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Abstract:

Cne of the most effective methods for solving the matrix
equation AX + XB = C is the Bartels-Stewart algorithm. Key to
this technigue is the orthogonal reduction of A and B to tri-
anqular form using the QR algorithm for ecigenvalues. A new method
is proposed which differs from the Bartels-Stewart algorithm in
that A is only reduced to Hessenberg form. The resulting algor-
ith= 18 between 30 and 70 percent faster depending upon the dim-
casons of the matrices A and B. The stability of the new method
is deronstrated through a roundoff error analysis and supported
by numerical tests. Finally, it is shown how the techniques des-
cribed can be applied and generalized to other matrix equation
rroblens.
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1. Introduction

mxm nxn . . . .
Let A ¢ R and B ¢ R Le given matrices arnd defire

the linear transforration ¢: R°*0 . gM*0 by

(1.1) (X)) = AX + XD

This linear transformation is nonsinqgular if and only if A ari

-B have no eigenvalues in common which we shall hereaficer azs.-e.

Linear equations of the form

(1.2) 4(X) = AX 4+ /B = C

arise in many problem areas and numcrous algorithims have been roprses

(4,10} . Among them, the Bartels-Stewart algorithr. (1] has
enjoyed considerable success [ 2 }. In this paper we discuss a
modification of their techrique which is just as accurate arnd

considerably faster.

This new method is called the "liessenberg-Schur Algorith="

Lo gt

and like the Bartecls-Stewart Algorithm is an c¢rarple of a "trans-
: " : -
formation method. Such mcethods are based upon the crpulivelence of

the problems

AX + XB = C

and

W aw W lxv) v wlxvy vy - ol



and genecrally involve the following four steps:

Step 1.
Transform A and B 4into "simple” form via the sim-

ilarity transformations A= v-la v and By = vis v,

Step 2.
Solve UP = CV for P .

Step 3.

IY + YB1 = F for Y.

Solve the transformed system A
Step 4.

Solve XV = UY for X .

A brief leok at the cffect of roundoff error in Steps 2 and 4
serves as a nice introduction to both the Bartels-Stewart and

Hessenberg-Schur alqorithms.

In these steps linear systems are solved which involve the
transformation matrices U and V . Suppose Gaussian elimination
with piveting is used (ok this purpose and that the computations
are pe:forrbd on a computer whose floating point numbers have t
base 3 digits in the mantissa. Using the standard Wilkinson in-
verse er:orianalysis {2,12] it follows that relative errors of order
af rz(c) + kz(V) ] can be expected to contaminate the computed

-~
sclution X where

-t

is the machine precision and rz( * ) is defined by



T T
Ko(W) = Jlw “2 I W 1"2 = max iﬂfl_igfg » max \[_Y
xy 0 xTx y # 0 ¥V (wy)

when KZ(N) is large with respect to u , then we say that wW is

"ill-conditioned”.

Unfortunately, several of the possible reductions in Step

1 can lead to ill-conditioned U and v matrices. For example,

if A and B are diagonalizable, then there exist u and vV so

v AU = aiagq oyr Gyeeeesag) =oAL

vigy = diag( By+ Boareney Ba) = B,

The matrix Y = (yij) in Step 3 is then prescribed by the simple

formulae Yij = fij/( a; + Bj)

the problem

« If we apply this algorithm to

1.234567891 3.515985621 . 3458968425 0
A= B )
0 1.234078268

+6521859685 + 3450509462
5.748636323 5.095604458
2.232161079 1.579129214

and use HP-67 arithmetic (u = 10719, , we find

\



1.003948200 2999995000

x>
[}

+ 999997700 1.000000000

Now in this example, ul <2(U) + xz(v)] N ].0'-3 and so we should

nct be surprised to learn that to full working precision,

1.000000000 1.000000000
1.000000000 1.000000000

Conclusion: we should avoid ill-conditioned transformation matrices.
Methods which involve the computation of Jordan or companion

forms in Step 1 do not do this, (c.f. [6,9].)

This leads us to consider transformation methods which rely
on orthogonal U and V ., (Recall that UTU = I implies KZ(U) -
1.) In the next two sections we describe two such techniques:.one
old and one new. The first of_these is the Bartels-Stewart algor-
ithm. This method involves the orthogonal reduction of A and B
to triangular form using the QR algorithm. The main point of this
Parer is to show how this Algorithm can be strecamlined by only re-
ducing A to Hessenbera form. The resulting algorithm is described
in Section 3 and its roundoff properties are shown to be Very desir-
able in Sections 4 and 5. Our claims regarding speed and accuracy
are substantiated in Section 6 where we report on several numerical
tests. Finally, we conclude by shoewing how the techniques in this

paper can be extended to other matrix equation problenms.



2. The Bartels-Stewart Algorfthm

The crux of the Bartels-Stewart algorithm | 1) is the

computation of the rcal Schur cecompositiong

T . .
R=U'AU R quasi-upper trianqular, U orthesanal

(2.1)

T T . .
S = VBV S quasi-upper triangular, V orirozonzl

A matrix is quasi-upper triarqular {f {* js uc er triargulzr waoth
i g I £

the possible exception of 2x2 "burps® on the 2iascnal, e.~.

X % X x x

0 x x x =x

0 x x x x

C 0 0 x x

0 0 0 0 x
The 2x2 bumps, if they exist, correspond to complex conguzate
eigenvalue pairs. (It is desirable to avoid corplex arithresic

when solving a recal AX + B = C problem.) The above guasf-tr.asng-
ular forms may be found through application of the well-known GCR

algorithm [12 ].

From our remarks in Section 1, the reductions (2.1 lecd to

a system of the form

(2.2) RY + ¥ST = F=vlcv, vy=cTxv:

which can readily bhe solved for Y . To eece how, partat.or. Y anA
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T into their respective columas

Y=y | Y, fooool Yy, 1 FP=1 £, | £, Joood] £.)

an2 assute that we have reached a stage where Ygsproc 0¥, are

xnown.

ezua

wnte

wve t

(L2

If s, , ) = 0, then by comparing the k-th columns in (2.2)

= f =

n
) (R + s, Dy, X E

8, .
xj ¥y
Ve i3 the solution of an mxm quasi-triangular system of
. . 2 .
tions. This system requires m°/2 operations to evaluate
the rignht hand side ig computed. (In all our operation counts,

abulate only multiplicative operations and ignore low order

s a3 is traditional.)

1< i3 nonzero, then by equating columns k-1 and

S, n-1

x in {2.2; «4e obtain

s s
' k=-1,k-1 X, k-1
Brgay 7h Wi yd '
Sk-1,k Sxk
(2.4
) | sy v0 = Lg | w
- [f 1 39 B 1 (s, _y = ¥ s . Y. 2 g | w
k-1'"k j=k+1 k-1,3 %) kj 73
2y exzressing this linear system in standard matrix-vector
T
form we can solve for the components of y, | = (yl,k—l seees ym,k-l)

an2

y: = (yl.k Veees ym'k). In particular, we obtain the 2m-by-2m



system
- r- - [~ W
Piy Piz "7t P |2 9
Par P22ttt Pam| |% 4
. . . . S | e
(2'5) . . . . .
Pny Pmp pmm_ Lzm hdm |
where -
~—
r, 0
13 (79
2.6) Lo Tiy
. pij - _
fig ¥ Ske1,x-1 Syl
(i = 3j)
sk,k-l Tii + Sk
and for i=1,..., m
Y 9
z, = i,k-1 and d, = l]
i y 1 w, |
i,k i

Since R = (tij) is quasi-upper triangular, the above 2m x 2m 2at:
upper triangular with the possible  exception of  dxd burps on
the diagonal. Using Gaussian elimination with partial pivoting &<
solve a linear system with this structure and dimension roguires
m2 operations once the right hand side is evaluated. Aside fronm
a few scalar variables, no additional storage is required beyond
what is necded in those "nice" situations when 8§ is actually

upper triangular and therefore free of 2x2 bumps.



In summary, the Bartels-Stewart algorithm involves the

ing steps and work counts:

follow-

1. Compute the real Schur decompositions:

R =uTAu

sT 2 vigTy

(save 'U)

(save V)

2. Update the righthand side:

F =UCvV

3. Back substitute for Y

RY + YST = F

4. Obtain solution:

X =UY VT

10 m

10 n

2
m‘n + m n

(m2n +m nz)/z

mn+mn

3 k]

wns(m,n) = 10m~ 4+ 10n~ + -% (mzn + mn2 ]

The work counts associated with the Schur forms are estimates

based upon expericnce with the QR algorithm which normally requires

between one and two iterations per eigenvalue [11,12]).

In terms- of storage, the algorithm nceds five arrays for the

following purposes:

A (mxm) for tho
U (mxm) for the
B (nxn) for the
VvV {nxn) for the
C (rxn) for the

original A
orthogonal
original B
orthogonal

original C

and subsequently R
matrix U
and subsequently S
matrix VvV

and subseguently Y and X



3. The Hessenberg-Schur Algorithm

In this section we dcscribe 2 new algorithm, called the
Hessenberg-Schur alzorithm, which differs frem the Burtalsg-Secwzre

method in that the dccompositicns (2.1) are repiaced by

H = UTA u B upper Hesszenlers , O crthogenal
(3.1) oT.T . v
S = vyep'v S cuasi-upner triangilar, ¥V ortrosonal
A matrix H = (h .) {3 upper Hessenberag i€ h. = 3 for ali
i) 13

i > j+1 . The orthogonal reduction of A to upper Heogserberg form

€
can be accomplished with Eouscholder matrices in - = Cperetiire.
See [12, p. 347] for a description of this algeoriths. The reZuzticns

(3.1) lead to a system of the form

(3.2) uy « ysT - f
which may be solved in a manncr similar to what ig drne in the Par-
tels-Stewart algorithm. In particular, assume thas Yyayreccrp

been computed.

If = 0 , then Yy ¢©an Le determined oy eclving she

Sk-1,k
nxm Hessenberg system

n
(3.3) (H + skkx)yk - f = £ ‘kj yj

When Gaussian climination with partial pivoting iz used for this

2 . : . ;
purpose, m operations are needed once the righthand side :is kanown.



if Sk x-1 is nonzero, then by equating columns k-1 and k
’

in (3.2) we find

k-1,k-1 X, k-1
Hiye 11yl + Ly, ly) ‘
L ®k-1,k Sk
n
Ed ' N
Pt = b Tery Yslogyyd = La v

~his leads to the 2m x 2m system (2.5) where the Pi' are

b anes Ly

h,. o
| (i# 3
| ‘ Lo ny
{Z.3) ";j =
rnli * Sk-l,x-1 Sk-1,k
(i = 3)
Sk, k-1 hii * Skk

(O]

ince H 1s ugrper Hessenberg, it follows that (2.5) is an upper

It

rianyular system with two nonzero subdiagonals. Using Gaussian

elirination with partial pivoting, this system can be solved in
Z . . . L

£m cperitions once the righthand side is known. Unfortunately,

s 2=t worviaze 18 required to carry out the computations.



Part of this increase in storage is compensated for by the
fact that the orthogonal matrix U can be stored in factored fc
below the diagonal of {12,p.350) . This implies that we
do not nced an mxm array for U as in the Bartels-Stewart algorit
Summarizing the Hessenberg-Schur algorithm and the associated wc

counts we have:

1. Reduce A to upper Hessenberg and BT to quasi-upper

triangular:
T 5 23
U=uaAuvu (store U i{n factored form) E
T b
S =vV3vy (save V) 100
2. Update the righthand side:
5
F = UTC v m n + o
3. Back substitute for Y :
.
HY + YST = F InTn o« %

4. Obtain solution:

5
X=UyY VT m n + rmn
5 3 3 2 5 2
wus(m,n) 3m + 10n~ + S5Sm“n + 3 ™A

To obtain the operation count associated with the determination

of Y , we assumed that § has % 2x2 bumps along :its diagonal.

(This is the "worst" case.)
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Unlike the work count for the Bartels-Stewart algorithm,
Wigim.n)  is not symmetric in m and n . Indeed, scrutiny of
wHS(m,n) reveals that it clearly pays to have m > n . This can
always be assured, for if m < n , we merely apply the Hessenberg-

Schur algorithm to the transposed problem

Comparing wns(m,n) and wus(m,j? we find

wy g (M, n) 1+ 3/m + 3 (a/m? + 6(n/m>
(3.5) —_— =
W (M, n) 6+ 3tn/m + 3 (a/m? 4+ 6(n/m3

which indicates that substantial savings accrue when the Hessenberg-
Schur method is favored., For example, if m = 4n, then w“s(m,n) -

.30 wss(m,n) .

The storaae requirements of the new method are a little

greater than those for the Bartels-Stewart algorithm:

A (mxem) for the original A and subsequently H and U
B'(nxn) for the original B and subsequently S

V (nxn) for the orthogonal matrix V

€ (m=xa)" for the original C and subsequently Y and X

”
w (2=° for handling the possiblc system (2.5),(3.4)
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4. A Perturbation Analysis

In the next section we shall aizsess

errors on the Hessenkerqg-Schur algorithm.

the effect of rounding

The asscssrent will

largely be in the form of a bound on the relative error

computed

solution

i1}

tre

A~
X . To insure a correct interpretaticn c

"

Q

results, it is first necessary to investizate the arount of errer

which we can expect 2ny algorithm to cencrate given firite rre-

cision arithmetic.

To do this we necd to nake some chservations abeout the sen-
sitivity of the underlying problem (¥, = C . This syetem of
equations can be written in the form
(4.1) Px = ¢
where

T
(4.2) P o= (1, 2A) + (B 8 1)
and

X = vec(X) = (xll,le,...,xml,xlz,xzz....,xmz,...,x]n....,xrn,

c = vec(C) = (cll’c21""’cml'clz’czz"'"cmZ""'cln""'a:n’
Here, the Kronecker product W @ Z of two matrices W and 2 is

the block matrix

whose (i,j) block is

w

i3

z

Based on our knowledge of lincar syztem sensitivity, we rnr-a

that if

and/or C

P is ill-conditioned, then small changes in A, B

can induce relatively large changes in the sclut

4

o0,

-
4



To relate this to the transformation 4 , we need to define a

rorm cn the space of linear transformations from R™P o R™M:

S G TS e We

mxn
X € R uan

lere, the Frobenius norm ﬂ"? is dcefined by | W Hi - {. Iwijlz .

Ncrtice that for the linear transformation ¢ defined by (1.1)

hed o= llel, « Hall, + BB,
wn:re P is Zefined by (4.2). If ¢ is nonsingular, then

-1 . s ]
"o ) - min lv(x)—_

New zonsider solving AX 4+ XB = C on a computer having

machine precision u . In gzneral, rounding errors of order u || Allg
f? , and ui C SF will normally be present in A, B, and C
reszectively before  any algorithm even begins execution. Hence,
"sest” thing wWwe can say about a computed solution X is

tnat it satisfies
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(4.3) (A+E)X +X(B+F) = (C+06)
where

(4.4) Nely ¢ wllail,

(4.5) Hejlg ¢ wilBlig

(4.6) feollg ¢ ullclip

How accurate would such an X be? To answer this question, we

first establish a simple result concerning perturbed linear sys-

tems,
Lemma

Let M and &M be kxk matrices and let x , &x , d ,

and 44 , be k-vectors. Assume that M is nonsingular and d

nonzero. If

(4.7) Mx = d
(4.8) (M + AM) (x + Ax) = (4 + Ad)
and
RS I
(4.9) I M Jz Il aM “z £ 172
then
il ax - ' aa
(4.10) -2 2w, thamy, o« 02
I x 42 iox
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Proof
Applying M-l to (4.8), rearranging, and taking norms we
find
_1 "

! ] < i d . -
baxcly o« DM, Fanlly Ul e baxly ) sty g oee g,

The Lemna now follows by using (4.9). |

We now apply this result to the perturbed linear system given
in (4.3).
Thecrem

Assume that AX + XB =C , (A+ E)X + X(B + F) = (C + G) ,
and (4.49), (4.5), and (4.6) hold. If &(Z) = AZ +ZB is nonsingular,

C nonzero, and

W1 wlBAallgs st ey <12,
then

A~
. 1x-Xy -
(4.12) T S T O T N T N TR R PR B

ux" *F F

P

Froof

Py N
Defining x = vec(X) , X = vec(X) , c = vec(C) , g = vec(c) ,

T
P = (Xnﬂ A) + (B" @ Im) » Aand AP = (Inﬂ E) + (FT e Im) , we find
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Px = ¢

(P+:P)X=c g

Pl, ¢ fAl,+iBl, -
and
Fee iy ¢ ul FAfdes B
Since | o7t I = p~! ”2 we have
Pehy, pep i, ¢ wifad e pmi g fetl
! , lepll, < i e )

The above Lemma can now be applied and with a little ma-

Ihx-% Mg

x = % |
— R LR R TS R B
Il ol
The theorem follows since
Mefl, € wiciy ¢ wilat s il xi

For the 2x2 example given in Section 1,
(4.12) has a value of about 10 °. This indicates that an

C problem can be very well-conditioned even if the eigenvector

matrices for A and B

arc poorly conditioned,

~2

1Y, +

the upper bound in

Y2 =
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We conclude this section with the remark that the bound in

(4.12) can roughly be attained. Setting

fi 27 e-1 0| 245 5
A =] { B = C =
o 1l 1 3 1+6 4.
it is easy to verify that «x(3) = || s || || o=1 || = 0(1/6) and
1 1
X = .
11

(Thinkx of 4 as a srmall positive constanr.) Now if

. - [v o
AX ¢+ XB = C +
lo o

it is easy to show

~ u/é 0
X = X +
{ o 0
Tnis, 1if U ;-13 is large, then small changes in A , B, or C

can induce relatively large changes in X

In general, given the random nature of roundoff error, we
rorn the analysis in this scction that errors of order
2 ’ can be expected to contaminate the computed solution no

ratter what algorithm we employ to solve AX + XB = C .
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5. Roundoff Error Analysis of the Hessenberg-Schur Algorithm

We now take a detailed look at the roundoff errors associat:
with the Hessenberg-Schur algorithm, This amounts to applying some
standard results from Wilkinson [12]. His inverse error analysis
pertaining to orthogonal matrices can be applied to the computati.
H = UTAU y) S = VTBTV ) F = UTC V,and X = UYVT while his well-
known analysis of Gaussian elimination and back-substitution can
used in connection with the determination of ¥ . (Y is essentiall
obtained by using Gaussian climination and back substitutien to
solve the system ((In QH) + (s a Im)lvec(Y) = vec(F) . ) Denotir

computed quantitics with tho "hat™ notatfon, wo can account for t“

rounding errors in the Hessenberg-Schur algorithm in the followin:

way:

(5.1) G=uy +E, viv, = 1, | g, e
(5.2) VeV o+E Viv, =1, | Ev;!; ¢
(5.3) i=ulms ey ey hps e ial,
(5.4) 5 = v'{(n + r:z)"'v1 I &, f;p < ¢|B ‘IP
(5.5) F=ulic+ Epv, bEyd s ebet
(5.6) (T + E4)9 =t I Fglgs e T 'a
(5.7) 2 a ul(\? + ss)v'f | Eg :lF s el ¥ 1F

where
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(5.8) T = (I, @H) + (5@1)
(5.9) ¢ = vec(Y)
(5.10) T = vec(F)

and ¢ is a small multiple of the machine precision u . (We have

used the 2-norm in (5.6) for convenience.) We now proceed to bound

the velative error in X .
Defining W = UT.\'V1 + it follows from (5.07) and the orthog-

onal invariance ot the Frobenius norm that

l '\' i A' Al
(5.11) x= Xl W=yl by

‘A

1oy § i ' i
lxilp l‘w 53 ]‘w”P

Since W solves (UTAUI)Z + Z(VTBVI) - U'{CV1 , we have

(5.12) T™w = f

T
where w = voc(W) , £ = vec(UTCVl) and T = (In ] UEAUI) + (VTB v1 ] Im)

Notice from (5.6),(5.8), (5.9) _ and (5.10) that ¥ satis-

fies a perturbed version of this system. In particular,
(5.13) (T + AT)Y = £ + Af

where AT = (? -T) + E‘ and Af = vec(U?Esvl) . Manipulation
with (5.3),(5.4) ., and (5.6) shows
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Farll, < ec2+c) (falip+|Blilp]

and with (5.5) and (5.10) that

laell, « cllclly, < ctlinal,+ e

Now |} ¢-1 = ! 1, and if we make the assumption
(5.14) o™l caseyt Fatl,+ fef,1 -

then the Lemma is applicable and we find

fwa=-%] fw=-51
bw-xle _Ww-¥1, 0, 2.4 p 7

F |!w312

[w i

Furthermore, (5.14) can also be used to show

NSy < 31V,

and therefore from (5.11) we have

Ix-%1
G130 _Z TP e s 2 Nl pAes e
hx g

1

F

.
)
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Inaguality (5.15) indicates that errors no worse in magnitude
tran O{ ! ']l €) will contaminate the computed X . since ¢ is
a srmall multiple of the machine precision u , we see that (5.15)
is essentially the same result as (4.12) which was established un-
der the "ideal® asgsumptions (4.3)-(4.6). Likcwise, assumption (5.14)
corresponds to assumption (4.11). Conclusion: the roundoff proper-
ties of the Hessenberg-Schur algorithm are as good as can be ex-

pected froa any algorithm designed to solve AX + XB = C .

we £inish this section with two remarks. First, the entire
analyzis is applicable to the Bartcls-Stewart algorithm. We simply

replace (5.3} with

T

{5.3") R = U (A+E)IU hE lig <cll all .

w“n2re R 18 ncw quasi-triangular instead of Hessenberg.

Our second remark concerns another standard by which the
zizliey of X can be juldged. In some applications, one may be
zore interested in the norm of the residual || AX + %XB - CHF than

the relative arror. An analysis similar to that above reveals that

-
th
-
w
.

')

}=15.10) and (5.14) hold, then

. v g - [ ' X 2 '
2.8 A e Xs - C e ¢ (0w s 3eny(lialip + B Xl

Noeice that tae bound does not involve I ¢-1 .
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6. The FORTRAN Codes and Their Performance

A collection of FORTRAN subroutines have been written which
implement the Hessenberg-Schur algorithm. Here is a summary of what

the chief routines in the package do:

AXXBC =~ This is the main calling subroutine and the only one whic
the user “"sces®. It assumes m > n .

ORTHES =~ This subroutine reduces a matrix to upper Hesscenbera form
using Householder matrices. All the information pertainin
to the reduction is stored below the main diaaonal of the
reduced matrix.

ORTRAN - This subroutine is used to explicitly form the orthoacnal
matrix obtained by ORTHES.

HQR2 - This subroutine reduces an upper Hessenborg matrix to upi
quasi-triangular form using the QR alaorithm.

™

TRANSF - This subroutine computes products of the form UTCV and
and UYVT where U and V are orthogonal.

NSOLVE : 1,5 R LSt oo
These routines combine to solve upper Hessenberg systoms

HESOLV - using Gaussian elimination with partial pivoting.

BACKSB

NZSOLV These routines combine to solve the 2m-by-2m block Hessen-

H2SOLV - berg systems encountered whenever S has a 2-by-2 bump.

BACKSB

The above codes are designed to handle double precision A,
B , and C and require about 23,000 bytes of storage. This amount
of memory is put into perspective with the remark that when a 25x25
problem is solved, the program itself accounts for one-half oi the

total storage.
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To assess the effectiveness of our subroutines we ran two sets

In the first set we compared the execution times for our

method and the Bartels-Stewart algorithm. For a given value‘of n/m ,

many exarples were run ranging in dimension from 10 to 50. The timing

ratics were then averaged. The following table summarizes what we

found:

T S ST

HS Exccution time
e (average)
BS Execution time

.84

.70

.54

.35

TABLE 1. Timings

Althcough the predicted savings (second column) are a little greater

than those actually obtained (third column), the results certainly

confirm the superior efficiency of the Hessenberg-Schur algorithm.

We also compared the accuracy of the two methods on the same

class of examples and found them indistinguishable. This is to be

expected because the favorable error analysis in the previous section

applies to both algorithms.

The second class of test problems was designed to examine the

behavidbr of the algorithm on ill-conditioned@ AX + XB = C examples.

This was accomplished by letting A and B have the form
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A = diag(1,2,3,...,m) + Nm

B = 27% I, - dfagin,n-1,...,1) + 5.

where
K O
1 0 :
Nk - . . : i k x x
11 1---1 0
e
Notice that there is conalcucrnce amondg the ecigenvalacg Lt A an

-B as t gets large. This cnables us to control the senzitivies

of the transformation ¢(X) = AX + ¥B . (In particalaer, it (s 2z

to show that | ¢-1H y 2t

.} To facilitate the checkins nf errorz
C is chosen so that the solution X {8 the matrix whoze ertrics
arc each one. Using an IBM 370/168 with ¢xtended precicion (=

we obtained the following results for an m = 10 , n = 4 pr-sle-:

3
¢ R T el R,
X 1, '

1 2.3 x 10! 2.1 x 10714

10 8.3.x 10° 5.0 x 10712 6.7 x 10716
15 2.7 x 10° 1.4 x 10710 8.5 x 107 %
20 8.3 x 107 9.3 x 1077 9.3 x 10716
25 2.8 x 10° 1.6 x 1077 6.1 x 107°6
30 9.0 x 10° 8.6 x 10”° 8.1 x 10715

i

TABLE 2. Trrors and Femidusls



The quantity HA>'1H is the reciprocal of the smallest singular
value of the matrix P = (I, 2 A) + (8T a 10) and can be found by

using the subroutine SVD which is in EISPACK.

The results of Table 2 affirm the key results (5.15) and
(5.16). In particular, we see that small residuals are obtained
rejardless of the norm of 0'1 - In contrast, the accuracy of ﬁ

deteriorates as || 0-1” becomes large.

We conclude this section with the remark that the Hessenberg-
Schur algeorithm offers no advantage over the Bartels~Stewart method
focr the important case when B = AT + i.e. the Lyapunov problem.
This is because the latter algorithm requires only one Schur decom-

gosition to solve RAX + XAT =C .
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7. Extensions to Other Matrix Equation Probleoms

In this final section we indicate how the Hessenberg-Schur
"idea” can be applied to two other matrix equation problems. Con-

sider first the problem
(7.1) AXM + X = C
where A ¢ R™M™ , M ¢ RPN » C € Rmxn . and X ¢ RN . If

UTAU - H UTU = I , H upper Hessenbery

and

vinlv = s viv = 1 + S quasi-upper triangular

and F = UTC V , then (7.1) transforms to

(7.2) Hys' + v - p

where Y = uTx V . As in the Hessenberg-Schur alyorithm, once
yk+l""‘yn are known, Yy can be found by solving a Hossenbera
system. (Recall Yy is the k-th column of Y.) To sce how, assumc

s = 0 and equate k-th columns in (7.2):
k, k=1

H(
3

Il e~

K Ski¥s )t ovx X
Hence, can be found by solving
Yx

n
(s H + Dy, = If, - H )
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The presence of 2x2 bumps on the diagonal of T can be handled
in a fashion similar to what is done in the Hessenberg-Schur meth-
od.

This algorithm which we have sketched should be 30 - 70 percent
faster than the Bartels-Stewart type technigue in which both A
and M are reduced to triangular form via the QR algorithm. (Sce
{ts1].)

The second matrix equation problem we wish to consider in-

valves finding X ¢ ROXN such that
(7.3) AXM + LXB = C
where A,L ¢ ROXA , M,B ¢ ROXD , and C ¢ RN . For a discussion

of these and rore general problems, see [ 7] and (13} .

™

£ M and L are nonsingular, then (7.3) can be put into “"stand-

ard®™ AX + XB = C form:

1 1

wax + xeyly) = vlem”

If M and/cr L is poorly conditioned, it may make more numerical
sense to apply the QZ algorithm of Moler and Stewart [ 8 ) to
effect a stable transformation of (7.3). In particular, their tech-

nigues allow us to compute orthogonal U, V, Q, and 2 such that

-3

QAU = p (quasi- upper triangular)
QTL U = R (upper triangular)

ZTBTV = S (quasi-upper triangular)
TMTV = T (upper traingular)
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~
If Y - UTX Vv and F = Q'C 2, then (7.3) transforms ¢~

PYTT + rRysT = p

Comparing =-th columns and assuming zk,k-l - tk,k—] = 0 we find
n n .
? jgk tkj 3 t R ‘2k "ry 7y  fy
and so
n n
(7.4) ()P + 8, Kiy = I j=£4l :,!_jyJ - F }=;~1 a7y

This quasi-triangular system can then be solved for 7, tnce
the righthand side is known and under the 3ssurption that the
+

matrix (t ﬂk?R) is nonsingular. (Note that T, ¥, ©

xx?
can all be singular without tkyP + skkR belng sinqgular.)

Now, as in the Hessernberg-Schur algorithm, gignificant eczon-
omies can be made if A is only reduced to Kessernberg form. Thas
is easily accomplished for when applicd to the rasrixz piir (2,0
the ©Z algourithm {irst conputes orthogonal  © and U guach shas
OTA U=H is upper Hessenberg and QTL U =R is upper triancular.
The systems in k?.d) are now Hessenberg f{orm and can conseguently
be solved very quickly. Again, we leave it to the rcader to verify
that the presence of 2x2 burps on the diagonal of S pose ro

scerious difficulties.
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3. Coaclusions

wWe have presented a new algorithm for solving the matrix
equation AX + XB = C . The technique relies upon orthogonal matrix
transformations and is not only extremely stable, but considerably
faster than its nearest competitor, the Bartels-Stewart algorithm.
We have included perturbation and roundoff analyses for the purpose
of justifying the favorable performance of our method., Although these
analyses may appear boring, they are critical to the development

of reliable scftware for this important computational problem,



(1]

(2]

[3]

(4]

(5]

(6]

[7]

(8]

(9]
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[12)

[13)
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7 90 1 = Vs N
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ME = N + N

FAR I=N STERP =1 UNTIL M D) «=
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INITYIALIZE Z TDO 1ICENTYITY MATRI X
DO R0 1 = 1, N

DN €0 J = 1, N
2(14J) = 0.,0DO0

Z(1s41) = 1,000
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FOR MP=N=1 STEP -1 UNTIL 2 D) -=-
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D
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G
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= (G /7 ORT(4UP)) 7 A(MP N
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RETURN
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EN = N
T = 0,000

SEARCH FCR NEXYT EICENVALUES
IF (EN oLTe 1) GO T2 340

LOOK FOF SIMGLE SMALL SUB-DIAGCNAL EL
FOR L=FN STEP =1 UNTIL 1 DO ==

DN A0 LL = 1, EN
L = EN + 1 - LL '
1F (L «FQe 1) GC TG 100
= DADS(H(L~- ) + DASS(H(L L'

FOGM SHIFT

X = H{ENJEN)

IF (L «FQe M) GN T) 270

Y = H(HMa, M)

W = H(FMNE) ¥ H(NALEN)

IF (L «eEQe MA) GC T 280

I (ITS FQe 30) GC TO 1000

IF (ITES NFe 10 <ANDe ITE NEe 20) C(
FNRM EXCEPTIONAL SHIFT

T = 7T + X
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H(Ts1) = H(T,1) - X

S = NDAPS(H(EN,NA)) + DAES(H(NAJFNMZ)
X = 0e6e7SD0 % 3

Y = X

W = =0e8378N0N % § %X g
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DO 140 MM = L, ENMNN?
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Z2Z = H(M M)
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CCLUMN #1DIFICATINN

A 220 1 = v, J
P 2 X ¥ H{I4¢K) # Y % H(] ¢K#+1)
IF («NNTe NCTLAS) GN TI 220
P = P 4+ 22 % H(I ,K+2)
H(T +K+2) = H{TK+2) -~ P % R
H(IsK+1) = H(T,K+1) = P % Q
H(TeK) = H(I,X) - P
FONT INUE
ACCUMULATE TRANSFCRMATICNS
PO 250 I = 1 N
P = X %X Z(IleK) + Y % Z(1,K¢1)
IF (NDTe NCTLAS) GN TO 240
P = F & 272 % Z2(1,K+2)
Z({T 4K+2) = Z2(T4K+2) - P % R
Z(1sK+1) = Z(I,K+1) = P % Q
Z(I1sK) = Z(1,K) - P
CNNT INUE
CONTINUE
GN Yo 70
NANE ROOT FNISYD
H{EMEM) = X + T
EN = NA
GO YO 60
TwO RCOTS FCOUND
P = (Y = X) /7 2.CCC
Q = F % P ¢+ W
22 = DESQRT(NARS(Q))
H(ENJFN) = X ¢+ T
X = H(ENJEN)
H{(NAMA) = V¥V 4+ 7T
IF (C «lL.Te 040D0) C2 TC 220
REAL PAIR
2Z = P + DSIGN(ZZ,F)
X = F(FNy,NA)
S = C2B8S(X) + DABS(zZ2)
P =X/ S
Q =722 /7 S
R = DEART(P¥P+Q% Q)
P =P /R
¢ =C¢/ R
RAW MODIFICATINN
DO 200 J = NA, M
72 = H(NALY)
H(NAGJ) = Q % 22 + P ¥ H(ENLJ)
H(FN4J) = Q % R(ENyJ) - P % Z7






(NVHLYT 3NIL

* i 80 40 30V
3INILNDOYBNS IHL ¥0d SV
( S3IHL¥0 3N1LNDF3NS 33

v 30 ldvd u3dwul 34
NOIAVAZUISNVEL 3HL)

N3HL *T = x11 31 *Q3

(3SOdSNYRTL)IA ¥d (3
$3TGVIAVA ¥3934INI 3+l

9¢(1)3°*(nN)L
ch*

(Q*WICNCALIOKW®



XI18Llon 1IVAS ¥Id #0340
¢ = N = Sh
\Ou31S NI Sv) O NI 3331ls ANV 2 ¢ 1 wyl3

14 344 S3INVL 130 3834 LVHL Ld30X3 JBXXV
Iyv 3INILACHENS SIHL wlid Su3l3nvavy sHL
S) *A40d4 Q302D NI axd YullIA SHa NI ONY
1 NI 3J3u015 SI (v Xldivn 3HL bJ4d xivawn
A XIdivwa FHL ¢3D2vdlLS 3AVS Ul 333U N1
°*g330 $1 =3udsnval S11

cn SI XI¥ivw vNLOV 341 W3IHL 0 = Xil 31
A ¥3 N 43 Qv3Lskl 038110349 38V
SGdsNTELIN 834134M 49i9210N1 Cal ONY 1.1l
A k O % N = (W3N)Z w3ud UL Il aNL3uNsS

dL'(N‘WIGK)V‘(N‘NIOK))‘(N'thh)A ¥xlv3d
NSWIJANSASHNSZAS T P LItTal’l d3934N1

NOWSZLICASD TLI®LULV)ISHVYL SNl An0dans

UN3
NanL3d
N3 = du3dl

A¥Id YYININVIYL a33dnN 40 5831 03A
INI4 OL 3LNA1L1SdNsADVd *anfnLd Sivuy 1Y

0% Ca 09
ennNd = N3
ANl anNOC D
divd X31dWO2o

oge Ga 09

<
[ &
o

2Z * d = (N3°'1)
(N3*1)Z » d +

2Z % d = (N3*I)H x O = (N3*1)H
(N3*I)H x d + 2Z 4 2 = (VN*1)H
(yNnCID)H = 22

N3 *T = I o0& CQ

NJIAVDISI0UAN a0
INNILNI S

yuguuuLLLLuULuLuY Lu

VoLV L

o

co

(oR 4
™

(o) [eX o)
- oam
MY Ccuoumm VLY~

LRA SR VL ¥/

(YA SN V)

9

® o 00 00 0 0o

ARAAMOAGCCAIMAE UM VCNFaW

9 00 0 ® g% 0 9 ® o0 0o 00

~



711,

NNNSNANSNN
0 p 0 et pos P pos +4

10

20

n
o

™
o

N oNnnnn

NOOANOIINDANINN

IF (N24,1S40) GN TC 45
DO 40 KK = 1 4M2
K = M2 - KK + 1
IF (IT1eFQel) kK = KK
K1 = K + 1
IF (A(K1yK)eFCe0eDO) GO TO 40
D(K1) = NRT(K1)
K2 = K 4+ 2
DO 10 1 = K2,V
D(I) = A(TI 4K)
COMT INYF
DC 30 J = 1N
G = 0.DC
O 20 1 = K1,
G = G 4+ D(I) % C(1,9)
COMT INUF
G = G / ORT(K1Y / A(Kl.K)
0 30 1 = KilM
C(leJ) = C(14J) ¢ G * D(1)
~CANT INUFE
CONTINMUF
FORM C(NFW) = (U % 7)) % Vv
NN BN I = 1,W¥
N SC J = 14N
D(J) = 0.DC
DC 50 K = 1,N
IF (1T2.EQe0) D(J) = C(I) ¢+ (
IF (IT2.EQel) D(JUY = D(J) +
CONTINUE
DD 60 J = 14N
C(l.sJd) = C(J)
COMTINUE
REYURM
END

SUBRCUTINE NSTLVE(A42sCeDyNCIMN,NMC IV,

INTECER To 11, 1FRRsIND, IPR(1)sIRNW1,J,!
REAL*R A(MDIM.M).E(NDIN,A) C(MDIMyaN),!

THIS SUERNUTINE SETS UP AND SNOLVES (w
THE SURFAOUTIME HESCLV) A SINGLE SYSTE!

( & 4+ E(IND+YILIANC4tL) % T J(X(INC+1))

(X(1)eC(I) = CNLUMN 1 OF THE MATRICES
AND STORES THE RESLLY IN THT AFERCFFY
MATRIX €4 THE UFFER~-HESSFEN3ERG MATRI!
VECTCR D IN ARNER T3 SAVE STORAGE (ENT
DIAGOMAL ARF IG*ITRED) <

THE RYGHT +2MC S ICE IS ALSC STOREC IN
T REDUCE THE NUVMPFR QOF VECTORS USECL
T+HE PAPAMETERS ARE AS IM THE SUBRRCLTT:
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1ERR = O
METIN = (M X (M + 1)) 7 2 + M
DY 101 = 1.M
1PR{NFT) = TIRCWY (I oM)
(PR(1Y = 1T + MF IN
CCNTINUE
MY = M -1

RECUCE THE NATRIX 117 UPPER TRIANGC

IF (NeFO1) 60 T 25
DO 0 1 = 1M1
1F (DAQS(D(IPR(N*X)+l)).GT.DAB

INTERCHANGE rROwWS 1IF NECESSARY

K = IPC(M+I)'
TPR(V+I) = IPR(Nf!+1)
IPR(MeT+1) = K

K = 1PR(T1)

1PR(T) = 1P pr{I1+1)
ep(1+1) = K

CHECK FOR cAMPLTATICNALLY S IN¢

1F (OXQF(D(TPQ(N¥I)+1)).L--FE
IPR(M+TFY) = IFR(M+TI#+#1) + 1

FLIMINATE sURDIAGTNAL ELSMENT

MULTY = D(IPR(N+I+1)) / cCIPR(
CCIPR(I+Y)) = D(IPR(I41)) = ™
11 =1 +1
) 0 J = 11,V
D(IPQ(1+I+1)4)—I) = D(IPR
MU LY
CONTIMUE
IF (DABQ(D(IPQ(M&M)+1)).LT.REPS?

PERFNIM RACK — SUBSTITLTION

DUIPR(M)) = DCIPR(MY) / D(IPR(N
1IF (M1.EQ.0) QT TURN
pnN 50 11 = 1.M1

2
D(IFR(JLY)
CONT IMUE
COIPR(IY) = (CC(IPR(T1)) = MUL
CCONTINUE
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Ty / D(IPR(N+I)¥+1)
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RO IM THIS MATRIX, THE MATRIX I
IN DACKED FORM , (ZMTRIFS 3ELOV THI
SMAREN) THE RIGHY HANC SICE AND S
£ PARAMEZYERS ARE AS IN TRE SULRIOU

PERFORM BILOCK BACK-SUBSTITUTION IF |
IF (IMDLT oN=1) CALILL BACKS2(Z,3,INC
SET LP THE SYSTEM CF ECUATICNS FIF |
MZ = 2 ¥ M
MFIN = (M2 % (M2 & 1)) /7 2 +# & % N
DY 20 T = 1,w

FIMD PEGIMANING AND LENGTH OF RO%

M1 = IR7W2(2%T=-1,M)
K = LRNW2(Z*T<1,4M)

It =1 -1
IF (TeFQWl) 11 = 1
NN 10 J = 11.,M
J1 =2 % (J - 11 + 1)
J2 = 1
IF (Ml.ECe Q) U2 = 0
DML +U1=-1) = A(],J)
N{M1I+4J1) = 0.DO
DM 4K+ J1=J2) = 2(1,d)
D{41+XK+J1~1-J2) = 0.DO0
CIOINT INUE
Ji = 3
TF (1eFQel) U1 = 1
D(JI+M1) = DCJL+M1) + B(INDO, INC)
PEIT+MLI+1) = D(JI+M1+1) & BC(IND,
IF (1eNFgl) Ul = 2
C(JYI+M1 +K) = C(JI1+M1+K) + S(IND¢
NEJT+M14K+1) = D(J14NVI+K+1) + E(
SYARFE RIGHT HAND SIDE
C(2%5T4+MFIN) = C(I,INC#+Y)
NE2%T=1+MFIN) = C(I,IND)

CANTINUE
SOLVE THFE SYSTEM CF EQUATICNS AND §°

CALL H2ECLVI(D,IPR4NREFS,IERR)
1F (IFRRNFL0) GO 19 40

DD 20 1 = 1,v
C(1+IND) = D(IFR(2% 1))
C(Iy IND#1) = C(IPR( )

CANTINUE

INC = IND - 2

RETLRN

IERR = —~IND -~ 1

RETURN

END
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2I-1 IN THE VECTOR De

IND¢+1)

1+ IND)
INC+1 4, IND+1)

CRE THE RESULT EACK IN C
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ITPECY) = TFR(TI+L)

IPREI+L) = K

FOMT IrYE

ADJUST PAOTINTERS T1 AEGINNINGS
IPR(M2+T41) = TFR(M2+4T¢+1) + 1
IF (TeNFaM?21) IPR(M2+4T42) = 1
YF1 =1 + 1

FLIMINATE SURCIAGINAL ELEMENT

DN 40 J = 1,11
MAX = D(IPR(N2+14J)) 7/ O(1
PCIPR(TI+J)) = DCIPR(I+J))
PO 40 K1 = IF1,M2
K = K1 - 1
DEIPR(M2+4T+J)+K) = DCIP
CONTIMUF

IF (D2RS(D(IPR(M2+4N2)+1)) LEREP
PERFNRM 8BATK SURSYITUTICN

FR(M2)) 7 C(IPR(

MAX
CONT INUFE
DIIPR(T)) = (

CANT INUF

RE TURM

TEPR = =1

GO YO 70

END

SURRMUUT INE RACKS Z(CeBy INDyNsM,yMD

INTEGFR ToTNDGINCL,IND2,JsMyMDINV
REAL*¥8 BINDIMIN) C(IDIMN)

BLNCK RACK — SUARSTITUTICN FOR Tw
PARAMETFRS ARE AS IN SU3SRCUTINE

INCY1 = IND + 1
S IND?2 = IND & 2
DD 10 1T = IMD2,N
CO 10 J = 14M
C{JyIND1) = €
C(JsIND)Y = C(
CAONTINUVE
RE TURN

|~

(J+ IND1Y
JeIND)



CF ROWS
PR(M2¢1¢2) + 1
S IN THE MATRIX

PR(M241)4¢1)
- MAX ¥ D(IPR(I))

R(N2+T +J) ¥K) -~
MAX * DCIPR(M2+I)+1+K)
S) GC T &0

M24M2)41)

(IFR(M2+1)4J)
/ CT{IPR(M2+1)+1)

IMJNDIM)
sNoNCINM

J *FCwS?,
AXXRC,

IMC1, 1) % C(J,.1I)
Cel) * CCJeX)
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