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In the era of precision cosmology, a wide range of cosmological surveys, such

as the LSST, DESI, Euclid and WFIRST will precisely probe the large-scale struc-

ture of the universe, shedding light on the nature of the dark sectors. Given

how sensitively the growth of structure depends on the nature of the underlying

gravitational field, this will be a unique opportunity to constrain the so-called

Modified Gravity models (MG), that are theoretical alternatives to dark energy,

which attempt to explain cosmic acceleration through a large-scale modifica-

tion to General Relativity. In order to fully utilize the wealth of incoming data,

however, theoretical predictions of structure formation in such alternative sce-

narios are necessary. Due to the existence of an additional degree of freedom

that these models introduce, N-body simulations prove to be highly computa-

tionally expensive. In the first chapter of this thesis, we discuss how we can

overcome this issue by using Lagrangian hybrid techniques, which can lead to

a speed-up by 2 orders of magnitude, compared to the conventional tools, while

still achieving % level of accuracy. Then, in chapter 2 we proceed to introduce

novel statistics that can help us more confidently detect MG signals hidden in

cosmic density fields, by up-weighting the significance of cosmic voids, where

the MG-ΛCDM degeneracy is broken. In the scales where structure formation

is analytically tractable, finally, we show that we can make accurate analytical

predictions for the two-point statistics of halos in MG, using Lagrangian per-



turbation theory and the Gaussian Streaming Model, simultaneously capturing,

for the first time in modified gravity, the effects of both halo-bias (in chapter 3)

and redshift space distortions (in chapter 4), effects crucial for the interpretation

of photometric and spectroscopic observations. Our results demonstrate that a

series of analytical, semi-analytical and simulation-based tools can be utilized

in order to dramatically improve our understanding of the nature of cosmic ac-

celeration and gravity at cosmic scales.
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CHAPTER 1

INTRODUCTION

1.1 The problem of cosmic acceleration

The accelerated expansion of the universe, as precisely measured by Type 1a

supernovae [138, 147], baryon acoustic oscillations (BAO) in galaxy cluster-

ing [63, 136, 137, 89], and the Cosmic Microwave Background (CMB) radiation

[173, 7, 6], represents one of the greatest, open questions in modern cosmology

and physics. This is due to the fact that such a feature directly contradicts the

common expectation, prior to this discovery, of a decelerating universe, due

to the mutual gravitational attraction of cosmic matter described by Einstein’s

General Relativity (GR). In order to illustrate this argument, let us describe the

dynamics of an evolving universe containing matter and energy that abide by

the principles of GR. Following the Lagrangian description of field theory, the

GR action, S , is expressed as follows:

S =

∫
d4x
√
−g

[
R

16πG
+Lm(gµν, ψm)

]
, (1.1)

with Lm denoting the Lagrangian of matter fields ψm, that follow the geodesics

of the metric tensor gµν, the determinant of which is g and G the gravitational

constant. Finally, R is the Ricci scalar, the definition of which will be presented

shortly. From the variational principle, taking δS
δR = 0 gives the Einstein equa-

tions of GR:

Gµν = Rµν −
1
2

gµνR = 8πGTµν. (1.2)

In (1.2), which employs the Einstein notation and assumes c = ~ = 1, Rµν is the

Ricci tensor (which is given by derivatives of the metric tensor) and R = Rµνgµν
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the Ricci scalar. On the right hand side of (1.2), Tµν is the energy-momentum

tensor.

Physical cosmology amins to identify the solutions of (1.2) (or any alternative

theory of gravity) that are consistent with the Large-Scale Structure (LSS) of the

universe. At 0th perturbative order, an expanding homogeneous and isotropic

spacetime is described by the Friedmann - Robertson - Walker (FRW) metric:

ds2 = gµνdxµdxν = −dt2 + a2(t)δi jdxidx j, (1.3)

where a(t) is the scale factor in an expanding universe and δi j the Kronecker

delta. For a perfect isotropic fluid, the energy momentum tensor takes the ma-

trix form:

T µ
ν =



−ρ 0 0 0

0 P 0 0

0 0 P 0

0 0 0 P


(1.4)

where ρ and P are the density and pressure, respectively. Now solving eq. (1.2)

with (1.3) and (1.4), at the 0th level of perturbations we get the two Friedmann

equations

H2(a) =

(
ȧ
a

)2

=
8πG

3
ρ −

k
a2 , (1.5)

and

Ḣ + H2 =
ä
a

= −
4πG

3
(
ρ + 3P

)
= −

4πG
3
ρ (1 + 3w) , (1.6)

where k is the curvature parameter, which is equal to {1, 0,−1}, depending on

whether the geometry of the universe is closed, flat (i.e. Euclidean) or open,

w = P
ρ

is the equation of state and dots indicate derivatives with respect to time.

A wide range of observations suggests that the dominant form of matter at cos-

mic scales is Cold Dark Matter (CDM), which behaves as a pressure-less fluid
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(w=0) and interacts merely gravitationally. However, one immediately notices

that eq. (1.6) for w = 0 predicts a continuous phase of cosmic deceleration,

(ä) < 0, in stark contrast to the overwhelming amount of observational evidence

supporting a recent phase of accelerated expansion [138, 147, 63, 136, 137, 89]!

Eq. (1.6) implies that, assuming GR, acceleration can be generated only by a

source of energy with equation of state w < −1
3 . Within the set of principles

laid out so far, this condition can be minimally satisfied by the existence of a

positive cosmological constant Λ, that plays the role of constant vacuum en-

ergy density and causes the expansion of the universe to accelerate. Indeed,

the energy-momentum conservation condition ∇µT µν = 0 gives the continuity

equation

ρ̇ + 3Hρ(1 + w) = 0, (1.7)

which shows that a constant energy density (i.e. ρ̇ = 0) implies a negative equa-

tion of state, equal to w = −1, which is consistent with the acceleration condition

w < −1
3 from (1.6). This scenario, the Λ-Cold Dark Matter (ΛCDM) model of the

universe, can successfully account for all observations up to date and has been

rightfully called the standard model of cosmology.

1.2 The motivation for modifying gravity

Despite the notable observational success of ΛCDM, the model unfortunately

suffers from an undesirable property: the value of the vacuum energy predicted

by quantum field theory is orders of magnitude larger than the best-fit one that

is necessary to explain cosmic acceleration, so Λ needs to be fine-tuned; the in-

famous cosmological constant problem [201]. Such an unfortunate mismatch,

together with the need to fully explore the space of all theoretical alternatives,

3



has generated growing interest in considering beyond-ΛCDM scenarios. Intro-

ducing a minimally coupled scalar field with a negative equation of state called

“dark energy” or quintessence [202, 143, 52] could also match the observed ex-

pansion history of ΛCDM, but suffers from fine-tuning obstacles of a very simi-

lar nature.

All the proposals we considered so far attempt to tackle the problem of cos-

mic acceleration by introducing a new energy source term, that is, modifying

the right hand side of (1.2). In light of the theoretical challenges these scenarios

face, an alternative proposal considers looking into the left hand side of (1.2),

and states that what we observe might be the signal of a fundamental misun-

derstanding of the behavior of gravity at large scales, the so-called Modified

Gravity (MG) models [97, 84]. Such scenarios broadly attribute cosmic acceler-

ation to a new scalar field φ, in the presence of which the gravitational action

becomes

S =

∫
d4x
√
−g

[
R

16πG
+L(φ, ∂µφ, ∂µ∂µφ) +Lm(e2β(φ)φ/Mplgµν, ψm)

]
. (1.8)

Modifying the Einstein-Hilbert action as in (1.8), however, introduces in prin-

ciple an additional degree of freedom that is conformally coupled to matter (as

one can see in the third term of the Lagrangian) and can produce significant

deviations from the predictions of GR, which have passed a wide array of pre-

cise observational tests, especially in the Solar System [206]. Furthermore, the

recent simultaneous detection of gravitational waves and EM counterparts by

the LIGO/Virgo collaboration [3, 68, 155, 1, 2], has placed additional constraints

[150, 65, 54, 19] into the form of the most general expression of a scalar-tensor

theory that produces second order equations of motion, described by the Horn-

deski action [80, 58].
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In order to be able to confront such tight constraints successfully, while

at the same time provide a stable self-accelerative cosmic mechanism, viable

MG candidates contain a restoring property, called “screening” [90, 91], which

is a dynamical mechanism that weakens the additional fifth forces in high-

density environments through the corresponding scalar field self-interactions,

encoded in the second Lagrangian term in (1.8). In the Vainshtein mechanism

[187, 18], GR is recovered thanks to the second derivative terms in the scalar

field Lagrangian, that become large in high density environments and effec-

tively weaken the coupling to the matter sources. The Vainshtein mechanism

is very efficient in the vicinity of a massive source and contains a rich phe-

nomenology, which makes it particularly attractive. Another popular class of

screening consists of the chameleons [92, 93], where in regions of high potential

the scalar fields become massive and cannot propagate, resulting thus in sup-

pression of the fifth forces. Despite the fact that chameleons cannot produce

self-acceleration [197], their very interesting phenomenology makes them serve

as ideal testbeds for gravity and considerable efforts have been put into their

study in the past decade [45]. Other screening classes include the symmetrons

[77, 130], that employ spontaneous symmetry breaking and share qualitative

similarities with the chameleons and the K-Mouflage [61, 18], in which devia-

tions are suppressed when scalar field gradients exceed a certain value.

The observed inhomogeneous LSS of the Universe, is the outcome of the

subsequent nonlinear gravitational evolution of the primordial density fluctua-

tions, partially modulated by the late-time acceleration. As a result, it provides

us with an observational window into the fundamental physics that shaped this

process, including sensitive tests of the underlying large-scale gravitational law,

making it particularly valuable for constraining the various MG models. In-
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deed, if we consider linear perturbations around the smooth expanding FRW

spacetime, the metric (in the conformal-Newtonian gauge) will take the form

ds2 = −(1 + 2Φ)dt2 + a2(t)(1 + 2Ψ)δi jdxidx j, (1.9)

where the perturbation Φ corresponds to the Newtonian potential and Ψ is the

perturbation to the spatial curvature. In the context of pure GR considerations,

solving (1.9) with (1.2) gives us the known form of the Poisson equation

∇2Φ = 4πGδρm, (1.10)

which describes how the matter density perturbations δρm are the source of the

gravitational potential and force. In MG scenarios, however, as we shall see in

the following chapters, we generally find that

∇2Φ = 4πGe f fδρm, (1.11)

where Ge f f , G is a complicated function of both space and time that will give

rise to non-trivial deviations from GR in cosmic scales, impacting structure for-

mation in an observable manner. As we are entering the era of “precision cos-

mology”, multiple spectroscopic and photometric surveys of the LSS, both al-

ready operating, such as the DES [4] and also about to be commissioned in the

next decade, like DESI [106], Euclid [105], the LSST [5] and WFIRST [172], will

provide us with particularly precise maps of the LSS that will shed light on

the mysterious nature of the dark sector. Taking full advantage of this wealth

of cosmological information poses a great challenge for experiment and theory

alike.

On the theoretical side, fully utilizing upcoming observations requires a pre-

cise modeling of the distinct LSS signals both from ΛCDM and also its alterna-

tives. These predictions should extend down to the smaller scales, where the
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non-linear nature of the gravitational equations renders the problem analyti-

cally intractable and makes full N-body simulations of structure formation in-

evitable. In the case of MG scenarios, the necessary simulations are notoriously

computationally expensive, due to the need to account for the MG screening

mechanism, which is highly nonlinear and adds a new layer of complexity to

the whole process. In Chapter 2, we will discuss how to speed up such sim-

ulations for MG by two orders of magnitude, by employing the efficient hy-

brid COLA scheme, that combines Lagrangian perturbation theory (LPT) with

a pure N-body component and represents an ideal trade-off between accuracy

and computational cost.

The MG screening mechanism, that suppresses deviations from GR by

means of a novel scalar field interplay, might restore the phenomenological

viability of such candidates, but at the same time suppresses these signals so

much, to the extent that their detection becomes very challenging, even for the

future ambitious surveys of the LSS. In Chapter 3, we will demonstrate that a

set of very simple density transformations, that up-weight the lower density,

unscreened regions, can help us more confidently expose modifications to grav-

ity that can be hidden in the cosmic web.

If our focus is restricted on detecting signals of MG on relatively larger

scales, where the problem of structure formation is analytically tractable, useful

insights can be gained by employing perturbative approaches, that require only

a very small fraction of the computational cost a full N-body simulation would

require. Even in that case, however, if we want our predictions to realistically

confront the upcoming observations, for the variety of competing scenarios, we

need to account for the fact that the observed galaxies do not perfectly trace the

7



underlying dark matter density field (the evolution of which is straightforward

to predict), but are biased tracers of it. In Chapter 4, we will obtain accurate pre-

dictions for statistics of biased tracers in theories of MG, combining the halo

model with the framework of Lagrangian perturbation theory.

A significant portion of the upcoming observations, such as the ones that

will be obtained by DESI [106], Euclid [105] and WFIRST [172], will be spectro-

scopic ones, that will determine the positions of galaxies in redshift space. The

peculiar velocities of galaxies about the Hubble flow, contribute a spectroscopic

component that introduces thus an anisotropy in the observed clustering pat-

tern, the Redshift Space Distortions (RSD). In Chapter 5, finally, we will show

how the analytical framework developed in Chapter 4 can be expanded to in-

corporate the RSD effects for biased tracers, for the first time in MG, by means

of the scale-dependent Gaussian streaming approach.
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CHAPTER 2

EFFICIENT SIMULATIONS OF LARGE SCALE STRUCTURE IN

MODIFIED GRAVITY COSMOLOGIES WITH COLA

2.1 Introduction

In this chapter, we will implement an adaptation of the COLA approach, a hy-

brid scheme that combines Lagrangian perturbation theory with an N-body ap-

proach, to model non-linear collapse in chameleon and symmetron modified

gravity models. Gravitational screening, a key feature of such models, as we

shall see, will be modeled effectively through the attachment of a suppression

factor to the linearized Klein-Gordon equations. The adapted COLA approach

will then be benchmarked, with respect to an N-body code both for the ΛCDM

scenario and for the modified gravity theories. This work has been published in

[189].

A variety of analytical, semi-analytical and numerical approaches have been

used to study ΛCDM and dark energy scenarios in the non-linear regime of the

large-scale structure of the Universe. Lagrangian perturbative techniques up to

first [212, 135] or second order [38], have been shown to produce accurate results

for ΛCDM in the linear and mildly non-linear scales without having to perform

a complete numerical treatment of structure formation. They fail to achieve

the desired accuracy, however, at smaller, non-linear scales for which a full N-

body simulation is required. In light of the computational resources necessary

for N-body simulations, and given the successes of Lagrangian Perturbation

Theory (LPT), hybrid schemes have been proposed, with the aim of combining

the strengths of both approaches. In this chapter, we focus on the Comoving
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Lagrangian Acceleration (COLA) hybridization scheme [182]. By evolving the

large scales analytically using LPT and the small scales exactly with a full N-

body treatment, the COLA method manages to produce accurate results deep

in the mildly non-linear regime with only a few number of time steps, making

it possible to produce fast results in exchange for some accuracy.

In modified gravity simulations, the need to accurately capture the effects

of the fifth forces and the screening mechanism adds a new layer of complex-

ity. For an exact description, one needs to solve the full Klein-Gordon equation,

whose non-linearities render the procedure both challenging and computation-

ally expensive. It is natural consequently to investigate whether an inexpensive,

approximate scheme can be used instead. A linear treatment of the perturbation

equations, together with the linearized Klein-Gordon equation it produces may

seem efficient at first, but a more careful examination shows [39, 40] that it fails

to incorporate the non-linear screening effects and gives poor results. Effective

approaches [207] have managed to implement screening successfully, however,

following a phenomenological path. An ineffective but computationally fast lin-

earized scheme, can be combined with the attachment of a screening factor for

a spherically symmetric configuration, to speed up MG simulations without the

sacrifice of much accuracy.

Given the success of Lagrangian approaches in ΛCDM simulations and the

need to develop effecient, but representative, realizations of the LSS in different

cosmological scenarios, it is natural to see alternative routes in MG models. The

benefits of LPT have already been discussed in the context of generating initial

conditions, appropriate for coupled scalar field cosmologies [108] or MG models

[188] . In this chapter, we study the effectiveness of the COLA hybrid scheme,

10



in which the linear scales are evolved exactly using LPT and the non-linear ones

using N-body simulations, for MG scenarios. As far as the N-body component

is concerned, the fifth force calculation lies in the solution of the linearized KG

equation and an approximate screening implementation through the thin shell

factor for a dense sphere, similar to [207]. In chameleon-type (and symmetron)

models, a scalar field acquires a very large mass within a massive object and

consequently decouples due to the Yukawa suppression, so essentially only a

fraction of the total mass (thin shell) contributes to the fifth force.

The layout of the rest of the chapter is as follows: in Sec. 2.2 we first review

the MG models studied and the non-linear approaches used in the analysis.

In Sec. 2.3 we present our results, assessing the performance for the scheme

to predict a number of LSS observables, including the matter power spectrum,

the redshift space distortions, and halo mass function, before summarizing the

findings and discussing implications in Sec. 2.4.

2.2 Formalism

2.2.1 Modified gravity and screening models

A wide class of viable scalar-tensor theories have been shown to be described by

a Horndeski Lagrangian [80, 58]. Using a general single scalar field Lagrangian,

in the Einstein frame, written in terms of a scalar field φ and its derivatives,

L =
M2

Pl

2
R +L(φ, ∂µφ, ∂µ∂µφ) +Lm(e2β(φ)φ/Mplgµν, ψm), (2.1)

11



where R is the Ricci scalar, φ the scalar field, MPl the reduced planck mass MPl =

mPl√
8πG

and Lm is the Lagrangian for the matter sector, in which the matter fields

ψm are non-minimally coupled to the scalar field with a dimensionless coupling

constant β(φ). In the chameleon and symmetron models, the properties of the

single scalar field can be described by a simple, scalar field Lagrangian

L = −
1
2

(
∇φ

)2
− V(φ) (2.2)

where V(φ) is the self-interacting potential. Varying the action gives us the equa-

tions of motion for the scalar field, the Klein-Gordon equation

�φ = Ve f f ,φ (2.3)

where the effective potential combining the self-interaction potential and cou-

pling term is given by

Ve f f = V(φ) +
eβφ/Mplρm

MPl
(2.4)

The chameleon screening mechanism lies in the fact that the effective mass of

the scalar field calculated at the minimum, m, which is given by

m2 =
d2Ve f f

dφ2 , (2.5)

has to be positive. For the chameleon theories, this requirement is guaranteed

through the interplay between a monotonically decreasing potential V(φ) and an

increasing coupling. In the symmetron model, on the other hand, the viability is

restored using a “Mexican hat” symmetry breaking potential [77], the behavior

of which still gives rise to a positive density-dependent mass.

The observational consequences of such models can be demonstrated by ex-

tracting the scalar field profile, φ(r), produced by the density profile

ρ(r) =


ρc if r < Rc

ρ∞ if r > Rc

(2.6)

12



where r is the radial distance from the center of a compact spherically symmetric

configuration of density ρc and radius Rc (not to be confused with the Ricci

scalar R), that is isolated on a uniform density background ρ∞. Under spherical

symmetry, (2.3) becomes

1
r2

d
dr

(
r2 dφ

dr

)
=

(
∂V
∂φ

+
β(φ)ρc(r)

MPl

)
. (2.7)

Even though (2.7) does not have, in principle, an analytical solution, accurate

approximations can be performed for two different configurations, that corre-

spond to opposite regimes with respect to screening [93, 92]. The first case is

that of a large, strongly perturbing object of very large density ρc, for which the

interior field is forced to acquire the value that corresponds to the minimum of

the effective potential, φc and the scalar field profile outside the object is given

by

φ(r) = φ∞ +

(
φc − φ∞

)
Rc

r
e−m∞r, r > Rc. (2.8)

The corresponding fifth-force experienced by a unit mass particle outside the

object is

Fφ(r) = 2β2
∞

(
∆Rc

Rc

)
GM
r2

(1 + m∞r) e−m∞r, (2.9)

where m∞, β∞ are respectively the background values of the mass and coupling

and M the mass of the object. Given the characteristic large values of the Comp-

ton wavelength λc ≡ m−1
∞ , the scalar field is essentially free within our scales of

interest and the Yukawa suppression can be neglected in (2.9),

Fφ(r) ≈ 2β2
∞

(
∆Rc

Rc

)
GM
r2 , m∞r � 1. (2.10)

The above approximation is valid when the “screening factor” is

∆Rc

Rc
=
|φ∞ − φc|

2β∞MPlΦN
� 1, (2.11)
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which also defines the criterion for the existence of a thin shell [77, 91], whose

mass is the fraction of the total that actually contributes to the fifth force, due

to the strong Yukawa suppression deep inside dense objects. The Newtonian

gravitational potential is denoted by ΦN in (2.11). On the other hand, when

linear perturbation theory is valid, which is the case when ∆Rc
Rc

> 1, the linearized

form of (2.7) gives

Fφ(r) ≈ 2β2
∞

GM
r2 , m∞r � 1 (2.12)

for the fifth force. Based on (2.10)-(2.12), we see that in the linear regime the fifth

force is the same as the Newtonian force with a coupling 2β2
∞ and deep in the

non-linear (screened) regime, it is suppressed by the thin shell factor (2.11).

Furthermore, it should be also noted that, as shown in [41], one can derive a

pair of functions β(a),m(a), for the characterization of a model within the above

framework. Unlike models with constant couplings, symmetrons exhibit an

additional form of screening [77, 130] due to the fact that in dense environments

symmetry is restored and the coupling β(φ) vanishes.

Adopting this formulation, linear perturbation theory gives [113, 41] for

the growth of CDM density perturbations in the quasi-static limit and for sub-

horizon scales

δ̈m + 2Hδ̇m =
3
2

Ωm(a)H2δm
Ge f f (k, a)

G
(2.13)

with
Ge f f (k, a)

G
= 1 +

2β2(a)k2

k2 + a2m2(a)
(2.14)

where a is scale factor, with a = 1 today, and k is the comoving wavenumber.

The effects of gravity modifications at the linear approximation are incorpo-

rated in the second term. For very large scales and/or early times (GR regime),

14



am(a)/k � 1 and (2.13) reduces to the standard GR expression in the weak grav-

ity regime, where the Newtonian gravitational potential is given by the Poisson

equation,

∇2ΦN =
3
2

Ωm0
H2

0

a
δm. (2.15)

When am(a)/k ≤ 1 however (scalar-tensor regime), the second term becomes

significant and gives the linearized Klein-Gordon equation for the fifth potential

φ

φ(k, a) = −
β(a)

k2 + a2m2(a)
ρ̄ma2

Mpl
δm. (2.16)

with the real space expression being

∇2φ = a2m2(a)φ +
β(a)a2ρ̄m

Mpl
δm. (2.17)

The f (R) model

f (R) theories [48] are widely-studied modified gravity scenarios, that give rise

to acceleration on cosmic scales and can be incorporated [43] into the chameleon

formalism with a constant coupling β = 1/
√

6 . The first model we tested thus,

was the Hu-Sawicky f (R) model [81] with a scalar field mass

m(a) =

 1
3(n + 1)

R̄
| f̄R0 |

 R̄
R̄0

n+1


1
2

(2.18)

where

R̄ = −3(H2
0Ωm0)2

(
a−3 + 4

ΩΛ0

Ωm0

)
(2.19)

where H0 is the Hubble Constant and ΩΛ0 and Ωm0 are, respectively, the dark

energy and dark matter fractional energy densities today. The mass takes the

form

m(a) =
1

2997

 1
2| f̄R0 |


1
2
(
Ωm0a−3 + 4ΩΛ0

)1+ n
2(

Ωm0 + 4ΩΛ0
) n+1

2

[Mpc/h]. (2.20)
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Furthermore, the screening factor is given by

∆Rc

Rc
=

3
2

∣∣∣∣∣∣∣ f̄R0

ΦN

∣∣∣∣∣∣∣
(

Ωm0 + 4ΩΛ0

Ωm0a−3 + 4ΩΛ0

)n+1

. (2.21)

f̄R0 =
d f (R)

dR

∣∣∣
z=0

and n are the model’s free parameters. In this chapter, we consider

the model for n = 1 and
∣∣∣ f̄R0

∣∣∣ = {10−4, 10−5, 10−6}. These describe cosmologically

viable scenarios whose non-linear properties have been simulated using the full

Klein-Gordon equation [213, 207] with which our results can be compared.

The symmetron model

The general framework laid previously, can also incorporate the symmetron

model, with a “Mexican hat” symmetry breaking potential [77], for which scalar

fields couple to matter after a > assb, with

m(a) =
1
λφ0

√
1 −

(assb

a

)3

β(a) = β0

√
1 −

(assb

a

)3
(2.22)

and the coupling vanishes for a < assb, when symmetry is restored. The screen-

ing factor for this model becomes [55, 207]

∆Rc

Rc
=

Ωm0

3.0a3
ssb

(
λφ0

Mpc/h

)2∣∣∣∣∣∣10−6

ΦN

∣∣∣∣∣∣ (2.23)

We consider this model with values assb = 0.5, β0 = 1 and λφ0 = 1Mpc/h which

again have been shown [55] to predict deviations consistent with experimental

constraints. It should be also pointed out that, as explained previously, models

of this type exhibit field dependent couplings which cause additional screening

due to the coupling suppression in dense environments, where symmetry is

again restored. This effect is not taken into account in our approximate scheme.
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2.2.2 Simulating non-linear clustering

The N-body method

The COLA code has been loosely based on A. Klypin’s PM code [95], and this

motivates the latter’s use as a comparison for our approximate scheme’s effec-

tiveness. It is also a simple and representative implementation of a Particle-

Mesh (PM) N-body code. N-body simulations for MG using the PM code have

been performed previously [176, 104, 94]. For each scenario, we consider 10

simulated realizations, initialized at an initial redshift zi = 49, at which density

perturbations on the scales we study are linear. After providing a linear power

spectrum from the cosmological code CAMB [107] for the desired ΛCDM cos-

mology at the time zi, Np = 2563 particles are placed in our simulation box with

side L=200 Mpc/h, in a mesh of 5123, using 1st order Lagrangian Perturbation

Theory (Zel’dovich approximation) [212]. The parameters that define our back-

ground ΛCDM cosmology are Ωm0 = 0.25, ΩΛ0 = 0.75, h = 0.7, ns = 1.0 and

σ8 = 0.8. The particle positions are updated, using 500 time steps, through the

displacement equation:

ẍ + 2Hẋ = −
1
a2∇xΦN . (2.24)

In Fig. 2.1, it is shown that the choice of 500 iterations, which corresponds to

steps of ∆a = 0.00196 in the scale factor, guarantees convergence at the 0.08%

level.

In MG cosmologies, the modified geodesic equation gives, in the weak grav-

ity regime, the modified version of (2.24),

ẍ +

(
2H +

β

MPl
φ̇

)
ẋ = −

1
a2

(
∇xΦN +

β

MPl
∇xφ

)
, (2.25)
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where the term
∣∣∣∣ β

MPl
φ̇
∣∣∣∣ is negligible given observational constraints from varia-

tions of constants [207]. Equation (2.25), which also holds for the full non-linear

KG description, forms a closed system of equations with (2.15) and (2.17) that

are solved in the Fourier space for the potentials ΦN and φ.

The linearized form of KG equation, (2.17), does not incorporate the screen-

ing effects. To account for the screening effect, we adopt an effective parame-

terization similar to the one proposed in [207]. In section Sec. 2.2.1, we showed

that the linear solution for the fifth force, (2.10), is suppressed by the screening

factor deep in the non-linear regime. As a result, we incorporate the screening

effects by explicitly attaching the screening factor to the fifth force in accordance

with (2.10)-(2.12) and (2.25),

ẍ + 2Hẋ = −
1
a2

(
∇xΦN +

∆Rc

Rc

β

MPl
∇xφ

)
. (2.26)

To interpolate properly between the screened and the unscreened regime we set

∆Rc

Rc
=


φ(a)

2β(a)MPl|ΦN |
if φ(a)

2β(a)MPl|ΦN |
< 1

1 if φ(a)
2β(a)MPl|ΦN |

> 1.
(2.27)

Within our approximate scheme, the functions |φ∞ − φc| and β∞ have been set

equal to the background ones |φ(a)| and β(a) correspondingly, which has been

shown to be a good approximation in [207].

The COLA method

The fact that N-body codes manage to simulate the Large Scale Structure accu-

rately but at a significant computational cost, has motivated the development

of several analytical perturbative techniques to avoid a full blown N-body sim-

ulation. Lagrangian Perturbation Theory (LPT) [212, 38] works perturbatively
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Figure 2.1: The fractional difference between the ΛCDM power spectrum,
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∣∣∣ = 10−4 model (solid lines) and the symmetron
scenario (dashed lines) described in section 3.2.1.

in a Lagrangian displacement field and manages to give accurate results in the

Linear and the Mildly Non-Linear regime. However, it quickly fails to capture

the non-linearities associated with the smaller scales and consequently it un-

derestimates significantly the power at large k. Given that we have to choose

between accurate, but expensive N-body simulations and fast but approximate
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perturbative techniques, it is reasonable to ask whether one can efficiently com-

bine the benefits of both approaches. Such a hybrid method, named COmoving

Lagrangian Acceleration (COLA) was proposed in [182]. Here we outline the

basic framework and its modifications for MG, while details can be found at

[182]. The particle comoving positions are decomposed as a sum of two pieces,

in the “manifestly” exact form

x = xres + xLPT (2.28)

By defining a new time variable dθ ≡ H0
dt
a2 = H0

a dη, where η is conformal time,

(2.24) can be cast in the simpler form

T 2(x) = −
a2

H2
0

∇xΦN , (2.29)

with T ≡ d
dθ = a

H0
∂η = Q(a)∂a, and Q(a) = a3 H(a)

H0
. In the Lagrangian description x =

q+s(q, a), with q the initial Eulerian position and s the Lagrangian displacement

and

T 2(s) = −
a2

H2
0

∇xΦN . (2.30)

One can now solve for the residual displacement in ΛCDM

T 2(sres) = −
a2

H2
0

∇xΦN − T 2[D1(a)]s1 − T 2[D2(a)]s2, (2.31)

where D1(a) and D2(a) are the first and second order growth factors, respectively,

and s1, s2 are the Zel’dovich and second order LPT displacements. The fact that

the LPT piece is evolved analytically and we only solve numerically for sres,

can be interpreted as working on a frame that is co-moving with observers that

follow LPT trajectories.

T can be discretized using a Leapfrog scheme [142] to get the core COLA

equations for each particle’s position and velocity change between the times
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ai, a f

x(a f ) = x(ai) + υ(ac)
∫ a f

ai

da
Q(a)

+

+
(
s1(q, a f ) − s1(q, ai)

)
+

+
(
s2(q, a f ) − s2(q, ai)

)
υ(a f ) = υ(ai) −

∫ a f

ai

a
acQ(a)

da
×−1.5Ωm0ac

(
∇xΦ̃N(x) +

∆Rc

Rc

β

MPl
∇xφ̃(x)

)
−

−T 2[s1](ac) − T 2[s2](ac)
]
,

(2.32)

where a tilde denotes a quantity in units of 1.5Ωm0H2
0/a.

Initial conditions are produced using the 2LPT initial conditions code (2LP-

Tic) [158] which does so by performing LPT up to second order. In a ΛCDM

cosmology, growth functions D1(a) and D2(a) are scale independent [212, 38]

and one only needs to produce an LPT snapshot for z = 0 for both generat-

ing initial conditions and obtaining the LPT terms at the different timesteps.
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In such a case, the LPT displacements are given by s1(q, a) = D1(a)s1(q, a0),

s2(q, a) = D2(a)s2(q, a0) and (2.32) reduces to the standard COLA ΛCDM scheme

(with the fifth force term omitted). Initial conditions and background cosmol-

ogy are produced, for 10 realizations, for the same cosmological parameters as

used in the PM code, at the initial redshift z=9.0 which has been shown [182] to

work well for COLA in ΛCDM. The simulation box size, number of particles and

mesh size are the same as used in the PM code. It should be noted though that

we don’t perform a comparison of the codes by initiating both with identically

seeded initial conditions, but instead, we compare the statistical consistency of

the means of the 10 runs for each of the two techniques with the respective sets

each using different random generated seeds. In its initial formulation, COLA

was used with 10 time steps, which enables accurate predictions down to k ∼ 0.5

h/Mpc, which can be also seen in Fig. 2.1, where the ΛCDM power spectrum by

COLA is presented for various choices of time steps. By increasing the number

of steps to 50, still significantly fewer than the typical number of iterations per-

formed in a standard N-body code, we can provide accuracy down to smaller

scales, k ∼ 2 h/Mpc. The ΛCDM COLA run-time in this set up is ∼10 times

shorter than that of the PM code. COLA’s accuracy as a function of the number

of time steps used, is further discussed in section 2.3.1.

When gravity is modified, the core equations need to be changed appropri-

ately to account for the additional fifth forces and the screening effects. As in

the N-body code, one can use an approximate framework to model the modi-

fied gravity effects both on the growth rate and screening: solving the linearized

KG equation (2.16) and attaching the screening factor (2.27) to fifth force term

in (2.32). For the LPT component of COLA, one must consider that, in MG the-

ories, the growth factors D1 and D2 become scale dependent.
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In Figure 2.2, we summarize the first and second order growth factors for a

chameleon and symmetron scenario. In each case as we approach late times, z <

2 for the chameleon model, and z < 0.5 for the symmetron, we find significant

scale dependent deviations from ΛCDM at the level of 10% for D1 and 25% for

D2 at k=0.1 h/Mpc today, which means that not all Fourier modes evolve the

same way with time [188]. This causes the LPT trajectories of a given particle to

bend, in principle. As a consequence one has to be very cautious about how to

obtain the LPT terms at the different times. We briefly outline the application of

LPT to scale dependent growth functions in MG in Appendix A.

Unlike the ΛCDM case, here the growth factors’ scale dependent nature does

not allow one to evolve the Zel’dovich and 2nd order displacements with a single

scale independent function for all scales. To account for that, we have consid-

ered two alternative modifications to COLA. In the first approach, we create an

MG version of COLA that calculates the LPT displacements numerically at each

time step using an MG version of 2LPTic. The relevant LPT terms in (2.32) are

calculated after Fourier transforming (A.13) and (A.14). Besides the modified N-

body component, the fact that we have to solve numerically for the Lagrangian

terms at every discrete time step increases the computational cost significantly.

In a second approach, we utilize the fact that the LPT part of the scheme serves

to evolve the linear scales, for which the MG deviations with respect to ΛCDM

are known to be small for most times and adopt an approximate scheme in

which only the N-body part is modified and the ΛCDM solutions are used for

the Lagrangian displacements. The resulting scheme has the same N-body com-

ponent as in (2.32) and the known ΛCDM LPT terms, in which the Lagrangian
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displacements are evolved with D1,Λ(a) and D2,Λ(a).

x(a f ) = x(ai) + υ(ac)
∫ a f

ai

da
Q(a)

+

+
(
D1,Λ(a f ) − D1,Λ(ai)

)
s1(q, a0)+

+
(
D2,Λ(a f ) − D2,Λ(ai)

)
s2(q, a0)

υ(a f ) = υ(ai) −
∫ a f

ai

a
acQ(a)

da
×−1.5Ωm0ac

(
∇xΦ̃N(x) +

∆Rc

Rc

β

MPl
∇xφ̃(x)

)
−

−T 2[D1,Λ](ac)s1(q, a0) − T 2[D2,Λ](ac)s2(q, a0)
]
.

(2.33)

A comparison of the two approaches for the f (R) model with
∣∣∣ fR0

∣∣∣ = 10−4, for

which we expect the largest modifications, is shown in Fig. 2.3. One comparison

tracks a given particle inside our volume during the simulation and we also

compare the resulting power spectra using both schemes. We find excellent

agreement between the approximate and fully modified schemes, in both the

linear and mildly non-linear regimes. We also find very small differences for the

position and displacement vectors (magnitude & direction) with differences in

angular orientation of at most 11 arcseconds, and differences in the magnitude

of steps less than 2, 5%, which result in power spectra that have a fractional

difference no larger than 0.3% today. The approximate scheme takes under half

the run time of the full implementation. In light of these results, we adopt the

approximate scheme in the COLA simulations used in this analysis. This has the

great advantage of not having to solve numerically for the LPT displacements

at every time step, without sacrificing much accuracy.
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2.3 Analysis/Results

2.3.1 Modified gravity results

In this section we present the results of the assessment of COLA’s performance

with respect to the predicted power spectra, redshift space distortions (RSD)

and dark matter halos for the modified gravity scenarios and ΛCDM. For every

given model and choice of parameters, simulations have been performed using

both COLA and the PM code.
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Figure 2.5: Fractional difference in the CDM power spectra for the MG sce-
nario relative to the ΛCDM model, ∆P

PΛCDM
, at a = 1, for the same

initial conditions for [left] the f (R) scenario, for fR0 = 10−4, 10−5

and 10−6, and [right] the symmetron model with assb = 0.5.
The averaged results, and standard deviations, from the simu-
lations with the PM code [red dashed line] and the COLA code
[blue full] are presented in each case. The number of time steps
used for COLA and PM is 50 and 500, respectively.

Power spectra

To appropriately benchmark the COLA performance for modified gravity, we

first compare the performance of COLA for ΛCDM. In Fig. 2.4, we show the

ΛCDM power spectra as obtained by both codes, together in comparison with

the fit by [171]. The two results agree well within a standard deviation of each

other for all scales, but start to, underestimate power, consistently with one an-

other, by k ∼ 2 h/Mpc, relative to higher resolution simulations. For that reason,

we choose to compare performance down to a scales with k = 2.5 h/Mpc, while

the Nyquist wavenumber, for our simulation, is k ∼ 4 h/Mpc.

In Fig. 2.5, the fractional difference in the power spectra is plotted for all

our models and both codes are found to agree with each other well within one

standard deviation, with the differences being smaller than 1%. Our results
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demonstrate the consistency between COLA and the N-body approach using

the approximate scheme. In turn this connects with previous work that has

shown, in general, the good degree of consistency of this approximate scheme

with N-body simulations using the full Klein Gordon for the same models in the

literature [213, 55, 39, 207]. In particular the results for the
∣∣∣ fR0

∣∣∣ = 10−5 &
∣∣∣ fR0

∣∣∣ =

10−6 models are in excellent agreement with the literature for all scales. Our

results confirm findings in [207], in studying the effectiveness of the linearized

screening schema: for the lowest screening f (R) model, with
∣∣∣ fR0

∣∣∣ = 10−4, and the

symmetron model the effective screening parameterization, respectively, under

and overestimates the power, relative to the full KG simulation, at the non-linear

scales.

Fig. 2.6 shows our COLA scheme’s accuracy in predicting the fractional dif-

ference in the power spectra for the highest deviation model,
∣∣∣ fR0

∣∣∣ = 10−4, as a

function of the number of time steps used, for one realization. We find that using

50 time steps provides excellent convergence, at the level of 0.9%, to the scales

we want to consider, k ∼ 2 Mpc/h. Using 30 time steps provides convergence at

the level of 8% at k ∼ 2 Mpc/h.

Redshift space distortions

A great amount of observational effort is being invested in studying the three-

dimensional Large Scale Structure (LSS) through spectroscopic galaxy surveys

that measure precise redshifts. Among various challenges faced by such mea-

surements, the observed clustering structures appear distorted in redshift space.

Density perturbations give rise to peculiar velocities with respect to the Hub-
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Figure 2.6: [Top] Fractional difference in the CDM power spectra for the∣∣∣ fR0

∣∣∣ = 10−4 scenario relative to ΛCDM for one realization, as ob-
tained by COLA using various choices of time steps. [Bottom]
Ratio of the fractional difference ratn =

(
∆P
P

)
n

for each choice to
the high resolution result using 400 steps, rat400 .

ble flow, which result in the redshift space position rs, being different than the

real space position rr, with the relationship between them taking the form

rs = rr +
v · n̂
H0

n̂. (2.34)

By v we denote the peculiar velocity and by n̂ the unit vector along the line

of sight. At linear scales, coherent motions of galaxies that tend to collapse

within an overdense region, cause it to appear squashed in redshift space. As

shown by [87], in the distant observer approximation, such an overdensity will

be distorted in the redshift space:

δs(k, a) =
(
1 + fµ2

)
δr(k, a), (2.35)

where µ is the angle between the peculiar velocity and the line of sight in k
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space, k̂, and f the linear growth rate,

fg(a) =
d ln D1(a)

d ln a
, (2.36)

with subscript ‘g’ to differentiate it from the f (R) function. Such an effect gives

rise to, based on (2.35), an overestimation of the power spectrum measured in

the redshift space:

Ps(k, µ, a) =
(
1 + βgµ

2
)2

Pr(k, a), (2.37)

where we introduced the factor βg = fg/b (not to be confused with the coupling

β) to account for the galaxy bias b, with b = 1 for cold dark matter. Averaging

(2.37) over all directions, gives the 0th order piece

Ps(k, a) =

(
1 +

2
3
βg +

1
5
β2

g

)
Pr(k, a). (2.38)

At smaller, non-linear, scales the random incoherent velocities of galaxies within

virialized structures cause overdense regions to appear elongated along the line

of sight (“Fingers of God”), causing suppression of power. An exact quantita-

tive treatment of the phenomenon is hard, due to the complicated nature of the

small-scale velocity correlations and as a result phenomenological approaches

have been proposed. Such models [134] treat the line-of-sight distortion as a ra-

dial convolution of the correlation function ξr (including the Kaiser boost) with

an incoherent velocity distribution f (v)

ξs(r⊥, r‖) =

∫ ∞

−∞

ξr(r⊥, r) f (r‖ − r)dr, (2.39)

where r⊥ and r‖ are the perpendicular and parallel components. Assuming a

Gaussian velocity distribution [134], the Fourier space expression would then

be

Ps(k, µ, a) = Pr(k, a)
(
1 + βgµ

2
)2

exp(−k2µ2σ2
com) (2.40)
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with σcom being the comoving distance dispersion that is related [200] to the

velocity dispersion σp through

σp = aH(a)σcom (2.41)

Even though the exponential term in (2.40) is reasonable as a damping term

for capturing the non-linear power suppressions, it has been noted [56] that an

exponential pairwise velocity distribution

f (v) =
1
√

2σp

exp(−
√

2|v| /σp) (2.42)

is a better fit. This gives rise to the dispersion model [132]

Ps(k, µ, a) =
(
1 + βgµ

2
)2

Pr(k, a)

 1
1 + 1

2k2µ2σ2
com

 , (2.43)

in which the damping effects are incorporated through a Lorentzian term and

σcom (or σp) is considered a free parameter to be fitted to the data. It should

be noted that σp is actually scale and bias dependent, which is one of the limi-

tations the dispersion model faces [159]. The above description can still prove

to be a very useful tool for obtaining an effective non-linear velocity dispersion

parameter and thus quantifying the non-linear FoG effect. Integrating (2.43)

over all directions gives the monopole piece, which can be fitted over the re-

sults to obtain σp. This is slightly different than other approaches: [10] pro-

posed attaching a simple factor 1
1+k2σ2 to the Kaiser boost with σ being a free

parameter, loosely related to σp, while [100] suggested attaching a free function

F(k, µ) = A
1+Bk2µ2 + Ck2µ2 and marginalized over the parameters A, B and C for to

account for the uncertainties in constraining the effects of modified gravity on

the RSD power spectrum.

Through the mapping (2.34), we obtained redshift space power spectra for

all of the simulated models, with the results presented in Fig.2.7. We compared
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Analytic prediction
Scenario Prsd/Preal fg γe f f σp(km/s)

ΛCDM 1.35 0.462 0.556 567

f (R),
∣∣∣ fR0

∣∣∣ = 10−6 1.35 0.463 0.555 605

f (R),
∣∣∣ fR0

∣∣∣ = 10−5 1.38 0.491 0.512 714

f (R),
∣∣∣ fR0

∣∣∣ = 10−4 1.42 0.541 0.443 834

Symmetron 1.35 0.464 0.554 611

Table 2.1: Analytic predictions for the RSD to real space power spectrum
ratios, Prsd/Preal, CDM growth rates, fg ≡ dlnD1(a)/dlna, and the
equivalent growth exponent, γe f f = dln fg/dlnΩm(a), are evalu-
ated at k = 0.05h/Mpc. The effective velocity dispersion values,
σp are obtained by fitting the average power spectrum results to
the monopole of the RSD suppression function in (2.43).

the large scale results to analytic predictions arising from the linear growth rate,

and also used the monopole model in (2.43) to obtain an effective velocity dis-

persion damping factor for the FoG effect. The results are summarized in Fig.

2.7 and Table 4.1.

We first benchmarked COLA’s performance for ΛCDM. We see that the

PM and COLA codes’ RSD predictions for ΛCDM do not differ by more than

0.5% at all the scales of interest and agree remarkably well with the analyti-

cal prediction, with expected values of fg(a = 1)=0.467 and Ps(k)
Pr(k) =1.354, assum-

ing fg = Ωm(a)γ, with γ = 0.55. At smaller scales , the “Fingers of God” effect

quickly dominates, and causes power suppression and find this suppression is

well modeled by (2.43) with σp = 567 km/sec.

For the MG models, the additional fifth forces cause the redshift space power

spectra to have, in principle, different shapes. In large scales, the enhanced

clustering results in higher coherent velocities of collapse into overdense regions

which translates to a higher boost in the RSD power spectra with respect to GR,
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translating into higher values for the growth rate and a lower γ. For lower

magnitude modifications, the suppression of the fifth forces gives results that

tend to the ΛCDM prediction. At smaller scales, the fifth forces cause higher

random velocity dispersions inside virialized structures, making the damping

effects stronger in MG.

These combined effects cause the redshift space distortions to be more pro-

nounced in MG compared to GR. This can be clearly seen in the upper left panel

in Fig.(2.7). As expected, the redshift space distortions vary from the most pro-

nounced, in the lowest screening model, to very small deviations from GR in the

strong screening regime. For the same models, the redshift space power spectra

from the PM code agree with COLA well within a standard deviation. The re-

sults using the approximate schema are in good agreement with full non-linear

MG N-body simulations for redshift space distortions in f (R) gravity performed

by [85]. For all the models, COLA predicts deviations that are 0.5% more pro-

nounced (higher in large scales, smaller in small scales) than the PM code.

Halo Mass Function

To determine the halo mass function we identify halos in the simulations using

the Rockstar halo finder [25] for all models. In Fig. 2.8 we show the comparison

of the halo mass function predicted by COLA and the PM code, together with

a high accuracy result by [126]. COLA and PM are found to be in a better than

2.5% agreement in the lower and intermediate mass range, while in the highest

mass bins there is a maximum difference of 10%.

In Fig. 2.9, we plot the fractional difference in the halo mass function with
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respect to ΛCDM, for all of our models. The COLA and PM code results agree

in general, well within the standard deviation from the averaged suite of sim-

ulations. In particular, In the
∣∣∣ fR0

∣∣∣ = 10−4 and
∣∣∣ fR0

∣∣∣ = 10−5 models, the PM code

predicts a fractional boost in the halo mass function that is higher than COLA’s

by < 2% and 2.5%, for the lower and intermediate bins, while in the highest bin

COLA gives a boost larger by 5% and 3% correspondingly. For the
∣∣∣ fR0

∣∣∣ = 10−6

and symmetron models, the differences are 1% and smaller, with the PM code

giving greater number counts for the two mass bins below 1014M�/h and COLA

being higher for the bin over 1014M�/h. The differences between the predictions

in each case and especially in the high mass bin, are within, and likely largely re-

sulting from, the differences observed in the ΛCDM benchmarking of the mass

functions.

While we do not perform a simulation with the full non-linear Klein-Gordon

equation, we note that compared to other full KG treatments in the literature

[207, 213], our method performs well and only slightly underestimates the mass

function for the
∣∣∣ fR0

∣∣∣ = 10−4 &
∣∣∣ fR0

∣∣∣ = 10−5 models, in accordance with the general

features noticed in the power spectra discussion. In agreement with [207], we

observe an underestimation of halos in the lower end of our mass range (around

M ∼ 1013M�/h) for the
∣∣∣ fR0

∣∣∣ = 10−6 model, indicating too much screening, and an

overestimation of the mass function for the symmetron model.

2.4 Conclusions

In this chapter, we have implemented a hybrid scheme, that combines La-

grangian Perturbation Theory and N-body approaches, to numerically charac-
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terize the evolution of large scale structure in chameleon and symmetron, mod-

ified gravity theories which exhibit gravitational screening in the non-linear

regime. LPT is used to evolve linear scales analytically in combination with

a full N-body approach that is used for the non-linear scales to reduce computa-

tional costs. An effective screening scheme is implemented in place of a solution

to the full Klein-Gordon equation for the fifth potential, in which an effective

suppression factor is attached to the real-space linearized perturbations.

We demonstrate that while in MG spatial modes evolve differently in LPT

(and can have deviations from the nominal GR geodesic paths), the scheme can

be further simplified, for the models we studied, by using a displacement co-

ordinate system based on scale-independent ΛCDM growing modes combined

with a modified, screened Poisson equation. We note that, while this approxi-

mate scheme works well for the chameleon and symmetron models we consider,

it should always be tested against the exact LPT solution for a new modified

gravity model.

Our method was applied on the f (R) and symmetron models and it was

tested against power spectra, redshift space distortions and dark matter halo

mass functions, using a fiducial number of 50 time steps. At the same time,

we assessed our hybrid’s performance against simulations from a pure N-body

code with the same screening implementation for the same models, using 500

iterations.

With regards to power spectra, we found COLA to be in better than 1%

agreement with the N-body code at all scales for all the models studied. Note

that the effective screening scheme we use has previously been shown to be

in good agreement with results using the full non-linear Klein Gordon in an
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N-body implementation [207]. We find, as was discussed in [207], that the ef-

fective screening approach does underestimate power, relative to that found

in solving the full Klein-Gordon [213], as one moves into the fully non-linear

regime (k >∼ 2Mpc/h), however this is also beyond the regime of applicability

of COLA’s scheme.

COLA and the N-body code are in better than 0.5% agreement with respect

to redshift space distortions for all the scales and models of interest. The distor-

tions were modeled by attaching the linear Kaiser factor for the enhancement

at large scales and a Lorentzian dispersion factor for the small scale suppres-

sion due to incoherent motions within virialized structures. We find that the

monopole is a well fit using an effective pairwise velocity dispersion as a fit-

ting parameter to quantify the suppressions at non-linear scales. The additional

fifth forces present in the chameleon and symmetron models, cause the redshift

space distortions to be more pronounced with respect to ΛCDM. This can be

seen by the larger boosts in linear scales due to the higher coherent velocities,

and by the stronger suppressions in the non-linear scales because of the higher

values of the velocity dispersion. The adapted COLA scheme gives reasonable

results for the predicted fractional boost in the halo mass function relative to

ΛCDM, with the differences between the N-body and COLA results in the halo

mass function estimation most likely being due to the difference between the

two codes in ΛCDM.

In this chapter, we have focused on chameleon and symmetron-type scalar-

tensor theories, but it would be very interesting to see how well this scheme

performs for the simulation of other screening mechanisms as well such as the

Vainshtein mechanism [187], as well as other dark energy models, such as those
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with non-minimal couplings between dark matter and a quintessence scalar

field [108]. Given the level of consistency between COLA and the N-body pre-

dictions for the monopole of the redshift power spectrum, it would also be in-

teresting to investigate the COLA scheme’s ability to capture higher order mo-

ments of the angular power spectrum to, for example, calculate the ratio of the

quadrupole to monopole moments to estimate βg in a way that is robust to sys-

tematic effects from incomplete modeling of the nonlinear distortions [103, 85].

Many theories being considered as explanations for cosmic acceleration have

tantalizing predictions in the non-linear regime but also present computational

challenges in modeling them. With a suite of next-generation large scale struc-

ture surveys, including LSST, DESI, Euclid and WFIRST, starting in next few

years, there is an unprecedented opportunity to measure the properties of large

scale structure clustering as it transitions from linear to mildly and then strongly

non-linear scales, and using multiple tracers. The results presented here demon-

strate that COLA, proposed to enable accurate and efficient, non-linear predic-

tions for ΛCDM, is a viable approach to study non-linear collapse for a broader

portfolio of cosmological scenarios. For example, in a paper that has followed

our work in [208], the effectiveness of the COLA approach has also been studied

in the f (R) and nDGP models, and was shown to perform very well in predict-

ing the fractional deviations with respect to the ΛCDM power spectra and halo

mass functions, using a small number of time steps.
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Figure 2.7: The ratio of the redshift space power spectrum, Prsd, to the
real space equivalent, Preal, for the different models. [Top
left] A side-by-side comparison of the suppression of the red-
shift space clustering by non-linear velocity correlations for
the COLA model for ΛCDM [black], f (R) models with fR0 =

10−4, 10−5 and 10−6 [blue circle, red triangle and green square,
respectively], and the symmetron model with assb = 0.5 [cyan
diamonds]. The remaining plots show the comparison of PM
[red dashed line] and COLA code [blue full] predictions for
the RSD to real space power spectrum ratio for each model in
turn: [top right] ΛCDM, [middle left] fR0 = 10−4, [middle right]
fR0 = 10−5, [bottom left] fR0 = 10−6, [bottom right] symmetron.
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Figure 2.8: Halo mass function benchmarking for ΛCDM with the PM N-
body code [red dashed line] and COLA method [blue solid
line]. The halo mass function fit developed by Murray et al.
[black dotted line] is also shown for comparison. The number
of time steps used for COLA and PM is 50 and 500, respectively.
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Figure 2.9: Fractional difference in the CDM halo mass function, n(M), for
halos of mass M, at a = 1, for each MG scenario relative to
the ΛCDM model, for the same initial conditions: [left] the
f (R) scenario, for fR0 = 10−4, 10−5 and 10−6, and [right] the sym-
metron model with assb = 0.5. The averaged results, and stan-
dard deviations, from the simulations with the PM code [red
dashed line] and the COLA code [blue solid line] are presented
in each case. The number of time steps used for COLA and PM
is 50 and 500, respectively.
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CHAPTER 3

BEYOND δ: TAILORING MARKED STATISTICS TO REVEAL MODIFIED

GRAVITY.

3.1 Introduction

As we have already seen in the previous chapter, models that seek to explain

cosmic acceleration through modifications to General Relativity (GR) evade

stringent Solar System constraints through a restoring, screening mechanism.

Screening, while essential for a mechanism’s viability, also greatly suppresses

the modified gravity signals in the high density regions, which dominate the

power spectrum signal, making their detection particularly challenging even for

the ambitious future surveys of the LSS. This has motivated the consideration of

density transformations that up-weight the lower density regime in favor of the

higher, screened densities, so as to enhance MG signals in a density-dependent

way. Penalizing the higher densities to increase the amount of information en-

coded in the 2-point statistics of cosmological density fields has been a valuable

strategy even in the context of ΛCDM considerations. A logarithmic transform

of the density field [128, 199, 49], makes the field more Gaussian allowing the

recovery of more information from the 2-point function. Clipping the very high

densities [168, 169] has also been found to produce similar beneficial effects.

In the context of MG, clipping the screened densities [116] allows better dis-

crimination between MG and GR, while in [114] a new generalized restricted

logarithmic transform was found to boost signals.

In this work, we investigate the performance of a new density transforma-

tion that up-weights the significance of lower densities and was first proposed
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in [204], both as a simple density transformation and as a marked correlation

function. We find such a function to provide discriminatory power between

MG and GR and to increase the Fisher information significantly. Furthermore,

we perform a systematic comparison of the performance of these various trans-

formations and discuss our approach in the context of related work in the liter-

ature. The line of work discussed below has been published in [190].

The organization of this chapter is as follows: in Sec. 3.2 we first review the

MG models studied, the simulation data used and the different density trans-

formations considered. In Sec. 3.3 we present our results, assessing the perfor-

mance of the different functions, before concluding and discussing future work

in Sec. 3.4.

3.2 Formalism

3.2.1 Modified gravity models

The most general form of a Lagrangian that describes ghost-free scalar-tensor

extensions to GR is of the known Horndeski form [80, 58]. If by MPl we denote

the reduced planck mass MPl = mPl√
8πG

, by R the Ricci scalar, and by Lm the matter

sector component with fields ψm that possess non-minimal coupling to the scalar

field φ, the Einstein frame form of such a Lagrangian is

L =
M2

Pl

2
R +L(φ, ∂µφ, ∂µ∂µφ) +Lm(e2β(φ)φ/Mplgµν, ψm). (3.1)

The particular subclass that contains the screening mechanisms considered here,

the chameleons and the phenomenologically similar symmetrons, corresponds
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to a scalar field Lagrangian of the form

L = −
1
2

(
∇φ

)2
− V(φ). (3.2)

The conformal coupling to matter, expressed through the dimensionless cou-

pling constant β(φ), gives rise to an effective potential

Ve f f = V(φ) +
eβφ/Mplρm

MPl
, (3.3)

which consists of the self-interaction potential V(φ) and a matter dependent

component. The qualitative features of the particular screening mechanism

are incorporated into the interplay between these two components. In the

chameleon screening, V(φ) is of runaway form and in high densities the field

settles down to a minimum of Ve f f , becomes very massive and decouples. In the

symmetron model, on the other hand, the interaction potential is of the “Mexi-

can hat” symmetry breaking form [77], which additionally generates a density-

dependent coupling. In low-density regions, spontaneous symmetry breaking

allows coupling to matter, while in high-density environments the symmetry is

restored, the coupling to matter vanishes and GR is recovered.

The f (R) model

Adding a non-linear function of the Ricci scalar R to the String-frame expression

of the Einstein-Hilbert action, has been shown to produce cosmic acceleration,

making the so-called f (R) theories [48] widely-studied modified gravity mod-

els. Here we consider the Hu-Sawicky f (R) model [81], which can be incorpo-

rated [43] into the chameleon screening formalism with β = 1/
√

6 and is usually

parametrized as

f (R) = −m2
c1

(
R/m2

)n

c2
(
R/m2)n

+ 1
, (3.4)
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where m = H0
√

Ωm0, is a characteristic mass scale determined by the the Hubble

Constant H0, and Ωm0, the matter fractional energy density today. The additional

requirement of matching the ΛCDM background expansion dictates that c1
c2

=

6ΩΛ0
Ωm0

and the two final free parameters of the model are f̄R0 =
d f (R)

dR

∣∣∣
z=0

and n, with

f̄R0 = −n
c1

c2
2

(
Ωm0

3(Ωm0 + ΩΛ0)

)n+1

. (3.5)

By ΩΛ0 above we denote the dark energy fractional energy density today. Fi-

nally, within this formulation the characteristic model-dependent mass takes

the form

m(a) =
1

2997

 1
2| f̄R0 |


1
2
(
Ωm0a−3 + 4ΩΛ0

)1+ n
2(

Ωm0 + 4ΩΛ0
) n+1

2

[Mpc/h]. (3.6)

In this work, we will consider models that correspond to n = 1 and
∣∣∣ f̄R0

∣∣∣ =

{10−6, 10−4}, that correspond to representative choices of a weak and a strong

modification choice respectively.

The symmetron model

The free parameters of the symmetron model presented previously, are the scale

factor at which symmetry breaking occurs, assb, the force length range λφ0 and

the coupling parameter β0. The characteristic coupling and mass take the form

β(a) = β0

√
1 −

(assb

a

)3

m(a) =
1
λφ0

√
1 −

(assb

a

)3
(3.7)

We study the model with the choice of values assb = 0.5, λφ0 = 1Mpc/h and β0 = 1

for the free parameters, which represents a viable, realistic candidate based on

the current experimental constraints.

44



N-body Simulations

In order to produce accurate realizations of the LSS for a wide range of scales,

analytical considerations are inadequate due to the non-linear nature of the col-

lapsed structures and as a result we have to resort to full blown N-body simu-

lations. In the case of MG scenarios, the situation is further complicated by the

need to accurately capture the screening effects, which are fundamentally incor-

porated in the non-linearities. In this chapter, we use z = 0 density snapshots

that have been produced in CDM N-body simulations presented in [189]. The

simulations were performed using a suitably modified version of A. Klypin’s

PM code [95], in which the MG screening was captured effectively through

the attachment of a phenomenological thin shell factor to the fifth force term

[207]. The simulations were initialized at an initial redshift of zi = 49, for 40

random initial seeds, for a background ΛCDM cosmology that corresponds to

ΩΛ0 = 0.75, Ωm0 = 0.25, σ8 = 0.8, ns = 1.0 and h = 0.7. The simulation box

side L and number of particles used Np were L=200 Mpc/h and Np = 2563 re-

spectively, while the density was resolved in a 5123 grid using the Cloud-In-Cell

(CIC) assignment scheme. More details on the specifics of the simulations and

the screening implementation can be found at [189].

3.2.2 Density transformations

The fundamental quantity of interest in our analysis, is the fractional cold dark

matter over-density δ(x, a), which is defined as

δ(x, a) =
ρm(x, a)
ρ̄m

− 1, (3.8)
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with a the scale factor, ρm(x, a) the matter density in each grid cell and ρ̄m the

mean density at the cosmological time considered (which is a = 1 for our analy-

sis).

Using the CIC interpolation scheme, the density field, δ, from each snap-

shot is reconstructed on a 2563 resolution Cartesian grid and is then projected

onto three orthogonal 2D planes that correspond to the 3 independent Carte-

sian axes. Through this process, the 40 random seeds initially produced for

each model, generate 120 independent realizations. We find that 2D projections

are significantly better for considering the transformations than the 3D density

fields, sampled in the initial 2563 snapshots, because the 3D cells, when up-

and down- weighted with the transformation, are more sensitive to the sparse

sampling and shot noise. The 3D cell size, which is an arbitrary choice, that cor-

responds to this choice of parameters, is equal to 0.5
(

Mpc
h

)3
. This choice of cell

volume was found to provide the best combination of low shot noise and high

resolution.

Through a specific transformation, a new field δ′ = f (δ) can be constructed,

with the aim of enhancing the amount of information that can be extracted. In

the following section, we briefly introduce the various density transformations

investigated in this chapter and focus on the key aspects that will be relevant to

our analysis.

Logarithmic transformation

The non-linearities in the dark matter power spectrum have been shown

[128, 199, 49] to become significantly smaller, and the amount of carried in-
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formation significantly greater, in terms of signal-to-noise, when the fractional

matter over-density undergoes a transformation

δ′ = ln (δ + 1) . (3.9)

Besides restoring the linear character of the power spectrum, down-weighting

screened regions through a logarithmic mapping [116, 114] can serve to enhance

the predicted power of MG signals.

After such a mapping is performed, a large-scale multiplicative bias, blog, de-

velops [146] between the power spectra of the original and transformed fields,

as given by

Pln(1+δ)(k) =
σ2

ln(1+δ)

σ2
δ

Pδ(k) = b2
logPδ(k), (3.10)

with (3.10) being valid as k → 0 and where σ2 denotes the variances of the

density fields, as calculated by integrating over the corresponding power spec-

tra. Predicting the developed multiplicative bias, as has been also performed

through other expressions proposed in [128, 209], will be particularly useful in

interpreting the large-scale behavior of ratios of transformed fields in section

3.3, when compared to the ratios of standard power spectra. Measuring ratios

of transformed-density power spectra could, however, be performed directly,

without requiring knowledge of the ordinary power spectrum or biases with

respect to it. It should be noted here, that we calculate σ2
ln(1+δ) through a direct

integration of the logarithmic power spectrum over a top-hat filter, rather than

making use of the phenomenological formula proposed in [146].
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Clipped transformation

Another transformation that reduces the contribution of higher over-densities,

for the sake of maximizing the extraction of cosmological information from the

up-weighted, less dense regions, is clipping [168, 169, 116]. In this procedure,

all densities higher than a desired threshold δ0 are truncated to form a new

distribution:

δ′ = δc =


δ if δ < δ0

δ0 if δ > δ0.

(3.11)

After (3.10) is applied, the new density field is “renormalized” using the new

mean density of the distribution, in order to ensure that 〈δ′〉 = 0, which was

proposed in [168] to get results that are rather insensitive to the choice of the

threshold. In our analysis we found such a prescription to perform slightly

better in terms of the Fisher information, compared to when the density field

is not “renormalized”, and so this is the one adopted. Just like the logarithmic

transform, clipping enhances the extracted signals not only in ΛCDM, but also

in MG, by emphasizing on regions not subject to screening.

Similar to the result of (3.10), the response of the density power spectrum to

clipping on linear scales can be calculated [169] by

Pc(k) =
σ2

c

σ2
δc

Pδ(k), (3.12)

where Pc(k) is the power spectrum of a clipped field δc, and the variances are

again given by integrating the power spectra. The validity of (3.12) can, if de-

sired, be extended into the mildly non-linear regime after the introduction of

perturbative one-loop contributions [169].

Given that the value of δ0 itself is dependent on the details of each simula-
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tion, the fraction of cells clipped is a more easily transferable descriptor and so

this is the one we will report.

Marked transformation

The use of density-dependent marks has been explored in the context of break-

ing degeneracies in halo occupation distributions [205], and as a probe of iden-

tifying MG signatures in the LSS [204].

In this work, we consider an analytical function as a means of re-weighting

the density field,

δ′ = m(δ) =

(
ρ∗ + 1
ρ∗ + ρm

)p

=

(
ρ∗ + 1

ρ∗ + ρ̄m(δ + 1)

)p

. (3.13)

where ρ∗ and p are free parameters and ρm the grid cell density field, in units of

the mean density ρ̄m.

3.3 Results

In Figure 3.1, we present the ratios between the MG and ΛCDM matter power

spectra, PMG
PΛCDM

, for all transformations considered. For the transformed fields,

the ratios are found to have, in principle, different values than in the case of the

standard δ, on both the large and the small scales. The large scales are charac-

terized by signal suppression with respect to the standard ratios, which, for the

logarithmic and clipped transformations, is consistent with the low-k analytical

predictions from equations (3.10) and (3.12). For the logarithmic case, in par-

ticular, applying (3.10) twice on the individual MG and GR power spectra and
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dividing by parts, gives

Pln(1+δ)(MG)
Pln(1+δ)(GR)

=
b2

MG

b2
GR

Pδ(MG)
Pδ(GR)

. (3.14)

When bMG < bGR, which we found to be the case for all MG models, the dif-

ferent values of the multiplicative bias produced, as seen through (3.14), result

in the transformed ratio being smaller at the lowest k bins. As shown in the

left column of Figure 3.1 for all 3 gravity models, when applied on our simu-

lations, (3.14) performs well in predicting the offset between the two ratios at

the smallest k modes. We note that in some previous analyses, e.g. [116], the

power spectrum ratios were normalized applying arbitrary multiplicative fac-

tors to align the transformed ratios with unity at the lowest k bins, however this

is not necessary, since there is a clear analytic reason, in (3.14), for an inequality

between the two ratios. We find that the clipped statistic has a lower standard

error, in particular at small k, than the logarithmic and marked cases. This can

be attributed to the fact that the clipped mapping only alters a small fraction

(∼1%) of the highest density regions, while the logarithmic and marked cases

affect the whole volume, and upweight the most sparse regions associated with

larger shot noise, as found in [169].

On small scales, the signal is enhanced for the symmetron and the | fR0 | = 10−6

models for all transformations by roughly 1 %, and also for the | fR0 | = 10−4 model

in the marked transformation.

We calculate the covariances for PMG/PΛ, in Figure 3.1, directly by consider-

ing the ratios of the statistics from the MG and ΛCDM simulations with match-

ing initial conditions. The errors could, alternatively, be calculated from the co-

variances of the individual simulations, as was proposed in [114], however, for

simulations like ours in which the MG and ΛCDM simulations have the same
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initial conditions, one needs to factor in the cross-correlation between the two

[64]:

Var
(

PMG

PΛCDM

)
=

 P̄MG

P̄ΛCDM

2

× (3.15)Var(PMG)
P̄2

MG

− 2
Cov(PMG, PΛCDM)

P̄MGP̄ΛCDM
+

Var(PΛCDM)
P̄2

ΛCDM

 .
In order to assess each transformation’s efficiency in enhancing the informa-

tion carried in MG signals, we calculate the matter power spectra of the 2D pro-

jected density fields, and density transformations, as described in sec. 3.2.2 for

each of the 120 independent realizations. In addition to the fractional boosts in

the calculated power, expressed through the ratio PMG
PΛCDM

, the fundamental quan-

tity of interest for statistically distinguishing MG models is the Fisher informa-

tion about parameters α, β [184] :

Fαβ = −

〈
∂2 lnL

(
data|α, β, priors

)
∂α∂β

〉
. (3.16)

Given a set of data with dependence on the parameters α, β, L is defined as the

likelihood function of the parameters from the data, and in the case of a single

parameter α, the above reduces to the Fisher information about a parameter α:

Iα = −

〈
∂2 lnL

(
data|α

)
∂2α

〉
. (3.17)

When restricting our focus on information encoded in the power spectra, as

relevant for our analysis, (3.17) takes the form

Iα = −

〈
∂P(ki)
∂α

∂2 lnL
∂P(ki)∂P(k j)

∂P(k j)
∂α

〉
, (3.18)

in which the expectation value of the middle derivative term , basically the

power-spectra Fisher matrix, can be well approximated [148, 149, 129] by the

inverse covariance C−1
i j , with

Ci j =
1

Nseed − 1

Nseed∑
r

(
Pr(ki) − P̄(ki)

) (
Pr(k j) − P̄(k j)

)
, (3.19)
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for the Nseed = 120 realizations. It should be noted at this point that the precision

in the covariance matrix calculation could be improved by applying a set of si-

nusoidal weightings that depend on combinations of the fundamental modes

[72], as e.g. performed in [128], but we do not apply such an improvement in

this chapter. Under these assumptions, the Fisher information about a parame-

ter α takes the common form:

Iα =

Nbins∑
i, j

∂P(ki)
∂α

C−1
i j
∂P(k j)
∂α

. (3.20)

In this parametrization, changes in the gravitational model are reflected upon

the different values taken by the single parameter α (not to be confused with

the scale factor a), which for the f(R) models is set equal to the respective val-

ues of | fR0 |, for the symmetron equal to zssb = 1, and equal to 0 for ΛCDM, as

the limit of both parameters that recovers GR. The numerator in the derivative

terms is of course given by the difference between the corresponding MG and

ΛCDM power spectra. In the general and realistic treatment involving multi-

ple cosmological parameters, the inverse Fisher matrix is associated with the

marginalized errors in the parameter estimates, while, in our single-parameter

case, the unmarginalized error in the parameter estimation is predicted to be

[184], σα = I−1/2
α .

To express the additional Fisher information encoded in each density map-

ping, we define the “Fisher boost”, given by the ratio of
√

Iα calculated for a

given mapping to the
√

Iα by the standard density for the same cosmological

model:

Fisher boost =

√
Iα(δ′)
Iα(δ)

. (3.21)

While the Fisher information provides a way to quantify the sensitivity of an

estimator to changes in cosmological model parameters, the “signal-to-noise”
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ratio (SNR), :

S NR =

√√√Nbins∑
i, j

P̄(ki)C−1
i j P̄(k j), (3.22)

is another method used in the literature to compare the performance of differ-

ent statistics for the same cosmological model [177, 128]. As a comparison we

consider how the SNR is affected by the choice of density transformation for

the ΛCDM model. In the same vein as in (3.21), we consider the change in the

ΛCDM SNR created by each transformation, as the “SNR boost”:

SNR boost =
SNR(δ′)
SNR(δ)

. (3.23)

For the clipped density transformation, the threshold, δ0, relating the fraction

of the volume which is clipped, is a free parameter. In Figure 3.2 we show

the sensitivity of the Fisher boost as α varies from 0 to | fR0 | = 10−6, as well as

for the SNR boost, for ΛCDM, to the choice of δ0. We find that a threshold

value that corresponds to clipping the 1.1% most dense cells of the simulated

volume maximizes both quantities. We note that our choice of using the same

clipping threshold (the same value of δ0) for both MG and ΛCDM models is

different than in Ref. [116], in which different clipping thresholds were chosen

for ΛCDM and MG. The choice in [116] was made to match the MG to ΛCDM

power spectra ratios of the transformed field to those for the normal density

field at the lowest k bins. As we discussed for the logarithmic case, however,

the ratios of the normal and clipped density fields, in general, will not be equal

on large scales but instead are determined by the variances of the original and

remapped fields, through (3.12).

For the marked function, varying the values of the two free parameters, p

and ρ∗, is found to have, qualitatively, little effect on the shape and form of

53



the transformed ratio, but a significant impact on the magnitude of the Fisher

and SNR boosts, as shown in Figure 3.3. By fixing p and varying ρ∗ and vice

versa, we found the pair of values p = 10, ρ∗ = 4 to be the optimal choice that

maximizes the Fisher information as α goes from 0 to | fR0 | = 10−6, and the SNR

boost in our GR simulations.

As was shown in Figure 3.1, the difference between the signal amplitudes

and covariances, for the transformed statistics, relative to the normal density

field is scale, as well as model, dependent. In Figure 3.4, the variation of the

square root of the Fisher information in the power spectrum from ΛCDM to

| fR0 | = 10−6 is plotted as a function of the maximum wavenumber kmax, demon-

strating a monotonically increasing behavior for all 4 transforms. Out of all the

MG models considered, | fR0 | = 10−6 represents the most viable, smallest pertur-

bation around ΛCDM, which motivates its use as the representative example for

the behavior of the Fisher information in Figures 3.2, 3.3 and 3.4. When focusing

our analysis on wave-modes larger than 0.4 h/Mpc, all transformations comfort-

ably predict boosts in the Fisher information, with the marked and logarithmic

mappings performing better than the clipped transformation for all scales. Even

though the mark predicts a higher Fisher boost than the logarithmic transfor-

mation, the predicted difference is smaller than respective error bars, making

it thus hard to differentiate confidently between these two mappings with the

current number of realizations. The error bars have been calculated using the

Jackknife method.

In Figure 3.5, and in a similar manner as in Figure 3.4, we plot the variation

in the cumulative SNR for all transformations, recovering the same qualitative

behavior as in the Fisher information case. The marked and logarithmic trans-
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Fisher Boost
kmax 1.0 h/Mpc 1.9 h/Mpc 3.5 h/Mpc
Transformation ln(1 + δ) δc m(δ) ln(1 + δ) δc m(δ) ln(1 + δ) δc m(δ)
Symmmetron 1.6 1.3 1.5 2.2 1.6 2.4 2.4 2.3 2.5
f (R) : | fR0 | = 10−6 2.3 1.7 2.4 2.8 1.9 3.3 2.8 2.5 3.2
f (R) : | fR0 | = 10−4 2.1 1.6 2.2 2.7 1.9 3.2 2.9 2.2 3.8

Table 3.1: A summary of the boost in the Fisher information when using
the power spectra of the transformed, logarithmic, clipped and
marked, density statistics relative to that of the standard density
field for ΛCDM and the three modified gravity, symmetron and
f (R), models. The sensitivity of the Fisher boost to the maximum
wavenumber considered is shown through the comparison of
results with three different values of kmax.

formations perform comfortably better, in terms of the SNR boost, than the clip-

ping case, with the difference from each other being once again smaller than the

error bars. As in the Fisher case, the error bars were obtained by the Jackknife

approach.

The Fisher boosts for each of the transformations, and each modified gravity

model, when calculated to three different maximum wavenumbers, 1, 1.9 and

3.5 h/Mpc, are summarized in Table 4.1.

Just like in the | fR0 | = 10−6 model, the behavior of which has been shown

in detail in Figure 3.4, the marked and logarithmic transformations produce

the highest increase in the Fisher information for the rest two gravity models

under consideration, and for all 3 wavenumbers reported, with the differences

between the two mappings being smaller than the corresponding uncertain-

ties. Furthermore, again in a similar manner with the | fR0 | = 10−6 case, the

Fisher boosts achieved by the optimal clipping transformation are lower than

the ones produced by the other two transformations, demonstrating an overall

consistent behavior for all 3 MG models. Our results also reconfirm that clip-

ping high-density screened regions results in unscreening and enhancement of
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MG deviations [116] and quantifies the boost on the Fisher information, to our

knowledge, for the first time.

Our results are also consistent with other studies [114], that have shown,

within the context of MG, that logarithmic mappings improve the total SNR, as

they also do for ΛCDM [128], and demonstrate that such transformations can

be valuable in providing additional discriminatory power for difficult to detect

MG models. It should be noted here that the “restricted” logarithmic function

proposed in [114], which is essentially the the “sliced correlation function” at

fixed δ proposed in [127], is found to produce Fisher and SNR boosts of 1.1 and

5.7 in the case of the | fR0 | = 10−6 and ΛCDM models, respectively, as opposed

to corresponding boosts of 3.2 and 3.8 produced by the marked transformation,

for k > 3.5h/Mpc.

In addition to the Fourier space statistics investigated above, we have also

assessed the potential for discriminating between GR and MG models, using a

real-space marked correlation function. Marked correlation functions have been

proposed [27, 26, 69, 167, 163, 170] as an extension to the standard, autocorrela-

tion function ξ(r). We consider the marked correlation functionM(r) of the form

[204],

M(r) =
1 + W(r)
1 + ξ(r)

, (3.24)

where W(r) is the correlation function weighted by the mark in (3.13). In Figure

3.6 we show, for one realization, the variation in M(r), between GR and MG

models for varying values of p and ρ∗. This demonstrates that using a marked

correlation function of this form can serve as another quantity that breaks the

degeneracy between MG models and the standard ΛCDM cosmological sce-

nario. In Figure 3.7, we plot the marked correlation functionM(r) with p = 10
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and ρ∗ = 0.4, for ΛCDM and the | fR0 | = 10−4 model, averaged over 10 random

realizations. For this analysis, we used the initial 10, out of the total of 30, re-

alizations of the 3D density snapshots resolved in the 2563 mesh, rather than

the projected ones, while the 3D real space autocorrelation functions were cal-

culated using the Super W of Theta (SWOT) code [53]. We note that, given the

functional form of (3.24), the observed difference between the MG and ΛCDM

models is smaller than that for the standard power spectra. At r = 1.81Mpc/h,

the fractional difference is maximal,MΛCDM/MMG = 1.37, while at r = 4Mpc/h,

MΛCDM/MMG = 1.13. The SNR boost between W and the standard ξ is equal to

∼ 3 for ΛCDM.

3.4 Conclusions

Re-weighting cosmological density fields in order to suppress the contribution

of dense, screened regions in favor of the low-density, unscreened regime, has

been proposed as a recipe to improve the detectability of potential MG signa-

tures. In this chapter, we assess the performance of a new analytical function,

first proposed in [204], both as a density re-mapping and as a real space marked

correlation function and also perform a systematic comparison with the loga-

rithmic and clipping transformations. Besides the fractional deviation in the

dark matter power spectra, PMG
PΛCDM

, each transformation is assessed through the

boost, with respect to the standard density field, in the Fisher information in

the power spectra for all MG models, as well as through the boost in the total

signal-to-noise ratio for ΛCDM.

By exploring the parameter space of the “marked” density transformation,
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we found the parameter choice of p = 10, ρ∗ = 4, to be the one that produces

the maximum boost in the Fisher information for the | fR0 | = 10−6 model, as well

as the highest increase in the signal-to-noise in ΛCDM. The logarithmic map-

ping was found to perform roughly equally well, within the levels of accuracy,

in maximizing these quantities, while both transformations were found to be

superior to clipping of density peaks. These results, that also hold for the rest of

the gravity models considered, demonstrate that the marked tracer could serve

as a useful tool with which to discriminate between MG models and the stan-

dard cosmological scenario.

The value of the clipping threshold that truncates the densest 1.1% of each

snapshot, was found to be the optimal one that simultaneously produces the

maximum boosts in the Fisher information and the total signal-to-noise ratio,

for all models considered. By studying the performance as a function of the

maximum Fourier mode, kmax, included, we found clipping to predict smaller

boosts compared to the other two transformations at all scales, while still per-

forming considerably better than the standard density field.

Finally, we assessed the discriminatory potential of a real-space, marked cor-

relation function of the form (3.24), which, tested on the | fR0 | = 10−4 model,

was found to provide a maximum difference relative to ΛCDM of 37% at

r = 1.81Mpc/h and a ΛCDM SNR boost of ∼3, comparing W to ξ, clearly demon-

strating the power of such a real space statistic.

In this work, we have focused on the application of the statistics using the

dark matter particle distribution from the N-body simulations. We recognize

that in reality surveys sample astrophysical, biased, baryonic tracers of the dark

matter distribution, and the next natural step, that we will undertake in future
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work, will be to investigate the utility of these statistics on mock galaxy catalogs

that more accurately represent what we will observe with upcoming surveys.

Other lines of improvement could be incorporating the effects of redshift-space

distortions to the current analysis.

Models that aim to explain cosmic acceleration through modifications to GR,

evade strict solar system constraints through characteristic screening mecha-

nisms which suppress deviations in high-density environments. In our work

we demonstrate how one can, through a series of simple density transforma-

tions, differentiate more confidently between ΛCDM and alternative scenarios.

Such density-dependent suppressions make the detection of potential MG sig-

natures challenging, even for future ambitious surveys of the LSS, like the LSST,

Euclid and DESI.

3.5 Acknowledgments

We would like to thank Baojiu Li for providing helpful comments on this line

of work. We also wish to thank an anonymous referee for their careful reading

and useful comments on the above results during the peer review process.

59



10-1 100

k (h/Mpc)

0.95

1.00

1.05

1.10

1.15

1.20

1.25

P
M
G

P
Λ
C
D
M

assb = 0. 5

Logarithmic

δ

ln(1 + δ)

ln(1 + δ), k→ 0

10-1 100

k (h/Mpc)

assb = 0. 5

Marked

δ

ρ ∗ = 4,p= 10

10-1 100

k (h/Mpc)

assb = 0. 5

Clipped

δ

clip 1. 1%

clip 1. 1 %, k→ 0

10-1 100

k (h/Mpc)

0.95

1.00

1.05

1.10

1.15

1.20

1.25

P
M
G

P
Λ
C
D
M

|fR0
|= 10−6δ

ln(1 + δ)

ln(1 + δ), k→ 0

10-1 100

k (h/Mpc)

|fR0
|= 10−6δ

clip 1. 1%

clip 1. 1 %, k→ 0

10-1 100

k (h/Mpc)

|fR0
|= 10−6δ

ρ ∗ = 4,p= 10

10-1 100

k (h/Mpc)

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

P
M
G

P
Λ
C
D
M

|fR0
|= 10−4δ

ln(1 + δ)

ln(1 + δ), k→ 0

10-1 100

k (h/Mpc)

|fR0
|= 10−4δ

clip 1. 1%

clip 1. 1 %, k→ 0

10-1 100

k (h/Mpc)

|fR0
|= 10−4δ

ρ ∗ = 4,p= 10

Figure 3.1: A side-by-side comparison of the ratios of the MG matter
power spectra, PMG, for the symmetron [top row], | fR0 | = 10−6

[middle row] and | fR0 | = 10−4 [bottom row] modified gravity
models relative to ΛCDM, PΛCDM. For each model, the ratio is
shown for the three density transformations: logarithmic trans-
formation [left column, red triangle], the clipped density field
when 1.1% of the volume is clipped [center column, red square]
and the “marked” transform, m(δ) [right column, red star], with
ρ∗ = 4 and p = 10, compared to the standard density field, δ
[all panels, blue circle]. The green lines in the left and middle
columns show the variance-dependent, analytic predictions for
the power spectrum ratios for the large scale regime, as k → 0,
for the logarithmic and the clipped transformation, from equa-
tions (10) and (12) respectively. The error bands correspond to
the standard deviations over the 120 realizations.
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ΛCDM scenario, correspondingly, as a function of [left] ρ∗, with
fixed p = 10, and [right] p, with fixed ρ∗ = 4.
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[Bottom] The variation of the square root of the Fisher informa-
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formation as a function of kmax for the | fR0 | = 10−6 model. The
error bars have been obtained using the Jackknife approach.
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transformation as a function of kmax for ΛCDM. The error bars
have been obtained using the Jackknife approach.
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CHAPTER 4

CONVOLUTION LAGRANGIAN PERTURBATION THEORY FOR

BIASED TRACERS BEYOND GENERAL RELATIVITY

4.1 Introduction

In this chapter, we will compare analytic predictions for real and Fourier space

two-point statistics for biased tracers from a variety of Lagrangian Perturbation

Theory approaches against those from state of the art N-body simulations in

f (R) Hu-Sawicki and the nDGP braneworld modified gravity theories.

From a theoretical standpoint, models of structure formation rely upon accu-

rately tracing the nonlinear evolution of dark matter perturbations. In the linear

regime and when gravity is governed by GR, different modes evolve indepen-

dently, with the time evolution encapsulated in the scale-independent growth

factor. At nonlinear scales, however, the dynamics of the self-gravitating dark

matter system can only be tracked accurately by full-blown N-body simulations,

which are highly computationally expensive . Additional complexity arises in

accounting for the fact that the observed galaxies do not perfectly trace the un-

derlying dark matter density field, but are biased tracers of it [86]. While this ef-

fect can be easily captured by introducing a multiplicative bias factor in the large

scales [62], in the regime of nonlinear dynamics, empirical modeling needs to be

combined with sophisticated simulations in order to predict the spatial distribu-

tion of galaxies inside gravitationally collapsed dark matter halos [29, 99, 214].

Furthermore, when MG configurations are considered, the fifth forces introduce

an additional layer of complexity, scale-dependent growth is generally present

even at the linear level and in the nonlinear scales, one needs to solve the scalar
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field Klein-Gordon (KG) equation that is highly nonlinear and adds to the com-

putational costs significantly. The intermediate, quasi-linear, scales can fortu-

nately be analytically accessed by higher order Perturbation Theory (PT) [30, 47]

approaches or hybrid methods [182, 189].

The Lagrangian Perturbation Theory approach [212, 44, 38, 78, 183, 120, 119,

46, 122, 59] to structure formation is one the oldest and most popular analytical

frameworks in the literature, that has been been particularly successful at de-

scribing the Baryon Acoustic Oscillation (BAO) peak [63], observed at a comov-

ing scale of ∼110 Mpc/h, and the power-law correlation function, on comoving

scales ∼20-90 Mpc/h, in ΛCDM [194]. Combined with a model for halo bias

[86, 124, 166, 123, 157, 119], it can be used to predict the 2-point statistics for ha-

los in the real and redshift space [46, 119, 193], which serves as a crucial step to

the theoretical description of galaxy clustering. Additional contributions from

small-scale physics can also be included using techniques inspired by effective

field theory theory [196, 193]. In the context of MG cosmologies, extensive stud-

ies have been performed in the framework of Eulerian Standard Perturbation

Theory (SPT) [98, 179, 42, 180, 28, 66, 35, 36]. LPT was first found to work very

well within the COLA hybrid framework for chameleon and Vainshtein MG

cosmologies [189], while third order LPT for dark matter was recently devel-

oped in the case of scalar-tensor theories in [15].

In this work, we perform a comprehensive study of how LPT can be used to

make predictions for biased tracers in modified gravity theories, and how well

the predictions compare with full numerical simulations for a variety of modi-

fied gravity models. We study chameleon and Vainsthein MG theories, focusing

on the f (R) Hu-Sawicki [81] and nDGP braneworld models [60] as popular, rep-
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resentative examples for each category. The underlying dark matter clustering

is described using the formalism in [15]. We then consider the Convolution

Lagrangian Perturbation Theory (CLPT) [46] for biased tracers, as well as the

variants, using the particular resummation scheme in [196, 193]. We extend the

peak-background split formalism (PBS) [86, 20, 157] in which the Lagrangian

bias factors are calculated as responses, to account for modifications to the halo

mass function in modified gravity theories and the environmental dependence

of screening effects. We show how this formalism should be extended in the case

of each screening mechanism. Finally, we cross-check and validate our results

in terms of the 2-point statistics against state-of-the-art cosmological N-body

simulations that allow us to assess the LPT predictions in the nonlinear, quasi

non-linear and baryon acoustic oscillation peak regimes. Comparison with sim-

ulations is required to ensure that the predictions will be sufficiently robust for

upcoming surveys such as DESI, Euclid, LSST and WFIRST. The work presented

below, has been published in [191].

This chapter is structured as follows: in Section 4.2.1, we present the MG

models we studied and the details of the N-body simulations employed to test

our LPT implementation. We summarize the formalism for developing biased

tracer statistics for GR in Section 4.2.2. In Section 4.3.1, we discuss the mod-

ifications required to the perturbative schemes to predict the real and Fourier

space 2-point statistics and the associated bias parameters for tracers of differ-

ent masses for models beyond GR. The LPT predictions are compared to statis-

tics derived from simulations in Section 4.3.2. Finally, we conclude, and discuss

implications for future work, in Section 4.4.
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4.2 Formalism

4.2.1 Modified gravity models

The f (R) model

Despite the latest surge in the field of MG, deformations to GR, together with

associated experimental tests, have been around for almost as long as GR itself

[206]. One of the oldest attempts consisted of adding a nonlinear function f (R)

of the Ricci scalar R to the standard Einstein-Hilbert action, the so-called f (R)

theories [57], with a resulting action S of the form:

S =

∫
d4x
√
−g

[
R + f (R)

16πG
+Lm

]
, (4.1)

withLm denoting the matter sector Lagrangian and G the gravitational constant.

Since such an action frees up an additional degree of freedom, the latest interest

in this class of theories comes from the idea that a modification of this type is

responsible for cosmic acceleration, rather than dark energy [48].

Such a model is the Hu-Sawicki f (R) model [81], which we study in this

chapter and the functional form of which is given by:

f (R) = −m2
c1

(
R/m2

)n

c2
(
R/m2)n

+ 1
. (4.2)

In equation (5.2), Ωm0 denotes the matter fractional energy density and H0 the

Hubble Constant, both evaluated today, m = H0
√

Ωm0, which has dimensions of

mass and n, c1 and c2 are free parameters.

In order to match the ΛCDM expansion history and for sufficiently small
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values of | fR0 |, the background value of the Ricci scalar, R̄, becomes equal to:

R̄ = 3ΩmH2
0

(
1 + 4

ΩΛ0

Ωm0

)
. (4.3)

where ΩΛ0 is the dark energy fractional density evaluated at the present time.

The derivative fR =
d f (R)

dR becomes a functional of the cosmological parame-

ters when evaluated today, through the relationship

f̄R0 = −n
c1

c2
2

(
Ωm0

3(Ωm0 + ΩΛ0)

)n+1

. (4.4)

The above mapping allows us to reduce the number of free parameters and

the Hu-Sawicki model is commonly parametrized by quoting the values chosen

for n and | fR0 |, with the latter being the background value of the fifth potential

evaluated today.

The reason the Hu-Sawicki model is so popular is that it can be cast into the

form of a scalar-tensor theory that realizes the chameleon screening mechanism

[92, 93], through a conformal transformation [43], with the quantity fR identified

as the scalar field that is coupled to matter. Through the interplay between mat-

ter and the self-interaction potential, the scalar chameleon field becomes mas-

sive near high over-densities and the associated fifth forces get exponentially

suppressed due to the Yukawa effect. A stronger screening effect is manifested

in lower values of the parameter | fR0 |, with the limit of | fR0 | → 0 exactly recov-

ering GR. Following the literature and also because of the available simulations

(as we will discuss below in 4.2.1), we choose n = 1 and consider three different

f (R) models with
∣∣∣ f̄R0

∣∣∣ = {10−6, 10−5, 10−4}, which we shall refer to, from now on,

as F6, F5 and F4.

When considering perturbations around a homogeneous and isotropic FRW

metric in the conformal Newtonian gauge, the resulting system of the Poisson
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and KG equations becomes [81]:

∇2ΦN = 4πGa2δρm −
1
2
∇2 fR,

∇2 fR = −
a2

3
δR −

8πGa2

3
δρm,

(4.5)

where ΦN is the Newtonian potential and δρm the matter density perturbation.

δR, the perturbation to the Ricci scalar, can be written as a function of the scalar

field fR, which will play a central role in our screening implementation in Sec-

tion 4.2.2.

The nDGP model

The second MG model under consideration comes from the realm of higher-

dimensional braneworld cosmology. The simplest example of such a config-

uration is the so-called Dvali-Gabadadze-Porrati (DGP) model [60], which is

described by an action of the following form:

S =

∫
d4x
√
−g

[
R

16πG
+Lm

]
+

∫
d5x
√
−g5

(
R5

16πGrc

)
. (4.6)

In this model, the spacetime consists of 5 dimensions, rather than the usual 4,

but the standard model fields are restricted to a 4-dimensional (4D) brane and

the free parameter, rc, denotes the length-scale below which gravity becomes

4D. R5 and g5 denote the corresponding 5D versions of the Ricci scalar and met-

ric tensor determinant, respectively. The resulting Friedman equation from (5.4)

is:

ε
H
rc

= H2 −
ρm

24πG
, (4.7)

where ε = ±1. Each of the two values of ε represents a particular branch of

the model, with ε = +1 producing the self-accelerating solution, which, how-

ever, suffers from undesirable ”ghost” instabilities [96] and is thus an unphys-
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ical model to consider. The value of ε = −1 corresponds to the so-called nor-

mal branch, hereafter called nDGP, which is well behaved, but does not self-

accelerate and can match a ΛCDM expansion history only in the presence of

dark energy.

When focusing on the normal branch and in the quasi-static limit for sub-

horizon scales, the perturbations in the conformal Newtonian gauge give the

modified Poisson system of equations [98]:

∇2ΦN = 4πGa2δρm +
1
2
∇2ϕ,

∇2ϕ =
8πGa2

3β
δρm −

r2
c

3βa2

[
(∇2ϕ)2 − (∇i∇ jϕ)2

]
,

(4.8)

with the coupling β given by

β(a) = 1 + 2H(a)rc

1 +
˙H(a)

3H(a)2

 . (4.9)

The nDGP model is a typical example of a scalar-tensor theory that realizes

the Vainshtein screening mechanism [187, 18], in which the modifications to

gravity are suppressed in the existence of large second derivatives of the scalar

field. In the second equation of (4.8), in particular, it can be seen how, once the

second derivatives of the scalar field become large in high densities, the second

term on the right hand side (r.h.s.) becomes significant and effectively weakens

the source strength, resulting in strong screening of the fifth forces.

We consider the nDGP model for two choices of the free parameter rc, corre-

sponding to n ≡ H0rc = 1 and n = 5, which we shall call, from now on, N1 and

N5, respectively.
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N-body Simulations

Accurate realizations of structure formation in the nonlinear regime can only be

achieved by performing N-body simulations. In this chapter, we test our results

against two groups of state-of-the-art N-body simulations, that serve comple-

mentary purposes to each other, as explained below.

The first group of simulations, to which we shall refer as Group I from now

on, are the ELEPHANT simulations, presented in [50]. These span the param-

eter space of both MG models we study: the F4, F5 and F6 f (R) models and N1

and N5 nDGP models. The f (R) simulations were performed using the ECOS-

MOG code [112, 37], while the nDGP ones [73] using the ECOSMOG-V version

[111, 21], both of which were based on the GR code RAMSES [185] and where

suitably extended to integrate the scalar field KG equation for the corresponding

models using adaptive-mesh-refinement techniques. The parameters describ-

ing the background ΛCDM cosmology are the best-fit ones given by the 9-year

WMAP release [76] and have the following values: Ωb = 0.046, Ωcdm = 0.235,

Ωm = 0.281, ΩL = 0.719, h = 0.7, ns = 0.971 and σ8 = 0.82. Np = 10243 equal mass

particles were placed in a simulation box with a side Lbox = 1024 Mpc/h and

the density field was resolved in a 10243 resolution grid. Furthermore, the sim-

ulations were initialized at redshift zi = 49 using the Zel’dovich approximation

[212] and evolved through z f = 0.

Gravitationally bound dark matter halos were identified using the ROCK-

STAR halo finder [25]. Finally, so as to get an estimate of the variance, each

model was simulated for 5 random realizations, corresponding to different ran-

dom phases in the initial density field.
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The 10243 (Mpc/h)3 volume simulations’ results in Group I become noisy at

scales r > 100 Mpc/h. To probe the BAO scales, where LPT has been previ-

ously found to perform very well for GR [194], we also test our results against

the largest volume f (R) simulations performed to date for the modified grav-

ity lightcone simulation project [13]. In these simulations, which we will call

Group II from now on, the box side is Lbox = 1536 Mpc/h with 20483 equal

mass particles used, for GR and the
∣∣∣ f̄R0

∣∣∣=10−5 model. The parameters describ-

ing the background ΛCDM cosmology are the best-fit ones given by the Planck

collaboration [139] and have the following values: Ωb = 0.0486, Ωm = 0.3089,

ΩL = 0.6911, h = 0.6774, ns = 0.9667 and σ8 = 0.8159. The simulations were

performed using the MG code MG-GADGET [141], which is a MG extension

to the code P-GADGET3, an improved version of the code GADGET-2 [174],

created for GR simulations. Dark matter halo catalogues were produced using

the SUBFIND algorithm [175]. Each model has been simulated for one random

realization.

For more detailed discussions on the N-body implementations, we refer in-

terested readers to the corresponding publications.

4.2.2 Convolution Lagrangian Perturbation Theory for biased

tracers in MG

LPT for dark matter

The Lagrangian Perturbation Theory approach to structure formation has been

extensively studied [212, 44, 38, 78, 183, 120, 119, 46, 122, 59] in the context of
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ΛCDM scenarios. Opposite to the Eulerian picture, in which one monitors the

evolution of the desired quantities at a given, fixed, position, in LPT one instead

tracks down the evolution of a given fluid element over time. Starting from

an initial, Eulerian, comoving position q at a desired early time t0, each mass

element is mapped to its comoving Lagrangian position x(q, t) at time t, through

the relationship

x(q, t) = q +Ψ(q, t). (4.10)

The Lagrangian displacement Ψ(q, t), taken to be 0 at the initial time t0, is the

fundamental quantity of interest in LPT. Furthermore, enforcing mass conser-

vation, through the continuity equation, between the initial and final infinitesi-

mal volume elements centered around q and x, respectively, gives ρm(x, t)d3x =

ρm(q, t0)d3q. Assuming t0 refers to an epoch early enough that the density pertur-

bations around the background density ρ̄ are negligible, meaning ρm(q, t0) = ρ̄m,

allows us to obtain the dark matter fractional overdensity, δm, in the Lagrangian

picture:

1 + δm(x, t) =

∫
d3qδD

[
x − q −Ψ(q, t)

]
=

1
J(q, t)

, (4.11)

with δD being the Dirac delta function and J(q, t) the determinant of the defor-

mation matrix

Ji j =
∂xi

∂q j = δi j +
∂Ψi

∂q j . (4.12)

For an irrotational flow, which is a good approximation for cold dark matter

and assuming that the gravitational evolution is governed by GR, perturbations

around a flat FRW metric give the geodesic and Poisson equations, in the quasi-

static approximation and for sub-horizon scales, as:

ẍ + 2Hẋ = −
1
a2∇xψ(x, t),

1
a2∇

2
xψ(x, t) = 4πGρ̄mδ(x, t).

(4.13)
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We should point out that in (5.11) ψ(x, t) denotes the metric perturbation, which

should not be confused with the Lagrangian displacement field Ψ(q, t).

In the LPT picture, we perturbatively expand Ψ as

Ψ(q, t) =

∞∑
n=1

Ψ(n)(q, t) = Ψ(1)(q, t) +Ψ(2)(q, t) +Ψ(3)(q, t)... (4.14)

and equations (5.7)-(5.10) form a closed system, that is recursively solved for the

various orders of Ψ. The first order solution is the so-called Zel’dovich approx-

imation [212].

In MG theories, as also explained in Section 4.2.1, an additional degree of

freedom is present, that directly couples to matter and causes particles to de-

viate from the nominal geodesics of GR. Consequently, equations (5.11) are, in

principle, modified for a scalar-tensor theory and so is the LPT framework pre-

sented above. In [189], the LPT approach was expanded for chameleons and

symmetrons, including the first order contribution to the Klein-Gordon equa-

tion and was shown to perform very well in the context of the COLA hybrid

framework. The LPT approach for scalar-tensor theories up to third order was

presented in [15], the main results of which we summarize in this section.

In [28], which developed an SPT framework for studying MG theories with

a screening mechanism in the nonlinear regime, based on the closure theory

approximation in [178], the scalar field KG equation for a Brans-Dicke-like (BD)

theory with interactions of a scalar field, φ, was written as:

(3 + 2ωBD)
1
a2 k2

xφ(kx, t) = 8πGρ̄mδ(kx, t) − I(φ), (4.15)
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where I(φ) denotes the perturbative form of the field self-interaction term:

I(φ) = M1(k, t)φ

+
1
2

∫
d3k1d3k2

(2π)3 δD(k − k12)M2(k1,k2)φ(k1)φ(k2)

+
1
6

∫
d3k1d3k2d3k3

(2π)6 δD(k − k123)

×M3(k1,k2,k3)φ(k1)φ(k2)φ(k3), (4.16)

where we adopted the standard notation ki jk = ki +k j +kk and M1(k, t), M2(k1,k2)

and M3(k1,k2,k3) are mass terms. The higher order piece in the Fourier space

representation of the interaction term in equation (5.16), incorporates the screen-

ing effect, up to third order, that is responsible for recovering GR at small scales.

The mapping between a given scalar-tensor theory and the BD form above can

be easily performed through assigning appropriate values to the mass terms

and the BD coupling ωBD above, as we will later show for our two models of

study.

The perturbed modified Einstein equations have the form [15]

∇xT̂Ψ = −
1
a2∇

2
xψ(x, t),

1
a2∇

2
xψ(x, t) = 4πGρ̄mδ(x, t) −

1
2a2∇

2φ −
1

2a2

(
∇2

xφ − ∇
2φ

)
,

(4.17)

where we use (5.7) and introduce the time derivative operator T̂ = d2

dt2 + 2H d
dt ,

as in [120]. The last term in the second line of (5.14), called frame-lagging in [15],

is a geometrical term that occurs due to the fact that, in LPT, the KG equation

should be expressed in Lagrangian
(
∇2

)
, rather than Eulerian coordinates

(
∇2

x

)
.

Taking this into account, equations (5.15)-(5.14) are combined to give

(
J−1

)
i j
T̂Ψi, j(k) = −A(k)δ(k) +

k2

a23Π(k)
δI(k)

+
M1(k)
3Π(k)

1
2a2

(
∇2

xφ − ∇
2φ

)
(k),

(4.18)
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where, following the definitions in [28], we have

A(k) = 4πGρ̄m

1 +
k2

a23Π(k)

 ,
Π(k) =

1
3a2

[
(3 + 2ωBD) k2 + M1a2

] (4.19)

and all the quantities are Fourier transforms in the Lagrangian q-space. The

inverse Jacobean in (4.18) reflects the derivative transformation to the q-

space, where the Einstein notation is adopted. Furthermore, δ(k), δI(k) and(
∇2

xφ − ∇
2φ

)
(k) are the Lagragian Fourier transformations of the Lagrangian-

transformed overdensity (5.8), the higher order interaction Kernels in (5.16) and

the frame-lagging Kernel, correspondingly. The expression for the latter is given

in [15]. Equation (4.18) forms a closed system with (5.8), (5.9), (5.15) and (5.16)

that is solved, perturbatively, to obtain the MG solution up to various orders in

Ψ, as in (5.10).

Solving for the first order solution, one gets [189]:

k ·Ψ(1) = iD(1)(k, t)δ(1)(k, t = 0), (4.20)

which can be easily solved for the displacement field, as:

Ψ j(k, t) =
ik j

k2 D(1)(k, t)δ(1)(k, t = 0). (4.21)

We see that the r.h.s of (4.21) can be conveniently decomposed into a product of

the first order density mode at very early times, δ(1)(k, t = 0), early enough to be

gaussian and a space-time dependent growth factor D(1)(k, t), given by:

T̂D(1)(k, t) = A(k)D(1)(k, t). (4.22)

In the GR limit, A(k) = A(k = 0) = 4πGρ̄m, D(1) becomes scale independent and is

nothing else than the first order growing mode for GR; the Zel’dovich approxi-

mation.
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Moving on to the second order piece, we have:

k ·Ψ(2) =
i
2

∫
d3k1d3k2

(2π)3 δD(k − k12)D(2)(k1,k2)δ(1)
1 δ(1)

2 , (4.23)

where, for compactness, we adopted the notation δ(1)
1 = (k1, 0) and the second

order growth factor, D(2)(k1,k2), is given by [15]:

D(2)(k1,k2) = D(2)
a (k1,k2) − D(2)

b (k1,k2)
k1 · k2

k2
1k2

1

+D(2)
FL(k1,k2) − D(2)

δI
(k1,k2). (4.24)

The four individual components are given by:(
T̂ − A(k)

)
D(2)

a (k1,k2) = A(k)D(1)(k1)D(1)(k2),(
T̂ − A(k)

)
D(2)

b (k1,k2) =
(
A(k1) + A(k2) − A(k)

)
D(1)(k1)D(1)(k2),(

T̂ − A(k)
)

D(2)
δI

(k1,k2) =

(
2A0

3

)2 k2

a2

M2(k1,k2)D(1)(k1)D(1)(k2)
6Π(k)Π(k1)Π(k2)

,(
T̂ − A(k)

)
D(2)

FL(k1,k2) =

(
M1

3Π(k)

)
K(2)

FL(k1,k2)D(1)(k1)D(1)(k2).

(4.25)

The two last terms represent the second order contributions to the growth factor,

given by the screening and frame-lagging effects, correspondingly, while the

expression for K(2)
FL is given in [15]. Despite its lengthier expression, when taking

the GR limit we get D(2)
FL = D(2)

δI
= 0 and D(2)

a = D(2)
b , allowing D(2) to become scale-

independent, reducing to the known GR result, which can be well approximated

by D(2)(t) = −3
7

(
D(1)(t)

)2
for ΛCDM cosmologies [38].

Solving for the third order piece in (4.18) results in a lengthy differential

equation for the third order MG growth factor, D(3)(k1,k2,k3), that also needs to

be symmetrized. The result is given by equation (B.5) in the appendix B.1. It

should be also noted that equations (4.22), (4.25) and f(B.5) can be either solved

by inverting the linear operator
(
T̂ − A(k)

)
using its Green function, as done in

[122, 15], or by numerically solving the corresponding differential equations.
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Even though both methods give results that agree with each other well, we

chose to proceed with the latter because it is computationally faster. The dif-

ferential equations were solved using a 5th order Runge-Kutta scheme, imple-

mented in Mathematica [83].

We finish this section by showing the particular expressions for the mass

terms in (5.16) and the sources in (5.18) for the f (R) and nDGP models we study.

For the f (R) Hu-Sawicki model, the Brans-Dicke scalar is simply ωBD = 0, while

the mass terms are given by the expansion [98]:

Mn =
dnR̄( fR0)

d f n
R0

, (4.26)

which, using (5.2), gives [15]:

M1(a) =
3H2

0

2| fR0 |

(
Ωma−3 + 4ΩΛ

)3(
Ωm + 4ΩΛ

)2 ,

M2(a) =
9H2

0

4| fR0 |

(
Ωma−3 + 4ΩΛ

)5(
Ωm + 4ΩΛ

)4 ,

M3(a) =
45H2

0

8| fR0 |

(
Ωma−3 + 4ΩΛ

)7(
Ωm + 4ΩΛ

)6 .

(4.27)

In the case of the nDGP braneworld model, a similar procedure, informed

by (4.8), gives the relevant expressions [98, 17]:

M1(a) = 0,

M2(k1,k2, a) = 2
n2

H2
0a4

(
k2

1k2
2 − (k1 · k2)2

)
,

M3(k1,k2,k3, a) = 18
n2β(a)

H2
0a64πGρ̄m

(k1 · k2)k2
1k2

3 + 2(k1 · k2)2k2
3

− 2(k1 · k2)(k1 · k3)(k2 · k3) − (k1 · k2)(k1 · k3)2

,
(4.28)

with β defined in (4.9). It is interesting to notice that, even though the interac-

tion term in (4.8) contains only second order derivatives, in (4.28) a 3rd order
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mass contribution is now present, that arises when transforming the Eulerian

derivatives to the Lagrangian space through (5.9).

2-point statistics for biased tracers in GR

The perturbative theory of galaxy clustering [59], which aims to describe the

statistics of biased tracers in the quasi-linear regime, consists of a perturbative

description for the evolution of the underlying dark matter density field, com-

bined with an analytical description for the bias parameters at each given order.

In the case of cold dark matter, the calculation of the 2-point statistics, even in

LPT, is a more straightforward process, since one just needs to plug the q-space

Lagrangian overdensity, mapped to the Eulerian frame through (5.8), into the

common expressions for the autocorrelation function:

ξ(r) = 〈δm(x)δm(x + r)〉 (4.29)

and its Fourier space counterpart, the matter power spectrum

(2π)3 δD(k + k′)P(k) = 〈δ̃m(k)δ̃m(k′)〉. (4.30)

When studying biased tracers, like for example dark matter halos, we need

an analytical model to describe their statistical prevalance with respect to the

underlying density field. Following [119, 46], we employ a model of a local

in matter density Lagrangian bias in which the positions of biased tracers are

purely specified by a distribution of the underlying CDM density field δ(q, t =

0) ≡ δ(q), encoded through a function F
[
δR(q)

]
, as

ρX(q) = ρ̄XF
[
δR(q)

]
, (4.31)

80



where, consistent with the literature, we use the subscript X to indicate biased

tracers. δR(q) denotes the primordial density field smoothed over some scale

R, while ρ̄X is the mean density of tracers. Density conservation provides the

equivalent of equation (5.8) for tracers,

δX(x, t) =

∫
d3qF

[
δR(q)

]
δD

[
x − q −Ψ(q, t)

]
− 1. (4.32)

This model of local Lagrangian bias, which corresponds to a non-local bias in

the Eulerian space, can be extended to include a biasing scheme that is non-local

in the Lagrangian space [121]. Combining (5.22) and (5.23) and after some trans-

formations one gets the general expression for the 2-point correlation function

for biased tracers in LPT,

1 + ξX(r) =

∫
d3q

∫
d3k

(2π)3 eik·(q−r)
∫

dλ1

(2π)
dλ2

(2π)
L(q,k, λ1, λ2), (4.33)

with

L(q,k, λ1, λ2) = F̃1F̃2 〈ei[λ1δ1+λ2δ2+k·(∆))]〉︸                ︷︷                ︸
K(q,k, λ1, λ2)

, (4.34)

where F̃1, F̃2 are the Fourier space representations of F, with corresponding

wavemodes λ1 and λ2 and ∆ = Ψ2 − Ψ1. The notation δ(q1) ≡ δ1 has been

adopted for all quantities. The ensemble average K in (4.34) can be cast into

an exponent of a power series in cumulants, through the cumulant expansion

theorem, 〈eiX〉 = exp
[∑∞

N=1
iN
N!〈X

N〉c

]
, which, combined with a multinomial expan-

sion, gives:

K(q,k, λ1, λ2) = exp
[∑ in+m+r

m!n!r!
λm

1 λ
n
2ki1 ..kir〈δ

m
1 δ

n
1∆i1 ..∆ir〉c

]
, (4.35)
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in terms of a series of correlators

σ2
R = 〈δ2〉c

ξL(~q) = 〈δ1δ2〉c,

Amn
i j (~q) = 〈δm

i δ
n
j∆i∆ j〉c,

Wmn
i jk (~q) = 〈δm

i δ
n
j∆i∆ j∆k〉c,

Umn
i (~q) = 〈δm

1 δ
n
2∆i〉c,

(4.36)

where we adopted the commonly used notation for the Lagrangian cumulants

in (5.26).

Keeping all terms in (4.35) that contain cumulants up to third order, which

is the equivalent of the one-loop correction to the linear power spectrum, re-

sults in a highly oscillatory integrand that presents challenges when ensuring

the integral is fully converged. [120] proposed expanding all contributions to

the exponent but the scale-independent “zero-lag” piece of A00
i j , which results in

a non-perturbative resummation scheme that is simpler to handle analytically.

Building upon this result, [46] proposed keeping all the terms of A00
i j in the ex-

ponent, in their Convolution Lagrangian Perturbation Theory (CLPT) scheme.

Keeping only the linear component of A00
i j exponentiated, as done in [196, 193],

and performing the λ and k integrations in (4.33) gives a CLPT expression for

the 2-point real space correlation function,

1 + ξX(r) =

∫
d3q

e−
1
2 (qi−ri)(A−1

L )i j(q j−r j)

(2π)3/2
|AL|

1/2
×

1 − 1
2

Gi jA
loop
i j

+
1
6

Γi jkWi jk − b1

(
2Uigi + A10

i j Gi j

)
−b2

(
U (1)

i U (1)
j Gi j + U20

i gi

)
+b2

1

(
ξL − U (1)

i U (1)
j Gi j − U11

i gi

)
+

1
2

b2
2ξ

2
L − 2b1b2ξLU (1)

i gi

, (4.37)
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with

gi ≡ (A−1
L )i j(q j − r j),

Gi j ≡ (A−1
L )i j − gig j,

Γi jk ≡ (A−1
L )i jgk + (A−1

L )kig j + (A−1
L ) jkgi − gig jgk. (4.38)

Furthermore, in (5.24) we define U10
i ≡ Ui, W000

i jk ≡ Wi jk and use superscript num-

bers in brackets to indicate the various orders of contribution. The 1st and 2nd

order Lagrangian bias factors, b1 and b2, are the expectation values of the 1st and

2nd order derivatives of the Lagrangian bias function F, respectively, through the

identity [119, 121],

bn ≡

∫
dλ
2π

F̃(λ)e−
1
2λ

2σ2
R (iλ)n =

〈
dnF
dδn

〉
. (4.39)

In the case of dark matter, we have F = 1 and F̃(λ) = 2πδD(λ) [46], and we

recover b1 = b2 = 0 for the unbiased, dark matter distribution.

The Fourier transform gives the CLPT power spectrum for biased tracers

[196, 193]:

PX(k) =

∫
d3qeik·qe−

1
2 kik jAL

i j ×

1 − 1
2

kik jA
loop
i j −

i
6

kik jkkWi jk

+b1

(
2ikiUi − kik jA10

i j

)
+ b2

(
ikiU20

i − kik jU
(1)
i U (1)

j

)
+b2

1

(
ξL + ikiU11

i − kik jU
(1)
i U (1)

j

)
+

1
2

b2
2ξ

2
L + 2b1b2ξLikiU

(1)
i

. (4.40)

In addition to the one-loop expressions for the two-point statistics, we also

calculate the Zel’dovich (1st order LPT) approximation [203] for biased tracers

in the configuration and Fourier space, which can be identified as the subset of

terms in (5.24) and (4.40) that are linear in PL(k). These are the terms that depend

on combinations of ξL, U (1) and AL
i j.
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While, for GR, CLPT does a very good job at modeling the configuration

space ξ(r), it is known to perform less well in reconstructing clustering in the

Fourier space [194]. Expanding the resummed exponent in (4.40) and perform-

ing the resulting integrals gives the Eulerian one-loop Standard Perturbation

Theory (SPT) power spectrum for biased tracers in GR [119],

PS PT
X (k) =

(
1 − k2σ2

L

)
(1 + b1)2 PL(k) +

9
98

Q1(k) +
3
7

Q2(k)

+
1
2

Q3(k) + b1

(
6
7

Q5(k) + 2Q7(k)
)

+ b2

(
3
7

Q8(k) + Q9(k)
)

+b2
1
(
Q9(k) + Q11(k)

)
+ 2b1b2Q12(k) +

1
2

b2
2Q13(k)

+
6
7

(1 + b1)2 [
R1(k) + R2(k)

]
−

8
21

(1 + b1) R1(k), (4.41)

where

σ2
L =

1
6π2

∫ ∞

0
dkPL(k), (4.42)

is the 1D variance of the Lagrangian displacement and the functions Qn and

Rn were defined in [119] for GR. The SPT power spectrum has been shown to

follow the power spectrum much better than the CLPT prediction in GR [194].

The correlation function obtained from Fourier transforming (4.41) is, unfor-

tunately, known to be ill-behaved [120]. However, if one performs an alternative

resummation proposed in [120, 119], known as Lagrangian Resummation The-

ory (LRT), the resulting power spectrum,

PLRT
X (k) = e−k2σ2

L

(1 + b1)2 PL(k) +
9

98
Q1(k) +

3
7

Q2(k) +
1
2

Q3(k)

+b1

(
6
7

Q5(k) + 2Q7(k)
)

+ b2

(
3
7

Q8(k) + Q9(k)
)

+b2
1
(
Q9(k) + Q11(k)

)
+ 2b1b2Q12(k)

+
1
2

b2
2Q13(k) +

6
7

(1 + b1)2 [
R1(k) + R2(k)

]
−

8
21

(1 + b1) R1(k)

, (4.43)
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which differs from (4.41) only by the exponential prefactor, can be Fourier trans-

formed to the configuration space and is found to characterize the BAO scales

well for both dark matter [120, 194] and biased tracers [119, 46]. It decays

sharply for large values of k however.

Calculation of bias parameters in GR

In this section, we present an analytical model for the calculation of the bias

parameters (5.27) in GR, which will be extended to include MG in section 4.3.1.

It should be noted though, that even in the complete absence of an analytical

model, one or both of the bias parameters in CLPT can be treated as free parame-

ters, to be fitted over simulations, as for example done in [46, 145]. With regards

to analytical models for bias, arguably the most popular one is the halo ap-

proach [125, 124, 164, 166, 117, 133, 161, 51], that is based on the extended Press-

Schechter (PS) formalism [140, 33], in combination with the Peak-Background

Split (PBS) approach [86]. A discussion of the accuracy of such approaches can

be found in [118, 79]. In what follows, we briefly summarize the main ingredi-

ents of this prescription in GR.

Let M0 be the mass of a collapsed region at a redshift of interest z, that is

enclosed in a Lagrangian region of radius R0, which, given the mean matter

density ρm0, will be given by

R0 =

(
3M0

4πρm0

) 1
3

. (4.44)

The variance of matter density fluctuations in this region is,

σ2(M0) =

∫
dkk2

2π2 W2 (kR0) PL(k, z = 0), (4.45)
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with PL(k, z = 0) the linear matter power spectrum evaluated today and W (kR0)

the top-hat smoothing Kernel,

W (kR0) =
3
[
sin(kR0) − kR0 cos(kR0)

]
(kR0)3 . (4.46)

For GR, density perturbations are evolved in time, relative to present time using

the GR linear growth factor D(z).

Based on the PS theory and its variants [140, 33], the comoving mean number

density of halos per logarithmic mass bin d ln M, n̄h, can be analytically modeled

as:

n̄h(M) =
∂2N̄h

∂V∂ ln M
=
ρ̄m

M
νc(M) f

[
νc(M)

] d ln νc(M)
dM

, (4.47)

where N̄h is the mean number of halos with mass M, in a bin of width dM,

enclosed in a comoving volume V .

The quantity νc(M), the peak significance, is given by

νc(M) =
δcr

σ(M, z)
=

δcr

D(z)σ(M)
. (4.48)

where D(z) is the linear growth factor at the time of collapse z, normalized so

that D(z = 0) = 1. In (4.48), σ(M, z) = D(z)σ(M) is the variance at redshift z, with

σ(M) the variance (4.45) evaluated today and δcr is the critical overdensity for

collapse at redshift z. For an Einstein De-Sitter (EDS) cosmology, the latter is

always δcr = 1.686, which turns out to be a very good approximation for ΛCDM

cosmologies and will be adopted here.

f
[
νc(M)

]
is the multiplicity function, that in the original PS theory is given

by:

νc f [νc] =

√
2
π
νce

−ν2c
2 . (4.49)

The prescription (4.47), often referred to as the universal mass function, is exact

in an EDS universe with a power law power spectrum. While (4.49) has been
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used to describe the halo mass function for a broad range of cosmologies, it

lacks the necessary accuracy for precision predictions. For this reason, Sheth

and Tormen (ST) [166], introduced an alternative function:

νc f [νc] =

√
2
π

A(p)
[
1 +

1
(qν2

c)p

]
√

qνce
−qν2c

2 , (4.50)

where A(p) =
[
1 + π−

1
2 2−pΓ(0.5 − p)

]−1
and q, p are free parameters that can be

fitted over N-body simulations. The best fit pair was initially proposed to be

(q, p) = (0.707, 0.3) which was later updated to (q, p) = (0.75, 0.3). These are

considered to be the “standard” ST parameters [166, 165]. For the PS function,

q = 1, p = 0.

Based on the PBS argument [86], a large-wavelength density perturbation

∆ (that is effectively constant on small scales) has the same effect on the for-

mation of biased tracers as a modification to the mean background density by

this offset. If by n̄h(M,∆) we denote the halo mass function’s response to such

a perturbation, also sometimes called the conditional mass function, then the

fractional overdensity of halos will be given by [125, 124, 164]:

1 + δh(M) =
n̄h(M,∆)
n̄h(M, 0)

, (4.51)

where n̄h(M, 0) = n̄h(M), is the standard, unconditional halo mass function. It

also worth noticing that equation (4.51) also defines F
[
δR(q)

]
, through (5.21).

The Lagrangian bias of order n, is then given by

bL
n(M) =

1
n̄h(M, 0)

dnn̄h(M,∆)
d∆n

∣∣∣∣∣∣∣
∆=0

, (4.52)

where the time argument in the above is assumed and omitted for simplicity.

Equation (5.28) is the rigorous definition of the bias parameters, that is exact

even in the absence of an analytical description for the halo mass function and
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can be calculated numerically, for example employing separate universe simu-

lations [157]. In the presence of a universal mass function, the conditional mass

function is given by the same expression (4.47), but with the modified peak sig-

nificance ν′c(M) = δcr−∆

D(z)σ(M) , in which case the the bias factors are easily calculated

[164] by (4.51), as:

bL
n(M) =

(−1)n(
D(z)σ(M)

)n
1

νc f [νc]
dn (

νc f [νc]
)

dνn
c

, (4.53)

which are the so-called PBS Lagrangian biases. Applied on the ST function

(4.50), the PBS biases are:

bL
1(M) =

−1
δcr

qν2
c − 1 +

2p

1 +
(
qν2

c

)p

 ,
bL

2(M) =
1
δ2

cr

q2ν4
c − 3qν2

c +
2p

(
2qν2

c + 2p − 1
)

1 +
(
qν2

c

)p

 .
(4.54)

These PBS biases are identical to the Lagrangian bias factors defined within the

context of CLPT through (5.27) [119, 121].

4.3 Results

4.3.1 Lagrangian Perturbation Theory for Biased Tracers in MG

2-point statistics for Biased Tracers in MG

In section 4.2.2, we showed the expressions for the calculation of 2-point statis-

tics in CLPT and its variants, under the assumption that gravitational evolution

is governed by GR. Here we explain how each of these relationships have to be

88



modified in the case of MG theories. We note that these results are consistent

with those recently presented in [17].

The two-point statistics for biased tracers in MG are given, as in GR, by the

definitions 5.23 and 4.30, in the configuration and Fourier space, respectively.

Considering biased tracers in the Lagrangian space, through (5.21), the over-

density of biased tracers in LPT is given by

δX(x, t) =

∫
d3qF

[
δR(q)

]
δD

[
x − q −Ψ(q, t)

]
− 1, (4.55)

where we used density conservation. The above equation is similar to (5.22)

for GR, but differs in that the Lagrangian field Ψ(q) follows the MG evolution

presented in Section 4.2.2. In particular, if we work in terms of the Fourier trans-

form of Ψ(q), labeled as Ψ̃(p), the nth order LPT solutions in MG will be given

by,

Ψ̃
(n)
j (p) =

i
n!

∫
d3 p1

(2π)3 ..
d3 pn

(2π)3 δ
3
D

 n∑
j=1

p j − p


× L(n)

j (p1, ..,pn)δ̃L(p1)..δ̃L(pn), (4.56)

where δ̃L(pn) are the linear-density Fourier transformed fields at the time of eval-

uation and the Kernels L(n)
j (p1, ..,pn) are given by [15]:

L(1)
j (p) =

p j

p2 ,

L(2)
j (p1,p2) =

p j

p2

D(2)(p1,p2)
D(1)(p1)D(1)(p2)

,

(L(3)
j )sym(p1,p2,p3) = i

p j

p2

D(3)
sym(p1,p2,p3)

D(1)(p1)D(1)(p2)D(1)(p3)
.

(4.57)

The MG growth factors in (4.57), are the ones given by (4.22), (4.24) and (B.5).

Plugging the overdensity (4.55) into (5.23) and (4.30) and working as in (4.33)-

(5.26), we arrive at equations (5.24) and (4.40), that give the 2-point statistics for
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biased tracers in MG and depend on the MG Lagrangian correlators

σ2
R = 〈δ2〉c

ξL(~q) = 〈δ1δ2〉c,

Amn
i j (~q) = 〈δm

i δ
n
j∆i∆ j〉c,

Wmn
i jk (~q) = 〈δm

i δ
n
j∆i∆ j∆k〉c,

Umn
i (~q) = 〈δm

1 δ
n
2∆i〉c.

(4.58)

For the MG correlators (4.58), we use the same definition and index structure

as in GR, but these functions differ from their GR counterparts, because the

quantities in the cumulants follow the MG LPT solutions (4.57). In particular,
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plugging (4.56) and (4.57) into (4.58), we get the Lagrangian correlators in MG:

V (112)
1 (q) =

1
2π2

∫
dk
k

(
−

3
7

) [
R1(k)

]
MG j1(kq),

V (112)
3 (q) =

1
2π2

∫
dk
k

(
−

3
7

) [
Q1(k)

]
MG j1(kq),

S (112)(q) =
3

14π2

∫
dk
k

[
2 [R1]MG + 4R2 +

[
Q1

]
MG + 2Q2

] j2(kq)
kq

,

T (112)(q) =
−3

14π2

∫
dk
k

[
2 [R1]MG + 4R2 +

[
Q1

]
MG + 2Q2

]
j3(kq),

U (1)(q) =
1

2π2

∫
dkk (−1) PL(k) j1(kq),

U (3)(q) =
1

2π2

∫
dkk

(
−

5
21

)
R1(k) j1(kq),

U (2)
20 (q) =

1
2π2

∫
dkk

(
−

6
7

)
Q8(k) j1(kq),

U (2)
11 (q) =

1
2π2

∫
dkk

(
−

6
7

) [
R1(k) + R2(k)

]
MG j1(kq),

X(12)
10 (q) =

1
2π2

∫
dk

1
14

2 (
[R1]MG − R2(k)

)
+ 3 [R1]MG j0(kq)

− 3
[
[R1]MG + 2R2 + 2

[
R1(k) + R2(k)

]
MG + 2Q5

] j1(kq)
kq

,
Y (12)

10 (q) =
1

2π2

∫
dk

(
−

3
14

) [R1]MG + 2R2

+2
[
R1(k) + R2(k)

]
MG + 2Q5

 × [
j0(kq) − 3

j1(kq)
kq

]
,

X(q) =
1

2π2

∫
dk a(k)

[
2
3
− 2

j1(kq)
kq

]
,

Y(q) =
1

2π2

∫
dk a(k)

[
−2 j0(kq) + 6

j1(kq)
kq

]
, (4.59)

where we additionally performed the decompositions

Amn
i j (q) = Xmn(q)δi j + Ymnq̂iq̂ j

Wi jk(q) = V1(q)q̂iδ jk + V2(q)q̂ jδki + V3(q)q̂kδi j + T (q)q̂iq̂ jq̂k

(4.60)

and defined a(k) = PL(k) + 9
98 Q1(k) + 10

21R1(k). The functions Qn(k) and Rn(k) that
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appear in the r.h.s of (4.59), are defined, as in GR, to be:

Qn(k) =
k3

4π2

∫ ∞

0
drPL(kr)

×

∫ 1

−1
dxPL(k

√
1 + r2 − 2rx)Q̃n(r, x)

Rn(k) =
k3

4π2 PL(k)
∫ ∞

0
drPL(kr)

∫ 1

−1
dxR̃n(r, x). (4.61)

The scale and redshift dependency of the growth factors alters the evaluation of

these expressions relative to GR:

Q̃1 = r2

D̄(2)
a − D̄(2)

b

x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄(2)
FL − D̄(2)

δI

2

Q̃2 =
rx(1 − rx)

1 + r2 − 2rx

D̄(2)
a − D̄(2)

b

x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄(2)
FL − D̄(2)

δI


Q̃3 =

x2(1 − rx)2

(1 + r2 − 2rx)2

Q̃5 = rx
D̄(2)

a − D̄(2)
b

x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄(2)
FL − D̄(2)

δI


Q̃7 =

x2(1 − rx)
(1 + r2 − 2rx)

Q̃8 = r2

D̄(2)
a − D̄(2)

b

x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄(2)
FL − D̄(2)

δI


Q̃9 =

rx(1 − rx)
1 + r2 − 2rx

Q̃11 = x2

Q̃12 = rx

Q̃13 = r2

[
Q̃1

]
MG

=
r2(1 − x2)

1 + r2 − 2rx

D̄(2)
a − D̄(2)

b

x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄(2)
FL − D̄(2)

δI

 .

(4.62)
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and

R̃1 =
21
10

r2 D(3)
sym(k,−p,p)

D(1)(k)
(
D(1)(p)

)2

R̃2 =
rx(1 − rx)

1 + r2 − 2rx

(
D̄(2)

a − D̄(2)
b x2 + D̄(2)

FL − D̄(2)
δI

)
[
R̃1(k) + R̃2(k)

]
MG

=
r2(1 − rx)

1 + r2 − 2rx

(
D̄(2)

a − D̄(2)
b x2 + D̄(2)

FL − D̄(2)
δI

)
[
R̃1

]
MG

=
r2(1 − x2)

1 + r2 − 2rx

(
D̄(2)

a − D̄(2)
b x2 + D̄(2)

FL − D̄(2)
δI

)
.

(4.63)

The functions Q1-Q13 in (4.62) and R1, R2 in (4.63) differ from GR as they depend

on the MG growth factors (4.22), (4.24) and (B.5). In addition, the functions[
Q1

]
MG, [R1]MG and

[
R1(k) + R2(k)

]
MG are new ones that arise in MG. In the GR

limit, that corresponds to D̄(2)
a = D̄(2)

b = 1 and D̄(2)
FL = D̄(2)

δI
= 0,

[
Q1

]
MG = Q1,

[R1]MG = R1,
[
R1(k) + R2(k)

]
MG = R1(k) + R2(k) and the functions Qn and Rn reduce

to their GR expressions in [120]. In that limit, furthermore, the correlators (4.59)

recover their GR forms presented in [46]. The derivations of the above, along

with a more detailed discussion, are presented in Appendices B.1 and B.2.

In Figure 4.1, we show the contributions of the different terms in (5.24) as a

function of r for the F4 model (which predicts the largest deviations from GR),

evaluated at z = 0.5.

As in the GR case, proceeding to expand the resummed exponent in (4.40)

and performing the resulting integrals, as shown in Appendix B.3, gives the

equivalent of the Eulerian one-loop SPT power spectrum for biased tracers in
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Figure 4.1: Contributions to the CLPT correlation function prediction, ξ,
given in (5.24), for the F4 model at z=0.5, by the various terms
in the expansion: dark matter (no bias prefactors) [blue solid],
b1 term [black dash-dot], b2 term [cyan dotted], b2

1 term [red
dash], b2

2 term [orange dash-dot] and b1b2 term [brown solid].

MG:
PS PT

X (k) =(
1 − k2σ2

L

)
(1 + b1)2 PL(k) +

9
98

Q1(k) +
3
7

Q2(k) +
1
2

Q3(k)

+ b1

(
6
7

Q5(k) + 2Q7(k)
)

+ b2

(
3
7

Q8(k) + Q9(k)
)

+ b2
1
(
Q9(k) + Q11(k)

)
+ 2b1b2Q12(k)

+
1
2

b2
2Q13(k) +

6
7

(
b2

1 + b1

) [
R1(k) + R2(k)

]
MG

+
6
7

(1 + b1)
[
R1(k) + R2(k)

]
−

8
21

(1 + b1) R1(k).

(4.64)

Equation (4.64), that depends on the functions (4.61), is the MG version of

(4.41). Appendix B.1 provides a more thorough discussion. While we refer to

this as the “SPT” expression, we note that, unlike in GR, where equation (4.41)

has been shown to be identical to the SPT expression, in MG, additional terms
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that appear when transforming the Klein-Gordon equation from Eulerian to La-

grangian coordinates need to be considered to show the equivalence [17].

The LRT power spectrum for MG theories is obtained, just like in GR, by

keeping the zero-lag term exponentiated:

PLRT
X (k) = e−k2σ2

L

(1 + b1)2 PL(k) +
9

98
Q1(k) +

3
7

Q2(k) +
1
2

Q3(k)

+b1

(
6
7

Q5(k) + 2Q7(k)
)

+ b2

(
3
7

Q8(k) + Q9(k)
)

+b2
1
(
Q9(k) + Q11(k)

)
+ 2b1b2Q12(k)

+
1
2

b2
2Q13(k) +

6
7

(
b2

1 + b1

) [
R1(k) + R2(k)

]
MG

+
6
7

(1 + b1)
[
R1(k) + R2(k)

]
−

8
21

(1 + b1) R1(k)

. (4.65)

The derivation is discussed in Appendix B.3. The configuration space counter-

part, ξLRT
X (r), is obtained by Fourier transforming (4.65),

ξLRT
X (r) =

∫
d3k

(2π)3 eik·rPLRT
X (k)

=

∫
dk
2π2 k2PLRT

X (k) j0(kr),
(4.66)

with j0(kr) the zeroth-order Bessel function.

To evaluate the expressions (5.24), (4.40), (4.64) and (4.65) we modified a

publicly available code released by [193] in 1, that efficiently performs the 2D

integrals in (5.24), (4.40) using Haskel transformations, as well those in (4.59)

and (4.61). On top of the functions Q1-Q13 and R1, R2, the code was extended

to evaluate the new functions
[
Q1

]
MG, [R1]MG and

[
R1(k) + R2(k)

]
MG, as well as

the modified correlators (4.59). We make this code publicly available in 2. Our

modified version accepts the modified gravity model growth factors, DMG(k, z)

1https://github.com/martinjameswhite/CLEFT_GSM
2https://github.com/CornellCosmology/bias_MG_LPT_products
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as input along with the linear power spectrum given by:

PL
MG(k, z) =

D1
MG(k, z)

D1
GR(k, 0)

2

PL
GR(k, 0). (4.67)

The linear power spectrum for the background ΛCDM cosmology is calculated

using the publicly available code CAMB [107].

After calculating the necessary MG growth factors using our Mathematica

notebook, we feed our modified version of the code with tabulated values of the

growth factors for the various values of k, r and x needed at a given cosmological

redshift z. The PYTHON module computes the various Qn(k) and Rn(k) functions

through equations (4.62) and (4.63), which are then used to calculate the various

components of the CLPT power spectrum PX(k). The k functions can then be

simply combined to give the SPT and LRT power spectra, by equations (4.64)

and (4.65), respectively. Finally, the modified C++ counterpart follows a similar

procedure to compute the configuration space two-point correlation function

given by CLPT, through (5.24). The procedure is explained in more detail in the

Appendix B.2.

We finish this section by noting that, even though we restrict our model to

the case of a local Lagrangian bias, our framework can be extended to include

a curvature bias and/or corrections from EFT, as in [193]. For modified gravity

theories with scale-dependent growth, a general expansion bias is not possible

in principle, though for some theories, such as the f (R), the effects of the fifth

force can be perturbatively absorbed in terms of higher-order derivatives [59,

17].
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Calculation of bias parameters in MG

In this section we turn to the final necessary ingredient to describe biased trac-

ers, an analytical model for the calculation of the bias parameters in MG.

Central to the GR derivation in Section 4.2.2, is the assumption that spherical

collapse is independent of the exterior spacetime, which, in the case of GR evo-

lution, is given by Birkhoff’s theorem. In MG theories, however, the additional

degree of freedom violates Birkhoff’s theorem, which will have important con-

sequences for the modeling of the halo mass function, as well as on its response

to an external density perturbation.

The Press-Schechter formalism (4.47) relies upon the assumption that the lin-

early evolved critical overdensity, δcr, is always constant at the time of collapse,

for example δcr = 1.686 for an EDS evolution. This is not the case for MG due to

the presence of the additional scalar field that generates the fifth forces. Follow-

ing [109, 115], if we define 1 + δh = y−3
h , the evolution of a spherically symmetric

halo density perturbation, will be given by:

y′′h −
(
2 −

3
2

Ω(a)
)

y′h +
1
2

Ω(a)
Ge f f

G

(
y−3

h − 1
)

yh = 0, (4.68)

where ′ denotes derivatives with respect to ln(a) and Ge f f , the modified New-

ton’s constant, is given by

Ge f f = (1 + E) G, (4.69)

For the nDGP braneworld model,[156]

E =
2

3β(a)

√
1 + χ3 − 1
χ−3 , (4.70)

where β(a) was defined in (4.28) and

χ−3 =
Ωmn2

1.10894a3β2(a)
y3

h − 1

y3
h

, (4.71)
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with the nDGP parameter, n = H0rc. Note that the fifth force modification does

not depend on either the mass or the environment, a property of the Vainshtein

mechanism, which means that the collapse barrier for this model is redshift and

scale independent [156, 22]. Thanks to this property, the halo biases for this

model can be easily calculated by the corresponding GR expressions (4.54), with

a different value for the constant threshold δcr. For the background cosmology

of the Group I simulations, at z = 0.5, we integrate equation (4.68) and find δcr

to have values (linearly extrapolated at z = 0.5) of δcr = 1.571 and δcr = 1.657 for

the N1 (n = 1) and N5 (n = 5) cases, respectively.

For f (R) models, for a collapsing sphere of mass M and radius Rth, E is given

by

E = 2β2

3∆R
Rth
− 3

(
∆R
Rth

)2

+

(
∆R
Rth

)3
 , (4.72)

with β = 1
√

6
. Finally, ∆R

Rth
is given by

∆R
Rth

=
| fR0|a3

Ωmy−3
h H2

0R2
th

×


 1 + 4ΩΛ

Ωm(
yenva

)−3
+ 4ΩΛ

Ωm


n+1

−

 1 + 4ΩΛ

Ωm(
yha

)−3
+ 4ΩΛ

Ωm


n+1

 .
(4.73)

Here the overdensity related to yh is embedded on a longer wavelength envi-

ronment with over density, 1 + δenv = y−3
env. In models that realize the chameleon

screening mechanism, like the f (R) Hu-Sawicki, only a thin shell of a massive

sphere contributes to the fifth force, with a fractional thickness ∆R
Rth

, that causes an

enhancement given by E. It is this factor E that causes the environmental depen-

dence of spherical collapse in MG, through (4.68). When set equal to zero, we

recover the standard GR solution, which is the one that describes the evolution

of the environment, since on such a long wavelength perturbations Ge f f ≈ G
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Figure 4.2: Critical overdensity for collapse, δcr, as a function of halo
mass for the F4 [top], the F5 [middle] and the F6 [bot-
tom] MG models at z = 0.5 and for various environments.
The different color curves correspond to the solutions for
the following values of the environment overdensity, δenv =[
−1(purple),−0.72,−0.43,−0.15, 0.13, 0.42, 0.7, 0.98, 1.27, 1.55(red)

]
.

The horizontal black line shows the δcr = 1.686 value for GR.
The background cosmology is that of the Group I simulations.

and we have:

y′′env −

(
2 −

3
2

Ω(a)
)

y′env +
1
2

Ω(a)
(
y−3

env − 1
)

yenv = 0. (4.74)

In light of the coupling between a collapsing halo and the background on

which it evolves, as seen through (4.68), it is clear that in MG the collapse barrier,

δcr, that is constant in GR, should now be promoted to a function of both the

mass M and the environment overdensity δenv. For each choice of M and δenvi ,
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equations (4.68) and (4.74) form a system of coupled differential equations that

we solve simultaneously, as in [109, 115]. The critical overdensity is identified as

the smallest value of the boundary condition δh(ai) at the initial scale factor ai =

0.002, that causes a singularity i.e. signifying the onset of nonlinear collapse, at

the scale factor of interest, which is then evolved to that scale factor a through

[109, 115]:

δh(a) =
D(1)(a)
D(1)(ai)

δh(ai), (4.75)

with D(1) the linear GR growth factor

In Figure 4.2, we show the critical density, δcr(z,M, δenv) as a function of mass,

M, for the three f (R) models at z = 0.5, as it was obtained for a variety of environ-

mental densities, δenv. Because the gravitational strength, Ge f f , is greater in the

modified models this allows haloes to form more easily, translating into a lower

value of δcr than the value in ΛCDM. Ge f f is scale dependent and tends towards

the GR value on large scales (which would collapse into large mass haloes). GR

is also recovered for highly screened models and high density environments.

For this reason the critical threshold tends towards the GR value δcr = 1.686 for

smaller values of fR0, increasing values of M and more positive values of δenv

(regions with larger screening) as found in [109, 115]. The deviations from GR

become progressively less pronounced as we move from weaker (F4, top panel)

to stronger (F6, lower panel) screening, as one would expect.

Having calculated the function δcr(z,M, δenv) for the three f (R) models, the

MG halo mass function can be again given by the universal prescription (4.47),

but now with a modified peak significance

νcMG(z,M, δenv) =
δcr(z,M, δenv)
D(1)(z)σ(M)

. (4.76)

The growth factors in MG are scale-dependent, meaning that in equation (4.76)
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one should in principle use D(1)
MG(k, z), however, it has been shown [109, 115],

that it is sufficient to use the GR growth factor, D(1)(z) to define the νc parame-

ters. Modifications beyond this assumption are accounted for later in the free

parameters of the halo mass function.

The dependence on the mass and the environment alters, and makes envi-

ronment dependent, not only the unconditional halo mass function in MG, but

also the conditional one. In the presence of a long-wavelength density pertur-

bation, ∆, the conditional halo mass function will be again described by (4.47),

but now with a modified ν′cMG given by:

ν′cMG(M, δenv) =
δcr(z,M, δenv + ∆) − ∆

D(1)(z)σ(M)
. (4.77)

Application of the bias definition (5.28) in that case, gives the first and second

order bias parameters

b1
MG(M, δenv) =

dδcr(M,δenv)
dδenv

− 1

δcr(M, δenv)

qν2
cMG − 1 +

2p

1 +
(
qν2

cMG

)p

 ,
b2

MG(M, δenv) =(
dδcr(M,δenv)

dδenv
− 1

)2

δ2
cr(M, δenv)

q2ν4
cMG − 3qν2

cMG +
2p

(
2qν2

cMG + 2p − 1
)

1 +
(
qν2

cMG

)p


+

d2δcr(M, δenv)
dδ2

env

1
δcr(M, δenv)

qν2
cMG − 1 +

2p

1 +
(
qν2

cMG

)p

 .

(4.78)

In the case of a sample of halos in a mass range of width dM around a single

value M, the conditional and unconditional mass functions need to be first av-
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eraged over the mass range,

b1
MG(M, δenv) =

1
IdM

∫ 
(

dδcr(M,δenv)
dδenv

− 1
)

δcr(M, δenv)
νcMG

M
∂ f [νcMG]
∂νcMG

d ln νcMG

dM

 dM,

b2
MG(M, δenv) =

1
IdM

∫ 
(

dδcr(M,δenv)
dδenv

− 1
)2

δ2
cr(M, δenv)

ν2
cMG

M
∂2 f [νcMG]
∂ν2

cMG

d ln νcMG

dM

 dM

+
1

IdM

∫ 
d2δcr(M,δenv)

dδ2
env

δcr(M, δenv)
νcMG

M
∂ f [νcMG]
∂νcMG

d ln νcMG

dM

 dM,

(4.79)

with

IdM =

∫ [
f [νcMG]

M
d ln νcMG

dM

]
dM. (4.80)

The details of the peak-background split derivations, for (4.78), (4.79), are shown

in more detail in Appendix C.

We note that another popular method, as an alternative to PBS, for calculat-

ing halo biases is the excursion set approach [33]. Here the universal halo mass

function is associated with the Brownian-walk, first crossing distribution of a

collapse threshold. In the GR case, the redshift and scale independence of the

collapse barrier leads to an analytical solution that recovers the common PBS

biases. Given the potential scale, environment and redshift dependence that δcr

has in MG models however, there is no analytical solution for the excursion set

approach in MG and one would need to perform numerical simulations, rather

than analytic prediction available for PBS, to determine the predicted biases

[109, 102, 110].

In order to make predictions to compare against simulations, given that the

correlation statistics sample a distribution of environments, rather than a spe-
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cific value of δenv, we average all environment-dependent quantities over a prob-

ability distribution for environments in which halos form and reside, defining

these on a fixed scale ζ which we set to 8 Mpch/h [101, 110, 102],

pζ(δenv) =
β0.5ω

√
2π

[
1 + (ω − 1)

δenv

δcr

] (
1 −

δenv

δcr

)−0.5ω−1

,

× exp

−βω2 δenv(
1 − δenv

δcr

)ω
 ,

(4.81)

where β ≡
(
ζ

8

)3
/(δcrσ

(2/ω)
8 ) with ω ≡ δcr

ns+3
3 .

The list of environments over which we average the other dependent quanti-

ties for the rest of this work, is δenv =
[
−1,−0.72,−0.43,−0.15, 0.13, 0.42, 0.7, 0.98, 1.27, 1.55

]
.

In Figure 4.3 we demonstrate the impact of the reduced δcr values in modi-

fied gravity models, separately from modifications to the halo mass function it-

self, by plotting the environmentally averaged bias parameters b1
MG and b2

MG for

GR and three f (R) models we study calculated from relations (4.54) and (4.78),

while assuming the same underlying halo mass model, with (q, p) = (0.707, 0.3) for

all models. As described earlier, the increased gravitational strength in modi-

fied gravity models, parameterized by Ge f f in (4.69), allows haloes of a given

mass to collapse more readily, yielding a lower critical threshold values for δcr

and a lower bias relative to the background (reduced b1 relative to GR). The de-

viations from GR are most pronounced in the models with least screening, like

the F4 model and are suppressed in the presence of stronger screening.

To accurately predict the biases in the various modified gravity models,

we also need to accurately characterize the halo mass function. The values

(q = 0.707, p = 0.3) used to characterize the ST halo mass function in GR were

fixed by fitting to ΛCDM simulations [166] and would not be expected to pre-

dict the mass function for modified gravity theories, given the different physics
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Figure 4.3: First and second order Lagrangian bias factors b1 [Top] and b2

[Bottom], as a function of halo mass M, calculated for GR [solid
black], F6 [dash-dot blue], F5 [green dotted] and F4 [red dash],
through relationships (4.54) and (4.78), using the Sheth-Tormen
values (q, p) = (0.707, 0.3) at z = 0.5. For the 3 f (R) models, the
biases are the environmentally averaged.

involved in the growth rate and collapse of nonlinear structures. Since the form

of the halo mass function is critical to evaluating the biases for the LPT correla-

tion function and power spectra predictions, we determine the best fit values for

(q, p) from the simulated halo mass functions for each model in the mass ranges

considered. These then uniquely determine the predictions for the biased tracer

correlation and power spectra. This approach minimizes the errors that would

be introduced at the outset of the LPT modeling from an inaccurate halo mass

function. To do this, we evaluate the environment averaged Sheth-Tormen halo

mass function (4.47) for various pairs values of (q, p), each using the MG pre-

scription (4.76), over the distribution of environments (4.81) and identify the
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pair of values that best fits the corresponding halo mass functions from the sim-

ulations, through the simple criterion that minimizes the quantity∑
i

∣∣∣∣∣∣∣ nsim(Mi)
nS T (Mi, q, p)

− 1

∣∣∣∣∣∣∣, (4.82)

previously used to fit the halo mass function in Galileons [22, 23]. In (4.82), i is

the number of mass bins over which the sum is performed, which, can be tuned

to model a narrow mass range rather than fitting the whole range with a single

set of parameters.

In Figure 4.4, we plot the halo mass functions for the GR and three f (R) MG

models we consider at z = 0.5, together with the best fit ST halo mass functions

obtained through (4.82). In the case of f (R) gravity, we plot both the mean ST

halo mass function, as well as the halo mass function for each value of δenv, to

give a sense of the variation among various different environments.

In Table 4.1, we show the best fit values of (q, p) for the different models,

mass ranges and simulations considered. For Group I simulations, we study

predictions at z = 0.5 for halos in a mass range (2 − 3.5) × 1012M�/h, for all

models. For the Group II simulations we analyze a z = 1 snapshot, where we

consider halos in three separate mass bins: a lower mass bin of 9 × 1011 − 2 ×

1012 M�/h, an intermediate bin of 5 × 1012 − 1 × 1013 M�/h and a higher mass bin,

1.1 × 1013 − 9 × 1013 M�/h.

In Figure 4.5 we present the predicted correlation function, ξenv for differ-

ent environments for the F6 model, along with the correlation function for the

environment averaged bias values. Changing the environment can have a no-

table effect on the predicted correlation function, with variations of ∼ 10% for

the F6 model presented in the figure. A decrease in the background environ-

mental density corresponds to a reduction in the correlation function because
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Figure 4.4: Halo mass function, in the form of number of halos dNh, per
mass bin dM, as a function of halo mass M, calculated from the
Group I simulations at z = 0.5, for GR [black dot] in the upper
left panel, F4 [red triangle] in the upper right panel, F5 [green
square] in the middle left panel, F6 in the middle right panel
and N1 and N5 nDGP models in the lower left and right pan-
els, respectively . Alongside with the simulations, we show the
analytical Sheth-Tormen halo mass functions (4.47), plotted us-
ing the best-fit (q, p) values for each model using the criterion
(4.82). For the f (R) models, the best-fit values correspond to the
environmentally averaged halo mass function, through (4.81),
shown with black curves, while we also plot the halo mass
functions for individual values for δenv for each f (R) model. The
color scheme and distribution of values for δenv is the same as
in Figure 4.2.

lower values of δenv give rise to a lower δcr and consequently a lower value for

the linear bias b1.
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Best-fit ST Predicted Biases
Models q p b1 b2

Group I : GR 0.726 0.345 0.301 -0.501
Group I : F4 0.671 0.361 0.120 -0.435
Group I : F5 0.765 0.321 0.211 -0.470
Group I : F6 0.670 0.362 0.230 -0.449
Group I : N1 0.701 0.369 0.224 -0.661
Group I : N5 0.702 0.357 0.268 -0.503
Group II : GR Low 0.674 0.362 0.345 -0.183
Group II : GR Mid. 0.728 0.342 0.925 -0.05
Group II : GR High 0.806 0.594 1.720 1.900
Group II : F5 Low 0.733 0.314 0.295 -0.170
Group II : F5 Mid. 0.788 0.282 0.909 -0.033
Group II : F5 High 0.746 0.305 1.491 0.416

Table 4.1: The table presents the values for the best-fit Sheth-Tormen pa-
rameters (q, p) for the halo mass function (4.47), with respect to
the simulations, through the criterion (4.82), as well as the bias
factors b1 and b2 evaluated through (4.79) using the best-fit val-
ues. All the evaluations for the Group I simulations were per-
formed at redshift z = 0.5 and for the Group II simulations at
z = 1. The labels low, mid. and high indicate reference to the
three mass bins, specified in the text. For all f (R) models, the
bias values shown are environmentally averaged as described
in the text.

4.3.2 Comparison with simulations

In this Section, we compare the performance of the various LPT resummation

schemes under consideration, combined with our bias model, against the cor-

responding results from the Group I and Group II simulations, discussed in

Section 4.2.1, with respect to the correlation function and the power spectrum.

All correlation functions from the simulations have been calculated employing

the publicly available code CUT E [9], using 30 linearly spaced bins in the range

0 − 140 Mpc/h. The power spectra, on the other hand, have been extracted us-

ing a Cloud-In-Cell (CIC) mass assignment scheme, on a grid with resolution of
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Ngrid = 10243 and Ngrid = 12003 cells, for the Group I and Group II simulations,

respectively. The power was binned in 30 linearly spaced points in the k range

of 0.008 − 0.3 h/Mpc.

As discussed in Section 4.3.1, for Group I simulations, we study predictions

at z = 0.5 for halos in the mass range (2 − 3.5) × 1012M�/h, for all models. For

the Group II simulations we analyze a z = 1 snapshot, where we consider halos

in three separate mass bins: a lower mass bin of 9 × 1011 − 2 × 1012 M�/h, an

intermediate bin of 5 × 1012 − 1 × 1013 M�/h and a higher mass bin, 1.1 × 1013 −

9 × 1013 M�/h.

Correlation function

To assess the accuracy and performance of the LPT predictions, we first utilize

the Group II simulations as a comparison dataset. Given that we only have 1

realization available for the F5 and GR models, the correlation functions exhibit

noise due to the random initial phase, but still facilitate valuable conclusions

about the performance of the methods tested given the appropriate combina-

tion of large volume and high resolution. These allow us to evaluate the perfor-

mance of CLPT and its variations simultaneously across a wide range of scales,

including both the BAO scales and the region roughly following a power-law

scaling relation, down to r ∼ 5 Mpc/h.

The LPT predictions use the PBS biases evaluated from the best fit halo mass

function, when fitted over the specific mass ranges, for each bin as summarized

inTable 4.1). Both the LPT and simulation results are compared to the Zel’dovich

prediction for the correlation function.
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Figure 4.5: [Top] Two-point correlation function prediction form
CLPT, through (5.24), for the F6 model at z = 0.5
for the various bias values given when δenv =[
−1(purple),−0.72,−0.43,−0.15, 0.13, 0.42, 0.7, 0.98, 1.27, 1.55(red)

]
through (4.79) and the result when averaged over environ-
ments [black line] using (4.81). [Bottom] Fractional deviation,
ξenv
ξmean
− 1, for the CLPT result for each environment in the top

panel, with respect to the CLPT curve given by the mean b1

and b2 values (black curve in the top panel).

To benchmark our findings we consider both the GR simulations as well as

those for the modified gravity model. Figure 4.6 shows these comparisons for

the three mass bin ranges, and Figure 4.7 shows the fractional variations with

respect to the Zel’dovich component of CLPT.

For both the GR and modified gravity cases it is important to carefully un-

derstand the form of the halo mass function to get accurate LPT predictions. We

find that simply adopting the standard ST pair of values, (0.75, 0.3), gives a poor
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Figure 4.6: Two-point correlation functions for the Group II simulation
snapshots at z = 1 for GR [top panel] and F5 [lower panel]
models. The predictions from CLPT (5.24) [solid blue], the
Zel’dovich approximation [dashed cyan], LRT (4.66) [dotted
magenta] and the linear theory [dashed green], using the bias
values shown in Table 4.1 are compared to the correlation
function extracted from simulations, shown with Poisson er-
ror bars, for the three mass bins defined in Section 4.3: the
low mass [red triangle], intermediate mass [black dot] and high
mass [brown square] bins.

approximation to the first order bias b1 (for the various values of halo mass),

consistent with the findings of the simulation creators [13] when they extracted

the bias estimate from the simulations and compared it to a standard ST predic-

tion. For the results with the best fit halo mass parameters, we find that the full

CLPT results for both the GR and the F5 model, incorporating the bias parame-
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Figure 4.7: Fractional deviations in the power-law regime of the corre-
lation function predictions with respect to the Zel’dovich ap-
proximation for the results shown in Figure 4.6. For the GR
analysis [top panel], we also plot the ratio of the CLPT predic-
tion using the standard ST values (q, p) = (0.75, 0.3) [dashed-
dot blue], rather than the best fit ones in Table 4.1, divided by
the Zel’dovich result.

ters evaluated using our PBS model (Table 4.1) and the environment averaging

where necessary, does a very good job, in describing the power-law correla-

tion function, 20 − 80 Mpc/h, for all three mass bins and significantly improves

upon linear theory at the BAO peak. For all three mass ranges, shown in Figure

4.7, the simulated correlation function falls below the Zel’dovich approximation

and we find that the CLPT predictions are reflecting this better than both the lin-

ear and LRT predictions. The three approaches, CLPT, LRT and Zel’dovich, all
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perform well in characterizing the BAO peak for the low mass and intermediate

mass bins, for the largest differences being in the highest mass bin for F5, where

the LRT approach performs slightly better. The LRT performs poorly at the

smaller scales, under 20Mpc/h, significantly overshooting the observed correla-

tion function, consistent with the results reported in previous studies performed

on ΛCDM cosmologies [194, 119, 46, 145]. The Zel’dovich approximation pro-

vides the best agreement at scales below 10Mpch/h.

It is also interesting to notice that, in Figure 4.6, while the correlation func-

tions have similar values for GR and the F5 model in the lowest mass bins, the

F5 result is noticeably lower than the GR one for the highest mass bin. The am-

plitude of the correlation function depends on the interplay between the dark

matter component (which has higher values in MG) and mostly the linear bias

factor, b1, which is lower for MG. In the lower mass bins, the combination of

the above two is such that the difference between the GR and the F5 curves is

almost neutralized, while in the highest mass bins the linear bias factor b1 is,

relatively, even lower, causing the F5 two-point function to have clearly lower

values than in the GR case.

To expand on the results from the large volume simulations, we now look

into the comparison with the Group I simulations, that, while spanning a

smaller volume, allow us to test our schemes for a wider range of models. For

each model, five different random realizations are available and the error bars

represent the standard deviations over these realizations. Starting with the f (R)

family, which is plotted in Figure 4.8, we see that the picture painted for the F4

an F5 models here is similar with the one for the F5 model (at z = 1), with CLPT

performing the best at scales r > 20 Mpc/h and the Zel’dovich result being su-
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Figure 4.8: Two-point correlation functions from the Group I simulations,
calculated at z = 0.5, for GR [black dots] in the upper left panel,
for F4 [red triangles] in the upper right panel, for F5 [green
squares] in the lower left panel and for F6 [blue right trian-
gles] in the lower right panel. The results are the average over
the 5 realizations and the error bars shown are standard devi-
ations. Furthermore, for each model we plot the predictions
from CLPT (5.24) [solid blue], from the Zel’dovich approxima-
tion [dashed cyan], from LRT (4.66) [dotted magenta] and from
linear theory [dashed green], using the bias values shown in
Table 4.1. The linear theory result for the F5 model is plotted
using a blue dashed line instead, for ease of comparison.

perior at capturing the smaller scales, while the trend is more pronounced in

the F4 case. For the F6 model however, not only does CLPT perform better at

these larger scales, but it seems to trace the simulation results more accurately

compared to Zel’dovich down to r∼ 7 Mpc/h.

To explore this small scale performance sensitivity to screening in more de-

tail note we consider what makes the linear order LPT and its one-loop exten-

sions perform differently. In [194] (and also in [181]), it was argued, in dark
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matter-only studies, that LPT does a poor job at estimating the higher order cor-

rections to the linear displacement dispersion, given by (4.42) and the one-loop

correction piece in LPT given by

σ2
1loop =

1
6π2

∫ ∞

0
dk

(
9
98

Q1(k) +
10
21

R1(k)
)
. (4.83)

Comparison with simulations in [181, 194], found CLPT to overestimate the size

of this correction at small scales, through (4.83), with the true value of the total

σ2
L + σ2

1loop being closer to σ2
L, which is what the Zel’dovich result uses. Be-

cause one-loop CLPT strongly depends on these corrections, through its zero-

lag terms (as can be seen in Appendix B.2), it performs worse at the smaller

scales compared to its Zel’dovich counterpart. Calculated from our theory pre-

diction for GR at z = 0.5, the ratio
σ2

1loop

σ2
L

= 0.126, close to the value in Fig-

ure 5 of [194]. In comparison, for the f (R) models at z = 0.5, the ratio
σ2

1loop

σ2
L

is (F4, F5, F6) = (0.212, 0.180, 0.152). The higher values for F4 and F5 lead to

an overestimation in these cases that is responsible for the worse behavior at

smaller r. It Is worth noting here that if we do not include screening, the ratio
σ2

1loop

σ2
L

= 0.17 in the F6 model, as opposed to the full value of 0.152. For the z = 1

Group II simulations, the ratios are (GR, F5) = (0.08, 0.103), which explains the

lower discrepancy and better performance of CLPT for F5. This also is consistent

with considering that this is an earlier reference in which clustering differences

between the theories will be less pronounced. From a physical standpoint, the

overestimation reflects an inability in LPT (including the Zel’dovich result), to

trap dark matter particles within halos [194], which seems to be more apparent

in the LPT approach for stronger MG chameleons. Fortunately, as we said ear-

lier, these models are the ones that violate the observational constraints and are

thus less interesting from an astrophysical standpoint.

Finally, we test our LPT approaches applied on the nDGP models, that repre-
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Figure 4.9: Two-point correlation functions from the Group I simulations,
calculated at z = 0.5, for N1 [orange diamonds] in the upper
panel and for N5 [purple hexagons] in the lower panel. The
results are the average over the 5 realizations and the error bars
shown are standard deviations. Furthermore, for each model
we plot the predictions from CLPT (5.24) [solid black], from
the Zel’dovich approximation [dashed cyan], from LRT (4.66)
[dotted magenta] and from linear theory [dashed green], using
the bias values shown in Table 4.1.

sent the Vainshtein screening mechanism, and the correlation functions of which

are presented in Figure 4.9, for all LPT schemes and the Group II simulations.

Just like in the f (R) models, CLPT does a very good job at describing the cor-

relation function for large scales and beyond that, it even seems to perform at

least equally well as the Zel’dovich curve down to scales r ∼ 10 Mpc/h, similar

to the F6 and GR cases in Figure 4.8 discussed earlier. The measurement of the

1-loop statistic discussed in the previous paragraph is consistent with this; for

the nDGP models, the ratio
σ2

1loop

σ2
L

= (0.129, 0.122) for (N1, N5) respectively, very

consistent with the GR value = 0.126. This is the case even in the weaker screen-
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ing case, the N5 model, and is a very promising sign, given that the Vainshtein

mechanism is highly efficient at screening modifications to gravity at smaller

scales and contains viable candidates that self-accelerate (even though this par-

ticular model does not). The relative performance among the different resum-

mation schemes is very similar to the one observed in the GR and f (R) cases,

with all LPT models improving the accuracy at the BAO peak upon linear the-

ory, with the LRT scheme giving more power that CLPT and then the Zel’dovich

result. The characterization of the BAO peak on scales r > 100 Mpc/h is limited

in the simulation box with side 1,024 Mpc/h; larger-volume simulations for the

nDGP model, comparable to the Group II simulations for F5 or GR, will allow

us to more clearly trace the region between 100− 140 Mpc/h and draw stronger

conclusions about how our models perform at the BAO scales.

The fact that CLPT performs well for all modified gravity models considered

in the power-law and BAO scales is very encouraging. On the smaller scales, its

robustness for highly screened models is also a positive result. If an MG model

was ever detected, it would be a highly screened case, given the tight constraints

placed on GR; models F4 and F5 are actually ruled out by observations [45], but

we include them in our analysis to fully investigate the chameleon phenomenol-

ogy with LPT.

Power spectrum

Complementary to the correlation function, we also perform tests on its Fourier

space counterpart, the halo power spectrum. The mass bins and bias values

used in the power spectra calculations are exactly the same as the ones pre-

sented in the correlation function case, but with the additional step that all
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Figure 4.10: Power spectra from the Group II simulations, calculated for
F5 at z = 1, in the low mass [red triangle], intermediate mass
[black dot] and high mass [brown square] bins, that were de-
fined in Section 4.3. The error bars shown are Poisson error
bars. Furthermore, for each mass bin we plot the predictions
from CLPT (5.24) [dotted magenta], from SPT (4.64) [solid
blue] and from linear theory [dashed green], using the bias
values shown in Table 4.1.

power spectra are shot noise corrected [162]: P̃(k) = P(k) − 1
nh

, where P(k) is

the uncorrected power spectrum, and nh is the number density of halos in each

bin. Especially for the higher mass bins that contain less halos, this effect is not

negligible, especially at higher k. We also identify the scale at which perturba-

tion theory starts to fail, kNL, with the vertical dashed-dot blue line, using the

definition [120], kNL = (2σ2
L)−1, with σ2

L the linear power spectrum dispersion

defined in (4.42).

In Figure 4.10, we present the F5, Group II snapshot at z = 1. We find the

expanded, SPT power spectrum (4.64) to perform very well at capturing the

small k and to follow the power spectrum until k ∼ 0.25h/Mpc, where it starts to
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Figure 4.11: Power spectra from the Group I simulations, calculated at
z = 0.5, for GR [black dots] in the upper left panel, for F4 [red
triangles] in the upper middle panel, for F5 [green squares] in
the lower left panel, for F6 [blue right triangles] in the lower
middle panel, for N1 [orange diamonds] in the upper right
panel and for N5 [purple hexagons] in the lower right panel.
The results are the average over the 5 realizations and the
error bars shown are standard deviations. Furthermore, for
each model we plot the predictions from CLPT (5.24) [dotted
brown], from SPT (4.64) [solid blue] and from linear theory
[dashed green], using the bias values shown in Table 4.1. The
linear theory result for the F5 model is plotted using a pink
dashed line instead, for ease of comparison.

overestimate power compared to the simulations, for all three mass bins. This

behavior is consistent with what was found in the GR case in earlier works

on [194, 119] and also for dark matter in MG [15]. The linear theory result

is only accurate at very large scales and quickly underestimates the power at

k > 0.05h/Mpc. Unlike in the correlation function comparison, where LPT was
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found to perform very well at a wide range of scales, here we see that the CLPT

power spectrum (4.40) decays quickly and performs considerably worse than

the SPT expansion. This is not unexpected, since the power spectrum in LPT

has been found to receive, unlike in the configuration space, significant contri-

butions from large, nonlinear k modes, where LPT performs poorly and fails to

trap particles inside dark matter halos [194]. Our results show that this to also

the case in our MG models. We find that this effect is even more pronounced in

the LRT power spectrum (4.65), which decays sharply in k-space, for this reason

we do not include the result in our plots.

In Figure 4.11 summarizing the GR and f (R) cases from the Group I simu-

lations, at z = 0.5, while the CLPT consistently underestimates the power spec-

trum for all models, the SPT result tracing the simulation points well for F5 and

F6 until k ∼ 0.2h/Mpc, at which it starts to overestimate the power spectrum.

The performance for the the F4 model is slightly worse on small scales. This

earlier deviation is not surprising given that the model has the smallest kNL pre-

diction, resulting from a comparatively higher 1D linear dispersion.

For the two nDGP models, also shown in Figure 4.11, we find that the SPT

predictions perform well at scales k < 0.15 Mpc/h but overestimate the power

on small scales. The CLPT predictions consistently underestimate the power,

and are broadly comparable to the linear prediction.

4.4 Conclusions

In this work, we modeled the two-point statistics of biased tracers in modified

gravity (MG) up to one-loop order in the linear power spectrum, using the Con-
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volution Lagrangian Perturbation Theory (CLPT) framework and its variants.

Following standard methods in the literature, the linear piece of the two-point

Lagrangian correlator for dark matter is kept exponentiated in the expression

for the two-point correlation function, but everything else is expanded, lead-

ing to a series of convolution integrals, the expressions of which we derive for

scalar-tensor theories.

The evolution of the underlying dark matter density field is described by the

LPT framework for dark matter, suitably extended to study scalar-tensor theo-

ries, along with an analytical model for the calculation of the first and second

order bias parameters in MG. To perform the bias calculations, we employ the

Peak-Background split (PBS) approach, in which biases are modeled rigorously

as responses of the universal Sheth-Tormen halo mass function in the presence

of a long-wavelength density perturbation. This is extended in MG theories,

to account for the dependence of the gravitational collapse on the environment

and screening. Our PBS implementation, provides a quantitative prediction for

the increased production, and the related lower biases, for haloes of a given

mass. We apply this scheme to the f (R) Hu-Sawicki and the nDGP braneworld

models, that are representatives of the chameleon and Vainshtein screening

mechanisms, respectively. We make the code used for the analytic predictions

publicly available in 3 and evaluate their performance against state-of-the-art

cosmological N-body simulations, for a variety of MG models at z = 0.5 and

z = 1, with respect to the correlation function and the power spectrum in a vari-

ety of mass regimes and scales.

The CLPT implementation, in combination with the analytical bias model,

gives good agreement with the simulations, with the only free parameters nec-

3https://github.com/CornellCosmology/bias_MG_LPT_products
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essary being those to best-fit the Sheth-Tormen universal halo mass function at

the given mass range. The CLPT predicts the correlation function across scales

20 − 80 Mpc/h, tracing the simulation results at an accuracy of 2 − 3% and bet-

ter. At the BAO scales, that provide a valuable probe of fundamental physics,

CLPT was found to improve significantly upon the linear theory and Zel’dovich

predictions for the F5 models, just like in GR. The Lagrangian Resummation

Theory (LRT) approach improved the accuracy a little further at BAO scales for

the highest mass range considered. At scales of r < 20 Mpc/h, the CLPT per-

formed well for the highly screened model F6 and for the nDGP models, while

the Zel’dovich predictions performed better for the weakly screened F5 and F4

models. The reason for this behavior was identified, being an overestimation

in these low-screening chameleon models of the one-loop contributions to the

zero-lag terms at small scales.

In Fourier space, consistent with findings for GR, the CLPT power spectrum

was found to underestimate power quickly, compared to the simulations for all

MG models. This is due to the power spectrum receiving significant contribu-

tions from large k, where LPT performs poorly. The Standard Perturbation The-

ory (SPT) approach, though, which is the low-k expanded version of this power

spectrum, performs very well and remains consistent with the simulation re-

sults down to k ∼ 0.2h/Mpc for the f (R) models and down to k ∼ 0.15h/Mpc

for the two nDGP models. Beyond these scales, the SPT curve overestimates the

power spectrum, as has been found for GR previously.

While we have focused our analysis on LPT predictions for real space, our

model can be expanded to capture the redshift-space distortions required for

upcoming LSS surveys. Furthermore, even though we focused on a local in
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matter density bias scheme in the Lagrangian space, in which the bias is purely

a function of the local density, one can extend this to include other factors deter-

mining bias into the formalism, such as curvature bias, and model them success-

fully by this PBS scheme. The same applies for potential extensions to include

EFT corrections to our LPT model, as in [193], which could also be used to calcu-

late the components of the Gaussian Streaming Model for MG theories. Finally,

our CLPT MG framework can be used to analytically predict marked statistics

in MG and assess their ability to boost the MG signals carried in cosmic density

fields, as in [204, 190]. We leave these natural extensions to future work.

In the coming decade, a wide array of cosmological surveys will span a

large part of the observable universe, searching for hints of new physics beyond

ΛCDM. In this work we demonstrate that semi-analytical approaches, exten-

sively employed in the context of standard GR, can serve as invaluable tools to

predict structure formation in cosmologies with an extra degree of freedom in

the gravitational sector. A next step for these approaches are to confront them

in comparison to realistic simulations of galaxies and clusters that will be ob-

served with surveys coming online in the coming year or two and assess survey

ability to identify and constrain potential deviations from GR.
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CHAPTER 5

AN ACCURATE PERTURBATIVE APPROACH TO REDSHIFT SPACE

CLUSTERING OF BIASED TRACERS IN MODIFIED GRAVITY

5.1 Introduction

In this chapter, we will extend the scale-dependent Gaussian Streaming Model

(GSM) to produce analytical predictions for the anisotropic redshift-space cor-

relation function for biased tracers in modified gravity models. In the hierar-

chical picture of structure formation, the tiny perturbations in the primordial

dark matter density field grow, under the influence of non-linear gravitational

collapse, partly opposed by cosmic expansion, to give rise to the rich cosmic

pattern observed today. On the large, linear scales and when GR is assumed,

dark matter over-densities evolve as a simple function of time, for all scales,

whereas on smaller, non-linear scales, computationally expensive N-body sim-

ulations are inevitable. This picture is further complicated by the fact that the

galaxies observed by surveys of the LSS, do not perfectly trace the underlying

dark matter density field, but are biased tracers of it [86] and, are observed in

redshift space [88, 62], which introduces redshift-space distortions (RSD) to the

observed clustering statistics. In the case of MG models, another layer of com-

plexity is added – one needs to account for the presence of the additional degree

of freedom that enhances structure formation and interferes with the evolution

of dark matter and biased tracers in a non-linear manner. In the intermediate,

quasi-linear scales, higher order Perturbation Theory (PT) [30, 47] approaches or

hybrid methods [182, 189], integrating both analytic and numerical simulation

approaches, are of great benefit.
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RSD effects are induced by the peculiar velocity field of galaxies about the

Hubble flow, which breaks the isotropy of the two-point correlation function of

galaxies detected through spectroscopic means. At large scales, RSD lead to an

enhancement of the amplitude of the correlation function, the “Kaiser boost”

[88], that can be modeled analytically, while on the opposite end, the non-linear

regime, the Fingers-Of-God (FOG) effect suppresses the correlation function, an

effect that is frequently captured through phenomenological “streaming” mod-

els [56, 131]. In [145], the Gaussian Streaming Model (GSM) was introduced, to

model the RSD correlation function in the quasi-linear scales. It used a non-

perturbative resummation of the linear treatment by [67] that convolves the

real-space correlation function of biased tracers with a Gaussian pairwise ve-

locity distribution function [160]. The accuracy of the original approach, that

used Eulerian Standard PT (SPT) to model the velocity moments, was further

improved in [198], using the Lagrangian Perturbation Theory (LPT) approach

to structure formation [212, 44, 38, 78, 183, 120, 119, 46, 122] with a resumma-

tion scheme called Convolution LPT (CLPT) [46] in which the effects of the bulk

flows are not expanded in perturbative order. Further advancements included

adding higher order velocity moments [186, 32] or small-scale physics effects

through corrections from Effective Field Theory (EFT) [196, 193].

While halo bias and RSD have been studied in tandem for modified gravity

in the context of N-body simulations, for example [12, 24, 75], they have only

been studied separately, to date, for perturbative approaches to the clustering

statistics [98, 179, 42, 180, 28, 66, 35, 34, 36, 17, 16, 191]. In [17, 191], CLPT was

extended to predict the two-point statistics for biased tracers in MG, based on

the LPT framework for MG developed in [15] and also an analytical model for

the prediction of the Lagrangian bias factors in MG [191], extending the Peak-
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Background Split formalism (PBS) [86, 20, 157, 124]. Applied on the f(R) Hu-

Sawicki [81] and the nDGP [60] models, it was shown to perform very well

against results obtained by N-body simulations across a wide variety of screen-

ing levels and cosmological redshifts. In the work of [35], the GSM model was

employed to model the RSD correlation function in MG models, shown to work

very well against data obtained by N-body simulations, but only quantified in

the context of pure dark matter considerations and with a local linear bias. Fur-

thermore, [35] used RegPT and also the SPT scheme previously used by [145],

for the perturbative representations of the GSM ingredients, but not LPT, which

was used in the GSM implementation by [198] and will be the focus of this work.

Building upon the previous work of [17, 191], in this chapter we move

forward to expand the scale-dependent GSM, in particular as presented in

[198, 193], so as to make analytical predictions for the anisotropic redshift-space

correlation function for biased tracers in MG theories. The underlying density

field is evolved using the LPT for scalar-tensor theories presented in [15], while

the effect of bias is captured through a local Lagrangian bias, up to second or-

der, with the corresponding bias values predicted by the ST model for MG that

was presented, and found to work well, in [191]. We apply this framework on

two widely-considered MG models, the chameleon f(R) Hu-Sawicki [81] and

the Vainshtein-screened nDGP [60] braneworld model and compare our results

against state-of-the-art N-body simulations. We first make sure that our CLPT

predictions for the remaining GSM ingredients, the pairwise velocity and the

scale-dependent velocity dispersion, match the simulations sufficiently well, as

already done for the real-space 2-point correlation function inc, before proceed-

ing to cross-check the predictions for the monopole and the quadrupole of the

RSD 2-point correlation function against the corresponding ones from the sim-
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ulations. This last step is crucial for confirming the robustness of our analytical

predictions, as well as the level of their accuracy, as we enter the era of precision

cosmology. Our analytical approach is the first one, to the best of our knowl-

edge, that captures both the effects of halo bias and RSD in the context of MG.

These results have been published in [192].

This chapter is structured as follows: in Sec. 5.2 we introduce the MG sce-

narios on which we focus and also introduce the N-body simulations used to

cross-validate our analytical results. In Sec. 5.3 we show how the GSM is im-

plemented in scenarios in which gravity deviates from GR. Then, in Sec. 5.4, we

discuss the accuracy of our results through the comparison against the N-body

simulations, before concluding in Sec. 5.5. The details of the various derivations

are laid out in Appendices D and E.

5.2 Modified Gravity Scenarios and Simulation Tools

In this section, we briefly introduce the MG models we consider and also

present the N-body simulations we used to cross-check our model’s validity.

5.2.1 Modified Gravity Scenarios

One of the oldest ways to depart from GR in the literature, proposes adding a

function of the Ricci scalar to the standard form of the Einstein-Hilbert action.

In particular, if R is the Ricci scalar, these models, the “f(R)” class of theories
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[57], are described by an action S of the form:

S =

∫
d4x
√
−g

[
R + f (R)

16πG
+Lm

]
, (5.1)

where in the above expression, modifications to gravity manifest themselves

through the nonlinear function f (R). In (5.1) we use Lm for the matter sector

Lagrangian and G for the gravitational constant. The renewed interest in mod-

ifications of this type, is motivated by the possibility that such models can be

responsible for the observed accelerated expansion of the universe [48]. In what

is probably the best-studied candidate of this class, the f (R) Hu-Sawicki model

[81], the modifying function is of the form:

f (R) = −m2
c1

(
R/m2

)n

c2
(
R/m2)n

+ 1
, (5.2)

with m = H0
√

Ωm0, H0 being the Hubble constant, Ωm0 the fractional matter den-

sity evaluated today and c1, c2 and n the free parameters of the model. The num-

ber of free parameters is further reduced by imposing a background expansion

that matches the ΛCDM one in the high curvature limit (R � m2), which gives:

f̄R0 = −n
c1

c2
2

(
Ωm0

3(Ωm0 + ΩΛ0)

)n+1

, (5.3)

where we defined the scalaron, fR =
d f (R)

dR , that is evaluated today in equation

(5.3). Thanks to this expression, this model is usually parametrized with | fR0 |

and n. Its popularity lies in the fact that it realizes the interesting phenomenol-

ogy of the chameleon screening mechanism [92, 93], as can be shown through

a conformal transformation [43]. As | fR0 | → 0 and/or n → ∞, the deviations

are suppressed and GR is recovered. In our analysis, we always fix n = 1 and

consider three variations of | f̄R0 | = {10−6, 10−5, 10−4}, that will be referred to from

now on as F6, F5 and F4, respectively.
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In the case of Vainshtein screening, there is a characteristic scale away from a

massive source, the Vainshtein radius, below which fifth forces are strongly sup-

pressed, due to the existence of large second derivatives of the gravitational po-

tential. A MG model that exhibits this behavior is the Dvali-Gabadadze-Porrati

(DGP) model [60], in which spacetime is actually 5-dimensional (5D), with an

action of the form:

S =

∫
d4x
√
−g

[
R

16πG
+Lm

]
+

∫
d5x
√
−g5

(
R5

16πGrc

)
, (5.4)

where by R5 and g5 we label the 5D equivalent versions of the Ricci scalar and

the metric determinant. Gravity does become 4-dimensional, however, below

a characteristic scale rc and the usual 4D spacetime corresponds to a brane, on

which the Standard Model fields are confined. The DGP model contains a self-

accelerating branch (sDGP), which unfortunately has been shown to exhibit un-

desirable ”ghosts” that make it unstable [96]. For this reason, we consider the

“normal” branch instead, called the nDGP, that is assumed to co-exist with a

dark energy component, so that a ΛCDM homogeneous evolution is matched.

We study two instances of the nDGP model, those with n ≡ H0rc = 1 and n = 5,

that we label and, from now on call, N1 and N5, correspondingly.

5.2.2 N-body Simulations

In this section, we briefly introduce the N-body simulations we will use to assess

the performance of our analytical model, which is a crucial step for our analysis.

The first set of simulations, that we will refer to from now on as Group I

simulations, are the Extended LEnsing PHysics using ANalaytic ray Tracing

(ELEPHANT) simulations [50], that were performed with two modified ver-
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sions of the GR code (RAMSES): the ECOSMOG module [112, 37] produced

snapshots for the F6, F5 and F4 cases at a cosmological redshift of z = 0.5, while

ECOSMOG-V [111, 21, 73] was used to produce the nDGP N1 and N5 realiza-

tions, also at z = 0.5. 10243 dark matter particles were evolved, in a simulation

box with a side Lbox = 1024Mpc/h and a cosmology specified by the following

parameters:

{Ωm0,ΩΛ0, h, ns, σ8,Ωb} = {0.281, 0.719, 0.7, 0.971, 0.82, 0.046}. (5.5)

So as to reduce the effects of cosmic variance, each model is run using 5 dif-

ferent random realizations. Finally, the dark matter halos in each snapshot are

identified through the ROCKSTAR halo finder [25].

The second group of simulations available, that we will call Group II, come

from the MG lightcone simulation project [13], that employed the MG code MG-

GADGET [141], to simulate GR and F5 cosmologies at a variety of redshifts; in

our work we focus on the z = 1 snapshot. Using 20483 dark matter particles in

a cubic box with side Lbox = 1536Mpc/h, they are the largest-volume MG simu-

lations performed up-to-date, which allows us to explore our GSM predictions

at the Baryon Acoustic Oscillation (BAO) scales [63]. The ΛCDM cosmology in

these simulations is given by:

{Ωm0,ΩΛ0, h, ns, σ8,Ωb} = {0.3089, 0.6911, 0.6774, 0.9667, 0.8159, 0.0486}. (5.6)

The halo catalogues are produced making use of the SUBFIND code [175] and

each model is simulated for only one random seed.

Finally, to compute the real-space two-point correlation function, the RSD

anisotropic correlation function and also the velocity information from the sim-

ulations, we utilize the publicly available code CUTE [9], using 30 linearly space
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bins in the range 0 − 140 Mpc/h, both in the real and in the redshift space. For

the Group I simulations, all error bars are calculated as the standard deviations

over the 5 available realizations, whereas in the Group II case, where only 1 re-

alization is available, we use the Jackknife method, splitting the simulation box

into 64 sub-volumes.

As was also done in [191], for the Group I simulations, we analyze a z = 0.5

snapshot of halos in the mass range (2 − 3.5) × 1012M�/h, for all models, using

only the main halos identified by ROCKSTAR. For the Group II simulations, on

the other hand, we focus our predictions on a redshift of z = 1, considering

halos in three separate mass bins: a lower mass bin of 9 × 1011 − 2 × 1012 M�/h,

an intermediate bin of 5× 1012 − 1× 1013 M�/h and a higher mass bin, 1.1× 1013 −

9 × 1013 M�/h.

5.3 Redshift-Space Correlation Function For Biased Tracers In

Modified Gravity

In this section, we present our analytical framework for the redshift-space cor-

relation function of biased tracers in modified gravity cosmologies. Before the

topic of RSD is addressed, we briefly summarize the LPT framework for struc-

ture formation in MG cosmologies, as well as the analytical treatment of La-

grangian bias for dark matter halos in such scenarios.
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5.3.1 Lagrangian Perturbation Theory For Dark Matter In Mod-

ified Gravity

In the Lagrangian Perturbation Theory framework [212, 44, 38, 78, 183, 120, 119,

46, 122], the time-dependent growth of dark matter overdensities is traced in a

coordinate system that is comoving with matter particles, as they move along

their fluid trajectories. In particular, the fundamental element of LPT is a dis-

placement, vector, field Ψ, which in each moment of interest t, maps a parti-

cle from an initial “Lagrangian” position q to its final, Eulerian position vector

x(q, t), encoded through the following relationship:

x(q, t) = q +Ψ(q, t). (5.7)

Imposing conservation of matter mass between q and x, one gets

δm(x, t) =
1 − J(q, t)

J(q, t)
, (5.8)

with δm(x, t) =
ρm
ρ̄
− 1 in (5.8) denoting the fractional matter overdensity and

J(q, t) = det(Ji j), the determinant of the Jacobian of the mapping (5.7), given by

Ji j =
∂xi

∂q j = δi j +
∂Ψi

∂q j . (5.9)

Unlike the Eulerian approach, in LPT the expansion parameter is the displace-

ment Ψ, as

Ψ(q, t) =

∞∑
n=1

Ψ(n)(q, t) = Ψ(1)(q, t) +Ψ(2)(q, t) +Ψ(3)(q, t)... (5.10)

Equations (5.7)-(5.9) form a closed system that can be solved, order by order,

when combined with the coupled pair of the geodesic and Poisson equations

ẍ + 2Hẋ = −
1
a2∇xψ(x, t),

1
a2∇

2
xψ(x, t) = 4πGρ̄mδ(x, t),

(5.11)
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with ψ(x, t) representing the scalar metric perturbation. Equations (5.11) have

been derived perturbing about a Friedmann-Robertson-Walker (FRW) back-

ground assuming a GR-like evolution. The first order solution to the system

(5.7)-(5.11) is the well-known Zel’dovich approximation [212], in which

Ψ j(k, t) =
ik j

k2 D(1)(t)δ(1)(k, t = 0), (5.12)

where δ(1)(k, t = 0) is the linearized overdensity at early times and D(1)(t) the

linear growth factor in GR, which is the growing solution of

T̂D(1)(t) = A0D(1)(t), (5.13)

with A0 = 4πGρ̄m and the differential operator T̂ = d2

dt2 + 2H d
dt , defined in [120].

In the presence of a modification to gravity, the above picture is compli-

cated by the action of the additional degree of freedom, the impact of which

should be taken into account by the LPT framework. In the work of [189], LPT

was studied for the MG chameleons and symmetrons, up to second order, in

the context of the COLA hybrid approach, which was found to recover results

from full N-body simulations with high accuracy. LPT was first expanded to

capture MG theories up to third order by [15] (also see [16, 17, 191]), which is

the approach we closely follow and briefly summarize here. For a scalar-tensor

theory, equations (5.11) are replaced by the modified version of the perturbed

Einstein equations:

∇xT̂Ψ = −
1
a2∇

2
xψ(x, t),

1
a2∇

2
xψ(x, t) = 4πGρ̄mδ(x, t) +

1
2a2∇

2
xφ,

(5.14)

combined with the Klein-Gordon (KG) equation

(3 + 2ωBD)
1
a2 k2

xφ(kx, t) = 8πGρ̄mδ(kx, t) − I(φ). (5.15)
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Here, ωBD is a function that depends on the specific theory, and is named in that

way because for Brans-Dicke (BD) theories it reduces to the BD parameter. The

under-script x is meant to show that the quantities are evaluated in the Eulerian

basis. The term I(φ) is the perturbative representation of the screening due to

the field φ self-interactions [98], given by

I(φ) = M1(k, t)φ +
1
2

∫
d3k1d3k2

(2π)3 δD(k − k12)M2(k1,k2)φ(k1)φ(k2)

+
1
6

∫
d3k1d3k2d3k3

(2π)6 δD(k − k123)M3(k1,k2,k3)φ(k1)φ(k2)φ(k3),

with M1(k, t), M2(k1,k2) and M3(k1,k2,k3) being mass terms and where we used

the convention ki jk = ki + k j + kk. The first order solution in MG is

Ψ j(k, t) =
ik j

k2 D(1)(k, t)δ(1)(k, t = 0), (5.16)

where the MG linear growth factor D(1)(k, t) is now obtained through

T̂D(1)(k, t) = A(k)D(1)(k, t), (5.17)

with

A(k) = 4πGρ̄m

1 +
k2

a23Π(k)

 ,
Π(k) =

1
3a2

[
(3 + 2ωBD) k2 + M1a2

]
.

(5.18)

A generic feature of many MG models, for which M1 , 0, is that, unlike in

the GR case (5.13), the linear growth factor is scale-dependent. The 2nd and 3rd

order LPT solutions in MG contain two additional contributions, compared to

the simpler GR case: a screening term, due to the field self-interactions and a,

geometric in nature, Frame-Lagging component that arises when transforming

the KG equation from an Eulerian to a Lagrangian basis. The expressions for the

2nd and 3rd order solutions, as well as for the perturbative mass terms M1 − M3

in the f(R) and nDGP cases can be found in [15] and also [16, 17, 191].
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We finally note that a scale dependent linear growth function implies the

linear growth rate is also scale dependent,

f (k) =
d ln D(1)(k, a)

d ln a
. (5.19)

We find it useful to define the large-scale value, f0, as

f0 = f (k = 0). (5.20)

For MG models with M1 , 0, f0 coincides with the standard growth rate in

ΛCDM. In models with vanishing mass, such as the nDGP, f (k) = f0 is scale

independent, but its value does not coincide with that of ΛCDM.

5.3.2 Lagrangian Biased Tracers In Modified Gravity

Galaxies do not exactly trace the underlying distribution of dark matter, which

in principle biases observable quantities [86], like the clustering statistics, ex-

tracted from such observations. This effect is taken into account by the per-

turbative theory of galaxy clustering, which has been greatly explored using a

variety of analytical approaches; a comprehensive review of this topic can be

found in [59]. Given an analytical model for the nonlinear evolution of the un-

derlying dark matter overdensities (for which we choose LPT), the effects of

halo or galaxy formation are captured through a set of bias parameters. Build-

ing upon our LPT formalism laid out in the previous section 5.3.1, we employ

a local Lagrangian bias to study overdensities of halos, within which the ob-

served galaxies form and reside. Before addressing the biasing scheme in MG

scenarios, it is worth mentioning that in the context of GR, approaches in the

literature have employed a variety of Lagrangian bias schemes, ranging from
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a local-in-matter-density Lagrangian bias [119, 46], to a local Lagrangian bias

including curvature and tidal terms [193], all the way to extensions with a non-

local Lagrangian bias [121].

The two-point statistics of biased tracers in modified gravity models have

recently been expressed using a local-in-matter and curvature Lagrangian bias

[17], as well as a local-in-matter density bias [191]. While we will focus on pre-

dictions using the latter, we will present the expressions including the curva-

ture bias, which is more general and contains, as we will see below, the local

in matter density terms as a limiting case. We make the common assumption

that tracers are initially identified in the primordial dark matter density field,

at a sufficiently early time t0, through a local function F. In particular, if by

δR(q, t0) ≡ δR(q) we denote the dark matter density field, smoothed out over a

spatial scale R, then the initial fractional overdensity of tracers (in our case ha-

los), δX(q, t0) ≡ δX(q), will be given by [17] 1:

1 + δX(q) =
ρX(q)
ρ̄X

= F
[
δR(q),∇2δR(q)

]
. (5.21)

When F = 1 in (5.21), we get δX(q) = 0, recovering thus the dark matter case.

Having identified the initially biased tracers through (5.21), their subsequent

nonlinear evolution is found after applying the continuity equation between q

and x:

1 + δX(x, t) =

∫
d3qF

[
δR(q),∇2δR(q)

]
δD

[
x − q −Ψ(q, t)

]
, (5.22)

where in the above equation δR(q) is the extrapolated linear density field eval-

uated at the observation time. Our goal is to model the two-point correlation

1In principle, in MG theories with an additional scalar field φ, the bias function F should also
depend on the Laplacian, ∇2φ, but as noted in [59] and further developed in [17], expanding the
KG equation reveals that this dependence is degenerate with ∇2δ for k-modes smaller than the
scalar field mass and can thus be absorbed.
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function for halos, defined by

ξX(r) = 〈δX(x)δX(x + r)〉, (5.23)

where the angle brackets indicate an ensemble averaging. Plugging the result

(5.22) into (5.23) and after performing a multinomial expansion and several in-

tegrations, one gets the two-point correlation function for biased tracers, up to

1-loop order, as [46, 17, 191]:

1 + ξX(r) =

∫
d3q

e−
1
2 (qi−ri)(A−1

L )i j(q j−r j)

(2π)3/2
|AL|

1/2
×

1 − 1
2

Gi jA
loop
i j +

1
6

Γi jkWi jk

−b1

(
2Uigi + A10

i j Gi j

)
− b2

(
U (1)

i U (1)
j Gi j + U20

i gi

)
+b2

1

(
ξL − U (1)

i U (1)
j Gi j − U11

i gi

)
+

1
2

b2
2ξ

2
L − 2b1b2ξLU (1)

i gi

+2 (1 + b1) b∇2δ∇
2ξL + b2

∇2δ
∇4ξL

, (5.24)

with

gi ≡ (A−1
L )i j(q j − r j),

Gi j ≡ (A−1
L )i j − gig j,

Γi jk ≡ (A−1
L )i jgk + (A−1

L )kig j + (A−1
L ) jkgi − gig jgk, (5.25)

and where we defined
σ2

R = 〈δ2〉c

ξL(~q) = 〈δ1δ2〉c,

Amn
i j (~q) = 〈δm

i δ
n
j∆i∆ j〉c,

Wmn
i jk (~q) = 〈δm

i δ
n
j∆i∆ j∆k〉c,

Umn
i (~q) = 〈δm

1 δ
n
2∆i〉c.

(5.26)

The Lagrangian correlators (5.26), as first defined in [46], are the elementary in-

gredients of the LPT correlation function (5.24) and contain cumulants of the

differential LPT displacement field, ∆ = Ψ2 − Ψ1, where we adopted the short-

hand notationΨ(q1) = Ψ1, etc. In (5.24) we also defined A00
i j ≡ Ai j, W000

i jk ≡ Wi jk and
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U10
i ≡ Ui. These correlators (5.26) differ in GR [46] and MG [17, 191], because the

LPT displacement fields they contain follow a different time-evolution in each

of these two cases, as explained in the previous Section 5.3.1 (this difference

manifests itself in the “k-functions” in [46] and [17, 191]). Finally, we note that

in (5.24) only the linear part of Ai j is kept exponentiated following [196, 193], a

variant of the Convolution Lagrangian Perturbation Theory (CLPT) resumma-

tion scheme [46] that maintains also the loop components in the exponential.

In expression (5.24), we identify the local-in-matter-density bias parameters

[119, 121]

bn ≡

∫
dλ
2π

F̃e−
1
2λ

2σ2
R (iλ)n , (5.27)

where F̃ is the Fourier-space representation of the Lagrangian function F. The

extension of (5.27) to include the higher-order bias b∇2δ can be found in [17, 14].

One approach to evaluate biases is the excursion set approach [33]. This

does not, however, have an analytical solution for generic MG models, due to

the fact that the critical overdensity for gravitational collapse is not a constant at

a given cosmological time, as it is in GR. One can then perform brownian-walk

simulations in that case, as was done in [17].

In our analysis here, we will evaluate predictions from (5.24) only with a

local-in-matter density Lagrangian bias, which simply corresponds to the limit

b∇2 = 0 of this relationship. In the total absence of an analytical method to

evaluate the bias parameters bn, they can be treated as free parameters to be

fitted over the N-body simulations, a method followed by [46, 145, 193], for

instance. In [191], an analytical model was developed, for the calculation of the

bias parameters in MG models, which is the one we adopt in this work. Based

on the PBS formalism [86], the Lagrangian bias factors of order n are given by
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[125, 124, 164]:

bL
n(M) =

1
n̄h(M, 0)

dnn̄h(M,∆)
d∆n

∣∣∣∣∣∣∣
∆=0

, (5.28)

where n̄h(M, 0) is the halo mass function of halos with mass M and n̄h(M,∆) is

its response, in the presence of a long-wavelength density perturbation ∆. By

suitably modeling n̄h(M, 0) and its response in MG, using the Sheth-Tormen (ST)

model [166] with an environment-dependent gravitational collapse, [191] de-

rived the PBS biases in MG models (relationships (78)-(80) in that work). This

approach was shown to agree very well with simulations and thus we adopt it

in this work as well; readers interested in more details about this implementa-

tion, are referred to [191]. The halo bias values b1 and b2, used in this chapter,

are the ones shown in Table I of [191], predicted for each gravity model, halo

mass range and cosmological time.

5.3.3 Direct Lagrangian Approach to RSD in Modified Gravity

In the previous section 5.3.2, we discussed how LPT can be used to robustly

model the two-point statistics of halos in both the cases of GR and MG. How-

ever, the peculiar velocities of the observed galaxies, sourced by the perturba-

tions in the underlying density field, contribute to the line-of-sight component

of the observed recession velocity, contaminating thus the information extracted

from spectroscopic means. These “Redshift-Space Distortions”, in particular, in-

troduce an anisotropy in the observed clustering pattern [88, 70, 71]. To model

their impact on the clustering statistics, and following standard practice, we fix

the line-of-sight in the Cartesian ẑ direction for all objects, adopting the plane-

parallel approximation. This approximation has been shown to work well in

the context of modern surveys of the LSS [151, 210]. Having adopted this ap-
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proach, if x is the real-space position of a tracer with peculiar velocity v(x), then

its observed, “redshift-space” position s will be:

s = x +
ẑ · v(x)
aH(a)

ẑ, (5.29)

with H(a) the Hubble factor at a given scale-factor a. As a consequence, the

redshift-space 2-point correlation function for halos

ξs
X(r) = 〈δX(s)δX(s + r)〉, (5.30)

becomes directionally dependent, unlike the real-space expression given by

(5.23).

With the advent of precision cosmology, a great deal of theoretical effort has

been put into analytically modeling (5.30), with the various different approaches

summarized in [195]. Within the framework of LPT, the most straightforward

approach, called “Direct Lagrangian” in [195] and considered in [46, 203, 196],

takes advantage of the fact that, in LPT, the displacement field simply trans-

forms as:

Ψs = Ψ +
ẑ · Ψ̇(x)

H(a)
ẑ. (5.31)

This can be easily seen if ones combines (5.29) and (5.7) with the fact that the

peculiar velocity in LPT is given by v = aΨ̇. (5.31) can then be further simplified

if one notices that, up to order n, the LPT field evolves as Ψ(n) ∝ Dn(a), giving

Ψ̇(n) = n f0HΨ(n), with f0(a) = d ln D
d ln a the GR growth rate, thus giving

Ψ
s(n)
i =

(
δi j + n f0ẑiẑ j

)
Ψ

(n)
j . (5.32)

Then it quickly follows that the Lagrangian correlators (5.26) will also transform

accordingly, e.g.

U s(n)
i =

(
δi j + n f0ẑiẑ j

)
U (n)

j . (5.33)
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In the Direct Lagrangian approach, the RSD correlation function is calculated

through directly mapping the Lagrangian correlators (5.26) to redshift-space, as

in (5.32)-(5.33), and then using (5.24) with the shifted correlators.

In MG, however, the situation is a little more complicated, because, as we

saw in (5.17), the MG growth factor is scale-dependent. As a result, Ψ̇ cannot

be simplified as in GR and (5.32) does not apply. Instead, the LPT displacement

field will now transform as

Ψ
s(n)
i = Ψ

(n)
i + ẑiẑ j

dΨ
(n)
j

d ln a
, (5.34)

where the added shift has to be evaluated numerically. In the Appendix E, we

present the details on how the Direct Lagrangian approach is implemented in

MG theories with scale-dependence. It is worth emphasizing, at this point, that

the fact that the RSD shift depends so sensitively on the underlying gravity

model, is exactly what makes it such a powerful cosmological probe.

5.3.4 The Gaussian Streaming Model In Modified Gravity

In the previous section, we saw that, despite their success at accurately captur-

ing the real-space clustering statistics for a wide range of models, Lagrangian

methods prove to be inadequate at directly predicting the velocity-induced

redshift-space anisotropies. This problem can be overcome by employing the

Gaussian Streaming Model (GSM), first proposed in [145], inspired by the the

work of [67]. In order to address the discrepancy between the traditional

phenomenological “streaming” (or dispersion) models [56, 131] and the linear

Kaiser limit [88], [67] adopted a probabilistic approach to relate the distributions

of tracers in the real and redshift space. In particular, if P is the pairwise veloc-
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ity Probability Density Function (PDF), then the real-space correlation function

of tracers, ξr
X(r), will be mapped to the redshift-space one as [67, 160]:

1 + ξs
X(s⊥, s‖) =

∫
dy[1 + ξr

X(r)]P(y = s‖ − r‖|r), (5.35)

where s⊥, s‖ are the perpendicular and parallel to the line-of-sight components

of the redshift-space separation s, with s =
√

s2
⊥ + s2

‖
and r =

√
s2
⊥ + y2. By taking

the linear limit of (5.35), and allowing for the scale-dependence of the pairwise

velocity moments, [67] showed that line-of-sight variations of the pairwise ve-

locity and its dispersion drive the correlation function away from isotropy in

redshift space. The pairwise velocity PDF P is in principle not Gaussian, even

in the case of a Gaussian density field, but can be well approximated by a Gaus-

sian near its peak [160]. Using a non-perturbative resummation of the linearized

limit of (5.35) in [67], [145] proposed the GSM expression:

1 + ξs
X(s⊥, s‖) =

∫ ∞

−∞

dy√
2πσ2

12(r, µ)
[1 + ξr

X(r)] exp

−
(
s‖ − y − µv12(r)

)2

2σ2
12(r, µ)

 , (5.36)

where µ = r̂ · ẑ =
y
r , µv12(r) the pairwise velocity and σ2

12(r, µ) the pairwise ve-

locity dispersion along the line-of-sight. Using CLPT to model the ingredients

of the GSM, the accuracy of the initial approach was improved in [198], which

was able to match the redshift-space halo clustering statistics extracted from N-

body simulations at the few % level. Further improvements included adding

tidal bias and EFT corrections [193], as well as higher moments in the cumulant

expansion [186, 31, 32], while the GSM was also applied to observational data

[144, 152, 153, 8, 211]. In [35], the GSM was employed to model the anisotropic

correlation function for dark matter in MG, using RegPT and the SPT approach

in [145], but not LPT.

Building upon the formalism presented in [198] and having already laid the

foundation in Section 5.3.2, we proceed to expand the GSM (5.36) to predict the
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anisotropic redshift-space correlation function for biased tracers in MG, mod-

eling its ingredients with CLPT. To do so, we need to express the two velocity

moments in CLPT, as we have already done with ξ(r), which is performed be-

low.

5.3.5 Velocity Moments in Modified Gravity

With regards to the calculation of the velocity moments in MG, the main point

of divergence from the corresponding approach in GR employed in [198, 193],

lies in the fact that the LPT growth factors are also scale-dependent in this case,

as we saw in section 5.3.1. Keeping this in mind, below we present the main

results and summarize how they differ from their GR counterparts, with the

details shown in the Appendix D. The relative peculiar velocity between two

tracers at Eulerian positions x2 and x1, is

vn(x2) − vn(x1)
aH

=
Ψ̇2n − Ψ̇1n

H
=
∆̇n

H
, (5.37)

where we made use of the fact that v = aΨ̇. In GR, one typically uses, as we also

saw in section 5.3.3, the fact that Ψ(n) ∝ Dn(a) in the EDS approximation, which

gives Ψ̇(n) = n f0HΨ(n), so as to simplify (5.37), which is not the case in MG; here

∆̇n needs to be evaluated numerically. Following standard practice, one may

then define the velocity generating function [160, 198]

Z(r, J) = 〈[1 + δX(x)][1 + δX(x + r)]eJ· ∆̇H 〉, (5.38)

with ξX(r) = Z(r, 0) − 1. In the case of a local Lagrangian bias (5.22) and after the

usual Fourier transforms (as in [16, 191]), it can be expressed as:

Z(r, J) =

∫
d3q

∫
d3k

(2π)3 eik·(q−r)
∫

d2Λ1

(2π)2

d2Λ2

(2π)2 F̃1F̃2〈e
i
[
λ1δ1+λ2δ2+η1∇

2δ1+η2∇
2δ2+k·∆+J· ∆̇H )

]
〉,

(5.39)
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where we defined Λ1 = (λ1, η1), F̃1 = F̃(Λ1) and Λ2 = (λ2, η2), F̃2 = F̃(Λ2), as in

[17]. Given a generating functional, the velocity moments of order p can then

be straightforwardly evaluated as [198]:

〈[1 + δX(x)][1 + δX(x + r)]
( p∏

k=1

[vik(x + r) − vik(x)]
)
〉 =

=

p∏
k=1

(
−i

∂

∂Jik

)
Z(r, J)

∣∣∣∣
J=0

=

∫
d3q

∫
d3k

(2π)3 eik·(q−r)
∫

d2Λ1

(2π)2

d2Λ2

(2π)2 F̃1F̃2 × 〈

p∏
k=1

(
∆̇ik

H
)
)
ei[λ1δ1+λ2δ2+η1∇

2δ1+η2∇
2δ2+k·∆]〉

=

∫
d3qMp,(i1,.,ip)(r,q),

(5.40)

where in the last line we defined Mp,(i1,.,ip) as the integrand quantity.

The real-space mean pairwise velocity along the pair separation vector, r̂, is

defined as :

v12(r) = v12,nr̂n =
〈[1 + δX(x)][1 + δX(x + r)][vn(x + r) − vn(x)]〉

〈[1 + δX(x)][1 + δX(x + r)]〉
r̂n. (5.41)

The denominator of (5.41) is simply equal to 1 + ξX(r) from (5.24), whereas the

numerator represents the galaxy-number weighted average pairwise velocity.

Given the definition (5.40), and using the CLPT scheme for MG discussed in

Section 5.3.2, we have [198]:

v12,n =

∫
d3qM1,n(r,q)

1 + ξX(r)
, (5.42)

with

M1,n(r,q) = f0
e−

1
2 (qi−ri)(A−1

L )i j(q j−r j)

(2π)3/2
|AL|

1/2
×2b1U̇ (1)

n − giȦin + b2U̇20 + b2
1U̇11 −

1
2

Gi jẆi jk − 2b1giȦ10
in

+2b1b2ξLU̇ (1)
n − 2[b2 + b2

1]giU
(1)
i U̇ (1)

n − b2
1ξLgiȦ

(1)
in − 2b1Gi jU

(1)
i Ȧ(1)

in

−2b∇2δB2,n

, (5.43)
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where we defined

U̇i(q) ≡
1

f0H
〈δ(q1)∆̇〉, Ȧi j(q) ≡

1
f0H
〈∆i∆̇ j〉

U̇20
i ≡

〈δ2(q1)∆̇i〉

H f0
, U̇11

i ≡
〈δ(q1)δ(q2)∆̇i〉

H f0
,

Ȧ10
i j =

〈δ(q1)∆i∆̇ j〉

f0H
, Ẇi jk =

〈∆i∆ j∆̇k〉

f0H
,

B2,n = −∇nξL(q).

(5.44)

The expressions for the new correlators (5.44) are presented in the Appendix

D. Here we briefly stress that, even though these definitions are the same as in

the GR case [198, 193], the functions (5.44) take different values in MG, because

of the different evolution of the LPT displacement field (manifesting itself in

the ∆ and ∆̇ functions). Similarly, this is also the case for the M1,n function in

(5.43), that depends on these functions. The quantity entering (5.36) is actually

the pairwise velocity along the line-of-sight, rather than the separation vector,

which simply accounts to multiplying v12 from (5.41) by µ.

The pairwise velocity dispersion along the line-of-sight is defined as

σ̂2
12(r, µ) =

〈[1 + δX(x)][1 + δX(x + r)][vz(x + r) − vz(x)]2〉

〈[1 + δX(x)][1 + δX(x + r)]〉
, (5.45)

which is commonly decomposed into components parallel σ̂2
‖

and perpendicu-

lar σ̂2
⊥ to the pair separation vector, r, in which case

σ̂2
12(r, µ) = µ2σ̂2

‖ + (1 − µ2)σ̂2
⊥. (5.46)

The two components can be calculated after taking projections of the second

velocity moment, the pairwise velocity dispersion tensor, given by [198]:

σ̂2
12,nm =

∫
d3qM2,nm(r,q)

1 + ξX(r)
, (5.47)
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with

M2,nm(r,q) = f 2
0

e−
1
2 (qi−ri)(A−1

L )i j(q j−r j)

(2π)3/2
|AL|

1/2
×2 [

b2
1 + b2

] (
U̇ (1)

n U̇ (1)
m

)
− 2b1

(
Ȧ(1)

in giU̇ (1)
m + Ȧ(1)

im giU̇ (1)
n

)
− Ȧ(1)

im Ȧ(1)
jn Gi j

+Änm + b2
1ξLÄ(1)

nm − 2b1U (1)
i giÄ(1)

nm + 2b1Ä10
nm − Ẅinmgi

, (5.48)

and where we additionally defined

Äi j =
〈∆̇i∆̇ j〉

f 2
0 H2

, Ä10
i j =

〈δ(q1)∆̇i∆̇ j〉

f 2
0 H2

, Ẅi jk =
〈∆i∆̇ j∆̇k〉

f 2
0 H2

. (5.49)

The expressions for the functions (5.49) are presented in the Appendix D. It is

worth adding here, that all b∇2δ terms identified in σ2
12,nm, are multiplications of

U functions and terms that although are order PL, have a size similar to 1-loop

terms [193], which is why they are dropped and thus absent in (5.48). More

importantly, even though we do not generally include EFT corrections in our

biasing scheme, we emphasize on the fact that one of the leading EFT countert-

erms in (5.48) is of the form ασδnm [193], which corresdonds to the correction:

σ̂2
12,nm → σ̂2

12,nm + ασ
1 + ξ

0−loop
matter

1 + ξ
1−loop
X

δnm, (5.50)

that leads to a constant shift, ασ, at large scales. This naturally accommodates

the need to add a constant shift to the PT prediction for σ2
12,nm so as to match the

values extracted from N-body simulations, as was found in [145, 198, 193] for

GR and as we will also show to be the case for MG, in the next section.

Having obtained σ̂2
12, we get the cumulant version σ2

12,nm = σ̂2
12,nm−v12,nv12,m [193],

which is then projected as:

σ2
‖ (r) = r̂nr̂mσ

2
12,nm(r), σ2

⊥(r) =
1
2

(δnm + r̂nr̂m)σ2
12,nm(r). (5.51)

The combination of (5.46)-(5.51) gives us σ2
12(r, µ) that is the final necessary in-

gredient to enter eqn (5.36). Finally, as was the case for ξX(r) in (5.24), we even-

tually consider the velocity moments v12 and σ2
12 with a local in matter density
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Lagrangian bias (meaning b∇2δ = 0), the bias factors b1 and b2 of which are eval-

uated using the analytical model discussed in section 5.3.2.

5.4 Results

The objective in this work is to assess and compare configuration-space

(redshift-space) predictions coming from our analytical model, against those ex-

tracted from the Group I and Group II N-body simulations, that we introduced

in section 5.2.2.

In section 5.4.1, we first confirm that the velocity information entering the

GSM (5.36), the real-space pairwise velocity and the pairwise velocity disper-

sion for halos, in (5.42) and (5.47), are accurately captured by our CLPT imple-

mentation in MG.

In section 5.4.2, we assess the predictions for the redshift-space 2-point cor-

relation function for halos using both the Direct Langrangian and GSM ap-

proaches. Using the PBS formalism for the bias values, the 3 ingredients used

as input in the GSM expression (5.36), are calculated through (5.24), (5.42) and

(5.47). The real-space 2-point correlation function for halos in MG has already

been cross-checked and confirmed in [191], using the same CLPT and bias

schemes against the same set of simulations.

To perform the various integrations, we use a suitably modified version of

the public C++ code released by [193], to incorporate the modifications to al-

low deviations from GR. This extends our previous work in [191], made pub-

licly available in https://github.com/CornellCosmology/bias_MG_
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LPT_products. The code accepts as input the linear power spectrum and the

LPT growth factors up to 3rd order, evaluated for each MG model and cosmol-

ogy. The linear power spectra are calculated using the publicly available code

CAMB [107], while the growth factors are extracted from the MATHEMATICA note-

books released in the above GitHub repository.

5.4.1 Halo Pairwise Velocity Statistics

We begin this section by comparing the CLPT predictions for the real-space pair-

wise velocity of halos in MG, obtained through (5.41)-(5.43), against the results

from the N-body simulations.

In Fig. 5.1 we compare the analytical CLPT predictions for the real-space

pairwise velocity of halos in MG, obtained through (5.41)-(5.43), against the re-

sults from the N-body simulations. In the top panels we show comparisons

for GR and the F5 MG model for the 3 mass bins in the z = 1 snapshot of the

Group II simulations. The F5 CLPT curves are found to trace the shape of the

pairwise velocity well, across a wide range of halo masses, achieving the same

level of agreement as in the known GR case, down to scales of r ∼ 10 Mpc/h.

The 1-loop CLPT result significantly improves upon the accuracy of the linear-

theory prediction. These results are consistent with what was observed in the

corresponding GR case in [198].

Performing the same comparison against the F6 and N1 & N5 models of the

Group I snapshots at z = 0.5, shown in the bottom panel of Fig. 5.1, we again

find that CLPT has the same level of agreement as previously, but down to scales

of r ∼ 17 Mpc/h for the F6 & N5 models and for r ∼ 20 Mpc/h for the N1 case.
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Given that this comparison is now performed at a lower redshift than in the

Group II case, where the expected scale where nonlinearities become significant

(and PT fails) is larger, this result is expected.

The bias parameters we use here, derived by fitting the ST parameters to the

simulated halo mass function, are a key factor in achieving accurate predictions

for the pairwise velocity, which is a necessary requirement for accurate predic-

tions using the GSM approach. An alternative option is to treat the biases as

free parameters, that give the best-fit to the simulations, as for example done in

[46, 198, 193].

We next investigate how well our CLPT framework performs in capturing

the halo pairwise velocity dispersion from the simulations, for all MG models

we consider. When performing this comparison, in terms of the dispersion com-

ponents parallel (σ̂2
‖
) and perpendicular (σ̂2

⊥) to the pair separation vector, we

uncover the existence of a persistent offset between the theoretical curves and

the simulated values, manifesting itself in all cases we study. This phenomenon

has been observed in the context of GR, both when using Eulerian [145] and La-

grangian [198, 193] PT to model σ2 and in MG [35], which we also find to be the

case in our CLPT implementation for MG models. This mismatch is attributed

to small-scale contributions to the halo velocity dispersion, that are impossible

to capture analytically [145, 198]. It was observed that simply adding a constant

offset so as to match the two predictions at large scales suffices to get an accurate

perturbative representation of σ2. We should also note, at this point, that this

feature was also discussed by [160], who noted that nonlinear contributions to

the velocity dispersion contribute a constant in the large-scale limit, that cannot

be captured by linear theory. In [193], that considered EFT corrections in the
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Figure 5.1: Real-space pairwise velocity for GR [top left] and the F5 model
[top right] at z = 1, obtained by the Group II simulations in the
low mass [blue square], intermediate mass [black circle] and
high mass [red triangle] bins, and for F6 [bottom left] and the
N1 & N5 models [bottom right, orange diamond and purple
hexagon respectively] at z = 0.5 from the Group I simulations.
Lines denote the theoretical predictions from 1-loop CLPT,
through (5.41)-(5.43), for each corresponding model. The green
dotted lines in the upper panels represent the linear prediction
for the high mass bin.

context of the GSM, it was shown that one of the EFT counter-terms contribut-

ing to the velocity dispersion is of the form (5.50), which reduces to a constant

at large scales and naturally accommodates for the need to correct this offset

with a constant free parameter. In our work, and in agreement with the above

results, we find the CLPT prediction from (5.47) & (5.48), combined with a con-

stant offset to match the largest simulation bin at r = 137.8 Mpc/h, to be able

to capture the shape of σ̂2
‖

and σ̂2
⊥ very well for all the modified gravity models,

as well as GR. The values of the constants added for each model are reported in
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Table 5.1.

When looking at Table 5.1, one notices that the Zel’dovich result for σ2 al-

ways falls a little short of the simulated value at the largest spatial bin and needs

to be corrected by a small positive constant. Trying to correct for this deficit by

including the 1-loop contributions, however, always results at a relatively larger

overestimate of the large-scale value of the dispersion, which then needs to cor-

rected by adding a large negative constant, contrary to the Zel’dovich results

that need only a small positive offset. This behavior has been observed before

for ΛCDM in [145, 198, 186, 193] (see in particular fig.4 and the discussion after

eq. 44 in [186]), with the authors of [186] arguing that the better performance of

linear theory, relatively over CLPT, should be considered an accident because

one expects large corrections to σ2 due to the presence of zero-lag correlators.

Furthermore, [193] also reported large values for the offset (see table 1 of that

chapter), while the same method was applied to fit real data in [144, 82]. We

further find parallels with what was observed in [194, 191] for predictions of

the dispersion of the LPT displacement field. There, it was shown that 1-loop

LPT tends to over-predict the LPT displacement-field dispersion, compared to

the simulations, because this quantity depends on zero-lag correlators, that are

hard to model perturbatively. Linear theory, on the other hand, was found to

give a closer estimate, a little short of the simulated value, as we also see to be

the case when modeling the pairwise velocity dispersion. If we take the large-

scale limit of the CLPT expression for the pairwise velocity dispersion (5.47) &

(5.48), we find that

σ̂2
‖ , σ̂

2
⊥ −→ f 2

0 (ẌL
∞ + Ẍloop

∞ + 2b1Ẍ10
∞ ), (5.52)

with Ẍ∞ and Ẍ10
∞ the constant limits of functions Ẍ(q) and Ẍ10(q), defined in

(D.36,D.38), as q → ∞. As a result of (5.52), we see that the two pairwise
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velocity dispersion components σ̂2
‖

and σ̂2
⊥ also involve zero-lag quantities in

their large-scale limit, which explains the connection that can be drawn between

these two cases. As in [191], we find this overestimation to be more pronounced

in MG, compared to the GR case, getting progressively more pronounced with

higher deviations from GR, which explains why the degree of analytical over-

estimation in the LPT predictions becomes more severe, as one considers mod-

els that are less screened. We also notice that the degree of analytical over-

estimation increases with halo mass in the Group II snapshots. This is also ex-

plained from (5.52) where we see that the 1-loop correction of the large-scale

limit of the velocity dispersion depends on the the linear halo bias, through the

third term. Higher halo masses correspond to a larger value for the linear bias

b1, which in turn makes the third term larger, relative to the lower mass cases,

resulting in an overall even larger overestimation in this case. The fact that the

bias dependence appears beyond the linear level, explains why the shifts re-

quired for the Zel’dovich predictions are very similar across the different mass

bins for both the GR and the F5 snapshots of the Group II simulations. Also,

this bias dependence implies that, for a fixed halo mass range, and given that

the bias b1 increases with redshift, this overestimation can become relatively

more pronounced at higher z. 2 Finally, in Table 5.1 we notice that 1-loop LPT

predicts increasing values for the large-scale limit of the pairwise velocity dis-

persion, as we move towards higher halo masses, whereas the opposite trend is

reflected in the Group II simulations. Even though this is interesting, we cannot

certainly say whether this trend is statistically significant, as there is only one

available realization and thus we defer this investigation to future work, when

more simulations become available.
2At this point, however, we should be careful not to directly compare the results reported for

the two redshifts of Table 5.1, as they refer to two snapshots with different mass ranges, which
also correspond to different cosmologies.
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Model σ̂2
‖
(r =100Mpc/h)[(Mpc/h)2] Shift (r=137.8Mpc/h)

LPT Zel. Sim. LPT Zel.
Group I: GR 36.2 23.8 27.9 −7.7 4.0
Group I: F6 43.3 25.0 27.8 −15.5 2.5
Group I: N1 44.6 29.5 36.2 −8.6 6.5
Group I: N5 37.6 25.1 29.7 −7.5 4.3
Group II: GR low-mass 28.6 19.9 20.9 −8.3 1.4
Group II: GR mid-mass 32.4 19.8 20.7 −11.8 1.0
Group II: GR hi-mass 37.6 19.8 20.5 −17.3 0.5
Group II: F5 low-mass 33.2 21.8 22.5 −10.5 0.5
Group II: F5 mid-mass 38.5 21.8 21.8 −16.5 0.0
Group II: F5 hi-mass 43.4 21.8 20.9 −22.5 −1.0

Table 5.1: The left-hand columns compare the values for σ̂2
‖
, the pairwise

velocity dispersion parallel to the separation vector, predicted
by 1-loop LPT [1st column] and the Zel’dovich approximations
[2nd col.] of (5.48) with those obtained from the N-body sim-
ulations [3rd col.], at r = 100Mpc/h for all the gravity models.
The right-hand columns present the values of the constant shifts,
added to theoretical predictions to give large scale agreement
with simulations (at the largest bin center r =137.8 Mpc/h), for
the 1-loop & Zel’dovich LPT results from (5.47) & (5.48).

In the left panel of Fig. 5.2, the σ̂2
‖

and σ̂2
⊥ CLPT predictions from (5.47) &

(5.48) are compared against the simulations for the F6 model at z = 0.5. It is

found that the 1-loop result, shifted by a constant, significantly improves upon

the (also shifted) Zel’dovich approximation and remains consistent (within 1-σ

errorbars) with the simulations down to r ∼ 30 Mpc/h for σ̂2
‖

and r ∼ 20 Mpc/h

for σ̂2
⊥. When we shift the 1-loop CLPT result by the EFT counter-term (5.50), the

accuracy is further improved and the results remain consistent down to smaller

r. If we perform the same comparison for the F5 Group II snapshot at z = 1,

however, as done for the high mass bin in the right panel of Fig. 5.2, we find

that the constant that needs to be added to the 1-loop curve is very large and

negative, comparable to the large-scale amplitude of σ2. This leads to negative
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and unphysical values for the dispersion components at low r . In particular, the

perpendicular component of the pairwise velocity dispersion, σ2
⊥, becomes neg-

ative at r = 11.2, 6.1, 2.5 Mpc/h for the high mass, intermediate mass and low

mass bins of the F5 snapshot, respectively. The behavior is qualitatively similar

for σ2
‖
, but the values remain physical (positive) down to slightly smaller scales.

The reason this happened at z = 1 is that, since it is an earlier cosmological time,

the velocity dispersion is smaller compared to the z = 0.5 case and compara-

ble to the negative constant that needs to be added in order to adjust the CLPT

prediction. To overcome this issue, which manifests itself for all three z = 1

halo mass bins and for both MG and GR scenarios, we can model the disper-

sion components using the other two approximations, the (shifted by a positive

constant) Zel’dovich curve and/or the EFT-shifted 1-loop result, which are both

better behaved at all scales of interest, as can be seen in Fig. 5.2. In [193] another

approach to avoid the issues associated with σ2 < 0 was proposed, namely to

keep the linear part of the dispersion in the exponent and determinant of (5.36)

and expand out the higher orders. As we discuss below, we did not find it to

be necessary to adopt this approach in order to get accurate quadrupole predic-

tions for the models we considered. Thus we do not consider this approach in

our work.

In Fig. 5.3, we perform the same comparison between theory and simula-

tions, with respect to σ̂2
‖

and σ̂2
⊥, for the N5 Group I snapshot at z = 0.5 and also

for all 3 mass bins of the F5 Group II case at z = 1, finding very similar results

as in Fig. 5.2. We note that the reason that we only show the shifted Zel’dovich

results in the F5 Group II case of the right panel, is because it is this choice that

will give the best match with the simulations, with respect to the values of the

quadrupole of the redshift-space correlation function, as we will see below. In
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Figure 5.2: The pairwise velocity dispersion parallel [top] and perpendic-
ular [bottom] to the pair separation vector for the F6 model at
z = 0.5 from the Group I simulations [left panels, green right
triangles]] and the F5 model at z = 1 from the high mass bin
of the Group II simulations [right panels, blue squares]. In all
panels the comparison to the theory predictions is shown for
the 1-loop [solid blue line] and the Zel’dovich [red dashed line]
CLPT predictions from (5.47) & (5.48), shifted by a constant, as
well as from the 1-loop CLPT prediction shifted by a correction
term given by EFT [green dotted line], as in (5.50). The values
of the applied constant shifts are reported in Table 5.1.
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this work we choose a shift constant value to match σ̂2
‖

at large scales. This

gives very good agreement for both components, with only a small mismatch

between the large-scale trends of the theory and simulation-derived values of

σ̂2
⊥ in Figs 5.2 & 5.3 as was also noted in [145, 198, 193].

In the following analysis of the correlations functions, we use 1-loop CLPT

to model the 3 ingredients entering the GSM expression (5.36), with the pairwise

velocity dispersion shifted by a constant to match the simulations at the largest

r bin. For the Group I simulations the LPT predicted value is shifted down by

a constant. To compare to the Group II simulations, at higher redshift, since the

constant shift to the predicted velocity dispersion leads to negative dispersion

measurements at small separations, we use the (shifted) Zel’dovich result for

the velocity dispersion, together with the 1-loop expressions for ξ(r) and v12(r),

as inputs into the GSM expressions.

5.4.2 Halo Redshift-Space 2-point Correlation Function

In this section, we present our predictions for the anisotropic redshift-space 2-

point correlation function for halos, as obtained from the various analytical ap-

proaches considered and compare how well they capture the results from the

MG N-body simulations. Given the directional dependence induced by RSD,

the correlation function will now not only depend on the redshift-space separa-

tion s =
√

s2
⊥ + s2

‖
, but also on the cosine µs = ẑ · ŝ =

s‖
s (not to be confused with

µ =
y
r ). Following common practice, the 2D anisotropic correlation function can

then be expanded in a basis of Legendre polynomials, Pl(µs), as

ξ(s, µs) =
∑

l

ξl(s)Pl(µs), (5.53)
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Figure 5.3: The pairwise velocity dispersion parallel [top] and perpendic-
ular [bottom] to the pair separation vector for the F6 model at
z = 0.5 [green right triagnles] in the left panel, for the N5 model
at z = 0.5 [purple hexagons] in the middle panel and for the F5
model at z = 1 in the right panel. In the right panel, the results
are shown in the low mass [blue squares], intermediate mass
[black circles] and the high mass [red triangles] bins identified
in the Group II simulations. For the z = 0.5 case, the lines rep-
resent the 1-loop CLPT prediction from (5.47) & (5.48) for each
model, shifted by a constant, whereas in the z = 1 case, the lines
show the prediction given by the Zel’dovich approximation in
each bin, shifted by a constant. The values of the constant shifts
are reported in Table 5.1.
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Figure 5.4: The monopole [Top] and quadrupole [Bottom] of the redshift-
space correlation function for the F6 model at z = 0.5, as ob-
tained by the Group I simulations [green right triangles] and by
the direct Lagrangian approach using 1-loop CLPT [solid black
line] and the Zel’dovich approximation [red dashed line].

where the multiples of order l can then be obtained from

ξl(s) =
2l + 1

2

∫ 1

−1
dµsξ(s, µs)Pl(µs). (5.54)

Our comparison will focus on the first three non-vanishing multipoles, the

monopole, the quadrupole and the hexadecapole, for which l = {0, 2, 4} and

Pl(µs) = {1, (3µ2
s − 1)/2, (35µ4

s − 30µ2
s + 3)/8}, respectively.

Having obtained ξ(s, µs), either from an analytical model or the simulations,
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we integrate (5.54) to get the multipoles. In the case of the Direct LPT and the

GSM approaches, we perform a Gauss-Legendre integration scheme for the an-

gular part, and trapezoidal quadrature for the radial part, whereas to extract

this information from the simulations we use Simpson’s rule.

In section 5.3.3, we described the Direct Lagrangian approach to the redshift-

space correlation function for halos in MG. As is shown in the upper panel of

Fig. 5.4, we see that this approach, both at the Zel’dovich level and including

1-loop corrections, can capture the monopole reasonably well, down to at least

scales of r ∼ 20 Mpc/h for the Group I F6 sample at z = 0.5. When performing

the same comparison with respect to the quadrupole, however, and as shown

in the bottom panel of Fig. 5.4, we find that the Direct approach performs very

poorly, failing to follow the simulation trend at scales lower than r < 50 Mpc/h.

Moreover, we notice that adding loop contributions to the linear, Zel’dovich

approximation, does not improve the quadrupole analytical result, instead it

performs even worse. This counterintuitive outcome is not new in the literature,

but has been observed in [203] for GR (see Figs. 2 and 3 of that work), and

here shown to also be the case in MG cosmologies, which motivates pursuing

another avenue towards a precise modeling of redshift-space anisotropies, by

means of the scale-dependent GSM approach.

We proceed to evaluate the performance of the GSM approach in MG, given

by (5.36). For the comparison, the “GSM” curves are obtained following a con-

stant shift to the LPT-predicted velocity dispersion for the lower redshift, Group

I, simulations, and a shift to the Zel’dovich-predicted velocity dispersion for the

higher redshift, Group II sims. When the 1-loop result for the velocity disper-

sion is shifted by the EFT term (5.50), the theoretical curve is labeled as “GSM
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Figure 5.5: The monopole of the redshift-space two-point correlation
function for GR [black circles] in the top left panel, for the
F6 model [green right triangles] in the top right panel, for the
N1 model [orange diamonds] in bottom left panel and for N5
model [purple hexagons] in the bottom right panel, as obtained
from the Group I simulations at z = 0.5. Furthermore, for
each model we plot the theoretical predictions given by the
Gaussian Streaming Model (GSM) up to 1-loop order [black
solid lines], by the Zel’dovich Streaming Model (ZSM) [ma-
genta dotted lines] and by the GSM with the 1-loop velocity
dispersion shifted by the EFT counter-term (5.50) [green dot-
dash line].

EFT” in all figures. Finally, we consider the GSM predictions when simply us-

ing the Zel’dovich linear (LPT) theory to approximate all 3 ingredients of the

model, the Zel’dovich Streaming Model (ZSM) [203].

In Fig. 5.5, the GSM prediction is shown to perform very well, across the

spectrum of MG models probed in the Group I simulations, in capturing the

monopole of the correlation function, down to scales of r ∼ 15 Mpc/h. This is

consistent with findings for the real-space monopole in [191]. The differences
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Figure 5.6: The monopole of the redshift-space two-point correlation
function for GR [top] and for the F5 model [bottom], as ob-
tained in the low mass [red triangles], the intermediate mass
[black circles] and the high mass [blue squares] halo bins iden-
tified in the Group II simulations at z = 1. Furthermore, for
each model and mass bin we plot the theoretical predictions
given by the Gaussian Streaming Model (GSM) up to 1-loop
order with the shifted Zel’dovich dispersion [solid red (low
mass), black dot-dash (intermediate mass) and blue dash (high
mass) lines], by the Zel’dovich Streaming Model (ZSM) [ma-
genta dotted lines] and by the GSM with the 1-loop velocity
dispersion shifted by the EFT counter-term (5.50) [green solid,
dot-dash and dash lines].

161



between the results using the EFT shift and the Zel’dovich approximation are

rather small, and for larger scales well within the 1−σ error bars, demonstrating

consistency between the monopole predictions from the different approaches.

The same level of consistency is observed when comparing against the z = 1

snapshot of the Group II simulations, as apparent in Fig. 5.6, this time across

all 3 mass halo bins identified in the sample. The GSM result with the shifted

Zel’dovich dispersion remains consistent with the simulated monopole for a

wide range of scales, including both the BAO region and also the power-law

regime, down to r ∼ 20 Mpc/h. Adding the EFT shift to the 1-loop velocity

dispersion causes an almost indistinguishable change to the theoretical predic-

tion, but the Zel’dovich approximation performs considerably better at scales

r < 20 Mpc/h. The latter has also been observed when studying the real-space

counterpart in [191].

Moving on to the redshift-space quadrupole and starting with the Group I

simulations, as shown in Fig. 5.7, we determine that the GSM achieves a signifi-

cant improvement compared to the Direct Lagrangian approach of the previous

section, with the theoretical prediction remaining consistent with the N-body

simulations, down to scales of at least r ∼ 17 Mpc/h, for all cases. Adding

the EFT shift to the velocity dispersion further improves the accuracy at small

scales, with the difference being practically indistinguishable at scales r > 40

Mpc/h. The ZSM result, however, performs much more poorly in this case,

for all models, demonstrating the need to include the 1-loop corrections for an

accurate prediction of the quadrupole.

As in the monopole case, the same level of consistency is observed when

comparing against the Group II simulations, which is done in Fig. 5.8, where we
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Figure 5.7: The quadrupole of the redshift-space two-point correlation
function for GR [black circles] in the top left panel, for the
F6 model [green right triangles] in the top right panel, for the
N1 model [orange diamonds] in bottom left panel and for N5
model [purple hexagons] in the bottom right panel, as obtained
from the Group I simulations at z = 0.5. Furthermore, for
each model we plot the theoretical predictions given by the
Gaussian Streaming Model (GSM) up to 1-loop order [black
solid lines], by the Zel’dovich Streaming Model (ZSM) [ma-
genta dotted lines] and by the GSM with the 1-loop velocity
dispersion shifted by the EFT counter-term (5.50) [green dot-
dash line].

see that the 1-loop GSM result with the shifted Zel’dovich dispersion accurately

captures the simulated quadrupole, for all mass bins and both in GR and the

F5 MG model. Even for the high mass bin, that contains much less halos, and

is inevitably noisier, the trend of the simulation data points is clearly traced

by our GSM prediction. The GSM prediction obtained using the EFT shift to

the velocity dispersion seems to perform noticeably worse, in this snapshot, for

163



20

0

20

40

60

80

100

s2
2(

s)
GSM
GSM EFT
ZSM
GR low mass
GR intermediate mass
GR high mass

20 40 60 80 100 120 140
s(Mpc/h)

20

0

20

40

60

80

100

s2
2(

s)

GSM
GSM EFT
ZSM
F5 low mass
F5 intermediate mass
F5 high mass

Figure 5.8: The quadrupole of the redshift-space two-point correlation
function for GR [top] and for the F5 model [bottom], as ob-
tained in the low mass [red triangles], the intermediate mass
[black circles] and the high mass [blue squares] bins identi-
fied in the Group II simulations at z = 1. Furthermore, for
each model and mass bin we plot the theoretical predictions
given by the Gaussian Streaming Model (GSM) up to 1-loop
order with the shifted Zel’dovich dispersion [solid red (low
mass), black dot-dash (intermediate mass) and blue dash (high
mass) lines], by the Zel’dovich Streaming Model (ZSM) [ma-
genta dotted lines] and by the GSM with the 1-loop velocity
dispersion shifted by the EFT counter-term (5.50) [green solid,
dot-dash and dash lines].
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Figure 5.9: The hexadecapole of the redshift-space two-point correlation
function as obtained in the F5 low mass bin identified in the
Group II simulations [left], as well as in the N5 model of
the Group I snapshot [right]. Furthermore, for each case we
plot the theoretical predictions given by the Gaussian Stream-
ing Model (GSM) up to 1-loop order [solid blue line], by the
Zel’dovich Streaming Model (ZSM) [magenta dotted lines] and
by the GSM with the 1-loop velocity dispersion shifted by the
EFT counter-term (5.50) [green dashed].

all mass bins. Just like in the Group I case of Fig. 5.7, the ZSM seems to be

inadequate at accurately capturing the quadrupole at quasi-linear scales.

Finally, we compare our analytical predictions with respect to the hexade-

capole of the anisotropic correlation function for two cases: the F5 low mass bin

in the Group II simulations, as well as the N5 model in the Group I snapshot,

both of which are shown in Fig. 5.9. While the noise increases significantly be-

tween the quadrupole and the hexadecapole, so we should take these results

only as indicative, we find that the GSM prediction traces the simulated hex-

adecapole well down to scales of at least r ∼ 17 Mpc/h, but with an offset of a

few percent. This offset is for theoretical predictions with bias values obtained

with the PBS formalism; an alternative might be to allow biases to vary and fit
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to the data.

These results overall demonstrate that the GSM can serve as an invaluable

tool to model the anisotropic correlation function of halos in MG models, ex-

tending the success of this approach beyond the previously explored domain

of GR cosmologies. It is worth emphasizing, also, that since the Lagrangian

bias factors are calculated through our analytical model, the only free parame-

ter needed to get accurate quadrupole predictions has been the constant offset

added to the components of the pairwise velocity dispersion of halos, a value

that can be easily determined through a single large-scale measurement of σ2

(either from N-body simulations or observations).

5.5 Conclusions

In this work, we expanded the Gaussian Streaming Model to predict the

redshift-space anisotropic correlation function for biased tracers in Modified

Gravity models. This is the first time, to our knowledge, that the effects of both

redshift-space distortions and halo bias have been jointly studied analytically

for scenarios that go beyond GR.

We build upon our previous work on the study of biased tracers in MG using

LPT [17, 191], and employ the Convolution LPT resummation scheme, with a lo-

cal Lagrangian bias, to analytically describe the necessary missing ingredients

that enter the GSM for such models: the real-space halo pairwise velocity and

its scale-dependent dispersion. The approach includes analytic determination

of the bias parameters using the PBS formalism with fitted Sheth-Tormen pa-

rameters. Through cross-checking our analytical predictions across a large suite
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of state-of-the-art N-body simulations for the f(R) Hu-Sawicki and the nDGP

MG models, we find that the 1-loop CLPT prediction for the real-space halo

pairwise velocity remains consistent with the simulated data for the scales of

interest, a fact that is crucial for the accuracy of the GSM prediction.

When performing the same comparison with respect to the halo pairwise ve-

locity dispersion, however, we find that the CLPT approach is able to match the

simulated curve only if an offset is added to the theoretical dispersion result. In

doing this, we have followed two different strategies; namely, we added a phe-

nomenological constant shift to it, as proposed in [145], and included a leading

order EFT effect that contributes as a scale dependent shift, tending to a constant

large scales [193]. We have seen that although theoretically well-motivated, the

EFT prescription does not necessarily work better than the constant shift, which

is evident in the quadrupole of the Group II of simulations (Fig. 5.8). The pair-

wise dispersion is nonlinear in nature, as has been settled down since the semi-

nal work of Scoccimarro [160], such that it would be not surprising that higher

order contributions were important, which also could be the reason of why their

parallel and perpendicular to the line of sight components require slightly dif-

ferent offsets to match simulations, as it is done in [145, 198].

In establishing that the CLPT approach can accurately predict the ingredi-

ents that enter the GSM expression, we proceed to evaluate the performance

of the model against the N-body simulations, with respect to the redshift-space

monopole, the quadrupole and the hexadecapole of the anisotropic correlation

function of halos. Unlike direct Lagrangian approaches, which prove to be sig-

nificantly inaccurate, we find that the 1-loop GSM approach can successfully

capture the redshift-space quadrupole for all MG models, remaining consistent
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with the corresponding results from the simulations down to scales of at least

r ∼ 17 Mpc/h and including the BAO peak. In the hexadecapole case, the GSM

prediction traces the shape of simulated result down to equally small scales, but

with a few percent offset.

Our analysis overall shows that our theoretical analytical predictions using

the GSM implementation achieve strong agreement with the non-linear simu-

lated data for a variety of MG models, across different levels of screening and

different screening mechanisms, and across a wide range of halo masses. We

emphasize the fact that this agreement occurs across all scales down into the

mildly non-linear regime, through simply matching a single shift parameter in

the halo pairwise velocity dispersion, that can be determined through compar-

ing the theory with a large-scale (linear regime) observed measurement. The

predictions come with bias parameters determined by the PBS formalism but

an alternative is to consider the bias factors as free parameters, that could be fit

with the simulations. The approach is one that has great potential for making

accurate clustering predictions for upcoming spectroscopic large scale structure

surveys.

In this work, we have followed the commonly used approach in GSM-PT

that fits a constant or EFT shift to the pairwise velocity dispersion obtained

from the simulations. On the other hand, in applications of the GSM to sur-

veys, a constant shift is added directly into eq. (5.36) by means of a substitution

σ2
12(r) −→ σ2

12(r) + σ2
FoG, and with σ2

FoG considered a free parameter to be fitted

with observations; see e.g., [144, 82]. In order to utilize the GSM approach for

parameter inferences on real data, these works treated the offset as a nuisance

parameter with a broad prior of 0 − 40 applied. We also find, in agreement with
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these results in the context in GR, that adding large offsets is an inherent part of

ensuring a good fit with the data. Understanding the connection between the

offset and the underlying nonlinear clustering in MG, as well as the impact of

marginalizing over offsets in parameter estimation are areas of definite interest

in future work.

The framework developed is flexible and could be easily applied to any

scalar-tensor theory of interest. Future lines of improvement include explor-

ing how more general bias schemes, like for example including tidal bias terms,

in conjunction with corrections from EFT [193] can serve to further improve

the accuracy of the analytical model. It would be also very interesting to see

how including higher-order cumulants to the GSM expansion, as in [186], could

yield additional predictive power. Last but not least, our perturbative treat-

ment can be used to disentangle modifications to gravity with estimators be-

yond the standard 2-point statistics, such as the marked correlation function

[204, 190, 74, 11, 154] and higher order statistics. We plan to address these natu-

ral extensions in future work.

In this era of precision cosmology, the next-stage cosmological surveys, such

as DESI, EUCLID and the LSST, will thoroughly explore the LSS of the universe

providing an opportunity to shed light on the dark sector. This highlights the

need to compliment such observational endeavors with efficient analytical ap-

proaches to characterize the distinctive signatures of theoretical models of the

dark sector that the observations can constrain. In this work we have shown that

the GSM, previously only explored for GR-based cosmologies, can also serve as

a valuable predictive tool to probe cosmic modifications to gravity in redshift-

space as well as real-space, to explore modified gravity cosmologies with biased
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tracers observed through spectroscopic and photometric surveys.
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CHAPTER 6

CONCLUSIONS

It is hard to overstate how profound the impact of the discovery of cosmic ac-

celeration has been on the foundations of modern cosmology and physics. One

of the theoretical avenues explored in order to provide a viable cosmic self-

accelerative mechanism, has been the idea that Einstein’s General Relativity, one

of the cornerstones of modern theoretical physics, might actually break down

at cosmic scales. Such Modified Gravity theories that are being considered as

explanations for cosmic acceleration, make tantalizing predictions in the non-

linear regime of the LSS, which will be detectable in the era of precision cos-

mology, but also present great computational challenges in theoretically mod-

eling and actually detecting them. In the present thesis we discussed how we

can employ a combination of analytical, semi-analytical and simulation-based

techniques, so that our theoretical predictions can successfully confront the up-

coming cosmological observations.

In order to speed up N-body simulations for MG theories, we implemented

an adaptation of the COLA approach, a hybrid scheme that combines La-

grangian perturbation theory with an N-body approach, to model non-linear

collapse in the chameleon and symmetron classes of screening. The screening

effects were modeled effectively, through the attachment of a suppression fac-

tor to the linearized Klein-Gordon equations. The adapted COLA approach was

then benchmarked, with respect to an N-body code both for the ΛCDM scenario

and for the modified gravity theories. It was found to perform well in the es-

timation of the dark matter power spectra, with consistency of 1% to k ∼ 2.5

h/Mpc. Redshift space distortions were also shown to be effectively modeled
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through a Lorentzian parameterization with a velocity dispersion fit to the data.

These results demonstrated that COLA, proposed to enable accurate and effi-

cient, non-linear predictions for ΛCDM, can be effectively applied to a wider

set of cosmological scenarios, with intriguing properties, for which clustering

behavior needs to be understood for upcoming surveys such as LSST, DESI,

Euclid and WFIRST.

The screening mechanism is a fundamental property that MG models ex-

hibit, which is necessary for them to evade stringent Solar System constraints

to gravity and remain viable. This strong suppression of the deviations, how-

ever, can make a potential detection extremely challenging, even for the future

ambitious surveys of the LSS. Down-weighting the high density, screened re-

gions in favor of the low density, unscreened ones offers the potential to expose

such modifications with much greater success. To that end, we assessed the

performance of a new “marked” transformation with this suppression property

and performed a systematic comparison with the previously known clipping

and logarithmic density transformations, in the context of ΛCDM and the sym-

metron and f (R) modified gravity models. Performance was measured in terms

of the fractional boost in the Fisher information and the signal-to-noise ratio

(SNR) for these models relative to the statistics derived from the standard den-

sity distribution. We found that all three statistics provided improved Fisher

boosts over the basic density statistics. Our results demonstrate how a series of

simple analytical transformations could dramatically increase the predicted in-

formation extracted on deviations from GR from large-scale surveys, and make

the prospect for a potential detection much more feasible.

Understanding the relationship between the distribution of halos and the
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underlying cosmic dark matter density field, known as large-scale halo bias, not

just in ΛCDM but also in MG theories, is a necessary step in order to successfully

interpret cosmological signals. To that end, we produced analytic predictions

for real and Fourier space two-point statistics for biased tracers in MG, using

the framework of Lagrangian Perturbation Theory, which we then compared

against those from state of the art N-body simulations in the f (R) Hu-Sawicki

and the nDGP braneworld theories of modified gravity. We found that the novel

physics of gravitational collapse in scalar-tensor theories with the chameleon or

the Vainshtein screening mechanism could be effectively factored in with bias

parameters analytically predicted using the Peak-Background Split formalism,

when updated to include the environmental sensitivity of modified gravity the-

ories, as well as changes to the halo mass function. These findings demonstrated

that the Convolution Lagrangian Perturbation Theory (CLPT) and Standard

Perturbation Theory (SPT) approaches can provide accurate analytic methods

to predict the correlation function and power spectra, respectively, for biased

tracers in modified gravity models and are able to characterize both the BAO,

power-law and small scale regimes needed for upcoming galaxy surveys.

Finally, we extended the scale-dependent Gaussian Streaming Model (GSM)

to produce analytical predictions for the anisotropic redshift-space correlation

function for biased tracers in modified gravity models. This was achieved

through employing the Convolution Lagrangian Perturbation Theory (CLPT)

re-summation scheme, with a local Lagrangian bias schema provided by the

peak-background split formalism, so as to predict the necessary ingredients that

enter the GSM, the real-space halo pairwise velocity and the pairwise velocity

dispersion. We further considered effective field theory contributions to the

pairwise velocity dispersion in order to model correctly its large scale behav-
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ior. Our method was applied on two widely-considered modified gravity mod-

els, the chameleon-screened f (R) Hu-Sawicki model and the nDGP Vainshtein

model, predictions that we compared against state-of-the-art N-body simula-

tions for the same models. This analysis demonstrated that the GSM approach

can comfortably predict the monopole and the quadrupole of the redshift-space

correlation function for halos, achieving a very good level of agreement with the

simulation data, for a wide range of screening mechanisms, levels of screening

and halo masses at z = 0.5 and z = 1. Consequently, this work highlighted the

applicability of the GSM for cosmologies beyond GR, demonstrating that it can

serve as a powerful predictive tool for the next stage of cosmological surveys.

The work laid out in this thesis aims to serve as the stepping stone upon

which multiple exciting future lines of work can emerge. Already shown to

be able to achieve results at the % level of accuracy, requiring only a tiny frac-

tion of the standard computational cost, the COLA method is ideal to use in

cases where we need to perform hundreds or thousands of simulations, in or-

der to adequately explore the parameter space of any given viable MG model.

In work that is currently underway within the Dark Energy Science Collabo-

ration, the COLA approach is being utilized to provide the training data set

for a Gaussian process emulator for summary statistics in the case of the f(R)

modified gravity. Going beyond the current method, COLA’s capabilities can

be easily expanded in order to incorporate predictions for other observables in

MG, such as weak lensing, the effects from other fundamental quantities, such

as the sum of neutrino masses and finally, statistics in other classes of MG mod-

els. The fundamental principles of the COLA method will be expanded, in a

research theme that has recently begun, in order to produce predictions for the

most general class of scalar-tensor MG theories with second order equations of
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motion, which is, as we have already seen, the Horndeski class. Furthermore,

the techniques developed in the MG implementation of COLA can be used to

incorporate MG predictions into the mass-Peak Patch algorithm, an efficient

LPT-based method for generating realistic halo mocks.

The marked statistics we considered in this work, are simple density trans-

formations that were shown to significantly boost the signals of MG that could

be lurking in the cosmic web. However, the analysis was performed in the sim-

plified setting of pure dark matter considerations. The next step would be to

quantitatively assess the performance of such transformations in the context

of realistic galaxy mocks, for a variety of MG scenarios; such an attempt has

already been underway within the DESI collaboration. More importantly, as

Stage-IV cosmology surveys are starting to see their first light (as DESI already

has done), it will be crucial and exciting to apply the statistics we developed

on these datasets. Furthermore, it would be very interesting to explore whether

such statistics can enhance our ability to constrain other cosmological proper-

ties that also manifest themselves in the cosmic voids, such as the sum of the

neutrino masses, the dark matter equation of state or the nature of inflation.

The perturbation theory approaches explored in this thesis, represent a

quick, one-time-step approach to capture the 2-point statistics of biased trac-

ers in MG, both in the real and the redshift space of galaxy clustering. Mul-

tiple lines of improvement can be applied in order to further enhance the ac-

curacy of these predictions and also push them down to even smaller scales.

These include, but are not necessarily restricted to, improving the accuracy of

the bias modeling, adding contributions from higher orders in perturbation

theory and also capturing small scale effects, which are impossible to model
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from first principles, through effective field theory corrections. Furthermore,

the accuracy in the prediction of the statistics in redshift-space, can be fur-

ther improved by considering including higher order cumulants in the Gaus-

sian streaming model re-summation scheme. Our work was so far focused on

obtaining predictions for the 2-point statistics in the configuration space only,

but an effort to obtain similar predictions for the MG halo power spectrum,

by modeling the various velocity moments in the Fourier space, has recently

begun. Such perturbative approaches are uniquely suitable to model the co-

variance matrix of the 2-point galaxy correlation function, an accurate predic-

tion of which would actually require thousands of available simulations for a

given model. Indeed, the LPT framework we developed is being currently em-

ployed to forecast constraints placed on gravity theories, when spectroscopic

galaxy samples will be combined with clustering abundances identified from

the thermal-Sunyaez Zeldovich effect in the CMB. Last but not least, there is a

wealth of other observables that can be analytically modeled using LPT for MG,

such as higher-order clustering statistics, the Lyman-α forest, multiple tracers

and the Sunyaev-Zeldovich effect.

In the coming decade, the next-stage cosmological surveys, such as DESI,

EUCLID, the LSST and WFIRST, will thoroughly explore the LSS of the uni-

verse, providing a unique opportunity to shed light on the true nature of the

dark sector. This fact highlights the need to complement such observational en-

deavors with a wide range of analytical, semi-analytical and simulation-based

approaches to characterize the distinctive signatures of theoretical models of the

dark sector that the observations can constrain. The work performed as part of

this thesis serves to complete a crucial step towards this goal.
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APPENDIX A

LAGRANGIAN PERTURBATION THEORY IN MODIFIED GRAVITY

LPT [38] works perturbatively in a displacement field s(q, a)

x = q + s1(q, a) + s2(q, a) + ..., (A.1)

where q and x are the initial and final comoving Eulerian particle positions. In

this formulation, all the information is reflected in the mapping through the

displacement field. Working up to first order gives the so-called Zel’dovich ap-

proximation in ΛCDM, for which the s(q, a) can be decomposed into a product

of temporal and spatial factors

∇qs1(q, a) = D1(a)∇qs1(q, a0) (A.2)

and

∇qs(q, a0) = −δ(q, a0) (A.3)

with δ(q, a0) being the Gaussian density field generated by an initial linear

power spectrum and D1(a) the scale independent first order growth factor, given

by

D̈1 + 2HḊ1 =
3
2

Ωm(a)H2D1 (A.4)

In an MG scenario, the growth factor is not scale independent any more and

∇qs1 = D1(q, a)∇qs1(q, a0) (A.5)

where

D̈1(k, a) + 2HḊ1(k, a) =
3
2

Ωm(a)H2D1(k, a)
Ge f f

G
(A.6)

in Fourier space. This implies that particle trajectories, unlike in ΛCDM, are not

straight lines [188]. (A.3) and (A.5) indeed give

s1 = −D1(q, a)
∇q

∇2
q
δ(q, a0) − δ(q, a0)

∇q

∇2
q

D1(q, a) (A.7)
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The second term, responsible for the trajectory bending, vanishes when the

growing mode is scale independent, in which case one recovers the standard

ΛCDM Zel’dovich approximation. When working up to second order (2LPT),

we have in a similar fashion

∇qs2(q, a) = D2(a)∇qs2(q, a0), (A.8)

where the second order growth factor is given by

D̈2(a) + 2HḊ2(a) =
3
2

Ωm(a)H2D2(a)
(
1 − D2

1(a)
)

(A.9)

For the early times, the spatial part is given by

∇qs2(q, a0) =
1
2

∑
i, j

(
s1i,is1 j, j − s1i, js1 j,i

)
. (A.10)

In the MG case, we will have again

∇qs2(q, a) = D2(q, a)∇qs2(q, a0), (A.11)

with the scale dependent second order growth factor that obeys

D̈2(k, a) + 2HḊ2(k, a) =
3
2

Ωm(a)H2D2(k, a)×

(1 − D2
1(k, a))

Ge f f

G
,

(A.12)

in the Fourier space. The fact that all of our models recover GR at early times,

guarantees that the early time spatial part is still given by (A.10). In our imple-

mentation of the full MG COLA scheme, a suitably modified version of 2LPTic

produces the LPT terms at every time step, through the Fourier space versions

of (A.5) and (A.11)

s1(k, a) =
ik
k2 D1(k, a)δ(k, a0)

s2(k, a) = −
ik
k2 D2(k, a)

1
2

∑
i, j

(
s1i,is1 j, j − s1i, js1 j,i

)
,

(A.13)
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and also the same for the accelerations

T 2[s1(k, a)] =
ik
k2 T 2[D1(k, a)]δ(k, a0)

T 2[s2(k, a)] = −
ik
k2 T 2[D2(k, a)]

1
2

∑
i, j

(
s1i,is1 j, j − s1i, js1 j,i

)
.

(A.14)
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APPENDIX B

ONE LOOP CORRECTIONS FOR BIASED STATISTICS IN MG

In section 4.3.1 of the main text, it was stated that the two point statistics for

biased tracers, up to one loop in CLPT, are given by equations (5.24) and (4.40),

in the configuration space and the Fourier space, respectively. The expressions

are convolutional integrals over a sum of individual terms that depend on the

Lagrangian correlators (4.58), which are essentially the fundamental blocks of

CLPT. These expressions (4.58), however, are functions of the Lagrangian co-

ordinates q, while the LPT solutions for the displacement fields up to various

orders are found in the Fourier space (through the growth factors (4.22), (4.25)

and (B.5)). As was also stated in 4.3.1, substituting the LPT solutions (4.56) into

(4.58) gives the integral expressions for the MG Lagrangian correlators (4.59),

that depend on the functions (4.61), which are also the building blocks of the

SPT and LRT power spectra (4.64) and (4.65). We start with the innermost layer

of integration, deriving the expressions for the k-dependent functions (4.61) in

section B.1, before showing how to get to the correlators (4.59) in section B.2.

Finally, in section B.3, we show how the SPT and LRT expressions for the two-

point statistics are derived. The notation and index structure is the one adopted

in [120, 119, 46]. These results are consistent with those recently presented in
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[17].

B.1 Polyspectra and k-functions in MG

In LPT, we solve for the displacement fieldΨ(q) across various orders in pertur-

bation theory, as

Ψ(q, t) =

∞∑
n=1

Ψ(n)(q, t) = Ψ(1)(q, t) +Ψ(2)(q, t) +Ψ(3)(q, t)... (B.1)

In the Fourier space representation, Ψ̃(p), the solutions are expanded as

Ψ̃
(n)
j (p) =

i
n!

∫
d3 p1

(2π)3 ..
d3 pn

(2π)3 δ
3
D

 n∑
j=1

p j − p


× L(n)

j (p1, ..,pn)δ̃L(p1)..δ̃L(pn),

(B.2)

where δ̃L(pn) are the linear density fields in the Fourier space at the time of eval-

uation. For gravitational evolution governed by GR, the growth factors are only

functions of time, and under the additional assumption of an Einstein-De Sitter

evolution, the Kernels L(n)
j (p1, ..,pn) admit simple scale-independent expressions

and (B.2) can be simply evolved in time by powers of the linear growth factor

[120]. This assumption gives results accurate at the sub-percent level for ΛCDM

cosmologies [38].

In MG, however, the simple description presented above does not hold, in

principle, because the growth factors depend on both space and time, as we saw

in Section 4.2.2. Following [15], we define

L(1)
j (p) =

p j

p2

L(2)
j (p1,p2) =

p j

p2

D(2)(p1,p2)
D(1)(p1)D(1)(p2)

(L(3)
j )sym(p1,p2,p3) = i

p j

p2

D(3)
sym(p1,p2,p3)

D(1)(p1)D(1)(p2)D(1)(p3)
,

(B.3)
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where the MG growth factors are calculated through the prescription described

in Section 4.2.2 and their time arguments have been dropped for notational sim-

plicity. Furthermore, the subscript in the third order Kernel is meant to empha-

size on the fact that the configuration that enters the 2-point statistics should be

symmetrized [120, 15]. The symmetrized third order growth factor that enters

the two-point statistics is given by [15]:

D(3)
sym(k,−p,p) = D(3)(k,−p,p) + D(3)(k,p,−p), (B.4)

with D(3)(k,−p,p) given by:(
T̂ − A(k)

)
D(3)(k,−p,p) = D(1)(p)

(
A(p) + T̂ − A(k)

)
D(2)(p,k)×1 −

(
p ·

(
k + p

))2

p2|p + k|2

 − D(1)(p)
(
A(p) + A(|p + k|) − 2A(k)

)
D(2)(p,k)

+
(
2A(k) − A(|p + k|) − A(p)

)
D(1)(k)

(
D(1)(p)

)2
(
k · p

)2

k2 p2

−
(
A(|p + k|) − A(k)

)
D(1)(k)

(
D(1)(p)

)2
− D(1)(k)

(
D(1)(p)

)2
×


M1(p + k)
3Π(|p + k|)

K(2)
FL(p,k) −

(
2A(0)

3

)2 M2(p,k)|p + k|2

6a2Π(|p + k|)Π(k)Π(p)

+
M1(k)
3Π(k)


2

(
p ·

(
k + p

))2

p2|p + k|2
−

p ·
(
k + p

)
p2

 (A(p) − A(0)
)

D(2)(p,k)D(1)(p)

+

2
(
p ·

(
k + p

))2

p2|p + k|2
−

p ·
(
k + p

)
|k + p|2

 (A(|k + p|) − A(0)
)

D(2)
φ (p,k)D(1)(p)

+ 3
(
k · p

)2

k2 p2

(
A(p) + A(k) − 2A(0)

)
D(1)(k)

(
D(1)(p)

)2


−
1
2

k2

6a2Π(k)
K(3)
δIsym(k,−p,p)D(1)(k)

(
D(1)(p)

)2
.

(B.5)
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In (B.5), we additionally defined

D(2)
φ (p,k) = D(2)(p,k) +

1 +

(
k · p

)2

k2 p2

 D(1)(k)D(1)(p)

−
2A(0)

3

M2(p,k) + 2
(

3
2A(0)

)2
K(2)

FL(p,k)Π(k)Π(p)

3Π(k)Π(p)
D(1)(k)D(1)(p)

(B.6)

and also used the kernels K(2)
FL and K(3)

δIsym, the forms of which were shown in [15].

The second and third order LPT kernels (B.3) need to be evaluated numerically,

now, for each value of p1,p2 and z and so should (B.2), which is the main point

of divergence between the MG implementation and the corresponding one in

GR.

Now, following [119], we define the mixed polyspectra Ci1...iN , as

〈δ̃L(k1)...δ̃L(kl)Ψ̃i1(p1)...Ψ̃iN (pN)〉c =

= (2π)3δ3
D(k1 + .. + kl + ..p1 + .. + pN)(−i)NCi1...iN (p1, ..,pN).

(B.7)

It is useful to decompose the various polyspectra into the various constituents,

order by order in perturbation theory, as e.g.

Ci j(~p) = C(11)
i j (~p) + C(22)

i j (~p) + C(13)
i j (~p) + C(31)

i j (~p) + ....

Ci jk(~p1, ~p2, ~p3) = C(112)
i jk (~p1, ~p2, ~p3)+

C(121)
i jk (~p1, ~p2, ~p3) + C(211)

i jk (~p1, ~p2, ~p3) + ...,

(B.8)

where the additional notation has been adopted

〈δ̃L(k1)...δ̃L(kl)Ψ̃
(r)
i1

(p1)...Ψ̃(s)
iN

(pN)〉c =

= (2π)3δ3
D(k1 + .. + kl + ..p1 + .. + pN)(−i)NC(r...s)

i1...iN
(p1, ..,pN)

(B.9)

and as previously, the bracketed numbers in the superscripts indicate the or-

ders of contribution in each Ψ̃i(p). The various polyspectra can be expressed as

functions of the Lagrangian kernels (B.3), by identifying the different contribu-

tions across each order in LPT, as in (B.8) and plugging the solutions (B.2) into
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equation (B.9). The ones relevant for the two-point statistics of biased tracers

are [119]:

C(11)
i j (p) = L(1)

i (p)L(1)
j (p′)PL(p)

C(22)
i j (p) =

1
2

∫
d3 p′

(2π)3 L(2)
i (p′,p − p′)L(2)

j (p′,p − p′)×

× PL(p)PL(|p − p′|)

C(13)
i j (p) = C(31)

ji (p) = −
1
2

L(2)
i (p)PL(p)×

×

∫
d3 p′

(2π)3 (L(3)
j )sym(p,−p′,p′)PL(p′)

C(2)
i (p1,p2; p3) = −L(2)

i (p1,p2)PL(p1)PL(p2)

C(2)
i j (p1; p2,p3) = C(21)

ji (p1; p3,p2) =

= −L(1)
i (p2)L(2)

j (p1,p2)PL(p1)PL(p2)

C(112)
i jk (p1,p2,p3) = C(211)

ki j (p3,p1,p2) = C(121)
jki (p2,p3,p1) =

= L(1)
i (p1)L(1)

j (p2)PL(p1)PL(p2),

(B.10)

where by PL(p) we denote the MG linear power spectrum.

The scalar functions Qn(k) and Rn(k) that contribute to the SPT power spec-

trum (and as we shall see in the next section, to the Lagrangian correlators

(4.58)), are expressed as functions of the polyspectra (B.9) in GR [119]. Fortu-

nately, since in MG the above picture is only modified through the modified

Kernels in (B.3), the relationships that give the various scalar functions are of

the same form as the ones presented in [119] (in particular, equations (A50)-

(A67) in Appendix A). However, one should be cautious at this point, because

certain symmetries that are present in the GR solutions, are not preserved any-

more. In particular, the integral in the l.h.s of eq. (A59) in [119] will not be equal

to R1(k) + R2(k) anymore, because of the scale and redshift dependence of the

MG growth factors. In a similar manner, the functions resulting from eq. (A57)

and (A61), that used to be equal to R1(k) and Q1(k), respectively, in GR, will dif-
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fer for our MG models and should be additionally calculated. We denote these

by
[
R1(k) + R2(k)

]
MG,

[
R1(k)

]
MG and

[
Q1(k)

]
MG to emphasize on their GR limit. In

order to illustrate how these calculations are performed, we show the deriva-

tions for
[
R1(k) + R2(k)

]
MG and

[
Q1(k)

]
MG, that are both new in MG and serve as a

representative example of each category. For the former, we have:

[
R1(k) + R2(k)

]
MG = −

7
3

kik j

∫
d3 p
8π3 C(21)

ji (−p; p − k,k) =

=
7
3

∫
d3 p
8π3 kik jL

(1)
j (k)L(2)

j (−p,k)PL(p)PL(k) =

= PL(k)
7
3

∫
drdx
4π2 k2kr2 k2 − k · p

|k − p|2
D(2)(−p,k)

D(1)(p)D(1)(p − k)
PL(kr) =

=
k3

4π2 PL(k)
∫ ∞

0
drPL(kr)

∫ 1

−1
dx

r2 (1 − rx)
1 + r2 − 2rx

D̄(2)(−p,k),

(B.11)

where we defined the quantities x = k̂ · p̂, p = kr and

D̄(2)(−p,k) =
7
3

D(2)(−p,k)
D(1)(p)D(1)(k)

=

=
7
3

D(2)
(
k
√

1 + r2 − 2rx, k, kr
)

D(1)(kr)D(1)(k)
=

D̄a − D̄bx2 + D̄FL − D̄δI,

(B.12)

as was done in [15]. Similarly, for
[
Q1(k)

]
MG we will have:

[
Q1(k)

]
MG =

7
3

(kik jkl − k2kiδ jl)
∫

d3 p
8π3 C(211)

i jl (k,−p,p − k) =

=
7
3

(kik jkl − k2kiδ jl)×∫
d3 p
8π3 L(1)

l (p)L(1)
l (p − k)L(2)

i (−p,p − k)PL(p)PL(|k − p|) =

=
k3

4π2

∫
drdx

(k · p)(k · p − k2) − k2p(k − p)
p2|k − p|2

×

D̄(2)(p,k − p)PL(kr)PL(|k − p|) =

k3

4π2

∫ ∞

0
drPL(kr)

∫ 1

−1
dx

r2(1 − x2)
(1 + r2 − 2rx

D̄(2)(p,k − p)PL(|k − p|),

(B.13)
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where |k − p| = k
√

1 + r2 − 2rx is used and similarly as before, we defined

D̄(2)(p,k − p) =
7
3

D(2)(p,k − p)
D(1)(p)D(1)(|k − p|)

=

=
7
3

D(2)
(
k, kr, k

√
1 + r2 − 2rx

)
D(1)(p)D(1)(k

√
1 + r2 − 2rx)

=

D̄a − D̄b
x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄FL − D̄δI.

(B.14)

The above two Kernels, as well as all of the rest that we need, can be compactly

written in the form [119]:

Qn(k) =
k3

4π2

∫ ∞

0
drPL(kr)

×

∫ 1

−1
dxPL(k

√
1 + r2 − 2rx)Q̃n(r, x)

(B.15)

and

Rn(k) =
k3

4π2 PL(k)
∫ ∞

0
drPL(kr)

∫ 1

−1
dxR̃n(r, x). (B.16)

Using similar methods as the one presented above we get that the various Qn(k),
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and after some algebra, are given by:

Q̃1 = r2

D̄(2)
a − D̄(2)

b

x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄(2)
FL − D̄(2)

δI

2

Q̃2 =
rx(1 − rx)

1 + r2 − 2rx

D̄(2)
a − D̄(2)

b

x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄(2)
FL − D̄(2)

δI


Q̃3 =

x2(1 − rx)2

(1 + r2 − 2rx)2

Q̃5 = rx
D̄(2)

a − D̄(2)
b

x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄(2)
FL − D̄(2)

δI


Q̃7 =

x2(1 − rx)
(1 + r2 − 2rx)

Q̃8 = r2

D̄(2)
a − D̄(2)

b

x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄(2)
FL − D̄(2)

δI


Q̃9 =

rx(1 − rx)
1 + r2 − 2rx

Q̃11 = x2

Q̃12 = rx

Q̃13 = r2

[
Q̃1

]
MG

=
r2(1 − x2)

1 + r2 − 2rx

D̄(2)
a − D̄(2)

b

x2 + r2 − 2rx
1 + r2 − 2rx

+ D̄(2)
FL − D̄(2)

δI

 .

(B.17)

Similarly, in accordance with equation (B.16), we will have the Rn(k) functions:

R̃1 =
21
10

r2 D(3)
sym(k,−p,p)

D(1)(k)
(
D(1)(p)

)2

R̃2 =
rx(1 − rx)

1 + r2 − 2rx

(
D̄(2)

a − D̄(2)
b x2 + D̄(2)

FL − D̄(2)
δI

)
[
R̃1(k) + R̃2(k)

]
MG

=
r2(1 − rx)

1 + r2 − 2rx

(
D̄(2)

a − D̄(2)
b x2 + D̄(2)

FL − D̄(2)
δI

)
[
R̃1

]
MG

=
r2(1 − x2)

1 + r2 − 2rx

(
D̄(2)

a − D̄(2)
b x2 + D̄(2)

FL − D̄(2)
δI

)
.

(B.18)

The functions Q1-Q3, R1 and R2 are the only ones that are necessary to calcu-

late LPT statistics for pure dark matter considerations in MG, with the rest of

them that we present here, being the additional functions needed for statistics

of biased tracers in MG (in the configuration space). It should be emphasized

at this point, that even the functions that have the same integral structure as in
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GR (for example, Q9-Q13), do differ from their GR values, but this difference is

manifested in the MG linear power spectra that appear in the integral relations

(B.15) and (B.16).

Let us finish this section, by noting that in the GR limit, the above functions

can be rather easily shown to recover their standard GR forms given in [119], if

one keeps in mind that D̄(2)
δI

= D̄(2)
FL = 0 and D̄(2)

a = D̄(2)
b = 1 (for Einstein-De Sitter)

in this limit.

B.2 Lagrangian correlators and q-functions in MG

Having derived the expressions for the scalar functions Qn(k) and Rn(k) in MG

cosmologies, we will now derive the integral formulas for the Lagrangian cor-

relators (4.58), that are the building blocks of the 2-point statistics in CLPT. We

will adopt the notation of [46] in this section and will show how the functions in

their Appendix B will change for our MG models. To illustrate how the connec-

tion between the functions (4.58) and the ones presented in the previous section

is drawn and also to show how these calculations are performed, we pick a

reprsentative example of one these functions, U (2)
11 and show the derivation be-

low. Starting with the definition:

U (2)
11 (q) = q̂i〈δ(1)

1 δ(1)
2 ∆

(2)
i 〉c, (B.19)
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we plug in the Fourier space representation of the field ∆i = Ψi(q2) − Ψi(q1), as

well of the linear overdensities and get:

U (2)
11 (q) = q̂i×〈 ∫

d3 p
(2π)3

d3 p1

(2π)3

d3 p2

(2π)3 eip2·q2eip1·q1
(
eip·q2 − eip·q1

)
δ̃(p2)δ̃(p1)Ψ̃(2)(p)

〉
c

= q̂i
∫

d3 p
(2π)3

d3 p1

(2π)3

d3 p2

(2π)3 eip1·q1ei(p+p2)·q2

〈
δ̃(p2)δ̃(p1)Ψ̃(2)(p)

〉
c

− q̂i
∫

d3 p
(2π)3

d3 p1

(2π)3

d3 p2

(2π)3 eip2·q2ei(p+p1)·q1

〈
δ̃(p2)δ̃(p1)Ψ̃(2)(p)

〉
c
.

(B.20)

This expression contains two terms, which turn out to be equal. For this reason,

we focus on the first one and notice that the cumulant can be expressed as a

polyspectrum, through (B.9). The substitution gives:

q̂i
∫

d3 p
(2π)3

d3 p1

(2π)3

d3 p2

(2π)3 eip1·q1ei(p+p2)·q2

〈
δ̃(p2)δ̃(p1)Ψ̃(2)(p)

〉
c

=

− i
∫

d3 p1

(2π)3

d3 p
(2π)3 eip1·qq̂iC(2)

i (p1,p; p1 − p) =

− i
∫

d3 p1

(2π)3 q̂ieip1·q
∫

d3 p
(2π)3 C(2)

i (p1,p; p1 − p)︸                            ︷︷                            ︸
IC

.

(B.21)

In the last line, we defined the integral IC, that can be calculated by using the

definitions (B.10):

IC =

∫
d3 p

(2π)3 C(2)
i (p1,p; p1 − p) =

−

∫
d3 p

(2π)3 L(2)
i (p1 − p)PL(p1)PL(p) =

= −
3
7

p1i

p2
1

∫
d3 p

(2π)3 p1i
(p1i − pi)
|p1 − p|2

D̄(2)PL(p1)PL(p)

= −
3
7

p1i

p2
1

p3
1

4π2 PL(p1)
∫ ∞

0
drPL(p1r)

∫ 1

−1
dx

r2 (1 − rx)
1 + r2 − 2rx

D̄(2)︸                                                            ︷︷                                                            ︸[
R1(p1) + R2(p1)

]
MG

= −
3
7

p1i

p2
1

[
R1(p1) + R2(p1)

]
MG ,

(B.22)
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where we made use of the previous result (B.11). Plugging the result (B.22) into

(B.21) and relabelling p1 as k, we have

q̂i
∫

d3 p
(2π)3

d3k
(2π)3

d3 p2

(2π)3 eik·q1ei(p+p2)·q2

〈
δ̃(p2)δ̃(k)Ψ(2)(p)

〉
c

=

i
∫

dkdx
4π2 eix(kq)xk

3
7

[
R1(k) + R2(k)

]
MG =

1
2π2

∫
dkk

(
−

3
7

) [
R1(k) + R2(k)

]
MG j1(kq),

(B.23)

where we made use of the Bessel function identity 1
2

∫ 1

−1
dxxeixkq = i j1(kq). In

exactly the same way, the second term in (B.21) is equal to the first, which finally

gives:

U (2)
11 (q) =

1
2π2

∫
dkk

(
−

6
7

) [
R1(k) + R2(k)

]
MG j1(kq). (B.24)

This is the MG equivalent of equation (B28) in Appendix B of [46], which is

obviously recovered in the GR limit. In a similar manner, but after lengthy
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calculations, we get the expressions for all the correlators:

V (112)
1 (q) =

1
2π2

∫
dk
k

(
−

3
7

) [
R1(k)

]
MG j1(kq),

V (112)
3 (q) =

1
2π2

∫
dk
k

(
−

3
7

) [
Q1(k)

]
MG j1(kq),

S (112) =
3

14π2

∫
dk
k

[
2 [R1]MG + 4R2 +

[
Q1

]
MG + 2Q2

] j2(kq)
kq

,

T (112) =
−3

14π2

∫
dk
k

[
2 [R1]MG + 4R2 +

[
Q1

]
MG + 2Q2

]
j3(kq),

U (1)(q) =
1

2π2

∫
dkk (−1) PL(k) j1(kq),

U (3)(q) =
1

2π2

∫
dkk

(
−

5
21

)
R1(k) j1(kq),

U (2)
20 (q) =

1
2π2

∫
dkk

(
−

6
7

)
Q8(k) j1(kq),

U (2)
11 (q) =

1
2π2

∫
dkk

(
−

6
7

) [
R1(k) + R2(k)

]
MG j1(kq),

X(12)
10 (q) =

1
2π2

∫
dk

1
14

2 (
[R1]MG − R2(k)

)
+ 3 [R1]MG j0(kq)

− 3
[
[R1]MG + 2R2 + 2

[
R1(k) + R2(k)

]
MG + 2Q5

] j1(kq)
kq

,
Y (12)

10 (q) =
1

2π2

∫
dk

(
−

3
14

) [R1]MG + 2R2

+ 2
[
R1(k) + R2(k)

]
MG + 2Q5

 × [
j0(kq) − 3

j1(kq)
kq

]
,

X(q) =
1

2π2

∫
dk a(k)

[
2
3
− 2

j1(kq)
kq

]
,

Y(q) =
1

2π2

∫
dk a(k)

[
−2 j0(kq) + 6

j1(kq)
kq

]
,

(B.25)

where we defined a(k) = PL(k) + 9
98 Q1(k) + 10

21R1(k) and, following [46], we decom-

posed the matter terms as

Amn
i j (q) = Xmn(q)δi j + Ymnq̂iq̂ j

Wi jk(q) = V1(q)q̂iδ jk + V2(q)q̂ jδki + V3(q)q̂kδi j + T (q)q̂iq̂ jq̂k.

(B.26)

Now that the basic framework has been laid out, let us finish this section by
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briefly summarizing the steps followed to calculate the two point statistics for

a given model: after calculating the necessary MG growth factors, (4.22), (4.25)

and (B.5), using our Mathematica notebook, we feed our modified version of the

code in 1 with tabulated values of the growth factors for the various values of k,

r and x needed at a given cosmological redshift z, as well as with the MG linear

power spectrum given by:

PL
MG(k, z) =

D1
MG(k, z)

D1
GR(k, 0)

2

PL
GR(k, 0). (B.27)

The linear power spectrum for the background ΛCDM cosmology is calculated

using the publicly available code CAMB [107]. The PYTHON module com-

putes the various Qn(k) and Rn(k) functions through equations (B.17) and (B.18),

which are then used to calculate the various components of the CLPT power

spectrum PX(k), through the integrations (B.25) and (4.40). To calculate (B.25),

the q−function module is modified accordingly. The k functions can then be

simply combined to give the SPT and LRT power spectra, by equations (4.64)

and (4.65), respectively. Finally, the modified C++ counterpart follows a similar

procedure to compute the configuration space two-point correlation function

given by CLPT, through (5.24).

B.3 SPT and LRT Power spectra

In the main text, it was stated that the SPT and LRT power spectra, given

by (4.64) and (4.65), correspondingly, are produced when one expands the re-

summed terms in the exponent of relation (4.40). Here we show how this

derivation takes place, a process that once again shares a lot of similarities with

1https://github.com/martinjameswhite/CLEFT_GSM
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the corresponding one in GR. When fully expanding the resummed Lagrangian

correlator AL
i j in (4.40), one gets:

PX(k) =

∫
d3qeik·q

×

1 − 1
2

kik jAi j −
i
6

kik jkkWi jk + b1

(
2ikiUi − kik jA10

i j

)
+ b2

(
ikiU20

i − kik jU
(1)
i U (1)

j

)
+ b2

1

(
ξL + ikiU11

i − kik jU
(1)
i U (1)

j

)
+

1
2

b2
2ξ

2
L + 2b1b2ξLikiU

(1)
i

.
(B.28)

As done previously, we pick one of terms that is modified, that is the term

b2
1ikiU11

i , and perform the integration as an example. Plugging in U11
i from (B.25):

i b2
1

∫
d3qeik·qq̂ikiU11 =

−i b2
1

2π2

6
7

∫
d3qdpeikqxkxp

[
R1(p) + R2(p)

]
MG j1(pq) =

−i b2
1

π

6
7

∫
dqdpkpq2 [

R1(p) + R2(p)
]

MG j1(pq)
∫ 1

−1
dxeikqxx =

b2
1

π

12
7

∫
dq dp kpq2 [

R1(p) + R2(p)
]

MG j1(pq) j1(kq) =

b2
1

π

12
7

∫
dp kp

[
R1(p) + R2(p)

]
MG

∫ ∞

0
dqq2 j1(pq) j1(kq) =

b2
1
6
7

∫
dp

kp
k p

δD(p − k)
[
R1(p) + R2(p)

]
MG =

b2
1
[
R1(k) + R2(k)

]
MG ,

(B.29)

where we also used the identity
∫ ∞

0
dqq2 j1(pq) j1(kq) = π

2pkδD(p − k). Similar com-

putations for the rest of the terms give (4.64). In the LRT case, we expand ev-

erything but the q-independent, “zero-lag” piece of AL
i j, which is equal to 2σ2

Lδi j,

with σ2
L = 1

6π2

∫ ∞
0

dkPL(k). Since this term is scale-independent, it can be pulled

out of the q integral and all the other integrations can be performed in the same

manner as above, resulting in (4.65), that differs from (4.64) only in terms of the

resummed exponential factor.
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APPENDIX C

PBS BIASES IN MG

In this section, we will explain the derivation of the Lagrangian PBS biases

(4.78) in MG models with environmentally dependent gravitational collapse.

The PBS argument is commonly employed in conjunction with the halo ap-

proach [125, 124, 164], where one states that the conditional halo mass function

n̄h(M,∆), modulated by a long-wavelength density perturbation ∆, is modeled

by the universal mass function prescription (4.47), with the collapse threshold

shifted as δcr → δcr − ∆. The same result was also derived in [157], based on the

rigorous definition (5.28), following a separate universe approach: with regards

to galaxy clustering, a large-scale density perturbation, ∆, can be viewed as a

modification of the mean physical density %̄m by an offset, that is [59]

%̄′m = (1 + ∆)%̄m, (C.1)

where %̄m should not be confused with the mean comoving density ρ̄m and in a

similar manner, the fractional overdensity at a point x, δm(x), is shifted as:

δ′m(x) = δm(x) + ∆. (C.2)

This reasoning can be employed to calculate the conditional halo mass function

n̄h(∆), by noticing that (4.47) depends solely on comoving quantities (that will

not change), with the only exception of the density threshold δcr, through the

peak significance

νc =
δcr

D(1)(z)σ(M)
=

%cr − %̄m

D(1)(z)σ(M)%̄m
, (C.3)

that quantifies how rare a fluctuation above the density barrier %cr = (1 + δcr)%̄m

is, given an RMS amplitute at the time of collapse z, δ%RMS = D(1)(z)σ(M)%̄m. Now
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following Birkhoff’s theorem, the critical density for collapse, %cr, will be unaf-

fected in the presence a density perturbation ∆, since a collapsing overdensity

will not depend on the external spacetime. Combining this fact with equation

(C.1), relation (C.3) gives [157]

ν′c(M) =
(1 + δcr)%̄m − (1 + ∆)%̄m

D(1)(z)σ(M)%̄m
=

δcr − ∆

D(1)(z)σ(M)
. (C.4)

The conditional halo mass function n̄h(M,∆) is now given by the universal pre-

scription (4.47), but with the peak significance ν′c(M) in (C.4). Combining this

fact with the rigorous definition of the bias (5.28), gives the known PBS biases

(4.53) for GR.

Let us now turn to the MG case. Following the discussion in Section 4.3.1, it

is now clear how the density threshold will not be scale and redshift indepen-

dent anymore, but will depend on the comoving halo mass M, as well as the

environmental density δenv, that is, a function δcr(M, δenv). As a consequence, the

peak significance in MG will now become:

νcMG =
δcr(M, δenv)
D(1)(z)σ(M)

=
%cr(M, δenv) − %̄m

D(1)(z)σ(M)%̄m
. (C.5)

In the presence of a long-wavelength density perturbation ∆, %̄m will again

change according to (C.1), but also δenv will now change as dictated by (C.2),

and so will δcr that depends on it, which will become δ′cr(M, δ′env) = δcr(M, δenv +∆).

From the equivalent of (C.4), the MG peak significance will now become:

ν′cMG(M) =
(1 + δ′cr)%̄m − (1 + ∆)%̄m

D(1)(z)σ(M)%̄m
=
δcr(M, δenv + ∆) − ∆

D(1)(z)σ(M)
. (C.6)

As in the GR case, the conditional halo mass function n̄h(M,∆) for MG is

now given by the universal prescription (4.47), but with the peak significance

ν′cMG(M) given by (C.6). Calculating, now, the first and second order derivatives
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that we need in (5.28), we will have, starting with the linear order:

dn̄h(M,∆)
d∆

∣∣∣∣∣∣∣
∆=0

=
dν′cMG

d∆

∣∣∣∣∣∣∣
∆=0

dn̄h(M,∆)
dν′cMG

∣∣∣∣∣∣∣
∆=0

=

1
D(1)(z)σ(M)

d
[
δcr(M, δenv + ∆) − ∆

]
d∆

∣∣∣∣∣∣∣
∆=0

dn̄h(M, 0)
dνcMG

=[
dδcr(M,δenv)

dδenv
− 1

]
D(1)(z)σ(M)

dn̄h(M, 0)
dνcMG

,

(C.7)

where we used the chain rule a few times and also the fact that ν′cMG(M) =

νcMG(M) at ∆ = 0. The definition (5.28), combined with the result (C.7) and

the universal prescription (4.47), gives:

b1
MG(M, δenv) =

[
dδcr(M,δenv)

dδenv
− 1

]
D(1)(z)σ(M)

1
νcMG f

[
νcMG

] d
(
νcMG f

[
νcMG

])
dνcMG

, (C.8)

Similarly, the second order derivative will be:

d2n̄h(M,∆)
d∆2

∣∣∣∣∣∣∣
∆=0

=
d

d∆

dn̄h(M,∆)
d∆

∣∣∣∣∣∣∣
∆=0

=
d

d∆


[

dδcr(M,δenv)
dδenv

− 1
]

D(1)(z)σ(M)
dn̄h(M, 0)

dνcMG

 ,
=

d2δcr(M, δenv)
dδ2

env

1
D(1)(z)σ(M)

dn̄h(M, 0)
dνcMG

+[
dδcr(M,δenv)

dδenv
− 1

]2[
D(1)(z)σ(M)

]2

dn̄2
h(M, 0)

dν2
cMG

,

(C.9)

which will give the expression for the second order bias factor:

b2
MG(M, δenv) =

d2δcr(M,δenv)
dδ2

env

D(1)(z)σ(M)
1

νcMG f
[
νcMG

] d
(
νcMG f

[
νcMG

])
dνcMG

+[
dδcr(M,δenv)

dδenv
− 1

]2[
D(1)(z)σ(M)

]2

1
νcMG f

[
νcMG

] d2
(
νcMG f

[
νcMG

])
dν2

cMG

.

(C.10)

Equations (C.8) and (C.10) give the Lagrangian PBS biases of first and second

order in MG, for any universal mass function f
[
νcMG

]
. Applying these to the

particular ST form (4.50), we arrive at the relationships (4.78) and (4.79) in the
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main text. The derivatives of the form dδcr(M,δenv)
δenv

can be easily calculated numer-

ically, as soon as the function δcr(M, δenv) is known from integrating equation

(4.68). In MG models that still possess a scale and redshift independent barrier,

like the nDGP model (and possibly other models in the Vainshtein family), these

derivatives will vanish and we recover the standard GR expressions for the PBS

biases (4.53), but with a different δcr.
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APPENDIX D

GSM FUNCTIONS IN MG

In this appendix, we give expressions for the necessary ingredients to construct

the Gaussian streaming model in LPT. That is, we find 1D integral expressions

for (5.44) and (5.49) in cosmologies beyond ΛCDM. Before displaying all these

equations, as an example we consider the “q-function” U̇i(q):

U̇i(q) =
1

f0H
〈δL(q1)∆̇i〉 =

∫
d3k1d3k2

(2π)6 eik1·q1
(
eik2·q2 − eik2·q1

)
〈δL(k1)Ψ̇i(k2)〉c. (D.1)

Up to 1-loop, 〈δL(k1)Ψ̇i(k2)〉c ' H f (k2)〈δL(k1)Ψ(1)
i (k2)〉 + 3H f (k2)〈δL(k1)Ψ(3)

i (k2)〉,

where for illustrative purposes we approximate Ψ̇(n)(k) = nH f (k)Ψ(n)(k). After

some straightforward manipulations one obtains (see, e.g., [46])

U̇i(q) = −q̂i

∫
dk
2π2 k

f (k)
f0

[
PL(k) +

7
5

R1(k)
]

j1(kq) (D.2)

where the “k-function” R1 is [120]

R1(k) =
21
10

PL(k)
∫

d3 p
(2π)3 k · L(3)(k,−p,p)PL(p) (D.3)

with L(3) the third order LPT kernel. In the rest of this appendix we will find all

the functions given by (5.44) and (5.49) without the use of the above approxima-

tion, which is not as accurate in MG models, as it is in ΛCDM.

D.1 LPT kernels

The Lagrangian displacement field is formally expanded as Ψi(q, t) =∑∞
n=0 Ψ

(n)
i (q). In Fourier space, the nth order Lagrangian displacement is the

weighted convolution of n linear density fields,

Ψ
(n)
i (k, t) =

i
n!

∫
d3k1 · · · d3kn

(2π)3(n−1) δD(k − k1···n)L(n)
i (k1, . . . ,kn; t)δ(k1, t) · · · δ(kn, t). (D.4)
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The first order kernel is L(1)(k) = k/k2, as can be seen from (5.16). Higher per-

turbative orders are obtained by solving iteratively (5.14) [15]. For L(2) we have

L(2)
i (k1,k2, t) =

3
7

(k1 + k2)i

|k1 + k2|
2

A(k1,k2, t) − B(k1,k2, t)
(k1 · k2)2

k2
1k2

2

 (D.5)

where the A and B functions are obtained by solving second order differen-

tial equations, and are given in (2.19) of [17]; see also [15]. In ΛCDM we have

that functions A and B are equal and only time-dependent, while for EdS, or

more generally for ΛCDM models with f 2 = Ωm, these functions are exactly 1,

and hence the kernels become time independent. Since A|ΛCDM(z = 0) ' 1.01,

this is usually approximated as 1, in what is called the static kernels approxima-

tion, yielding subpercent errors at quasilinear scales. In MG, the departure from

A,B ' 1 is larger than the percent level; moreover, the A function carries the

non-linear terms responsible for screening mechanisms, such that the use of the

static kernels approximation in MG misses this important property of MG. By

isotropy we can writeA,B(k1, k2, x = k̂1 · k̂2) and perform a Legendre expansion

on the angle x. Such procedure shows that the monopole of these functions is

the dominant term, other multipoles give smaller contributions, and hence the

decomposition in (D.5) is not as arbitrary as it may look at first sight. The case

of DGP, is even simpler, because B is only time dependent, and A has only a

monopole and a small quadrupole, the latter given exclusively by the screening

non-linear terms in the Klein-Gordon equation [16].

The expression for the third order kernel L(3)
i is quite large and we do not

reproduce it here, but we refer the reader to ref. [15]. All these functions are

time-dependent, and for compactness we will omit to write it explicitly in the

following.

In LPT-RSD models one finds the time derivative of the Lagrangian displace-
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ment field. As was discussed in the main text, in ΛCDM, a good approximation

is given by Ψ̇(n)(q) ' nH f Ψ(q), which is no longer possible in MG since the linear

growth function D(1) is scale-dependent, as was discussed in the main text. A

general expression is

Ψ̇
(n)
i (k) =

i
n!

n f0H
∫

d3k1 · · · d3kn

(2π)3(n−1) δD(k − k1···n)L f (n)
i (k1, · · · ,kn)δ(k1) · · · δ(kn), (D.6)

with k1···n = k1 + · · · + kn, and kernels

L f (n)
i (k1, · · · ,kn) =

f (k1) + · · · + f (kn)
n f0

L(n)
i (k1, · · · ,kn) +

1
n f0

L
′(n)
i (k1, · · · ,kn)

≡
ki

1···n

k2
1···n

CnΓ
f
n(k1, · · · ,kn), (D.7)

where we remind that f (k, t) = d ln D(1)(k, t)/d ln a is the growth factor at a scale

k, and f0 ≡ f (k = 0, t) is the large-scale growth factor, usually coinciding with

that of ΛCDM. The last line in the above equation serves to define the scalar

kernels Γ
f
n and a set of numbers Cn; for convenience we choose C1 = 1, C2 = 3/7.

We can use a weaker version of the static approximation and neglect the second

term in the second equality of (D.7); however, we find that L′ is about the same

order as the corrections introduced by MG to the EdS kernels L|EdS. Hence, to

be consistent we have to keep both terms in that equation.

Analogously as we introduced Γ
f
n functions, for the Lagrangian displace-

ments we define

CnΓn(k1, . . . ,kn) = ki
1···nL(n)

i (k1, . . . ,kn), (D.8)

and hence these Γn functions are the kernels of the longitudinal component of

the Lagrangian displacement, k · Ψ(n)(k). Since for 1-loop, 2-point statistics, the

transverse components project out, one can use the scalar Γ instead of vector L

kernels without loss of generality.
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The first order scalar kernels are Γ1(k) = 1 and Γ
f
1(k) = f (k)/ f0. To second

order

Γ2[p1,p2] =

A(p1,p2) − B(p1,p2)
(p1 · p2)2

p2
1 p2

2

 =
7
3

D(2)(p1,p2)
D+(p1)D+(p2)

, (D.9)

Γ
f
2[p1,p2] = Γ2[p1,p2]

f (p1) + f (p2)
2 f0

+
1

2 f0H0

Ȧ(p1,p2) − Ḃ(p1,p2)
(p1 · p2)2

p2
1 p2

2

 ,
=

1
2 f0

7
3

d
d ln a D(2)(p1,p2)
D+(p1)D+(p2)

, (D.10)

whereA,B = A,B(p1,p2), and D(2) is the second order growth function defined

in [15]. The third order kernels are

C3Γ3[p1,p2,p3] =
D(3)s

+ (p1,p2,p3)
D+(p1)D+(p2)D+(p3)

, (D.11)

C3Γ
f
3[p1,p2,p3] =

1
3 f0

d
d ln a D(3)s

+ (p1,p2,p3)
D+(p1)D+(p2)D+(p3)

. (D.12)

with the (symmetric) third order growth function D(3)s
+ as given in [15]. Actually,

we will not use the value of C3 at all, so we can let it free. But by defining

C2 = 3/7 we make the notation simpler in the following sections.

We notice that the approximation of static kernels, usually taken in ΛCDM

and exact for EdS, corresponds to

Γ f
n ' Γn, (ΛCDM), (D.13)

and therefore, the functions presented in the rest of this appendix can be re-

casted in their well-known, ΛCDM counterparts by omitting the “ f ” labels.

D.2 k functions

The Qn(k) and Rn(k) scalar functions, introduced first in [120, 119], are the build-

ing blocks of LPT statistics. These are constructed out of N-point functions of
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linear density fields, Lagrangian displacements and their derivatives, as for ex-

ample 〈δL(k1)Ψ(n)(k2)Ψ̇(m)(k3)〉, with (n) and (m) denoting perturbative orders; see

[120, 119]. We do not write here the definitions of these polyspectra, but we refer

the reader to the above referenced works and to [191, 17] for MG. Here we ex-

tend those definitions to include time derivatives of Lagrangian displacements.

The only k-functions involving third order Lagrangian displacements are

R1(k) ≡
∫

d3 p
(2π)3

21
10

C3Γ3(k,−p,p)PL(p)PL(k), (D.14)

R f
1(k) ≡

∫
d3 p

(2π)3

21
10

C3Γ
f
3(k,−p,p)PL(p)PL(k). (D.15)

Expressions involving just one time derivative, and that it is operating on one

Lagrangian displacement to second order are denoted with a label “ f ”:

Q f
1(k) ≡

∫
d3 p

(2π)3 Γ2[p,k − p]Γ f
2[p,k − p]PL(|k − p|)PL(p) (D.16)

Q f
2(k) =

∫
d3 p

(2π)3

(k · p)k · (k − p)
p2|k − p|2

Γ
f
2[p,k − p]PL(|k − p|)PL(p), (D.17)

Q f
5(k) =

∫
d3 p

(2π)3

k · p
p2 Γ

f
2[p,k − p]PL(|k − p|)PL(p), (D.18)

Q f
8(k) =

∫
d3 p

(2π)3 Γ
f
2[p,k − p]PL(|k − p|)PL(p), (D.19)

Q f
I (k) =

∫
d3 p

(2π)3

((k · p)k − k2p) · (k − p)
p2|k − p|2

Γ
f
2[p,k − p]PL(|k − p|)PL(p), (D.20)

R f
2(k) =

∫
d3 p

(2π)3

k · p k · (k − p)
p2|k − p|2

Γ
f
2[k,−p]PL(k)PL(p), (D.21)

R f
1+2(k) =

∫
d3 p

(2π)3

k · (k − p)
|k − p|2

Γ
f
2[p,k]PL(k)PL(p), (D.22)

R f
I (k) =

∫
d3 p

(2π)3

((k · p)k − k2p) · (k − p)
p2|k − p|2

Γ
f
2[k,−p]PL(k)PL(p), (D.23)

The usual, “undotted”, Q and R functions are obtained by replacing Γ
f
2 by Γ2 in

the above equations. Functions RI , QI and R1+2 are equal to R1, Q1 and R1 + R2

respectively for EdS kernels. In ref.[191] these are named as [R1]MG, [Q1]MG and

[R1 + R2]MG.
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Now, the “ f ∗” k-functions contain one derivative in a linear field, and no

derivatives in the other fields. These are given by

Q f ∗
I (k) =

∫
d3 p

(2π)3

((k · p)k − k2p) · (k − p)
p2|k − p|2

Γ2[p,k − p]
f (p)

f0
PL(|k − p|)PL(p),

(D.24)

Q f ∗
2 (k) =

∫
d3 p

(2π)3

(k · p)k · (k − p)
p2|k − p|2

Γ2[p,k − p]
f (p)

f0
PL(|k − p|)PL(p), (D.25)

Q f ∗
5 (k) =

∫
d3 p

(2π)3

k · p
p2 Γ2[p,k − p]

f (p)
f0

PL(|k − p|)PL(p), (D.26)

R f ∗
2 (k) =

∫
d3 p

(2π)3

k · p k · (k − p)
p2|k − p|2

Γ2[k,−p]
f (p)

f0
PL(k)PL(p), (D.27)

R f ∗
1+2(k) =

∫
d3 p

(2π)3

k · (k − p)
|k − p|2

Γ2[k,−p]
f (p)

f0
PL(k)PL(p), (D.28)

R f ∗
I (k) =

∫
d3 p

(2π)3

((k · p)k − k2p) · (k − p)
p2|k − p|2

Γ2[k,−p]
f (p)

f0
PL(k)PL(p). (D.29)

While the “ f f ” k-functions —that contain two time derivatives, one in a linear

field and the other in a second order field— are obtained by replacing Γ2 → Γ
f
2 in

the above equations. The exception to this rule is Q1, where a label “ f f ” denotes

that the two second order Lagrangian displacements are differentiated,

Q f f
1 (k) =

∫
d3 p

(2π)3 Γ f [p,k − p]Γ f [p,k − p]PL(|k − p|)PL(p). (D.30)

Also, there are functions that contain two derivatives, and both in linear dis-

placement fields, denoted with an “ f ∗ f ∗” label, these are

Q f ∗ f ∗
I (k) =

∫
d3 p

(2π)3

((k · p)k − k2p) · (k − p)
p2|k − p|2

Γ2[p,k − p]
f (|k − p|)

f0

f (p)
f0

PL(|k − p|)PL(p),

(D.31)

Q f ∗ f ∗
2 (k) =

∫
d3 p

(2π)3

(k · p)k · (k − p)
p2|k − p|2

Γ2[p,k − p]
f (|k − p|)

f0

f (p)
f0

PL(|k − p|)PL(p).

(D.32)

The q-functions of (5.44) and (5.49) can be recasted as 1D integrations of the

above Q and R functions, which we will do in the upcoming section. The main
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differences with these functions and the corresponding in ΛCDM, are the use

of the kernels Γ, differing in the percent level in MG and standard cosmologies,

and more importantly, the appereance of factors f (k)/ f0 that can be as large as

∼ 1.1.

D.3 q functions

Several q dependent functions should be calculated before computing the cor-

relation function, the pairwise velocity and the pairwise velocity dispersion.

These are the “U”, “A” and “W” functions defined in (5.44) and (5.49)

The Ui(q) vector functions can be written as

Ui(q) = U(q)q̂i, (D.33)

with

U̇(q) = −
1

2π2

∫
dk k

[
f (k)
f0

PL(k) +
5
7

R f
1(k)

]
j1(kq),

U̇20(q) = −
3

7π2

∫
dk kQ f

8(k) j1(kq),

U̇11(q) = −
6

7π2

∫
dk kR f

1+2(k) j1(kq).

(D.34)

In ΛCDM R f ,Q f ' R,Q and f (k) = f0, hence we obtain the standard results

U̇ = U (1) + 3U (3), U̇20 = 2U20 and U̇11 = 2U11; see [198].

The A functions are decomposed as

Ȧi j(q) = Ẋ(q)δi j + Ẏ(q)q̂iq̂ j, Äi j(q) = Ẍ(q)δi j + Ÿ(q)q̂iq̂ j, (D.35)
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with

Ẋ(q) =
1
π2

∫
dk

[
f (k)
f0

PL(k) +
9
49

Q f
1(k) +

5
21

f (k)
f0

R1(k) +
5
7

R f
1(k)

] [
1
3
−

j1(kq)
kq

]
,

Ẏ(q) =
1
π2

∫
dk

[
f (k)
f0

PL(k) +
9

49
Q f

1(k) +
5

21
f (k)
f0

R1(k) +
5
7

R f
1(k)

]
j2(kq),

Ẍ(q) =
1
π2

∫
dk

( f (k)
f0

)2

PL(k) +
18
49

Q f f
1 (k) +

10
7

f (k)
f0

R f
1(k)

 [1
3
−

j1(kq)
kq

]
,

Ÿ(q) =
1
π2

∫
dk

( f (k)
f0

)2

PL(k) +
18
49

Q f f
1 (k) +

10
7

f (k)
f0

R f
1(k)

 j2(kq), (D.36)

and the A10 functions as

Ȧ10
i j (q) = Ẋ10(q)δi j + Ẏ10(q)q̂iq̂ j, Ä10

i j (q) = Ẍ10(q)δi j + Ÿ10(q)q̂iq̂ j, (D.37)

with

Ẋ10(q) =
1
π2

∫ ∞

0
dk

1
28

2(2R f
I − 2R f

2 + R f ∗
I − R f ∗

2 ) + 3(2R f
I + R f ∗

I ) j0(kq)

− 3(2R f
I + 4R f

2 + 4R f
1+2 + 4Q f

5 + R f ∗
I + 2R f ∗

2 + 2R f ∗
1+2 + 2Q f ∗

5 )
j1(kq)

kq

,
Ẏ10(q) =

1
π2

∫ ∞

0
dk

3
28

[
2R f

I + 4R f
2 + 4R f

1+2 + 4Q f
5

+ R f ∗
I + 2R f ∗

2 + 2R f ∗
1+2 + 2Q f ∗

5

]
j2(kq),

Ẍ10(q) =
1
π2

∫ ∞

0
dk

4
28

2(R f f
I − R f f

2 ) + 3R f f
I j0(kq)

− 3(R f f
I + 2R f f

2 + 2R f f
1+2 + 2Q f f

5 )
j1(kq)

kq

,
Ÿ10(q) =

1
π2

∫ ∞

0
dk

4 × 3
28

[
R f f

I + 2R f f
2 + 2R f f

1+2 + 2Q f f
5

]
j2(kq). (D.38)

Now, the W functions have the form

Ẇi jk = W (112̇)
i jk + W (121̇)

i jk + W (211̇)
i jk , Ẅi jk = W (11̇2̇)

i jk + W (12̇1̇)
i jk + W (21̇1̇)

i jk , (D.39)

where the dot over a number indicates that the Lagrangian displacement of that

order should be differentiated. Except for the undotted case, these cannot be

205



decomposed as Wi jk = Vq̂{iδ jk} + Tq̂iq̂ jq̂k, because in general Ẇi jk , Ẇ( jki). How-

ever, we do have Ẇi jk = Ẇ(i j)k and Ẅi jk = Ẅi( jk). These symmetries allow us to

decompose

Wi jk = V(q)q̂{iδ jk} + T (q)q̂iq̂ jq̂k, (D.40)

Ẇi jk(q) = V̇1(q)
(
q̂iδ jk + q̂ jδki

)
+ V̇3(q)q̂kδi j + Ṫ (q)q̂iq̂ jq̂k, (D.41)

Ẅi jk(q) = V̈1(q)q̂iδ jk + V̇3(q)
(
q̂ jδki + q̂kδi j

)
+ T̈ (q)q̂iq̂ jq̂k, (D.42)

with V(q) and T (q) given in refs. [191, 17] for MG, and

Ṫ (q) = −

∫
dk
π2

3
7k

2Q f
2 + 2Q f ∗

2 + Q f
I + Q f ∗

I + 2
f (k)
f0

R2 + 4R f
2

+ 2R f ∗
2 +

f (k)
f0

RI + 2R f
I + R f ∗

I

 j3(kq),

V̇1(q) =

∫
dk
π2

3
70k

4Q f
2 + 4Q f ∗

2 + 2Q f
I − 3Q f ∗

I + 4
f (k)
f0

R2 + 8R f
2

+ 4R f ∗
2 + 2

f (k)
f0

RI − 6R f
I − 3R f ∗

I

 j1(kq) −
1
5

Ṫ (q),

V̇3(q) = V̇1(q) −
∫

dk
π2

3
14k

2Q f
1 − Q f ∗

1 +
f (k)
f0

RI − 2R f
I

 j1(kq), (D.43)

and

T̈ (q) = −

∫
dk
π2

3
14k

8Q f f
2 + 2Q f ∗ f ∗

2 + 4Q f f
I + Q f ∗ f ∗

I + 8
f (k)
f0

R f
2 + 8R f f

2

+ 4
f (k)
f0

R f ∗
2 + 4

f (k)
f0

R f
I + 4R f f

I + 2
f (k)
f0

R f ∗
I

 j3(kq),

V̈1(q) =

∫
dk
π2

3
35k

4Q f f
2 + Q f ∗ f ∗

2 + 2Q f f
I − 2Q f ∗ f ∗

I + 4
f (k)
f0

R f
2 + 4R f f

2

+ 2
f (k)
f0

R f ∗
2 + 2

f (k)
f0

R f
I − 8R f f

I +
f (k)
f0

R f ∗
I

 j1(kq) −
1
5

T̈ (q),

V̇3(q) = V̇1(q) −
∫

dk
π2

3
14k

2Q f f
1 − Q f ∗ f ∗

1 − 4R f f
I +

f (k)
f0

(2R f
I + R f ∗

I )

 j1(kq), (D.44)

which complete our search for 1D integral expressions for the functions defined

in (5.44) and (5.49).
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We end this section by emphasizing that the ΛCDM standard results are re-

covered by making the substitutions Q,R f , f ∗, f ∗ f ∗, f f = Q,R.

D.4 Tidal bias

In this subsection we introduce tidal bias following [193]. This is achieved by

adding s2 = si jsi j as an argument to the Lagrangian biasing function F [see

(5.21)], with the shear tensor

si j(q) =

(
∂i∂ j

∂2 −
1
3
δi j

)
δ(q). (D.45)

Almost all expressions related to tidal bias contain only linear fields, such

that in the integrals of Appendix D of [193], they only need the substitution

PL → ( f (k)/ f )PL for dotted functions and PL → ( f (k)/ f )2PL for double-dotted

functions . The only new, substantially different function, is

V10
i = 〈s2(q1)Ψ(2)

i (q2)〉c = −
3
7

∫
dk
2π2 Qs2(k) j1(kq), (D.46)

with

Qs2(k) =

∫
d3 p

(2π)3 Γ2(k − p,p)


(
(k − p) · p

)2

p2|k − p|2
−

1
3

 PL(|k − p|)PL(p). (D.47)

This does not reduce to the result of [193] for ΛCDM. Instead, it differs by a 1/2

factor: V10
i = 1

2V10 [That work]
i .
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APPENDIX E

DIRECT LAGRANGIAN APPROACH IN MG

In this Appendix section, we explain how the Direct Lagrangian approach to

RSD, laid out in section 5.3.3, will be implemented in MG theories and point

out the differences with respect to the GR case. In particular, starting with the

simpler GR case, in section 5.3.3 we explained how the LPT field evolves as

Ψ(n) ∝ Dn(a), giving Ψ̇(n) = n f0HΨ(n), which allows us to map the LPT field to

redshift space, order by order, through

Ψ
s(n)
i =

(
δi j + n f0ẑiẑ j

)
Ψ

(n)
j , (E.1)

where we made use of (5.31). Equation (E.1) then allows us to easily “Directly”

map each of the Lagrangian correlators (5.26) to redshift space. Focusing on

the function Ui(q) = U(q)q̂i, as an example, and expanding order by order as

U(q) = U (1)(q) + U (3)(q) + .., we get

U s(n)
i =

(
δi j + n f0ẑiẑ j

)
U (n)

j , (E.2)

where U s(n)
i denotes the redshift space version of U (n)(q).

The above derivation does not hold in MG theories however, because of the

scale-dependent growth factors that are introduced, which means that Ψ̇(n) ,

n f HΨ(n). In this case, and as explained in detail in the previous appendix sec-

tion D, Ψ̇(n) is instead given by (D.6), combined with (D.7), which leads to the

mapping

Ψ
s(n)
i = Ψ

(n)
i + ẑiẑ j

dΨ
(n)
j

d ln a
= Ψ

(n)
i + ẑiẑ j

Ψ̇
(n)
j

H(a)
. (E.3)

From the definitions (5.26), we will now get

U s(n)
i = U (n)

i + f0ẑiẑ jU̇
(n)
j , (E.4)
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where U̇ (n)
j is given in (D.34). In the GR limit, U̇(q) = U (1)(q) + 3U (3)(q) and

(E.4) reduces back to the GR expression (E.2). The rest of the correlators (5.26)

can be similarly mapped to their redshift space expressions, following the same

procedure, combined with the “dot” functions presented in appendix D.
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