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The ABO3 perovskite oxide system is known to exhibit many technologically

relevant materials properties, including ferroelectricity [16, 105, 38], ferromag-

netism and antiferromagnitism [76, 122, 75], ferroelasticity [148], colossal mag-

netoresistance [135], and ultra-low thermal conductivity [123]. Additionally, the

wide choice of candidates for A and B, and extensive development of success-

ful strain-engineering methods through epitaxial growth, provides a large de-

sign space through which these properties can be enhanced, suppressed, or con-

trolled [169, 171]. In this dissertation, I explore the thermal and elastic proper-

ties of perovskite oxides, primarily ferroelectric PbTiO3, using theory and first-

principles computation.

In Chapter 1, I outline many the basic theoretical definitions techniques used

throughout the text, covering thermal expansion, the theory of phonons, and

density functional theory.

In Chapter 2, I use first-principles theory to show that the ingredients as-

sumed to be essential to the occurrence of negative thermal expansion (NTE) –

rigid unit phonon modes with negative Grüneisen parameters – are neither suf-

ficient nor necessary for a material to undergo volumetric NTE. Instead, I find

that NTE in PbTiO3 involves a delicate interplay between the phonon properties

of a material (Grüneisen parameters) and its anisotropic elasticity. These unique

insights open new avenues in our fundamental understanding of the thermal



properties of materials, and in the search for NTE in new materials classes.

In Chapter 3, I explore thermal expansion behavior further. While it has cer-

tainly been recognized that mismatch in the thermal expansion coefficients of

the bulk and substrate material will contribute to the misfit strain, the signif-

icance of this contribution for ferroelectric perovskite thin-films has not been

systematically explored. I use first-principles density functional theory and

the example of ferroelectric PbTiO3 thin-films on various substrates to show

that ignoring the thermal expansion of the substrate (that is, assuming that the

in-plane lattice parameter of the film remains roughly constant as a function

of temperature) results in ferroelectric transition temperatures and structural

trends that are completely qualitatively different from calculations in which

thermal expansion mismatch is properly taken into account. This work suggests

that the concept of a misfit strain defined as a single number is particularly ill-

defined for PbTiO3 and invites further study of the interplay between thermal

expansion mismatch and structural and functional properties in other thin-film

materials.

In Chapter 4, I build off this work by using the Grüneisen theory of ther-

mal expansion in combination with density functional calculations and the

quasiharmonic approximation to uncover mechanisms of thermal expansion in

PbTiO3 thin-films in terms of elastic and vibrational contributions to the free

energy. Surprisingly, I find that although the structural parameters of PbTiO3

thin-films evolve with temperature as if they are dominated by linear elastic-

ity, PbTiO3 thin-films are strongly anharmonic, with large changes in the elastic

constants and Grüneisen parameters with both misfit strain and temperature. I

show that a fortuitous near-cancellation between different types of anharmonic-

ity gives rise to the behavior. My results illustrate the importance of high-order



phonon-strain anharmonicity in determining the temperature-dependent struc-

tural parameters of PbTiO3 thin-films, and highlight the complex manner in

which thermal expansion, misfit strain and elastic and vibrational properties

are intertwined.

In Chapter 5, I attempt to explore the chemical origins of the materials prop-

erties that play a role in the previous chapters. While DFT can be used to calcu-

late what values these properties take in a given material, it does not tell us the

origins of those properties in terms of chemistry and bonding, the language we

use to both explain the driving physics behind existing materials properties, as

well as to synthesize new materials with desired properties. Even for “routine”

calculations of, for example, elastic properties or vibrational phonon frequen-

cies, translating the quantitative results of a simulation into physical insights or

design rules for enhancing or adjusting those properties remains challenging.

Here, I discuss a new computational technique I have developed to rigorously

relate the elastic, vibrational, and phase behavior of materials to specific chem-

ical bonds in the crystal. The goal of this project is to gain chemical intuition

with respect to controlling macroscale material properties. For example, if each

bond in a crystal could be rigorously and sensibly assigned a portion of the total

bulk modulus, such that the total stiffness of the system could be expressed as

a sum over bonds, then we can understand how each bond is contributing to

the macroscale behavior under hydrostatic stress, as well as develop an under-

standing as to why that compressibility would evolve given changes in struc-

ture, pressure, or through chemical substitution. I have implemented a proof-

of-concept of this method in software, building off of the open-source Quantum

Espresso and Wannier90 projects.

Finally, in Chapter 6, I discuss current directions and future work based to



further explore and build off of the the concepts I have established in this dis-

sertation.
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rameters along the a- and c-axes for tetragonal PbTiO3, SnTiO3

and a hypothetical SnTiO3 structure with the same c/a ratio as
PbTiO3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

ix



LIST OF FIGURES

1.1 Thermal strains in various positive and negative thermal expan-
sion materials. [6, 166, 147, 44, 126, 175, 125, 177, 130, 82] . . . . . 2

2.1 Lattice parameters (a filled circles, c filled squares) as a function
of temperature from first-principles calculations (colored icons)
and from experiment (black and gray icons [177, 31]). . . . . . . . 27

2.2 Unit cell volume as a function of temperature from theory and
experiments. Black and grey correspond to experimental data
from Refs. [177] and [31], respectively. Colored icons represent
computational results with QE using the indicated functionals. . 28

2.3 (a) Phonon dispersion curve for PbTiO3 at 300 K with band thick-
ness proportional to the magnitude of γa

s,k for each mode, and
color corresponding to sign of γa

s,k (red positive, blue negative).
To the right is the sum of γa

s,kcs,k across entire Brillouin zone for
each energy level at 300 K, positive (red) and negative (blue) con-
tributions plotted separately. (b) Same, corresponding to γc

s,k . . 30
2.4 Volume of system with all phonon modes with ω < 100 cm−1 en-

forced to be invariant with strain (blue), volume of system with
all phonon modes with ω > 100 cm−1 enforced to be invariant
with strain (red), volume of original system (black). . . . . . . . 31

2.5 Vibrational component of Helmholtz free energy per unit cell at
various temperatures as calculated with Eq. (2.3). . . . . . . . . . 32

2.6 Representative set of distortions associated with low-frequency
(ω < 100cm−1) phonons for the indicated irreducible representa-
tion of each high symmetry point. Note the absence of RUMs
and dominance of Pb motion. . . . . . . . . . . . . . . . . . . . . . 33

2.7 Low-frequency portion of the phonon dispersion curve for
PbTiO3 at 300 K with color of the band proportional to the com-
ponent of the phonon eigenvector associated with each atom
type. Blue, green and red correspond to contributions from Pb,
Ti and O atoms, respectively. . . . . . . . . . . . . . . . . . . . . . 34

2.8 Evolution of lattice parameters as a function of temperature as
predicted by a quashiharmonic approximation for SnTiO3. . . . . 38

2.9 Evolution of unit cell volume as a function of temperature as
predicted by a quashiharmonic approximation for SnTiO3. . . . . 39

2.10 Evolution of lattice parameters as a function of temperature as
predicted by a quashiharmonic approximation for PbTiO3 with
mass of Pb set to mass of Sn. . . . . . . . . . . . . . . . . . . . . . 40

2.11 Evolution of unit cell volume as a function of temperature as
predicted by a quashiharmonic approximation for PbTiO3 with
mass of Pb set to mass of Sn. . . . . . . . . . . . . . . . . . . . . . 41

x



3.1 Variation in lattice parameters of PbTiO3 thin-films with tem-
perature and substrate compared to bulk PbTiO3 from my first-
principles calculations. Open circles represent data for the a-axis
(experimental data for SrTiO3, DyScO3 and LSAT[20, 44, 27]),
whereas closed squares represent data for the c-axis (predicted
from my QHA calculations for each value of a). . . . . . . . . . . 51

3.2 Variation in thermal expansion coefficients of PbTiO3 thin-films
with temperature and substrate compared to bulk PbTiO3 from
my first-principles calculations. Open circles represent data for
thermal expansion along the a-axis (αa), whereas closed squares
represent data for thermal expansion along the c-axis (αc). For
the PbTiO3 thin-films, the αa values are those of the substrates
and have been extracted from experimental data [20, 44, 27]. All
αc values were calculated for this work using the QHA. . . . . . 52

3.3 Variation in lattice parameters of PbTiO3 thin-films with temper-
ature when the lattice mismatch is held fixed at its 300 K value
(open symbols, εT=300K

a term of Equation 3.2) compared with lat-
tice parameters calculated allowing for thermal expansion of the
substrate (closed symbols, εT=300K

a +ε thermal
a ). Squares denote c-axis

lattice parameters from my QHA calculations, circles denote a-
axis lattice parameters (experimental data[20, 44, 27]). . . . . . . 54

3.4 Variation in ferroelectric transition temperature and c-axis be-
havior of ferroelectric PbTiO3 thin-films as a function of misfit
strain and substrate coefficient of thermal expansion (αa) from
my QHA calculations. The color chart for Tc has white set to the
bulk Tc of 760 K. Blue (red) squares indicate a strain and αa com-
bination that produce films with a lower (higher) Tc than bulk.
Triangles indicate combinations of strain and αa that produce
films in which the c-axis continues to grow with temperature
and Tc is suppressed. All other combinations of strain and αa

produce films in which the c-axis shrinks with temperature and
Tc is finite. Note that the films with the highest transition tem-
peratures may exceed 1600 K or even be completely suppressed.
The letters ‘L’, ‘S’ and ‘D’ denote the strain and αa conditions
corresponding to growth on LSAT, SrTiO3 and DyScO3. . . . . . . 56

3.5 Variation in in-plane misfit strains as a function of temperature
for PbTiO3 thin-films on DyScO3, SrTiO3 and LSAT from my
QHA calculations. . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

xi



3.6 Judicious combinations of initial lattice mismatch (defined at 300
K) and substrate coefficient of thermal expansion (αa) can pro-
duce PbTiO3 thin-films with zero thermal expansion along the
c-axis with temperature. Circles represent data for the a-axis
whereas squares represent data for the c-axis. Black: -1.46% mis-
fit strain (300 K), αa = 1.01×10−5 K−1. Red: -1.21% misfit strain,
αa = 0.85×10−5 K−1. Blue: -0.70% misfit strain, αa = 0.60×10−5 K−1.
Green: -0.18% misfit strain, αa = 0.27×10−5 K−1. . . . . . . . . . . . 58

4.1 Variation in ferroelectric transition temperature and c-axis be-
havior of ferroelectric PbTiO3 thin-films as a function of misfit
strain and substrate coefficient of thermal expansion (αa) from
my first-principles QHA calculations reported in Ref. [161]. The
color chart for Tc has white set to the bulk PbTiO3 transition tem-
perature of 760 K. Blue (red) squares indicate a strain and αa

combination that produces films with a lower (higher) Tc than
bulk. Triangles indicate combinations of strain and αa that pro-
duce films in which the c-axis continues to grow with tempera-
ture and Tc is suppressed. All other combinations of strain and
αa produce films in which the c-axis shrinks with temperature
and Tc is finite. Note that the films with the highest transition
temperatures may exceed 1600 K or even be completely sup-
pressed. The letters ‘L’, ‘S’ and ‘D’ denote the strain and αa con-
ditions corresponding to growth on LSAT, SrTiO3 and DyScO3

substrates. See Ref. [161] for further details. . . . . . . . . . . . . 67
4.2 Comparison between c-axis thermal expansion coefficients (αc)

as a function of temperature for bulk PbTiO3 and a series of
strained films from my QHA calculations for growth on two dif-
ferent substrates with αa = 1.0×10−5 (left) and 2.5×10−5 (right) –
compressive (ε300

a = -0.75%, tensile (ε300
a = +0.75%) and lattice-

matched (ε300
a = 0.00%). The αc data are denoted by closed

squares, whereas the αa data (shown for bulk PbTiO3 only) are
denoted by open black circles. The data for bulk PbTiO3 are iden-
tical in both panels. . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3 Contributions to ∆αc, broken down according to Equation 4.13,
as a function of temperature for compressively strained films.
The misfit strain at 300 K (ε300

a ) is -0.75% while the strain rate is
varied from that of bulk PbTiO3. The linear elasticity contribu-
tion refers to the first term of Equation 4.13, the anharmonic elas-
ticity contribution refers to the second and third terms of Equa-
tion 4.13 (grouped in parentheses), and the anharmonic thermal
stress contribution refers to the fourth term of Equation 4.13. . . 75

xii



4.4 Contributions to ∆αc, broken down according to Equation 4.13,
as a function of temperature for tensile strained films. The mis-
fit strain at 300 K (ε300

a ) is +0.75%, while the strain rate is var-
ied from that of bulk PbTiO3. The linear elasticity contribution
refers to the first term of Equation 4.13, the anharmonic elastic-
ity contribution refers to the second and third terms of Equa-
tion 4.13 (grouped in parentheses), and the anharmonic thermal
stress contribution refers to the fourth term of Equation 4.13. . . 76

4.5 Comparison between strained films on substrates with two dif-
ferent thermal expansion coefficients (αa = 1.0 × 10−5 and αa =

2.5 × 10−5) and bulk PbTiO3 for C33 (left), C31 (middle) and γc

(right) from my first-principles calculations. . . . . . . . . . . . . 77
4.6 Variation in contribution to ∆αc of anharmonic elasticty term of

Equation 4.13 in terms of the second term of Equation 4.13 (blue)
and the third term of Equation 4.13 (red). Data are shown as a
function of substrate thermal expansion coefficient (αa) for com-
pressively strained (ε300

a = -0.75%) and tensile strained (ε300
a =

+0.75%) films. Each data point corresponds to the average value
of the indicated term from 0 K to 800 K. The lines are guides for
the eye. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.7 Comparison between lattice parameters (left) and thermal ex-
pansion coefficients (right) of bulk PbTiO3 and strained PbTiO3

thin-films on LSAT, DyScO3 and SrTiO3 substrates. Substantially
similar data can be found in Chapter 3 and reported in Ref. [?],
however in this work I used a slightly more dense grid for my
QHA calculations. Open circles denote data for the a-axis lattice
parameters and αa (experimental data for SrTiO3, DyScO3, and
LSAT[44, 20, 27]), whereas closed squares denote data for the
c-axis lattice parameters and αc (predicted from my QHA calcu-
lations). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

xiii
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total (black), electronic (blue), and Ewald (red) energy changes
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A.3 a) Phonon density of states (DOS) at various temperatures from
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CHAPTER 1

INTRODUCTION AND BACKGROUND

This chapter provides an overview of concepts used throughout the remain-

ing chapters. It first includes a basic discussion of thermal expansion, the theory

of phonons and phonon thermodynamics used to predict thermal expansion,

and the Grüneisen theory of thermal expansion. To calculate the quantities as-

sociated with this physics, I use density functional theory, the workhorse com-

putational technique discussed in the final section of this chapter.

1.1 Thermal expansion

Materials experience thermal strain — changes in volume or shape — as tem-

perature changes. These changes are usually quite small, as Figure 1.1 shows.

For example, the lattice parameters of elemental cesium, the material with the

largest coefficient of thermal expansion in the CRC Handbook [197], change by

less than 3% over a temperature range of 100 K. However, although small, the

presence of thermal strains can have profound implications for technological

design. For instance, the strain produced by temperature changes can lead to

the failure of components in semiconductor devices, and managing the dele-

terious effects of thermal strains is also critical to the safe operation of aircraft

and spacecraft. From a fundamental perspective, understanding the relation-

ship between thermal expansion, crystal structure, and chemical bonding is an

area of significant current research in the solid-state physics and chemistry com-

munities. In particular, elucidating the microscopic causes of the relatively rare

phenomenon of negative thermal expansion (where instead of expanding with

increasing temperature, a solid shrinks) is a major open challenge.
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Figure 1.1: Thermal strains in various positive and negative thermal ex-
pansion materials. [6, 166, 147, 44, 126, 175, 125, 177, 130, 82]

In the same manner as mechanical strain, thermal strain εT
i j can be expressed

as a 3 × 3 rank-two tensor, often as the product of the thermal expansion tensor,

αT
i j, and temperature change ∆T :

εT
i j ≡ α

T
i j∆T. (1.1)

The magnitude of αT
i j, commonly known as the coefficient of thermal expan-

sion, describes the magnitude of expansion with temperature in the neighbor-

hood of temperature T , while its sign indicates whether expansion is positive

or negative. As it represents a “strain per temperature”, and since strain is di-

mensionless, it has units of T−1. The coefficient of volumetric thermal expan-

sion, αT
v , which describes volumetric strain as a function of temperature through

∆V = αT
v ∆T , is equivalent to the trace of the thermal expansion tensor and also

has units of T−1. In a noncubic material, each unique crystallographic axis will
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generally have a different value (and possibly sign) of αT
i j, because crystals typ-

ically expand or contract at different rates with temperature along different di-

rections. However, in a cubic material, since each crystal axis is constrained

by symmetry to expand at the same rate, αT
i j reduces to the diagonal matrix

αT
v

3 · 1, where 1 is the identity matrix. The calculation of αT
i j is usually a central

aspect of theoretical studies of thermal expansion. Throughout the remainder

of the dissertation, I will drop the superscript T denoting thermal strain and

coefficients of thermal expansion, and all strain should be interpreted as ther-

mal strain unless otherwise noted. For a broader overview of historical back-

ground, theoretical framework, and state-of-the-art in (both positive and nega-

tive) thermal expansion studies, I refer the reader to the textbooks by Wallace

(Ref. [193]) and Grimvall (Ref. [83]), as well as excellent review articles in Refs.

[12, 121, 11, 67, 30, 36, 8].

1.2 Phonons

Phonons are quasiparticles that describe collective lattice vibrations of the atoms

in a crystal. These vibrations are important for understanding sound waves,

mechanical heat transport, thermal expansion, phase transitions, superconduc-

tivity, and many other physical phenomena. Here, I establish the mathematical

framework of phonons used throughout this document.

Under the Born-Oppenheimer (or adiabatic) approximation, we can express

the Hamiltonian of a periodic crystal as a function of the displacements of ions
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from their equilibrium positions –

H = Φ0 +
1
2

∑
Nν

∑
i

MνU̇i

(
N
ν

)2

+
1
2

∑
MNµν

∑
i j

Φi j

(
MN
µν

)
Ui

(
M
µ

)
U j

(
N
ν

)
+

1
3!

∑
MNPµνπ

∑
i jk

Φi jk

(
MNP
µνπ

)
Ui

(
M
µ

)
U j

(
N
ν

)
Uk

(
P
π

)
+ ... (1.2)

Here, M,N, and P refer to unit cell indices, µ, ν, and π are atomic indices, and

i, j, and k are Cartesian directions. Ui

(
M
µ

)
represents the displacement of atom µ

in unit cell M in direction i, and Φi j

(
MN
µν

)
is the second order force constant that

couples displacements Ui

(
M
µ

)
and U j

(
N
ν

)
to energy (similarly, Φi jk

(
MNP
µνπ

)
is the third

order coefficient, and so on). The first term, Φ0, is the ground-state electronic

energy of the system when all atomic displacements are zero, while the second is

the kinetic energy due to nuclear motion. If we truncate the expansion at second

order in the atomic displacements, then the potential energy of the crystal is

given by

F =
1
2

∑
MNµν

∑
i j

Φi j

(
MN
µν

)
Ui

(
M
µ

)
U j

(
N
ν

)
. (1.3)

We can use this potential energy function to define the equations of motion

of the system with Newton’s second law, force = mass × acceleration. We know

that the total force in the jth direction on atom
(

N
ν

)
is given by

−
∂F

∂U j

(
N
ν

) = −
∑
Miµ

Φi j

(
MN
µν

)
Ui

(
M
µ

)
. (1.4)

Next, we assume that the solutions to this system are travelling waves with

reciprocal lattice wavevector k and frequency ω, such that
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U j

(
N
ν

)
= Ũ j

(
N
ν

)
exp

(
ik · r

(
N
ν

)
− iωt

)
, (1.5)

Where r
(

N
ν

)
is the position of atom ν in the Nth unit cell, and noting that the

i in the exponential is the imaginary unit, not an index. This means that the

acceleration of this atom along direction i is given by

Ü j

(
N
ν

)
= −ω2Ũ jνexp

(
ik · r

(
N
ν

)
− iωt

)
. (1.6)

Then, from Newton’s second law,

mνω
2Ũ jνexp

(
ik · r

(
N
ν

)
− iωt

)
=

∑
Miµ

Φi j

(
MN
µν

)
Ui

(
M
µ

)
(1.7)

where mν is the mass of atom
(

N
ν

)
. Thus,

mνω
2Ũ jν =

∑
Miµ

Φi j

(
MN
µν

)
exp

(
ik ·

[
r
(
M
µ

)
− r

(
N
ν

)])
Ũiµ. (1.8)

Renormalizing by mass such that ẽ jν = m1/2
ν Ũ jν,

ω2ẽ jν =
∑
Miµ

Φi j

(
MN
µν

)
√mνmµ

exp
(
ik ·

[
r
(
M
µ

)
− r

(
N
ν

)])
ẽiµ, (1.9)

Re-writing r
(

N
ν

)
as RN + r

(
0
ν

)
, where RN is the position of the Nth unit cell in

the crystal and r
(

0
ν

)
is the position of atom ν in the unit cell at the origin,
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ω2ẽ jν =
∑
Miµ

Φi j

(
MN
µν

)
√mνmµ

exp
(
ik ·

[
r
(
M
µ

)
− RN − r

(
0
ν

)])
ẽiµ

=
∑
Miµ

Φi j

(
MN
µν

)
√mνmµ

exp
(
ik ·

[
r
(
M − N
µ

)
− r

(
0
ν

)])
ẽiµ (1.10)

Then, due to the translational symmetry of the crystal (and ignoring surface

effects), we know that

Φi j

(
MN
µν

)
= Φi j

(
(M − N) 0

µν

)
(1.11)

Defining a new index L = M − N, we can thus re-write the equations of

motion as

ω2ẽ jν =
∑
Liµ

Φi j

(
L0
µν

)
√mνmµ

exp
(
ik ·

[
r
(
L
µ

)
− r

(
0
ν

)])
ẽiµ, (1.12)

Thus,

ω2ẽ jν =
∑

iµ

D(k) jν,iµẽiµ (1.13)

where the indices of the dynamical matrix D(k) are defined as

D(k) jν,iµ =
∑

L

Φi j

(
L0
µν

)
√mνmµ

exp
(
ik ·

[
r
(
L
µ

)
− r

(
0
ν

)])
. (1.14)

In practice, the L cannot be summed over the entire infinite crystal, and could

be constructed by summing over a finite number of neighboring unit cells. Re-

writing 1.13 in vector form, such that i and µ are collapsed into a single com-

pound index with a total size 3 times the number of atoms per unit cell,
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ω2ẽ = D(q)ẽ (1.15)

Here we have re-labeled wavevector k as q to distinguish the phonon

wavevector from the wavevector used to label the Bloch eigenstates of the elec-

tronic Hamiltonian, which is often defined as k. Equation 1.15 takes the form of

an eigenvalue problem. Solutions to the eigensystem are referred to as phonons,

with eigenvalues of D(q) corresponding to the square of the frequency of each

phonon mode, which are collective vibrations of the system corresponding to a

periodic displacement of the atoms defined by the eigenvector ẽ (recall that the

units of ẽ are length×mass1/2, and finding the true displacements of atoms in the

cell associated with that phonon requires a scaling by mass−1/2). In general, the

eigenvalues ω2 can be real or imaginary. In the case of imaginary eigenvalues,

the system is dynamically unstable to a distortion corresponding to the atomic

displacements associated with those eigenvalues. We index each eigenstate as

{s,q}, where s takes an integer value of 1 to the number of degrees of freedom

in the unit cell.

1.3 The Quasiharmonic Approximation

Anharmonicities of the crystal lattice are the origin of thermal expansion in solid

materials. There are typically two sources of anharmonicity that are relevant

to thermal expansion: the coupling between phonons and strain (changes in

the unit cell volume with temperature), and phonon-phonon coupling. In the

quasiharmonic approximation, we assume that each phonon acts as an inde-

pendent harmonic oscillator – phonon-phonon coupling is ignored, and the en-
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ergy of a single phonon mode does not depend on the occupation of any other

phonon modes. In this approximation, the only contribution to the thermal ex-

pansion of a crystal comes from the coupling of phonons to changes in the unit

cell dimensions. The quasiharmonic approximation breaks down for phases

that are not dynamically stable at zero temperature (the temperature of a DFT

simulation), since in these cases the phonon dispersion curve contains phonon

modes with imaginary frequency. The quasiharmonic approximation also be-

comes increasingly poor as the temperature approaches the melting point of

a given material because phonon-phonon coupling is strong at high tempera-

tures [5, 94, 193]. Similar difficulties arise near structural phase transitions, the

energy landscape of which can be dominated by higher-order phonon-phonon

interactions or phonon mode instabilities that the quasiharmonic approxima-

tion does not account for. Many techniques have been developed for going

beyond the quasiharmonic approximation and while this chapter will not dis-

cuss them in depth, I refer the reader to the relevant literature for further details

[90, 103, 165, 89, 158, 180, 57, 137, 73, 187, 19].

1.3.1 Phonon Thermodynamics

The equilibrium structural parameters an of a given crystal structure at a given

temperature T are those that minimize the Helmholtz free energy F(T, an) at that

temperature (the number of unique n depends on the crystal system in ques-

tion). Note that in the most general case, an can include lengths of the vectors

defining the unit cell, their relative angles, and internal degrees of freedom, such

as the positions of nuclei with free parameters in their Wyckoff site. Our imme-

diate objective is therefore to determine how to calculate F(T, an) from first prin-

8



ciples. For an isotropic system, such as a cubic crystal, there is a single lattice

parameter a, which fully determines the shape of the unit cell. F(T, a) is defined

[193] as,

F(T, a) ≡ −kBT ln(Z(T, a)), (1.16)

where kB is the Boltzmann constant, and Z(T, a) is the canonical partition

function given by,

Z(T, a) ≡
∑

i

e
−Ei(T,a)

kBT . (1.17)

Here, Ei(T, a) denotes the energy of the i’th microstate of the system for a

material with lattice parameter a at temperature T . I have explicitly written out

the functional dependence of both F and Ei on T and a to emphasize the link

between these properties – at a given T , each value of a corresponds to a differ-

ent set of Ei(a), one of which will minimize F(T, a). The problem of finding the

lattice parameter as a function of temperature is thus equivalent to the problem

of evaluating Ei(a).

In an insulating system, phonons – the normal mode solutions of the lattice-

dynamic harmonic Hamiltonian described in Section 1.2 – are an appropriate

basis through which to express the energy levels Ei(a). In the quasiharmonic

approximation, the energy of the s,q’th vibrational mode does not depend on

the occupation of any other modes. Thus,

Ei(a) ≈
∑
ωs,q

(ni
s,q +

1
2

)~ωs,q, (1.18)

where ni
s,q is the occupation number of mode {s,q} in microstate i. When sub-

stituted into Equation 1.17, and using the properties of exponentials and loga-
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rithms, this approximation of the system energy levels results in the following

expression for F(a,T ):

F(T, a) = Φ0 +
∑
s,q

{~ωs,q

2
+ kBT ln

(
1 − e−

~ωs,q
kBT

)}∣∣∣∣∣
a
. (1.19)

The sum over phonon modes can also be reformulated as an integral over the

phonon density of states g(ω): [106]

F(T, a) = Φ0 +

∫
g(ω)

{
~ω

2
+ kBT ln

(
1 − e−

~ω
kBT

)}
dω

∣∣∣∣∣
a

(1.20)

As the only unknown on the right-hand side of Equation 1.20 is g(ω) evaluated

for the system with lattice parameter a, a routine calculation of ωs,q on a suf-

ficiently dense mesh of crystal momenta (q) in reciprocal space is sufficient to

evaluate F(a,T ) at all temperatures.

The Helmholtz free energy provides all the information that is needed to ob-

tain the lattice parameter as a function of temperature and hence, the thermal

expansion coefficient. Using DFT, I can explicitly evaluate phonon frequencies

for a range of a values, then use them to calculate F(T, a) for a given T . I can

then find the value of a which minimizes F(T, a) – this value of a is the lattice

parameter of the system at temperature T . Then, thermal expansion coefficients

can be easily calculated from the slope of a(T ). However, the computational

techniques and hardware powerful enough to do these calculations have only

been available in the last couple of decades. A wealth of analytical strategies,

such as the Grüneisen framework, had previously been developed for explor-

ing and calculating thermal expansion using the quasiharmonic approximation.

Although these strategies are typically numerically cumbersome, they provide

valuable physical insights into the origins of thermal expansion, as well as a

bridge to understanding older thermal expansion literature. In this dissertation,
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I calculate thermal expansion coefficients using both the free energy framework

outlined above and Grüneisen theory, described below.

1.3.2 Grüneisen therory of thermal expansion

The third, fourth and higher-order terms in Equation 1.2 can be used to describe

both phonon-phonon coupling and phonon-strain coupling. Phonon-phonon

coupling is essential to understanding and computing phonon scattering rates

and thermal conductivity. As the form of Equation 1.19 arises from the assump-

tion that phonons do not couple to other phonons, I will not discuss this cou-

pling in detail. Instead, the quasiharmonic approximation of the Helmholtz free

energy relies on an assumption that phonon coupling to strain is the only non-

negligible source of anharmonic behavior in the system. As the shape of the

unit cell changes with temperature, the frequencies of the phonons can change

as a result, due to coupling through third (and higher) order force constants

to strain or volume changes. The third-order terms are closely related to the

Grüneisen parameters of the system, and can be used to evaluate them in closed-

form [94, 59].

Mode Grüneisen parameters are intrinsic material properties describing the

derivative of the frequency of a single phonon mode ωs,q with respect to some

degree of freedom (for example, volume, strain, electronic or spin degrees of

freedom [83]). There are both many choices of degrees of freedom and ways

to compute the corresponding derivatives, so there are many ways in which

the mode Grüneisen parameter can be defined. A common definition in the

thermal expansion literature, the volumetric Grüneisen parameter, involves a
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simple derivative of phonon frequency with respect to volume:[141, 7, 50, 102]

γV
s,q ≡ −

∂ lnωs,q

∂ ln V
= −

V
ωs,q

∂ωs,q

∂V
. (1.21)

In cubic systems, there is a unique value of γV
s,q for each phonon mode, as

the configuration change associated with a change in volume is exactly defined

by symmetry. In this context, a configuration is the set of parameters needed to

uniquely define the unit cell of a particular Bravais lattice, that is, the three edge

lengths a, b and c and the angles α, β and γ. In a noncubic material, there are

many different configurations associated with each volume – in fact, there are

an infinite number. For example, in a tetragonal system, a single volume change

could be achieved through an elongation or contraction of the c axis, or alterna-

tively, through an elongation or contraction of the a axes. The computed values

of γV
s,q for a noncubic system are therefore not unique and their calculation in

these cases is of questionable value.

There also exist alternative definitions of the mode Grüneisen parameter

through phonon derivatives with respect to thermodynamic quantities other

than volume. For example, taking the derivative ofωs,q along a pressure-volume

isotherm yields [83, 193]:

γG
s,q ≡ −

(∂lnωs,q

∂ ln V

)
T

= B
(∂ lnωs,q

∂P

)
T
. (1.22)

Here, B is the bulk modulus and I use the superscript G to denote the thermo-

dynamic Grüneisen parameter as in Ref. [83]. Whereas γV
s,q is only uniquely

defined for cubic systems, Equation 1.22 is uniquely defined for both cubic

and anisotropic systems, and reduces to γV
s,q in the cubic case. Most experi-

mental techniques for finding volumetric Grüneisen parameters actually report

thermodynamic mode Grüneisen parameters, since volume changes are usu-
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ally practically accomplished with application of pressure. For isotropic sys-

tems, calculated and experimentally measured Grüneisen parameters are di-

rectly comparable, since, again, in these cases Equations 1.21 and 1.22 are equiv-

alent.

Finally, the generalized mode Grüneisen parameter [113, 193, 141, 40, 94, 13]

is defined as the derivative of phonon frequency with respect to an infinitesimal

strain εi j:

γ
i j
s,q ≡ −

1
ωs,q

∂ωs,q

∂εi j
. (1.23)

Equation 1.23 can accommodate a general distortion of the crystal lattice and

can be calculated by simply applying strain along the relevant strain degrees of

freedom and computing a numerical derivative of each ωs,q. Note that Equation

1.23 is not equivalent to Equation 1.22 in the case of a noncubic material, and

so care should be exercised in comparing the experimentally measured and the-

oretically calculated Grüneisen parameters for anisotropic systems (Equation

1.22 can, of course, be calculated for a noncubic material, but it is far more com-

putationally intensive and much less straightforward than calculating Equation

1.23).

If the Grüneisen parameters are known from experiments or have been cal-

culated, they can be combined with Equation 1.19 to approximate the coefficient

of thermal expansion to first order in the strain-phonon coupling. The proof is

well-known, and a detailed treatment for the isotropic case can be found in

Refs. [7] and [83]. Since the thermal strains are constrained by symmetry to

be isotropic as well, the thermal expansion tensor of Equation 1.1 reduces to a

scalar volumetric coefficient of thermal expansion αv, which fully defines the

change in unit cell volume as a function of temperature. Here,
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αv = Tr(αi j) =
1
V

(
∂V
∂T

)
P
. (1.24)

If the bulk modulus at temperature T is defined as

BT = −V
(
∂P
∂V

)
T
, (1.25)

then the product of αv and BT is given by,

αvBT = −

(
∂P
∂V

)
T

(
∂V
∂T

)
P

=

(
∂P
∂T

)
V

=

(
∂S
∂V

)
T
,

(1.26)

where the last step involves a Maxwell relation. Using the entropic term of

Equation 1.19 for S ,

αvBT =
∂

∂V

{∑
s,q

kBln
(
1 − e−

~ωs,q
kBT

)}∣∣∣∣∣
a,T

=
∑
s,q

~2

kBT 2

ωs,q

n2
s,q

∂ωs,q

∂V

∣∣∣∣∣
a,T

=
∑
s,q

cs,q

ωs,q

∂ωs,q

∂V

∣∣∣∣∣
a,T
,

(1.27)

where ns,q is the equilibrium occupation number of phonon modes with energy

~ωs,q, and cs,q is the mode specific heat, defined as the contribution to bulk spe-

cific heat CV of phonon modes with energy ~ωs,q. Using the definition of the

volumetric Grüneisen parameter in Equation 1.21,

αvBT =
1
V

∑
s,q

cs,qγ
V
s,q

∣∣∣∣∣
a,T
. (1.28)
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Then, defining the bulk or mean Grüneisen parameter as

γV
bulk ≡

∑
s,q γ

V
s,qcs,q∑

s,q cs,q
, (1.29)

we can express the coefficient of volumetric thermal expansion as,

αv =
γV

bulkC
V

BT V

∣∣∣∣∣
a,T
. (1.30)

A close examination of the above proof provides many important insights.

First, as all of BT , CV , and V must be positive quantities in a stable system, the ex-

pression in Equation 1.30 implies that the sign of αv in isotropic systems must be

the same as the sign of γV
bulk. This well-known observation underpins the associ-

ation of negative thermal expansion (negative αv) with negative bulk Grüneisen

parameters.

Next, the simple form of the coefficient of volumetric thermal expansion in

Equation 1.30 is a direct result of the quasiharmonic approximation. This is

a subtle but important point. The expression for the system vibrational energy

levels in Equation 1.18 contains the occupation number for only a single phonon

mode. If I had included the effects of phonon-phonon coupling, then the deriva-

tive of entropy with respect to volume in Equation 1.27 would involve products

of different phonon modes and their average occupations. The Grüneisen pa-

rameter expressions in Equations 1.21–1.23 are measurable physical quantities

regardless of which terms are included in the free energy, but it is the quasihar-

monic approximation that allows for a relatively simple and straightforward

relationship between the thermal expansion coefficient and Grüneisen parame-

ters. The practical consequence of this is that Equation 1.30 should not be used

to calculate thermal expansion in a system for which the quasiharmonic approx-
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imation is not justified.

Lastly, as all the quantities on the right hand side of Equation 1.30 are them-

selves dependent on volume and temperature, they will change as the crystal

undergoes thermal strain. Hence, a given value of αv is only valid for a finite

region around the {a0,T0} for which it was calculated. As the system undergoes

significant thermal strain away from a0, the expression for αv derived using the

Grüneisen framework will lose accuracy due to its failure to account for fourth

and higher-order terms that couple phonon frequency to strain.

1.4 Density Functional Theory

The many-body Hamiltonian for a system of interacting electrons and nucleii is

given by [129, 74]

H = −
~2

2me

∑
i

∇2
i −

∑
i,I

ZIe2

|ri − RI |
+

1
2

∑
i, j

e2

|ri − r j|
−

∑
I

~2

2MI
∇2

I +
1
2

∑
I,J

ZIZJe2

RI − RJ
, (1.31)

which has as a solution the many-body ground state wavefunction and en-

ergy, given by Ψ and Etot, respectively, in the relation

HΨ = EtotΨ. (1.32)

In Equation 1.33, ri is the position operator on electron i, and RI is the po-

sition operator on nucleus I. ZI and MI are the charge and mass of nucleus I,

respectively, me is the mass of one electron, ~ is the reduced Planck constant,

and e is the elementary charge.
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The physical meaning of each term is summarized as follows:

1. − ~
2

2me

∑
i ∇

2
i −

∑
I
~2

2MI
∇2

I : The kinetic energy operators of the electrons and

nucleii

2. 1
2

∑
i, j

e2

|ri−r j |
: The Coulomb repulsion between each electron

3. 1
2

∑
I,J

ZIZJe2

RI−RJ
: The Coulomb repulsion between each nucleus

4. −
∑

i,I
Zie2

|ri−RI |
: The Coulomb attraction between the electrons and nucleii

In general, the mass of the nucleii are so much greater than the mass of the

electrons that when performing an electronic structure calculation (that is, a

search for the ground state wavefunction and its energy), it may be reasonably

assumed that the positions of the nucleii are fixed in place at positions RI . This

is referred to as the clamped-ion approximation, and allows us to disregard the

kinetic energy associated with the nucleii, as well as reduces the Coulomb repul-

sion between nucleii to a constant quantity of energy that can be subtracted off

of Etot without affecting Ψ. However, note that this Coulomb energy does not

“disappear”, and must ultimately be included in Etot when calculating many

materials properties (for example, elasticity, which depends on the derivative of

the total energy with respect to changes in the positions of the nucleii).

Thus, in the clamped-ion approximation, the Hamiltonian is given by

Ĥ = −
~2

2me

∑
i

∇2
i −

∑
i,I

ZIe2

|ri − RI |
+

1
2

∑
i, j

e2

|ri − r j|
(1.33)

which can be re-written as
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Ĥ = −
~2

2me

∑
i

∇2
i +

∑
i

Vext(ri) + Vee (1.34)

where Vext(r) = −
∑

I
ZIe2

|r−RI |
and Vee = 1

2

∑
i, j

e2

|ri−r j |
.

1.4.1 The Hohenberg-Kohn Theorem and Density Functional

Theory

Even with the clamped-nucleii approximation made above, closed form solu-

tions to Equation 1.34 are extremely complex for anything but the simplest of

systems. To illustrate this, note that the exact many body wavefunction is a

function of the coordinates of each electron in the system, such that if there are

N total electrons, and with all nucleii held fixed,

Ψ = Ψ(r1, r2, ..., rN) (1.35)

To reiterate, the many body ground state wavefunction is not just a func-

tion of the three Cartesian spatial coordinates, but a 3N dimensional function

- the value of Ψ depends on the position of every electron in the system si-

multaneously. This dimensional complexity makes Ψ for even simple systems

computationally intractable. For example, a single H2O molecule involes 10 to-

tal electrons, meaning Ψ would be a 30 dimensional function. If we used a very

coarse spatial mesh of 10 points along each degree of freedom, simply storing Ψ

in memory would require 1030 discrete numbers. Even if we limited ourselves

to single precision floating point numbers, which can be represented with 32

18



bits each, this would require over 1032 bits of data to store in memory - over a

trillion times the number of MOSFETs estimated to have been manufacturered

worldwide between 1960 and 2018 [110].

Clearly, we must find a representation of Ψ that can be tractably computed.

One alternative is the independent electron approximation, where the full 3N-

dimensional many-body wavefunction is represented by a system of N non-

interacting orbitals. Here we assume the probability of finding electron i at lo-

cation r acts as single particle function φi(r), which take the solutions to a hamil-

tonian that describes the non-interacting system. This indeed leads to a much

more computationaly feasible system – for example, in the case of H2O used

previously, each of the 10 φi required to represent the system would take 103

numbers to represent, which is possible with only a few hundred kB. But how

do we find these φi? How do we build Ψ from those φi once they are known?

And how can we expect our answer to be even close to correct if we ignore

electron-electron interaction?

A critical building block of density functional theory is the Hohenberg-Kohn

theorem, which states that the ground state energy is a functional of the electron

density [93]:

E = F[n] (1.36)

Here, n is the total electron density, the probability of finding any electron at

position r. From the many-body wavefunction itself, n(r) is defined as

n(r) = N
∫
|Φ(r, r2, ..., rN |

2dr2...drN (1.37)

If the φi are enforced to be orthonormal, then n(r) =
∑

i |φi(r)|2. As a con-

sequence of the Hohenberg-Kohn theorem, the many-body wavefunction Ψ is
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also a functional of n [74]. The problem of finding the ground-state energy and

wavefunction is thus now a problem of finding n(r). F[n] can be re-written using

Equation 1.34 and the fact that the ground state total energy is the expectation

value of Ĥ for the ground state wavefunction:

E = F[n] = 〈Ψ[n]|
∑

i

Vext(ri)|Ψ[n]〉 + 〈Ψ[n]| −
~2

2me

∑
i

∇2
i + Vee|Ψ[n]〉 . (1.38)

From the expression for n(r) given in Equation 1.37, the first term can be cast

explicitly in terms of n(r), such that

〈Ψ|
∑

i

Vext(ri)|Ψ〉 =
∑

i

∫
Vext(ri)|Ψ(r1, r2, . . . , rN)|2dr1 . . . drN

=
∑

i

∫
Vext(ri)dri

∫
|Ψ(r1, r2, . . . , rN)|2dr1 . . . d̂ri . . . drN

=
1
N

∑
i

∫
Vext(ri)n(ri)dri =

∫
Vext(r)n(r)dr (1.39)

Thus,

F[n] =

∫
Vext(r)n(r)dr + 〈Ψ[n]| −

~2

2me

∑
i

∇2
i + Vee|Ψ[n]〉 . (1.40)

We can handle the second term by employing the independent electron ap-

proximation and replacing the Coulomb interaction with the Hartree potential.

This is the classical electrostatic potential energy that an electron would experi-

ence at r from the electron density, and is equal to VH(r) =
∫

dr′ n(r′)
|r−r′ | . Replacing

Vee with the Hartree potential in Equation 1.40 and employing the independent

electron approximation to replace the kinetic energy of the interacting system
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with a sum over the kinetic energy of single particles, we arrive at an expres-

sion of the total energy functional in terms of n(r) and the φi:

F[n] =

∫
Vext(r)n(r)dr −

~2

2me

∑
i

∫
drφ∗i (r)∇2φi(r) +

1
2

∫ ∫
drdr′

n(r)n(r′)
|r − r′|

+ Exc[n]

(1.41)

Here, the energy associated with the exchange and correlation interactions

are accounted for by the term Exc[n], which attempts to recapture the physics

lost by the independent electron approximation and the replacement of the

Coulomb interaction with the Hartree potential. While the precise form of this

term is unknown, this equation is formally exact – if we somehow knew form of

this term, this equation would yield the true ground state energy of the system

in question [107].

Recall that we are searching for the ground-state electron density, n0(r),

which is the density that minimizes the total energy. From the Hohenberg-Kohn

variational principle, we can define that ground state electron density as the one

which satisfies

δF[n]
δn

∣∣∣∣∣
n0

= 0 (1.42)

Enforcing this functional derivative results in the Kohn-Sham equations [74,

108],

[
−
~2

2me
∇2 + Vext(r) + VH(r) + Vxc(r)

]
φi(r) = εiφi (1.43)
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When compared to equation 1.34, the many-body ground state wavefunc-

tion has been replaced by single-particle wavefunctions, and the Coulomb in-

teraction has been replaced by a combination of VH(r) and Vxc(r). Vxc(r) is given

by

Vxc =
δExc[n]
δn

(1.44)

In practice, Exc is determined by a combination of careful analytic modelling

and fitting to the results of numerical simulations [26, 152, 150].

With this framework established, we finally have the tools to solve practi-

cal problems. The above equations can be solved self-consistently: the electron

density n(r) determines the potentials in the single-particle hamiltonian, the po-

tentials determine the solutions φi to the single-particle hamiltonian, and the φi

determine the electron density through n(r), bringing us back to the start of the

loop. By iteratively solving each step of the loop, the electron density converges

upon a single value (or at least, hopefully does so, as long as the numerical

solver and its parameters are well-designed and properly selected). With the

equilibrium electron density, we also have access to the ground state total en-

ergy through the Hohenburg-Kohn theorem. As the remainder of this work

will demonstrate, the ability to calcualate these quantities in a computationally

efficient manner makes density functional theory a workhorse tool for compu-

tational materials science.
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CHAPTER 2

INTERPLAY BETWEEN PHONONS AND ANISOTROPIC ELASTICITY

DRIVES NEGATIVE THERMAL EXPANSION IN LEAD TITANATE

2.1 Chapter Background and Summary

The first report of negative thermal expansion (NTE) in solids appeared in 1907,

with Scheel’s observations that quartz and vitreous silica shrink upon heating

[168, 167]. NTE has since been observed in essentially every materials class,

including metals [84], polymers [24], metal-organic frameworks [77, 54, 87], and

semiconductors [98, 22, 49]. However, despite over a century of study [11, 121,

12], the microscopic mechanisms of NTE remain poorly understood in all but a

handful of cases [185, 188].

In inorganic framework materials, so-called rigid unit phonon modes

(RUMs) [155, 134] are widely recognized as being important drivers of NTE.

Rather than longitudinal stretching of bonds, these modes typically shorten

metal-metal bond distances as temperature increases through relative rotations

of rigid (or almost rigid) polyhedral groups, or kinking of oxygen-metal-oxygen

bond networks. The RUM model of NTE successfully accounts for the thermal

behavior of the canonical NTE material ZrW2O8 [185, 4, 130], as well as a num-

ber of zeolites [86, 120] and Prussian blue materials [78]. A second essential in-

gredient for the occurrence of NTE appears to be the existence of low-frequency

RUMs with large, negative Grüneisen parameters, that is, modes with frequen-

cies that decrease with decreasing volume. In fact, negative Grüneisen param-

eters are sometimes claimed to be prerequisites for NTE behavior [203, 136].

Indeed, as far as I know, the only exceptions are the elemental metals Zn [133],
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Cd [133], As [198], and Sb [198], all of which exhibit only uniaxial, rather than

volumetric, NTE.

Given the apparent importance of RUMs and phonons with negative

Grüneisen parameters, it is curiously rare for ABO3 perovskites to undergo

NTE. Most perovskites undergo one or more structural phase transitions in-

volving phonons with strong RUM-like character (typically rotations of the BO6

octahedra), and these types of modes are associated with negative Grüneisen

parameters in, for example, β-cristobalite, β-quartz, and ZrW2O8 [51]. In con-

trast, recent work [1, 172] has shown that (uniaxial) NTE is common in layered

perovskites, such as Ruddlesden-Popper phases, because the combined effects

of layering and rotations of the BO6 octahedra enhance their elastic anisotropy

compared to bulk perovskites; this enhanced elastic anisotropy appears to be

the origin of uniaxial NTE in layered perovskites. Of course, bulk perovskites

may exhibit elastic anisotropy, as Refs. [1] and [172] acknowledge, however the

magnitude of the anisotropy is generally not large enough to induce NTE.

In this Chapter, I use the ferroelectric perovskite PbTiO3 to demonstrate that

neither RUMs nor phonons with negative Grüneisen parameters are necessary

(or sufficient) in order for a material to undergo NTE. A key discovery I make is

that in non-cubic materials, NTE cannot be predicted based on either the signs

or magnitudes of an individual Grüneisen parameter or elastic constant by it-

self, as is commonly assumed. In these systems, the thermal expansion along

a given axis is coupled to multiple Grüneisen parameters through multiple in-

dependent elastic constants. I use theory and first-principles calculations to elu-

cidate the microscopic mechanism of NTE in PbTiO3 and show that few of the

modes critical to driving NTE have negative Grüneisen parameters and that
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they are not RUMs, even though PbTiO3 contains many RUM-like modes [86].

I then connect the physical mechanism of NTE in PbTiO3 to its electronic struc-

ture, and show that its elastic properties are dominated by the stereochemical

activity of the Pb2+ 6s26p0 lone electron pair. My results are striking because they

suggest that PbTiO3 is unique among well-studied NTE materials, and appears

to be the only material that exhibits volumetric NTE well above room tempera-

ture, and with positive Grüneisen parameters along all unique crystallographic

axes. These results bring clarity to the driving mechanism of NTE in PbTiO3,

and broaden the search for new NTE systems to include materials overlooked

in the past due to a lack of large, negative Grüneisen parameters.

2.2 Methods and Structural Convergence

PbTiO3 is cubic at high temperatures but undergoes a phase transition at 760 K

to a tetragonal (P4mm) ferroelectric phase; this phase exhibits volumetric NTE

down to approximately room temperature (though only the c axis decreases

with temperature while the a axes increase, the net effect is a decrease in vol-

ume). I used density functional theory, as implemented in Quantum Espresso

with GBRV pseudopotentials [72, 70] to calculate the evolution of lattice param-

eters as a function of temperature in the quasiharmonic approximation (QHA)

as discussed in Section 1.3. Unless otherwise mentioned, all calculations were

performed using the Quantum Espresso 5.0.2 software package and the Wu-

Cohen functional, using PBE ultrasoft pseudopotentials from the GBRV pseu-

dopotential library. Structural parameters (lattice constants and internal co-

ordinates) were considered converged with an 8×8×8 Monkhorst-Pack k-point

mesh and a plane wave energy cutoff of 80 Ry, compared with MP meshes up
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Table 2.1: Converged structural parameters for PbTiO3 from first-
principles calculations using Quantum Espresso with the indi-
cated functionals, respectively referring to Refs. [68, 202, 144].

a [Å] c [Å] c/a Tiz Oz O2,3z

This study (PBEsol) 3.863 4.239 1.097 0.540 0.124 0.627

This study (WC) 3.873 4.209 1.086 0.538 0.117 0.622

Garcia (LDA) 3.862 4.071 1.046 0.524 0.082 0.589

Wu (WC) 3.890 4.193 1.078 0.532 0.108 0.611

Nelmes (exp) 3.902 4.156 1.065 0.538 0.112 0.617

to 12×12×12 and plane wave cutoffs up to 90 Ry. I used a force convergence

threshold of 3.0 × 10−5 Ry/bohr. The structural parameters corresponding to

each functional used in this chapter can be found in Table 2.1.

All phonon calculations were performed using density functional perturba-

tion theory, with a 6×6×6 MP q-point mesh using for all single temperature

calculations, while those involved in Helmholtz free energy calculations on the

QHA strain grid were performed with a 4×4×4 MP q-point mesh. A 7×7 QHA

strain grid was used, spanning a range of -0.5% to +2.5% along a and of -5.0%

to +1% along c, defined from the lattice parameters in Table 2.1.

Figure 2.1 compares my results obtained from three functionals: LDA [108],

PBEsol [56] and Wu-Cohen (WC) [202].All three functionals slightly underes-

timate the c lattice parameter, however each qualitatively reproduces the ex-

perimental trend of a shrinking c axis and lengthening a axis as temperature

increases. My calculations also reproduce the experimentally observed volu-

metric NTE in PbTiO3, as shown in Figure 2.2. I report all remaining results

for the WC functional only, since it best captures the evolution of the struc-
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Figure 2.1: Lattice parameters (a filled circles, c filled squares) as a function
of temperature from first-principles calculations (colored icons)
and from experiment (black and gray icons [177, 31]).

tural properties of PbTiO3 with temperature. With this functional, I calculate a

volumetric expansion coefficient αv of −2.29 × 10−5 K−1 between 500 K and 700

K, which compares favorably with αv = −1.8 × 10−5 K−1 and −1.99 × 10−5 K−1

from [177] and [31], respectively. In Appendix A, I show favorable comparisons

of both elastic constants and phonon modes calculated with lattice parameters

predicted by the QHA corresponding to various finite temperatures and exper-

imental data, including two Raman spectroscopy studies of zone-center optical

phonons, two inelastic neutron scattering (INS) studies along high-symmetry

paths, and an INS study taken over the full Brillouin zone.
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Figure 2.2: Unit cell volume as a function of temperature from theory and
experiments. Black and grey correspond to experimental data
from Refs. [177] and [31], respectively. Colored icons represent
computational results with QE using the indicated functionals.

2.3 Results and Analysis

2.3.1 The bulk Grüneisen parameters are positive, with large

contributions from low-frequency phonon modes

We now turn to elucidating the microscopic mechanism of NTE in PbTiO3. I first

calculated the Grüneisen parameters for the equilibrium structure of PbTiO3 at

300 K. Since PbTiO3 is not cubic, the Grüneisen parameter γ has a tensor form,

γ
i j
s,k ≡ −

1
ωs,k

∂ωs,k

∂εi j
, (2.1)

where ωs,k is the frequency of mode s at wavevector k, εi j is a strain consis-

tent with crystal symmetry, and i and j are Cartesian directions. I calculated

γ
i j
s,k using a central difference, which required three separate calculations of the

full dispersion curve. The quantity usually referred to as the ‘bulk’ Grüneisen
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parameter is then defined as [13],

γ
i j
bulk =

∑
s,k γ

i j
s,kcs,k∑

s,k cs,k
, (2.2)

where cs,k is the mode specific heat at constant configuration. I note that the

uniaxial stress perturbation method [164] could be suited to high-throughput

studies to screen for NTE along particular axes, and to provide a quick alter-

native method to compare with results obtained using the strain perturbative

definitions as in Eq. (2.1).

Figure 2.3 shows phonon dispersion curves for PbTiO3 at 300 K with the

magnitude and sign of γa
s,k ≡ γ11

s,k and γc
s,k ≡ γ33

s,k represented by the thickness

and color of the band, respectively. Despite the presence of NTE, both bulk

Grüneisen parameters are positive, γa
bulk = 1.42 and γc

bulk = 0.40. The density of

states in Figure 2.3 indicates that the individual phonon modes contributing

most strongly to γa
bulk and γc

bulk are low frequency modes with positive Grüneisen

parameters, in contrast with the usual expectation that modes with large, nega-

tive mode Grüneisen parameters drive NTE.

2.3.2 Low-frequency phonon modes are critical drivers of NTE,

but they are not RUMs, and exhibit mostly positive

Grüneisen parameters.

The density of states plots in Figure 2.3 provide a good indication that the modes

dominating thermal expansion are low frequency, with ω < 100 cm−1. I can fur-

ther confirm this by performing a computational experiment in which the fre-

quencies of all modes with ω < 100 cm−1 are kept fixed with strain, forcing them
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Figure 2.3: (a) Phonon dispersion curve for PbTiO3 at 300 K with band
thickness proportional to the magnitude of γa

s,k for each mode,
and color corresponding to sign of γa

s,k (red positive, blue neg-
ative). To the right is the sum of γa

s,kcs,k across entire Brillouin
zone for each energy level at 300 K, positive (red) and negative
(blue) contributions plotted separately. (b) Same, correspond-
ing to γc

s,k

to be purely harmonic. The results (blue in Figure 2.4) show that NTE behavior

is completely suppressed when the anharmonicity of the low frequency modes

is removed, indicating that these modes are fundamental drivers of NTE. When

a corresponding experiment is performed by instead forcing the frequencies of

all modes with ω > 100 cm−1 to be fixed with strain (red in Figure 2.4), the NTE

remains. I see that while the anharmonicity of these higher frequency modes do

contribute to NTE at higher temperatures, it is clear that they contribute much

less than the modes with ω < 100 cm−1, especially when considering that there

are many more modes with ω > 100 cm−1 than ω < 100 cm−1.
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Figure 2.4: Volume of system with all phonon modes with ω < 100 cm−1

enforced to be invariant with strain (blue), volume of system
with all phonon modes with ω > 100 cm−1 enforced to be in-
variant with strain (red), volume of original system (black).

In addition, recall from Section 1.3 that in the QHA, the equilibrium lattice

parameters are found at each temperature T by minimizing the Helmholtz free

energy F(T ),

F = EGS +

∫
g(ω)

(
~ω

2
+ kBTln{1 − e−

~ω
kBT }

)
dω

∣∣∣∣∣
c,a

(2.3)

Here, EGS is the ground state internal energy of the system, g(ω) is the

phonon density of states as a function of frequency ω, ~ is the reduced Planck’s

constant, and kB is the Boltzmann constant. Figure 2.5 shows that phonons with

frequencies below 100 cm−1 dominate the integral in Eq. 2.3.

Thus, if I force all modes below 100 cm−1 to be perfectly harmonic by keeping

their frequencies constant with temperature, while allowing the frequencies of

all other modes to change, then NTE behavior is completely suppressed. Hence,
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Figure 2.5: Vibrational component of Helmholtz free energy per unit cell
at various temperatures as calculated with Eq. (2.3).

these low-frequency modes appear to be the primary drivers of NTE and of the

positive bulk Grüneisen parameters along both the a and c axes. Additionally,

Figure 2.6 shows that none of the distortions associated with the critical low-

frequency modes are RUMs; they are instead dominated by translational Pb

motion. [71] In addition to these high symmetry points, Figure 2.7 shows that

RUMs are also absent for low frequency general points, as a RUM would in-

volve primarily oxygen motion. My work so far raises two questions: how do

I account for NTE in PbTiO3, given the positive Grüneisen parameters, and do

electronic effects play a role in NTE in this material?
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Figure 2.6: Representative set of distortions associated with low-
frequency (ω < 100cm−1) phonons for the indicated irreducible
representation of each high symmetry point. Note the absence
of RUMs and dominance of Pb motion.
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Figure 2.7: Low-frequency portion of the phonon dispersion curve for
PbTiO3 at 300 K with color of the band proportional to the com-
ponent of the phonon eigenvector associated with each atom
type. Blue, green and red correspond to contributions from Pb,
Ti and O atoms, respectively.

2.3.3 The behavior is explained through the interplay of elas-

ticity and vibrational characteristics when the Grüniesen

framework for noncubic systems is properly accounted

for.

Although large, negative mode Grüneisen parameters have been associated

with NTE in the literature, this relationship need not hold for anisotropic sys-

tems. In cubic materials, the bulk Grüneisen parameter is scalar and the coeffi-

cient of volumetric thermal expansion can be expressed as [7]

αv =
γbulkCη

B
, (2.4)

where B is the bulk modulus and Cη is the specific heat at constant configura-

tion. The bulk Grüneisen parameter γbulk is still defined as in Eq. (2.2), how-

ever the individual mode Grüneisen parameters are reduced to simple volume

derivatives,

γs,k ≡ −
V
ωs,k

dωs,k

dV
. (2.5)
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Looking at Eq. (2.4), γbulk is the only term on the right-hand side that can be

negative. Hence, a negative αv in cubic systems is impossible without a negative

γbulk, which must itself arise from large, negative mode Grüneisen parameters.

Anisotropic materials have additional structural degrees of freedom that

complicate the relationship between the coefficient of thermal expansion,

Grüneisen parameters, and elastic constants. For example, in tetragonal sys-

tems like PbTiO3, the coefficients of thermal expansion along a (αa) and c (αc)

are defined as [193, 142]:

αa = (Cη/V)
[
(S 11 + S 12)γa

bulk + S 13γ
c
bulk

]
, (2.6)

and

αc = (Cη/V)
[
2S 13γ

a
bulk + S 33γ

c
bulk

]
, (2.7)

where S i j is the i jth component of the elastic compliance tensor S in Voigt nota-

tion. Since αv ≡ 2αa + αc [193], in order for αv to be negative, I require

2(S 11 + S 12 + S 13)γa
bulk + (S 33 + 2S 13)γc

bulk < 0. (2.8)

Eq. (2.8) shows that negative bulk Grüneisen parameters are not a prerequisite

for NTE in anisotropic materials. The Si j can be positive or negative, and the

relative sign and magnitude of these terms constrain the signs of γa
bulk and γc

bulk

required for NTE. Without knowledge of the full compliance tensor, no definitive

statements about how the signs or magnitudes of γa
bulk and γc

bulk relate to αv can be made.

However, the dependence of αv on γc
bulk and γa

bulk can be determined directly if

Si j is known.

Table 2.3 shows selected elements of the compliance tensor for the tetrago-

nal phase of PbTiO3 from first principles calculations, which compare well with

experiment [101] (note the large magnitude of S 13, previously correlated [77, 1]
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with NTE behavior). The a-axis expands as temperature rises, and so αa is pos-

itive. From Eq. (2.6), since S 11 + S 12 > 0 for PbTiO3, γa
bulk must be large and

positive in order for αa > 0. Since positive Grüneisen parameters are known

to be associated with positive thermal expansion, my results so far are unsur-

prising. However, I will now argue that it is the tendency of PbTiO3 to expand

along a with increasing temperature that drives the system to shrink along c,

giving rise to volumetric NTE.

The key to understanding NTE in PbTiO3 is to examine the relationship be-

tween the Grüneisen parameters, and applied stress along the a axis and in-

duced strain along the c axis. Since the c axis contracts as temperature increases,

αc < 0. The conventional wisdom suggests that this requires a negative γc
bulk,

while we know that γc
bulk is actually positive in this system. From Eq. (2.7), since

S 33 is also positive, the only way for αc to be negative is for the product S 13γ
a
bulk

to be negative – indeed the case for PbTiO3, as shown in Table 2.3. Physically,

a large, negative S 13 in tetragonal systems functions in a similar way to a large,

positive Poisson’s ratio in cubic systems. It is this temperature-induced negative

strain that drives αc to be negative, and gives rise to NTE in PbTiO3.

If S 13γ
a
bulk was positive, or even slightly less negative, then it would be ener-

getically favorable for the c axis to expand with increasing temperature. Hence,

the NTE is not due to a c axis driven to contract by a negative γc
bulk, but in spite

of a positive γc
bulk. I illustrate this by rewriting equations 2.6 and 2.7 in matrix

form:
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αa

αa

αc

 =


S 11 S 12 S 13

S 12 S 11 S 13

S 13 S 13 S 33




Cηγ

a
bulk

V

Cηγ
a
bulk

V

Cηγ
c
bulk

V

 . (2.9)

The column vector on the right has units of pressure/Kelvin – a temperature-

induced stress – linked through the compliance tensor to the column vector on

the left, which has units of strain/Kelvin. In this arrangement, γa
bulk and γc

bulk

define the magnitude of a thermal stress normal to the a and c axes, respectively,

and are linked to thermal strain through S. Just as a mechanical stress state

involving positive stress along both axes could result in negative strain along

c due to coupling through S 13, thermal stress driven by positive γa
bulk and γc

bulk

could result in αc < 0, where the sign of αc depends on a careful balance between

all of S i j, γa
bulk and γc

bulk.

2.3.4 We can understand the microscopic mechanism driving

this behavior by contrasting PbTiO3 with SnTiO3.

Understanding that NTE in PbTiO3 arises from a careful balance between S i j,

γa
bulk, and γc

bulk terms, I can explore the origin of the sign and magnitude of these

parameters through investigating a similar ABO3 perovskite, SnTiO3. Previous

ab initio studies predict that SnTiO3 also adopts a P4mm ground state structure

at 0 K [149]. Though synthesis of bulk SnTiO3 has proven difficult [132, 109]

and few reliable experimental measurements of physical properties exist, it still

provides a useful comparison to help illuminate the origin of NTE in PbTiO3.

I perform the QHA for SnTiO3 using the ground state structural parameters in
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Table 2.2: Converged structural parameters for SnTiO3 from first-
principles calculations for DFT using Quantum Espresso with
the WC functional.

a [Å] c [Å] c/a Tiz O1z O2,3z

3.798 4.488 1.182 0.566 0.181 0.688

Figure 2.8: Evolution of lattice parameters as a function of temperature as
predicted by a quashiharmonic approximation for SnTiO3.

Table 2.2. I find that within the QHA, SnTiO3 exhibits repressed NTE behavior

compared to PbTiO3, and positive or near-zero volumetric NTE at every tem-

perature , as shown in Figures 2.8 and 2.9.

The behavior of SnTiO3 can be linked to terms in the compliance matrix (Ta-

ble 2.3) and bulk Grüneisen tensor (γc
bulk = 7.72, γa

bulk = 3.42). SnTiO3 has similar

compliance as PbTiO3 along the a axis, but is much stiffer (lower compliance)

along c and exhibits much less coupling between stress along a and strain along

c (a lower S 13). SnTiO3 exhibits a slightly more positive γa
bulk at 300 K than PbTiO3

(3.42 to 1.42), but a γc
bulk over an order of magnitude larger (7.72 to 0.40). Refer-

ring to Eqs. (2.8) and (2.7), I can confirm that these differences should result in
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Figure 2.9: Evolution of unit cell volume as a function of temperature as
predicted by a quashiharmonic approximation for SnTiO3.

Table 2.3: Selected elements of the compliance tensor for PbTiO3 and
SnTiO3 from first-principles calculations in units of 10−3 GPa−1.

S 11 S 12 S 13 S 33

PbTiO3 7.44 0.49 -11.94 55.69

SnTiO3 7.79 -1.45 -6.83 31.36

a system where NTE is suppressed compared to PbTiO3.

As γa
bulk and γc

bulk are vibrational, dynamic properties, the difference between

these values in each material could be due to either the mass difference be-

tween Sn and Pb (118.71 a.u. and 207.2 a.u., respectively) or from differences

in electronic structure, primarily the tendency of the A-site cation to form stere-

ochemically active lone pairs. I rule out mass difference as the driving effect by

performing a computational “experiment” in which the QHA is performed for

PbTiO3, but with the mass of Pb (207.21 a.u.) changed to that of Sn (118.71 a.u.).

When the mass of Pb is set to that of Sn, it exhibits lattice parameters as
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Figure 2.10: Evolution of lattice parameters as a function of temperature
as predicted by a quashiharmonic approximation for PbTiO3

with mass of Pb set to mass of Sn.

a function of temperature nearly identical to those for the original system in

Figure 2.1, and a 500-700 K αv of −2.38×10−5K−1, which is within 5% of αv for the

original system. These results are shown in Figures 2.10 and 2.11, respectively.

Though this experiment is not physically realizable, the results show that the

absence of NTE in SnTiO3 cannot be due to the mass difference between Pb and

Sn alone. Since the S i j do not depend on mass, differences in electronic structure

and bonding alone must account for the difference between each system.

Previous studies [194, 178, 154, 191] have shown that the ns2np0 lone electron

pair on Pb and Sn is stereochemically active and is responsible for driving the

symmetry-breaking distortion that lowers the symmetry of each material from

cubic to tetragonal. The Pb/Sn-s-anion-p interaction at the top of the valence

band is actually antibonding and therefore energetically destabilizing. These

states could be stabilized by mixing with the unfilled Pb/Sn-p states at the bot-

tom of the conduction band, but such mixing is forbidden by symmetry in the

40



Figure 2.11: Evolution of unit cell volume as a function of temperature
as predicted by a quashiharmonic approximation for PbTiO3

with mass of Pb set to mass of Sn.

cubic perovskite structure. This electronic instability (known as a pseudo- or

second-order Jahn-Teller distortion) manifests in the lattice as a structural phase

transition: the ferroelectric transition lowers the atomic site symmetries such

that Pb/Sn-s-anion-p-Pb/Sn-p mixing is allowed. The resulting localized, non-

bonding state at the top of the valence band is the lone pair.

The closer the cation-s and anion-p states are in energy, the more cation-s

character will be present in the anti-bonding states, and the greater the stabi-

lization gained from hybridization between these anti-bonding states and the

unfilled cation-p states. Since the Sn 5s states are closer in energy to the O 2p

states than the Pb 6s states are,[194] SnTiO3 exhibits a stronger tendency towards

a structural distortion than PbTiO3. In fact, Crystal Orbital Hamiltonian Popu-

lation (COHP) analysis (see Appendix A) [52, 46, 127, 128] shows that while the

Jahn-Teller distortion makes the Pb-s – O-p interaction slightly less antibonding,

in the case of SnTiO3, it brings the Sn-s – O-p interaction from antibonding in
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the cubic phase to bonding in the tetragonal phase. Since these states are filled,

there is a larger energy gain associated with the Jahn-Teller distortion in SnTiO3

compared with PbTiO3, and a larger corresponding structural distortion.

Next, I link the size of the structural distortion in SnTiO3 to S 13 and its NTE

behavior. It is well known in the ferroelectrics literature [55, 111] that c/a in

tetragonal BaTiO3 can be enhanced signficantly with epitaxial strain, thereby

signficantly enhancing ferroelectric polarization. In contrast, c/a (and there-

fore polarization) in PbTiO3 is quite insensitive to epitaxial strain. This behav-

ior is attributed to the fact that PbTiO3 in the tetragonal phase is already very

structurally distorted, and hence resists further distortions. Since c/a for SnTiO3

(1.18) is larger than PbTiO3 (1.08), I predict that S 13 for SnTiO3 is less negative

than for PbTiO3 because SnTiO3 is even more resistant to further structural dis-

tortions than PbTiO3. I tested this hypothesis by calculating selected elements of

the compliance tensor for a hypothetical SnTiO3 structure with a c/a ratio set to

that of PbTiO3. Compared with SnTiO3 with its equilibrium c/a, this hypotheti-

cal structure has a more negative S 13, a larger (more positive) S 33, and a γc
bulk of

-1.71. Inserting these values of S i j and Grüneisen parameters into Eq. (2.6) and

(2.7), we find αa = 7.5 (×10−4K−1) and αc = -26.0 (×10−4K−1). Since αv ≡ 2αa + αc,

this hypothetical SnTiO3 structure should exhibit volumetric negative thermal

expansion. Hence, the electronic structure of the material is important in deter-

mining the size of the structural distortion away from the high-symmetry phase.

However, in the distorted structure, it is primarily the shape of the unit cell that

determines the elastic properties and Grüneisen parameters (see Appendix A

for further details).

42



2.3.5 Conclusion

My results suggest that revisiting anisotropic systems with positive bulk

Grüneisen parameters may be a promising direction in the search for new NTE

materials. Since the number of unique indices of S and γi j
bulk are larger for Bravais

lattices of lower symmetry, the number of degrees of freedom in expressions like

Eq. (2.8) increases, providing more pathways for NTE. I have also shown that,

critically, as volumetric NTE arises from the product of multiple γi j
bulk and S i j,

a search for NTE materials that prioritizes either large magnitudes or particular

signs of certain indices of these tensors will miss favorable candidates. Addi-

tionally, in light of previous work [145] suggesting that the presence of lone

pair electrons reduces thermal conductivity, exploring the link between phonon

modes driving NTE in PbTiO3 and those driving thermal expansion could yield

new insights with respect to mode-level control of thermal properties.
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CHAPTER 3

STRAIN GAME REVISITED FOR COMPLEX OXIDE THIN-FILMS:

SUBSTRATE-FILM THERMAL EXPANSION MISMATCH IN PBTIO3

3.1 Chapter Background and Summary

Strain engineering has been an enormously successful technique for tuning the

ground-state properties of materials. The particularly strong coupling between

the polarization and strain in ferroelectric perovskites [156, 169, 208, 170, 42]

has been exploited to enhance the magnitude of the polarization in known fer-

roelectrics [33], induce ferroelectricity in nominally non-ferroelectric materials

[85], induce structural phase transitions in known ferroelectrics [206, 23], mod-

ify critical behavior [104] and to create materials with multiple types of ferroic

order [60, 112]. Regardless of the material, or its application, perhaps the key

parameter of interest in the strain game (as it is sometimes called [170]) is the

misfit strain – that is, the strain imparted to the growing film by the substrate

due to a mismatch in the lattice constants of the substrate and film material.

The misfit strain is typically quoted as a single number referenced to the lattice

constants of the substrate and film material at some temperature, usually room

temperature, or zero Kelvin in theoretical studies.

It has been noted in previous work [97, 96] that the internal stresses ex-

perienced by thin-films have multiple sources: lattice mismatch between the

substrate and film material (as defined above), mismatch between the thermal

expansion coefficients of the substrate and film material, and the existence of

structural phase transitions. In addition to these intrinsic sources of stress,

there are also contributions from extrinsic sources, such as point defects and
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dislocations. The structural parameters of the film, its thermal and other func-

tional properties arise from a complex interplay between intrinsic and extrinsic

stresses. Distinguishing between the effects of intrinsic and extrinsic stresses –

which is critical to both optimizing film growth techniques and to understand-

ing the microscopic origins of thin-film properties – is difficult and requires a

combination of both careful experiments and theory.

The full range of theoretical techniques have been used to explore the

properties of strained thin-films, from first- and second-principles techniques

[48, 47, 201, 69, 58] and effective Hamiltonian methods parameterized for

finite-temperature calculations [173, 48, 174, 99], to phenomenological mod-

els based on Ginzburg-Landau theory [15, 207, 64, 3, 63, 114, 28] and phase-

field [153, 115, 116, 114] and finite-element models [95]. These techniques have

yielded a wealth of information regarding, using the example of perovskites, the

sequence of structural phases adopted as a function of temperature and ferro-

electric domain morphologies. However, although the effects of misfit strain on

transition temperatures, lattice parameters and domain morphologies are cer-

tainly well known from both theory and experiments, as far as I am aware, the

question of how much thermal expansion mismatch between the film material

and substrate affects thin-film properties has perhaps been less well-expolored.

We use density functional theory (DFT) and the quasiharmonic ap-

proximation (QHA) to reveal the critical role played by the mismatch

in thermal expansion coefficients in giving rise to the structures of

strained ferroelectric (P4mm) PbTiO3 thin-films on SrTiO3, DyScO3 and

(La0.29(5)Sr0.71(5))A site(Al0.65(1)Ta0.35(1))B siteO3 (LSAT) as a function of temperature.

Ignoring the in-plane thermal expansion of the substrate results in structural
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and transition temperature trends that are completely qualitatively different

from those in which thermal expansion mismatch is properly taken into ac-

count. My work illustrates how the structural and thermal properties of thin-

films can differ significantly from bulk even when the initial misfit strain is

nominally zero (PbTiO3 on SrTiO3, for example) and provides a foundation for

further development of recently proposed dynamical strain tuning strategies

[186, 209]. Finally, the concept of the misfit strain as a single number seems

particularly ill-defined for PbTiO3, since two films with nominally the same lat-

tice mismatch at a given temperature can evolve to have qualitatively different

structures (and consequently, functional properties) depending on the thermal

expansion of the substrates they are grown on.

3.2 First-Principles Calculations

All calculations were performed using density functional theory, as imple-

mented in Quantum Espresso 5.3.0 [72]. I used the Wu-Cohen exchange-

correlation functional with Garrity-Bennett-Rabe-Vanderbilt ultrasoft pseu-

dopotentials [70]. The following states were included in the valence for each

element: 5d106s26p2 for Pb, 3s23p64s23d1 for Ti, and 2s22p4 for O. Zero temper-

ature unit cell lattice parameters and atomic positions of P4mm PbTiO3 were

converged with respect to the plane wave cutoff energy and k-point mesh den-

sity to within 0.001 Å. Unless otherwise mentioned, structural parameters were

found to be converged at a force cutoff threshold of 3.0 × 10−5 Ry/bohr using

an 8 × 8 × 8 Monkhorst-Pack (MP) mesh and an 80 Ry plane wave cutoff en-

ergy, compared with MP meshes up to 12×12×12 and plane wave cutoffs up to

90 Ry. Phonon dispersion calculations were performed using density functional
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perturbation theory (DFPT) on a 4 × 4 × 4 q-point grid.

Finite temperature structural parameters were predicted using a quasihar-

monic approximation (QHA) to the Helmholtz free energy – in this study, I

closely follow the framework outlined in Section 1.3 and Ref. [162] regarding

the application of the QHA. My grid of strained systems consisted of a regu-

lar 7×7 grid spanning -0.97% to +2.02% strain along the a-axis of the tetragonal

phase, and -4.08% to +1.98% strain along the c-axis, augmented with 8 addi-

tional points with strains spanning -1.46% to -0.47% strain in a and 0.97% to

+5.01% strain in c. These points were chosen to ensure that for bulk PbTiO3

and all strained films studied, the lattice parameters as a function of tempera-

ture would be bounded by these values. Note that the strain values above are

defined with respect to the 0 K lattice parameters of the P4mm phase found by

minimizing the Helmholtz free energy (a = 3.892 , c = 4.165 ), which includes the

zero-point energy corrections from vibrational degrees of freedom. It is possible

to define the misfit strain with respect to a difference reference, for example, to

the Pm3̄m lattice parameter extrapolated to room temperature (with this refer-

ence, PbTiO3 is under tensile strain on SrTiO3, for example). I did investigate

this approach as part of a study on the performance of phenomological models

in predicting the temperature-dependent lattice parameters of PbTiO3. How-

ever, I found that the results were quite sensitive to the details of how the ex-

trapolation is performed. With respect to this study, since the cubic Pm3̄m phase

exhibits unstable phonon modes at 0 K in a DFT calculation, its lattice parame-

ters as a function of temperature cannot be predicted with the QHA, making it

an impractical choice for my purposes.

The QHA only explicitly includes the contributions of phonon-strain cou-
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pling to thermal expansion, while neglecting phonon-phonon contributions.

However, extensive testing by us in a previous study [160] showed that the

QHA qualitatively captures the changes in the lattice parameters of ferroelectric

PbTiO3, phonon frequency shifts, and changes in the elastic constants with tem-

perature. See Chapter 2, Ref. [160] and Ref. [162] for further details. For the cal-

culations of epitaxially strained PbTiO3, I clamp the in-plane (a and b) lattice pa-

rameters of PbTiO3 to the experimentally determined, temperature-dependent

pseudocubic lattice parameters of the substrate, either SrTiO3 (growth on the

(100) surface), DyScO3 (growth on (101) in the Pbnm setting [21]) or LSAT

(growth on the (001) surface) [44, 20, 27]. That is, my misfit strain is defined

as,

εa(T ) =
asubstrate(T ) − abulk(T )

abulk(T )
, (3.1)

where asubstrate(T ) is the lattice parameter of the substrate at some temperature T ,

and abulk(T ) is the in-plane lattice parameter of bulk PbTiO3 at the same temper-

ature from my QHA calculations. Note that Equation 3.1, as written, is not com-

pletely general since it assumes that both the substrate and thin-film material

can be described by a single pseudo-cubic lattice parameter. This is adequate

not only for PbTiO3 on the substrates considered here but also for most per-

ovskites and common substrates. However, if there was significant anisotropy

in either the substrate or thin-film material lattice parameters then a separate

equation would be required to describe the misfit strain along each unique di-

rection.

Since cubic Pm3̄m PbTiO3 is unstable to both zone-center ferroelectric and

zone-boundary distortions [71], I checked that the P4mm phase is indeed the

lowest in energy for the epitaxial strains considered in this work and is dynam-

ically stable. I assume a monodomain film, coherent epitaxy, a uniform strain
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state throughout the film, and I ignore interfacial effects between the film and

substrate.

3.3 Results and Discussion

The misfit strain as defined in Equation 3.1 contains the effects of both lattice

mismatch and thermal expansion coefficient mismatch. As a first step, I would

like to separately understand the effects of each of these sources of stress on the

lattice parameters and transition temperatures of strained ferroelectric PbTiO3

thin-films. In other words, I would like to consider the misfit strain as a sum of

two contributions,

εa(T ) = εT=300
a + ε thermal

a (T ), (3.2)

where εT=300
a is the intrinsic lattice mismatch defined with respect to some

temperature (we use the usual convention of 300 K). Films also experience a

temperature-dependent thermal stress due to the mismatch in in-plane thermal

expansion coefficients between the bulk (αbulk
a ) and substrate (αa). I denote the

strain that arises from this source of stress as ε thermal
a , where

ε thermal
a (T ) =

∫ T

τ=300
αa(τ) − αbulk

a (τ)dτ. (3.3)

Equation 3.3 emphasizes that ε thermal
a changes with temperature depending on

the thermal expansion coefficients of the bulk and substrate material.

In bulk, PbTiO3 undergoes a phase transition from a cubic Pm3̄m phase to

a ferroelectric P4mm phase at ∼760 K. Figure 3.1 shows how the c-axis lattice

parameters and ferroelectric phase transition temperatures of PbTiO3 thin-films

on various substrates change as a function of temperature. When the effects of
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both lattice mismatch and thermal expansion coefficient mismatch are included

in my calculations (both terms in Equation 2), Figure 3.1 shows that Tc increases

compared to bulk for films grown on LSAT and SrTiO3, whereas it decreases

slightly for films grown on DyScO3. In all cases, the c-axis shrinks with tem-

perature, it just does so at a different rate compared to bulk, depending on the

substrate. These trends align with conventional expectations, based on results

from many decades of experimental and theoretical studies, regarding the re-

lationship between misfit strain and Tc for this system. The compressive strain

imparted by LSAT makes PbTiO3 more tetragonal, pushing it further away from

the ferroelectric phase transition and increasing Tc. In contrast, the tensile strain

imparted by DyScO3 makes PbTiO3 more cubic, pushing it closer to the fer-

roelectric phase transition and decreasing Tc. PbTiO3 on SrTiO3 is in between

these two substrates and Tc is accordingly between that of PbTiO3 on DyScO3

and PbTiO3 on LSAT. This approximate relationship between strain state and Tc

is just a general rule of thumb but it has nonetheless been very useful.

Now, I would like to consider the role of the substrate thermal expansion

coefficient in giving rise to the properties of PbTiO3 thin-films. Figure 3.2 actu-

ally shows that αa for each substrate considered here is (coincidentally) nearly

constant at about 1×10−5K−1. In other words, the second term of Equation 3.2

(ε thermal
a ) is roughly the same for each substrate. What this means is that, in

the case of PbTiO3 thin-films on these particular substrates, it is the first term,

the intrinsic lattice mismatch (εT=300K
a ), that is responsible for the difference in

the structural and thermal properties of the thin-films grown on different sub-

strates. However, we must be very careful not to interpret this result as meaning

that the second term in Equation 3.2 does not matter – it may be the same for the

different substrates, but it is not zero. Figure 3.3 shows how structural param-
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Figure 3.1: Variation in lattice parameters of PbTiO3 thin-films with tem-
perature and substrate compared to bulk PbTiO3 from my first-
principles calculations. Open circles represent data for the a-
axis (experimental data for SrTiO3, DyScO3 and LSAT[20, 44,
27]), whereas closed squares represent data for the c-axis (pre-
dicted from my QHA calculations for each value of a).

eters and transition temperatures evolve if the in-plane lattice parameter of the

substrate is held constant at its 300 K value compared with data for which the

thermal expansion of the substrate is taken into account. Each panel contains a

set of data for a single film-substrate system from Figure 3.1 (represented with

filled symbols), alongside a fictitious system where the in-plane lattice param-

eter is fixed at the 300 K value of that substrate (represented with open sym-

bols). For each panel, the first term in Equation 3.2 is the same for both the

true film-substrate system (filled symbols) and the fictitious system with fixed

in-plane lattice parameters (open symbols), but the second term in Equation 3.2

is different. In the case of thin-films grown on LSAT and SrTiO3, ignoring the ef-

fects of substrate thermal expansion causes the c-axis to grow with temperature,

that is, the transition into the paraelectric phase is suppressed and the system

remains ferroelectric. In the case of DyScO3, Tc remains finite but is pushed
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Figure 3.2: Variation in thermal expansion coefficients of PbTiO3 thin-films
with temperature and substrate compared to bulk PbTiO3 from
my first-principles calculations. Open circles represent data
for thermal expansion along the a-axis (αa), whereas closed
squares represent data for thermal expansion along the c-axis
(αc). For the PbTiO3 thin-films, the αa values are those of the
substrates and have been extracted from experimental data
[20, 44, 27]. All αc values were calculated for this work using
the QHA.

to much higher temperatures (far above bulk Tc) when only the intrinsic lat-

tice mismatch is considered. What these results illustrate is that, in the case of

PbTiO3 thin-films on the substrates considered here, our intuition regarding the

relationship between strain state and Tc aligns with experimental observations

only because these substrates happen to have the ‘right’ thermal expansion coef-

ficients. If αa was different, then we could expect qualitatively different behavior,

as I now discuss.

Our results so far indicate that for the particular substrates considered here,

αa is roughly the same for each substrate and so ε thermal
a of Equation 3.2 is roughly

the same. The properties of PbTiO3 thin-films on SrTiO3 (say) are different to

those of PbTiO3 on DyScO3 because the initial lattice mismatch is different. The
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initial lattice mismatch does not just change the properties of thin-film materials,

it changes how they change with temperature. For a given initial lattice mismatch,

however, what would the effect of changing αa be? That is, if we had two dif-

ferent substrates that imparted the same strain at 300 K but different αa, how

would the properties of the films on those two substrates differ? The answer

to this question is revealed by Figure 3.4, which shows how Tc varies as a func-

tion of lattice mismatch at 300 K and substrate thermal expansion coefficient (αa,

chosen to be constant with temperature) for a series of fictitious substrates. For a

misfit strain of 1% tensile at 300 K, for example, Tc can either be higher than bulk

or lower than bulk, depending on αa. For compressive strains and low or zero

αa, the c-axis continues to grow with temperature such that the film remains

ferroelectric (denoted by triangles). However, as αa increases (moving verti-

cally up the plot), the c-axis instead shrinks with temperature and although Tc

is higher than bulk, there is a transition into the paraelectric phase. What these

results mean is that there is no reason to expect that thin-films of the same mate-

rial grown on two different substrates that impart the same lattice mismatch at

300 K, but have different thermal expansion coefficients, should have the same

structures or functional properties. Indeed, the effect of the thermal expansion

coefficient of the substrate on thin-film properties is striking and cannot be over-

stated: taken together, Figures 3.3 and 3.4 essentially show that the thermal ex-

pansion properties of the substrate have at least as large an effect on thin-film

structural and functional properties as the intrinsic lattice mismatch.

Why does the thermal expansion coefficient of the substrate have such a sig-

nificant effect on the properties of ferroelectric PbTiO3 thin-films? How much

does it change the misfit strain as a function of temperature? Figure 3.5 shows

how the misfit strain varies with temperature for PbTiO3 thin-films on LSAT,
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Figure 3.3: Variation in lattice parameters of PbTiO3 thin-films with tem-
perature when the lattice mismatch is held fixed at its 300
K value (open symbols, εT=300K

a term of Equation 3.2) com-
pared with lattice parameters calculated allowing for thermal
expansion of the substrate (closed symbols, εT=300K

a + ε thermal
a ).

Squares denote c-axis lattice parameters from my QHA calcu-
lations, circles denote a-axis lattice parameters (experimental
data[20, 44, 27]).
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SrTiO3 and DyScO3. In the case of SrTiO3, the lattice match is almost perfect at

300 K, but the misfit strain increases to almost 1% above 600 K. In the case of

LSAT and DyScO3, the misfit strain fully doubles from around 1% at 300 K, to

around 2% above 600 K (compressive for LSAT, tensile for DyScO3). These enor-

mous changes in misfit strain can be expected to dramatically change the prop-

erties of PbTiO3 thin-films as a function of temperature, an especially important

consideration in practical applications that involve temperature cycling. The

effect may be particularly pronounced for PbTiO3 thin-films because the ther-

mal expansion coefficient of the a-axis for PbTiO3 is so large and increases with

temperature, as Figure 3.2 shows. In contrast, αa for each substrate is nearly

constant at about 1×10−5 K−1, as I have already discussed. Hence, as the temper-

ature increases, the substrates considered here force the PbTiO3 film to expand

much slower along its in-plane axis than it would normally have at a given

temperature. Figures 3.2 and 3.5 also explain why the temperature-dependent

structural properties of PbTiO3 thin-films on SrTiO3 differ so much from bulk,

despite the near-perfect lattice match at 300 K. Although the lattice constants of

SrTiO3 and PbTiO3 are very similar at 300 K, their in-plane (αa) thermal expan-

sion coefficients are not, and the difference increases with temperature.

Finally, I consider some of the broader implications of my results. Although

all the substrates I considered have roughly the same, fairly low, thermal expan-

sion coefficients, we can imagine how the structural and functional properties

of a thin-film my be tuned via judicious choice of intrinsic lattice and thermal

expansion coefficient mismatch. Figure 3.6 shows the change in the c-axis lattice

parameter as a function of temperature for growth of PbTiO3 thin-films on four

different (fictitious) substrates with different intrinsic lattice mismatch and dif-

ferent αa. For the particular combinations shown in Figure 3.6, thermal expan-
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Figure 3.4: Variation in ferroelectric transition temperature and c-axis be-
havior of ferroelectric PbTiO3 thin-films as a function of misfit
strain and substrate coefficient of thermal expansion (αa) from
my QHA calculations. The color chart for Tc has white set to
the bulk Tc of 760 K. Blue (red) squares indicate a strain and αa

combination that produce films with a lower (higher) Tc than
bulk. Triangles indicate combinations of strain and αa that pro-
duce films in which the c-axis continues to grow with tempera-
ture and Tc is suppressed. All other combinations of strain and
αa produce films in which the c-axis shrinks with temperature
and Tc is finite. Note that the films with the highest transi-
tion temperatures may exceed 1600 K or even be completely
suppressed. The letters ‘L’, ‘S’ and ‘D’ denote the strain and
αa conditions corresponding to growth on LSAT, SrTiO3 and
DyScO3.
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Figure 3.5: Variation in in-plane misfit strains as a function of temperature
for PbTiO3 thin-films on DyScO3, SrTiO3 and LSAT from my
QHA calculations.

sion of the c-axis is suppressed, leading to thin-films with Invar-like behavior.

It should also be possible to engineer thin-films with greatly enhanced posi-

tive or negative thermal expansion by appropriate choice of substrate. Recent

work has also demonstrated the potential for exploiting thermal expansion mis-

match to achieve continuous strain tuning. For example, Zhang and co-workers

showed that the amount of tensile strain imparted to thin-films of SrTiO3 grown

on a Si substrate could be continuously tuned by varying the growth tempera-

ture [209, 200]. In this study, the SrTiO3 thin films are allowed to relax to their

unstrained bulk lattice parameters at the growth temperature, owing to the for-

mation of dislocations and an amorphous SiOx layer at the interface between the

film and substrate. Then, since the thermal expansion coefficients of SrTiO3 and

Si are quite different, and the SrTiO3 film is clamped to the Si substrate through

the amorphous oxide layer, changes in the lattice parameter of Si with temper-

ature upon cooling the system to room temperature results in a residual tensile

strain in the SrTiO3; the magnitude of this strain depends on the growth temper-
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Figure 3.6: Judicious combinations of initial lattice mismatch (defined at
300 K) and substrate coefficient of thermal expansion (αa) can
produce PbTiO3 thin-films with zero thermal expansion along
the c-axis with temperature. Circles represent data for the a-
axis whereas squares represent data for the c-axis. Black: -
1.46% misfit strain (300 K), αa = 1.01×10−5 K−1. Red: -1.21%
misfit strain, αa = 0.85×10−5 K−1. Blue: -0.70% misfit strain, αa =
0.60×10−5 K−1. Green: -0.18% misfit strain, αa = 0.27×10−5 K−1.

ature. It would be particularly interesting to employ this strategy on a system

that undergoes a phase transition in range of the growth temperature, to com-

pare films relaxed above and below the phase transition. My work helps build

a theoretical basis by which to predict how this process, and other strategies

for dynamical tuning of structural properties using thermal strain [186], could

affect the structural properties of other combinations of films and substrates.

3.4 Conclusions

The results of my first-principles study of PbTiO3 thin-films show that both the

intrinsic lattice mismatch and the thermal expansion coefficient mismatch play

critical roles in determining how the structures and functional properties of
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PbTiO3 thin-films evolve with temperature. I showed that when the in-plane

lattice parameters of the substrate is held constant and the only difference be-

tween thin-films on different substrates is the intrinsic lattice mismatch at 300

K, the evolution of the c-axis with temperature is qualitatively different and can

even change sign compared to results when the thermal expansion is taken into

account. The intrinsic lattice mismatch does more than just specify the ‘initial

conditions’ of the lattice parameters however, it also has important implications

for how the lattice parameters of the film will change with temperature. Cor-

rectly capturing these responses is critical for understanding not only how the

structural properties of the film evolve with temperature but also all the prop-

erties linked to the c/a ratio, such as the ferroelectric polarization. I further

showed how transition temperatures and structural properties can qualitatively

differ based on the thermal expansion coefficient of the substrate, even when

the intrinsic lattice mismatch at 300 K is constant. While I expect that the ther-

mal expansion mismatch plays an important role in giving rise to the structural

properties of thin-films of materials other than PbTiO3, the magnitude of the

effect will of course be different. This is because the materials properties most

likely to control the microscopic mechanisms underlying the behavior discussed

here – elasticity and vibrational effects – are material dependent. I explore the

microscopic mechanisms that drive these behaviors in Chapter 4.
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CHAPTER 4

SUBSTRATE-FILM THERMAL EXPANSION MISMATCH IN PBTIO3: A

GRÜNEISEN THEORY PRESPECTIVE

4.1 Introduction

Recent advances in theoretical and experimental techniques have promoted in-

creasing interest in the phonon and thermal properties of materials by making

it possible to more easily access the information required to elucidate atomic-

scale mechanisms [185, 139, 103, 160]. Particularly exciting progress has been

made in the family of metal-organic frameworks, where it now not only ap-

pears possible to design materials with unconventional thermal responses (such

as negative thermal expansion), but also to tune those responses in a highly con-

trollable way [79, 80, 81]. In contrast, negative thermal expansion is both rarer

and apparently more difficult to tune in inorganic framework materials, such as

complex oxides [121, 134, 11]. The most common approach is chemical substi-

tution, although it is generally challenging to change either the sign or the mag-

nitude of the thermal expansion significantly in this way (recent work provides

an impressive exception [204, 2]). A significant barrier to designing effective

strategies for highly tunable thermal expansion is that, with few exceptions, the

microscopic factors controlling the temperature evolution of structural parame-

ters are poorly understood.

The ferroelectric P4mm tetragonal phase of PbTiO3 exhibits negative volu-

metric thermal expansion from approximately room temperature up to 760 K,

where it undergoes a structural phase transition to a cubic Pm3̄m phase [32, 177].

Thermal expansion in the ferroelectric phase is characterized by a shrinking c-
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axis and an expanding a-axis – the c-axis contracts faster than the a-axis ex-

pands, so the net effect is a decrease in volume with increasing temperature.

Interestingly, recent theoretical work has shown that negative thermal expan-

sion in PbTiO3 is actually driven by the expanding a-axis [160]. However, strong

elastic (Poisson-like) coupling between the a- and c-axes pulls the c-axis down

as the a-axis expands.

It is possible to grow high-quality thin-films of PbTiO3 on various substrates,

and a wealth of temperature-dependent structural and ferroelectric polarization

data are available in the literature. Thin-film systems are excellent platforms

for probing mechanisms of thermal expansion because different substrates will

impart different misfit strains (which will change with temperature, depending

on the thermal expansion coefficient of the substrate [97, 96]) and hence different

elastic boundary conditions to the growing film. Hence, it becomes possible to

understand how changes in the unit cell dimensions affect thermal expansion

behavior, all while keeping the chemical composition constant.

In the previous chapter, I used first-principles density functional the-

ory (DFT) and the quasiharmonic approximation (QHA) to investigate

the thermal expansion of PbTiO3 thin-films on SrTiO3, DyScO3 and

(La0.29(5)Sr0.71(5))A−site(Al0.65(1)Ta0.35(1))B−siteO3 (LSAT) substrates. My key findings

were that: 1) the misfit strain does not just change the properties of PbTiO3 thin-

films, it changes how they change with temperature, and 2) the mismatch in

thermal expansion coefficients between PbTiO3 and the substrates had a strik-

ing effect on thin-film properties. For a given misfit strain, I found qualita-

tive changes in thermal expansion behavior and ferroelectric transition temper-

atures depending on the thermal expansion coefficient of the substrate.
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In this chapter, I use the Grüneisen theory of thermal expansion in combina-

tion with DFT calculations and the quasiharmonic approximation to elucidate

the microscopic mechanisms underlying the structural properties of PbTiO3

thin-films in terms of elastic and vibrational contributions to the lattice parame-

ters at finite temperatures. Surprisingly, I show that the c-axis lattice parameter

(perpendicular to the substrate) evolves with temperature as if it is almost en-

tirely dominated by linear elastic effects, despite the fact that PbTiO3 thin-films

exhibit the hallmarks of strong anharmonicity. I find that this behavior is due to

a fortuitous near-cancellation between the contributions to thermal expansion

from anharmonic elasticity and from vibrational thermal stress, the details of

which depend both on the mismatch between the lattice parameters of the film

and substrate, as well as the mismatch between their rates of thermal expan-

sion. I use these findings to explain the temperature evolution of the structural,

elastic, vibrational and thermal expansion properties of PbTiO3 thin-films on

experimentally available substrates.

4.2 First-Principles Calculations

All calculations were performed using density functional theory, as imple-

mented in Quantum Espresso 6.5.0.[72] I used the Wu-Cohen exchange-

correlation functional [202] with Garrity-Bennett-Rabe-Vanderbilt ultrasoft

pseudopotentials.[70] The following states were included in the valence for each

element: 5d106s26p2 for Pb, 3s23p64s23d1 for Ti, and 2s22p4 for O. Zero temper-

ature unit cell lattice parameters and atomic positions of P4mm PbTiO3 were

converged with respect to the plane wave cutoff energy and k-point mesh den-

sity to within 0.001 Å. Unless otherwise mentioned, structural parameters were
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found to be converged at a force cutoff threshold of 3.0 × 10−5 Ry/bohr using a

6 × 6 × 6 Monkhorst-Pack (MP) mesh and a 100 Ry plane wave cutoff energy,

compared with MP meshes up to 12×12×12 and plane wave cutoffs up to 120

Ry. Phonon dispersion calculations were performed using density functional

perturbation theory on an 8 × 8 × 8 q-point grid.

Finite temperature structural parameters and elastic constants were pre-

dicted using a quasiharmonic approximation (QHA) to the Helmholtz free en-

ergy – in this study, I closely follow the framework outlined in Chapter 1.3 and

Refs. [162] and [161] regarding the application of the QHA. My grid of strained

systems consisted of a 6 × 12 grid spanning -1.5 to +2.5% strain along the a-axis

of the P4mm tetragonal phase, and -4.0% to +5.1% strain along c, augmented

with 20 additional points with strains spanning -1.1% to -0.3% strain in a and -

4.0% to +5.1% strain in c. These points were chosen to ensure good convergence

of finite-temperature elastic constants and to make sure that for bulk PbTiO3 and

all strained films studied, the lattice parameters as a function of temperature

would be bounded by these values. Note that our DFT simulations predict that

the unit cell of bulk PbTiO3 exhibits unstable phonon modes at 0 K in its cubic

phase, as well as for nearly-cubic unit cells with very low c/a ratios. This results

in difficulty when calculating QHA grid points very close to the tetragonal-

cubic phase transition. The lowest value of c in the set of unit cells used in

my quasiharmonic grid is approximately 4.00 Å, meaning that for temperatures

greater than 720 K, the point that minimizes the Helmholtz free energy surface

fit is no longer bounded by that grid along the c axis. While such an extrapo-

lation of the derivatives of the vibrational free energy is within the spirit of the

Grüneisen theory of thermal expansion, our simulation can be interpreted to

conclude that the tetragonal-cubic phase transition in bulk PbTiO3 occurs some-
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where within the range of 720 K to 800 K. Some structures at very large values

of strain exhibited phonons with imaginary frequencies; these points were dis-

carded from the data set. Note that the strain values above are defined with

respect to the 0 K lattice parameters of the P4mm phase, including zero-point

energy corrections from vibrational degrees of freedom (we find a = 3.891 and

c = 4.174 ).

We use the same definitions of misfit strain and thermal expansion mis-

match as in Chapter 3 and Ref. [161]; we reproduce the definitions here for

convenience. For the calculations of epitaxially strained PbTiO3, we clamp the

in-plane (a and b) lattice parameters of PbTiO3 to the temperature-dependent

lattice parameters of the substrate. That is, my misfit strain is defined as,

εa(T ) =
asubstrate(T ) − aPTO(T )

aPTO(T )
, (4.1)

where asubstrate(T ) is the lattice parameter of the substrate at some temperature T ,

and aPTO(T ) is the in-plane lattice parameter of bulk PbTiO3 at the same temper-

ature from my QHA calculations. We can re-write this (as in Chapter 4 and Ref.

[161]) as

εa(T ) = ε300
a + εthermal

a (T ), (4.2)

where ε300
a is the strain at a reference temperature of 300 K (the misfit strain

is usually defined at room temperature in the thin-film literature by conven-

tion), and the additional strain that arises from changes in temperature εthermal
a is

defined as

εthermal
a (T ) =

∫ T

τ=300
αa(τ) − αbulk

a (τ)dτ

=

∫ T

τ=300
∆αa(τ)dτ,

(4.3)
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The misfit strain rate is defined as ∆αa(T ) = αa(T ) − αbulk
a (T ), where αa(T )

is the thermal expansion coefficient of the substrate, and αbulk
a (T ) is the rate of

thermal expansion along a for unconstrained bulk PbTiO3 (since I am consid-

ering PbTiO3 films coherently clamped to the substrate, the thermal expansion

coefficient of PbTiO3 films along the a-axis is just that of the substrate).

4.3 Grüneisen Theory of Thermal Expansion

In the previous chapter on thermal expansion in ferroelectric PbTiO3 thin-films

and Ref [161], I showed that the temperature of the transition (Tc) to the cubic

Pm3̄m phase depends qualitatively not only on the misfit strain but also on the

thermal expansion coefficient of the substrate (αa). For example, Figure 4.1 (re-

produced from Chapter 3 and Ref. [161]) shows that for a tensile misfit strain of

1% at 300 K, corresponding approximately to growth of PbTiO3 on the substrate

DyScO3, Tc can be either higher or lower than bulk PbTiO3, depending on the

value of αa.

There is an intimate and complex connection between the transition temper-

ature, the misfit strain, the thermal expansion coefficient of the substrate, and

the thermal expansion coefficient of the out-of-plane c-axis (αc) of the PbTiO3

thin-film. Rather than continuing to focus on transition temperatures, in this

work I shift my attention to the fundamental relationship between the misfit

strain, αc and the thermal expansion coefficient of the substrate. My goal is to

elucidate the microscopic origins of this relationship in terms of the elastic and

vibrational properties of PbTiO3 thin-films. That is, I aim to answer the ques-

tion, how can we understand differences in the thermal expanion properties
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Figure 4.1: Variation in ferroelectric transition temperature and c-axis be-
havior of ferroelectric PbTiO3 thin-films as a function of misfit
strain and substrate coefficient of thermal expansion (αa) from
my first-principles QHA calculations reported in Ref. [161].
The color chart for Tc has white set to the bulk PbTiO3 tran-
sition temperature of 760 K. Blue (red) squares indicate a strain
and αa combination that produces films with a lower (higher)
Tc than bulk. Triangles indicate combinations of strain and αa

that produce films in which the c-axis continues to grow with
temperature and Tc is suppressed. All other combinations of
strain and αa produce films in which the c-axis shrinks with
temperature and Tc is finite. Note that the films with the high-
est transition temperatures may exceed 1600 K or even be com-
pletely suppressed. The letters ‘L’, ‘S’ and ‘D’ denote the strain
and αa conditions corresponding to growth on LSAT, SrTiO3

and DyScO3 substrates. See Ref. [161] for further details.

of PbTiO3 thin-films compared to bulk in terms of fundamental elasticity and

vibrational properties?
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4.3.1 The thermal expansion and Grüneisen tensors

I begin by describing the thermodynamic framework through which I will ex-

plore and answer the question posed above. In the Grüneisen theory of thermal

expansion [193, 94], the thermal expansion can be related to a thermal stress pro-

portional to the mean (or bulk) Grüneisen parameters. The generalized mode

Grüneisen parameter [193] for phonon mode s at wave vector q is defined as

the change in phonon frequency ω with respect to an infinitesimal strain ε along

Cartesian directions i and j:

γ
i j
s,q ≡ −

1
ωs,q

∂ωs,q

∂εi j
. (4.4)

The mean Grüneisen parameter [35, 7] is then essentially the sum of the indi-

vidual mode Grüneisen parameters weighted by their specific heats, cs,q:

γi j ≡

∑
s,q γ

i j
s,qcs,q∑

s,q cs,q
. (4.5)

At a given temperature, the mean Grüneisen tensor can be related to the thermal

strain tensor, α j, through the elastic stiffness tensor Ci j,[193, 142]

∑
j

Ci j α j =
Cη

V
γi, (4.6)

where Cη is the bulk heat capacity at constant configuration, V is the equilib-

rium volume and γi is the mean Grüneisen parameter of Equation 4.5 in Voigt

notation. Both α j and γi are 6×1 vectors and Ci j is a 6×6 tensor, again employing

Voigt notation. I emphasize that all of the materials properties in Equation 4.6

are temperature dependent, including the elastic constants.

Since thermal strains are forbidden by symmetry to induce shear strains in

tetragonal systems, for this work we only need to consider the upper left 3×3
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block of the thermal expansion tensor. Hence, the thermal expansion tensor can

be written as a 3×1 vector where the first two indices correspond to the strain

per degree Kelvin of the in-plane a and b lattice parameters (necessarily equal

in a tetragonal system), and the third index corresponds to strain per degree

Kelvin of the out-of-plane c lattice parameter:

α j =


αa

αa

αc

 . (4.7)

The mean Grüneisen tensor can similarly be represented as a 3×1 vector where

the first two indices correspond to the mean Grüneisen parameter with respect

to a and b (again, necessarily equal by symmetry) and the third index corre-

sponds to the mean Grüneisen parameter with respect to c:

γi =


γa

γa

γc

 . (4.8)

These relations help us understand how changes in the mechanical boundary

conditions applied to PbTiO3 affect its vibrational properties, and in this study

allow me to quantify changes in the thermal expansion properties of the PbTiO3

film as a function of misfit strain and substrate thermal expansion coefficient.

I compute the materials properties discussed above using the results from

the QHA. For α j, I compute a numerical derivative of strain at each value of

T using the predicted lattice parameters and a central finite difference method.

The Ci j relevant to the Grüneisen framework of thermal expansion are calcu-

lated using derivatives of the Helmholtz free energy surface fit to the points in

the quasiharmonic grid with respect to strain along the a and c axes (see Ap-

pendix B for details). Note that since the films are under a nonzero state of
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in-plane strain, the elastic stiffness tensor is no longer symmetric, i.e. C13 , C31,

and requires both second derivatives of energy with respect to strain as well as

first derivatives (stress) to calculate [14, 192, 195].

After the α j and Ci j are calculated, the Grüneisen parameters can be found

by solving the system of linear equations described by Equation 4.6. In this

study, I am often only concerned with analyzing thermal expansion along c, as

αa is defined by the substrate. Thus, the only Grüneisen parameter necessary is

γc, which can be solved for using the following relation derived from 4.6:

2C31αa + C33αc =
Cη

V
γc. (4.9)

4.3.2 Relationship between linear elastic and anharmonic ef-

fects in the Grüneisen theory

Having established some basic definitions, what I would now like is an expres-

sion that relates changes (compared to bulk) in the thermal expansion proper-

ties of PbTiO3 thin-films to corresponding changes in the elastic constants and

vibrational properties (Grüneisen parameters). Let ∆αi(T ) ≡ αi(T ) − αbulk
i (T )

such that αbulk
i (T ) + ∆αi(T ) = αi(T ). Similarly, let ∆Ci j(T ) ≡ Ci j(T ) − Cbulk

i j (T ),

where Ci j(T ) is the temperature-dependent elastic stiffness tensor of the PbTiO3

thin-film and Cbulk
i j (T ) is the elastic stiffness tensor of bulk PbTiO3. Finally, let

∆γi(T ) ≡ γi(T ) − γbulk
i (T ), where γi(T ) is the ith element of the Grüneisen tensor

for a PbTiO3 thin-film and γbulk
i (T ) is the Grüneisen tensor of bulk PbTiO3. Thus,

∆αi(T ), ∆Ci j(T ), and ∆γi(T ) respectively denote the difference in thermal expan-

sion, elastic properties, and Grüneisen parameters in the strained film from that

of bulk PbTiO3 at the same temperature.
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In the Grüneisen theory of thermal expansion, the difference in thermal ex-

pansion between a PbTiO3 film and bulk PbTiO3, ∆α(T ), is entirely accounted

for by the departure of the Grünesien parameters and elastic constants from the

values they would have in the bulk system (with higher-order phonon-phonon

coupling terms ignored [193, 94]). Thus, using Equation 4.6, for the strained film

∑
j

Ci j(T )α j(T ) =
Cη(T )
V(T )

γi(T ), (4.10)

and therefore,∑
j

(Cbulk
i j (T ) + ∆Ci j(T )) (αbulk

j (T ) + ∆α j(T )) =
Cη(T )
V(T )

(γbulk
i (T ) + ∆γi(T )). (4.11)

Expanding Equation 4.11 for i = 3 for a tetragonal system and subtracting from

it the relation in Equation 4.6 for the bulk system,

2Cbulk
31 ∆αa +Cbulk

33 ∆αc +2∆C31α
bulk
a +∆C33α

bulk
c +2∆C31∆αa +∆C33∆αc =

Cη

V
∆γc. (4.12)

I remind the reader again that since the film is under non-zero stress along the

a-axis, the elasticity tensor is no longer necessarily symmetric, and thus C31 ,

C13. For notational simplicity, I have also dropped the (T ) from each of these

quantities, though they all remain functions of temperature. Solving Equation

4.12 for ∆αc and rearranging (see Appendix B for a more detailed derivation),

we obtain,

∆αc = −2
Cbulk

31

Cbulk
33

∆αa +

[(
2

Cbulk
31

Cbulk
33

∆αa − α
bulk
c

)
∆C33

(Cbulk
33 + ∆C33)

−2(αbulk
a + ∆αa)

∆C31

(Cbulk
33 + ∆C33)

]
+

Cη∆γ
c

V(Cbulk
33 + ∆C33)

.

(4.13)
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Though it appears complex, Equation 4.13 establishes the sought after connec-

tion between ∆αc, the deviation of αc of the strained film from that of bulk PbTiO3,

and the elastic and vibrational properties of strained PbTiO3 films and how they

depart from that of bulk PbTiO3. By understanding the physical meaning of

each term in Equation 4.13, we can explain the microscopic mechanism underly-

ing ∆αc in strained film systems in terms of changes in elasticity and vibrational

properties:

1. I refer to the first term, −2Cbulk
31

Cbulk
33

∆αa, as linear elastic coupling. This is the elas-

tic coupling between in-plane (a-axis) and out-of-plane (c-axis) thermal

strain from linear elasticity. It accounts for the change in the rate of ther-

mal expansion along c of the film that would be predicted if the materials

properties Ci j and γc did not change at all with strain.

2. I refer to the second and third terms (grouped by square brackets in Equa-

tion 4.13) as elastic anharmonicity. These terms capture how changes in the

elastic properties in the strained film affect ∆αc.

3. I refer to the last term, − Cη∆γ
c

V(Cbulk
33 +∆C33)

, as anharmonic thermal stress. This term

captures how changes in phonon anharmonicity (due to phonon-strain

coupling), and the thermal stress it induces in the strained film, affect ∆αc.

It is clear that the difference in the c-axis thermal expansion of strained

PbTiO3 thin-films compared to bulk arises from three sources – the mismatch

between the thermal expansion coefficients of the substrate and bulk PbTiO3

(∆αa), the difference between the elastic constants of the strained film com-

pared to those of bulk PbTiO3 (∆C31 and ∆C33), and the difference between the

Grüneisen parameters along the c-axis of the strained film compared to those
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of bulk PbTiO3 (∆γc). Note that the misfit strain at a given temperature gives

rise to changes in the elastic constants and the Grüneisen parameters (∆γc, ∆C31

and ∆C33) at that temperature, whereas ∆αa determines the misfit strain rate.

In the following section, I consider how each of ∆C31, ∆C33 ∆γc, and ∆αa affect

the thermal expansion of strained PbTiO3 thin-films along the c-axis, and how

they depend on misfit strain and the thermal expansion coefficient of a given

substrate.

4.4 Results

4.4.1 Thermal expansion in strained thin-films – Importance of

anharmonicity

Figure 4.2 shows the rate of thermal expansion along the c-axis for PbTiO3 thin-

films as a function of strain and two different substrate thermal expansions com-

pared with bulk PbTiO3. When αa = 1×10−5, the negative thermal expansion

along c is suppressed compared to bulk for each of the strained films. When

the rate of thermal expansion of the substrate is increased (αa = 2.5×10−5), the

strained films initially show an enhanced rate of negative thermal expansion

along c compared to bulk, up to about 400 K. Above this temperature, bulk

PbTiO3 once again shows the largest rate of negative thermal expansion along

c. The behavior of the lattice-matched films (zero misfit strain at 300 K) is al-

ways ‘between’ that of the tensile and compressively strained films. In order to

prevent the discussion below from becoming overly complex, I do not explicitly
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Figure 4.2: Comparison between c-axis thermal expansion coefficients (αc)
as a function of temperature for bulk PbTiO3 and a series of
strained films from my QHA calculations for growth on two
different substrates with αa = 1.0×10−5 (left) and 2.5×10−5 (right)
– compressive (ε300

a = -0.75%, tensile (ε300
a = +0.75%) and lattice-

matched (ε300
a = 0.00%). The αc data are denoted by closed

squares, whereas the αa data (shown for bulk PbTiO3 only) are
denoted by open black circles. The data for bulk PbTiO3 are
identical in both panels.

discuss the lattice-matched films. 1

We can understand the trends shown in Figure 4.2 by considering individ-

ually the contributions of elastic anharmonicity, thermal stress and linear elas-

ticity in Equation 4.13 to ∆αc, the deviation in thermal expansion along c in

strained PbTiO3 compared to bulk. Figures 4.3 and 4.4 show ∆αc and its various

contributions for PbTiO3 thin-films under compressive and tensile strain for two

different substrate thermal expansion coefficients (the same as those considered

in Figure 4.2). Both figures appear to show that linear elasticity (the first term

of Equation 4.13) makes the dominant contribution to ∆αc, with the red squares

almost overlaid on the black squares. In this scenario, the thermal expansion of

1The films under compressive and tensile strain at 300 K remain under compressive and
tensile strain throughout nearly the entire temperature range studied (the only exception is the
film constrained by the substrate with ε300

a = +0.75% at αa = 1×10−5 for temperatures over 700 K).
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Figure 4.3: Contributions to ∆αc, broken down according to Equation 4.13,
as a function of temperature for compressively strained films.
The misfit strain at 300 K (ε300

a ) is -0.75% while the strain rate
is varied from that of bulk PbTiO3. The linear elasticity contri-
bution refers to the first term of Equation 4.13, the anharmonic
elasticity contribution refers to the second and third terms of
Equation 4.13 (grouped in parentheses), and the anharmonic
thermal stress contribution refers to the fourth term of Equa-
tion 4.13.

.

the c-axis as a function of temperature is controlled by Poisson-like linear elastic

coupling between the a and c-axes. If we were to consider only the linear elastic

contribution to ∆αc, the PbTiO3 films would appear highly harmonic.

However, Figures 4.3 and 4.4 additionally show that there are also large con-

tributions to ∆αc from elastic anharmonicity and anharmonic thermal stress –

in the case of the PbTiO3 thin-film under compressive strain and αa = 2.5×10−5,

these terms are actually larger in magnitude than the linear elastic contribution

through nearly the entire temperature range. Critically, the contributions to ∆αc

from elastic anharmonicity and anharmonic thermal stress are of opposite sign,

leading to a fortuitous near-cancellation (whereas the sign of the contribution

from elastic anharmonicity is always opposite that of the anharmonic thermal

stress, which one is positive and which negative depends on the sign of the
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Figure 4.4: Contributions to ∆αc, broken down according to Equation 4.13,
as a function of temperature for tensile strained films. The mis-
fit strain at 300 K (ε300

a ) is +0.75%, while the strain rate is var-
ied from that of bulk PbTiO3. The linear elasticity contribu-
tion refers to the first term of Equation 4.13, the anharmonic
elasticity contribution refers to the second and third terms of
Equation 4.13 (grouped in parentheses), and the anharmonic
thermal stress contribution refers to the fourth term of Equa-
tion 4.13.

.

misfit strain at a given temperature; for elastic anharmonicity the contribution

tends to be the same sign as the misfit strain). This fortuitous near-cancellation

between different types of anharmonicity, the origin of which will be discussed

in the next section, results in what looks like a linear elastic thermal response of

strained PbTiO3 thin-films.

4.4.2 Dependence of elastic constants and Grüneisen parame-

ters on temperature and misfit strain

The near-cancellation of contributions from anharmonicity shown in Figures

4.3 and 4.4 can ultimately be attributed to changes in the elastic constants and

Grüneisen parameters with temperature and misfit strain. Figure 4.5 shows
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Figure 4.5: Comparison between strained films on substrates with two
different thermal expansion coefficients (αa = 1.0 × 10−5 and
αa = 2.5 × 10−5) and bulk PbTiO3 for C33 (left), C31 (middle) and
γc (right) from my first-principles calculations.

that C31, C33 and γc for the strained films can all differ significantly from bulk

PbTiO3, and also change significantly with temperature depending on the misft

strain and substrate thermal expansion coefficient. Despite the fact that contri-

butions to ∆αc from just the linear elasticity term of Equation 4.13 closely match

those calculated using the full expression for ∆αc, the large strain dependencies

depicted in Figure 4.5 corroborate the data shown in Figures 4.3 and 4.4 in illus-

trating that strained PbTiO3 thin-films are highly anharmonic, especially with

respect to the elastic constants (note that even though the values of γc tend to be

fairly small, they still experience large changes with strain, indicating the pres-

ence of anharmonicity). The details of how the elastic constants and Grüneisen

parameters change with temperature affect how elastic anharmonicity and an-

harmonic thermal stress contribute to changes in the c-axis of strained PbTiO3

films with temperature.

Considering first the compressively strained film, C33 is softer than in bulk

PbTiO3 (∆C33 < 0), whereas C31 is stiffer (∆C31 > 0). The effect of these strain-
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induced changes to elasticity, which is captured by the second term (grouped in

square brackets) in Equation 4.13 and the green squares in Figure 4.3, is to make

a negative contribution to ∆αc. Films under tensile strain exhibit the opposite

behavior of the elastic constants compared to bulk – under tensile strain, elas-

tic anharmonicity makes a positive contribution to ∆αc, as shown by the green

squares in Figure 4.4. Appendix B contains a short discussion of how the ob-

served effect of changes in the elastic constants on ∆αc can be predicted from a

careful analysis of the sign of each of the two terms contributing to anharmonic

elasticity in Equation 4.13.

With respect to the Grüneisen parameters, Figure 4.5 shows that γc is larger

in the compressively strained film than in bulk PbTiO3 (∆γc > 0), whereas it

is smaller in the tensile strained film (∆γc < 0). Referring back to Equation

4.13, compressive strain then causes the anharmonic thermal stress (last) term

of Equation 4.13 to make a positive contribution to ∆αc, as shown by the blue

squares in Figure 4.3. In contrast, the anharmonic thermal stress makes a neg-

ative contribution to ∆αc in films under tensile strain, as shown by the blue

squares in Figure 4.4 (note that while C33 appears in the denominator of this

term, it cannot change the sign of the term). In other words, the contribution

from anharmonic thermal stress to thermal expansion along c will be the same

sign as ∆γc, which is typically opposite in sign to the misfit strain. The changes

in contributions from the anharmonic thermal stress with respect to misfit strain

are opposite those of anharmonic elasticity, as discussed above.

Hence, when PbTiO3 undergoes biaxial strain, there is a competition be-

tween elastic anharmonicity (the second and third terms of Equation 4.13), and

anharmonic thermal stress (the last term of Equation 4.13), and a large portion
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of their sum cancels. This near-cancellation is the result of large, simultaneous

changes in elastic and vibrational properties in the film, and causes the response

to appear nearly elastic, with a small departure from linear elasticity due to the

cancellation not being exact. The contribution to αc from anharmonic elasticity

is proportional to ∆C33, which is typically the same sign as the misfit strain, and

opposes the contribution from anharmonic thermal stress proportional to ∆γc,

which is typically the opposite sign of the misfit strain.

4.4.3 Understanding differences among strained films in terms

of contributions to ∆αc

Finally, returning now to Figure 4.2, although all of the strained films I stud-

ied exhibit suppressed negative thermal expansion along the c-axis compared

to bulk (except at low temperatures for the αa = 2.5×10−5 substrate), there are

differences in thermal expansion among the strained films, as noted earlier. If

the behavior of the PbTiO3 thin-films really was fully controlled by linear elas-

ticity, the thermal expansion of the c-axis would be completely determined by

the substrate thermal expansion coefficient αa and the elastic properties of bulk

PbTiO3. Hence, the c-axis thermal expansion would be the same, regardless of

the misfit strain. Instead, the details of the thermal expansion of the films do de-

pend on both the misfit strain and the mismatch between the thermal expansion

coefficients of the substrate and bulk PbTiO3 (∆αa, the misfit strain rate).

For example, compressively strained films on substrates with αa = 1×10−5

show the least negative rate of thermal expansion along the c-axis but when

αa increases to 2.5×10−5, they show the most negative thermal expansion along
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c among the thin-film systems. This is because for compressive strain and

αa = 1×10−5, the positive contributions to ∆αc from anharmonic thermal stress

are larger in magnitude than the negative contributions from anharmonic elas-

ticity, pushing the thermal expansion of the c-axis to be slightly more positive

than for the other strained systems, as shown in the left panel of Figure 4.3.

When αa = 2.5×10−5, the negative contributions to ∆αc from elastic anharmonic-

ity are larger in magnitude than the positive contributions from anharmonic

thermal stress, pushing the thermal expansion of c to be slightly more negative

than for the other strained systems, as shown in the right panel of Figure 4.3.

These trends are reversed for films under tensile strain.

Figures 4.3 and 4.4 show that, for a given strain (compressive or tensile),

the anharmonic thermal stress is relatively insensitive to αa. In addition, Equa-

tion 4.13 shows that neither αa nor ∆αa appear in the (fourth) anharmonic stress

term. This directs our attention to the two terms associated with anharmonic

elasticity. Figure 4.6 shows how the average values of the two contributions to

∆αc from anharmonic elasticity terms in Equation 4.13 change as a function of αa

for both compressive and tensile strain. For films under compressive strain, it

is the first term,
(
2Cbulk

31

Cbulk
33

∆αa − α
bulk
c

)
∆C33/(Cbulk

33 + ∆C33), that has the most negative

contribution to ∆αc and the most negative slope with respect to αa. This means

that for compressively strained films, it is this term that makes the contribution

of elastic anharmonicity to ∆αc negative and larger in magnitude than the posi-

tive contribution from anharmonic thermal stress. Although the compressively

strained film initially shows the least negative rate of thermal expansion along

the c-axis among the strained films, as αa increases the magnitude of the neg-

ative contribution from elastic anharmonicity also increases, leading the com-

pressively strained film to exhibit the most negative rate of thermal expansion
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Figure 4.6: Variation in contribution to ∆αc of anharmonic elasticty term
of Equation 4.13 in terms of the second term of Equation 4.13
(blue) and the third term of Equation 4.13 (red). Data are
shown as a function of substrate thermal expansion coeffi-
cient (αa) for compressively strained (ε300

a = -0.75%) and tensile
strained (ε300

a = +0.75%) films. Each data point corresponds to
the average value of the indicated term from 0 K to 800 K. The
lines are guides for the eye.

along c when αa = 2.5×10−5. For films under tensile strain, both anharmonic

elastic terms are positive and increase as αa increases – the first term again ex-

hibits the largest contribution and slope with respect to αa, yet this time both are

positive. Hence, in this case the positive contributions to ∆αc from anharmonic

elasticity grow larger in magnitude than the negative contributions from anhar-

monic thermal stress as αa increases, leading to films under tensile strain having

a slower rate of thermal expansion along the c-axis than either bulk PbTiO3 or

compressively strained films. As discussed in Section 4.4.2 and Appendix B,

the sign of this critical first term is determined by the sign of ∆C33, which is the

same as the sign of εa. The behavior of this term, combined with the relative

insensitivity of anharmonic thermal stress on αa, explains the departure of ∆αc

from what would be predicted by linear elasticity alone.
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4.4.4 Explaining thermal expansion in experimentally synthe-

sized PbTiO3 thin-films

I can use my findings above to explain the thermal expansion behavior of

PbTiO3 thin-films on substrates it has been experimentally grown on – LSAT,[27]

SrTiO3[44] and DyScO3[20]. Figure 4.7 shows the lattice parameters and thermal

expansion coefficients as functions of temperature for PbTiO3 thin-films on all

three substrates. All three substrates have similar thermal expansion coefficients

– from 0 – 800 K, αa is fairly low and constant with temperature with average

values of 0.93 × 10−5 K−1, 1.10 × 10−5 K−1, and 1.04 × 10−5 K−1, for LSAT, SrTiO3,

and DyScO3, respectively. In each case the thermal expansion along c is less

negative than in bulk PbTiO3, however the αc for each substrate is different, and

the framework established in this study explains why.

At 300 K, LSAT induces a large compressive misfit strain of -1.01%, SrTiO3

a small strain of -0.01%, and DyScO3 induces a large tensile strain of +1.01%. I

showed above that under compressive strain and when αa is small, the negative

magnitude of the contribution to ∆αc from elastic anharmonicity is smaller than

the positive contribution from anharmonic thermal stress, leading to a smaller

rate of negative thermal expansion along c compared to both bulk and tensile

strained films. By this reasoning, PbTiO3 on LSAT should show the least neg-

ative thermal expansion along c and PbTiO3 on DyScO3 should show the most

negative thermal expansion along c; this is indeed what is shown in Figure 4.7.

Put another way, I showed earlier that the sign of the contribution from anhar-

monic thermal stress to ∆αc has the opposite sign of the misfit strain. Therefore,

we would expect ∆αc to be most positive in LSAT and most negative in DyScO3,

and this is indeed what we see.
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Figure 4.7: Comparison between lattice parameters (left) and thermal ex-
pansion coefficients (right) of bulk PbTiO3 and strained PbTiO3

thin-films on LSAT, DyScO3 and SrTiO3 substrates. Substan-
tially similar data can be found in Chapter 3 and reported in
Ref. [?], however in this work I used a slightly more dense grid
for my QHA calculations. Open circles denote data for the a-
axis lattice parameters and αa (experimental data for SrTiO3,
DyScO3, and LSAT[44, 20, 27]), whereas closed squares denote
data for the c-axis lattice parameters and αc (predicted from my
QHA calculations).

4.5 Summary and Conclusions

Our results reveal that although PbTiO3 thin-films are highly anharmonic, a

fortuitous near-cancellation between the thermal stress and anharmonic elastic

contributions to the temperature-dependent structural parameters means that

the thermal response of the c-axis of the films can be predicted very well us-

ing only the misfit strain and bulk PbTiO3 properties. I note that the ∆γc term,

which contributes to the anharmonic thermal stress, involves the derivative of

the Grüneisen parameter with respect to strain. Since the Grüneisen parameter

is a function of the third-order interatomic force constants (and higher order,

if sublattice displacements are present, as is the case for ferroelectric PbTiO3

[94, 193]), ∆γc is a function of the fourth and higher-order force constants. Ad-
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ditionally, as elastic constants are related to the curvature of the Helmholtz free

energy surface, the large changes in the elastic constants with strain are also

driven by changes in both electronic and vibrational free energy, and thus the

third, fourth, and higher-order force constants [43]. The low thermal conduc-

tivity observed for bulk PbTiO3 [179, 205] corroborates these findings. In this

light however, the approximately linear-elastic behavior of the strained PbTiO3

thin-films is unexpected.

Our findings may also help explain why popular phenomenological mod-

els for predicting the strain behavior of the polarization in ferroelectric PbTiO3

thin-films, such as those described in Refs. [153] and [207], are reasonably effec-

tive at capturing the thermal expansion behavior of both bulk and epitaxially

strained films of PbTiO3 with temperature [91, 119, 190, 88], despite being func-

tions of the elastic constants of the high-symmetry cubic phase, and with no

explicit elastic anharmonicity included beyond its coupling to the polarization.

If the structural behavior of ferroelectric PbTiO3 films clamped to a substrate

can be well-described by linear elasticity with much of the higher-order anhar-

monicity ignored, it stands to reason that the inclusion of higher-order elastic

coupling terms beyond the few judiciously chosen in the above models would

be unnecessary to accurately capture the structural evolution of the system with

temperature.

Finally, my work shows that the thermal expansion behavior of PbTiO3 films

depends on the misfit strain throughout the entire temperature range. This

means it depends on not only the misfit strain between film and substrate lat-

tice parameters at a single temperature, but on the misfit between their thermal

strain rates, which determines how misfit strain accumulates with temperature.
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These dependencies are entwined in a complex way – the misfit strain between

the lattice parameters of the substrate and the equilibrium (bulk) lattice param-

eters of the film material can induce large changes in the elastic properties and

Grüniesen parameters of the film, which themselves influence how the c-axis

of the film responds to the misfit strain rate. My combined first-principles and

phenomenological approach provides significant insights into this behavior and

offers a systematic framework for exploring thermal expansion phenomena in

both bulk and thin-film systems.
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CHAPTER 5

LOCALIZED ENERGY CURVATURE

Understanding the link between the crystal chemistry of semiconductors and

their electronic properties paved the way for the electronics revolution. Simi-

larly, connecting the physical mechanisms of magnetism to local bonding mod-

els heralded the development of spin-based logic and storage devices. In con-

trast, although we have a general understanding of the atomic-scale mecha-

nisms underlying the mechanical properties of materials, the connection be-

tween those mechanisms and materials chemistry is virtually unexplored. The

mechanical properties of materials are important for any technology involving,

for example, undesirable mechanical transformations (Li-ion batteries, solid-

oxide fuel cells), and in applications that specifically require large or uncon-

ventional mechanical responses (metal-organic frameworks for chemical sep-

arations and storage). Perhaps less obviously, many of the other functional

properties of materials also depend critically on their mechanical properties –

thermal, ionic transport, dielectric, and even optical properties. Unfortunately,

there exist no generally applicable and chemically intuitive models for under-

standing and predicting the mechanical properties of materials in terms of their

bonding and crystal chemistry. This lack of knowledge hinders efforts to syn-

thesize materials with tailored mechanical properties.

One of the most important and widely used theoretical and computational

frameworks for the study of crystalline systems is density functional theory

(DFT) in combination with a plane wave basis set to represent the electronic

wavefunctions. Plane waves are an efficient and highly convenient choice for

extended systems. However, their delocalized nature makes interpreting the re-
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sults of DFT calculations in terms of local structure and bonding difficult. To

overcome this challenge, many different methods have been developed, for ex-

ample, the crystal orbital overlap population (COOP) and related crystal or-

bital Hamiltonian population (COHP) techniques for analyzing the electronic

structures of materials in terms of orbital-pair interactions. The aim of the re-

cently developed DFT-chemical pressure analysis is to understand how atomic

size differences lead to the adoption of different inorganic crystal structures.

The electron localization function and electron localization indicator provide,

as their names suggest, measures of the extent of the spatial localization of elec-

trons in solids. Finally, numerous schemes have been introduced for transform-

ing the electronic wavefunctions from a plane wave basis to a basis of local

orbitals. Although the details vary, what all of these methods have in common

is that they aim to ‘re-express’ in chemical language the results of plane wave

DFT calculations.

In this chapter, I take the first steps towards developing a chemically intu-

itive view of the mechanical properties of materials by presenting a theoretical

and computational approach that links macroscopic mechanical properties to

local, chemical-specific materials features. I use DFT to compute the crystal or-

bitals for a given material in a plane wave basis, and then transform them to a

basis of local orbitals (maximally localized Wannier functions), each of which

can now be associated with an atom or group of atoms and chemically iden-

tified as bonding, anti-bonding, non-bonding or lone pairs. Since the energy

of the system is invariant to this transformation, I then partition the electronic

energy (and its curvature with respect to mechanical deformations) into local

orbital-specific contributions. This key and novel step of my approach yields

chemically specific contributions along mechanical deformations of the system
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that can be used to understand or even predict the bulk mechanical properties

of materials.

While strategies for partitioning the total electronic energy of a system onto

a local representation have been previously attempted [157, 9], and the concept

of total energy expressed in whole or in part as an integral over a density [37,

143], or as a sum over electronic bands [39] or elements of the Hamiltonian [62],

has been explored as an analytical tool, the strength of my method lies in the

following:

1. My projected basis of MLWFs is orthonormal and complete, a strength

it has over a basis of atom-centered atomic orbitals (i.e. Slater-type or

pseudo-atomic orbitals), such as those employed in the quantum chem-

istry software Gaussian [65] or in localization schemes like LOBSTER

[128]. These bases are typically not orthonormal, making the electron den-

sity difficult to uniquely partition. My choice to construct the electron den-

sity in a basis of plane waves, which we then transform to a basis of ML-

WFs, provides an analytical framework that is simultaneously localized

in non-overlapping basis set, yet well-equipped to handle the delocalized

electron densities that arise in extended systems.

2. I partition all of the terms in the total electronic energy functional, not just

the band energy. Some approaches, including many tight-binding bond

methods, parametrize the non-band portion of the total electronic energy

in terms of pairwise potentials between atomic sites. The only part of the

total energy I do not partition among the MLWFs is the Ewald sum, which

is related to the electrostatics of positively charged nucleii, which cannot

be sensibly assigned to the electrons in the system.
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3. I consider extended crystal systems rather than molecules. To my knowl-

edge, our energy partitioning framework is the first which combines all

three principles, which I believe are required for a rigorous, general treat-

ment of the crystal systems I am most interested in studying.

I demonstrate the power and utility of my approach by first using it to under-

stand differences in the elastic properties of diamond and sodium chloride. In

each case, my technique yields novel chemical and physical insights that, to the

best of my knowledge, cannot currently be obtained with existing approaches.

5.1 Methods

In this section I derive general relations for mechanical properties decomposed

in terms of Maximally Localized Wannier Functions (MLWFs). I start by review-

ing the total energy of the crystalline system in density functional theory, then

– through a change of basis to MLWFs and a mean-field approximation of the

Hartree, exchange, and correlation terms – I derive expressions for the total en-

ergy in the Wannier basis. Next, I discuss how many mechanical properties can

be understood in the MLWFs basis. Finally, I present a framework for interpret-

ing the results in a local basis of pseudo-atomic orbitals.

5.1.1 The total energy in density functional theory

Density functional theory provides a simple framework for the calculation of

the total energy of solids with varied chemistry as well as the change in energy
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due to mechanical perturbations. I start my description of the technique by

reviewing the total energy functional calculated via DFT within the Kohn-Sham

framework.

The total ground-state energy described in DFT can be expressed as

Etotal = Ekin + Eext + EH + Exc + EII . (5.1)

Here, Ekin describes the kinetic energy, Eext is the energy due to the interactions

between electrons and nuclei, and EH is the energy due to the Hartree electron-

electron interaction. Exc, the exchange-correlation energy, describes the devia-

tion in the total energy due to exchange and correlation effects, and depends

on the choice of functional. EII is the energy due to the Coulomb interaction

between the charged nuclei making up the material.

Writing the electronic part of Eqn. 5.1 (the first four terms on the right-hand

side) in terms of the electron density and the Kohn-Sham eigenstates (related

through n(r) =
∑

nk |ψnk(r)|2), we find

Eelec =
∑
nk

∫
d3rψ∗nk(r)

(
−
~2

2me
∇2

)
ψnk(r) +

∫
d3rn(r) (Vext + VH + εxc) (5.2)

where εxc is the exchange-correlation energy density. In order to use the form

of Equation 5.2 (and Equation 5.6), we temporarily restrict ourselves to LDA

functionals, where Exc can be written as the integral over space of an exchange-

correlation energy density times the electron density [150] 1. The Kohn-Sham
1The framework is straightforwardly extended to GGA functionals as well, with the integral

over εxc replaced by an integral over εhom
x Fxc (as in section 8.2 of Ref. [129])
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eigenvalue problem is constructed by taking the first variation of Eqn. 5.2 with

respect to ψnk ( as in Section 7.2 of [129]),

(
−
~2

2me
∇2 + Vext + VH + Vxc

)
ψnk(r) = εnkψnk(r) (5.3)

VH, Vext, and Vxc = δExc[n]
δn are the potentials corresponding to the Hartree,

electron-ion, and exchange-correlation terms, respectively. The exchange-

correlation potential is found by varying the exchange correlation energy with

respect the density in the Kohn-Sham basis, n(r) =
∑

nk |ψnk(r)|2. Equivalently,

Eqn. 5.3 can be written as

H |nk〉 = εnk |nk〉 (5.4)

with H = − ~
2

2me
∇2 +Vext +VH +Vxc the augmented Hamiltonian for the Kohn-Sham

problem, and 〈r|nk〉 = ψnk(r). The bandstructure of the nth band at wave-vector

k in the Brillouin zone is described by the eigenvalues εnk.

The trace of the augmented Hamiltonian H give the band-energy Eband of the

system

Eband =
1
Nk

∑
nk

〈nk|H|nk〉 =
∑
nk

εnk (5.5)

where the sums are over only occupied electronic states and Nk is the number

of k-states. Note that here I focus on insulators so states are either occupied or

unoccupied (i.e. no partial occupancy is allowed).
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By combining Eqns. 5.1, 5.2, 5.3, and 5.5, Etotal can be expressed as

ETotal =
∑
nk

εnk −

∫
d3r n(r)

(
V ′H − εxc + Vxc

)
+ EEwald (5.6)

I note that the Hartree energy and the EII are each individually divergent

– expressing the energy associated with either an infinite periodic collection of

negative or positive charges – but when carefully combined to account for the

charge neutrality of the system, can be made conditionally convergent. In order

to calculate the total energy, the energy is manipulated so that the divergence of

the Hartree energy removes the divergence in the ion-ion energy. To signify this

in the notation I have defined V ′H = VH − VH,div. This divergent term and EII are

evaluated using the Ewald summation, so EEwald = EII+VH,div. In practice, there is

often a core-correction term which accounts for the nonlinear coupling between

the valence electrons and the core electrons that are only implicitly included in

DFT [124]. I group this contribution to the energy in EEwald
2.

Eqn. 5.6 shows the well-known result that the total energy is not simply a

sum over occupied bands. This is most clearly seen in the second line of Eqn.

5.6 where the double-counting energy, EDC has been removed from the Eband.

2The nonlinear core correction cannot be properly assigned to any of the Kohn-Sham eigen-
states or MLWFs. I group it with the EEwald term but it could be studied seperately if needed. I
find that this correction is typically small, and that its contribution to mechanical changes in the
energy are even smaller.
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5.1.2 Wannier-decomposed total energy

I now show that, through a change of basis to the MLWFs, the total energy can

be expressed as a sum of energies associated with each individual MLWF. This

requires a mean-field interpretation of the Hartree, exchange, and correlation

terms of the total energy that is in the same spirit of DFT.

The charge distribution can be expressed in any complete basis set. I use the

maximally localized Wannier function (MLWF) approach which converts the

Kohn-Sham eigenvectors to a semi-localized basis set in real-space with defined

orbital symmetry. The MLWFs are defined as [131]

|αR〉 =
V

(2π)3

∫
BZ

dk
∑

n

U (k)
nα e−k·(R+tα) |nk〉 (5.7)

where Unα(k) is the k-dependent phase factor needed to create the maximal-

localization of the αth Wannier function |αR〉, tα is the MLWF’s center referenced

to the Rth cell, and V is the unit cell volume.

Using MLWFs the charge density is defined as

n(r) =
∑
nk

|ψnk(r)|2 =
∑
αR

|wαR(r)|2 . (5.8)

where wαR(r) = 〈r|αR〉. Using Eqn. 5.8, EDC can be re-written as

EDC =
∑
α

∫ ′

d3r |wα0(r)|2
(
V ′H − εxc + Vxc

)
(5.9)
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where I have exploited the periodicity of the potentials, and the primed-

integration signifies a spatial integral over the periodic supercell used to define

the MLWFs.

Since the MLWFs are related to the Kohn-Sham eigenstates of the augmented

Hamiltonian H by a unitary transformation, Eqn. 5.5 can be rewritten in terms

of MLWFs as,

Eband =
∑
α

〈α0|HW |α0〉 =
∑
α

εα (5.10)

Here HW is the augmented Hamiltonian from Eqn. 5.4 in the Wannier-gauge

[131].

Combining Eqns. 5.6, 5.9, and 5.10 we find the following expression for the

total energy in the MLWF basis

ETotal =
∑
α

Eα + EEwald. (5.11)

In Eqn. 5.11, the total electronic energy associated with a MLWF, Eα, is defined

as

Eα =

[
εα −

∫ ′

d3r |wα0(r)|2
(
V ′H − εxc + Vxc

)]
. (5.12)

Assigning the MLWFs with Eα amounts to a mean-field description of the total

electronic energy since V ′H, εxc, and Vxc are functionals of the total electron den-

sity. Eqn. 5.12 is remarkable because it accounts for the total charge density
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and total electronic energy of the system using a semi-local, orthonormal, and

potentially chemically intuitive basis. However, I note that in numerical evalu-

ations of MLWFs, the Unα(k) found in the localization step are do not necessarily

represent a global minimum in the iterative scheme. As a consequence, assign-

ing unique physical meaning to individual MLWFs requires an careful analysis

of the localization procedure. However, I have found that the potential com-

plications that arise from this numerical implementation of the localization can

always be removed by considering manifolds of Wannierized bands (subsets of

α associated with bands that are disconnected from other bands).

5.1.3 Wannier-decomposed mechanical properties

Many mechanical properties of materials are defined in terms of derivatives

of the free energy with respect to some mechanical perturbation. At zero-

temperature, the free energy becomes the internal energy, U, which I approx-

imate with the total energy, Etotal, from DFT.

For example, the isothermal bulk modulus of a system, B, can be defined at 0

K in DFT as the derivative of total energy with respect to changes in the volume,

V , as B = 1
V0

∂2Etotal
∂V2 , where V0 is the equilibrium volume. Likewise, the restoring

force on an atom due to its displacement, τ, is given by F = −∂Etotal
∂τ

. In fact, many

mechanical properties are parameterized by an expression of the form,

A ∝
(
∂

∂x1

)n1

...

(
∂

∂xN

)nN

Etotal (5.13)

where xi may be a change in volume V , or more generally any elastic deforma-
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tion ε, a displacement τ of an atom from equilibrium, or a collective displace-

ment of atoms as a phonon Q.

Using Eqn. 5.11 this expression becomes

A ∝
∑
α

(
∂

∂x1

)n1

...

(
∂

∂xN

)nN

Eα

+

(
∂

∂x1

)n1

...

(
∂

∂xN

)nN

EEwald

(5.14)

where Eα and EEwald are implicitly dependent on xi. Eqn. 5.14 shows that any

mechanical property of the form of Eqn. 5.13 can be expressed as a contribution

from the Ewald term and a sum of contributions from each MLWF.

5.1.4 Decomposition of MLWF in (pseudo)atomic basis

MLWFs provide a semi-local basis set that can be used to derive chemical in-

sights into the behavior of materials, but often it is helpful to describe the prob-

lem in an alternative basis. In this section, I decompose the charge contribu-

tion from each MLWF into a local pseudo-atomic orbital basis, which is useful

due to its familiarity and the orbital assignment to specific atoms. Additionally,

because these pseudo-atomic orbitals are often included in the pseudopoten-

tials used in DFT calculations [189] they are readily available for interpretation.

However, while familiar, two well-known drawbacks of these types of orbitals

are that they are not mutually orthogonal, and only approximately account for

the total charge of the system. However, the results in this section are straight-

forwardly generalized to any choice of basis set.

We first formally write each MLWF as a linear combination of pseudo-atomic

96



orbitals

|α〉 =
∑

i

Cα
i |i〉 (5.15)

where |i〉 is the pseudo-atomic orbital and i is taken as a compound index de-

scribing the basis atom, orbital index, and location of the basis atom in the su-

percell over which the MLWF is defined, and Cα
i is the expansion coefficient.

Note that I have written the MLWFs as |α〉 = |α0〉, remembering that we are only

interested in the MLWFs with centers in the reference unit cell. I note that in

Eqn. 5.15, the equality is approximate if the basis set is incomplete. This is the

standard situation when using pseudo-atomic orbitals.

Closing on this expression with another pseudo-atomic orbital 〈 j|, we find

b jα =
∑

i

S jiCα
i (5.16)

where b jα = 〈 j|α〉 is the overlap of the pseudo-atomic orbital j with a MLWF α.

Here S ji = 〈 j|i〉 is the atomic-overlap matrix. (S ji would be δ ji if I were using an

orthonormal basis set.) The expansion coefficients Cα
i can be found by inverting

Eqn. 5.16.

Using the orthonormality relations of MLWFs I find

〈β|α〉 = δβα =
∑

ji

C∗βj S jiCα
i =

∑
ji

Pβα
ji . (5.17)

For β , α, Pβα
ji = C∗βj S jiCα

i must sum to zero. This can be used as an indirect check

of the completeness of the pseudo-atomic basis set since the MLWFs are formally
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orthogonal. When β = α, Pβα
ji = Pαα

ji must sum to unity – the total number

of states associated with that MLWF neglecting electron spin. The individual

elements of Pαα
ji can therefore be thought of as the electron population in the

psuedo-atomic orbital basis. For i = j, Pαα
ii is the population of the ith orbital in

MLWF α. For i , j, Pαα
ji corresponds to the population of the MLWF that cannot

be described by a single pseudo-atomic orbital and is therefore a measure of the

covalency between the i and j pseudo-atomic orbitals. Again, the deviation of

the sum of Pαα
ji from unity, is a measure of the completeness of the pseudo-atomic

basis set.

Pαα
ji is equivalent to a Mulliken population analysis [140] of individual ML-

WFs, but other population analysis techniques may also be used [159]. The

approach described above allows for analysis of charge transfer and covalency

between individual MLWFs, within manifolds of MLWFs, or of the total charge.

This approach has been used previously to describe the affect of covalency on

polarization of crystalline materials [18, 181].

The population (Pαα
ji ) associated with by each MLWF can be added to ex-

plore the total charge distribution, or even a subset of MLWFs. Additionally,

the population analysis (which is defined in the supercell used to construct the

MLWFs) can be “down-folded” into the conventional or primitive cell, either

preserving the orbital degree of freedom or associating charge with individual

atoms. This is most easily seen by expanding the compound indices i and j so

that the basis atom µ, orbital index a, and periodic cell R are defined explicitly.

The population then takes the form
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Pµa,νb =

′∑
α

∑
RR′

Pαα
µaR,νbR′

Pab =
∑
µν

Pµa,νb

(5.18)

where the first sum over α is primed to signify that the sum can be over a sub-

set of MLWFs. The first equation gives the pseudo-atomic projections in the

unit cell of the crystal, but preserves the orbital character. The second equa-

tion shows that an additional sum over the orbital degrees of freedom gives the

atom-projected populations in the unit cell of the crystal.

Pαα
i j can have positive or negative values when i , j, a well-known aspect

of Mulliken-like population analysis, which can often be a source of confu-

sion when interpreting results. I reiterate that MLWFs are superpositions of

many different electronic states at different wavevectors, and the charge associ-

ated with a MLWF can therefore represent a collection of localized bonds/anti-

bonds. We can interpret positive values as bonding contributions and negative

values as anti-bonding contributions to Pαα
i j . A careful analysis of Eqn. 5.17 with

the appropriate considerations for the down-folding procedure in Eqn. 5.18 es-

tablishes the role of negative values as anti-bonding.

Restricting ourselves to real-values orbitals to simplify the discussion with-

out loss of generality, there are two possible cases in which a negative popu-

lation from Pαα
i j could arise: (1) either the overlap matrix element S i j = 〈i| j〉 is

negative while the expansion coefficients Cα
j and Cα

i are both positive (or both

negative), or (2) the atomic overlap S i j is positive while Cα
j and Cα

i have op-

posite signs. In case (1), the atomic basis functions are both in-phase (or both

out-of-phase) with the MLWF and their overlap S i j is negative. Thus, the basis

elements represent a local anti-bonding arrangement that is in-phase with the
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collection of states associated with the MLWF. In case (2), only one atomic basis

function is in-phase with the MLWF, while their overlap S i j is positive. Thus,

while the basis elements represent a local bonding arrangement, they are out-of-

phase with the collection of states associated with the MLWF; again describing

anti-bonding contributions to the MLWF. As a result, negative values in Pαα
i j can

therefore be interpreted as anti-bonding contributions to the αth MLWF between

basis functions i and j.

5.2 Results

In this section, I discuss two pedagogical examples to demonstrate how the

method described above can be used to scrutinize specific bonding contribu-

tions to elasticity. I start with diamond, widely known as a covalent solid with

remarkable hardness and elastic stiffness. I then discuss rocksalt NaCl to con-

trast a well-known ionic crystal.

5.2.1 Diamond

Crystal structure, bonding, and band structure

At ambient conditions, diamond crystallizes in the Fd3̄m (No. 227) space group

with carbon at the a = (1
8

1
8

1
8 ) Wyckoff site. Its crystal structure is formed by two

interpenetrating face-centered cubic (FCC) lattices of carbon, referenced to the

coordinates of the two carbon atoms in its primitive unit cell (5.1b). Locally,

each carbon is tetrahedrally coordinated with nearest neighbor carbon atoms.

100



Figure 5.1: The crystal structure, electronic structure, and response to elas-
tic deformation of diamond. (a) The band structure and density
of states calculated for Fd3̄m diamond. The valence bands are
shown in solid black lines and the conduction band is shown
as dashed black lines. The bands calculated from MLWFs are
shown superimposed in red-dashed lines. The total (black),
projected C-2s (blue), and projected C-2p (red) density of states
are shown with the VB, CB, and band gap in green. (b) The con-
ventional unit cell of diamond, with the relative local tetrahe-
dral symmetry of each carbon indicated as red and green poly-
gons. (c) Illustration of 2sp3 basis set corresponding to each
tetrahedra shown in (b). (d) Equilibrium population analysis as
defined in Eq. 5.18 in a basis of 2sp3, downfolded onto the two
carbon atoms shown highlighted in (b). (e) Schematics of the
volumetric, tetragonal, and shear elastic deformations. (f) The
total (black), electronic (blue), and Ewald (red) energy changes
for each deformation. The Wannier partitioned electronic en-
ergy is shown as dashed-green lines. (g) The change in popu-
lation due to the corresponding elastic deformation referenced
to the equilibrium population as described in the text.
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The tetrahedral volume of the carbon atom at (000) is related to the carbon at

( 1
4

1
4

1
4 ) by a local inversion operation followed by a translation of ( 1

4
1
4

1
4 ). Due to

the symmetry of the local environment and small energy difference between

the 2s2 and 2p2 valence electrons the bonding in diamond is often described in

terms of two sets of four local 2sp3-hybrid atomic orbitals, as illustrated in 5.1c.

Strong bonding of these 2sp3 atomic orbitals in the crystal produces a wide band

gap of 5.5 eV and the broad valence and conduction bands with bandwidths of

23 eV [100] and 14 eV [210], respectively. The resulting crystal is well-known for

its remarkably large bulk modulus of 442 GPa [146].

The calculated band structure for diamond used in this study3 is shown in

5.1a where the band gap, conduction and valence bands, and bandwidths are in

agreement with previous work. MLWFs are constructed from the valence band

states, and form a complete basis of the occupied charge distribution. These

MLWFs were chosen to have sp3 symmetry based on the broad energetic contri-

bution of C-2s and C-2p to the density of states (5.1a) and the local tetrahedral

symmetry of the carbon atoms. Each of the four bond-centered sp3 MLWFs are

are symmetry-related with a spread of 0.73 Å2. The eigenstates contributing to

the occupied charge are reproduced well by this MLWF basis as can be seen in

the superimposed band structure (red-dashed) of Figure 5.1.

Projecting the MLWFs onto the sp3 pseudo-atomic orbitals as described in

Eq. 5.18 gives us insights into the bonding environment of the equilibrium

3All calculations were performed using density functional theory, as implemented in Quan-
tum Espresso 6.4.1 [72], using Wannier90 3.0.0 [138] to create MLWFs. I used the PBEsol
exhange-correlation functional [151] with norm-conserving pseudopotentials from the Pse-
doDojo project [189], which included the [He]s2 p2 states in the valence of C. The equilibrium
lattice parameter of 3.558 Å was considered converged with a 6×6×6 Monkhorst-Pack k-point
mesh and a plane wave energy cutoff of 90 Ry, compared with MP meshes up to 10×10×10 and
plane wave cutoffs up to 110 Ry. I used a force convergence threshold of 3.0× 10−5 Ry/bohr and
an energy convergence threshold of 1.0 × 10−4 Ry.
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structure. Figure 5.1g shows the population that describes these MLWFs in a

2sp3 pseudo-atomic orbital basis down-folded onto the two atoms highlighted

in Figure 5.1b. The upper-left 4 × 4 block represents the population calculated

in the basis of the four 2sp3 pseudo-atomic orbitals centered on the first car-

bon, shown schematically in Figure 5.1b-c. The bottom-right 4 × 4 block repre-

sents the population calculated in the basis of the four 2sp3 pseudo-atomic or-

bitals centered on the second carbon, shown schematically in Figure 5.1b-c. The

upper-right and lower-left blocks describe charge that cannot be associated with

individual carbons – charge that is shared between the two carbons. The total

charge accounted for in the population analysis using pseudo-atomic orbitals is

3.99 electrons (neglecting spin), which amounts to 99.7% of the available charge.

The results support the perspective of diamond as a highly covalent network of

bonds between 2sp3 hybrid orbitals.

The diagonal elements represent on-site 2sp3 charge with a value of 0.4 elec-

trons (neglecting spin) for each of the 2sp3 basis functions on the first carbon

(indices 1-4) and the second carbon (indices 5-8). The diagonal components of

the off-diagonal blocks represent charge that cannot be associated with a spe-

cific atom, but are shared between like 2sp3 orbitals on the different carbons.

For example, the (1,5) element of the population matrix shows the covalency

between the first 2sp3 orbital on the first carbon and the first 2sp3 orbital on the

second carbon. This corresponds to a σ-bond along the (111) direction in Figure

5.1b-c, and accounts for 0.26 electrons. I find the identical value for each of the

σ-bonds between 2sp3 hybrid orbitals in the tetrahedral environment. The off-

diagonal elements of the diagonal blocks represent charge that can be associated

with a single atom, but not with a single 2sp3 orbital. Since every 2sp3 orbital

centered on the same site is orthogonal, these values arise from interactions
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between carbons at the same site in periodic images (i.e. at R , 0); each off-

diagonal element accounts for -0.03 electron population which is dominated by

next-nearest neighbor coupling (i.e. coupling between 2sp3 orbital 1 on the red

carbon in Figure 5.1b-c with orbitals 2-4 on the other red carbons at the corners

of the green tetrahedron). Lastly, the off-diagonal elements of the off-diagonal

blocks represent charge that cannot be associated with a single atom or with a

single 2sp3 σ bond; these elements also account for -0.03 electrons which is dom-

inated by nearest neighbor coupling (i.e. coupling between 2sp3 orbital 1 on the

red carbon with orbitals 2-4 on its tetrahedrally coordinated green carbons in

Figure 5.1b-c).

Armed with this picture of diamond as a strongly covalent network of 2sp3

bonds, I now analyze how that bonding contributes to the stability and elastic

response of the crystal in terms of the MLWFs.

Stability and elasticity : MLWFs

Following the discussion of Eqns. 5.13 and 5.14, I evaluate the strain energy

for a series of deformations shown schematically in Figure 5.1e. The unit cell

is distorted through the application of strain such that ai = (δi j + εi j)a0 j where

a0 are the equilibrium lattice constants, δi j is the Kronecker delta, and εi j is an

element of the linear elastic strain tensor. The deformations are defined through

three different choice of εi j. In Voigt notation, the volumetric deformation is

defined as εV = γV (1 1 1 0 0 0), while the tetragonal and shear deformations are

defined by εT = γT

(
1 - 1

2 - 1
2 0 0 0

)
and εS = γS (0 0 0 1 1 1), respectively. Here γ

scales the magnitude of the strain. The strain energy is 1
2ε

T Bε, where B is the

elastic stiffness tensor. With this construction, taking the second derivative of
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the total energy from DFT with respect to each γ gives the following relations

between the elastic stiffness constants and curvature of the total energy:

κ =
1
3

(B11 + 2B12) =
1
9

(
∂2E
∂γ2

V

)
G′ =

1
2

(B11 − B12) =
1
3

(
∂2E
∂γ2

T

)
G = B44 =

1
3

(
∂2E
∂γ2

S

)
.

(5.19)

Here, κ is the bulk modulus, G′ is the tetragonal-shear modulus, and G44 is the

simple-shear modulus [196]. These share the form of the Born stability criteria

for cubic solids, such that mechanical stability requires all three terms to be

greater than zero. Inserting Eqn. 5.11 into Eqn. 5.19 (in the spirit of Eqn. 5.14)

we can decompose the Born stability criteria in terms of MLWFs. Then we can

analyze pseudo-atomic orbital changes to the population using Eqn. 5.18 for

each deformation.

As expected, DFT shows that diamond satisfies all three Born stability crite-

ria at zero temperature and pressure. This is clearly seen in Figure 5.1f where

the curvature of the total energy for each deformation is positive. However,

the source of the stability depends on the deformation. For the volumetric de-

formation, a clear competition between the electronic and Ewald energies leads

to the equilibrium structure. The negative slope associated with the electronic

energy suggests that these degrees of freedom favor expansion of the crystal,

while the positive slope of the Ewald term suggests that electrostatic forces fa-

vor a contraction of the crystal. I find that the curvature of the electronic energy

is positive while the curvature of the Ewald energy is negative, with the posi-

tive (electronic) curvature larger than the negative (Ewald) curvature, leading
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to volumetric stability. Because the Born criterion for volumetric deformation

requires positive curvature, the electronic contributions to the energy are stabi-

lizing. These electronic contributions can be broken down further into contri-

butions from each MLWF. For isotropic changes in volume about the equilib-

rium crystal structure, the symmetry of the crystal is unchanged and the ML-

WFs remained symmetry related. As a result, each bond-centered sp3 MLWF

contributes equally to the energy change with volume.

Figure 5.1g shows that when γV = 0.01, corresponding to an increase in

the lattice constants of 1%, the diagonal elements of the off-diagonal blocks

of the population matrix decrease, suggesting that the covalency from 2sp3

σ−bonding is decreasing. This is accompanied by a small decrease in the the on-

site contribution of 2sp3 orbitals to the population. The off-diagonal elements of

all blocks show a positive value indicating that the anti-bonding contributions

to the population are approaching zero. The net result of this bonding change is

a 0.2% increase in the charge that can be associated with each atom and a 0.3%

decrease in the charge associated with covalent bonding. This is consistent with

the picture that as the volume is increased the system will look more and more

like isolated atoms.

The large slopes seen in the leftmost panel of Figure 5.1f obscure the curva-

ture from the contributions to the total energy that arise because the deforma-

tion is not volume conserving (the trace of εi j is nonzero). For the tetragonal and

shear deformations, volume is conserved (to linear order), and neither electronic

nor Ewald contributions exhibit large forces. Similar to the volumetric deforma-

tion, for the tetragonal deformation the electronic energy is stabilizing while the

Ewald energy is destabilizing. Although the tetragonal deformation breaks the
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symmetry of the crystal, the MLWFs remain symmetry related and again each

equally contribute to stabilizing the crystal to tetragonal deformations.

When the system undergoes a tetragonal deformation the angles between

the tetrahedral bonds are primarily changed, leaving the bond-length roughly

unchanged. Projecting the population matrix onto individual carbon atoms

(summing over all terms in the individual 4 × 4 blocks in Figure 5.1g) I find

that the change in the on-site population and covalency between carbon atoms

is minimal (i.e. the on-site population and covalency between atoms is approx-

imately conserved). This suggests that the bonding changes due to the tetrago-

nal deformation are primarily represented by a redistribution of the equilibrium

charge among the existing bonds. Scrutinizing the individual contributions to

population from the 2sp3 orbitals I find that the on-site population associated

with each sp3 orbital is also unchanged due to this deformation (diagonal ele-

ments of the second panel of Figure 5.1g). Realizing the symmetry of the pop-

ulation matrix, we can focus on the first 2sp3 atomic orbital on the first carbon

(the first row of the matrix) to gain insight into the behavior of the full system.

I see that the anti-bonding contribution from coupling to the second 2sp3 or-

bital increases. Concurrently, the anti-bonding contribution from coupling to

the second and third 2sp3 atomic orbitals decreases. This is true for both the on-

site (diagonal blocks) and the covalency terms (off-diagonal blocks). This can be

understood as a hybridization between 2sp3 orbitals induced by the tetragonal

deformation.

In contrast to both volumetric and tetragonal deformations, the response of

the system to shear deformation shows that both electronic and Ewald contribu-

tions are stabilizing for small γS (rightmost panel of Figure 5.1). Additionally,
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along with the symmetry breaking of the cubic system due to the shear, the

MLWFs are split into a singlet oriented along the (111) axis and a triplet with

components perpendicular to the (111) axis. When the crystal is sheared, it is

elongated along the (111)-axis (γ > 0) and compressed in the orthogonal plane.

The singlet exhibits a negative electronic force opposing the elongation. When

γS < 0, the shear deformation elongates the plane perpendicular to (111). This

elongates the triplet MLWFs and as a result the triplet opposes this deformation.

As expected at equilibrium, the forces from the singlet and triplet exactly can-

cel, with the singlet’s contribution to the force exactly three times the triplet’s

contribution. The net contribution to the positive curvature from the MLWFs is

due to a competition between the large positive curvature from the singlet and

smaller negative curvature from the triplet, with the singlet winning at small γS

as shown in 5.1. The stability of diamond to shear is therefore due to the collab-

orative contributions from both Ewald and electronic terms with the lion’s share

of the stability coming from the Ewald energy. This is consistent with the well-

established result that the diamond structure is stabilized to shears through the

Ewald energy [199, 66]. In Figure 5.1f, the internal coordinates are fully relaxed

to account for additional degrees of freedom in the Wyckoff site introduced as a

consequence of lowering symmetry through the shear deformation. I note that

in the clamped ion approximation (where the carbon atoms are not allowed to

relax), the electronic contribution from each MLWF and the total are destabiliz-

ing for shear deformations, emphasizing further the importance of the Ewald

energy.4

4Under a (111)-shear deformation of diamond, the site symmetry of carbon is lowered and
the position of the carbon atoms is no longer constrained by symmetry along the this axis. As
a result, when the (111) axis is elongated, the carbon atoms displace towards each other. This
changes the energy landscape, altering the curvature of the individual contributions to the sta-
bility.
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When the system undergoes a positive shear deformation (γS > 0), the dis-

tance between the carbons along the (111) increases. The total change in popu-

lation associated with each atom (the sum of the 4×4 diagonal blocks) and the

covalencey between the carbon atoms (the sum of the 4×4 off-diagonal blocks)

is negligible, suggesting that, like the tetragonal deformation, the shear defor-

mation primarily redistributes the equilibrium electron population among the

existing bonds while conserving the on-site population and covalency between

atoms. The shear causes the covalency of the 2sp3 orbitals involved in the σ-

bond oriented along (111) to decrease (see the (1,5) and (5,1) components of

Figure 5.1g). The other three σ bonds are canted and compressed. Compression

of these bonds causes their covalency to increase, (ie, see the (2,6), (3,7) and (4,8)

components of Figure 5.1g). The canting causes hybridization that changes all

of the anti-bonding components of the equilibrium population.

At this point, I have qualitatively decomposed the Born stability criteria in

terms of MLWFs. I can calculate the curvatures of these terms to construct a

MLWF decomposed framework for understanding the elastic response of the

crystal.

Table 5.1 shows the contributions to the bulk, tetragonal-shear, and simple-

shear moduli due to the four degenerate MLWFs, the total electronic, the Ewald

sum, nonlinear core correction, and total energy. The splitting of the MLWFs

into a singlet and triplet for B44 is a consequence of my calculation of B44 using

the deformation εS = (0 0 0 1 1 1) which elongates the cubic unit cell inline with

axis of MLWF #1.
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5.2.2 NaCl

Crystal structure, bonding, and band structure

At ambient conditions, NaCl crystallizes in the Fm3̄m (No. 225) space group

with Na at the a = (000) Wyckoff site and Cl at the b =
(

1
2

1
2

1
2

)
Wyckoff site. Like

diamond, its crystal structure is formed by two interpenetrating FCC lattices ex-

cept now referenced to Na and Cl sites, respectively(Figure 5.2b). Locally, each

atom is octahedrally coordinated with nearest neighbor atoms from the other

FCC sublattice. The electronic configurations of the Na and Cl atoms are 3s1

and 3s23p5, respectively, both with a Ne core. NaCl is a canonical example of an

ionically bonded crystal, where the 3s1 valence electron of Na is transferred to

fill the 3p shell of the highly electronegative Cl. As a consequence, the valence

band of NaCl is primarily Cl-3p in character while the bottom of the conduction

band is dominated by Na-3s states (Figure 5.2a) with a measured direct band

gap of 8.97 eV [163]. In contrast to diamond, NaCl has a bulk modulus of 25

GPa [17], more than an order of magnitude smaller than diamond. The elas-

tic constants satisfy the Cauchy relations for a cubic system remarkably well,

further supporting the idea of NaCl as an ionic crystal with negligible covalent

bonding [17].

The calculated band structure for NaCl used in this study 5 is shown in Fig-

ure 5.2a where the band gap is, as expected underestimated in DFT, and found

5All calculations were performed using density functional theory, as implemented in Quan-
tum Espresso 6.4.1 [72], using Wannier90 3.0.0 [138] to create MLWFs. I used the PBEsol
exhange-correlation functional [151] with norm-conserving pseudopotentials from the Pse-
doDojo project [189], which included the [La]s2 p6s1 states in the valence of Na and the [Ne]s2 p5

states in the valence of Cl. The equilibrium lattice parameter of 5.602 Å was considered con-
verged with a 6×6×6 Monkhorst-Pack k-point mesh and a plane wave energy cutoff of 90 Ry,
compared with MP meshes up to 10×10×10 and plane wave cutoffs up to 120 Ry. I used an
energy convergence threshold of 1.0 × 10−4 Ry.
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to be 5.01 eV. Contrasting the band structure with diamond, NaCl is charac-

terized by weakly dispersive occupied bands with little hybridization between

different atomic orbitals.

Eight MLWFs are constructed from the valence band states, chosen to have

s- and p-like symmetry on Na and Cl, consistent with the local octahedral sym-

metry at each site. The MLWFs were energetically constrained to include states

associated with the target atomic orbital character. The Na-s MLWFs was con-

structed from states associated with the Na-2s atomic orbital peak (blue curve in

Figure 5.2a). Similarly, the Na-p, Cl-s, and Cl-p MLWFs were constructed from

states associated with the Na-2p, Cl-3s, and Cl-3p orbital peaks, respectively

(red, green, and cyan curves in Figure 5.2a). With this procedure the MLWFs

remain a complete orthonormal basis for the occupied charge. The spread of

Na-s, Na-p, Cl-s, and Cl-p atom-centered MLWFs are found to be 0.21 Å2, 0.26

Å2, 0.84 Å2, and 1.36 Å2, respectively, suggesting that the size of MLWFs in-

creases as their energy becomes closer to the Fermi energy where hybridization

with the unoccupied states might be expected. The eigenstates contributing to

the occupied charge are reproduced well by this MLWF basis as can be seen in

the superimposed band structure (red-dashed) of Figure 5.2a.

Projecting the MLWFs onto the pseudo-atomic orbitals of Na and Cl as de-

scribed in Eq. 5.18 gives us additional insights into the bonding environment

of the equilibrium structure. Figure 5.2c shows the population analysis of oc-

cupied charge in a pseudo-atomic orbital basis, which has been down-folded

onto the two atoms highlighted in Figure 5.2b. The upper-left 5 × 5 block rep-

resents the population calculated in the basis of the Na-2s, Na-2p, and Na-3s

pseudo-atomic orbitals. The bottom-right 4 × 4 block represents the popula-
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tion calculated in the basis of the Cl-3s, and Cl-3p pseudo-atomic orbitals. The

total charge accounted for in the population analysis using pseudo-atomic or-

bitals is 7.98 electrons (neglecting spin), which amounts to 99.8% of the available

charge. The population matrix shows that the charge is well described by Na-2s

and Na-2p pseudo-atomic orbitals each accounting for a single electron (again

neglecting spin), and Cl-3s and Cl-3p orbitals each accounting for nearly a sin-

gle electron (0.98, and 0.96, respectively). Although challenging to resolve in a

false-color plot of Figure 5.2c, a population of 0.02 is found on Na-3s, indicat-

ing a small residual charge remaining after ionic transfer to fill the Cl-3p shell.

Additionally, small bonding contributions are found between Na-3s and Cl-3s

orbitals (0.01) and between Na-3s and Cl-3p (0.02). Finally, signs of weak (less

than -0.01) anti-bonding contributions to the population are found between Na-

2p and Cl-3p, and within the Cl block (from coupling to neighboring cells as

seen for diamond in 5.2.1).

Taken together with the absence of charge in the Na-3s orbital, this is consis-

tent with the picture of NaCl as an ionic system dominated by charge transfer.

What kind of stability and elasticity arises in NaCl as a consequence of this

highly ionic bonding network?

Stability and elasticity : MLWFs

We use the procedure described in 5.2.1 to analyze the mechanical stability and

elasticity of NaCl. As for diamond, DFT shows that NaCl satisfies all three Born

stability criteria at zero temperature and pressure.

This is clearly seen in Figure 5.2e where the curvature of the total energy for
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each deformation is positive. The change in total energy due to volumetric de-

formation is smaller in NaCl than in diamond, despite the forces (proportional

to the negative of the slopes) due to electronic and Ewald terms being more than

a factor of two larger. Again, the electronic forces prefer a larger volume while

the Ewald forces prefer a smaller volume; these forces cancel at the equilib-

rium volume. The contribution to these forces can now be scrutinized in terms

of individual MLWFs since the MLWFs no longer describe a single degenerate

manifold of bands, as is the case for diamond. I see that the Na-s and each Na-p

MLWFs contribute nearly equally to the electronic forces, with the Cl-s and Cl-p

MLWFs contributing slightly less. As they were for diamond, the curvatures of

the electronic and Ewald terms show that the electronic degrees of freedom are

stabilizing. Through the lens of individual MLWFs, I see that while all MLWFs

are stabilizing, the Na-s and Na-p MLWFs each contribute nearly double that of

the Cl centered MLWFs.

The changes in the population with respect to an increase in volume is

shown in Figure 5.2j. As the volume increases, the population of Cl-3p states

decreases, with a corresponding increase in the population of the Cl-3s and Na-

3s orbitals. Concurrently, the weak covalency between Na-3s and both Cl-3s

and Cl-3p decreases further as the interatomic spacing increases. This is consis-

tent with a picture of ionic bonding in which, as the volume increases to infinity,

the Na-3s state becomes filled, while the Cl-3p shell reverts to being only par-

tially filled. A small loss in the Na-2s and Na-2p populations are due to a small

over counting of the equilibrium population typical of Mulliken-like analyses.

This again favors the ionic picture, in which, as volume increases to infinity, the

Na-2s and Na-2p states remain fully occupied.
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Since the Na- and Cl-centered MLWFs contribute differently to the stability

of NaCl to volumetric deformations, I analyze the population in terms of all

Na-centered MLWFs and all Cl-centered MLWFs, separately (Figure 5.2h-i). In-

specting Figure 5.2h-j, I see that the total population change is described well by

the Cl-centered MLWFs, while the Na-centered MLWFs contribute only weakly

to the change in population. However, this weak change is responsible for the

majority of the stabilization of NaCl to voumetric deformation (see Figure 5.2g),

and is due – at the atomic level – to a weak charge transfer from the Cl-3s orbitals

to Na-2p orbitals. Thus, even though the valence band states in NaCl dominate

the population change, they contribute little to its stability to volumetric defor-

mations (or bulk modulus). Since the bands describing the Na-centered MLWFs

are far from the Fermi energy and non-dispersive, we might ask – why are they

so sensitive to volumetric deformations? Decomposing the energy change of

the Na-centered MLWFs, I find that the Hartree energy changes most with vol-

ume, suggesting that a simple band description of volumetric stability in NaCl

would fail. Does this behavior extend to the tetragonal and shear deformations

in NaCl?

In contrast to diamond, when NaCl undergoes a tetragonal deformation the

bond-lengths are primarily changed while the bond-angles are preserved. From

a bonding perspective, this suggests that the tetragonal deformation in NaCl is

qualitatively similar to the shear deformation in diamond. This is supported by

the negative curvature seen for the electronic response in Figure 5.2e which is

consistent with the clamped-ion result for shear in diamond. The electronic and

Ewald energy are therefore destabilizing and stabilizing, respectively, for tetrag-

onal deformation in NaCl. Breaking down the electronic energy into contribu-

tions from individual MLWFs, I see that the Cl-p MLWFs exhibit large forces
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when compared to the Cl-s and Na MLWFs, which have small force contri-

butions. For γT > 0, the Cl-p MLWF aligned with the elongated axis exhibits

a negative force (positive slope), indicating a resistance to elongation. This is

countered by the positive force (negatives slope) contributed by the Cl-p ML-

WFs aligned with the shortened axes. This general trend in the forces can be

described qualitatively by changes in the band energy, suggesting that the in-

formation contained within the band structure gives a basic description of the

trend. However, I find that the largest contribution (by an order of magnitude)

from those MLWFs is due to changes in the Hartree energy (see the double

counting correction for MLWFs in 5.12). Therefore, similar to the volumetric

deformation, quantitative descriptions of energetic changes to tetragonal strain

in NaCl will not be captured by a simple tight-binding model.

The negative electronic curvature is dominated by the Cl MLWFs, with the

Cl-s and Cl-px contributing the largest negative curvature. This is unlike the vol-

umetric deformation where the largest contribution was from the Na MLWFs.

This emphasizes the importance of different manifolds of electronic states in

understanding the mechanical properties of crystalline materials: In NaCl, the

pseudo-core states (Na MLWFs) are important in stabilizing the crystal to vol-

umetric deformations, while the valence states (Cl MLWFs) must be countered

by electrostatic contributions through the Ewald energy in order to stabilize the

crystal to tetragonal deformations.

Analyzing the population change for γT > 0 I find that the dominant change

in the population comes from Na-2p and Cl-3p states. The on-site populations

associated with the two px orbitals oriented parallel to the elongated axis de-

crease, while the anti-bonding contribution becomes less negative (see the (2,2),

116



(7,7), and (2,7) elements of Figure 5.2j). Along the perpendicular axes – which

are contracting – the opposite happens: The on-site population increases while

the anti-bonding contribution becomes more negative. This is due to the spread-

ing of charge along the direction of elongation, such that it overlaps less with

the localized px orbitals, while the atomic orbitals oriented along the contracting

axes experience a higher charge density localized around the atoms.

When NaCl undergoes a shear deformation, the bond angles (rather than

bond lengths) are primarily changed. The similarity between these structural

changes of diamond to a tetragonal deformation and NaCl to a shear deforma-

tion is also accompanied by similar energetics, where the positive curvature of

the electronic energy overcomes the negative curvature of the Ewald energy, in

order to stabilize the crystal. For shear deformations in NaCl, all MLWFs con-

tribute to this stabilization, as shown in Figure 5.2g, with the largest contribu-

tions coming from the Cl-centered MLWFs. The domination of the Cl-centered

MLWFs in the energetics of shear deformations is similar to what is seen for

tetragonal deformations, except now they are stabilizing contributions.

The population changes induced by this deformation are small, about an or-

der of magnitude smaller than those induced by volumetric or tetragonal defor-

mations of similar magnitude. For a deformation where γS > 0, the on-site pop-

ulations of the Na-3s and Cl-3s atomic orbitals both increase, while their charge

shared between them decreases. The net covalency of the system increases, with

more charge shared among like-direction Na-3p and Cl-3p orbitals, as well as

between the Cl-3p orbitals and Na-3s.

Table 5.2 shows the contributions to the bulk, tetragonal-shear, and simple-

shear moduli due to the four Na-centered and four Cl-centered MLWFs, the
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total electronic, the Ewald sum, nonlinear core correction, and total energy. As

described above, the Na-centered MLWFs dominate the bulk modulus κ, while

the Cl-centered MLWFs dominate the elastic response to tetragonal-shear G′ and

simple-shear G deformations. A comparison to the results for diamond in Table

5.1 again shows the similar nature of G′ in NaCl and G in diamond (and vice-

versa): in both systems, the MLWFs are destabilizing, and the symmetry of the

p-like MLWFs in NaCl and sp3-like MLWFs in diamond experience a splitting

driven by the symmetry changes due to the deformation.

5.2.3 Conclusions

The above examples act as a proof-of-concept for this technique, demonstrat-

ing how elastic properties can be rigorously decomposed into contributions

from individual MLWFs, which themselves can be expressed as populations

in other bases, such as pseudo-atomic orbitals, for further analysis. This allows

for deeper insight into the chemical origins of elastic properties, beyond what

could be reached from simply calculating the total electronic energy from DFT

and evaluating its derivative with respect to strain. By quantitatively localizing

portions of these bulk properties to chemically meaningful quantities, this tech-

nique provides a way to use DFT to not not just evaluate elastic constants, but

understand why they take the values they do.

This technique is also not limited to elastic constants, nor systems as simple

as the ones discussed in this chapter. As mentioned above, it can be used to

decompose any property that can be expressed in the form of Equation 5.13. For

example, this technique could be used to investigate phonon frequencies, which
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Figure 5.2: (Previous page) The crystal structure, electronic structure, and
response to elastic deformation of NaCl. (a) The band structure
and density of states calculated for Fm3̄m NaCl. The valence
bands are shown in solid black lines and the conduction band is
shown as dashed black lines. The bands calculated from ML-
WFs are shown superimposed in red-dashed lines. The total
(black), projected Na-2s (blue), Na-2p (red), Na-3s (orange), Cl-
3s (green), and Cl-3p (cyan) density of states are shown with
the VB, CB, and band gap in green. (b) The conventional unit
cell of NaCl, with the relative local octahedral symmetry of
both Na and Cl indicated as red and green polygons. (c) Equi-
librium population analysis as defined in Eq. 5.18 in a basis
of Na and Cl atomic bases, downfolded onto the two atoms
shown highlighted in (b). (d) Schematics of the volumetric
(top), tetragonal (middle), and shear (bottom) elastic deforma-
tions. The total (black), electronic (blue), and Ewald (red) en-
ergy changes for each deformation. (f) The Wannier partitioned
electronic energy for Na-centered (green) and Cl-centered (or-
ange) MLWFs. The contribution to the energy from MLWFs
with s-symmetry are indicated with dashed lines, while the
contribution from p-symmetry MLWFS is shown as solid lines.
(g) The Wannier-partitioned energy curvatures. (h-i) Changes
to the equilibrium atomic populations of the Na and Cl MLWF
manifolds, compared to change in the total electronic popula-
tion (j). The rows of panels (e-j) are coordinated with the defor-
mations in (d).

are related to the curvature of the total energy with respect to the amplitude of

the displacement associated with that phonon. Additionally, it could be used

to investigate distortions with respect to which the total energy exhibits a nega-

tive curvature, such as the distortion associated with the order parameter in the

high-symmetry parent structure of a ferroelectric system. Even the Grüneisen

parameters of individual phonon modes, as discussed throughout this disserta-

tion, can be explored through the third order mixed derivatives of total energy

(second order in phonon displacement and first order in strain). The wide scope

of this technique makes it an exciting avenue for future work.
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CHAPTER 6

FUTURE WORK

6.1 Fundamentals of the Quasiharmonic Approximation

In Chapters 2-4, I employ the quasiharmonic approximation to accurately pre-

dict, along with other materials properties, the lattice parameters of PbTiO3 as

a function of temperature. But I’ve also showed that PbTiO3 is a highly an-

harmonic system, making the success of the QHA somewhat surprising. One

avenue of planned future work involves answering the question – why does the

QHA perform so well at predicting the thermal expansion of PbTiO3?

To approach this question, I believe it is helpful to frame the QHA in con-

strast within a broader class of methods often used to understand the vibra-

tional dynamics of solids at finite temperatures – the class of phonon renormal-

ization or perturbation theory methods [5, 41, 158], in which expressions de-

scribing phonon frequencies and populations in the finite-temperature system

are calculated as perturbations of the 0 K harmonic approximation using many-

body Green’s functions and computed higher-order force constants. The QHA

is a type of phonon renormalization method that requires no higher-order force

constants, but captures only the portion of anharmonic coupling of phonon

mode frequencies to strain, and ignores phonon-phonon coupling and scatter-

ing. These missed contributions are far from trivial, and can contribute signifi-

cantly to phonon frequencies and populations, and thus Helmholtz free energy

and predictions of thermal strain. For these reasons, the QHA is often dismissed

as a poor approximation for complex, “highly anharmonic” systems, and more

complex and computational demanding methods are employed instead [165].
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However, there are also many cases where the QHA works well, especially for

thermal expansion calculations [160, 165, 29, 45, 43]. Can I devise rules of thumb

that indicate which kinds of materials we should expect the QHA to be appro-

priate to use in thermal strain calculations, and explore the underlying physical

mechanisms that give rise to those rules?

A systematic inspection of the anharmonic contribution to the crystal Hamil-

tonian parameterized in strain (as in Horton and Maradudin [94] or Cowley

[41]) illustrates how each higher-order term in the crystal potential contributes

to the Helmholtz free energy through a cumulant expansion derived from ther-

modynamic Green’s functions. This expansion, which requires the calculation

of higher-order force constants, provides a second, more complete perturba-

tive method for calculating the Helmholtz free energy which we can compare

against the QHA. The cumulant expansion provides us with a formal descrip-

tion of every phonon in the system couples with strain (phonon-strain coupling)

and to every other phonon (phonon-phonon coupling). The QHA can be formu-

lated as a similar expansion, but limited to only the terms describing phonon-

strain coupling, suggesting that while it may fail in cases where phonon-phonon

coupling is particularly strong, it may succeed in systems where strain-phonon

coupling dominates. One might expect that this would be the case for unit cells

with internal degrees of freedom, i.e. those containing ions with positions not

fixed by symmetry, as in tetragonal PbTiO3. Since the phonons in these sys-

tems couple more strongly to strain than for systems with higher symmetry,

many more terms of the free energy captured by the QHA are non-zero. Us-

ing DFT, I can explicitly calculate these higher-order terms in the Hamiltonian

and compare their magnitudes directly with the terms the QHA misses. I hy-

pothesize that materials with comparatively larger phonon-strain coupling will
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correspond to the same materials for which the QHA proves more accurate.

Performing these calculations for a variety of related materials allows me to

elucidate a quantitative understanding for why the QHA works well in some sit-

uations but fails in others. Since we know precisely which strains and which

phonons each contribution corresponds to, these calculations will provide a ba-

sis for insight and physically intuitive rules of thumb as to when this simple yet

efficient method could prove appropriate.

6.2 Chemical origins of elasticity and anharmonicity in per-

ovskite oxides

In Chapters 2 and 4, I explored the link between the elastic constants of per-

ovskite oxides and their thermal expansion properties, as well as how those

elastic constants changed with strain and chemical substitution. PbTiO3 is also

known to exhibit large changes in elasticity and polarization when subjected

to pressure and stress [176, 182, 53]. What drives these changes? Can I con-

firm the arguments from the solid state chemistry community I used in Chap-

ter 2 linking the lone pair chemistry of the A-site to the elastic properties of

PbTiO3 and SnTiO3? Does the large observed elastic anharmonicity depend on

the same chemistry, or is another mechanism at play? By using the approach

described in Chapter 5, I will answer these questions by decomposing the elas-

tic properties of both systems in terms of contributions from each element of

a chemically-intuitive basis. In addition to elastic constants, I will explore the

origin of Grüneisen parameters in these systems, especially the large difference

in γc between PnTiO3 and SnTiO3. This study will not only expand our under-
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standing of bulk materials properties in these systems, but also act as a test case

for the efficacy of the technique described in Chapter 5 when applied to more

complex systems.
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températures élevées; résistance électrique. CR Acad. Sci, 125(235):18,
1897.

[85] J. H. Haeni, P. Irvin, W. Chang, R. Uecker, P. Reiche, Y. L. Li, S. Choudhury,
W. Tian, M. E. Hawley, B. Craigo, A. K. Tagantsev, X. Q. Pan, S. K. Streiffer,
L. Q. Chen, S. W. Kirchoefer, J. Levy, and D. G. Schlom. Room-temperature
ferroelectricity in strained SrTiO3. Nature, 430(7001):758, 2004.

133



[86] Kenton D Hammonds, Anne Bosenick, Martin T Dove, and Volker Heine.
Rigid unit modes in crystal structures with octahedrally coordinated
atoms. Am. Mineral., 83(5-6):476–479, 1998.

[87] Sang Soo Han and William A Goddard. Metal- organic frameworks
provide large negative thermal expansion behavior. J. Phys. Chem. C,
111(42):15185–15191, 2007.

[88] Michael J Haun, E Furman, SJ Jang, HA McKinstry, and LE Cross. Ther-
modynamic theory of PbTiO3. J. Appl. Phys., 62(8):3331–3338, 1987.

[89] O. Hellman, I. A. Abrikosov, and S. I. Simak. Lattice dynamics of anhar-
monic solids from first principles. Phys. Rev. B, 84(18):180301, November
2011.

[90] Olle Hellman and David A. Broido. Phonon thermal transport in Bi2Te3

from first principles. Phys. Rev. B, 90(13):134309, October 2014.

[91] MJ Highland, DD Fong, GB Stephenson, TT Fister, PH Fuoss, SK Streiffer,
Carol Thompson, M-I Richard, and JA Eastman. Interfacial charge and
strain effects on the ferroelectric behavior of epitaxial (001) PbTiO3 films
on (110) DyScO3 substrates. Appl. Phys. Lett., 104(13):132901, 2014.

[92] J Hlinka, M Kempa, J Kulda, P Bourges, A Kania, and J Petzelt. Lattice
dynamics of ferroelectric PbTiO3 by inelastic neutron scattering. Physical
Review B, 73(14):140101, 2006.

[93] Pierre Hohenberg and Walter Kohn. Inhomogeneous electron gas. Phys.
Rev., 136(3B):B864, 1964.

[94] George K Horton and Alexei Alexei Maradudin. Dynamical Properties of
Solids, volume 1. Elsevier, 1974.

[95] Stephen C Hwang and Robert M McMeeking. A finite element model of
ferroelectric polycrystals. Ferroelectrics, 211(1):177–194, 1998.

[96] Pierre-Eymeric Janolin. Strain on ferroelectric thin films. Journal of Mate-
rials Science, 44(19):5025–5048, 2009.

[97] Pierre-Eymeric Janolin, Françoise Le Marrec, Jacques Chevreul, and
Brahim Dkhil. Temperature evolution of the structural properties of mon-
odomain ferroelectric thin film. Appl. Phys. Lett., 90(19):192910, 2007.

134



[98] H Jiang, B Liu, Y Huang, and KC Hwang. Thermal expansion of single
wall carbon canotubes. J. Eng. Mater. Technol., 126(3):265–270, 2004.

[99] Z. Jiang, R. Zhang, D. Wang, D. Sichuga, C.-L Jia, and L. Bellaiche. Strain-
induced control of domain wall morphology in ultrathin PbTiO3 films.
Phys. Rev. B, 89:214113, 2014.
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APPENDIX A

APPENDIX - CHAPTER 2

A.1 Comparison to experiment

Comparisons of phonon modes calculated with lattice parameters predicted by

the QHA corresponding to various finite temperatures and experimental data

are shown in:

• Figure A.1 — Two Raman spectroscopy studies of zone-center optical

phonons

• Figure A.2 — Two inelastic neutron scattering (INS) studies along high-

symmetry paths

• Figure A.3 — An INS study taken over the full Brillouin zone

In addition, Tables A.1 and A.2 show comparisons of elastic constants cal-

culated at lattice parameters predicted by the QHA at 300 K and 500 K, respec-

tively. Each comparison indicates good agreement between predicted values

and experiment, justifying our use of the QHA.

A.2 COHP Analysis shows that the Jahn-Teller distortion is

stronger in SnTiO3 compared to PbTiO3

A Crystal Orbital Hamiltonian Population (COHP) analysis was performed

with the LOBSTER simulation package [52, 46, 127, 128]. The COHP method
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Figure A.1: Frequencies of zone-center optical phonons as a function of
temperature from this study (black) compared to experiment
from Refs. [25] (blue) and [184] (red).

Figure A.2: Phonon dispersion curves from this study (black) compared to
inelastic neutron scattering experiment from Refs. [183] (red)
and [92] (blue).
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Figure A.3: a) Phonon density of states (DOS) at various temperatures
from this study calculated within the quasiharmonic approxi-
mation, subject to Gaussian smearing with a full-width half-
max of kBT

4 in order to illustrate the effects of temperature
induced broadening while still showing positions of phonon
peaks. b) Inelastic neutron spectra of PbTiO3 at 6 K (blue),
575 K (red), and at 575 K with postprocessing that corrects for
Debye-Waller factors (black) from Ref. [34]. Note the agree-
ment between a) and b) with respect to the most salient fea-
tures of the data, the peak positions, labeled with gray letters.
As the temperature increases, the magnitude of low-frequency
peaks at A decrease in proportion to peaks at B, and the posi-
tion of peaks A, C, and D decrease slightly in both figures.
We highlight that the comparison between computed phonon
DOS and inelastic neutron spectra can be subtle, especially
concerning peak width and magnitude, and a more detailed
analysis requires rigorous incorporation of theory (e.g. scatter-
ing cross sections and fits to damped harmonic oscillators as
in Ref. [10]) beyond the scope of this study. We believe the
present comparison illustrates the ability of the QHA to pro-
vide qualitatively meaningful results, even at temperatures at
or above 500K.
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Table A.1: Elastic constants of PbTiO3 at 300 K in GPa from our first-
principles calculations, compared with experimental data from
Refs. [101] and [118]. Experiments A and B refer to two sets
of results from Kalinichev, obtained by the authors from two
different fitting procedures applied to the same set of collected
Brillouin light scattering data.

System at 300 K C11 C12 C13 C33 C44 C66

This study 245.68 102.4 74.7 66.6 48.1 98.0

Kalinichev exp A 237±3 90±5 70±10 60±10 69±1 104±1

Kalinichev, exp B 237±3 90±5 100±1 90±10 69±1 104±1

Li 235±3 101±5 98.8±7.5 105±7 65.1±0.9 104±1

Table A.2: Elastic constants of PbTiO3 at 500 K in GPa from our first-
principles calculations, compared with available experimental
data from Ref. [117].

System at 500 K C11 C12 C13 C33 C44 C66

This study 244 101.4 74.44 73.5 42.7 97.8

Li 240 - - - 68 105

allows one to determine which electronic states are bonding or antibonding,

done by weighting the electronic density of states by the matrix element of the

Hamiltonian in a basis of atomic orbitals. In this study, a positive COHP corre-

sponds to bonding, while a negative COHP corresponds to antibonding. Table

A.3 shows that the (Pb/Sn)-s – O-p interaction is antibonding in the cubic phase

of both materials, and that the (Pb/Sn)-p – O-p interaction is bonding and of

similar strength in both SnTiO3 and PbTiO3. However, Table A.3 also shows

that the transition to the tetragonal phase merely makes the Pb-s – O-p inter-

action slightly less antibonding. In SnTiO3, the Jahn-Teller distortion changes

the electronic structure such that the Sn-s – O-p interaction goes from antibond-
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ing in the cubic phase to bonding in the tetragonal phase. As we explain in the

manuscript, since these states are filled, there is a larger energy gain associated

with the Jahn-Teller distortion in SnTiO3 compared with PbTiO3, and the corre-

sponding structural distortion is also larger.

Table A.3: Orbital-resolved integrated COHPs for the (Pb/Sn)-s – O-p and
(Pb/Sn)-p – O-p interactions in the cubic and tetragonal phases
of PbTiO3 and SnTiO3. All entries have units of eV.

System (Pb/Sn)-s – O-p (Pb/Sn)-p – O-p Total

PbTiO3 cubic -0.09 1.54 1.45

PbTiO3 tetragonal -0.08 2.34 2.27

SnTiO3 cubic -0.07 1.52 1.45

SnTiO3 tetragonal 0.10 2.11 2.21

A.3 The increased asymmetry in SnTiO3 compared to PbTiO3

suppresses NTE

As mentioned in Chapter 2, the relative insensitivity of PbTiO3 in the tetragonal

phase to epitaxial strain has been attributed to the fact that is already very struc-

turally distorted, and hence resists further distortions. Further, I expect S 13 for

SnTiO3 to be less negative than for PbTiO3 because SnTiO3 is even more resistant

to further structural distortions than PbTiO3. To test this hypothesis, I calculated

selected elements of the compliance tensor for a hypothetical SnTiO3 structure

for which the c/a ratio was set to that of equilibrium PbTiO3 (with volumes fixed

to the equilibrium SnTiO3 volume and all forces on the atoms minimized). Ta-

ble A.4 shows that the elastic properties of this hypothetical structure exhibit a
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more negative S 13 and a larger (more positive) S 33 than SnTiO3 with its equilib-

rium c/a, indicating that the elastic properties are now more similar to that of

PbTiO3.

The Grüneisen parameters along the a- and c-axes can be calculated for hy-

pothetical SnTiO3 with a c/a ratio set to that predicted for PbTiO3 at 300 K with

the quasiharmonic approximation. Table A.4 shows that γc for this structure is

negative and nearly a full order of magnitude smaller than for SnTiO3 with its

equilibrium c/a ratio. If these values of the compliance tensor, γa and γc are in-

serted into Equations 5 and 6, I find αa = 7.5 (×10−4K−1) and αc = -26.0 (×10−4K−1).

Since the coefficient of volumetric thermal expansion for a tetragonal system is

αv ≡ 2αa + αc, we see that this hypothetical SnTiO3 structure should exhibit vol-

umetric negative thermal expansion. Thus, the large c/a ratio of SnTiO3 works

to suppress NTE.

Table A.4: Selected elements of the compliance tensor and Grüneisen pa-
rameters along the a- and c-axes for tetragonal PbTiO3, SnTiO3

and a hypothetical SnTiO3 structure with the same c/a ratio as
PbTiO3.

System S 11 S 12 S 13 S 33 γa γc

PbTiO3 7.44 0.49 -11.9 55.6 1.42 0.40

SnTiO3 7.79 -1.44 -6.83 32.16 3.42 7.72

SnTiO3 with same c/a as PbTiO3 8.29 -0.62 -9.23 40.75 1.84 -1.71
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APPENDIX B

APPENDIX - CHAPTER 4

B.1 Elastic properties

The Ci j relevant to the Grüneisen framework of thermal expansion are calcu-

lated using derivatives of the Helmholtz free energy surface fit to the points in

the quasiharmonic grid with respect to infinitesimal strain along the a and c

axes. Since the two in-plane lattice parameters are constrained to be equal in a

tetragonal system, my strain parameters are εa = a−a0
a0

and εc = c−c0
c0

, where a0

and c0 are the 0 K lattice parameters calculated with DFT (and no zero-point

correction for vibrational degrees of freedom). I use a third-order fit, such that

the free energy surface is expressed as the following polynomial:

F = A+Ba0(1+εa)+Cc0(1+εc)+Da2
0(1+εa)2+Ec2

0(1+εc)2+Fa0c0(1+εa)(1+εc)+Ga3
0(1+εa)3

+ Ha2
0c0(1 + εa)2(1 + εc) + Ia0c2

0(1 + εa)(1 + εc)2 + Jc3
0(1 + εc)3 (S1)

Since the relation between the strain energy and elastic constants for an un-

stressed system are given in Voit notation by [61]:

F
V0

=
1
2

∑
i j

Ci jεiε j

then

C13 =
1
V0

∂2F
∂ε1∂ε3

Since εc = ε3 and εa = ε1 + ε2 = 2ε1, using the chain rule

1
V0

∂2F
∂εa∂εc

=
1
V0

(
∂2F
∂ε1∂ε3

+
∂2F
∂ε2∂ε3

)
= 2C13 = 2C31.
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Similarly,

1
V0

∂2F
∂ε2

a
= 2(C11 + C12)

and

1
V0

∂2F
∂ε2

c
= C33.

This means that the unstressed elastic constants C33, C13, and C11 +C12 can be

found from taking derivative of Equation S1 with respect to various combina-

tions of the strains, yielding,

C33 =
1
V0

(
2Ec2

0 + 2Ia0c2
0 + 6Jc3

0

)

C13 = C31 =
1

2V0

(
Fa0c0 + 2Ha2

0c0 + 2Ia0c2
0

)

C11 + C12 =
1

2V0

(
2Da2

0 + 6Ga2
0 + 2Ha2

0c0

)

The last term (C11 + C12) does not appear in the expressions in the main body

of the text, but it is included here for completeness.

As I mention in Chapter 4, these elastic constants are for zero stress, but the

film is under a state of finite in-plane stress, such that the stress tensor is given

by
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τ =


σ 0 0

0 σ 0

0 0 0


From Refs. [14], [192], and [195], I know that under stress, the infinetesimal

elastic constants are given by

Ci jkl = C0
i jkl +

1
2

(
δikτ jl + δ jkτil + δilτ jk + δ jlτik − 2δklτi j

)
Where Ci jkl and C0

i jkl are the elastic constants at finite stress and at zero stress,

respectively, in the form of fourth-order tensors. I am concerned with the elastic

constants C31 and C33 in Voigt notation, which represent C1133 and C3333, respec-

tively. Thus, recalling that as there is no stress along the c axis and τ33 = 0,

C3333 = C0
3333 +

1
2

(τ33 + τ33 + τ33 + τ33 − 2τ33) = C0
3333

and

C3311 = C0
3311 +

1
2

(−2τ33) = C0
3311

B.2 Derivation of Equation 13

Thus, the two elastic constants I use in the main body of the study are identical

to the unstressed elastic constants found by the curvature of the free energy
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surface. Note that this is not true for other indices of the elastic tensor, and

the stress must be taken into account if they are to be used (for example, in a

Born stability analysis). If needed, the stress can be calculated from the first

derivatives with respect to the strain parameters in Equation S1.

I start with the Grüneisen expressions from the strained film, defined with

Equation 6 of the main body of the text as∑
j

Ci j(T )α j(T ) =
Cη(T )
V(T )

γi(T ). (S1)

This can be re-defined with respect to the properties of bulk PbTiO3, as in

Equation 11 of the main body of the text, such that

∑
j

(Cbulk
i j (T ) + ∆Ci j(T )) (αbulk

j (T ) + ∆α j(T )) =
Cη(T )
V(T )

(γbulk
i (T ) + ∆γi(T )). (S2)

My goal is to use this expression to find ∆αc, the change in thermal expansion

in the film along c with respect to bulk PbTiO3. I can re-writen Equation S2 in

matrix form as


Cbulk

11 + ∆C11 Cbulk
12 + ∆C12 Cbulk

13 + ∆C13

Cbulk
21 + ∆C21 Cbulk

11 + ∆C11 Cbulk
13 + ∆C13

Cbulk
31 + ∆C31 Cbulk

31 + ∆C31 Cbulk
33 + ∆C33




αbulk

a + ∆αa

αbulk
a + ∆αa

αbulk
c + ∆αc

 =
Cη

V


γbulk

a + ∆γa

γbulk
a + ∆γa

γbulk
c + ∆γc

 (S3)

Since the quantity αa = αbulk
a +∆αa, the in-plane thermal expansion coefficient

of the substrate, is assumed to be known, then the equation can be solved for

∆αc without inversion. Multiplying the last row of the left side of Equation S3

through, I find that
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2
(
Cbulk

31 + ∆C31

) (
αbulk

a + ∆αa

)
+

(
Cbulk

33 + ∆C33

) (
αbulk

c + ∆αc

)
=

Cη

V

(
γbulk

c + ∆γc
)

and therefore

2Cbulk
31 αbulk

a + 2Cbulk
31 ∆αa + 2∆Cbulk

31 αbulk
a + 2∆Cbulk

31 ∆αa + Cbulk
33 αbulk

c + Cbulk
33 ∆αc

+∆Cbulk
33 αbulk

c + ∆Cbulk
33 ∆αc =

Cη

V

(
γbulk

c + ∆γc
)

(S4)

We know from Equation 6 of the main body that

2Cbulk
31 αbulk

a + Cbulk
33 αbulk

c =
Cη

V
γbulk

c (S5)

Subtracting Equation S5 from S4, I find

2Cbulk
31 ∆αa + 2∆C31α

bulk
a + 2∆C31∆αa + Cbulk

33 ∆αc + ∆C33α
bulk
c + ∆C33∆αc =

Cη

V
∆γc

(S6)

Equation S5 matches Equation 12 in the main body of the text. Rearranging,

(
Cbulk

33 + ∆C33

)
∆αc =

Cη

V
∆γc − 2Cbulk

31 ∆αa − 2∆C31α
bulk
a − 2∆C31∆αa − ∆C33α

bulk
c

Which can be re-written as

∆αc =

−2
Cbulk

31(
Cbulk

33 + ∆C33

)∆αa−
∆C33(

Cbulk
33 + ∆C33

)αbulk
c −2

∆C31(
Cbulk

33 + ∆C33

) (
αbulk

a + ∆αa

)
+

Cη∆γ
c

V
(
Cbulk

33 + ∆C33

)
(S7)
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Examining the first term,

−2
Cbulk

31(
Cbulk

33 + ∆C33

)∆αa = −2
Cbulk

31 ∆αa

Cbulk
33

1(
1 + ∆C33

Cbulk
33

)
Since 1

1+x =
(
1 − x

1+x

)
, the right hand side can be re-written as

−2
Cbulk

31 ∆αa

Cbulk
33

1(
1 + ∆C33

Cbulk
33

) = −2
Cbulk

31 ∆αa

Cbulk
33

(
1 −

∆C33/Cbulk
33

1 + ∆C33/Cbulk
33

)
= −2

Cbulk
31

Cbulk
33

∆αa + 2
Cbulk

31

Cbulk
33

∆αa

(
∆C33

Cbulk
33 + ∆C33

)

Substituting this for the first term in Equation S7,

∆αc = −2
Cbulk

31

Cbulk
33

∆αa + 2
Cbulk

31

Cbulk
33

∆αa

(
∆C33

Cbulk
33 + ∆C33

)
−

∆C33(
Cbulk

33 + ∆C33

)αbulk
c − 2

∆C31(
Cbulk

33 + ∆C33

) (
αbulk

a + ∆αa

)
+

Cη∆γ
c

V
(
Cbulk

33 + ∆C33

)
Finally, combining the second and third terms of the right hand side,

∆αc = −2
Cbulk

31

Cbulk
33

∆αa

+

(2Cbulk
31

Cbulk
33

∆αa − α
bulk
c

)
∆C33

Cbulk
33 + ∆C33

− 2
(
αbulk

a + ∆αa

) ∆C31(
Cbulk

33 + ∆C33

)+ Cη∆γ
c

V
(
Cbulk

33 + ∆C33

)
This matches Equation 4.13 in Chapter 4

B.3 Sign of anharmonic elasticity

What follows is a short discussion of how the observed effect of changes in the

elastic constants on ∆αc can be predicted from a careful analysis of the sign of
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each of the two terms contributing to anharmonic elasticity in Equation 13 of

the main body of the text – the first and second terms tend to be the same sign

as ∆C33 and −C31, respectively, with the magnitude of the first term dominating.

These two terms are reproduced here:

∆αanh.Elast.
c =

(
2

Cbulk
31

Cbulk
33

∆αa − α
bulk
c

)
∆C33

(Cbulk
33 + ∆C33)

− 2(αbulk
a + ∆αa)

∆C31

(Cbulk
33 + ∆C33)

In the case of the first term, I find that the quantity
(
2Cbulk

31

Cbulk
33

∆αa − α
bulk
c

)
/(Cbulk

33 +

∆C33) is always positive for each system included in this study, as shown in

Figures B.1 and B.2. This means that the sign of the first term is determined

by the sign of ∆C33, and that under a compressive strain with ∆C33 < 0,

this term encourages the c axis to shrink. Next, I find that the quantity

2
(
αbulk

a + ∆αa

)
/(Cbulk

33 + ∆C33) is also always positive, as shown in Figures B.1 and

B.2. This means that the sign of the second term is determined by the sign of

−∆C31. Thus, under a compressive strain with ∆C31 > 0, this term also encour-

ages the c axis to shrink. I find that the contributions from the first term, which

only involve elastic anharmonicity from ∆C33, are much larger than those of the

second term, and tend to dominate the response, as shown in Figures B.3 and

B.4.

Next, the derivative of this first term with respect to ∆αa is governed to first

order by 2C31∆C33
C33(C33+∆C33

, and thus is also the same sign as ∆C33. Since C33 decreases

with compressive strain (εa < 0) compared to bulk (∆C33 < 0) and increases

under tensile strain (∆C33 > 0 and εa > 0), I expect the contribution to ∆αc from

anharmonic elasticity to change with increasing ∆αa with the same sign as εa.

This is indeed what is shown in Figures 4.3 and 4.4 of Chapter 4.
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Figure B.1: The factors multiplying ∆C33 (red) and −∆C31 (blue) in Equa-
tion 13 of the main body of the text, for a system with a misfit
strain of -0.75% at 300K and the indicated values of αa. The
red squares correspond to

(
2Cbulk

31

Cbulk
33

∆αa − α
bulk
c

)
/(Cbulk

33 + ∆C33) and

the blue squares correspond to 2
(
αbulk

a + ∆αa

)
/(Cbulk

33 + ∆C33). As
noted in section B.3 of this document, these terms are positive
throughout the entire temperature range.
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Figure B.2: The factors multiplying ∆C33 (red) and −∆C31 (blue) in Equa-
tion 13 of the main body of the text, for a system with a misfit
strain of +0.75% at 300K and the indicated values of αa. The
red squares correspond to

(
2Cbulk

31

Cbulk
33

∆αa − α
bulk
c

)
/(Cbulk

33 + ∆C33) and

the blue squares correspond to 2
(
αbulk

a + ∆αa

)
/(Cbulk

33 + ∆C33). As
noted in section B.3 of this document, these terms are positive
throughout the entire temperature range.

Figure B.3: The two contributions to ∆αc from anharmonic elasticity in
Equation 13 of the main body of the text for a system with a
misfit strain of -0.75% at 300K and the indicated values of αa.
The first term, ∆αanh.Elast.

c =

(
2Cbulk

31

Cbulk
33

∆αa − α
bulk
c

)
∆C33

(Cbulk
33 +∆C33)

is shown

in red, and the second term, −2(αbulk
a + ∆αa) ∆C31

(Cbulk
33 +∆C33)

, is shown
in blue.
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Figure B.4: The two contributions to ∆αc from anharmonic elasticity in
Equation 13 of the main body of the text for a system with a
misfit strain of +0.75% at 300K and the indicated values of αa.
The first term, ∆αanh.Elast.

c =

(
2Cbulk

31

Cbulk
33

∆αa − α
bulk
c

)
∆C33

(Cbulk
33 +∆C33)

is shown

in red, and the second term, −2(αbulk
a + ∆αa) ∆C31

(Cbulk
33 +∆C33)

, is shown
in blue.
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