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The cyclic exchange of energy between the pump, signal, and idler fields that

characterizes optical parametric amplification (OPA) places a fundamental lim-

itation on efficiency for Gaussian-shaped beam and pulse profiles typical of real

laser sources. This is because the intensity dependent conversion period of OPA

results in asynchronous conversion across the spatiotemporal intensity profiles

of the mixing laser fields. We introduce a new method for achieving efficient

OPA by using simultaneously phase-matched idler second harmonic genera-

tion (SHG) to act as an effective loss-channel for idler photons. The dynamics

are characterized by damped conversion cycles, leading to asymptotic conver-

sion of the pump and idler to the signal and idler second harmonic fields at

all points in transverse space and time. We develop a damped Duffing oscil-

lator model that unifies the description of conventional OPA with OPAs that

use linear absorption [60, 23, 96, 55, 61] or SHG [31] to remove idler photons

and enhance efficiency. An experimental demonstration in a CdSiP2-based de-

vice enables 68% pump depletion with 44% pump to signal energy conversion

efficiency–a several fold increase over conventional OPA efficiency.

We then show that SHG can replace loss to induce non-Hermitian features

such as regions of broken and unbroken PT-symmetric phase demarcated by

an exceptional point in three-wave mixing nonlinear interactions. This enables

a new paradigm where the behavior associated with the PT-symmetric phase



of a non-Hermitian subsystem can be used to control the containing Hermitian

system through the coherent couplings. These findings suggest a new approach

for the engineering of dynamics where energy recovery and sustainability are

of importance in photonics and laser science.

Finally, we demonstrate self-dispersion managed adiabatic difference fre-

quency generation (ADFG). While ADFG has been demonstrated to produce

single-cycle pulses in the mid-IR [47], this is not without the challenge of im-

plementing a complicated dispersion management scheme to compensate for

the complex dispersion imparted by the device. We engineer and characterize

an aperiodically poled LiNbO3 device that generates an octave-spanning band-

width in the mid-IR (2-4 µm) that imparts no net dispersion to the generated

light.
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CHAPTER 1

INTRODUCTION

Sixty years since the identification of nonlinear three-wave mixing as a means

for amplification of light [45, 49, 2, 1], optical parametric amplification (OPA)

continues to be a major research area. More recently, a rise in research ac-

tivity was fueled by the emergence of Ti:sapphire and Yb-doped solid-state

laser amplifiers that can be used as powerful OPA pump sources in the near-

infrared, giving rise to significant advances to meet the needs of nonlinear

spectroscopy, nonlinear imaging, strong-field and relativistic optics applications

[10, 72, 21, 94, 92, 26, 62, 32]. Throughout the wide frequency range of sources,

new records are regularly set for pulse duration, intensity, pulse energy and

average power. However, poor amplifier efficiency is usually a limiting factor.

Poor efficiency is the result of two problems. First is the energy lost to an

undesired wave due to the splitting of pump energy between signal and idler

photons (energy lost = ωidler/ωpump or ωsignal/ωpump, depending on whether the

seeded signal or unseeded idler wave is desired) – the so-called quantum defect.

This problem is especially severe when a transfer of energy to a much lower

frequency is required.

Second is the problem of spatiotemporally asynchronous conversion of

pump photons, which is usually discussed in terms of an intensity-dependent

exponential gain coefficient, G ∝ exp(gz), where g is proportional to the square-

root of the local pump intensity, which varies in time and space. However,

the root of this problem is the cyclic flow of energy between waves – known

as conversion-back-conversion cycles – and the cycle period’s dependence on

the pump intensity (Fig. 1.1) - a problem identified at least four decades ago
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and investigated in several works [69, 6, 70]. For conversion of all available

pump photons to the signal and idler frequencies, all spatiotemporal coordi-

nates of interacting waves must share a common length at which the peak of

the conversion cycle occurs, since only one crystal length can be chosen. This

cannot occur for free-space OPA with bell-shaped beam and pulse profiles. The

maximum photon conversion efficiency can be estimated analytically via the

exact Jacobi elliptic function solutions of the process (neglecting dispersion and

diffraction)[70]. When each pump profile is Gaussian and the signal wavelength

is seeded uniformly in space and time (as if by a much longer seed pulse and

wider seed beam), only 20% of pump photons are converted for an amplifier

with a peak gain of 100. When the peak gain is 105, the number drops to 10%.

These poor numbers, combined with the quantum defect, underlie the many

published reports of energy conversion from pump to signal in the 5-20% range

for ωs > ωi and sub-percent to few percent when ωs ≪ ωi. Similar efficiencies

are obtained for the unseeded wave (i.e., the idler). The roughly one to two or-

der of magnitude drop in energy from pump to signal and idler beams greatly

increases the cost of OPA systems while limiting their power and thus the sci-

entific or industrial applications made accessible by them.

To mitigate the problem, pulse and beam shaping have been proposed. Uni-

form pump and seed profiles eliminate the asynchronous spatiotemporal con-

version problem, and flattop-profile pump shaping in one or more transverse

dimensions has been implemented successfully in some systems, e.g., [4, 33].

Idealized conformal profiles [6, 70] have been proposed for maximizing energy

conversion and amplification bandwidth, as well as passive methods for achiev-

ing conformal-like profiles, such as cascaded extraction [9] and pump pulse re-

shaping caused by spatiotemporal variations in impedance matching within an

2



(a)

(d)

(b) (c)

(e)

𝜔𝑝

𝜔𝑠

𝜔𝑖

OPA

Figure 1.1: In OPA, conversion of pump to signal and idler occurs cyclically
(a) with pump depletion (b) having a strong dependence on local pump inten-
sity due to the variation in cycle period. (c) At the optimal crystal length for
a Gaussian spatiotemporal pump intensity profile (gray dashed line in (b)), the
profile wings remain mostly undepleted in both space and time, a severe source
of OPA inefficiency. Similarly, the signal gain coefficient (d) depends on the
pump-intensity-dependent conversion cycle period, leading to gain narrowing
in the signal and idler spatiotemporal profiles that reflects the inefficient extrac-
tion of power from the pump (e).
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enhancement cavity [88, 87]. For most applications, however, the pump shap-

ing is a challenge, either due to implementation complexity, or because the pulse

shaping itself imparts too significant a loss to be practical for boosting efficiency.

Alternatively, recent works have focused on forcing evolution dynamics

with suppressed back-conversion. Adiabatic frequency conversion [90, 64],

which uses the nonlinear optical analog of rapid adiabatic passage via a swept

phase-matching condition, is one such method. Adiabatic frequency conversion

can achieve full photon population inversion in the presence of a strong wave

in sum- and difference-frequency generation and four-wave mixing Bragg scat-

tering [89, 71, 8, 5, 19]. However, in OPA, where the aim is to deplete the strong

pump wave, there is still a bandwidth-efficiency trade-off [76, 78]. Thus, while

efficiency gains have been observed in adiabatic OPA processes, the technique

is used more widely to extend bandwidth[12, 37, 38, 67, 66, 83, 64]. Recently,

dissipative variants of OPA were proposed – named quasi-parametric amplifi-

cation (QPA) or dissipative OPA – in which the introduction of material losses

to the idler wave or spatial separation of the idler damps out conversion cycles

by preventing the recombination of signal and idler photons that returns energy

to the pump [60, 23, 96, 55, 61]. In one such work, the addition of a samarium

dopant to a bulk yttrium calcium oxyborate crystal allowed 41% energy conver-

sion efficiency from pump to signal [60], with conversion cycles largely damped

across the majority of the spatiotemporal profile, thus making the asynchronic-

ity of the conversion cycle irrelevant. These promising findings provide hope

for the development of widely applicable solutions to the spatiotemporally in-

homogeneous conversion problem in OPA based on back-conversion suppres-

sion, and thus for achieving energy efficiency approaching the quantum defect

limit. However, the reliance on a material resonance to inhibit back-conversion

4



greatly restricts the wavelengths where this process is possible and introduces

issues of thermal loading when scaling to high average powers.

In Chapter 2, we will explore a new method that overcomes the conversion

cycle efficiency limitation by shaping OPA dynamics through purely paramet-

ric means. This new technique is called second harmonic amplification (SHA),

wherein second harmonic generation (SHG) is used as a nonlinear loss chan-

nel for the OPA idler wavelength. We show how SHG can be used to unidi-

rectionally displace photons from one field to another and how this leads to

loss-like behavior, yet all of the displaced energy is preserved in a coherent co-

propagating field. We then derive a general damped Duffing oscillator equation

that describes a family of OPAs including conventional OPA, QPA, and SHA.

This enables the use of a precisely defined damping parameter that depends

on the relative strength of the OPA and SHG processes to determine whether

the dynamics of the system will adhere to underdamped, critically damped, or

overdamped oscillatory behavior.

To demonstrate the effectiveness of SHA for enhancing OPA efficiency, we

perform 2+1D spatiotemporal Fourier split-step simulations in a realistic device

using CdSiP2 as the nonlinear medium where a 2.05 µm pump beam amplifies

a 3 µm signal. We observe 80% pump energy depletion with 55% of that en-

ergy transferring to the signal field. Next, a device employing a quasi-phase

matched LiNbO3 superlattice structure is simulated. A 1.03 µm pump amplifies

a 120-fs 1.63 µm signal with 44% pump to signal energy conversion. Finally, we

discuss the effects of phase mismatch on the process and show how it can limit

on conversion efficiency.

Chapter 3 details the first experimental demonstration of the simultaneous
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OPA+SHG concept. This experiment uses a 2.19 µm pump to amplify a 3.39

µm signal in a CSP device, generating a 3.1 µm idler SH in the process. Mea-

surements of the pump to signal energy efficiency show monotonic growth of

the signal energy, reaching as high as 44% with the full available pump power.

These results are a dramatic demonstration of how the damped oscillatory dy-

namics induced by SHG can lead to a several fold increase in efficiency over the

case of conventional OPA.

Several other measurements are discussed that characterize and verify the

performance of the device. Characterization includes the spectral, intensity, and

beam measurements. To verify the dynamics match the theoretically predicted

damped oscillations, the pump fluence is measured for increasing amounts of

amplification. Damped conversion cycles are clearly seen with concentric rings

of depletion forming in the residual pump fluence as the input pump power is

increased. This is a first demonstration of this loss like behavior due to SHG.

Chapter 4 generalizes the use of second harmonic generation as a nonlin-

ear loss channel for any non-degenerate three-wave mixing (TWM) process.

Through a coupled mode analysis, we identify the existence of an exceptional

point which demarcates regions of broken and unbroken PT-symmetric phase in

a non-hermitian 2-mode subsystem of the Hermitian 4-mode TWM+SHG sys-

tem. While there have been many promising recent efforts to circumvent the

use of incoherent gain and loss to generate exceptional points, this is the first

demonstration of this phenomenon without making linearizing or adiabatic fol-

lowing approximations. This allows us to study the a new phenomenon where

the PT-symmetry phase of the non-Hermitian subystem drives the behavior of

the full energy conserving Hermitian system.
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Chapter 5 starts with an investigation of the dispersion properties of adia-

batic frequency conversion (AFC). AFC addresses a different limitation imposed

by conversion cycles known as the bandwidth-efficiency trade-off [64]. It miti-

gates this limitation by slowly varying the phase mismatch across the length of

a quasi-phase matched nonlinear device. This results in every frequency in the

desired bandwidth experiencing localized phase matching at different propa-

gation coordinates within the device. It has been experimentally demonstrated

that this can enable a linear transfer of amplitude and phase from input to out-

put for octave-spanning bandwidths with an efficiency that grows monotoni-

cally with the pumping field [47].

However, the locality of the frequency conversion leads to a complicated dis-

persion profile for the device if left uncompensated. We show how to engineer a

device that cancels its own material dispersion using the locality of conversion

for each frequency in an octave-spanning bandwidth. This enables transform

limited 10-fs pulses in the near-IR to be transferred directly to 10-fs pulses in the

mid-IR without additional dispersion compensation. We show an experimen-

tal demonstration in an aperiodically-poled LiNbO3 device for generating a 2-4

µm octave-spanning bandwidth with 15.9 fs pulse duration from 13.5 fs near-IR

pulses with 70% conversion efficiency. Additionally, a new phase retrieval tech-

nique known as FROSt is used to confirm proper device functionality [54, 59].

1

1This chapter uses material from [31]
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CHAPTER 2

EFFICIENT PARAMETRIC AMPLIFICATION VIA SIMULTANEOUS

SECOND HARMONIC GENERATION

Here, we introduce a new back-conversion suppression approach for solving

the OPA conversion efficiency problem that can work in ordinary bulk nonlin-

ear media (Fig. 2.1). We find that the nonlinear evolution dynamics resulting

from simultaneously phase-matched OPA and idler second harmonic genera-

tion (SHG) are those of a damped nonlinear oscillator (Fig. 2.2). This closed,

conservative system, which we call second harmonic amplification (SHA), mim-

ics the damped oscillatory behavior and convergence to a static steady state

characteristic of OPA with linear loss (such as QPA). However, as the system

is fully parametric there is no loss: all of the energy remains in coherent opti-

cal fields at the end of the device. To demonstrate the close similarity of dy-

namical behavior between SHA and QPA and their relationship to conventional

OPA, we further introduce a Duffing oscillator model of parametric amplifica-

tion that unifies the description of all three processes under a generalized theo-

retical framework.

To demonstrate the promise of the SHA approach to strongly boost OPA effi-

ciency, we perform spatiotemporal pulse propagation analyses in implementa-

tions relevant to modern ultrafast laser systems with ordinary Gaussian inten-

sity profiles: birefringent phase matching in cadmium silicon phosphide (CSP)

is predicted to allow conversion of a 1-ps, 2-µm laser to 3-µm with 55% energy

efficiency, corresponding to 80% pump depletion after 50 dB gain, and a readily

manufacturable lithium niobate (LNB) quasi-phase matching (QPM) structure

can amplify 180-fs, 1.63 µm signal pulses with 68% depletion of a 1-µm pump
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Figure 2.1: The second harmonic amplification (SHA) concept, consisting of si-
multaneous OPA and SHG of the idler. (a) Photon energy exchange diagram.
(b) Schematic of the desired energy exchange within a device phase matched
for both processes.

resulting in 44% energy conversion to the signal. In both cases, net unidirec-

tional energy flow over the majority of the spatiotemporal extent of the interact-

ing waves is observed, eliminating spatial and temporal gain narrowing, and

with a several-fold improvement in conversion efficiency compared to the per-

formance of conventional OPA. The SHA process thus appears to offer a solu-

tion to the longstanding problem of OPA inefficiency due to spatiotemporally

inhomogeneous conversion for many modern ultrafast laser systems. Finally,

phase-matching bandwidth and other practical considerations are discussed.
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2.1 THEORETICAL ANALYSIS

2.1.1 The Second Harmonic Amplification (SHA) Wave-Mixing

System

We use the naming convention of ‘idler’ to mean the unseeded wave in OPA.

Incorporating idler SHG with OPA results in coupled evolution equations for

four nondegenerate fields,

dzAs = i
ωsdeff

nsc
ApA∗i ei∆kOPAz (2.1a)

dzAp = i
ωpdeff

npc
AsAie−i∆kOPAz (2.1b)

dzAi = i
ωideff

nic

[
ApA∗se

i∆kOPAz + A2iA∗i ei∆kS HGz
]

(2.1c)

dzA2i = i
ω2ideff

2n2ic
A2

i e−i∆kS HGz, (2.1d)

where A j, ω j, and n j for j ∈ {s, p, i, 2i} are the signal, pump, idler, and idler sec-

ond harmonic (SH) electric field amplitudes, angular frequencies, and indices of

refraction, respectively. The nonlinear coefficient, deff, is proportional to the ten-

sor element of the quadratic susceptibility for the specific field polarizations of

the involved waves. For simplicity, we have assumed collinear waves where all

frequencies are far below electronic resonances (i.e., negligible loss), and thus

Kleinman symmetry implies deff is identical for the OPA and SHG processes

[46]. The OPA wave-vector mismatch is given by ∆kOPA = kp − ks − ki and the

SHG wave-vector mismatch is given by ∆kS HG = k2i−2ki, where k j = ω jn j/c. The

above system was first studied under the condition of perfect phase matching

in the context of self-doubling optical parametric oscillation (OPO) [3, 42].

When |∆kS HG| ≫ 0, the SHG process cannot deplete energy from the OPA sys-
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Figure 2.2: (a) Evolution dynamics of SHA. The idler is converted to its SH
during OPA gain saturation, damping signal back-conversion and eventually
converting all pump energy to signal and idler SH fields, with the evolution
dynamics of a damped oscillator. The quantum defect, ωs/ωp (dashed line), sets
a conversion efficiency upper limit. (b, d) The existence of conversion cycle
damping regardless of local pump intensity enables (c, e) spatiotemporally uni-
form pump depletion at a suitable length (dashed line in (b, d)).

tem significantly and the system dynamics are quantitatively similar to those of

ordinary OPA (Fig. 1.1a), with cyclical conversion. However, numerical inte-

gration of the four coupled equations when ∆kS HG � 0 results in qualitatively

different monochromatic, plane-wave evolution dynamics involving the mix-

ing of all four waves (Fig. 2.2a). We may reason that the initial behavior, i.e.,
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before the onset of signal gain saturation takes place, is well approximated as

pure OPA. This can be seen through examination of the idler evolution equa-

tion, Eq. (2.1c). For the case of ∆kOPA = ∆kS HG = 0, the change to the idler

wave is equally weighted by a gain term, ApA∗s, and a loss term, A2iA∗i . However,

for the initial conditions of an optical parametric amplifier, |Ap,0| ≫ |As,0| and

Ai,0 = A2i,0 = 0, gain must strongly exceed loss until significant pump depletion

occurs and thus |Ap| ≈ |As| ≈ |Ai|. These initial dynamics are illustrated in Fig.

2.2a, with little observed deviation from ordinary OPA evolution through the

first conversion peak.

Significant idler SH intensity appears shortly before full pump depletion, at

which point qualitative changes to the behavior compared to conventional OPA

are observed in the form of damped oscillations of energy between the pump,

signal and idler, with a step-wise monotonic displacement of intensity to the

idler SH. We refer to this hybrid process as SHA. The pump and idler fields

reduce asymptotically to zero intensity while the signal field asymptotically ap-

proaches its quantum-defect-limited intensity (i.e., the creation of one signal

photon for each annihilated pump photon). The SH intensity asymptotically

approaches (ω2i/2ωp) = (ωi/ωp) times the initial pump intensity (i.e., the creation

of one idler SH photon for every two annihilated pump photons). A reversal of

the process is not observed. We note that similar behavior was observed in self-

doubling OPO when investigated numerically in single-pass operation, where

in contrast the investigation studied the case of the signal (seeded wave), rather

than the idler, experiencing simultaneous SHG [3].

A number of experimental works have observed signal or idler SHG simul-

taneously phase matched during OPA (often as an undesired, parasitic process,
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though sometimes with the goal of obtaining the upconverted wave, see, e.g.,

[84] for some examples), but without investigating the four-wave dynamics oc-

curring beyond the first conversion peak. Here we observe that the dynamics of

SHA beyond the first conversion half-cycle enable a solution to the spatiotemo-

poral inhomogeneous conversion problem of OPA. Independence of the qual-

itative dynamics to the local initial pump intensity can be seen in Fig. 2.2b; at

lower intensity, the dynamics are merely slowed. As in QPA, efficiency opti-

mization can now be carried out in a different way from the conventional ap-

proach. Rather than choosing a crystal length where the greatest fraction of the

spatiotemporal energy distribution is close to the first conversion peak, a crys-

tal length is chosen at which the conversion oscillations have been damped over

the majority of the spatiotemporal extent (Fig. 2.2c), thus allowing nearly full

pump depletion and conversion.

2.1.2 Damped Duffing Oscillator Universal Model of Paramet-

ric Amplification

Further insight into the nonlinear evolution dynamics can be gained by nondi-

mensionalizing Eqs. (2.1):

dζup = iusuie−i∆OPAζ (2.2a)

dζus = iupu∗i ei∆OPAζ (2.2b)

dζui = iupu∗se
i∆OPAζ + i2γ0u2iu∗i ei∆S HGζ (2.2c)

dζu2i = iγ0u2
i e−i∆S HGζ . (2.2d)

The u j =
√

2n jϵ0c/ℏω jF0A j are nondimensional electric field amplitudes for

j ∈ {p, s, i, 2i}, ζ = ΓOPAz is a nondimensionalized propagation coordinate, and
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∆ = ∆k/ΓOPA is a nondimensional wave-vector mismatch. F0 =
∑

j 2n jϵ0c |A j(z =

0)|2/ℏω j is the total initial photon flux, e.g., F0 = 2npϵ0c
∣∣∣Ap(z = 0)

∣∣∣2 /ℏωp +

2nsϵ0c |As(z = 0)|2 /ℏωs for conventional OPA where only the pump and signal

fields are seeded. Apart from the wave-vector mismatches, the single remaining

system parameter, γ0 = ΓS HG/2ΓOPA, is a ratio of SHG and OPA drive strengths,

where ΓOPA =

√
ℏωpωsωid2

effF0/2npnsniϵ0c3, and ΓS HG =

√
ℏω2

iω2id2
effF0/2n2

i n2iϵ0c3.

This parameter is purely a function of material refractive indices and wave fre-

quencies: γ0 =
√

npnsωiω2i/4nin2iωpωs.

The fraction of photons in the jth field relative to the total number of initial

photons, which we refer to as the fractional photon number of the jth field, is

given by n j ≡
∣∣∣u j

∣∣∣2. There are two independent Manley-Rowe equations describ-

ing conservation of fractional photon number,

1 = np(ζ) + ns(ζ) (2.3a)

np,0 = np(ζ) + ni(ζ) + nd(ζ), (2.3b)

where nd(ζ) = 2n2i(ζ) is the fraction of idler photons displaced to the idler SH

field. In addition to the total initial photon flux, F0, another initial condition

that must be specified for OPA is the ratio of initial pump and signal photon

number. From the first Manley-Rowe equation it can be seen that only one of

np,0 ≡ np(0) or ns,0 ≡ ns(0) is necessary to specify this initial condition. It should

be noted that the quantity n−1
s,0 = (np,0+ns,0)/ns,0 is equal to the maximum possible

signal photon gain, which is obtained when each pump photon at the start of

the process is converted to a signal photon. Fig. 2.3(a) illustrates the four-wave

SHA dynamics in terms of fractional photon numbers for γ0 = 0.35 and initial

condition ns,0 = 0.1.

Additional insight into the dynamics can be obtained by examining a single-
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Figure 2.3: Fractional photon number exchange dynamics under perfect phase
matching conditions and corresponding photon mixing diagrams for OPA pro-
cesses involving the displacement of idler photons. (a) SHA: OPA with simulta-
neous idler SHG. (b) QPA: OPA with simultaneous idler linear absorption. All
cases: γ0 = 0.35, np,0 = 0.9. nd is fractional photon number of displaced idler
photons.

field equation for the pump obtained from Eqs. (2.2) by use of the Manley-Rowe

equations. Setting ∆OPA = ∆S HG = 0, we differentiate Eq. (2.2a) and combine with

Eqs. (2.2b), (2.2c), (2.3a) and (2.3b) to find:

d2
ζup = −

(
1 + np,0 − nd(ζ)

)
up + 2u3

p − 2γ(ζ)dζup, (2.4)

where we have assumed OPA initial conditions and that up,0 and us,0 are positive

real, from which it follows that ui = −u∗i and u2i = −i |u2i|.

Equation (2.4) for the pump field is the force equation of a damped, undriven

Duffing oscillator. The first term is a linear restoring force that decreases as the

number of displaced idler photons, nd(ζ) = 2n2i(ζ), grows. The second term acts

as a nonlinear softening of the restoring force. Under the constraints of OPA ini-

tial conditions and the Manley-Rowe equations, the sum of the first two terms

must always be negative (i.e., the force is always restoring). The third term re-
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sults in damping given by the coefficient γ(ζ) = γ0
√

nd(ζ)/2 = γ0
√

n2i(ζ) = γ0u2i,

which grows monotonically from zero as idler photons are unidirectionally dis-

placed to the idler SH field. While ui may switch signs between conversion

cycles, u2i does not since it grows in proportion to u2
i (Eq. (2.2d), with ∆S HG = 0).

Thus, γ(ζ) never switches sign, meaning the oscillator is always damped and

never experiences gain.

We note, when γ(ζ) = 0 (i.e., when there is no SHG), Eq. (2.4) corresponds

to the case of conventional OPA, and is the undamped, undriven cubic Duffing

equation, d2
ζup = −(1 + np,0)up + 2u3

p, which is well known to have Jacobi elliptic

function solutions [80], the known solutions to OPA [2].
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Figure 2.4: Pump fractional photon number evolution obtained by numerical
solution of Eqs. 2.2 under various damping conditions, γ(∞) = γ0

√
np,0/2, and

initial fractional signal photon number, ns,0. These can be understood in terms of
the Duffing equation model as the damping regimes of an anharmonic oscilla-
tor: (a) undamped: γ(∞) = 0 (no SHG), (b) underdamped: γ(∞) = 0.2 (stronger
OPA), (c) critically damped: γ(∞) = 1 (stronger SHG), and (d) overdamped:
γ(∞) = 4 (much stronger SHG). ns,0 = 0.1, 0.001, and 0.00001 correspond to a
maximum signal photon gain of 10 (solid), 30 (dashed), and 50 dB (dotted), re-
spectively.

In terms of the Duffing equation, Eq. (2.4), the system parameter γ0 can

now be understood as a damping parameter. Since the damping coefficient of
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the Duffing equation, γ(ζ), is dependent on the number of photons in the idler

SH field (an evolving quantity), one might not expect evolution with the stan-

dard characteristics of a damped oscillator. However, since the fractional idler

SH photon number monotonically approaches a steady-state value, n2i(∞) =

limζ→∞ n2i(ζ) = np,0/2, the damping coefficient also monotonically approaches a

steady-state value related to γ0 by γ(∞) = limζ→∞ γ(ζ) = γ0
√

n2i(∞) = γ0
√

np,0/2 ≃

γ0/
√

2. Indeed, Fig. 2.4, which shows a numerical solution of Eqs. (2.2) for

γ(∞) = 0, 0.2, 1.0, and 4.0, clearly depicts the four regimes of a damped oscil-

lator: undamped, underdamped, critically damped, and overdamped, respec-

tively. By virtue of γ0 = ΓS HG/2ΓOPA, and thus γ(∞) ≃ γ0/
√

2 = ΓS HG/2
√

2ΓOPA,

these values of γ(∞) also correspond to no SHG, stronger OPA, stronger SHG,

and much stronger SHG, respectively. For each value of γ(∞), the dynamics of

np(ζ) are shown for three initial values of ns,0 corresponding to 10, 30, and 50 dB

photon gain. The effect of a decreased initial fractional signal photon number

(higher gain) is primarily a delay of the onset of the oscillatory dynamics. Once

they begin, the oscillations have nearly identical amplitude, frequency, and de-

cay rate. Notably, by Eq. (2.3a), in each case the signal fractional photon number

asymptotically approaches 1, meaning every pump photon produces a signal

photon, equivalent to the full quantum-defect-limited conversion efficiency in

energy, Is = Is,0 + (ωs/ωp)Ip,0.

For a practical amplifier device, regimes near critical damping (Fig. 2.4c)

are ideal from a design perspective as oscillations are avoided and convergence

to full pump depletion occurs at the shortest length. We note, when indices

of refraction np ≈ ns ≈ ni ≈ n2i (as is typical for four off-resonant fields) the

damping parameter γ(∞) reduces to ≈
√
ωiω2i/2ωpωs. Thus, critical damping

occurs when the signal and idler frequencies are related by the ratio ωi/ωs ≈
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(1 +
√

5)/2, the golden ratio. We note, in this regime, ω2i > ωp, providing a route

to efficient upconversion of a laser through generation of the idler SH.

As SHA is a conservative, closed nonlinear system, its close resemblance to

a dissipative system is remarkable, and begs comparison of SHA to OPA with

actual loss, i.e. QPA, where irreversible removal of idler photons is achieved by

linear absorption [60, 61] rather than by SHG. This is modeled by replacement

of Eq. (2.2c) with

dζui = iupu∗se
i∆OPAζ −

α

ΓOPA
ui, (2.5)

where the loss coefficient, α, is positive real. Numerical integration of Eqs.

(2.2a), (2.2b) and (2.5) (Fig. 2.3b) illustrates QPA evolution dynamics remarkably

similar to those of SHA when the coefficient to the linear loss term in Eq. (2.5)

(α/ΓOPA) is equivalent to the coefficient to the nonlinear loss term in Eq. (2.2c)

(ΓS HG/ΓOPA), or when α = ΓS HG. Indeed, the QPA system can be cast in the Duff-

ing oscillator form, Eq. (2.4), using nd(ζ) = 2α
ΓOPA

∫ ζ
0

ni(ζ)dζ′, which measures the

fractional number of photons lost due to linear absorption, and γ(ζ) = α/2ΓOPA,

now a constant (non-evolving) damping parameter. Thus, the Duffing oscillator

can serve as a universal model, capturing conventional OPA (an undamped os-

cillator with nonlinear restoring force), QPA (dissipative OPA with linear idler

loss causing oscillation damping), and SHA (a conservative, hybridized para-

metric system in which oscillation damping is caused by the displacement of

idler photons by SHG), with the respective parameters of Eq. (2.4) summarized

in Table 2.1.

While QPA and SHA exhibit close dynamical behavior, a key physical dis-

tinction is that an incoherent linear loss mechanism prevents coupling of the lost

energy back to the system in QPA, while the idler SH field of SHA coherently
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Nonlinear Process nd(ζ) γ(ζ)
OPA 0 0
SHA 2n2i(ζ) γ0

√
n2i(ζ)

QPA 2α
ΓOPA

∫ ζ
0

ni(ζ)dζ′ α
2ΓOPA

Table 2.1: Parameters of the Duffing oscillator equation, Eq. (2.4), for each pro-
cess. nd(ζ) is the fractional photon number displaced from the idler field by loss
(QPA) or SHG (SHA) and γ(ζ) is a damping parameter.

drives the idler field throughout propagation and the irreversibility of power

flow from idler to idler SH is a consequence of the coherent dynamics at de-

generacy. This phenomenon enables the conservative SHA system to have a

loss-like channel – mimicking a heat bath – through its full nonlinear evolution.

These distinctly different physical damping mechanisms have different practi-

cal consequences. In QPA, idler photons are dissipated by material absorption

and lost as heat, while in SHA, a nonlinear polarizability converts them to a

coherent copropagating wave. At the end of the medium, this wave can be sep-

arated from the amplified signal by a beamsplitter, allowing complete removal

and possible reuse of its energy.

2.2 NUMERICAL ANALYSIS: SPATIOTEMPORAL PROPA-

GATION

We employed a spatiotemporal propagation analysis for coupled signal, pump,

idler, and idler SH waves to predict the success of two realistic amplifier de-

signs based on SHA. Propagation equations for cw fields of finite spatial width

including diffraction and Poynting vector beam walk-off were first employed

to identify a range of beam sizes where these spatial propagation effects play a
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negligible role in the field evolution (see Appendix A). The four coupled equa-

tions for femtosecond pulse propagation were then solved for beam sizes within

this range for each spatial coordinate independently, using the exact material

dispersion given by Sellmeier equations. This allowed us to perform a full spa-

tiotemporal analysis of all non-negligible propagation effects consistent with a

collinear geometry. Nonlinear polarization terms beyond quadratic order were

not included. (See Appendix B for propagation equations.)

To reflect the bell-shaped profiles of real lasers, in all simulations, the initial

pump and signal intensity profiles were 1st-order Gaussian in both temporal

and spatial extent. The two spatial beam dimensions were set equal and rota-

tional symmetry about the propagation axis is assumed. The peak intensity of

the pump was chosen to be below the reported damage threshold of each non-

linear medium. Pulse durations are given in FWHM and beam radius in 1/e2

dimension.

2.2.1 Birefringent Phase Matching in CSP

We begin by investigating SHA achieved via birefringent phase matching, a

scheme relevant for high-energy amplification in a bulk medium. Our analysis

uses CSP, a material relevant to mid-infrared applications of OPA, and a 2.05-

µm pump wavelength relevant to Ho- and Tm-doped solid-state gain media.

Our analysis predicts that a high-energy 2-µm picosecond laser can be down-

converted to 3.0 µm with less than a factor of two loss in energy, a severalfold

efficiency improvement compared to standard OPA.

SHA requires simultaneous phase matching of OPA and idler SHG pro-
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Figure 2.5: Type-I birefringent phase-matching curves for simultaneous OPA
(blue) and idler SHG (orange) processes in CSP with tuning angle θ = 44.8◦

and a 2.05-µm pump. Simultaneous phase matching occurs for a 3.0-µm signal,
corresponding to a 6.5-µm idler and 3.25-µm idler SH. (Sellmeier coefficients
taken from [43].)

cesses, or ∆kOPA = ∆kS HG ≈ 0. CSP is uniaxial with broad phase-matching

bandwidth for Type-I OPA pumped at 2.05 µm [85, 56]. At a crystal orienta-

tion given by θ = 44.8◦, simultaneous phase matching occurs at a 3.0-µm signal,

corresponding to a 6.5-µm idler and 3.25-µm idler SH (Fig. 2.5). While ∆kS HG

varies more rapidly with frequency than ∆kOPA, our analysis predicts sufficient

bandwidth to support efficient SHA for pulses down to ∼1 ps.

Fig. 2.6 compares SHA (left column) with standard OPA (right column) for

high-gain (50-dB) amplification of a 1-ps, 2-nJ, 2-mm radius, 3.0-µm signal wave

in a few millimeters of CSP, pumped by an 870-µJ, 2.05-µm wavelength pump

of the same duration and 1-mm radius, corresponding to a peak intensity (50

GW/cm2) below the damage threshold of CSP. These parameters correspond

to γ0 = 0.27, putting the SHA system in the underdamped regime. In SHA

(Fig. 2.6a,e), the evolution of energy exchange over the full spatiotemporal

profile of the waves displays an asymptotic approach to full conversion, with
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Pump, z=2.5 mm

Signal, z=0.7 mm
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(d) Pump, z=0.7 mm
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(a)

SHA
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Figure 2.6: Spatiotemporal evolution of SHA (left) vs. conventional OPA (right)
in CSP with birefringent phase matching. (a,b) Pump depletion dynamics, with
optimum length for conversion efficiency indicated (dashed line). (c,d) Intensity
profile of the residual pump at the optimum length. (e,f) Signal amplification
dynamics. (g,h) Signal intensity profile at the optimum length. SHA results in
55% pump-to-signal energy conversion vs. 8% for conventional OPA.
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damped conversion cycles as typified by underdamping. Full damping at the

spatiotemporal profile center for over 1 mm of propagation allows depletion

of the spatiotemporal wings to catch up before any significant back-conversion

occurs at the center. Back-conversion remains suppressed just past the optimal

length of 2.5 mm, where 80% pump depletion (Fig. 2.6c) and 55% energy con-

version to the signal (Fig. 2.6g) is observed with > 105 gain in a single stage.

The remaining 45% of the energy is split between the idler at 6.5 µm (3%), the

idler SH at 3.2 µm (22%), and the unconverted pump (20%). The effect of tem-

poral walk-off, resulting in a slight temporal asymmetry, is observed but does

not significantly interfere with device performance. Fig. 2.7 shows the SHA

seed, amplified signal, and idler SH spectra and temporal profiles. The ampli-

fied signal takes on the initial pump profile with 1.0-ps duration, i.e., almost no

temporal gain narrowing is observed – a result of the near-uniform spatiotem-

poral conversion. In contrast, for conventional OPA (Fig. 2.6b,d,f,h), only 12%

pump depletion and 8% energy conversion to the signal can be achieved (at the

optimal length of 0.7 mm, corresponding to approximately one half-period of

the conversion-back-conversion cycle at the spatiotemporal peak). Accordingly,

significant spatiotemporal gain narrowing of the amplified conventional OPA

signal is observed. The conversion efficiency of SHA is ∼ 7 times greater than

that of conventional OPA in this example.

In Fig. 2.6a,e, we observe an eventual reversal of energy flow in SHA that re-

turns energy to the pump field. Since pulsed laser beams possess a distribution

of wave-vectors and frequencies, some phase mismatch is inherent in any real

application. Fig. 2.8 shows the intensity dynamics at the center of each pulse

((x, t) = (0, 0)). At z ≳ 2 mm, energy can be observed returning from idler SH to

idler field and, subsequently, from signal and idler to pump field. These modi-
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(a) (b)

Figure 2.7: Spatially integrated (a) spectra and (b) pulse profiles of amplified
signal and idler SH in the CSP SHA device.

fied dynamics are almost exactly matched by numerical integration of Eqs. (2.2)

setting either ∆kS HG or ∆kOPA equal to ±0.033 mm−1 (dotted curves), indicating a

nonzero average wave-vector mismatch magnitude.

0 1 2 3z [mm]
0
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I(z
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Figure 2.8: Intensity evolution of the four fields at t = x = 0 showing even-
tual back-conversion. Dotted lines: corresponding solution of Eqs. (2.2) for
(∆kS HG)∆kOPA = (−)0.033 mm−1.

2.2.2 Superlattice Quasi-Phase Matching in LNB

While the introduction of a noncollinear geometry could be used to tune the sig-

nal frequency of the birefringent phase matching approach above, QPM offers

additional flexibility as well as Type-0 geometries with large nonlinear coeffi-
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Figure 2.9: (a) Superlattice QPM device schematic. (b) The Fourier transform
of a LNB device consisting uniformly of 16.6-µm domains reveals sharp Bragg
peaks at ∆kOPA and ∆kS HG.

cient and the absence of spatial walk-off. In this example, our analysis pre-

dicts that a 1-µm pump laser can amplify chirped 180-fs transform-limited (TL)

pulses at 1.63 µm in OPCPA configuration in a LNB superlattice QPM device,

producing millijoule output with > 50 dB gain and an energy conversion ef-

ficiency of 44% – a five-fold efficiency increase compared to standard OPA –

while simultaneously producing a chirped 100-fs TL idler SH pulse at 1.40-µm

with 21% conversion efficiency.

In a previous study, an aperiodically poled LNB device for simultaneous

QPM of OPO and SHG was designed for the purpose of self-doubling OPO [42]

using a numerical, iterative approach. Numerous other approaches exist for

the design of multiple-process QPM, e.g., [16, 58, 73, 79, 84]. Here we employ

the approach of [16], which for the phase matching of two simultaneous pro-

cesses can have the simple form of a superlattice with inverted 50%-duty-cycle
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multi-domain stacks (Fig. 2.9a), where Λ± = 4π/(∆kOPA ± ∆kS HG). We further

use a rounding approach: each domain wall of the max(Λ+,Λ−) periodic lattice

is rounded to the nearest domain wall of the min(Λ+,Λ−) periodic lattice. This

final step ensures a QPM structure that only has one manufacturable domain

size of width min(Λ+,Λ−)/2 even for noncommensurate values of Λ±, where

there are occasionally repeated positive or negative domains.

We designed a superlattice QPM device for SHA with a 1.03 µm pump and

1.63 µm signal in Mg:LiNbO3 in Type-0 configuration (eee). Simultaneous SHG

doubles the 2.8 µm idler to a 1.4 µm idler SH. The device is generated from

superimposed noncommensurate poling periods Λ+ = 33.2 µm and Λ− = 425

µm with rounding as described above to eliminate small domains, resulting in a

structure consisting uniformly of 16.6-µm domains of alternating sign of deff and

some repeated positive or negative domains. The spatial Fourier transform of

its domain poling function (Fig. 2.9b) has sharp Bragg peaks with nearly equal

magnitude at the exact values of ∆kOPA = 0.204/µm and ∆kS HG = 0.174/µm.

Numerical integration of the SHA wave-mixing dynamics in this structure

illustrates efficient amplification of femtosecond signal pulses (Fig. 2.10). We

modeled 50-dB amplification in an OPCPA configuration with a 5.5-ps, 2.7-mJ,

30-GW/cm2 pump and a 120-fs, 8-nJ, 31-nm FWHM seed at 1.63 µm chirped

to 5.6 ps. These chirped pulse durations mitigated the effects of group-velocity

walk-off. Fig. 2.10a,c shows clear underdamped SHA dynamics. At 7.4 mm,

nearly homogeneous depletion of the pump in space and time is observed (Fig.

2.10b), resulting in 68% pump energy depletion with 44% going to the signal (1.2

mJ, Fig. 2.10d) with a 180-fs FWHM TL pulse duration and 21% going to a 1.40-

µm, 100-fs TL idler SH (Fig. 2.10e,f). For comparison, a standard periodically
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Pump, z=7.4 mm

(c) (d) Signal, z=7.4 mm

(a) (b)

(e) (f)

Figure 2.10: Spatiotemporal evolution of a LNB superlattice QPM device em-
ploying SHA to efficiently amplify femtosecond near-IR pulses in OPCPA con-
figuration. (a,c) Pump and signal dynamics, indicating spatiotemporally homo-
geneous amplification at a length of 7.4 mm, resulting in 44% pump-to-signal
energy conversion. (b,d) Pump and signal profiles at 7.4 mm. (e) Spectra indi-
cating 50-dB signal amplification. (f) TL pulse durations of 180 fs and 100 fs for
amplified signal and idler SH, respectively.
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poled QPM structure optimized for conventional OPA (not shown) results in

15% pump energy depletion, with only 9% of the pump energy going to the

signal – a 5-fold decrease.

2.3 DISCUSSION

A detailed study of the phase matching of SHA in common OPA materials is

beyond the scope of this article, but here we discuss several important consid-

erations. In the example of birefringent phase matching above (Section 2.2.1),

we observed efficient amplification of a 1-ps pulse. This example was chosen to

make use of the full phase-matching bandwidth available for the chosen pump

and signal wavelengths in a collinear geometry. The phase-matching constraints

for simultaneous OPA and SHG are naturally greater than those of either pro-

cess alone; as was the case in this example (Fig. 2.5), the two processes have

greatly different gradients d∆k/dλs, and the larger gradient sets the bandwidth

of the joint process. Thus, e.g., even if the OPA phase-matching bandwidth is

broad, a narrow SHG phase-matching bandwidth can lead to a narrow SHA

bandwidth. In the example of QPM in LNB (Section 2.2.2), both d∆kOPA/dλs

and d∆kS HG/dλs were small enough at the crossing point of the phase-matching

curves to allow for efficient amplification of sub-200 fs pulses.

Specification of the phase-matching bandwidth for SHA in terms of sys-

tem parameters is less straightforward than for OPA. As seen in Fig. 2.8 (dot-

ted lines), a nonzero wave-vector mismatch in either the OPA or SHG process

causes an eventual reversal of the conversion dynamics, with conversion-back-

conversion oscillations growing until the system returns a significant portion of
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the energy to the pump. For efficient conversion in SHA, the goal is for every

frequency to experience fully damped pump-signal conversion cycles. Thus, an

essential question is whether a return of power to the pump wave due to wave-

vector mismatch sets in before the conversion cycles are fully damped. Fig.

2.11a,b shows the dependence of the length at which a reversal of the dynamics

occur on ∆kOPA and ∆kS HG, respectively. In either case, if ∆k is small enough,

a window in z-space exists where conversion cycles are fully damped, allow-

ing efficient SHA. For the particular case shown in Fig. 2.11, |∆k| = 1.0 mm−1

appears to be the marginal value. Thus, one would expect that as long as all in-

volved frequencies possess ∆kOPA,∆kS HG < 1.0 mm−1, a length exists at which all

frequencies experience fully damped SHA, and mostly uniform spatiotemporal

pump depletion can still take place.

However, notably, the quantitative effects of small nonzero |∆kS HG| and

|∆kOPA| are nearly identical, and Fig. 2.11c shows that one may even be used

to partially offset the other. The dynamical behavior associated with nonzero

∆kS HG is intuitive: ∆kS HGz = π reverses the displacement of idler photons to the

idler SH, turning idler loss into idler gain in Eq. (2.1c) and thus causing oscil-

lations to grow rather than to decay. The similar effect on the dynamics due

to nonzero ∆kOPA, however, is less intuitive, and requires additional study. We

note that the offsetting behavior of two wave-vector mismatches common to a

single field has been noted earlier in the context of cascaded third-order pro-

cesses [22]. Further investigation of the offsetting behavior in SHA also requires

further study.

Collinear birefringent phase matching of idler SHG requires a specific ma-

terial orientation, e.g., the theta angle for a uniaxial crystal, and so choice of
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Figure 2.11: Effects of small wave-vector mismatch (in mm−1) on SHA for
γ0 = 0.35 and ΓOPA = 13 mm−1. (a) Nonzero ∆kS HG leads to the eventual return
of conversion-back-conversion cycles and regrowth of the pump wave. (b) A
nearly identical effect is seen for nonzero ∆kOPA. (c) Simultaneous wave-vector
mismatch of the two processes can enhance or partially offset the regrowth of
the pump, depending on the relative signs of ∆k.

an idler wavelength fixes the theta angle. Once this is fixed, there is only

one free parameter available for phase matching the OPA process: the pump

wavelength or signal wavelength, since they are related by the OPA require-

ment ωp − ωs = ωi. As a result, for any pump wavelength and given nonlin-

ear medium, in a collinear geometry there is likely only one signal wavelength

(and corresponding idler) where ∆kS HG = ∆kOPA = 0. However, the use of a

non-collinear angle between pump and signal should enable signal-wavelength

tunable SHA for a given pump wavelength through the additional degree of
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freedom for phase matching. A superlattice QPM structure with Bragg peaks at

both ∆kS HG and ∆kOPA, as used in Section 2.2.2, can also provide arbitrary choice

of signal and pump wavelengths within a range. Thus, in practice, non-collinear

birefringent phase-matching and QPM allow some flexibility of choice of the

signal wavelength that is required for a particular application. Alternatively, if

the shortest possible duration is desired, one might select the signal wavelength

that has the broadest phase-matching bandwidth. This approach allowed us to

obtain a TL bandwidth supporting a sub-200-fs pulse by QPM in Section 2.2.2. It

is unclear whether the phase-matching of SHA for few-cycle pulse applications

will be feasible. However, the joint use of QPM and noncollinear angle is one

possible avenue for investigation.

With phase-matching bandwidths supporting amplification of pulses down

to sub-ps duration, SHA is clearly relevant to the down-conversion of many

high-energy and high-average-power solid-state lasers. In the investigated CSP

device, for example, a picosecond 2-µm laser is converted to a 3-µm amplified

signal with >50% energy efficiency. SHA therefore provides a route to efficiently

translate the frequency of picosecond solid-state lasers. As it works in ordinary

bulk nonlinear media without absorption, SHA appears particularly well suited

for high energy and high average power applications. As noted earlier, SHA can

also up-convert the pump wave to a fractional harmonic of the pump frequency,

producing an idler SH with frequency 1 < ω2i/ωp < 2, when ωi > ωs. SHA is

therefore also relevant to the up-conversion of ultrafast solid state lasers, which,

if a frequency other than 2ωp is desired, normally requires an inefficient two-

stage device consisting of sequential OPA and SHG (in either order). Thus, SHA

can be expected to allow a significantly improved up-conversion efficiency.
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For high efficiency, we note it is essential to seed the amplifier only with

wavelengths that are appropriately phase-matched for both OPA and SHG pro-

cesses. For example, if part of the seeded bandwidth is phase-matched for OPA

only, this component of the pulse will compete for gain and experience ordi-

nary OPA dynamics that lead to spatiotemporally inhomogeneous and ineffi-

cient amplification. Furthermore, to enable full depletion of the pump wave,

its entire spatiotemporal extent should be overlapped with adequate seed field.

For this reason, seed intensity profile sizes should be equal to or larger than the

co-propagating pump profiles, as was the case in each of the device investiga-

tions of Section 2.2.

We note that for devices operating in the underdamped regime, a conse-

quence of a finite propagation length is that the signal’s spatiotemporal profile

will exhibit a small modulation that grows in amplitude toward the edge of the

profile, as observed in Figs. 2.6 and 2.10. This modulation period is roughly

2-5 times the 1/e2 radius of the beam for the two devices studied here and will

lead to the higher spatial frequency content of the signal beam diffracting away

at roughly 4-25 times the rate of diffraction for the main Gaussian beam in the

absence of relay imaging.

In summary, we have found the evolution dynamics of hybridized OPA and

idler SHG – a process we have termed ‘second harmonic amplification’ – to be

suited to overcome one of the major problems limiting the conversion efficiency

of parametric amplifiers: the spatiotemporally inhomogeneous conversion that

is a result of the intensity-dependent conversion-back-conversion cycles that

typify the evolution dynamics of conventional OPA. The dynamics of SHA are

those of a damped anharmonic oscillator, describable by a Duffing oscillator
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model that also describes the dynamics of conventional OPA and OPA with lin-

ear idler loss (as due to absorption). Our analysis thus unifies the description

of OPA and its variants that incorporate the displacement of idler photons – in-

cluding the recently demonstrated QPA approach [60, 61] – and may be useful

for the analysis and design of many parametric amplifier systems.

Moreover, two device examples provided and investigated by a numerical

analysis indicate a high expected pump-to-signal energy conversion efficiency

(as high as 55% in one example) in common bulk nonlinear media used for OPA

and for the bell-shaped pump beam and pulse profiles commonly obtained from

pump lasers. Our examples included devices pumped by picosecond lasers at

1-µm and 2-µm wavelength that produce amplified signal pulses and accompa-

nying idler SH pulses with picosecond and < 200-fs TL duration. SHA is thus

predicted to be a concept for back-conversion suppression and high efficiency

in OPA with relevance to many applications, and may be especially useful for

extending the reach and lowering the cost of high-power OPA-based laser sys-

tems. SHA might also be used for efficient upconversion of a pump laser to a

selectable fractional harmonic frequency. Further exploration of the birefringent

phase-matching range of common materials for SHA, including noncollinear

geometry and temperature tuning approaches, and multi-process QPM tech-

niques as well, may lead to wide applicability. An initial analysis of amplifier

bandwidth and the dynamics of phase-mismatched SHA was given, but a more

expansive analysis – including an investigation of bandwidths approaching the

few-cycle limit – will be important for the possible expansion of the SHA ap-

proach to the few-cycle regime.

1

1This chapter is derived from [31] with small changes.
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CHAPTER 3

EXPERIMENTAL DEMONSTRATION OF OPTICAL PARAMETRIC

AMPLIFICATION EFFICIENCY ENHANCED BY SIMULTANEOUS

SECOND HARMONIC GENERATION

Here we present a first experimental demonstration of a new fully paramet-

ric and versatile approach to efficient frequency conversion that uses second

harmonic generation (SHG) to modify the dynamics of an optical parametric

amplifier (OPA) to suppress back-conversion of the signal field to the pump.

Numerical studies have recently shown this process, dubbed second harmonic

amplification (SHA), can solve the OPA spatiotemporal efficiency problem by

using SHG as a nonlinear loss channel for idler photons [31]. This was shown to

generate dynamics similar to systems that use linear loss at the idler frequency

where there is a damped oscillatory exchange of energy between the involved

fields with full asymptotic convergence to the signal. However, by replacing lin-

ear loss with idler SHG, all of the otherwise lost energy is preserved in a coher-

ent copropagating field at twice the idler frequency. Additionally, the constraint

of working near a material resonance is alleviated as SHG can be simultaneously

phase matched with OPA over a wide range of frequencies in many nonlinear

materials using a number of techniques such as crystal and noncollinear angle

tuning, temperature tuning, and quasi-phase matching [31, 18].
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Figure 3.1: (a) Depiction of the cyclic energy flow between different frequency
modes of conventional OPA. (b) Conventional OPA dynamics showing local-
ized and periodic conversion of the pump field to the signal and idler fields. (c)
Pump to signal conversion dynamics for a 1D slice of a Gaussian spatiotemporal
profile where back-conversion limits the signal conversion efficiency to 12%. (d)
Depiction of the energy flow between frequency modes of the OPA+SHG pro-
cess. (e) OPA+SHG dynamics depicting damped oscillatory convergence of the
pump field to the signal and idler SH fields. (f) The OPA conversion cycles are
damped across the spatiotemporal profile enabling asymptotically full conver-
sion to the signal field. (g) Signal energy conversion efficiencies for full 2+1D
Gaussian spatiotemporal intensity distributions for OPA (red) and OPA+SHG
(black).
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3.1 THEORETICAL BACKGROUND

3.1.1 Conventional OPA

Figure 3.1 shows a comparison of the conventional OPA and OPA+SHG systems

for monochromatic planewaves. In conventional OPA, the photons of a strong

pump field at frequency ωp undergo down-conversion into a weakly seeded

signal field at frequency ωs and an unseeded idler field at frequency ωi (Fig.

3.1a). Due to conservation of energy, ωp = ωs + ωi and the proportion of energy

in the down-converted fields is given by ωs/ωp for the signal and ωi/ωp for the

idler. This split in energy is a limitation on the maximum possible pump to

signal energy conversion efficiency and is referred to as the quantum defect.

The dynamics are cyclical with energy first flowing from the pump to the signal

and idler fields, then returning to the pump through recombination of signal

and idler photons to pump photons through back-conversion (fig. 3.1a,b). The

short turning point in the dynamics where the pump field has fully converted

to the signal and idler fields is known as saturation and is the typical operation

point for most OPA implementations.

Fig. 3.1b implies that full conversion of the pump field to the signal and

idler fields can be achieved if the device length is chosen correctly. However,

OPA dynamics are highly dependent on the local intensity of the interacting

fields which are generally nonuniform in space and time. Ultrafast lasers usu-

ally posses an intensity profile that is a 2+1D Gaussian spatiotemporal distri-

bution. This creates a major limitation on the conversion efficiency of OPAs

for realistic laser fields as no fixed device length can be chosen to achieve full

conversion between fields. Figure 3.1c shows the conversion from pump to sig-
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nal across a 1D slice of an initially Gaussian pump intensity distribution for a

conventional OPA. The black dashed line indicates the point at which maximal

conversion can be achieved. The center of the signal field can be seen to reach

full conversion first before it begins to back-convert. Subsequently, the wings

begin to convert, but not before most of the energy in the center of the signal

field returns to the pump. The red curve in Fig. 3.1g shows the pump to signal

energy conversion efficiency for conventional OPA. For a device length of 2.4

mm, chosen just before signficant back-conversion occurs, a mere 12% of the

initial pump energy is transferred to the signal. Note that a higher conversion

efficiency of 20% is possible, but not without sacrificing spacial beam quality by

creating a ”doughnut beam” shape.

3.1.2 OPA+SHG System

In contrast to conventional OPA, when SHG of the idler wavelength occurs in

simultaneity with the OPA interaction, idler photons are displaced to a coher-

ent copropagating idler second harmonic (SH) field at frequency ω2i (Fig. 3.1d).

Crucially, the removal of idler photons inhibits back-conversion to the pump

field, leading to the damped oscillatory behavior seen in Fig. 3.1e. This results

in full asymptotic conversion of the pump field to the signal and idler SH fields

with the final ratio of energy between the two determined by the quantum de-

fect (grey dashed lines in Fig. 3.1e) These dynamics were recently described by

a damped Duffing oscillator model with regions of over-damped and under-

damped oscillation determined by the relative strength of the OPA and SHG

processes [31]. Remarkably, the same model could be used to describe similar

systems that use linear loss at the idler wavelength [60, 23, 96, 61], showing how
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the behavior of phase matched SHG is analogous to nonlinear loss.

Fig. 3.1f shows the OPA+SHG conversion dynamics for 1D slices of Gaus-

sian pump and signal intensity distributions. Initially, the behavior is that of

conventional OPA (Fig. 3.1c), but after the first conversion cycle the impact

of SHG is clear. Back-conversion is inhibited allowing full asymptotic conver-

sion of the pump field to the signal across the entire Gaussian distribution. The

signal profile is highly modulated at first, but takes on the shape of the pump

profile as the interaction continues. The black curve in Fig. 3.1g is the pump

to signal energy conversion efficiency which grows monotonically toward the

quantum defect limit, showing an extended region of saturation akin to con-

ventional laser amplifiers. For this hypothetical device, a deviation from the

conventional OPA efficiency can be seen by 3 mm. By 6 mm, the conversion

efficiency reaches 48%, a 4-fold increase over conventional OPA. Full conver-

sion is possible, but the numbers chosen here are reflective of the experiment

conducted below. Thus, the limitation on OPA efficiency due to the conversion

cycles is lifted.

3.2 EXPERIMENTAL DEMONSTRATION

3.2.1 Experimental Setup

Our laser architecture is comprised of a 17 mJ Yb:YAG laser source (Amphos)

which generates 1.03 µm pulses at a 10 kHz repetition rate. The front end up

our laser architecture consists of YAG-based white light generation and am-

plification in two near-IR OPCPAs (BBO). To generate the pump laser for this
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Figure 3.2: (a) Experimental setup: pump and signal beams are combined us-
ing a Rochon prism (RP) and enter the CSP crystal with near-collinearity. (b)
Pump to signal conversion efficiency comparing the OPA+SHG experiment
(blue squares) to simulated OPA+SHG (black triangles) and the equivalent OPA
without SHG (red triangles). (c) Spectral and intensity measurements acquired
using FROSt for the pump, signal, and idler SH at the full pump power.

experiment, we use a 4-f pulseshaper (Phasetech) to select the frequency and

bandwidth of the near-IR pulses which are subsequently converted to the de-

sired pump frequency in an adiabatic difference frequency converter. The pump

pulses are then amplified to 100 µJ (1 W average power) using a periodically

poled LiNbO3 preamplifier and BiBo power amplifier. To generate the signal,

we use a bandpass filter to select 790 ± 0.5 nm from the near-IR pulses which

we convert to 0.7 nJ, 3.39 µm pulses in a parallel adiabatic frequency conversion

stage.

Figure 3.2a shows our OPA + SHG experimental setup where 1 mm 1/e2

diameter, 0.6-ps, 100-µJ, 2.19-µm pump and 2 mm 1/e2, 1-ps, 0.7-nJ, 3.39-µm

seed pulses are combined in a 6 mm CdSiP2 (CSP) crystal using a Rochon

prism to make them near-collinear. CSP is a uniaxial material relevant to mid-

infrared applications in frequency conversion. It is known to have a broad

phase-matching bandwidth for Type-I OPA pumped near 2 µm [85, 56]. Our
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CSP crystal is cut at 45 degrees and at 43 degrees, we achieve simultaneous

phase matching for downconversion of our 2.19 µm pump to a 3.39 µm signal

and 6.2 µm idler and SHG of the idler to a 3.1 µm idler SH. The CSP crystal is

AR-coated and has roughly 96% transmission on each facet measured using a 1

mm CSP window with identical coating.

At the output of the CSP crystal, reflections of the beams from a CaF2 beam

sampler are imaged with a CaF2 lens in a 2F configuration to a bolometer camera

(DataRay) and separated by polarization using a Wollaston prism. To measure

the power of each beam after the OPA + SHG nonlinear interaction, the beam

sampler is removed and various bandpass filters are used (Thorlabs 2250±500

nm, Thorlabs 3500±500 nm, and Andover 3050±100 nm) to isolate the signal,

pump, or idler SH. The experiment is optimized with the beam sampler in place

so that the signal power and beam images can be viewed simultaneously. The

signal alignment, crystal angle, and temporal overlap can then be adjusted to

optimize for signal power and beam quality.

3.2.2 Results

The pump to signal energy conversion efficiency internal to the device as a func-

tion of input pump power is shown in Fig. 3.2b. The experimentally measured

(blue squares) and simulated (black triangles) data for the OPA + SHG process

are in good agreement with a clear trend of monotonically increasing efficiency

due to inhibited back-conversion. This creates an extended region of saturation

as predicted, and the reduction in the noise of the measurements is a conse-

quence of pushing further into saturation. The maximum efficiency achieved is
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43.6% corresponding 41.6 µJ of energy in the signal field and 48 dB energy gain.

The measurements were confirmed by measuring the pump depletion which

reaches 67.5% at the full input pump power. A slight deviation in conversion

efficiency between the experimental and simulated results is observed at higher

pump powers which signifies the onset of back-conversion. This is described in

more detail in the discussion of the beam profiles below.

The OPA+SHG experimental results are compared to conventional OPA in

Fig. 3.2b (red triangles) by performing identical simulations with coupling to

the idler SH prohibited. In this case, the pump to signal energy conversion

efficiency does not exceed 18% with saturation happening around 100 mW of

pump power yielding 2.9 µJ of signal or 36 dB energy gain.The efficiency then

undergoes multiple oscillations as energy is exchanged across the pump and

signals spatiotemporal coordinates. It is also important to note that because

this OPA achieves lower gain, the efficiency would be further reduced by an

OPA optimized to operate at higher gain. This makes it eminently clear that the

OPA conversion efficiency is enhanced several fold by the addition of simulta-

neously phase matched idler SHG. Further, for identical operating conditions,

the OPA+SHG device can be pushed to more than an order of magnitude higher

gain which, in some cases, could eliminate the need for a pre-amplifier.

The pump, signal, and idler SH temporal profiles were measured using fre-

quency resolved optical switching (FROSt), as seen in Fig. 3.2c. FROSt is a

recently demonstrated phase-matching-free characterization technique [54, 59].

The input pump duration was measured at 0.64 ps and we measured 1.04 ps for

the signal and 0.58 ps for the idler SH at the full pump power. The pump pulse

was not compressed to its transform limit and has a large amount of TOD ac-
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Idler SH

Signal

Figure 3.3: Experimental beam measurements for the signal and idler SH as the
input pump power is increased.

counting for its asymmetric shape. This shape can be seen to be imparted to the

signal pulse as well as some material dispersion accounting for the increased

duration. The idler SH is well into back conversion for this measurement as

discussed below and so the shape can not be directly compared to that of the

pump and signal.

The spatial evolution of the signal and idler SH beams as the pump power

is increased can be seen in Fig. 3.3. At 0.1 W of pump power, the signal is just

reaching saturation where the conventional OPA would operate and the idler

SH is just starting to be generated. By 0.25 W of pump power, the signal has

already undergone a conversion cycle. A ring-shaped feature can be observed

at the edge of the beam and a second conversion peak is forming at the center of

the beam. At this point, conversion of the idler to the idler SH has become sub-

stantial. As the pump power approaches 1 W, both the signal and idler profiles

fill out to the full 1 mm 1/e2 beam diameter of the initial pump beam.

An asymmetric hole can be seen forming on the left side of idler SH image at
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Figure 3.4: Pump beam profile measured after the CSP crystal for increasing
input pump power revealing the damped oscillatory nature of the OPA+SHG
dynamics.

large pump power. This is an indication that the spatial walk-off of the idler SH

is leading to eventual phase mismatch of the SHG process and back-conversion

of the idler SH field to the idler. Once back-conversion of the idler SH begins

to occur, there is still significant enhancement of the signal beam as several

damped conversion cycles are undergone before significant back-conversion oc-

curs [31]. We believe this effect accounts for the deviation between the exper-

imental and simulated data in Fig. 3.2b. Further, the effects of beam walk-off

can be mitigated by going to larger beam diameters and increasing the pump

power. However, in this experiment, we were limited to 1 W of pump power.

Fig. 3.4 shows residual pump beam with increasing power through the de-

vice. This is the first ever observation of the damped oscillatory dynamics of

OPA+SHG, confirming the predictions by [31]. A modulated ring pattern can
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be seen forming across the pump spatial profile. These are evidence that the

oscillatory exchange of energy with the signal and idler is damped out, lead-

ing to simultaneous conversion to the signal and idler SH across successively

larger radial coordinates. The amplitude of these modulations decrease with

higher pump power leading to a cleaner signal beam. As discussed in [31], the

exact modulation frequency depends on the relative strength of the SHG and

OPA processes. Here, the oscillations are underdamped, but a different choice

of system parameters or through quasi-phase matching, the SHG process could

become strong enough to reach the overdamped regime. In this regime, there

is a unidirectional conversion between all waves, and at the critical damping

point, full conversion happens rapidly, requiring a mere half-conversion cycle

[31].

3.3 DISCUSSION

There are a number of advantages associated with implementing efficient fre-

quency conversion and amplification with parametric processes in the absence

of material gain or loss. First, there are many degrees of freedom that can be

leveraged to achieve simultaneous phase matching of OPA and SHG. Prior

investigations have shown this to be possible over a wide range of existing

nonlinear media (such as BBO, CSP, and LiNbO3) using non-collinear geome-

tries [18] and quais-phase matching (QPM) [31]. Non-collinearity can provide

a wide frequency tuning range in a single crystal and is a route toward tunable

and efficient downconversion of high average power 1- and 2-µm solid-state

diode-pumped lasers due to the large aperture of available bulk nonlinear me-

dia. QPM can enable arbitrary phase matching within the transparency range of
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materials such as LiNbO3, KTP, and GaAs provided manufacturing constraints

and energy conservation between frequencies are observed. A further advan-

tage of QPM is the ability to tune the relative nonlinear strength of OPA and

SHG through the poling structure in order to tune the damping parameter to-

ward the critical damping regime. This could enable rapid conversion without

the oscillatory dynamics of the underdamped regime. Yet to be explored are

additional phase matching techniques such as temperature tuning.

A unique advantage of using a nonlinear parametric process to induce lossy

behavior is that the lost idler energy is preserved in the copropagating idler SH

field and can be reused to act as the pump in a subsequent signal amplification

stage. This is a route to overcoming the quantum defect which is another fun-

damental limitation on OPA efficiency described above. Cascading such stages

could drastically improve the efficiency of long-wave IR generation where the

quantum defect limits maximum conversion efficiency to a few percent.
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CHAPTER 4

HERMITIAN NONLINEAR WAVE MIXING CONTROLLED BY A

PT-SYMMETRIC PHASE TRANSITION

4.1 BACKGROUND: NON-HERMITIAN PHYSICS

Over the past two decades, the unique physics that emerge from open non-

Hermitian systems have enabled a multitude of new device capabilities that

overcome the limitations of their closed Hermitian equivalents [25, 74, 24, 75].

These capabilities arise largely through the dynamics that emerge near excep-

tional points in the non-Hermitian system eigenspectra, at which both eigen-

values and eigenvectors coalesce and regions of broken and unbroken PT-

symmetry are demarcated under conditions of balanced gain and loss. Many

device functionalities including single-mode lasing [40], unidirectional invisi-

bility [57, 27], asymmetric mode-switching [34, 20, 44], exceptional point en-

hanced sensitivity [39, 15, 50], and improved efficiency and bandwidth of para-

metric amplification [60, 23, 96, 61] have been proposed or realized through

careful engineering of gain and loss.

However, the need for incoherent gain and loss creates practical limitations

in non-Hermitian devices. It limits efficiency, creates inflexibility in the gain and

loss bands, and produces undesirable signal-to-noise characteristics near excep-

tional points [53, 51, 14]. To circumvent these limitations, recent works have

investigated coherent interactions that can be used to the same effect. For in-

stance, nonlinear parametric wave-mixing processes – where there is coupling

between modes of different frequency or polarization – can be used to coher-

ently add and remove energy from bosonic subsystems, thereby inducing non-
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Hermitian behavior without an incoherent exchange of energy with the medium

[68, 41, 95, 7, 93, 81, 82]. In these works, strong laser fields act as a reservoir

of photons that can be exchanged with a subsystem. While these interactions

usually take place in an approximately linear regime, in which the reservoir

is effectively unperturbed, they have recently been extended to the nonlinear

gain saturation regime where appreciable energy is added or removed from the

strong driving fields [81, 82].

a) 

TWM

SHG

linear
coupling

Hermitian nonlinear 
4-mode system

effective 
loss

b) non-Hermitian linear 
2-mode system

Figure 4.1: (a) A Hermitian system consisting of hybridized TWM and SHG
can be represented by a 2-mode subsystem with an effective loss channel. This
subsystem behaves analogously to (b) a non-Hermitian linear 2-mode system
(e.g., coupled waveguides) with balanced gain and loss.

4.2 TWM+SHG SYSTEM

Here we investigate the back-action of non-Hermitian subsystems on the be-

havior of the coherently coupled driving fields in such systems and find new

phenomena. Our platform is simply parametric three-wave mixing (TWM) hy-

bridized with second harmonic generation (SHG) (Fig. 4.1a), where the SHG

provides an effective loss channel on one of the fields. In this Hermitian, 4-

mode, nonlinear wave mixing system, we find a 2-mode subsystem that ex-

hibits a PT-symmetric phase transition in analogy to coupled waveguides with
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Figure 4.2: (left) Virtual energy level diagrams depicting (right) energy-
conserving photon exchanges with only two of the fields a, b, and c seeded
(indicated by the arrows) for (a) phase-matched conventional TWM, where an
oscillatory exchange of power occurs; and (b,c) when SHG (2ωc = ωd) is simul-
taneously phase matched. In (b), SHG is weak compared to TWM leading to
a damped oscillatory conversion with asymptotic transfer to fields b and d. In
(c), SHG is strong compared to TWM, inhibiting SFG and leading to a unidi-
rectional transfer of energy to fields b and d. We note that the parameter η∞, as
defined later, is held constant across columns in each row, implying differences
in material constants and/or photon frequencies.

balanced gain and loss (Fig. 4.1b). Back-action on the enclosing system results

in all modes evolving according to the subsystem PT-symmetric phase. This dis-

covery offers exciting new avenues for extending applications of non-Hermitian

physics to systems where high efficiency and energy conservation is desired – a

regime precluded for non-Hermitian devices due to their inherent lossy nature

and/or requirement of an external gain source. In this case, breaking the cyclic

nature of TWM allows for a unidirectional flow of photons that enables efficient

frequency conversion.

Conventional TWM interactions can be described as a cyclic exchange of

photons between a higher frequency field at ωa with two fields at lower fre-

quencies ωb and ωc such that ωa = ωb + ωc. This one-to-two photon exchange
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is mediated by the quadratic nonlinear polarizability of a noncentrosymmetric

medium and is energy-conserving when all frequencies are far from any mate-

rial resonances [2]. SHG is the degenerate case of TWM where the two lower

frequencies are equal. In this paper, we consider the process ωc + ωc = ωd. For

an efficient exchange of photons between fields, coherence between propagat-

ing and nonlinear polarization fields of the material must be maintained at each

frequency. This occurs when the wave-vector mismatch, ∆k⃗abc = k⃗a − k⃗b − k⃗c for

TWM and ∆k⃗dcc = k⃗d − 2k⃗c for SHG, vanishes (known as perfect phase matching)

[35].

4.2.1 Dynamics

For monochromatic plane waves, this hybrid system of TWM and simultane-

ous SHG can be modeled by four coupled evolution equations derived from

Maxwell’s equations. Hybridization is made possible by perfect phase match-

ing of both processes (which can be achieved under various conditions [31]),

resulting in:

dzua(z) = iΓabcub(z)uc(z) (4.1a)

dzub(z) = iΓabcua(z)u∗c(z) (4.1b)

dzuc(z) = iΓabcua(z)u∗b(z) + 2iΓdccud(z)u∗c(z) (4.1c)

dzud(z) = iΓdccu2
c(z). (4.1d)

The u j(z) are non-dimensional electric field amplitudes for j ∈ {a, b, c, d} where∣∣∣u j(z)
∣∣∣2 = n j(z) is the photon flux density in the jth field normalized by the to-

tal initial photon flux density, which we refer to as the fractional photon flux

density of the jth field. Γabc and Γdcc are the drive strengths of the TWM and
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SHG processes, respectively. (Definitions in terms of complex electric field am-

plitudes A j(z), refractive indices, n j, and nonlinear coefficient, deff: k j = ω jn j/c,

u j(z) =
√

2n jϵ0c/ℏω jF0A j(z) where F0 =
∑

j 2n jϵ0c |A j(z = 0)|2/ℏω j is the total ini-

tial photon flux. Γi jk = 1/p
√
ℏωiω jωkd2

i jkF0/2nin jnkϵ0c3 where p relates to the de-

generacy of the process (p = 1 for TWM and p = 2 for SHG). di jk is proportional

to the tensor element of the quadratic electric susceptibility for the specific field

polarizations of the three mixing fields i, j, and k.

Conventional TWM of waves with Gaussian transverse (spatial or tempo-

ral) mode profiles is depicted in Fig. 4.2a. Conventional TWM takes place when

|∆kabc| = 0 and |∆kdcc| >> 0, and in this case, Eqs. 4.1c,d reduce to dzuc = iΓabcuau∗b

and dzud = 0. For any combination of two fields initially nonzero, we observe

evolution that cycles between the processes of difference frequency generation

(DFG) (ωa → ωb, ωc), and sum frequency generation (SFG) (ωb, ωc → ωa). Due

to the nonlinear dependence on field amplitudes in Eqs. 4.1, the periodicity of

the conversion cycle varies across the transverse coordinate, leading to inhomo-

geneous conversion dynamics and a fundamental limitation on the conversion

efficiency of the device as discussed in [31].

When SHG is coupled to one of the lower frequency fields by satisfying

∆k⃗dcc = 0, SFG is inhibited and two distinct phases of dynamics are observed

(Fig. 4.2b,c). In both phases, we observe that asymptotically full conversion

from modes a and c to b and d takes place independent of the initial local inten-

sity, effectively homogenizing the modal transfer between the input and output

fields. However, when TWM is strong in comparison to SHG (Fig. 4.2b), the

TWM is characterized by damped oscillations, and in contrast, when SHG is

strong compared to TWM (Fig. 4.2c), SFG is fully inhibited and the conver-
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sion is monotonic. In the following, we show analytically how the behavior of

this closed Hermitian system and the emergence of these distinct phases results

from underlying non-Hermitian physics.

4.2.2 SHG as a Form of Loss

To begin this discussion, we point out that phase-matched SHG differs from

most TWM interactions, in that the conversion dynamics are not cyclic. The

displacement of photons to the second harmonic (SH) field is monotonic and

irreversible, thus sharing a primary feature of loss due to contact with a ther-

mal bath. This was pointed out in the context of parametric amplification [31],

in which SHG was observed to induce behavior normally associated with loss

[60, 23, 96, 61]. Yet, unlike a heat bath, the coupling between a wave and its SH

is coherent, and unidirectional flow is a consequence of a vanishing polarization

field at both the fundamental and SH frequencies. Moreover, since the growth

of the SH field is quadratic in the fundamental (Eq. 4.1d), the irreversibility of

flow is even insensitive to pi phase modulations in the fundamental field [31]. In

the hybridized process in Fig. 4.2b,c, this insensitivity enables a unidirectional

flow of energy to the SH field even as the fundamental field undergoes conver-

sion cycles. Thus, even when taken to full conversion, the SHG provides a loss

channel for the TWM system by which we might expect the emergence of an ex-

ceptional point that demarcates regions of broken and unbroken PT-symmetric

phases.
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4.3 ANALYSIS

4.3.1 Photon Exchange Rates & Manley Rowe Equations

To begin the analysis, we derive from Eqs. 4.1 a set of equations that describe the

rate at which photons are added and removed from each field by a given non-

linear interaction (TWM or SHG). These are derived by computing derivatives

of each n j:

dzna(z) = −ρabc(z) (4.2a)

dznb(z) = ρabc(z) (4.2b)

dznc(z) = ρabc(z) − 2ρdcc(z) (4.2c)

dznd(z) = ρdcc(z) (4.2d)

where ρabc(z) = 2ΓabcIm{u∗a(z)ub(z)uc(z)} and ρdcc(z) = 2ΓdccIm{ud(z)(u∗c(z))2} repre-

sent the rate at which photons are added (removed) from each field by TWM

and SHG, respectively. We have chosen the sign convention such that ρabc(z) > 0

represents DFG and ρabc(z) < 0 represents SFG. It is always the case that

ρdcc(z) ≥ 0 since photons can only move unidirectionally into field d from field c

as discussed above. From these equations it is simple to derive a set of linearly

independent relationships known as the Manley-Rowe equations that define

conserved quantities in terms of photon flux:

N1 = na,0 + nb,0 = na(z) + nb(z) (4.3a)

N2 = na,0 + nc,0 + 2nd,0 = na(z) + nc(z) + 2nd(z), (4.3b)

where the n j,0 are the initial fractional photon flux densities and nd,0 = 0 for the

system under consideration. Thus, as the fields evolve, the number of photons
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in the a-b and a-c-d subsystems are constrained by the initial fractional photon

flux density of the seeded fields. From this constraint and the unidirectionality

of SHG, we can infer nb(z → ∞) = N1 and nd(z → ∞) = N2/2 while na(z → ∞) =

nc(z→ ∞) = 0 which captures the asymptotic behavior seen in Fig. 4.2b,c.

4.3.2 Identifying the Non-Hermitian Subsystem

We now seek to understand the intermediate dynamics seen in Fig. 4.2b,c in

terms of non-Hermitian physics. Since Eq. 4.3b suggests SHG acts directly to

remove photons from fields a and c, we direct our attention to the a-c subsys-

tem before turning our attention to the full system. Typically, an investigation

of non-Hermitian physics involves computation of the eigenspectra for a lin-

early coupled subsystem with gain and loss. While nonlinear TWM systems

have long been investigated in approximately linear regimes by way of unde-

pleted field approximations or adiabatic elimination, here we take a new ap-

proach that allows us to investigate the non-Hermitian features in the fully non-

linear regime without approximation. This analysis requires a priori knowledge

of the evolution of fields b and d by first solving the wave mixing equations

(Eqs. 4.1) numerically. We can intuitively think of field b as contributing to a

propagation varying coupling constant κac(z) = Γabcub(z) for fields a and c while

γcc(z) = Γdcc|ud(z)| represents a monotonically growing two-photon loss on field c.

We then cast the a-c subsystem (Eqs. 4.1a,c) in a frame where the loss on mode c

is balanced by equivalent gain on mode a by performing the gauge transforma-

tion [u′c, u
′
a] = [uc, ua]e

∫ z
0 γcc(z′)dz′ . Over length scales where |∆kabcz| and |∆kdccz| ≪ π,

we find this transformation provides a powerful analytic tool for identification

of parameters that dictate the occurrence of phase transitions within the nonlin-
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ear system.

Substituting these coordinates into Eqs. 4.1a and 4.1c, we can write the cou-

pled a-c subsystem equations in the simplified Hamiltonian form,

−i
d
dz

u
′
c(z)

u′a(z)

 =
iγcc(z) κ∗ac(z)

κac(z) −iγcc(z)


u
′
c(z)

u′a(z)

 . (4.4)

The propagation-dependent Hamiltonian of this system is given by Hac(z) = g⃗(z)·

σ⃗ where g⃗(z) = (Re{κac(z)}, Im{κac(z)}, iγcc(z)) expresses the coupling and loss of

the system and σ⃗ is the Pauli vector. This Hamiltonian is non-Hermitian except

in the γcc(z) = 0 case, which represents conventional TWM without SHG. It is

also easy to check Hac(z) commutes with the parity-time operator by computing

[Hac(z), PT ] = 0 with parity inversion of fields a and c given by P = σx and time

reversal given by complex conjugation (TuT−1 = u∗).

(a)

(b)

(c)

(d)

(e)

(f)

EP
𝑧 → ∞

EP

Figure 4.3: Numerical solutions for a-c subsystem dynamics in the gauge trans-
formed frame for (a,b), η∞ < 1, having power oscillations and purely real eigen-
values for all z; (c,d), η∞ = 1, in which fields a and c coalesce as the system
asymptotically approaches the exceptional point; and (e,f), η∞ > 1, showing ex-
ponential growth and a transition from purely real to purely imaginary eigen-
values at the exceptional point. All cases: nb,0 = 10−5 and na,0 = 1 − nb,0.

A local eigenspectra analysis of Hac(z) yields propagation dependent eigen-
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values λ±(z) = ±
√

g⃗(z) · g⃗(z) = ±
√
|κac(z)|2 − |γcc(z)|2 where an exceptional point

occurs when the coupling and loss are equivalent, or in physical terms, when

the SHG and TWM processes act with equal strength on the subsystem. We

introduce the state parameter η(z) =
√
|γcc(z)|/|κac(z)| which quantifies the rela-

tive strength of loss due to SHG to coupling due to TWM. We find the local

right eigenvectors depend solely on this new parameter: v⃗±(z) = 1/
√

2[1, iη(z) ±√
1 − η(z)2]T . An exceptional point exists at η = 1, where the eigenvalues and

local right eigenvectors coalesce. When η(z) < 1, coupling by TWM is the dom-

inant process and the subsystem is PT-symmetric with purely real eigenvalues.

When η(z) > 1, loss of photons by SHG is dominant and PT-symmetry is broken,

resulting in purely imaginary eigenvalues. Whether the system converges to the

broken or unbroken PT-symmetric phase is determined by the steady state pa-

rameter η∞ ≡ η(z → ∞) = Γdcc/Γabc
√

N2/2N1. For values of η∞ < 1, fields a and c

will forever engage in bidirectional power exchange via SFG/DFG conversion

cycles (Fig. 4.3a, b). When η∞ > 1, PT-symmetry is broken at finite z, lead-

ing to a complete elimination of the bidirectional exchange of power between

fields a and c that is characteristic of TWM (Fig. 4.3e, f). Thus, the conditions

for PT-symmetry breaking are determined by the relative drive strength of the

SHG and TWM processes and by the initial conditions through the conserved

quantities of Eqs. 4.3.

55



St
ro

n
ge

r 
SH

G

SFG (𝜌 < 0)

St
ro

n
ge

r 
TW

M

Broken 
PT

Symmetry

c
b

aa, b seeded
(initial DFG) c

b
aa, c seeded

(initial DFG)
c

b
ab, c seeded

(initial SFG)

Increasing relative rate 
of SHG

DFG (𝜌 > 0)

(a) (b) (c)

PT
Symmetry

Figure 4.4: Gauge-invariant parameter ρ(z) (color map) for initial conditions cor-
responding to DFG with (a) fields a and b seeded, (b) fields a and c seeded, and
(c) SFG with fields b and c seeded. A white dashed line corresponding to η∞ = 1
demarcates a sudden transition in behavior corresponding to the PT-symmetric
phase of the a-c subsystem. The colorscale is truncated at ±1 for clarity.

4.3.3 Influence of the Non-Hermitian Subsystem on the Full

Hermitian System

So far, we have revealed how non-Hermitian physics emerges in the a-c subsys-

tem of any TWM process as a consequence of simultaneously phase-matched

SHG. Our approach also allows an exact analysis over the full range of power

exchange dynamics, rather than employing a linearized model that excludes the

coherence between the subsystem and external fields. Thus, we can analyze an-

other interesting feature: the back-action of the non-Hermitian a-c subsystem

on the external fields b and d. In the following analysis, we investigate how

the abrupt transition in PT-symmetric phase in the non-Hermitian 2-mode a-c

subsystem imprints on the 4-mode Hermitian system, leading to the dynamics

in Fig. 4.2.

A compact representation of the 4-mode system dynamics is given by the

real parameter ρ(z) = ρdcc(z)/ρabc(z) = η
√

n′c/n′a. Its magnitude quantifies the

relative rate of photons being exchanged by SHG compared to TWM. At its

extrema, |ρ(z)| ∈ {0,∞}, only TWM or SHG occur, respectively. The sign of ρ(z)
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represents the direction of TWM photon exchange, with ρ(z) > 0 corresponding

to DFG and ρ(z) < 0 corresponding to SFG. Since this parameter is defined as

a ratio, it is gauge invariant, and thus can be interpreted in terms of either the

2-mode a-c subsystem or the full 4-mode system.

Figure 4.4 depicts the photon exchange dynamics for three representative

cases of TWM and in each case exhibits an abrupt phase transition in the dynam-

ics of the closed Hermitian system. This phase transition is demarcated by the

white dashed line at arctan(η∞) = π/4 (i.e., η∞ = 1). When 0 ≤ arctan(η∞) < π/4,

the a-c subsystem always remains PT-symmetric and there is a perpetual oscil-

lation in the relative rate of SHG and TWM interactions with the TWM process

periodically switching between DFG and SFG, as seen in Fig. 4.2b. In this phase,

the dynamics of photon exchange are highly dependent on the specific system

parameters. However, when π/4 ≤ arctan(η∞) < π/2, the exceptional point is

crossed at finite z and we see rapid convergence to dynamics involving only

DFG and SHG at a fixed rate, leading to the monotonic growth of fields b and

d, independent of which two of the TWM fields are initially seeded, as seen in

Fig. 4.2c. Thus, we see how the abrupt transition in the PT-symmetric phase of

the non-Hermitian 2-mode subsystem is imprinted on the enclosing Hermitian

4-mode system. In fact, the exact relative rate of DFG and SHG reached in equi-

librium, ρ(z → ∞) = η2
∞ −
√
η4
∞ − η

2
∞, depends only on the a-c subsystem state

parameter η∞, and is independent of the initial behavior of the TWM system.
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4.4 DISCUSSION

These findings have a number of interesting implications. We have shown

that the evolution behavior of a Hermitian wave-mixing system is tied to non-

Hermitian behavior of an enclosed subsystem, even through a full nonlinear

power exchange. In non-Hermitian nonlinear wave mixing systems, it has

been established that conversion between modes can be homogenized across

their transverse profiles, linearizing the input-output behavior. This is impor-

tant, as it solves the longstanding problem of inefficient frequency conversion

[60, 23, 96, 61, 31]. That this can be achieved without any real loss or coupling to

a thermal bath – enabled rather by coherent coupling to a co-propagating wave

– can circumvent other problems. As pointed out previously, thermal loading

can be avoided [31] and phase noise improved [81, 82], and the loss band can

be chosen by phase-matching technique rather than being tied to material or

structural resonances. Moreover, in our system, the photons displaced from

the enclosed subsystem are preserved in a coherent field that can be used in

subsequent applications. All of these are significant capabilities for advancing

frequency conversion technology that can be important for laser science and in-

tegrated photonics. More generally, the use of non-Hermitian physics to explic-

itly control an enclosing Hermitian system, as shown here, may have broader

applicability and importance where energy efficiency and sustainability are of

concern.

1

1This chapter is derived from [30] with small changes.

58



CHAPTER 5

ADIABATIC FREQUENCY CONVERSION

Generating octave-spanning coherent bandwidths and compressing them to

their transform-limits are among the most challenging aspects of optical sys-

tems used for ultrafast spectroscopy and control of matter, especially at the

single-cycle limit. Typically, octave-spanning bandwidths are generated using

super-continuum generation, noncollinear or frequency domain optical para-

metric amplification [13, 86], coherent beam synthesis [63], nonlinear multi-

mode mixing in gas-filled hollow core fibers [77], and adiabatic frequency con-

version [91, 65]. In particular, adiabatic frequency conversion is a promising

new technique that has demonstrated single-cycle pulse generation in the mid-

infrared while preserving the phase properties and absolute bandwidth of the

input pulse. However, as absolute bandwidths grow large, precise dispersion

management in these systems plays an increasingly important role; transmis-

sion through even a few millimeters of an optical device can become a limit-

ing technical factor. Standard compressors using bulk material, gratings, and

prisms can offset large amounts low-order dispersion, but struggle to mitigate

higher-order dispersion and can even exacerbate it.

To address the challenge of higher-order dispersion, modern octave-

spanning systems have successfully incorporated multiple double-chirped mir-

ror pairs or programmable dispersive filters [63] in combination with the stan-

dard approaches outlined above. However, increasingly complex dispersion

management schemes impact the cost, stability, flexibility, and construction time

of ultrafast laser architectures. A greatly simplified single-cycle mid-IR source

of CEP-stable transients could significantly extend the boundaries of ultrafast
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𝐺(𝑧)

Monolithic down-conversion with dispersion self-compensation

Figure 5.1: Self-dispersion managed ADFG concept: a compressed multi-cycle
near-IR wave undergoes bandwidth and phase-conserving adiabatic down-
conversion to a compressed, CEP-stable, single-cycle mid-IR pulse in a chirped
QPM grating with a local poling frequency G(z) designed to impart zero net
GDD.

science for applications including electronics at optical clock rates [52], attosec-

ond science [17], and field-resolved detection of plasmonics [28].

Additionally, standard experiments in 2DIR spectroscopy require interfero-

metrically stable identical pulse pairs and more advanced experiments require

the ability to impress differences on these pairs such as relative phase, ampli-

tude, and spectral content. An interferometer produces identical mid-IR pulse

pairs but lacks stability and introduces timing jitter. A spatial light modu-

lator inside a grating pair or an acousto-optic programmable dispersive filter

(AOPDF) would enable arbitrary shaping of post-generation pulses; however,

such devices are usually limited to sub-octave-spanning bandwidths. Piecewise

dispersion compensation is possible through coherent pulse synthesis schemes,

but requires substantial engineering [63].

Here, we demonstrate a highly efficient adiabatic frequency downconverter

that intrinsically manages its own large material dispersion (Fig. 5.1). This en-

ables a linear transfer of amplitude and phase of near-IR pulses at Ti:sapphire

wavelengths (680–820 nm) to an octave-spanning bandwidth in the mid-IR (2–4
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Figure 5.2: Sub-20-fs peak-to-peak residual group delay for the dispersion man-
aged device compared to >5 ps for a device of identical conversion bandwidth
and length, but with a standard, linearly chirped G(z)

µm) without the need for additional complex dispersion management. We re-

port a 2 cm LiNbO3 device that imparts only 200-300 fs2 residual GDD over an

octave-spanning bandwidth. The result is a compressed 13.5-fs near-IR pulse

converted to a 15.9-fs mid-IR pulse (1.2x its transform-limited duration) with

high photon conversion efficiency in the presence of a strong, narrowband

pump. This constitutes a nearly complete elimination of GDD and a dramatic

improvement over the > 104 fs2 GDD imparted by a standard, quasi-linear QPM

domain poling function, as used in [48].
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10 fs

Figure 5.3: Propagation simulations of the device under study, showing (a) the
position-dependent conversion of each spectral component of an input 10-fs
near-IR field, (b) temporal evolution dynamics illustrating stretching of the in-
put near-IR pulse followed by simultaneous conversion to the mid-IR and re-
compression to a 10-fs duration. (c) Mid-IR output pulse intensity (solid red)
compared against initial compressed near-IR input pulse (dashed blue).

5.1 ADFG: BACKGROUND & DISPERSION PROPERTIES

5.1.1 ADFG Concept

Ultrafast adiabatic difference frequency generation (ADFG) is a recently estab-

lished technique for efficient down-conversion of photons over a wide band-

width [91, 65]. It is achieved using a monotonic, slowly varying position-

dependent poling frequency G(z) = 2π/Λ(z) to create a chirped quasi-phase
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matching (QPM) device where Λ(z) is the domain period of the structure at the

propagation coordinate z. Each input frequency ω is locally converted within

the device at a position zc(ω) when the phase matching condition ∆k(ω) =

∆k0(ω) −G(zc(ω)) = 0 where ∆k0(ω) is the bulk wavevector mismatch of the DFG

process. Here, ∆k(ω) = kNIR(ω) − kMIR(ω) − kp where kNIR(ω), kMIR(ω), and kp are

the near-IR, mid-IR, and pump wavevectors. Note that since the pump is very

narrowband, there is a one-to-one correspondence between near-IR and mid-IR

frequencies. When the poling function varies slowly enough, the adiabatic con-

dition is achieved and photons at each frequency undergo unidirectional con-

version to the difference frequency field (here, the mid-IR field). The efficiency

of this process has been shown to approach saturation at unity with increasing

pump power [71].

ADFG has been used to produce single-cycle, energetic pulses when accom-

panied by a complex dispersion management scheme incorporating grism pairs

and a programmable dispersive filter [48]. This work also showed the ability

of ADFG to preserve complex pulse features through the conversion process.

However, the device required a complicated phase mask applied by the pro-

grammable dispersive filter in order to compress the pulses. This is because of

the complicated dispersion profile imparted to the downconverted pulses that

is not just due to the bulk material dispersion, but also from where the light is

converted within the device.

The dispersion that results from a monotonically varying aperiodic grating

has been studied for both adiabatic optical parametric amplification (AOPA)

[11] and ADFG [48] devices. The group delay τ(ω) as a function of conversion
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position zc(ω) is given by:

τ(ω) = k
′

NIR(ω)zc(ω) + k
′

MIR(ω)(L − zc(ω)) (5.1)

where the primes denote differentiation with respect to ω (see Appendix for

derivation). Intuitively, this equation states that the total group delay is the sum

of that acquired by the input near-IR frequency up to the conversion position

plus the group delay acquired by mid-IR frequency after the conversion posi-

tion. A consequence of eq. 5.1 is that the device dispersion is highly dependent

on the design. A linear poling function G(z) is the simplest design to maintain

the adiabatic condition over a wide bandwidth, and yet it can result in a non-

trivial group delay that can not be compensate for without the aid of a pulse

shaper. Fig. 5.2 shows that for a linearly chirped, 2 cm, LiNbO-3 device, the re-

sulting group delay spans several picoseconds with large amounts of high order

dispersion indicated by the line shape.

5.1.2 Dispersion Engineering

Here, we show how to use the frequency-dependent and localized conversion

of ADFG to cancel the devices own material dispersion while generating an

octave-spanning bandwidth in the mid-IR. A similar concept was described the-

oretically for AOPA where two devices were used in tandem to engineer a dis-

persion profile for the seeded field [11]. Since the desired output of and ADFG

device is the unseeded field, this can be accomplished in a single device. To can-

cel the material dispersion of a 2 cm, LiNbO3, we want to design a QPM grating

such that the group delay profile is flat, i.e., dτ(ω)/dω = 0, to minimize group

delay dispersion and higher order dispersion imparted by the device (Fig. 5.2,

blue).
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To design the device, we solve eq. 5.1 when τ(ω) = const. for zc(ω). The con-

stant can take any value that lies between k
′

NIR(ω)L and k
′

MIR(ω)L for all relevant

values of ω such that zc(ω) is monotonic. The grating can then be constructed

by choosing a poling period Λ(z) such that G(zc(ω)) = k0(ω) at each zc(ω). Since

zc(ω) is continuous but the grating structure is made of discrete domains, this

can be accomplished by sampling zc(ω) according to the current position in the

device after placing each domain.

Fig. 5.3a shows a simulation of the near-IR and mid-IR spectra as a func-

tion of propagation in our dispersion-managed device. The propagation-

dependent conversion position of each mid-IR wavelength in the device can

be seen from the sharp conversion transition. In the time domain, this re-

sults in a compressed, 10-fs near-IR input converting directly to a compressed,

10-fs mid-IR output (Fig. 5.3b,c). Conveniently, the device acts as its own

stretcher/compressor, broadening an the input near-IR pulses to several pi-

coseconds prior to conversion. This keeps the peak intensity low during con-

version, then subsequently, the generated mid-IR pulses self-compressing back

to a 10-fs duration (Fig. 5.3). Further τ(ω) can be engineered to suit specific

applications such as compensation of external sources of dispersion so that the

input pulse itself need not be compressed.

5.2 EXPERIMENTAL RESULTS

The laser source consists of a 1030-nm Yb:YAG laser with two outputs: a 900-

fs low-power (2 µJ) output and a 3-ps high-power (17 mJ) output. The 900-fs

low-power output drives white-light (WL) geneartion in a 13-mm YAG crystal,

65



(a) (b) (c)

Figure 5.4: (a) ADFG experimental diagram: near-IR is focused into the ADFG
crystal using a concave mirror (CM) and combined with the pump using a
dichroic mirror (DM). The generated mid-IR light is collimated with a second
CM. (b) NIR input spectrum and phase retrieved by FROG (c) MIR output spec-
trum and phase retrieved by FROSt.

from which, a bandwidth of 670–950 nm is selected and amplified to 50 µJ in a

series of noncollinear optical parametric chirped pulse amplifiers pumped with

frequency-doubled light from the high-power output. The amplified near-IR

pulse is split into several paths. The first is sent to the adiabatic frequency con-

verter to generate the 2–4 µm mid-IR pulse. A 4f fourier-domain pulse shaper

(PhaseTech, Inc.) is used to spectrally filter the near-IR pulse to 680–820 nm

and compress it at the input of the adiabatic frequency conversion stage. A sec-

ond near-IR beam, compressed with a chirped mirror pair, is used as the pump

pulse for frequency-resolved optical switching (FROSt), described below, which

is used to characterize the generated mid-IR pulse.

5.2.1 ADFG experimental setup

The ADFG setup is shown in Figure 5.4a. The compressed 680–820-nm near-IR

pulse is combined with 200 µJ of 1030-nm pump light in the ADFG crystal gen-

erating a compressed 2–4-µm mid-IR pulse. The near-IR beam is focused into

the frequency conversion crystal with a 50-cm concave mirror and combined
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with the pump pulse using a shortpass dichroic mirror. A longpass filter (An-

dover 1750-nm longpass filter, 1-mm Si) is used to separate the mid-IR pulse

from the residual near-IR and pump light. The mid-IR light is collimated using

a 50-cm concave mirror.

The near-IR pulse is characterized after the dichroic mirror by bypassing

the ADFG stage and using SHG FROG. Using the 4f pulse shaper, we impart

a phase to the near-IR pulses so they are compressed at the input to the ADFG

device. The measured spectrum and retrieved phase is shown in Fig. 5.4b.

We achieve a nearly flat 70% photon conversion efficiency across the input

near-IR spectrum. The generated mid-IR spectrum is shown in Fig. 5.4c. A

number of modulations are observed across the mid-IR and have been identified

with a parasatic OPA process that occur at the end of the device in a region that

is non-critical to the dispersion properties of the device.

5.2.2 FROSt Measurement

We characterize our octave-spanning mid-IR pulses using frequency resolved

optical switching (FROSt). FROSt is a phase-matching-free characterization

technique that was recently used to characterize two-octave-spanning infrared

pulses [54, 59]. In FROSt, a pump pulse is used to excite free-carriers in a semi-

conductor sample creating a sharp absorption edge in time which acts as an

optical gate for characterizing a probe pulse. The probe pulse spectrum is mea-

sured as a function of pump-probe delay, allowing the electric field of the probe

pulse to be reconstructed using a ptychographic algorithm [54].
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Figure 5.5: (a) FROSt setup: the mid-IR probe is focused onto the Si sample
using an off-axis parabolic mirror (PM) and recollimated with a second PM. The
near-IR delay is scanned with an automated delay stage and focused onto the
sample with a concave mirror (CM). (b) Measured and retrieved FROSt traces
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We use a 10-µJ near-IR pulse compressed to 14-fs FWHM to pump the free-

carrier excitation in a 1-mm Si sample. The pump and probe pulses are com-

bined at the FROSt sample as shown in Fig. 5.5a. The probe is focused to a 44-

µm 1/e2 beam diameter at the sample. To achieve a strong, uniform free-carrier

excitation across the probe beam, the pump is focused to a 275-µm 1/e2 beam

diameter. The measured and retrieved FROSt trace for the probe is shown in

Fig. 5.5b. The retrieval gives a reconstruction of the mid-IR electric field profile

and phase.

The group delay imparted by the device can now be determined by com-

paring the near-IR spectral phase measured with SHG FROG and the output

mid-IR spectral phase measured with FROSt. The spectral phase imparted by

our device ϕD and related group delay τ(ω) = (dϕD(ω))/dω is calculated by

ϕD = ϕMIR − ϕNIR − ϕOptics, where ϕMIR(ϕNIR) is the measured spectral phase of

the mid-IR (near-IR) pulse and ϕOptics is the analytic spectral phase of a 1-mm

fused silica beamsplitter in the SHG FROG setup calculated from the Sellmeier

equation and the measured spectral phase of a 1-mm silicon longpass filter.

5.2.3 Results

The GD imparted by our device is shown in Fig. 5.6a. The maximum range of

group delay is 250 fs over the target bandwidth (2–4 µm) resulting in a 15.9-fs

pulse with a small satellite (5.6b, orange). The output MIR pulse is 1.2x the 13.5-

fs input pulse duration without external dispersion compensation. The small

residual GDD is estimated by applying a linear fit across the target bandwidth,

indicating -210 fs2 (Fig. 5.6a, dashed). This dispersion may have arisen due to
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Figure 5.6: (a) Measured MIR spectrum (filled curve) and group delay imparted
by the device (orange) with a linear fit (black). (b) Retrieved pulse intensities
(solid) and phase (dashed-dotted) of the near-IR input (blue), mid-IR (orange),
and residual-GDD-compensated mid-IR (green).

manufacturing tolerances in the device and could potentially be compensated

via a thin wedge pair or slightly modified design. When this residual GDD is

compensated, the output pulse duration is reduced to 14 fs (Fig. 5.6b, green),

1.04x the input pulse duration.

5.3 DISCUSSION

In summary, we have demonstrated the proof-of-principle of a concept for gen-

erating single-cycle mid-IR pulses efficiently by adiabatic down-conversion of a

few-cycle near-IR source, in a monolithic device imparting near-zero GDD. Al-

ternatively, the device could be designed to impart a desired dispersion profile

in combination with a small amount of bulk material dispersion. This would

enable high energy frequency conversion by avoiding high peak intensities in

the device.

We believe this work is an important step in advancing the state of the art

70



for ultrafast lasers and the study ultrafast science. By compensating for its own

dispersion and/or the dispersion of other components of the laser architecture,

the dispersion managed ADFG concept can greatly reduce the complexity, cost,

and time investment of building ultrafast laser systems. It also serves to enhance

the modularity and compactness of ultrafast frequency conversion stages by

eliminating the need for the sophisticated dispersion compensation stages. Such

stages introduce instability by increasing extra beam paths and optics and have

to be tailored to the specific conversion device, making them inflexible.

1

1This chapter contains material from [29, 36].
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CHAPTER 6

CONCLUSION

To summarize the results of this dissertation, we have analyzed the evolution

dynamics of hybridized OPA and idler SHG – which we call second harmonic

amplification (SHA) – and found it suited to overcome one of the major prob-

lems limiting the conversion efficiency of parametric amplifiers: the spatiotem-

porally inhomogeneous conversion that is a result of the intensity-dependent

conversion-back-conversion cycles. Chapter 2 revealed that the dynamics of

SHA are those of a damped anharmonic oscillator, describable by a Duffing os-

cillator model. This model also describes the dynamics of conventional OPA

and OPA with linear idler loss (as due to absorption). Our analysis thus uni-

fies the description of OPA and its variants that incorporate the displacement

of idler photons – including the recently demonstrated QPA approach [60, 61]

– and may be useful for the analysis and design of many parametric amplifier

systems.

Further, Chapter 2 explored two device examples investigated by a numer-

ical analysis that indicates a high expected pump-to-signal energy conversion

efficiency (as high as 55% in one example) in common bulk nonlinear media

used for OPA. These results hold for the Gaussian pump beam and pulse pro-

files commonly obtained from pump lasers. Our examples included devices

pumped by picosecond lasers at 1-µm and 2-µm wavelength that produce am-

plified signal pulses and accompanying idler SH pulses with picosecond and <

200-fs TL duration.

In Chapter 3, we experimentally demonstrated SHA, validating the predic-

tions that the introduction of idler SHG could suppress back-conversion to ob-
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Figure 6.1: Tuning range of non-collinear SHA showing that phase matching
is possible for efficiently generating a wide range wavelengths using common
pump lasers and nonlinear media [18].

tain highly efficient OPA. 44% pump to signal energy conversion was achieved

corresponding to 68% pump depletion, a several fold increase in efficiency over

conventional OPA. We verified that the signal maintains a high quality beam

shape throughout the conversion and from the idler SH beam measurements,

we deduced that the primary limitation on efficiency is due to spatial walk-off

of the idler SH beam. This could be mitigated by using larger beam sizes. Addi-

tionally, the pump beam evolution depicts the first clear evidence of the damped

oscillatory nature of the SHA interaction.

Having now demonstrated that SHG works to enhance OPA efficiency as

predicted, there are a number of promising avenues to be explored that take ad-

vantage of SHAs fully parametric nature. First, there are many degrees of free-

dom that can be leveraged to achieve simultaneous phase matching of OPA and

SHG. Prior investigations have shown this to be possible over a wide range of

existing nonlinear media (such as BBO, CSP, and LiNbO3) using non-collinear
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geometries [18] and quais-phase matching (QPM) [31]. Non-collinearity can

provide a wide frequency tuning range in a single crystal and is a route toward

tunable and efficient downconversion of high average power 1- and 2-µm solid-

state diode-pumped lasers due to the large aperture of available bulk nonlinear

media 6.1. QPM can enable arbitrary phase matching within the transparency

range of materials such as LiNbO3, KTP, and GaAs provided manufacturing

constraints and energy conservation between frequencies are observed. A fur-

ther advantage of QPM is the ability to tune the relative nonlinear strength of

OPA and SHG through the poling structure in order to tune the damping param-

eter toward the critical damping regime. This could enable rapid conversion by

operating near the critical damping point to avoid the oscillatory dynamics of

the underdamped regime.

A unique advantage of using a nonlinear parametric process to induce effi-

cient OPA in place of loss is that the lost idler energy is preserved in the coprop-

agating idler SH field. On account of SHA’s high photon conversion efficiency,

one might envision using cascaded SHA stages to obtain a pump-to-signal en-

ergy conversion efficiency that reaches or even exceeds the OPA quantum de-

fect limit (i.e., an efficiency ≥ ωs/ωp), as the substantial power in the idler SH

field could be reused in a second SHA stage to further amplify the signal. This

scheme, depicted in Fig. 6.2, works if ω2i > ωs (equivalent to ωs < (2/3)ωp).

Defining ηi as the pump photon depletion efficiency for the ith stage (and assum-

ing there are no residual idler photons), the overall energy conversion efficiency

of pump to signal in this scheme is (η2
1 + η1η2/2)(ωs/ωp). Thus, for example,

it is possible for the pump-to-signal energy conversion efficiency to equal the

quantum defect limited efficiency for a per-stage photon conversion efficiency

η1 = η2 = 81.6%. A maximum energy conversion efficiency at 150% above the
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Figure 6.2: Cascaded SHA stage scheme potentially capable of exceeding the
quantum-limited OPA efficiency, ωs/ωp, for a high enough single-stage photon
conversion efficiency. The idler SH from the first stage is reused to amplify the
signal in the second stage, such that ω′p = ω2i and ω′s = ωs. Each stage would
incorporate an appropriate material and phase-matching scheme for SHA.

quantum defect is theoretically possible for η1 = η2 = 100%. In the example of

Section 2.2.1, the pump photon depletion efficiency is 80% and only 3% of the

incident pump energy is lost to the idler wave, and is thus close to but not quite

at the efficiency threshold needed for exceeding the quantum limit if repeated

in an equally efficient subsequent stage where the idler SH is resused to pump

the signal. This scheme therefore presents an intriguing future direction for

achieving ultra-efficient parametric amplification, and may be especially useful

for mid-wave and long-wave mid-infrared amplifiers pumped by near-infrared

lasers, which possess a low quantum defect and are therefore very inefficient.

In chapter 4, the concept of using SHG as a loss channel to tailor dynam-

ics was extended to TWM using analyses techniques typical of non-Hermitian

physics. We showed that the evolution behavior of a Hermitian wave-mixing

system is tied to the non-Hermitian behavior of an enclosed subsystem, even

through a full nonlinear power exchange. This behavior can be achieved be-

cause of the absence of any real loss or coupling to a thermal bath. Inducing

this behavior by coherent coupling to a co-propagating wave can circumvent
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other problems. As pointed out previously, thermal loading can be avoided [31]

and phase noise improved [81, 82], and the loss band can be chosen by phase-

matching technique rather than being tied to material or structural resonances.

More generally, the use of non-Hermitian physics to explicitly control an enclos-

ing Hermitian system, as shown here, may have broader applicability outside

of optics.

Clearly, using SHG as a form of nonlinear loss can lead to a vast range of

applications. In addition to added flexibility of using a phase-matchable loss

mechanism in place of a material or structural resonance, the ability to preserve

the lost energy in a copropagating field is of particular importance where energy

efficiency and sustainability are of concern.

In chapter 5, we focused on another issue that arises due to conversion cy-

cles, the efficiency-bandwidth trade-off. We demonstrated a proof-of-principle

concept for generating single-cycle mid-IR pulses efficiently by adiabatic down-

conversion of a few-cycle near-IR source in a monolithic device imparting near-

zero group delay across and octave-spanning bandwidth. This solves the prob-

lem of the complex dispersion imparted by the frequency dependent conversion

position in ADFG devices. By compensating for its own dispersion and/or the

dispersion of other components of the laser architecture, the dispersion man-

aged ADFG concept can greatly reduce the complexity, cost, and time invest-

ment of building ultrafast laser systems. It also serves to enhance the modu-

larity and compactness of ultrafast frequency conversion stages by eliminating

the need for the sophisticated dispersion compensation stages. Such stages in-

troduce instability by increasing extra beam paths and optics and have to be

tailored to the specific conversion device, making them inflexible. We believe
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this is an important step in advancing the state of the art for ultrafast lasers and

the study of ultrafast science.

1

1This chapter uses material from [31, 30]
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APPENDIX A

EVALUATION OF DIFFRACTION AND BEAM WALK-OFF IN SHA

We performed an initial analysis of beam propagation effects in order to find

the smallest beam size where diffraction and Poynting vector walk-off are neg-

ligible for the SHA device considered in our study. Monochromatic fields at

frequencies ω j,0 for signal, pump, idler, and idler SH waves with 1D spatial

Gaussian beam profiles were propagated in the plane of Poynting vector walk-

off (spatial coordinate x) using the four coupled pulse propagation equations

for OPA and idler SHG (shown in the spatial Fourier domain) with diffraction

and Poynting vector walk-off:

dzEs(kx) = i
ωs,0deff

nsc
F {Ep(x)E∗i (x)} − iks(ωs,0)Es(kx) + i

k2
x

2ks(ωs,0)
Es(kx) (A.1a)

dzEp(kx) = i
ωp,0deff

npc
F {Es(x)Ei(x)} − ikp(ωp,0)Ep(kx) + iρpkxEp(kx)

+ i
k2

x

2kp(ωp,0)
Ep(kx) (A.1b)

dzEi(kx) = i
ωi,0deff

nic
F
{
Ep(x)E∗s(x) + E2i(x)E∗i (x)

}
− iki(ωi,0)Ei(kx)

+ i
k2

x

2ki(ωi,0)
Ei(kx) (A.1c)

dzE2i(kx) = i
ω2i,0deff

2n2ic
F {E2

i (x)} − ik2i(ω2i,0)E2i(kx) + iρ2ikxE2i(kx)

+ i
k2

x

2k2i(ω2i,0)
E2i(kx) (A.1d)

where E j(kx) = A j(kx)eik j(ω j,0)z, and A j, k j, and n j are the signal, pump, idler, and

idler SH electric field amplitudes, wave vectors in the nonlinear medium, and

indices of refraction, respectively, and where kx and z are the transverse spatial

and propagation coordinates. The effective quadratic nonlinear coefficient is

given by deff and c is the speed of light. Terms quadratic in kx represent diffrac-

tion in the paraxial regime. Terms linear in kx represent Poynting vector walk-
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off, which in CSP is present for pump and idler SH but not signal and idler, as

both OPA and SHG processes are Type-I (o + o = e). The walk-off angles for the

pump and idler SH are given by ρp and ρ2i, respectively.

Fig. A.1 shows the results for the CSP device simulated in Section 2.2.1,

where both diffraction and spatial walk-off are of concern. ρp and ρ2i for the

1.03 µm pump and 3.25 µm idler SH in this case are 16.64 µrad and 16.82 µrad,

respectively. For the 2.55 mm optimal crystal length used in the simulation,

this corresponds to ∼40 µm of walk-off for the pump. Fig. A.1 shows the spa-

tial simulation results of solving Eqs. (S1)-(S4) for three beam sizes, 1/e2 beam

radii 1, 0.5, and 0.2 mm. For a 1 mm beam radius (the pump beam radius used

in the CSP device example in the main text), we find negligible contribution

from diffraction and walk-off, resulting in dynamics identical to the simulations

where these effects are not included (top two panels). Decreasing to a 0.5 mm

beam radius, a very slight deviation appears in the last 10% of the crystal length,

with minor back-conversion setting in just as the crystal terminates. Decreasing

even further to a 0.2 mm beam radius, there is no longer a region within the

crystal where conversion cycles are fully damped out. These results show that

ignoring spatial effects is an excellent approximation for a 1.0 mm pump beam

radius and marginal at a 0.5 mm beam radius. At 0.2 mm radius, diffraction

and spatial walk-off have a strong effect on the evolution by inducing mixing

between fields at different spatial coordinates that disturbs the local dynamics

of SHA.

This analysis illustrates that spatial effects can disturb the SHA dynamics,

preventing uniform spatiotemporal amplification. However, the use of suitably

large beams circumvents the problem.
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(a) (b)

Figure A.1: Spatial beam propagation dynamics for Type-I (ooe) phase-matched
OPA and idler SHG in CSP at time = 0 for (a) pump beams of radius 1, 0.5,
and 0.2 mm (1/e2) and (b) the corresponding signal. The first panels of (a) and
(b) show the 1 mm beam radius case where all spatial propagation effects are
neglected from the simulation. Simulation parameters correspond to the device
parameters in Section 2.2.1.
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APPENDIX B

NUMERICAL MODEL FOR FULL SPATIOTEMPORAL PROPAGATION

ANALYSIS

For the CSP and LNB devices simulated in the main text, diffraction and

spatial walk-off were found to have negligible effect as a result of the large

beam size. Thus full spatiotemporal evolution (two transverse spatial dimen-

sions plus one temporal dimension) along the propagation axis could be solved

without spatial derivative terms. Each coordinate of a radially symmetric trans-

verse spatial axis (r) was calculated independently with a temporal grid to

capture temporal propagation effects. Using a Fourier split-step method, we

solved the following four coupled pulse propagation equations for OPA and

idler SHG (shown in the frequency domain), accounting for the exact frequency-

dependent dispersion, k j(ω), given by published Sellmeier equations:

dzEs(ω, r) = i
ωs,0deff

nsc
F {Ep(t, r)E∗i (t, r)} − iks(ω)Es(ω, r) (B.1a)

dzEp(ω, r) = i
ωp,0deff

npc
F {Es(t, r)Ei(t, r)} − ikp(ω)Ep(ω, r) (B.1b)

dzEi(ω, r) = i
ωi,0deff

nic
F
{
Ep(t, r)E∗s(t, r) + E2i(t, r)E∗i (t, r)

}
− iki(ω)Ei(ω, r) (B.1c)

dzE2i(ω, r) = i
ω2i,0deff

2n2ic
F {E2

i (t, r)} − ik2i(ω)E2i(ω, r) (B.1d)

where E j(ω, r) = A j(ω, r)eik j(ω j,0)z. The power and power spectrum can then be

computed by integration over space P(t) = 4πcϵ0
∫ ∞

0
|E j(t, r)|2rdr and S (ω) =

4πcϵ0
∫ ∞

0
|E j(ω, r)|2rdr, respectively. Integrating either of these over time yields

the total energy. This model allowed us to capture all non-negligible propaga-

tion effects consistent with a collinear geometry. Nonlinear polarization terms

beyond quadratic order were not included.
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APPENDIX C

DERIVATION OF ADFG GROUP DELAY

Consider difference frequency mixing between an input field at ω and a strong

pump field at ωp in an aperiodically poled crystal described by the z-dependent

wavenumber G(z) where ωp < ω. In the limit of instantaneous conversion, the

phase of the difference frequency field at ω − ωp is the sum of two terms: first

is the contribution from the input waves and grating up to the conversion point

and second is the linear propagation of the difference frequency field after the

conversion point. The first term is given by the phase matching condition at the

conversion point, zc(ω):

ϕ1(ω − ωp; zc(ω)) =ϕ(ω; zc(ω)) − ϕ(ωp; zc(ω)) − ϕG(zc(ω))

Note that the pump and grating phase can be ignored for bulk or periodically

poled media, but are frequency-dependent for aperiodically poled media due

to the localized conversion position and will thus contribute to the group delay.

Writing the phase explicitly in terms of wavevectors:

ϕ1(ω − ωp; zc(ω)) =
∫ zc(ω)

0
k(ω) − k(ωp) −G(z)dz

=k(ω)zc(ω) − k(ωp)zc(ω) −
∫ zc(ω)

0
G(z)dz

=k(ω)zc(ω) − k(ωp)zc(ω) −
∫ ω

ω0

G(zc(ω′))
dzc(ω′)

dω′
dω′.
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For the third term, I’ve used the definition of line-integrals to change the

integration of the grating wavevector to be over ω. This assumes zc(ω) is bijec-

tively parameterized on [ω0, ω] and zc(ω0) = 0 (i.e. this won’t work beyond any

turning points in the conversion position without piecewise parameterization).

Importantly, we should recognize G(zc(ω)) = ∆k0(ω) = k(ω) − k(ωp) − k(ω − ωp) is

the phase mismatch of a bulk device for difference frequency mixing between

ω and ωp. The phase of the difference frequency field at the point of conversion

can then be written:

ϕ1(ω − ωp; zc(ω)) =k(ω)zc(ω) − k(ωp)zc(ω) −
∫ ω

ω0

∆k0(ω′)
dzc(ω′)

dω′
dω′.

The second phase term for a device of length L is simply ϕ2(ω−ωp; L−zc(ω)) =

k(ω − ωp)(L − zc(ω)). Thus, the total phase is:

ϕ(ω − ωp; L) =ϕ1(ω − ωp; zc(ω)) + ϕ2(ω − ωp; zc(ω))

=k(ω)zc(ω) − k(ωp)zc(ω) −
∫ ω

ω0

∆k0(ω′)
dzc(ω′)

dω′
dω′ + k(ω − ωp)(L − zc(ω))

= [∆k0(ω)zc(ω)]ωω0
−

∫ ω

ω0

∆k0(ω′)
dzc(ω′)

dω′
dω′ + k(ω − ωp)L

=

∫ ω

ω0

d∆k0(ω′)
dω′

zc(ω′)dω′ + k(ω − ωp)L

where I’ve used integration by parts to simplify the expression. The group delay

is now easy to calculate:
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τ(ω − ωp, L) =
dϕ(ω − ωp; L)

dω

=
d∆k0(ω)

dω
zc(ω) +

dk(ω − ωp)
dω

L

=
dk(ω)

dω
zc(ω) +

dk(ω − ωp)
dω

(L − zc(ω))

which is the intended result.
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[28] Marco P. Fischer, Nicolò Maccaferri, Kevin Gallacher, Jacopo Frigerio, Gio-
vanni Pellegrini, Douglas J. Paul, Giovanni Isella, Alfred Leitenstorfer,
Paolo Biagioni, and Daniele Brida. Field-resolved detection of the tem-
poral response of a single plasmonic antenna in the mid-infrared. Optica,
8(6):898–903, Jun 2021.

87



[29] Noah Flemens, Peter Krogen, Haim Suchowski, Houkun Liang, Kyung-
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neman, and K. T. Zawilski. Nonlinear, dispersive, and phase-matching
properties of the new chalcopyrite cdsip2 [invited]. Opt. Mater. Express,
1:1292–1300, 2011.

[44] J. B. Khurgin, Y. Sebbag, E. Edrei, R. Zektzer, K. Shastri, U. Levy, and
F. Monticone. Emulating exceptional-point encirclements using imper-
fect (leaky) photonic components: asymmetric mode-switching and omni-
polarizer action. Optica, 8(4):563–569, Apr 2021.

[45] R. H. Kingston. Parametric amplification and oscillation at optical frequen-
cies. Proc. IRE, 50:472–474, 1962.

[46] D. A. Kleinman. Nonlinear dielectric polarization in optical media. Phys.
Rev., 126:1977–1979, Jun 1962.

[47] P. Krogen, H. Suchowski, H. Liang, N. Flemens, K.-H. Hong, F. X. Kärtner,
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