Lm
n , consider the cost function in the current period Kn(y) when

xn ≤ y ≤ xn + wn:

Kn(y) = cn(r) · (y − xn) + L(y, ξn) (B.11)

The derivative of Kn(y) with respect to y is

K′n(y) = cn(r) − rS · Eδ(ξn − y)

= cn(r) − rS + rS · Pr(ξn < y)

So Kn(y) is minimized at y∗ = F−1( rS−cn(r)
rS

) if rS > cn(r) and y∗ = −∞ otherwise.

Proof is done.

B.6 Proof of Corollary 1

See Appendix B.2.1.
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