
 
 

New Imaging Methods with 4D-STEM: 

Quantitative Mapping of Fields, Polarity, Tilt, and Phase 

 

 

 

A Dissertation 

Presented to the Faculty of the Graduate School 

of Cornell University 

In Partial Fulfillment of the Requirements for the Degree of 

Doctor of Philosophy 

 

 

 

 

by 

Michael Chen Cao 

May 2021  



 
 

 

 

 

 

 

 

 

© 2021 Michael Chen Cao ALL RIGHTS RESERVED 

  



 
 

New Imaging Methods with 4D-STEM: 

Quantitative Mapping of Fields, Polarity, Tilt, and Phase 

 

Michael Chen Cao, Ph. D. 

Cornell University 2021 

 

 The development of fast pixelated direct electron detectors allows the collection of full 

scattering information at every scanning point in Scanning Transmission Electron Microscopy (STEM).  

With two scanning directions (x, y) and two momentum dimensions (kx, ky), this results in a four-

dimensional dataset, thus the technique is colloquially referred to as 4D-STEM. 4D diffraction data is not 

readily interpretable, so it must be processed into a more interpretable two-dimensional image. While 

traditional imaging modes like high-angle angular dark field and bright field images can be replicated, 

new methods of processing the diffraction data like Center-of-Mass (COM) imaging can quantitatively 

measure electric field or other properties of the sample. Thus, a better understanding of what 

information is stored and where in the diffraction pattern will better inform how we can extract 

quantitative information from the 4D diffraction dataset. 

 In the first part of this thesis, I go over theoretical calculations for diffraction patterns for a 

variety of samples. By demonstrating how contrast and movement of the bright disk is affected by 

sample size compared to probe size, I show how the virtual detector geometry of COM imaging affects 

what length-scale of electromagnetic field is being measured rather than electric versus magnetic fields. 

Simulations of multiple scattering demonstrate the signal-to-noise efficiency of second moment imaging 

for thicker biological samples. Finally, a theoretical calculation of polarity contribution in nanobeam 



 
 

electron diffraction (NBED) from 2D materials makes explicit the origin and Z-dependence of the 

violation of Friedel’s Law even in monolayer samples. 

 In the second part of my thesis, I go over new imaging modes. By understanding how tilt affects 

placement of diffracted disks in a 2D material, I quantitatively map the in-plane rotation, out-of-plane 

tilt, and strain in a corrugated sheet of MoS2. Finally, I show how supervised machine learning can be 

used for high-resolution phase retrieval as a faster, more transferable process than ptychography to 

demonstrate its capability as a powerful tool for guiding further 4D-STEM characterization development.  
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1 He still got his PhD, so it can’t be that bad. 



vi 
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2 He still got his PhD, so it can’t be that bad. 
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angles. ......................................................................................................................................................... 44 

Figure 3.3: Signal to noise simulations for a random array of carbon atoms with 𝑡𝜆 = 0.1 and 𝑡𝜆 = 2 at 

120 kV with a 1.0 mrad aperture and a total electron flux of N = 106 electrons for ADF and second 

moment at different annulus detector inner and outer angles. SNR increases dramatically even with only 

2 expected scattering events.  For both thicknesses, the second moment SNR is maximum with a 0 mrad 

inner detector angle. However, the 𝑡𝜆 = 2 case reaches a maximum with a much smaller outer angle at 

1.5 mrad, while the 𝑡𝜆 = 0.1 case is at 28.2 mrad. .................................................................................... 46 

Figure 3.4: Total electron accounts at scattering angle for various thicknesses from diffraction patterns 

shown in Figure 2. ....................................................................................................................................... 47 

Figure 4.1: a, Map of polarity of WS2/WSxSe2-x/WSe2 graded lateral heterojunctions acquired using an 

electron microscope pixel array detector at a beam energy 120 keV.  The TMD triangle is supported on a 

silicon nitride membrane. Polarity from the anomalous contrast is calculated as 𝐼010 − 𝐼010𝐼010 +

𝐼010. b, A diffraction pattern from the WS2 region (yellow in panel a) demonstrates non-

centrosymmetry arising from the polarity, visible as an asymmetry in intensities between conjugate first-

order diffraction peaks. c, The polarity is more difficult to observe in the diffraction pattern from WSe2 

region (light blue in panel a), where there is a smaller difference in atomic numbers than in WS2. d, Side-

view schematic showing the WS2/WSxSe2-x/WSe2 lateral heterojunctions as seen in a (black box). ......... 51 

Figure 4.2: Diffraction pattern acquired from monolayer WS2 on the EMPAD at 60 keV clearly shows the 

polarity, i.e. the asymmetry between the hkl and ℎ𝑘𝑙  peaks, for first order and third order ring of 

diffraction peaks, while peaks in the second ring are symmetric. b-c, The asymmetry arises from the 

higher order terms in the power series expansion of the electron wavefunction. This is a cartoon 

representation of the physical interpretation of the higher order terms as multiple scattering paths from 

the same atom in reciprocal space, modifying the diffraction peak intensities through constructive or 

destructive interference. b shows a second order scattering event, where the black scattering paths are 

constructive, so add in phase (orange/orange) to the first order spot 010.  The white paths for the 
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conjugate spot 010 also add in phase but accumulate a different net phase (yellow/yellow) leading to a 

different 𝑠𝑖𝑛𝛹 and hence a different net intensity. c shows second order scattering paths, where the red 

and green scattering paths accumulate opposite phases (orange/yellow) for spot 110. The same paths 

and cancellations are found for the conjugate spot 110, leading to a symmetric pair of diffraction 

intensities. ................................................................................................................................................... 56 

Figure 4.3: Schematic of a hexagonal two species lattice and its reciprocal lattice along with basis vectors 

for both lattices. .......................................................................................................................................... 57 

Figure 4.4: Graph of difference in form factor  𝑓𝑎1 − 𝑓𝑏1 as a function of difference in Z-number 𝛥𝑍 

between A and B sites for a variety of materials. ....................................................................................... 62 

Figure 4.5: a-b, 120 keV DF-TEM images formed from 010 and 010 peaks of the diffraction pattern of 

monolayer WS2/WSxSe2-x/WSe2 lateral heterojunctions demonstrate the polarity of the sample in the 

reversed contrast of the images the two dark-field images. c, Diffraction pattern showing the peaks 

corresponding to the images in a and b. The inset shows the lattice schematic of the sample in a and b, 

where each triangle has a similar structure to Fig. 1a due to the same growth condition. d, The 

normalized diffraction intensity for WS2 and WSe2 is plotted as a function of beam energy for 010 and 

010 peaks. The difference between the two peaks is greater for WS2 than for WSe2 correlating with the 

magnitude of ΔZ, where ΔZ =Z(A)-[n Z(B)], and Z is the atomic number of A and B in the polar material 

ABn, is greater WS2 is greater than that for WSe2. The difference between the 010 peaks for the two 

materials is also much smaller than the corresponding difference between the 010 peaks, explaining the 

difference in contrast between the two triangles in a-b. ........................................................................... 65 

Figure 4.6: Anomalous contrast calculated from the strong phase approximation (SPA), a power series 

expansion of the Born wave function, and EMPAD experimental data are plotted as a function of ΔZ. We 

see a clear positive correlation between the contrast and ΔZ in the SPA, with the experimental data in 

close agreement. For the power series expansion, deviations from the trend are most apparent for the 

materials with the highest ΔZ (WS2 and TiSe2) ........................................................................................... 66 

Figure 5.1: a) SEM image of corrugated MoS2 transferred on a TEM grid. The MoS2 collapses on the 

frame due to the van der Waal’s interaction, but is able to be free-standing over the holes. The 

corrugations are roughly 50 nm in diameter and 25 nm in height. b) Interesting “real world” analog 

created through knitting, credit: gabydurnford[1]. .................................................................................... 71 

Figure 5.2: Cartoon of how tilt moves diffraction pattern spots. A 2D material has a reciprocal 

rods/cones rather than a reciprocal lattice. The intersection of the rods with the Ewald sphere dictates 

the location of the diffracted spots. The Ewald sphere is shown here as a flat black line due to the high 

energy of the electron beam. Tilting the sample tilts the rods (dark blue) and moves the diffracted spots 

further away compared to being on axis (light blue) ................................................................................. 73 

Figure 5.3: Schematic of defects and their affect on curvature. a) A pentagon creates a positively charged 

disclination resulting in positive Gaussian curvature. b) A heptagon creates a negatively charged 

disclination resulting in a saddle shape with negative curvature. c) A string of dislocations created by 5-7 

pairs (pentagons in red, heptagons in blue) creates a “pleat.” The pleat forms a grain boundary between 

the left and right regions with zero curvature. However, traveling around the ends of the pleat is a 

curved surface where the crystal orientation is making a continuous transition. Figures a and b from 

Ovido’ko[6] and Ihara et al.[9], c from Wang and Crespi [10]. ................................................................... 76 

Figure 5.4: Molecular dynamics simulation of MoS2 nucleation across a corrugated substrate predicts 

multicrystalline behavior along with formation of disclination scars at disparate crystal orientation 

´
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boundaries. MD simulations were performed with the LAMMPS package using the REBO force field 

(Gang Soeb Jung and Markus Buehler, MIT). .............................................................................................. 78 

Figure 5.5: Molecular dynamics simulation of the MoS2 lattice at a corrugation grain boundary. a) Low 

mag overview shows a long scar grain boundary. b) Higher mag picture of the red boxed region in a) 

shows a complicated ring structure makes up the grain boundary.  The “5” and “7” markers highlight a 

short pleat of pentagons and heptagons. ................................................................................................... 78 

Figure 5.6: a,b) Tilt and in-plane rotation maps of corrugated MoS2 where the corrugations are 50 nm in 

diameter and 25 nm in height.  c) Combined map gives better representation of crystal rotation with 

respect to corrugation locations. The color represents the in-plane rotation, while increasing color 

saturation shows higher out-of-plane tilt.  Areas in dark black were unable to be mapped, usually 

indicating multiple crystal alignments. Individual corrugations are frequently made of continuously 

shifting in-plane crystal alignment along with a “scar” where disparate alignments meet. Tilt and 

rotation maps are made by measuring shifts in the diffraction pattern and correlating it to a 

transformation under three Euler angle transforms. ................................................................................. 79 

Figure 5.7: Higher magnification combined tilt and rotation image of a 100 nm diameter corrugation. 

Going clockwise starting from the bottom green region, the crystal orientation changes continuously 

until it loops back and hits a grain boundary, suggesting the location of a scar defect in the crystal. This 

matches results of the MD simulation in Figure 3. ..................................................................................... 81 

Figure 5.8: a) Lattice constant map of the 50 nm corrugated MoS2 sample. b) Histogram of lattice 

constants show that the sample is mostly unstrained, but strains are largely located around scar regions.

 .................................................................................................................................................................... 82 

Figure 5.9: a) HAADF reconstruction of a scar location in 50 nm corrugated MoS2. b) Ptychographic 

reconstruction of the same region. The mistilt at the region causes the sulfur atoms to be too close to 

the molybdenum atoms to properly resolve in HAADF. However, the Molybdenum positions are 

sufficient for mapping to a tilt and providing models (overlaid) for where the sulfur atoms might be. The 

increased resolution of ptychography is necessary to resolve sulfur positions and have good agreement 

with simulated positions. ............................................................................................................................ 83 

Figure 5.10: Tilt rotation maps across varying corrugation diameter sizes. As the size increases, there is a 

sudden transition from a round to faceted corrugation shape. A similar behavior in MoS2 fullerenes 

suggests this is due increasing dislocations being energetically favorable compared to maintaining the 

continuous strain around a large area. ....................................................................................................... 84 

Figure 6.1: Schematic of the neural networks. a) Linear model sends a region of diffraction patterns that 

are symmetrically weighted before calculating a dot product in the dense layer. An MoS2 diffraction 

dataset is used as the training input. b) Convolutional model uses a series of 4D convolutions and 4D 

pools. A dropout layer is added to combat overfitting and a final flatten and dense layers reduce the 

calculation to a final pixel intensity. c) MoS2 ptychographic reconstruction is used as the training output.

 .................................................................................................................................................................... 92 

Figure 6.2: Machine learning to attempt to replicate ADF imaging. a) The ADF mask used to generate the 

ADF images of b) MoS2 and c) PrScO3. Only the MoS2 ADF is used as the output label for training, the 

PrScO3 ADF is provided for results comparisons. d) The learned mask as a result of training on the MoS2 

using a basic linear model. e) The training reconstruction is close to the base ADF despite the mask being 

very different. e) The test reconstruction, however, is poor. g) The learned mask using a linear model but 

requiring the mask to be radially symmetric. This creates more loss in the training reconstruction h), but 

creates a slightly better test reconstruction in i). However, due to the overall unconstrained nature of 
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1 Introduction 

 

The development of pixelated detectors enabling the fast collection of full scattering 

information has significantly opened up the capabilities of the electron microscope. Prior to pixelated 

detectors, taking an image required using a specialized detector with a set geometry. What is measured 

is the integral of the diffraction pattern weighed by some mask which is determined by the detector 

geometry. While adjustment of the placement of the detector offered some flexibility, there was a 

constraint on what information could be gathered. Diffraction patterns can be measured with charge 

coupled device (CCD) cameras, but acquisition was slow, which made diffraction experiments less 

practical and limited what samples could be used.  

 At Cornell, we developed the Electron Microscope Pixel Array Detector (EMPAD)[1]. The current 

version measures a 128x128 pattern at a 1 kHz framerate with a large dynamic range of 1:1,000,000 

electrons. The prototype version two is ten times faster. The EMPAD allows us to collect the full 128x128 

diffraction pattern at every scanning point, typically taking 128x128 or 256x256 scans. Rather than 

collecting some interpreted signal determined by a fixed detector, we now had access to the full 

diffraction pattern 𝐼(�⃗� , 𝑟 𝑝). The resultant 128x128 (scanning points) x 128x128 (diffraction pattern) file 

is about 1 gigabyte in size or 4 gigabytes for a 256x256 scan. These datasets are small enough to be 

processed on a laptop with reasonable specifications. 

 The question then becomes what can be done with this information. One obvious answer is that 

any traditional imaging mode like annular dark field (ADF) or bright field (BF) can be reconstructed from 

a single dataset. As framerate speed increases, we can completely replace specialized ADF and BF 

detectors with a single pixelated detector and generate these images simultaneously. Imaging modes 

that require segmented detectors like differential phase contrast (DPC) are also easily reconstructed. 

These replications are all for math operators that weighed parts of the pattern 1 or 0, which can be 
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implemented using only a few segments and does not require pixelation. However, more complex 

modes like Center of Mass (CoM) or second moment which weighs pixels with respect to its scattering 

angle requires pixelation. Chapter 2 and 3 will cover these particular imaging modes in more detail. 

 However, more complicated processing methods for the diffraction data really demonstrate the 

capability of the pixelated detector and its promise as the “Ultimate Detector.” In Chapter 5, we will 

show how diffraction pattern analysis allows mapping of tilt in 3D structures made from a 2D sample. In 

Chapter 6, we will show how machine learning can be used to output high resolution images. 

 These applications highlight the importance of understanding what information a diffraction 

pattern holds and where is it located. Chapter 2 will go over what diffraction patterns look like for the 

most basic of samples. Chapter 4 will discuss the origin of polarity contributions. Chapter 6 uses machine 

learning to replicate imaging modes, but also demonstrates how further theory can be guided by 

machine learning results. 

1.1 Diffraction Patterns Theory 

 We will be calculating diffraction patterns using the strong phase approximation:  

 

 
Ψ(𝑟 , 𝑟 𝑝) = Ψ0(𝑟 − 𝑟 𝑝) exp(𝑖𝜎𝑉(𝑟 )). (1.1) 

The strong phase approximation assumes that the exit probe wavefunction Ψ is equal to the initial 

probe wavefunction Ψ0 with a phase shift proportional to the scattering potential 𝑉, which holds true 

for sufficiently thin samples. The proportionality constant 𝜎, also referred as the interaction parameter, 

decreases asymptotically as a function of the beam energy since the electron beam path deviates less 

with increasing energy. 𝑟 𝑝 is the location where the probe is centered. The diffraction pattern for a 

probe centered at 𝑟 𝑝 is the squared amplitude of the exit wavefunction in Fourier space: 
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I(k⃗ , r p) = |𝐹[Ψ(𝑟 , 𝑟 𝑝)]|

2
. (1.2) 

This process is done for each scanning point in the sample, resulting in the full 4D diffraction dataset. 

1.2 Probe Calculation 

To simulate a diffraction pattern, we need to calculate both a probe and sample function. For a 

probe with no aberrations, we can express it in momentum space as a flat phase, up to a cut-off angle 

𝑘0 determined by the aperture: 

 

 

Ψ0(�⃗� ) =  𝐴(�⃗� ) 

𝐴(�⃗� ) =  {
1 𝑘 ≤ 𝑘0

0 𝑘 > 𝑘0
 

(1.3) 

We can add aberrations by multiplying Ψ0 with an aberration function exp (𝑖χ(k⃗ )), but we will stick 

with a non-aberrated probe. We can take an inverse Fourier transform to calculate the probe in real 

space. For a non-aberrated probe, we get 

 

 
Ψ0(𝑟 ) =

𝑘0𝐽1(𝑘0𝑟)

𝑟
, (1.4) 

where 𝐽1 is the first order Bessel Function of the First Kind. The inverse Fourier transform is detailed in 

Appendix A, though you can always simply numerically calculate the inverse Fourier transform for 

simulations. In fact, it is preferable to calculate the inverse Fourier transform numerically because a 

naïve code implementation of equation (1.4) will create a singularity at 𝑟 = 0 due to divide by zero, 

when in fact there is no singularity. You can calculate Ψ0(0) explicitly either by calculating the inverse 

Fourier transform at 𝑟 = 0 or using the power series expression for 𝐽1. Either way the result is  

 
Ψ0(0) =

𝑘0
2

2
. (1.5) 
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 When calculating diffraction patterns for several scanning points in a sample, it is necessary to 

have a re-centered probe Ψ0(𝑟 − 𝑟 𝑝). Rather than explicitly calculating a new probe function each 

scanning point, it is faster to just shift the probe array by the required number of pixels. However, since 

the shifts treat the array as if opposite boundaries were contiguous, this causes the pixels around the 

edge to have incorrect values. This is easily addressed by calculating a probe array that has a field of 

view that is twice as large as the sample potential. For diffraction pattern calculations, we shift the 

appropriate number of pixels and then crop the array down to the sample field of view as the sample 

potential array. The crop ensures that any errant values around the edges are removed. This same 

strategy can also be done in reverse, using a larger field-of-view for the sample potential instead of the 

probe and the scanning field-of-view now limited by the probe field of view. It is preferable to use the 

probe since probe calculation tends to be much easier. 

1.3 Atomic Potential Calculation 

Sample potentials come in a large variety depending on context, but we will go over atomic 

potential calculations. We use the following expression for an atomic potential from Kirkland[2]: 

 
𝑉𝑧(𝑥, 𝑦) = 4𝜋2𝑎0𝑒 ∑𝑎𝑖𝐾0(2𝜋𝑟√𝑏𝑖)

3

𝑖=1

+ 2𝜋2𝑎𝑜𝑒 ∑
𝑐𝑖

𝑑𝑖
exp(−

𝜋2𝑟2

𝑑𝑖
)

3

𝑖=1

, (1.6) 

where 𝑎0 is the Bohr radius, 𝑒 is the electron charge, and 𝑎𝑖 , 𝑏𝑖, 𝑐𝑖, and 𝑑𝑖  are tabulated parameters. This 

expression has a singularity at 𝑟 = 0. In numerical simulations, we address this by replacing the 𝑟 = 0 

pixel with the approximate average value of the pixel. For a pixel with side length 𝑝, we can replace the 

singularity pixel with 

 𝑉𝑧(0) = 𝐵0(𝑝) + 𝐺0(𝑝), (1.7) 
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𝐵0(𝑝) = 2𝜋𝑎0𝑒 ∑
𝑎𝑖

√𝑏𝑖

{
3(𝜋√𝑏𝑖)

−1
− 2𝑝𝐾1(𝜋𝑝√𝑏𝑖) − √2𝑝𝐾1(𝜋𝑝√2𝑏𝑖)

𝑝2 }

3

𝑖=1

, (1.8) 

 
𝐺0(𝑝) =

2𝜋𝑎0𝑒

𝑝2
∑𝑐𝑖 erf

2 (
𝜋𝑝

2√𝑑𝑖

)

3

𝑖=1

. (1.9) 

The calculations are detailed in Appendix B. Alternatively, we can use the Fourier expression 

 
𝑓𝑒(𝑘) =  ∑

𝑎𝑖

𝑘2 + 𝑏𝑖

3

𝑖=1

+ ∑𝑐𝑖 exp(−𝑑𝑖𝑘
2)

3

𝑖=1

, (1.10) 

which is related to the 𝑉𝑧 by an inverse Fourier transform with some constants 

 
𝑉𝑧(𝑥, 𝑦) = 2𝜋𝑎0𝑒 ∫𝑓(𝑘) exp(−2𝜋𝑖�⃗� ⋅ 𝑟 ) 𝑑2𝑟. (1.11) 

The Fourier method neatly avoids hitting a singularity, though there can be some numerical instability 

from the inverse Fourier transform. Atoms are rarely exactly on a pixel, so in numerical simulations, the 

singularities are usually avoided. The real-space method is preferable because it tends to be more exact, 

and for large field-of-view simulations is computationally cheaper since there is no need for an inverse 

transform. 

 For calculating a sample with multiple atom sites, like a crystal lattice, you can linearly 

superimpose atomic potentials where the atoms are appropriately placed. In the Fourier space method, 

Figure 1.1: Simulation of MoS2 with a 0.125 A pixel spacing using a) real-space method and b) Fourier-space method. 
The results are similar, but the Fourier-space method suffers from ringing artifacts due to the instability of the inverse 
faster Fourier transform. c) The difference of Real – Fourier shows error in Fourier method focused around peaks and 
ringing instabilities. 
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this requires multiplying equation (1.10) with the phase shift correlating to the pixel shift prior to the 

inverse transform. For the real-space method, you have to generate a new grid of distances with respect 

to the atom site. We compare the real-space and Fourier-space results in Figure 1.1. The results are 

similar but the Fourier-space method suffers from ringing artifacts due to the instability of the inverse 

Fourier transform. Simulated diffraction patterns from both sample potentials were closely identical, 

however. 

1.4 Conclusion 

 The ability to collect the full scattering information in the diffraction pattern is meaningless 

without knowing what that information is and where it is located in the pattern. We briefly outlined the 

theory for calculating diffraction patterns, particularly for atomic potentials. In later chapters, we will go 

into further detail how better understanding diffraction pattern formation enhances the imaging 

capabilities of the electron microscope. 
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2 First Moment 

2.1 Introduction 

A new generation of high-speed, pixelated detectors has expanded the possibility for collecting 

full scattering information by recording diffraction patterns from a focused probe in a scanning 

transmission electron microscope (STEM), creating a rich and phase-sensitive four dimensional (4D) data 

set.  For high dynamic range detectors where the full diffraction pattern, including the central beam can 

be recorded without saturation, all traditional STEM imaging modes can be reconstructed quantitatively  

and simultaneously, with their signals placed on an absolute scale [1]. However, the rich information 

contained in these spatially-resolved diffraction patterns is well suited to more sophisticated imaging 

modes, some new, and some long-envisaged that until now have been handicapped by detector 

technology. 

Shortly after the practical demonstration of field emission STEM instruments capable of forming 

an small probe[2], researchers began to explore potential imaging modes that exploited the phase 

information encoded across the convergent beam diffraction patterns formed by a coherent, focused 

electron beam.  Rose[3] considered the phase distribution across the bright field disk in the presence of 

aberrations as a tunable phase plate and proposed a series of ring-like detectors matched to regions of 

opposite phase to obtain a phase-contrast imaging with higher collection efficiency and resolution than 

a traditional bright field (BF) STEM image. As Rose noted in the paper, matching the aberration function 

to the detector and not having it drift would be challenging and it was not until actual phase plates and 

pixelated detectors were available, that a generalized version of this approach was implemented[4]. 

To overcome the need to rely on aberrations for phase detection in STEM, Dekker and de 

Lang[5] proposed another differential phase contrast (DPC) method using  a split detector divided into 

quadrants that essentially would measure the gradient of a weak phase object without the need for a 
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phase plate, and showed optimal performance for an aberration-free, in-focus probe, was robust to 

contrast reversals with defocus, and with an information limit double that of traditional bright field 

STEM phase contrast image.   This is the same information limit for annular dark field (ADF) STEM, and 

as Rose later pointed out[6],  DPC (like ADF) has a contrast transfer function typical of a self-luminous 

object and incoherent imaging.  Rose also noted that the phase object itself could be obtained by 

integration, although the analogue integration schemes of the day would lead to large, low frequency 

noise instabilities[6].   With the advent of widely-available Fourier-based methods, integrated DPC 

(iDPC) was implemented first for x-ray microscopy[7] and later electron microscopy[8, 9].  Early 

applications of DPC in STEM included mapping magnetic fields and domain walls at medium resolution 

[10, 11]. With the widespread availability of aberration correctors, DPC for atomic-resolution lattice 

imaging has also become practical [12, 13].   

The contrast mechanisms and scattering distributions are actually somewhat different for the 

medium resolution imaging of magnetic domains and atomic-resolution imaging, and the uniform 

deflections observed in the former case[10], are not seen in the latter[13], or for that matter at domain 

boundaries in ferroelectrics[14].  Our goal here is to rationalize these different results and provide a 

general picture of contrast changes across the diffraction pattern so as to guide development of new 

and optimized imaging modes with pixelated detectors.  Considerable early work has already been done, 

and with the exception of ptychography [15-17] has largely focused on identifying simple detection 

schemes.  Nevertheless, there is still great value in these early derivations that can be extended to the 

more modern pixelated detectors.  For instance, Figure 1 of Dekkers and de Lang[5] would be 

immediately recognizable to modern researchers performing single-side-band ptychography – both are 

targeting the same contrast changes across the BF disk, and consequently both iDPC and BF 

ptychography show the same information limit [18].  However, as more pixels are added to the detector, 
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the BF ptychography can construct a more optimal sampling of the disk overlaps, leading to 

improvements in contrast and collection efficiency[18].  

Similarly, using a pixelated detector also allows for improvements on Dekker and de Lang’s split-

detector DPC as a direct phase detection method.  Waddell and Chapman showed that  the gradient of a 

potential  is recovered exactly within the strong phase approximation by calculating the center of mass 

(CoM) of the diffraction pattern [11, 19]. This CoM signal would of course require a pixelated detector to 

perform the linear weighting needed to obtain the first moment. The first moment or center-of-mass 

measurement is a better measurement of differential phase contrast, ie. the phase gradient compared 

to the split quadrant detector, at least in terms of uniformity of the contrast transfer function (CTF) [9, 

19, 20]. Although both the split detector and CoM approach are measures of differential phase contrast, 

we follow the historical and current marketing conventions in the electron microscopy community and 

refer to the split (quadrant) detector as DPC imaging, and the first moment measure using a more finely 

pixelated detector as CoM imaging.  As noted more recently, the CoM signal has a physical meaning in 

its own right, independent of the strong phase approximation – it is the expectation value of the 

quantum mechanical probability current flow of the electron beam through the sample[13, 21].  This 

more modern interpretation is helpful in thinking of effects beyond the weak scattering limit, and while 

it strictly applies to CoM imaging, DPC is often a sufficiently close approximation that it is also applied 

there as well. 

Both DPC and CoM images are formed by summing over the diffraction pattern using an anti-

symmetric weighting function over the detector.  DPC uses a weighting function of 1 and -1 over the two 

halves of the detector.  CoM uses the coordinate in momentum space �⃗�  as the weighting function.  We 

will use this convention when referring to DPC or CoM images.  With these weighting functions, any 

asymmetry in the diffraction pattern would then lead to a difference signal.  Classically, this asymmetry 
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was due to a small displacement of the bright-field disk.  However, experiments have measured a 

difference signal even when the disk is not displaced [14].  Instead, there is a redistribution of intensity 

within the disk, and this is commonly seen in multislice simulations of diffraction pattern mapping and 

DPC imaging at the atomic scale[8, 13, 20].  Here we use a phase object approximation to separate these 

phenomenon as a result of different length scales.  By choosing the integration angles, we show how 

CoM images separate large from small features.  Furthermore, we highlight an important caveat when 

interpreting a CoM image when the feature size is small compared to the probe, cautioning how we 

should not interpret atomic CoM/DPC signals as mapping the shape of the potential, but rather the 

gradient of the probe shape instead.  We also consider the effect of detector geometry on coherence 

and optimizing the signal to noise ratio.   

We provide experimental examples using a pixelated detector with high electron sensitivity and 

a fast readout time.  While 4D diffraction data can be collected using a traditional CCD [22], CCDs are 

significantly limited by readout time and signal saturation. Further, early pixelated detectors were 

limited by their poor dynamic range or limited maximum dose before saturation to studying only the BF 

disk, or only the high-angle scattering but not both, and generally with an insufficient number of 

electrons/per pixel to discern the contrast changes of interest for this work.  To address these 

limitations, we apply our recently developed electron microscope pixel array detector (EMPAD) capable 

of single electron detection with a 140:1 signal to noise detection, 1,000,000:1 electron dynamic range, 

and a 1 kHz readout speed [1].  With this detector, weak features inside the high intensity central disk 

can be resolved simultaneously with low-intensity details at large scattering angles, for a small electron 

beam placed on and between single atoms in two-dimensional materials –useful and stable test objects 

for illustrating our main theoretical points. 

Additionally, we show an application of CoM imaging for imaging torque transfer in a 

PbTiO3/SrTiO3 superlattice. Because the CoM measures the Lorentz force convolved with the probe, it is 
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possible to use the CoM signal to calculate the torque transfer given that the probe is well-known. This 

is compared with using ptychography to retrieve the exit wavefunction. The CoM derived torque 

transfer is identical to the ptychographic result but requires significantly less computing resources. 

2.2 Center-of-Mass Contrast Changes in Momentum Space 

Classically, the bright-field disk shifts away from the unscattered position due to electric or 

magnetic fields uniformly deflecting the electron beam.  However, despite the presence of a field, there 

are numerous instances where the boundaries of the central disk do not move.  Instead, there is a 

redistribution of intensity within the bright-field disk itself.  By using a quantum mechanical approach 

and treating the sample as a phase object, we develop a simple model that explains both behaviors as a 

result of differing length scales between probe and scattering potential. 

In order to calculate a diffraction pattern, we start by writing the probe wavefunction in terms 

of the probe-forming aperture and the angular aberrations as 

 
Ψ0(𝑟 ) =

1

2𝜋
∫𝐴(�⃗� ) exp (𝑖𝜒(�⃗� )) exp(𝑖�⃗� ⋅ 𝑟 ) 𝑑�⃗�  (2.1) 

where 𝜒(�⃗� ) are the aberrations in the lens and impart a phase term to the incoming wave.  For 

convenience we will assume an aberration free probe throughout this work unless otherwise stated.  

This simplifies the interpretation but does not limit the generality.  The 𝐴(�⃗� ) term is the aperture 

function and is defined as: 

 
𝐴(�⃗� ) =  {

1 𝑘 ≤ 𝑘0

0 𝑘 > 𝑘0
, (2.2) 

where 𝑘0 is the maximum angle of the aperture.  After the probe is formed, the STEM rasters the probe 

over the sample.  We model the interaction with the sample using the strong phase approximation, so 

that after interaction, the probe has acquired an additional phase: 
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Ψ(𝑟 , 𝑟 𝑝) =  Ψ0(𝑟 − 𝑟 𝑝) exp(𝑖𝜎𝑉(𝑟 )), (2.3) 

where 𝑟 𝑝 is the scanning position and σ is the interaction parameter [23].  The validity of the strong 

phase approximation is dependent on sample composition and thickness.  Simulations of GaN by Muller-

Caspery et al. recommend a thickness under a few nanometers [20].  The diffraction pattern is collected 

by a detector placed in the back focal plane.  The diffraction pattern is related to the Fourier transform 

of our exit wavefunction: 

 
𝐼(�⃗� ) =  |𝐹[Ψ(𝑟 , 𝑟 𝑝)]|

2
. (2.4) 

This process is outlined in Figure 2.1.  Now we look at the asymptotic cases between the sample 

potential V(r ) and probe size.  

2.2.1 Probe Size << Feature Size 

When the probe size is much smaller than the feature size, we can model the sample potential 

as a linear ramp V(r ) = 𝐸0𝑥.  In the strong phase approximation, our initial wavefunction picks up a 

phase proportional to the strength of the sample potential to form our exit wavefunction: 

 
Ψ(𝑟 , 𝑟 𝑝) =  Ψ0(𝑟 − 𝑟 𝑝) exp(𝑖𝜎𝐸0𝑥). (2.5) 

Taking the Fourier transform and squaring the amplitude gives the diffraction pattern: 

 

|Ψ(�⃗� , 𝑟 𝑝)|
2

= |Ψ0(�⃗� − 𝜎𝐸0𝑥)|
2
. (2.6) 

The resulting diffraction pattern is just the original bright-field disk of the unscattered beam uniformly 

shifted to the right as shown in Figure 2.2a.  This shift is proportional to the strength of the field.  The 

result is the same as the classical result, and the shift from the field shifts the entire diffraction pattern 

uniformly.  For small shifts, the asymmetry in placement creates a difference signal on a split quadrant 

detector that is also proportional to the field strength. 
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2.2.2 Probe Size >> Feature Size 

In the other limiting case where the feature size is much smaller than the probe, we can model 

the sample potential as a delta function 𝑉(𝑟 ) = 𝑉0𝛿(𝑟 ).  This time, for analytic simplicity we use a weak 

phase approximation model for our exit wavefunction: 

 
Ψ(𝑟 , 𝑟 𝑝) =  Ψ0(𝑟 − 𝑟 𝑝)[1 + 𝑖𝜎𝑉0𝛿(𝑟 )]. (2.7) 

The expression for the diffraction pattern is then 

 
|Ψ(�⃗� , 𝑟 𝑝)|

2
= |𝐴(�⃗� )|

2
− 4𝜋𝐴(�⃗� )𝜎𝑉0𝑘0

𝐽1(𝑘0|𝑟 𝑝|)

|𝑟 𝑝|
sin(�⃗� ⋅ 𝑟 𝑝) + |2𝜋𝜎𝑉0𝑘0

𝐽1(𝑘0|𝑟 𝑝|)

|𝑟 𝑝|
|

2

. (2.8) 

 

The first term is just the initial probe’s bright-field disk, but the second term gives structure to the 

bright-field disk.  The third term is 2nd order in the scattering and so much weaker in intensity.  For the 

delta function potential, this term is uniform in k, providing uniform offset to the diffraction pattern that 

changes intensity as the probe is scanned across the potential, but will not contribute to a center of 

Figure 2.1: Schematic of diffraction pattern formation in 
the kx-ky plane as probe 𝛹0 centered at point 𝑟 𝑝 is scanned 

in the x-y plane by shifting 𝑟 𝑝. 
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mass signal.  It will contribute to the annular dark field signal and with a more realistic potential will 

become the incoherent convolution of the probe with the square of the potential. 

Instead, the first order change in contrast in the diffraction pattern is dominated by the 2nd term 

- 𝑉0 sin(�⃗� ⋅ 𝑟 𝑝) in particular.  Instead of an asymmetry in the placement of the disk seen in the other 

regime, the k-dependence causes the asymmetry to occur in the intensity of the bright-field disk itself 

and is probe position dependent as shown in Figure 2.2b.  The modulation is proportional to 𝑉0 and not 

𝑉0
2 as in ADF imaging, so as we will see below, the atomic number (Z) dependence for CoM and DPC 

imaging is closer to Z than Z2.  It’s important to note that the presence of a single 𝐴(�⃗� ) in the second 

term ensures that no intensity redistributions outside the central disk are allowed, so shifts of the disk 

boundary as seen in the classical case cannot occur here. 

The intensity redistribution is also observable experimentally – as shown for the experimental 

diffraction data collected on a monolayer WSe2 sample shown in Figure 2.3.  The data was collected on 

the Cornell-developed EMPAD using an 80 keV electron beam focused to atomic dimensions using a 21.4 

Figure 2.2: Diffraction patterns for scanning points 0.25 Å apart with a 30 mrad aperture for a) a constant field that 
causes the disk to shift by 10 mrad and b) an atomic-sized potential field, which instead of a shift, causes an asymmetry 
in the intensity within the disk.  (a) and (b) describe the limiting cases where the potential is much larger, and much 
smaller than the probe size respectively. 
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mrad aperture.  Figure 2.3b,c shows the redistribution of intensity when the probe places close to 

nearby atoms in the monolayer lattice. 

 Consequently, whether the CoM/DPC signal is caused by a shift of the bright disk or intensity 

redistribution inside the disk is dependent on feature and probe size.  Furthermore, short range and 

long range field information is encoded in separate ways.  Low spatial frequency information about long-

range potentials is found in the uniform displacement of the bright-field disk, but high spatial frequency 

information about short-range potentials is found in the redistribution of intensity within the disk itself.   

2.2.3 Separating Long-Range and Short Range Potentials in Center-of-Mass Imaging 

The difference in how information about the long-range and short range potentials are encoded 

in diffraction space has been applied empirically to enhance magnetic contrast.  Chapman et al used an 

annular DPC detector with an inner angle that is very close to the semi-angle of the bright-field disk in 

order to emphasize the contrast from the signal that shifts the bright-field disk – in their case a slowly 

Figure 2.3: a) Reconstructed HAADF image of WSe2 from diffraction data collected on the EMPAD at 80 keV with a 
21.4 mrad aperture.  White and black boxes outline the pixels associated with diffraction patterns shown in b) and 
c) respectively.  Both diffraction patterns show the redistribution in intensity due to the probability current flow 
towards the nearest nuclei, i.e. the probe to the right of an atom shows enhanced probability current flow to the 
left, and vise-versa. 
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varying magnetic field [24].  Similarly, Krajnak et al attempted to isolate only the shift of the bright disk 

from the intensity redistribution in post-processing again in order to enhance magnetic contrast and 

suppress non-magnetic features [25].  Using our model for the diffraction pattern formation, we 

understand that by placing the inner angle at the edge of the unscattered beam, we significantly filter 

out most of the information from short range fields that are contained only within the bright disk, and 

distributed across the disk.  However, long range fields are easily detected because even the most 

minimal shift will move the beam outside the inner detector angle and create a difference signal.  The 

question as to why this worked to separate magnetic contrast from grain contrast has less to do with 

magnetic fields fundamentally always shifting the bright field disk than in many materials magnetic 

potentials vary slowly.  Provided the electron beam shape is kept much smaller than the thickness of any 

domain wall, the magnetic potential will appear to be slowly varying, thus meeting the conditions for 

shifting the bright-field disk.  Grain boundaries tend to be relatively compact, with structural distortions 

rarely extending more than a few nm, so for a large probe needed to detect small angular deflections, 

grain boundaries (and sometimes grain size in thin films) can be smaller than probe size.  However, it is 

important to realize this filtering is essentially a smoothing or low pass filtering of the image rather than 

a general selection for magnetism.  This can be made more explicit by considering the phase gradient 

transfer function for DPC imaging calculated by Majert and Kohl for an annular detector.  When the 

annulus is reduced to barely overlapping the unscattered beam, the transfer function has its most 

extreme low-pass filter profile [26]. 

From the diffraction pattern model of section 2.2.2, we see that all the high frequency data is 

contained within the bright disk.  Conversely, by reducing the outer angle on the detector to inside the 

bright-field disk, the high frequency contrast is improved by suppressing the low-frequency contrast 

contained near the edges of the disk.  Because the shift of the disk caused by the slowly varying field is 
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typically very small, it is usually unnecessary to re-center the detector.  However, if the shift is 

significant, it would be necessary to re-center to isolate the high frequency portion of the signal.  

Figure 2.4 demonstrates the long range/short contrast filtering with a thin-film sputtered 

polycrystalline ferromagnetic phase of FeGex imaged at 100K.  Integrating all angles for the CoM image 

shows some of the magnetic domain contrast, but by only integrating close to the edge of the bright 

disk, the magnetic domains show up more clearly.  On the other hand, integrating angles within the 

bright disk picks up the grain contrast without showing the magnetic domains.  The effectiveness of this 

strategy relies on the probe size being larger than the grain contrast, but smaller than the magnetic field 

variation.  As the probe size is reduced to improve spatial resolution, the smaller the spatial range of 

grain contrast that can be reduced as well. 

 

2.3 Center-of-Mass Contrast in Real Space 

Figure 2.4 COMx images of ferromagnetic polycrystalline-FeGe.  a) COMx image formed by integrating over all angles show 
magnetic domains and grain contrast.  b) By only integrating over an annulus around the edge of the bright-field disk, the 
domains are displayed more clearly.  c) By integrating inside the disk, the grain contrast is shown while the magnetic domain 
contrast is greatly suppressed. 
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We can also examine the CoM image itself in real space.  Previous works have connected the 

CoM to the probability current and to local electric fields [9, 13, 21].  The first moment or center-of-

mass image has each pixel value equal to the centroid of the diffraction pattern: 

 
𝐶𝑜𝑀(𝑟 𝑝) =  ∫ �⃗� |Ψ(�⃗� , 𝑟 𝑝)|

2
𝑑�⃗� . (2.9) 

A simple commutation relates this expression to the expectation value of the momentum operator: 

 
𝐶𝑜𝑀(𝑟 𝑝) = ∫Ψ∗(�⃗� , 𝑟 𝑝)�⃗� Ψ(�⃗� , 𝑟 𝑝)𝑑�⃗� =  

< 𝑝 >

ℏ
. (2.10) 

Further calculation [13, 21] shows its relation to the 2D probability current in the specimen plane: 

 
𝐶𝑜𝑀(𝑟 𝑝) =

1

2𝑖
∫Ψ∗(𝑟 , 𝑟 𝑝)∇⃗⃗ Ψ(𝑟 , 𝑟 𝑝) − Ψ(𝑟 , 𝑟 𝑝)∇⃗⃗ Ψ∗(𝑟 , 𝑟 𝑝) 𝑑𝑟 , (2.11) 

 
𝐶𝑜𝑀(𝑟 𝑝) =

𝑚

ℏ
𝑗 (𝑟 𝑝). (2.12) 

This form is exact for all sample thicknesses.  Additionally, by using a strong phase 

approximation, we can connect the CoM image to the scattering potential to get another expression for 

thin samples: 

 
𝐶𝑜𝑀(𝑟 𝑝) = 𝑖 ∫Ψ0

∗(𝑟 − 𝑟 𝑝)∇⃗⃗ Ψ0(𝑟 − 𝑟 𝑝)𝑑𝑟 + 𝜎 ∫ ∇⃗⃗ 𝑉(𝑟 )|Ψ0(𝑟 − 𝑟 𝑝)|
2
𝑑𝑟 . (2.13) 

This expression is valid for any probe wavefunction Ψ0, not just non-aberrated probes. If the beam is 

symmetric, then the first term goes to zero, otherwise it introduces a constant offset,  𝑗 0. The second 

term is a cross correlation[9] between the potential gradient and the probe: 

 
𝐶𝑜𝑀(𝑟 𝑝) = 𝑗 0 + 𝜎∇⃗⃗ 𝑉(𝑟 𝑝) ⋆ |Ψ0(𝑟 𝑝)|

2
. (2.14) 

Because there is a cross correlation (or convolution for symmetric probes) between the probe 

and the potential gradient, we must be cautious when interpreting the image, especially in the regime 

where the feature size is small.  In the extreme limiting case where the potential is reduced to a delta 
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potential 𝑉0𝛿(𝑟 ), this leads to a CoM image of 

 
𝐶𝑜𝑀(𝑟 𝑝) =  −𝜎𝑉0∇⃗⃗ [|Ψ0(−𝑟 𝑝)|

2
]. (2.15) 

Figure 2.5 COMx images of single atoms.  A) Simulated non-aberrated 80 keV probe with a 21.4 mrad 
aperture has a significantly wider profile than the potential from a single tungsten atom.   b) Simulated 
COMx profiles of light and heavy atoms show difference in height, but the normalized plots in c) show 
that the profile shapes are very similar, and closely follow the gradient of the probe profile – both of 
which peak at the inflection points of the initial probe. 
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This is consistent with taking the first moment of eq. (2.8).  Notably, while the signal strength scales 

linearly with scattering strength of the sample, 𝜎𝑉0, the spatial information in the image is related to the 

probe and not the potential.    

This is shown in Figure 2.5 with a simulated non-aberrated probe at 80 keV with a 21.4 mrad 

aperture for light and heavy atoms.  We neglect thermal effects on CoM imaging for thin samples, as 

these have been shown to be less than a few percent  [20].  Since the probe width is much larger than 

the width of the simulated tungsten potential, the resulting CoMx linescan follows the probe profile 

rather than the atomic profile.    As seen in Figure 2.5b,c this holds for both light and heavy atoms.  The 

main difference is the relative peak height, which is set by the Z scaling of the atomic potential.  By 

normalizing by height, we see the profiles, including the full width at half-maximum (FWHM) are very 

Figure 2.6 The effect of defocus on COM linescans across atomic potentials for a 300 
keV aberration-free electron probe, with a 30 mrad probe-forming aperture.  At 
zero defocus, the tungsten (Z=74) and cesium (Z=55) profiles are distinguishable by 
their peak deflections.  However, with only a 1 nm defocus, the tungsten profile 
almost exactly matches the cesium profile.  In general, variations from defocus and 
other higher order aberrations much smaller than the alignment tolerances of the 
microscope give larger effects than charge transfers or bonding changes. 
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similar, independent of Z.  While there are some weak features, these can be muddled by probe tails, 

residual aberrations and very small (sub-nm) changes in defocus in actual experiments.   

In Figure 2.6, a 1 nm change in defocus produces a shift in mrad comparable to a change in 

atomic number by ∆𝑍 = 19.  (For comparison, a 1 nm defocus change is much smaller than the depth of 

field or defocus spread from chromatic blur which are typically 5nm or more).  Similarly in Figure 2.7, 

Figure 2.7 The effect of defocus spread due to chromatic aberration on a COMx linescan of a 
tungsten potential at 300 keV with a 30 mrad aperture.  Defocus spread values shown are the 
standard deviations.  a) Similar to Figure 2.6, defocus spread lowers the peak height with little 
effect on the tails as if changing the atomic potential.  b)  Normalizing the heights shows a 
similar effect to Figure 2.5c. 
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linescans of a tungsten potential with defocus spread with a standard deviation up to 3 nm due to 

chromatic aberration changes the peak height, but not the tails or FWHM.  This is expected as the 

Contrast transfer functions (CTF) for CoM or DPC is close to that of a self-lumunious object, and thus 

pinned at the zero and cutoff frequencies for all aberration functions, leaving the mid-range frequencies 

most sensitive to changes [6]. The CTF for integrated CoM (iCoM) and integrated DPC (iDPC) by Lazić 

Figure 2.8: a) Atomic-Number dependence for the peak COM shift from a single atom as a function of 
probe-forming aperture semi-angle for a 300 keV diffraction-limited electron beam.  For small semi-
angles, outer-shell valence trends dominate the Z-dependence, while for large semi-angles, the more 
monotonic nuclear contribution dominates.  This is reflected in the increasing exponent for the fitted 
power law with increasing aperture size.  b) Comparison with HAADF imaging shows that COM has a 
weaker Z dependence, making it easier to image light atoms in the presence of heavy atoms (300 
keV, 30 mrad.  HAADF signal from a 3x-5x aperture size). 
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show defocus most noticably affects the mid frequencies, consistent with our result [9].  CoM and iCoM 

are linearly related, so their CTFs are impacted proportionally.  Rather than probing the shape of the 

potential (or details of the sample’s electric field), the shape of the signal maps the derivative of the 

probe shape, and is more sensitive to changes in the probe shape than the underlying potential.  While 

small changes to defocus most strongly affected the peak height, other aberrations (especially residuals 

from tuning higher-orders) can have a stronger effect on the probe tails which will be reflected in the 

tails of the CoM image.  Overall, this cautions against any interpretation that we are mapping the atomic 

structure or bond charge distributions with an atomic CoM/DPC signal. 

 The relative heights of the CoM peaks can be used to measure the CoM contrast vs Z number. 

We compare its  Z-dependence with HAADF using simulations in Figure 2.8.  CoM has less contrast 

between light and heavy atoms compared to HAADF.  This is why its cousin, the integrated CoM (iCoM) 

[9] is an ideal imaging mode for imaging samples with both light and heavy atoms.  Since iCoM is just a 

linear integration of CoM, the contrast scaling is the same for both. 

The precise Z-dependence for CoM and DPC imaging depends on the convergence semi-angle 

and beam voltage, or more simply the cutoff measured in inverse Ångstroms.  For small cutoffs, the CoM 

contrast also does not monotonically increase with Z but shows periodic oscillations across the periodic 

table in much the same way that bright-field imaging does[23], indicating sensitivity to the shell 

structure of the atom.  When the cutoff angle is decreased, the probe becomes larger in real space and 

the atomic potential can be better approximated as a delta potential 𝑉0𝛿(𝑟 ).  The resulting CoM profile 

is given in eq. (2.15) where the peak height is determined by 𝑉0, the mean inner potential, but additional 

information beyond that about the shape of the atomic potential and orbital charges’ spatial distribution 

is lost, and not reflected in the line profile which is instead dominated by the probe shape.  As the cutoff 

angle is increased, the nuclear terms becomes more dominant, and the Z-dependence becomes 

smoother. 
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  We can get a sense of these trends by Fourier transforming equation (2.14) and noting that 

|Ψ0(−𝑟 𝑝)|
2

 is the point spread function, whose transfer is the contrast transfer function CTF(𝑘) to get 

 
𝐶𝑜𝑀(�⃗� ) = 2𝜋𝑖𝜎�⃗� 𝑉(�⃗� )CTF(�⃗� ). (2.16) 

For all focus and aberration values, the boundary points are fixed at CTF(0) = 1 and CTF(𝑘0) = 0.  For 

an in-focus aberration-free probe the CTF is a smooth ramp-like function between them that can be 

approximated as CTF(𝑘) ≈ 1 − 𝑘 𝑘0⁄  resulting in a bandpass sampling of the potential from 0 to 𝑘0.  

From eq. (2.16) we see that for small cutoffs, 𝑘0, we sample the small angle scattering which displays 

the electronic shell structure. As the cutoff 𝑘0  becomes larger than the Thomas-Fermi angle, the 

contribution from the bare Coulomb potential becomes more heavily weighted and the Z-dependence 

becomes more linear.  DPC imaging shows a similar Z dependence to CoM imaging, with a Z dependent 

exponent just a few percent less. 

 

2.4 Effect of Detector Geometry 

2.4.1 Coherence 

The question of signal to noise and coherency are additional considerations for the detector 

geometry.  If the angular range selected for the detector annulus is too small, it may not satisfy the 

condition for incoherent imaging.  Additionally, our diffraction pattern model in eq. (2.8) shows that the 

high frequency information is a small fluctuation of intensity within the larger flat background of the 

bright disk, whose poor signal to background ratio implies also a poor signal to noise.  Coherence is also 

affected by source size and chromatic spread as seen in section 3. In this section we will focus on 

detector effects.  With these considerations, we start to explore the effects of the detector geometry. 
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We begin with the definition of the center-of-mass image in eq. (2.9), but we add a detector 

function 𝐷(�⃗� ): 

 
𝐶𝑜𝑀(𝑟 𝑝) =  ∫ �⃗� |Ψ(�⃗� , 𝑟 𝑝)|

2
𝐷(�⃗� )𝑑�⃗� . (2.17) 

The detector function is defined similarly to our aperture function in eq. (2.2) but with some maximum 

detector angle kd.  This calculation can be easily adapted for an annulus detector by repeating the 

calculation for the minimum angle and subtracting.  The final expression is 

 
𝐶𝑜𝑀(𝑟 𝑝) =  ∫Ψ(𝑟 ", 𝑟 𝑝)Ψ∗ (𝑟 ′, 𝑟 𝑝) 𝑓 (𝑟 ′ − 𝑟 ") 𝑑𝑟 "𝑑𝑟 ′. (2.18) 

where 𝑓(𝑟 ) is: 

 

𝑓(𝑟 ) = 𝐹−1[�⃗� 𝐷(�⃗� )] =  −
𝑖

2𝜋
∇⃗⃗ 

𝑘𝑑𝐽1(𝑘𝑑𝑟)

𝑟
=

𝑖𝑘𝑑
2𝑟 𝐽2(𝑘𝑑𝑟)

2𝜋𝑟2
. (2.19) 

At the asymptotic limits, this function can be expressed as: 

 

𝑓(𝑟 ) =  {
−𝑖∇⃗⃗ 𝛿(𝑟 ) 𝑘𝑑 → ∞

𝑖𝑘𝑑
4𝑟 

16𝜋
𝑘𝑑 → 0

. (2.20) 

Eq. (2.18) makes it clear that the function f(r ) is a coherency function.   

If this is taken at the asymptotic limit where �⃗� 𝑑 → ∞ with the strong phase approximation, this 

will reduce to eq. (2.11) which is fully incoherent, consistent with the previous calculation.  At the other 

limit, we obtain the expression: 

 

 

 
𝐶𝑜𝑀(𝑟 𝑝) =  

𝑘𝑑
4𝜋

4

𝜕

𝜕�⃗� 
[|Ψ(�⃗� , 𝑟 𝑝)|

2
]
�⃗� =0

. (2.21) 
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If this is applied to the diffraction pattern for a delta potential in eq. (2.8), the result is 

 
𝐶𝑜𝑀(𝑟 𝑝) =  −

𝑘𝑑
4𝜋2𝜎𝑉0𝑟 𝑝

|𝑟 𝑝|
𝐽1(𝑘0|𝑟 𝑃|), (2.22) 

which is shaped by the probe wavefunction, not its intensity, and scales linearly with the potential 

height, consistent with a coherent image.  The coherence length and cross-over from coherent to 

incoherent imaging is set by 𝑘0/𝑘𝑑  and the collection angles need to be much smaller (at least 3x) than 

the convergence angle to see coherent effects. 

2.4.2 Signal to Noise Ratio 

Another consideration is how the detector geometry affects the signal to noise ratio (SNR).  We 

simulated a single tungsten atom and found the scanning points that have the largest CoM signal.  The 

diffraction pattern was put through a poisson noise filter to simulate a shot-noise-limited signal.  This 

Figure 2.9: Simulated signal to noise ratio for a) COMx and b) DPCx image of a single tungsten atom with a 21.4 mrad aperture 
at 80 keV.  Both images show significant gains when integrating the edge of the bright disk.  However, the COM image SNR is 
reduced when collecting higher angles beyond ~2x the edge of the disk due to heavily weighing high angles with low electron 
counts.  Conversely, while the DPC image is not adversely affected by increasing the outer angle, it has a greater sensitivity to 
the inner angle cutoff. 
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was repeated several times to obtain a robust statistical distribution.  The signal to noise ratio (SNR) is 

the true value of the signal divided by the standard deviation caused by the poisson noise.  This is then 

normalized by the incident electron counts N.  The simulation was done for an 80 keV beam with a 21.4 

mrad aperture. 

The results of these simulations are shown in Figure 2.9 for both CoM and DPC imaging modes.  The 

best signal to noise was achieved with a 4 mrad to 33 mrad detector geometry for the CoM image, and 0 

mrad to 47 mrad for DPC.  Most of the signal for both images come from the edge of the bright disk.  

However, the CoM image loses SNR when expanding the outer angle since it is heavily weighting large 

angles which generally have very low electron counts.  On the other hand, the DPC image is largely outer 

angle independent once it is larger than the bright field disk, but more sensitive to inner angle since it 

weighs the small angle electron counts more heavily than does CoM.   

Notably, the SNR for both DPC and CoM continue to increase for collection angles beyond the bright 

field disk (21.4 mrad) despite the weak phase approximation in eq. (8) showing information is contained 

only in the bright disk.  This is due to higher order terms outside the bright disk that also contribute to 

the CoM signal, which is shown in Appendix C.  Overall, the DPC weighting has a slightly higher SNR than 

the CoM weighting.  This begs the question whether there are other forms of angular weighting with 

greater SNRs while still being reasonable measures of differential phase contrast.  Whether the optimal 

weighting is sample specific is also unknown. That there is room for improvement is suggested by the 

slightly higher contrast transfer function obtained for bright-field ptychography compared to CoM 

imaging[18]. 

2.5 Application – Torque Transfer 
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  Because the CoM measures the potential gradient and therefore the Lorentz force, it is possible 

to make further derivative maps based on force measurements. One example is the measurement of 

torque. The torque operator for an electron can be written as 

 
Γ̂ = �̂� × �̂� = �̂� × ∇⃗⃗ �̂� (2.23) 

We can calculate its expectation value by expanding in the position basis. 

 
〈Γ̂〉 =  ⟨Ψ|Γ̂|Ψ⟩ (2.24) 

 
〈Γ̂〉 =  ∫⟨Ψ|𝑟 ′′⟩⟨𝑟 ′′|𝑥|𝑟 ′⟩ ⟨𝑟 ′|

𝜕�̂�  ̂
𝜕𝑦

|𝑟 ⟩ ⟨𝑟 |Ψ⟩𝑑𝑟 𝑑𝑟 ′𝑑𝑟 ′′ + ⋯ (2.25) 

We only show the calculation for one of the terms in the sum for simplification. Since the position basis 

are eigenkets of the position and potential operators, we can simplify the integral. 

 
〈Γ̂〉 =  ∫𝑥

𝜕𝑉

𝜕𝑦
(𝑟 ′)Ψ∗(𝑟 ′′)Ψ(𝑟 )𝛿(𝑟 ′′ − 𝑟 ′)𝛿(𝑟 ′ − 𝑟 ) + ⋯ (2.26) 

 
〈Γ̂〉 =  ∫𝑥

𝜕𝑉

𝜕𝑦
|Ψ(𝑟 )|2𝑑𝑟 + ⋯ (2.27) 

This is the generic formula where Ψ(𝑟 ) is the exit wavefunction. In the context of a scanning beam, we 

can write our exit wavefunction as the probe shifted to the relevant scan point Ψ(𝑟 − 𝑟 𝑝). We also want 

to measure with respect to 𝑟 𝑝 as the origin. Therefore, we re-write for the torque in the z direction as 

 
Γ𝑧(𝑟 𝑝) =  ∫[(𝑟 − 𝑟 𝑝) × ∇⃗⃗ 𝑉(𝑟 )]|Ψ(𝑟 − 𝑟 𝑝)|

2
𝑑𝑟  (2.28) 

where 𝑉(𝑟 ) is the potential of the sample. 

We take advantage of the symmetry of the probe to re-write this equation to look like a convolution: 

 
Γ𝑧(𝑟 𝑝) =  ∫[(𝑟 𝑝 − 𝑟 ) × ∇⃗⃗ 𝑉(𝑟 )]|Ψ(𝑟 𝑝 − 𝑟 )|

2
𝑑𝑟  (2.29) 

This is convenient because convolutions in real space are multiplications in Fourier space. Taking a 

Fourier transform gives 
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𝐹[Γ𝑧(𝑟 )] =  −𝐹 [

𝜕𝑉

𝜕𝑦
(𝑟 )] 𝐹[𝑥|Ψ(𝑟 )|2] +  𝐹 [

𝜕𝑉

𝜕𝑥
(𝑟 )] 𝐹[𝑦|Ψ(𝑟 )|2] (2.30) 

At this point, we need to find the gradient of the potential. As shown in eq. (2.14), our COM images are 

related to the gradient of the potential by a convolution. For example, the COM in the x direction is 

given by 

 
𝐶𝑂𝑀(𝑟 𝑝) =  4𝜋2𝜎∇⃗⃗ 𝑉(𝑟 𝑝) ⊗ |Ψ0(𝑟 𝑝)|

2
 (2.31) 

Taking a Fourier transform gives 

 
𝐹[𝐶𝑂𝑀𝑥(𝑟 )] =  4𝜋2𝜎𝐹 [

𝜕𝑉

𝜕𝑥
(𝑟 )] 𝐹[|Ψ(𝑟 )|2] (2.32) 

We can now write Eq. (2.30) as 

 
𝐹[Γ𝑧(𝑟 )] =  

−𝐹[𝐶𝑂𝑀𝑦(𝑟 )]𝐹[𝑥|Ψ(𝑟 )|2] + 𝐹[𝐶𝑂𝑀𝑥(𝑟 )]𝐹[𝑦|Ψ(𝑟 )|2]

4𝜋2𝜎𝐹[|Ψ(𝑟 )|2]
 

(2.33) 

In order to avoid dividing by zero or by values arbitrarily close to zero in 𝐹[|Ψ(𝑟 )|2], we pass this 

through a low-pass filter to get rid of the high frequency noise. 

  Figure 2.10 shows experimental measurement of torque using both the above outlined CoM 

method along with using ptychography to retrieve the exit wavefunction. The CoM method can be 

performed in a matter of minutes while the ptychography method can take days depending on 

Figure 2.10: Cross-sections along the vortex axis for a simulated 10x10 PbTiO3/SrTiO3 superlattice: (a) “2nd principles” 
calculation of the polarization field. (b) Change in orbital angular momentum reconstructed from the full wave function and (c) 
integrated torque transfer from the electron to the sample calculated from COM showing good agreement with the exact 
momentum transfer. 
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computer performance. Despite taking significantly less computing resources, the CoM-derived torque 

transfer image is identical to the ptychographic method. 

2.6 Conclusion 

The advent of high-speed pixelated detectors has both motivated and aided a more detailed 

understanding of contrast in spatially-resolved diffraction patterns from non-periodic objects and the 

generation of images from diffraction data. Center-of-Mass imaging is one example of condensing the 

rich 4D diffraction data into a meaningful image.  In diffraction space, the scattering behavior and 

subsequent diffraction pattern formation was heavily dependent on the probe size versus feature size.  

For potentials smaller than the probe size, an asymmetry appeared in the intensity within the bright 

field disk itself rather than the classically expected displacement.  The uniform displacement of the 

bright-field disk (and the full diffraction pattern) was instead a signature of a long-range potential with a 

uniform gradient.   By taking advantage of these differences in how long range and short range 

information are encoded, it is possible to distinguish slowly-varying magnetic domain contrasts from 

rapidly varying grain contrast by selecting the integration angles.  This approach works best at medium 

resolution where the probe is larger than structural features but smaller than the magnetic domains. 

In real space, the CoM image is usually interpreted within the strong phase approximation as a 

convolution or correlation of the probe shape with the gradient of the potential.  However, for atomic 

potentials the CoM image profile is usually dominated by the shape of the probe rather than the sample 

potential given the strong singularity at the nucleus.  While the peak heights differed with the Z scaling 

of the atomic potential, the normalized shape profiles were very similar to the derivative of the probe 

shape, and subtle differences from outer shell electrons are likely to be much smaller than probe tails 

from residual geometric and chromatic aberrations.  Even peak deflections can be misleading; a small 

defocus of 1 nm led to an apparent change in atomic number of  Δ𝑍 = 19 for an isolated W atom. 
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The precise Z dependence of CoM is a function of convergence angles and beam voltage, 

reflecting the range of momenta sampled.  At smaller convergence angles and beam voltages, the CoM 

signal shows oscillations from the shell structure of the imaged atoms, while for larger cutoff angles, a 

smooth and closer-to-linear Z dependence is obtained.  As previously noted, this makes CoM and iCoM 

imaging well suited for images where both light and heavy atoms are present.   

    We explored the effect of detector inner and outer angles on the SNR for DPC and CoM 

imaging of a single atom.  In both cases, the best SNR was achieved for an outer detector angle being 

larger than the bright field disk.  Overall, DPC showed a slightly higher SNR, and little sensitivity to 

increasing the outer angle.  In contrast, the CoM SNR drops once the outer angle is increased much 

beyond 1.5x the bright-field disk due to the angular weighting function enhancing regions with low 

signal.  In thicker samples, this angle might be pushed out by multiple scattering.  Conversely, the DPC 

SNR strongly decreased with increasing inner angle cutoff, but CoM did not, again consistent with their 

different angular weightings.   

Finally, we briefly showed an application of CoM imaging for measuring torque transfer. Once 

the Lorentz force is measured using CoM, the torque transfer can be calculated assuming that the initial 

probe is well known. This method was compared to a ptychographic retrieval of the exit wavefunction. 

CoM-derived torque transfer yielded similar results to ptychography while needing significantly less 

computational resources. 

Pixelated detectors and its applications are still in relative infancy.  While they allow a great deal 

of flexibility in reproducing traditional imaging modes in post-processing, their true strength may be 

characterization modes with non-trivial angular weightings and transformations, like CoM and 

ptychography, that are unique to pixelated detectors.  The rich contrast and signal diversity present in 



33 
  

the recorded 4D data sets suggest rich opportunities in developing new imaging modes to exploit this 

new information. 
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3 Second Moment 

3.1 Introduction 

 The second moment is another possible mask to apply to the diffraction pattern and obtain an 

image. Just like the first moment or Center of Mass (CoM), second moment is related to an expectation 

value of a quantum operator, the square of the momentum. Lubk and Zweck note that the second 

moment can be used to measure the beam’s lateral extension in momentum space [1]. A few examples 

of second moment images present in our group’s publications demonstrate its identical contrast to ADF 

and highlight its insensitivity to tilt compared to CoM [2-4]. There is also one unusual instance of 

measuring the second moment of diffracted spots to measure out-of-plane ripples in 2D lateral 

heterojunctions of WS2-WSe2 [5]. While the second moment is tied to an explicit quantum 

measurement, its contrast similarity to ADF in atomic resolution imaging has limited finding novel 

applications. 

In this chapter, we go over calculations outlining the second moment and its relation to 

momentum and energy. These calculations suggest its contrast similarity to HAADF, which are confirmed 

in simulation. The calculations also show how the second moment is limited by a background term 

associated with the unscattered beam. Similar to the previous chapter, we calculate the coherence 

function as a function of virtual detector angle. While the second moment has limited application for 

atomic resolution, we discuss the potential of second moment for imaging thicker biological samples 

with a more parallel beam and its signal to noise. 

3.2 Theory 

We start with the expression for the momentum squared expectation value: 
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< p2 >

ℏ2 (r p) = ∫Ψ∗(k⃗ , r p)k
2Ψ(k⃗ , r p)dk⃗ . (3. 1) 

Since we are working in momentum space, we can commute the wavefunctions and re-write the 

expression as a second moment or moment of inertia of the diffraction pattern: 

= ∫k2|Ψ(k⃗ , r )|
2
dk⃗ . (3. 2) 

The diffraction pattern can be written as a product of the Fourier transform of the real space 

wavefunction and its inverse: 

= ∫k2F[Ψ(r , r p)]F[Ψ(r , r p)]
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ dk⃗ . (3. 3) 

The inverse of a Fourier transform can be re-written as the Fourier transform of the reflected conjugate 

function: 

= ∫k2F[Ψ(r , r p)]F[Ψ∗(−r , r p)]dk⃗ . (3. 4) 

Multiplying a Fourier transform by k2 is equivalent to the Fourier transform of the negative Laplacian: 

= −∫F[∇2Ψ(r , r p)]F[Ψ∗(−r , r p)]dk⃗ . (3. 5) 

Multiply two Fourier transforms is equivalent to the Fourier transform of the conjugation: 

= −
1

2π
∫F[∇2Ψ(r , r p) ⊗ Ψ∗(−r , r p)]dk⃗ . (3. 6) 

The integral can be interpreted as the inverse Fourier transform at r = 0: 

= −∇2Ψ(r , r p) ⊗ Ψ∗(−r , r p)|r⃗ =0
. (3. 7) 

Then we write out the conjugation and write its expression at r = 0: 
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= −∫[∇2Ψ(r ′, r p)]Ψ
∗(−r + r ′, r p)dr ′|

r⃗ =0

, (3. 8) 

= −∫[∇2Ψ(r , r p)]Ψ
∗(r , r p)dr . (3. 9) 

This is a general expression for all cases.  However, for a sufficiently thin sample, we can use the strong 

phase approximation to connect the second moment to the sample potential: 

Ψ(r , r p) =  Ψp(r − r p) exp(iσV(r )) . (3. 10) 

The Laplacian can be written as 

∇2Ψ(r , r p) =

[
 
 
 

∇2Ψ0(r − r p)

+iσ(2∇⃗⃗ Ψ0(r − r p) ⋅ ∇⃗⃗ V(r ) + Ψ0(r − r p)∇
2V(r ))

−σ2|∇⃗⃗ V(r )|
2
Ψ0(r − r p) ]

 
 
 
exp(iσV(r )) . (3. 11) 

Using eq. (3.10) and eq. (3.11) with the final expression for the second moment in eq. (3.9) gives the 

following expression, separated in powers of the interaction parameter σ:  

< p2 >

ℏ2
=

−∫Ψ0
∗(r )∇2Ψ0(r )dr 

−iσ∫2Ψ0
∗(r − r p)∇⃗⃗ Ψ0(r − r p) ⋅ ∇⃗⃗ V(r ) + |Ψ0(r − r p)|

2
∇2V(r )dr 

+σ2 ∫|∇⃗⃗ V(r )|
2
|Ψ0(r − r p)|

2
dr 

. (3. 12) 
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It is important to recognize that the second moment must be a real function.  The sample potential is 

frequently a real function (some exceptions exist to incorporate inelastic loss).  The wavefunction is 

potentially complex, but for a non-aberrated probe or at minimum, a probe with isometric aberrations, 

the wavefunction is pure real.  If so, the first order sigma terms must be zero in order for eq. (3.12) to 

have a real value.  This simplifies the expression to 

< p2 >

ℏ2
=

−∫Ψ0
∗(r )∇2Ψ0(r )dr 

+σ2 ∫|∇⃗⃗ V(r )|
2
|Ψ0(r − r p)|

2
dr 

. (3. 13) 

The first term is a constant background term and represents the second moment of the initial probe.  

We can rescale this term into meaningful units of energy: 

 
−

ℏ2

2m
∫Ψ0

∗(r )∇2Ψ0(r )dr =
ℏ2

2m
∫k2|Ψ0(k⃗ )|

2
dk⃗ =

ℏ2k0
2

4m
, (3.14) 

 

Figure 3.1: Simulated a)integrated Center of Mass (iCoM), b) second moment, and c) HAADF images of atoms from 
Z=1 (Hydrogen) to Z = 97 (Berkelium), skipping every other element. The second moment and HAADF images are 
visually identical and the weaker atoms are less visible due to the strong contrast. The iCoM image has more visible 
weak atoms due to the lower contrast between strongly and weakly scattering atoms. d) A log/log scatter of contrast 
versus Z number along with fits quantifies the visual result. 
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where 𝑘0 = β0𝑘 is the aperture cutoff frequency. The second term provides the contrast.  We see that 

the second moment is an incoherent imaging mode that maps the amplitude squared of the phase 

gradient that is cross-correlated with the probe (or convolved for a symmetric probe).  This also predicts 

a contrast that scales ~V2, just like a HAADF image. 

3.3 Contrast 

 As predicted in theory, Figure 3.1 shows that the second moment has a similar Z contrast scaling 

with HAADF, 1.66 compared with 1.85. These numbers also vary depending on detector geometry. 

Another similarity is the second moment contrast curve is linear in log/log space whereas the integrated 

Center of Mass (iCoM) curve has some oscillations. These oscillations are a result of the CoM being more 

sensitive to electron shell scattering, whereas the second moment is dominated by scattering from the 

nucleus. 

3.4 Coherence 

 Like in the last chapter, we explore the effects of detector geometry on the coherence of the 

second moment image. We start in the same way; take the second moment definition but add an 

additional detector function: 

 
SM(r p) =  ∫k2|Ψ(k⃗ , r p)|

2
D(k⃗ )dk⃗ . (3.15) 

This simplifies to the final expression: 

 
SM(r p) =  ∫Ψ(r ", r p)Ψ

∗ (r ′, r p) f (r ′ − r ") dr "dr ′. (3.16) 

This looks identical to our CoM result in Chapter 2, but here the coherence function is  

 

f(r ) = F−1[k2D(k⃗ )] =  −
1

2π
∇2

kdJ1(kdr)

r
=

2kd
2

2πr2
J2(kdr) −

kd
3

2πr
J3(kdr). (3.17) 

The calculations for f(r ) are detailed in Appendix D. 
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3.5 Signal to Noise Ratio 

 In general, the second moment has a more optimal signal to noise ratio when the aperture is 

small and the sample is a strong scatterer. A small aperture reduces the amount of background signal 

that is contributed by the unscattered beam. Since the second moment has a quadratic weighting, it is 

important to have signal far outside the bright disk, requiring a strong scatterer. Imaging thick biological 

samples are a good example of a sample that fits both criteria. 

 However, thick samples also involve multiple scattering. In order to calculate the diffraction 

pattern as a result of multiple scattering, we use the formulation detailed in Chapter 5 of Reimer [6]: 

 
sm(k⃗ ) = e

−
t
λ ∑ (

t

λ
)
n sn(k⃗ ) 

n!

∞

n=1

, (3.18) 

 

where we use sm to denote the multiple scattering distribution of the scattered electrons, t is the 

sample thickness, λ is the electron mean free path, and sn is the auto-convolution of the normalized 

single scattered electron distribution s1, n − 1 times. Rather than calculating the infinite sum, we can 

examine eq. (3.18) in real space using an inverse Fourier transform: 

 
sm(r ) = e

−
t
λ ∑ (

t

λ
)
n 1

n! 
F−1[sn(k⃗ )]

∞

n=1

. (3.19) 

Since sn is an auto-convolution in Fourier space, it becomes just a power of the original single scattering 

distribution s1 in real space: 

 
sm(r ) = e

−
t
λ ∑ (

t

λ
)
n 1

n! 
(2π)n−1s1

n

∞

n=1

(𝑟 ). (3.20) 

It is convenient to normalize 𝑠1(𝑟 ) such that 𝑠1(0) = 1. This ensures that ∫ 𝑠𝑛(�⃗� ) 𝑑�⃗� = 1. Equation 

(3.20) can be manipulated to look like the power series of an exponential: 
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sm(r ) =
e
−

t
λ

2π
∑

1

n! 
(
2πt

λ
s1(𝑟 ))

n∞

n=1

. (3.21) 

However, a full exponential starts with n = 0, but that just means that this power series is just the 

exponential minus one: 

 

sm(r ) =
e
−

t
λ

2π
(exp (

2πt

λ
s1(𝑟 )) − 1). (3.22) 

Thus we can retrieve the multiple scattering distribution through a Fourier transform: 

 

sm(k⃗ ) = F [
e
−

t
λ

2π
(exp(

2πt

λ
s1(𝑟 )) − 1)]. (3.23) 

This only simulates the scattered electrons in the diffraction pattern. We also need to include the 

unscattered beam dampened by an 𝑒−
𝑡

𝜆 factor.  The total diffraction pattern 𝐼(�⃗� ) is thus 

 

𝐼𝑚(k⃗ ) = e
−

𝑡
𝜆Ψ0

2(k⃗ ) + sm(�⃗� ). (3.24) 

Figure 3.2 shows diffraction pattern simulations at various 
𝑡

𝜆
 for a 256x256 random array of carbon 

atoms. We used the strong phase approximation with the unscattered beam removed in order to 

calculate s1 and then used eq. (3.23) to simulate the diffraction pattern with multiple scattering 

incorporated. 

This formulation is useful for simulating diffraction patterns to see the effect of detector 

geometry on the signal to noise ratio. However, if we want to calculate the second moment of the full 

diffraction pattern, we can do so directly. We already calculated the second moment of the unscattered 

beam in equation (3.14) and the result would have an 𝑒−
𝑡

𝜆 factor in this multiple scattering case. The 

second moment of the scattered term can be written as 

 
∫kx

2sm(k⃗ )dk⃗ = e
−

t
λ ∑ (

t

λ
)
n 1 

n!
∫kx

2sn(k⃗ )dk⃗ 

∞

n=1

. (3.25) 
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The quantity of interest is then the second moment of the individual sn terms. Similar to our approach 

when calculating the second moment for a generic diffraction pattern, we can re-write sn as a Fourier 

transform: 

 
∫kx

2sn(k⃗ )dk⃗ =  ∫(2π)n−1kx
2F[s1

n(r )]dk⃗ . (3.26) 

The kx
2 then serves as a negative second derivative with respect to x. 

 
= −∫(2π)n−1F [

∂2

∂x2
s1
n(r )] dk⃗  (3.27) 

The integral can then be interpreted as an inverse Fourier transform with respect to r = 0, where the 

probe is centered. Since we are taking the inverse transform of a Fourier transform, we simply retrieve 

the second derivative of the function at r = 0: 

 
= −(2π)n−1 (

∂2

∂x2
s1
n(r ))

r⃗ =0

. (3.28) 

By chain rule, we can write the second derivative as 

 
= −(2π)n−1 (n(n − 1) (

∂s1

∂x
)
2

s1
n−2 + n

∂2s1
∂x2

s1
n−1)

r⃗ =0

. (3.29) 

We can plug this back into the full summation, using two starting indices since the first term is zero for 

n = 1. 

 
∫kx

2sm(k⃗ )dk⃗ = −e
−

t
λ [∑ (

t

λ
)
n

(2π)n−1
1

(n − 1)!

∂2s1
∂x2

s1
n−1

∞

n=1

+ ∑ (
t

λ
)
n

(2π)n−1
1

(n − 2)! 
(
∂s1

∂x
)
2

s1
n−2

∞

n=2

]

r⃗ =0

 

(3.30) 
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We can re-index both summations to start at n = 0, making both look like power series for an 

exponential: 

 
= −e

−
t
λ [∑ (

t

λ
)
n+1

(2π)n
1

n!

∂2s1

∂x2
s1
n

∞

n=0

+ ∑ (
t

λ
)
n+2

(2π)n+1
1

n! 
(
∂s1
∂x

)
2

s1
n

∞

n=0

]

r⃗ =0

, (3.31) 

 

Figure 3.2: Simulations of diffraction patterns for a random carbon array at various thicknesses t. The mean free path 𝜆 =

37.4 nm for carbon at 120 keV. Increasing thickness dampens the unscattered bright disk by an 𝑒−
𝑡

𝜆 factor while the scattered 
electron distribution increases in intensity at higher angles. 
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= −e

−
t
λ [(

t

λ

∂2s1
∂x2

+ 2π(
t

λ
)
2

(
∂s1
∂x

)
2

) ∑
1

n!
(
2πt

λ
s1)

n∞

n=0

]

r⃗ =0

. (3.32) 

We are then left with our final expression for the second moment for a multiple scattering sample: 

 
= −e

−
t
λ [(

t

λ

∂2s1
∂x2

+ 2π(
t

λ
)
2

(
∂s1
∂x

)
2

)exp (
(2πs1 − 1)t

λ
)]

r⃗ =0

. (3.33) 

This expression was just for kx
2. The full radial second moment kx

2 + ky
2 can be easily deduced as  

 
= −e

−
t
λ [(

t

λ
∇2s1 + 2π(

t

λ
)
2

|∇⃗⃗ s1|
2
)exp(

(2πs1 − 1)t

λ
)]

r⃗ =0

. (3.34) 
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 Figure 3.3 shows the simulated results for signal to noise for different annulus detector 

geometries for both ADF and second moment based on diffraction patterns from Figure 3.2. The 

simulation was done at 120 kV with a 1.0 mrad aperture. Simulated diffraction patterns were 

normalized for an electron flux of 106 electrons, equivalent to 160 pA-ms. We then add poisson noise to 

the pattern before calculating the ADF and second moment signals. We repeat this step 1,000 times and 

examine the mean versus the standard deviation to calculate the signal to noise. The maximum second 

Figure 3.3: Signal to noise simulations for a random array of carbon atoms with 
𝑡

𝜆
=

0.1 and 
𝑡

𝜆
= 2 at 120 kV with a 1.0 mrad aperture and a total electron flux of N = 106 

electrons for ADF and second moment at different annulus detector inner and outer 
angles. SNR increases dramatically even with only 2 expected scattering events.  For 
both thicknesses, the second moment SNR is maximum with a 0 mrad inner detector 

angle. However, the 
𝑡

𝜆
= 2 case reaches a maximum with a much smaller outer angle 

at 1.5 mrad, while the 
𝑡

𝜆
= 0.1 case is at 28.2 mrad. 
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moment SNR more than triples from 0.290 in the t/λ = 0.1 case to 0.726 in the t/λ = 2 case, despite only 

simulating an average of two scattering events. In both cases, the maximum occurred with an inner 

angle of 0 mrad, but the optimum outer angle changed from 28.2 mrad in the thin case to only 1.5 mrad 

in the thick case. Despite the unscattered beam dominating the signal in the bright disk, it appears that 

the scattered electron contrast in the bright disk still contributes to SNR despite the weak weighting. 

The change in optimum outer angle is due to the significant increase in intensity just outside the bright 

disk. For all thicknesses, ADF has a better SNR than second moment with the difference increasing with 

thickness.  

Similar to the first moment SNR simulations, second moment SNR improves when extending the 

outer angle past the aperture. However, the thick case does not monotonically increase with increasing 

outer angle. It hits a maximum at 1.5 times the aperture angle then starts decreasing to a local minimum 

before increasing again. We have to consider the interplay between intensity and weighting at a 

Figure 3.4: Total electron accounts at scattering angle for various thicknesses from diffraction patterns 
shown in Figure 3.2. 
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particular angle. Figure 3.4 shows the total electron count as a function of scattering angle for various 

thicknesses including the t/λ=2 case. We see that in the 1-1.5 times the aperture angle that the intensity 

is large enough despite the relatively low weighting to contribute to the signal to noise. Intensity 

continues to rise up to about 10 times the aperture angle, but the SNR decreasing in this regime 

indicates that the weighting is too low. Past those angles, the intensity remains relatively flat, but the 

weighting continues to increase which causes the SNR to start increasing again. 

3.6 Conclusion 

 Second moment imaging is another possible weighting to use on diffraction data. It is related to 

the kinetic energy shift associated with the lateral displacement of the scattered beam. Due to its even 

weighting, it has a background term due to the second moment weighting of the un-scattered bright 

disk. For contrast, we showed that it had very similar atomic contrast to ADF and was dominated by 

nuclear scattering effects rather than electron shell compared to CoM. 

 Like CoM, the choice of inner and outer detector angles to apply the weighting affects the 

second moment’s coherence and signal to noise ratio. We did an explicit calculation for the coherence 

function. For the signal to noise ratio, we opted to perform simulations involving thick samples and a 

small parallel beam, akin to imaging biological samples. We believe this mode of operation is best suited 

for second moment imaging since we want a small aperture and scattering to high angles. The resulting 

simulation showed that increasing the outer angle was important for getting optimal SNR but there is a 

local minimum in the dark-field that should be avoided. 
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4 Imaging Polarity in Two Dimensional Materials by Breaking Friedel’s Law 

4.1 Introduction 

Atomically thin two-dimensional (2D) materials are usually interpreted in terms of kinematic 

scattering and treated in the weak phase approximation (WPA), leading us to expect a symmetric 

diffraction pattern[1-4]. However, dark field transmission electron microscopy (DF-TEM) on two-

dimensional molybdenum disulfide (MoS2) has shown a difference in the intensities at the ℎ𝑘𝑙 and ℎ𝑘𝑙̅̅ ̅̅  

peaks of the diffraction pattern[5]. This anomalous contrast between the conjugate peaks can be traced 

to the breaking of in-plane inversion symmetry, or non-zero polarity, of these materials. The polarity can 

be used to rapidly image the twin domains, or adjacent crystals with an in-plane rotation of 180°, in 2D 

transitional metal dichalcogenide (TMD) crystals. TMDs are a class of materials of composition MX2 where 

M is a transition metal bonded to chalcogens, X, in the planes above and below. In its monolayer form, 

the 2H-MX2 polytype has a direct band gap arising from broken inversion symmetry, making it a  promising 

candidate for optoelectronic applications[6-8].  

In crystallography, Friedel’s law states that a diffraction pattern will have equal intensities for both 

the ℎ𝑘𝑙 and ℎ𝑘𝑙̅̅ ̅̅  conjugate diffracted beams: I (ℎ𝑘𝑙) = I (ℎ𝑘𝑙̅̅ ̅̅ ), as expected for kinematic scattering from a 

real potential[9, 10]. Historically, the violation of Friedel’s law was attributed to multiple scattering from 

different atoms in a thick crystal, in a series of weak scattering events [11-15]. It is thus surprising that 

similar effects are seen in monolayer materials. In 2D materials, tilting of the specimen has been used to 

break Friedel symmetry and reveal stacking order[16]. 
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Here, we demonstrate that a single monolayer of 2D TMD materials even without any tilt can 

break Friedel’s law. Even single-atom-thick layers of a 2D material approximated by a zero-thickness film 

can behave as strong scatterers, as they introduce terms beyond the weak phase and weak amplitude 

approximations. This strong scattering behavior results in anomalous contrast in the diffraction patterns 

that reflects the real space polarity of the crystal.   In thick crystals, these effects can be described by 

Bloch-wave theory, and we show that similar behavior can be recovered even for 2D materials using only 

the strong phase approximation. This work was done in collaboration with Pratiti Deb, Yimo Han, Megan 

Holtz, Saien Xie, and Robert Hovden. My contribution was the polarity calculations outlined in the theory 

section. 

Recent advances in direct-electron detectors for electron diffraction have provided new 

opportunities for studying localized phenomena in crystal structures[17-20]. Our newly-developed high 

 
Figure 4.1: a, Map of polarity of WS2/WSxSe2-x/WSe2 graded lateral heterojunctions acquired using an electron microscope pixel array 
detector at a beam energy 120 keV.  The TMD triangle is supported on a silicon nitride membrane. Polarity from the anomalous 

contrast is calculated as [𝐼(010) − 𝐼(01̅0)] [𝐼(010) + 𝐼(01̅0)]⁄ . b, A diffraction pattern from the WS2 region (yellow in panel a) 
demonstrates non-centrosymmetry arising from the polarity, visible as an asymmetry in intensities between conjugate first-order 
diffraction peaks. c, The polarity is more difficult to observe in the diffraction pattern from WSe2 region (light blue in panel a), where 
there is a smaller difference in atomic numbers than in WS2. d, Side-view schematic showing the WS2/WSxSe2-x/WSe2 lateral 
heterojunctions as seen in a (black box). 
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dynamic range electron microscopy pixel array detector (EMPAD)[21] can easily acquire unsaturated 

diffraction patterns and thus gives a fully quantitative measure of polarity in these monolayer 2D materials. 

Figure 1a shows a map of polarity for a graded lateral heterojunction sample of tungsten disulfide (2H-

WS2) / tungsten sulfide selenide (2H-WSxSe2-x) /  tungsten diselenide (2H-WSe2), while Figure 1(b-c) show 

individual diffraction patterns from the 2H-WS2 and 2H-WSe2 regions respectively, acquired using the 

EMPAD. We observe that Friedel’s law is broken in the first order rings for diffraction spots on opposite 

sides of the central beam. We define the anomalous contrast that describes the deviation from Friedel’s 

law, and reflects the degree of polarity, as 𝑃 = [𝐼(ℎ𝑘𝑙) − 𝐼(ℎ𝑘𝑙̅̅ ̅̅ )] [𝐼(ℎ𝑘𝑙) + 𝐼(ℎ𝑘𝑙̅̅ ̅̅ )]⁄ . The anomalous 

contrast is more pronounced in the WS2 region than the WSe2 region, due to the larger difference in 

atomic numbers of the elements in WS2 than in WSe2. 

4.2 Theory 

As stated above, Friedel’s law requires that the diffraction intensities for the ℎ𝑘𝑙 and ℎ𝑘𝑙̅̅ ̅̅  crystal 

reflections are equal, or in terms of the electron wavefunction in reciprocal space,𝛹(𝒒), that for each 

diffraction vector, 𝒒,   |𝛹(𝒒)|2 = |𝛹(−𝒒)|2. This law holds in the kinematic scattering limit for 

diffraction using the WPA or the first Born approximation. In this approximation, the diffraction intensity 

is directly proportional to the squared amplitude of the structure factor, |𝐹(𝒒)|2, resulting in a 

centrosymmetric diffraction pattern, even when 𝐹(𝒒) and the underlying structure itself are not 

centrosymmetric[22]. We will therefore need to go beyond the WPA to explain the asymmetric 

scattering. The electron wave function in the strong phase approximation (SPA) is: 

 Ψ(𝒓) =  Ψ0(𝒓) exp(𝑖𝜎𝑉(𝒓)) , (4.1) 

 

where 𝜎 is the interaction parameter and 𝑉(𝒓) is the projected atomic potential of the material. The SPA 

is also known as the Eikonal approximation[23] and is equivalent to a Wentzel-Kramers-Brillouin (WKB) 
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approximation for free electrons[24-27]. Here we treat 2D materials as zero-thickness films oriented 

perpendicular to the electron beam—i.e. interlayer scattering is not permitted and the Ewald Sphere is 

flat.   

In the WPA, we only include the linear order term, 𝜎𝑉(𝒓), from a power series expansion of (1). 

The wavefunction becomes: 

 Ψ(𝒓) =  Ψ0(𝒓)(1 + 𝑖𝜎𝑉(𝒓)) .   (4.2) 

Taking the Fourier transform of this wavefunction we get 

 
Ψ(𝒒) =

1

2𝜋
∫𝑑𝑟 exp(−𝑖𝒒 ⋅ 𝒓)Ψ0(𝒓)(1 + 𝑖𝜎𝑉(𝒓)) ,  (4.3) 

 

and taking the square of its absolute value, we find the diffraction intensity 

 

|Ψ(𝐪)|2 =

|Ψ0(𝐪)|2 +
σea0

π
Im{Ψ0(𝐪)[Ψ0

∗(𝐪) ⊗ F∗(𝐪)]}

+
(σea0)

2

4π2
|Ψ0(𝐪) ⊗ F(𝐪)|2 + O(σ2)

 , (4.4) 

 

Here Ψ0(𝐪) is the Fourier transform of Ψ0(𝒓), 𝑒 is the charge of an electron, 𝑎0 is the Bohr radius and 

𝐹(𝒒) is the structure factor, defined as 

 
𝐹(𝒒) =

1

2𝜋𝑒𝑎0
∫𝑑𝑟 exp(−𝑖𝒒 ⋅ 𝒓) 𝑉(𝒓). (4.5) 

 

Equation (4) can be simplified further when diffraction disks do not overlap by noting that the first two 

terms are non-zero only for the central beam, so the contrast of the diffracted beams depend only on the 

last term, ie. 
(σea0)2

4π2
|Ψ0(𝐪) ⊗ F(𝐪)|2.  From the properties of the Fourier transform of a real function, 

we know that 𝐹(𝒒), the Fourier transform of 𝑉(𝒓) must satisfy 𝐹(−𝒒) = 𝐹∗(𝒒).  As a result, eq. (4) is 
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symmetric between 𝒒 and −𝒒 for the diffracted beams, and there is no anomalous contrast between 

the ℎ𝑘𝑙 and ℎ𝑘𝑙̅̅ ̅̅  peaks in the electron diffraction pattern represented by the 𝜎2 term, since the phase 

information is not preserved in the pattern. This is the WPA derivation of Friedel’s law. 

However, retaining higher order terms in the power series expansion of the wavefunction from 

eq. (1) gives rise to an anomalous contrast between the ℎ𝑘𝑙 and ℎ𝑘𝑙̅̅ ̅̅  peaks, which can be traced to the 

polarity or breaking of in-plane inversion symmetry of the crystal. Retaining higher order terms in the 

power series expansion of the wavefunction, we get:  

 
Ψ(𝒓) =  Ψ0(𝒓)(1 + 𝑖𝜎𝑉(𝒓) −

𝜎2 𝑉2(𝒓)

2
−

𝑖𝜎3𝑉3(𝒓)

6
+ ⋯).  (4.6) 

 

In order to get the diffraction intensity |Ψ(𝒒)|
2
, we Fourier transform this third order expansion and take 

the square of its absolute value: 

 

|Ψ(𝒒)|2 =

|Ψ0(𝒒)|2 +
σea0

π
Im{Ψ0(𝒒)[Ψ0

∗(𝒒) ⊗ F∗(𝒒)]}

+
(σea0)

2

4π2 {|Ψ0(𝒒) ⊗ F(𝒒)|2 − Re[Ψ0(𝒒)(Ψ0
∗(𝒒) ⊗ F2

∗(𝒒))]}

+
(σea0)

3

8π3 {
Im[(Ψ0(𝒒) ⊗ F(𝒒))(Ψ0

∗(𝒒) ⊗ F2
∗(𝒒))]

−
1

3
Im[Ψ0(𝒒)(Ψ0

∗(𝒒) ⊗ F3
∗(𝒒))]

}

+⋯

 , (4.7) 

 

Where 

 𝐹2(𝒒) = 𝐹(𝒒) ⊗ 𝐹(𝒒), (4.8) 

 

 𝐹3(𝒒) = 𝐹(𝒒) ⊗ 𝐹(𝒒) ⊗ 𝐹(𝒒). (4.9) 
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For the weak phase approximation, the diffraction intensity only has the leading 𝑂(𝜎2) term, which is 

directly proportional to |𝐹(𝒒)|2  and does not retain any phase information, giving rise to a 

centrosymmetric diffraction pattern. However, in the higher order expansion, one of the third order terms 

is antisymmetric. This is the leading-order contribution to polarity, 𝑃3, labelled as such as reminder that it 

is a third-order correction: 

 
𝑃3 =

(𝜎𝑒𝑎0)
3

8𝜋3
Im[(Ψ0(𝐪) ⊗ F(𝐪))(Ψ0

∗(𝐪) ⊗ F2
∗(𝐪))] . (4.10) 

 

To simplify this further, we use a general structure factor for a periodic potential that is written as 

 𝐹(𝒒) =  ∑𝑈𝑮 exp(𝑖𝜙𝑮) 𝛿(𝒌 − 𝑮)

𝑮

 , (4.11) 

 

where 𝑮 is a reciprocal lattice vector, 𝑈𝑮 is the Fourier coefficient and 𝜙𝑮 is the phase factor. Using this 

potential and assuming non-overlapping disks, eq. (9) can be simplified to 

 
𝑃3 =

(𝜎𝑒𝑎0)
3

8𝜋3
∑ |Ψ0(𝒒 − 𝑮𝟏)|

2𝑈𝑮𝟏
𝑈𝑮𝟐

𝑈𝑮𝟏−𝑮𝟐
sin(𝜙𝑮𝟏

− 𝜙𝑮𝟐
− 𝜙𝑮𝟏−𝑮𝟐

)

𝑮𝟏,𝑮𝟐

 , (4.12) 

 

In symmetric or non-polar materials,  𝑉(𝒓) = 𝑉(−𝒓)  ∴ 𝐹(𝒒) = 𝐹(−𝒒)  . Furthermore, since for real 

potentials, 𝐹(−𝒒) = 𝐹∗(𝒒), 𝐹(𝒒), which is the Fourier transform given by eq. (5), must be pure real.  This 

sets all the phases 𝜙𝑮 to zero or π and makes eq. (11) equal to zero for all non-polar materials, resulting 

in a centrosymmetric diffraction pattern. 

The case for polar crystals is more interesting.  In fact, some of the terms in eq. (11) are familiar 

from three-beam diffraction theory for non-centrosymmetric bulk crystals (see section 5.6.3 of Zuo and 

Spence[28]).  In particular, the phase term in eq. (11) is known as a three-phase invariant, Ψ = 𝜙𝑮𝟏
−
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𝜙𝑮𝟐
− 𝜙𝑮𝟏−𝑮𝟐

, because it is invariant under a change in origin of 𝑉(𝒓).  Thus, eq. (11) remains zero for 

non-polar materials even under a shift in origin, ensuring a centrosymmetric diffraction pattern. The 

invariance of  Ψ also implies that the sign of polarity for polar materials is independent of the choice of 

origin. For polar materials, sin(Ψ) can serve as a good order parameter for describing a component of the 

polarity. 

Physically, the higher order terms in eq. (7-9) can be thought of as multiple scattering paths 

starting from the same atom.  Each convolution adds an additional family of scattering events that 

constructively or destructively interfere to modify the phase factors and give rise to an asymmetry in the 

diffraction peaks, as illustrated in Figure 2(b-c). Looking at the intensity of a particular diffraction spot at 

𝐺 1, we can remove one summation from eq. (11) to get 

 
𝑃3(𝑮𝟏) =

(𝜎𝑒𝑎0)
3

8𝜋3
∑|Ψ0(𝒒 − 𝑮𝟏)|

2𝑈𝑮𝟏
𝑈𝑮𝟐

𝑈𝑮𝟏−𝑮𝟐
sin(Ψ)

𝑮𝟐

.  (4.13) 

 

Figure 4.2: Diffraction pattern acquired from monolayer WS2 on the EMPAD at 60 keV clearly shows the polarity, i.e. the 

asymmetry between the hkl and ℎ𝑘𝑙̅̅ ̅̅   peaks, for first order and third order ring of diffraction peaks, while peaks in the second 
ring are symmetric. b-c, The asymmetry arises from the higher order terms in the power series expansion of the electron 
wavefunction. This is a cartoon representation of the physical interpretation of the higher order terms as multiple scattering 
paths from the same atom in reciprocal space, modifying the diffraction peak intensities through constructive or destructive 
interference. b shows a second order scattering event, where the black scattering paths are constructive, so add in phase 

(orange/orange) to the first order spot 010.  The white paths for the conjugate spot 01̅0 also add in phase but accumulate a 
different net phase (yellow/yellow) leading to a different 𝑠𝑖𝑛(𝛹) and hence a different net intensity. c shows second order 
scattering paths, where the red and green scattering paths accumulate opposite phases (orange/yellow) for spot 110. The same 

paths and cancellations are found for the conjugate spot 1̅1̅0, leading to a symmetric pair of diffraction intensities. 
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The diffraction intensity depends on a sum over all closed paths including the incident beam and 

two scattering events, G1 and G2, which accumulates a phase shift sin(Ψ). We can see in Figure 2a that 

the first order diffraction spots break symmetry from this phase accumulation, while the second order 

spots do not. In Figure 2b, we can see graphically that for a given first order diffraction spot 010, there 

are two contributing scattering pathways that pass through two spots of dimmer intensity. For the spot 

01̅0, the two contributing scattering pathways go through two spots of brighter intensity, leading to the 

symmetry between 010 and 01̅0 being broken.  

We can derive an explicit expression for the leading-order contribution to the polarity in terms 

of the atomic structure factors for atoms in a hexagonal lattice, a common structure for 2D materials 

such as graphene and BN, or 2D projections of transition metal dichalcogenides such as MoS2 and WSe2.  

For the TMD materials AB2, the B site form factor is twice the atomic form factor. A schematic of the 

two-species hexagonal lattice and its reciprocal vectors are given in Figure 4.3. 

We start by calculating the potential distribution in Fourier space, starting with the expression 

for the structure factor (Equation (4.5)): 

 

Figure 4.3: Schematic of a hexagonal two species lattice and its reciprocal lattice along with basis vectors for both lattices. 
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𝐹(𝒒) =

1

2𝜋𝑒𝑎0
∫𝑑𝑟 exp(−𝑖𝒒 ⋅ 𝒓) 𝑉(𝒓). (4.14) 

 

Re-writing the potential as a sum of individually displaced a-site and b-site atom potentials 𝑣𝑎(𝒓) and 

𝑣𝑏(𝒓): 

 

𝐹(𝒒) =
1

2𝜋𝑒𝑎0
∫

𝑑𝑟 exp(−𝑖𝒒 ⋅ 𝒓)

∑𝑣𝑎(𝒓 − 𝑖 ∗ 𝒓𝟏 − 𝑗 ∗ 𝒓𝟐) + 𝑣𝑏 (𝒓 −
𝑎

√3
𝑥 − 𝑖 ∗ 𝒓𝟏 − 𝑗 ∗ 𝒓𝟐)

𝑖,𝑗

. (4.15) 

 

Basic Fourier Transform properties transform the individual potentials into their respective form factors 

along with a phase due to the displacement: 

 
𝐹(𝒒) =

1

2𝜋𝑒𝑎0
∑(𝑓𝑎(𝒒) + 𝑓𝑏(𝒒) exp (−

𝑖𝑞𝑥𝑎

√3
))exp(−𝑖𝒒 ⋅ (𝑖 ∗ 𝒓𝟏 + 𝑗 ∗ 𝒓𝟐))

𝑖,𝑗

.  (4.16) 

 

The phase term at the end can be re-written as a delta functions centered on the reciprocal lattice.  As a 

matter of notation, we use lower case 𝒈 to refer to basis vectors, and capital 𝑮 to refer to general 

reciprocal space vectors. We can also more explicitly write the phase contribution due to the b-site 

displacement: 

 
𝐹(𝒒) =

1

2𝜋𝑒𝑎0
∑(𝑓𝑎(𝒒) + 𝑓𝑏(𝒒) exp(−

2𝜋𝑖

3
(ℎ + 𝑘)))𝛿(𝒒 − ℎ𝒈𝟏 − 𝑘𝒈𝟐)

ℎ,𝑘

.  (4.17) 

 

We use the electron form factors parametrized by Kirkland [15] for numerical simulations. Equation 

(4.17 can be re-written as an amplitude and phase for an explicit 𝑮 = ℎ𝒈𝟏 + 𝑘𝒈𝟐: 



59 
  

 𝐹(𝑮) = 𝑈𝑮𝑒−𝑖𝜙𝑮 (4.18) 

 

 

𝑈𝑮 =
1

2𝜋𝑒𝑎0

√𝑓𝑎
2(𝑮) + 𝑓𝑏

2(𝑮) + 2𝑓𝑎(𝑮)𝑓𝑏(𝑮) cos (
2𝜋

3
(ℎ + 𝑘) )  (4.19) 

 

 

𝜙𝑮 = tan−1

𝑓𝑏(𝑮) sin (
2𝜋
3

(ℎ + 𝑘))

𝑓𝑎(𝑮) + 𝑓𝑏(𝑮) cos (
2𝜋
3

(ℎ + 𝑘) )
 (4.20) 

 

The first-order diffraction spots are at 𝒈𝟏, 𝒈𝟐, 𝒈𝟏 + 𝒈𝟐 and their negatives.  Since atomic form factors 

𝑓(𝒒) are radially symmetric, we will use 𝑓𝑎1 and 𝑓𝑏1 to refer to their respective form factors at the first-

order scattering angle. 

 
𝑓𝑎1 = 𝑓𝑎 (

4𝜋

𝑎√3
) , 𝑓𝑏1 = 𝑓𝑏 (

4𝜋

𝑎√3
) (4.21) 

 

 
𝐹(𝑔1) = 𝐹(𝑔2) = 𝐹(−𝑔1 − 𝑔2) =

1

2𝜋𝑒𝑎0
(𝑓𝑎1 −

1

2
𝑓𝑏1 −

√3

2
𝑖𝑓𝑏1) (4.22) 

 

 
𝐹(−𝑔1) = 𝐹(−𝑔2) = 𝐹(𝑔1 + 𝑔2) =

1

2𝜋𝑒𝑎0
(𝑓𝑎1 −

1

2
𝑓𝑏1 +

√3

2
𝑖𝑓𝑏1) (4.23) 

 

Second-order spots are at 2𝑔1 + 𝑔2, 𝑔1 + 2𝑔2, 𝑔1 − 𝑔2 and their negatives.  These all lie at scattering 

angle amplitude 𝑞 =
4𝜋

𝑎
.  Notably, these all have the same form factor. 



60 
  

 
𝑓𝑎2 = 𝑓𝑎 (

4𝜋

𝑎
) , 𝑓𝑏2 = 𝑓𝑏 (

4𝜋

𝑎
) (4.24) 

 

 
𝐹 (|𝑞| =

4𝜋

𝑎
) =

1

2𝜋𝑒𝑎0

(𝑓𝑎2 + 𝑓𝑏2) (4.25) 

 

Looking back at eq. (4.13), we can evaluate the contribution of this third order term for 𝒈𝟏 + 𝒈𝟐.  This is 

an example of constructive second scattering contributing to the polarity: 

 
𝑃(𝒈𝟏 + 𝒈𝟐) =  

(𝜎𝑒𝑎0)
3

4𝜋3
|Ψ0(𝒒 − 𝒈𝟏 − 𝒈𝟐)|

2 

𝑈𝒈𝟏+𝒈𝟐
𝑈𝒈𝟏

𝑈𝒈𝟐
sin(𝜙𝒈𝟏+𝒈𝟐

− 𝜙𝒈𝟏
− 𝜙𝒈𝟐

). 

(4.26) 

 

Looking at eq. (4.22) and (4.23), all the 𝑈 terms are the same, which we’ll re-write as 𝑈1.  For the 

phases, 𝜙𝒈𝟏+𝒈𝟐
= −𝜙𝒈𝟏

=  −𝜙𝒈𝟐
.  We can re-write eq. (4.26) as: 

 
𝑃3(𝒈𝟏 + 𝒈𝟐) = −

(𝜎𝑒𝑎0)
3

4𝜋3
|Ψ0(𝒒 − 𝒈𝟏 − 𝒈𝟐)|

2𝑈1
3 sin(3𝜙𝒈𝟏

). (4.27) 

 

Calculating this third order term for the −𝒈𝟏 − 𝒈𝟐 spot is similar, but gives the negative result because 

𝜙−𝒈𝟏−𝒈𝟐
= 𝜙𝒈𝟏

= −𝜙−𝒈𝟏
: 

 
𝑃3(−𝒈𝟏 − 𝒈𝟐) =

(𝜎𝑒𝑎0)
3

4𝜋3
|Ψ0(𝒒 + 𝒈𝟏 + 𝒈𝟐)|

2𝑈1
3 sin(3𝜙𝒈𝟏

). (4.28) 

 

These results are consistent with Fig. 2b.  Furthermore, we can rewrite the sin 3𝜙 and multiply with the 

𝑈 terms to re-write eq. (4.27) and (4.28) in terms of 𝑓𝑎1 and 𝑓𝑏1: 



61 
  

 sin(3𝜙𝒈𝟏
) = 3 sin𝜙 cos2 𝜙 − sin3 𝜙. (4.29) 

 

Noting that the magnitude 𝑈1 times the cosine or sine gives the real and imaginary portions of the form 

factor, respectively: 

 
𝑈1 sin𝜙 =

−𝑓𝑏1√3

4𝜋𝑒𝑎0
, (4.30) 

 

 

𝑈1 cos𝜙 =
𝑓𝑎1 −

1
2𝑓𝑏1

2𝜋𝑒𝑎0
, (4.31) 

 

 
𝑃3(𝒈𝟏 + 𝒈𝟐) =

−𝜎3

32𝜋6
|Ψ0(𝒒 + 𝒈𝟏 + 𝒈𝟐)|

2 

∗ 3(−
√3

2
𝑓𝑏1)(𝑓𝑎1 −

1

2
𝑓𝑏1)

2

− (−
√3

2
𝑓𝑏1)

3

, 

(4.32) 

 

 
𝑃3(𝒈𝟏 + 𝒈𝟐) =

3𝜎3√3

64𝜋6
|Ψ0(𝒒 − 𝒈𝟏 − 𝒈𝟐)|

2𝑓𝑎1𝑓𝑏1(𝑓𝑎1 − 𝑓𝑏1), (4.33) 

 

 
𝑃3(−𝒈𝟏 − 𝒈𝟐) = −

3𝜎3√3

64𝜋6
|Ψ0(𝒒 + 𝒈𝟏 + 𝒈𝟐)|

2𝑓𝑎1𝑓𝑏1(𝑓𝑎1 − 𝑓𝑏1). (4.34) 

 

Now the polarity strength is explicitly dependent on the difference between form factors.  Notably, this 

clearly shows that for materials like graphene where 𝑓𝑎1 = 𝑓𝑏1,  there is no polarity.  Below is a graph of 

|𝑓𝑎1 − 𝑓𝑏1| as a function of |Δ𝑍|. 
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We can do a similar calculation for the second order spots at 𝒈𝟏 − 𝒈𝟐 and 𝒈𝟐 − 𝒈𝟏.  This time, these 

paths are destructive since 𝜙𝑔1
= −𝜙−𝑔2

.  Furthermore, all the second order spots have zero phase.  

This means, we can easily state: 

 𝑃(𝒈𝟏 − 𝒈𝟐) =  0 (4.35) 

 

We emphasize that this does not mean that the diffraction spot itself has no intensity, but that there is 

no polarity-contributing term for this spot.  This is consistent with the graphical construction in Figure 

4.2c. 

The precise dependence of atomic form factors on atomic numbers depends on the scattering 

angle, with forward scattering scaling as ~𝑍1 3⁄ in the Thomas-Fermi model to 𝑍 at very high angles [11-

15].  Figure 4.4 shows the dependence is closer to linear. For normal diffraction intensities we are used to 

seeing the measurement scaling as the square of the form factor, so the linear dependence from a 3rd 

order term is perhaps a bit surprising, but equation (4.33) makes explicit the linear origin.  

Figure 4.4: Graph of difference in form factor  |𝑓𝑎1 − 𝑓𝑏1| as a function of difference in 
Z-number |𝛥𝑍| between A and B sites for a variety of materials. 
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A similar scattering analysis for the second ring of spots led to a zero three-phase invariant, and 

hence zero polarity. As shown in Figure 4.2c, we can see that for a given pair of conjugate second order 

diffraction spots 110 and 1̅1̅0, the two sets of scattering pathways go through diffraction spots of the 

same intensity, leading to symmetric spots. The preservation of phase information (through sin(Ψ)) in 

the closed, multiple scattering paths give rise to the asymmetry between conjugate diffraction pairs and 

reflects the polarity in the diffraction pattern.  

We see that multiple scattering (understood as the higher order terms in the expansion of the 

SPA of the electron wavefunction) can break Friedel’s law within a single atomic layer (zero-thickness film) 

in polar 2D materials. Single layer 2H-TMDs, which contain heavy elements and mirror plane symmetry 

along the surface normal (c-axis) but lack in-plane inversion symmetry, provide ideal test materials.  

 

4.3 Methods 

We perform dark field transmission electron microscopy (DF-TEM) on WS2/WS
x
Se

2-x
/WSe2 lateral 

heterojunctions at 120 keV, as shown in Figure 4.5. We also perform experiments using our newly-

developed high dynamic range electron microscope pixel array detector (EMPAD) to extract quantitative 

diffraction information from lateral heterojunctions of TMDs on nitride substrate as well as monolayer 

TMDs to measure their polarity. The EMPAD acquires a diffraction pattern in .86 ms at each scan position 

of the electron beam, and has a linear response and high dynamic range, allowing us to avoid saturation 

and access fully quantitative information[21]. We perform EMPAD experiments on the lateral 

heterojunctions of TMDs at 120 keV and on the monolayer TMDs at 60 keV on an FEI Titan Themis S/TEM, 

operated at 60-300 kV in scanning transmission electron microscopy (STEM) mode. The WS2 and WSe2 

lateral heterojunctions were grown by metal-organic chemical vapor deposition (MOCVD). The individual 

WS2 and MoS2 samples were grown by MOCVD with mostly monolayer coverage on silicon dioxide (SiO2), 
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delaminated in deionized water to separate the film from the substrate and then transferred to Quantifoil 

copper TEM grids with 2μm holes. The WS2 and WSe2 lateral heterojunctions were grown by metal-organic 

chemical vapor deposition (MOCVD) and transferred to silicon nitride membranes for imaging. 

We also study the anomalous contrast due to polarity in the 2D TMD materials through 

simulations. The exit electron wavefunction through a specimen is calculated using a multislice algorithm 

by sequentially propagating an incident wave through atomically-thin slices using a strong phase 

approximation (SPA) at each slice [11-15]. Due to instabilities in the sampling of atomic potentials 

projected onto a discrete grid near their origins, multislice codes that generates these potentials in real 

space do not reliably reproduce the polarity in the diffraction pattern. Instead, we implement code to 

remove the singularity by adding a finite nuclear radius. We calculate the diffraction intensity from the 

full electron wavefunction, i.e. the strong phase approximation (SPA). The projected crystal potential 

generated by the code in the SPA is a 1024 × 1024 matrix.  We then fast Fourier transform this matrix, 

take its absolute value and square the absolute value to get the diffraction intensity. For a monolayer 

material, the SPA is equivalent to running multislice with the layer projected into a single slice – i.e. there 
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is no propagation step inside the material. The system of units is such that the atomic potential 𝑉(𝑟) is in 

Volt-Angstroms (𝑉 ⋅ Å). In addition to our multislice simulations using the SPA, we also calculate the 

diffraction intensities from a power series expansion of the wavefunction up to 𝑂(𝜎3) terms, i.e. including 

up to 𝑂(𝜎6)  order terms in the diffraction intensity. In case of the power series expansion, the diffraction 

intensity is calculated from convolutions of the structure factor for a particular scattering vector 𝒒.  

 

4.4 Results 

In Figure 4.5 (a-c), dark field TEM images formed from Friedel pairs of diffraction peaks for a lateral 

heterojunction of TMDs WS2 and WSe2 show the polarity of the sample. The calculated diffraction 

intensity from our implementation of the SPA of the electron wavefunction is shown for WS2 and WSe2 as 

a function of incident electron beam energy in Figure 4.5d. The difference between the 010  peak 

intensities (solid lines in Figure 4.5d) for the two materials is much lower than the corresponding 

Figure 4.5: a-b, 120 keV DF-TEM images formed from 010 and 01̅0 peaks of the diffraction pattern of monolayer WS2/WSxSe2-

x/WSe2 lateral heterojunctions demonstrate the polarity of the sample in the reversed contrast of the images the two dark-field 
images. c, Diffraction pattern showing the peaks corresponding to the images in a and b. The inset shows the lattice schematic of 
the sample in a and b, where each triangle has a similar structure to Fig. 1a due to the same growth condition. d, The normalized 

diffraction intensity for WS2 and WSe2 is plotted as a function of beam energy for 010 and 01̅0 peaks. The difference between the 
two peaks is greater for WS2 than for WSe2 correlating with the magnitude of ΔZ, where ΔZ =Z(A)-[n × Z(B)], and Z is the atomic 
number of A and B in the polar material ABn, is greater WS2 is greater than that for WSe2. The difference between the 010 peaks 

for the two materials is also much smaller than the corresponding difference between the 01̅0 peaks, explaining the difference in 
contrast between the two triangles in a-b. 
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difference between the 01̅0 peak intensities (dotted lines in Figure 4.5d). This corroborates the reversal 

of contrast in the triangle heterostructures in Figure 4.5 (a-b), which arises from the fact that the real 

space image in Figure 4.5a is mapped from one diffraction peak in Figure 4.5c while the image in Figure 

Figure 4.5b is mapped from its conjugate peak.   

The relative anomalous contrast, P, arising from the polarity, shows a correlation with the atomic 

number difference, Δ𝑍 = 𝑍(𝐴) − 𝑛 × 𝑍(𝐵), where 𝑍 is the atomic number of elements 𝐴 and 𝐵 in the 

polar material AB𝑛. In Figure 4.6, we explore the trends in anomalous contrast as a function of Δ𝑍 for the 

common sulfide and selenide TMDs. The results from the EMPAD experiments performed at incident 

beam energy 60 keV on the free-standing monolayer WS2 and MoS2 samples are plotted along with the 

measures of polarity from the SPA and analytic calculations from the power series expansion of the 

electron wavefunction. For the truncated power series expansion, the anomalous contrast deviates 

Figure 4.6: Anomalous contrast calculated from the strong phase approximation (SPA), a power series expansion of 
the Born wave function, and EMPAD experimental data are plotted as a function of ΔZ. We see a clear positive 
correlation between the contrast and ΔZ in the SPA, with the experimental data in close agreement. For the power 
series expansion, deviations from the trend are most apparent for the materials with the highest ΔZ (WS2 and TiSe2)  
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significantly from the SPA and the experimental measure for the materials with the highest absolute value 

of Δ𝑍, i.e. WS2 and TiSe2. This is because the phase shifts for these heavy materials with high atomic 

potential do not converge for the 𝑂(𝜎3) terms, which is the highest order our calculation includes, again 

supporting the argument that these monolayer TMD materials are acting as strong phase objects.  

Thermal vibrations, often approximated by an absorptive potential, may also contribute to the breakdown 

of Friedel symmetry. However, the expected absorptive correction, from the attenuation of the Bragg 

peaks is only ~1% in MoS2 at the 1st-order Bragg peaks and 2-3% at the 2nd-order peaks, based on a 0.075 

Å average in-plane atomic displacement [29]. This is too small to explain the 10% change seen at the 1st-

order peaks in MoS2,  

 

The scaling of anomalous contrast with the degree of polarity in the material also explains the 

differences in polarity contrast for WS2 and WSe2 seen in Figure 4.1 and Figure 4.5. The diffraction pattern 

from the WS2 region of the sample in Figure 4.1b, shows a greater difference in the diffraction intensities 

in the 010 and 01̅0 spots than the pattern from the WSe2 region in Figure 4.1c, again, as expected from 

the relative difference in atomic numbers of the constituent elements, Δ𝑍, and hence, the polarity, for 

the two materials. This difference in polarity is also reflected in Figure 4.5d, where the difference between 

the intensities the 010 and 01̅0 peaks for WS2 is greater than that for WSe2. 

4.5 Conclusions 

Monolayer TMD materials act as sufficiently strong phase objects that measurable asymmetry 

exists between the intensities of Friedel pairs in their diffraction patterns.  The effect is strong enough to 

be useful for mapping the direction of polarity in non-centrosymmetric TMD monolayers, enabling us to 

rapidly map polarity domains of the crystal across orders of magnitude in length scale using diffraction-

contrast imaging. We identify the origin of the asymmetry in terms of a power-series expansion of the 
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strong phase approximation, which leads to a similar phase analysis in terms of three-phase invariants 

and scattering paths as that of the bulk Bloch-wave based multiple scattering analysis for bulk crystals.  In 

using this effect for mapping polarity, it is also important to remember that for few-layer samples, 

especially those that lack inversion symmetry along the out-of-plane direction, sample mistilts can also 

lead to asymmetric contrast -although it is readily distinguishable from polarity by inspection of the 

EMPAD data – the second order peaks will change contrast from mistilt, but not polarity.   
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5 Corrugated MoS2 

5.1 Introduction 

 Two-dimensional (2D) materials offer a variety of useful electronic properties with the smallest 

size footprint[2]. Inspired by origami and kirigami, researchers have sought to create three-dimensional 

structures via cuts and folds in various materials[3-5]. In paper origami, a single sheet can transform into 

a variety of different shapes. Likewise, nanoscale origami and kirigami offers the possibility of self-

assembly into different shapes and functions[7, 8]. However, paper is a continuous incompressible 

medium while 2D materials are discretely tiled lattices that can be strained and sheared. These 

properties introduce different rules when bending[11, 12]. The resulting shape is not composed of 

discrete lines of Gaussian curvature in sharp folds like in paper but continuous curvature, dictated by a 

careful balance of bending and stretching energies. Rather than considering how to fold the material, 

perhaps it is more fitting to consider how to “knit” a lattice that creates curvature analogous to the 

knitting example in Figure 5.1b. 

Curvature necessitates the appearance of defects in the lattice. Certain defects have a 

topological “charge” according to the difference of their coordination number and the preferred flat-

Figure 5.1: a) SEM image of corrugated MoS2 transferred on a TEM grid. The MoS2 collapses on the frame due to the 
van der Waal’s interaction, but is able to be free-standing over the holes. The corrugations are roughly 50 nm in 
diameter and 25 nm in height. b) Interesting “real world” analog created through knitting, credit: gabydurnford[1]. 
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space number and serve as a source of curvature. For example, pentagons and heptagons have a 

topological charge of +1 and -1 respectively in a flat hexagon tiled system like graphene. The total 

topological charge must equal the product of the Euler characteristic of the shape and the preferred 

coordination number[13, 14]. The classic example is the soccer ball composed of 20 hexagons (0 charge) 

and 12 pentagons (+1 charge each) because the sphere has an Euler characteristic of 2. However, due to 

the local nature of material growth, tiling lattices over curved surfaces rarely resolves as simply as the 

soccer ball example. Literature in colloidal growth demonstrate the formation of “pleats”, lines of 

pentagons and heptagons with zero net charge, when growing crystals over curved surfaces[15]. A study 

of these chargeless defect structures on a sphere show that they grow in length based on the ratio of 

the radius and mean-particle spacing[16]. 

However, an equilibrium 3D structure does not have to start from a flat sheet of material. Joonki 

Suh from the Park group has grown MoS2[17] on a bumpy substrate using MOCVD. The MoS2 grows 

conformally, forming a corrugated MoS2 sheet. This sheet remains corrugated even after releasing from 

the substrate (Figure 5.1a). Corrugation size and distribution can be changed using different patterned 

substrates. These corrugations have numerous effects on the material. The out-of-plane buckling 

exhibited by corrugated MoS2 affects its rigidity[18, 19]. Local strain fields caused by buckling also affect 

the bandstructure[20]. Zhang et al grew similar graphene corrugations for strain engineering[21]. While 

the initial state is different from starting from a flat sheet in kirigami, the same basic physical principles 

of bending, strain, and tiling apply when considering its equilibrium shape after release from the 

substrate.  

Characterizing the curvature and lattice tiling of these corrugations is challenging using 

traditional TEM methods. The wide variety of tilt across the sample makes it impractical to keep all of 

the curved surface within the limited depth of field of an aberration-corrected instrument. Tilt also 

affects the location of the diffracted spots in the diffraction pattern, which can obfuscate analysis from 
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Dark-Field TEM[22]. Here, we show a new method of crystal structure characterization utilizing 4D-STEM 

that does not require tilting the sample at all. Using a more parallel probe and analyzing the resulting 

diffraction pattern with an understanding of how tilt affects the pattern, we can map crystal orientation 

over a wide field of view. A similar diffraction peak-finding technique was used to study organic 

semiconductor thin-films[23], but our method includes the additional complication of mapping the 

diffraction pattern transformation caused by out-of-plane tilt. By accompanying this with ptychographic 

reconstructions of atomic-resolution diffraction data, we can gain a comprehensive understanding of 

the corrugated MoS2 crystal structure on both the atomic and crystal scale. Molecular dynamics 

simulations further support our findings. 

5.2 Theory 

Tilting a monolayer sheet of MoS2 affects the diffraction pattern in a predictable way. By 

measuring how the spots have shifted with respect to an unstrained, on-axis sample, we can determine 

what the in-plane and out-of-plane tilt angles are, along with a biaxial strain. We assume that the 

asymmetry of the diffraction pattern is caused by the out-of-plane tilt and do not consider uniaxial 

Figure 5.2: Cartoon of how tilt moves diffraction pattern spots. A 2D material has reciprocal rods/cones 
rather than a reciprocal lattice. The intersection of the rods with the Ewald sphere dictates the location of 
the diffracted spots. The Ewald sphere is shown here as a flat black line due to the high energy of the 
electron beam. Tilting the sample tilts the rods (dark blue) and moves the diffracted spots further away 
compared to being on axis (light blue) 
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strains (but do allow for biaxial). The location of the diffraction spots is determined by the intersection 

of the Ewald sphere and the fourier transform of the MoS2 lattice. Because the sample is just a single 

sheet rather than a bulk sample, the fourier transform is not an array of discrete points in space, but an 

array of rods normal to the plane of the sample (or cones if we allow for local fluctuations of the 

membrane [24]). A simple 1D representation of tilt and its effects on diffraction spot location is shown in 

Figure 5.2. For the tilt transformation, we chose to first rotate around the z-axis by 𝜃 degrees, then 

around the new y’-axis by 𝜙 degrees, and finally by the new z’-axis by 𝜓 degrees.  Under this 

transformation, a point 𝑟 = (𝑎, 𝑏, 𝑐) transforms to 

 

𝑟𝑓⃗⃗⃗  = (𝑎 cos𝜓 cos𝜙 cos 𝜃 − asin𝜓 sin 𝜃 − 𝑏 sin𝜓 cos𝜙 cos 𝜃 − 𝑏 cos𝜓 sin𝜃

+ 𝑐 sin𝜙 cos 𝜃)𝑥

+ (𝑎 cos𝜓 cos𝜙 sin𝜃 + 𝑎 sin𝜓 cos 𝜃 − 𝑏 sin𝜓 cos𝜙 sin𝜃

+ 𝑏 cos𝜓 cos 𝜃 + 𝑐 sin𝜙 sin 𝜃)�̂�

+ (−𝑎 cos𝜓 sin𝜙 + 𝑏 sin𝜓 sin𝜙 + 𝑐 cos𝜙)�̂�. 

(5.1) 

 

However, these are not the coordinates of the diffraction spot.  The diffraction spot is the intersection 

between the normal vector of the transformed plane with 𝑟𝑓⃗⃗⃗   as the origin and the Ewald sphere.  Since 

the original diffraction spots were points (𝑎, 𝑏, 0), �̂� was the original normal vector.  Under 

transformation,  

 𝑧 ′̂ = sin𝜙 cos 𝜃 𝑥 + sin𝜙 sin𝜃 �̂� + cos𝜙 �̂� (5.2) 

is the new normal unit vector.  Due to the high beam voltage, we can approximate the Ewald sphere as 

the flat xy-plane in the relevant scattering region.  We therefore want to find the projection from 𝑟𝑓⃗⃗⃗   

using the normal vector where the z component is equal to 0.  We can express this as 
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 −𝑎 cos𝜓 sin𝜙 + 𝑏 sin𝜓 sin𝜙 + 𝑡 cos𝜙 = 0, (5.3) 

where t is the length of the normal vector.  We can solve for t and then calculate the projected x and y 

coordinates of the diffracted spot: 

 𝑡 =
𝑎 cos𝜓 sin𝜙 − 𝑏 sin𝜓 sin𝜙

cos𝜙
, (5.4) 

 

 𝑥𝑝𝑟𝑜𝑗 = 𝑟𝑓𝑥 + 𝑡 sin𝜙 cos 𝜃, (5.5) 

 

 𝑦𝑝𝑟𝑜𝑗 = 𝑟𝑓𝑦 + 𝑡 sin𝜙 sin𝜃, (5.6) 

where 𝑟𝑓𝑥 , 𝑟𝑓𝑦 are the x and y components of 𝑟𝑓⃗⃗⃗  .  
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5.3 Fitting Strategy 

Now that we know the final coordinates of the diffracted spots under tilt and rotation, we can in 

principle map the coordinates to four parameters: the three Euler angles 𝜓,𝜙, 𝜃, and a scalar length 𝑔.  

However, mapping all four parameters simultaneously is computationally expensive.  It is actually 

possible to determine some parameter values independent of the others and significantly cut down 

computation time. 

 We examine the length of the diffracted spot, 

Figure 5.3: Schematic of defects and their effect on curvature. a) A pentagon creates a positively charged disclination resulting in 
positive Gaussian curvature. b) A heptagon creates a negatively charged disclination resulting in a saddle shape with negative 
curvature. c) A string of dislocations created by 5-7 pairs (pentagons in red, heptagons in blue) creates a “pleat.” The pleat forms 
a grain boundary between the left and right regions with zero curvature. However, traveling around the ends of the pleat is a 
curved surface where the crystal orientation is making a continuous transition. Figures a and b from Ovido’ko[6] and Ihara et 
al.[9], c from Wang and Crespi [10]. 
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 |𝑟𝑝|
2

= |𝑥𝑝|
2
+ |𝑦𝑝|

2
. (5.7) 

At first glance, this computation looks very messy with a great deal of cross-terms.  However, we can 

take advantage of two geometric facts.  The first is that the transformed vector 𝑟𝑓⃗⃗⃗   maintains the same 

squared length 𝑎2 + 𝑏2.  The second is that the final projected point was calculated by adding a vector 

that was normal to 𝑟𝑓⃗⃗⃗   and had a calculated length of 𝑡.  Thus, rather than grinding through the algebra3, 

we can determine through geometry that the squared length is 

 |𝑟𝑝|
2

= 𝑎2 + 𝑏2 + 𝑡2. (5.8) 

This length has no 𝜃 dependence.  By normalizing the measured distances by the shortest one, this 

allows the distances to be mapped to 𝜓 and 𝜙 independent of 𝜃 and 𝑔. 

5.4 Defects and Topology 

 Curvature in one dimension is simply described by the radius of the tangent circle at the 

relevant point. The curvature κ is the inverse of this radius. However, for two-dimensional surfaces, 

there are an infinite number of paths going through a point. To characterize 2D curvature, we calculate 

the Gaussian curvature, which is the product of the curvatures κ1 and κ2 along the two principle 

directions at a point. For example, a sphere exhibits positive curvature with any orthogonal set of 

directions as its principle directions. A cylinder has zero Gaussian curvature on its side because even 

though it has positive 1D curvature going in the principal azimuthal direction, it has zero 1D curvature in 

the principle z-direction. A saddle point has negative Gaussian curvature because its sitting both at the 

bottom of a valley and the top of the hill and therefore has oppositely signed 1D curvatures. 

 
 

3 The author ashamedly admits that he attempted the algebra first, magnificently navigated all the manipulations 
to gain the same result, and then realized that he was an idiot. 
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 When tiling a surface, one has to consider the total topological “charge” of the surface and the 

individual charges of the tiles. Different shaped tiles can serve as sources of curvature. Flat MoS2 can be 

tiled solely with hexagons, so hexagons have zero topological charge. Hexagons work well for flat 

surfaces since their internal angle is a divisor of 360 degrees. This means any vertex can be filled with an 

integer number of tiles without missing or excess angles. However, a pentagon has an internal angle of 

Figure 5.4: Molecular dynamics simulation of MoS2 nucleation across a corrugated substrate predicts multicrystalline 
behavior along with formation of disclination scars at disparate crystal orientation boundaries. MD simulations were 
performed with the LAMMPS package using the REBO force field (Gang Soeb Jung and Markus Buehler, MIT). 

Figure 5.5: Molecular dynamics simulation of the MoS2 lattice at a corrugation grain boundary. a) Low mag overview shows a 
long scar grain boundary. b) Higher mag picture of the red boxed region in a) shows a complicated ring structure makes up the 
grain boundary.  The “5” and “7” markers highlight a short pleat of pentagons and heptagons. 
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108°. Compared to tiling three hexagons together at a point, there is a missing angle of 36°. Similarly, a 

heptagon has an internal angle of about 128.57° and creates an excess angle of about 25.71°. These 

angles can be accommodated by transforming the surface to one with positive and negative Gaussian 

curvature respectively as demonstrated in Figure 5.3a-b. Thus, pentagons are considered positively-

charged defects, while heptagons are negatively-charged. With respect to a primarily hexagon-tiled 

system, pentagons and heptagons have equal and opposite charge. 

 The classic way to tile a sphere with primarily hexagons involves adding twelve evenly spaced 

pentagons with positive charge to account for the positive curvature. However, Vitelli et al[15] observed 

the formation of uncharged lines of pentagon-heptagon dipoles called “pleats,” as shown in Figure 5.3c, 

for more general curved surfaces. While this behavior occurred in colloidal growth, Wang and Crespi 

showed theoretical support for identical behavior in curved MoS2[10]. Should a pleat terminate with an 

additional charged pentagon/heptagon, this creates a high-angled grain boundary called a “scar.” We 

expect to see these pleats and scars when examining the atomic lattice of the corrugations. 

5.5 Molecular Dynamics 

Figure 5.6: a,b) Tilt and in-plane rotation maps of corrugated MoS2 where the corrugations are 50 nm in diameter and 25 
nm in height.  c) Combined map gives better representation of crystal rotation with respect to corrugation locations. The 
color represents the in-plane rotation, while increasing color saturation shows higher out-of-plane tilt.  Areas in dark 
black were unable to be mapped, usually indicating multiple crystal alignments. Individual corrugations are frequently 
made of continuously shifting in-plane crystal alignment along with a “scar” where disparate alignments meet. Tilt and 
rotation maps are made by measuring shifts in the diffraction pattern and correlating it to a transformation under three 
Euler angle transforms. 
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 Molecular dynamics (MD) simulations (Figure 5.4, Figure 5.5) performed by Gang-Seob Jung 

from the Markus Buehler group via the LAMMPS MD package[25] with the Reactive Empirical Bond 

Order force field[26-28]. The simulation gives a good prediction of the final crystal structure of the 

corrugated MoS2. It also provides an idea of how the nucleation process forms such a structure. Notably, 

it predicts the same formation of scars as noted in the soft matter literature. As the crystal travels 

around the scar, the orientation changes in a continuous manner. However, once it loops back and has 

to cross the scar itself, there is a discrete change in orientation. At the scar itself, there is a complicated 

sequence of non-hexagon rings that forms the grain boundary. As shown in Figure 5.5b, this includes a 

pleat composed of 5- and 7- member rings. 

5.6 Spot Measurement 

 A typical diffraction dataset comes with 256x256, or 65,536, diffraction patterns. Such a large 

number of patterns requires automatic computer analysis to measure the location of the diffracted 

spots that is rigorous against noise. First, we perform a cross-correlation with a spot mask that has the 

same size as the diffraction spots. Then, we clip all values to a certain minimum floor value and then 

subtract off that floor.  This results in strictly positive values around where the diffracted spots are and 
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zero elsewhere.  A 2D peak finding algorithm then gives rough starting locations of where the diffracted 

spots might be.  We enhance this precision by calculating the center of mass with a mask centered 

around these starting locations.  Because the region around it is filled with zeros, we can use a mask that 

is larger than the diffraction spot to get a more precise measurement of the center of each diffraction 

spot.  Finally, additional filters remove duplicate locations as well as locations that are either too close 

or too far from the center. 

5.7 Experimental Results 

 Figure 5.6 shows a tilt and rotation maps of corrugated MoS2 where the corrugations are 50 nm 

in diameter and 25 nm in height. Diffraction data for mapping tilt and rotation was taken on a probe 

corrected CryoSTEM Titan at 80 keV in microprobe mode with a 0.60 mrad aperture semiangle. The 

maps were generated by correlating the measured diffraction spots with three Euler angles and a 

Figure 5.7: Higher magnification combined tilt and rotation image of a 100 nm diameter corrugation. Going clockwise 
starting from the bottom green region, the crystal orientation changes continuously until it loops back and hits a grain 
boundary, suggesting the location of a scar defect in the crystal. This matches results of the MD simulation in Figure 5.4. 
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uniaxial strain. In Figure 5.6c, the color shows the in-plane rotation, while the saturation shows the tilt. 

As predicted by the molecular dynamics simulations, the sample is made of continuously changing 

crystal orientation as shown in Figure 5.7. However, as the crystal loops back, there is a discrete change 

in orientation suggesting a scar formation. A histogram of the lattice constant in Figure 5.8 shows that 

the sample is largely unstrained. When there is strain, it is mostly around the scars and the bottom of 

the corrugations as shown in Figure 5.8a. 

 Figure 5.9 is a HAADF reconstruction of atomic-resolution diffraction data taken around one of 

these scar sites. Due to the limitation of HAADF and the significant mistilt, the sulfur atoms are not well 

resolved, and the molybdenum atoms are larger than expected, as if there was some coma in the probe. 

Of course, because the sample is tilted, the sulfur atoms are too close to the molybdenum atoms, which 

explains both of these artefacts. By using a ptychographic reconstruction which has greater resolving 

power, we can now better resolve the sulfur and molybdenum atoms and have a detailed look at the 

ring structure that forms at a scar.  By using the molybdenum atom positions, we can map the local tilt 

and model what the lattice appears in projection. These models are also overlaid in Figure 5.9 and give 

us an approximate idea of the molybdenum-sulfur bond locations. 

Figure 5.8: a) Lattice constant map of the 50 nm corrugated MoS2 sample. b) Histogram of lattice constants show that 
the sample is mostly unstrained, but strains are largely located around scar regions. 
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 Figure 5.10 shows a tilt-rotation images of corrugations of varying sizes. As the size of the 

corrugation increases, there is a transition from a continuous round shape to a more faceted structure. 

This transition from round to faceted has been observed before in MoS2 fullerenes and is attributed to a 

trade-off in energy between strain and dislocations [29]. As size increases, it becomes energetically 

favorable to create more dislocations rather than maintaining a continuous strain across a large area. 

However, we are not certain this is the case for our corrugations as they are also influenced by the initial 

shape of the patterned substrate. It is possible that the corrugations in the substrate were already 

facetted due to etching. Thus, we are unsure if the origin of the faceting starts from the substrate or the 

released film. 

5.8 Discussion 

 While there is a good agreement between simulation and experiment, there are some 

additional factors in the experiment that should be considered. The MD simulation showed a nucleation 

Figure 5.9: a) HAADF reconstruction of a scar location in 50 nm corrugated MoS2. b) Ptychographic reconstruction of 
the same region. The mistilt at the region causes the sulfur atoms to be too close to the molybdenum atoms to 
properly resolve in HAADF. However, the Molybdenum positions are sufficient for mapping to a tilt and providing 
models (overlaid) for where the sulfur atoms might be. The increased resolution of ptychography is necessary to 
resolve sulfur positions and have good agreement with simulated positions.  
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from one point spreading out, but in the MOCVD chamber, there will be multiple nucleation sites. What 

results as these spreading nucleations meet each other might account for the complicated ring structure 

at the grain boundary shown in Figure 5.9b. Additionally, these samples have to be transferred from 

substrate to TEM grid. It is clear that the MoS2 retains a corrugated structure despite the transfer, but 

the corrugation itself may have changed and settled into a separate stable state during transfer. 

 Prior literature points to a possible explanation for the shape transition between round to 

faceted, but concrete supporting evidence and the nucleation mechanisms at play are lacking. 

Additionally, we have yet to identify the critical size and its dependence on diameter versus height. 

 

 

5.9 Conclusion 

 Corrugated MoS2 presents an imaging challenge that traditional methods cannot easily answer 

due to the large variety of tilts and defects present in the sample. However, because of the availability of 

the full scattering information thanks to the EMPAD, we are able to produce new imaging methods that 

can map in-plane and out-of-plane tilt without ever having to tilt the sample itself. A combined map 

Figure 5.10: Tilt rotation maps across varying corrugation diameter sizes. As the size increases, there is a sudden 
transition from a round to faceted corrugation shape. A similar behavior in MoS2 fullerenes suggests this is due 
increasing dislocations being energetically favorable compared to maintaining the continuous strain around a large 
area. 
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showing in-plane rotation with respect to corrugation location showed a continuous change in crystal 

orientation until it loops around itself and forms a high-angle boundary, a very likely location of a 

topological scar made up of 5- and 7- member rings. The tilt of the crystal structures places the sulfur 

atoms close to the molybdenum atoms, making it difficult to resolve with traditional HAADF imaging. 

However, with the higher resolution of ptychography, we were able to resolve the sulfur and 

molybdenum atoms separately, giving us a complicated picture of how the atoms are arranged at a grain 

boundary. Furthermore, a study on the effect of increasing corrugation size showed a critical transition 

from a smooth round shape to a more facetted shape, indicating a preference of bending energy over 

strain, assuming the faceting was not already present when grown on the substrate. Further study is 

needed, particularly correlating high-resolution atomic images with its location on a corrugation as well 

as identifying the parameter that dictates the smooth to facetted transition.   
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6 Machine Learning 

I was there the day the strength of Men failed. 

 -Elrond, Lord of the Rings: The Fellowship of the Ring 

I for one welcome our new computer overlords. 

 -Ken Jennings, Jeopardy!, February 16th, 2011 

6.1 Introduction 

 Prior chapters used scattering theory to identify features in the diffraction pattern and what 

information they contain. When analyzing the corrugated MoS2 sample, automatic computer 

recognition of where the diffracted spots was key to mapping out tilt and rotation in the sample. 

Generically, we have demonstrated a process where we use theory to identify a key element in a 

diffraction pattern and then use computer analysis to quickly map that element in the diffraction data. 

 However, we can push further by introducing machine learning. Rather than explicitly outlining 

the algorithmic process to achieve a result, supervised machine learning allows us to simply give the 

computer the desired result and then let its network figure out the appropriate algorithm to achieve it. 

After the network has been appropriately trained, we can look into its learned filters and nodes and use 

that to guide theory that more explicitly explains how to map certain features. 

 Machine learning in electron microscopy dates back as early as 1997 where neural networks 

were used for single particle classification on SEM data [1]. The date may seem surprising to those only 

aware of machine learning’s recent resurgence, but machine learning dates back all to the development 
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of the “perceptron” by Rosenblatt4 in 1958 [2] published in a psychology journal. As a point of reference, 

FORTRAN was only published a year prior [3]. Key developments in machine learning over the decades 

[4-7] along with the exponential growth of computing power following Moore’s Law has expanded 

neural network capabilities. Modern implementations of machine learning are frequently re-branded as 

“deep learning.” Demonstrations of deep learning capabilities[8-10] along with the publication of 

effective architectures like ResNet[11], GoogleNet[12], and VGG[13] have encouraged scientists across 

all fields to increasingly consider how machine learning can aid their research.  

Machine learning has been used for a few applications in electron microscopy. Neural networks 

for image segmentation are a frequent example [14-17], particular on the biological and cryogenic side 

of electron microscopy. These are all based on real-space images for input. Of course, machine learning 

has also been implemented for hyperspectral data such as EELS or 4DSTEM. Common methods like Non-

negative matrix factorization (NMF)[18] or principle components analysis (PCA)[19] are considered 

forms of unsupervised machine learning with numerous examples in electron microscopy literature [20, 

21]. Examples are mostly for the unmixing of signals found in EELS. With the recent availability of large 

amounts of diffraction data, machine learning for automatic diffraction analysis is rising in popularity, 

particularly for crystallography [22-24]. In particular, Li et al. used manifold learning to analyze 

ronchigram contrast to identify single dopant anomalies [25], which is similar to this chapter’s work on 

phase retrieval. 

 In this chapter, we will explore the use of supervised machine learning to create neural 

networks that output high resolution 2D images from 4D diffraction data. We start by replicating the 

ADF weighting using a linear model. Then, we attempt to create ptychography quality images using a 

 
 

4 Frank Rosenblatt got his Bachelor’s in Social Psychology in 1950 and his PhD in Psychology in 1956 from Cornell 
University. 
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more advanced linear model. Finally, we transition to a more complicated convolutional model and 

compare its reconstruction capabilities to ptychography.  

6.2 Introduction to Supervised Machine Learning 

 In both supervised and unsupervised machine learning, the algorithm is given a loss function. 

The neural network is composed of a series of abstract layers that perform computational steps. As the 

network goes through the input data, it continues to iterate on what exactly these layers should perform 

to lower the loss. Generically, you can think of any neural network as an input, some black box in the 

middle, and an output. Neural networks can have more than one input or one output and the black box 

can have varying degrees of complexity. The programmer must specify the basic architecture the layers 

in the black box, but the machine learning algorithm fills in the details during training.  

 In supervised machine learning, the data set used to evaluate the network has a known output. 

The loss function is then a measure of how different the neural network output is from the known 

correct output. The data set is split into a training set and a test set. The neural network is then 

“trained” with the training data set and finds the specific algorithm that minimizes the loss for the 

training set. At this point, no more training is done and the neural network algorithm is set. Presumably, 

a well-trained network can process any input without knowing the desired output and still produce the 

correct result. To test this, the neural network then works on the test set with its settled algorithm and 

produces an output. This output is also compared to the correct output and produces a loss for the test 

set. To re-iterate, the training loss is minimized to develop the neural network algorithm, but the test 

loss is used as a measure of how good the algorithm actually is. 

 One common challenge in training neural networks is overfitting. The neural network aims to 

minimize the training loss, but this does not guarantee that the test loss is also minimized or even 

decreased. Because the training is properly agnostic of the test data set, the neural network can pick up 
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unnecessary idiosyncrasies of the training data that hurt its ability to properly process the test data. For 

example, consider teaching a neural network to make a binary distinction between quadrilaterals and 

non-quadrilaterals. You give it a training set that has both types. However, all the quadrilaterals were 

also squares. This could lead the neural network to conclude that quadrilaterals must have four identical 

sides, rather than just four sides. When you send in a test set that is made up of rectangles, 

parallelograms, and other non-square quadrilaterals, the neural network mistakenly mislabels them as 

non-quadrilaterals because it has overfit to the squares in the training set. In this abstract example, 

overfitting occurred due to a lack of variety in the training sample. We run into a similar issue and will go 

over methods to combat overfitting later in the chapter. 

6.3 Supervised Machine Learning versus Ptychography 

 Iterative ptychographic algorithms like e-PIE[26] can be seen as a form of unsupervised machine 

learning. Without being given a known result, e-PIE optimizes the loss between the given diffraction 

data and simulated diffraction patterns with a guessed phase map and probe. Through numerous 

iterations, it improves its guesses of the phase and probe shape to lower the loss. e-PIE has shown 

significant results, including achieving a Guinness World Record in resolution[27]. 

 However, iterative ptychography has some limitations. The ptychography algorithm has to be 

applied to each data set individually. Ptychography does not work on all data sets, particularly thick data 

sets where the strong phase approximation fails. Finally, ptychography needs to know the optical 

conditions of the data such as aperture angle and sampling. However, a supervised neural network, 

once trained, can apply its process to any data set with the same dimensions regardless of material or 

optical conditions, albeit with no guarantee of the quality of the result. Our final neural network was 

able to output a high-resolution image on a test sample where ptychography was unavailable with no 

knowledge of experimental parameters. However, supervised machine learning is not a competing 
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method since our implementation required a ptychographic reconstruction for training. Rather, this 

demonstrates how neural networks can be used to multiply the efforts of ptychography. 

6.4 Methods 

For the machine learning code, we used the Keras[28] Python package with the Tensorflow[29] 

backend. For training, we have a MoS2 diffraction data set along with its respective ptychographic 

reconstruction as the output. We measured the mean square error between neural network output and 

given output as our loss. For testing, we have a thin and thick PrScO3 diffraction data set. This data set 

was chosen for testing because it has a completely different crystal structure to the MoS2 and it is 

difficult to obtain a good ptychographic reconstruction for the thick sample. The eventual goal is to have 

a neural network that can output ptychography quality images for the thick PrScO3 dataset. 

The bulk of computation time is spent training the neural network. Training occurred over 200 

epochs, which means the network iterated over the entire data set 200 times. Time spent is dependent 

on hardware, but training the linear networks on Google Colab only takes a few minutes without any 

Figure 6.1: Schematic of the neural networks. a) Linear model sends a region of diffraction patterns that are symmetrically 
weighted before calculating a dot product in the dense layer. An MoS2 diffraction dataset is used as the training input. b) 
Convolutional model uses a series of 4D convolutions and 4D pools. A dropout layer is added to combat overfitting and a final 
flatten and dense layers reduce the calculation to a final pixel intensity. c) MoS2 ptychographic reconstruction is used as the 
training output. 
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hardware acceleration. The convolutional neural network is significantly more computation intensive, so 

we used a dedicated GPU server that could complete training also within a few minutes. Once trained, 

processing an output is much faster, on the scale of seconds.  

6.5 Linear Network – Learning ADF 

 As a simple and intuitive start in neural network design, we attempted to code a neural network 

that would learn the annular dark field (ADF) mask. An ADF image is generated by taking the dot product 

of each individual diffraction pattern with an ADF mask. Since generating an ADF image has this explicit 

process, we already know what the desired input, output, and even learned layer of the neural network 

ought to be. This serves as a sanity check of the neural network. The neural network architecture is 

clear. It takes one diffraction pattern as the input, has a linear dot product layer in the middle, and the 

training output is the given ADF intensity of the respective pixel. By training over an entire diffraction 

dataset with its respective ADF image as the output, the linear dot product layer should ideally learn the 

ADF mask. 

 However, Figure 6.2d-f shows that even though the neural network was able to match the ADF 

training output, it did not learn the ADF mask when trained on the MoS2 data. As a consequence of the 

trained mask, the test output for PrScO3 was also poor.  The reason is that the ADF mask is not the 

unique solution to the training set. In the space of possible masks, the algorithm found some other mask 

that produced a local minimum in the loss function. The trained mask also picked up on the six fold 

scattering of the bright disk. While this is relevant to the MoS2 crystal structure, it does not apply to the 

PrScO3 or to most other materials in general. Because the training was only one on a single type of 

crystal structure, the trained mask overfitted. 

 We address both the large solution space and the crystal structure overfitting by constraining 

the trained mask to be radially symmetric. By stipulating radial symmetry, we reduce the unique number 
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of values that must be trained, thus reducing the solution space. At the same time, a symmetric mask is 

impartial to any crystal structure. 

This requires programming a custom layer in Keras. In order for a machine learning algorithm to 

perform gradient descent to optimize the loss, the steps in the neural network must be described in a 

mathematical way such that taking gradients is possible. Simply forcing a learned mask to be symmetric 

by manually assigning numerical values tends to break the algorithms ability to perform gradient 

descent. For example, let us say we want to program a learned mask that has 10 radial bands. We can 

then think of the mask as the matrix product of a 10-component vector and a transformation matrix that 

turns it into the appropriate mask. The way we implement this in Keras is to specify the 10-component 

vector as the training weight that the neural network is optimizing. In principle, you would then make 

the layer train this weight and then do the full math operation with the transformation matrix.  

However, because of how large the transformation matrix can become, this can be very 

computational expensive. In practice, it is more efficient to use the transformation matrix to bin the 

diffraction data into the 10 bins corresponding to the 10 radial bands. This binned data is saved as a 

separate pre-processed dataset, so this transformation only needs to be done once rather than 

repeated per training session. Pre-processing the data with the large transformation matrix also speeds 

up the gradient descent calculation during training since a much smaller dataset and mask are being 

used.  

The results of using a symmetric mask are shown in Figure 6.2g-i. For the mask, we adjusted the 

radial bands to be one pixel wide. This reduced the parameter space from 15,376 (124x124) to 88 

parameters. However, the learned mask still does not approach the ADF mask. The trained output is 

actually worse than previous, but the test output improved slightly. This is a natural consequence since 
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we are no longer overfitting as much to the trained data set. While we properly addressed the crystal 

structure overfitting, the solution space still has local minimums where the neural network is settling. 

Another way to decrease the space of solutions is to use a randomly generated data set. This 

presents the neural network with a larger variety of training data which makes convergence to the 

desired training mask more likely. As shown in Figure 6.3a-c, even without any constraints, the trained 

mask is approaching the correct shape while still having a lot of noise. Once the mask was symmetrically 
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constrained (Figure 6.3d-f), the neural network completely matches the ADF mask and recovers the 

proper ADF output for both training MoS2 and testing PrScO3 datasets.  

6.6 Linear Model – Ptychography 

 After being able to replicate basic ADF, we wanted to see if it was possible to get ptychographic-

like results while still only using a linear model. While linear models are simple, that also means they are 

more conveniently understood when examining its learned filters. Because ptychography considers local 

Figure 6.2: Machine learning to attempt to replicate ADF imaging. a) The ADF mask used to generate the ADF images 
of b) MoS2 and c) PrScO3. Only the MoS2 ADF is used as the output label for training, the PrScO3 ADF is provided for 
results comparisons. d) The learned mask as a result of training on the MoS2 using a basic linear model. e) The training 
reconstruction is close to the base ADF despite the mask being very different. e) The test reconstruction, however, is 
poor. g) The learned mask using a linear model but requiring the mask to be radially symmetric. This creates more loss 
in the training reconstruction h), but creates a slightly better test reconstruction in i). However, due to the overall 
unconstrained nature of the problem, the ADF mask was not able to be learned and the reconstructions are too 
dissimilar from the base truth of the ADF images. 
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information and not just the diffraction pattern associated with the scanning point, we implemented a 

batching scheme that put a cluster of diffraction patterns rather than just a single one. This cluster is 

centered around the relevant scanning point and the training output is still the associated pixel 

intensity. However, because the input is now several diffraction patterns, there is a choice of how to 

apply the training mask. One choice is to apply a unique mask to each diffraction pattern. Another 

choice is to apply the same mask to each pattern but weigh each pattern differently. As before, we can 

also impose symmetry on either the masks or the weighting of the input cluster. 

 After trying a variety of these permutations in neural network architecture, we found the best 

result when only using one mask with a cluster weighting scheme. Additionally, we impose symmetry 

constraints on both the trained mask and cluster weighting. Unlike the ADF example where the mask 

was composed of 1 pixel width bands, the trained mask in this scheme forced symmetry for exactly 

equidistant pixels. The results are shown in Figure 6.4, where we used a 11x11 neighborhood of 

Figure 6.3: Training a basic neural network using randomly generated diffraction data with its ADF as training. Even 
without any constraints, the a) trained mask is already approaching the correct shape of the ADF mask, though the b) 
MoS2 and c) PrScO3 reconstructions are still poor. By adding in the symmetry constraint, the d) mask now completely 
matches the expected ADF mask and gives the appropriate ADF images in e,f). 
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diffraction patterns as input. This scheme produced an MoS2 image that is less noisy than ADF. The 

PrScO3 image output is also decent, but its signal to noise ratio is worse than the ADF. Overall, we are 

still not quite approaching the desired quality of ptychography. 

6.7 Convolutional Model – Ptychography 

 Finally, we use the more powerful convolutional model for ptychography. For our architecture, 

we used a series of 4D convolutional layers along with a pooling layer as shown schematically in Figure 

6.1b. Keras does not natively implement a 4D convolutional model, but a 4D convolution can be re-

expressed as a sum of 3D convolutions. Michael Matty wrote a custom 4D convolutional layer using this 

principle as well as the 4D pooling layer. After the convolutional and pooling layers follows a dropout 

layer. Dropout layers randomly zero-out a percentage of the input data. This prevents over-reliance on 

any particular features and is a method of combatting overfitting. Finally, a dot-product layer reduces 

the input to an output pixel intensity. This convolutional model is significantly more computationally 

intensive and requires GPU processing to attain a practical speed. For our input, we only train using the 
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top half of our MoS2 data set and reserve the bottom half for validation. For testing, we switch to a 

thicker PrScO3 sample. Ptychography rarely works on thick samples, so a good reconstruction would 

create a result that ptychography could not match.  

 The results are shown in Figure 6.5 where we have successfully retrieved images with quality 

matching that of ptychography both for the training MoS2 and test PrScO3. Notably, even though we did 

not train in the region where there was a monovacancy, the neural network was still able to capture its 

decreased intensity. In the thick PrScO3, the neural network was able to produce a result that 

ptychography could not. The resolution of the oxygen dumbbells demonstrates its high resolving power 

even for a sample where a ptychographic reconstruction is unavailable. 

Figure 6.4: Results of the linear model with neighborhood input. Both b) the mask and a) the weighting of the 
diffraction patterns in the neighborhood are forced to be radially symmetric. c) The MoS2 reconstruction is better than 
the ADF, but does not quite approach the quality of ptychography. d) The PrScO3 reconstruction is decent, but not as 
good as ADF. 
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6.8 Discussion 

 We have shown how a neural network can transfer what it learned from a ptychographic 

reconstruction of one material to replicate results for a different material. While the extent of 

transferability is unexplored, this serves as a proof-of-principle of neural networks as a faster, 

transferable process for high-resolution phase retrieval compared to ptychography. Ptychography 

requires individual training and parameter tuning per dataset. This even applies to different datasets 

from the same experiment and sample. However, once the initial training cost is done, a neural network 

can apply a relatively quick mathematical procedure to output a high-resolution image. Further 

development on the network architecture and increasing variety of training data should increase the 

viability of producing images for a much larger variety of samples. 

Figure 6.5: Results of the convolutional neural network training on the top half of a) the MoS2 
dataset with the ptychography reconstruction as the training output. In the validation, we see that 
the reconstruction captures the mono-vacancy despite never training on it. b) The PrScO3 
reconstruction is of ptychographic quality and captures the oxygen dumbbells, demonstrating high 
resolution. 
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 Beyond high resolution imaging, neural networks can also learn to map other features beyond 

phase. While we only explored using known phase outputs via ptychography, we can expand to outputs 

that map electromagnetic field, polarity, strain, etc. and see how a neural network would learn to map 

such features. We can also examine the filters that the trained network learns and use them to guide 

analytic theory on where information is stored in the diffraction pattern and how to extract it. 

 For the most part, our neural network implementations have incorporated very little actual 

physics. While this gives us a bigger phase space to explore, we saw how creating such an unconstrained 

problem can lead to bad learning and overfitting as exemplified in our naïve ADF replication attempt. 

Results improved when we forced a radial symmetry based on the physical principle that such a 

symmetry is not biased towards any crystal symmetry. We also managed to get decent reconstructions 

despite no explicit consideration of probe shape. This might be sufficient for data sets with well-

corrected probes, but it underlines a key missing physical principle in our neural network 

implementation. As mentioned before, ptychography considers experimental conditions like scanning 

step size, dosage, and aperture angle while our current neural networks do not. This worked well when 

processing data from similar optical conditions despite different step size, but a more robust 

implementation should either measure or input these parameters and have them as considerations 

when processing the output. Implementing more physics and constraining the solution space to sensible 

answers should increase the reliability and versatility of the neural network. 

6.9 Conclusion 

 Machine learning offers an interesting brute-force approach to creating high quality images 

from diffraction data. By using a high resolution ptychographic reconstruction of MoS2, we were able to 

train a convolutional neural network to output high resolution images of PrScO3, including for a thick 

sample where ptychography was impractical. Supervised machine learning in conjunction with 
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ptychography offers a faster, transferable method of high-resolution phase retrieval compared to 

ptychography alone. The project is still in its infancy with numerous ways to improve neural network 

implementation including increasing data set variety, mapping other physical quantities, and further 

physics considerations.   
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7 Conclusion 

7.1 Summary 

Understanding and simulating diffraction pattern formation is key to properly utilizing the 

information collected in 4D-STEM. In Chapter 1, I go over common techniques for calculating diffraction 

patterns: the strong phase approximation and atomic potential simulation. In Chapter 2, I demonstrate 

how contrast and movement of the bright disk is affected by the size of the sample compared to the 

probe size. This highlighted a mistaken concept that detector placement for COM imaging determined 

whether one was measuring electric versus magnetic field. Instead, it was the length-scale of the field 

that was measured. Short length-scale fields resulted in contrast in the bright disk which was measured 

by having a lower detector angle. Large length-scale fields resulted in movement of the disk where an 

annulus detector with an inner detector angle close to the aperture angle was more sensitive. 

Furthermore, theoretical calculations for the COM image demonstrated that while it did indeed measure 

the gradient potential, it also involved a convolution with the probe. This meant that measurements of 

the “electric field” near atoms are confounded by the shape of the probe. Finally, I show how torque can 

be measured from COM images. In Chapter 3, I go over similar calculations for the second moment and 

highlight its application for imaging thicker biological samples. 

In Chapter 4, I went over theoretical calculations that explained how Friedel’s Law was being 

broken even in monolayer 2D materials. This involved going past the first term in the weak phase 

analysis and using a lattice potential. The result showed that the polarity term had a three-phase 

invariant and was thus independent of chosen origin of system. Furthermore, additional calculation 

showed that the polarity contribution explicitly depended on the Z-number difference between A-site 

and B-site atoms. These calculations supported results shown in experiment and simulation. 
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In Chapter 5, I showed how 4D-STEM allowed us to characterize a corrugated monolayer sheet 

of MoS2 without having to tilt the sample. By understanding how the diffraction pattern shifts under tilt, 

I could map individual diffraction patterns to a transformation under three Euler angles. The result 

showed that the sample displayed a continuous transition in crystal rotation around a corrugation until 

it meets a high-grain boundary caused by a “scar”, a series of uncharged topological dipoles terminating 

in a charged defect such as a 5- or 7- member ring. The tilt of the sample also made HAADF 

characterization difficult due to the close placement of sulfur atoms next to the molybdenum atom. This 

demonstrated the increased resolution of ptychography, which allows us to better understand the 

atomic structure of the lattice near a grain boundary in a corrugated sample. 

In Chapter 6, I used supervised machine learning to replicate known imaging modes. I first 

demonstrated how machine learning could completely replicate the ADF process, but highlighted the 

need for constraints to prevent overfitting. Then we showed how a 4D convolutional neural network 

could replicate a training ptychographic dataset as well as transfer well to a test dataset. This result is 

different than the ADF case because while the final image was replicated, the neural network used a 

faster, transferable process compared to an iterative ptychography algorithm. These demonstrations 

also show the promising capabilities of machine-learning as a tool for guiding further 4D-STEM 

characterization development. 

7.2 Future Work 

7.2.1 Corrugated MoS2 

Further work can be done to better understand how initial corrugation shape dictated by the 

substrate affects equilibrium shape after release. Literature indicates that a dimensionless quantity 

between corrugation and lattice geometry determines the critical point between continuous and 

faceted equilibrium shape. It would be interesting to see what the critical corrugation height and width 
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for faceting in MoS2 is as well as for a different sample like MoSe2. Additionally, a Janus structure like 

MoSeS naturally prefers a curved sheet. Seeing how these Janus alloys behave when grown and released 

from a corrugated substrate would also increase our understanding of the bending and stretching 

energies at play. Additional MD simulations that include substrate release as well as atomic resolution 

would also be helpful. 

7.2.2 Machine Learning 

We have only scratched the surface with using machine learning for 4D-STEM imaging. For 

phase retrieval, we already know the iCOM is a decent linear method. Using either experimental or 

simulated COM images, we could teach a linear neural network to replicate or hopefully improve on 

COM imaging and have a faster, though perhaps lower resolution method of phase retrieval than the 4D 

convolutional network. 

Additionally, the current network has not been fully stress tested for transferability. So far, we 

have only tested transfer to one different type of sample, but under similar optical conditions. Beyond 

simply testing for different samples and optics, we can also improve the neural network to handle a 

larger variety of datasets. This would most likely involve baking more physics into the network as well as 

significantly more training data. However, this could lead to an incredibly robust neural network as the 

crystallization of the combined knowledge of the electron microscopy community and significantly 

speed up workflow in analyzing 4D data.
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Appendix A Fourier Transform Convention 

 

Convention for Fourier transform for 2D: 

F[f(r )] =
1

2π
∫ f(r ) exp(−ik⃗ ⋅ r ) dr (A. 1) 

F−1[F(k⃗ )] =
1

2π
∫F(k⃗ ) exp(ik⃗ ⋅ r ) dk⃗ (A. 2) 

Under this convention, the Fourier transform of a product is related to the convolution of the individual 

transforms: 

F[A(r )B(r )] =
1

2π
A(k⃗ ) ⊗ B(k⃗ ) (A. 3) 
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Appendix B Atomic Potential Calculation 

From Kirkland’s book, the formula for the projected atom potential is written as 

 
𝑉𝑧(𝑥, 𝑦) = 4𝜋2𝑎0𝑒 ∑𝑎𝑖𝐾0(2𝜋𝑟√𝑏𝑖)

3

𝑖=1

+ 2𝜋2𝑎𝑜𝑒 ∑
𝑐𝑖

𝑑𝑖
exp(−

𝜋2𝑟2

𝑑𝑖
)

3

𝑖=1

. (B. 1) 

 

However, there is a singularity at 𝑟 = 0, which causes an issue when simulating potentials where an 

atom is right on an 𝑟 = 0 pixel. We can resolve this by replacing the singular pixel with side length 𝑝 

with the averaged integrated value: 

 
𝑉0(𝑝) =

1

𝑝2
∬𝑉𝑧(𝑥, 𝑦)𝑑𝐴. (B. 2) 

We break this integral into two parts: the Bessel function and the gaussian. The gaussian integral can be 

easily written with the error function. 

 
𝐺0(𝑝) =

2𝜋2𝑎0𝑒

𝑝2
∑

𝑐𝑖

𝑑𝑖
∫ exp(−

𝑝𝑖2𝑥2

𝑑𝑖
)𝑑𝑥

𝑝
2

−
𝑝
2

∫ exp (−
𝑝𝑖2𝑦2

𝑑𝑖
)𝑑𝑦

𝑝
2

−
𝑝
2

3

𝑖=1

 (B. 3) 

 
𝐺0(𝑝) =

2𝜋𝑎0𝑒

𝑝2
∑𝑐𝑖 erf

2 (
𝜋𝑝

2√𝑑𝑖

)

3

𝑖=1

 (B. 4) 

Integrating the Bessel function is more difficult and requires some compromise. From Wolfram, we have 

the useful integral formula: 

 
∫𝑧𝐾0(𝑧)𝑑𝑧 = −𝑧𝐾1(𝑧). (B. 5) 

We can use this formula if we choose to integrate over a circular area in polar coordinates. Since we are 

not integrating over the proper rectangular pixel, we can only get an approximation. 



110 
  

 
𝐵0(𝑟) =

4𝜋2𝑎0𝑒

𝜋𝑟2
∑𝑎𝑖 ∫ ∫ 𝑟′𝐾0(2𝜋𝑟√𝑏𝑖)𝑑𝑟′

𝑟

0

2𝜋

0

3

𝑖=1

. (B. 6) 

 
𝐵0(𝑟) =

4𝜋𝑎0𝑒

𝑟2
∑

𝑎𝑖

√𝑏𝑖

[lim
𝑟→0

𝑟𝐾1(2𝜋𝑟√𝑏𝑖)  −𝑟𝐾1(2𝜋𝑟√𝑏𝑖)]

3

𝑖=1

. (B. 7) 

To calculate the limit, we use this asymptotic form of the Bessel function: 

 
𝐾1(𝑧) ≈

1

𝑧
, (B. 8) 

Furthermore, there is the choice of whether to use the inradius 𝑟𝑗 =
𝑝

2
 to get a lower bound 

approximation or the circumradius 𝑟𝑐 =
𝑝

√2
 to get an upper bound approximation. We choose to take an 

average of the two. 

 

𝐵0(𝑝) = 2𝜋𝑎0𝑒 ∑
𝑎𝑖

√𝑏𝑖

{
3(𝜋√𝑏𝑖)

−1
− 2𝑝𝐾1(𝜋𝑝√𝑏𝑖) − √2𝑝𝐾1(𝜋𝑝√2𝑏𝑖)

𝑝2 }

3

𝑖=1

. (B. 9) 

There is an additional asymptotic limit (from Wikipedia) that is useful for integrating the Bessel function 

when the argument 𝑧 ≪ 1: 

 𝐾0(𝑧) ≈ − ln
𝑧

2
− 𝛾, (B. 10) 

 

where 𝛾 is the Euler-Mascheroni constant.  This can be integrated in rectangular coordinates over the 

pixel region. 

 
𝐵0(𝑝) =

4𝜋2𝑎0𝑒

𝑝2
∑𝑎𝑖 ∫− ln(𝜋𝑟√𝑏𝑖) − 𝛾𝑑𝐴

3

𝑖=1

 (B. 11) 

 
𝐵0(𝑝) =

4𝜋2𝑎0𝑒

𝑝2
∑𝑎𝑖 ∫−ln(𝜋√𝑏𝑖) − ln 𝑟 − 𝛾𝑑𝐴

3

𝑖=1

 (B. 12) 
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𝐵0(𝑝) = 4𝜋2𝑎0𝑒 ∑𝑎𝑖 (− ln(𝜋√𝑏𝑖) − 𝛾 −

1

𝑝2
∫ ln 𝑟 𝑑𝐴)

3

𝑖=1

 (B. 13) 

This final integral can be solved by using the complex plane. 

 
𝐿(𝑝) =  ∫ ln 𝑟 𝑑𝐴 = ∬ln(√𝑥2 + 𝑦2) 𝑑𝐴 (B. 14) 

 
𝐿(𝑝) = ∬

1

2
ln(𝑥2 + 𝑦2) 𝑑𝐴 =

1

2
∬ln(𝑥 + 𝑖𝑦) + ln(𝑥 − 𝑖𝑦) 𝑑𝐴 (B. 15) 

Because logarithms are multivalued functions in the complex plane, we will only integrate the first 

quadrant in the complex plane and put the branch cut starting from 𝑥 = 0 to 𝑥 =  −∞. 

 
𝑀(𝑝) = ∫ ∫ ln(𝑥 + 𝑖𝑦) 𝑑𝑥𝑑𝑦

𝑝
2

0

𝑝
2

0

 (B. 16) 

 
𝑀(𝑝) = ∫ (𝑥 + 𝑖𝑦) ln(𝑥 + 𝑖𝑦) − 𝑥│0

𝑝
2𝑑𝑦

𝑝
2

0

 (B. 17) 

 
𝑀(𝑝) = ∫ (

𝑝

2
+ 𝑖𝑦) ln (

𝑝

2
+ 𝑖𝑦) −

𝑝

2
− 𝑖𝑦 ln(𝑖𝑦) 𝑑𝑦

𝑝
2

0

 (B. 18) 

 
𝑀(𝑝) = ∫ (

𝑝

2
+ 𝑖𝑦) ln (

𝑝

2
+ 𝑖𝑦) +

𝜋𝑦

2
− 𝑖𝑦 ln 𝑦 𝑑𝑦

𝑝
2

0

−
𝑝2

4
 (B. 19) 

 
𝑀(𝑝) = −

𝑖

2
(
𝑝

2
+ 𝑖𝑦)

2

ln (
𝑝

2
+ 𝑖𝑦) +

𝑖

4
(
𝑝

2
+ 𝑖𝑦)

2

+
𝜋𝑦2

4
−

𝑖𝑦2

2
ln 𝑦 +

𝑖𝑦2

4
│0

𝑝
2 −

𝑝2

4
 (B. 20) 

 
𝑀(𝑝) = −

𝑖

2
(
𝑝

2
+

𝑖𝑝

2
)
2

ln (
𝑝

2
+

𝑖𝑝

2
) +

𝑖

4
(
𝑝

2
+

𝑖𝑝

2
)
2

+
𝜋𝑝2

16
−

𝑖𝑝2

8
ln

𝑝

2
+

𝑖𝑝2

16
+

𝑖𝑝2

8
ln

𝑝

2

−
𝑖𝑝2

16
−

𝑝2

4
 

(B. 21) 

 
𝑀(𝑝) = −

𝑖

2
(
𝑖𝑝2

2
) (

𝑖𝜋

4
+ ln

𝑝

√2
) +

𝑖

4
(
𝑖𝑝2

2
) +

𝜋𝑝2

16
−

𝑝2

4
 (B. 22) 

 
𝑀(𝑝) =

𝑖𝜋𝑝2

16
+

𝑝2

4
ln

𝑝

√2
−

3𝑝2

8
+

𝜋𝑝2

16
 (B. 23) 
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𝑀∗(𝑝) = ∫ ∫ ln(𝑥 − 𝑖𝑦) 𝑑𝑥𝑑𝑦

𝑝
2

0

𝑝
2

0

=
−𝑖𝜋𝑝2

16
+

𝑝2

4
ln

𝑝

√2
−

3𝑝2

8
+

𝜋𝑝2

16
 (B. 24) 

We can use eq. (B.23),(B.24) to simply eq. (B.15): 

 
𝐿 = 2(𝑀(𝑝) + 𝑀∗(𝑝)) =  𝑝2 ln

𝑝

√2
−

3𝑝2

2
+

𝜋𝑝2

4
 (B. 25) 

Then we can use eq. (B.25) to simplify eq. (B.13): 

 
𝐵0(𝑝) = 4𝜋2𝑎0𝑒 ∑𝑎𝑖 (− ln(𝜋√𝑏𝑖) − 𝛾 −

1

𝑝2
𝐿(𝑝))

3

𝑖=1

 
(B. 26) 

 
𝐵0(𝑝) = 4𝜋2𝑎0𝑒 ∑𝑎𝑖 (ln(

√2

𝜋𝑝√𝑏𝑖

) − 𝛾 +
3

2
−

𝜋

4
)

3

𝑖=1

 
(B. 27) 
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Appendix C Higher Order Diffraction Pattern Terms 

We start with the strong phase approximation: 

Ψ(r , r p) =  Ψ0(r − r p) exp[iσV(r )] (C. 1) 

Then, expand the exponential as a Taylor series to the third order: 

Ψ(r , r p) =  Ψ0(r − r p) [1 + iσV(r ) −
σ2

2
V2(r ) −

iσ3

6
V3(r )] (C. 2) 

Then we use eq. (3) to calculate the Fourier transform: 

Ψ(k⃗ , r p) =
1

2π
Ψ0(k⃗ , r p) ⊗ [2πδ(k⃗ ) + iσV(k⃗ ) −

σ2

4π
V2(k⃗ ) −

iσ3

24π2
V3(k⃗ )] (C. 3) 

Where, 

Ψ0(k⃗ , r p) =  Ψ0(k⃗ ) exp(−ik⃗ ⋅ r p) (C. 4) 

V2(k⃗ ) = V(k⃗ ) ⊗ V(k⃗ ) (C. 5) 

V3(k⃗ ) = V(k⃗ ) ⊗ V(k⃗ ) ⊗ V(k⃗ ) (C. 6) 

This simplifies to 

Ψ(k⃗ , r p) =
Ψ0(k⃗ , r p) +

iσ

2π
Ψ0(k⃗ , r p) ⊗ V(k⃗ )

−
σ2

8π2
Ψ0(k⃗ , r p) ⊗ V2(k⃗ ) −

iσ3

48π3
Ψ0(k⃗ , r p) ⊗ V3(k⃗ )

(C. 7) 

Taking the amplitude squared gives the diffraction pattern 

|Ψ(k⃗ , r p)|
2

=

|Ψ0(k⃗ )|
2
+

σ

π
Im{Ψ0(k⃗ , r p)[Ψ0

∗(k⃗ , r p) ⊗ V∗(k⃗ )]}

+
σ2

4π2 {|Ψ0(k⃗ , r p) ⊗ V(k⃗ )|
2
− Re [Ψ0(k⃗ , r p) (Ψ0

∗(k⃗ , r p) ⊗ V2
∗(k⃗ ))]}

+
σ3

8π3 {
Im [(Ψ0(k⃗ , r p) ⊗ V(k⃗ )) (Ψ0

∗(k⃗ , r p) ⊗ V2
∗(k⃗ ))]

−
1

3
Im [Ψ0(k⃗ , r p) (Ψ0

∗(k⃗ , r p) ⊗ V3
∗(k⃗ ))]

}

+⋯

(C. 8) 

There are only two terms that contribute outside the bright disk: 

|Ψ0(k⃗ , r p) ⊗ V(k⃗ )|
2

(C. 9) 

Im [(Ψ0(k⃗ , r p) ⊗ V(k⃗ )) (Ψ0
∗(k⃗ , r p) ⊗ V2

∗(k⃗ ))] (C. 10) 

We can expand these terms and use Friedel’s Law to write them as 

[Ψ0(k⃗ , r p) ⊗ V(k⃗ )][Ψ0(−k⃗ , r p) ⊗ V(−k⃗ )] , (C. 11) 
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1

2𝑖
(Ψ0(k⃗ , r p) ⊗ V(k⃗ )) (Ψ0(−k⃗ , r p) ⊗ V2(−k⃗ ))

−
1

2i
(Ψ0(−k⃗ , r p) ⊗ V(−k⃗ )) (Ψ0(k⃗ , r p) ⊗ V2(k⃗ ))

(C. 12) 

Here we have assumed Ψ0(r ) to be pure real, which is true for an aberration-free probe.  The first term 

eq. (C. 11) is even for k⃗ , so it does not contribute to the COM signal.  However, the second term eq. (C. 

12) is odd, which does contribute to the COM.  This is the origin of the CoM signal beyond the bright 

disk.  This is evident in Figure 9 where signal to noise ratio continues to increase beyond the bright disk. 
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Appendix D Fourier Transform of Aperture Function 

It is useful to know how to take an inverse Fourier transform of an aperture-like function. 

 
𝑓(𝑟 ) =

1

2𝜋
∫𝐴(�⃗� ) exp(𝑖�⃗� ⋅ 𝑟 ) 𝑑�⃗� , (C.12) 

 
𝐴(𝑘) =  {

1 𝑘 ≤ 𝑘0

0 𝑘 > 𝑘0
. (C.12) 

You can think of 𝐴(�⃗� ) as describing either the aperture or even the detector with 𝑘0 as the maximum 

angle. Knowing this transform is useful for calculating a non-aberrated probe for a specific aperture 

geometry or for calculating a coherence function for a specific detector geometry. We can re-write the 

integral in equation (C.12) in polar coordinates: 

 
𝑓(𝑟 ) =

1

2𝜋
∫ ∫ 𝑘 exp(𝑖𝑘𝑟 cos𝜙) 𝑑𝜙𝑑𝑘

2𝜋

0

𝑘0

0

. (C.12) 

We take advantage of the following identity [1], 

 
𝐽0(𝑧) =

1

2𝜋
∫ exp(𝑖𝑧 cos𝜙) 𝑑𝜙

2𝜋

0

, (C.12) 

to calculate the first part of the integral in equation (C.12) with respect to 𝜙: 

 
𝑓(𝑟 ) = ∫ 𝑘𝐽0(𝑘𝑟)𝑑𝑘

𝑘0

0

, (C.12) 

where 𝐽0 is the Bessel function of the First Kind. To calculate the second part of the integral, we use 

another identity, 

 
𝑢𝐽1(𝑢) =  ∫ 𝑢′𝐽0(𝑢

′)𝑑𝑢′
𝑢

0

, (C.12) 

To get our final result: 

 
𝑓(𝑟 ) =

𝑘0𝐽1(𝑘0𝑟)

𝑟
. (C.12) 

This is the expression for a non-aberrated probe with probe semi-aperture angle 𝑘0. 
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 For first- and second-moment calculations, the derivatives of 𝑓(𝑟 ) are seen in the calculations 

for the coherence given a specific detector geometry. The derivatives are with respect to 𝑥, 𝑦, but due to 

the symmetry, we will only show calculations with respect to 𝑥 and make simple conclusions based upon 

that. First, we start with the first derivative with respect to 𝑥: 

 𝜕𝑓

𝜕𝑥
=

𝜕

𝜕𝑥

𝑘0𝐽1(𝑘0𝑟)

𝑟
. (C.12) 

 We can better understand the derivatives by using the power series definition of the Bessel function: 

 
𝐽𝛼(𝑟) =  ∑

(−1)𝑚

𝑚! (𝑚 + 𝛼)!
𝑟2𝑚+𝛼

∞

𝑚=0

. (C.12) 

We can re-write equation (C.12) using equation (C.12): 

 𝜕𝑓

𝜕𝑥
=

𝜕

𝜕𝑥
∑

(−1)𝑚

𝑚! (𝑚 + 1)!

𝑘0
2𝑚+2

22𝑚+1
(𝑥2 + 𝑦2)𝑚

∞

𝑚=0

 (C.12) 

 

 𝜕𝑓

𝜕𝑥
= 𝑥 ∑

(−1)𝑚

(𝑚 − 1)! (𝑚 + 1)!

𝑘0
2𝑚+2

22𝑚
𝑟2𝑚−2

∞

𝑚=1

 (C.12) 

Note that the summation starts now from 𝑚 = 1 since only beginning from those terms have a non-zero 

derivative. This expression can be simplified by recognizing that the difference between the factorials in 

the denominator is 2. This promises the possibility of re-writing this expression as a second order Bessel 

function. We start by re-indexing the summation to start from 𝑚 = 0: 

 𝜕𝑓

𝜕𝑥
= −𝑥 ∑

(−1)𝑚

𝑚! (𝑚 + 2)!

𝑘0
2𝑚+4

22𝑚+2
𝑟2𝑚

∞

𝑚=0

 (C.12) 

 𝜕𝑓

𝜕𝑥
= −

𝑥𝑘0
2

𝑟2
∑

(−1)𝑚

𝑚! (𝑚 + 2)!
(
𝑘0𝑟

2
)
2𝑚+2∞

𝑚=0

 (C.12) 
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 𝜕𝑓

𝜕𝑥
= −

𝑥𝑘0
2

𝑟2
𝐽2(𝑘0𝑟) (C.12) 

For the first moment, we want the gradient of 𝑓(𝑟 ), which we can easily deduce from equation (C.12): 

 
∇⃗⃗ 𝑓(𝑟 ) = −

𝑘0
2

𝑟2
�⃗� 𝐽2(𝑘0𝑟). (C.12) 

For the second moment coherence calculation, we want to calculate the Laplacian of 𝑓(𝑟 ). We can start 

from the first derivative power series result in equation (C.12): 

 𝜕2𝑓

𝜕𝑥2
=

𝜕

𝜕𝑥

𝜕𝑓

𝜕𝑥
=

𝜕

𝜕𝑥
𝑥 ∑

(−1)𝑚

(𝑚 − 1)! (𝑚 + 1)!

𝑘0
2𝑚+2

22𝑚
(𝑥2 + 𝑦2)𝑚−1

∞

𝑚=1

 (C.12) 

When considering taking the derivative with the product rule, we have to be careful to recognize we can 

only take the derivative of the (𝑥2 + 𝑦2)𝑚−1 when 𝑚 ≥ 2, so we have to split the summed result using 

two different starting indices in the summation: 

 𝜕2𝑓

𝜕𝑥2
= ∑

(−1)𝑚

(𝑚 − 1)! (𝑚 + 1)!

𝑘0
2𝑚+2

22𝑚
(𝑥2 + 𝑦2)𝑚−1

∞

𝑚=1

+ 𝑥2 ∑
(−1)𝑚

(𝑚 − 1)! (𝑚 + 1)!

𝑘0
2𝑚+2

22𝑚−1
(𝑚 − 1)(𝑥2 + 𝑦2)𝑚−2

∞

𝑚=2

. 

(C.12) 

The first term is nearly identical to equation (C.12) with just a missing 𝑥, so that can be easily re-written. 

Like the previous set of calculations, we aim to re-index the second term starting from 𝑚 = 0 and write 

the power series to resemble the third order Bessel function: 

 𝜕2𝑓

𝜕𝑥2
= −

𝑘0

𝑟2
𝐽1(𝑘0𝑟) + 𝑥2 ∑

(−1)𝑚

𝑚! (𝑚 + 3)!

𝑘0
2𝑚+6

22𝑚+3
𝑟2𝑚

∞

𝑚=0

, (C.12) 

 

 𝜕2𝑓

𝜕𝑥2
= −

𝑘0

𝑟2
𝐽1(𝑘0𝑟) +

𝑥2𝑘𝑑
3

𝑟3
∑

(−1)𝑚

𝑚! (𝑚 + 3)!
(
𝑘0𝑟

2
)
2𝑚+3∞

𝑚=0

, (C.12) 
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 𝜕2𝑓

𝜕𝑥2
= −

𝑘0

𝑟2
𝐽1(𝑘0𝑟) +

𝑥2𝑘𝑑
3

𝑟3
𝐽3(𝑘0𝑟). (C.12) 

The calculations so far have been for a circular geometry with a maximum angle, but if an annulus 

geometry is desired, it is just a matter treating to annulus as the difference between two circular 

geometries with two different cut-off angles. 

References: 

1. Weisstein, E.W. Bessel Function of the First Kind. From MathWorld - A Wolfram Web Resource; 
Available from: https://mathworld.wolfram.com/BesselFunctionoftheFirstKind.html. 
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119 
  

Appendix E EMPAD Instructions and Programming 

 This appendix covers EMPAD operation and troubleshooting. The first half will cover basic 

operation of the EMPAD using my GUI, some notes on the chiller and thermoelectric, and a brief 

troubleshooting section. The second half discusses what happens beneath the hood for debugging the 

GUI or writing a new one. 

Startup and Shutdown 

 Step by step instructions for startup and shutdown. These instructions are for using my GUI; 

they will be slightly different when using the FEI GUI. These steps can also be used to do a complete 

restart of the EMPAD system which can resolve the majority of issues. The most important part of 

startup is to absolutely avoid any chance of inserting the EMPAD detector while the HAADF is still 

inserted, potentially damaging either detector5. 

Starting the EMPAD 

1. Turn on the chiller and temperature control box in the service corridor.  The key to the service 

corridor is in the padlock stored in the bottom drawer of the computer rack.  The combination 

is 3315 (EELS in 1337 sp33k). 

2. Turn on the power to the chip by flipping the power switch located in the rear of the rack 

below the computer. 

3. Turn on the Keithley by pressing the power switch. 

4. Turn on the computer and log onto the operator account.  The password is “empad02”. 

5. Click on the Launch PADGUI shortcut. This will launch tvx and the GUI simultaneously. 

6. In the GUI, click the “Change Dir” button and navigate to the desired save directory for all your 

data. 

7. Click the “Power” button to power the EMPAD chip. Wait for this command to fully execute. 

You can observe the progress in the tvx window. 

8. Click the “Take BKG” button to take a background. A proper background looks like a bunch of 

vertical lines. 

 
 

5 The EMPAD tends to win. 
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9. After the background is taken, hit “Video Mode On” to double check that the background is 

properly subtracted. You should only see a black screen for the diffraction display. 

10. BEFORE INSERTING THE EMPAD, MAKE SURE THE HAADF DETECTOR IS NOT INSERTED BY 

UNCHECKING THE HAADF DETECTOR BOX ON THE MAIN PC.  DO NOT RELY ON THE FEI GUI TO 

PREVENT YOU FROM INSERTING THE EMPAD. 

11. Click the “Insert” button to insert the EMPAD. 

12. You are good to go! 

 

Shutting down the EMPAD 

1. RETRACT THE EMPAD by clicking the “Insert” button. 

2. Exit the GUI. 

3. Transfer your data if necessary. 

4. Shutdown the computer, Keithley, and power switch in the lower back end of the computer 

rack. Shutting down the power switch should automatically retract the EMPAD if you foolishly 

ignored step 1. 

5. Turn off the chiller and temperature control box in the corridor. 

6. DOUBLE CHECK THAT THE EMPAD IS RETRACTED. 

7. You are done shutting down the EMPAD. 

 

PADGUI Features 

Buttons 

Power 

 This is typically the second button to press when starting EMPAD usage. This runs a series of 

commands to properly power the chip. These power settings are persistent until the EMPAD itself is 

turned off via the hardware switch, so even if the GUI crashes, there is no need to re-press this button. 
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Insert 

 Inserts or retracts the detector. The button will glow to indicate that the EMPAD is inserted. It is 

absolutely crucial to ensure that the HAADF detector is not in place when pressing this button to insert. 

If there is a mis-sync between the actual insertion status and the button lighting, there is no concern. If 

the EMPAD is inserted but the button is not lit, the command will attempt to insert the EMPAD and 

nothing will happen, and vice versa. As a convenient safety feature, turning off the power switch in the 

EMPAD rack will automatically retract the detector. 

Log/Linear/Scale 

 These buttons affect how the diffraction pattern is displayed. Log/linear naturally switches 

between logarithmic and linear display. Scale up/down controls the contrast scaling within whatever 

display mode you are in. 

Take BKG 

 This is typically done right after the chip is powered using the “Power” button. This will open a 

prompt to take a series of background images for background subtraction and save the file. The current 

default of 10,000 images is sufficient for a good background subtraction. It is best to take a background 

with the EMPAD not inserted and with the beam blank. For some unknown reason, background 

subtraction can behave abnormally if the given filename is the same as an already present file in the 

working directory, so avoid using duplicate names for the background file. 

Video Mode 

 Turns the diffraction display on and off. The text label beneath the buttons will indicate which 

image is being displayed. 

Next Image/ADF/BF 
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 The EMPAD produces a series of images depending on the masks that are setup. By default, 

Mask 0 is an ADF mask and Mask 1 is a BF mask. Pressing ADF will jump to Mask 0 Sum, while BF goes to 

Mask 1 Sum regardless of whether Mask 0 is ADF and Mask 1 is BF or not. Next image goes through the 

next image in the series of images that were produced by the EMPAD. A label at the bottom of the 

buttons indicates what image is shown. 

Images 

 Shows all the available images that the EMPAD has produced. Pressing any button will change 

the image display to the relevant mode.  

Scan Control 

 The scan control box is used to start and save scans.  Settings for the live and acquire scans are 

adjusted here. It also controls how the file is saved. 

Saving Files 

 The first and most important thing for the user is to use the “Change Dir” so that saved scans go 

to the correct directory. This is especially important for a fresh install of my GUI as the default would be 
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the root directory. The right half of the scan control box is the filename control. The GUI creates a 

filename based on the information placed in the field boxes. When left empty, the field boxes display a 

suggestion of what information to input. However, the user can choose to put whatever they desire. If 

the first field is left as a number with any number of leading zeros, the GUI will intelligently auto-

increment this number as scans are saved. The field boxes used to create the filename are only used if 

the checkbox is checked. When active, there will also be a number displayed indicating the order in 

which the field is located in the filename. This number can also be adjusted by clicking on it and 

changing it via the dropdown menu. The constructed filename will then appear in the filename box 

above the scan buttons. The user can manually add a prefix and suffix to this filename that will be 

maintained in filename construction. 

Live Vs. Acquire 

 Once the save directory is confirmed and a naming scheme set, pressing either live or acquire 

will start a scan. The location, number of pixels, and dwell time per pixel settings are listed under the 

“Live” and “Acquire” tabs and can be changed by the user. When doing a scan, the “Live” button is 

replaced with “Stop Scan” and the “Acquire” button is replaced with “Save/Saving…” toggle depending 

on whether tvx will save the last completed scan. In live mode, the EMPAD will continuously re-scan 

until either the “Stop Scan” button is hit or the “Save” toggle is in the “Saving…” state. At that point, the 

EMPAD will complete its scan and then save the file depending on the “Save” toggle. It is very important 

to not start a new scan until the previous scan is complete. To emphasize this, hitting the “Stop Scan” in 

live mode will give a brief prompt “ALLOW SCAN TO FINISH” as a reminder to the user. In Acquire mode, 

the EMPAD will only take one scan and by default will save it. The user can decide to not save the scan 

before the scan finishes. The “Stop Scan” button is this mode is locked since this mode only takes one 

scan anyways, but will typically unlock itself before the actual scan finishes. As before, new scans should 

not be started until the last scan has properly finished. While scanning in either mode, all filename 
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controls are locked to indicate that the save filename cannot be changed mid-scan. If the filename is 

undesirable, the user can either choose to not save the scan or to change the filename later directly via 

the file explorer. 

Mask Control 

 The EMPAD can generate images up to 4 different masks with up to 3 different modes with each 

mask for a potential total of 12 images.  

Mask Settings 

 “KX” and “KY” control the offset from the center for mask placement. In “Annulus” mode, you 

control the inner and outer radius. In “Rectangle” mode, you control the height and width. 

Mask <Number> 

Navigates between settings for different masks. By default, only Mask 0 and 1 are active which 

are ADF and BF shaped. Mask settings are not active or updated until the “Apply Mask” button is hit. 

Annulus/Rectangle 
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Masks can be either annular or rectangular, and will switch to the other mode when the button 

is hit.  

Center Mask 

 This is equivalent to setting “KX” and “KY” to 0 and will center the mask on the display. Do not 

confuse this with centering the diffraction pattern. 

Apply Mask 

 Updates mask settings and will also flash the mask on the diffraction display. Masks are not 

active until this button is pressed. Likewise, updated settings for an active mask will not take place until 

this button is pressed. 

Up/Down and Left/Right 

 By default, each mask generates a “Sum” image which is just to the summed signal captured by 

the virtual mask. “Up/Down” and “Left/Right” will generate Differential Phase Contrast (DPC) images by 

subtracting the bottom half from the top half or the left half from the right half of the mask. These 

buttons are lit up when the respective image mode is active. These images are denoted by “DPC Y” and 

“DPC X.” Navigation of these images are done using the command buttons described earlier in the 

chapter. 

Flash 

The “Flash” button “should” repeatedly apply the mask resulting in the mask flashing on the 

diffraction display multiple times for alignment, but it tends to be buggy.  
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Menu Buttons 

File 

 File->Open Raw will open a .raw file using the 4DBrowser script assuming it is in the folder. File-

> Close exits the GUI. 

Windows 

The windows menu can be used to hide/unhide the Scan Control, Live Masks, and Command 

windows. 

Server 

Server-> Options changes the IP address and port for the tvx server. Connect is used to connect 

and disconnect. Note that the GUI automatically attempts to connect to tvx and the PARADIM upload 

client on startup. Debug is used to manually send a command to tvx, though the user can always just use 

the tvx terminal directly. 

Paradim 

PARADIM->Proposal ID if left non-blank will upload saved files to the PARADIM data center in 

Maryland with the associated proposal ID. 

Icons 

 The folder icon is equivalent to File->Open Raw 

 The terminal icon next to the folder icon will attempt to connect/disconnect to the tvx server 

and the PARADIM upload client. 
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 The camera button is equivalent to the “Video Mode” button. 

 

Chiller and Thermoelectric Control 

 The chiller and thermoelectric should be turned on and allowed to cool the chip before turning 

the EMPAD on. Under normal operation, the cooling occurs fairly quickly, roughly a few minutes. The 

chiller provides the cooled water that transfers heat away from the heatsink. The temperature of the 

chiller can be adjusted by holding down either the up or down buttons at the front of the chiller to raise 

or lower the temperature, respectively. Lower temperature provides more effective cooling, but a 

temperature lower than the room’s dew point will cause unwelcome condensation. Currently, the water 

is cooled down to 5 degrees C. The water level should be checked occasionally and refilled if low. The 

water used should be DI water to avoid dirt buildup in the tubing and subsequent clogging. 

 The thermoelectric control maintains the target temperature for the EMPAD chip. Upon startup, 

the display will show the current and target temperature. The current settings should be sufficient for 

quick cooling and stable subsequent target temperature. However, if there is a need to adjust the 

settings, the box is locked by a password which is the default 0000. Specific instructions for adjusting 

settings can be found in the manual. A common issue with the thermoelectric is if the current is too 

high, the resistive heating rises above the cooling provided by the water. This can occur when the water 

flow is impeded or absent. Another possibility is that the current setting is too high. The current is 

proportional to the difference in current and target temperature. If the chip is too hot when the 

thermoelectric is turned on, this can cause too large of a current. Alternatively, the proportionality 

constant set by the thermoelectric could be too high. As a quick fix, this can sometimes be addressed by 

setting the target temperature near but below the current temperature and then slowly lowering the 

target temperature until the desired setting. 
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 A minor note, the thermoelectric has a resistor switch for operating in either the EU or the USA. 

Because the voltage in the EU and many other countries is twice that of the US, the resistor here can be 

switched to a higher resistance for consistent current performance. This caused a minor issue when we 

first installed the thermoelectric and noticed that the current was much too small because the switch 

was on the wrong setting. The switch can be accessed by unscrewing the screws that secure the metal 

lid over the circuits and then toggling the resistive switch for the US setting. This has already been done, 

so this issue should not come up again, but it should be noted if installing new thermoelectric boxes 

shipped from the EU or if the switch is somehow set back to EU settings. 

Troubleshooting 

 As mentioned before, a majority of weird behavior can be resolved by a complete hardware 

restart of the EMPAD, power supply, Keithley, and the PC. 

 If the scan appears irregular, make sure that you let the scan finish before starting a new scan 

via the “Live” or “Acquire” buttons. In the case where the scan is only scanning a quarter of the correct 

scan, this has sometimes been resolved by reconnecting the “X1” connector from the EMPAD box. 

 

Advanced Section 

 From this point on, we discuss advanced concepts of what occurs beneath the hood for 

communication to control the EMPAD. 

TVX 

The main controller of the EMPAD is the tvx camserver. It is located under 

“home/empad/tvx_64/tvx/camera/camserver” and launched from command terminal with 
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“./camserver”. Regardless of whether you are using the FEI GUI or my GUI, the GUI effectively acts as a 

translator between the user and tvx. Because of this, there are two important implications. The first is 

that the GUI cannot implement features that tvx does not already have. The second is that a user 

familiar with the tvx text commands can skip the middleman and input commands manually for 

complete control or for debugging.  In the FEI GUI, the tvx server is located on another tab within the 

program.  My GUI launches tvx in a separate console.  When debugging, it is useful to look at what 

commands tvx has been sent as well as any error messages it may read out. 

 

Communicating with TVX Camserver 

 The TVX camserver is set up as a tcp/ip server that accepts socket connections on port 12345 by 

default. Since the GUI and the camserver are on the same machine, the GUI can connect to this server 

using address ‘localhost’ and the relevant port number. It is completely possible to connect via another 

machine on the same local wireless network using the IP address of the EMPAD computer. When 

sending messages, it is important for the original text string to end in a newline “\n” as well as the string 

to be encoded. The camserver might send a return message depending on the command given, so it is 

also important to have a receive command to maintain proper communication. In the case where no 

return message is given, a short timeout for the receive command is given to prevent freezing. Another 

possibility is to consider asynchronous sending and receiving via multithreading, but the current setup 

works well for TVX-GUI communication. The full wiki of tvx commands are listed on the Gruner Group’s 

Confluence [1]. 

Communication with Keithley 
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 It is possible to remotely control the Keithley using the serial connection. The PADGUI uses the 

serial package to send a series of commands to set the bias to 120V. Currently, the Keithley is on serial 

address “/dev/ttyS4”. When sending messages, it is important to end the text string with the carriage 

return “\r” for the Keithley to recognize individual commands. The full list of commands are found in the 

Keithley Manual. Here are the commands that the PADGUI sends at startup with no additional 

commands needed for normal operation: 

ser.write('*RST\r') 
ser.write(':SOUR:FUNC VOLT\r') 
ser.write(':SOUR:VOLT:RANG:AUTO 1\r') 
ser.write(':SOUR:VOLT:LEV 120\r') 
ser.write(':SENS:CURR:PROT 200E-6\r') 
ser.write(':SENS:FUNC "CURR"\r') 
ser.write(':SENS:CURR:RANG:AUTO 1\r') 
ser.write(':ARM:COUN INF\r') 
ser.write(':OUTP ON\r') 
ser.write(':INIT\r')  

Kivy and KV Language 

 The PADGUI is written in Python using the Kivy package [2]. While PyQt is more widely used, 

Kivy has the advantage of its internal scripting language, which makes organizing widget trees and 

setting up listening events much easier and neater. 

 KV language is the internal scripting language of the kivy package. It allows neater 

implementations of complex widget trees as well as easier event setup. KV language scripts can be 

directly inserted the Python code with “Builder.load_string(),” or can be imported as .kv files using 

“Builder.load_file().”  KV language is useful for describing widget trees and set up listening events. 

Python classes are used to complement these widgets with functions that are launched when events are 

triggered. While entirely possible to implement all the functionality using strictly Python, it is easy to 

lose track of widget and property dependencies amidst many lines of code. While esoteric at first, 
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learning KV language makes GUI implementation much easier. This is not meant to be an explanation of 

how to write in KV language, but to demonstrate its usefulness and clarifying some idiosyncrasies that 

were not well documented in the kivy API at the time of writing. 

 For example, let us take a look at how widget trees are implemented in pure Python versus Kivy 

language. In Python, you have to instance each widget along with their possible parent widget. 

Blayout = BoxLayout() 
Btn = Button(parent = Blayout)  

In contrast, you can implement the same widget tree in KV language with 

BoxLayout: 
id: BLayout 
 Button: 
 id: Btn 

The advantage of this indented setup is that it is immediately obvious that the Button widget is the child 

of the BoxLayout widget.  While the Python example is obvious with only two widgets, once the number 

of widgets increases, it becomes harder for the programmer to parse the widget tree. The advantage of 

the indentation system is that it transforms textual information into a visual format. The optional id 

property is listed in case there is a need to reference a particular widget. 

 The real strength of KV language is its implementation of events. Events are based on the GUI 

listening to certain properties changing. This can become cumbersome when a property is linked to 

several different events. For a simple example, the PADGUI sliders can be controlled either by 

interacting with the slider directly or inputting a numeric value in the adjacent box. The value in the box 

and the slider position must then listen to each other to make sure that their positions are consistent. 
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Slider: 
id: x_slider 
                         
TextInput: 
id: x_value 
text: '%.0f' % x_slider.value 
on_text_validate: root.update_slider(slider = 'x')  

Here the text input widget automatically changes its value whenever the slider is changed due to the 

“text” property implicitly linked to the value of the slider. This does not exclude the user from inputting 

their own value which then triggers the on_text_validate function. The function itself is written in 

Python under the class description of the root widget. The Python equivalent would require multiple 

lines of listen events for explicit linking and an extra function to change the text box value.  

One thing to note is that KV language will treat capitalized text as widgets and lower case as 

properties. The main advantage is the capability to make artificial properties for event handling. 

Launch PADGUI Shell Script 

 For reference, below is the brief shell script used to simultaneously launch the PADGUI and tvx. 

While convenient for the basic user, this launches the PADGUI without its terminal and thus hides any 

error messages it may throw. By making explicit what commands are being used for launch, the 

commands can be adapted so that consoles appear for both tvx and PADGUI for advanced debugging. 

#!/bin/bash 
gnome-terminal --working-directory=/home/empad/tvx_64/tvx/camera/camserver -e ./camserver 
cd /home/empad/Desktop/MCao_PADGUI 
python mccpadgui.py 
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