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Introductions

Tykey [2] has introduced an slgebra of polykays in which he shows the
relationships between symmetric means and polykays, which in the infinite
population become cumulants and moment products. In order to work with the
finite case he introduces a symbolic o-multiplication which becomes ordinary
nultiplication in an infinite population. Robson [1] nas considered the case
of an infinite pdpulation.

Using these tools && gpproach to cumulant component analysis in a finite
population is outlined here., :The situation considered here is the same as
Robson [1], except that the subpopulations contain a finite number "N" of

elements,

Population Cumulant Components:

Following Tukey, the vth moment (or symmetric mean) is denoted by<v>, and
o the vth cumulant (or polykay) by [v].
The moment generating function is defined as
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In like manner denote the vth polykay of F(x|y) by ([0])y defining it in
terms of symmetric means in the yth population by the identity
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o-multiplication is here defined on the elements <V >y’ giving
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The polykay generating function is then defined by the identity -
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Corresponding to Robsonts equation (3.2).
‘ A cumulant is expressed in terms of its components as
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just as in the infinite pcpulation case.

Cunmulant components may be written in terms of expected values over sub-
populations from equation (2).

For the second polykay

f21]-= E([EJ)y
([1,2]] = E([1])yO([1])y—E([1])y°E([1])y

Components of the third and fourth polykay may be written similarly.

Notice that in the above derivation the whole population is considered
finite. In the case where the population is composed of an infinite number of
finite subpopulations, the o-multiplication of the expected values becomes
ordinary multiplication, while the o~multiplication within an expected value
remains the same. In effect the power o-k in definition (1) is replaced by

the power k. The second case is assumed hereafter.
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' The second polykay components then become
| [[2]] = &(l2]),

(2,20 = B(12]),0( &), ~B( BI),E([2]),

Polykay Components in Terms of Moments:

The first four polykays in the yth subpopulation are defined in terms of

moments from equation (1) as follows:

(ADy = (<1>),

([2])y = (<2>) -(<1,1>),

€31), = (<3>)-3(<1,2>) #2(<1,1,1>),

() = (<h>)=3(<2,2>) h(<1,35)412( <1,1,2>) -6(<1,1,1,1> )
‘ To simplify notation expected values over subpopulations will be written

in angle bracket form as follows:
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Combinatorial formulas for products of symmetric means are given by Robson

and Tukey as
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Using the above notation and relationships, components of polykays are
written in moment product form. Examples are:
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i
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These are the two reasonable choices. The former one is preferred because of
its neater form and it is in fact identical to the form for the infinite case,
Polykay components interms of moments have been worked out for the first fowr

. . . ; | log ¢le I
polykays disregarding o-mulitplication (iegey logﬁx=log Eye ) but using

finite population formulas for moment products.

Estimstion=Complex Symmetric Sample Means:

The estimation problem is one of finding the best estimate of
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This is exactly Robson's equation (4.2) and is appropriate, since
eee t = see .
E<1>l 'Dr > <Dl ¢ or>

. Since complex symmetric means are unbiased, expressions for component
estimates in terms of symmetric means may be obtained by putting primes on the
population formulas. This should be checked. Therefore, from
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[[2]] = <(<2>) > - <(<1,1>)> -

IS

[[1,1])= & <(<2>) >+ Who(<1,15)5-<(<15)(<15) >
We have for the second cumulant

[[2]]r = <(<23) >=<(<L,1>)>*
and

(01,1]]t= %<(<2 >) >t _Q%_l_l <(<1,1>) >t=< (<13)(<1>) >
for estimates of the second polykey components.
Using the analysis of variance method. of estimation we find that the
_statisties computed in the analysis of variance are [[ 2]t]+ anal [1]t,[1]t]".
The expected value of [[2]*]* is denoted as [[ 2]'] and that of [[1]*[1]*]*
as [[1] (1)l

The expression for [ [1]t [l] ] in terms of populatlon components is derlved

as follows:
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Written in terms of moments of the form
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then
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There are several assumptions made about the unbiasedness of several of the

statistics used above which should be checked to see if they are actually true.
However, using the above method, the expected values for the analysis of

third and fourth polykay statistics have been worked out.
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Conversion Formulas: Complex Means to Simple:

The formulas to convert complex symmetric means into simple symmetric means
are those given by Robson in two stages.

For [[1]t[1]]= %<(<2 >) >t LEfl—l—)-<(<11 >) >1-<(<13)(<1>) >t the
computing formulas is —é-(_:—l <LL>IK<L >t >t g_e_-]-_' <KLK1I>I>I<K<<1I>Y >t vhich is
seen to be the same as in the infinite case. [ [1]*[1]*[1]']* has also been

derived as
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again the same as for the infinite case.
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These refer directly to Tukey's formulas.
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From Tukeyt!s ab formula
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applying the above expressicn to each term
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From this it is known that v formulas and Tukey'!s formulas are the same.

Derivation of Conversion Formulas:
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