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1.0 Executive Summary

Though frostbite is an affliction that has been commonly known for hundreds of years, its direct
effect and dynamics have rarely been studied. With modern technology and an understanding of
the human body, tissue freezing can now be modeled to fully understand its progression and once
and for all resolve its procession. Here we used a high definition, multilayered, anatomically
accurate 3D model of a foot subjected to a subfreezing environment to develop a novel
understanding of the crucial parameters in frostbite prevention. The results, as shown in the form
of cross-sectional temperature profile images, tell us that the toes freeze within the two-hour
runtime where the middle of the foot does not. With little research before this, we believe that
this model will be of great use to the scientific community and will likely lead to real solutions to
come.

Keywords: Frostbite, Foot, Insulation, Transient Heat Flow, Freezing, Convective Heat Transfer,
Multilayer

2.0 Introduction

2.1 Introduction

In freezing temperatures, chilblains, frostbite, and hypothermia become dangerous conditions
that can lead to loss of appendage or death. Every year, over 1,000 people die from exposure to
the cold, and far more experience symptoms that can range from painful frozen patches to
widespread permanent tissue damage.[8] Although not generally life-threatening, the plight of
frostbite and chilblains are a constant threat to anyone who frequents the outdoors. And while
there is some research on related issues, no current studies that exist have managed to provide
concrete scientifically based guidelines for the prevention of cold-induced damage.

Previous research has yielded several studies on the dynamics of heat loss from
appendages[1][2][8][16][19], however, none specifically observe the effects on the foot, and certainly
none with a detailed 3D model[1][3]. The difficult part about modeling a human foot comes from
its complex shape and variable conditions involved with an insulative shoe and sock. The
majority of currently available research is clinically based and focused more on frostbite
remediation than prevention. The hoi polloi’s understanding of how best to prevent damage from
frostbite is based upon anecdotal evidence or personal experience. This project hopes to better
understand how below-freezing temperatures lead to frostbite and permanent tissue damage and
provides a useful model for future research. This will allow us and other researchers to begin to
understand the effect of below-freezing temperatures that can be so consequential for so many
people every year.
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2.2 Problem Statement

Few frostbite experimental procedures can be conducted safely and ethically, but it is a
phenomenon that needs to be studied to help reduce the incidence and severity of cases.
Currently, there are no accurate foot models publicly available that can be used for testing
environmental and physical conditions. Because of this, there is not a complete understanding of
the factors involved in frostbite. We approached this lack of understanding by constructing an
anatomically accurate 3D model of the foot including various relevant biological features[17]. We
imported the model into COMSOL and implemented relevant material properties and governing
equations. This results in bio-accurate geometry with realistic material properties that can serve
as a basis for analysis under extreme cold environmental conditions. From this starting model,
we are able to iterate rapidly different insulating regimes and establish clear and scientifically
founded advice for preventing frostbite.

2.3 Design Objectives

The objective of this project is to model an insulated foot in below-freezing outer temperatures.
To achieve this goal, we accomplished three main objectives.

1. Create an anatomically accurate foot model
○ Validate the aforementioned foot model

2. Test model under specific environmental and physical conditions
○ External heat transfer coefficient, thermal conductivity of insulating

layers, metabolic generation, and specific heat capacity of biological
tissues

3. Develop a fundamental understanding of important parameters for frostbite
prevention

○ Provide guidelines for the amount or type of insulation at a specific
temperature

3.0 Methods

3.1 Geometric Mesh Preparation

We created the geometric meshes for all layers of the foot in Autodesk Meshmixer using an stl
file downloaded from the 3D model repository Thingiverse[17] shown in figure 1b. From this
model, we applied a series of operations to create the various domains based on accumulated
geometric parameters from previous scientific literature[5][6]. Figure 1a shows the mesh layers
called “flesh,” “fat,” “inner sock,” “outer sock,” and “boot”,  representing the outermost surface
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mesh of these layers. The “skin” domain, however, refers to the space between the outer surface
boundary of the skin and the inner surface boundary of the inner sock.

The downloaded file contained a surface mesh for a human leg. After cutting this mesh down to
only include geometry below the ankle, we applied a universal scaling operation. This allowed us
to set the overall length of the foot (measured from the tip of the pointer toe to the heel) to be
representative of the average male foot size. In the final step of the preprocessing/cleaning
procedure, we used a smoothing and flat fill tool to remove and re-mesh details concerning the
toenails as these were unlikely to have any thermodynamic implications and greatly increased
the complexity of the model in that region.

Once the beginning “skin” layer mesh (again, this nomenclature refers to the outer surface mesh
of the solid skin layer) had been created the layer formation and inspection could begin. Using
the “skin layer” as a starting point, we constructed the inner layers by isolating layers created
from a hollowing operation on the original mesh. This allowed us to generate layers of
designated thickness for the “skin,” “fat,” and “flesh” domains. Outer layers were created by first
smoothing the toe region until it visually resembled a sock and then normally extruding from the
existing faces by the desired thickness. The boot layer was created similarly to the sock layers
but with an additional downward extrusion from the bottom of the expanded outer sock layer to
create the outsole of the boot. The flesh layer was only dimensioned implicitly as it represents
the innermost layer, i.e. the remaining volume once all other outer domains had been established.
bone geometry was not included at this time primarily due to the lack of available matching
models.
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We achieved variable layer thickness for both fat and skin layers by setting the thickness of the
layer to the average of the top and bottom thickness layers and then translating the layer upward
by half of the absolute difference in thickness. This method was used to create different
thicknesses on the top and bottom of the “fat” and “skin” domains. Visual contours were
automatically generated on the bottom of the mesh that formed a topographic map of the bottom
of the foot. To include the increased thickness of the subcutaneous fat layer around contact points
with the ground, we selected the lowest areas using the topographic map of the foot and extruded
out to a depth corresponding with researched values.

Once all of the high-density geometric meshes had been created we loaded them into Autodesk’s
Fusion 360 for dimensional analysis and visualization. Once we confirmed that the high-density
mesh was accurate to the intended values the files were once again loaded into Meshmixer where
the many manifold repairs, smoothing, and mesh reduction operations were applied until the
mesh was brought to a point where it could be worked within COMSOL.

3.2 Governing Equations

Starting from the full heat transfer equation, we remove the convection terms for the sake of
simplicity in our model. We decided that having a more accurate geometry is more important
initially than hyper-realistic physics. The heat transfer equation is solved for transient
temperature because that will be our main point of analysis. In this, we also include apparent
specific heat, CpA as we are dealing with subzero temperature changes and thus changing specific
heat capacity as our layers freeze. Our resulting equation is shown below:

(1)∂𝑇
∂𝑡 =  𝑘

ρ𝑐
𝑝𝑎

∂2𝑇

∂𝑥2 + 𝑄

The changing specific heat was implemented as a range of values based on the known specific
heat change in a wart around water freezing temperatures. We do this because the latent heat of
freezing required for water in the tissue will change the specific heat around water freezing
temperatures. This was done in COMSOL with a linear interpolation with values from
temperatures ranging from T = -255℃ to T = 60℃. The values are detailed in Table 2 (Appendix
1).

The heat generation term “Q” included two different sources of heat in its current
implementation. It had a general cellular metabolic generation (qcellular) as listed in the relevant
data section, as well as a bioheat contribution as shown below. Volumetric blood flow and
metabolic generation were considered under the unique Qs term for each layer, as shown below:

(2)𝑄 = 𝑞
𝑐𝑒𝑙𝑙𝑢𝑙𝑎𝑟

+ ρ
𝑏𝑙𝑜𝑜𝑑

𝐶
𝑝,𝑏𝑙𝑜𝑜𝑑 

𝑉
𝑏𝑙𝑜𝑜𝑑

(𝑇
𝑏𝑙𝑜𝑜𝑑

− 𝑇)
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The aforementioned Bioheat equation, as described with the utilization of unique volumetric
flow and cellular metabolic heat terms is presented below.

Bioheat equation: (3)∂𝑇
∂𝑡 = 𝑘

ρ𝑐
𝑝𝑎

∂2𝑇

∂𝑥2 + 𝑞
𝑐𝑒𝑙𝑙𝑢𝑙𝑎𝑟

+
ρ

𝑏𝑙
𝑤

𝑏𝑙
𝑐

𝑏𝑙

ρ𝑐
𝑝𝑎

(𝑇
𝑏𝑙, 𝑎

− 𝑇)

Values for specific heat, density, and temperature of arterial blood were all taken from Holland et
al18. Volumetric blood flow rate per volume tissue was taken from a study by J. Grayson which
provided the values for right-hand anatomy[19]. It is believed this is a reasonable estimate due to
the similarity of vasculature in distal appendages. The final implemented equation is presented
below, including apparent specific heat and a combined heat generation term.

Implemented equation: (4)∂𝑇
∂𝑡 = 𝑘

ρ𝑐
𝑝𝑎

∂2𝑇

∂𝑥2 + 𝑄

3.3 Boundary Conditions

In our model, we are implementing a convective flux boundary over the surface of the model.
The outside temperature and windchill is the near most crucial facet of this simulation, and
setting a reasonable constant would help us manage sub-zero scenarios. We are using this at both
the top and bottom of the boot, as well as on all sides. To get our heat transfer coefficient in this
implementation, we utilized the equation for forced convection over a flat surface, assuming that
wind will always be traveling in a path parallel to the foot across its length. We utilized a wind
speed of 15 mph, a characteristic length of 0.25 m (an average between open area length on the
top and bottom of the foot), and thermal conductivity (0.025 W/mK), density (1.3082 kg/m3),
viscosity (1.7x10-5 kg/ms), and Prandtl number (.684) from the air at -15℃.  Assuming it to be a
reasonable average wind velocity for a cold day. We are assuming this to be our only boundary
condition at the current time, as it applies in all directions for a large-scale model under windy
conditions. The environmental temperature of -15℃ was implemented because it is not
uncommon to reach this temperature during a cold winter day in Ithaca, NY.

(5)ℎ = 𝑘
𝐿 0. 664(

 𝑢
𝑖𝑛𝑓

ρ𝐿

µ )1/2𝑃𝑟1/2

(6)𝑞
𝑠𝑢𝑟𝑓𝑎𝑐𝑒

 =  20. 968 𝑊

𝑚2*𝐾
(− 15℃ −  𝑇

𝑠𝑢𝑟𝑓𝑎𝑐𝑒
)

3.4 Initial Condition

Under our model, we assume that at time zero the entire geometry is at body temperature. This is
a reasonable condition given the functionality of the body in ideal conditions. The thermal
capacity of all non-biological domains does not appear significant in our analysis and therefore is
given the same initial starting temperature as biological tissue.
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Tall|t=0 = 36.85℃ (7)

3.5 Relevant Data

The following two tables contain all of the necessary data that was entered into COMSOL to
achieve our results. Table 1 (Appendix A) includes material property data and heat generation
rates (where applicable) for all material domains. Table 2 (Appendix A) is representative of the
interpolation function we used to model the freezing process. Note the huge increase in specific
heat around -3℃ to account for the latent heat of freezing.

4.0 Results & Discussion

4.1 Graphical Results
The results of primary interest to us come in the form of cross-sectional temperature gradient
views of the foot after the 120-minute test duration. One such view is provided around the toes
(Figure 2) and another directly in the geometrical center of the foot (Figure 3).
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(b)

From the cross-section shown in Figure 2a, we see in Figure 2b that areas on the outskirts of the
foot deal with the worst effects of the cold. Notably, the pinky toe (far left) appears to be entirely
below 0℃, and the ring toe just beyond it is nearing the same range. This dictates serious
freezing and detrimental levels of frostbite.
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From the cross-section at the location in Figure 3a, Figure 3b shows that the center of the foot
remains largely unharmed by the extreme weather but the skin does appear to be feeling the
effects at a very steep gradient to the external.

In addition to the cross-sectional images that show us the actual temperature of specific sections,
we were also interested in how much tissue froze, and where the depth of freezing could be
approximated to, which is shown as a yellow boundary between blue and red regions (Figure 4).
In the toe region, all tissue to the right of the yellow boundaries is at or below a temperature of
0℃. This displays as a rigid cutoff, but in reality, there will be a semi-frozen “mush” zone
separating completely frozen tissue from completely unfrozen tissue.
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In Figure 4 we can see the distinct gradient point where tissue resides at our designated freezing
point, 0℃. We see that the digits are the primary affected area of the conditions, progressing
through the region as it approaches the central region of the foot.

The results of our simulation appear to show much of the digit anatomy has frozen. This is a
slightly more hopeful picture than was cast by our previous attempts. The incorporation of a
spike in specific heat to accommodate for the latent heat of freezing has significantly slowed the
progression of the freezing front. Figures 2 and 3 show cross-sections across different regions of
the geometry. Figure 2 in particular shows the extent of frostbite damage to the extremities of the
foot. Much of the tissue in the smaller or more exposed toes is frozen, while the inner toes
remain functional but significantly cooled. Figure 3 casts a far more hopeful picture as nearly all
of the biological domain is still above 0°C (visualization of this is understandably difficult but
the thickness of frozen tissue does not protrude more than the thickness of insulation). Figure 4
depicts in yellow the front at which freezing is progressing through the foot. All regions to the
right of the barrier are frozen at this time. The freezing front has progressed a significant way
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into the toes but the bulk of the biological domain remains unfrozen. This stacks up quite well
against the experience of the authors given the external conditions established in our formulation.

4.2 Mesh Convergence

Mesh Convergence analysis ensured that our simulation reduced discretization error as much as
possible. Variable mesh densities were made using the COMSOL built-in mesh densities (Extra
Coarse, Coarser, Coarse, Normal, Fine, Finer). These settings created meshes with a variable
number of elements. To achieve mesh convergence, we seek to minimize the change in a
parameter per additional mesh element. The goal of this step is to gain confidence in the model.
If the mesh is too coarse, the temperature values may not accurately reflect the process we hope
to study, but if the mesh is too fine, it will take up more computational resources than necessary
with little to no improvement in model accuracy. The temperature at each of the five points was
recorded at the end of 120 minutes under the conditions previously described (Figure 5).

Above shows the node points for each toe as calculated for in the mesh convergence. They are
located at the tip of each toe to show that our most sensitive area contains as little discretization
error as possible. For this geometry, convergence starts at the “Fine” setting, resulting in 991,651
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nodes (Figure 6).

The leveling off of the final temperature between the “Fine” and “Finer” mesh settings is how we
know that we are not introducing novel discretization errors while still ensuring we are not
needlessly using additional computational resources.

4.3 Sources of Error

After confirming that the mesh was dense enough for an accurate study from mesh convergence,
we can reasonably claim that it is not introducing novel error. Further investigation into the sock
and boot material properties is desired, particularly as we plan on investigating the best
insulative regime to protect the foot against such damage. This model also includes very minimal
cooling impact upon metabolic heat generation and blood flow. Current heat generation data
includes the additional generation that would occur due to blood flow from the bioheat
equations. Parameterizing the heat generation of specific domains in addition to apparent specific
heat would greatly improve results. Additionally, we currently use one specific heat function for
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all of the layers of flesh, which we hope to modify when more data or calculations are performed
for each layer. This would not only make the model more biologically accurate but also help us
refine our material properties. The modeling of blood flow will also be critical in establishing the
effect of vasoconstriction, an important aspect of how and why extreme cold weather can cause
severe tissue damage, at a later deadline.

4.4 Conclusion

These results give us a very reasonable starting point to begin conducting sensitivity analysis in
which the real value of the model can be extracted. The level of tissue damage in this initial
setup is ultimately not of interest as it is only representative of these exact conditions which may
not be experimentally replicable in the real world. The systematic variation of significant
parameters will help us begin to develop concrete (rather than anecdotal) guidance on how to
best prevent damage as seen above.

5.0 Model Validation

5.1 Common Sense Validation

As we see in Figure 2, the temperature of the foot after two hours sees freezing on the surface,
and some serious freezing within the fifth toe (far left). This makes physical sense as it is the
smallest toe with the least volumetric heat generation through it. It would therefore be the least
shielded from the cold and in reality, would see the worst effects. In contrast, we see the center of
our foot having the warmest temperatures, as it is most shielded from the environment and
typically would expect to see the least amount of freezing damage. Similarly, we see that under
these conditions the center of the foot further towards the sole is largely unharmed after this time
(Figure 3). A more mathematical depiction, showing the lower temperatures of the smaller
outside toes, and the higher final temperatures of the big, pointer, and middle toes, is displayed in
Figure 7. Given the volumetric heat generation through this region, it is physically reasonable
that again we see the worst freezing around the skin, which would understandably freeze at this
time while the center is left unharmed.
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5.2 Reported Freezing Time of Exposed Tissue

As previously discussed, much of the available literature on the topic of frostbite is anecdotal.
This yields minimal hard data that can be used for validation. Of the few concrete values, we
found nearly all of them only had data relevant for exposed biological tissue. To compare against
this we isolated the second toe from our full model (it was geometrically closest to a finger) and
removed all insulation before subjecting it to freezing conditions. The isolated and exposed toe
model began to experience subdermal freezing in 6 min. Experimental data from Wilson et al.
showed freezing times of 8.4 +/- 2.8 min[16] of finger tissue under -15℃ and similar wind speeds.
A finger simulation from Fallahi et al. predicted a time of 9.7 min to tissue freezing[1]. These
values are all very close to our results and thus provide excellent validation that our model is on
the right track and investigation of important parameters can begin.
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5.3 Sensitivity Analysis

While it is wonderfully reassuring that many of our test values match up with previous literature,
the goal of this work is not to provide quantitative analysis of the onset of frostbite. There are
orders of magnitude potential variation in physical anatomical geometry, material properties,
exposure conditions, and insulation conditions that are present in the real world. This means that
while our model is accurate to its setup, the numerical values yielded (i.e. time to freeze) hold
little predictive value to any other situation. While the model could be leveraged to simulate
other conditions its real value is in establishing the most impactful parameters. For our
sensitivity analysis, we tested four variables: metabolic heat generation rate, boundary condition
heat transfer coefficient, thermal conductivity, and apparent specific heat. To compare the
sensitivity of the model to each of these parameters in an equitable and meaningful way, we
compared the baseline calculation to computations with a 10% increase and a 10% decrease in
one of the variables at a time and compared the amount of frozen tissue in the model (Figure 9).
The most significant variables are the specific heat and the thermal conductivity, which makes
sense from a thermodynamics perspective. This also means that these values are the most crucial
to get right in our final model.
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While these results may seem concrete, it is important to remember that the real-world feasibility
of achieving a 10% deviation from nominal values may be drastically different for different
parameters. For example, it may be much easier to effect an order of magnitude change in
metabolic heat generation than to change thermal conductivity by a similar value. Further
research and subsequent modeling are needed to ultimately determine the importance of each
parameter with respect to their ease of modification.

6.0 Discussion of Realistic Constraints

6.1 Discussion of Future Applications

This design is purely for modeling purposes and should be used in the context of reducing the
incidence of frostbite in future comparative studies. The significance and capability of this model
reside entirely in heat transfer with potential freezing and should not be utilized outside of that
realm. In research, the manipulation of select parameters within this model can yield positive
results in developing novel solutions to frostbite.
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The real significance of this design can then be implemented into a universe of real-world
solutions that can adequately protect human appendages from any sort of inclement weather
exposure. By manipulating any of the parameters in this anatomically accurate 3D model,
researchers have the ability to quantitatively determine the proper insulative regime that can be
used to adequately protect their subjects in whatever environment they choose.

When adjusting certain parameters in the context of this study, it will be important to consider
which of the implemented parameters are reasonable to change to increase heat retention. For
example, specific heat capacity is a fairly rigid function of material property, and ultimately
cannot be changed as easily in future studies. However, any basis that this could change would
require the adjustments of density and thermal conductivity associated with a novel material
utilized.

6.2 Discussion of Health Safety, Ethical, and Economic Constraints

It will be important to remember that this model represents an average foot, and is not the perfect
model for every individual's anatomy. Likely there will be key differences in proportions of toe
to foot volume and fat content based on any one person. It must be noted that our model utilizes
very specific environmental conditions that will not be representative of all regions and cold
climates. Proper adjustments should be made from study to study.

From other studies, it is also clear that this model limits many concerns that would come up in
experimentation regarding health safety and ethics. With frostbite being simultaneously very
serious and treatable, little experimentation has or will be done on human patients. With this
model, the dynamics of frostbite can be comfortably analyzed without the overarching concerns
of subject harm.

In addition to the ethical advantages of our model, it also has economic value. The costs of
real-world lab experiments which require freezing equipment and labor are far greater than the
costs of running our model.

In summary, our model not only saves time, resources, and human test subjects but serves as a
starting point for more accurate and efficient models. We hope that over time more researchers
will be inspired by our model to create their own. This scaffold of data is necessary for all
scientific research. Multitudes of trials and independent repetition of those trials are needed to
gain an understanding of complex concepts. Our model serves as the initial replacement for
experimentation that cannot be done ethically nor sustainably.

Our model is the first step for all future model-based frostbite research. Our toes have dipped
into this unconventional, avant-garde geometric entanglement so that future researchers have the
confidence and gusto to submerge their own feet into this mesh so that an accurate, authentic
model can be converged upon by the scientific community and the hoi polloi.
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8.0 Appendices

8.1 Appendix A

Skin Flesh Subcutaneous
Fat

Sock Air Boot

Thermal Conductivity
(W/mK)

0.37[5] 0.49[7] 0.21[7] 0.04[11] 1.4[9] 0.14[11]

Density (kg/m3) 1109[5] 1090[12] 911[12] 1314[12] 1.2466[9] 860[12]

Freezing Point (℃) 0[16] 0 0 N/A N/A N/A

Heat Generation Rate (W/kg) 1.65[5] 0.91[5] 0.51[5] 0 0 0

Temp (K) 18 248 261 265 265 269 270 270.5 271 333

Cp, a (J/K) 4180 4180 5000 10000 20000 80000 44000 20000 4180 4180

8.2 Appendix B
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