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The study of convolution powers of a finitely supported probability distribu-
tion ¢ on the d-dimensional square lattice is central to random walk theory. For
instance, the nth convolution power ¢ is the distribution of the nth step of the
associated random walk. In the case that the random walk is aperiodic and ir-
reducible, ¢™ is well approximated by a single and appropriately scaled Gaus-
sian density; this is the local (central) limit theorem. When such functions are
allowed to be complex-valued, their convolution powers are seen to exhibit rich
and disparate behavior, much of which never appears in the probabilistic set-
ting. In the first half of this thesis, we study the asymptotic behavior of the con-
volution powers of complex-valued functions on Z?. This problem, originally
motivated by the problem of Erastus L. De Forest in data smoothing, has found
applications to the theory of stability of numerical difference schemes in par-
tial differential equations. For a complex-valued function ¢ on Z¢, we ask and
address four basic and fundamental questions about the convolution powers
¢'™) which concern sup-norm estimates, generalized local limit theorems, point-
wise estimates, and stability. In one dimension, we give a complete theory of
sup-norm estimates and local limit theorems for the entire class of finitely sup-
ported complex-valued functions. This work extends results of I. ]. Schoenberg,
T. N. E. Greville, P. Diaconis and L. Saloff-Coste and, in the context of stability

theory, results by V. Thomée and M. V. Fedoryuk.



In the second half of this thesis, we consider a class of “higher order” ho-
mogeneous partial differential operators on a finite-dimensional vector space
and study their associated heat kernels. The heat kernels for this general class
of operators are seen to arise naturally as the limiting objects of the convolu-
tion powers of complex-valued functions on the square lattice in the way that
the classical heat kernel arises in the (local) central limit theorem. These so-
called positive-homogeneous operators generalize the class of semi-elliptic op-
erators in the sense that the definition is coordinate-free. We then introduce a
class of variable-coefficient operators, each of which is uniformly comparable
to a positive-homogeneous operator, and we study the corresponding Cauchy
problem for the heat equation. Under the assumption that such an operator has
Holder continuous coefficients, we construct a fundamental solution to its heat
equation by the method of E. E. Levi, adapted to parabolic systems by A. Fried-
man and S. D. Eidelman. Though our results in this direction are implied by
the long-known results of S. D. Eidelman for Zg-parabolic systems, our focus is
to highlight the role played by the Legendre-Fenchel transform in heat kernel
estimates. Specifically, we show that the fundamental solution satisfies an off-
diagonal estimate, i.e., a heat kernel estimate, written in terms of the Legendre-
Fenchel transform of the operator’s principal symbol — an estimate which is
seen to be sharp in many cases. We then turn to the study of such variable-
coefficient operators whose coefficients are, at worst, bounded and measurable
and we study their associated heat kernels. Following functional-analytic tech-
niques of E. B. Davies and G. Barbatis, we prove heat kernel estimates in terms
of the Legendre-Fenchel transform subject to a dimension-order restriction. Our
work in this measurable-coefficient setting extends results of E. B. Davies and

partially extends results of A. F. M. ter Elst and D. Robinson. All work in this



thesis was done in collaboration with Laurent Saloff-Coste.
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CHAPTER 1
INTRODUCTION

The study of convolution powers of a finitely supported probability distribu-
tion ¢ on the d-dimensional square lattice is central to random walk theory.
For instance, the nth convolution power ¢ is the distribution of the nth step
of the associated random walk. In the case that the random walk is aperiodic
and irreducible, ™ is well approximated by a single and appropriately scaled
Gaussian density; this is the local (central) limit theorem. When such functions
are allowed to be complex-valued, their convolution powers are seen to exhibit
rich and disparate behavior, much of which never appears in the probabilis-
tic setting. In this thesis, we study the convolution powers of complex-valued
functions on Z? and some related topics on heat kernels of higher-order partial

differential operators.

The limiting behavior of the convolution powers of complex-valued func-
tions (or, simply non-positive functions) was originally investigated by Erastus
L. De Forest in its connection to statistical data smoothing procedures in the
late nineteenth century. De Forest posed the problem of determining the point-
wise limiting behavior of the convolution powers of any suitably normalized
and finitely supported function ¢ : Z — R. De Forest’s problem was later in-
vestigated by I. J. Schoenberg and T. N. E. Greville, both of whom proved (gen-
eralized) local limit theorems under varying hypotheses. Beyond local limit
theorems, the study of convolution powers of complex-valued functions saw
explosive investigation in the 1960’s, paralleled by advancements in scientific
computing, in its application to numerical solutions for partial differential equa-

tions. Arising from this study, the so-called stability theory (for finite difference



schemes) is concerned with finding conditions under which a finitely supported
function ¢ : Z? — C is stable in the sense that its convolution powers ¢, for
n > 1, are uniformly bounded in ¢!(Z?). This property is seen to have pro-
found implications for finite difference schemes in partial differential equations.
Namely, for a finite difference scheme (given by ¢) to an initial value problem,
von Neumann'’s theorem states that ¢ is stable if and only if the correspond-
ing finite difference scheme converges to a classical solution (in a pointwise
sense). In 1965, V. Thomée characterized stability (and instability) when d = 1;
Thomeée’s result was partially extended to higher dimensions by M. V. Fedoryuk
in 1967.

In the second chapter of this thesis, we consider the general class of finitely
supported functions ¢ : Z — C. Herein, we give a complete account of local
limit theorems for this general class. As the classical heat kernel arises as the
limiting object of the convolution powers of probability distributions, our local
limit theorems show that the convolution powers of the general class are sim-
ilarly attracted to a certain class of analytic functions which includes the Airy
function and the heat kernel evaluated at purely imaginary time. Extending
the results of I. ]. Schoenberg, T. N. E. Greville, P. Diaconis and L. Saloff-Coste,
our main result in this direction (Theorem 2.1.3) presents a complete solution to
De Forest’s problem. Using our local limit theorems, we then give a complete

account of the asymptotic behavior for the sup-norms of convolution powers.

In the third chapter, we study the convolution powers of complex-valued
functions on Z?. Here, we ask and address four basic and fundamental ques-
tions concerning sup-norm estimates, local limit theorems, pointwise space-

time estimates, and stability for convolution powers. Our results in this chapter



pertain to a large, though not exhaustive, class of complex-valued functions on
Z% and our hypotheses are naturally stated in terms of local properties of Fourier
transforms. The results concerning sup-norm estimates and local limit theorems
presented in this chapter partially extend the one-dimensional results of Chap-
ter 2. The attractors which appear in our local limit theorems in this chapter
are seen to also arise as the heat kernels corresponding to higher order partial
differential operators—those which are studied in the second half of this thesis.
Following and extending work of P. Diaconis and L. Saloff-Coste, we prove a
number of results concerning pointwise space-time estimates for convolution
powers and discrete derivatives thereof; these estimates make essential use of
the Legendre-Fenchel transform and motivate our subsequent study of heat ker-
nel estimates. In the context of stability theory, we extend the affirmative results

of V. Thomée and M. V. Fedoryuk.

In the fourth chapter, we consider a class of homogeneous partial differen-
tial operators on a finite-dimensional vector space and study their associated
heat kernels. The heat kernels for this general class of operators are those which
were seen to arise in the local limit theorems presented in Chapter 3. These so-
called positive-homogeneous operators generalize the class of semi-elliptic op-
erators, introduced by F. Browder, in the sense that the definition is coordinate-
free. More generally, we introduce a class of variable-coefficient operators, each
of which is uniformly comparable to a positive-homogeneous operator, and we
study the corresponding Cauchy problem for the heat equation. Under the as-
sumption that such an operator has Holder continuous coefficients, we con-
struct a fundamental solution to its heat equation by the method of E. E. Levi,
adapted to parabolic systems by A. Friedman and S. D. Eidelman. Though our

results in this direction are implied by the long-known results of S. D. Eidel-



man for 25—parabolic systems, our focus is to highlight the role played by the
Legendre-Fenchel transform in heat kernel estimates. Specifically, we show that
the fundamental solution satisfies an off-diagonal estimate, i.e., a heat kernel
estimate, written in terms of the Legendre-Fenchel transform of the operator’s

principal symbol- an estimate which is seen to be sharp in many cases.

Taking our motivation from Chapter 4, in the final chapter we study heat-
kernel estimates for partial differential operators with, at worst, measurable
coefficients. Following the work of E. B. Davies pertaining to higher-order
uniformly elliptic operators, we present an abstract theory for heat-kernel es-
timates, written in terms of the Legendre-Fenchel transform, for self-adjoint
partial differential operators which are uniformly comparable to positive-
homogeneous operators and are subject to a necessary dimension-order restric-
tion (written in terms of the homogeneous order of the operator). In this devel-
opment, we suitably adapt Davies’ method to the positive-homogeneous setting
and, from this, the full d-dimensional Legendre-Fenchel transform is seen to ap-
pear naturally. Our results extend those of E. B. Davies and partially extend

results of A. F. M. ter Elst and D. Robinson.

Chapters 2, 3 and 4 are based on the articles [73], [72] and [74], respectively.
The material on Chapter 5 will be included in a forthcoming article. All work in

this thesis was done in collboration with Laurent Saloff-Coste.



CHAPTER 2
CONVOLUTION POWERS OF COMPLEX-VALUED FUNCTIONS ON Z

2.1 Introduction

Let ¢ : Z — C be a finitely supported function. We wish to study the convolu-
tion powers of ¢, that is, the functions ¢ : Z — C defined iteratively by
¢ (x) = " (w —y)o(y),
yez
where ¢() = ¢. This study has been previously motivated by problems in
data smoothing and numerical difference schemes for partial differential equa-
tions [42, 80, 86,87]. We encourage the reader to see the recent article [31] for

background discussion and pointers to the literature.

In the case that the support of ¢ is empty or contains a single point, the convo-
lution powers of ¢ are rather easy to describe. The present chapter focuses on
functions ¢ with finite support consisting of more than one point; in this case
we say that the support of ¢ is admissible. When the function ¢ is a probability
distribution, i.e., it is non-negative and satisfies

Y o(x) =1,

€z
the behavior of ¢(™ for large values of n is well-known and is the subject of the
local limit theorem. A modern treatment of this classical result can be found in
Chapter 2 of [63] (see also Chapter 2 of [83]). Our aim is to extend the results
of [31] and describe the limiting behavior for the general class of complex val-

ued functions on Z with admissible support. In particular, we give bounds on



the supremum of |¢{™| and prove “generalized” local limit theorems.

As an example, we consider the function ¢ : Z — C defined by

1

60 =L6-2)  oED=le+i)  eEn=-

5 5 2.1)
and ¢ = 0 otherwise. The convolution powers ¢ for n = 100, 1000, 10000 are
illustrated in Figures 2.1 and 2.2. We make two crucial observations about these
graphs: First, it appears that the supremum ||¢("||, is decaying on the order
of n1/2; this is consistent with the classical theory for probability distributions.
Second, as n increases, |¢(™(z)| appears to be constant on increasingly large
intervals centered at 0. This is in stark contrast to the behavior described by the

classical local limit theorem for probability distributions. In the present chapter,

we prove that there are constants C, C’ > 0 for which
Cnfl/Q < H¢(n) Hoo < Cln—1/2'

We also show that

n-1/2
47i/8

for x in any compact subset of R. Here, |- | denotes the greatest integer function.

6—8\x|2/4i + o(n_1/2)

o) (lan'?]) =

We note that this approximation cannot hold uniformly for all z € R because
the modulus of (47i/8)~'/2 exp(—8|z|?/4i) is a non-zero constant whereas ¢
has finite support for each n. For comparison with Figure 2.2, Figure 2.3 shows
the graph of Re((47ni/8)~'/2 exp(—8|z|?/4ni)) for n = 100, 1000, 10000. We will

return to this example in Subsection 2.8.2 and justify the claims made above.
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The Fourier transform is central to the arguments made in this thesis. We recall
its definition: For ¢ : Z — C, finitely supported, the Fourier transform of ¢ is
the function ¢ : R — C defined by

H(&) = plw)e™s 22)

€L
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Figure 2.3: Re((4min/8)~Y/2 exp(—8|xz|?/4ni)) for n = 100, 1000, 10000

for £ € R.

Our first main result is illustrated in the following theorem.

Theorem 2.1.1. Let ¢ : Z — C have admissible support and let A = sup; |6(€)|. Then

there is a natural number m > 2, and positive constants C' and C' such that
Cn~ 1/ < A6l < C'n7Hm (2.3)
for all natural numbers n.

Remark 1. The natural number m > 2 appearing in Theorem 2.1.1 is consistent with
those appearing Theorems in 2.1.2 and 2.1.3; upon dividing ¢ by A, it is defined by
(2.7).

In the classical local limit theorem, the convolution powers of a probability

distribution are approximated by the heat kernel, an analytic function. In the



present setting, the convolution powers ¢ are analogously approximated by
certain analytic functions. We now define these so-called attractors: Let m > 2
be a natural number and /3 be a non-zero complex number for which Re(3) > 0.
We define H? : R — C by

1 - m
HP (z) = /e_w“e_ﬁ“ du (2.4)
R

T o
provided the integral converges as an improper Riemann integral. If addition-

ally, for each € > 0 there exists M, > 0 such that

1Mo m
‘Hﬁl(x) / e e P dqu| < e

27 S

forall M > M. and z € S C R, we say that the integral defining H? converges
uniformly in z on S. When Re(5) > 0 and m is an even natural number, it is
easy to see that
|e-izue—Au" | = ¢~ ReB™ ¢ [1(R)

whence the defining integral converges uniformly in z on R. In this case, H?
is equivalently defined by its inverse Fourier transform, e #*". In the case that
Re(f) = 0, it is not immediately clear for which values of m or in what sense the
integral in (2.4) will converge. It will be shown that when m > 2, the integral
converges uniformly in  on R and, when m = 2, it converges uniformly in z
on any compact set. This is the subject of Proposition 2.4.1. The proposition
extends the results of [42] in which only odd values of m (for Re(5) = 0) were

considered.

In the case that m > 2 is even and Re(3) > 0, HS is the integral kernel of the
bounded holomorphic semigroup T = e~* (aym/2 generated by the non-negative
self-adjoint operator (A)™?2 on L%(R); here, A is the unique self-adjoint exten-

sion of —(d/dz)?* originally defined on smooth compactly supported functions



on R. In the specific case that m = 2,

HY () = \/%W_ﬂe_ﬂf (2.5)

is the heat kernel evaluated at complex time 3. There is an extensive theory
concerning these semigroups and generalizations thereof for Re(/5) > 0. In the
context of R¢, we refer the reader to the articles [9,21] which consider general
self-adjoint operators with measurable coefficients, called superelliptic opera-
tors, each comparable to (A)m/ 2 for some even m > 2. In the context of Lie
groups, such generalizations are treated by [33,76,77]. An integral piece of this
theory concerns off-diagonal estimates for these kernels. In our setting, this is
the estimate

|HE (x)| < Cexp(—Blz|=1) (2.6)

for all z € R, where C, B > 0. Given (2.4), a complex change of variables via
contour integration followed by a minimization argument easily yields the esti-

mate (2.6) (see Proposition 5.3 of [77]).

Viewing things from a slightly different perspective, when m > 2 is even and

Re(B) > 0, the function Z : (0,00) x R — C, defined by
Z(t,x) = H,; (),

is a fundamental solution to the constant-coefficient parabolic equation

The treatise [35] by S. D. Eidelman gives an extensive treatment of such “higher
order” parabolic equations with variable coefficients on R?. For second order
parabolic systems (m = 2), A. Friedman’s classic text [40] is an excellent refer-

ence.

10



Remark 2. In the case that Re() > 0 and m is even, the function H? and the function
H,,, used in Theorem 2.3 of [31] and defined by its Fourier transform, H,,,(€) =

e~ 0™ are connected via the relation

X _ o 1/m B T
g (e ) = (el 2

which follows from the change of variables u +— (Re(3))Y/™u.

In the case that m > 2 is even and 3 > 0, the functions H? are real valued and
when m > 2 they take on both positive and negative values. As the classical
Wiener measure is defined by the transition kernel H,, V. Krylov [60] and later
K. Hochberg [51] considered finitely additive signed measures on path space
defined by H, for m € {4,6,8,...}. Recently, D. Levin and T. Lyons [65] used
rough path theory to study these measures. Both Krylov and Hochberg associ-
ated something like a process to such finitely additive measures, called signed
Wiener measures in [51], to mimic the way that Brownian motion is associated
to Wiener measure. This theory has been pursued recently by a number of au-
thors [53,61,62,68,79], and such “processes” are now called pseudo-processes;
the pseudo-process corresponding to H; is called the biharmonic pseudo- pro-

cess. We do not pursue signed Wiener measures or pseudo-processes here.

When § is purely imaginary and m > 2, the situation is very different from
those described above. The graphs of Re(H?, (x)) for m = 2, 3, 4,5 are illustrated
in Figure 2.4. When 8 = i/m, Hf, = Hi™ satisfies the ordinary differential

equation
dm— 1 y
dxm—1

c.f., Remark 3 of [48]. When m = 3, this is Airy’s equation and Hé/ °(z) is the

+ (_Z>m_1$y = 07

famous Airy function, Ai(z). The study of the functions H?, for 8 purely imag-

11
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Figure 2.4: Re(H! (x)) form = 2,3,4,5

inary, dates back the 1920’s. Such functions are closely related to those used by
Hardy and Littlewood [44] in their consideration of Waring’s problem. Using
the method of steepest descent, Burwell [16] deduced asymptotic expansions
for H? for all m > 2 (see also [8]). Concerning global bounds for H#, we cannot
expect to have estimates of the form (2.6) when f3 is purely imaginary, for, in
view of (2.5), z — |HJ(z)| is constant. When m > 2, using oscillatory integral

methods, we show that

A B
|H) ()| < —gr + 17
|| 26m=D) ||

for all real numbers x, where A, B > 0. This estimate can also be deduced from
the asymptotic expansions of Burwell [16]. Our estimates are seen to be sharp

in view of this comparison.

Returning to our discussion of convolution powers, let us momentarily view the

situation with a probabilistic eye. Suppose that . is a sighed Borel measure on
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R and X, Xs, ... are independent “random” variables each with distribution .
The distribution of the sum S,, := X; + Xo +--- X,,, forn = 1,2, ..., is the mea-
sure (™ and can be computed by taking successive convolution powers of the
measure /. Limit theorems are seen to be affirmative answers to the following
question: Does u(™, properly scaled, converge in any sense as n — oo and if
so, to what? In [51,52], K. Hochberg proved a class of central limit theorems.
They essentially state that, under certain conditions on 1, there exists an even
natural number m > 2 such that the signed Borel measures {v,},>1, defined
by v,(B) = p™(n'/mB) for any Borel set B, converge weakly to the measure
with density H}, with respect to Lebesgue measure. R. Hersch [48] proved a
class of central limit theorems in which “random” variables are allowed to take
values in an abstract algebra over R (see also [97]). Like Hochberg, Hersch’s
central limit theorems also involve weak convergence, however, the class of at-
tractors in [48] is different. It consists of the Dirac mass and the measures with

™ /m]!

densities H,, for all m > 2 such that m # 0 mod 4. Local limit theorems,
by contrast, focus on convergence of the density of y(™. In our case, these are
statements of uniform (or local uniform) convergence of ¢ (z) as n — oo. Lo-
cal limit theorems, in the case that ¢ is generally real valued, were treated by
L. Schoenberg [80] and T. Greville [42] in connection to De Forest’s problem in
data smoothing. Their local limit theorems involve a certain subclass of our at-
tractors, namely HZ for m > 2 even and 8 > 0, and H” for m > 1 odd and
7 € R. The local limit theorems of Schoenberg and Greville involve ad hoc as-
sumptions that are too restrictive for us; Theorem 2.1.2 extends their results. In
the case that ¢ has admissible support, Theorem 2.1.2 also extends the results

of [31]. We refer the reader to Section 2 of [31] for a brief review of local limit

limit theorems and their connection to data smoothing and numerical difference

13



schemes for partial differential equations.

The behavior of the convolution powers ¢ is determined by the local behavior
of ¢ by means of the Fourier inversion formula (2.17). The latter two main re-
sults of this chapter, Theorems 2.1.2 and 2.1.3, are both stated under the assump-
tion that sup, 6(€)| = 1; this can always be arranged by replacing ¢ by A~'¢ for
an appropriate constant A > 0. Theorems 2.1.2 and 2.1.3 involve a number of
constants and we now proceed to describe how they come about. First, we con-
sider ¢(¢) for € € (—m, 7] and determine the set of points Q(¢) C (—, 7] at which
|6(€)| = sup |¢| = 1. When ¢ is an aperiodic and irreducible random walk, this
supremum is attained only at 0 (see Lemma 2.3.1 of [63] and its subsequent re-
mark), but in general, |¢(¢)| = 1 at multiple such points. In Section 2.2, we show
that the set Q2(¢) is finite. Second, for each &, € 2(¢), we consider the Taylor
expansion for log(gzg(g + &)/ é(go)) on a neighborhood of zero. In general, this
series is of the form
iag — ™ 4 o(&™)

as & — 0, where m = m(&) € {2,3,4,...}, a = a(&§) € Rand g = (&) € C
with Re(5(&)) > 0. Further, we show that Re(8(&)) = 0 whenever m(&) is
odd. The constants (&) and S(&,) play the roles of the mean and first non-
vanishing moment of order m(,) > 2 for probability distributions (see Remark

4 of Section 2.2). Next, we set

My = A m(&o) (2.7)

and restrict our attention to the subset of points {&;, &, ..., {r} of Q(¢) for which
m(&,) = my. We show that the contribution to ¢™ by ¢ near & € Q(¢) is on the

order of n~1/"(%) (see Lemma 2.3.5). Because n~'/™&) = o(n=/"m¢) as n — oo
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whenever m(£)) < my, the influence on ¢ from such points is not seen in local
limits; it is only the points £, for which m(¢,) = m that matter. Finally, for each

¢q=1,2,...,R,weset 8, = f(§,) and oy = a(&,).

We now state our second main theorem, the first to involve local limits.

Theorem 2.1.2. Let ¢ : Z — C have admissible support and be such that sup, 16(8)] =

1. Referring to the constants above and setting m = my, suppose additionally that
m > 2or Re(p,) >0forallqg=1,2,...,R. (2.8)

Then there exists a compact set K C R such that the supremum of |¢™| is attained on

(U (agn + Knl/m)) Nz (2.9)

q=1

and

Zn‘”’" “intag(¢ >Hﬁq( /O;”)ﬂ(n‘”m) (2.10)

uniformly in 7Z.

Remark 3. If ¢ : Z — C has admissible support and is such that sup, 16(6)] = 1,

hypothesis (2.8) is equivalent to the condition that, for every & € (—m,n| for which

[0(&) = 1,
d2
qezlowdle)|, #ir

for any non-zero real number .

As the conclusion (2.9) suggests, the interesting behavior of ¢™ occurs on the
moving sets a,n + Kn'/™ called packets. Each packet drifts with (and expands
around) the point a,;n and so we call o, a drift constant. There is much gained in

studying ¢ by zooming in on its packets, i.e., choosing a drift constant «, from
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{a1,ay,...,ar} and studying ¢ (|a,n +zn'/™|) where z lives in a compact set
(see Subsection 2.8.1). In doing this, we arrive at our third main result, a local
limit theorem in which only the points & € {1,&,...,€r} and corresponding

attractors H? appear, provided o; = a,

Theorem 2.1.3. Let ¢ : Z — C have admissible support and be such that sup, |<ﬁ(5 )| =
1. Then, referring to the collections &,&s,...,&r, 1, Pa, ..., Br and oy, s, ..., ar
and setting m = my, the following holds: To each «,, there exist subcollections
s &gy - - ,fjr(q) and B;,, B, - - . ,5jr<q) such that

r(q)
¢(n)(|_aqn + xnl/mJ) _ Z n—l/me—iLaqn+xnl/mJEjlqg(gjl)mHijz (.CB) + O(n—l/m) (211)

j=1

uniformly for x in any compact set.

We note that Theorem 2.1.3 does not require the hypothesis (2.8) of Theorem
2.1.2. The hypothesis rules out the situation in which ¢ is approximated by
HY where f3 is purely imaginary. Correspondingly, the example where ¢ is de-
fined by (2.1) can be treated by Theorem 2.1.3 but not Theorem 2.1.2. For the
generality gained by eliminating the hypothesis (2.8) we lose the uniformity of
the limit (2.10) on all of Z. As we illustrate in Subsection 2.8.1, the conclusion
(2.11) is sometimes more informative anyway. The limits (2.10) and (2.11) of
Theorems 2.1.2 and 2.1.3 both involve a sum of the attractors H?. We remark
that these sums are not identically zero and, in fact, each sum is bounded below
in absolute value by Cn~/™ for some constant C' > 0; this is demonstrated in

Section 2.6 and is used to establish the lower estimate in Theorem 2.1.1.

Everything in this chapter pertains to a single dimension. In Chapter 3, we will

study the convolution powers ¢(™ where ¢ : Z? — C is subject to some restric-

16



tive assumptions. Let us simply note here that the situation is more complicated
in the Z? setting. For example, it is not clear what the analogue of Theorem 2.1.1
should be. Further, at points &, € (—m, 7] where the Fourier transform satisfies
sup; 16(6)| = [6(&)] = 1, |¢(€)| can decay at different rates along different direc-
tions. This behavior will be seen to affect local limits in which attractors exhibit
anisotropic scaling. For instance, by taking a tensor product of admissible func-
tions (in the sense of the present article), one can easily construct ¢ : Z? — C for
which

O (@) = YAH (072 B (07 ) + o)

uniformly for x = (21, 22) € Z?, where Re(;), Re(82) > 0.

The chapter is organized as follows: In Section 2.2, we study the local behavior
of the Fourier transform of ¢. In Section 2.3, we address some technical lemmas
involving oscillatory integrals and prove the estimate A~"(|¢(™||, < C'n~Y/™ of
Theorem 2.1.1; this is Theorem 2.3.6. Section 2.4 concentrates on the attractors
HP where convergence, analyticity and global bounds are addressed. The local
limit theorems of Theorems 2.1.3 and 2.1.2 are proven in Section 2.5. In Section
2.6, we complete the proof of Theorem 2.1.1 and in Section 2.7, the conclusion
(2.9) of Theorem 2.1.2 is proven. Section 2.8 gives examples and addresses a

general situation previously treated in [31].

2.2 Local behavior of ¢

In this section we study the local behavior of ¢ at points in (—, 7] at which

the supremum of |¢| is attained. This will be seen to completely determine the
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limiting behavior of the convolution powers of ¢. We proceed by making some
simple observations about (2.2) under the assumptions that ¢ has admissible
support and sup, |6(€)| = 1. Our first observation concerns the number of points
at which |¢(¢)] = 1. Because ¢ has admissible support, |¢|? is a non-constant
trigonometric polynomial and so |¢| is not constant. From here we observe that
¢ can only satisfy |6(€)| = 1 at a finite number of points in (—x, 7|; a simple
accumulation-point argument shows the necessity of this fact. We now observe
that ¢ is a finite linear combination of exponentials and is therefore analytic. We
use this observation to study the local behavior of ¢(¢) about any point &, €
(=, wr] for which |¢(&)| = 1. To this end we consider

Cg(f‘Ffo)
T(e) = log | 85500 ) 212
(€) g( e ) (2.12)

where log is taken to be the principle branch of logarithm and we allow the
variable ¢ to be complex, for the time being. It follows from our remarks above
that I" is analytic on an open neighborhood of 0 and we can therefore consider

its convergent Taylor series
I'(§) = Z 3
I=1
on this neighborhood. The limiting behavior of the convolution powers of ¢ is

characterized by the first few non-zero terms of this series.

The requirement that |¢(¢)| < 1 imposes conditions on the Taylor expansion
for I' as follows: We consider the collection {a;}7°, of coefficients of the series
and let k£ = min{l > 1 : Re(q;) # 0}, which exists, for otherwise |¢| would be
constant. We claim that k is even and Re(ay,) < 0. To see this we observe that by

only considering real values of £ we can find a neighborhood of 0 on which
e < DL€ + &)l = [9(&)e™|
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and where C' is a real constant having the same sign as Re(ay). If it is the case
that Re(a;) > 0 or k is odd we have that |¢(¢ +&)| > 1 for some & which leads to
a contradiction. We will summarize the above arguments shortly. First we give

the following convenient definition, originally motivated by Thomée [87].

Definition 2.2.1. Let v : R — C be analytic on a neighborhood of a point &, for which
lv(&)| = 1. LetI' : O C R — C be defined by

r(e) = log (%) ,

where O is an open neighborhood of 0 and is such that O > ¢ — v(§ + &) is non-

(2.13)

vanishing.

1. We say that &, is a point of type 1 and of order m for v if the Taylor expansion for
(2.13) yields an even integer m > 2, a real number o, and a complex number 3 with

Re(B) > 0 such that
L) =it = BE™ + > ad! (2.14)

l=m+1
on O. In this case we write { ~ (1;m).

2. We say that &, is a point of type 2 and of order m for v if the Taylor expansion
for (2.13) yields m, k, o, 7y, p(§), where m and k are natural numbers with k even and
1 < m < k; aand ~y are real numbers with v > 0; and p(€) is a real polynomial with

p(0) # 0 such that
D(§) = iag —i€™p(&) =& + Y wé (2.15)
I=k+1
on Q. In this case we write {, ~ (2;m) and set 5 = ip(0).

In both cases, the order m refers to the degree of the first non-vanishing term, higher

than degree one, in the Taylor expansion for I'. The type refers to the complex phase of
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coefficient of this term: it is of type 1 if the coefficient has a non-zero real part, otherwise

it is of type 2. In either case we refer to the constant « as the drift constant for &.

Let us note that the neighborhood O in the above definition is immaterial; it
needs only to be small enough to ensure that log is defined and analytic there.
Using the definition, the arguments which preceded it are summarized in the

following proposition.

Proposition 2.2.2. Let ¢ : Z — C have admissible support. Suppose that the Fourier
transform of ¢ satisfies sup; 16(€)| = 1. Then

Q¢) = {¢' € (=m. 7]+ [6() = 1}
is finite and, for & € Q(¢), we have either {, ~ (1;m) or & ~ (2;m) for some natural

number m = m(&y) > 2.

Convention 2.2.3. For any ¢ : Z — C satisfying the hypotheses of Proposition 2.2.2,
set

= : 2.16
" gy 0

In view of the proposition, we can write

A¢) ={&. &, .. Lol

where we shall henceforth assume that Q(¢) is indexed in the following way:

e Foreach q = 1,2,...,R, § ~ (1;my) or & ~ (2;my) with my = m and

associated constants o, and [,,.

e Foreachq=R+1,R+2,...,Q,&, ~ (1;my) or &, ~ (2;m,) with m, < m.

Hence, to the points {&1,&,...,&r}t C Q(¢) we have the associated collections
a1, Qa, ..., ag of real numbers and 31, s, . .., Br of non-zero complex numbers with

Re(B,) > 0forq=1,2,...,R.
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We remark that 2(¢), m (= m,), and the constants o, and 3, for¢ = 1,2,..., R
of Convention 2.2.3 are consistent with those of the discussion preceding the

statement of Theorem 2.1.2. Therefore, the constants appearing in Theorems

2.1.2 and 2.1.3 are those of Convention 2.2.3.

Remark 4. There is an alternative way to find the constants m, o, and (3, above. For
any function f : Z — C, define
Ef(X) =) _ f(z)o(x),
TEZL

where X is to be understood as a “random” variable with distribution ¢. For each
& € Q, put
EX ei¢aX

‘&) =7

and, for each natural number k > 2,
i* EXFeitX
CORUTY e
1t is easily shown that aq = a(§,), mg = min{k > 2 : b, (&) # 0} and g = by, (&)
Proposition 2.4 of [31] gives a class of examples for which ¢ is real valued, Q)(¢) = {0}
and m = my = 21 for any specified | > 1. Necessarily, b,(0) = 0 for all k < 21.

If we further assume that ¢ > 0 and Q(¢) = {0}, it follows that by(0) # 0 and
so m = 2. This situation is equivalent to the case in which ¢ is the distribution of a
random variable X with state space Z such that Supp(¢) is not contained in any proper
subgroup of Z.. Here vy = EX and 23, = EX? — (EX)? = Var(X). In this way, the

standard local limit theorem is captured by Theorem 2.1.2.

To exploit the interplay between local approximations of ¢ and the Fourier in-

version formula, it useful to consider a domain of integration 7" in which Q(¢)
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sits in the interior. To this end, let » > 0 be such that Q2(¢) C (-7 +n, 7+ n) and
set T' = (—m + n, 7 + n]. Of course, for each natural number n and z € Z, we

have
1 s
0w) = 5 [ e de 2.17)
TJr
It is also useful to consider the following extension of ¢"(z): Define ¢, : NxR —
C by
1 A
bulna) =5 [ eeeae) de 2.18)
T Jr

for n € Nand x € R. We note that ¢.(n,z) = ¢ (z) foralln € Nand x € Z.

The following lemma is seen to govern the limiting behavior of the convolution

powers of ¢.

Lemma 2.2.4. Let v : R — C be analytic on a neighborhood of a point &, such that
V(&) = 1.

1. If & ~ (1;m), then there exist § > 0 and B, C' > 0 such that
ID(€) —iag + pE™| < Blg[™ (2.19)

and

(€ +&)| < e " (2.20)

forall || < 6. Here I, o, and (3 are given by Definition 2.2.1.

2.If & ~ (2;m), there exists § > 0 and B > 0 such that

D) — iag +ip(§)¢™| < BE* (2.21)

forall |€| < 6. Moreover, there exist C, D > 0 such that the function
9(6) = v(&) v (& + &) exp(—iag +1i8p(8))
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satisfies
9(&)] < e (2.22)

and

g/'(€)] < DJe|Fte (2.23)

forall |¢| < 6. HereI', k, v, and p(&) are given by Definition 2.2.1.

Proof. By our definitions, we have

v(€+&) = V(fo)er(é),

where I is defined by (2.13). In the case that §, ~ (1;m), (2.19) and (2.20) are im-
mediate from (2.14) and the fact that the series ;| a;§ ! converges uniformly

on a neighborhood of 0.

In the case that &, ~ (2;m), the justification of the estimates (2.21) and (2.22)

follows similarly. For the last conclusion, we observe that

d
J© = i exp(—iag +i€™p(€))e"®

- d%eXp (—vf'“r > az€l>

I=k+1

= (—vk‘fk‘“r > aﬂé“) 9(é)

I=k+1

on a neighborhood of 0. The inequality (2.23) now follows without trouble. [

2.3 The upper bound

The goal of this section is to establish the upper bound of Theorem 2.1.1. To this

end, we address a series of technical lemmas involving oscillatory integrals of
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the form
b
| steredg

which are used throughout the remainder of the chapter. Many of the argu-
ments within are based on the same or slightly less general arguments made by

Greville [42], Thomée [87] and, not surprisingly, van der Corput.

Lemma 2.3.1. Let h € L'([a,b]) and g € C*([a, b]) be complex valued. Then for any

/: h(u)du

/a ’ o) h(u)du

M such that

<M

forall x € [a, b] we have

< M (llglloo + [l9'l12) -

Proof. For h € L*([a,b]), the function

f(x) = /bw h(u)du

is absolutely continuous and f’(z) = h(z) almost everywhere. Furthermore,
our hypothesis guarantees that | f(z)| < M for all z € [a, b]. Integration by parts

yields

and therefore

b
< uwmwﬂ+o+/ﬁuwmywwm
< Mgl + Mg

/abg(u)h(u)du

The following two lemmas, 2.3.2 and 2.3.3, are due originally to van der Corput.
The proof of Lemma 2.3.2 is a nice application of the second mean value theo-

rem for integrals and can be found in [87]. We note that Lemma 2.3 of [87] is
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stated under slightly stronger hypotheses than Lemma 2.3.2, however the proof
yields our statement exactly. The validity of Lemma 2.3.2 can also be seen us-
ing alternating series [42]. For the proof of Lemma 2.3.3, we refer the reader to
Lemma 3.3 of [87]; its proof is relatively simple but involves checking several

cases (see also Chapter 1 of [14]).

Lemma 2.3.2. Let f € C'([a,b]) be real valued and suppose that [’ is a monotonic

function such that f'(x) # 0 for all x € [a,b]. Then,
b
/ W du,

A= inf |f(z)]. (2.25)

z€a,b]

< (2.24)

> e

where

Lemma 2.3.3. Let f € C*([a,b]) be real valued and suppose that f"(x) # 0 for all

b .
/ @ gy,

p=inf If ")l

z€|a,b|

€ [a,b]. Then

8
< —

N

where

Lemma 2.3.4. Let g € C'([a, b]) be complex valued and let f € C*([a, b]) be real valued
and such that f"(x) # 0 for all x € [a,b]. Then

[g( )t ) gy <m1n{;l\ \/_}(HQHoo—l-Hg 1),

where A = inf,cpq ) | f'(2)] and p = inf ejap | /7 (7).

Proof. Combining the results of Lemmas 2.3.2 and 2.3.3 show
* 4
/a Wdu| < min { R 5_}
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for any = € [a, b]. We remark that 4/\ only contributes to the upper bound pro-
vided f’ is never zero, in which case the application of Lemma 2.3.2 is justified.
Setting h(u) = ¢f(*) we note that the functions g and h are the subject of Lemma

2.3.1. The result now follows immediately from Lemma 2.3.1. O

Lemma 2.3.5. Let v : R — C be analytic on a neighborhood of &, where |v(&,)| = 1. If

&o is a point of order m > 2 for v, then there is § > 0 such that

1

o p(€)"e e dg = O(n ™),
T Jjg—¢ol<6

where the limit is uniform in v € R.

Proof. Let us first assume that {, ~ (1;m). Our hypothesis guarantees that m is

even and by Lemma 2.2.4 there are constants C' > 0 and ¢ > 0 such that

V(€ + &) < e

for all —§ < & < 4. Therefore

1

= n—ixfd nd
= | erea < [ e e

_ncgm df

\\

nl/m

In the second case we assume that &, ~ (2;m). We set

9(&) = [v(&) v (€ + &) exp(—iag +i&™p(€))]

and

fn(&x) = (na — 2)€ = ng™p(E).
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We note that f, is real valued. Appealing to Lemma 2.2.4, let 6 > 0 be chosen
so that the estimates (2.22) and (2.23) hold for all £ € [—§,0]. Upon changing

variables of integration and using the fact that ()| = 1, we write

3
1 / . .
— V(g)ne—wﬁdg‘ < /g(g)nezfn(w)dg 7
27 Jie—eol<s ; I

where I, = [-§, —n'/™], I, = (—n/™ n'/™) and I3 = [n'/™, §]. On the interval I,

19(€)| < 1by (2.22) and therefore

[ steyenenn < 2

We now consider the integral over /; to which we will apply Lemma 2.3.4.
First observe that the regularity requirements of Lemma 2.3.4 for f,, and g" are
met. Differentiating f,, twice with respect to £ gives

d2

a?fn(gax) = d€2

(&),

which is independent of x. Using the fact that {"p(§) is a polynomial with m

being the smallest power of its terms, we may further restrict § > 0 so that

CPlem ™2 < |=5€™p (&)’ (2.26)

<Jic
for some C' > 0 and for all £ € [—4, 6]. Consequently |07 f, (£, z)| > Oforall £ € I

and = € R. Appealing to Lemma 2.3.3 we have

[ atereme df‘ S lg e + g™ ), 227)

where )\ = infge, |8£2 fn(& 2)|. Using (2.26) and recalling that m > 2 we observe

COnt/m — \/C’Qn| — p-l/mm=2 < /i?f C2ng|m—2 < V.

that
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Now by (2.22) and (2.23) of Lemma 2.2.4 we have ||¢" || < 1 and

Ing's™ = n [ 19(€)a(€)" g
I
< n/ DI¢|Fte e g
I
< /D]u\klecukdu:M<oo.
R

Inserting the above estimates into (2.27) gives

[ ateremieang| < B0~
Iy

Cnl/m ni/m’

A similar calculation shows that

, K.
ifa(€0) gg| < 22
R B

for some K, > 0. Putting these estimates together gives

1 | " .
- n —zajgd < 1 9
2m /§€0|§5 vee 5’ =

our desired inequality.

]

Theorem 2.3.6. Let ¢ : Z — C have admissible support and let A = sup; 6(E)|. Then

there is a natural number m > 2 and a real number C' > 0 such that
AT ¢ oo < '

for all natural numbers n.

(2.28)

Proof. It suffices to prove the theorem in the case that A = sup, 16(€)| = 1, for

otherwise one simply multiplies the Fourier inversion formula by A™". In view

of Proposition 2.2.2, we adopt Convention 2.2.3. For each ¢, € (¢) with as-

sociated 2 < m, < m, select §, > 0 for which the conclusion of Lemma 2.3.5

holds and small enough to ensure that the intervals I, := [{, — J,,&, + 6, C T
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fori=1,2,...,Q are disjoint. Set J = T'\ U, [, and s = sup.; 16(8)] < 1. Using

(2.17), we write

6" (z)] =

Zzﬂ. ¢ n —zx£d£+_/¢ n —zxfdf

1 R 4 1 R
- / ot ias| + - [ laterae

1 n n_—ix n
7T/quzs(g) e e + 5™

(=}

M@

Q
Il
—

M@

<
Il
—_

Using Lemma 2.3.5 we conclude that for every z € R

Q

K
(n) q n
6 @)] < Y s
q=1
< —K n
S im + s
from which the result follows. O

2.4 The attractors H

In this section we study the functions H? defined by (2.4). Our first task is
to show that the integral defining H converges in the senses indicated in the

introduction.

Proposition 2.4.1. Let m > 2 be a natural number and let 3 be a non-zero complex

number such that Re(f3) > 0.

1. If m is even and Re 3 > 0 then the integral defining HP (x) in (2.4) converges

absolutely and uniformly in x on R as an improper Riemann integral.
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2. If m > 2 and Re(B3) = 0 then the integral defining HS (x) converges uniformly

in x on R as an improper Riemann integral.

3. If m = 2 and Re(B) = 0 then for any compact set K C R, the integral defining

HP (z) converges uniformly in x on K as an improper Riemann integral.

Proof. For item 1 there is nothing to prove, the result follows from the classical
theory of Fourier transforms. For items 2 and 3, let 7 be the non-zero real num-

ber such that § = 7 and set f(u,z) = —zu — Tu™. Our job is to show that the

/ PRACOR
R

converges in the senses indicated for m > 2 and m = 2 respectively.

integral

We first consider the case where m > 2. Let ¢ > 0 and choose M sufficiently

large so that
8

<e.
VITIm(m — 1) Mm=2
Observe that for any real numbers a and b such that M <a <bora <b < —M,

(2.29)

ITim(m — 1)M™ % < inf } |02 f (z,u)| =: \.

u€la,b

We now apply Lemma 2.3.3 and conclude that
8
< —=<e€

b b
—izu—LPu™ _ if (z,u)
e du| = / e du
/a ‘ . VA

for all x € R and for all a < b such that the distance from the interval [a, b] to 0

is more than M. The Cauchy criterion for uniform convergence guarantees that

the improper Riemann integrals

0 0
/ e~ =Py and / e~ =B gy
0 —00

converge uniformly in  on R. This proves item 2.
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Let us now assume that m = 2. We remark that the above argument fails in
this case because 92 f is a non-zero constant. Consequently, we need to use 9, f,
which depends on both v and z, to bound our integrals. Lete > Oand let K C R

be a compact set. We choose M > 0 so that

4
<
|27 M + z| ‘

for all z € K. By applying Lemma 2.3.2 and making an argument analogous to

that given in the previous case we conclude that

b b
/ e—ixu—ﬁu2 du / eif(x,u) du
a a

for all z € K and for all @ < b such that the distance from the interval [a, b] to 0

<€

is more than M. Again, an application of the Cauchy criterion gives the desired

result. O]

Proposition 2.4.2. Let (3 be non-zero and purely imaginary. Then for any natural

number m > 2 there exist positive constants A, B such that

A B

|H(z)| < — +
" Flc=yt

(2.30)
forall x € R.

Proof. Let f = ir, where 7 is a non-zero real number, and set
f(u,z) = —2u — 7u™. For x # 0, put M = (2m|7|/|z|)~*/™~Y and write

1M, 1 [~ 1M
HE (z) —/ eif () du+—/ e ) dy 4 — el qy. (2.31)
21 S

- 27T —00 27T -M
Observe that
inf |Ouf(u,z)| = inf |z +mru™
u€[—M,M] u€[—M,M)|
= mlrl it | ] s et = 2
ue€[-M,M] lmT 2
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and therefore

< ’8| (2.32)

‘/ ’L'U,:Edu

in view of Lemma 2.3.2. Similarly, there exists C' > 0 such that for any N > M,

m—2
m—1
: f 82 7 > | |
ueﬁim' uf(w,2)] 2 =5

Thus, by appealing to Lemma 2.3.3 and Proposition 2.4.1, we have

M N—oo

< lim sup

<
Vinfuepr v |8 flu, )] ||z

By an analogous computation,

‘/ zuxdu

for C' > 0. The desired result follows by combining the estimates (2.31), (2.32)

C

|x| 2(m 1)

(2.33)

and (2.33). O

The final proposition of this section, Proposition 2.4.3, asserts the analyticity and
non-triviality of the functions H” for all values of m and 3 considered above.
To preface it, let’s consider the case in which m > 2 is even and Re(53) > 0: For

any x € R, observe that

1 , m 1
H) () = — / e AUy = —
2T R 2 R

Setting 2b = Re(/B), note that
/ ’$U| —2bum du = / e\xu\—bume—bum du.
R R

By a simple maximization argument, one finds that |zu| — bu™ < c|z|™/ (=Y for

Bu™ s,

kO

allu € R, where c = (1 — m‘l)(mb)‘l/(m‘l) > 0. Therefore,

b

m m/(m-1) by
—B du < el /e ™ du < oo
R

k=0
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and so this application of Tonelli’s theorem justifies the following use of Fubini’s

theorem:

Therefore
HP (z) = 1 i / ﬂe—ﬂum du ) 2* (2.34)
" 2m =\ Jr k! '

for each x € R; note that the convergence of the series is part of the conclusion.
Consequently, HZ is analytic on R. Moreover, from the representation (2.34), it
is clear that H? (z) is not identically zero. When m > 1 is odd and 3 is purely
imaginary, the same conclusion was reached by R. Hersch [48]. His proof in-
volves changing the contour of integration from R to a pair of rays on which
the integrand is absolutely integrable. When m > 2 is even and f is purely
imaginary, Hersh’s argument pushes through with very little modification. We
therefore summarize the result below and, in the case that Re(3) = 0, refer the

reader to Theorem 4 of [48] for the essential details.

Proposition 2.4.3. Let m > 2 be a natural number and let 3 be a non-zero complex
number with Re(B) > 0. If Re(3) > 0 additionally assume that m is even. Then HP is

analytic and not identically zero.

2.5 Local limits

In this section we prove Theorem 2.1.3 and the second conclusion, (2.10), of
Theorem 2.1.2. To this end, the following three lemmas, Lemmas 2.5.1,2.5.2 and
2.5.3, focus on local approximations to Fourier-type integrals involving integer

powers of an analytic function v near a point ; at which |v(&)| = 1. The lemmas
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treat the cases in which &, ~ (1;m), { ~ (2;2) and &, ~ (2;m), respectively. The

approximants are precisely the functions H? studied in the previous section.

Lemma 2.5.1. Let v : R — C be analytic on a neighborhood of a point &, for which
\v(&)| = 1. Assume that § ~ (1;m) with associated constants o and (. Then for all
€ > 0 thereis a § > 0 and a natural number N such that

nl/m

. . r — an
v(&)"e e dE — e 0y (&) HP. (—m) ’ <e (2.35)
2m /|£—§o|§5 n'/

forall n > N and for all real numbers x.

Proof. Let e > 0 and set

Y = (. — an)n~1/™

and

1/m

glu) = [p(&o) te ™ i g+ un )]

Upon changing variables of integration we have

nl/m

n —ia:fd
- /|£ vl e

71:1:50 n oz
14 0 . —-1/m _ i, r—an
g / 16 ioun V(&] un l/m) e W du
|u|<5n1/m

—ix€o
_ 14 60 / 'n, —iuyn du
u|<5n1/m
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Comparing the above integral with e =% u(£))"H? (y,,) gives

nl/m B p
[ e — e )
T Jig—gol<s
—ix€o n A
< e V(&)) / [g(u)n . e—ﬁum]e_wyndu
2 lul<M
772150 n .
—+ ﬂ/ g(u>ne—zuyndu
2 M <|u|<dnl/m
—ixfo n ]
+ e V(&)) / efﬁumefzuyndu
2m |u|>M
M m
< / lg(u)" — e~ Bu |du +/ lg(w)|"du +/ o~ Re(®u™ .
-M M<|u|<6nt/m lu|>M
= Il + IQ + I3,

where M < én!/™ will soon be fixed. Notice that Z;, Z, and Z; are independent

of x.
In view of Lemma 2.2.4, there is § > 0 and C > 0 for which

lg(w)|™ = [0(E + un~Hm)|" < (e Clun MMy — o=CuT (2.36)

whenever |u| < 0n'/™. Therefore,

T §/ e~ v dug/ e du
M<|u|<dnlt/m lu|>M

and because e~ “*" € L'(R), there exists M > 0 for which Z, < ¢/3. Analogously
and in view of the fact that Re(3) > 0, there is M > 0 for which Z; < €/3. Select-

ing M for which these estimates hold and restricting our attention to sufficiently

1/m we move on to estimate Z;.

large n for which M < in
Let’s first observe that, for all u such that |u| < M < én'/™,
lg(uw)" = =™ < Jg(u)|" + e < 2

in view of (2.36). Also, by an appeal to (2.19) of Lemma 2.2.4, for any u €
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[_M7M]/

In((T(un="™) — iqun="™) + pu™|
= n|F(un—1/m) N iaun—l/m + ﬁ(un_l/m)m| < nB|un—1/m|m+1

= Blu|™n~ Y™

and so

lim n(T(un~Y™) —iqun=Y™) = —Bu™.
n—oo

Therefore, for each such u,

lim ‘g(u)n _ e—ﬁum} — lim en(l"(un*l/m)_iaunfl/m) _ e_ﬂum _o.

n—oo n—o0

Because [—M, M] is a set of finite measure, an appeal to the bounded conver-
gence theorem gives N > (M /6)™ for which Z; < ¢/3 for all n > N. Combining

the estimates for 7;, 7, and Z3 gives the desired result. O

Lemma 2.5.2. Let v : R — C be analytic on a neighborhood of a point &, such that
lv(&o)| = 1. Assume that & ~ (2;2) with associated constants o and (. Let K C R be
a compact set. Then for all € > 0 there is a 6 > 0 and a natural number N such that

nl/2

or

[ wtepeen et e ey g i) < e (237)
|€—8o|<6

foralln > N and forall x € K.

Proof. Let e > 0, let K C R be a fixed compact set and choose § > 0 so that the
estimates (2.21), (2.22) and (2.23) of Lemma 2.2.4 are valid. Changing variables

of integration we write

nl/Q n_—i(zn'/2+an
o p(E)re ot ge =
T Jle—6ol<s
—i(znt/24+an)éy nn1/2 -1 n —i(mn1/2+an)§d
e v(€)"5— | (&) (€ +&)l"e 3
2m Jigi<s
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Upon setting

n1/2 n_—i(zn/24+an —i(znl/2+an n
D= | [ e g e ey g )|
T Jig—gol<é
we have
n1/2 1 ; 1/2 B
Do (B [ ) el gl e — )
27 Jigi<nn-12
+n1/2 / [V(&])fll/(S_i_érO)]ne—i(xnl/QJran)gdé :
Mn=1/2<|¢|<6
where for now 0 < M < én'/? and we have used the fact that |v(&)| = 1.

Continuing in this manner,

1
2

1/2

D Vudu — HY (2)

/ (&)t (un=Y? + &)]ne i eton
[ul<M

+nl/?

/ [V(fo)ill/(f + 50)]n6i(9m1/2+0m)£df‘
Mn=1/2<|¢|<$

IN

’/ < (Iv(60) w(un ™12 4 oo™ ] — %) iy

/ e—izu—ﬂuzdu
|u|>M

5
/ (&) (€ + é-o)]nei(zn1/2+an)§d€'

Mn—1/2

+

+nl/?

—Mn~1/2
w2 [ ) e et g

é
::Il +ZQ+1:3+I4,

where we have made a change of variables and used the definition of H}. We
now estimate the terms Z; for ¢ = 1,2, 3,4. First, using Lemma 2.4.1 we choose
M > 0sothatZ, < e/4 forall x € K. Let us now focus on Z;. We write

J 1)2
o= 2| [ ) e+ e e
Mn—1/2

1
= 0| [ e e+ e exploia + i@ 0RO g

Mn—1/2

s
_ n1/2/ g(f)”elf"(g)df,

Mn—1/2
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where we have put

9(€) = v(&) (€ + &) exp(—ia +i€7p(€))
and
Fal&) = (n€®p(€) — Exn!/?).

We wish to apply Lemma 2.3.4 to the above integral. Set

B=14 (1 + / D‘u|k1€CU|kdU,) ’
R

where C, D > 0 are the constants appearing in (2.22) and (2.23) of Lemma 2.2.4.
Since £?p(€) is a polynomial with 2 being the smallest power of its terms, we can

further restrict § > 0 so that f/(£) # 0 and

1§ < d%(pr(ﬁ)) < €

for all ¢ € [Mn~'/2 6], where ¢, and ¢, are non-zero real numbers of the same

sign. Consequently, we can select M/ > 0 and a natural number N so that

) 4Bnt/?
inf |f, ()] >
¢e[Mn1/2 4] €

for all z in the compact set K and for all » > N. Finally, an application of Lemma
2.3.4 with the above estimate and a calculation similar to that done in the proof

of Lemma 2.3.5 shows

Iy < b <:
3 < - 4
mffe[Mnl/z,a] FACSII

foralln > N and for allz € K. An analogous argument gives the same estimate

for Z,.

Before treating 7,, we fix M as the maximal M for which the above estimates

hold simultaneously. In view of (2.22) of Lemma 2.2.4, an analogous argument
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to that given in the proof of Lemma 2.5.1 shows that the absolute value of inte-

grand in Z; is bounded above by 2 for all n. Furthermore, for any u € [-M, M],

|n(F(un_1/2) — joun~Y?) + Bu?|
< nD(un™"?) —iaun™""* +iptun="?)(un=""?)?| + |Bu® — ip(un~""*)u?|
< Bn(un~Y?)k 4+ u?| B — z’p(unil/z)]

< BubnI M 4?6 — ipun ),

where we have used (2.21). Because p is continuous, ip(0) = S and k£ > 2, it

follows that for all u € [— M, M],

lim |n((un"Y?) —icun="?) + pu®| =0

n—0o0

and hence

hm <V(§0)_1V<un_1/2 + go)e—iaun—1/2>” — e_ﬁug — O

n—oo

An appeal to the bounded convergence theorem guarantees that for sufficiently

large n,

I, =

/| (bt wun ™ ggemime e ) e

M n
< / ‘ (V(fo)_ly(un_l/2 + fo)e_io‘“mlm) — e P du < ¢/4
—M

for all z € R and in particular for all # € K. Finally, from the above arguments
we choose § > 0 and a natural number N so that foreach j = 1,2,3,4,7; < ¢/4
for all n > N and for all z € K. Putting these estimates together shows that

D < € as desired. O]

Lemma 2.5.3. Let v : R — C be analytic on a neighborhood of a point &, such that
lv(&)| = 1. Let m > 2 and assume that { ~ (2;m) with associated constants o and

. Then for all € > 0 there is a 6 > 0 and a natural number N such that

nl/m

. , T —an
v(&)e e — e oy (&) HE (—)’ <€ (2.38)
2T /|§—§0|<5 N (&) nl/m
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forall n > N and for all real numbers x.

The present lemma’s proof is analogous to the proof of the previous lemmas
in many ways. We will consequently spend less time explaining the order in

which we choose our constants.

Proof. Let e > 0 and set
r — an

Yn = —ijm (2.39)
and

nl/m

. X Tr — an
V() e 5 — ey (0) HY, (—m) \ .
2 /|£50|<6 nl/

D=

Since & ~ (2;m), we choose § > 0 so that the estimates (2.21), (2.22) and
(2.23) of Lemma 2.2.4 are valid, and the inequality
& . 2| ¢ |m—2
€] > B 240
holds for all —§ < ¢ < 4, where B > 0. Using Proposition 2.4.1, we now choose

M > 0 such that

/ | e WP du| < /4 (2.41)
u|>M

for all y € R and

8 k
— |1 +/D|u|k_1e_cu du) < €/4, (2.42)
BMm/2-1 ( R

where B was defined above and C' and D are the constants appearing in (2.23).
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As in the last lemma, we write

nl/m
27

= ‘/ ([V(&))_l’/(un_l/m +go)emm M — €_ﬂum) e~ du,
[ul<M

D —

b
/ v(€+ fo)nefm(&&))df - emgoV(fo)anz(y)'

1

é
iyu—fu™ 1/m -1 n _—iw€
! /|U>M€ du+n /Mn_l/m[’/(fo) v(€+&)|"e dg‘
—Mn~1/m '
+n1/m / [V(£0)711/<£ + 60)]n67215d5
-5

:31-1 +IQ +Ig +I4

Now we estimate the terms Z; for j = 1,2, 3,4. Already from (2.41), we know

that Z, < ¢/4 for all z € R. We have

I, = n/" /; &) (g o )T e e O g
= | [ ggreno,
Mn=1/m
where
9(&) = (&) (€ + &)e TP
and

fn(§) = =l(z + an)§ — ing"p(£)].

With the aim of applying Lemma 2.3.4, we use (2.40) and observe that on the

interval [Mn=1/™ ]
inf | £7(€)| > inf nB2€|™2 > nBY Mn~V™|m=2 = (nV/mBM™?* 12 > 0,

The application of the lemma is therefore justified and we can use (2.22) and

(2.23) to see that

8n1/m n ! n—1
R (7= A R

8 k—1_—CuF
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for all z € R. A similar calculation gives the same estimate for Z,.

To estimate 7;, we essentially repeat the argument given in the proof of the
previous lemma. Again, the integrand is bounded in absolute value by 2 for all

n. Using (2.21), we observe that for any u € [-M, M|

lim <V(§0)_1y(un_1/m + fo)e_o‘unil/m>n —e P = 0.

n—oo

Therefore, the bounded convergence theorem gives a natural number N for
which 7Z; < ¢/4 for all n > N and for all z € R. Combining our estimates

finishes the proof. O

For the remainder of this section, we focus on local limit theorems. The first the-
orem, Theorem 2.5.4, focuses on the case in which ¢ is approximated locally
on its packets by linear combinations of the attractors H. 5 . The second theorem,
Theorem 2.5.5, isolates the second conclusion of Theorem 2.1.2. The results of

both theorems are then used to prove Theorem 2.1.3.

Theorem 2.5.4. Let ¢ : Z — C have admissible support and suppose that sup, 16(€)] =
1. Under Convention 2.2.3, suppose that m = 2 and for some ¢ = 1,2,..., R, B, is
purely imaginary. Then, to each o, there exists subcollections &;,,&;,, ... ,&;, » and
5j1 ) 5j27 ey Bjr(q)’ SuCh thﬂt

r(q)
n — —i(|znt/ 2 +agn " n Bj -
6" (Lan'? + agn]) = " n el e (¢ ) Hy (x) + o(n /%) (243)
=1

uniformly on any compact set.

Proof. Lete > 0and K C R be a compact set. In view of Convention 2.2.3, it fol-
lows from our hypotheses that () = R and therefore Q(¢) = {{1,&,...,&r}. We

note that the corresponding drift constants oy, s, . . ., g need not be distinct.
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Let a, be a member of the above collection and let {ji, jo, ..., jr(q} be the
increasing subcollection of {1,2,..., R} for which oj, = o, for il = 1,2,...,r(q).
Also, set T, = {1,2,..., R} \ {j1,J2,-- -, Jr(q}- It is of course possible that T,
is empty. For example, it might be the case that 1 = r(¢) = R and, in this
case, (2.43) consists only of the single attractor H5'. In fact, this is precisely the
situation exemplified in the introduction in which ¢ was defined by (2.1) (see

also Subsection 2.8.2).

We divide 7" into subintervals: For [ = 1,2,..., R, define I} = [ — 6;,& +

8] € T where §; > 0 are to be defined shortly; for now, let’s require them to be

sufficiently small to ensure that the intervals I;, for [ = 1,2,..., R, are disjoint.
In view of (2.18), put J = T'\ U, and write

n2pe(n, zn'’? + ayn) (2.44)

nl/2

= B(e)re e s g

21 Jy

= D5 | dgrerien e ”)5d€+_ / G()e il et g

= Y L +€ (2.45)

We treat the integrals 7; in the two cases separately. First, we consider Z; for
l € T,. Here we show that 7; can be made arbitrarily small (depending on x

and n) because o, # . If § ~ (2;2), let v, k; and p,(£) be associated as per
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Definition 2.2.1. We have

1/2 1/2
’Il’ — /¢ n fz(a:n +agn fdé»‘
1/2 —z(znl/ —agn)é; R R n ) 12
_ n e ¢(£l) / |:¢(§l)_1¢(£l + f) e—Z(mn / -‘r()éqn)gdé“
2 €]<6
< pl? / gl(f)"eif"’l(g)df‘,
|§1<o
where
() = [671(&)d(& + g)eientTiEm]
and

fua(€) = =nl(an™? + ag — a)€ + Epi(€)].

Now choose §; > 0 so that, on the interval [—¢;, d;], ¢;(&) satisfies (2.22) and (2.23)

for some C;, D; > 0,

1" d? 9
fai(€) = _nd_§25 (&) #0
and
B, < oy — oy — oEpi(6) (2.46)

dg

for some B; > 0. For the first property our choice of §; was made using Lemma
2.2.4 and the assumption that & ~ (2; 2). For the second two properties we used
that fact that £%p,(€) is a polynomial with 2 being the smallest power of its terms

and a; # «,. We can therefore apply Lemma 2.3.4. This gives

8nl/?
7 € ————(lglleo + lIngigi "
T mfg!f,’%l(é)\(” | Ing, )

8 k
- 1—|—/D §kle_cl§ld§)
infe |z — 12 (on — g — ZEp(0))] (1+ [ e

M,

infe |(x — n'/2 () — g — %52171(5))‘
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for some M, > 0 and where the above infima are taken over the interval [—0d;, §].
Using the estimate (2.46) and recalling that z lives inside the compact set K, we

can choose a natural number NN, so that

. d M;(R+1
(o — (o — 0, — (e > )
forall n > N; and for all z € K. Consequently,
M,
< — = 1 2.47
< v e =SB 247)

foralln > N;and for all z € K.

If instead ¢ ~ (1;2), by an appeal to Lemma 2.5.1, we choose ¢, > 0 and a

natural number N, so that

T < €/2(R+ 1) + [e @ raamb g ey B (x4 (o — ag)n?)]

< ¢/2(R+ 1)+ |Hy' (z + (ag — ap)n'?)|

for all n > N, and for all z € R. However, as we remarked earlier HY' is the heat
kernel evaluated at complex time ;. Since Re(f5;) > 0 in this case and o, # o

we may increase our natural number N, to ensure that
[ (@ + (o, — a)n'’)] < ¢/2(R+1)
for any n > N, and for all z in the compact set K. These estimates together give
Z)| <e/2(R+1)+¢€¢/2(R+1)=¢/(R+1) (2.48)
foralln > N;and for all z € K.

In the remaining estimates of Z; for | = ji, jo, . .., jr(g), we recall that a; = ay.

If § ~ (2;2), we appeal to Lemma 2.5.2. From this we choose §; > 0 and a
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natural number N, such that
(7, — el HroamSi (g HY (2)] < e/ (R+1) (2.49)

for alln > N, and for all z € K. If instead §; ~ (1;2), we appeal to Lemma 2.5.1

and chose ; > 0 and N,, a natural number, such that
[, — et e g e H ()] < e/ (R +1) (2.50)

for all n > N; and for all z € R. In particular we have this estimate uniform for

all z € K.

After fixing our collection of §;’s in the above arguments, the set J becomes
fixed. We therefore set s = supg; |6(€)| < 1 and note that || < n'/2s". Thus we
may choose a natural number N, such that || < ¢/(R+1) for all n > N, and for

all z € K.

At last, we choose N to be the maximum of N, for [ =0, 1,..., R. Combining

the estimates (2.44), (2.47), (2.48), (2.49) and (2.50) yields

' Bge(nan'® tagn) = 37 e remag(g) H (x)
le{g1:92-50r(q) }
< Z )Il . efi(zn1/2+aqn)€zé(gl)anﬁz (x)‘ + Z 7| + &
le{j1.925dr(q) e’y
(R+1)e
R+1

for any n > N and for all x € K. We have shown that

r(q)
beln, wn'? + agn) = > n e G g e I (3) + o(n M) (251)
=1

uniformly for z in any compact set K.

To complete the proof of the theorem we need to replace the argument

n'/? + a,n by an integer in (2.51); this is precisely where the floor function
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comes in. Let X' C R be compact, set

lagn + an'/?] — a,n

and observe that |z — y(n,z)| < n~'/2 Let F O K be any compact set for which
y(z,n) € F for all € K and all natural numbers n. By Proposition 2.4.3, each
function HQB ’ is uniformly continuous on F and therefore, for any » € K, we

have

7(q)
Z n=1/2=illent /2 +agn))g, gg(gjl)anﬂ (y(x,n))

=1

r(q)
Do et e g, ) Y (@) +o(n V). (252)
I=1

The result now follows from (2.51), (2.52) and the observation that

¢(n)(an1/2 + agn]) = ge(n, anlﬂ + agn]).

Theorem 2.5.5. Let ¢ : Z — C have admissible support and suppose that sup |¢(€)| =
1. Under Convention 2.2.3, additionally assume that m > 2 or Re(8,) > 0 for all
q=1,2,..., R (this precisely the hypothesis (2.8) of Theorem 2.1.2). Then

anl/m *Zwéng o) H P ( /(f: ) + o(n~1/™) (2.53)

uniformly in 7Z.

Proof. In view of Proposition 2.2.2 and under Convention 2.2.3, our hypotheses
guarantee that either m > 2 or, in the case that m = 2, §, ~ (1;2) for each
& € Q(¢). Consequently to each point §, € (¢) of order m we may apply

either Lemma 2.5.1 or Lemma 2.5.3.
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As in the proof of the previous theorem we divide 7" into subintervals. For
qg=1,2,...,Q,letI, = [¢,— 0, & + I, for values of §, > 0 to be chosen later (but
small enough to ensure that the /,’s are disjoint) and set J = 7"\ UI,. We again
define ¢, by (2.18) and write

m(n,z) = /T oe)me " de

1/m

2
fj” JRGERI o [ btere e

Therefore,

R
1/m¢e (n,z) Ze wfﬁqqg Hﬁq ( 1/(::1”)

q=1
nl/m n —zx§ —za:qu n 1704 T — agn
qz; o /[q dg Cb(gq) Hm ( nl/m )
1/m .
n 7115 n_,—ix
+q;1n 2ﬂ/¢ dé| + ’% /J(p(g) e df'. (2.54)

As we previously noted, for ¢ = 1,2, ..., R, we apply either Lemma 2.5.1 or
Lemma 2.5.3. We can therefore choose a natural number N, and fix §, > 0 so
that

1/m

/ ¢ n —szdS wfqgg(gq)nHﬁLq (-T?;/O:jn)

foralln > N, and for all z € R.

In the case that¢g = R+1, R+2,...,(), we appeal to Lemma 2.3.5 and choose

dq > 0 and a natural number N, such that

1/mq
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for some C; > 0 and for all » > N, and = € R. Using the fact that m > m, we

can adjust the value of N, so that

Cy - €
nl/mq—1/m (Q_|_ ]_)

nt/m < (2.56)

1 e\, —iT
37 |, dere g

for all n > N, and for all z € R.

Finally, as in the proof of the last theorem, we set s = inf |¢| < 1and observe
that the last term in (2.54) is bounded by n'/™s". We therefore select a natural

number N; such that

el =gl < n/ ‘ 2.57
o n _,—ix < mn )
e [ereag < wime < ot 2.57)
for all n > Ny and for all x € R.
Let us choose N to be the maximum N, for ¢ = 0,1, ..., Q. Upon combining
the estimates (2.55), (2.56), (2.57) and (2.54) we have
R
—ixéy ] n T — QgqNl
o) - 3 et (T )| <o (2.58)
q=1

forall n > N and for all # € R. In particular, (2.58) holds for all € Z and for

such z, ¢e(n, ) = ¢™ (x). This is our desired result. O

Proof of Theorem 2.1.3. Let K be a compact set. Assuming that ¢ satisfies the
hypotheses of the theorem, we adopt Convention 2.2.3 by virtue of Proposi-
tion 2.2.2. There are two distinct possibilities pertaining to the constants m and
B1, B2, ..., Br: they satisfy the hypotheses of Theorem 2.5.4 or they satisty the
hypotheses of Theorem 2.5.5. A moment’s thought shows that the hypotheses
of Theorem 2.5.4 and the hypotheses of Theorem 2.5.5 are indeed mutually ex-
clusive and collectively exhaustive. If the case at hand is the former there is
nothing to prove for m = 2 and the desired result is precisely the conclusion of

Theorem 2.5.4. We therefore address the latter case.
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Let a, € {a1,a9,...,ar} and, exactly as was done in the proof of Theorem
2.5.4, define {j1, j2,....7-(¢)} € {1,2,..., R} and T,. Observe that (2.58) is uni-

form in R and we can therefore write

be(n, gn + xnl/m)

R . 1/m
_ Z n—l/me—i(aqn—l—xn’l/m){lQg(&)nHﬁZ ((qu al)n +an ) + 0(n—1/m)
=1

nl/m

=Y pmeiemten Mgy B )

lE{jhj%---vjr(q)}

+ 3 merieam T MG G e B (g — ag)n' ™ 4 @) 4 o(n V™),
leYy,

r(q)
= et T G 6 Y () + Y Siln, ) + o(n ™).
=1 leY,

Upon requiring = € K, we consider the summands S;(n,z) for [ € T,. In the

case that Re(f;) > 0, we have

—1/m

Si(n, )| = |nYmemileamtm T Ma GBI (a — ag)n' V™ + 1))
= 0 M H (0 — a)n' T 4 )

< p7Ymo, exp(—Bi((aq — al)nl’l/m + x)m/(mfl)) = o(nfl/m).

If it is the case that Re(;) = 0, we must have m > 2. Appealing to Proposition

2.4.2, we conclude that

|Si(n, =)l

< plm A S B
(g — ag)nt-Vm 4+ g)[mn  |(ag — ar)nd=V/m + 2)]

= o(n Y™).

Combining the above estimates shows that, for all x € K,
r(q)

¢e(n, Oéqn + :Enl/m) = Z n_l/me_i(aqn""wn_l/m)gjl gzg(é'jl)angl (I) + O(TL_l/m>,
=1
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To complete the proof, it remains to replace the argument a,n +2n'/™ by the in-
teger |a,n+2xn'/™| in the equation above. This can be done easily by making an
argument analogous to that given in the last paragraph of the proof to Theorem

2.5.4. From this, the desired result follows without trouble. ]

2.6 The lower bound of ||¢(™]|

In this section we complete the proof of Theorem 2.1.1.

Lemma 2.6.1. Let (1, (o, - -+ , (. € (—m, 7| be distinct, let B > 0 and define

1 1 e 1
e~ e~z e
V= e "2 e | (2.59)
e~ir=1G  —ilr=1¢  o—i(r=1)¢r

Then there is a number C' > 0 such that for any p,o € C" with ||p|| > B and o = Vp,

we have |o;| > 3C for some j =1,2,...,r. Here || - || denotes the usual norm on C.

Proof. The matrix V in (2.59) is known as Vandermonde’s matrix. It is a routine

exercise in linear algebra to show that

det(V)= [ (e —e).

1<i<k<r
Noting that e7%1 e~%1 ... e~%" are all distinct we conclude that V is invertible.

The proof now follows immediately from the estimate

el < IV=lllell-
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Proof of Theorem 2.1.1. Let ¢ : Z — C have admissible support. As Theorem 2.3.6
gave the upper bound
AT oo < C0"

for some C’ > 0, our job is establish the lower bound
Cnt/m < A0 o
for some C' > 0. This is done with the help of our local limit theorems.

As we noted in the proof of Theorem 2.3.6, it suffices to assume that A =
SUp; |6(€)| = 1. We adopt Convention 2.2.3 by virtue of Proposition 2.2.2 and
note that m > 2, defined by (2.16), is that which appears in both Theorem 2.1.3
and Theorem 2.3.6. In view of Theorem 2.1.3, set « = a3, r = r(1) and cor-
respondingly take &;,.¢5,,...,&;, € (—n,n] and B}, B, - - ., 5;. for which (2.11)
holds. For notational convenience, set b; = 3;, and (; =¢;, for [ =1,2,...,r and
note that the points (y, (s, ..., € (—m, 7] are distinct. In this notation, (2.11) is

the assertion that
o (lan + znt/™|) = Z n_l/me_ita”””l/mmngS(Q)me,i(x) +o(n™V™)  (2.60)
=1
uniformly for z in a compact set.

Appealing to Proposition 2.4.3, we know that each function H! is non-zero
and continuous for I = 1,2,...,r. In particular, there exists B > 0 and an in-
terval I = [a,b] such that |H!(x)| > B for all z € I. Define V by (2.59) and let

C' > 0 as guaranteed by Lemma 2.6.1. Set

flnya) = e em e Mag Q) Hy () (2.61)
=1
and
on(n ) =y e MaeTemte GGG H Y () (2.62)

=1
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fork =0,1,...,r — 1. Since each function H is continuous on R it is uniformly
continuous on [a —r, b+r| O I. Consequently, we may choose a natural number
N for which

|f(n,x + kn~Y™) — gp(n,z)| < C (2.63)
forallmn > N,k =0,1,...,r — 1and x € I. By possibly further increasing N we
can also guarantee that for any n > N there is x, € I such that an + zon'/™ is an
integer and for which z( + kn=Ym e Iforallk =0,1,...,r — 1. We observe that

for any such k, (an + (7o + kn~'/™)n!/™) is also an integer.

Now for any n > N, let zy € I be as guaranteed in the previous paragraph.

Observe that
1 1 e 1
oo(n, n,x
olm, o) — =i it pr(n, o)
oi1(n,x n,x
1( 0) _ 2 2 i P2( 0) ’
or-_1(n,x (N, x
(r-1 (", 7o) DG il it | N (n, o)
where
pu(ao, ) = e e GG Y (o)
forl=1,2,...,r. Because zg € I, |p1(wo,n)| = |[H% (29)| > B and therefore

||(p1(n7 Zlfo), p2(n7 $0)7 B apT(n’ xo))T|| > B.

Appealing to Lemma 2.6.1, there is some £ € {0,1,2,...,7 — 1} such that
o (n, 20)| > 3C and so by (2.63), | f(n, z¢ + kn~Y™)| > 2C.

We have shown that there is a natural number N, a closed interval I and a
constant C' > 0 such that for any n > N

sup | eienten MGG il ()| > 20, (2.64)

=1
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where the above supremum is taken over the set
{z:x€Tand (an+an ™) € Z}.
Combining (2.60) and (2.64) we conclude that

sup [ ()| > Cn =™ (2.65)

T€Z

for all n > N. The result now follows from the observation that ¢ # 0 for all

n < N and so, by possibly adjusting C, (2.65) must hold for all n. O

2.7 Concentration of mass

In this section we complete the proof of Theorem 2.1.2. Recall that the theorem
has two conclusions, the second of which is the subject of Theorem 2.5.5 and
was already shown in the previous section. The first conclusion, (2.9), remains

to be shown.

Proof of Theorem 2.1.2. We assume that ¢ satisfies the hypotheses of the theorem.

By Theorem 2.5.5,

Z o meT g (&) H e ( /O;") +o(n~m), (2.66)
where the limit is uniform for = € Z and the collections &;,&,,...,¢r € (—m, 7],
a1,0Q9,...,agand By, Bs, ..., Br are those set by Convention 2.2.3.

Using Theorem 2.1.1 we choose C' > 0 for which the estimate (2.3) holds.

Considering all possibilities of 3, and m above, we can choose M > 0 such that
[Hyi ()| < C/(2R)
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forall |[y| > M and forall ¢ = 1,2,..., R. This can be done by using (2.6) or the

conclusion of Proposition 2.4.2. Now let K’ = [— M, M| and observe that, for any
q=12,... R,
—1/m —izéq ] n 1784 L — Qgn Cnil/m
n=/MeT e p(€ )" H)x —im < g (2.67)

1/m

whenever (z — a,n)/n'/™ > M or equivalently x ¢ a,n + Kn'/™. Further, by

combining (2.66) and (2.67) there is some natural number N such that
") ()] < Cn~tm

forall ¢ U,(a,n + Kn'/™) and n > N. Thus by Theorem 2.1.1, the supremum
|¢™ || s must be attained on the set (U,(a,n + Kn'/™)) N Z for all n > N. Lastly,
observe that by enlarging the compact set K, the above dependence on N can

be removed. This completes the proof.

2.8 Examples

In this final section, we consider three examples to illustrate our results. We
begin by considering a complex valued function on Z whose convolution pow-
ers consist of two waves drifting apart. This example cannot be treated by the

results of Schoenberg, Greville or Thomée.
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2.8.1 Two Airy functions with drift

Consider the function ¢ : Z — C defined by

HO)=2 sE)=-7 oY =1 (=

and ¢(z) = 0 otherwise. The convolution powers, #™, exhibit two distinct
packets drifting apart, each with a rate of 2n from = = 0. Figure 2.5 illustrates

this behavior.

& & - N=50
:ll: ol ol m N=100 .b:
0.05]
& ” ” &
. '... s A
o ] Je n -
J o DNa / D ol A L

.
-200 -100 0 100 200

Figure 2.5: |¢(™| for n = 50,100

The Fourier transform of ¢ is given by

cos(26) + % cos(3¢) + %cos(élg).

N | —

o =3 -

Here, sup |¢| = 1 and is attained only at & = 7/2 and & = —7/2 in (-, 7). It

follows that

log (%) —a2ie e _ Ta L o)) ase - 0

3 3

and so oy = 2, s = =2, /1 = 5i/3, B = —5i/3 and m = my = my = 3. In view of
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Theorem 2.1.2 (or Theorem 2.5.5),

nl/3 nt/3
= )0 v () o (< )| ot

= (5n)"V3() {(-1)% (%) + A (—%)} T o(n )
= f(n,x)+o(n~?) (2.68)

) 5i -2 ) —5i 2
I (z) = nV3emim/2E S (I n) Vg2 <x+ n) + o(n-1/9)

uniformly for x € Z, where Ai denotes the standard Airy function. To appreciate
Theorems 2.1.2 and 2.1.3, we consider ¢!™ (z) for n = 10000 near the right packet
(19700 < x < 20150) corresponding to drift constant oy = 7/2. Figure 2.6 shows
the graph of Re(¢™(z)) and Figure 2.7 shows the approximation, f(n, z) defined
by (2.68).

0.015,
0.010]

0.005]

Te
.
.
veq,

%o
i' 1 19800 19900 = 20000
. e

—0.010]

-0.015!

Figure 2.6: Re(¢™) for n = 10000
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Y, | mlm W W”m

000000

Figure 2.7: Re(f(n,x)) for n = 10000

i,

20000‘ “ “..h[ﬂ':z('ydféﬁ.

1o i JN..-,J.

000000

Figure 2.8: Re(g(n, z)) for n = 10000

What appears to be noise in Figure 2.7 is the oscillatory tail of the term
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(5n)~1/3(i)Ai <— (%21’}3> in (2.68). Removing this term, we consider

olna) = flna) = G SGyai (-2 )

_ “13) _~aas [T 21
= (5n)"/°(—1)"Ad (—(5n)1/3) :
Upon choosing oy = /2, an appeal to Theorem 2.1.3 gives the approximation

SO((20+ 2nB)) = e S R ) o)

_ (5n)—1/3(_i>L2n+zn1/3JAi (%) +0(n—1/3)

uniformly for z in any compact set; here, §;, = &, = 7/2and 3;, = 8, = 5/3. For
such z, it follows that

o™ (|20 + 2n*3)) = g(n, [2n 4+ 2n?]) + o(n~1/?3)

from which we see that g is essentially the approximation yielded by Theorem
2.1.3. As Figure 2.8 shows, g(n, r) is a much better approximation to ¢ () at
n = 10000 for 19700 < z < 20150.

2.8.2 Heat kernel at purely imaginary time

We return to the example given in the introduction and justify the claims made

therein. Let ¢ be given by (2.1). A quick computation shows that
n { .2 -4
BE) = 1= sini(€/2) — sin'(€/2),

where the supremum of |¢| on the interval (—, 7] is only attained at & = 0. In

the notation of Proposition 2.2.2, we write

r(E) = log (‘?@> = (L - ) - LY e
=5

¢(0)
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on a neighborhood of 0 and so m = m; = 2, a4 = 0 and 5, = i/8 in view of

Convention 2.2.3. By Theorem 2.1.1, there are constants C, C’ > 0 such that
Cn'’? < ||¢™ s < C'n1/2. (2.69)
By Theorem 2.1.3 and using (2.5) we may also conclude that

oM (len'?)) = T PH (@) +o(n1?)

~1/2
__n / 6—8|m|2/4i+0(n—1/2)’
471 /8

where the limit is uniform for z in any compact set.

2.8.3 A real-valued function supported on three points

In the article [31], Example 2.4 and Proposition 2.5 therein described the asymp-
totic behavior of the convolution powers of an arbitrary real valued function ¢
supported on three (consecutive) points. In the notation of the proposition we
define ¢ by

#(0) = ag, ¢(+1) = ax and ¢ = 0 otherwise, (2.70)

where ag,a,,a_ € R. As in [31], we also assume that ag > 0 and that a, # 0 or
a_ # 0; this assumption guarantees that ¢ has admissible support. Proposition
2.5 of [31] describes the asymptotic behavior of ™ for all values of ag, ay except
the special case in which a;a_ < 0 and 4|ara_| = aplay + a_|. Theorem 2.1.2

allows us to treat this final case with ease.

Proposition 2.8.1. Let ¢ be as above and assume additionally that a,a_ < 0 and

dlara_| = aplay +a—|. Ifay + a_ > 0 then

r — an

¢ () =n~ P A" HY ( 173

) + o( A™n~Y3) (2.71)
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uniformly for x € Z, where A = ag+ay +a_, a = (ay —a_)/Aand B = i(a—a?)/6.
Ifar +a_ <0 then

n — n_—ixm r—an
¢ (x) = n~PATe T HY (W

) + o(A™n~Y3) (2.72)
uniformly for x € Z, where A = ag—ay —a_, a = (a_ —ay)/Aand B = i(a—a?)/6.

In either case, there is a compact set K for which the ||¢\" || is attained on the set

(an + Kn'/3).

Proof. We may write

~

(&) =ap+a e +a e ™ =ag+ (ay +a_)cos(&) +i(ay —a_)sin(€).

Under the assumption that 4|a;a_| = aplay +a_| and ay +a_ > 0, it was shown
in [31] that |¢| is maximized only at 0 = & € (—,7] and in which case this

maximum takes the value A = ay + ay +a_.

Set ¢(z) = &(z)/A. It follows immediately that A"y™(z) = ¢ (z) and
sup ]zﬂ = 1 which is taken only at {; = 0. In the notation of Proposition 2.2.2 we

have

- 1o 1&(5) — (a4 —a)
re) = lg(ﬁ}(g)) <ao+a++a)5

i ((ay —a_)(a§ — apay —apa_ —8aya )\ 3 N l
—= - + E
( (ap + ay +a_)? = — t

on a neighborhood of 0, where v > 0. Setting @ = (a4 — a_)/A and using the

fact that 4|ara_| = aplas + a_|, we write

(€)= fa — Lo —ah)6 — CE'+ Y a @73
=5

61



on a neighborhood of 0. By a quick inspection of (2.73) it is clear that ) meets
the hypotheses of Theorem 2.1.2 with m = m; = 3, « = a; and 3; = i(a — a?) /6.

Therefore

¢ (z) = n V3 HY (1’ - O‘”) +o(n17?) (2.74)

nl/3
uniformly for z € Z. The limit (2.71) follows immediately by multiplying (2.74)
by A™. An appeal to (2.9) of Theorem 2.1.2 shows that ||¢)™ ||, and hence ||¢™]|

is indeed attained on the set (an + Kn'/?) for some compact set K.

In the case that a; + a_ < 0 it was shown in [31] that |¢| attains its only
maximum at §; = © € (—n, 7|. Upon setting A = ag — ay —a_, Y(z) = ¢(x)/A
and considering the Taylor expansion of log(¢) (€ + &)/1(&;)), the result follows

by an argument similar to that given for the previous case. O
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CHAPTER 3
CONVOLUTION POWERS OF COMPLEX-VALUED FUNCTIONS ON Z¢

3.1 Introduction

We denote by ¢!(Z?) the space of complex valued functions ¢ : Z? — C such

that

ol = > [é(a)] < oo,

x€Z4

For ¢, ¢ € ¢*(Z?), the convolution product ¢ * ¢ € ¢*(Z?) is defined by
Y x) = bl —y)o(y)
yezd
for z € Z¢. Given ¢ € ((Z%), we are interested in the convolution powers
o™ € (1(Z?) defined iteratively by ¢(® = ¢~V x ¢ forn € N, =: {1,2,...}
where () = ¢. This study was originally motivated by problems in data
smoothing, namely De Forest’s problem, and it was later found essential to
the theory of approximate difference schemes for partial differential equations
[42,80,86,87]; the recent article [31] gives background and pointers to the liter-

ature.

In random walk theory, the study of convolution powers is of central impor-
tance: Given an independent sequence of random vectors X;, Xy, -+ € 7%, all
with distribution ¢ (here, » > 0), ¢ is the distribution of the random vec-
tor S, = X; + Xy + --- + X,,. Equivalently, a probability distribution ¢ on Z4
gives rise to a random walk whose nth-step transition kernel %, is given by

kn(z,y) = ¢™(y — 2) for z,y € Z. For an account of this theory, we encourage
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the reader to see the wonderful and classic book of F. Spitzer [83] and, for a more
modern treatment, the recent book of G. Lawler and V. Limic [63] (see also Sub-
section 3.7.6). In the more general case that ¢ takes on complex values (or just
simply takes on both positive and negative values), its convolution powers ¢
are seen to exhibit rich and disparate behavior, much of which never appears
in the probabilistic setting. Given ¢ € (*(Z?), we are interested in the most ba-
sic and fundamental questions that can be asked about its convolution powers.

Here are four such questions:

(i) What can be said about the decay of

16 ]l = sup [ ()]

x€Z4

asn — 0o0?

(ii) Is there a simple pointwise description of ¢ (z), analogous to the local

(central) limit theorem, that can be made for large n?
(iii) Are global space-time pointwise estimates obtainable for |¢(™]?

(iv) Under what conditions is ¢ stable in the sense that

sup |6l < o0o? (3.1)

neNL

The above questions have well-known answers in random walk theory. For
simplicity we discuss the case in which ¢ is a probability distribution on Z4
whose associated random walk is symmetric, aperiodic, irreducible and of finite
range. In this case, it is known that n%/2¢(")(0) converges to a non-zero constant
as n — oo and this helps to provide an answer to Question (i) in the form of the

following two-sided estimate: For positive constants C' and C’,

Cn~%? < sup ¢ (z) < C'n~%?

x€Z4
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for all n € N,. Concerning the somewhat finer Question (ii), the classical local

limit theorem states that
6 (x) = 012Gy (0~ ) + o(n"?)

uniformly for x € Z¢, where G is the generalized Gaussian density

1

—iz: _ 1 L C¢_1$ .
(2)d /Rd exp (— & Cyé)e Sde = (2m)i/2\Jdet O, €xp <——2 ) ;
(3.2)

Gy(r) =

here, C, is the positive definite covariance matrix associated to ¢ and - denotes
the dot product. As an application of this local limit theorem, one can easily
settle the question of recurrence/transience for random walks on Z? which was
originally answered by G. Pélya in the context of simple random walk [71].
For general complex valued functions ¢ € ¢!(Z%), Question (ii) is a question
about the validity of (generalized) local limit theorems and can be restated as
follows: Under what conditions can the convolution powers ¢ be approx-
imated pointwise by a combination (perhaps a sum) of appropriately scaled
smooth functions— called attractors? The answer for Question (iii) for a finite
range, symmetric, irreducible and aperiodic random walk is provided in terms

of the so-called Gaussian estimate: For positive constants C' and M,
o™ () < Cn~*? exp(—M|a|*/n)

for all z € Z% and n € N,; here, | - | is the standard euclidean norm. Such es-
timates, with matching lower bounds on appropriate space-time regions, are in
fact valid in a much wider context, see [46]. Finally, the conservation of mass
provides an obvious positive answer to Question (iv) in the case that ¢ is a prob-

ability distribution.

65



Beyond the probabilistic setting, the study of convolution powers for complex
valued functions has centered mainly around two applications, statistical data
smoothing procedures and finite difference schemes for numerical solutions to
partial differential equations; the vast majority of the existing theory pertains
only to one dimension. In the context of data smoothing, the earliest (known)
study was motivated by a problem of Erastus L. De Forest. De Forest’s prob-
lem, analogous to Question (ii), concerns the behavior of convolution powers
of symmetric real valued and finitely supported functions on Z and was ad-
dressed by I. ]J. Schoenberg [80] and T. N. E. Greville [42]. In the context of
numerical solutions in partial differential equations, the stability of convolu-
tion powers (Question (iv)) saw extensive investigation following World War
IT spurred by advancements in numerical computing. For an approximate dif-
ference scheme to an initial value problem, the property (3.1) is necessary and
sufficient for convergence to a classical solution; this is the so-called Lax equiv-
alence theorem [75, Chapter 4] (see Section 3.6). Property (3.1) is also called
power boundedness and can be seen in the context of Banach algebras where ¢ is
an element of the Banach algebra (¢*(Z¢), || - ||1) equipped with the convolution

product [57,81].

In one dimension, Questions (i-iv) were recently addressed in the articles [31]
and [73]. For the general class of finitely supported complex valued functions
on Z, [73] (and the preceding chapter) completely settles Questions (i) and (ii).

For instance, consider the following theorem.

Theorem 3.1.1 (Theorem 1.1 of [73]). Let ¢ : Z — C have finite support consisting

of more than one point. Then there is a positive constant A and a natural number m > 2
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for which

Cnfl/m < AnH¢(n)|’oo < C«/nfl/m

forall n € N, where C and C' are positive constants.

As we saw in Chapter 2, Question (ii) is completely settled in one-dimension.
Specifically, Theorem 2.1.3 gives an exhaustive account of local limit theorems
in which the set of possible attractors includes the Airy function and the heat
kernel evaluated at purely imaginary time. In addressing Question (iii), the ar-
ticle [31] contains a number of results concerning global space-time estimates for
¢™ for a finitely supported function ¢ — our results recapture (and extend in the
case of Theorem 3.1.6) these results of [31]. The question of stability for finitely
supported functions on Z was answered completely in 1965 by V. Thomée [87]
(see Theorem 3.6.1 below). In fact, Thomée’s characterization is, in some sense,
the light in the dark that gives the correct framework for the study of local limit

theorems in one dimension and we take it as a starting point for our study in Z.

Moving beyond one dimension, the situation becomes more interesting still, the
theory harder and much remains open. As we illustrate, convolution powers
exhibit a significantly wider range of behaviors in Z¢ than is seen in Z (see Re-
mark 5). The focus of this chapter is to address Questions (i-iv) under some
strong hypotheses on the Fourier transform — specifically, we work under the
assumption that, near its extrema, the Fourier transform of ¢ is “nice” in a sense
we will shortly make precise. To this end, we follow the article [31] and gener-
alize the results therein. A complete theory for finitely supported functions on
Z%, in which the results of the previous chapter will fit, is not presently known.

Not surprisingly, our results recapture the well-known results of random walk
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theory on Z? (see Subsection 3.7.6).

As discussed above, the theory presented in this chapter pertains to a large,
though not exhaustive, class of finitely supported complex-valued functions on
Z%. As seen in the probabilistic setting (and consistent with it), the “generic”
behavior of the convolution powers of such functions is described by a single
Gaussian attractor, generally evaluated at complex time, and our theory cap-
tures this typical situation with ease. The theory however describes much richer
behavior which arises naturally in less “generic” examples, including vary-
ing rates of sup-norm decay, anisotropic scaling and multiple (drifting) attrac-
tors. To illustrate our results, throughout this introductory section we analyze
a specific non-Gaussian example whose convolution powers exhibit a natural
y-oscillation and anisotropic scaling structure (the reader is encouraged to see

Section 3.7 for more examples). Consider ¢ : Z? — C defined by

8 (z,y) = (0,0)
5+3 (z,y) = (£1,0)
—2 (z,y) = (£2,0)

1
o(z,y) = 223 i(vV3—-1)  (z,y) = (£1,-1)

—i(V3-1) (z,y) = (1,1)
2F2i (x,y) = (0,£1)

0 otherwise.

The graphs of Re(¢™) for (z,y) € Z?* for —20 < =,y < 20 are displayed in Fig-

ures 3.1 and 3.2 for n = 10 and n = 100 respectively. By inspection, one observes
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Figure 3.2: Re(¢™) for n = 100

that Re(¢™) decays in absolute value as n increases and, when n = 100, there is
an apparent oscillation of Re(¢™) in the y-direction. Our results explain these

observations.
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For ¢ € ('(Z%), its Fourier transform ¢ : R¢ — C is defined by

A& = d(x)e™*

xeZd

for ¢ € RY this series is absolutely convergent. The standard Fourier inversion

formula holds for all ¢ € ¢}(Z?) and moreover, for eachn € N,

0(a) = o [ e olerde 63)
for all z € Z* where T¢ = (—m, n]%. Like the classical local limit theorem, our
arguments are based on local approximations of ¢ and such approximations
require ¢ to have a certain amount of smoothness. In our setting the order of
smoothness needed in each case is not known a priori. For our purposes, it
is sufficient (but not necessary) to consider only those ¢ € ¢!(Z¢) with finite
moments of all orders. That is, we consider the subspace of ¢'(Z?), denoted by
Sq, consisting of those ¢ for which

|2¢(z)ll = Y |2Po(x)| = D Jay"ay’ - - ayla)] < oo

xCZ4 xCZ4

for all multi-indices 8 = (81, Ba, ..., B4) € N It is straightforward to see that
¢ € C=(R?) whenever ¢ € S;. We note that S, contains all finitely supported
functions mapping Z? into C; of course, when ¢ is finitely supported, ¢ extends

holomorphically to C.

Before we begin to formulate our hypotheses, let us introduce some important
objects by taking motivation from probability. The quadratic form & — £ - Cypé
which appears in (3.2) is a positive definite polynomial in £ and is homogeneous

in the following sense. For all ¢ > 0 and ¢ € R,
(t172€) - Co(t'/7€) = t€ - Cyt.
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The map (0,00) > t — /2] € Gly(R) is a continuous (Lie group) homomor-
phism from the multiplicative group of positive real numbers into Gl,;(R); here
I is the identity matrix in the set of d x d real matrices My(R) and Gl;(R) € My(R)
denotes the group of invertible matrices. For any such continuous homomor-
phism ¢ — T}, {T;}:+~o is a Lie subgroup of Gl;(R), that is, a continuous one-
parameter group; the Hille-Yosida construction guarantees that all such groups

are of the form

o0

T, = t¥ = exp((logt)E :Z
k=0

log t)k

for t > 0 for some £ € My(R). The Appendix amasses some basic properties of

continuous one-parameter groups.

Definition 3.1.2. For a continuous function P : RY — C and a continuous one-

parameter group {T,} C Gly(R), we say that P is homogeneous with respect to T, = t¥

if
tP(§) = P(T.)

forallt > 0and ¢ € R In this case E is a member of the exponent set of P, Exp(P).

We say that P is positive homogeneous if the real part of P, R = Re P, is positive
definite (that is, R(§) > 0 and R(§) = 0 only when £ = 0) and if Exp(P) contains a

matrix E € My(R) whose spectrum is real.

Throughout this chapter, we concern ourselves with positive homogeneous
multivariate polynomials P : R? — C; their appearance is seen to be natural, al-
though not exhaustive, when considering local approximations of ¢ for ¢ € S,.
A given positive homogeneous polynomial P need not be homogeneous with
respect to a unique continuous one-parameter group. For example, for each

m € Ny, £ — [£]*™ is a positive homogeneous polynomial and it can be shown

71



directly that
Exp(| - [*™) = (2m)~'I + o(d),

where o(d) C M,(R) is the set of anti-symmetric matrices (these arise as the Lie
algebra of the orthogonal group O,(R) C Gl,(R)). It will be shown however
that, for a positive homogeneous polynomial P, tr £ = tr £/ whenever E, E' €
Exp(P); this is Corollary 3.2.4. To a given positive homogeneous polynomial P,

the corollary allows us to uniquely define the number
pp =trk (3.4)

for any £ € Exp(P). This number appears in many of our results; in particular,
it arises in addressing the Question (i) in which it plays the role of 1/m in Theo-

rem 3.1.1.

We now begin to discuss the framework and hypotheses under which our the-
orems are stated. Let ¢ € S; be such that supgpa |6(€)| = 1; this can always be

arranged by multiplying ¢ by an appropriate constant. Set

Q¢) = {£€T: 6(¢)] = 1}

and, for & € Q(¢), define I'g, : Y C R? — Cby

Ie,(€) = log <%>

where U is a convex open neighborhood of 0 which is small enough to ensure
that log, the principal branch of logarithm, is defined and continuous on ¢(¢ +
&)/0(&) for € € U. Because ¢ is smooth, I'e, € C®(U) and so we can use
Taylor’s theorem to approximate I'¢, near 0. In this chapter, we focus on the
case in which the Taylor expansion yields a positive homogeneous polynomial.

The following definition, motivated by Thomée [87], captures this notion.
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Definition 3.1.3. Let ¢ € S, be such that sup |¢(€)| = 1 and let & € Q(¢). We say
that &, is of positive homogeneous type for ¢ if the Taylor expansion for T, about 0 is of
the form

e, (§) = iag, - § = Pey(§) + Teo(€) (3.5)

where ag, € RY, P, is a positive homogeneous polynomial and Ye,(€) = o(Re,(€)) as

§ — 0; here Re, = Re Py,. We say that o, is the drift associated to &.

Though not obvious at first glance, a,, and F, of the above definition are neces-
sarily unique. When looking at any given Taylor polynomial, it will not always
be apparent when the conditions of the above definition are satisfied. In Section
3.3, there is a discussion concerning this, and therein, necessary and sufficient

conditions are given for & € Q(¢) to be of positive homogeneous type for ¢.

Our theorems are stated under the assumption that for ¢ € Sy, sup |¢(¢)| = 1 and
each & € Q(¢) is of positive homogeneous type for ¢. As we show in Section 3.3,

these hypotheses ensure that the set Q(¢) is finite and in this case we set

= mi . 3.6
Ho = Iuin jip, (3.6)

This is admittedly a slight abuse of notation. We are ready to state our first main

result.

Theorem 3.1.4. Let ¢ € S, be such that sup |(€)| = 1 and suppose that each € € Q(¢)

is of positive homogeneous type for ¢. Then
C'n e < ||p"||oe < CnHe (3.7)

forall n € N, where C and C" are positive constants.
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The theorem above is a partial answer to Question (i) and nicely complements
Theorem 3.1.1 and the results of [31]. We note however that, in view of the wider
generality of Theorem 3.1.1, Theorem 3.1.4 is obviously not the final result in 72

on this matter (see the discussion of tensor products in Subsection 3.7.4).

Returning to our motivating example and with the aim of applying Theorem

3.1.4, we analyze the Fourier transform of ¢. We have

A 1
o(n,¢) = 1 \/5(4 —2cos(2n) + (5 + \/§) cos(n)

+2(cos(¢) +sin(¢)) + (2\/5 +2) cos(n) sin(¢))

for (1,¢) € R2 One easily sees that sup |¢| = 1 and that |¢| is supremized in T2

at only one point (0,7/3) and here, (0, 7/3) = 1. As is readily computed,

. (£<777<+7T/3) _ n
1 L T-6V3 ., 2,
= A T T A

+O0(In") + O(In*¢]) + O(Inc]*) + O(IC[)

as (n,¢) — 0. Let us study the polynomial

P(n,¢) = <2n4+ (\/5—1> n26+4C2>,

1
22 +2V/3
which leads this expansion. It is easily verified that P = Re P is positive definite

and

PUE(0.0)) = PV 120 = tP(.) with E— | 7 °
0 1/2

forallt > 0 and (7,¢) € R? and therefore P is a positive homogeneous polyno-

mial with £ € Exp(P). Upon rewriting the error in the Taylor expansion, we
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have

where Y(n,{) = o(P(n,()) as (n,¢) — (0,0) and so it follows that (0,7/3) is
of positive homogeneous type for ¢ with corresponding a = (0,0) € R? and
positive homogeneous polynomial P. Consequently, ¢ satisfies the hypotheses

of Theorem 3.1.4 with i, = pp = tr E = 3/4 and so
C/n—3/4 < ”Qb(n)Hoo < Cn—3/4

for all n € N, where C' and C’ are positive constants. With the help of a local

limit theorem, we will shortly describe the pointwise behavior of ¢.

Coming back to the general setting, we now introduce the attractors which ap-
pear in our main local limit theorem. For a positive homogeneous polynomial

P, define HY : (0,00) x RY — Cby

Hb(z) = @) /R d e PO vt ¢ (3.8)

fort > 0 and r € R we write Hp(z) = H)(z). As we show in Section 3.2, for
each t > 0, H(-) belongs to the Schwartz space, S(R?), and moreover, for any

E € Exp(P),

. 1 .
Hp(t_E JI) == tlt_PHP(t_E I) (39)

forallt > 0 and = € R% here E* is the adjoint of E. These function arise nat-
urally in the study of partial differential equations. For instance, consider the
partial differential operator 0; + Ap where Ap := P(D), called a positive homo-
geneous operator, is defined by replacing the d-tuple { = (&,&,...,&;) in P(§)
by the d-tuple of partial derivatives D = (i0,,,10,,,...,10,,). The associated

Cauchy problem for this operator can be stated thus: Given initial data f (from
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a suitable class of functions), find u(z, t) satisfying

0y +Ap)u(x,t) = 0 reRY >0
(0: + Ap)u(z,t) (3.10)

u(0,z) = f(z) ze€R
In this context, HI(;) is a fundamental solution to (3.10) in the sense that the rep-

resentation

ula, 1) = (7 f)(z) = / HO(x — ) (y)dy (3.11)

Rd

satisfies (0, + Ap)u = 0 and has u(t¢,-) — f ast — 0 in an appropriate topology.
Equivalently, H 1(;) is the integral kernel of the semigroup e "7 with infinitesimal
generator Ap. The Cauchy problem for the setting in which Ap is replaced by an
operator H which depends on = and is uniformly comparable to (—A)™ = A m
is the subject of (higher order) parabolic partial differential equations and its
treatment can be found in the classic texts [35] and [40] (see also [21] and [20]).
The subject of Chapter 4 treats the case in which H is uniformly comparable to
a positive homogeneous operator; therein, we write Ky = Hp. In the present

chapter, we shall only need a few basic facts concerning HI(;).

Remark 5. When d = 1, every positive homogeneous polynomial is of the form
P(&) = BE™ where Re B > 0 and m is an even natural number. In this case, Hp
is equal to the function HP of Chapter 2. We note that the simplicity of the dilation
structure in one dimension is in complete contrast with the natural complexity of the

multi-dimensional analogue seen in this chapter.

For our next main theorem which addresses Question (ii), we restrict our at-
tention to the set of points {{1,&, ..., 4} C Q(¢) for which pp, = py for

q = 1,2,..., A; the points { € Q(¢) for which pp, > pg4 (if there are any) are
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not seen in local limits. Finally for each {, for ¢ = 1,2,..., A, we set oy = ag,

and P, = P, . The following local limit theorem addresses Question (ii).

Theorem 3.1.5. Let ¢ € S, be such that sup |p(¢)| = 1 and suppose that every point
¢ € Q(¢) is of positive homogeneous type for ¢. Let i, be defined by (3.6) and let
1,62, ..., 8a, 00,00, ...,aa,and Py, Py, ..., Py beas in the previous paragraph. Then

A

¢ (x) =Y e (&) HY, (v — nag) + o(n ") (3.12)

q=1

uniformly for x € 7.

Let us make a few remarks about this theorem. First, the attractors H}; appear-
ing in (3.12) are rescaled versions of Hp, = H}Dq in view of (3.9), and all de-
cay in absolute value on the order n™#¢ — this is consistent with Theorem 3.1.4.
Second, the attractors Hp, (z) often exhibit slowly varying oscillations as |z| in-
creases (see Subsection (3.7.1)), however, the main oscillatory behavior, which
is present in Figure 3.2, is a result of the prefactor e~#%1¢(¢,). This is, of course,
a consequence of ¢ being maximized away from the origin. In Subsection 3.7.6,
we will see that when ¢ is a probability distribution, all of the attractors in (3.12)
are identical and the prefactors collapse into a single function, ©, which nicely
describes the support of ™ and hence periodicity of the associated random

walk (see Theorems 3.7.5 and 3.7.6).

Taking another look at our motivating example, we note that the hypotheses of
Theorem 3.1.4 are precisely the hypotheses of Theorem 3.1.5 and so an applica-

tion of the local limit theorem is justified, where, because 2(¢) is a singleton, the
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sum in (3.12) consists only of one term. We have

oM (x,y) = e OG0, 7/3)) Hp(x,y) + o(n~"?)

e EH (2, y) + o(n”)

uniformly for (z,y) € Z*. To illustrate this local limit, the graphs of
Re(e™™/3H7) for (z,y) € Z? for —20 < z,y < 20 are displayed in Figures 3.3
and 3.4 for n = 10 and n = 100 respectively for comparison against Figures 3.1
and 3.2. The oscillation in the y-direction is now explained by the appearance

of the multiplier e="™¥/3 and is independent of n.

0.1+
0.05+
0

—-0.05-

01— e

‘26 -10 \T\\\\— e //*:1/0 -20
10 o 10 0
20 20
X

Figure 3.3: Re(e™"™/3H7}) for n = 10

To address Question (iii) and obtain pointwise estimates for the ¢(™, we restrict
our attention to those ¢ : Z% — C with finite support. In this Chapter, we present
two theorems concerning pointwise estimates for ¢ (z)|. The most general re-

sult, in addition to requiring finite support for ¢, assumes the hypotheses of
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Theorem 3.1.5; this is Theorem 3.5.10. The other result, Theorem 3.1.6, addition-
ally assumes that all £ € Q(¢) have the same corresponding drift a; = o € R?
and positive homogeneous polynomial P = P; —a condition which is seen to be
quite natural by taking a look at Subsections 3.7.3 and 3.7.6, although not nec-
essary, see Remark 8. Theorem 3.1.6 extends the corresponding 1-dimensional
result, Theorem 3.1 of [31], to d-dimensions and, even in 1-dimension, is seen to
be an improvement. In addition to global pointwise estimates for ¢, in Sec-
tion 3.5 we present a variety of results which give global pointwise estimates
for discrete space and time derivatives of #™. In what follows, we describe the

statement of Theorem 3.1.6 as it is the simplest.

For simplicity, assume that ¢ : Z? — C is finitely supported, satisfies sup, 6] =1
and €2(¢) consists of only one point £, which is of positive homogeneous type for

¢. In this case, we use Theorem 3.1.5 to motivate the correct form for pointwise
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estimated for ¢(™. The theorem gives the approximation
¢ (z) = e 0P(&)" Hp(x — na) + o(n~ ") (3.13)

uniformly for z € Z?, where P = P, is positive homogeneous and a = ag, € R%.
Pointwise estimates for the attractor Hp can be deduced with the help of the
Legendre-Fenchel transform, a central object in convex analysis [78, 88]. The
Legendre-Fenchel transform of R = Re P is the function R* : R? — R defined
by
R¥(z) = sup{z - € — R(§)}-
£€Rd
It is evident that R¥(z) > 0 and, for F € Exp(P),

tR*(z) = sup {tz-{ — R(t"¢)} = R* (t(I_E)*x)
geRrd
forallt > 0 and x € RY, ie., (I — E)* € Exp(R*). It turns out that R¥ is
necessarily continuous and positive definite (Proposition A.3.2). In Section 3.2,
we establish the following pointwise estimates for Hp. There exists positive

constants C, M such that

|HL(x)] < < exp(—MR¥*(t 7 2)) = < exp(—tM R¥ (z/t)) (3.14)

= jrE thp

forallz € R®and ¢t > 0.

Remark 6. In the special case that P(¢) = |{*", E = (2m)~'I € Exp(P) and
one can directly compute R¥(z) = Cp, |z where C,, = (2m)~1/Cm=1 _

(2m)~2m/m=1) > . Here, the estimate (3.14) takes the form

C
H|t~\2’" (z) < Zajam exp (—M\x|2m/(2m*1)/tl/@mfl))

fort > 0and x € R and so we recapture the well-known off-diagonal estimate for the

semigroup e "=~ [20,21,35,40]. In the context of local limit theorems, H,.j2m is seen
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to be the attractor of the convolution powers of k,, = 6y — (dp — )™ where k is the
probability distribution assigning 1/2 probability to 0 and 1/(4d) probability to +e; for
Jj =1,2,...,d; here and in what follows, ey, ez, . .., eq denote the standard euclidean

basis vectors of R%.

In view of (3.13) and the preceding discussion, one expects an estimate of the
form (3.14) to hold for ¢, although, we note that no such estimate can be
established on these grounds (this is due to the error term in (3.13)). This how-
ever motivates the correct form and we are able to establish the following re-

sult which captures, as a special case, the situation described above in which
Q(¢) = {&o}-

Theorem 3.1.6. Let ¢ : Z — C be finitely supported and such that sup,cpa 6(6)| = 1.
Suppose that every point of € € Q(¢) is of positive homogeneous type for ¢ and every
& € Q(o) has the same drift « = «¢ € R? and positive homogeneous polynomial
P = P. Also let s = pp be defined by (3.4) and let R¥ be the Legendre-Fenchel
transform of R = Re P. Then there exists C, M > 0 for which

|6 (2)] < % exp (—nMR# (”’” - ”“)) (3.15)

n

foralln € N, and x € 7°.

Revisiting, for a final time, our motivating example, we note that ¢ also satisfies
the hypotheses of Theorem 3.1.6. An appeal to the theorem gives constants
C, M > 0 for which

6@, 0)| < o7z exp (-nMBE¥((z,)/m) 3.16)

for all n € N, and for all (z,y) € Z?, where R* is the Legendre-Fenchel trans-

form of R = Re P = P. Instead of finding a closed-form expression for R¥,
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which is not particularly illuminating, we simply remark that
R (z,y) = |o[' + lyP, (3.17)

where =< means that the ratio of the functions is bounded above and below by
positive constants ((3.17) is straightforward to establish and can be seen as con-
sequence of Corollary A.3.3). Upon combining (3.16) and (3.17), we obtain con-

stants C, M > 0 for which
6™ (2, )]
c T jyp c 2V [yl
< mexp(—"M(\ﬁ\ + ))—WGXP (‘M<n1/3 Y

forall n € N, and for all (x,y) € Z. This result illustrates the anisotropic expo-

nential decay of n/4|¢™ (x, y)| for each n € N,

Back within the general setting and continuing under the assumption that
¢ : Z* — C is finitely supported, we come to the final question posed at the
beginning of this introduction, Question (iv). The following result extends the
(affirmative) results of V. Thomée [87] and M. V. Fedoryuk [38] (see also the re-
lated result of [81, Theorem 7.5]).

Theorem 3.1.7. Let ¢ : Z* — C be finitely supported and such that sup, 6(8)] = 1.
Suppose additionally that each € € Q(¢) is of positive homogeneous type for ¢. Then,
there exists a positive constant C' for which

l6™l = 3 6 (@) < €

xE€Z4

foralln € N.

This chapter is organized as follows: Section 3.2 outlines the basic theory of pos-

itive homogeneous polynomials and their corresponding attractors. Section 3.3
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focuses on the local behavior of ¢ wherein necessary and sufficient condition
are given to ensure that a given §, € Q(¢) is of positive homogeneous type for
(;5. In Section 3.4, we prove the main local limit theorem, Theorem 3.1.5, and de-
duce from it Theorem 3.1.4. Section 3.5 focuses on global space-time bounds for
#™ in the case that ¢ is finitely supported. In addition to the proof of Theorem
3.1.6, Subsection 3.5.1 contains a number of results concerning global exponen-
tial estimates for discrete space and time differences of ¢(™. In Subsection 3.5.2,
we prove global sub-exponential estimates for ¢(™ in the general case that ¢, in
addition to being finitely supported, satisfies the hypotheses of Theorem 3.1.7;
this is Theorem 3.5.10. In Section 3.6, after a short discussion on stability of
numerical difference schemes in partial differential equations, we present The-
orem 3.1.7 as a consequence of Theorem 3.5.10. Section 3.7 contains a number of
concrete examples, mostly in Z?, to which we apply our results; the reader is en-
couraged to skip ahead to this section as it can be read at any time. We end Sec-
tion 3.7 by showing, from our perspective, some results on the classical theory
of random walks on Z?. The Appendix contains a number of linear-algebraic re-
sults which highlight the interplay between one-parameter contracting groups

and positive homogeneous functions.

Notation: For y € Z¢, §, : Z¢ — {0,1} is the standard delta function defined
by d,(y) = 1 and 6,(z) = 0 for x # y. For any subset A of R, A, denotes the
subset of positive elements of A. Given M € M,(R), its corresponding linear
transformation on R? is denoted by L,,. For any r > 0, we denote the open unit
ball with center = € R? by B,(z) and the closed unit ball by B, (z). When = = 0,
we write B, = B,(0) and denote by S, = 0B, the sphere of radius r. Further,

when r = 1, we write B = B; and S = S;. We define a d-dimensional floor
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function by |-] : R? — Z?by |z| = (|z1], |22],. .., |za]) for z € R? where |z
is the integer part of x;, for k = 1,2,...d; this is admittedly a slight abuse of
notation. Givenn = (ny,ns,...,ny) € (N;)¢ = N? and a multi-index g € N¢,

put
d
=S 2
‘ﬂ'n’_;nda

this is consistent with Hormander’s notation for semi-elliptic operators and
polynomials [55, p. 100]. For any two real functions f, g on a set X, we write
=< g when there are positive constants C' and C’ for which Cg(z) < f(z) <

C'g(x) forall z € X.

3.2 Positive homogeneous polynomials and attractors

In this section, we study positive homogeneous polynomials and their corre-
sponding attractors; let us first give some background. In Hormander’s trea-
tise [55], polynomials of the form
Q) = > ast’
|B:m|<1
for m € N? are called semi-elliptic provided their principal part,
Q&) = > ast’
|6:m[=1
is non-degenerate, that is, Q),(£) # 0 whenever ¢ # 0. For a semi-elliptic poly-
nomial @, its corresponding partial differential operator Ag = Q(D), called a
semi-elliptic operator, is hypoelliptic in the sense that all Agp-harmonic distri-

butions are smooth, see [55, p. 200]. What appears to be the most desirable
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property of semi-elliptic polynomials is the way that they scale in the sense that

Qp(tl/m1§17 tl/m2§27 s 7t1/md€d)

d
= > ][0T = 3 1 as = 1Q,(9)

Bm=1 =1 |B:m|=1
forallt > 0 and ¢ € R?% This property, used explicitly by Hérmander, is pre-
cisely the statement that £ = diag(1/my,1/ma,...,1/mg) € Exp(Q,), in view of
Definition 3.1.2. Further, the associated one-parameter group {7;} = {t} has
the useful property that it dilates and contracts space. The following definition

captures this behavior in general (see [45, Section 1.1]).

Definition 3.2.1. Let {T}}+~0 C Gly(R) be a continuous one-parameter group. We say
that {T}} is contracting if
lim |73 = 0.

Here and in what follows, || - || denotes the operator norm on Gl,(R).

To keep in mind, the canonical example of a contracting group is {¢t”} where
D = diag(y1,72,---,7) € Mg(R) with v; > 0 fori = 1,2,...,d and here, it is
easily seen that t” = diag(t7,172,...,¢7) for t > 0. Some basic results concern-
ing contracting groups are given in the Appendix and are used throughout this
chapter. As we will see shortly, for any positive homogeneous polynomial P, t¥

is a contracting group for any E € Exp(P).

Of interest for us is the subclass of semi-elliptic polynomials of the form

PE)= Y at’= Y as’, (3.18)
|B:2m|=1 |B:m|=2

where m € N%, {as} C C and ReP is positive definite. For these poly-

nomials, it is easy to see that the corresponding partial differential operator
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Oy + Ap is semi-elliptic in the sense of Hérmander and hence hypoelliptic.
By a slight abuse of language, any reference to a semi-elliptic polynomial is
a reference to a polynomial of the form (3.18). It is straightforward to see
that all such semi-elliptic polynomials are positive homogeneous and have
D = diag((2my)7Y, (2ma) ™, ..., (2mg)™") € Exp(P). However, not all positive
homogeneous polynomials are semi-elliptic as the example of Subsection 3.7.3
illustrates. As our first result of this section shows, every positive homogeneous

polynomial has a coordinate system in which it is semi-elliptic.

Proposition 3.2.2. Let P be a positive homogeneous polynomial and let E' € Exp(P)

have real spectrum. There exist A € Gly(R) and {my, ms, ..., mq} C N, for which

ATTEA = diag((2m1) 7Y, (2ma) ..o, (2mg) 7Y (3.19)
and
(PoLa) (&)= D ag’ (3.20)
|Bom] =2
for & € R

Proof. Inlight of the fact that the spectrum of £ is real, the characteristic polyno-
mial for E factors completely over R and so we may apply the Jordan-Chevally
decomposition. This gives A € Gly(R) for which F := A"'EA = D + N where
D is a diagonal matrix, N is a nilpotent matrix and ND = DN. It is evident that

@ := (P o L,) is a polynomial and so we can write
Q) =) ast’ (3.21)
B

for all ¢ € R% In fact, our hypothesis guarantees that () is positive homoge-
neous and F' € Exp(Q). Our proof proceeds in three steps, first we show that

D e Exp(Q). Second, we determine the spectrum of D. In the final step we
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show that N = 0.

Step 1. We have

tQ(€) = Q(t"¢) = Qt7TNE) = Q7€) (3.22)
forallt > 0 and ¢ € R? where D = diag(y1,72,---,74) for 71,7%,...74 € R.

Because N is nilpotent,

logt log t)*
N og ... 4 Udog?)

—Ja 2N NF
AN Kl

where k + 1 is the index of N. Thus by (3.22), for all ¢t > 0 and £ € R¢,

QP8 = Q (g + (logt)NE+ -+ - + MN’%) (3.23)

k!

where Sy is a polynomial on R? x R with no constant term. Consequently, for

each £ € R? we may write

Sn(&,x) =) bi(9)? (3.24)
where b;(§) € C for each j.

Let us now fix a non-zero ¢ € RY. Combining (3.21), (3.23) and (3.24) yields

l

> " agt' PV = Q) + ) bi()(logt)?
B

j=1
forall ¢t > 0 where 3 - v = 171 + fay2 + - - - Bava and necessarily Q(§) # 0. Since
distinct real powers of ¢t and logt are linearly independent as C*° functions for
t > 0, it follows that b;(£) = 0 for each j and more importantly,

Q) =) ag’ (3.25)

By=1
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Since £ was arbitrary, (3.25) must hold for all ¢ € R? and from this we see that

QP = ) as(t?)’

By=1

= ) ast’(6)7 =1Q(6) (3.26)

By=1

forall t > 0 and ¢ € R%; hence D € Exp(Q).

Step 2. Writing Ry = Re @), it follows from (3.25) that

Ro(&) = > cst” (3.27)

By=1
for all ¢ € R? where ¢c5 = Reag for each multi-index 3. Now for each i =
1,2,...,d, ze; is an eigenvector of D with eigenvalue +; for all non-zero =z € R;

here ¢; is that of the standard euclidean basis. Using the positive definiteness of

R, forallt > 0 and x # 0, we have
tRo(we;) = Ro(t? (ze;)) = Ro(tze;) = t1FMegal?l > 0

where (3 is the only surviving multi-index from the sum in (3.27) and necessarily
[ is an integer multiple of e;. From this we see that |3| must be even for other-

wise positivity would be violated and also that 1/v; = |5| =: 2m; as claimed.

Step 3. In view of the previous step,
tP = diag (t@ml)‘l, $2m2) =" ,t@md)‘l) (3.28)

for all t > 0 and so {t”};~o is a one-parameter contracting group. Using the

positive definiteness of Ry, it follows from Proposition A.1.5 that

lim Rg(&) > lim inf Ro(tPn) > lim tinf Rg(n) = oo. (3.29)

[€] =00 t—ooneS t—oo nes
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Now because D commutes with F' and D € Exp(Ry),
Rq(§) = ™' Rq(§) = Ro(t"t77¢) = Ro(t"¢)

fort > 0 and ¢ € R% Our goal is to show that N = 0. For suppose that N # 0,
then for some ¢ € RY, v = N¢ # 0 but Nv = 0. Then,

RQ@J::RQ@N5>=fﬂg(s+«kgtNVf+£9§QEUVVs+-~):=fﬂxs+<bgwu>

for all t > 0. This however cannot hold for its validity would contradict (3.29)

and so N = 0 as desired. O

Proposition 3.2.3. If P is a positive homogeneous polynomial then Sym(P) := {O €
My(R) : P(O€) = P(&) forall ¢ € R} is a compact subgroup of Gly(R) and hence a

subgroup of the orthogonal group, O4(R).

Proof. 1t is clear that I € Sym(P) and that for any O;,0, € Sym(P), 0,0, €
Sym(P). If O € Sym(P), R(O€) = R(¢) for all ¢ € R? where R = Re P. The
positive definiteness of R implies that Ker O is trivial and hence O € Gl;(R).
Consequently, P(O7'¢) = P(OO71¢) = P(¢) for all £ € R? and hence O ! €

Sym(P).

It remains to show that Sym(P) is compact and so, in view of the Heine-Borel
theorem, we show that Sym(P) is closed and bounded. To see that Sym(P) is
closed, let {O,,} C Sym(P) be such that O,, - O € My(R). Then the continuity
of P implies that for all £ € R?,

P(O€) = lim P(On€) = P(€)

and so O € Sym(P).
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To show that Sym(P) is bounded, we first make an observation from the
proof of Proposition 3.2.2. Assuming the notation therein, we conclude from
(3.29) that

lim R(§) = o0 (3.30)

because R(§) = Rg(A7YE) for all £ € R% Finally, to reach a contradiction, we
assume that Sym(P) is not bounded. Then there exist sequences {O,,} C Sym(P)

and {¢,} C S for which lim,, |0,&,| = co. Observe however that

R(On&,) = R(&n) < Sup R(§) < o0

for all n; in view of (3.30) we have obtained our desired contradiction. O

Corollary 3.2.4. Let P be a positive homogeneous polynomial. Then for any E, E' €
Exp(P),
tr(E) = tr(E").

Proof. For E, E' € Exp(P), it follows immediately that t*+—* € Sym(P) for all
t > 0. In view of Proposition 3.2.3,
g BByt By B et (t) det ()| = | det (Pt )| =1

for all t > 0; here we have used the fact that the trace of a real matrix is real
and that the determinant maps O,4(R) into the unit circle. The corollary follows

immediately. O

Lemma 3.2.5. Let P be a positive homogeneous polynomial. For any E € Exp(P), the

continuous one-parameter group {t¥},-q is contracting.

Proof. Firstlet E, € Exp(P) have real spectrum. In view of Proposition 3.2.2,
AT A = diag (1", 12, ..., 174)
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forallt > 0 where 0 < v, < 1/2 for i = 1,2,...,d. By inspection, we can
immediately conclude that {t*°},., is contracting. Now for any E € Exp(P),
tFt=Fo € Sym(P) C O4(R) for all ¢ > 0 by virtue of Proposition 3.2.3; from this it

follows immediately that {t*} is contracting. O

We now turn to the study of the attractors appearing in Theorem 3.1.5; these are
of the form Hf;), defined by (3.8), where P is a positive homogeneous polyno-

mial.

Proposition 3.2.6. Let P be a positive homogeneous polynomial with R = Re P. The

following is true:

i) Foranyt >0, HY()) € S(RY),
ii) If E € Exp(P) then, forallt > 0 and x € R?,

HY(2) = pHb(t By) = o Hlt By,

where E* is the adjoint of E.

iii) There exist constants C, M > 0 such that

forallt > 0and z € R

Proof. To prove items i) and ii), it suffices only to show that Hp = H} € S(R?).

Indeed, if Hp € S(R?) then, in particular, e=” € L'(R?) and so the change-of-
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variables formula guarantees that, for any ¢ > 0 and = € R,

1
Hf:)(.’L‘) — eftP fzxfdg

P(tF¢) 7190 13 dg

Ve (770 det(+7F) de

t—trE g
_ / —z(t x)-& df

= t’“’H (t " x)

whenever E € Exp(P). From this the validity of item ii) is clear but moreover,

the formula ensures that that H%, € S(R?) for all ¢ > 0.

In view of (3.8), Hp € S(R?) if and only if e~ ¥ € S(R?) because the Fourier
transform is an isomorphism of S(R?). Also, for any A € Gl;(R), it is clear that
et € S(R?) if and only if e~"°%4. Hence, to show that Hp € S(RY) it suffices
to show that e=7°4 € S(R?) for some A € Gly(R). This is precisely what we do
now: Let E' € Exp(P) have real spectrum and correspondingly, take A € Gl;(R)
as guaranteed by Proposition 3.2.2. As in the proof of the proposition, we write
Q =PoLs Rop=ReQand D = diag((2my)~", (2ma) ™, ..., (2mg)™"). Ttis clear

that e=? € C*(RY). Let  and 3 be multi-indices and observe that

HeiQHu,B ‘= sup |£uDﬁ€7Q| = sup }Quﬁ(é) exp(—@(f))|
£eRd £cRd
where (), 5 is a polynomial. Using Proposition A.1.5 and the continuity of
Qe 9, it follows that

le@lus = sup | Qualt?v) exp(—Q(w))|
veSt>0

= sup ‘Quﬁ(tDy) eXp(—tQ(lJ))‘.

vesSt>0

Now because @ is positive homogeneous, @, s is a polynomial and ¢” has the
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form (3.28),

[Qup(t?r)e” | < My(1 4 t™)e

forallt > 0 and v € S where m, M; and M, are positive constants. We immedi-
ately see that

e @], < sup My (1 + t™)e ™ < oo
t>0

and therefore e~ @ € S(RY).

The key to the proof of iii) is a complex change-of-variables. For each = € R,

P(z) ,—ixzz }

function z — e ¥e is holomorphic on C? and, in view of Proposition A.2.7,

satisfies

|€—P(§—iu)e—ix~(§—iu)| _ e—x-u|€—P(§—iu)| < e—x-u—i—MR(u)e—eR(Q (331)

for all z = £ — iv € C¢, where M, e are positive constants. By virtue of (3.30),
(3.31) ensures that the integration in the definition of Hp can be shifted to any

any complex plane in C? parallel to R?. In other words, for any =, € R,
/ e_P(g)e_ix‘f dg — e—P(f—iV)e—ix~(§—iV) dg
R4 £€Rd

and therefore

1
Hpl)] < =) [ e = Cexp(—(a+v ~ MR@)))
R

where C' > 0. The natural appearance of the Legendre-Fenchel transform is now

seen by infimizing over v € R%. We have

|Hp(x)| < Cyigﬂgd exp(—(z-v—MR(v))) = Cexp (— sup{x - v — MR(V)})

veRd

= Cexp (—(MR)*(z)) < Cexp (—MR*(z))

for all z € R?, where we have made use of Corollary A.3.4 to adjust the constant
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M. Finally, an appeal to ii) and Proposition A.3.2, gives

O _ *
HP (@) < o exp (~MR*(t7" )
C . C
= OXP (—~MR#*(t1=5 (x/1))) = S XD (—tMR*(x/t))
forallt > 0 and =z € R% O

3.3 Properties of ¢

Lemma 3.3.1. Let ¢ € S, be such that sup |ng$| = 1 and suppose that &, € Q(¢) is of
positive homogeneous type for ¢. Then the expansion (3.5), with o, € R® and positive

homogeneous polynomial Py, is unique.

Proof. The fact that |¢(¢)| < 1 ensures that the linear term in the Taylor expan-

sion for I'¢, is purely imaginary. This determines o, uniquely. We assume that

L, (§) = iag, - & — Pi(§) + T1(§) = iag, - & — Pa(§) + T2(&)

for ¢ € U where P, and P, are positive homogeneous polynomials with Re P, =

Ri,ReP, = Ryand T, = o(R;) as £ — 0 for i = 1,2. We shall prove that P, = P,.

Let € > 0 and, for a fixed non-zero ¢ € RY, set §; = €/2R;(¢) fori = 1, 2. Also,
take E; € Exp(P;) fori = 1,2. Because Y; = o(R;) as ¢ — 0 for i = 1,2 there is a
neighborhood O of 0 for which |T; ()| < §;R;(§) whenever £ € O fori = 1,2. By

virtue of Lemma 3.2.5, t %1(,t%2( € O for some t > 0 and therefore

PO = B(Q)] = HPI(E¢) = Pyt™720)| < #Ta(t77 )] + 4 Lalt™20)

< 6 Ri(t77) + 10 Ry (t72C) < 61R1(C) + 02R2(C) < €
as required. ]
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Lemma 3.3.2. Let ¢ € S, be such that sup |<$| = 1 and suppose that & € Q(¢) is
of positive homogeneous type for ¢ with associated positive homogeneous polynomial

P = Py, and remainder Y = Y¢,. Then for any E € Exp(P),

lim tY(t~%¢) = 0.

t—o00

for each ¢ € R%.

Proof. The assertion is clear when ¢ = 0. When ¢ € R? is non-zero, we note
that t~¥¢ — 0 as t — 0 by virtue of Lemma 3.2.5; in particular, t #¢ € U for

sufficiently large ¢t. Consequently,

(7€)
o R(I°FE)

because Y (n) = o(R(n)) as n — 0 and so it follows that
, _ : Yt F¢ . Y(tFE
Jim #T( "0 = Jim R() t<1R(5)) = @) i REtES; -

as desired. n

Given , € Q(¢) and considering the Taylor expansion for I'¢,, to recognize
whether or not & is of positive homogeneous type for ¢ is not always straight-
forward, e.g., Subsection 3.7.3). Nonetheless, it is useful to have a method based
on the Taylor expansion for I'¢, through which we can determine if & is of pos-
itive homogeneous type for ¢ and, when it is, pick out the associated positive
homogeneous polynomial F,. The remainder of this section is dedicated to do

just this.

Given any integer m > 2, the mth order Taylor expansion for I, is necessarily

of the form

e, (€) = dag, - € — Qg (&) + O™ ) (3.32)
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for £ € U where ag, € R? and Q7' () is a polynomial given by

Qr&) = Y cat”

1<]al<m
for ¢ € RY, where {¢,} C C. No constant term appears in the expansion for I,

because I'¢,(0) = 0. Moreover the fact that

P& + &) = p(&)e o ®

for all ¢ € U and the condition that sup |¢(¢)| = 1 ensure that

Re(iag, - € — QE(§)) = —Re@g(€) <0

for ¢ sulfficiently close to 0 (in fact, this is precisely why ag, € R?). Our final
result of this section, Proposition 3.3.3, provides necessary and sufficient condi-
tions for &, to be of positive homogeneous type for ¢ in terms of Qg,- We remark
that the proposition, although quite useful for examples, is not used anywhere
else in this work. As the proof is lengthy and in many ways parallels the proof

of Proposition 3.2.2, we have placed it in the Appendix, Subsection A .4.

Proposition 3.3.3. Let ¢ € Sy, suppose that sup |¢(€)| = 1 and let & € Q(¢). Then

the following are equivalent:

a. The point & is of positive homogeneous type for ¢ with corresponding positive ho-

mogeneous polynomial Pr,.

b. There exist m > 2 and a positive homogeneous polynomial P such that, for some
C.,r>0,
CT'R(€) < Re Qg (€) < CR(€)

and
| Im Q7 (§)| < CR()

for all ¢ € B,, where R = Re P.
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c. Thereexist m > 2and E € My(R) with real spectrum such that, for some r > 0 and
sequence of positive real numbers {t,} such that t, — oo as n — oo, the sequence

{pn} of polynomials defined by

pn(€) = £, QL (1, 76) (3.33)

converges for all £ € B, as n — oo and its limit has positive real part for all £ € S,..

When the above equivalent conditions are satisfied, for any m’ > m,
P, (€) = lim Qg (t75¢)

for all ¢ € RY and this convergence is uniform on all compact subsets of RY.

3.4 Local limit theorems and /> estimates

In this section we prove Theorems 3.1.4 and 3.1.5. Our first result ensures that,
under the hypotheses of Theorem 3.1.5, we can approximate the convolution

powers of ¢ by a finite sum of attractors.

Proposition 3.4.1. Let ¢ € S, be such that sup |p(€)| = 1. If each & € Q(¢) is of

positive homogeneous type for ¢ then Q(¢) is discrete (and hence finite).

Proof. Let & € Q(¢) be of positive homogeneous type for ¢; it suffices to show
that &, is an isolation point of {2(¢). In view of Definitions 3.1.2 and 3.1.3, let I'¢,,
Re¢, = Re P, and T¢, be associated to &,. Because R, is positive definite and
Te,(n) = o(Re,(n)) as n — 0, there is a neighborhood of 0 on which I'¢ (§) = 0
only when ¢ = 0. Since ¢(& + &) = ¢(&) exp(Te, (€)) for all € € U, there is a
neighborhood of £, on which 16(€)| < 1 for all € # &. Hence & is an isolation
point of Q(¢). N
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Remark 7. For any ¢ which satisfied the hypotheses of Proposition 3.4.1, we fix T4 =
(—m,m|* + & where &4 € R? makes Q(¢) live in the interior of T4 (as a subspace of
RY); this can always be done in view of the proposition. We do this only to avoid non-
essential technical issues arising from the difference between the topology of R? and the

topology of T inherited as a subspace.

Lemma 3.4.2. Let ¢ € S, be such that sup |(€)| = 1 and suppose that & € Q(¢) is of
positive homogeneous type for ¢. Let a = o, and P = Py, be associated to ¢ in view
of Definition 3.1.3 and let pup and H1(5) be defined by (3.4) and (3.8) respectively. Then
there exists an open neighborhood Uy, of & such that, for any open sub-neighborhood
O¢, € U, containing &, the following limit holds. For all € > 0 there exists N € N,

such that

nHP

@2m) Jo S(E)"e™ e dg — ntr e OG(&)"Hp(x — na)| < e
€o

for all natural numbers n > N and for all z € R%.

Proof. Given that & € Q(¢) is of positive homogeneous type for ¢,

O+ &) = d(&)e"® (3.34)

for £ € U where
[(§) =ia- &= P(§) + T(¢)
and where T(£) = o(R(§)) and R = Re P. If necessary, we restrict U further so

that
|6F(€)‘ — eRc(ia{—P(ﬁ)—l—T(é)) < e—R(ﬁ)/2 (3,35)

forall £ € U and put Uy, = & + U. Now, let O, C U, be an open set containing
&o. Itis clear that O := O, — £y is open and is such that 0 € O C U. Of course,

(3.34) and (3.35) hold forall ¢ € O.
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Observe that, forallz € RYand n € N,

n:u'P

(2m)? Jo,,

_ th / ¢ €+€ —iz-(£+&0) dg

nH‘P

—ix-&o —nP(&) ,—i(z—na)-&
O / etemre gg

B —iz-€o gb(é“o) R . i
_ T@u /Oer@)e € g

O(E)" e dE — 7 0G(&) n Hip(x — nav)

_n#P/ e—nP(ﬁ)e—i(w—m)'EC%)' (3.36)
Rd

Now for E € Exp(P),

i / ¢ nP(€) ile=na)€ e
]Rd
- / ¢~ PP —ilz—na) € ¢
Rd
= n’”’/ e~ P g—ilz—na)n=F¢ 4 t(n~ )df
nf(R4)

_ / 6—P(§)e i(z—na)n~F¢ d€
R4

for all z € R? and n € N, where, in view of Corollary 3.2.4, we have used the
fact that det(n=F) = n="# = n=#r. Noting the adjoint relation (n=%)* = n="

and upon putting y(n, r) = n=F" (x — na), we have
nhre / e P () p—ilz—na)-€ d¢ = e P& o —ty(n,a)€ d¢ (3.37)
R Rd

forallz € R?and n € N,.

Let ¢ > 0 and observe that, in view of Proposition 3.2.6, e=7/2 € L'(R%)
because P(£)/2is a positive homogeneous polynomial. We can therefore choose

a compact set K for which

/ |€—P| dé- S / e—R(E) dé’ S / e—R(g)/2 < 6/3 (338)
R\ K RI\K RANK
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By virtue of Proposition A.1.6 and Lemma 3.2.5, there is N; € N, such that
n~P(K) C O forall n > N;. Thus

/ enF(é)efix{ d£
@)

_ / 6nF(§)€—im~§ df +/ enF(E)e—imf d§
n~E(K) O\n—E(K)

_ / ¢~ PP YO pile—na)€ g / (O € g
-B(K) O\n~E(K)
1 e |
= L[ @t i€ ge / O i€ g
nhr i O\n—E(K)
(3.39)

foralln > N; and » € R%; here we have again used the fact that det(n™%) =

n~#7. Combining (3.36),(3.37) and (3.39) yields
nN/P

2m)? Jo,

/ (67P<fs>+nr(n-%> _ efP@)) o~ iy(n.o) d§'

K

+/ ‘e—P(ﬁ)e—iy(n7x)~£| d§ + nhr / (€ p—iz-€ d{'
RIN\K O\n—E(K)

< /)P(E Y (nFe) (é)’ d¢

/ R(§) d¢ + n'? / |6F(£) ‘" d¢
]Rd\K O\n—E(K)
=: I1(n) + Iy(n) + I3(n) (3.40)

A& et dE — e E0(&) " Hpy (x — nav)

<

foralln > N; and z € R%.

It is clear that I5(n) < €/3 for all n > N, by virtue of (3.38). Now, in view of
(3.35) and (3.38),

I;(n) < nt? / e MRO2 e < / e RO ge < €/3
O\n—E(K) RI\K
for all n > Nj; here we have used that facts that £ € Exp(P) C Exp(R),

det(n=F) = n=#7,and

nF(O\nF(K)) =nf(O)\ K CR?\ K.
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To estimate I;, we recall that n=(K) C O for all n > N; and so the estimate
(3.35) ensures that the integrand of I;(n) is bounded by 2 for all n > N;. In
view of Lemma 3.3.2, an appeal to the Bounded Convergence Theorem gives a
natural number N > N; for which I;(n) < ¢/3 for all n > N. The desired result

follows by combining our estimates for I, I, and I3 with (3.40). O

The next lemma follows directly from Lemma 3.4.2 by upon recalling that

nPHY = Hpo L, g € S(R?) foralln € N,.

Lemma 3.4.3. Let ¢, &, and P be as in the statement of Lemma 3.4.2. Under the same
hypotheses of the lemma, there exists an open neighborhood Uy, of &, such that, for any
open sub-neighborhood O¢, C Uy, containing &, there exists C' > 0 and a natural

number N such that

— [ derea

27 Jo,,

C
< —
 nMpP

foralln > N and x € RY.

Proof of Theorem 3.1.5. Under the hypotheses of the theorem, Proposition 3.4.1
ensures that §2(¢) is finite. In line with the paragraph preceding the statement

of the theorem, we label

Q((b) = {517&27 S 7£A7£A+17 <. 753} g Td

where pp, = ppforg=1,2,... Aand pp, > pyforg=A+1,A+2,...B. Also,
we assume all additional notation from the paragraph preceding the statement

of the theorem and take Ti as in Remark 7.

Let {qu }q:LQ
conclusions of Lemmas 3.4.2 and 3.4.3 hold forqg =1,2,... Aand¢g=A+1, A+

5 be a collection of disjoint open subsets of ’]I“‘j'j for which the

.....
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2,... B respectively. Set
B
K=T\ (Uo,)
q=1

and observe that

s = sup ()] < 1
feK

Now, in view of the Fourier inversion formula,

o) = o [ e s
= Z E)le e de (3.41)
q:l Oﬁq

for all z € Z? and n € N,. Appealing to Lemma 3.4.2 ensures that for ¢ =
1,2,..., A,
1

(2m)? Oc,

uniformly for z € R? Now, for each ¢ = A+ 1,A + 2,..., B, Lemma 3.4.3

HE)" e dE = e G(&,)" Hp (¢ — nag) + o(n™"?) (3.42)

guarantees that

(2—71T)d 925(5)" TEdg = O(n ") = o(n %) (3.43)

uniformly for z € R because P., > Mo- Finally, we note that

E)me  dg = o(n ) (3.44)

uniformly for z € R? because s” = o(n#¢). The desired result is obtained by

combining (3.41), (3.42),(3.43) and (3.44). ]

As an application to Theorem 3.1.5, we are now in a position to prove (>°(Z?) es-
timates for ¢(™ and thus give a partial answer to Question (i). We first treat a ba-
sic lemma whose proof makes use of the famous theorem of R. Dedekind (gen-
eralized by E. Artin) concerning the linear independence of characters. Interest-

ingly enough, the statement of the lemma below mirrors a result of Dedekind
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appearing in the Volesungen [32] where the characters e~** are replaced by

tield isomorphisms, c.f., [22, p. 6].

Lemma 3.4.4. For any distinct £;,&,,...,64 € TY, there exists x1,xy,... 74 € Z°
such that
e~twér gl . p—imi€a
e~tw2b1  pmirale .. p—ir2€a
V=
e~imalt p—iraly .. p—imada

is invertible.

Proof. The statement is obviously true when A = 1 and so we use induction on
A.Let&, &, ..., a1 € T be distinct and take zy, 29, . .., x4 € Z% as guaranteed

by the inductive hypotheses. For any (i, (s, . .., (4 € T? we define

e_iwl'cl e_ixl'CZ e e_il'l'CA

e~ taCl pmireCe .. p—im2Ca
F(Cva?v . . '7§A) = det

e~ At p=iwale ... o—iwaCa

In this notation, our inductive hypothesis is the condition F'(§;,&,...,&a) # 0.
Let G : Z* — C be defined by

e~ pmiwi-le L. pmimi€a p—imi€an

e—w2bl  pmiw2la . p—iw2fa p—iwi€at
G(z) = det

e—iwall  p—iwale .. o—iwafa p—irafan

efix-gl efiz-& . efim-fA efim-fAJrl

for x € Z% Our job is to conclude that G(z4.1) # 0 for some 4, € Z%. We

assume to reach a contradiction that this is not the case, that is, for all z € Z¢,
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G(z) = 0. Upon expanding by cofactors, we have

A+1
Glz) = Y (~D)MHRR(EL & G Eap)e T =0
k=1
for all z € Z% here éc means that we have omitted & from the list &, &, ..., ay1-
Given that &,&, ..., are all distinct, the characters x +— e @ for k =
1,2,..., A+1are distinct and so by Dedekind’s independence theorem it follows

that F'(&1, &, ... ,g}, coy€éar1) =0forall k = 1,2,..., A+ 1. This however con-
tradicts our inductive hypotheses for F'({;, &, . . . ,gA,gf{\H) =F(&,8%,...,84) #
0. L]

Proof of Theorem 3.1.4. By virtue of Theorem 3.1.5 and (3.9), we have

A
nto ™ (z) = Z e~k (&)  Hp, (n™" (z — nay)) + o(1) (3.45)

k=1
uniformly for z € Z? where E;, € Exp(P) for k = 1,2,... A. Upon recalling
that the attractors Hp, € S(R?), the upper estimate of (3.7) follows directly from
(3.45) and the triangle inequality. Showing the lower estimate of (3.7) is trickier,
for we must ensure that the sum in (3.45) does not collapse at all z € Z¢ — this is

precisely where Lemma 3.4.4 comes in.

For the distinct collection &, &y, ..., €4 € T?, let xy, 2, . .., x4 € Z be as guar-
anteed by Lemma 3.4.4 and, by focusing on z’s near na,, we consider the A x A

systems

7”L l’j Zexp IJ + [nozlj) . ék) Qg(fk) Hpk ( (IJ + Lnalj — nak))
(3.46)

and

gj(n) exp(—ix; - &)hg(n) (3.47)

B
Il
—
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forj=1,2,..., A, where

e—i[nalJ'Ské(gk)ank (0) if a1 = Qg

0 otherwise

fork =1,2,..., A. By virtue of Lemma A.1.3 and Propositions 3.2.2 and 3.2.3, it

follows that

0 if o, = oy

lim [n P (z; + [nay | — nog)| =
n—oo

oo otherwise.

forall j,k = 1,2,..., A. Again using the fact that each Hp, € S(R?), the above

limit ensures that, for all € > 0, there exists N, € N, for which

|f(n,z;) — gi(n)| < e (3.48)

forallj =1,2,... Aand n > N.. The system (3.47) can be rewritten in the form

g1(n) emimél  gmimibe . pmimida hi(n)
gg(n) e—2bl  pmiw2la . o—im2€a ho (n>
gA(n) e~tzalt p—irtals .. p—irada hA(TL)

or equivalently

g(n) = Vh(n) (3.49)
for n € N, where V is that of Lemma 3.4.4. Taking C* to be equipped with
the maximum norm, the matrix V' determines a linear operator Ly : CcCA—CA
which is bounded below by virtue of the lemma. So, in view of (3.50), there is a
constant § > 0 for which

“max |gj(n)| >6 maxA\hj(n)\ > 0|Hp,(0)] =:3C >0 (3.50)
J= J=4

77777
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for all n € N;. Upon combining (3.45), (3.48) and (3.50), we obtain N € N, for
which

,,,,,

w6 > max [0 ¢ ") (z; + [na))| > €

for all n > N. The theorem now follows by, if necessary, adjusting the constant

Cforn < N. ]

3.5 Pointwise bounds for ¢

Throughout this section, we assume that ¢ : Z? — C is finitely supported. In

this case, ¢(z) is a trigonometric polynomial on C%. As usual, we assume that

SUP¢cd |¢;(£)| = SUD¢cRrd |¢;(£ + 0i> =1L

3.5.1 Generalized exponential bounds

In this subsection, we prove Theorem 3.1.6 and present a variety of results con-
cerning discrete space and time differences of convolution powers. The estimate
of the following lemma, Lemma 3.5.1, is crucial to our arguments to follow; its
analogue when d = 1 can be found the proof of Theorem 3.1 of [31]. We note
that in [31], the analogue of Lemma 3.5.1 is used to deduce Gevrey-type esti-
mates from which the desired estimates follow in one dimension. Such argu-
ments are troublesome when the decay is anisotropic for d > 1. By contrast, our
off-diagonal estimates are found by applying Lemma 3.5.1 following a complex

change-of-variables.

Lemma 3.5.1. Let ¢ : Z* — C be finitely supported and such that supcra 6(8)] = 1.

Suppose that & € Q(¢) is of positive homogeneous type for ¢ with associated o € R?
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and positive homogeneous polynomial P. Define f¢, : C* — C by

feo(2) = d(&o) e OBz + &) (3.51)

for z € C For any compact set K C R? containing an open neighborhood of 0 for

which |¢(& + &o)| < 1 for all non-zero § € K, there exist e, M > 0 for which
| feo(2)] < exp(—€R(§) + MR(v))

forall z = ¢ —iv such that € € K and v € R%,

Proof. Write f = f¢, and denote by 7, the canonical projection from C? onto R.

We first estimate f(z) on a neighborhood of 0 in C.

Our assumption that §, € €(¢) ensures that the expansion (3.5) is valid on
an open set U € C? such that 0 € 7,.(U) C K. By virtue of Proposition A.2.7, we

can further restrict U to ensure that, for some ¢ > 0 and M > 0,
|f(2)] < e ROTMEL) (3.52)
forz=¢—iv el

We now estimate f(z) on a cylinder of K in C% Since |$(¢)| < 1 for all non-
zero { € K, the compactness K \ 7,.(U) ensures that, for some 0 < € < €, the

continuous function h : C* — C, defined by

h(z) = e f(2) = exp(—e(R o m,)(2)) f(2)

for 2 = £ —iv € CY is such that |h(§)| < 1 forall £ € K \ 7.(U). Because h is
continuous, there exists § > 0 for which |i(z)| < 1 for all z = £ — iv such that

¢ € K\ m(U)and |v| <§. Consequently,
|h(2)] < e ell8) « p—eR(E)+MR(v) (3.53)
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for all z = £ — iv such that ¢ € K \ 7,(U) and |v| < §. Upon possibly further

restricting 0 > 0, a combination of the estimates (3.52) and (3.53) ensures that
|f(2)] < e REOTMED) (3.54)

forall z = ¢ —iv € Csuch that{ € K and |v| < 6.

~

Finally, we estimate f(z) = f({ — iv) for unbounded v. Because ¢ is a
trigonometric polynomial, f(z) has exponential growth on the order of |v| for

2z =& —iv € C? when ¢ is restricted to K. Therefore,
|f(2)] < emeREOTFC (3.55)

for all 2 = £ — iv such that £ € K and v € R?. Because |v| + C is dominated
by R(v) by virtue of Corollary A.2.6, the lemma follows immediately from the
estimates (3.54) and (3.55). O

Lemma 3.5.2. Let ¢ : Z* — C be finitely supported and such that supcpa 6(8)] = 1.
Assume additionally that Q(¢) = {&} and & is of positive homogeneous type for ¢
with corresponding o € R? and positive homogeneous polynomial P and let T4 be as
in Remark 7. Define gy : Ny x C* — C by g/(z) = 1 — fe,(2) forl € Ny and z € C*

where f, is given by (3.51). There exist positive constants C and M for which
l91(2)] < IC(R(v) + R(€))eMEW)

foralll € Ny and z = £ — iv such that { € T} and v € R

Proof. By making similar arguments to those in the proof of the previous lemma,
we obtain positive constants C' and M for which |1 — f¢, ()] < C(R(§) +
R(v))eM ) for all z = £ 4 iv such that { € T4 and v € R”. The desired estimate
now follows from Lemma 3.5.1 (where K = T_g) by writing ¢, = (1— f¢,) ZZ_:IO fé‘;

and making use of the triangle inequality. O

108



We are now in a position to prove Theorem 3.1.6.

Proof of Theorem 3.1.6. In view of the hypotheses, there exist a € R? and a pos-
itive homogeneous polynomial P such that each { € (¢) is of positive ho-
mogeneous type for ¢ with corresponding o = « and P; = P. We write
Q(¢) = {&1,&, ..., &} in view of Proposition 3.4.1 and take T} as in Remark
7. Because ()(¢) is finite and lives on the interior of T¢, there exits a collection
of mutually disjoint and relatively compact sets { K, |5 -, such that T} = UQ 1Ky
and, foreach ¢ = 1,2,...,Q, K, contains an open neighborhood of ¢,. We now
establish two important uniform estimates. First, upon noting that |¢(¢+¢,)| < 1
forall ¢ € K, — ¢, for each ¢ = 1,2,...,Q, by virtue of Lemma 3.5.1 there are

positive constants M and e such that, foreach¢=1,2,...,0Q,
| fe,(§ — iv)| < exp(—€R(§) — MR(v)) (3.56)

forall ¢ € K, — ¢, and v € R?. Also, by a similar argument to those given in the

proof of Lemma 3.4.2, we observe that
nhrP / e eni(8) d¢ = n'r / e—€R(n df / e €R(©) d¢
Kq—fq Kq_gq Kq £q
< / e d¢ = O < 0 (3.57)
R4
foralln e Ny andg=1,2,...,Q.

Now, let v € R? be arbitrary but fixed. Because ¢ is a trigonometric polyno-

mial (and so periodic on C%), it follows that

(n) _ 1 —iz-(E—iv) J(¢ i \R
@) = o /T B — vy de
Q
= G [ i — vy (358)
g=1" "4

109



forall z € Z% and n € N;. Our aim is to uniformly estimate the integrals over

K,. To this end, for each ¢ = 1,2, --- , (), we observe that

/ —iz-(€—iv é(f ) dg
Ky
_ / e—ix~(§q+§ iv Qg(é- )n —ina-(Eo+€— W)fﬁq(g . ’LV)n dé—
Kq—=&q
_ (@) —iyn(@)-€+O (£ V) i)
= e [ (e 9de))” g e - e

forall z € Z% and n € N, where y,(r) := (x — na)/n. In view of the estimates

(3.56) and (3.57), we have

[ e - ) ae
Kq

< e / \fe (€ — iv) | de
Kq—¢&4

< & exponyn(z) v — MEW)) (359)

nte

forallz € Z¢, n € N, and ¢ = 1,2,...,Q where the constants M and C are
independent of v. Upon setting C’ = (27)?/Q and combining (3.58) and (3.59),
we obtain the estimate

!/

C
(n)
B @) <

exp(=n(yn(2) - v = ME(v)))

which holds uniformly for z € Z% and n € N, and v € R?. Consequently,

!

" (2)] < inf

veRd nHe

exp(—n(yn(z) - v — MR(v)))

< o (“nsupln(e) v - MRO))

nte v
!

<

exp (—n(MR)* (ya(2)))

nte

forall z € Z¢ and n € N,. The desired result follows upon noting that (M R)# <

R* in view of Corollary A.3.4. O

Remark 8. The essential hypothesis of Theorem 3.1.6 (essential for a global exponential

bound) is that each § € Q(¢) has the same drift o; this can be seen by looking at
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the example of Subsection 3.7.2 wherein the convolution powers ¢™ exhibit two “drift
packets” which drift away from one another. The hypothesis that all of the corresponding
positive homogeneous polynomials are the same can be weakened to include, at least,
the condition that R = Re P < R for all £ € Q(¢), where R is some fixed real
valued positive homogeneous polynomial. In any case, the theorem’s hypotheses are
seen to be natural when ¢ has some form of “periodicity” as can be seen in the example
of Subsection 3.7.3. Also, the hypotheses are satisfied for all finitely supported and

genuinely d-dimensional probability distributions on 7%, see Subsection 3.7.6.

For the remainder of this subsection, we restrict our attention further to finitely
supported functions ¢ : Z¢ — C which satisfy sup, |¢| = 1 and where this supre-
mum is attained at only one point in T¢, i.e., Q(¢) = {&}. In this setting, we
obtain global estimates for discrete space and time derivatives of convolution
powers. Our first result concerns only discrete spatial derivatives of ¢ and
is a useful complement to Theorem 3.1.6. For related results, see Theorem 3.1
of [31] and Theorem 8.2 of [86], the latter being due to O. B. Widlund [95, 96].
For w € Z4¢and ¢ : Z* — C, define D, : Z* — C by

Dyip(z) = ¢z +w) — ¢ (x)
for z € Z°.

Theorem 3.5.3. Let ¢ : Z — C be finitely supported and such that sup,pa |6(6)] = 1.
Additionally assume that Q(¢) = {&o} and that &, is of positive homogeneous type for
¢ with corresponding o = ag, € R* and positive homogeneous polynomial P = Pr,.
Also let i be defined by (3.6) (or equivalently (3.4)), let R* be the Legendre-Fenchel
transform of R = Re P and take E € Exp(P). There exists M > 0 such that, for any
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B > 0and m € N, there exists C,, > 0 such that, for any wy, ws, . .., w, € Z°,

Dy, Dy, -+ Dy, (é(&])*neiw-&%(n) (@) ‘

Con [vr. o T — no
iy (H In~% wj|> exp (—nMR# < " )) (3.60)
j=1

orall v € Z% and n € N, such that |n " w;| < Bforj=1,2,...,m.
+ j

We remark that all constants in the statement of the theorem are independent
of E € Exp(P) in view of Proposition 3.2.3. The appearance of the prefactor
d(&0) e in the left hand side of the estimate is used to remove the highly
oscillatory behavior which appears, for instance, in the example outlined in the
introduction. That which remains of ¢{™ is well-behaved when this oscillatory
prefactor is removed and this is loosely what the theorem asserts. Let us further
note that, in contrast to Theorem 3.1.6, Theorem 3.5.3 does not apply to the
example illustrated in Subsection 3.7.3 (where Q(¢) consists of two points) and,
in fact, the latter theorem’s conclusion does not hold for this ¢. See Subsection

3.7.3 for further discussion.

Lemma 3.5.4. Given A > 0, ¢ > 0 and m € N, there exists C' > 0 such that the

function

. ,_;.
1,W2,...,Wm €

orall z = & —iv € CLn € Ny and wi,wo, ..., w, € Z* for which |n=F w,;| < A for
+

alli=1,2,...,m.
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Proof. We observe that, for M = m(B + 1),

|w;-z|

Q

E

5

L

3

O
A
:13

;- zle

< H wjln z]eB|” A< <H|n B j> Min®z - (3.62)

7j=1
forall z € C4 n € Ny and wy,ws, ..., w, € Z* for which |[n=% w;| < B for all
j=12...,m. Given e > 0, an appeal to Proposition A.2.5 ensures that, for

some M’ > 0,
MnPz| < M’ + eR(n¢) + R(n"v) = M' + n(eR(€) + R(v)) (3.63)

forall z = £ —iv € C? and n € N,. The desired estimate is obtained by combin-

ing (3.62) and (3.63). O

Proof of Theorem 3.5.3. By replacing ¢(z) by ¢(&y) e ¢(x), we assume without
loss of generality that £, = 0 and q%(go) = 1. For any z, w1, ws, ..., w, € Z% and

v € RY, we invoke the periodicity of ¢ to see that

Dy, Dy, -+ Dy, 0™ (2)

1 o

(2m)?
e—nyn(:p)-u

= @0t /Td e EQ) o (€ — V) f(€ — i)™ dE, (3.64)

where y,,(z) = (z — na)/n and f(z) = fe,(2) = e **¢(z) is that of Lemma 3.5.1.

An appeal to the lemma shows that, for some ¢ > 0and M > 1,
’f(f o ZV)l < efZER(£)+(M71)R(u) (365)

for all ¢ € T and v € R% note that these constants are independent of m. By

combining the estimates (3.57), (3.61),(3.64) and (3.65) we obtain, for v € R? and
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d
Wy, Wa, . .., W, € Z°,

’leDUJQ T Dwm¢(n)(x)|

< efnyn(l")"j |Qw1,w2 ..... Wm (f - ZV)Hf(’S - ZV)‘H dg

< H]n—E*w,| exp(—nyn(g;).y+nMR(V)) o eR(©) de
m 7 Td

< “n (HIn‘E*wjl) exp(—n(yn(z) - v — MR(v)))

forall z € Z¢ and n € N, for which [n"* w;| < Bforall j = 1,2,...,m. As
all constants are independent of v, the desired estimate is obtained by repeating

the same line of reasoning of the proof of Theorem 3.1.6. O

For a collection v = {vy,...,v3} € Z% and a multi-index 3, consider the discrete
spatial operator
Df = (Dm)ﬂl (Dv2)62 T (D'Ud)/Bd’ (3.66)

Our next result, a corollary to Theorem 3.5.3, gives estimates for D?¢(™ in the

E

case that n=F" acts diagonally on v; for j = 1,2,...,d and, in this case, the term

involving w’s in (3.60) simplifies considerably. We first give a definition.

Definition 3.5.5. Let P : R? — C be a positive homogeneous polynomial and let
A € Gly(R) and m = (mq,ma,...,mq) € N be as given by Proposition 3.2.2. An
ordered collection v = {vy,vy,...,va} C Z% is said to be P-fitted if A*v; € span(e;)

for j =1,2,...,d. In this case we say that m is the weight of v.

Let us make a few remarks about the above definition. First, for a P-fitted
collection v = {vy,vq,...,v4} of weight m, by virtue of Proposition 3.2.2,
t=Fv; =¢71/@mi)y; forallt > 0and j = 1,2,...d, where E = ADA™! € Exp(P).

Our definition does not require the v}s to be non-zero and, in fact, it is possible
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that the only P-fitted collection to a given positive homogeneous polynomial P
is the zero collection. We note however that every positive homogeneous poly-
nomial P seen in this chapter admits a P-fitted collection v which is also a basis
of R? and, in fact, whenever P is semi-elliptic, every P-fitted collection is of the

form v = {zte;, 2%es, ..., x%4} where 2t 2% ... 2¢ € Z.

Corollary 3.5.6. Let ¢ : Z? — C be finitely supported and such that supcra 16(€)| =
1. Additionally assume that Q(¢) = {&o} and that &, is of positive homogeneous type
for ¢ with corresponding o = o, € R* and positive homogeneous polynomial P = Pr,.
Define (1, by (3.6) (or equivalently (3.4)), let m (and A) be as in Proposition 3.2.2 and
denoted by R¥, the Legendre-Fenchel transform of R = Re P. There exists M > 0 such
that, for any B > 0 and multi-index 3, there is a positive constant Cz such that, for

any P-fitted collection v = {vy,va, ..., v4} of weight m,

’Df (qg(fg)_"eiw'foqb(”) (x))‘ < wexp (—nMR# <:v —nnoz)) (3.67)

ntet|8:2m|

forall x € Z% and n € Ny such that |v;| < Bn'/®™) for j =1,2,...,d.

Proof. As we previously remarked,
[0 05| = lag] [ (A7) ey | = ag| [(A7) 7T Pes| = n =Yy

forj = 1,2,...,dand n € N, where D = diag ((2m1)~!, (2ms)~1, ..., (2my)™})
and E = ADA™'. Considering the operator D?, the term involving w’s appear-

ing in the right hand side of (3.60) is, in our case,

d
() (™ ()™ = Tt
j=1

d
= n P2 Tl (3.68)
j=1

for all n € N,. The desired estimate now follows by inserting (3.68) into (3.60).

]
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Our next theorem concerns discrete time estimates for convolution powers.
Given ¢ : Z? — C which satisfies the hypotheses of Theorem 3.5.3 with cor-
responding « € R% For any | € N, the theorem provides pointwise estimates
for o™ — ¢{*") and analogous higher-order differences. Because, in general,
the peak of the convolution powers drifts according to «, to compare ¢™ and
#*™), one needs to account for this drift by re-centering ¢'+™ but, in doing this,
a possible complication arises: If o ¢ Z?, one cannot re-center ¢ in a way
that keeps it on the lattice. For this reason, the theorem requires la € Z¢ and in
this case (6_io * ¢) * ¢ (z) = ¢! (2 + la) which can then be compared to
¢™ (x). Assuming that ¢ satisfies the hypotheses of Theorem 3.5.3 (with &, € T¢
and o € Z%), for any | € N, such that la € Z% we define the discrete time

difference operator 9, = 0,(¢, &, @) by

0 = (0= 3(E) ™ (0aex 60) ) v = = 6(@) ™ (Fiax0) 50 (3:69)
for o € (1(Z%).

Theorem 3.5.7. Let ¢ : Z* — C be finitely supported and such that supcra 16(€)| = 1.
Additionally assume that Q(¢) = {&} and that &, is of positive homogeneous type
for ¢ with corresponding a = ag, € R and positive homogeneous polynomial P =
P,. Define g by (3.6) (or equivalently (3.4)) and denote by R¥, the Legendre-Fenchel
transform of R = Re P. There are positive constants C' and M such that, for any

li,la, ...l € Ny such that l,a € Z% for g = 1,2,. ..,k (assume k > 1),

‘311812 T 3lk¢(n)($)’

CFRITTE_ _
Hq_l qexp (—(n+l1+l2+---+lk)MR#< o na ))

= T etk n+l+lo+--+1
(3.70)

forallz € Z¢and n € N,
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Proof. As in the proofs of Theorems 3.1.6 and 3.5.3, we fix v € R¢ and invoke the

periodicity of ¢ to see that

OOy, -+ O, 0\ ()

k

— L (X —1_—a-(é0+2) 1 la - n_—iz-(€o+2)

= (20 /&qul_[l@ <¢(50) 1o—a(ot ¢(§0+z)> >¢(§0_|_Z) e~ (60+2) ge
k

- (271r)d ¢ TdHgzq<Z)<?>(fo)"f<z>”e‘“$‘"0‘>'“W) d¢

¢ qg=1

forallz € Z? and n € N, where z = £ —iv; here, f = f, is defined by (3.51)
and g, g1,, - - ., g1, are those of Lemma 3.5.2. Put s, =1 + 13 + --- + [, take €, M
and C as guaranteed by Lemmas 3.5.1 and 3.5.2 and set C; = (2C'/e). Observe
that

104,01, - - Dy 0™ ()|
k k
Cl k! Hq:l lq ef(azfna)-u
k
n
ne

: /g : (5 Rw) + R<5>>)k M) xp(—neR(€) + nMR(v)) dé

Kl
eT‘é

CFEITTE_ 1

qul q e—(w—na)w
n

X / exp(ne(R(&) + R(v))/2) exp((n + sp) M R(v) — neR(£)) d§
€€TY
for z € Z? and n € N,. Upon setting y,, , () = (z — na)/(n + s;.) and replacing
M by M + €/2, we can write

CHENTTE, 1,
Oty 6 (@)| < el ) (@) v — MEW))

x /ﬁ Ly VRO de

Now, as we observed in the proof of Theorem 3.1.6, the integral over ¢ is

bounded above by Cyn=#¢ < Chn~"¢ for some constant Cy > 1 and so we obtain
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the estimate

(caca)kk![Ijzlzq

n,u¢+k:

104,01, -+ Oy, 0" ()| < exp(=(n + sk) (Yn,s () - v = ME(v)))

for all z € Z% and n € N... Once again, the desired result is obtained by infimiz-

ing over v € RY. O

Remark 9. If one allows the constant M to depend on Iy, 1, . .., 1, then (3.70) can be

written

CHENTTE, 1 T — na
R G Cr )

n

forall x € Z4and n € N, Indeed, set s, = Iy + ly + - - - + I}, and observe that

et (555) = o { () o)
< —nwp{(x_na)-u—(L+&ﬂﬂm}

v n

< —n(sor)” ()

< _nM, R (m — na)

n

where we have used Corollary A.3.4 to obtain My, = M,

loyelis

In view the remark above, the following corollary is a special case of Theorem
3.5.7 when a = 0, ¢(&) = 1 and we only consider one discrete time derivative;
it applies to the example in the introduction and the examples of Subsections

3.7.1 and 3.7.5.

Corollary 3.5.8. Let ¢ : Z¢ — C be finitely supported and such that sup |p(€)| = 1.
Suppose that Q(¢) = {&} is of positive homogeneous type for ¢ with corresponding
a € R? and positive homogeneous polynomial P. Also let 4 be defined by (3.6) (or
equivalently (3.4)) and let R* be the Legendre-Fenchel transform of R = Re P. Addi-

tionally assume that o = 0 and (&) = 1. There exists a positive constant C' and, to
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each | € N, a positive constant M; such that

l
607(0) = 6 @)| < i explm MR (a/)

forall z € Z4and n € N,

Our final theorem of this subsection concerns both time and space differences

for convolution powers.

Theorem 3.5.9. Let ¢ : Z% — C be finitely supported and such that sup,cya 16(&)| = 1.
Additionally assume that Q(¢) = {&o} and that &, is of positive homogeneous type
for ¢ with corresponding o = g, € R and positive homogeneous polynomial P =
Py,. Define ny by (3.6) (or equivalently (3.4)), let m (and A) be as guaranteed by
Proposition 3.2.2 and denote by R¥, the Legendre-Fenchel transform of R = Re P.
There are positive constants M and Cy and, to each B > 0 and multi-index (3, a positive
constant Cg such that, for any P-fitted collection v = {vy,vs, ..., v} of weight m and

li,la,..., I € Ny such that l,a € Z% forq = 1,2,.. .k,

000+ O, D& e 00) ()|
Cﬁckk Hq 1 lq H 1|UJ|5J

ntet!B:2m|+k

C(n4ly 4yt + L) MR? L
Xexp( (n+b+l+-+1) <n+ll+lg+~~~+lk

forall x € Z4 and n € N, such that |v,| < Bn'/@®™) for k =1,2,...,d.

Proof. By replacing ¢(z) by ¢(&) '€ ¢(x) we can assume without loss of gen-
erality that §, = 0 and gbf(fo) = 1. Assuming the notation of Lemma 3.5.1 (with

f = f¢,) and Lemma 3.5.2, we fix v € R? and observe that

8l18l2 Dﬁé(n) n —i(n—l—sk)ysk,n(a:)-z d{

']Td
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forallz € Z?and n € Ny, where z = £ —iv, sp = i+ lo + -+ + i, Ysun(z) =
(x —na)/(n + si) and Q(z) = H?Zl(eivj'z — 1)% is the subject of Lemma 3.5.4.
The desired estimate is now established by virtually repeating the arguments in
the proof of Theorems 3.5.3 and 3.5.7 while making use of Lemmas 3.5.1, 3.5.2

and 3.5.4 and noting, as was done in the proof of Corollary 3.5.6, that [n =% v;| =

nVCm) |y for j = 1,2, d. U

3.5.2 Sub-exponential bounds

In this subsection, we again consider a finitely supported function ¢ : Z¢ — C
such that sup,cra |6(€)| = 1 and each ¢ € Q(¢) is of positive homogeneous type
for ¢. In contrast to the previous subsection, we do not require any relationship
between the drifts o and positive homogeneous polynomials F; for those €
(¢); a glimpse into Subsections 3.7.2 and 3.7.4 shows this situation to be a
natural one. As was noted in [31], the optimization procedure which yielded
the exponential-type estimates of the previous subsection is no longer of use.

Here we have the following result concerning sub-exponential estimates.

Theorem 3.5.10. Let ¢ : Z* — C be finitely supported and such that supcra 16(8)| =
1. Suppose additionally each & € Q(¢) is of positive homogeneous type for ¢ and hence
Q) = {&1, &, ..., &} Let oy € R and positive homogeneous polynomial P, be those
associated to &, for ¢ = 1,2,...,Q. Moreover, for each q = 1,2,...,Q, set jig = ip,
and let E, € Exp(F,). Then, for any N > 0, there is a positive constant C'y such that

Q
60(@)] < Ox 3" (14 i — mag) ) 3.71)

q=1
forall z € Z* and n € N,. The constant Cy is independent of E, € Exp(P,) for

g=1,2,...0Q.
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Proof. In view of Proposition 3.4.1 and Remark 7, there exist relatively open

subsets By, By, . . ., B of T¢ satisfying the following properties:

1. Foreachq¢=1,2,...Q, B, contains &,.
2. B, contains the boundary of T¢ (as a subset of RY).

3. The closed sets {B, B, . .., Bg} are mutually disjoint.

o =21 (Us)

and observe that each O, is an open neighborhood of &, (in the relative topol-

Forq=1,2,...Q, define

ogy). Let {uq}ff:l be a smooth partition of unity subordinate to {Oq}g?:l. By
construction, u; = 1 on the boundary of ’]I‘j) and, for each ¢ = 1,2,...Q, u, is
compactly supported in O,. We note that, for each ¢ # 1, Supp(y,) is also a
compact subset of R? because the boundary of T is contained in 3, (the relative

topology of T4 is only seen in Supp(u,)). Set

ming_ 2o dist(Supp(uy), 00,)

2V/d

Observe that, for any z € Z? and n € N,

n ]' —ix-
g25( )(I) = ( )d /d 5@25 = E
e'® &q

Q 233 fq
= Z /M (= Efq n(&)tgn(§) d§ = Z %ﬁ))l}ﬂ%(@)

nha 27r
q=1 q=1

0= > 0.

/ e GRIGL

where we have set y,.,.(v) = n~ % (z — nay), Uy, = n*1(0,) — &, defined

uq,n (5) = Uq (n_Eqé-)?

and

Fan(€) = (d(&g) LT e h(n~Fag 4 ¢,))"
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for £ € Uy, and put

T,.(z) = /M S (g (€) dE.

4
Of course, for each n and ¢, f,, extends to an entire function on C% we make
no distinction between this function and f,, ,. We will soon obtain the desired
estimates by integrating Z,, , by parts. For this purpose, it is useful to estimate
the derivatives of f,,, and this is done in the lemma below. The idea behind the
lemma’s proof is to look at f, ,, on small neighborhoods in C? of ¢ € Supp(u,,,) C
R?. On such complex neighborhoods, Lemma 3.5.1 gives tractable estimates
for f,. to which Cauchy’s d-dimensional integral formula can be applied to

estimate D* f, ().

Lemma 3.5.11. Foreach q = 1,2,...,Q, there exist positive constants C, and €, such
that, for each multi-index f3,

!

1D 3O < Cy i expl—0 Ry (0)

foralln € Ny and ¢ € Supp(ug,,).

Proof of Lemma 3.5.11. Our choice of the open cover {O,} guarantees that |¢(1 +
¢,)| < 1 for all non-zero 7 in the compact set O, — &,. An appeal to Lemma 3.5.1

gives €, M; > 0 such that

| fan(2)]

IN

exp ( — e, Ry (n""n) + M, R, (n "av))"
< exp(—€,Ry(n) + M R,(v)) (3.73)
foralln € N, and 2 = n — iv € C¢ for which n € U, ..

We claim that there are constants ¢,, M, > 0 for which

—EQRq(n) + MéRq(V) < —€, 1 (¢) + M, (3.74)
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forall z = n —iv € C?and ¢ € R? such that |z, — (;| = 6 fori = 1,2,...d.
Indeed, it is clear that R,(v) is bounded for all possible values of v. An appeal

to Proposition A.2.4 ensures that, there are M,, ¢, > 0 for which

—eyBay(n) = =€y Ry(C+ (1= () < —€,Ry(C) + M,

foralln, ¢ € R? provided |n; — G| < |z — G| = d foralli = 1,2,...d. This proves

the claim.

By combining (3.73) and (3.74), we deduce that, for alln € N, ¢ € R? and

z =n—iv € C? for whichn € U, ,,
| fan(2)] < exp(—€,R4(C) + M,) (3.75)

whenever |z; — (;| = d forall i = 1,2,...d. Our aim is to combine Cauchy’s

d-dimensional integral formula,

8 fqn ledZQ .dz Zd
D7 f4u(C) Qm /C1 /C2 / (61+1 Ba+1,...,B4+1)’ (3.76)

with (3.75) to obtain our desired bound for ( € Supp(u,,); here, C; = {z :

|z — G| =0} fori =1,2,...,d. To do this, we must verify that z = n — iv is such
that n € U,,, whenever |z; — (;| = § fori = 1,2,...,d. This is easy to see, for if

¢ € Supp(u,,) and z is such that |z, — (| =d fori =1,2,... .4,
|z — (| = Vs < dist(Supp(u,), 00,) < dist(Supp(un.q), WUy, 4)

for all n € N, (the distance only increases with n because {¢"+} is contracting).

Consequently, a combination of (3.75) and (3.76) shows that, for any multi-index

5/
D fy(O) < S exp(—egRy(€) + M)

forall n € N, and ¢ € Supp(u,,) and thus the desired result holds. /
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We now finish the proof of Theorem 3.5.10. We assert that, for each ¢ =

1,2,...,Q and multi-index /3, there exists Cs > 0 such that
|yq7n($)ﬂl—q,N(x)| < Cp (3.77)

forall z € Z? and n € N,. By inspecting (3.72), we see that the desired estimate,

(3.71), follow directly from (3.77) and so we prove (3.77).

We have, for any multi-index §,

(0 (2)) Ty () = / DR (e ) £, (€ )utgnn(€) de

q,n

— (-1 / e D EDI( [ () itgn(€)) dE

for all n € N; and = € Z? where we have integrated by parts and made ex-
plicit use of our partition of unity {u,} to ensure that all boundary terms van-
ished. To see the absence of boundary contributions, note that when ¢ # 1,
uqn and its derivatives are identically zero on a neighborhood of 9/, ,,. When
q = 1, Supp(uy,) N OU,, = A(nPT?) and because u;,, = 1 on a neighborhood
of d(n”T¢), the periodicity of f,, and its derivatives (which are directly inher-
ited form the periodicity of ¢(¢)) ensure that the integral over the a4, ,, is zero.
Consequently,
@) Tan@)| < [ D ()]
Supp(ug,n)

for, ¢ = 1,2,...Q, n € Ny and z € Z% Once it is observed that derivatives
of u,, are well-behaved as n increases, the estimate (3.77) follows immediately
from Lemma 3.5.11. The fact that C'y is independent of E, € Exp(F,) for ¢ =

1,2,...,Q follows by a direct application of Proposition 3.2.3. ]
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3.6 Stability theory

We now turn to the stability of convolution operators. In this brief section,
we show that Theorem 3.1.7 is a consequence of of estimates of the preceding
section. Let ¢ : Z¢ — C be finitely supported and define the operator A, on
L = [P(R?) for 1 < p < coby

(Apf)(@) = oy (3.78)

yezd
Such operators arise in the theory of finite difference schemes for partial differ-
ential equations in which they produce extremely accurate numerical approx-
imations to solutions for initial value problems, e.g., (3.10). We encourage the
reader to see [75] and [89] for readable introductions to this theory; Thomée’s
survey [86] is also an excellent reference. In this framework, the operator A is
known as an explicit constant-coefficient difference operator. General explicit
difference operators are produced by allowing ¢ to depend on a real parameter
h > 0 which is usually the grid size of an associated spatial discretization for

the initial value problem.

The operator A, is said to be stable in L? if the collection of successive powers of

A, is uniformly bounded on L7, i.e., there is a positive constant C' for which

[AG e < ClI Iz,

for all f € L? and n € N,; this property has profound consequences for dif-
ference schemes of partial differential equations as we discussed in the intro-
duction. For example, the Lax equivalence theorem states that a consistent ap-

proximate difference scheme for (3.10) is stable in L? if and only if the difference
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scheme converges to the true solution (3.11) [86,89]. In the L* setting, checking
stability is straightforward. Using the Fourier transform, one finds that A, is
stable in L? if and only if sup, |9(€)| < 1; this is a special case of the von Neu-
mann condition [87]. When p # 2, the question of stability for A, is more subtle.
It follows directly from the definition (3.78) that A} = A, for all n € N, and

so by Minkowski’s inequality we see that

1AG e = [ Agen llze < 6" 1]l Fl] o (3.79)

forall f € LP and n € N,. This allows us to formulate a sufficient condition for
stability in L? for 1 < p < oo in terms of the convolution powers of ¢ (which
is consistent with Question (iv) of Section 3.1) as follows: A, is stable in L”
whenever there is a positive constant C' for which

o™ =" [¢™(z)] < C (3.80)

x€Z4

for all n € N4. The condition (3.80) is also necessary when p = oo and so it is
called the condition of max-norm stability. Originally investigated by John [56]
and Strang [84], this theory for difference schemes has been further developed
by many authors, see for example [38, 82, 86,87]. In one dimension (d = 1),
the question of stability in the max-norm was completely sorted out by Thomée
[87]. Thomée showed that a sufficient condition of Strang was also necessary;

this is summarized in the following theorem.

Theorem 3.6.1 (Thomée 1965). The operator A, is stable in L>(R) if and only if one

of the following conditions is satisfied:

(a) ¢(&) = ce'™ for some x € Zand |c| = 1.

(b) |6(€)| < 1 except for at most a finite number of points &1, &,, ..., Eg in T where

|6(€)] = 1. For q = 1,2,...Q, there are constants Oy, Vg, Mg, Where oy € R,
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Re v, > 0 and where m, € N, such that

A&+ &) = D(&) expliagE — W& + o(£2™)) (3.81)

as & — 0.

Thomée’s characterization makes use of the fact that the level sets of non-
constant holomorphic functions on C have no accumulation points — a fact that
breaks down in all other dimensions, e.g., f(z) = f(21,22) = cos(z1 — 22). When
¢ : Z — C s finitely supported and such that sup; |6(¢)| = 1, the reader should
note that the condition (b) of Theorem 3.6.1 is equivalent to the hypotheses of
Theorem 3.5.10 for, in one dimension, every positive homogeneous polynomial
is necessarily of the form P(£) = v£*™ where Rey > 0 and m € N,. In Z¢, we

have the following result.

Corollary 3.6.2. Let ¢ : Z¢ — C satisfy the hypotheses of Theorem 3.5.10 and define
Ay by (3.78). Then Ay is stable in L™ and hence stable in LP(R?) forall 1 < p < occ.

Proof. An application of Theorem 3.5.10 with N > d + 1 yields the uniform

estimate (3.80) after summing over x € Z. O

Proof of Theorem 3.1.7. This is simply Corollary 3.6.2 translated into the language
of Section 3.1. O

In [87], Thomée also showed that when sup ]gﬁ\ = 1 but the leading non-linear
term in the expansion (3.81) was purely imaginary, the corresponding difference
scheme was unstable. As was discussed in [31] and [73], such expansions give
rise to local limit theorems in which the corresponding attractors are bounded

but not in L? and hence not in S(R); for instance, the Airy function. In the
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spirit of [87], M. V. Fedoryuk explored stability and instability in higher dimen-
sions [38]. Fedoryuk’s affirmative result assumes that, for &, € Q(¢), the leading
quadratic polynomial in the expansion for I'¢, has positive definite real part.
Because any quadratic polynomial P with positive definite real part is positive
homogeneous (27'1 € Exp(P)), Corollary 3.6.2 (equivalently, Theorem 3.1.7)

extends the affirmative result of [38].

3.7 Examples

In this section we consider a number of examples, mostly in Z?, to which we
apply our results. The first four examples, presented in Subsections 3.7.1, 3.7.2,
3.7.3 and 3.7.4, illustrate behaviors which appear only in the complex-valued
setting. We present these examples, not for a love of pathology, but to demon-
strate the richness of the complex-valued setting and to show that the intricacy
dealt with in the theoretical development of the preceding chapters was war-
ranted. Beyond these first four examples, in Subsection 3.7.5, we introduce a
class of real-valued functions on Z?, each prescribed by two multi-parameters
m and )\ which precisely determine that anisotropic nature of the convolution
powers. Finally, in Subsection 3.7.6, we revisit the classical theory of random

walks on Z<.

3.7.1 A well-behaved real valued function on 72

This example illustrates the case in which ¢ is maximized only at 0 which is

of positive homogeneous type for ¢ with corresponding P. In this case, the lo-
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cal limit theorem for ¢ yields one attractor with no oscillatory prefactor. The
positive homogeneous polynomial P is a semi-elliptic polynomial of the form
(3.18) and the corresponding attractor exhibits small oscillations and decays

anisotropically.

Consider ¢ : Z* — R defined by ¢ = (¢1 + ¢2)/512, where

(76 (z,y) = (1,0)
,326 (z,y) = (0,0) 52 (z,y) = (—1,0)
20 (z,y) = (£2,0) T4 (z,y) = (£3,0)
P ORI U R LR
64 (z,y) = (0,%1) F6  (z,y) = (£1,-1)
16 (z,y) = (0,+2) +2  (2,y) = (£3,1)
0 otherwise 42 (z,y) = (£3,—1)
\O otherwise.

The graphs of ¢™ on the domain [—50, 50] x [—50, 50] for n = 100, n = 1,000 and
n = 10,000 are shown in Figure 3.5; in particular, the figure illustrates the decay
in ||¢™||. Figure 3.6 depicts ¢ (x,y) when n = 10,000 from various angles

and clearly illustrates its non-Gaussian anisotropic nature.

Given that ¢ is supported on 21 points, it is clear that ¢ € S;. An easy com-
putation shows that sup |¢(€)] = 1 and this supremum is only attained at
¢ = (n,¢) = (0,0), where ¢(0,0) = 1, and hence 2(¢) = {(0,0)}. Expanding
the logarithm of ¢(n, ¢)/¢(0,0) about (0,0) we find that, as (n,{) — (0,0),

D0, ¢) = o7 (1 + 26" = 205°¢%) + O] + ¢ + 1P| + 1P ¢+ PP
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(a) (b)

50 50

Figure 3.5: The graph of ¢{™ for (a) n = 100, (b) n = 1,000 and (c) n =
10, 000

It is easy to see that the polynomial which leads the expansion,

P@£%=éﬂf+2&—2m%3,

has positive definite real part,
1
R(n,¢) = Re P(n,) = = (n° +2¢%).
Moreover

PUE(9,0) = PO, 05) = tP(5,¢) with  E= |0 | € Bxp(P)

(=N

=

forallt > 0 and (7, () € R? and therefore P is a positive homogeneous polyno-
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Figure 3.7: The graphs of (a) ¢ and (b) H% for n = 10, 000.

mial (it is also semi-elliptic). Further, we can rewrite the error to see that
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where Y (n,¢) = o(R(n,()) as (n,¢{) — (0,0) and so we conclude that (0,0) is
of positive homogeneous type for ¢ with corresponding o = (0,0) € R? and
positive homogeneous polynomial P. Clearly, yt, = pp = tr £ = 5/12 and so

Theorem 3.1.4 gives positive constants C' and C’ for which
Cn=12 < ¢l < Cn712
for all n € N,. An appeal to Theorem 3.1.5 shows that
" (,y) = Hp(w,y) + o(n™>"?) (3.82)

uniformly for (z,y) € Z? where,

1

Hi(z,y) = 2m)?

, 1
/Rz e (@) Tl dg, dgy = no/12 Hp(n™ "%z, n~"/*y)

forn € N, and (z,y) € R The local limit (3.82) is illustrated in Figure 3.7 when
n = 10,000. We also make an appeal to Theorem 3.1.6 to deduce pointwise
estimates for (™ (in fact, all results of Section 3.5 are valid for this ¢). Upon

noting that
D 1
R¥(z,y) = gepa™” + (1 - 2‘5) v

for (z,y) € R?, the theorem gives positive constants C' and M for which

o™ (z,y)| < ng12 exXp <—nM ((%)6/5 + (%)4/3>)

foralln € N, and (z,y) € Z*.

3.7.2 Two drifting packets

In this example, we study a complex valued function on Z? whose convolution

powers ¢ exhibit two packets which drift apart as n increases. This behavior is
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(a) (b)

0.015 0.015

0.01 0.01
0.005 0.005

-0.005 -0.005

-0.01 -0.01

-0.015- -0.015- - ; - .50
-50 -50 0 .
50 50
(a) (b)
0015 0015

0.01 0.01

0.005 0.005

-0.005 | -0.005

-0.01 -0.01

-0.01

5 -0.015 -50
50 -50

50 50

Figure 3.8: The graphs of Re(¢™) and Re(f,,) for n = 30, 60.

easily described by applying Theorem 3.1.5 in which two distinct a’s appear.

Consider ¢ : Z* — C defined by

T @y =(-1%1)

—5 (z,y) = (1,£1)
¢(xay) =9
t (2y) = (0,£1)

0 otherwise.

where a = v/2 + v/2. The graphs of Re(¢™) for n = 30 and n = 60 are shown
in Figure 3.8(a) and Figure 3.8(b), respectively; observe the appearance of the

drifting packets.
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In computing the Fourier transform of ¢, we find that sup |¢3| =1land

Q(¢> = {517 &2, &3, 54} = {(W/27 37]-/4)7 (71-/27 _7/4>7 (_W/27 _37‘-/4)7 (_W/Qa 71'/4)}7

where
$(&) = d(&s) = ()" and  @(&) = (&) = —(i)"".
Sety =+/2—1and

B

P(n,¢) = ! 1 + ¢

As in the previous example, we expand the logarithm of ¢ near &; for j =
1,2,3,4. We find that each element of 2(¢) is of positive homogeneous type
for ¢ with ag, = ag, = (0,7), ag, = ag, = (0, —v) and Pe, = P, = P, = P;, = P.
Note that P is obviously positive homogeneous with £ = (1/2)/ € Exp(P) and

hence
Ho = [P, = [Py, = Hp, = Pp, = pp = L. (3.83)

An appeal to Theorem 3.1.4 gives positive constants C' and C’ for which
Cn~! < [[¢"]loo < C'm7!

for all n € N,. In view of (3.83), let us note that the contribution from all points
&1,&,&3,&4 € Q(¢) appear in the local limit given by Theorem 3.1.5. An applica-

tion of the theorem gives

O (,y) = (e R,y — )+ (1) 2,y — n)
e NS @y )+ (<1)" S @,y + ) ) + ofn )
(1) 4 (1)) (2 (= )

_’_eiwz/2€i37ry/4Hl7;(x7y_’_,Yn)) +o(nY)

which holds uniformly for (z,y) € Z?. In this special case that P is of second
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order, we can write

o — —i(n,0)-(&y)=nP1.C) gnd
Pz, y) (2m)2 /]1@26 nd¢

1 ( x? y? )
= exp | — — —
2na/y(1 + i) n(l+ivy) 4dny
for (z,y) € R? and from this, it is easily seen that ¢(™ is approximated by two

generalized Gaussian packets respectively centered at (0, yn) for n € N,. For

comparison, Figure 3.8(c) and Figure 3.8(d) illustrate the approximation

flzy) = @1+ (1))

% <6_iﬂ—m/26iﬂ—y/4ﬂg($, Y — ’Yn) + eiTr:v/QeiSTry/4H1’r__z)(x’ y + ’YTL))

to ¢ for n = 30 and 60.

3.7.3 A supporting lattice misaligned with 7>

In this example, we study a real valued function ¢ whose support is not well-
aligned with the principal coordinate axes. Here, the points at which ¢ is max-
imized are of positive homogeneous type for ¢ but the corresponding positive
homogeneous polynomials are not semi-elliptic. In this way, we have a concrete
example to illustrate the conclusion of Proposition 3.2.2. In writing out the lo-
cal limit theorem for ¢, we also see the appearance of a multiplicative prefactor
which gives us information concerning the support of ¢(™). Finally, the validity

of global space-time exponential-type estimates is discussed.
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Consider ¢ : Z* — R defined by

;

3/8  (x,y) = (0,0)
1/8  (x,y) = +(1,1)
Pley)=91/4  (z,y) ==£(1,—-1)
—1/16  (z,y) = +(2,-2)

0 otherwise.

\

Figures 3.9 and 3.10 illustrate the graph and heat map of ¢(™ respectively when
n = 100.

20 10 0 10 20 20 0

Figure 3.9: ¢(™ for n = 100

We compute the Fourier transform of ¢ and find by a routine calculation that

sup |q5| = 1 and this maximum is attained at only two points in T?, (0,0) and
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Figure 3.10: The heat map of ¢(™ for n = 100

(7, 7). We write this as

Q(¢) = {51762} = {(070)7 (7T,7T)},

and note that ¢(§;) = ¢(&§2) = 1. For §; = (0,0), we have

I'(n,¢)
97>(§+§1)
1 A e
Og< o) )
o230 ¢ 25mPC 2 23p°¢% | 2om¢® 23¢t 4
= 8 34 2t 96 "% e T o 3sa ToUmON)
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as (n,¢) — (0,0). In seeking a positive homogeneous polynomial to lead the
expansion, we first note the appearance of the second order polynomial 7%/8 +
n¢/4+ ¢*/8. We might be tempted to choose this as our candidate, however, it is
not positive definite because it vanishes on the line = —(. Upon closer study,

we write

D¢ = —5+ 0 — oo(n = O +oll(, O

= —P(n,¢) +0o(P(n,Q))

as (1,¢) — (0,0), where the polynomial

POLO) = 20+ 0P + (= )"

is positive definite. Fortunately, it is also a positive homogeneous polynomial

as can be seen by observing that, for

3/8 1/8

I

1/8 3/8

P, Q) = P (P20 + Q)2+ 140 — /2, + /2 — 1745 — ©)/2)
= L+ 0) 4 o (- Q)

384
= tP(n,()

forallt > 0 and (n,{) € R? In contrast to the previous examples, P is not

semi-elliptic. However, observe that

1/v2 1/vV2) [3/8 1/8) [1/vV2 —1/V2 /2 0

A'EA = _
—1/v2 1/v2) \1/8 3/8) \1/v2 1/V2 0 1/4

and
(PoLa)n ) = P (L L) — LB + (VR = P+ 2!



which is semi-elliptic; this illustrates the conclusion of Proposition 3.2.2.

We have shown that & is of positive homogeneous type for ¢ with corre-
sponding a¢, = (0,0) and positive homogeneous polynomial P = F,. By ex-
panding the logarithm of ¢ near &, a similar argument shows that &, is also of
positive homogeneous type for ¢ with corresponding o, = (0,0) and the same
positive homogeneous polynomial P = F,. It then follows immediately that ¢

meets they hypotheses of Theorems 3.1.4 and 3.1.5 where
pg = pip = tr B = 3/4.
An appeal to Theorem 3.1.4 gives positive constants C' and C’ for which
C'n~¥ M < oMl < Cn 7/t
for all n € N,. By an appeal to Theorem 3.1.5, we also have

o (z,y) = &) TVHE (2, y) + d(&)e YV HY (2, y) + o(n /)
= (1 + (@ ty) ) HE(z,y) + o(n_3/4)
(

L+ cos(n(z +y))) Hp(x, y) + o(n~") (3.84)

uniformly for (z,y) € Z%. Upon closely inspecting the prefactor 1+ cos(w(x +y),

it is reasonable to assert that
Supp (¢(n)) C{(z,y) €2 x+yec2Z} =L

for all n € N, (Figure 3.10 also gives evidence for this when n = 100). The
assertion is indeed true, for it is easily verified that Supp(¢) C £ and, because £

is an additive group, induction shows that

Supp (¢" ) = Supp (6™ * ¢) C Supp (¢™) + Supp(¢) C L+ L =L
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for all n € N;. Thus, the prefactor (1 + cos(n(z + y)) gives us information about
the support of the convolution powers. In Section 3.7.6, we will see that this

situation is commonplace when ¢ is a probability distribution.

Let us finally note that, because a¢, = ag, = (0,0) and P, = P, = P, ¢ sat-
isfies the hypotheses of Theorem 3.1.6. A straightforward computation shows
that R#(x,y) =< |r + y|*> + |z — y|*®> where R = Re P and so, by an appeal to

Theorem 3.1.6, there are positive constants C' and M for which

C x4y | o —y*?
(n) _
[0 (2, y)| < —575 exp ( M ( 7

for all (x,y) € Z? and n € N,. We note however that because Q(¢) = {¢1,&}, ¢

does not satisfy the hypotheses of Theorem 3.5.3 and, by closely inspecting Fig-
ure 3.9, this should come at no surprise. In fact, by a direct application of (3.84),
it is easily shown that |¢(™ (0,0)| > en~3/* for some ¢ > 0 whereas ¢ (0,1) = 0
foralln € N;. Consequently, |D(.1)¢™(0,0)| > en%*foralln € N, from which

it is evident that the conclusion to Theorem 3.5.3, (3.60), doesn’t hold.

3.74 Contribution from non-minimal decay exponent

In the present example, we study a real valued function ¢ on Z? with Q(¢) =
{&1,&}. Although both & and &, are of positive homogeneous type for gz§ with
corresponding positive homogeneous polynomials P, and F,, we find that
e = pre, < fip,, Which is in contrast to the preceding examples. Consequently,

only the contribution from &; appears in the local limit.
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Consider ¢ : Z* — R be defined by

;

19/128  (z,y) = (0,0)

19/256  (z,y) = (0, £1)

1/4 (z,y) = (£1,0)
1/8 (z,y) = (£1,+£1)
Pz, y) =4 —5/64  (z,y) = (£2,0) (3.85)

—5/128 (x,y) = (£2,+£1)
1/256  (z,y) = (£4,0)
/512 (a,y) = (£4, +1)

0 otherwise.

\

The graphs of ¢ for (z,y) € Z* such that —100 < z,y < 100 are displayed
in Figures 3.11(a) and 3.11(c) for n = 100 and Figures 3.12(a) and 3.12(c) for
n = 1,000. Upon considering the Fourier transform of ¢, we find that sup |¢| = 1

and this maximum is attained at exactly two points in T?. Specifically,

Q(¢) = {51762} = {(070)7 (7‘(‘,0)}’

where ¢(&;) = 1 and ¢(&,) = —1. In expanding the logarithm of ¢(¢ + &,)/p(£1)
about (0,0), we find that & = (0,0) is of positive homogeneous type for ¢ with
ag, = (0,0) and

¢

Pe (n,Q) = TS

Clearly P, is positive homogeneous with E; = diag(1/6,1/2) € Exp(F,) thus
pp, = tr By = 2/3. Now, upon expanding the logarithm of D€ + &)/0(&) we

find that & = (mr,0) is also of positive homogeneous type for ¢ with ae, = (0,0)
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Figure 3.11: ¢, (a) and (c), Hp, , (b) and (d), for n = 100

and positive homogeneous polynomial

CQ
P&Q(ﬁ?C) = 772 + ZJ

Here, F» = (1/2)1 € Exp(F,) and thus pp, = tr By = 1. In this case

fo = Mil g = pip, = 2/3

and so, in light of the paragraph preceding the statement of Theorem 3.1.5, we

restrict our attention to ;, in which case the theorem describes the approxima-

tion of ¢\ by a single attractor Hp, . This is the local limit

0" (x,y) = Hp, (x,y) +o(n™??) (3.86)

which holds uniformly for (z,y) € Z?. Figures 3.11(b), 3.11(d), 3.12(b) and

3.12(d) illustrate this result. It should be noted that the approximations shown
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Figure 3.12: ¢, (a) and (c), Hp, , (b) and (d), for n = 1,000

in Figures 3.11 and 3.12 appear more coarse than those of the previous exam-
ples. For instance, Figure 3.11(c) depicts minor oscillations in the graph of ¢(™
which do not appear in the approximation illustrated in Figure 3.11(d). These
oscillations are due to the influence on ¢™ by ¢ near & which for n = 1,000 is
not yet sufficiently scaled out. As demonstrated in the proof of Theorem 3.1.5,
this influence dies out on the relative order of n'~%? = n~'/3 and thus the influ-

ence is not negligible when n = 1, 000.

As a final remark, we note that ¢ is the tensor product of two functions mapping
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Z into C. Specifically, ¢ = ¢1 ® ¢, where,

(

19/64 =0

1/2 r ==l (1/2 y=0
¢1(x) =4 —5/32 & =42 and  ¢o(y) =< 1/4 y=+1

1/128 x =44 \O otherwise.

0 otherwise

\

In fact, had we studied the functions ¢, and ¢, separately, we would have found

that
o\ (x) = Hls () +o(n™%) and @i (y) = H ,(y) + o(n?)

uniformly for z,y € Z and from this deduced the local limit (3.86) because ¢(™ =
o™ @ ¢{" and Hp, = Hysp6 @ Hezpy (note also that i, = 1/6 +1/2 = pg, +
[g,)- In general, tensor products can be used to create a wealth of examples in
any dimension to which the results of lower dimensions can be applied. For
instance, by applying the much stronger theory of one dimension (in light of
[73]), one can deduce stronger results than are given here for the class of finitely

supported functions on Z¢ of the form

P=P1 QP2 @ - R Pq

where ¢, : Z — C is finitely supported for k = 1,2,...,d. How to place these

examples in a d-dimensional theory is an open question.

3.7.5 A simple class of real valued functions

In this subsection we consider a class of real valued and finitely supported func-

tions ¢, » determined by two multi-parameters m € N; and A € Ri, c.f, Sub-
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section 2.4 of [31]. Here, {2(¢m,) contains only 0 € T which is of positive
homogeneous type for ¢, with no drift and whose associated positive ho-
mogeneous polynomial is a semi-elliptic polynomial with no “mixed” terms.
In this setting, our methods yield easily (*°-asymptotics and local limit theo-
rems for qbfz?A = (¢m)™. Moreover, all of the results of Section 3.5 concerning
global space-estimates for gbﬂ? , and its discrete differences are valid and we ap-

ply them.

Let m = (my,ma,...,my) € NL and A = (A, \2,..., \q) be such that \; €

(0,27™i /d] for j = 1,2,...,d with at least one \; < 27" /d. Define
d
Gm = 0o — Z )\j((s() — pj)(mj) (3.87)
=1

where p; = (1/2)(0¢, + 6_,) is the Bernoulli walk on the jth coordinate axis. By
a straightforward computation, we have

d

bmal§) = 1= D (1~ cos(gy )™

j=1
for £ = (&1.&,...,&) € R and from this it is easily seen that sup, |dma(€)] = 1
which is attained only at 0 € T, i.e., Q(¢m) = {0}. Here, ém’,\(O) = 1 and itis

easily seen that

[(€) = log(dma(€)) = —Pma(€) + 0o( Pma())

as £ — 0, where
4N, 9
Pana(§) = Y 226"

2
=1

for &€ = (&,&,...,&) € R% Note that Py, \(€) is a semi-elliptic polynomial of
the form (3.18) with Dy, = diag((2m4)~%, (2ma)™', ..., (2my)~") € Exp(Pm,) and
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hence
[gmr = Pmy = (2m1) "+ (2mo) ™' + -+ + (2mq) ' = |1 : 2m],

where 1 = (1,1,...,1) € N¢,

For any | € N, recall from Section 3.5 the discrete time difference operator 9, =

0;(¢m,x, €0, ) which, in this case, is given by

A = (86— ¢l ) %2

for ¢ € (Y(Z%). For any multi-index 3 € N9, consider the difference operator

DF = DP defined for any ¢ € (*(Z¢) by
D’% = (1961)ﬁl (D62>52 e (Ded)ﬁdw

where D, ¢ (z) = ¢(z + ;) — ¥(x) for z € Z? and (D,)" is the identity. We
note that e = {ey, e9,..., €4} is Py »-fitted of weight m in view of the discussion

preceding Corollary 3.5.6. Finally, define

d
(@] = Y Jay /D (3.88)
j=1
for x = (1,29, ...,74) € R and observe that

d
’niDm.fL"m _ Z ‘:L,j‘ij/(ijfl)/nl/(ijfl)
J=1

forr ¢ RYand n € N,.

Proposition 3.7.1. Let ¢y, 5 be defined by (3.87), assume the notation above and write

()™ = ¢EZ,)A for n.€ N,. There are positive constants C and C" for which
O < g floo < O/ 112 (3.89)
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forall n € N.. We have

o ()

_ n_|1:2m|HPm7>\ (n_Dmx) + O(n—|1:2m|)

T i) Tq
nt/(2m1)’ p1/(2m2)" """ 7 n1/(2ma)

S N )+ o(n~12m0) - (3.90)

uniformly for © = (x1,22,...,24) € L%, where Hp,,, is defined by (3.8). There are

positive constants Cy, Cy, My and M, for which

n C _
60, (x)] < n\1:3m| exp (—Mp [n~Pmz| ) (3.91)
and
n n C —
s () = Sh (@)] < oy oxp (=M [n~Pmal,,) (3.92)

forall x € Z% and n € N... Further, there are positive constants Cy and M and, to each

multi-index (3, a positive constant C such that, for any I, Iy, . .., 1, € N,

CsCFEITTE 1
\ahalQ---aljD%Egg(x)\< sCoR o ly

—  pll+B8+2km:2m|

exp (=M |(n + sk)’D"‘x‘m) (3.93)
forallz € Z4and n € N, where sp =1y + o + -+ - + I}

Remark 10. For simplicity, we have not treated the critical case in which \; = 2'=™1 /d
for j =1,2,...,d in the proposition above, however, our methods handle this easily. In
this case, the local limit (3.90) instead contains the prefactor 1 + exp(im(n — x; — xo —

-+« —x4)). The estimate (3.92) is also valid here but (3.93) and (3.91) fail to hold (for

reasons similar to those of Subsection 3.7.3).

Proof. In view of the discussion proceeding the proposition, straightforward ap-
plications of Theorems 3.1.4 and 3.1.5 yield (3.89) and (3.90) respectively. To see

the global space-time estimates, we first observe that

Pi7/\(x1>x27 B de)

d m.\ 1/(2m;—1) 1/(2m;—1) 2m;/(2m;—1)
— Z (2_]) ’ (L) ’ _ (L) ’ ’ |xj|2mj/(2mj—1)
1 >‘j 2mj Qmj

J
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for v = (21,22,...,74). From this it is easily checked that | - |, < Pix (this
can also be seen with the help of Corollary A.3.3). Using the fact 0 € Q(¢m,»)
has corresponding oy = 0 and Py = Pm which is semi-elliptic, ¢, meets
hypotheses of Theorem 3.1.6, Corollary 3.5.8 and Theorem 3.5.7. The estimates
(3.91) follows immediately from Theorem 3.1.6. Upon noting that s + 1 =
1 : 2m|+ 2m : 2m| = |1 + 2m : 2m|, (3.92) follows from Corollary 3.5.8.
Finally, the estimate (3.93) follows from Theorem 3.5.9 once it is observed that
pe+ 10 :2m|+k =114 0+ 2km : 2m|, e = {e1,€,...,eq} is Py -fitted with

weight m and [],_, [e;|% = 1. O

3.7.6 Random walks on Z% A look at the classical theory

In this short subsection, we revisit the classical theory of random walks on Z.
We denote by M., the set functions ¢ : Z% — [0, 1] satisfying
Il = 3 @) = 1,
€4

i.e., M} is the set of probability distributions on Z?. As discussed in the intro-
duction, each ¢ € M}, drives a random walk on Z¢ whose nth-step transition
kernel k, is given by k,(z,y) = ¢ (y — z) for 2,y € Z%. Taking our terminol-
ogy from [83, p. 72], we say that ¢ € M}, is genuinely d-dimensional if Supp(¢) is
not contained in any (d — 1)-dimensional affine subspace of R in this case, we
also say that the associated random walk is genuinely d-dimensional. Our main
focus throughout this subsection is on subset of ¢ € M}, which are genuinely d-
dimensional with finite second moments. In contrast to the standard literature,
we make no assumptions concerning periodicity/aperiodicity/irreducibility,

c.f., [63,83]. In this generality, our formulation of the (classical) local limit theo-
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rem, Theorem 3.7.5, naturally contains a prefactor © which nicely describes the

support of ™ and hence the random walk’s periodic structure.

Our first two results, Lemma 3.7.2 and Proposition 3.7.3 are stated for the gen-
eral class of ¢ € M; one should note that both results fail to hold in the case that
¢ is generally complex valued. The lemma and proposition highlight the impor-
tance of the set Q(¢) and, in particular, its inherent group structure. This intrin-
sic structure (and much more) was also recognized by B. Schreiber in his study
of (complex valued) measure algebras on locally compact abelian groups [81].
In fact, Schreiber’s results can be used to prove Lemma 3.7.2 and Proposition
3.7.3; although, in our context, the proofs are straightforward and so we pro-

ceed directly.

Lemma 3.7.2. Let ¢ € M}. Then Q(¢) depends only on Supp(¢) in the sense that, if
Supp(¢1) = Supp(¢2) for ¢1, p2 € MY, then Q(¢1) = Q(p2). Furthermore, for each
¢ € Q(9), there exists w(§) € (—m, 7| such that

9(€) = e = e

forall x € Supp(¢).

Proof. We shall use the following general property of complex numbers. If

{#1, 22, ...} C C satisfy
§£:|Zk|=:1 :Z‘jz:zk)
k k=1

then, for some w € (—m, 7], zx = rpe™ for all k. Thus, whenever £ € Q(¢), i.e.,

=1,

()] =| D slayes

x€Z4

149



there exists w = w(§) € (—m, 7] for which
e = () (3.94)

for all z € Supp(¢). In particular, this shows that ©2(¢) depends only on Supp(¢).

Further, observe that

) = D dla)e™t = Oy ) = e (3.95)
x€Z4d x€Z4
and so the result follows upon combining (3.94) and (3.95). O]

Proposition 3.7.3. Let ¢ € M. Then Q(¢) is a subgroup of T* and

. 1
o o Q(p) — S

is a homomorphism of groups; here, T¢ is taken to have the canonical group structure

and St ={z € C:|z| =1}.

Proof. 1t is obvious that 0 € (¢); hence €(¢) is non-empty. Let &,& € Q(¢)
and, in view of Lemma 3.7.2,

&—&) = Y d@)em BT = N g(2)d(&) (&)

xE€Supp(¢) zE€Supp(¢)

= &(52)(5(51)71"@'1 = ¢E(f2)¢2(51)71

and thus & — & € Q(¢) because |6(& — &)| = |0(&)d(&) 7 = 1. As Qo) is

non-empty and closed under subtraction, we conclude at once that Q(¢) is a

subgroup of T and the restriction of ¢ to €2(¢) is a homomorphism. O

We now begin to develop what is needed to recapture and reformulate the
classical local limit theorem in the general case that ¢ € M| is genuinely d-

dimensional and has finite second moments. In this case, the mean as € R? and
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covariance Cy € My(R) of ¢ are defined respectively by

{ag}i = Z zpp(z) fork=1,2,....d

z€Z4

and
{Cotri = (mx —{agh) (@ — {agh)é(z) fork,l=1.2,.. . d.
z€Z?
Proposition 3.7.4. Let ¢ € M} be genuinely d-dimensional with finite second mo-

ments and let o, and Cy be the mean and covariance of ¢ as defined above. Set

PA(E) = 56 Gt

for € € R Then each &, is of positive homogeneous type for ¢ with ag, = oy and

positive homogeneous polynomial P, = Py. In particular, py = pp, = d/2.

Proof. When ¢ is genuinely d-dimensional, it is well-known that the covariance

form
£ Cov(p)(§) =& Cpé

is positive definite (when ay = 0, Supp(¢) contains a basis of R? and when
ag # 0, an appropriate shift does the trick). Upon noting that 27! € Exp(P,),

we conclude that P, is a positive homogeneous polynomial. Observe that, for

L(€) = log(d(¢ + &)/d(&)),

Ad(&o) 1 : 22
g0(0) = 22 _ ()™
IO = e e,
1 ' etw(&o)
= - izpd(x)e ) = - irk¢(z)
(&) xesuzp;w) k (&) xe&lzp;w) k
= i{agtk

forall k =1,2...d, where we have used Lemma 3.7.2. By analogous reasoning,

which again makes use of the lemma, 0;;I'(0) = —{Cy}x,; for k,l = 1,2,...,d.
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Consequently,

d
OT0)8+ D 50T (O006&+ol|€7) = iary €~ Po(€) +o([€[?). (3.96)

k=1 k=1

M=

I'(¢) =

as £ — 0, where we have used the positive definiteness P, to rewrite the error.
From this it follows immediately that & is of positive homogeneous type for ¢

with a¢, = a4 and positive homogeneous polynomial P, = P;. O

We now present the classical local limit theorem in a new form. Assuming the
notation of the previous proposition, the attractor G, = Hp, which appears
below is the generalized Gaussian density given by (3.2), see [63, p. 25]. Let us
also note that, in view of the previous proposition and Proposition 3.4.1, {2(¢) is

finite.

Theorem 3.7.5. Let ¢ € M}, be genuinely d-dimensional with finite second moments.

Then there exists positive constants C' and C" for which

Cn~%? < sup ¢(")(:U) < C'n? (3.97)

x€Z4

forall n € N. Furthermore,

o™ (z) = n~920(n, 2)G, (x _\/%O%) +o(n~Y?) (3.98)

uniformly for x € Z¢, where © : Ny x Z% is dependent only on Supp(¢) in the sense of

Lemma 3.7.2 and is given (equivalently) by

O(n,z) = Y O9 = N cos(nw(§) — - £); (3.99)

£€Q(9) £€Q(9)

here, w(&) € (—m, x| is that given by Lemma 3.7.2 for each & € Q(¢).

Proof. The hypotheses of the present theorem are weaker than those of Theo-

rems 3.1.4 and 3.1.5 as the latter theorems require ¢ to have finite moments of
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all orders. However, what is really used in the proof of the Theorem 3.1.5 is the
condition that, for each &, € Q(¢), I'¢, can be written in the form (3.96) where
P, = P, is positive definite (in the general case that ¢ is complex valued, it is
not known a priori how many terms in the Taylor expansion for I'¢, are needed
for this to be true). Under the present hypotheses and in view of Proposition
3.7.4, the proof of Theorem 3.1.5 pushes through with no modification and so
we apply it (or simply its conclusion). As an immediate consequence, we obtain
(3.97) because Theorem 3.1.4 follows directly from Theorem 3.1.5. It remains to
show that the local limit yielded by Theorem 3.1.5 can be written in the form
(3.98).

By virtue of Proposition 3.7.4, we have o = ay, P = P, for all { € Q(¢)
and, moreover p, = pp = d/2. Noting that all £ € Q(¢) have corresponding
positive homogeneous polynomials of the same order (because the polynomials
are identical), all appear in the local limit. Consequently,

S(@) = D0 A HE, (= nag) + o(n~ ")
£€Q(e)

- ( > e”f(&(@)”) n 2 Hp, (V2 (2 = nay)) +o(n~?)

£€Q(9)

= p 4?2 ( Z ei(”“’(@z'@) Gy (n_1/2 (x — noz¢)) + o(n_d/Q)

£€Q(9)

= n_d/Q@(n,x)G¢ ($ —\/ang) + o(n_d/Q)
n

uniformly for x € Z%. In view of Lemma 3.7.2, it is clear that © depends only on

Supp(¢) and so to complete the proof, we need only to verify the second equality

in (3.99). Using the fact that (¢) is a subgroup of T¢ in view of Proposition 3.7.3,
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for each ¢ € Q(¢), —¢ € Q(¢) and therefore

On, z) :% ( Y el 4§ ei(nw(f)x-(f))) = 3" cos(nw(€) =€)

£€Q(9) £€Q(9) £€Q(9)

where we have noted that w(—¢) = —w(§) for each € € Q(¢). O

By close inspection of the theorem, one expects that in general © can help us
describe the support of ™ and hence the periodicity of the associated random

walk. This turns out to be the case as our next theorem shows.

Theorem 3.7.6. Let ¢ € M}, be genuinely d-dimensional with finite second moments

and define © : N, x Z% — R by (3.99). Then

Supp (¢™) € Supp(©(n, -)) (3.100)
forall n € N. Further, if

limsup |O(n,z + [nay|)| >0
for x € Z¢, then

lim sup n#¢¢™ (z 4 [nagy]) > 0.

Proof. Inview of Lemma 3.7.2, for any z € Supp(¢), w(§) = zo-£ forall £ € Q(¢).

Therefore, for any x, € Supp(¢),

O(n,x) = Z cos((nxg — ) - §)

£€Q(¢)

foralln € N and = € Z and, in particular,

O(1,m0) = Y cos(0) = #(¢)) >0
£€Q(¢)
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whence Supp(¢) C Supp(©(1,-)). The inclusion (3.100) follows straightfor-
wardly by induction. For the second conclusion, an appeal to Theorem 3.7.5

shows that, for sufficiently large n,
n?2¢" (@ + [nag)) > 10(n, @ + [nag ) Go(n™(z + [nag) — nag))|/2

for all # € R%. Of course, for any fixed =, lim,, ., |G4(n~Y2(z + |nag| —nay))| =

G4(0) > 0 and from this, the assertion follows without trouble.

To illustrate the utility of the function ©, we consider a class of examples which
generalizes simple random walk. For a fixed m = (my, mo, ..., ms) € N% define

bm € MLby
1
2d

for j = 1,2,...,d and set ¢y,(x) = 0 otherwise; here, {e1,es,...,¢e4} is the

Pm(mjej) = dm(—mje;) =

standard euclidean basis. This generates the random walk with statespace

{(k;lml, kamsa, . .., kdmd) : kj S/ forj =1,2,... ,d} We have:
Proposition 3.7.7. Let Oy, : N, x Z? — R be that associated to ¢, by (3.99). Then

2 (szl mj) if mj|z; forall j =1,2,...dand n — |z : m| is even

Om(n,z) =
0 otherwise.

Proof. For notational convenience, we write ¢ = ¢, and © = O,,. Observe
that dS(é’) = (1/d) Z?Zl cos(m;&;) for € = (£1,&,...,&) € T and so by a direct

computation,

Qo) = QeUQo

ki k k
_ {ﬂ(—l,—Q,...,—d>:keZe}
mo Moy my

: ki k k
U{W(—l,—Q,...,—d) :kEZo},
meo Moy mq
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where
Ze={k€Z": —m; < kj <mjand k;isevenforj=1,2,... d}
and
Zo=1{kecZ": —m; < k; < kjand m;isodd for j =1,2,...,d}.
With this decomposition, we immediately observe that
0 if&ee

w(§) =
T 1f§ € Qo.

In the case that m;|z; for j = 1,2,...,d,

On,z) = 3 e84 § gilanr)

£ £€Qo
d
= Z exp (—mz xj) + Z exp (m (n— Z ijj))
kez. kez, j=1 i

= #(Ze) +exp (W (n > %)) #(Zo)

J=1

where we have used (3.99). Now #(Ze) = #(Zo) = [[%_, m; and so it follows

j=1
that
d (H‘?_ m-) if n — |z : m|is even
O(n,z) = (1+ e/ (n—lwm]) H =
7=1 0 if n — |z : m| is odd.
In the case that m, /fxl forsomel =1,2,...,d, observe that
O(n,x) = Z e T 4 Z gi(mn—¢z)

éeﬂe £eQo

S Y e ()

J=1m;<k;<m;
k]even

”"H > exp( k) (3.101)

J=1m;<k;<m;
kjodd
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Focusing on the /th multiplicand in the first term, it is straightforward to see

that

—2miz;/m $lkl
(e 2miz;/ 1_1) Z exp (_mﬁ>

my<k;<my
kjeven

_ ( : xl(kl+2)> ( zk‘l> _
= E exp| —im——— | —exp| —in— | =0
my my

my<k;<my
kjeven

and since my ){a:l, we can immediately conclude that

Yo Y exp<_ml“l_’ﬁ)n 3 exp< ’f) 0.

£eQe my<k;<my J#AL mi<k;<m;

klever\ k]evel'\
An analogous argument shows that Y., €™ &% = 0 and so, in view of
(3.101), it follows that ©(n, z) = 0 as desired. O

Simple random walk is, of course, the random walk defined by ¢,, where m =

(1,1,...,1). In this case, the proposition yields

2 ifn—xy — 29— -+ — 2418 €VEN
6(171 7777 1)(n7x) =
0 ifn—x1—x9 — -+ —x4is 0dd;

this captures the walk’s well-known periodicity.

We end this section by showing that Theorem 3.1.6 provides a Gaussian (up-
per) bound in the case that ¢ € M} is finitely supported and genuinely d-
dimensional. To obtain a matching lower bound, it is necessary to make some

assumptions concerning aperiodicity.

Theorem 3.7.8. Let ¢ € M}, be finitely supported and genuinely d-dimensional with

mean ag € RY. Then, there exist positive constants C and M for which

¢(")(x) < ni exp (—M|x - na¢]2/n)
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foralln € N, and x € Z°.

Proof. In view of Proposition 3.7.4, our hypotheses guarantee that every ¢ €
Q)(¢) is of positive homogeneous type with corresponding o, = a,, and positive
homogeneous polynomial P: = Py; here iy = up, = d/2 and Ry = Re Py = Fy.

An appeal to Theorem 3.1.6 gives positive constants C'and M for which

6 (@) = 60 (@)] < - exp (~nMPF ((z — na) /n)

for all n € Ny and z € Z¢. Upon noting that Pf is necessarily quadratic and
positive definite by virtue of Proposition A.3.2, we conclude that Pf = |-]* and

the theorem follows at once. O]
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CHAPTER 4
POSITIVE-HOMOGENEOUS OPERATORS, HEAT KERNEL ESTIMATES
AND THE LEGENDRE-FENCHEL TRANFORM

4.1 Introduction

In this chapter, we consider a class of homogeneous partial differential opera-
tors on a finite dimensional vector space and study their associated heat ker-
nels. These operators, which we call nondegenerate-homogeneous operators,
are seen to generalize the well-studied classes of semi-elliptic operators intro-
duced by E. Browder [15], also known as quasielliptic operators [94], and a spe-
cial “positive” subclass of semi-elliptic operators which appear as the spatial
part of S. D. Eidelman'’s 2b-parabolic operators [36]. In particular, this class of
operators contains all integer powers of the Laplacian. We begin this introduc-
tion by motivating the study of these homogeneous operators by first demon-
strating the natural appearance of their heat kernels in the study of convolution
powers of complex valued functions. To this end, consider a finitely supported
function ¢ : Z? — C and define its convolution powers iteratively by
¢ () =Y " V(- y)oly)
yezd

for z € Z¢ where ¢(V) = ¢. In the special case that ¢ is a probability distribution,
i.e., ¢ is non-negative and has unit mass, ¢ drives a random walk on Z? whose
nth-step transition kernels are given by k, (z,y) = ¢ (y—x). Under certain mild
conditions on the random walk, ¢ is well-approximated by a single Gaussian

density; this is the classical local limit theorem. Specifically, for a symmetric,
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aperiodic and irreducible random walk, the theorem states that

B () = 012G/ v/) + o(n~"?)
uniformly for = € Z?, where G is the generalized Gaussian density

1 s it e 1 N _a:«C’¢_1x)_
(2m)d /Rd eXP( § C¢f)€ d§ = (2m)/2 édet(?(be P( 5 )

Gy(r) =

(4.1)
here, Cy is the positive definite covariance matrix associated to ¢ and - denotes
the dot product [63,72,83]. The canonical example is that in which C; = I (e.g.
Simple Random Walk) and in this case ¢ is approximated by the so-called

heat kernel

K7 ) = -G/ V) = () exp (-1

In addition to its natural appearance as the attractor in the local limit theorem,

K f_ A) (z) is a fundamental solution to the heat equation

In fact, this connection to random walk underlies the heat equation’s probabilis-
tic/diffusive interpretation. Beyond the probabilistic setting, this link between
convolution powers and fundamental solutions to partial differential equations

persists as can be seen in the following examples.
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Example 1. Consider ¢ : Z* — C defined by

8 (iL‘l, .CIZ'Q) = (O, 0)
5+43 (z1,22) = (£1,0)
-2 (x1,22) = (£2,0)

¢(x1,72) = 2123 XQi(vV3—-1)  (x1,25) = (£1,-1)
—i(vV/3 —1) (x1,25) = (£1,1)
2F 2t (1‘1,1'2) = (O,:l:l)

0 otherwise.

(a) (b)

0.02+

0.01+

-0.014

-0. 88>\///‘— ‘9%’\(’//-20

Figure 4.1: The graphs of Re(¢™) (a) and Re(e~"™*2/3K7) (b) for n = 100.

Analogous to the probabilistic setting, the large n behavior of ¢\™) is described by a
generalized local limit theorem in which the attractor is a fundamental solution to a
heat-type equation. Specifically, the following local limit theorem holds (see [72] for
details):

¢ (w1, 2) = e TR (21, 2) + o(n )

uniformly for (x1,22) € Z* where K is the “heat” kernel for the heat-type equation
Oy + A = 0 where

1

AN=—""-(20" —i(V/3—1)0%0,, — 402 ).
22+2\/§< 1 Z(\/_ )21 2 x2>

161



This local limit theorem is illustrated in Figure 4.1 which shows Re(¢™) and the ap-

proximation Re(e~"*2/3 K1) when n = 100.

Example 2. Consider ¢ : Z* — R defined by ¢ = (¢1 + ¢2)/512, where

;

326 (l’l, 1'2) = (0, O)
20 (x1,22) = (£2,0)

1 (I‘l,.’L'Q) = (:’:4,0)

¢1($1,1‘2) =
64 (LUl, Ig) = (0, :l:].)
—16 (1’1, ZL‘Q) = (O, :|:2)
0 otherwise
and
.
76 (x1,72) = (1,0)
52 (x1,22) = (—1,0)
:F4 (l’l,ZL‘Q) = (:l:?), 0)
F6  (z1,72) = (£1,1)
¢2($1,$2) =

F6 (ZL‘l,ZEQ) = (:l:l, —1)
+2 ($1,$2> = (:l:?), 1)
+2  (x1,29) = (£3,-1)

0 otherwise.

\

In this example, the following local limit theorem, which is illustrated by Figure 4.2,

describes the limiting behavior of ™). We have
¢ (21, 5) = K (1, 29) + o(n~>/12)
uniformly for (x1,x) € Z* where K is again a fundamental solution to 9, + A = 0
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Figure 4.2: The graphs of Re(¢™) (a) and K7 (b) for n = 10, 000.

where, in this case,
1
=5 (

Example 3. Consider ¢ : Z* — R defined by

p

A —88 208 + 200 %) .

3/8 (x1,22) = (0,0)
1/8  (x1,22) = +(1,1)
Oz, y) =91/4  (21,20) = £(1,—1)
—1/16 (1, 22) = +(2,-2)

0 otherwise.

\

Here, the following local limit theorem is valid:
¢ (21, 25) = (1+ e”(mﬁ’”?)) K (1, x9) + o(n ™34

uniformly for (z1,x2) € Z?. Here again, the attractor K is the fundamental solution
to 0, + A = 0 where

1 23 1 25 1 23 25 23
N=—=02 + =0, — =04,00, — — 02 O, — <02, + =05 02, — — 00,0, + —05,.
80m T ggm T 0% T gg0n e T g0 T gy a0 T gg0n On T 551 O

The operators appearing in the above examples share two important proper-

ties: homogeneity and positivity. While we make these notions precise in the
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next section, loosely speaking, homogeneity is the property that A “plays well”
with some dilation structure on R¢, though this structure is different in each
example. Further, homogeneity for A is reflected by an analogous one for the
corresponding heat kernel K; in fact, the specific dilation structure is, in some
sense, selected by ¢ as n — oo and leads to the corresponding local limit the-
orem. We encourage the reader to see the recent article [72] for a more thorough
study of these examples and, in general, a more through study of local limit the-
orems. As we have often found-through local limit theorems and otherwise—
knowledge of the attractor K, informs our study of convolution powers (see

Theorem 1.6 and Section 5.1 of [72]).

The prototypical examples of homogeneous operators considered in this chap-
ter are the so-called semi-elliptic operators originally introduced by F. Brow-
der in [15] and shortly appearing thereafter in L. Hormander’s treatise on lin-
ear partial differential operators [54, 55]. Given d-tuple of positive integers
n = (ni,n,...,ng) € N% and a multi-index 8 = (81, f2,...,04) € N set
1B :n| = ZZ:1 Br/ni. Consider the constant coefficient partial differential oper-

ator

A= Z CLBDﬁ

|B:m|<1

with principal part (relative to n)
A, = Z aﬁDﬂ ,
|Bm[=1
where ag € C and D = (i0,,)" (i0y,)" - - - (i0,,)% for each multi-index 3 €
N¢. Such an operator is said to be semi-elliptic if the symbol of A,, defined by
Pp(§) = Xpmmr apé” for & € RY, is non-vanishing away from the origin. If

A satisfies the stronger condition that Re F,(&) is strictly positive away from
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the origin, we say that it is positive-semi-elliptic. What seems to be the most
important property of semi-elliptic operators is that their principal part A, is
homogeneous in the following sense: If given any smooth function f we put
Si(f)(x) = ft/mpy, tY/m2my . tYagy) forallt > 0and o = (21, 2,...,24) €
R¢, then

tA =610 A, 00,

for all ¢ > 0. This homogeneous structure was used explicitly in the work of F.
Browder and L. Hormander and, in this chapter, we generalize this notion. Our

generalization captures the operators appearing in Examples 1, 2 and 3.

As mentioned above, the class of semi-elliptic operators was introduced by F.
Browder in [15] who studied spectral asymptotics for a related class of variable-
coefficient operators (operators of constant strength). Semi-elliptic operators
appeared later in L. Hormander’s text [54] as model examples of hypoelliptic
operators on R? beyond the class of elliptic operators. Around the same time
L. R. Volevich [94] independently introduced the same class of operators but
instead called them “quasi-elliptic”. Since then, the theory of semi-elliptic oper-
ators, and hence quasi-elliptic operators, has reached a high level of sophistica-
tion and we refer the reader to the articles [1-5,15,49,50,54,55,58,90,92], which
use the term semi-elliptic, and the articles [11-13,17,23-30, 41, 67,70,91,93,94],
which use the term quasi-elliptic, for an account of this theory. We would also
like to point to the 1971 paper of M. Troisi [91] which gives a more complete list

of references (pertaining to quasi-elliptic operators).

Shortly after F. Browder’s paper [15] appeared, S. D. Eidelman considered a

subclass of semi-elliptic operators on R4*! = R & R? (and systems thereof) of
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the form

a+ > agDP =0+ > agD’, (4.2)

|8:2m|<1 |8:m]<2

where m € N? and the coefficients ag are functions of z and t. Such an oper-
ator is said to be 2m-parabolic if its spatial part, > 5., <; agD?, is (uniformly)
positive-semi-elliptic. We note however that Eidelman’s work and the exist-
ing literature refer exclusively to 2b-parabolic operators, i.e., where m = b, and
for consistency we write 2b-parabolic henceforth [36,37]. The relationship be-
tween positive-semi-elliptic operators and 25—parabolic operators is analogous
to the relationship between the Laplacian and the heat operator and, in the con-
text of this chapter, the relationship between nondegenerate-homogeneous and
positive-homogeneous operators described by Proposition 4.2.4. The theory of
2b-parabolic operators, which generalizes the theory of parabolic partial differ-
ential equations (and systems), has seen significant advancement by a number
of mathematicians since Eidelman’s original work. We encourage the reader to
see the recent text [37] which provides an account of this theory and an exhaus-
tive list of references. It should be noted however that the literature encompass-
ing semi-elliptic operators and quasi-elliptic operators, as far as we can tell, has
very few cross-references to the literature on 25—parabolic operators beyond the
1960’s. We suspect that the absence of cross-references is due to the distinctness

of vocabulary.

Returning to our discussion of convolution power examples, we note that the
operators appearing in Examples 1 and 2 are both positive-semi-elliptic and con-
sist only of their principal parts. This is easily verified, for n = (4,2) = 2(2,1)
in Example 1 and n = (6,4) = 2(3,2) in Example 2. In contrast to Examples

1 and 2, the operator A which appears in Example 3 is not semi-elliptic in the
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given coordinate system. After careful study, the A appearing in Example 3 can

be written equivalently as

1 23
A= —5831 + @832 (4.3)

where 0,, is the directional derivative in the v; = (1, 1) direction and 9, is the
directional derivative in the v, = (1, —1) direction. In this way, A is seen to be
semi-elliptic with respect to some basis {vy, v, } of R2. For this reason, our formu-
lation of nondegenerate-homogeneous operators (and positive-homogeneous

operators), given in the next section, is made in a basis independent way.

The subject of this chapter is an account of positive-homogeneous operators,
a class of operators which generalize semi-elliptic operators, and their corre-
sponding heat equations. In Section 4.2, we introduce positive-homogeneous
operators and study their basic properties; therein, we show that each positive-
homogeneous operator is semi-elliptic in some coordinate system. Section 4.3
develops the necessary background to introduce the class of variable-coefficient
operators studied in this chapter; this is the class of (2m, v)-positive-semi-
elliptic operators introduced in Section 4.4—each of which is comparable to a
constant-coefficient positive-homogeneous operator. In Section 4.5, we study
the heat equations corresponding to uniformly (2m, v)-positive-semi-elliptic
operators with Holder continuous coefficients. Specifically, we use the famous
method of E. E. Levi, adapted to parabolic systems by A. Friedman and S. D.
Eidelman, to construct a fundamental solution to the corresponding heat equa-
tion. Our results in this direction are captured by those of S. D. Eidelman [36]
and the works of his collaborators, notably S. D. Ivashyshen and A. N. Kochubei
[37], concerning 2b-parabolic systems. Our focus in this presentation is to high-

light the essential role played by the Legendre-Fenchel transform in heat kernel
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estimates which, to our knowledge, has not been pointed out in the context of
semi-elliptic operators. In a forthcoming work, we study an analogous class of
operators, written in divergence form, with measurable-coefficients and their
corresponding heat kernels. This class of measurable-coefficient operators does
not appear to have been previously studied. The results presented here, using
the Legendre-Fenchel transform, provides the background and context for our

work there.

4.1.1 Preliminaries

Fourier Analysis: Our setting is a real d-dimensional vector space V equipped
with Haar (Lebesgue) measure dz and the standard smooth structure; we do not
affix V with a norm or basis. The dual space of V is denoted by V* and the dual
pairing is denoted by &(z) for x € V and ¢ € V*. Let d¢ be the Haar measure
on V* which we take to be normalized so that our convention for the Fourier
transform and inverse Fourier transform, given below, makes each unitary. For
the remainder of this thesis, all functions on V and V* are understood to be
complex-valued. For a non-empty open set 2 C Vand 1 < p < oo, we denote
by LP(Q2) := LP(£, dz) the usual Lebesgue space equipped with its usual norm
| - | Lr(0); when the context is clear, we will simply write || - ||, = || - || zr(). In the
case that p = 2, the corresponding inner product on L?((2) is denoted by (-, -). Of

course, we will also work with L?(V*) := L?(V*, d¢); here the L?-norm and inner

product will be denoted by || - [|2- and (-, -), respectively. The Fourier transform
F : L*(V) — L*(V*) and inverse Fourier transform F~! : L?(V*) — L?(V) are

initially defined for Schwartz functions f € S(V) and g € S(V*) by

F(F)E) = f(€) = /

A\

€ f(e)de and  F(g)(x) = glx) = / eI g(€) dg

V*
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for ¢ € V*and z € V respectively.

For the remainder of this chapter (mainly when duality isn’t of interest), W
stands for any real d-dimensional vector space (and so is interchangeable with
V or V*). For a non-empty open set 2 C W, we denote by C(Q2) and C,(£2) the
set of continuous functions on {2 and bounded continuous functions on {2, re-
spectively. The set of smooth functions on (2 is denoted by C*°(£2) and the set
of compactly supported smooth functions on (2 is denoted by C§°(€2). We de-
note by D'(2) the space of distributions on €2; this is dual to the space C§°(2)
equipped with its usual topology given by seminorms. A partial differential
operator H on W is said to be hypoelliptic if it satisfies the following property:
Given any open set 2 C W and any distribution u € D'(2) which satisfies

Hu = 01n (2, then necessarily u € C>(Q).

Dilation Structure: Denote by End(1/) and GI(1V) the set of endomorphisms
and isomorphisms of W respectively. Given £ € End(W), we consider the one-

parameter group {t¥},.0 C GI(W) defined by

[ee]

(logt)*
t¥ = exp((logt)E) = Z og
k=0

for t > 0. These one-parameter subgroups of Gl(IW) allow us to define con-
tinuous one-parameter groups of operators on the space of distributions as fol-
lows: Given E € End(W) and ¢ > 0, first define §7(f) for f € C°(W) by
6F(f)(xz) = f(tPx) for x € W. Extending this to the space of distribution on W
in the usual way, the collection {67}~ is a continuous one-parameter group of
operators on D'(W); it will allow us to define homogeneity for partial differen-

tial operators in the next section.
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Linear Algebra and Polynomials: Given a basis w = {wy,ws,...,ws} of W,
we define the map ¢y, : W — R? by setting ¢y (w) = (21,29, ..., Tq) whenever
w = Y zw,. This map defines a global coordinate system on W; any such
coordinate system is said to be a linear coordinate system on . By definition,
a polynomial on W is a function P : W — C that is a polynomial function in
every (and hence any) linear coordinate system on W. A polynomial P on W is
called a nondegenerate polynomial if P(w) # 0 for all w # 0. Further, P is called
a positive-definite polynomial if its real part, R = Re P, is non-negative and has

R(w) = 0 only when w = 0.

The Rest: Finally, the symbols R, C, Z mean what they usually do, N denotes
the set of non-negative integers and I = [0, 1] C R. The symbols R, N, and I,
denote the set of strictly positive elements of R, N and I respectively. Likewise,
R?, N? and I respectively denote the set of d-tuples of these aforementioned
sets. We say that two real-valued functions f and g on a set X are comparable if,
for some positive constant C, C~! f(z) < g(z) < Cf(x) for all # € X; in this case
we write f < ¢g. Adopting the summation notation for semi-elliptic operators of

L. Héormander'’s treatise [55], for a fixed n = (nq,na,...,n4) € Ni, we write

Ny
6:mf =3
k=1

for all multi-indices 3 = (B4, Ba, . . ., 4) € N% Finally, throughout the estimates
made in this chapter, constants denoted by C will change from line to line with-

out explicit mention.
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4.2 Homogeneous operators

In this section we introduce two important classes of homogeneous constant-
coefficient on V. These operators will serve as “model” operators in our theory
in the way that integer powers of the Laplacian serves a model operators in the
elliptic theory of partial differential equations. To this end, let A be a constant-
coefficient partial differential operator on V and let P : V* — C be its symbol.
Specifically, P is the polynomial on V* defined by P(¢) = e %@ A(e%®) for
£ € V* (this is independent of = € V precisely because A is a constant-coefficient
operator). We first introduce the following notion of homogeneity of operators;

it is mirrored by an analogous notion for symbols which we define shortly.

Definition 4.2.1. Given E € End(V), we say that a constant-coefficient partial differ-

ential operator A is homogeneous with respect to the one-parameter group {6F} if
(5f/t oAodF =1tA

forall t > 0; in this case we say that E is a member of the exponent set of A and write

E € Exp(A).

A constant-coefficient partial differential operator A need not be homogeneous
with respect to a unique one-parameter group {4/}, i.e., Exp(A) is not necessar-
ily a singleton. For instance, it is easily verified that, for the Laplacian —A on
RY,

Exp(—A) =274 04
where [ is the identity and o, is the Lie algebra of the orthogonal group, i.e., is
given by the set of skew-symmetric matrices. Despite this lack of uniqueness,

when A is equipped with a nondegenerateness condition (see Definition 4.2.2),
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we will find that trace is the same for each member of Exp(A) and this allows us

to uniquely define an “order” for A; this is Lemma 4.2.10.

Given a constant coefficient operator A with symbol P, one can quickly verify

that £ € Exp(A) if and only if
tP(§) = P(t"¢) (44)

forallt > 0 and { € V* where F' = E* is the adjoint of £. More generally, if
P is any continuous function on W and (4.4) is satisfied for some F' € End(V*),
we say that P is homogeneous with respect to {t'} and write ' € Exp(P). This
admitted slight abuse of notation should not cause confusion. In this language,

we see that £ € Exp(A) if and only if E* € Exp(P).

We remark that the notion of homogeneity defined above is similar to that put
forth for homogeneous operators on homogeneous (Lie) groups, e.g., Rockland
operators [39]. The difference is mostly a matter of perspective: A homogeneous
group G is equipped with a fixed dilation structure, i.e., it comes with a one-
parameter group {J;}, and homogeneity of operators is defined with respect to
this fixed dilation structure. By contrast, we fix no dilation structure on V and
formulate homogeneity in terms of an operator A and the existence of a one-
parameter group {07} that “plays” well with A in sense defined above. As seen
in the study of convolution powers on the square lattice (see [72]), it useful to

have this freedom.

Definition 4.2.2. Let A be constant-coefficient partial differential operator on V with
symbol P. We say that A is a nondegenerate-homogeneous operator if P is a nondegen-

erate polynomial and Exp(A) contains a diagonalizable endomorphism. We say that A
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is a positive-homogeneous operator if P is a positive-definite polynomial and Exp(A)

contains a diagonalizable endomorphism.

For any polynomial P on a finite-dimensional vector space W, P is said to be
nondegenerate-homogeneous if P is nondegenerate and Exp(P), defined as the set
of F' € End(W) for which (4.4) holds, contains a diagonalizable endomorphism.
We say that P is positive-homogeneous if it is a positive-definite polynomial and
Exp(P) contains a diagonalizable endomorphism. In this language, we have the

following proposition.

Proposition 4.2.3. Let A be a positive homogeneous operator on V with symbol P.
Then A is a nondegenerate-homogeneous operator if and only if P is a nondegenerate-
homogeneous polynomial. Further, A is a positive-homogeneous operator if and only if

P is a positive-homogeneous polynomial.

Proof. Since the adjectives “nondegenerate” and “positive”, in the sense of both
operators and polynomials, are defined in terms of the symbol P, all that needs
to be verified is that Exp(A) contains a diagonalizable endomorphism if and
only if Exp(P) contains a diagonalizable endomorphism. Upon recalling that
E € Exp(A) if and only if E* € Exp(P), this equivalence is verified by simply

noting that diagonalizability is preserved under taking adjoints. O

Remark 11. To capture the class of nondegenerate-homogeneous operators (or positive-
homogeneous operators), in addition to requiring that that the symbol P of an operator
A be nondegenerate (or positive-definite), one can instead demand only that Exp(A)
contains an endomorphism whose characteristic polynomial factors over R or, equiva-
lently, whose spectrum is real. This a priori weaker condition is seen to be sufficient by
an argument which makes use of the Jordan-Chevalley decomposition. In the positive-

homogeneous case, this arqument is carried out in [72] (specifically Proposition 2.2)
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wherein positive-homogeneous operators are first defined by this (a priori weaker) con-
dition. For the nondegenerate case, the same argqument pushes through with very little

modification.

We observe easily that all positive-homogeneous operators are nondegenerate-
homogeneous. It is the “heat” kernels corresponding to positive-homogeneous
operators that naturally appear in [72] as the attractors of convolution powers of
complex-valued functions. The following proposition highlights the interplay
between positive-homogeneity and nondegenerate-homogeneity for an opera-

tor A on V and its corresponding “heat” operator 0, + Aon R @ V.

Proposition 4.2.4. Let A be a constant-coefficient partial differential operator on V
whose exponent set Exp(A) contains a diagonalizable endomorphism. Let P be the
symbol of A, set R = Re P, and assume that there exists £ € V* for which R(§) > 0.
We have the following dichotomy: A is a positive-homogeneous operator on V if and

only if 0, + A is a nondegenerate-homogeneous operator on R ® V.

Proof. Given a diagonalizable endomorphism £ € Exp(A), set £y = I & E where
I is the identity on R. Obviously, E; is diagonalizable. Further, for any f €
CrRaV),

((@ +A)o 551) (Ht,x) = ((?t (f (st,sEa:)) +A (f (st,sEx)))
= s(0 + N)(f)(st, s"z) = 5 (0 0 (9, + N)) (f)(¢,2)
forall s > 0and (t,z) € R&® V. Hence
6FL o (9 + A) 0 65 = 5(8, + A)

1/s

for all s > 0 and therefore E; € Exp(0; + A).
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It remains to show that P is positive-definite if and only if the symbol of
0 + A is nondegenerate. To this end, we first compute the symbol of J, + A
which we denote by (). Since the dual space of R @ V is isomorphic to R & V¥,
the characters of R @ V are represented by the collection of maps (R@& V) >

(t,x) — exp(—i(7t + £(x))) where (7,£) € R @ V*. Consequently,
Q(r,€) = 7D (9, 4 A) (€17 = ir + P(¢)

for (1,£) € R @ V*. We note that P(0) = 0 because E* € Exp(P); in fact, this
happens whenever Exp(P) is non-empty. Now if P is a positive-definite poly-
nomial, ReQ(7,§) = ReP(§) = R({) > 0 whenever £ # 0. Thus to verify
that () is a nondegenerate polynomial, we simply must verify that Q(7,0) # 0
for all non-zero 7 € R. This is easy to see because, in light of the above fact,
Q(7,0) = it + P(0) = it # 0 whenever 7 # 0 and hence () is nondegener-
ate. For the other direction, we demonstrate the validity of the contrapositive
statement. Assuming that P is not positive-definite, an application of the in-
termediate value theorem, using the condition that R({) > 0 for some { € V*,
guarantees that R(n) = 0 for some non-zero n € V*. Here, we observe that
Q(r,n) = i(tr + Im P(n)) = 0 when (7,7) = (—Im P(n),n) and hence @ is not

nondegenerate. L

We will soon return to the discussion surrounding a positive-homogeneous op-
erator A and its heat operator 0, + A. It is useful to first provide representation
formulas for nondegenerate-homogeneous and positive-homogeneous opera-
tors. Such representations connect our homogeneous operators to the class of
semi-elliptic operators discussed in the introduction. To this end, we define the

“base” operators on V. First, for any element u € V, we consider the differential
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operator D, : D'(V) — D'(V) defined originally for f € C5°(V) by

(Duf)(x) = zg(x) — (lim flz+tu) — f(a:))

t—0 t

for x € V. Fixing a basis v = {vy, vs,...,v4} of V, we introduce, for each multi-

index 8 € N%, D8 = (D, )" (D,,)” - - - (D,,)™.

Proposition 4.2.5. Let A be a nondegenerate-homogeneous operator on V. Then there

exist a basis v = {vy,vs,...,v4} of Vand n = (ny,ng, ..., ng) € Nifor which
A= > asDy. (4.5)
|8mj=1

where {az} C C. The isomorphism EY € GI(V), defined by E2v, = (1/ng)vy for

k =1,2,...,d, is a member of Exp(A). Further, if A is positive-homogeneous, then

n = 2m for m = (my, ma, ..., my) € N© and hence
A= Z CLﬂDE.
el =2

We will sometimes refer to the n and m of the proposition as weights. Before ad-
dressing the proposition, we first prove the following mirrored result for sym-

bols.

Lemma 4.2.6. Let P be a nondegenerate-homogeneous polynomial on a d-dimensional

real vector space W. Then there exists a basis w = {wy,ws,...,wq} of W and n =
(n1,n2,...,nq) € N% for which
PE) =Y ag’
|8iml=1

for all € = i + Eawy + -+ + Eawg € W where €7 := (6)™ (&)™ -+~ (€)™ and
{ag} C C. The isomorphism E% € GI(V), defined by E%wy = (1/ng)wy, for k =

1,2,....d, is a member of Exp(P). Further, if P is a positive-definite polynomial, i.e.,
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it is positive-homogeneous, then n = 2m for m = (mq, ma, ..., my) € N% and hence

for e W.

Proof. Let E € Exp(P) be diagonalizable and select a basis w = {w;, ws, ..., w4}
which diagonalizes E, i.e., Ewy, = d,wy, where §, € Rfor k =1,2,...,d. Because

P is a polynomial, there exists a finite collection {az} C C for which
PE) =) agt’
B
for ¢ € WW. By invoking the homogeneity of P with respect to £/ and using the
fact that tPw;, = t%wy, for k = 1,2, ..., d, we have

Y apt’ =Y ap(t?)’ = agt’’¢’
5

B B
forall { € Wandt > 0 where § - § = 6161 + 0282 + - - - + 9484 In view of the

nondegenerateness of P, the linear independence of distinct powers of ¢ and
the polynomial functions ¢ +— &7, for distinct multi-indices 3, as C*> functions
ensures that ag = 0 unless 3 - § = 1. We can therefore write

P&) =) ag’ (4.6)

B-6=1

for £ € WW. We now determine 6 = (1, 02, . . ., 04) by evaluating this polynomial
along the coordinate axes. To this end, by fixing £ = 1,2,...,d and setting
¢ = awy, for x € R, it is easy to see that the summation above collapses into a
single term agz!’l where 8 = |Ble, = (1/6x)ex (here e, denotes the usual kth-
Euclidean basis vector in R?). Consequently, n;, := 1/6; € N, fork = 1,2,...,d
and thus, upon setting n = (ny,ns, . .., ng), (4.6) yields

P&) =) apt’

|Ben|=1
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for all £ € W as was asserted. In this notation, it is also evident that £}, = E €
Exp(P). Under the additional assumption that P is positive-definite, we again
evaluate P at the coordinate axes to see that Re P(zwy,) = Re(an,., )z for x € R.
In this case, the positive-definiteness of P requires Re(a,,.,) > 0 and n;, € 2N
foreach k = 1,2,...,d. Consequently, n = 2m for m = (my,mo,...,my) € N¢

as desired. n

Proof of Proposition 4.2.5. Given a nondegenerate-homogeneous A on V with
symbol P, P is necessarily a nondegenerate-homogeneous polynomial on V*

in view of Proposition 4.2.3. We can therefore apply Lemma 4.2.6 to select a

basis v* = {v},v},...,v;} of V* and n = (ny,na, ..., ny) € N% for which
PE) =) apt’ (4.7)
|Gl =1

for all £ = &vf + &us + - - - €qu); where {az} C C. We will denote by v, the dual
basis to v*, i.e., v = {v, v2, ..., vq} is the unique basis of V for which v} (v;) = 1
when £ = [ and 0 otherwise. In view of the duality of the bases v and v*, it is
straightforward to verify that, for each multi-index 3, the symbol of D? is £° in
the notation of Lemma 4.2.6. Consequently, the constant-coefficient partial dif-
ferential operator defined by the right hand side of (4.5) also has symbol P and
so it must be equal to A because operators and symbols are in one-to-one cor-
respondence. Using (4.5), it is now straightforward to verify that £ € Exp(A).
The assertion that n = 2m when A is positive-homogeneous follows from the

analogous conclusion of Lemma 4.2.6 by the same line of reasoning. O

In view of Proposition 4.2.5, we see that all nondegenerate-homogeneous oper-

ators are semi-elliptic in some linear coordinate system (that which is defined
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by v). An appeal to Theorem 11.1.11 of [565] immediately yields the following

corollary.

Corollary 4.2.7. Every nondegenerate-homogeneous operator A on 'V is hypoelliptic.

Our next goal is to associate an “order” to each nondegenerate-homogeneous
operator. For a positive-homogeneous operator A, this order will be seen to
govern the on-diagonal decay of its heat kernel K, and so, equivalently, the ul-
tracontractivity of the semigroup e~** (see Remark 19). With the help of Lemma

4.2.6, the few lemmas in this direction come easily.

Lemma 4.2.8. Let P be a nondegenerate-homogeneous polynomial on a d-dimensional
real vector space W. Then lim¢_,, | P(£)| = oo; here § — oo means that |{| — oo in

any (and hence every) norm on W.

Proof. The idea of the proof is to construct a function which bounds |P| from
below and obviously blows up at infinity. To this end, let w be a basis for W
and take n € N¢ as guaranteed by Lemma 4.2.6; we have E% € Exp(P) where

Epw, = (1/ng)wg for k= 1,2,...,d. Define | - | : W — [0, 00) by

d
Elw =D lexl™
k=1

where £ = §qwy+Swa+- - - +Ew, € W. We observe immediately EY € Exp(|-|%)
because tPwwy, = t1/"rwy, for k = 1,2,...,d. An application of Proposition 4.3.2
(a basic result appearing in our background section, Section 4.3), which uses the
nondegenerateness of P, gives a positive constant C' for which [{[% < C|P(§)|
for all ¢ € W. The lemma now follows by simply noting that £, — oo as

& — oc. O

Lemma 4.2.9. Let P be a polynomial on W and denote by Sym(P) the set of O €
End(W) for which P(O¢) = P(§) for all ¢ € W. If P is a nondegenerate-homogeneous
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polynomial, then Sym(P), called the symmetry group of P, is a compact subgroup of
GI(W).

Proof. Our supposition that P is a nondegenerate polynomial ensures that, for
each O € Sym(P), Ker(O) is empty and hence O € GI(W). Consequently,
given O; and O, € Sym(P), we observe that P(O;'¢) = P(0,07'€) = P(¢)
and P(0105§) = P(05€) = P(¢) for all £ € W; therefore Sym(P) is a subgroup
of GI(W).

To see that Sym(P) is compact, in view of the finite-dimensionality of G1(1V)
and the Heine-Borel theorem, it suffices to show that Sym(P) is closed and
bounded. First, for any sequence {O,,} C Sym(P) for which O,, = O as n — oo,
the continuity of P ensures that P(O¢) = lim,,_,o P(0,§) = lim,_,o, P(§) = P(§)
for each ¢ € W and therefore Sym(P) is closed. It remains to show that Sym(P)
is bounded; this is the only piece of the proof that makes use of the fact that P
is nondegenerate-homogeneous and not simply homogeneous. Assume that, to
reach a contradiction, that there exists an unbounded sequence {O,,} C Sym(P).
Choosing a norm | - | on W, let S be the corresponding unit sphere in WW.
Then there exists a sequence {¢,} C W for which |§,| = 1 for all n € N, but

lim,, 00 |On&n| = 00. In view of Lemma 4.2.8,
n—0o0

00 = lim [P(Onn)] = lim |P(&,)] < S;elglP(f)L

which cannot be true for P is necessarily bounded on S because it is continuous.

O

Lemma 4.2.10. Let A be a nondegenerate-homogeneous operator. For any E,, Ey €
Exp(A),

tr El =1tr EQ.
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Proof. Let P be the symbol of A and take E;, E; € Exp(A). Since Ej, E; €
Exp(P), t¥1t~2 € Sym(P) for all t > 0. As Sym(P) is a compact group in view
of the previous lemma, the determinant map det : GI(V*) — C*, a Lie group

homomorphism, necessarily maps Sym(F) into the unit circle. Consequently,

1 = |det(t¥1t752)| = | det(t¥7) det(tF2) = |t Fig= TPz | = ¢ir Pyt B

for all ¢t > 0. Therefore, tr £} = tr B = tr E5 = tr E5 as desired. l

By the above lemma, to each nondegenerate-homogenerous operator A, we de-

fine the homogeneous order of A to be the number
MA = tr B

for any E € Exp(A). By an appeal to Proposition 4.2.5, E}} € Exp(A) for some

n € N, and so we observe that

1 1 1
Ha = —+ —+ -+ —. (4.8)
ny no Uz

In particular, 11, is a positive rational number.

4.2.1 Positive-homogeneous operators and their heat kernels

We now restrict our attention to the study of positive-homogeneous operators
and their associated heat kernels. To this end, let A be a positive-homogeneous
operator on V with symbol P and homogeneous order p. The heat kernel for
A arises naturally from the study of the following Cauchy problem for the cor-

responding heat equation 9, + A = 0: Given initial data f : V — C which is, say,
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bounded and continuous, find u(t, x) satisfying

(O +AN)u=0 in(0,00) XV
(4.9)

u(0,z) = f(z) forxz eV,

The initial value problem (4.9) is solved by putting

umxwaékﬂx—wﬂwdy

where KX)(-) : (0,00) x V — Cis defined by
Ki(z)=F! (e_tP) (x) = / e~ @)=t ge
V*
fort > 0 and = € V; we call K, the heat kernel associated to A. Equivalently,
K is the integral (convolution) kernel of the continuous semigroup {e~**},-, of
bounded operators on L?(V) with infinitesimal generator —A. That is, for each
fe L*(V),

e ") ( / Ki(z —y)f(y)dy (4.10)
fort > 0 and = € V (see Lemma 5.3.1). Let us make some simple observations
about K,. First, by virtue of Lemma 4.2.8, it follows that K € S(V) for each
t > 0. Further, for any £ € Exp(A),

Ki(z) = / (@) =Pt E) d¢ = e~ it ") det(t_ ") dé
* V*
1 B 1 B
=ﬁm£f“t%P@%=%KmEm

for t > 0 and x € V. This computation immediately yields the so-called on-

diagonal estimate for K,

C

_ 1
e o0 = KA lloe = 7 KAl < o

for t > 0; this is equivalently a statement of ultracontractivity for the semigroup

A As it turns out, we can say something much stronger.
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Proposition 4.2.11. Let A be a positive-homogeneous operator with symbol P and
homogeneous order yy. Let R : 'V — R be the Legendre-Fenchel transform of R =
Re P defined by

R¥(x) = sup{&(z) — R(€)}

gev

for x € V. Also, let v and m € N% be as guaranteed by Proposition 4.2.5. Then, there
exit positive constants Cy and M and, for each multi-index /3, a positive constant Cj

such that, forall k € N,

CCEE! r—y
|8§D€K}§(m — y)| < Wexp (—tMR# ( . )) (4.11)

forall x,y € Vand t > 0. In particular,

C x—y
|Ki(z—y)| < PRy (—tMR# < - )) (4.12)
forallz,y € Vandt > 0.

Remark 12. In view of (4.8), the exponent on the prefactor in (4.11) can be equivalently
written, for any multi-index fand k € N, as upy +k+ |6 :2m| =k + |1+ 3 : 2m| =

|1+ 2km + §: 2m| where 1 = (1,1,...,1).

We prove the proposition above in the Section 4.5; the remainder of this section
is dedicated to discussing the result and connecting it to the existing theory.
Let us first note that the estimate (4.11) is mirrored by an analogous space-time
estimate, Theorem 5.3 of [72], for the convolution powers of complex-valued
functions on Z¢ satisfying certain conditions (see Section 5 of [72]). The rela-
tionship between these two results, Theorem 5.3 of [72] and Proposition 4.2.11,
parallels the relationship between Gaussian off-diagonal estimates for random
walks and the analogous off-diagonal estimates enjoyed by the classical heat

kernel [46].
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Let us first show that the estimates (4.11) and (4.12) recapture the well-known
estimates of the theory of parabolic equations and systems in R? — a theory in
which the Laplacian operator A = 3¢ | 92 and its integer powers play a central
role. To place things into the context of this chapter, let us observe that, for
each positive integer m, the partial differential operator (—A)™ is a positive-
homogeneous operator on R? with symbol P(¢) = [£]*™; here, we identify R? as
its own dual equipped with the dot product and Euclidean norm | - |. Indeed,
one easily observes that P = | - |*" is a positive-definite polynomial and E =
(2m)~'T € Exp((—A)™) where I € GI(R?) is the the identity. Consequently, the
homogeneous order of (—A)™ is d/2m = (2m)~! tr(/) and the Legendre-Fenchel
transform of R = Re P = | - |*™ is easily computed to be R¥ (z) = C,,,|z[*™/(?m~1)

where C,,, = (2m)Y/?m=1 — (2m)~2m/(2m=1) > (. Hence, (4.12) is the well-known

estimate

C ’x _ y’2m/(2m—1)
¢
‘K(—A)m(x o y)‘ < d/2m exp (_M +1/(2m—1)

for z,y € R? and t > 0; this so-called off-diagonal estimate is ubiquitous to
the theory of “higher-order” elliptic and parabolic equations [20, 35,40, 77]. To
write the derivative estimate (4.11) in this context, we first observe that the basis
given by Proposition 4.2.5 can be taken to be the standard Euclidean basis, e =
{e1,e2,...,¢e4} and further, m = (m,m,...,m) is the (isotropic) weight given
by the proposition. Writing D? = D? = (id,,)"(i0,,)" - - - (i0,,)" and |3| =

B1+ P + - - - + B4 for each multi-index (3, (4.11) takes the form

C |3§' _ y|2m/(2m—1)
kB gt _ v _
|0y DY K{_pyn (= y)| < H@+1B)/2mik P ( M /2m—1)

forz,y € R?and t > 0, c.f., [35, Property 4, p. 93].

The appearance of the 1-dimensional Legendre-Fenchel transform in heat ker-
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nel estimates was previously recognized and exploited in [9] and [10] in the
context of elliptic operators. Due to the isotropic nature of elliptic operators,
the 1-dimensional transform is sufficient to capture the inherent isotropic decay
of corresponding heat kernels. Beyond the elliptic theory, the appearance of the
full d-dimensional Legendre-Fenchel transform is remarkable because it sharply
captures the general anisotropic decay of K. Consider, for instance, the partic-
ularly simple positive-homogeneous operator A = —9¢ +9%, on R* with symbol
P(&1,&) = &8+ &5. Tt is easily checked that the operator F with matrix represen-
tation diag(1/6, 1/8), in the standard Euclidean basis, is a member of the Exp(A)
and so the homogeneous order of A is puy = tr(diag(1/6,1/8)) = 7/24. Here we
can compute the Legendre-Fenchel transform of R = Re P = P directly to ob-
tain R¥ (21, 29) = c1|21]%/° + co|a2|¥/™ for (21, 29) € R? where ¢; and ¢, are positive
constants. In this case, Proposition 4.2.11 gives positive constants M;, M and C

for which

C |9U1 - y1|6/5 |352 - ?/2|8/7
|Kf\($1_y171'2_y2)’ < WGXP (_ (MIT + MQT (413)

for (z1,22), (y1,y2) € R*and t > 0. We note however that A is “separable” and so
we can write K} (z1,22) = K(t_A)3(x1)K(t_A)4(a:2) where A is the 1-dimensional
Laplacian operator. In view of Theorem 8 of [9] and its subsequent remark, the
estimate (4.13) is seen to be sharp (modulo the values of M;, M, and C). To fur-
ther illustrate the proposition for a less simple positive-homogeneous operator,
we consider the operator A appearing in Example 3. In this case,

23

R(E1,&) = P(6,&) = 56 + &) + (6~ &'

and one can verify directly that the E € End(R?), with matrix representation

(38 1/8

e —

1/8 3/8
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in the standard Euclidean basis, is a member of Exp(A). From this, we immedi-

ately obtain yiy = tr(E) = 3/4 and one can directly compute
R#(%, x9) = M|z + IE2|2 + M|z — 1132|4/3
for (z1,22) € R? where M; and M are positive constants. Consequently,

|Kj (@1 — y1, w2 — 3o)|

C (21 —y1) + (22 — 92)’2 [(r1 — 1) — (w2 — 92)‘4/3
< 371 P (— <M1 p + M, 1/3

for (z1,22), (y1,92) € R* and ¢ > 0. Furthermore, m = (1,2) € N% and the
basis v = {v;, v} of R? given in discussion surrounding (4.3) are precisely those
guaranteed by Proposition 4.2.5. Appealing to the full strength of Proposition
4.2.11, we obtain positive constants C, M; and M, and, for each multi-index j, a

positive constant ('3 such that, for each £ € N,

CsCEE! (21 — 1) + (w2 — yo)
134kt | B2m] P ( - (Ml t

(21 — 1) — (22 — )|V

)

|35D€KA<5U1 — Y1, T2 — yz)’

+ Mo

for (z1,72), (y1,y2) € R?and ¢ > 0.

In the context of homogeneous groups, the off-diagonal behavior for the heat
kernel of a positive Rockland operator (a positive self-adjoint operator which
is homogeneous with respect to the fixed dilation structure) has been studied
in [7,34,47] (see also [3]). Given a positive Rockland operator A on homogeneous
group G, the best known estimate for the heat kernel Ky, due to Auscher, ter Elst

and Robinson, is of the form

—1,112m\ 1/(2m—1)
KL 'g)] < - exp (—M (M) ) (@14)
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where || - || is a homogeneous norm on G (consistent with A) and 2m is the
highest order derivative appearing in A. In the context of R¢, given a sym-
metric and positive-homogeneous operator A with symbol P, the structure
Gp = (R%,{6P}) for D = 2mFE where E € Exp(A) is a homogeneous group
on which A becomes a positive Rockland operator. On G, it is quickly veri-
fied that || - || = R(-)'/>™ is a homogeneous norm (consistent with A) and so the
above estimate is given in terms of R(-)'/(™~1 which is, in general, dominated
by the Legendre-Fenchel transform of R. To see this, we need not look further
than our previous and simple example in which A = —9% + 93. Here 2m = 8
and so R(xy, )@Y = (J21|° + |22|%)'/7. In view of (4.13), the estimate (4.14)
gives the correct decay along the z,-coordinate axis; however, the bounds de-
cay at markedly different rates along the x;-coordinate axis. This illustrates that
the estimate (4.14) is suboptimal, at least in the context of R¢, and thus leads
to the natural question: For positive-homogeneous operators on a general ho-
mogeneous group (G, what is to replace the Legendre-Fenchel transform in heat

kernel estimates?

Returning to the general picture, let A be a positive-homogeneous operator on
V with symbol P and homogeneous order px. To highlight some remarkable
properties about the estimates (4.11) and (4.12) in this general setting, the fol-

lowing proposition concerning R# is useful; for a proof, see Section 8.3 of [72].

Proposition 4.2.12. Let A be a positive-homogeneous operator with symbol P and let
R# be the Legendre-Fenchel transform of R = Re P. Then, for any E € Exp(A),
I — E € Exp(R*¥). Moreover R* is continuous, positive-definite in the sense that

R#(z) > 0 and R*(z) = 0 only when x = 0. Further, R* grows superlinearly in the
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sense that, for any norm | - |on 'V,

2l _

ey =Y

in particular, R* (x) — oo as x — oo.

Let us first note that, in view of the proposition, we can easily rewrite (4.12), for

any E € Exp(A), as
|Kh(z —y)| < t% exp (~MR* (t™"(z — y)))

for z,y € Vand t > 0; the analogous rewriting is true for (4.11). The fact
that R* is positive-definite and grows superlinearly ensures that the convolu-
tion operator e ** defined by (4.10) for ¢ > 0 is a bounded operator from L?
to L7 for any 1 < p,q < oo. Of course, we already knew this because K} is a
Schwartz function; however, when replacing A with a variable-coefficient op-
erator H, as we will do in the sections to follow, the validity of the estimate
(4.12) for the kernel of the semigroup {e *#} initially defined on L?, guaran-
tees that the semigroup extends to a strongly continuous semigroup {e "} on
LP(Rd) for all 1 < p < oo and, what’s more, the respective infinitesimal genera-
tors —H, have spectra independent of p [21]. Further, the estimate (4.12) is key
to establishing the boundedness of the Riesz transform, it is connected to the
resolution of Kato’s square root problem and it provides the appropriate start-
ing point for uniqueness classes of solutions to d; + H = 0 [6,69]. With this
motivation in mind, following some background in Section 4.3, we introduce
a class of variable-coefficient operators in Section 4.4 called (2m, v)-positive-
semi-elliptic operators, each such operator H comparable to a fixed positive-
homogeneous operator. In Section 4.5, under the assumption that i/ has Holder
continuous coefficients and this notion of comparability is uniform, we con-

struct a fundamental solution to the heat equation 0, + H = 0 and show the
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essential role played by the Legendre-Fenchel transform in this construction.
As mentioned previously, in a forthcoming work we will study the semigroup
{e7"} where H is a divergence-form operator, which is comparable to a fixed
positive-homogeneous operator, whose coefficients are at worst measurable. As
the Legendre-Fenchel transform appears here by a complex change of variables
followed by a minimization argument, in the measurable coefficient setting it
appears quite naturally by an application of the so-called Davies” method, suit-

ably adapted to the positive-homogeneous setting.

4.3 Contracting groups, Holder continuity and the Legendre-

Fenchel transform

In this section, we provide the necessary background on one-parameter con-
tracting groups, anisotropic Holder continuity, and the Legendre-Fenchel trans-

form and its interplay with the two previous notions.

4.3.1 One-parameter contracting groups

In what follows, W is a d-dimensional real vector space with a norm | - |; the
corresponding operator norm on Gl(IV) is denoted by || - ||. Of course, since
everything is finite-dimensional, the usual topologies on W and GI(W) are in-

sensitive to the specific choice of norms.

Definition 4.3.1. Let {1} }~0 C GI(W) be a continuous one-parameter group. {1} is
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said to be contracting if

lim |73 = 0.

We easily observe that, for any diagonalizable £ € End(1V) with strictly pos-
itive spectrum, the corresponding one-parameter group {t”},., is contracting.
Indeed, if there exists a basis w = {wy, ws, ..., wy} of W and a collection of pos-
itive numbers A, Ao, ..., A\g for which Fw, = A\w;, for k = 1,2,...,d, then the
one parameter group {t},-o has t#w;, = t*wy fork = 1,2,...,dand ¢t > 0. It

then follows immediately that {t*} is contracting.

Proposition 4.3.2. Let () and R be continuous real-valued functions on W. If R(w) >
0 for all w # 0 and there exists E € Exp(Q) N Exp(R) for which {t¥} is contracting,
then, for some positive constant C, Q(w) < CR(w) for all w € W. If additionally
Q(w) > 0 forall w # 0, then @ < R.

Proof. Let S denote the unit sphere in W and observe that

o )

= (C<o
weS (w)

because () and R are continuous and R is non-zero on S. Now, for any non-
zero w € W, the fact that ¢* is contracting implies that t*w € S for some ¢ > 0
by virtue of the intermediate value theorem. Therefore, Q(w) = Q(tFw)/t <
CR(t*w)/t = CR(w). In view of the continuity of Q and R, this inequality
must hold for all w € W. When additionally Q(w) > 0 for all non-zero w, the
conclusion that ) < R is obtained by reversing the roles of ) and R in the

preceding argument. [

Corollary 4.3.3. Let A be a positive-homogeneous operator on V with symbol P and
let R* be the Legendre-Fenchel transform of R = Re P. Then, for any positive constant
M, R* =< (MR)*.
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Proof. By virtue of Proposition 4.2.5, let m € N% and v be a basis for V and
for which E?™ € Exp(A). In view of Proposition 4.2.12, R# and (M R)# are
both continuous, positive-definite and have F?™ := [ — E?™ € Exp(R*) N
Exp((M R)¥). Upon noting that FZ™v;, = ((2my, — 1)/2my)vx, for k = 1,2,... .4,
we immediately conclude that {t/¥™} is contracting and so the corollary follows

directly from Proposition 4.3.2. ]

Lemma 4.3.4. Let P be a positive-homogeneous polynomial on W and let n = 2m €
N4 and w be a basis for W for which the conclusion of Lemma 4.2.6 holds. Let R = Re P
and let 8 and ~ be multi-indices such that v < [ (in the standard partial ordering of

multi-indices); we shall assume the notation of the lemma.

1. Foranyn € N, such that |5 : m| < 2n, there exist positive constants M and M’
for which
€77 < M(R(E) + R(v))" + M’

forall,v e W.

2. If |B : m| = 2, there exist positive constants M and M’ for which
€V < MR(E) + M'R(v)

forallv, & e W.

3. If | m| =2and 3 > v, then for every e > 0 there exists a positive constant M
for which
€V < eR(§) + MR(v)

forallv, & e W.

Proof. Assuming the notation of Lemma 4.2.6, let £ = E?™ € End(W) and

consider the contracting group {t?®*} = {t¥ @ t¥} on W @& W. Because R is
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a positive-definite polynomial, it immediately follows that W & W 3> (§,v) —
R(&) + R(v) is positive-definite. Let | - | be a norm on W & W and respectively

denote by B and S the corresponding unit ball and unit sphere in this norm.

To see Item 1, first observe that

sup &7 =M < o0
ewes (R(E) + R(v))"

Now, for any (£,v) € W @& W \ B, because {t**F} is contracting, it follows
from the intermediate value theorem that, for some t > 1, t~(FP®E) (¢ v) =

(tF¢,t7Fv) € S. Correspondingly,

V] =l gy )|
< PPRIM(R(EPE) + R(tPv))"
< PEN(R(E) + R(W))"

< M(R(§) + R(v))"

because |3 : m|/2 < n. One obtains the constant M’ and hence the desired

inequality by simply noting that |¢7777| is bounded for all (¢,v) € B.

For Item 2, we use analogous reasoning to obtain a positive constant M
for which [£7°77 < M(R(£) + R(v)) for all (¢,v) € S. Now, for any non-
zero (§,v) € W @& W, the intermediate value theorem gives ¢t > 0 for which

tFOE (¢ v) = (tP¢,tPv) € S and hence
€7 < ¢ PERIM(R(EPE) + R(tPv)) = M(R(E) + R(v))

where we have used the fact that |5 : 2m| = |§ : m|/2 = 1 and that E' € Exp(R).
As this inequality must also trivially hold at the origin, we can conclude that it

holds for all £, v € W, as desired.
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Finally, we prove Item 3. By virtue of Item 2, for any {,v € W and ¢ > 0,

P = |(tFEEE) P = | (e E )P

< 2 (MR(EP€) + M'R(v)) = MID? 1 R(€) + M2 R(v).

Noting that |y : 2m| — 1 < 0 because v < [, we can make the coefficient of
R(§) arbitrarily small by choosing ¢ sufficiently large and thereby obtaining the

desired result. ]

4.3.2 Notions of regularity and Holder continuity

Throughout the remainder of this chapter, v will denote a fixed basis for V and
correspondingly we henceforth assume the notational conventions appearing in
Proposition 4.2.5 and n = 2m is fixed. For o € R%, consider the homogeneous

norm | - |$ defined by
d

el = |

i=1

(€73

for x € V where ¢, (2) = (21,22, ..., 24). As one can easily check,

Aoy = 1ol
forallt > 0 and z € V where A, € End(V) is represented by the matrix

(An)y = diag(ar, a5ty .. o)

with respect to the basis v.
Definition 4.3.5. Let m € N%. We say that o € R% is consistent with m if

Ay =w(l — E) (4.15)
for some w > 0 where A, is as above and E is that which appears in Proposition 4.2.5.
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As one can check, « is consistent with m if and only if o = a~'w where

2m1 2m2 2md
- . . 116
“ (mnl—l’mnz—l’ ’Zmd—1> (4.16)

Definition 4.3.6. Let Q C Q' C Vand let f : O — C. We say that f is v-Holder

continuous on S if for some o € 1% and positive constant M,

|f(x) = f(y)] < Mz —yly (4.17)

forall z,y € S In this case we will say that o is the v-Holder exponent of f. If Q = ¢V

we will simply say that f is v-Holder continuous with exponent c.

The following proposition essentially states that, for bounded functions, Holder

continuity is a local property; its proof is straightforward and is omitted.

Proposition 4.3.7. Let Q2 C 'V be open and non-empty. If f is bounded and v-Holder

continuous of order v € 1%, then, for any 3 < «, f is also v-Holder continuous of order
p.
In view of the proposition, we immediately obtain the following corollary.

Corollary 4.3.8. Let Q) C 'V be open and non-empty and m € N%. If f is bounded and
v-Holder continuous on Q of order 3 € 1%, there exists o € 1% which is consistent with

m for which f is also v-Holder continuous of order a.

Proof. The statement follows from the proposition by choosing any «, consistent

with m, such that o < . O]

The following definition captures the minimal regularity we will require of fun-

damental solutions to the heat equation.
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Definition 4.3.9. Let n € N%, v be a basis of V and let O be a non-empty open subset
of [0,T] x V. A function u(t, z) is said to be (n, v)-reqular on O if on O it is contin-
uously differentiable in t and has continuous (spatial) partial derivatives D5u(t, x) for

all multi-indices /3 for which | : n| < 1.

4.3.3 The Legendre-Fenchel transform and its interplay with v-

Holder continuity

Throughout this section, R is the real part of the symbol P of a positive-
homogeneous operator A on V. We assume the notation of Proposition 4.2.12
(and hence Proposition 4.2.5) and write £ = E?™. Let us first record two impor-

tant results which follow essentially from Proposition 4.2.12.

Corollary 4.3.10.
R7 =<7,

where w was defined in (4.16).

Proof. In view of Propositions 4.2.5 and 4.2.12, F?™ = [ — E2™ € Exp(R#) N
Exp(| - |). After recalling that {t/¥™} is contracting, Proposition 4.3.2 yields the

desired result immediately. O

By virtue of Proposition 4.2.12, standard arguments immediately yield the fol-

lowing corollary.

Corollary 4.3.11. For any € > 0 and polynomial Q : V — C, i.e., Q) is a polynomial in

any coordinate system, then
Q( e "0 e L2(V) N LY(V).
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Lemma 4.3.12. Let v = (2mypax — 1) =% Then for any T > 0, there exists M > 0 such
that

R*(z) < Mt"R*(t Fx)

forallz € Vand 0 <t <T.

Proof. In view of Corollary 4.3.10, it suffices to prove the statement
[l < Mt]al

forallz € Vand 0 < t <7 where M > 0 and w is given by (4.16). But for any

O<t<Tandz €V,

d d
(tEx|” = Z tl/(2mrl)|xj|wj' < 7 ZT(l/@mj*l)*'y)‘xﬂwa‘
j=1 j=1

from which the result follows. O

Lemma 4.3.13. Let o € I¢ be consistent with m. Then there exists positive constants

o and 0 such that 0 < o < 1 and for any T' > 0 there exists M > 0 such that
2l < M7 (R* (¢~ )"

forallz € Vand 0 <t <T.

Proof. By an appeal to Corollary 4.3.10 and Lemma 4.3.12,
|2¥ < MtYR¥(t Fx)

forallz € Vand 0 < t < T. Since « is consistent with m, & = a~'w where a
is that of Definition 4.3.5, the desired inequality follows by setting ¢ = v/a and
0 = 1/a. Because a € Hﬁlr, it is necessary that a > 2myn/(2mmn — 1) whence

O<o< (Qmmin — 1)/(2mmin(2mmax - 1)) <L U
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The following corollary is an immediate application of Lemma 4.3.13.

Corollary 4.3.14. Let f : V — C be v-Holder continuous with exponent o € 14 and
suppose that o is consistent with m. Then there exist positive constants o and 0 such

that 0 < o < 1 and, for any T' > 0, there exists M > 0 such that
(@) = Fly)| < M7 (RF(t77))°

forall z,y € Vand 0 < t < T. In particular, this estimate holds for the coefficients of
H.

4.4 On (2m, v)-positive-semi-elliptic operators

In this section, we introduce a class of variable-coefficient operators on V whose
heat equations are studied in the next section. These operators, in view of
Proposition 4.2.5, generalize the class of positive-homogeneous operators. Fix
abasisvofV, me Ni and, in the notation of the previous section, consider a

differential operator H of the form

H= > agx)D] = > agx)Di+ Y as(x)D]
|Boml<2 |2 oml<2

= Hp+Hl

where the coefficients ag : V — C are bounded functions. The symbol of H,

P :V x V* — C, is defined by

P(y,&)= > as)¢’ = D as)&+ > as(y)¢’
|B:m|<2 |3:m|=2 |8:m|<2
for y € Vand ¢ € V*. We shall call H, the principal part of H and correspond-
ingly, P, is its principal symbol. Let’s also define R : V* — R by

R(§) = Re F,(0,¢) (4.18)
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for £ € V*. At times, we will freeze the coefficients of H and H, at a point
y € V and consider the constant-coefficient operators they define, namely H(y)
and H,(y) (defined in the obvious way). We note that, for each y € V, H,(y)
is homogeneous with respect to the one-parameter group {07 };~o where E €

GIl(V) is defined by its matrix representation
E, = diag{(2m;)"", (2my) 7", . .., (2ma) '}

in the basis v; i.e., it is homogeneous with respect to the same one-parameter
group of dilations at each point in space. This also allows us to uniquely define

the homogeneous order of H by
pg =tr B = (2m)" 4+ (2ma) Tt + -+ (2mg) L (4.19)

As in the constant-coefficient setting, H,(y) is not necessarily homogeneous
with respect to a unique group of dilations, i.e., it is possible that Exp(H,(y))
contains members of GI(V) distinct from E. However, we shall henceforth only
work with the endomorphism E, defined above, for worrying about this non-
uniqueness of dilations does not aid our understanding nor will it sharpen our
results. Let us further observe that, for each y € V, P,(y, ) and R are homoge-

neous with respect to {t¥" },~, where E* € GI(V*).

Definition 4.4.1. The operator H is called (2m, v)-positive-semi-elliptic if for all y €
V, Re By(y, -) is a positive-definite polynomial. H is called uniformly (2m, v)-positive-

semi-elliptic if it is (2m, v)-positive-semi-elliptic and there exists 6 > 0 for which
Re Fy(y, &) = 0R()
forall y € Vand § € V*. When the context is clear, we will simply say that H is

positive-semi-elliptic and uniformly positive-semi-elliptic respectively.
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In light of the above definition, a semi-elliptic operator H is one that, at ev-
ery point y € V, its frozen-coefficient principal part H,(y), is a constant-
coefficient positive-homogeneous operator which is homogeneous with respect
to the same one-parameter group of dilations on V. A uniformly positive-semi-
elliptic operator is one that is semi-elliptic and is uniformly comparable to a
constant-coefficient positive-homogeneous operator, namely H,(0). In this way,

positive-homogeneous operators take a central role in this theory.

Remark 13. In view of Proposition 4.2.5, the definition of R via (4.18) agrees with that

we have given for constant-coefficient positive-homogeneous operators.

Remark 14. For an (2m, v)-positive-semi-elliptic operator H, uniform semi-ellipticity
can be formulated in terms of Re P,(yo, -) for any yo € V; such a notion is equivalent in

view of Proposition 4.3.2.

4.5 The heat equation

For a uniformly positive-semi-elliptic operator //, we are interested in construct-
ing a fundamental solution to the heat equation,

(0 + H)u =0 (4.20)

on the cylinder [0,7] x V; here and throughout 7' > 0 is arbitrary but fixed.
By definition, a fundamental solution to (4.20) on [0,7] x V is a function Z :

(0,T] x V x V — C satisfying the following two properties:

1. Foreachy €V, Z(-,-,y) is (2m, v)-regular on (0, T") x V and satisfies (4.20).
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2. For each f € C,(V),

forallz € V.

Given a fundamental solution Z to (4.20), one can easily solve the Cauchy prob-

lem: Given f € C,(V), find u(t, ) satisfying
(O +H)u=0 on (0,7)xV
u(0,2) = f(x) for z€V.

This is, of course, solved by putting

ult,z) = / 2(t,2,9)f(y) dy

forxr € Vand 0 < ¢t < T and interpreting «(0, z) as that defined by the limit
of u(t,z) ast | 0. The remainder of this chapter is essentially dedicated to

establishing the following result:

Theorem 4.5.1. Let H be uniformly (2m, v)-positive-semi-elliptic with bounded v-
Holder continuous coefficients. Let R and py be defined by (4.18) and (4.19) respec-
tively and denote by R¥ the Legendre-Fenchel transform of R. Then, for any T > 0,
there exists a fundamental solution Z : (0,7] x Vx V — C to (4.20) on [0,T] x V

such that, for some positive constants C and M,

1Z(t,z,y)| < t%exp (—tMR# (I ; y)) (4.21)

forx,ye Vand 0 <t <T.

We remark that, by definition, the fundamental solution Z given by Theorem

4.5.1 is (2m, v)-regular. Thus Z is necessarily continuously differentiable in ¢
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and has continuous spatial derivatives of all orders /5 such that |5 : m| < 2.

As we previously mentioned, the result above is implied by the work of S. D.
Eidelman for 2b-parabolic systems on R¢ (where b = m) [36,37]. Eidelman’s sys-
tems, of the form (4.2), are slightly more general than we have considered here,
for their coefficients are also allowed to depend on ¢ (but in a uniformly Holder
continuous way). Admitting this ¢-dependence is a relatively straightforward
matter and, for simplicity of presentation, we have not included it (see Remark
15). In this slightly more general situation, stated in R? and in which v = e is the
standard Euclidean basis, Theorem 2.2 (p.79) [37] guarantees the existence of a
fundamental solution Z(¢, z, y) to (4.2), which has the same regularity appearing

in Theorem 4.5.1 and satisfies

2@t 2, 9)| < G e i @) eXp( Z @) (4.22)

forz,y € R?and 0 < t < T where C and M are positive constants. By an appeal
to Corollary 4.3.10, we have R¥ < | - | and from this we see that the estimates

(4.21) and (4.22) are comparable.

In view of Corollary 4.3.8, the hypothesis of Theorem 4.5.1 concerning the coef-

ficients of H immediately imply the following a priori stronger condition:

Hypothesis 4.1. There exists o € 1% which is consistent with m and for which the

coefficients of H are bounded and v-Holder continuous on 'V of order .
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4.5.1 Levi’s Method

In this subsection, we construct a fundamental solution to (4.20) under only the
assumption that H, a uniformly (2m, v)-positive-semi-elliptic operator, satisfies
Hypothesis 4.1. Henceforth, all statements include Hypothesis 4.1 without ex-
plicit mention. We follow the famous method of E. E. Levi, c.f., [64] as it was
adopted for parabolic systems in [35] and [40]. Although well-known, Levi’s
method is lengthy and tedious and we will break it into three steps. Let’s moti-

vate these steps by first discussing the heuristics of the method.

We start by considering the auxiliary equation

@+ Y as(y)Dy)u= (9 + Hyly))u =0 (4.23)

|Bm|=2

where y € V is treated as a parameter. This is the so-called frozen-coefficient

heat equation. As one easily checks, for each y € V,
Gp(t,zyy) = / e W thuge (2 €V, t > 0)

solves (4.23). By the uniform semi-ellipticity of H, it is clear that G,(¢,-;y) €
S(V) fort > 0and y € V. As we shall see, more is true: G, is an approximate

identity in the sense that

lim [ Gy(t,e —y;9)f(y)dy = f(2)
\%

forall f € Cy(V). Thus, it is reasonable to seek a fundamental solution to (4.20)

of the form

t
Ztay) = Gyltoo—yi)+ [ [ Gult = 5.0 = m2)6(s,2 s
0 \%
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where ¢ is to be chosen to ensure that the correction term W is (2m, v)-regular,
accounts for the fact that G, solves (4.23) but not (4.20), and is “small enough”

as t — 0 so that the approximate identity aspect of Z is inherited directly from

G,.

Assuming for the moment that W is sufficiently regular, let’s apply the heat
operator to (4.24) with the goal of finding an appropriate ¢ to ensure that Z is a
solution to (4.20). Putting

K<t7 Z, y) - _<at + H)Gp<t’ =Y y)7
we have formally,

(0 + H)Z(t,2,y)
— Kty +@+H) [ t [ Golt s = 22005, 200) s
0o Jv
= —K(t,z,y) + hm/ Gp(t — s, — z;2)0(s, 2,y) dz
sTt Y
- / / —(Or+ H)G,(t — s,x — z;2)p(s, z,y) dz ds
0o Jv
— “K(tay) +ottay) - [ [ K-saonpdds @425)
0o Jv

where we have made use of Leibniz’ rule and our assertion that G, is an approx-

imate identity. Thus, for Z to satisfy (4.20), ¢ must satisfy the integral equation
K(t,x,y) = ot z,y) — //K —s,x,2)P(s,z,y)dzds
= ot ,y) = L(9)(t, 2, y). (4.26)

Viewing L as a linear integral operator, (4.26) is the equation X = (I —L)¢ which

has the solution

- i LK (4.27)
n=0
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provided the series converges in an appropriate sense.

Taking the above as purely formal, our construction will proceed as follows: We
tirst establish estimates for GG, and show that G, is an approximate identity; this
is Step 1. In Step 2, we will define ¢ by (4.27) and, after deducing some subtle
estimates, show that ¢’s defining series converges whence (4.26) is satisfied. Fi-
nally in Step 3, we will make use of the estimates from Steps 1 and 2 to validate
the formal calculation made in (4.25). Everything will be then pieced together
to show that Z, defined by (4.24), is a fundamental solution to (4.20). Our entire
construction depends on obtaining precise estimates for G, and for this we will

rely heavily on the homogeneity of F, and the Legendre-Fenchel transform of R.

Remark 15. One can allow the coefficients of H to also depend on t in a uniformly
continuous way, and Levi’s method pushes though by instead taking G, as the solution

to a frozen-coefficient initial value problem [36,37].

Step 1. Estimates for GG, and its derivatives

The lemma below is a basic building block used in our construction of a fun-
damental solution to (4.20) via Levi’s method and it makes essential use of the
uniform semi-ellipticity of /. We note however that the precise form of the con-
stants obtained, as they depend on k and 3, are more detailed than needed for
the method to work. Also, the partial differential operators D of the lemma are

understood to act of the x variable of G, (¢, x; y).

Lemma 4.5.2. There exist positive constants M and Cy and, for each multi-index 3, a
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positive constant Cg such that, for any k € N,

CCEE!

kP .
0 DGt w3 )l < o oy

exp (—tMR¥ (z/t)) (4.28)

forall z,y € Vandt > 0.

Before proving the lemma, let us note that tR#(z/t) = R*(t Fz) forallt > 0
and x € V in view of Proposition 4.2.12. Thus the estimate (4.28) can be written

equivalently as

C3CEE! -
OFDIG(tasy)| < ot exp(—MR¥ (1)) (4.29)

H+k+|f:2m|

for z,y € Vand t > 0. We will henceforth use these forms interchangeably and

without explicit mention.

Proof. Let us first observe that, for each z,y € Vand ¢ > 0,
0y DYGy(t,a5y) = / (Po(y, &) ele et ge
= / (Bp(y, t77&))F (177 ) e e Folut)g=tr B g

— tqulﬁQm/ (pp(y’g))kgﬁe*ii(t_Ex)G*Pp(yvé)d5

where we have used the homogeneity of P, with respect to {t*"} and the fact

that uy = tr E. Therefore
o OEDIG 1 5)) () = [ (B )€ e B (430)

forall z,y € Vand ¢t > 0. Thus, to establish (4.28) (equivalently (4.29)) it suffices

to estimate the right hand side of (4.30) which is independent of ¢.

The proof of the desired estimate requires making a complex change of vari-

ables and for this reason we will work with the complexification of V*, whose
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members are denoted by z = £ — iv for &, v € V*; this space is isomorphic to C”.
We claim that there are positive constants Cy, M7, M, and, for each multi-index

3, a positive constant C's such that, for each k£ € N,
[(P,(y, € — iv))*(€ — iv)Pe T | < CyCkkle~MIEE) MRV (4.31)
forall(,v € V*and y € V. Let us first observe that
Py, § —iv) = Fy(y,€) + Z Zaﬁ,'yg(_w)ﬁiw
[B:m[=2 y<p
forall z,v € V* and y € V, where as, are bounded functions of y arising from
the coefficients of H and the coefficients of the multinomial expansion. By virtue

of the uniform semi-ellipticity of H and the boundedness of the coefficients, we

have

~ReBy(y,& —iv) < —0R(E) +C > Y |enf ]

|B:ml|=2 y<5

forall {,v € V*and y € V where C is a positive constant. By applying Lemma
4.3.4 to each term |£7”77| in the summation, we can find a positive constant M
for which the entire summation is bounded above by §/2R(£) + M R(v) for all

¢, v € V*. By setting M; = /6, we have
—ReP,(y,& —iv) < —3MR(¢) + MR(v) (4.32)

forall {,v € V* and y € V. By analogous reasoning (making use of item 1 of

Lemma 4.3.4), there exists a positive constant C' for which
1Po(y, € — )| < C(R(E) + R(v))

forall(,v € V¥ and y € V. Thus, for any k£ € N,

CPEN (M (R(E) + R(v)))

k1.1, Mi(R(§)+R(v))
o x < Cklle (4.33)

1Py(y, & —iv)|F <
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forall £,v € V* and y € V where Cy = C/M,. Finally, for each multi-index £,

another application of Lemma 4.3.4 gives C' > 0 for which

1§ =)’ <17+ V21 + ) eyl < CT((R(E) + R(v))" + 1)

0<y<pB
for all {,v € V* where n € N has been chosen to satisfy |5 : 2nm| < 1. Conse-

quently, there is a positive constant Cz for which
(€ — z'y)ﬁ] < CﬁeMl(R(5)+R(V)) (4.34)

forall ¢, v € V*. Upon combining (4.32), (4.33) and (4.34), we obtain the inequal-
ity
|pp(y’€ _ w)k(g _ w)ﬁe—Pp(yf—iV)‘ < Cﬁcéck!e—M1R(€)+(M+2M1)R(V)

which holds for all {,» € V* and y € V. Upon paying careful attention to the
way in which our constants were chosen, we observe the claim is established by

setting My = M + 2M;.

From the claim above, it follows that, for any v € V*and y € V, the following

change of coordinates by means of a C? contour integral is justified:
[ (B e gg
V*
= / (P,(y, & —iv)k(& — iv)Pe e M@ =By s—iv) g¢
gevr
= ¢ @ / (Py(y, & — w)k(§ — iy)ﬁe_ig(z)e_Pp(y’f_i”) dg.
gevr

Thus, by virtue of the estimate (4.31),

/ (Pp(y,5))’“5‘36‘%(“6"3”(2”@df‘ < CyCEKle @ MRW) / MR ge
* V*

< Oﬁcgk!e—(V(w)—MzR(V))

for all z,y € V and v € V* where we have absorbed the integral of
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exp(—M;R(€)) into Cs. Upon minimizing with respect to v € V*, we have

/ (Poly, )P e hOdg) < CuCikle MR < CyCkle M)
(4.35)

for all z and y € V because
—(MzR)*(2) = — sup{v(z) — MpR(v)} = inf{—(v(z) = MxR(v))};

in this we see the natural appearance of the Legendre-Fenchel transform. The
replacement of (M, R)#(x) by M R*(x) is done using Corollary 4.3.3 and, as re-
quired, the constant M is independent of £ and 5. Upon combining (4.30) and
(4.35), we obtain the desired estimate (4.28). [

As a simple corollary to the lemma, we obtain Proposition 4.2.11.

Proof of Proposition 4.2.11. Given a positive-homogeneous operator A, we in-

voke Proposition 4.2.5 to obtain v and m for which A = 3° 5 agD8. In other

m|=2
words, A is an (2m, v)-positive-semi-elliptic operator which consists only of its
principal part. Consequently, the heat kernel K, satisfies K () = G,(t, x;0) for
all z € Vand ¢t > 0 and so we immediately obtain the estimate (4.11) from the

lemma. O

Making use of Hypothesis 4.1, a similar argument to that given in the proof of

Lemma 4.5.2 yields the following lemma.

Lemma 4.5.3. There is a positive constant M and, to each multi-index (3, a positive

constant Cg such that
DGyt w3y + h) = Gylt, 23 y)]| < Cat ™ t1P2mD R[S exp(—t M R (/1)

forallt >0, z,y, h € V. Here, in view of Hypothesis 4.1, o is the v-Holder continuity

exponent for the coefficients of H.
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Lemma 4.5.4. Suppose that g € Cy((to,T] x V) where 0 < t, < T < oo. Then, on

any compact set Q) C (to, T] x V,

/ Gt 2 — y:y)gls — t,y) dy — g(s,2)
A%

uniformly on Q as t — 0. In particular, for any f € Cy(V),

/VG,,(t,x —y:y)f(y)dy — f(x)

uniformly on all compact subsets of V as t — 0.

Proof. Let (Q be a compact subset of (¢y, 7] x V and write

/ Gp(t,x —y;y)g(s —t,y)dy
A\
- / Gp(t,x —y;x)g(s —t,y)dy
\%

+/[Gp(t7 r—y;y) — Gpt,x —y;2)|g(s —t,y) dy
\%

= 1I"(s,2) + IV (s, 2).

Let ¢ > 0 and, in view of Corollary 4.3.11, let K be a compact subset of V for

which
/ exp(—MR#(2))dz < ¢
V\K

where the constant M is that given in (4.28) of Lemma 4.5.2. Using the continu-

ity of g, we have for sufficiently small ¢t > 0,

sup |g(s —t,x —t¥2) — g(s,2)| < e.

(s,2)€Q
zeK

We note that, forany ¢t > 0and z € V,

/ Gp(t,x —y;x)dy = e~ Pp(@:8) =1.
% £=0
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Appealing to Lemma 4.5.2 we have, for any (s,z) € Q,
119 (s, ) — g(s,2)| < ‘ / Gp(t,x —y;2)(9(s — t,y) — g(s,2)) dy
v
< [ 161 z5)(gls — toz — 152) — g(s.2))| d=
v
< 2gleC | exp(-MR*:)ds
V\K

—|—C/Kexp(—MR#(z))](g(s —t,x —tF2) — g(s,x))| dz

— #
< eC (2lglo + e 1) ;

here we have made the change of variables: y — t¥(z — y) and used the ho-
mogeneity of P, to see that t"7G,(t,t"z;x) = G,(1, z; ). Therefore It(l)(s, T) —

g(s, ) uniformly on ) as t — 0.

Let us now consider I?. With the help of Lemmas 4.3.13 and 4.5.3 and by

making similar arguments to those above we have

1P (s,2)] < Cllglleo /Vt_“Hll’ —ylvexp(~MR* (t™"(z — y)) dy
< gl K]t_trE(R#(t_E(w —y)))’ exp(=MR*(t™"(z — y))) dy

< IIQHOOCt"/(R#(w))eexp(—MR#(Z))dZ < llgllC't
\%

forall s € (t9,7],0 <t < s—tyand x € V; here 0 < o0 < 1. Consequently,

1 (s,z) = 0 uniformly on @ as t — 0 and the lemma is proved. O

Combining the results of Lemmas 4.5.2 and 4.5.4 yields at once:

Corollary 4.5.5. Foreachy € V, G,(-, - — y;y) is a fundamental solution to (4.23).

Step 2. Construction of ¢ and the integral equation
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Fort>0and z,y € V, put
K(t,z,y) = —(0,+H)Gy(t,z —y;y)
= (Hp(y) — H)Gp(t,x — y; 1)
= / e T (By(y, £) — P(x,€))e P de

and iteratively define

Kn(t,z,y) / /K1 —s,x,2) K, (s, z,y) dzds

where K; = K. In the sense of (4.27), note that K,,,; = L"K.

We claim that for some 0 < p < 1,
K (t,2,y)] < Ct- 70 exp(= M R* (15 (x — y))) (4.36)

forall z,y € Vand 0 < ¢t < T where M and C are positive constants. Indeed,

observe that

K(tz,y)l < Y lagly) —as(@)|DIG (e —y:y)| +C Y [DIG,(tx—y;y)

|3:m|=2 |8:m|<2

forall z,y € Vand t > 0 where we have used the fact that the coefficients of H

are bounded. In view of Lemma 4.5.2, we have

[K(tay)l < ) lagly) — ag(@)| Ot exp(~MR*(t~5(x — y)))
B:m|=2
- +Ot~ Bt oxp(— MR* (t7E(x — 1))
forallz,y € Vand 0 < t < T where
n=max{|3: 2m]: |3 m| # 2and ay # 0} < 1.
Using Hypothesis 4.1, an appeal to Corollary 4.3.14 ensures that
K(ta,y)| < CE=om (R E(r — y))) exp(—MR*(5(z - y))

_|_C't—(,“H+77) exp(—MR#(t_E(x - y)))
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forall z,y € Vand 0 < t < T where § is positive and 0 < ¢ < 1. Our claim is
then justified by choosing p = max{c, 1 — 1} and adjusting the constants C' and

M appropriately.

Taking cues from our heuristic discussion, we will soon form a series whose
summands are the functions K, for n > 1. In order to talk about the conver-
gence of this series, our next task is to estimate these functions and in doing this
we will observe two separate behaviors: a finite number of terms will exhibit
singularities in ¢ at the origin; the remainder of the terms will be absent of such
singularities and will be estimated with the help of the Gamma function. We

tirst address the terms with the singularities.

Lemma 4.5.6. Let 0 < p < 1and M > 0 be as above. For any positive natural number
nsuch that p(n—1) < uy+1and e > 0 for which en < 1, there is a constant C,,(e) > 1

such that
| Ku(t, 2, y)| < Co(e)t™ ) exp(—M (1 — en) R*(tF (z — y)))

forallz,y e Vand 0 <t <T.

Proof. In view (4.36), it is clear that the estimate holds when n = 1. Let us
assume the estimate holds for n > 1 such that pn < 1+ uy and € > 0 for which

en < e(n+1) < 1. Then

|Kn+1 t x y

// t—s (MH+1—np)Ol(E)S—(uH+1—p)

x exp(—M ,R¥((t — s)7F(x — 2))) exp(—M R¥ (s 5 (2 — 3))) dz ds

(4.37)
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for z,y € Vand 0 < t < T where we have set M, ,, = M(1 — en). Observe that
RF(t7(x —y)) = sup{&(z —y) —tR(E)}
= sup{{(z —2) = (t = s)R(§) + &(2 —y) — sR(E)}
< RF((t—s) Pz —2)+RF(s Pz —y)) (4.38)
forall z,y,z € Vand 0 < s < t and therefore
exp(—Me R ((t — 5)7" (2 — 2))) exp(~MR* (s %(z — y)))
< exp(=Mep1 R (75 (x — y)))
x exp(—enM(R*((t — )" E(x — 2) + R*(s (2 — y))). (4.39)

Combining (4.37), (4.38) and (4.39) yields

|Kn+1(t,l’,y)‘
< Ci(e)Cple) exp(— M1 R (7 (z —y / / ~(urr+1-np)

x5~ TP oxp(—enM (R*((t — s) Pz — 2) + R#( E(z —y)))dzds

< Ci(e)Crle) exp(— M R (175 (x — y)))
(t/2) G100 /”/ ~(ur+1-p)
x exp(—enMR*(s7P(z — y))) dz ds
+(t/2) 1) //2 / ~lpartimne)
exp(—enM R ((t — s) " F(z — 2)))dzds
< Ci()My(€) exp(— M. R¥(tF(x — y)))

t/2
x | (t/2)~ (Hatl=np) / 5719 s / exp(—enM R*(2)) dz
0 v
t/2
+(t/2) " (ati4e) / s(ln)pds/ exp(—enM R¥(2)) dz]

0 v

< Chgr ()t~ Wt 1=04D0) oy (M, R* (17 B (z — y))
forall z,y € Vand ¢t > 0 where we have put

n+1

Cht1(e) = C1(e)Cr(6) —— ” our (1 (”H)p)/vexp(—enMR#(z))dz
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and made use of Corollary 4.3.11. O

Remark 16. The estimate (4.38) is an important one and will be used again. In the
context of elliptic operators, i.e., where R¥ (x) = C,|z|*™/*™=Y), the analogous result
is captured in Lemma 5.1 of [35]. It is interesting to note that S. D. Eidelman worked
somewhat harder to prove it. Perhaps this is because the appearance of the Legendre-

Fenchel transform wasn’t noticed.

It is clear from the previous lemma that for sufficiently large n, K, is bounded
by a positive power of ¢. The first such nis i := [p~'(tr E + 1)]. In view of the

previous lemma,
K (t, 2, y)| < Ca(e) exp(=M(1 — en) R* (5 (2 — y)))

forall z,y € Vand 0 < t < T where we have adjusted Cj,(¢) to account for this

positive power of ¢. Let § < 1/2 and set

€= %, My =M(1-¢) and Cp= max Cy(e).

1<n<n
Upon combining proceeding estimate with the estimates(4.36) and (4.38), we

have

|Kn+1 t T y

< / / (- (1-p))

X exp(— MR#((t —8) (2 — 2))exp(—M(1 — en) R* (s ¥ (2 — y))) ds dz

< C’g exp(— MlR#t E / / —(pa+(1-p))

x exp(—CSR* ((t — s)"F(2))) dz ds

p

t
< Co(CoF); exp(—MR*(t7"(z — y)))
forall z,y € Vand 0 < t < T where

F = /exp(—McSR#(z))dz < 00.
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Let us take this a little further.

Lemma 4.5.7. For every k € N,

Co (CoFT(p))"
I'(p) K

forall z,y € Vand 0 <t < T. Here I'(-) denotes the Gamma function.

t** exp(= M R* (t7F(z — y))) (4.40)

| Kryi(t,z,y)| <

Proof. The Euler-Beta function B(-, -) satisfies the well-known identity B(a,b) =

I'(a)['(b)/I'(a + b). Using this identity, one quickly obtains the estimate

= T T
HB(’”H”):r(1p+k:p)S e

j=1

It therefore suffices to prove that

k—1
| Knr(t,2,y)] < Co(CoF)* [[ Bp, 1 + jp)t* exp(—=MyR* (1P (x — y)))  (441)

Jj=0

forallz,y e Vand 0 <t < T.

We first note that B(p,1) = p~! and so, for k = 1, (4.41) follows directly
from the calculation proceeding the lemma. We shall induct on k. By another

application of (4.36) and (4.38), we have

(]k—i-l(t?xay)
k—1 .
= [T Bl 1+ jp)]| |Knaialt, 2 )
j=0

< /o /V(t — s)_(“H+(1_p))3_kP exp(—MR#((t —5)"F(z - 2)))
x exp(—MR¥ (s 5 (2 —5))) dz ds
< exp(—MRF(tF(x —y)))

X /0 /V(t — 5) "W tA=P) s k0 oy (— MOR? ((t — 5) "B (x — 2))) dz ds
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forall z,y € Vand 0 < ¢t < 7. Upon making the changes of variables z —

(t — s)"F(x — 2) followed by s — s/t, we have

Jer1(t,zy) < exp(—MlR#(t_E(x—y)))F/o (t — st)~(st) Pt ds

< exp(—=M R*(t P (x — y))) Ft*T7 B(p, 1 + kp)

forall z,y € Vand 0 < ¢t <T'. Therefore (4.41) holds for £ + 1 as required. O
Proposition 4.5.8. Let ¢ : (0,7] x V x V — C be defined by
$=> K,
n=1

This series converges uniformly for x,y € Vand t, < t < T where t, is any positive

constant. There exists C' > 1 for which

|¢(t7 z, y) < exp(_MlR#(tiE(x - y))) (442)

‘ — thu+(1-p)

forallx,y € Vand 0 <t < T where M, and p are as in the previous lemmas. Moreover,

the identity

o(t,z,y) = K(t,x,y) + /ot/VK(t —s,x,2)P(s,2,y)dzds (4.43)

holds for all x,y € Vand 0 <t <T.

Proof. Using Lemmas 4.5.6 and 4.5.7 we see that

> K (t,z,y)]
k=1

n > CFF
—( H+(1*n) 0 k _ #4—F o
< CO[E R p rp E: )" o exp(— M R*(t~E(z — y)))

n=1 k=1

forall z,y € Vand 0 < t < T from which (4.42) and our assertion concern-

ing uniform convergence follow. A similar calculation and an application of
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Tonelli’s theorem justify the following use of Fubini’s theorem: For =,y € V and

0<t<T,
¢
/ /K(t—s,x,z)¢(s,z,y) dsdz
0o Jv
00 t 00
= Z/ /K(t—s,x,z)Kn(s,z,y)dzds:ZKnH(t,z,y)
n=170 JV n=1

- ¢(tvx7y) - K(t>xay)

as desired. 0

The following Holder continuity estimate for ¢ is obtained by first showing the
analogous estimate for K and then deducing the desired result from the integral
formula (4.43). As the proof is similar in character to those of the preceding two
lemmas, we omit it. A full proof can be found in [37, p.80]. We also note here
that the result is stronger than is required for our purposes (see its use in the
proof of Lemma 4.5.11). All that is really required is that ¢(-, -, y) satisfies the
hypotheses (for f) in Lemma 4.5.10 for each y € V.

Lemma 4.5.9. There exists o € ]Ii which is consistent withm, 0 < n < land C > 1

such that

c )
|¢(t,l’ + hay) - ¢(t,x,y)| < MVL’v eXp<_M1R#(t E(x - y)))

forall z,y,h € Vand 0 <t <T.

Step 3. Verifying that Z is a fundamental solution to (4.20)

Lemma 4.5.10. Let o € 1% be consistent with m and, for to > 0, let f : [to,T] X
V — C be bounded and continuous. Moreover, suppose that f is uniformly v-Holder
continuous in x on [ty, T] x V of order «, by which we mean that there is a constant

C > 0 such that

sup |f(t7£L’) - f(t7y>| S C|I - ylg
te(to,T)
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forall x,y € V. Then u : [ty, T] x V — C defined by
t
u(t,z) = / / Gp(t —s,x — z;2)f(s,2)dsdz
to JV
is (2m, v)-regular on (to, T') x V. Moreover,
Owu(t,x) = f(t,z) + hm /@ —z;2)f(s,2)dzds (4.44)
and for any (3 such that | : m| < 2, we have
t—h
DBu(t, x) = l}ilﬂjl / DEG(t — 5,2 — 2;2)f(s,2) dzds (4.45)
t

forx e Vandty <t <T.

Before starting the proof, let us observe that, for each multi-index 3,

|D€Gp(t — 5T =z Z)f(S, Z)|

< Ot — s) w2l exp(— MR¥((t — 5)"F(a = 2)))| f (5, 2)].
Using the assumption that f is bounded, we observe that
/t /V |DEG,(t — 8,2 — 2;2) f(s,2)| dz ds
to
< C’/t/(t — )Tt o (CMRE((E — 5) P (2 — 2))) dz ds
< c/ / “I82ml oy (— M R#(2)) dz ds
< C/ ~|pom g

forallty <t <Tandz € V. When |f: m| < 2,

/ t(z — 5)71A2ml g (4.46)

to

converges and consequently
t
Su(t,r) = / / DG, (t — 5,2 —a;2)f(s,2)dz ds
to JV
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forallty <t < T and x € V. From this it follows that DZu(t, r) is continuous
on (tp,T) x V and moreover (4.45) holds for such an j in view of Lebesgue’s
dominated convergence theorem. When |3 : m| = 2, (4.46) does not converge
and hence the above argument fails. The main issue in the proof below centers

around using v-Holder continuity to remove this obstacle.

Proof. Our argument proceeds in two steps. The fist step deals with the spa-
tial derivatives of u. Therein, we prove the asserted z-regularity and show
that the formula (4.45) holds. In fact, we only need to consider the case where
|3 : m| = 2; the case where |5 : m| < 2 was already treated in the paragraph pro-
ceeding the proof. In the second step, we address the time derivative of u. As
we will see, (4.44) and the asserted t-regularity are partial consequences of the
results proved in Step 1; this is, in part, due to the fact that the time derivative
of G, can be exchanged for spatial derivatives. The regularity shown in the two

steps together will automatically ensure that « is (2m, v)-regular on (¢y,7") x V.

Step 1. Let § be such that |5 : m| = 2. For h > 0 write

t—h
up(t, x) :/t /VGp(t—s,x—z; 2)f(s,z)dzds

and observe that

t—h
DBy, (t,z) = / / DEG,(t — 8,0 — 2,2)f(s,2)dz ds
to \%

forallty <t —h <t < Tandz € V;itis clear that D%u,(t, z) is continuous
in t and z. The fact that we can differentiate under the integral sign is justified
because t has been replaced by t—h and hence the singularity in (4.46) is avoided

in the upper limit. We will show that D%u(¢,z) converges uniformly on all
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compact subsets of (ty, T') xV as h — 0. This, of course, guarantees that DZu(z, t)

exists, satisfies (4.45) and is continuous on (ty,T) x V. To this end, let us write
t—h
Diultr) = [ [ DiGt— 50— 22)((s02) — fls.) deds
to A%

t—h
—I—/ /Der(t—s,x—z;z)f(s,x)dzds
to A%

= IVt 2) + IP(t, ).

Using our hypotheses, Corollary 4.3.8 and Lemma 4.3.13, for some 0 < 0 < 1

and 6 > 0, there is M > 0 such that
[f(s.2) = f(s,2)] < Ct = )7 (R*((t = 5) " (x — 2)))’
forallz,z € V,t € [tg,T] and s € [to, t]; consequently

[DJG,(t — s, — 2:2)(f(5,2) = f(s,2))]

Ot — )~ D4 (R (1P (x — 2)))° exp(—MRF((t — 5) " (a — 2)))

IN

< Ot — s)~wnt1=9) oxp (= MR#(t — 5) " F(x — 2))
forallz,z € V,t € [tg,T] and s € [to, t]. This estimate guarantees that

IOt z) ::/t AD@Gp(t—s,x—z;z)(f(s,z) — f(s,x))dzds

exists for each t € [tg,T] and z € V. Moreover, forall t) <t —h <t < T and

zevV,

10t 2) - 10(t, )] < / / DSG(t — 5,0 — % 2)(f(s,2) — f(s,2))|d= ds
—h JV

t

t
< C’/ /(t —8)" Lexp(—MR*(2)) dzds < Ch°.
t—h Jv

From this we see that limy, o / }(Ll) (t, z) converges uniformly on all compact subsets

of (to, T) x V.
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We claim that for some 0 < p < 1, there exists C' > 0 such that
’ / D3G,(t —s,2 — 2, 2)dz| < C(t —s)" 177 (4.47)
v
forall z € Vand s € [ty,t]. Indeed,
/ DSG,(t — s, — z,2)dz
v
/ DPIG,(t — 8,2 — 2;2) — Gt — 8,2 — y)]’y:x dz
v
+[D§ / Gyt — s,2 — zy) dz] ‘y:x.
v

The first term above is estimate with the help of Lemma 4.5.3 and by making
arguments analogous to those in the previous paragraph; the appearance of p
follows from an obvious application of Lemma 4.3.13. This term is bounded by

C(t — 5)~1=?). The second term is clearly zero and so our claim is justified.

By essentially repeating the arguments made for / }(11) and making use of

(4.47), we see that
l}g{)l[ (t x) = IP(t, x) //DBG ;2)f(s,x)dzds

where this limit converges uniformly on all compact subsets of (o, 7") x V.

Step 2. It follows from Leibnitz’ rule that
Owup(x,t) = / Gplh,x — z;2)f(t — h, 2) dz
v
t—h
—I—/ /8,5Gp(t—s,x—z;z)f(s,z)dzds
to A%
= It z) + I (¢, x)

forallty <t—h <t < T and z € V. Now, in view of Lemma 4.5.4 and our

hypotheses concerning f,

l,grOlJ( x) = f(t,z)
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where this limit converges uniformly on all compact subsets of (ty,T") x V.
Using the fact that 0,G,(t — s,z — 2; 2) = —Hp(2)G,(t —s,x — z; z), we see that

1; (2) "
im J,"(t, 7)

L Ot_h/v<_ 3 aﬂ(z)fo)Gp(t—s,x—z;z)f(s,Z)dZdS

h10
|8:m]=2

t—h
= — Z lim /DéGp(t—s,:L’—z;z)(ag(z)f(s,z))dzds
pemi=a S0

forallt € (t,,T) and = € V. Because the coefficients of H are v-Holder con-
tinuous and bounded, for each 3, ag(z)f(s, z) satisfies the same condition we
have required for f and so, in view of Step 1, it follows that J, ,(12) (t,x) converges
uniformly on all compact subsets of (ty,7") x V as h — 0. We thus conclude that

Ou(t, x) exists, is continuous on (ty, 7') x V and satisfies (4.44). O
Lemma 4.5.11. Let W : (0,7] x V x V — C be defined by
t
W(t,z,y) = / / Gp(t — s, v — z;2)¢(s,2,y) dz ds,
0 Jv

forx,y € Vand 0 < t < T. Then, foreachy € V, W(-,-,y) is (2m, v)-regular on
(0,T) x V and satisfies

O+ H)W (t,x,y) = K(t,z,y). (4.48)

forall x,y € Vandt € (0,T). Moreover, there are positive constants C' and M for
which
(W (t,z,y)] < CtH 7 exp(=MR* (17" (z — y))) (4.49)

forall x,y € Vand 0 < t < T where p is that which appears in Lemma 4.5.6.

Proof. The estimate (4.49) follows from (4.28) and (4.42) by an analogous com-

putation to that done in the proof of Lemma 4.5.6. It remains to show that, for
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eachy € V, W(-,-,y) is (2m, v)-regular and satisfies (4.48) on (0,7") x V. These
are both local properties and, as such, it suffices to examine them on (¢, 7") x V

for an arbitrary but fixed t, > 0. Let us write

W(t,z,y) / /G 1 2)0(s, z,y) dz ds

to
—I—/ / Gp(t — s, v — 2z, 2)0(s, 2,y) dzds
0o Jv

= Wl(t7x7y) + Wg(t,l‘,y)

forz,y € Vand ty <t < T. In view of Lemmas 4.5.9 and 4.5.10, for each y € V,
Wi(-,+,y)is (2m, v)-regular on (¢, 7) x V and
(0 + H)Wi(t, z,y)

= OWA(tw,y)+ > ag(x) DIWi(t,x,y)

|B:m|<2

t—h
= o(t,z,y)+ lim/ / Gyt — s,x — 2, 2)P(s, 2,y) dz dy

t—h
—|—lim / Z ag(x)DPG,(t :2)o(s, 2,y) dz ds

hl0
Y |B:m|<2

t—h
= o(t,z,y)+ lfiﬁ]l /to A](@t + H)Gy(t — s,z — 2z, 2)¢(s, z,y) dzds
t—h
= o(t,z,y) — lim /K(t —8,2,2)P(s, z,y) dz ds (4.50)
v

Rl0

forall x € Vand tg < t < T; here we have used the fact that
(O + H)G(t —s,x —z;2) = —K(t — s,x, 2).

Treating W, is easier because G,(t — s,z — z,z) and its derivatives remain
bounded for z,z € Vand 0 < s < t,. Consequently, derivatives may be taken
under the integral sign and so it follows that, foreach y € V, Wy(-, -, y) is (2m, v)-

regular on (#,7") x V and

(0 + H)Wy(t, x,y) = / /K —s,2,2)0(s,2,y) dzds (4.51)
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forx € Vand ty, < t < T. We can thus conclude that, foreach y € V, W (-, -, y) is

(2m, v)-regular on (ty,7") x V and, by combining (4.50) and (4.51),

—h
(@0t H)W(1,2,3) = (4, .) ~lim | t / K(t— s,2,2)¢(s, 2,y) dz ds

forx € Vand ty < t < T. By (4.36), Proposition 4.5.8 and the Dominated

Convergence Theorem,

t—h
lim /K(t—s,x,z)¢(s,z,y)dzds = //K —s,x,2)P(8,2z,y)dz ds
0 v

hl0
= o(t,x,y) — K(t,z,y)

and therefore

(O + H)W(t,x,y) = K(t,z,y)

forallz,y e Vand to <t <T. H

The theorem below is our main result. It is a more refined version of Theorem
4.5.1 because it gives an explicit formula for the fundamental solution Z; in

particular, Theorem 4.5.1 is an immediate consequence of the result below.

Theorem 4.5.12. Let H be a uniformly (2m, v)-positive-semi-elliptic operator. If H
satisfies Hypothesis 4.1 then Z : (0, T] x V x V — C, defined by

Z(t,x,y) =Gylt,x —y;y) + W(t,z,y) (4.52)

forx,y € Vand 0 < t < T, is a fundamental solution to (4.20). Moreover, there are

positive constants C' and M for which

|Z(t,x,y)| < t/% exp (—tMR# (w ; y)) (4.53)

forallz,y e Vand 0 <t <T.
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Proof. As 0 < p < 1, (449) and Lemma 4.5.2 imply the estimate (4.53). In view
of Lemma 4.5.11 and Corollary 4.5.5, for each y € V, Z(-, -, y) is (2m, v)-regular
on (0,7) x Vand

O+ H)Z(t,x,y) = (00 + H)Gp(t,x —y,y) + (0, + HYW(t,z,y)

= —K(t,z,y)+ K(t,z,y) =0
forallz € Vand 0 < ¢t < T It remains to show that for any f € C,(V),

lim [ Z(t,z,y)f(y)dy = f(x)

t—0 Y

forall z € V. Indeed, let f € C},(V) and, in view of (4.49), observe that

/ W(ta:,y)f(y)‘ < OISl [ 1P e (-MB# (o~ )y
A% A\
< Ol / exp(—MR*(y)) dy < Ct||f

forallz € Vand 0 <t <T. An appeal to Lemma 4.5.4 gives, for eachz € V,

lim VZ(t,:c,y)f(y)dy = lim VGp(lt,:c—y;y)f(y)dy

+lim | W(t,z,y)f(y) dy
t—0 Y%

as required. In fact, the above argument guarantees that this convergence hap-

pens uniformly on all compact subsets of V. O

We remind the reader that implicit in the definition of fundamental solution to
(4.20) is the condition that Z is (2m, v)-regular. In fact, one can further deduce
estimates for the spatial derivatives of Z, D2Z, of the form (4.11) for all 3 such
that | : 2m| < 1 (see [37, p. 92]). Using the fact that Z satisfies (4.20) and
H’s coefficients are bounded, an analogous estimate is obtained for a single ¢

derivative of 7.
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CHAPTER 5
UNIFORMLY POSITIVE-HOMOGENEOUS OPERATORS WITH
MEASURABLE COEFFICIENTS AND HEAT KERNEL ESTIMATES

5.1 Introduction

Throughout this chapter V is a d-dimensional real vector space equipped with
the standard smooth structure; we henceforth assume the notation of Chapter
4. Taking our motivation from Theorem 4.5.1, given a self-adjoint partial dif-
ferential operator H on L*(V), which we will take to be uniformly comparable
to a positive-homogeneous operator A with symbol P and homogeneous order
pa (in the sense that it satisfies a Garding inequality), we are interested in the
validity of heat kernel estimates for H in terms of the Legendre-Fenchel trans-
form of R = Re P. Specifically, we ask: Under what conditions on H does the

semigroup {e """} have an integral kernel Z : (0,00) x V x V — C satisfying

C x—y
- — #
|Z(t,x,y)|§tuA exp( tMR < . ))

forz,y e Vand 0 < ¢t < T < oo where C = C(H,T) and M = M(H,T) are

positive constants? We recall that Z is an integral kernel for {e "} provided,

for each f € L*(V),

(7 f) (2) = / Z(t,2.9)f(y) dy

v
for ¢ > 0 and almost every x € V. Of course, when Z is sufficiently regular,
this notion coincides with the definition of fundamental solution to the heat
equation given in Section 4.5. Consequently, Theorem 4.5.1 can be seen as an
affirmative answer to the above question in the case that H has Holder coef-

ticients (and is uniformly positive-semi-elliptic). In this chapter, we adapt the
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functional analytic method of E. B. Davies (presented in [21]) to the positive-
homogeneous setting and show that, in particular, the above question also has
an affirmative answer when the coefficients of H are only bounded and mea-
surable, provided iy < 1 (see Theorem 5.8.4). In this adaptation of Davies’
elegant method, we will see the natural appearance of the full d-dimensional
Legendre-Fenchel transform in heat kernels estimates for (uniformly) positive-
homogeneous operators. We recall that the 1-dimensional Legendre-Fenchel
transform was previously observed (and exploited) in [9] and [10] for elliptic op-
erators; in the elliptic setting, the anisotropic character of the full d-dimensional
transform isn’t needed. For further discussion on the Legendre-Fenchel trans-
form in heat kernel estimates (and its virtues), we refer the reader to Subsection

4.2.1.

5.2 Sobolev spaces, uniformly positive-homogeneous self-

adjoint operators and their quadratic forms

In the first part of this section, we define a family of Sobolev spaces on V.
These spaces, which include those of the classical elliptic theory, were also dis-
cussed in the context of R? in [58]. Then, given a formally self-adjoint positive-
homogeneous operator A on V, we study the quadratic form @), it defines. Be-
cause A is symmetric, its symbol is necessarily real and it is henceforth denoted
by R. We then realize A as a self-adjoint operator on L? whose domain and form
domain are characterized by the previously defined Sobolev spaces; everything
here relies on the semi-elliptic representation of positive-homogeneous opera-

tors given in Proposition 4.2.5.
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Let1 < p < oo, m € N? and let v be a basis for V. For any non-empty open set
) C V define
WmP(Q) = {f € LP(Q) : D2f € LP(Q) V o with |a : m| < 1}

where D¢ = (i0,)** (i02)*? - - - (i04)**. By the symbol, 0;, we mean the restriction
of the derivation 0; = J,, onto the open set (). As usual, each derivative is to be

understood in the distributional sense. For any f € W*?((2) let

1/p
e = | 3= [ 1D3sps
|am|<1 Q
Clearly, || - [[ym»(q) is @ norm on W;*P(Q2) and the usual arguments show that

WrP(Q) is a Banach space in this norm. Naturally, we will call these spaces
Sobolev spaces; in the context of R?, these spaces were previously studied in [24]
and [58]. Notice that when V = R¢, v = eand m = (m,m, ..., m), our definition
coincides with that of W™?(Q2), the standard Sobolev spaces of R9. In fact, the
basis e is immaterial in this setting. Let us also denote by W;"(Q2) the closure

of C5°(2) in the || - ||yym»(€2) norm.

Temporarily, we restrict our attention to the case where 2 = Vand p = 2. As
one can check by the use of smooth cut-off functions and mollification, C§°(V)
is dense in W ™?(V). The following result follows by the standard method, c.f.,

[66]; its proof is omitted.

Lemma 5.2.1. Let m € N, v be a basis of V and v* be the corresponding dual basis.

Then
Wm2(V) = {f e L2(V) : £9f(€) € LA(V*) ¥ a with |a : m| < 1} (5.1)

and

2
2*.

||f||$/[/j,m2(\\/) = Z ||§af(€)

|a:m|<1
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Lemma 5.2.2. Let A be a symmetric positive-homogeneous operator with symbol R
and, in view of Proposition 4.2.5, let m € N% and v be a basis of V as guaranteed by

the proposition. Then

weﬂmnz{feL%vw wR@Mﬂ@ﬁ%<aﬁ

and moreover, the norms

= (15 + [ meerae)

and || - [|yym.2, are equivalent.

Proof. By virtue of Proposition 4.3.2 (working in the coordinates defined by v),
there are positive constants C' and C’ for which
C1+RE)< Y &&<C'(1+R(©).
|o:m|<1
for all £ € V*. With this estimate, the result follows directly from Lemma 5.2.1

using the Fourier transform. O

Returning to the general situation, let 2 C V be a non-empty open set. For

[ € L*(2) define f. € L*(V) by

flz) ifzef
ful) =
0 otherwise.
Of course, || f|l12) = [|fellz2v)- The following lemma shows that TV} () is

continuously embedded in W™?(V):

Lemma 5.2.3. Forany f € W53 (Q), f. € WR2(V) and

”fHW“L“’2(Q) = Hf*“Wv“"Q(V)‘
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Proof. Let f € W‘TdQ(Q) and let {f,} C C¢°(Q) for which || f,, — f||yymz2q) — 0as

n — oo. Then for any ¢ € C§°(V) and multi-index a for which o : m| <1,
[ 2036012 = [ D30y = im [ 1.(Dz0)ds
v Q Q
= lim (—1)l [ (D2 f,)pdz = (—1)1* [ (D2 f)ed
i (-1 [ (Def)ods = (<1 [ (D2 f)ods

— (1) / (D2 f) .

where we used the fact that each f, has compact support in 2 and thus par-
tial integration produces no boundary terms. Thus for each such «, DS f, =
(D2f) € LAV) and [|DS fllr2 = 1D fellr2v) from which the result fol-

lows. O]

We now turn to positive-homogeneous operators, viewed in the L? setting and
their quadratic forms. Let 2 C V be a non-empty open set and let A be a
positive-homogeneous operator on V with symbol R and let m € N? and v

be the basis of V guaranteed by Proposition 4.2.5. Define
Dom(Qx,) = W07“1,’2(Q)

and for each f, g € Dom(Q,,,), put

Qualfog) = / P)F(OF ).

Proposition 5.2.4. Then the restriction A|ce=(q) extends to a non-negative self-adjoint
operator on L*(Q), denoted by Aq. Its associated quadratic form is Q. has domain

Dom(Qy,,) = W = Dom(AY?) and moreover C3°(Q) is a core for Q..

v,

Remark 17. The self-adjoint operator Aq is the Dirichlet operator on €, i.e., the opera-

tor associated with the Dirichlet problem.

Remark 18. One can show that Dom(Aq) = Wffé"Z (Q2). This fact however isn’t needed

for our development.
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Proof of Proposition 5.2.4. In view of Lemma 5.2.2, there are constants C,C’ > 0

for which

A 1/2
Ol < (U1 + [ ROORAE) < Ol

forall f € W™?2(V). Thus by Lemma 5.2.3,

1/2 ,
Cll gy < (1 @) + @aalH)) < Nl gy

forall f € W“:‘dz(Q). It follows that

1/2
11 = (11220 + Qaa()

defines a norm on W:};Q(Q), equivalent to the norm || - [[;mz . From this we

can also conclude that Q,, is a bona fide quadratic form.

It is easy to see that ()5, is symmetric, positive-definite (in the sense of forms)
and densely defined; these assertions follow because R is positive-definite and
Cr(Q) C Wv’f‘dZ(Q) C L?(2). We claim that Q,,, is closed. Indeed, let {f,} C
W\%Q(Q) be a Q,,-Cauchy sequence and such that f, — f in L?(Q2) for some
f € L*(Q). Because the norms || - ||, and || - [|;ym. () are equivalent, we know that
{fn} is also a Cauchy sequence in W +%(Q) and so it converges. Moreover, as
the topology on Wﬁjz(Q) is finer than the topology induced by the L*(2) norm,
we can conclude that f € W;5*(Q) and f, — f in W*(Q2). By again appealing
to the equivalence of normes, it follows that )5, is closed. It is now evident that

C5°(Q2) is a core for Qa,,-

In view of the theory of quadratic forms, ()5, has a unique associated non-

negative self-adjoint operator A with Dom(Ag %) = Dom(Q,,,). Also, because

(Af.9)0 = (Afog) = [ POLOGTOE = Qnalli) = (1:Ag)o

forall f, g € C5°(Q2), Aq must be a self-adjoint extension of A|Cgo(9). O
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5.3 Ultracontractivity and Sobolev-type inequalities

In this section we show that (self-adjoint) positive-homogeneous operators have
many desirable properties shared by elliptic operators. In particular, for a self-
adjoint positive-homogeneous operator A, we will prove corresponding Nash

and Gagliardo-Nirenberg inequalities.

Let A be a self-adjoint positive-homogeneous operator on V with symbol R and
homogeneous order p5. In view of Proposition 5.2.4, A determines a self-adjoint
positive-homogeneous operator on L*(V), Ay. By an abuse of notation we shall
write A = Ay and @5, = Qa. Using the spectral calculus, define semigroup
{e~*}; this is a Cy-contraction semigroup of self-adjoint operators on L*(V).
In view of our discussion in Chapter 4, it should be no surprise that the semi-
group e, defined here by the spectral calculus coincides with that given by

the Fourier transform; this, in particular, is verified by the following lemma.

Lemma 5.3.1. For f € L*(V)and t > 0,

() (@ / Kalt, — ) f(y)dy (52)

almost everywhere, where K, (t, z) = (e7'®)V(x) € S(V). For each t > 0, this formula
extends {e~"*} to a bounded operator from LP(V) to LY(V) for any 1 < p,q < oc.

Furthermore, for each 1 < p, q < oo, there exists C, , > 0 such that

Opvq

—tA
O Y or=r)

forall t > 0. In particular, the semigroup is ultracontractive with

C'2,00

—tA
le™ l2mo0 < [/

forallt > 0.
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Remark 19. Given a Cy-semigroup {T;} of self-adjoint operators on L?, we say that the
semigroup is ultracontractive if, for each t > 0, T, is a bounded operator from L* to L>°.
We note that this condition immediately implies (by duality) that, for each t > 0, T} is
a bounded operator from L' to L* and this is often (though not exclusively, e.g., [43])
taken to be the definition of ultracontractivity, see [18]. Our terminology is not meant to
imply (as it does in the case of Markovian semigroups) that the semigroup is contractive

on LP for any p; it usually isn't.

Proof of Lemma 5.3.1. We first verify the representation formula (5.2). Using
the Fourier transform, one sees easily that convolution by K, defines a Cj-
contraction semigroup on L*(V) of self-adjoint operators. Denote this semi-
group and its corresponding generator by 7} and A respectively and note that A

is necessarily self-adjoint. For each f € C§°(V), observe that

i [[171 (7] = )+ A7, =l [ (e = 1)+ () F©)], =0

2*

where we have appealed to the dominated convergence theorem and the fact
that F(Af) = Rf. Consequently, C5°(V) € Dom(A) and Af = —Af for all
f € C°(V). Our aim is to show that A|ge(v) is essentially self-adjoint for then

A = —A and so necessarily, T, = e~ as claimed.

Let f € Ran(A|¢ce(v) & ). By the unitarity of the Fourier transform,

0= (f,(Axi)g) = (f,(R+i)g). = (RE9)f, )

for all g € C5°(V). We know that F(C5°(V)) is dense in L?(V*) and so it follows
that (R(€) +4)f(£)) = 0 almost everywhere. Using the fact that R is real-valued,
we conclude that f = 0 and so Ran(A|cge(yy = 4)" = {0}. This implies that

Ran(A|¢g(vy £1) is dense in L*(V) and thus the proof is complete in view of von

Neumann’s criteria for essential self-adjointness.
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The asserted LP? — L7 estimates for {¢**} are now established using the
Fourier transform. In fact, we already established the L' — L* estimate in the
paragraph proceeding Proposition 4.2.12; we leave the remaining estimate to

the reader. O]

Remark 20. [t should be pointed out that A|ge(q) is not generally essentially self-
adjoint; for instance one can consider the Dirichlet and Neumann operators when 2
is, say, a bounded open non-empty subset of V. In this case the above argument fails

because F(C§°(Q)) isn’t dense in L*(V*).

Proposition 5.3.2 (Nash’s inequality). Let Q be a non-empty open subset of V and
let A be a positive-homogeneous operator with homogeneous order 5. We consider the

self-adjoint operator N and its quadratic form Q. There exists C' > 0 such that

1+1 1
I < CQaalH) AL,

forall f € C5°(Q2).

Proof. It suffices to prove the estimate when 2 = V, for the general result fol-
lows from the isometric embedding of W‘if’f(Q) into W™2(V), c.f., Lemma 5.2.3,
and that of L'(Q) into L'(V). Again, we will denote Ay and Q,, by A and Q,
respectively. In view of Lemma 5.3.1, the self-adjointness of A and duality give

C" > 0 such that
C/

—tA
le™ 152 < 2
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for all ¢ > 0. Thus for any f € C3°(V),

12 < ||€_mf—f||2+||6_mf||
t d A
‘/0 %e fds

t
/ e s
0

IN

TV /1l

tuA/2

IN

t
< [N s Qa9 + 53
for all t > 0. Using spectral theory we see that
C//
||A1/26_5A||2_>2 < sup |)\1/26—s)\| <
A>0 s1/2

for all s > 0 and therefore

I/ll2 < 2C"82Qu (N2 + | £l

tha

for all ¢ > 0. The result follows by optimizing the above inequality and noting

that pa > 0. ]

Suppose additionally that 14 < 1. Using ultracontractivity directly, a calculation

analogous to (5.3) yields

/112

tha/2

t
[l < /He_SA/QH2—>ooH/\1/26_5A/2”2—>2dSQA(f)1/2
0

< CEQUHYE + | e

tuA/2

for f € C3°(V) and t > 0. Upon optimizing with respect to ¢ and using the

density of C5°(V) in W™?2(V), we obtain the following lemma:

Lemma 5.3.3. If 1y < 1 then there is C' > 0 such that for all f € W",’})’Q(Q),
£l < CQua(F) Il
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Lemma 5.3.3 is the analog of the Gagliardo-Nirenberg inequality in our setting.

5.4 Fundamental Hypotheses

In this section, we consider arbitrary self-adjoint operators on L*((2) where Q is
a non-empty open subset of V; herein and in the next three sections || - ||» denotes
the L?(Q) norm, (-,-) denotes its inner product and all mentions of a positive-
homogeneous operator A refer to the self-adjoint operator A of Proposition
5.2.4. Correspondingly, ()5, is denoted by Q)5. We will state three hypothe-
ses for such self-adjoint operators under which one can deduce the existence of
heat kernels and prove corresponding off-diagonal estimates. Our construction
is based on E.B. Davies’ article [21], wherein a general class of higher order self-

adjoint uniformly elliptic operators on R? is studied.

Let’'s consider a self-adjoint operator H, bounded below, with domain
Dom(H) C L?*(Q) and its corresponding quadratic form @ with domain
Dom((Q). We require that C§°(Q2) € Dom(Q). The first of three fundamental

hypotheses concerning H and () is as follows:

Hypothesis 5.1. Let H and () be as above. There exists a self-adjoint positive-

homogeneous operator A with corresponding quadratic form QQx such that

SQuF) < QU < C@QA +IIFIR) 5.4)

forall f e C5°(S2) where C > 1. We shall call A a reference operator for H.

Hypothesis 5.1 is a comparability statement between H and the positive-

homogeneous operator A. In this way, (5.4) is analogous to Garding’s inequality
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in that the latter compares second order elliptic operators to the Laplacian.

When Hypothesis 5.1 holds, the inequality (5.4) ensures that Dom(Q) =
Dom(Q,) and that H > 0. In view of Proposition 5.2.4, there exist m € N¢

and a basis v of V such that
Dom(Q) = Dom(Qx) = Wy (Q)

and, because C{°(f2) is dense in W‘%Z(Q), (5.4) holds for all f in this common

domain. These remarks are summarized in the following lemma:

Lemma 5.4.1. Let H be a self-adjoint operator satisfying Assuption 5.1. Then H > 0
and

Dom(Q) = Wv“"dQ(Q)

where m and v are those associated with A via Proposition 5.2.4. Moreover, (5.4) holds

forall f in this common domain.

As in [21], we avoid identification of Dom(/) as it isn’t necessary. By virtue
of Lemma 5.4.1 and Theorem 1.53 of [69], —H generates a strongly continuous
semigroup T; = e "% on L*(Q2) which is a bounded holomorphic semigroup on
a non-trivial sector of C. The main goal of this chapter is to show that the semi-
group 7; has an integral kernel Z satisfying off-diagonal estimates in terms of
the Legendre-Fenchel transform of R. Under the hypotheses given in this sec-
tion, we obtain these off-diagonal estimates by means of Davies’ perturbation
method, suitably adapted to our naturally anisotropic setting. Specifically, we
study perturbations of the semigroup 7; formed by conjugating 7; by “nice”

operators. To this end, set
C2(0,Q) = {p € C®(Q,Q) : (A (@) € L=(Q) forallv € V,\ € V* and k > 0}
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and, for ¢ € C2(9,9Q) and A € V*, we consider the smooth functions e*(®) and
e~?); these will act as bounded and real-valued multiplication operators on

L2(). For each such X and ¢, we define the twisted semigroup 7;"* on L*(Q) by

Tt/\¢ — e)‘(‘z’)Tte_A(d))

for t > 0. For any f € L*(2) such that e *(®) f € Dom(H)), observe that

M) ) — (oA
HO(_H)e O f eA(aﬁ)Pn%Tt(e ()f)t (e f)
-

TMf—f
t

= lim
t—0

where we have used the fact that e*(®) acts as a bounded multiplication operator
on L?(€). Upon pushing this argument a little further one sees that 7} has

infinitesimal generator —H) 4 = —eM% He ) = X9 (— H)e~*¢) and
Dom(Hy,) = {f € L*(Q) : e *? f € Dom(H)} .

We also note that, in view of the resolvent characterization of bounded holo-
morphic semigroups, e.g., Theorem 1.45 of [69], it is straightforward to verity

that {T;?} is a bounded holomorphic semigroup on L?(1).

Remark 21. This construction for T;"? is similar to that done in [21]. The difference be-
ing that \ for us is a “multi-parameter” whereas in [21] it is a scalar. This construction
is the basis behind the suitable adaptation of Davies” method for positive-homogeneous

operators, discussed in the introductory section of this chapter.

In the same spirit, define twisted form @), , by

Qrol(f) = Qe f, X0 f)

for all f € Dom(Q),4) := Dom(Q). One can easily check that multiplication by

M9 for ¢ € C2(Q, Q) is an isomorphism of W}7;*(€2) and so necessarily Q) is
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densely defined and closed. It generally isn’t symmetric or real-valued. As the

next lemma shows, H, , corresponds to ), , in the usual sense.

Lemma 5.4.2. Forany A € V*and ¢ € CL(2, ),
Dom(H) ) € Dom(Qx4) = Dom(Q)

and

Qro(f) = (Hxof, f)
forall f € Dom(H)y ).
Proof. For f € Dom(H,,),
e M9 f € Dom(H) C Dom(Q) = Wf,fldQ(Q).

Because ¢ € CX(Q,Q), oFeM®) € L>(Q) foralli = 1,2,...,dand k > 0. Using

the Leibniz rule it follows that
f=e@(eNf) e WIEH(Q) = Dom(Qh).
We see that,

(Haof. [) = (H(e D f), X f) = Qe f, X f) = Quo(f)

as desired. 0

Our second fundamental hypothesis is as follows:

Hypothesis 5.2. Let H and () satisfy Hypothesis 5.1 with associated reference operator
A. There exist £ C C2(2,Q2) and M > 0 such that:

i) For each pair x,y € Q, there is ¢ € & for which ¢(z) — ¢(y) =z — y.
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ii) Forallp € £, \ € V*and f € Dom(Q),

@rno(f) = QUAI < Z(Q(f) + M(1+ RW)IIf12) (5.5)

e~ =

where R is the symbol of A. We will call (5.5) the form comparison inequality.

Our next lemma follows immediately from Lemma 5.4.2 and Hypothesis 5.2. Its

proof is omitted.

Lemma 5.4.3. Let ¢ € £ and X € V*. If Hypothesis 5.2 holds,

2RelQa(f)] = 2Rel(Hraf, )] > 5 1+ RODIFIZ  (56)
forall f € Dom(H)y ).

Hypothesis 5.3. Let H satisfy Hypotheses 5.1 and 5.2 and let A\ be the associated self-
adjoint positive-homogeneous operator with symbol R and homogeneous order 5. Set
k= min{n € N : uy/n < 1} and denote by Qx~ the quadratic form corresponding to

A*. There is C' > 0 such that, for any ¢ € £ and A € V¥,
Dom(HY ;) € Dom(Qx~)

and
Qa=(f) < C((H 4 f, )] + (1 + RO (| £1I3)

for all f € Dom(HY, ;).

In [21], the self-adjoint operators considered are required to satisfy Hypothesis
5.1 in the special case that A = (—A)™ on R? for some m € N. The theory in [21]
proceeds under only two hypotheses which are paralleled by Hypotheses 5.1

and 5.2 above respectively. Incidentally, off-diagonal estimates are only shown
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in the case that 2m < d which corresponds to puy < 1 in our setting (See Ex-
ample 2.8.2). As the proposition below shows, when iy, < 1, Hypothesis 5.3 is

superfluous.

Proposition 5.4.4. Let H be a self-adjoint operator satisfying Hypotheses 5.1 and 5.2.
Let A be the associated positive-homogeneous operator with symbol R and homogeneous

order pun. If pa < 1,1i.e., k = 1, then Hypothesis 5.3 holds.

Proof. The assertion that Dom(H, 4) € Dom(Q,) forall ¢ € £and A € V¥ isa

consequence of Lemma 5.4.2. Using (5.4) and (5.5), we have
Qa(f) £2Q(f) < CRe(@ro(f)) + (1 + RS2
< CI@rno(NI+ @+ RN

for all f € Dom(Q), ¢ € £ and A € V*. In view of Lemma 5.4.2, the proof is

complete. O

5.5 The L* theory

We now return to the general theory. Throughout this section all hypotheses are
to include Hypotheses 5.1 and 5.2 without explicit mention. Except for Lemma
5.5.3, all statements mirror those in [21] and their proofs follow with little or no
change. We will keep track of certain constants and to this end, any mention
of M > 0 refers to that which is specified in Hypothesis 5.2. As usual, positive

constants denoted by C' will change from line to line.

Lemma 5.5.1. Forany A € V*and ¢ € £,
177 (|22 < exp(M(1+ R(A))t/4)
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forallt > 0.

Proof. For f € L*(Q), put f, = T,*’ f. By Lemma 5.4.3,

d M
EllftH% = —2Re[(Hxofi, f1)] < 7(1 + RO,
The result now follows from Gronwall’s lemma. O

Lemma 5.5.2. There exists C > 0 such that

C M
| Ha T |22 < - P (7(1 + R(A))t)

forallt >0, A € V*and ¢ € €.

Proof. Our argument uses the theory of bounded holomorphic semigroups, c.f.

[19]. For f € L*(Q2), r > 0 and |0 < /3 put

fr = exp[—re Hy 4] f.
It follows that f, € Dom(H, 4) and
d 2 i0 —if
a||f7"”2 = —€ (HA,tbfrufr) — € (fraHA,tbfr)

= _er)m(fT) - e_ieQA,qﬁ(fT)

— (e + e )Q(f) + D,
where

D, = =e”[Qxo(fr) = Q)] — e [Qus(fr) — Q).
By Hypothesis 5.2,

D] < (Q(fr) + M(1+ ROV)IF12)/2

and so with the observation that ¢ + ¢=% > 1 for all |§] < 7/3,

d M
U515 < (L RO
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Hence,
[f]l2 < exp(M (14 R(A)r/4)| f[l2

in view of Gronwall’s lemma. From the above estimate we have

lexp[—zHxs — M(1+ R(X))2]]l2-2

< exp(M(1+ R(\)r/4) exp(—M (1 + R(\)) Re(2)/2) < 1

for all z = re for r > 0 and |§| < 7/3 because 2 Re(z) > r. Theorem 8.4.6 of [19]

yields
O/
[(Bvo + M(L+ R(V)/2) expl—tHo — ML+ RO)/2loz <
for all t > 0. It now follows that
Ao c
1\ 6T 2 < — exp(M (L + R(A))t/2)
for all ¢ > 0 where we have put C' = C" + 2. O
Lemma 5.5.3. Forany k € N, there is C > 0 such that
HE e hopn < 2 exp(M(1+ R(A)1/2
1Y pe™ 22 < o5 exp(M (1 + R(A))/2)
forallt >0,¢ € Eand X € V*.
Proof. As —H,, is the generator of the semigroup e "¢, for any ¢ > 0 and
f e L*(Q), e e f € Dom(HY ,). We have
quse_tHW = (H,\ ¢6_(t/k)HAv¢)k
and so by the previous lemma
o k
I el < ( e+ ROY/20))

from which the result follows. O

243



5.6 Off-diagonal estimates

In this section we prove off-diagonal estimates for the semigroup 7; = e . Let
R be the symbol of the positive-homogeneous reference operator A for H and

let 114 be its homogeneous order.

Lemma 5.6.1. Let H be a self-adjoint operator satisfying Hypotheses 5.1 and 5.2 with
reference operator A. Let T, = e~*# be the associated semigroup. If the twisted semi-

group TV satisfies the ultracontractive estimate

1T < 2 exp[M(RON) + 1)1/2) 5.7)

tHA/2
forall\ € V*, ¢ € Eand t > 0where C, M > 0, then T} has integral kernel Z(t,x,y) =
Z(t,x,-) € L'(Q) satisfying the off-diagonal bound

C r—v
- _ #lZ J
|Z(t,z,y)| < T exp ( tMR ( : ) —i—Mt)

forall z,y € Vandt > 0.

Proof. Tt is clear that the adjoint of 7} is 7, »* and so by duality and (5.7),

1T 12 < exp[M(R(\) + 1)t/2]

tHA/2
for t > 0 where we have replaced M R(—\) by M R(\) in view of Proposition
4.3.2. Thusforallt >0, A € V*and ¢ € &,

1T oo < IT o T2 oo

exp[M(R(N) + 1)t/2—— exp[M(R(N) + 1)t/2]

< tHa/2

tHA/2

< exp[Mt(R(\) + 1)].

thA

IN

The above estimate guarantees that 7;* has integral kernel Z*¢(t, x, ) satisfy-

ing the same bound (see Theorem 2.27 of [19]). By construction, we also have

Z’\’(ﬁ(t, z,y) = G_A((Zb(x))Z(t, x, y)e/\(¢(y))
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where Z = 7% is the integral kernel of T, = T;"?. Therefore

C
6D Z 1, )NOOD| < S exp(MHR(N) + 1)

or equivalently
1202,9)] < o exp (\O{y) — 6(x)) + Mi(R(N) + 1))

forallt > 0,2,y € O, XA € V*and ¢ € £. In view of Hypothesis 5.2, for any = and
y € 2 thereis ¢ € & for which ¢(z) = x and ¢(y) = y. Consequently, we have
thatforallz,y € Q, A € V*and ¢t > 0,

|Z(t,x,y| < t% exp (A(y —z) + Mt(R(N) +1)).

The proof of the lemma will be complete upon minimizing the above bound
with respect to A € V*. In this process, we shall see how the Legendre-Fenchel

transform appears naturally. For any z,y € 2 and ¢t > 0, we have

Z(te)| < e My —2) + M(RO) + 1))

< t%exp (—tsgp{/\ (x y) MR(/\)}> exp(Mt)
< t%exp (—t(MR)# (x ; y) +Mt>

C -y
< tu—AeXp< tR)* < ; >+Mt)

where we replaced (M R)# by M R¥ in view of Corollary 4.3.3. O

Theorem 5.6.2. Let H be a self-adjoint operator satisfying Hypotheses 5.1, 5.2 and
5.3 where A is the associated positive-homogeneous reference operator with symbol R

and homogeneous order 5. Then the cooresponding semigroup T, = e~** has integral

kernel Z : (0,00) x Q2 x 2 — C satisfying

C -y
\Z(t,x,y)]<—tuAexp< tMR < r )—i—Mt)

forall z,y € Qand t > 0 where C' is some positive constant.
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Proof. Take x as in Hypothesis 5.3. We note that for all f € Dom(A"),

1flloo < CQuw(f) /> £l

in view of Lemma 5.3.3. The application of the lemma is justified because A" is
positive-homogeneous with £~ ! Exp(A*) = Exp(A) and, as required, ua/x < 1.
For f € L*(Q), set f, = T*’ f. In view of Hypothesis 5.3 and Lemmas 5.5.1 and
5.5.2, we have

Qur (f) | felly ™
C (|CHS s for f) + (L RO A2 2 (132"

C (15 o el fell - (1 ROV D)™ 1Al
o (eXp(M(l + RO\)t/4

1elloo

IN A

IN

IN

tK:
xexp(M (14 R(N)t/D)] fll2

BA/26
) + (1+ R()\))k>

< O exp(M(+ RO

tha/2

forall € £ and A € V*. In view of Lemma 5.6.1, the theorem is proved. O

5.7 Homogeneous Operators

In this short section, we show that the term Mt in heat kernel estimate of The-
orem 5.6.2 can be removed when H is "homogeneous” in the sense given by
Definition 5.7.1 below. For simplicity, we work on full vector space, i.e., 2 = V.
Our arguments in this section follow closely to the work of G. Barbatis and E. B.
Davies [9]. Given a self-adjoint operator H on L?*(V) satisfying Hypotheses 5.1
and 5.2 with quadratic form () and associated positive-homogeneous operator

A. For any E € Exp(A), observe that
(Usf)(w) = s"8/2 f(sPx)
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defines a unitary operator U, on L*(V) for each s > 0 with U} = U, ,. For each
s >0, set

H,=s'UHU,.

and note that H is a self-adjoint operator on L*(V). It is easily verified that the

quadratic form ) associated to H, has

Q'(f) = s7'QUS)

for all f in the common domain Dom(Q*) = Dom(Q) = Dom(A'Y?). Being a
rescaled version of the operator H, it is clear the H, will satisfy the Hypotheses

5.1 and 5.2. Let us isolate the following special situation:

Definition 5.7.1. Assuming the notation above, we say that H is homogeneous pro-
vided that H, satisfies Hypothesis 5.1 and 5.2 with the same constants as H for all
s > 0. In other words, H, (and so )°) satisfies the estimates (5.4) and (5.5) uniformly
for s > 0.

We note that a positive-homogeneous operator A is homogeneous in the above
sense, for our defining property of homogeneous constant coefficient operators
can be written equivalently as A, = A for all s > 0. In the example section
below, we will see that the replacement of H, by H amounts to a rescaling of
the arguments of the coefficients in the case that H consists of only terms of

“principal order”.

Theorem 5.7.2. Let H be a self-adjoint operator satisfying the hypotheses of Theorem
5.6.2 with associated reference operator A with symbol R and order py < 1. If, addi-

tionally, H is homogeneous, then its heat kernel Z satisfies the estimate

C u [T —Y
\Z(t,az,y)]<—tuAexp(—tMR ( : ))

forall z,y € Vandt > 0, where C and M are positive constants.
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Proof. Using the fact that U; is unitary for each s > 0, it follows that

_ —ts—1 _
e tHs _ e tsT'U s HUs __ Ul/se (t/s)HUS

for s,t > 0. Consequently, for f € L*(V),

(A @) = [R5 ) () dy

_ / Z(t)s,s Fa, s Py) f(y) dy
V

tHs

for s,t > 0 and almost every x € V. Thus, e7*"* has an integral kernel Z* :

(0,00) X V x V — C satisfying
Z5(t,w,y) = s M Z(t)s, s, s Fy)
for z,y € V. Equivalently,
Z(t,x,y) = s Z%(st, s"x, sPy)

fort,s > 0and =,y € V. We now apply the same sequence of arguments to the
self-adjoint operators H, and the semigroups e *<. Under the hypothesis that
H is homogeneous, a careful study reveals that each estimate in the sequence
of lemmas preceding Theorem 5.6.2 and the estimates in the proof of Theorem

5.6.2 are independent of s. From this, we obtain positive constants C' and M for

which
C x—y
s . - # <z J
|Z (2f,zzc,y)|gtuA exp( tMR < ; )—l—Mt)

forall ¢ > 0 and z,y € V and this holds uniformly for s > 0. Consequently,

Z(t,z,y)| < e exp (—(st)MR# (@) - Mst)

(St)NA
C 4(T—y
< o exp —tMR r + M st

for all s, > 0 andz,y € V where we have used the fact that [ — E € Exp(R*).

The desired estimate follows by letting s — 0. O
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5.8 Regularity of Z when py <1

In this section, we show that the heat kernel Z is particularly nice when p < 1.

Lemma 5.8.1. Let A be a positive-homogeneous operator with real symbol R and ho-

mogeneous order pp. If up < 1, then

—d§ <

1
/v* (1+R(¢))!
where ¢ = (1 — pp)/2. In particular, (1 + R)~' € L*(V*).

Proof. For any Borel set B, write m(B) = [, d¢. It suffices to prove that

m(F)
9l

< o0

hE

l

where F} := {£ € V* : 28 < R(§)'¢ < 2!*1}, To this end, fix F € Exp(R) and

I
=)

observe that, for any [ > 1,

Fo= {627 < IRE©) < 21)
— {£ : 2[*1 S R<th£)lfe S 21}

= {tFe. 7P < ROV <Y =tFF_,

where we have set t = 2//(1=9_ Continuing inductively we see that F; = t'£F,

for all [ € N and so it follows that
mE) = [ de= [ den(t®)ie = (¢ Fm(F) = vl Fy).
tEFy Fy

where we have used the fact that yy = tr E* = tr E because E* € Exp(A).

Consequently,
S 2 tm(F) = m(F) Y27y =3 (271) < 00
1=0 1=0 1=0
because 27 1t#a = 2(Ha/(1=e)=1) < 1, O
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Lemma 5.8.2. Let | - | be a norm on V and suppose that j1y < 1. There exists C' > 0

such that
i) _ iE)|2

d¢ < Cla — y|tr)

forallxz,y € V.

Proof. In view of the preceding lemma,

i) _ gie)|2

for all z,y € V. Consequently, it suffices to treat only the case in which 0 <
|z —y| < 1. In this case, let £ € Exp(R) be that given by Lemma 4.2.6, set
t = |z — y|~! and observe that
i€(z) _ pik(y)|2 i€(x) _ pi€(y) |2 i€(x) _ pi€(y) |2
I - =y T
ve (14 R(E)) <) (1+R(E)) e (1+R(E)

4 . .
< —d¢ +/ |e) — et W)|2q¢
/th(g) R(¢) t>R(€)

4
<
N /1<R(§) R(tF"¢)
4
< t“Al/ ———d& F M tE (x —y 2/ 41€)2d¢
1<r(e) R(E) I ) 1>R(€) €

tade +/ |€i€(th) _ eiﬁ(tEy)|2t#Ad§
1>R(¢)

where | - |. is the corresponding dual norm on V*. Using Lemma 5.8.1 and the
fact that |£]? is bounded on the bounded set {1 > R(&)}, it follows that
(@) _ i) 2
v (1+R(6))

for some C' > 0. In view of Lemma 4.2.6 and Lemma A.1.2, ||t¥| < C"t'/? for

¢ <C (t““l + thAEE (z — y)|2)

some C’' > 0 because ¢t > 1. Consequently,
(@) _ ¢iEW)|2
v (14 R(E))

de < C (" 4tz — y)?) = 20w — y|Lmha),
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The following lemma is analogous to Lemma 14 of [21].

Lemma 5.8.3. Let H be a self-adjoint operator satisfying Assuption 5.1 with reference
operator A and suppose that pn < 1. There exists a uniformly bounded function ¢ :

V — L*(V) such that for every f € L*(V),

{(H+1)72f}x) = (f,6(x)) (5.8)

for almost every x € V. Moreover, ¢ is Holder continuous of order o = (1 — pp)/2.
In particular, (H + 1)~Y/2 is a bounded operator from L*(V) into L>(V) and for each
f € L3(V), there is a version of (H +1)~/2 f which is bounded and Hélder continuous

of order .

Proof. In view of (5.4),

[+ r@la©Pde < 1+ 1))

for all g € W™2(V). Also by the Cauchy-Schwarz inequality

*

1/2
[ ey aeie < ¢ ( [ o+ relaere)

where

o [ UEROF
¢ ‘/V* 1+ RE)©~

in view of Lemma 5.8.1. Consequently, for all g € W™*(V), g € L*(V*) and

9l < /V(l + R(E)1g(E)]dE < C|(1+ H)g]l2. (5.9)

So (H + 1)'/? is an injective self-adjoint operator and therefore has dense range
in L?(V). We can therefore consider (H + 1)~/2, which by (5.9) is a bounded

operator from L*(V) into L>(V).
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Let | - | be anorm on V and for f € L*(V) set g = (H + 1)~*/2f. For almost

every z,y € V we have

|g(x) o g(y)‘ < . |€i§(m) _ eiE(y)Hg(g)’déf
1/2 i (x i€(y) |2 1/2
o (@) _ i€ )
< ([asmeaore) ([ i
. |ié(@) ei£<y>|2d 1/2 “c . )
< drl ([ ) <Clflile -yt Gi10)

in view of the previous lemma. It follows from (5.9) that for almost every z € V,

there exists ¢(z) € L?(V) such that

(H +1)""2f(2) = (f. o(x)).

By putting f = ¢(z), another application of (5.9) shows that ||¢(z)|| < C. More-

over, (5.10) guarantees that

|(f 0(x) = o(y))| < Cllfllafx = y[*

from which it follows that ||¢(z) —¢(y)||2 < C|z—y|* almost everywhere. Finally,

redefine ¢, so that all of the above statements hold on all of V. H

Theorem 5.8.4. Let H be a self-adjoint operator satisfying Hypotheses 5.1 and 5.2. Let
A be the associated positive-homogeneous operator with symbol R and homogeneous

order pin. If pua < 1 then, there exists Z : C* x V x V — C such that

() () = / Z(z,2,9)f(y)dy

v
forall f € LYV) N L*(V). For fixed = € C*, Z(z,-,-) : Vx V — C is Holder
continuous of order oo = (1 — pp) /2. Moreover for each v,y € V,C*t 3 z — Z(z,x,y)

is analytic. Finally, there exists C > 0 such that

C r—y
- — # 7
|Z(t,:1c,y)|§tuA exp< tMR ( ; )-I—Mt)

forall z,y € Vandt > 0.
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Proof. In view of Proposition 5.4.4, the final conclusion follows from Theorem
5.6.2. The fact that e *# is a bounded holomorphic semigroup ensures that
B(z) = (1 + H)e *# is a bounded holomorphic function on L*(V) for z € C*.

For z,y € V, 2 € C* define

Z(z,x,y) = (B(2)o(y), ¢(x)).

It follows that C* > z — Z(z,x,y) is analytic for any =,y € V. Now for fixed
z € Ct, Z(z,-,-) is Holder continuous of order «. Indeed, let | - | be a norm on V.

With the help of Lemma 5.8.3, observe that for z € C*,

]Z(z,a:,y) - Z('Z?xlay/)l S ‘Z(Z,IE,CU) - Z(Z,l’/,y)| + ’Z(Z,.I‘I,y) - Z(Z,fﬂ/,y/)‘

CllB(2)ll2-2 (l¢(x) = ¢(@)l2 + ll¢(y) — ¢(y))

< C|B(2)ll2=2 (Jz — 2|22 4y — y’|2(a/2))

IN

a/2
< CIBE) s (J = 2P + [y — y/[)

for all (x,y), (¢/,y') € V x V as claimed. It remains to show that Z(z, x,y) is the

integral kernel of e=*#.

Again by Lemma 5.8.3, (H + 1)7%/2 : L*(V) — L*(V) is bounded and so
(H+1)"Y2: LYV) — L*(V) is also bounded by duality. More is true: Using the

self-adjointness of H one can check that

for almost every x,y € V. Here, the variable of integration is that which appears
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in the subscript. So for f € L'(V) N L*(V),

(e F) (1) = ((H+1)V2B(2)(H + 1) "2f)(x)
ZLQMMH+UWMMEEW

- /f¢<»<<wwmwm

:://f<m (2)6(@) (1w)dwdy
://j )6 () (BE)o(@) (w)duwdy
::(/:/ b (@) f (y)dy

as desired. O]

5.9 Super-semi-elliptic operators

In this section, we consider a class of operators to which we apply the theory of
the preceding sections. We call this class of operators super-semi-elliptic oper-
ators, a term motivated by the super-elliptic operators of E. B. Davies [21] (see
also [9,85]). Naturally, the class of super-semi-elliptic operators include the class

of super-elliptic operators.
Let m € N¢ be such that
11:2m| = 2my) " + (2ma) 4+ 2ma) Tt < 1,

let v.= {vy,v9,...,v4} be a basis of V and let £ € GI(V) be given by Ev, =
(2my)~tog for k = 1,2,. .., d. Herein, we consider a class of operators written in
divergence form whose coefficients are only required to be bounded and mea-

surable. In the notation of Chapter 4, consider the partial differential operator

254



H given formally by

H= Y Di{ans(x)DJ} (5.11)
|a:m|<1
|8:m|<1

where we require the following conditions for the functions a, s:

o The collection

{aa,5(") Ham<1 © L=(V)

|8:m|<1
and we shall put
UV = 1Inax a, .
max [0l
|8:m|<1
e For each x € V, the matrix
{aaﬁ(x)}la:mlgl
|8:m|<1

is Hermitian.

o There exists {A, 5 : |a:m|=1,|f:m| =1} C R such that

A= > AapDt?

|a:m|=1
|:m|=1

has positive-definite symbol R (and so it is a positive-homogeneous oper-
ator with £ € Exp(A) and pp = |1 : m| < 1) and, for some C' > 1,

Z Z Aa,ﬁnaﬁﬁg Z a@ﬂ(x)naﬁﬁgc Z Aa,/ﬂ?aﬁﬁ

|a:m|=1 |o:m|=1 |o:m|=1
|21 |Bim|=1 |Bim|=1

for all 7 € ®ja:m|=1C and almost every z € V.

We will call such operators super-semi-elliptic.
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For a general super-semi-elliptic operator I, its quadratic form () is given by

W)= X [ as@) D3 (@) Dlg(ote
i
for f,g € C§°(V) (in fact, this defines H). () is clearly symmetric. Taking C3°(V)
as a form core for ), we see that Q extends to a closed quadratic form on L*(V),

also denoted by @ with domain Dom(Q) = W*™(V) and H extends to a self-

adjoint operator with Dom(H) C Dom(Q).

Proposition 5.9.1. There exists a positive constant C' for which H + C satisfies Hy-
pothesis 5.1. If H consists only of its principal terms, i.e,
H= 3 Di{aas(®)DJ},
|o:m|=1

|Bim|=1

then H satisfies the Hypotheses 5.1.

Proof. For f € C3°(V), observe that

L%Q?A(f)Jr >, /Vaa,ﬁDiffD_efdx

|a+B:m|<2

3 o B el B
=3 Z /V AapDofDSfdr+ Y /V (o p(x) DS f DS fda

|om|=1 |a+B:m|<2
|Bm|=1
< > [ asDifDlfde = Qi)
Ja:m|<1 v
|B:m|<1
<C Y / AapDSfDVfdr+ Y / (a3 DS DY fdx
\la:m||:1 v |a+B:m|<2 v
B:m|=1

<o+ Y /aaﬂDf,“fD_gfdx.
\%

|a+B:m|<2
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Thus
~Qa(f) + L(f) < Q(f) < CQA(Sf) + L(f) (5.12)

where we have put
L)= Y [ easDifDifd.
|a+5:m|<2 v
Using uniform bound on the coefficients a, 3 and Cauchy-Schwarz inequality
we see that
e Y [penipifae<c Y 101Dl

|a+B:m|<2 v |a+B:m|<2

for some C' > 0. For each multi-index 7 such that |y : m| < 1, it follows from

Item 3 of Lemma 4.3.4 (where 5 > vand v = vy + vs + - - - + vy) that

I1D3£115 = /V ETNf©)Pde < /V (eR(&) + MAS(©)Pdg = eQn(f) + McIfII3

where € can be taken arbitrarily small. Taking into account all possible multi-

indices appearing in L, we can produce a positive constant A/ for which

L) < 7Qa() + MIFIE (513)

By combining (5.12) and (5.13), we obtain

1 3 1
§QA(f) = _QA(f)_ZQA(f)

4
Q) ~ L(H) ~ 1)
Q) +CIIE

< CiQu(f) + Callf 12

IN

IN

from which the first assertion follows immediately. In the case that / consists
only of its pricipal terms, L is identically 0 and so the second assertion follows

from (5.12) at once. [
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To address Hypothesis 5.2 we need to first introduce an appropriate class £. For
any integer [ > 1, put

J

d’1p
T(x)

F = {MEC’SO(R):sup =

zeR

§1forallj:1,2,...,l}.

We will take € to be the set of ¢ € CX(V, V) for which there are ¢, s, ..., 14 €
J; such that

Oy 0 p 00,1 (w1, 22, . .., xq) = (V1(21),Y2(22), . - ., 3(23)) (5.14)
for all (z1,xo,...,74) € R

Remark 22. What is important for us is that the j""-coordinate function of 6, o ¢p 0 6,

only depends on x; foreach j = 1,2,...,d.

Lemma 5.9.2. For each multi-index o > 0, there exists C, > 0 such that for all

f € Dom(Q), ¢ € € and )\ € V*,

e DN f)(2) — DSf(2)| < Ca DY INVIDEI ()] (5.15)

0<B<a 0<y<pB

for almost every x € V.

Proof. In view of the coordinate charts (V, 6,) and (V*, 6,-), we have

Mo(w)) = (A1, Az, o, Ad) » (U1(21), Ya(T2), - - -, Ya(wa))

forz € Vand A € V* where 0, (x) = (21, 29,...,24) and Oy« (A) = (A, Ag, ..., Ag).

So for any multi-index 5 > 0,

o B1 0 B2 0 Ba
Dﬁ A(9) — ; i e —— (A1,A2,050a) - (V1,928 a)
W) Zaxl Z@xg Zaxd (e )

& & I&}
(Zﬂl o™ 6A1w1> (2’52 9~ €>\21/J2) v | gPa 9% erava |
da oy’ 8x§d
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Using the properties we have required for each v, it follows that

Bi
|6—A(¢)D€(6A(¢))| < Cpy H (Z )\Z) < Cy Z I\

B;#0 \ I=1 0<~<B

where Cj > 0 is independent of ¢ and \. In view of the Leibniz rule,

‘e”\@’(’”))DS (€A(¢>)f) (z) — Df,‘f(:n)‘

Z Caﬂe—/\(qﬁ(ﬂ&))p‘ﬁ, (ek(qﬁ)) (x)Df,‘_ﬁf(x)

0<B<La

<Co S5 DR R,

0<B<a 0<y<p
for almost every x € V where C, is independent of A and ¢. The constants C, s
appearing in the penultimate line are the standard multi-index combinations.

]

Proposition 5.9.3. With respect to the class £ above, H (and so H + C' satisfies Hy-
pothesis 5.2). Furthermore, H + C satisfies Hypothesis 5.3.

Proof. Let x,y € V and set (z1,22,...,24) = 6y(x) and (y1, Y2, ...,v4) = Ov(y).
For each pair z;,y; € R there is ¢; € F; for which v¢;(x;) = x; and ¥;(y;) = vi;
such functions can be found by smoothly cutting off the identity while keeping
derivatives bounded appropriately. Using this collection of v;’s, we define ¢ as

in (5.14) and note that

o(x) —o(y) = 0, (Y1(x1), va(x2), ... Ya(za)) — 05 (1 (y1), V2(v2), - - - alya))
= 0, (z1,22,. .., 2a) — 0, (Y1, Y2, - - -, Ya)

= a’,’—y

as required.
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Forany A € V*, ¢ € £ and f € Dom(Q),

Q= Y / 0 5(2) D3¢ £) () D@ f) () .

|o:m|<1
|3:m|<1

Using the uniform boundedness of the collection {a, s}, we have

Qxo(f) = QUS)]

=1 D / 08| MO DY (e e DY(XO) f) — Dg DS | dx)
0<|a:m|<1 v
0<|B:m|<1

_ ‘ Z / (a5 [ (eA(aﬁ)Dg(e—A(@f) _ Df,‘f) e*/\(@Dé(eA(d’)f)
0<|a:m|<1 v
0<|B:m|<1

+ D3 f (e D39 f) - DF) } dx‘

<C Z / |e’\(¢)D3(e_/\(¢)f) _ D3f||€_’\(¢)D€(eM¢)f)|
v

0<]a:m|<1
0<|8:m|<1

+ D3 flle D3 f) = Dyflda

<c ¥ / @D (O ) — Deflle O DI £y — Day,
0<|a:m|<1 v
0<|B:m|<1

+ D3 flle™ Dy f) = DY f|da.

With the help of Lemma 5.9.2,

Qs -eni<c 3 Y % / e[| D2 |\ [ DE flda

0<|a:m| 0<ya<a 0<na <va
<1 0<ys<B 0<ng<yg
0<|5:m]|
<1

D YN S SRy N

0<|a:m|<1 0<75S,3 0<ng<vp
0<|f:m|<1

<C > > > /VWaDs-%fHA"ﬂDf‘”ﬂf|dw

0<|a:m|<1 0<ya<a 0<na<va
0<|8:m|<1 0<y8<B 0<ng<vp
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where C' > 0 is independent of ¢, A and f. Thus by the Cauchy-Schwarz in-

equality,

@uoN=QNI<C 30 37 30 VDI A DY ] (5.16)
0<]a:m|<1 0<va < 0<na <7Ya
0<|B:m|<1 0<yg<B 0<ng<v3
It is important to note that for no such summand is |5 — 73 : m| = 1. In view of
Lemma 4.3.4 and Proposition 5.9.1 it follows that for all such j3, v5 and 73,

INEDYEf2 = [ 2B f(e)|Pde
V*

¢ | ROI©Pde+ M1+ RODISI
Qa(f) + M1+ RO I3

< €Q(f) + M1+ RIS

IN

IN

where € can be taken arbitrarily small. For all admissible «, v, and 7,, a similar

calculation (making use of Lemma 4.3.4 and Proposition 5.9.1) shows that

I DS f3 < M(QUS) + (1 + R)SII2)

tor some M > 0. Thus for any € > 0, each summand in (5.16) satisfies
XDy fll2 A% DY f 2
(M(Q(f) + (1 + ROIFIIE)*(Q(f) + M1+ RN £113)"?

M3/2
< (eM)'?Q(f) + —7z (L RIS

IN

The result now follows by choosing ¢ appropriately and combining these esti-

mates. O]

In view of the preceding Proposition, iy < 1, H + C necessarily satisfied
Hypothesis 5.3 and the results of Section 5.8. Upon noting that the semigroup
generated by —H and that generated by —(H + C) are related by e t#+0) =

e "“e~H we immediately obtain the following result.
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Proposition 5.9.4. Let H be a super-semi-elliptic operator with associated reference
operator A\, defined above. Let 1 be the homogeneous order of A and let R be its symbol.

Then the semigroup T, = e~* has integral kernel Z : C* x V x V — C for which

() () = / 2z, 9)f(y) dy

forall f € LY(V) N L*(V). For fixed z, Z(z, -, ) is jointly Holder continuous of order

a = (1 —pa)/2. For fixed x,y € V, z — Z(z,x,y) is analytic. Finally,

C —y
|Z(t, z,y)| <—tuAe:L‘p( tM R ( ; )+Mt)

forall z,y € Vandt > 0.

Homogeneous super-semi-elliptic operators

If a super-semi-elliptic operator H has the special form

H= ) Di{aas()DJ}
|a:m|=1
|B:m|=1
or, more precisely, its quadratic form is given by

Z /aa5 DO‘ngdx

|o:m|=1
|B:m|=1

we will call it a homogeneous super-semi-elliptic operator. By the work of the last
section, H satisfies Hypothesis 5.1, 5.2 and 5.3. In the notation of Section 5.7, we
observe that
@) =5 QULV) =579 S [ anpl@) DS ) DRI o
|a:m|=1
|B:m|=1

for f,g € W»™(V) where f,(z) = f(sPz) fors > 0 and x € V. Noting the

definition of E at the the beginning of the subsection, for each multi-index ~
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such that |y : m| =1,
Dy fo(x) = s2I(DY f)(s5x) = s'2(DYf) (5" 2).
Consequently,

Qfg) = s Y / o 5(2) D2 f(s52) D [ (sP) dx

In other words, we have formally

Ho= 3 Df{ans(s P2)DS)
i1
for s > 0. Thus, H, is H with coefficients whose arguments are dilated by
s~ . Thus, under the assumption that H super-semi-elliptic and so all estimates
concerning a, s hold uniformly for x € V, we see immediately that H is ho-

mogeneous in the sense of Section 5.7 and therefore ripe for the application of

Theorem 5.7.2. In other words, one can take M = 0 in Proposition 5.9.4

Writing semi-elliptic operators in divergence form

The uniformly positive semi-elliptic operators of Section 4.4 are of the form
H= Y a.Dg (5.17)
|oem | <2
whereas the super-semi-elliptic operators considered in the preceding subsec-

tion are of the form

H= Y D{ansD]}. (5.18)
|a:m|<1
|8:m|<1
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An operator H given by the expression (5.18) is said to be in divergence form. We
note that many of the calculations in the preceding section used the fact that
the operators were given in divergence form and, in particular, this allowed
us to carry out our analysis in terms of the quadratic form (). For this reason,
one readily asks the question: Can each semi-elliptic operator H, given in the
form 5.17, be written in divergence form provided its coefficients are sufficiently
smooth. A moment’s thought shows that this is equivalent to the following

number-theoretic question:

Question 5.9.5. Given m = (my,ma,...,mq) € N© and o = (a1, g, ..., aq) € N?

for which |a : m| = 2. Does there exists 3 € N¢ with 3 < asuch that|3 : m| = 1?

In general, the answer to this question is no and can be seen by considering m =
(2,3,5,30) € N and a = (1,2,4,1) € N*. With this example in mind, it is easy
to see that the answer to the above question is no whenever d > 4. However,
the question does have an affirmative answer in dimensions 1,2, and 3. This is

captured by the following result due to Robert Kesler of Cornell University [59].

Proposition 5.9.6. Suppose that d < 3 and m = (my,ma,...,my) € N%L. Ifa =
(a1, o, ..., aq) € N is such that |a : m| = 2, then there exists 3 € N? such that

f<aand|f:m|=1.

Proof. The assertion is obvious when d = 1. In the case that d = 2, it is necessary
that a; > my or ay > my for otherwise |a : m| < 2. If oy > my, then 5 := (m4,0)
is such that § < a and |5 : m| = 1. Similarly, if as > ms, then g = (0, my) does

the trick. It remains to prove the assertion when d = 3.

We can and do assume without loss of generality that

(05} (6] (6
— > > =3
my ma ms
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and that o; < m; for7 =1, 2, 3. Set

k
S = {0 < n < ay : there is an integer k for which L —}
mo m1

and put 3, = sup S. Now, the equation

« o «
|a:m|:—1+—2+—3:2
my ma M3

guarantees that my|m; - my and so my = mg1me 3 Where mq1|m; and mg 3|ms.

Observe that, for some integer /,

)

Patmos L My L 1

mo my mo ma mio

But since, m; = km; » for some integer k, we obtain

62+m273 _l‘l’k‘
mo m1.

It now follows immediately that ay > 3, 4+ mg3 for otherwise, 8 + ma3 € S
contrary to the definition of f,. Therefore

& > Qo ma3

Mo — Mgy mo

and so
If m273/m2 < 1/3 then

and using the definition of 3, it follows that we can fine 3, < a4 for which

b b

my ma

=1

which gives the result with 5 = (4, 52,0). If instead mo3/mo = 1/mg; > 1/3,
we only have two options, my; = 1 and my; = 2. In the first case, my = mo 3|/ms

and, given the fact that
(6%)] i (0%
meo ms
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we may easily produce 5 < a which does the trick. In the final case, ms = 2ms 3

and so it follows that m, and m; are necessarily even. Consequently,

(651 6%)] a3

St Bt R A

27711 277~12 ms

for mo, ms € N;. However, by our initial constraints, o /2m;, as/2ms > 1/2 and
so oy > my and ay > M. In this case, it is easily seen 5 = (1M1, m2,0) has < «

and

my
‘m| = My
|6 : m| s | 2y
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APPENDIX A
APPENDIX

A.1 Properties of contracting one-parameter groups

The following proposition is standard [45, Section 1.1].

Proposition A.1.1. Let E,G € M4(R) and A € Gl;(R). Also, let E* € M4(R) denote

the adjoint of E. Then for all t,s > 0, the following statements hold:

o1F =1 o tF = (tF)* o If EG = GE, then tFt¢ = tF+C

o (st)F =sPtF @ AtFAT =tAPAT e det(tF) =" F

° (tE)fl — t*E
Lemma A.1.2. Let {T:} C Gly(R) be a continuous one-parameter contracting group.
Then, for some E € Gly(R), T, = te for all t > 0. Moreover, there exists a positive

constant C' for which

T3] < C + ¢l F]

forallt > 0.

Proof. The representation T; = t¥ for some E € M,(R) follows from the Hille-
Yosida construction. If for some non-zero vector 7, En = 0, then t¥n = ) for all
t > 0 and this would contradict our assumption that {7}} is contracting. Hence
E € Gly(R) and, in particular, ||[E| > 0. From the representation 7, = t¥ it

follows immediately that || 73| < Il for all t > 1 and so it remains to estimate
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| 7| for t < 1. Given that {7}} is continuous and contracting, the map ¢ — || 73|

is continuous and approaches 0 as ¢ — 0 and so it is necessarily bounded for

0<t<1. O]

Lemma A.1.3. Let E € Gly4(R) be diagonalizable with strictly positive spectrum. Then

{t¥} is a continuous one-parameter contracting group. Moreover, there is a positive

constant C such that
¢ < e
forallt > 1and

||tEH S CtAmin

forall 0 <t < 1, where \,,, = max(Spec(E)) and \,,, = min(Spec(E)).

Proof. Let A € Gly(R) be such that A~'EFA = D = diag(\i, Ag, ..., A\s) where
necessarily Spec(E) = Spec(D) = {1, A2, ..., Aq} C (0,00). It follows from the
spectral mapping theorem that Spec(t?) = {t* t*2,... t*} for all ¢ > 0 and

moreover, because t” is symmetric,

trmaxif ¢ > 1
1£P]] < max({t*,t*2,... t}}) =

tAminif ¢ < 1.

By virtue of Proposition A.1.1, we have

E D g-1 Dy[|| -1 D P ¢ 21
[£7]) = A=A < LA AT < Clle7) = C %

o ift <1
for t > 0 where C' = ||A||||A7Y||; in particular, {¢”} is contracting because \,;, >
0. 0
Proposition A.1.4. Let {T;}1~0 C Gly(R) be a continuous one-parameter contracting

group. Then, for all non-zero £ € RY,

Im |7 =0 and  lim |T] = oc.
t—0 t—00
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Proof. The validity of the first limit is clear. Upon noting that [£| = [T}, T:{| <

|71/ |||T3€| for all ¢ > 0, the second limit follows at once. O

Proposition A.1.5. Let {1} }1~0 € Gl4(R) be a continuous one-parameter contracting

group. There holds the following:

a) For each non-zero & € RY, there exists t > 0 and n € S for which T;n = &.
Equivalently,
RN\ {0} = {Tin:t>0andn c S}.

b) For each sequence {&,} C R? such that lim,, |£,| = oo, &, = Ty, n, for each n, where
{n.} C Sandt, — coasn — .

¢) For each sequence {&,} C R? such that lim,, |£,| = 0, &, = T}, n, for each n, where

{n.} € Sandt, — 0asn — oo.

Proof. In view of Proposition A.1.4, the assertion a) is a straightforward applica-
tion of the intermediate value theorem. For b), suppose that {¢,} C R? is such
that |,| — oo as n — oo. In view of a), take {n,} C S and {t,} C (0,00) for

which &, = T, n, for each n. In view of Lemma A.1.2,
oo = liminf |¢,| < liminf (C + t)") |n,| < C + liminf ),

where C, M > 0, and therefore ¢,, — oc. If instead lim,, &, = 0,

T1/t.6n
oo = lim [ = lim 1T/t < limsup || Ty, || < limsup(C + (1/t,)™)
N0 |§n| n—eo |€n| n n
from which we see that ¢,, — 0, thus proving c). O

Proposition A.1.6. Let {T}} be a continuous contracting one-parameter group. Then
for any open neighborhood O C R¢ of the origin and any compact set K C R?, K C
T(O) for sufficiently large t.
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Proof. Assume, to reach a contradiction, that there are sequences {¢,} C K and
t, — oo for which &, ¢ T3, (O) for all n. Because K is compact, {{,} has a
subsequential limit and so by relabeling, let us take sequences {(;} C K and
{ri} € (0,00) for which ¢, = (, 7; — oo and ¢, ¢ T, (O) for all k. Setting s;, =
1/r and using the fact that {7} is a one-parameter group, we have T}, ¢, ¢ O
for all £ and so liminfy, |T§, (x| > 0, where s, — 0. This is however impossible

because {7} is contracting and so
lim [T, G| < lim |75, (¢ — Q)| + lim |7, ¢ < C lim |¢x —¢|+0=0
k—o0 k—o0 k—o0 k—o0

in view of Lemma A.1.2. O]

A.2 Properties of homogeneous functions on R?

Proposition A.2.1. Let {T;} C Gl4(R) be a contracting one-parameter group and let
R,Q : RY — R be continuous and homogeneous with respect to {T;}. If R is positive

definite, then there exists C' > 0 such that

Q)] < CR(¢) (A.1)

forall ¢ € RY. If both Q and R are positive definite, then

Q=R (A.2)

Proof. Upon reversing the roles of R and (), it is clear that the (A.2) follows from
(A.1) and so it suffices to prove (A.1). Because R is continuous and positive

definite, it is strictly positive on S and so, given that () is also continuous,

— 19|
¢= neg R(n)

< 00
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For any non-zero ¢ € R? lett > 0 be such that £ = T,v for v € S in view of

Proposition A.1.5 and observe that

Q)| = |Q(Tim)| = t|Q(n)| < tCR(n) = CR(Tin) = CR(E).

By invoking the continuity of R and (), the above estimate must also hold for

£€=0. O

Proposition A.2.2. Let E € Gl;(R) be diagonalizable with strictly positive spectrum
and suppose that R : R? — R is continuous, positive definite, and homogeneous with

respect to {t¥}. Then, for any v > (min(Spec(E))) ™,

[§]" = o(R(£)) as € — 0.

Proof. By virtue of Lemma A.1.3, we know that {t*} is contracting and ||t¥| <
Ct* for all t < 1 where A\ = min(Spec(E)) and C > 0. Let {¢,} be such that
lim, &, — 0 and, in view of Proposition A.1.5, let {n,} C S and t,, — 0 be such

that &, = tEn,. Then

: &l” o [temal” _ (Ctalml)” A
lim sup = lim sup — <limsup —=—— < Mlim¢)* " =0,
no R(&) no tal2(n,) n tnR2(1n) n
where
CnlY
M = sup il
nes R(ﬁ)
is finite because R is continuous and positive definite. O

1 -1

Lemma A.2.3. Let m = (my,ma,...,mq) € N, D = diag(m;",my",...,m;") €

Gl4(R) and suppose that R : RY — R is continuous, positive definite and homogeneous

with respect to {t”}. Then for any multi-index B such that |3 : m| > 1,

€ =o(RE) a0
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Proof. Puty = |8 : m| — 1 > 0 observe that

sup 1L I’
nesS R( )

=M < o0
because R is continuous and non-zero on S. Let {£,} C R9 be such that |¢,| — 0
as n — oo. By virtue of Proposition A.1.5, there are sequences {n,} C S and

{t,} C (0,00) for which t,, — 0 and &, = tPn, for all n. We see that

— Bl _ 52 _ Bd m
& = (thm)’ = (t;”“) 1771) (t;m@ 1772) --.(t;m@ lnd) _ i, g

for each n. Therefore

] _ o ]
R(&,) n tR(1n)

as desired. 0

lim sup < limsup Mt} =0

For the remainder of this appendix, P is a positive homogeneous polynomial

and R = Re P.

Proposition A.2.4. For any compact set K, there are positive constants M and M’

such that

MR(§) < R(§ +¢) + M’

forall ¢ e Riand ¢ € K.

PT"OOf. Set U :Eg/g\Bl/Q = {U S RY : 1/2 < |U| < 3/2} and

R(u)

M =
neSuet R(n)’

M is necessarily positive because 2 is continuous and positive definite. For F €
Exp(P), {t"} is contracting and so it follows that for some 7' > 0, (n + t¥¢) € U

foralln € S, € Kandt > T. Consider theset V = {{ =tFfpe R4 : t > T ne

272



S} and observe that forany £ € Vand ¢ € K, t7 5(6+ () =n+ ¢ € U for
some ¢t > T and consequently

RE+Q _tRn+t50) _

R(¢) tR(n)
We have shown that M R(§) < R({ + () forall ¢ € V and ¢ € K. To complete

the proof, it remains to show that R is bounded on V¢ = R?\ V; however, given
the continuity of R, we need only verify that the set V< is bounded. By virtue of

Proposition A.1.5, we can write
VeE={0}u{¢=t"n:t<T,nesS}.

and so, by an appeal to Lemma A.1.2, we see that |¢| < C + TIIll for all ¢ ¢
VC. ]

Our final three results in this subsection concern estimates for P and R regarded
as functions on C%. In what follows, | - | denotes the standard euclidean norm on

C? = R*? and S denotes the 2d-sphere.
Proposition A.2.5. For any M, M’ > 0, there exists C' > 0, for which
|2 < C+ MR(E) + M'R(v).

forall z = ¢ —iv € C4

Proof. Define Q(¢,v) = MR(E) + M'R(v) for (,v) = 2z € R*® and observe that
@ is positive definite. It suffices to show that there exists a set V' with bounded

complement V¢ = R* \ V such that

2] = (&, )| < Q& v) (A.3)
for all (¢, v) € V. To this end, set

|(n, O
N =
(ns,?)re)s Q(nv C)
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which is finite because () is strictly positive on S. Let £ € Exp(P) have real
spectrum and recall that £ is diagonalizable with A := max(Spec(£)) < 1 in
view of Proposition 3.2.2. An appeal to Lemma A.1.3 gives C' > 0 for which
[tF]] < Ct* for all ¢ > 1; the lemma also guarantees that {t*%¥} C Gly,(R) is
contracting. Set T = max({1, (CN)¥(=*}) and consider the set V = {(¢,v) =
tF®E(n () e R* .t > T, (n,¢) € S}. Forany (§,v) € V, we have

‘(57”)’ _ ‘(tEThtEC)l < CtA’(Th C)‘ < Ct/\—lN < N—lN =1

Q&)  QEFEM, () — 1Q(1,()
and therefore (A.3) is satisfied. To see that V' is bounded, one simply repeats the

argument given in the proof of Proposition A.2.5 where, in this case, Proposi-

tion A.1.5 and Lemma A.1.2 are applied to the one-parameter contracting group

{tE@E}. ]

By considering only real arguments ¢ € R?, Proposition A.2.5 ensures that, for
some constant C; > 0, [{] < C; + R(€) for all £ € R? Upon noting that R
is strictly positive on any sphere of radius §, one easily obtains the following

corollary.

Corollary A.2.6. For each C,§ > 0, there exists M > 0 for which
€1+ C < MR(¢)

forall €] > 6.

Proposition A.2.7. Let P be a positive homogeneous polynomial with R = Re P.

There exist € > 0 and M > 0 such that
—Re P(z) < —eR(§) + MR(v) (A4)

and

|P(2)] < M(R(E) + R(v)) (A.5)

forall z=¢ —iv e C?
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Proof. Let E € Exp(P) have strictly real spectrum and, by virtue of Proposition
3.2.2,let Abe such that D = A~ FA = diag((2my)~!, (2ms) ™, ..., (2mg)~!) and

Pa() = (PoLa)(&) = > adl",

|o:m|=2

where m = (my,ms,...,my) € N%. Because A € Gl;(R) C Gl,(C), it suffices to
verify the estimates (A.4) and (A.5) for P4 and R4 = Re P4. As in the proof of
the previous proposition, we identify C* = R* by 2z = (£,v), and observe that
{tP®P} C Glye(R) is contracting. Consequently, by considering T; = t?%”, the

estimate (A.5) follows directly from Proposition A.2.1.

An appeal to the multivariate binomial theorem shows that for all z = £ —
iv e C%,
Pa(§ =) = Pa(§) + Q(&v), (A.6)

where

QEv) = aaz(j)ww)“”— Y bl

|a:m|=2 y<a |a:m|=2
y<a

here, {b,} C C. We claim that for each § > 0, there exists A/ > 0 such that
1Q(&,v)| < IRA(E) + MR4(v) (A7)

for all £, € R?. For the moment, let us accept the validity of the claim. By

choosing § < 1, a combination of (A.6) and (A.7) yields
—Re(Pa(§ — i) + Ra(§) < 0Ra(§) + MRa(v)
for all £,v € R? and from this we see that (A.4) is satisfied with e = 1 — 4. It

therefore suffices to prove (A.7).

For any multi-indices § and ~ for which |8 : m| = 2 and v < 3, it is straight-
forward to see that

(th)v(tDy)B—v _ tl7:2m|t\ﬁ—v:2m|£vyﬁ—7 _ tlﬁﬁmlgvyﬁ—v _ tgv,/ﬁ—v
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for all £,v € R? and so the map (&,v) — {7777 is homogeneous with respect
to the contracting group {t”®”} C Gly(R). Consequently, an application of

Proposition A.2.1 gives C' > 0 for which
€777 < C(Ra(E) + Ra(v))

for all £,v € R%. By invoking the homogeneity of {7 and R (£) with respect to

{tP} C Gly(R), the above estimate ensures that, for all ¢ > 0,

|€’yl/ﬁ_7| _ |th:2m\(t—D£)7y/3—’Y|
< th2mIC(RA(t7P€) + Ra(v))

= CthmI=IR (&) + Cth™™IR,(v)

for all {,v € R% Noting that |y : 2m| — 1 < 0 because v < 3, we can make
the coefficient of R4({) in the above estimate arbitrarily small by choosing ¢

sufficiently large. Consequently, for any § > 0 there exists M > 0 for which
€077 < 6RA(E) + MRA(v)

for all £, € R% The claim (A.7) now follows by a simple application of the

triangle inequality. O

A.3 Properties of the Legendre-Fenchel transform of a positive-

homogeneous polynomial

Lemma A.3.1. Let P be a positive homogeneous polynomial and let R = Re P. For
E € Exp(P) with real spectrum let \,,, = max(Spec(F)) and \,,, = min(Spec(E))
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(note that 0 < A, A < 1/2 by Proposition 3.2.2) and set

[ 10 if ] > 1
NE(fﬁ) =

|x’1/(1_)\min) Zf"x‘ <1

for x € RY. There are positive constants M, M’ for which
|| = M < R¥(x) < M'Np(z) (A.8)

forall z € R%.

Proof. Set M = sup,.5 R(£) and observe that, for any non-zero = € R?,

#xzsu - -g— xi— i x| — .
R¥w) = supfo -6~ BQ) 205 R () 2 el - 01

¢erd |
The lower estimate in (A.8) now follows from the observation that R#(0) = 0
which is true because R is positive definite. We now focus on the upper esti-
mate. In view of Lemma A.1.3 and Proposition 3.2.2, let C' > 1 be such that
[tE]] < CtP» for t > 1 and ||t¥|| < Ct*mn for t < 1. An appeal to Proposition
A.2.5 gives M’ > 0 for which C|¢| < R(¢) + M’ for all £ € R?. In the case that

lz| > 1, we set t = |z|'/(1=*m) and observe that

z-& < Jaf|tPRe
< |a|llt7[E e
< afttm=Cl P
<zt (R(ETPE) + M)

x|t R(E) + M ||t

RE) + M /0

for all ¢ € RY and therefore

R*(z) = sup{z - £ — R(&)} < M'|a|/0Am) = M/ Np(x).

£eRd
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When |z| < 1, we repeat the argument above to find that R*(z) <

M'|x|Y/ (1= Amin) = M'Np(x) as desired. O

Proposition A.3.2. Let P be a positive homogeneous polynomial with R = Re P.
Then R¥ is continuous, positive definite, and for any E € Exp(P), F = (I — E)* €
Exp(R*).

Proof. Since R* is the Legendre-Fenchel transform of R : R? — R it is con-
vex (and lower semi-continuous). Furthermore, the upper estimate in Lemma
A.3.1 guarantees that R7 is finite on R and therefore continuous [78, Corollary

10.1.1].

Given that R is positive definite and homogeneous with respect to {t¥}, it
follows directly from the definition of the Legendre-Fenchel transform that R*
is non-negative, homogeneous with respect to {¢/'} where F = (I — F)* and has
R#(0) = 0. To complete the proof, it remains to show that R#(z) # 0 for all

non-zero = € R%. Using the lower estimate in Lemma A.3.1, we have

lim R#(x) = oo. (A.9)

T—00

By virtue of Proposition 3.2.2, F' is diagonalizable with Spec(F) C [1/2,1); in
particular, {¢t/'} is contracting in view of Lemma A.1.3. Now if for some non-

zerox € RY, R#(z) =0,
0 = lim tR*(z) = lim R¥(t"x),
t—o00 t—00
which is impossible in view of Proposition A.1.4 and (A.9). O

Corollary A.3.3. Let P be a positive homogeneous polynomial of the form (3.18) for

m = (mq,my,...,mq) € N and {ag} C C. That is, the conclusion of Proposition
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3.2.2 holds where A = I € Gly(R). Let R = Re P, let R* be the Legendre-Fenchel
transform of R and define | - |, : RY — [0, 00) by (3.88) for x € RY. Then

R* (1) < |2|m.

Proof. We note that | - |, is continuous, positive definite and homoge-
neous with respect to the one-parameter contracting group {¢’'} where F =
diag((2my — 1)/(2ma), (2me — 1)/(2ma), ..., (2mg — 1)/(2my)). Because E =
diag ((2m1)~%, (2m2)~%, ..., (2m4)~") € Exp(R), Proposition A.3.2 ensures that
R# is continuous, positive definite and has F' = (I — E)* € Exp(R*). The de-

sired result follows directly by an appeal to Proposition A.2.1. O

Another application of Proposition A.3.2 and A.2.1 yields the following corol-

lary.

Corollary A.3.4. Let P be a positive homogeneous polynomial with R = Re P. For
any constant M > 0, (M R)# =< R¥.

A4 The proof of Proposition 3.3.3

Proof of Proposition 3.3.3. (a = b) Let P = P, take £ € Exp(F,) with strictly

that E is diagonalizable, m + 1 > (min(Spec(E)))~" and QF(£) + O(|¢|™") =
Pr (&) + Y, (&) for & sufficiently close to 0, our result follows from Proposition

A22.
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(b = c) Let E' € Exp(P) have real spectrum and observe that, for alln € N,

CTIR(E) < nReQ(n ") < CR(E)  and  [nIm QP (n )| < CR(E)
(A.10)
for ¢ € B,. It follows that the sequence {p,} C C(B,) of degree m polynomials,
defined by p,(&) = nQg (n~"¢) for alln € Ny and ¢ € B,, is bounded. As the
subspace of degree m polynomials is a finite dimensional subspace of C(B,),
{pn} must have a convergent subsequence. Moreover, because R() is positive

definite, (A.10) ensures that the subsequential limit has positive real part on S,.

(¢ = a) The proof of this implication is lengthy and will be shown using a
sequence of lemmas. We fix £ € M,(R) with real spectrum and for which the
condition (3.33) is satisfied. As the characteristic polynomial of E2 completely
factors over R, the Jordan-Chevally decomposition for £ gives A € Gly(R) for
which F := A™'EA = D+ N where D is diagonal, N is nilpotentand DN = N D.
Upon setting Q4 = Qg o La, it follows that

Qa(§) = Z ag€”

1<|B|<m
for ¢ € R? where {ag} C C. Define p, : (0,00) x RY — Cby pa(t,&) = tQa(t7F¢)
for t > 0 and ¢ € R% The hypotheses (3.33) ensures that, for each ¢ € A7 B,,
PA(E) = lim pa(t.€) (A1)
exists and is such that Re P4(£) > 0 whenever £ € A71S,.

Lemma A.4.1. Under the hypotheses (3.33), lim; . pa(t,€) exists for all £ € RY and
the convergence is uniform on all compact sets of R%. In particular, P4 extends uniquely

to R (which we also denote by Pa) by
Pa(§) = lim pa(t,§) = lim pa(tn, §) (A.12)
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for all ¢ € R®. Moreover, Py : RY — C is a positive homogeneous polynomial with the

representation
Pa(©) = ) agt’ (A.13)
|8:m[=2
for some m = (my,mo, ..., mq) € NL where m > 2m, fori=1,2,...dand
F = D =diag((2m1)~ ', (2my) ', ..., (2mg) ") € Exp(Py). (A.14)
Furthermore
Qa€) = Y a’=Pa©)+ > ast’ (A.15)
|8:2m|>1 |8:2m|>1
for £ € R

Proof of Lemma A.4.1. Our proof is broken into three steps. In the first step we
show that the representation (A.13) is valid on A~!B, and the first equality in
(A.15) holds on R?. The first step also ensures the validity of the second equal-
ity in (A.14). In the second step, we define P4 : R? — C by the right hand
side of (A.13) and check that P, is a positive homogeneous polynomial with
D € Exp(Py). In the third step we show that N = 0 and hence F' = D and in the
fourth step we show that the limit (A.12) converges uniformly on any compact
set K C R The second inequality in (A.15) follows directly by combining the

results.

Step 1. Write D = diag(y1,72,...,74) and put v = (y1,72,...,7) € R% We fix

¢ € A7'B, and observe that

pa(t,€) = Z aﬁt<tD([—i—logth—i-“-—l—MNkf))B

!
1<|8|<m
l
= Y agt PP 4D hiti(logt) (A.16)
1<|Bl<m j=1
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for all ¢ > 0 where, by invoking the multinomial theorem, we have simplified
the expression so that wy,ws,...,w; € R are distinct and b; = b;({; N) € C for

j=1,2,...1 = km. Considering the sum

l
> bt (logt) (A.17)
j=1

we see that, as ¢ — oo, the summands must either converge to 0 or diverge to
oo in absolute value. Moreover, the distinctness of the collection {wy, ws, ..., w;}
and the presence of positive powers of log ¢ ensure that this convergence or di-
vergence happens at distinct rates. Consequently, as ¢, — oo the divergence
of even a single summand would force the non-existence of the limit (A.11).
Consequently, the expression (A.17) converges to 0 as t — oo and so

Pa(§) = lim pa(ty,€) = lim pa(t,€) = lim Y ast' 7€, (A.18)

1<|Bl<m

Since ¢ was arbitrary, (A.18) must hold for all ¢ € A~!B,. This is the only part of

the argument in which the subsequence {t,, } appears.

We claim that, for all multi-indices 3 for which ag # 0, 8- v = Bi171 + Say2 +
-+ Bava > 1. Indeed, fix Kk = min({8 -~ : ag # 0}), set Z, = {B : ag #
0and -y = k} and define B, : R — C by

Bu(§) = ) agt’

BEL:

for ¢ € R% The linear independence of the monomials {¢°} ¢z, ensures that
B.(£") # 0 for some ¢ € A7'B,. It follows from (A.18) that lim . pa(t, &) =
limy o0 17" B, (&) from which we conclude that x = 1; the hypotheses that P,

has positive real part on A™'S, rules out the possibility that x > 1.

From the claim it is now evident that

Pa(&) =) apt’ (A.19)

By=1
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for £ € A~'B, and
Qa() = ) ast’ (A.20)

By=>1

for £ € R

It is straightforward to see that the set A~'S, intersects each coordinate axis
at exactly two antipodal points. That s, foreach j = 1,2, ...d, there exists z; > 0
for which {£z;e;} = A™'S, N {ze; : * € R}. Upon evaluating Re(P,) at such
points and recalling that Re P4 > 0 on A~'S,, one sees by the same argument
given in Step 2 of the proof of Proposition 3.2.2 that 1/v; is an even natural
number which cannot be greater than m. Therefore, for each j = 1,2,...,d,
1/7; = 2m; > m for some m; € N,. The representation (A.13) on A~!B, and the
tirst equality in (A.15) now follow from (A.19) (A.20) and the observation that

By = zjzl B;/2m; = | : 2m|. Moreover,

D = diag((2m1)7", (2mg) 7Y, ..., (2mg) ™). (A.21)

Step 2. We define P4 : RY — C by the right hand side of (A.13). It is clear that
D € Exp(P4) and so, to prove that P, is positive homogeneous, it suffices to
show that that R4(¢) = Re P4(£) > 0 whenever ¢ # 0. To this end, let ¢ € R? be
non-zero and find ¢ > 0 for which tP¢ € A~1S,; this can be done because {t”} is
contracting in view of (A.21). From the previous step we know that (A.13) holds
on A~1S, and thus by invoking (A.11), we find that R4(§) = ¢t 7' Re P4(tP¢) > 0

as claimed.

Step 3. We now show that ' € Exp(P,) and use it to conclude that N = 0. As
we will see, this assertion relies on P4 being originally defined via a “scaling”

limit. Indeed, for any ¢ € R? and ¢ > 0, find u > 0 for which both «=?¢ and
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uPtF¢ belong to A~'B,; this can be done because A~ !B, necessarily contains

an open neighborhood of 0. In view of (A.18),

tPa(€) = tuPa(u"¢)
= ut lim spa(s,u"¢)
5—00
= ut lim sQ 4 (s Fu~P¢)
5—00
= w lim stQ (s Ft FtFu=P¢)

§—00

= w lim (st)Qa((st) Fu Ptr¢)
(st)—o0

= w lim py (v, u PtEE)
v—00

= (uPa(u="t"¢)

= Pa(t"¢)

where we have used Proposition A.1.1 and the fact that D € Exp(P4). Con-
sequently ' € Exp(P4) and since P, is a positive homogeneous polynomial,
the same argument given in Step 3 of the proof of Proposition 3.2.2 ensures that

N =0.

Step 4. Let K C R be compact and note that t ¥ K C A~!B, for sufficiently
large ¢ by virtue of Proposition A.1.6. Thus by invoking (A.13), which we know

to be valid on A~ B,, we have

lpa(t,&) — Pa(§)| = [tQa(t™7E) — tPA(t7¢)]
= [t > ey
|

B:2m|>1

< Z tl—\5!2m||aﬁgﬁ
|8:2m|>1

< ) Jagé”
|8:2m|>1

for all ¢ € K and sufficiently large t where w < 0 is independent of K. The
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assertion concerning the uniform limit follows at once because Z| om|>1 lag€?|

is necessarily bounded on K. /

We shall henceforth abandon using the symbol D and write
F = A'EA = diag((2m1)7 %, (2m2) 7Y, ..., (2mg) ) € Exp(Py).
Lemma A.4.2. Under the hypotheses of Lemma A.4.1, Q4(§) — Pa(§) = o(Ra(&)) as

&— 0.

Proof of Lemma A.4.2. In view of Lemma A 4.1,

|Qa(§) — Pa(§)| < Z |ase”|

|8:2m|>1

for all ¢ € R?. The desired result now follows directly from Lemma A.2.3. /

We now define P, : R? — C by P;, = P4 o L,-1. By virtue of our results above,

it is clear that P, is positive homogeneous with E € Exp(F,). We have

Te,(§) =T, (&) — i, - € + Pey(§) = Py, (€) — QE(E) + O(|€]™ D)

as £ — 0. Because R¢, = Re Py, = R4 0 L4-1, it follows from Lemma A.4.2 that
P (&) — Qg (&) = 0(Re,(€)) as € — 0. Moreover, because E is diagonalizable
and m + 1 > 2m; > (min(Spec(E))) 7, [€]F) = o(Re, (£)) as € — 0 by virtue of

Proposition A.2.2. Therefore

F§0 (5) = io‘ﬁo - P£0 (5) + Tﬁo (6)

where T, = o(Ryg,) as £ — 0 and thus completing the proof of the implication

(c=a).
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To finish the proof of Proposition 3.3.3, it remains to prove that, for any m’ >
m,
Pe,(€) = lim tQg) (t7F¢)
for all ¢ € R and this limit is uniform on all compact subsets of R?. Indeed, Let

K C RYbe compact. By virtue of Lemma A.4.1,

Pe(€) = Pa(A7'¢)
= lim pu(t, A7)
= lim tQ4 (A7)
= lim 1QE(7) (A22)

uniformly for £ € K. Observe that for any m’ > m, there exists M > 0 for which

Q75 — Qe F)| < > tes(t7 )

m<|B|<m’

= ) tes(ATTATIE)?

m<|B|<m’

< MY t[ErAT)

m<|y|<m/

— Z t1*|7:2m||(A*1§)7|

m<|y|<m/

forall ¢ € R and ¢t > 0. Noting that |y : 2m| > 1 whenever m < |y| < m/, by

repeating the argument given in Step 4 of Lemma A .4.1, we observe that
Jim (tQg (t77) — tQu (t77)) =0 (A.23)

uniformly for £ € K. The desired result follows by combining (A.22) and (A.23).
O
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