NEW COMBINATORIAL DESIGNS AND THEIR APPLICATIONS TO GROUP TESTING*

D. Raghavarao, H. Pesotan and W. T. Federer

Abstract
A class of designs with proﬁerty c(t) are intro-

duced for the first time and their applications in
group testing of experiments are studied.

1. Introduction .

Let us consider fhe problem of classifying each of n given
units into one of two disjoint categories called satisfactory and
unsatisfactory (or, .simply, good and bad or defective). The character-
istic feature of group testing is that any number of units, say x ,
can be tested simultaneously, but the information obtained from a
single test on x wunits, without any chance of efror, is that either
(i) all the =x wunits are good, or (ii) at least one of the x units
tested is bad, but it is unknown how many and yhich ones are bad. The
problem is to devise a suitable method of classifying all the n units
into good or bad categories with the least number of trials.

The first application of group testing in the literature was
made by Dorfman [2] in pooling blood samples in order to classify
each one of = largé group of people as to whether or not they have a

particular disease. Sobel and his co-workers [5], [7], [8], [9], [10]
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have devised various sequential procedures to classify the units and
established the optimality of their results for large n . Lindstrdm
[3], [4] was interested in a slightly modified problem, in which each
trial determines the exact number of defectives, and provided optimal
procedures in a set-~theoretic frame.

In Section 2 we introduce a new class of combinatorial
designs, which we call designs with completeness property on t
symbols, written as property C(t) and study.them in some detail.
We then use them in group testing of experiments in Section 5. For

terminology in combinatorics of design of experiments, we refer to

Raghavarao [6].

2. A New Comb.inatorial Design.

Let S be a set of v symbols 1, 2, ., v and let B

1°
BZ’ veey Bb be non—émpty proper subsets of S for i=1, 2, ..., b .
?he design D 1is the collection of subsets Bl’ B2, ey Bb along with
the set of symbols S . We now define the following:

DEFINITION 2.1. The desdign D 48 said %o have the completeness property

on t Aymbols, shorntly written as the property C(t) , 4Lf§ for every t

distinet symbols 6,5 0 8. € S

2, A ] t ’

U B,=S-1{6_,6,, ..., 6.} (2.1)
jETj 1° 72 t

where T = {j | o, ¢ Bj for i=1, 2, ..., t} .
The balanced incomplete block design (BIB design)

0, 1, 3); (1, 2, 4); (2, 3, 5); (3, 4, 6); (4, 5, 0);

(2.2)
(5’ 6’ l); (6’ O) 2)

-

with parameters



v=7=b, r=k=3, A=1 (2.3)

has the property C(2) . For example, let us consider the symbols

0, 5. The sets in which none of the symbols 0, 5 occur are (1, 2, 4),
(3, 4, 6) and the union of these two sets is {1, 2, 3, 4, 6} . Similarly,
if we consider the symbols 2, 6 ; the sets in which none of the symbols
2, 6 occur are (0, 1, 3), (4, 5, 0) whose union is {0, 1, 3, 4, 5} .

Trivially a C(t) design exists for "~ 1<t<v , with b=v . In
fact, the design with B, = {i} , for i=1, 2, ..., v is a C(t)
design for 1<t<v . We call such a design a trivial C(t) design.

The class of designs to be looked into to obtain C(t) designs
are not necessarily the BIB designs alone. Any kind of design may possess
the property C(t) . The result regarding the C(2) property in BIB
designs is contained.in the following:

THEOREM 2.1. A BIB design with parameters v, b, r, k, A possesses

the property C(2) Af and only 44
r-2\x>0, ‘ (2.4)

Proog§. Let 6, 6, be any 2 symbols of the design. It is well known
that there are b - 2r + A sets of the design‘which do not contain the
symbols either 61 or 62 . The sufficiency part of the proof will be
completed if we show that of the remaining v - 2 symbols each occurs
at least once among those b - 2r + A sets. If ¢ 1is a symbol of the
design other than 61 , 82 , 1t can occur at most 2\ times in the
sets where there is at least one of 91 , B and hence it must occur

2

at least r - 2\ (> 0) times in the sets where there is none of el ,

6 occurs at

62 . Conversely, since every symbol other than el s 2



least once in the sets where there is none of el , oOr 62 and as this
number should be at least r - A , it follows that r - 2A 21 or
equivalsntly (2.4) proving the necessity part of the theorem.

From Theorem 2.1 it follows, for example, that the BIB design

with parameters v=7=b, r=4=%k, XA =2 does not have the

- property C(2) .
In searching for designs with the C(t) property in the
known classes of designs, the following theorem will be helpful.

THEOREM 2.2. If a design D with sets S and S as

17 Sos eees Sy
the set 0§ symbols has the property C(t) , zhen in the complimentary

design D* formed grom the sets S%¥, S35, ..., 8%, the number of times

every t-plet of symbols (el, 8,5 +-.5 8.) occur, denoted by

t

A 48 a positive integern, where S* =S - S, , {for i=1,
6192...6t i i

2’ ...’b .
Proo4. When the design D has property C(t) , there exist sets, say,

S,l, Siz, ey Six , where a given t-plet of symbols (61, 62, cees et)
do not occur, while all the other symbols occur at least once. Then in

D* , the blocks S; , S; s ceey S; will each contain the symbols
1 2 X

s +e+, B, and hence A =x (> 0) .
2 t 6162...6t .

The condition stated in the theorem is only necessary, but

8 8

1°
not sufficient. The BIB design‘with parameters v=7=b, r=4=%k,
A = 2 has its complimentary design in which every symbol océurs at least
once satisfying the condition of the theorem, but does not possess the
C(2) property as indicated after Theorem 2.1.

It is well known that C[k, 2, 8, v] configurations are also
clk, &', &', v] configurations. Analogous to this result we have the

following: .



THEOREM 2.3. 1§ a desdign D has the property C(t) , zthen it has
the property C(t-1) 4or 2stsv .
Proog. Let (61, 92, ey et) be any t-plet. Among the sets where
at least one of the symbols 61, 62, ey et occur; for each ei
(i=1, 2, ..., t) there exist at least one set in which ei occurs
~ without 91, 62, ey ei_l, ei+1, ey et . For, otherwise for the
t-plet (61, ooy 91—1’ ei+l, ooy et, ¢) with ¢ # ei the property
C(t) for the design D will be violafed. No@ thé sets in which none
of ,(91, 62, vees ei_l, ei+l, cens et) occur all the other v—tfl
symbols occur proving that D has property C(t-1) .

In view of the group testing situations for which these designs

are proposed, we need the designs with property C(t) for which b<v .

We discuss these results in the next 2 sections.

3. Designs with b<v Having property C(1)

~ Any v can be written in the form ajx; + ax, + ...+ ax

where k=1, 2, ... and a;, xi are positive integers., Without loss
of generality, we assume al.>-a2 > e >3 The numbers can then be

written in the form of a staircase: o

4l )

3\ 3 Tv
| el oy
S

. g N—
|
5 |
x]_ | x2 i x3 | B i xk

We then form b blocks where b = a; + Xy + X, + ... F X by writing

the symbols in the a, rows and the Xy + X, + ... F X columns.



Such designs will have exactly 2 replications for each symbol and have
various cardinalities for the sets constituting the design. A moment's
consideration into the above construction indicates that such designs
have the property C(1l) .

Let us illustrate our construction method for wv=19 . Since

19 = 4x4 + 3x1 , we write the 19 symbols in the staircase array

1 2 3 4
6 7 8 19 (3.1)
10 11 12 18

13 14 15 16 17

We now form 9 sets for the design by writing the sets formed from

the rows and columns of the array (3.1) to get

(1, 2, 3, 4); (5, 6, 7, 8, 19); (9, 10, 11, 12, 18);
(13, 14, 15, 16, 17); (1, 5, 9, 13); (2, 6, 10, 14);  (3.2)

(3, 7, 11, 15); (4, 8, 12, 16); (17, 18, 19) .

The design (3.2) can be easily verified to have the property C(1) .
| It is interesting to note that as the partitioning of v
as  a;x + a,x, + ...+ a X, is not unique and different partitionings
give different numbers of blocks, it is desirable to consider the
partitioning for a given v which minimizes b = ay + Xy + X, + ...
+xk.

We now study the existence of C(1l) designs with b<v and
the asymptotic property for b/v as v + » , Their results are given

in the following theorem:



THEOREM 3.1. Designs with Property c(1) and b<v exist for all
v26 . Furthemmone,
Lim2 =0 . (3.3)
v
Proof. Let 2 <vs<s @+ 12, form-= 0, 1, ... . We
distinguish 2 cases: case (i) v =m? + a , where l<asm and
case (ii) v=m? +m+ b , where 1<bs<mtl . In case (i) clearly
v = mxm + axl and from our earlier cénsideraéion a design with
property C(1) can be constructed in b=m+ (m+ 1) = 2m + 1
sets. In case (ii) we have v = (m+l)xm + bxl and we ;an construct
a design with property C(1) in b= (m+ 1) + (m+ 1) = 2(m + 1)
sets. Now 2m+ 1 < m? + é , where 1l<asm for all m23 and m=2 ,
a=2 . Again 2m+ 2 < (m+ 1l)m + b where 1l<bsmtl for all m23 .,

These considerations imply that b<v for all v26 . Now

_2m+i _ 1
-2 -0, (3.4

v

<o

where i = 1 or 2 depending on whether v belongs to case (i) or

(ii), and the assertion (3.3) follows.

The designs with property C(1) constructed by the above
staircase method will not always give the smallest b and this
follows from the following theorem:

THEOREM 3.2. T4 D; (L1 =1, 2) anre designs with property C(1) on
\ symbols 4n b, sets, then there exists a desdign D with property

¢ on wvv, symbols in (b, + b,) sets.

Proof. Let S; -be:the set of v, symbols and let S = SIXS2 , Wwhere

'X' 4is the Cartesian product of sets. Let B

Bli’ 217 *ces Bbii be the

sets of the design Di . Consider the b, + b, sets 51XBj2 and



BQIXSZ for j =1, 2, «ees b2 and 2 =1, 2, ..., b1 constituting the
design D on Vv, symbols of 81X82 . It can easily be verified that
D has property C(1) .

From Theorem 3.1 we have a design with property C(1) on 8
symbols in 6 sets. From this design, using Theorem 3.2, we can construct
"a design with property C(1) on 64 symbols in 12 sets. The design
given in Theorem 3.1 on 64 symbols with property C(l) has 16 sets,
while Theorem 3.2 leads us to a design Qith oniy 12 sets. Consequently,
for 642 = 4096 symbols from Theorem 3.2, we can cons;fuc; a design with
24 sets, while the design constructable from Theorem 3.1 has 128 sets.
Thus we achieve considerable reduction in the number of sets used in the
design by using the method éf Theorem 3.3.

However, in general it remains an open problem to find the

smallest b for designs with property C(1) on v symbols.

4. Desdigns with Property C(2) with b<v .

We have seen in Section 2 that BIB designs have the property C(2)
if and only if r - 2\ > 0 ., However, such designs will have b2v and are
not useful in group testing experimental situations. While searching for
designs with property C(2) , the class of designs to be looked at are
those Partially Balanced Incomplete Block Designs (PBIB designs) for which
b<v and whose complimentary designs have positive A parameters,

While scanning through the designs given in the Tables of Two-
Associate-Class Partially Balanced Designs [l], the authors found that
SR41 and T85 have the property C(2) . These are designs in 12 symbols
and 9 sets, and in 36 Symg;is Qith 28 sets respectively, and both of

these designs have the property c(2) .



5. Applications of Designs with property C(2) 4in Group Testing Experiments.

Let there be v wunits in the population and let it be known to
the experimenter before hand tEat there are exactly t wunits in the popu-
lation which are defective, while v-t wunits are good. Further, it is
unknown to the experimenter which of the units are defective. Then one can
‘make b tests (or runs) on the v units, where each test is made on the
collection of the units belonging to the séts of a design D with property
C(t) . If the test gives a negative result, the units involved in the test
are all good and if the test gives a positive result, at least one of the
units involved in the test is bad. If x tests give negative results in
each test and the remaining b-x tests give positive results, the C(t)
property of the design guarantees that the units, included in the set union
of the sets corresponding to the negative test results, are all good which
will be v-t in number, while the other v-t are bad.

As an illustration, let us consider that there are 12 units
aﬁbng which we know that 2 are bad and 10 are good. We indicated
in Section 4 that the design SR41 of the Tables [1l] has property C(2) .
Tﬁe test number and the units tested in each are as follows:

Test Units Included
Number in the Test

1, 2, 3, &
7, 10, 5, 4
6, 11, 9, 4
1, 7, 6, 8
11, 5, 2, 8
10, 9, 3, 8
1, 11, 10, 12
9, 2, 7, 12
5, 3, 6, 12

O 00 N O U & W N M-




The classification of items and the test numbers indicating

negative results are as follows:

Defective

Items

O - O~ N O~ O - O NO
VoA O~NO0OOA AN OO A A AN~
00 00 O

L I O R T TR TR R U S Y L T S ST N S N S S S

/4/.-.44455555556666667777788

9, 11
9, 12

10, 11
10, 12
11, 12

Test
Number

N Oy O 00 ™~ O 00 O \O r~ 00 M~ 00 O N OO O OO O O OV O

o n & L I S N N o A & & = LI " &

L .
978867677/46/46758657759578835/4/48/44

L I T S . W T W S N N S Y ) a A& & &

8556563343/4.3522522353632322422432

744441111111111111111111111111111

Defective

Items

O - N O~ O =
NN IFTVLONOIAHAAANITIINONONANA AT NONOANAHMHHINO I~

LY

.l_..l..l......_.l...|..|.1....l..l.la/_n/_n/-2n/-27~7~n}_7.QJQJ33QJA.JQJan«..l;wl..—.l.»r

Test

Number

Oy 00 O 0 o O A0~~~V OV ON O\ \O 00 0O 00 o\ I~ N 00 00 O

o o ~ &6 o L T S S S WY Y N Y o & o & a o n " & A &

65886689885/476777796/477777558/4777
a 6 A A & =~ -~

33665535563364663/4/4./435/4553/4/4/43666

L) "~ . «
225323223222/4323221422432322322455




In view of Theorem 3.1, if a large population has exactly 1

bad item, it can be detected in b tests, where b 1is only a very tiny

fraction of v .

The statistical properties of our test procedure and the

comparison of our technique to the known procedure are expected to be

- discussed in a later communication.
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