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ABSTRACT 
The goal of microscopy is to take position-resolved data of things invisible & 

small and transform that data into something meaningful & macroscopic. In the 

case of scanning transmission electron microscopy (STEM) we generate position 

resolved data by raster scanning a focused beam of highly accelerated 

electrons—also called the probe or the incident beam—on a thin sample and 

measuring the properties of the electrons that pass through the sample. If we 

know certain properties of the incident electrons, say their momentum, and 

then measure that property after having interacted with the sample, we can 

infer properties about the sample, such as the scattering potential & therefore 

the locations of the atoms within the sample. We then generate an image where 

the pixel values represent the measured properties. Obtaining an image that 

represents the properties of a material lets us understand & convey what is 

happening in ways that few other forms of science communication can.  

In this Dissertation, I discuss the concepts behind momentum-resolved STEM 

(4D-STEM); first with a general presentation of the limiting factors, followed by 



 

a more in-depth look at how we refine our measurements and the process by 

which we transform them into meaningful representations. I show that 

brightness preservation serves as a better optimization metric than aberration 

minimization. Finally, I discuss a new physically motivated data 

transformation that simplifies analysis of 4D-STEM data for high-precision 

strain measurement & robust grain identification.
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CHAPTER 1:  INTRODUCTION 

Making precise claims about the interactions of scanning transmission electron 

microscope (STEM) probe with sample depends on four things: how many 

times we repeat the experiment, how well we know the initial conditions of the 

probe, how well we know the final conditions of the probe, and our 

understanding of the physics of the interactions that we are curious about. The 

repetition rate is also called the incident current, 𝐼, in electrons per second, 

which will introduce Poisson noise proportional to √𝐼, yielding a signal to noise 

ratio that is proportional to !
√#

. The variance of the probe’s initial conditions in 

which we are interested, in our case position and momentum, we call the 

emittance, ε. The variance in the final condition is dependent on the noise in the 

detector, σ. Finally, our physical model generally involves some approximation, 

accurate up to some factor, δ. Heuristically yielding a fundamental signal to 

noise with proportionality 

𝑆𝑁𝑅	~
√𝐼
	𝜀𝜎	𝛿. 

Obtaining better precision can be obtained by increasing the current or by 

decreasing the variances. This Dissertation splits the problem in two: increasing 

𝐼 & lowering 𝜀 in Chapter 2 and decreasing the 𝜎 & 𝛿 in Chapter 3. 
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Unfortunately, when it comes to increasing current, we eventually face a 

tradeoff with our emittance. Generating more electrons from a source, also 

called the electron gun, means that we know less about from where they came. 

This tradeoff is encapsulated by the brightness of our gun: 

𝐵 =
𝛪
	𝜀 ,	

which has an upper limit depending on the nature of the source. Significant 

research has gone into developing brighter sources, a goal that is shared with 

the accelerator community (Hernandez-Garcia, Stutzman, & O’Shea, 2008). For 

the STEM, most guns are either a sharp tip of tungsten or of LaB6 with electrons 

extracted by either thermionic (higher current, higher emittance) or field 

emission (lower current, lower emittance), with the latter having significantly 

more brightness but similarly high development and operational costs. These 

generated electrons are then accelerated to an operating voltage of 30-300kV, 

depending on the sample. Lower voltage means less knock-on damage and 

stronger scattering, good for 2D samples; while higher voltage allows for a more 

focused probe with less scattering, good for thicker samples (Egerton, 2014). 

Once the electrons have been accelerated, they are focused to a point by a round 

objective lens: a solenoidal magnet. Unfortunately, the nature of magnetic 

lenses means that higher angle electrons are scattered more than lower angle 
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ones; the lenses have spherical aberrations, which increase our emittance 

(Scherzer, 1949). These aberrations can be corrected by using a series of 

multipole magnets, finely tuned to counteract the aberrations without 

introducing too many new ones (P. W. Hawkes, 2009). In Chapter 2, I further 

explore the connection between aberration correction & brightness preservation 

and present a new technique for measuring aberrations & emittance growth in 

the microscope, including experimental results that are faster and more precise 

than previous approaches. 

Next, we consider detection and analysis. The most versatile detection scheme 

for the STEM is with High Angle Annular Dark Field (HAADF). By detecting 

all the electrons scattered to an angle more than some collection cutoff, we 

generate a signal that is proportional to the high-pass-filtered scattering 

potential within the sample, which is dominated by the nuclear electrostatic 

potential and thus the atomic number, 𝑍. The only assumptions required for 

this analysis are that of elastic scattering, a very good assumption for 

sufficiently high angles. Then the analysis becomes nearly trivial: count the 

electrons detected. This requires some calibration between the detector current 

and the incident electron power (Nellist & Pennycook, 2000), after which the 

generated HAADF-STEM has contrast that is proportional to 𝑍~!.&. HAADF is 

useful for atomic scale imaging, which requires a well-tuned probe and small 
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scan steps, necessitating a small field of view, and is also inefficient in signal 

generation, as the vast majority of electrons, those at low-angles, go uncollected. 

Another analysis approach has recently resulted in record-breaking resolutions: 

ptychography. If instead of counting all the electrons scattered above some 

angle threshold, as in HAADF, we actually measure the angle of each 

transmitted electron, we can use reconstruction schemes to surpass previous 

limits. At every point in a 2D STEM scan, we obtain a 2D convergent beam 

electron diffraction (CBED) pattern, and thus generate a 4D-STEM dataset. 

Provided that the illumination angle is large enough to obtain interference 

patterns from the sample’s structure, it is possible to calculate the phase map of 

the sample, which we can use to approximate the electronic potential, by way 

of the kinematic Phase Object approximation. This approach allows for 

unprecedented resolution but requires very thin samples for accurate 

reconstruction. While there have been attempts to backproject multislice 

algorithms to reconstruct thicker samples (Li & Maiden, 2018), the approach is 

still nascent and requires supercomputing resources (Chen et al., 2021). 

Finally, if we instead use a relatively small illumination angle, the 4D-STEM 

dataset is of nano beam electron patterns (NBED) with distinct diffraction spots 

at Bragg angles of the sample. This approach allows for large-scale structural 
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analysis over a range of conditions; however, the analysis of these dataset is 

nuanced and more difficult to interpret. The dynamic nature of diffraction 

means that diffraction spots change drastically in intensity for varying thickness 

and crystal zone-axis mistilt. Chapter 3 introduces a technique to post-hoc 

transform NBED patterns into exit-wave power cepstra (EWPC), a physically 

motivated transformation to real-space that is related to the well-established 

Patterson function. 

Finally, I conclude, in Chapter 4, with a discussion of the underlying approach 

of data transformation, tying the previous Chapters together and presenting an 

open-source software solution that implements my techniques for signal 

extraction.  There I also discuss the promise of machine learning approaches to 

tuning in addition to data analysis & acquisition, and the challenges of 

decoupling meaning from model. Ultimately, this Dissertation illustrates the 

utility of broad & collaborative research as the two main approaches discussed 

(brightness preservation & cepstral analysis) came from outside fields 

(accelerator physics & audio engineering, respectively) and provide new 

insights into the way that we generate & understand data from the electron 

microscope.  
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CHAPTER 2:  ABERRATION CORRECTION IS BRIGHTNESS PRESERVATION 

Within the field of electron microscopy, the standard expression for the 

imperfection of a lens is the aberration function. Decades of work has led to 

dozens of approaches to measuring and correcting aberrations (H. H. Rose, 

2009). Similarly, within the field of particle accelerators, significant work goes 

into the preservation of beam brightness by minimizing the emittance growth 

within an accelerator (Reiser, 2008). Here we present the fundamental 

connection between the aberration function and the delivered brightness. We 

connect the two metrics by describing the action of an imperfect lens on a 

particle in phase space and calculating the root-mean-squared emittance 

introduced by aberrations. We show that approaches of emittance & brightness 

optimization can recover the standard approaches of aberration tuning, and 

avoid the intrinsic instability of resolution optimization (Schramm, Van Der 

Molen, & Tromp, 2012). Furthermore, we describe a straightforward technique 

for measuring emittance growth in the electron microscope by using a pixelated 

detector. Finally, we discuss the potential of using brightness as an objective 

function for the automated tuning an aberration corrected microscope. 
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INTRODUCTION TO EMITTANCE AND BRIGHTNESS 

Given that the electron microscope is essentially a small particle accelerator, the 

amount of independence between the two fields is surprising. For while the 

theory of charged particle optics describes both regimes (H. Rose, 2009), the 

functional languages used in day to day operations are nearly distinct. This 

work represents a step towards collaboration and communication between the 

two fields. 

The 2D wave function of an unscattered electron within a microscope can be 

defined in the angular basis with basis vector, 𝛼2, by two real functions: the 

aperture function 𝐴(𝛼2) and the aberration function 𝜒(𝛼2), 	

𝜓8(𝛼2) = 𝐴(𝛼2)𝑒'((*+) 

Where the aperture function indicates the normalized probability distribution 

within the limiting aperture, 𝑃(𝛼2) = 𝐴-(𝛼2), (usually set to be a radially 

symmetric top hat function) and the aberration function represents the angle 

dependent phase differences introduced by the optical elements of the 

microscope. 

This mixed quantum state can equivalently be represented by its Wigner 

distribution, 𝑊<𝜉̅, 𝛼2? (Wigner, 1932), the quasiprobability of finding a particle 

at a given position 𝜉̅, traveling with a given angle 𝛼2. While the Wigner 
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formalism has been applied to electron microscopy for holography and 

ptychography(Lubk & Röder, 2015) (Li, Edo, & Rodenburg, 2014) (Rodenburg 

& Bates, 1992) its utility extends to numerous other applications. For our 

purposes, it suffices to define the Wigner distribution of an electron in terms of 

it wave function in the angular basis,  

𝑊<𝜉,̅ 𝛼2? =
1
4𝜋- 	C𝑑𝛼

.-𝜓8 E𝛼2 −
1
2𝛼

.H I	𝜓8∗ E𝛼2 +
1
2𝛼

.H I 𝑒'01 ∙*!111 

where 𝜉̅ = -34̅
6

 is the normalized position vector in units of electron wavelength 

λ. It is worth noting that for pure states 

C𝑑𝜉-𝑊<𝜉̅, 𝛼2? = K𝜓8(𝛼2)K- 

Which is the STEM probe and 

C𝑑𝛼-𝑊<𝜉̅, 𝛼2? = K𝜓8<𝜉̅?K- 

Which is the TEM transfer function. The Wigner function simultaneously 

describes STEM and TEM imaging modes by explicitly encoding reciprocity. 

With the Wigner function defined, we can then calculate the second moments 

of this distribution, 

〈𝜉-〉 = C𝑑𝜉-C𝑑𝛼-𝑊<𝜉,̅ 𝛼2?K𝜉̅K- 
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〈𝛼-〉 = C𝑑𝜉-C𝑑𝛼-𝑊<𝜉,̅ 𝛼2?|𝛼2|- 

〈𝜉̅ ∙ 𝛼2〉 = C𝑑𝜉-C𝑑𝛼-𝑊<𝜉̅, 𝛼2?	𝜉̅ ∙ 𝛼2	. 

and define the dimensionless emittance introduced by aberrations as 

𝜀( = P〈𝜉-〉〈𝛼-〉 − 〈𝜉̅ ∙ 𝛼2〉-. 

The emittance is the characteristic size of the phase space distribution and is 

inversely related to the brightness of the incident beam. 

Continuing from the definitions above and using the standard expression for 

the electron wave function, we find the second moments in terms of the aperture 

& aberration functions, 

〈𝜉-〉 = C𝑑𝛼-𝐴-(𝛼2)|𝛻2𝜒(𝛼2)|- +
1
2
|𝛻2𝐴(𝛼2)|- −

1
2𝐴

(𝛼2)𝛻-𝐴(𝛼2) 

〈𝛼-〉 	= C𝑑𝛼-𝐴-(𝛼2)|𝛼2|- 

〈𝜉 ∙ 𝛼2〉 	= C𝑑𝛼-𝐴-(𝛼2)𝛼2 ∙ 𝛻2𝜒(𝛼2) 

We thus have an expression for the terms of the emittance which are introduced 

by aberrations: 
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𝜀( = REC𝑑𝛼-𝐴-(𝛼2)|𝛻2𝜒(𝛼2)|-I EC𝑑𝛼-𝐴-(𝛼2)|𝛼2|-I − C𝑑𝛼-𝐴-(𝛼2)𝛼2 ∙ 𝛻2𝜒(𝛼2) 

It is worth noting that the expression for the emittance only includes the 

gradient of the aberration function. This will serve useful in our later discussion 

on measurement techniques. 

Next, we consider the brightness of the incident electron beam at the sample 

𝐵 =
𝛪

𝜆	𝜀7879:
 

Where 𝛪 indicates the beam current and 𝜀787 represents the total emittance of the 

incident beam, in units of 𝜆, the incident electron wavelength. With the intrinsic 

emittance of the beam source, 𝜀', describing a normal distribution for the initial 

phase space, which is then diffused by the emittance introduced by aberrations, 

𝜀(,  the total emittance is approximately the sum in quadrature. Then assuming 

uniform illumination of the aperture with current per unit angle 𝐽, we have the 

following expression relating the brightness to the emittances and the 

convergence angle 𝛼;  

𝐵 =
	𝜋𝐽𝛼;-

𝜆P𝜀(- + 𝜀'-
	. 
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ACQUISITION METHODS 

While it is possible to calculate the emittance growth from any measurement of 

the aberration function, most measurements are quite noisy, and the process of 

fitting and extrapolating can be imprecise (Peter W. Hawkes & Krivanek, 2019). 

Instead, we present an experimental technique to directly measure the 

emittance of the electron beam without any fitting. 

Using a pixel array detector, with high dynamic range and fast readout times 

(Tate et al., 2016a) we obtain a CBED pattern of the bright disk, 𝐼(𝛼2), at every 

point in a STEM raster, �̅�. Then by generating a STEM image for each diffraction 

angle (i.e. pixel on the detector) within the bright disk, we obtain a virtual 

selected area bright field image 𝐼*+(�̅�). Finally, if we compare the brightfield 

images generated from two proximate angles 𝛼2 and 𝛼2 + 𝛥𝛼2222, we note that the 

images are (to good approximation) related by a translation 𝛥𝑥2222: 

𝐼*+(�̅�) ≈ 𝐼*+<=*1111(�̅� + 𝛥𝑥2222). 

This process is illustrated in Figure 1.  

In practice, the higher-order effects mean that it is difficult to make accurate 

measurement of translations for large 𝛥𝛼2222. Better results are obtained by keeping 

𝛥𝛼2222 as small as possible and instead changing 𝛼2. Essentially, we compare the 

virtual bright field generated by each pixel in the detector to those generated by 
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neighboring pixels. We then use subpixel registration (Guizar-Sicairos, 

Thurman, & Fienup, 2008) to calculate the real space shifts. Resulting in, 

essentially, a numerical first derivative of the method described in (Lupini, Chi, 

& Jesse, 2016), and is related by reciprocity to a number of TEM aberration 

measurement techniques (Koster & de Jong, 1991) (Koster & de Ruijter, 1992) 

(W. O. Saxton, 1995) (W. Owen Saxton, 2015). 

 

Figure 1. A characteristic CBED pattern obtained in a 4D-STEM scan of 

gold nanoparticles, and the corresponding virtual apertures used to 

generate virtual bright field images. A change in the virtual aperture 

position Δα, introduces a shift in the virtual bright field image Δx. 

This relation between 𝛥𝑥2222 and 𝛥𝛼2222 is an alternate form of expressing the 

aberration function: 

∇*𝜒(	𝛥𝛼2222) 	=
𝛥𝑥2222
𝜆  

CBED On Axis VBF

Δα

Δx

Off Axis VBF
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Where ∇*𝜒	is the gradient of the aberration function, in the direction of 𝛥𝛼2222 

evaluated at angle 𝛼. So, by selecting different values and directions of 𝛥𝛼2222, for 

different values of 𝛼, we can get a full expression for the gradient of the 

aberration function over the extent of the bright disk. Then it is simply a matter 

of numerical integration to obtain an expression for the emittance: 

𝜀( = REC𝑑𝛼-𝐴-(𝛼2)|𝛻2𝜒(𝛼2)|-I EC𝑑𝛼-𝐴-(𝛼2)|𝛼2|-I − C𝑑𝛼-𝐴-(𝛼2)𝛼2 ∙ 𝛻2𝜒(𝛼2) 

Which as we noted above, only relies on the gradient of the aberration function, 

which we measure. 

 

EXPERIMENTAL RESULTS 

Measurements were done to compare the standard Zemlin tableau 

measurement method to the 4D-STEM approach. Using an FEI Titan operating 

at 300kV with a 30 mrad aperture and the standard tuning sample of gold 

nanoparticles, we alternated measurements between the Zemlin tableau and 

the 4D-STEM technique. In the Zemlin tableau approach, we take 21 each of 

overfocused & underfocused HAADF images with various deviations from 

optic axis (beam tilts) & compare the changes in information transfer to get a 

course sampling of the aberrations at 21 locations. In the 4D-STEM approach 
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we take one scan and compares the shifts to obtain a relatively fine sampling of 

the aberrations. By alternating the measurements and comparing the ensemble 

of results to the estimated error values, we can compare precisions of the 

measurements. 

Figure 2 shows the results of measuring the spherical aberration 4 times in a 

row with each technique. The Zemlin tableau approach takes roughly 10 times 

as long, requires 42 times the scans, and gives less precise measurements. 

 

Figure 2. Repeated aberration measurements using different approaches. 

The Zemlin approach, left, reports values and errors in the micron scale 

and varies significantly over multiple measurements. The proposed 4D-

STEM approach, right, is more consistent and stable over multiple 

measurements. 
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ANALYSIS OF NEW EXPRESSIONS 

In whatever way one obtains measurements for the aberration’s gradient, it is 

valuable to calculate how they affect the emittance. So in order to relate the 

emittance growth and brightness to the more familiar aberration coefficients, 

we use a representation adapted from (Kirkland, 2016) over a range of altitude 

𝛼 and of azimuth 𝜙 

𝜒(𝛼, 𝜙) =
2𝜋
𝜆 Z

𝛼><!

𝑛 + 1
>?

K𝐶]>?∗ 𝑒'?@K 

And assume a perfect aperture 

𝐴-(𝛼, 𝜙) = ^
1
𝜋𝛼- for 𝛼 < 𝛼;
	 	
0 otherwise

 

Which yields the following expression for the aberration’s contribution to the 

emittance  

𝜀(- =
4𝜋-

𝜆- Z ℜb𝐶]>?∗ 𝐶]>!?c𝛼;><>
!<- d

1
𝑛 + 𝑛. + 2 −

4𝛿?;
(𝑛 + 3)(𝑛. + 3)

>>!?

+
𝑚-𝛼;-

(𝑛 + 1)(𝑛. + 1)(𝑛 + 𝑛. + 4)g . 

This term represents all the nonlinearities of the lens and places each on equal 

mathematical footing to determine a characteristic phase-space volume 
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occupied by a given aberrated beam. Minimizing this emittance gives the best 

possible brightness for a given aperture.  

The above expressions for the emittance and brightness have several useful 

properties which we explore here. 

First, we consider the emittance’s dependence on defocus, 𝐶]!; 

𝑑𝜀
𝑑𝐶]!;

= 0 

i.e. the emittance does not change with defocus. Though it should be noted that 

the realities of the electron microscope mean that in real microscope the 

“defocus” knob will inevitable introduce higher order terms, the actual first-

order defocus term does not affect the emittance. This is illustrated in Figure 3, 

where a perfect lens introduces a size-preserving shear in phase space. Indeed, 

this result directly follows from the translational invariance of the system. 

Second, we note that the emittance is quadratic in aberration coefficients. This 

is in contrast to resolution, which has a cusp-like response to changes in the 

aberration coefficients (Schramm et al., 2012).  This alone makes emittance 

minimization a more feasible problem, as we avoid the intrinsic instability of 

optimizing around a cusp. 
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Figure 3. Starting with some initial phase space distribution (a), a perfect 

lens (b) introduces an area-preserving shear whereas an aberrated lens 

(c) increases the area, thereby decreasing the density (i.e. brightness). The 

aberrated lens can, for small angles, recover the linear response of an 

ideal lens but discarding high angle electrons reduces the current. By 

balancing the changes in current to the changes in coherence we find the 

optimal brightness condition. 

Next, in order to compare results to standard approaches of determining 

optimal apertures, we consider the idealized case where only the spherical 

aberration, 𝐶]A; is nonzero. This yields an effective emittance increase of 

𝜀BC"#
- =

𝜋-K𝐶]A;K
-𝛼;&	

18𝜆-  

And the brightness is then 

𝐵BC"# =
	𝜋𝐽𝛼;-

R𝜋-K𝐶]A;K
-
𝛼;&	

18𝜆- + 𝜀'-
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Figure 4. Brightness as a function of aperture size for a spherically 

aberrated system (with all other aberrations set to zero). The response is 

quadratic for small angles, where brightness is current limited; and 

inverse quadratic for high angles, where brightness is coherence limited. 

As graphed in Figure 4. Which is maximized with an aperture set at 

𝛼DEF = R
𝜆𝜀'

9𝜋|𝐶]A;|
$

. 

This optimal aperture is, by inspection, the same as that acquired by Scherzer 

(Scherzer, 1949) 

Aperture (mrad)

Br
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ht
ne

ss
 (a

.u
.)

!max = &'(
9*|,-30|

4
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𝛼GHIJKLJK = R
2𝜆𝜑
𝜋|𝐶]A;|

$
 

If we understand the phase tolerance in Scherzer’s approach, 𝜑 (traditionally 

set at 𝜋 4k ), to be related to the intrinsic non-dimensional emittance of our source 

𝜑 = 9𝜀'
2k . 

This simple result allows us to quantify the ideal phase tolerance and helps to 

motivate the varying selection of said tolerance for different illumination 

systems. 

In the case where the aperture is fixed, brightness maximization becomes 

equivalent to emittance minimization, and we can see how best to offset higher 

order terms with lower order terms. In the case of an uncorrectable 5th order 

aberration 𝐶]M;, for which we can compensate by tuning 𝐶]A;, we obtain an 

emittance of 

𝜀BC%#
- =

𝜋-K𝐶]A;K
-𝛼;&	

18𝜆- +
𝜋-ℜb𝐶]A;∗ 𝐶]M;c𝛼;!;	

15𝜆- +
𝜋-K𝐶]M;K

-𝛼;!-	
12𝜆-  

Which is minimized by compensating such that 

𝐶]A;∗ =
–9𝛼;-

15 𝐶]M;. 
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This approach can be generalized to compensate for all manner of higher order 

terms, (e.g. compensating axial star aberrations with astigmatism) simply by 

minimizing the emittance growth introduced by aberrations. 

Finally, if we examine the Hessian of the squared emittance with respect to the 

aberration coefficients 

𝑑-𝜀-

𝑑𝐶]>?𝑑𝐶]>!?
= 𝛼;><>

!<- d
1

𝑛 + 𝑛. + 2 −
4𝛿?;

(𝑛 + 3)(𝑛. + 3)

+
𝑚-𝛼;-

(𝑛 + 1)(𝑛. + 1)(𝑛 + 𝑛. + 4)g 

We see that it is constant and positive semidefinite. Thus, not only is the 

emittance convex with respect to the aberration coefficients, but it can be 

directly minimized using Newton’s method. This indicates that the emittance is 

a robust and promising objective function for reinforcement learning aberration 

correction, although in practice the actual corrector elements are usually 

coupled, non-linear, and hysteretic which will each introduce complexities to 

computerized optimization. 

THE FUTURE IS BRIGHTNESS 

As electron guns continue to improve in brightness, it is essential that we 

understand how to preserve that brightness throughout the path of the beam 

through the microscope. By comparing the approaches of the electron 
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microscopist to those of the accelerator physicist, we have demonstrated the 

fundamental connection between aberration correction and brightness 

preservation. In doing so we have found an approach that generalizes 

fundamental work in the field and produces a robust objective for optimization. 
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CHAPTER 3:  THE EXIT-WAVE POWER CEPSTRUM TRANSFORM FOR 

SCANNING NANOBEAM ELECTRON DIFFRACTION 

As fast detectors introduce an unprecedent volume of data, new approaches to 

data-analysis are needed. The Exit-Wave Power-Cepstrum transformation 

turns scanned diffraction patterns into a form that has previously shown to be 

useful in strain measurements (Padgett et al., 2020). In that work we discussed 

using locations of bright peaks as a useful, physically motivated approach to 

mapping atomic coordination. Here we present results of using the intensities 

to perform grain mapping that is robust to dynamical factors that normally 

plague diffractive imaging such as tilt and thickness fringes.   

PROCESSING DIFFRACTION PATTERNS 

New detectors for electron microscopy provide unprecedented volumes of data 

within a short amount of time. As an example, an electron microscopy pixel 

array detector (EMPAD) can record a 128-by-128 electron diffraction pattern 

every millisecond (Tate et al., 2016b). The convergent beam electron diffraction 

(CBED) patterns collected in scanning transmission electron microscopy 

(STEM) contain a wealth of information about the local structure of a given 

sample (Ophus, 2019), but careful analysis of the individual pattern becomes 

prohibitively laborious when tens of thousands of patterns are obtained in one 



 

 

 

23 

 

 

minute. On the other hand, automated analyses of the patterns are hampered 

by the nonlinear relation between sample structure and diffraction pattern. By 

employing homomorphic filtering to approximately linearize said relationship, 

one can leverage unsupervised machine learning on nanodiffraction patterns to 

extract information such as phase, strain, and thickness of polycrystalline 

samples. 

Previously, we discussed the applications of the exit wave power cepstrum 

(EWPC) for strain mapping. In which case, results are obtained from the peak 

positions of probabilities in a Patterson-like probability distribution. Here we 

will discuss using the peak intensities instead of positions as a means for phase 

& grain mapping. 

When performing 4D-STEM experiments on samples significantly thinner than 

the elastic scattering cross section (~10nm for a 200keV beam) conventional 

diffraction methods, such as (virtual) dark-field TEM, Bragg-spot tracking, and 

pattern matching can provide clearly understandable, physically motivated 

data reduction schemes in order to visualize grains, strains, and tilts (Zuo, & 

Spence, 2017). These approaches have the advantages of being direct, easily 

connected to material changes, and extremely fast to perform on large datasets. 
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However, in thicker samples, the dynamical effects of electron diffraction cause 

artifacts in these standard approaches.  

As thickness of a sample changes, the envelope function of the Ewald sphere 

diffraction spots will change. When looking at higher angle diffraction spots—

often the only ones available for thicker/off-axis samples—the induced change 

in diffraction intensity, AKA “beating”, can be significant even with only a 

small change in thickness. This has long been an issue for diffractive imaging, 

and while various approaches can mitigate the effect, it is still a fundamental 

issue in TEM samples. 

Small changes in tilt can once also introduce large changes in diffraction 

intensity. While mistilts are a less pervasive concern, the realities of sample 

preparation mean that samples are often somewhat buckled. For multigrain 

materials in particular, small intra-grain variations in tilt can cause large 

variations in intensity leading to real difficulties in grain imaging. 

Finally, the very properties of multigrain materials introduce nonlinearities in 

scattering. While it is possible to orient a single grain boundary to be parallel to 

electron beam, it is impossible to do so for every grain boundary in a bulk 

material. Therefore, the finite thickness of the prepared sample will always 

feature some amount of grain overlap, such that the incident electron will pass 
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through multiple grains. The inherent nonlinearities of multigrain scattering 

lead to changes in contrast and appearance of diffraction spots that do not exist 

in either grain alone. 

Figure 5b demonstrates the high contrast changes in virtual DF-STEM even 

within individual grains of polycrystalline Nb3Sn. While DF-STEM has shown 

to be very well suited to studying local changes in 2D materials (Han et al., 

2018), the effects of multiple scattering has made studies of thicker materials 

more difficult. There are several different approaches to overcome these effects 

which can largely be grouped into two different camps: acquisition 

modifications & post-processing. 

By changing the acquisition mode, it is possible to more easily generate 

interpretable diffraction patterns. Introduction of a patterned aperture can 

increase the accuracy with which diffracted disks can be located, but also 

introduces even more nonlinearities into the intensities (Zeltmann et al., 2020).  

In precession 4D-STEM, the incident beam is deflected and rotated during 

acquisition, creating patterns that are less sensitive to thickness & tilt variations 

by essentially averaging over a range of angles (Midgley & Eggeman, 2015). 

This approach can be significantly slower than standard 4D-STEM, requires 
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more advanced precise alignments, and can still benefit from post-processing 

techniques, like EWPC. 

Post-processing approaches take the data and then apply any number of 

transformations to better present the results. Unsupervised machine learning 

approaches can separate and cluster patterns but are similarly perturbed by 

large intensity variations. Whereas supervised machine learning requires a vast 

training dataset, taking inordinate amount of time to simulate and then train 

using.  

Here we a present a technique to analyze standard 4D-STEM nanodiffraction 

datasets that can separate grains quickly and robustly. 

CONTINUED THEORY OF THE EWPC 

As discussed in previous collaboration (Padgett et al., 2020), it is possible to 

represent a mistilted diffraction pattern with some underlying lattice diffraction 

pattern carrier, that is then modulated by an envelope. If we consider thickness 

effects in the kinematic framework, it is clear that the same kind of carrier & 

envelope will work as well. As the depth of the slab changes, the interference 

envelope varies while the lattice pattern stays the same. 

We will utilize the Exit Wave Power Cepstrum (EWPC) to decouple the 

different terms. Defined as the Fourier Transform of the natural logarithm of 
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the measured diffraction pattern, the EWPC conveniently separates different 

frequency bands. Whereas previous work was concerned with accurately 

locating the peak positions in the EWPC in order to measure strain, here we will 

look at the intensities at said peaks. 

The intensity at, 𝒙, some point in the EWPC, is given by 

EWPC@(𝒙) = PC<𝜙(𝒙)? = sℱ Eln wKℱ<𝜙(𝒙)?K
-
xIs

-
= sℱ wln<𝐼(𝒒)?xs

-
.  

Where ℱ denotes a Fourier transform, 𝜙(𝒙), is the real-space exit wavefunction 

of the sample, and 𝐼(𝒒) is the measured diffraction pattern. 

In the Bloch wave approach, we can decouple the power cepstra (PCs) into the 

high frequency PC of the projected 2D lattice, PC<𝓋;(𝒙)?, times the probe’s 

PC,	|𝜙N(𝒙)|-, and the low frequency PC envelope caused by tilt and thickness 

changes, PC<𝜖(𝒙)? 

EWPC@(𝒙) ≈ PC<𝜖(𝒙)? + |𝜙N(𝒙)|- ∙ PC<𝓋;(𝒙)?. 	

For high values of 𝒙, i.e. those which would be useful for grain identification 

we can ignore the effects of the envelope and  

EWPC@(𝒙 > 𝒙O) ≈ |𝜙N(𝒙)|- ∙ PC<𝓋;(𝒙)?. 	

Thus for a 4D dataset, by constructing a real space raster image calculated from 

the value of each diffraction patterns’ EWPC at a given 𝒙, we create a cepstral 
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dark field image (CDF) which is roughly analogous to a standard virtual dark 

field (VDF) image, but without artifacts from thickness or tilt. 

MATERIALS AND METHODS FOR CEPSTRAL IMAGING 

TEM Sample Preparation 

A cross-sectional lamella of polycrystalline Nb3Sn on Nb substrate was 

prepared using an FEI Strata 400 Focused Ion Beam up to a final 1 keV milling.  

A similar sample preparation method was used to prepare the polycrystalline 

Li[Ni⅓Mn⅓Co⅓]O2. 

Scanning Transmission Electron Microscopy (STEM) 

STEM imaging and diffraction mapping were conducted on  a FEI Titan Themis 

(S)TEM with an accelerating voltage of 300 kV. Nanobeam diffraction maps 

were obtained using the EMPAD pixelated detector with single electron 

sensitivity and high dynamic range allowing for simultaneous measurement of 

the direct beam and diffracted beams. The detector reads out diffraction 

patterns of 124´124 pixels as 32-bit floating point numbers at 0.8 ms per frame. 

Acquired in microprobe mode, the maps were generally 256´256 real space 

pixels, yielding acquisition times of around 2 minutes and datasets around 4 GB 

in size. Analysis of the data was performed using the 4D-STEM analysis suite 
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in version 2.0 of the Cornell Spectrum Imager (Hovden, Cueva, Mundy, & 

Muller, 2013). 

Multislice Simulations 

Simulated diffraction patterns were generated for tilted silicon (110) via 

multislice simulations. Using COMPUTEM multislice code (Kirkland, 2016) we 

generated the diffraction patterns of a 300keV electron passing through a 20 nm 

silicon slab tilted from 0° to 1° in 0.02° steps in both the x- and y-directions.  

Additionally, diffraction patterns were generated from different thicknesses of 

polycrystalline silicon (110) on top of different thickness of silicon (100). Going 

from 0-50 monolayers thick in steps of 1 monolayer for both. For the sake of 

simplicity, the structure at this high-angle grain boundary was not relaxed. The 

decohering effect of strain relaxation would effectively introduce a third 

monolayer phase between the bulk crystals. 

The other relevant factors for the simulation were a spherical aberration of 1 

mm, defocus of 850Å, objective aperture of 10 mrad, and a temperature of 300K 

averaged over 5 configurations.  

CEPSTRUM RESULTS AND DISCUSSION 

Cepstral dark field is significantly more robust to intra-grain variations than 

virtual dark field. In Figure 5c, by applying the CDF approach to the Nb3Sn 
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sample from Figure 5b, the two grains are clearly separated, with comparably 

little contrast within each grain.  

 

Figure 5. Grain contrast approaches applied to polycrystalline Nb3Sn. a) 

Virtual Bright Field imaging shows little difference between the two 

grains and is dominated by tilt/thickness effects. b) Virtual Dark Field 

from the unmodified data highlights the different grains but 

demonstrates large contrast differences within grains. c) Cepstral Dark 

Field on the EWPC provides roughly uniform grain contrast. 

In order to characterize exactly how thickness and tilt effect the different 

approaches we conducted a series of simulations. First to assess the effect of tilt, 

we generated a series of diffraction patterns for tilted silicon-110 via multislice 

simulations. The resultant “4D”-STEM dataset was then analyzed using 

standard virtual dark field and cepstral dark field 

a b c 
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Figure 6. a) Multislice simulated diffraction pattern and (b-d) Virtual 

Dark Field (VDF) images for silicon-110 data, ranging from 0° mistilt to 

+1° in both X and Y axes. Images are generated from b) [002], c) [1211], 

and d) [2222] diffraction spots as illustrated in a). Each dark field image 

has large contrast changes as the sample tilts and diffraction spots 

attenuate. 

The resultant VDF maps shown in Figure 6–as generated from the 002, 1211, and 

2222 spots–demonstrate the high sensitivity to tilt artifacts. As diffraction spots 

blink in & out with sample tilt, the dark field counts vary wildly. A small mistilt 

of a tenth of a degree can cause a change in counts on the order of 90%. Such a 

large variance makes applications to grain contrast, segmentation, and 

clustering, extremely difficult. 

If we compare these to the equivalent CDF maps in Figure 7, as generated from 

the {002}, {1211}, and {2222} nearest neighbor locations, we observe much more 

consistent results. As the effective low frequency envelope caused by tilting the 

Ewald sphere has been filtered out, the concentrated periodic component has 
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more uniform contrast across the full range of tilts. The maximum contrast 

change in the worst case of {2222} is still less than 30%, even at >1.4° total mistilt. 

This significantly reduced variance allows for grain characterization even in 

imperfect acquisition regimes.  

 

Figure 7. a) Exit Wave Power Cepstrum (EWPC) obtained by transform 

of the simulated data illustrated in Figure 2 and (b-d) Cepstral Dark Field 

(CDF) images. Images are generated from b) {002}, c) {1211}, and d) {2222} 

coordination vectors as illustrated in a). The CDF images are largely 

uniform over the full range of tilts 

The second series of simulations serves to determine the effects of thickness and 

overlapping grains. By simulating different ratios of thicknesses of 

polycrystalline silicon (110) on top of different thickness of silicon (100) and 

observing the diffraction patterns generated, we can observe how robust the 

EWPC is to changes with thickness, grain overlaps, and multiple scattering.  
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As illustrated in Figure 8, VDF once again fails to reasonably represent the data. 

 

Figure 8. VDF and CDF of multislice simulated silicon-110 on top of 

silicon-100 for varying thicknesses of both. a) The VDF generated from 

the [002] highlights the region of silicon-110, but shows signs of 

thickness fringes. b) The VDF generated from the [020] spot shows a 

distorted ramp as the thickness of the silicon-100 layer increases, with 

artifacts from multiple scattering also giving counts for sufficiently thick 

(110) layer (top right corner) c) The CDF generated from the {1211} 

location illustrates a more interpretable and nearly uniform highlight. d) 

The CDF generated from the {020} shows smooth ramping even for 

thicker regions. 

As diffraction spots fade in and out & multiple scattering occurs, the resultant 

VDF maps are riddled with artifacts. In contrast, the CDF maps clearly separate 

the grains and even show some thickness dependence, though the response is 

less than linear.  

Finally, by employing statistical methods—such as principle component 

analysis (PCA), non-negative matrix factorization (NMF), or multivariate curve 
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resolution (MCR)—to decompose the multidimensional data, it is possible to 

separate out the high-variance components from those that are less significant. 

While applying this approach to the raw data is particularly informative for thin 

samples, where the effects of tilt, thickness, and multiple grains are 

approximately linear; the nonlinear terms of dynamical diffraction dominate 

the variance in samples thicker than a few nm and grain separation is more 

difficult. However, by instead performing statistical analysis on the 

transformed EWPC data, in which many of the nonlinearities are approximately 

linearized, we obtain more physically representative results. 

Figure 9 illustrates the differences between the two different methods. 

Li[Ni⅓Mn⅓Co⅓]O2 is a useful battery catalyst, and the polycrystalline structure 

formed plays a large part in efficiency and long term stability of the catalyst. 

Determining the grain structure is pivotal to improving growth methods, 

understanding failure conditions, and characterizing the properties of the 

material. Standard approaches like VDF or even CDF fail with so many 

different grains, as the diffraction/cepstral spots from different grains end up 

overlapping. While this system is an excellent candidate for multivariate 

statistical decomposition, Figure 9b does little to help separate the grains. In 

comparison, PCA on the EWPC data, as presented in Figure 9c, clearly isolates 

individual grains and provides relatively uniform contrast within each grain. 
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Figure 9. Applying statistical techniques to generate grain contrast in 

polycrystal Li[Ni⅓Mn⅓Co⅓]O2. a) Virtual Annular Dark Field imaging 

shows overall structure of FIB sample. Applying statistical approaches 

such as Principal Component Analysis (PCA) can extract features. b) 

PCA on the unmodified 4D data illustrates the polycrystalline nature, but 

does not isolate grains. c) PCA on the EWPC highlights individual grains. 

CEPSTRA SUMMARY AND OUTLOOK 

We have demonstrated applications of the EWPC transform on nanodiffraction 

for grain mapping. Extending on previous work, we show that by using the 

EWPC intensities for dark-field-like imaging it is possible to clearly separate 

grains. The resultant CDF images are significantly more robust to changes in 

thickness & tilt than the equivalent approach for the raw diffraction data.  

As such, we have applied CDF mapping to polycrystalline Nb3Sn, highlighting 

distinct regions with nearly uniform intra-grain intensity. Additionally, 

simulations of diffraction patterns in thick and mistilted samples have shown 

the robustness of the CDF approach as opposed to the standard VDF. Finally, 

we have demonstrated the utility of performing statistical analysis on EWPC 

data, wherein suppressed intra-grain variance allows for clearer identification 

a b c 
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of grains. Further improvements from more sophisticated machine learning 

will translate to the EWPC as well. 
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CHAPTER 4:  CONCLUSIONS & FUTURE WORK 

The research covered in this thesis has the underlying framework of 

transforming data to a space where meaning can be more directly obtained. 

These transformations can be lossless, serving to highlight features of interest 

that are already there, or lossy wherein we integrate over redundant terms to 

distill some hidden insight. Having discussed examples of transforming data in 

Chapters 2 & 3, I will here discuss some of the context, implications, and 

concepts towards future work.  

The most familiar form of data transformation is the Fourier transform 

(particularly in the case of image analysis the 2D-Fourier transform). It is 

natural to wonder about the frequencies present in an image and transforming 

in this way can help to highlight things that would otherwise be invisible. It is 

a particularly useful tool when stigmating & focusing, as it allows the 

microscopist to more easily ascertain the information limit of the microscope. 

The Fourier transform thus highlights information and does so with a 

meaningful parameter: the spatial frequency.  

Another extremely common form of data transformation is that of Principal 

Component Analysis (PCA). Here we sort our data into terms (scores) that 

capture the most variance to those that capture the least and calculate the 
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weightings (loads) of those terms that reconstruct our data. As a heuristic tool, 

PCA can be useful to distinguish regimes, but variance capture is not a 

particularly meaning parameter. The slightly more insightful Non-Negative 

Matrix Factorization will at least give scores and loads that are non-negative, 

but the solution is non-unique and is still without a clear meaning. In fact, these 

statistics-only transformations ultimately give little insight into the underlying 

physics. 

An early example of data transformation in my research is in the analysis of 

Electron Energy Loss Spectroscopy (EELS), wherein small features of 

characteristic distributions of energy loss will sit on a large background of 

broader distributions. There the solution is predicated on the understanding 

that the power-law shape of the backgrounds should change relatively slowly 

over small distances (Cueva, Hovden, Mundy, Xin, & Muller, 2012). Thus, when 

doing the model fitting, we can use a smoothed version of the dataset to fit the 

power-law shape, and the unfiltered data to do the analysis (Hovden et al., 

2013). This physically motivated transformation of the EELS data allowed for 

atomic scale chemical imaging of beam-sensitive material. 

The foundations here established encourage further work for future 

researchers. Especially with the continued growth of computational power and 
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GPU-computing, machine learning approaches will have a significant impact 

on the future of electron microscopy.  

First, with brightness as a new optimization objective, microscope auto-tuning 

will be even more attainable. Whereas aberration minimization can become 

unstable as correcting smaller aberrations introduces higher order terms—like 

trying to flatten a rug on a round surface, tuning using brightness or emittance 

is more tractable. Particularly, reinforcement learning approaches using 

corrector currents as parameters and measured emittance as a cost function can 

automatically find optimal acquisition conditions for a given aperture. Once we 

have the necessary feedback loops, it would be possible to intentionally shape 

probes by tuning the aberration function.  What is more, similar techniques 

could be used on a double corrected TEM, intentionally generating projector 

aberrations so that electrons that would normally fall outside of the detector are 

still captured. By transforming from the standard “aberration-free” gnomonic 

projection to an orthographic projection of the Ewald sphere (or going even 

further in this reciprocal foveation), information density would be increased, 

since most of the high angle detections are low counts and the low angles need 

more contrast.   
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Second, as convolutional neural networks have proved successful for regression 

on high convergence angle 4D-STEM (Zhang, Feng, DaCosta, & Voyles, 2020), 

the approach can be applied to NBED patterns as well to provide even more 

robust analysis. The complication that comes up for electron microscopy is that 

there is a huge variety of tools, acquisition modes, and desired outputs. Any 

given experiment requires a large amount of simulation and training, only 

useful for that precise experiment, which is then hidden away in perpetuity, 

rarely to be seen again. This results in redundancy, as the same computations 

are performed over and over again. With access to supercomputers and a back-

catalog of simulations, it is possible to make a network that takes acquisition 

conditions (accelerating voltage, magnification, camera length, etc.) as inputs in 

the neural net, instead of as constrained parameters for the simulated training 

data. 

Finally, I conclude with a call for breadth of study. A good microscopist will 

grapple with other considerations, including philosophy, aesthetic, and ethics. 

The visual semiotic exploration of image, facsimile, simulacra, and language 

provide pivotal foundations for any scientist who wishes to visually 

communicate. Specifically, distinction between representation & presentation 

as discussed by Peirce, provides a theoretical start for grappling with what it 

means to convey scientific meaning. If we turn our attention from the “why” to 
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the “how” of visual communication, the work of Edward Tufte serves as an 

excellent guide on making clean and beautiful figures (Tufte, 1983). 

Furthermore, an exploration of art history and of aesthetics serves to make for 

a better microscopist. In addition to the external & ethical impact of the actual 

research conducted, a scientist has a duty to make his work accessible. The 

publishing of preprints on repositories such as arXiv, the use of open source 

software, and utilizing open data not only makes for more robust and 

repeatable conclusions but allows for easier access by anyone with an interest. 

Diversity is a matter of better science, in addition to one of conscience. 

In the end, the real trick of being microscopist is in figuring out smart ways to 

transform. Indeed, in the limit of extremely lossy transformations we have the 

actual images generated and, more abstractly, the results communicated. So, I 

conclude my Dissertation with the request that you transform everything to 

make it clearer.  

Clarity above all else.
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