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Abstract

Correspondence analysis and principal components analysis are often used as
descriptive tools in analyzing multivariate data. In certain applications, there have been
attempts to justify the usefulness of these techniques through latent variable models. We
assess the theoretical basis for such inference, examining the consistency of estimators of the
modes of unimodal response curves defined in generalized linear models. In general, both
principal components analysis and correspondence analysis lead to inconsistent estimators.
However, with Gaussian responses and appropriate moment conditions on the latent variable,
the principal components analysis estimator can be consistent up to a location and scale
adjustment when response curves have constant widths. Simulations reveal that for finite
sample sizes correspondence analysis can provide reasonable approximations when the modes
of the response curves span a large range of the latent variable. But when dealing with
incidence data where response curves are more clustered together, principal components

analysis may approximate better.

Keywords: correspondence analysis; principal components analysis; ordination; incidental

parameters; consistency.

1. Introduction

Principal component analysis (PCA) and correspondence analysis (CA) have a long
history as techniques that provide low-dimension summaries of multivariate data. The latter
is also mathematically equivalent to canonical correlation analysis, dual-scaling, and
reciprocal averaging, with each method originating from a different context (Greenacre 1984).
In many applications, the purpose for using PCA or CA is exploratory. In ecology, these
methods are used for ordination to order sites and species in a manner that describes their
ecological relationship, and the sites and species scores generated from these methods are
typically plotted graphically. PCA and CA have also been compared to least squares and
maximum likelihood estimation in models where the abundances (e.g. biomass, percentage,
frequency, or incidence) of different species of flora/fauna are assumed to be specific
functions of some latent environmental gradient (Gauch et al. 1974, 1977, Goodall and

Johnson 1982, Ihm and van Groenewood 1984, Ter Braak 1985). However, most of these



comparisons did not examine the properties of the estimators. We address the theoretical
basis for statistical inference using PCA and CA. The models and discussion will be
motivated within an ecological context since much of the research in modeling originated in
this area, but as Ihm and van Groenewood (1984) noted, ordination is applicable to many
other disciplines. For example, an economist may model different types of consumption for
different socio-geographic groups as a function of a latent living standard index, or a medical
researcher may arrange patients with different diagnoses (e.g. depression, chronic anxiety,
stomach ulcer) along a hypothetical personality profile; and in archaeology ordination is
known as seriation, a process by which artifacts excavated at different sites are typed and
chronologically ordered. In section 2, we present a class of models where the expected
response is a quadratic function of the latent variable, and also clarify identifiability issues
associated with the parameters. Sections 3 and 4 introduce PCA and CA as eigenvector
solutions obtained from singular value decompositions. The asymptotic property of the
estimators are inspected in terms of consistency in section 5, while their finite sample
properties are studied using simulations in section 6. Finally, section 7 suggests a possible

alternative approach to the ordination problem.

2. Model

The typical ecological model assumes different species occupy different niches in their
habitat and lets species abundances be unimodal functions of the environmental gradient. We
model the species abundances, y;;, as Gaussian, Poisson and Bernoulli random variables under

the class of generalized linear models, with

= link _ 1 (xi"uj)2 i=1 ites: =1 . 1
n,; = lin (“'j)_aj_i—t?—_“’ (=1,...,n sites; j=1,...,m species). (D)
J

Canonical links are assumed for p,;=E(y;); i.. the linear, log, and logit links for the Gaussian,
Poisson and Bernoulli cases respectively. a; is the maximum of the expected response curve,

l; is the tolerance which measures the curve width, u; is the optimum or mode of the response



curve, and x; can be some hypothetical gradient or it can be some environmental variable
which is too expensive to measure or can no longer be measured as in paleontological studies.
The Poisson model is often used when dealing with species counts, and the Bernoulli model
applies to the case where only the presence/absence of the species is recorded (e.g.
observations based on the distinct callings of songbirds which are difficult to locate visually).
These two models were used by Ter Braak (1985), while the Gaussian case is included as a
pedagogical model to illustrate the derivation of the asymptotic results.

The key feature of (1) is that the x;'s are treated as latent fixed effects to be estimated
along with the other parameters, implying in essence a functional measurement error model
(Fuller 1987). In ordination, the focus is on s, the species optima, and x's, the site
parameters. However, these parameters are intrinsically aliased (McCullagh and Nelder 1989)

and identifiability constraints must be imposed to obtain unique estimates.

2.1  Identifiability
To illustrate what constraints are required, (1) will be examined as a series of simpler

models. Consider first,

ny= G- u), 2
which is similar to the ANOVA 2-way classification model (pu+o,+B;) but without the
intercept parameter p. In the ANOVA model, np is confounded with Zo; and 2; since the
sum of the indicators vectors for o and B add up to a constant unit vector. Constraints like
2a =0 and Zf} =0 are usually applied to obtain unique estimates. For (2), only one of the
constraints is required (e.g. XX =0 or 24 =0) since there is no intercept parameter, and with
the constraint x; and # ; are determined up to a sign-change since (x; — %) is squared in (2).
Now suppose

n;=a,—(x;—u). (3)
Observe that a; and u; are aliased, which implies that for each j either a; or i, must be

specified to obtain an unique estimate of the other parameter. Finally, with the additional



tolerance parameters in (1), ¢, and u; are also aliased and thus for each j either { ; Or i, must be
specified. (Note also that if all the # /s were specified, then a constraint on the scale of either
the £ ,'s or the 7 ;S is also required.) Consequently, a host of constraints are required to obtain
unique estimates for (1). For example, by setting 2 =0 and specifying all the a /s and { 'S
the X;'s and # /s can be estimated up to a sign-change. It should be pointed out that these
constraints are merely convenient rules for identifying the estimates, and are not part of the
model. Although it does imply that two researchers may arrive at different estimates since
there are an infinite number of possible constraints.

With PCA and CA, only the x/s and u/s are estimated, while the maxima and
tolerances are ignored. This in effect assumes the a;'s and #'s to be known, implying that the
identifiability constraints required on %, and #; are the same as those for (2). However, since
the solutions from PCA and CA are themselves only unique up to a scale change, X; and #;

will only be identified up to a scale change when using PCA and CA.

3. Principal Component Analysis

PCA provides an orthogonal least squares approximation to the data via a singular
value decomposition (Greenacre 1984). The popular method is species-centered PCA (Orldci
1966), where the mean of each species is subtracted from the columns of the nxm site-by-

species data matrix Y={y;}. Formally, if W={y; — y,} has rank R, the singular value

decomposition of W gives

R
W= z A,p,q. , such that @)
r=1
WW'p=Lp, , Q
W'Wg,=1gq,, (6)

p.p,= q.q,=9J,,;, where J,, is Kronecker's delta.
Typically, the first two terms in (4) are selected and the coordinates (A,p,,A,p,) (i=1,...,n) and
(9,j»q) (7=1,...,m) or their rescaled versions are treated as site and species scores respectively.

These scores are then plotted together in a biplot (Gabriel 1971) for a visual appraisal of the



relationship between species and sites. Equation (6) is also the usual definition of PCA,

which can be derived by finding orthonormal vectors q, that maximize the norm of Wgq, .

4. Correspondence Analysis

CA is a multi-faceted technique (Nishisato 1980, Goodman 1986, Van der Heijden et
al. 1989) dating back to the 1930s. In ecology, it is referred to as "reciprocal averaging" (Hill
1973) and was proposed as an extension to Whittaker's (1967) weighted averaging. Like
PCA, CA applies a singular value decomposition to the data, except the data are weighted
inversely by the square root of the row and column sums.

Let C=diag(y,) be a mxm diagonal matrix with y j=z ¥;>0, and R=diag(y;) a nxn

diagonal matrix with y,.,=Z ¥;>0. CA can be defined by
J

R
R2YyC 12 = Zxr P, q,, such that @)
r=1
R'YC'Y'z, = Xz, , and ®
C—leR—ler p— )“err s (9)

where z,=A,R"?p, , v,=C'"q, are the site and species scores respectively. Using (7), the
scores can be combined to give
z, = R'Yv, and Xv, = C'Y'z,,or
Zyij"rj ZJ’,-,-ZH-

z, = % and A2y, =

= 10
ri Zyy r'ry Zyy ( )
J i

According to (10), site scores are weighted averages of the species scores and vice versa,

hence the term "reciprocal averaging”. It is easily verified that a solution to (10) is A, =1 with
the corresponding site scores and species scores all equal to 1. In fact, Hill (1974) showed
that A, is the largest singular value. This trivial or zero order solution is generally ignored,

and site and species scores are obtained from the higher order solutions.

4.1  Approximations



Ecologists have found CA to provide reasonable descriptions of the data when
responses are unimodal, and this may be attributed to several explanations. Lancaster (1957)
showed that when two variables X, and X, have a bivariate normal density, the CA scores
correspond to Tchebycheff-Hermite polynomials of X; and X,: the first order CA solutions
are first order Hermite polynomials (which are x; and #)), and the second order CA solutions
are second order Hermite polynomials (which are proportional to x’ and u}). In our model, x;
and u; are not random variables but, for Poisson counts, p; has a similar form as the bivariate
normal density; i.e. p; oc exp(—(x; — #;)?). Therefore we may expect the first order CA scores
to approximate x; and u; for the Poisson case. This also explains why a plot of the first and
second order solutions of CA can exhibit an arch shape, sometimes referred to as the
horseshoe effect.

There are also similarities between CA and ML estimation. in our generalized linear
models. The likelihood equations for x; and %, in model (1) can be rearranged as:

yijuj yij r (xi_uj)“'ij
%= Z,T/Z_*L[Z—,_z——/z

2
tj

]
y”2 J and
L

YiXi [— (xi— _j)“ij-l
- Z—

].

Ter Braak (1985) indicated that these reduce to the reciprocal averaging equations in (10)

u =3

i Y i Vi

when /; is constant across species and the terms in the square brackets are negligible. The
latter condition holds under equal maxima, and uniformly distributed species optima (site
scores) over an interval which is large compared to the range of site scores (species optima).
Although Ter Braak (1987) further noted that the /s and x;s cannot simultaneously be
uniformly distributed about intervals beyond each others' range.

More importantly, it may not be desirable to approximate the maximum likelihood

estimator since it can be inconsistent. In the scenario where the number of species m is fixed



but the number of sites » increases with sample size, the number of site parameters increases

with », leading to the well known incidental parameters problem (Neyman and Scott 1948).

5.  Consistency of Estimators

In the following sections, we examine the consistency of estimators of the species
optima from PCA and CA assuming m fixed and nTeo. This assumption seems appropriate in
many ecological studies where there are a finite number of species but conceivably a much
larger sampling frame. The x/'s are treated as nuisance parameters since, unlike the species
parameters, they are not required to define the functional form of the predicted model.
Ecological applications sometimes only require an accurate ordering of the species, therefore
it suffices to consistently estimate u=(x,,...,4,,)" up to a location and scale change. In fact, we
can at best only consistently estimate u up to a scale change when using PCA and CA. For
both PCA and CA, consistency will first be examined theoretically via their exact or

approximate eigenvector solutions, and the conclusions are then verified numerically.

5.1 PCA Estimator
The PCA estimator of u is taken to be the dominant eigenvector w associated with the

of W'W defined in (6) with (j,k)th element equal to

1 .
Zyljyik_;z,yijzyik’ (]aFla---:m)- (11)

largest eigenvalue, A, ,

To examine the asymptotic property of w, we first establish the conditions that n"'W'W—Z.

If the y;/s are independent Gaussian random variables with mean p; and variance o7, then

Var(z ¥; ) =no; =o(n?), and
Var(zyyyik) = Z{pi Var(y,) + }‘l‘fk Var(yij) + Var(yij) Var(y)}
<noi(a? + al + o2) = o(md);

if the y,.j's are independent Poisson counts, then
Var(z Vi) = Z u; < nexp(a;) = o(n?), and

Var(Y. v, 7a) = 2 (5 + B + Hybts) < n(exp(3a) + exp(3a,) + exp(atay) = o)



and lastly if the y,'s are independent Bernoulli variables then y; and y;y, are uniformly

bounded. Therefore by the Weak Law of Large Numbers (WLLN)
%Z ViV —%Z E(;yy) and %Z ¥, —%Z E®).
It follows according to (11) that n~'W'W converges to % which has (j,k)th element equal to
Vel )~ S S (12)

When A, of W'W is unique (i.e. has multiplicity one), W is a continuous function of the
elements of W'W (Ortega 1972 p.45). Let w be the dominant eigenvector of Z satisfying the
equation A,w = Xw. If A, is also unique, then W converges to w the dominant eigenvector of
2. We declare w to be a consistent (up to a scale and location change) estimator of u when w
satisfies the equation Aw = k;1 + k,u or equivalently
M, =k +ky; (=1,...,m), (13)

where k;, k,eR, k,#0, and 1 is a mx1 unit vector. This implies that asymptotically w has
perfect correlation with u. Conversely, if Aw # ¢;1+c,u, then W cannot be a consistent
estimator of u.

Without loss of generality, consider the jth element of w. Using (12), it can be shown

after some algebraic simplifications that for the Gaussian case:

AW, = ; w, {028, + Bby(v, — 2¢ (u; + u) + 407 un)}

=c.w;+ bj(sz b, wk—Zsz b, uwy) + b4} Zbk ukwk—-2cxz bywy, (14)
k k k k

4 242 3 2 2 2
where Vx__Z‘x,. _(Zx;) ’cx_Zx,. _E.Z_‘.xi_, o =Exi__(2x2i) _and bj=L2.
n n n n n n n ;

For the Poisson case, we have

= - 3w, expla-b ) + Tt 3 (explarb x4 Y, explaby ) -
e S {explab 1)) T wyexplapbyls, ). (15)

=it k

While for the Bernoulli case,



n-—1

1
7ij = ;Z w; r,.j(l + r,-j)‘2 +

DLy E w1+ -

1
= D (L +r) Y w (1 +r,)", where r;=exp(-a,+ bx;,— u)2). (16)

IET k

n2

Observe that for all three distributions, the asymptotic eigenvector equations (14), (15) and
(16) do not have the simple linear form as in (13), suggesting that in general w is inconsistent.
However, for the Gaussian case, the eigenvector equation (14) can be linear in u; if the

tolerances are all equal. The result is stated in the following proposition:

Proposition. If ’lli_g%ilek o for ={1,2,3,4} and 63#0, b=b forall j, A, and A,

(the largest eigenvalues of W'W and X respectively) are unique, and A, > o , then

n'w —c;1+cyu,
where ¢; = v, 1'w=2c,u'w, and ¢, = 2c2u'w—c,1'w. Furthermore, if

2clu'w#cl'w,
then ¢,#0 and w the PCA estimator is consistent up to a location and scale change.
Proof. When all the tolerances ¢; are equal, b=b for all j and (14) implies that
Y=o+ 5b21(v,1'-2cu’) + b2u(4c’u’ - 2c 1. (17)
Let Z,=2-cZI. Observe that 2, has rank 2, and thus it has 2 non-trivial eigenvectors and m-2
trivial eigenvectors with zero as their eigenvalue. Since
X,w=2Zw—c.w = (A, —0})W,
the eigenvectors of X are equivalently those of Z;, and likewise X has m-2 trivial eigenvectors
with the same eigenvalue 2 . Therefore, if A >c?, its associated eigenvector w is non-trivial.
Moreover, w is proportional to
T,w =1+ cu, where ¢, = v,1'w-2c,u'w, ¢, = 26 u'w—c 1'w.

It follows that n-!'w — ¢,1+c,u, which implies that W is a location and scale consistent
estimator of u when ¢,20.

There are two interesting notes concerning this proposition. Firstly, the conditions

n

lile|xir|<°° for ={1,2,3,4}

n—o pn i=1



ensure that the terms v, , ¢, , and o> are finite such that ¥ is defined. These are similar to
conditions used to establish consistency in functional measurement error models (Fuller
1987). Intuitively, this suggests that we regard x; as coming from some population with finite
moments, which is reminiscent of Keifer and Wolfowitz's (1956) approach. Secondly, the
proof of the proposition actually showed that the two non-trivial eigenvectors of X are both
linear in u when their associated eigenvalues are greater than c?. This implies that both the
dominant (i.e. first) eigenvector and also the second eigenvector of W'W are consistent (up to
a location and scale change) estimators of u.

In a special case of the proposition, consistency up to a scale change can be
established with the additional constraints that the x;'s be symmetric about zero and the u;'s

sum to zero.
Corollary. If ¢,=0, u'1=0, and mv < 4cri u'u, then W is consistent up to a scale change.
Proof. When ¢,=0, (17) implies that
Y = oI+ b21(v,1") + b2u(4ciu’).
Thus with u'1=0, the two non-trivial eigenvectors of X are easily verified to be 1 and u with
eigenvalues mb?v, + c2 and 4b2c u'u + o? respectively.

The above results imply that if one only requires consistency up to a location and scale
change then both the first and second PCA eigenvectors are consistent under the conditions of
the proposition. However, if consistency up to a scale change is required then either the first
or the second PCA eigenvector is consistent under the conditions of the corollary. In
particular, if mv,>4c2u'u then the second (rather than the first) PCA eigenvector should be
used to estimate u. Likewise, we will explore the performance of both the first and the second
PCA eigenvectors in the simulations since in certain situations one may be preferred over the
other.

We stated earlier that the eigenvector equations (14), (15) and (16) suggest that w
cannot be linear in u, implying that w is inconsistent for model (1). This can also be verified

numerically by calculating w for selected values of the parameters since w is simply the

10



eigenvector of 2 given in (12), which is a function of p;. However, the expression for X in
(12) cannot be used directly since it depends on #, and we are interested in its numerical value
as nToo. Therefore, in order to remove the dependency on », we assume x~ 1id N(0,1) and
essentially apply a conditioning argument. This assumption is also congruent with the
"moment” conditions that the x;'s must satisfy to establish consistency. It can then be shown
that the (j,k)th element 2 equals
G; 8, +2bb,(1 + uuy)
for the Gaussian case. For Poisson counts, the moment generating function for non-central
chi-square distributions can be used to show that X has (j,k)th element
58, +exp(a; — bju} +ay, - by Jexp(dy/cy — dy)(1 = ;) V2 + 555,
where s; = exp(aj)exp(—bjuf.(l +2b) (1 = 25712, ¢y =1+ 2(b; + by), and
dy = (bu; + b ) (=b; - b) L.
In the Bernoulli case, there is no closed form solution but the components of £ can be

calculated using numerical integrations. For example,
1 1
;ZE Oy = ;Z EXEQ;| x)] = EX{(1 + exp(a; — b(X - u)»)) ],

where E,(-) is the expectation with respect to the standard Gaussian density. For the Poisson
and Bernoulli cases, we set m=31, a=E(0.5,2), b=E(1,2.5), and u=E(-2,2), where E(p,q)
denotes a vector of equally spaced elements between (p,q). While for the Gaussian case,
c2=1, a=E(30,32.25), b=E(1,4), and u=E(0,0.4). Gaussian and Uniform random variables
were generated using built-in functions in GAUSS (Aptech Systems 1992) and numerical
integration was performed using Simpson's method. The results are displayed in Figures 1a,
1b and 1c, where the residuals w—u; are plotted against the true values . If w is linear in u
then the plot would show a straight line. However, the PCA solutions produced curvilinear

plots for all three distributions, confirming that w is inconsistent.

5.2 CA Estimator

11



Before proceeding, we point out that y, and y, must be positive according to the
definition of CA in (7), yet under model (1) there is a nonzero probability that y; and y, can be
non-positive. Thus, in order to inspect the consistency of the CA estimator, we assume that y;
has expectation and variance according to the specifications in model (1) but conditional on y;
and y, being positive. Using these assumptions, we suggest by analogy that the asymptotic
solution of the CA estimator is not linear in u by showing that its Taylor's series
approximation cannot be written as &;1 + k,u, (k ,k,)eR.

Let v be the CA estimator of u obtained from the first order solution in (9); i.e. the
eigenvector associated with the second largest eigenvalue in (9). When the eigenvalue of v is
unique and C'Y'R'Y—Z, ¥ converges to v, the second eigenvector of Z. First, we establish

the conditions for C'Y'R'Y to converge to Z. The (j,k)th element of C"'Y'R'Y equals

yijylk — 2 y/_/ylk
2 Z;vy 93

i yi~yj i I

Let y;;,,) be the largest element in the series y; . Since y; is by definition positive, y;,,; is also

positive. This implies that for all three distributions

Var(72) < ZE(y”y"‘ )< 3B < 3 E52) < o0

i i ifm) i

Therefore, by the WLLN and using a Taylor's series expansion,

ViV J’Uy,k E(y,y4) R 8
z":yf-y/ ZEO’y Z H Vi ZE(y,)E(y, Z wr - (18)

where R is the remainder term. It follows that the jth element of v satisfies

Var(yy )811( + p‘y ik
+ R, 19
E(}’,) Z k Z ijk * ( )

The first term on the right hand side of (19) equals

Z

i I

=5 )4

——(a ~b,(x~u >2>Z v, (@b (xiu)?)

for the Gaussian case,

12



—:—(Z “L exp(a—b;(x—u)M))(v; + z v, exp(a,—b,(x~u,)?))

for the Poisson case, and

1 1
_(ijirij(l +ry) 2+ Z—(l + rij)-lzvk (1 +r,))
K i M i Hi k

!

for the Bernoulli case, with p j=z o pfz H;> and p; defined according to the three
i j

distributions respectively. The above three expressions are all nonlinear functions of u,
which suggest that, if the first order Taylor's series approximation were exact, v; cannot be
linear in #, and likewise ¥ cannot be a consistent estimator of u.

The hypothesis that v is inconsistent is now verified by numerically calculating v

under the assumption that x;~ iid N(0,1). According to (18), X has (j,k)th element
n 1 E yijyik

ZE(J’U); i Yi. 4

The first expectation can be obtained using the same methods as described above for the
numerical calculations of the PCA solutions, while the second expectation can be calculated
using Monte Carlo integration. The same parameter inputs for calculating the PCA solutions
are used here again, and Poisson and Bernoulli random variables were simulated using the
inverse transform method. As shown in Figures la, 1b and lc, the residuals vi~u; are

nonlinear functions of v;, indicating that the CA estimator Vv is inconsistent for model (1).

6. Simulations

We compare the finite sample behavior of the CA and PCA estimates under different
configurations of the parameter inputs. The focus is on the Poisson and Bernoulli cases since
count data and incidence data are more common in ordination. We let m=31, n=41, u equal
£(0,0.4), E(0,1.2), E(-0.2,0.2), or £(-0.6,0.6), x equal E(-1,1) or E(-1.5,1.5), a~U(0.5,1.25)
or U(0.5,2.0), and bj~U(1 4 or U(1,7), where U(p,q) is the discrete Uniform distribution with
equally spaced elements between (p,g). The results are summarized in terms of the correlation

between u and its estimate, which also indicates how well the ranks of the estimates

13



approximate the ranks of the #/'s. The entries in tables 1 and 2 represent averages of 10 runs
of 1000 replications each, with each run being one independent draw from the Uniform
distributions. Overall, the largest effect on the correlations comes from changing the variance
of the u/'s, while altering the variability of the other parameters has smaller impacts. The
correlations are highest when the u;'s have large variance relative to the variance of the x/'s;
e.g. u=E(-0.6,0.6) or E(0,1.2). Plots of the response curves corresponding to these two cases
are presented in Figures 2a and 2b respectively. In contrast, when u=FE(-0.2,0.2) or £(0,0.4)
the u/'s have small variance relative to the x;'s and the response curves are clustered together
(e.g. Figure 2c and 2d), resulting in weaker correlations. Changing the location of the u/'s
seems to have negligible effect on the CA estimates. But for PCA, the behavior of its first and
second eigenvectors switched when u=£(-0.6,0.6). In particular, the first PCA eigenvector
has higher correlations when x=E(-1,1) but the second PCA eigenvector has higher
correlations when x=E(-1.5,1.5). This may be compared to the Corollary in section 5.1,
which showed that in certain circumstances the second eigenvector may be the preferred
estimator.

In terms of the comparative performance between CA and PCA, the CA estimates
have stronger correlations when the /'s have large variance. However, interestingly, the PCA
method can also produce reasonable estimates. The PCA second eigenvector did better in
situations when the first eigenvector performed poorly. Their correlations are slightly weaker
compared to those for the CA estimates, but can be stronger when the #;'s have small variance.
The advantage of PCA becomes more pronounced in the Bernoulli model, where the second
PCA eigenvector usually does better than the CA estimator when the u/s have small variance,

and is comparable to the CA estimator when the u/'s have large variance.

7. Discussion
Although the physical concept of a "latent" variable may be debatable, latent variable

models are used extensively in statistics especially in applications of economics, sociology

14



and psychology where factor analysis and structural equation models abound. In ecology,
latent variable models have been introduced to better understand and compare with PCA and
CA. For example, PCA is equivalent to ML estimation for a linear Gaussian latent variable
model. Here, we focus on examining how PCA and CA perform when used for estimation in
the quadratic latent variable model in (1). Two points are important in this progression from
treating PCA and CA as descriptive tools to more inferential methods. Firstly, the problem of
overparameterization or non-identifiability of the estimates needs to be addressed. As
discussed earlier, unique estimates cannot be obtained for model (1) unless a host of
constraints are imposed on the estimates. Secondly, under the scenario with m fixed and nTo,
certain "moment" conditions must be imposed on the latent parameters before consistency can
be ascertained for the estimators of u. This incidental parameters problem is a consequence of
treating the latent parameters as fixed effects. However, when sites are a random sample of
ecological environments it may be reasonable to treat them as random effects, and apply
methods used in analyzing generalized mixed effects models (McCulloch 1997). In addition,
for some applications where m and » can conceptually both increase to infinity, consistency
can also be attained without requiring any conditions on the x;'s (Haberman 1977, Portnoy
1988).

This research provides guidelines in deciding which estimator to consider when
estimating u, the modes or optima of the response curves. The PCA estimator is in general
inconsistent, but can be a location and scale consistent for the Gaussian model when the b/'s
are constant. Algebraically, this is similar to Kooijman's (1977) derivation of u as the PCA

solution of the interaction matrix,

Z'Z, where Z={z;— 2, — z; + z} and z;; = a—b(x;~u)*.
It is noteworthy and perhaps surprising that the PCA estimator can be consistent for a
quadratic model since PCA implicitly assumes a linear model. On the other hand, although

CA scores have been proposed as approximations to x and u, the CA estimator is shown to be

15



inconsistent. Nevertheless, consistency may be less important to ecologists, and for finite
sample sizes the PCA and CA estimators can be satisfactory if one wishes only to obtain some
approximate ordering of the u/s. CA performs well when the optima of the different response
curves are spread out over a large range of the x/'s, an assumption known as the "species
packing model" in ecology (Gauch et al. 1974, Ter Braak 1985). However, when dealing
with incidence data where response curves are clustered together, the PCA estimator (second
eigenvector) may provide a better approximation. The advantage of PCA on incidence data
has also been pointed out by Hill (1974), although he stated that "the reasons why the method
is successful with such data have not been made clear". In situations where the response
curves are very tightly clustered together, both CA and PCA provide poor approximations and
are not recommended.

In section 5.2, we mentioned that model (1) is strictly speaking not suitable for CA. It
would be more compatible to work with the conditional distributions F(y;ly;>0, y.>0),
although such a formulation introduces undue complications when examining the consistency
of the estimators. Furthermore, it seems unproductive to apply this to PCA since it does not
require y; or y; to be positive. Likewise, our approach is to use a previously adopted and
relatively simple model (1) as a working model to examine the behavior of the estimators.
Finally, the proposed ecological models assume species act independently of each other, when
in reality correlation might be expected due to symbiosis or competition effects or it can be
induced through site effects. Such non-independence increases the complexity of the
problem, and further research is warranted since for categorical data there is less of a
consensus as to how associations should be modeled and which method of estimation is most

appropriate.
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Figures la, 1b. Asymptotic solutions of the CA (solid lines) and PCA (dotted lines)

estimators for the Gaussian and Poisson models.

Figure 1a. Plat of PCA, CA Asymptotic Solutions for Gaussian Model
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Figure 1c. Asymptotic solutions of the CA (solid lines) and PCA (dotted lines) estimators for
the Bernoulli model.

Figure 1c. Plot of PCA, CA Asymptotic Solutions for Bernoulli Madel
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Table 1. Correlations (x100) between u and its CA and PCA estimates for different
parameter inputs to the Poisson model. The entries are listed as r1/r2/r3, where rl, 12, r3
are the correlations of u with its CA, PCA (first eigenvector), and PCA (second
eigenvector) estimates respectively. U(p,q) is the discrete Uniform distribution with
equally spaced elements between (p,q), and E(p,q) is a vector of equally spaced elements
between (p,q).

Poisson u E(0,0.4) E(0,1.2)
Model
X E(-1,1) E(-1.5,1.5) E(-1,1) E(-1.5,1.5)

a~U(0.5,1.25) [ 68721554  30/17/47 03/42/85  96/41/91
b~U(1,4)
a~U(0.52.0) | 76/19/66  55/15/61 94/40/82  97/38/86
a~U(0.5,025) | 60/21/64  38/17/55 94/42/85  96/44/90
b~U(1,7)
a~U(0.52.0) | 62/19/72  36/16/65 94/41/81  97/45/83
u E(-0.2,0.2) E(-0.6,0.6)
x  E-11)  E-1515) E(-1,1)  E(-15,1.5)
a~U(0.5,1.25) [ 70719/56  49/17/47 97/91/31 _ 97/43/90
b~U(1,4)
a~U(0.52.0) | 79/17/68  54/15/61 97/34/32  98/43/84
a~U(0.5,0.25) | 60/19/66  37/17/55 97/91/29  97/50/88
b~U(1,7)
a~U(0.52.0) | 58/18/74  35/16/65 97/83/34  98/49/80

21



Table 2. Correlations (x100) between u and its CA and PCA estimates for different
parameter inputs to the Bernoulli model. The entries are listed as r1/r2/r3, where rl, 12, r3
are the correlations of u with its CA, PCA (first eigenvector), and PCA (second
eigenvector) estimates respectively. U(p,q) is the discrete Uniform distribution with
equally spaced elements between (p,q), and E(p,q) is a vector of equally spaced elements
between (p,q).

Bernoulli u E(0,0.4) E(0,1.2)
Model
x  E-11)  E(-15,1.5) E-1,1)  E(-15,1.5)

a~U(0.5,1.25) [ 35729729 26/17/31 85/54/66  88/46/86
b~U(1,4)
a~U(0.52.0) | 373330  25/17/35 85/60/67  88/53/87
a~U(0.5,025) | 35/23/40  23/17/35 87/45/79  91/41/89
b~U(1,7)
a~U(0.52.0) | 34/24/45  19/16/40 86/48/80  91/44/89
u E(-0.2,0.2) E(-0.6,0.6)
x  E(-1,1)  E(-15,1.5) E(-1,1)  E(-15,1.5)
a~U(0.5,1.25) [ 35717534 26/17/31 91/88/29  92/37/90
b~U(1,4)
a~U(0.52.0) | 36/16/38  24/15/35 90/90/27  93/35/91
a~U(0.5,025) | 3217143 22117735 92/90/30  93/38/90
b~U(1,7)
a~U(0.52.0) | 30/15/49  18/16/40 92/91/30  93/35/92
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Figures 2a, 2b. Sample plots of p;'s generated from the Bernoulli model of Table 2 using
u=F£(0,0.4) (Figure 2a) and u=E(0,1.2) (Figure 2b), when x=E(-1,1), bj~U(1,7), and
a;~U(0.5,2.0).

Figure 2a. Expected Probabilities for Bernoulli Model
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Figure 2b. Expected Probabilities for Bernoulli Model
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Figures 2c, 2d. Sample plots of p,'s generated from the Bernoulli model of Table 2 using
u=E(-0.2,0.2) (Figure 2c) and u=E(-0.6,0.6) (Figure 2d), when x=E(-1,1), b;~U(1,7), and
ai~U(0.5,2.0).
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Figure 2d. Expected Probabilities for Bernoulli Model
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