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Part I:

We illustrate different modeling approaches to describe the dynamics of dengue
fever (a vector-borne disease). According to the Center for Disease Control and
Prevention (CDC), there are an estimated 50 to 100 million cases of dengue fever
(the symptoms associated with dengue infection) every year around the world
(mostly in the tropics) !. We demonstrate that “effective” mosquito control strate-
gies are not sufficient in controlling dengue outbreaks. It is possible for low
mosquito densities to cause large outbreaks. Furthermore, mosquito eradication
is likely the most effective way to eliminate dengue fever but it is unpractical
and nearly impossible to achieve. Based on the epidemiological threshold, R, we
were able to determine the most sensitive parameters that can lead to enhance
the implementation of public health policies and control strategies under different

modeling scenarios.

ICDC: Fact Sheet: Dengue and Dengue Hemorrhagic Fever. June 19, 2001.
World Wide Web. http://www.cdc.gov/ncidod/dvbid/dengue/facts.htm



Part II:

Alcohol abuse has been a problem for a long time in the United States. Drink-
ing behavior patterns have changed over the years and it affects all races, age
classes and social status. We used epidemiological approaches and constructed
mathematical models to study drinking behavior. We find that peer pressure from
moderate drinkers have the biggest impact on the population of low-risk drinkers.
Threshold quantities that establish the prevalence of the drinking communities are
studied and thoroughly analyzed to determine possible prevention strategies. We
also explored the effect of the SDR (susceptible (’at-risk’), drinkers, temporarily
recovered) model on a ’small-world’ structure and a continuous time Markov chain
model. We found that network structure does not play a role on drinking behavior
dynamics. We conclude that the SDR model is robust. For the stochastic simula-
tions we computed final size drinker distributions. We also explored a more detailed
model that includes four drinker classes (abstainers-occasional drinkers-moderate
drinkers-heavy drinkers) and n neighborhoods. We computed threshold conditions
and conducted an uncertainty analysis. We determine that the key transition to

have an endemic drinking culture is from occasional drinker to moderate drinker.



BIOGRAPHICAL SKETCH

Fabio Ariel Sanchez-Pena was born in Santo Domingo, Republica Dominicana on
October 19, 1976. His parents are Maria del Carmen Pena Liranzo and Felix Ruiz
Duran. He is the oldest of three siblings. He has a sister and a brother, Yussetti
Sanchez and Richard Ruiz. He recently became an uncle when his sister gave birth
to baby Leyra. Fabio moved to Puerto Rico at age five. During his childhood he
has memories of his passion for horse racing and dreaming of being a professional
jockey.

In the fall of 1992 Fabio’s mother made the bold move of sending her son to
New Jersey to live with his Aunt and Uncle (Tia Sonia y Tio Plinio) along with
three of his cousins. Fabio went to Harrison High School where his teachers always
encouraged him to seek what seems impossible. Fabio’s mother was looking for a
better future for her son.

After high school Fabio moved back to Puerto Rico with his parents and finished
his undergraduate studies at Universidad Metropolitana (UMET) in Cupey, Puerto
Rico in June, 2001. At UMET there were many people that positively influenced
his life but, in particular, Dr. Juan Arratia and Prof. Martin Engman stand out
as the most important people in his undergraduate career.

In the fall of 2001, Fabio joined the Ph.D. program at Cornell University in the
BSCB department under the supervision of Prof. Carlos Castillo-Chavez. Fabio
followed his advisor to Los Alamos, New Mexico where he spent a year and later on
moved to Arizona (ASU) where his advisor is now a professor in the Department
of Mathematics and Statistics.

In October 2006, Fabio joined American Express as a Manager in the Credit

Strategy Team.

1l



To Mami (Maria del Carmen Pena), Papi (Feliv Ruiz), Ercilia Liranzo, Don

Paco, Richard, Yussetti, baby Leyra and Gya.

v



ACKNOWLEDGEMENTS

I would like to thank my Ph.D. adviser Prof. Carlos Castillo-Chavez for his invalu-
able advice throughout my graduate school career and life. Members of my Ph.D.
committee Prof. Laura C. Harrington and Prof. Martin T. Wells. Also, Prof.
Martin Engman, Prof. Karl Hadeler, Dr. Mac Hyman, Prof. Maia Martcheiva,
Dr. Gerardo Chowell-Puente, Dr. Ariel Cintrén-Arias, Prof. Horst Thieme, Prof.
Hal Smith, Prof. Steven Strogatz for their advice and support during the prepa-
ration of this thesis and my graduate school career. The author acknowledges the
support of the Alfred P. Sloan Foundation, Cornell University, LANL (CNLS) and

Arizona State University.

Friends: Thank you.

Dr. Juan F. Arratia, Barbara Deuink (NSA), Dr. Lloyd Douglas (NSF), Dr.
Daniel Wiley, Nestor Lépez, David Murillo, Dr. Steve Tennenbaum, Jacqueline
Guzmén, Angel (Chimbo) De Los Reyes, Daniel (El Goldo) Meléndez, José (San-
tito) Ramirez, Manuel Rivera, Dr. Miriam Nuno, Terannie Vazquez, Angela Ortiz

and Jayson Vazquez.



TABLE OF CONTENTS

1 Part I: Introduction 1
2 Epidemiology of dengue 5
2.1 Ecology of Aedes aegypti and Aedes albopictus . . . . . . . . . . .. 5
2.2 Transmission cycle . . . . . . ... oo oL 6
2.3 Treatment and control . . . . . . ... ... ... ... .. 6
2.4 Seasonal trends and the effects on dengue transmission . . . . . . . 7
3 Review of dengue models and results 8

4 A case study: a single-outbreak model for dengue outbreaks in

Singapore 12
4.1 Single-outbreak model . . . . . . ... ... 0L 15
4.2 Results. . . . . . . 17
4.3 Conclusions . . . . . . . . . . .. 22
5 Single strain model with vector-life history* 23
5.1 Disease dynamics and control . . . . . ... ... ... ... ... 27
5.2 Effects of seasonal variations . . . . . . .. . ... ... ... .. 31
5.3 Conclusions . . . . .. ..o 36
6 Two-strain dengue model with collective host behavior change 38
6.1 Themodel . . . . . . . . . .. ... 38
6.2 Disease invasion and persistence . . . . . .. ... 41
6.3 Numerical simulations . . . .. ... ... ... ........... 43
6.4 Conclusions . . . . . . . . . . ... 50
Appendices 52

A Jacobians and Characteristic Equations for the single strain model 53

B Jacobian and proofs of two strain model of dengue 62
Bibliography 67
7 Part 1I: Introduction 72

8 Drinking as an epidemic—a simple mathematical model with re-

covery and relapse* 75
8.1 Simple SDR drinking model . . . . . . .. ... .. ... ... 7
8.2 Population dynamics of drinking under high relapse rates . . . . . . 81
8.3 Uncertainty and sensitivity analysis . . . . . . ... ... ... ... 83
8.4 Numerical simulations . . . . ... ... ... ... ... 88

vi



85 Conclusions . . . . . . . s, 92

9 Drinking model in a small-world network and a Markov chain

model 93
9.1 Small-world networks . . . . . ... ... ... L 93
9.2 Drinking behavior on small-world networks . . . . . .. .. ... .. 94
9.3 Conclusions . . . . . . . . ... 96
9.4 Drinking behavior: a continuous Markov chain approach . . . . . . 99
9.5 Methods . . . . . . . ... 100
9.6 Numerical simulations . . . ... ... ... ... .......... 102
9.7 Conclusions . . . . . . . . . . .. 106
10 Effects of local and global alcohol consumption networks on drink-
ing dynamics 107
10.1 Mean field example . . . . . . . . ... L 107
10.2 Threshold quantities and simulations . . . . . . ... .. ... ... 114
10.3 Conclusions . . . . . . . . . .. 123
Bibliography 124

vii



4.1
4.2

5.1

8.1

8.2
8.3

8.4

9.1

10.1
10.2
10.3
10.4
10.5

LIST OF TABLES

Parameter List . . . . . . . . . ...
Ry estimates for dengue outbreaks in Singapore from 2001 — 2005.

Parameter List . . . . . . . . .

Description of parameters and parameter distribution functions.
All rates are per-capita. . . . . . . . . .. ...
Description of threshold conditions. . . . . . . .. ... ... ....
Partial Rank Correlation Coefficient of Ry, R, and R./R, with
their respective p-values. . . . . . . . . ... ... ... ... ..
Estimates of Ry, % and R, from 10 Monte Carlo simulations.

SDR drinking network model. D; denotes the number of “problem”
drinker neighbors of node 4. . . . . . . ... ... ...

Sub population and classes. 7 is the neighborhood index. . . . . . .
Parameters. ¢ is referred to the index of a neighborhood. . . . . . .
Estimates of R from 10 Monte Carlo simulations. . . . .. .. ..
Estimates of R2 from 10 Monte Carlo simulations. . . . . . .. . .
Parameter distributions. . . . . . .. ..o

viil



1.1

2.1
2.2

4.1
4.2
4.3
4.4

4.5
4.6
4.7

4.8

4.9

5.1
5.2

5.3

LIST OF FIGURES

World distribution of dengue epidemic [10]. . . . . . ... ... .. 2
Manifestations of the dengue syndrome [42]. . . . . . . .. ... .. 6
Transmission cycle [11]. . . . . . . .. ... Lo 7

Confirmed DF /DHF weekly cases from 2001 — 2006 in Singapore [13]. 13

Confirmed DF/DHF cases [13]. . . . . . .. ... ... ... .... 14
Map of Singapore. . . . . . . . ..o 15
Geographical distribution of DF/DHF in Singapore from 2001 —

2004 [13]. . o o o 16

Distribution of Ae. aegpyti by top five breeding habitats, 2004 [13]. 17
Age-specific incidence (per/100,000) rates of DF/DHF cases [13]. . 18
Singapore data from the 2001 dengue outbreak. Estimates of the
parameters: 0 = 0.73, a = 0.75, v = 4.2, p = 2.3, ¢ = 0.5
and p = 0.1. The estimated basic reproductive number for this
outbreak is Ro = 1.1. . . . . . . . . . . ... 20
Data from the 2004 dengue outbreak in Singapore. Estimates of
the parameters: § = 0.2, « = 083, vy =1, p = 2.33, ¢ = 0.6
and g = 0.1. The estimated basic reproductive number for this
outbreak is Ro=1.2. . . . . . . . . ... . 20
Data from the 2005 dengue outbreak in Singapore. Estimates of the
parameters: S =1.1,a=1,v=2, p=0.04, ¢ = 0.2 and pu = 0.02.
The estimated basic reproductive number for this outbreak is Rg = 5. 21

Caricature of the model. . . . . . . . ... ... oL 25
The equilibria alternate stability, the first and third being stable
and the second one being the unstable equilibrium. Graphs of
g(L),c(L); p=15,e=15,a=05andw=0.2. . ... ....... 31
Moderate seasonal effects on host and vector transmission rates («,
(B and €). The parameter values are: p = 0.00004, p. = 0.003,
tm = 0.03, 6 =0.09, v =0.14, p = 15, w = 0.2, e = 15, a = 0.5,
B = 0.5, a = 0.5 Initial conditions: Sy = 9999, Iy = 1, Ry = 0 (host
population). In this case we show the infected host class (I(t))
when seasonal effects take place in the transmission rates (o and
B) and control measures (€). For a) and b) « and [ are varied

simultancously; a) @ = 0.5+ 0.4sin(25}) and § = 0.5+ 0.4 sin(25%),

b) @ = 0.8+ 0.4sin(2L) and § = 0.8 + 0.4sin(25%). For ¢) and d)
¢ is varied; ¢) € = 15 + 5sin(3g) and d) € = 15+ 10sin(3g}). . . . . 34

1X



5.4

6.1
6.2

6.3

6.4
6.5

6.6

6.7
6.8
6.9

6.10

6.11
6.12

Moderate seasonal effects on host and vector transmission rates («,
B and €). The parameter values are: p = 0.00004, g, = 0.003,
tm = 0.03, 6 = 0.09, vy =0.14, p = 15, w = 0.2, ¢ = 15, o = 0.5,
6 = 0.5, a = 0.5 Initial conditions: Sy = 9999, Iy, = 1, Ry =
0 (host population). In this case we show the vector population
(V(t)) when seasonal effects take place in the transmission rates
(v and () and control measures (¢). For a) and b) a and [ are
varied simultaneously; a) @ = 0.5 + 0.4sin(3g) and 8 = 0.5 +
0.4sin(2X), b) @ = 0.8 + 0.4sin(2x) and § = 0.8 + 0.4sin(2x).

180 180 180

For ¢) and d) e is varied; ¢) € = 15 + 5sin(24!) and d) € = 15 +

10 sin(%). The vector begins at the low demographic equilibrium
Elev = 0.230129, VU = 0.4099141 and J° = 0.004318148 and
then jumps to the high equilibrium E" = 5527807, V""" =
10.99821, JJ" = 0.3055878. In the absence of seasonality € = 15

there isno jump. . . . . . . . ..

Caricature of the model. . . . . . . . ... ... ... ... ..
Regions of stability when a) a3 = 1 = 0.2, ag = 5 = 0.2, 7, =
0.33, v = 0.5, p=0.1. Inb) we let f; = B = 0.5, ¢» = 0.9 and
p = 0.9 while in ¢) we let ay = 5 = 0.5, » = 0.5 and p = 1.
Individuals infected with secondary strain (z;) for three values of
the infection rate (p;) from the behavior change class (by). . . . . .
Phase plane of secondary infection (z; and 2). . . . . .. ... ..
Time series of first infection (d; and dy). Parameter values: [y =
033, ﬁg = 05, Y1 = 025, Y2, qbl = ng = 01, a1 = 05, Qg = 0337
p1=1,po=4 p=0.1and ¢ = 0.5. Initial conditions: sq = 0.98,
dy = 0.01, dy = 0.01, vy = 0.98, g; = 0.01, and go = 0.01. . . . . ..
Time series of behavior change population (b; and be). Parameter
values: (1 = 0.33, B = 0.5, 71 = 0.25, ¥9, ¢1 = ¢ = 0.1, a; = 0.5,
as =033, p1 =1, po =4, p=0.1, and ¢» = 0.5. Initial conditions:
so = 0.98, d; = 0.01, dy = 0.01, vy = 0.98, g; = 0.01, and g, = 0.01.
Phase plane of first infection (d; and dy). . . . . . . ... ... ..
Phase plane of behavior change population (by and by). . . . . . . .
Time series of secondary infection (z; and z3). Parameter values:
61 = 033, 62 = 05, Y1 = 025, Y2, gbl = QZ52 = 01, a1 = 05,
as =033, p1 =1, ppo =4, p=0.1 and ¥ = 0.5. Initial conditions:
so = 0.98, d; = 0.01, dy = 0.01, vg = 0.98, g; = 0.01, and g, = 0.01.
Time series of infected mosquito population (g, and go). Parameter
values: 1 = 0.33, B = 0.5, 11 = 0.25, 15,=0.14, ¢; = ¢ = 0.1,
a; =05, a0 =033, pp =1, po =4, p=0.1 and ¥ = 0.5. Initial
conditions: so = 0.98, d; = 0.01, dy = 0.01, vg = 0.98, ¢g; = 0.01,
and go = 0.01. . . . . ..
Phase plane of infected mosquito population (¢, and g3). . . . . . .
y1 when Ry > 1 and yo when Ro < 1. . . . ... . ... ... ...

48



8.1
8.2
8.3

8.4

8.5

8.6

8.7

8.8

9.1

9.2

9.3

9.4

9.5

9.6

9.7

9.8

9.9

Caricature of the model. . . . . . . . . .. .. . ... ... ... 78

Threshold conditions: R, and Ry. . . . . . . . ... ... ... .. 83
Histogram for Ry. The mean is 3.12 with a standard deviation of
739and T1% of Ry > 1. . . . o oo o o 84
Histogram of 7722 The mean is 0.16 with a standard deviation of
0.11 and the median is 0.14 . . . . . . . . . . . .. ... ... ... 86

Backward bifurcation and time series of the d-class. Parameter
values: p = 0.0000548, ¢ = 0.2, p = 0.21 and § = [0.001, 1.3].
A time series plot of the system with different initial conditions.
Lower left: s =0.97, d = 0.03 and rg = 0. Lower right. s = 0.99,
d = 0.01 and r = 0. Parameter values: p = 0.0000548, 5 = 0.19,
p=02and p=021. .. ..o 88
Problem drinkers (D) vs. p. Parameters: f = 0.5, ¢ = 0.2, and
1= 0.0000548. Initial conditions: sy = 0.99, dy = 0.01, and 7o = 0. 90
Problem drinkers (D) vs. ¢. Parameters: = 0.5, p = 0.21, and
p = 0.0000548. Initial conditions: sy = 0.99, dy = 0.01, and rg = 0. 91
Problem drinkers (D) vs. 3. Parameters: p = 0.21, ¢ = 0.2, and
u = 0.0000548. Initial conditions: so = 0.99, dy = 0.01, and rg = 0. 91

Mean final size of the “problem” drinking population with 1000
nodes, (k) =6, 5 = 0.03 and p = 0.8 as a function of the treatment
rate ¢ for two extreme values of p (disorder parameter). . . . . . . 95
Mean final size of the “problem” drinking population with 1000
nodes, (k) =6, f = 0.03 and ¢ = 0.8 as a function of the relapse
rate p for two different values of p (disorder parameter). . . . . . . 96
Mean final size of the “problem” drinking population with 10® nodes
and (k) = 3 as a function of the disorder parameter p. Parameter
values: =003, p=3,and ¢=08. . . . . . . ... ... ... .. 97
Mean final size of the “problem” drinking population with 10? nodes
and (k) = 3 as a function of the disorder parameter p. Parameter

values: 3 =0.03, p=04,and p=0.8. . . . . . . . ... ... ... 98
Diagram of transition probabilities. . . . . . . . .. ... ... L. 99
Histograms of the “problem” drinking population for two values of
p when p =0.4, ¢ = 0.8, § =0.03 and g = 0.0000548. . . . . ... 100
Histograms of the “problem” drinking population for two values of
p when p =3, ¢ = 0.8, 3 =0.03 and p = 0.0000548. . . ... ... 101

Left. Stochastic version of SDR model (100 realizations). Mean=
507. Right. Deterministic version of SDR model. For these sim-
ulations the parameters used were: 3 = 0.5, p = 0.21, ¢ = 0.1
and p = 0.0000548 with Ry = 5. We started with five drinkers
(Do =5). Mean="528. . . . . . . . ... .. ... ... 103
From the stochastic simulations we computed a histogram of the
final size of the drinking population at a stoppage time T = 300.
Initial conditions: left: dy =5, right: dy =10. Ry > 1. . . . . . .. 104

x1



9.10

10.1
10.2

10.3
10.4

From the stochastic simulations we computed a histogram of the
final size of the drinking population at a stoppage time 7" = 2000.
To the right is a zoom of the histogram without the zeros. In this
case Ry < 1. . . .. o L

Caricature of the model. . . . . . . . . ... ... ... ...
Two neighborhoods. Parameter values: p = 0.0000548, ¢1 = ¢ =
1/30, 51 = 62 = 1/5, a; = Ay = 15, b2 = 30, T = T = 01, P1 =
1/5, ag = 1/30. Initial conditions: sj = 0.99, of = 0, m{ = 0.01,
hi=0,82=0.9503=0,m2=0.05h3=0..............
Distribution for Ry. . . . . . . . ..
Distribution for RZ. . . . . . . . .. ...

xii



Chapter 1

Part I: Introduction

It is believed that dengue originated in Africa [42]. During the late 18" century
there were the “first” major outbreaks in Asia, Africa, and North America but it is
still uncertain as to the exact date (period) when dengue originated. As reported
in the CDC the occurrence of these outbreaks on three continents leads to believe
that these viruses have been spread worldwide for many years. Dengue fever was
not considered to be a fatal disease for those who visited endemic countries [7].
During the late 19” century and early 20" dengue fever was being misdiagnosed
with other similar diseases like, scarlatina and rheumatic fever [1, 2, 3, 4].

The first recorded outbreaks were in 1779 — 1780 in Asia, Africa and North
America. Long ago the periods between epidemic outbreaks were long, 10 — 40
years. Sailing vessels were the preferred mode of vector transport in those times [7].
Dengue fever seems to affect around 100 million people annually. The exact num-
bers are unknown because not all the cases are reported, cases can reflect flu-like
symptoms and many are asymptomatic [50].

There are four different serotypes (DEN-1, DEN-2, DEN-3 and DEN-4). In-
dividuals acquire permanent immunity from each serotype with which they have
become infected. Tropical and subtropical regions experiencing high levels of ur-
banization and increased deforestation are often the areas at the greatest risk for
vector-borne disease epidemics [46, 49]. Currently dengue is one of the most serious
human infectious diseases [50].

The most severe case of dengue is Dengue Hemorrhagic Fever (DHF') or Dengue

Shock Syndrome (DSS). There are two theories that have attempted to explain the



pathogenesis of DHF. One is that virulent dengue virus strains cause DHF while
avirulent strains cause DF (Dengue Fever). The other is that DHF is mediated
by host immune responses. In other words, the cross-reaction between strains can
augment infections [50].

Some important factors that may have contributed to the global emergence of
DHF are: lack of effective mosquito control in dengue-endemic countries, uncon-
trolled urbanization and population growth [7]. A total of 250,000 — 500, 000 cases
of DHF are reported annually with a fatality ratio of about 5% [50] (see Figure 1.1
for a world distribution of dengue). Research has shown that 85% — 90% of DHF
cases have been caused by cross-reactions between different strains. DHF can oc-
cur in primary or secondary infections but it is more common during a secondary

infection [50]. Susceptibility is universal, but children generally have milder ill-

World Distribution of Dengue - 2003

2] Areas infested with Aedes aegypti
W Areas with Aedes aegypti and dengue epidemic activity

Figure 1.1: World distribution of dengue epidemic [10].

ness than adults. All four dengue serotypes produce flu like symptoms; headache,

backache, fatigue, stiffness, anorexia, and chills [42]. The strains are antigenically



distinct, that is, infection with one type does not typically provide immunity to
a second type. Instead after infection with a particular strain there is at most 90
days [40, 53]) of partial immunity to other strains.

Recent papers by [19, 43, 41, 58] highlight the concerns of the disease emerging
to higher endemic states where it was absent and then reappeared. There are many

factors that can contribute to the reappearance of dengue fever:

Infiltration of a new strain to a mostly susceptible population,

Loss of immunity in the population,

Considerable urbanization of rural areas (increases the number of breeding

sites),

Climate variability: temperature fluctuations, floods and droughts.

Current policies and interventions focus on educating people about the seri-
ousness and possibly fatal consequences of dengue fever and its fatal form Dengue
Haemorrhagic Fever (DHF) and Dengue Shock Syndrome (DSS). However, these
methods have had an negligible effect on dengue endemic countries (see Figure 1.1).

Social dynamics play an important role in the transmission of dengue. Lack
of resources, poor living, as well as, lack of knowledge or careless behavior can
contribute to new dengue infections. We show that collective behavioral changes
can reduce the number of dengue infections. We assume that collective behavior
change imply low cost artifacts and rational behavior such as: mosquito repellents,
bed nets and screens on windows.

The total economic cost of dengue is difficult to estimate since nearly half the
cases are asymptomatic or not reported. Loss wages, work days lost, absenteeism

all contribute to the economic impact but are hard to measure accurately.



In Chapter 2 we discuss the epidemiology of dengue. Chapter 3 reviews previous
dengue models and their results. In Chapter 4 we explore a single-outbreak model
and fit it to data from the most recent outbreaks in Singapore (2001, 2004, and
2005). We make comparisons, estimate parameters and estimate the reproductive
number for each outbreak. In Chapter 5, we consider a single strain mathematical
model that incorporates the early life-history of the vector allowing for multiple
mosquito densities depending on the egg/larvae recruitment function. We incor-
porate seasonality and illustrate a simple scenario which shows that low mosquito
densities can still cause large outbreaks when a new strain is introduced in a mostly
susceptible population. In Chapter 6, we look at the effects of social dynamics by

incorporating collective behavioral change classes in a two-strain model.



Chapter 2

Epidemiology of dengue

2.1 Ecology of Aedes aegypti and Aedes albopictus

Two species of mosquitoes are capable of transmitting the dengue virus, Aedes
aegypti and Aedes albopictus. Aedes albopictus is found mostly in rural areas.
Aedes aegypti is mostly found in urban areas where human density is high. Aedes
aegypti is the main vector/carrier of the dengue virus. The life cycle of Aedes
aegypti consists of four stages [8]. During the first stage the eggs are laid just
above the water line on tree holes, discarded containers, or on the ground where
water might fall. Eggs can survive without water for almost a year. Aedes aegypti
lays up to 150 at once and on average can lay about 1,400 eggs in its lifetime. The
eggs hatch in 1 —2 days and release the larvae. After 7— 10 days the larvae change
to pupa in preparation for the adult stage. Days after maturation, the females
look for a blood meal and males mate. The males do not ingest blood but feed
on plants and flowers. Females can feed on animals or humans but research has
shown that they prefer to feed on humans [45, 7]. On average these mosquitoes
can live for a period of 12 to 15 days [38]. The females feed every two to three days
and lay eggs after the feeding process [56]. Aedes aegypti do not usually breed in
contaminated waters [42, 5]. This process is highly dependent on temperature.
Aedes aegypti has adapted to live around human environments and eradication
has proven impossible. This is mainly due because the breeding sites are in a great

part created by humans [48, 30, 42].



‘ Dengue virus infection

| Asymptomatic | | Symptomatic

| Undifferentiated fever | | Dengue fever syndrome | | Dengue hemorrhagic fever (plasma leakage)

S

Without No shock

hemorrhage

Unusual
hemorrhage

Figure 2.1: Manifestations of the dengue syndrome [42].

2.2 Transmission cycle

Dengue transmission may occur when an uninfected female mosquito feeds on an
infected individual or when an infected mosquito bites an uninfected human. Al-
though there has been evidence of vertical transmission of dengue virus by Aedes
aegypti, typically they can only get infected after biting an infected person. Once
the virus is in the mosquito replicates for a period of 8 to 12 days [11]. Humans
cannot infect other humans. At the time the individual is infected the virus re-

produces and produces symptoms that can last from 3 — 14 days (see Figure 2.2).

2.3 Treatment and control

Since dengue viruses were isolated, efforts to make a vaccine has failed. There is
no vaccine for dengue fever. However, there are efforts in developing attenuated
vaccines for dengue fever [25, 20]. These vaccines are in the early stages and human
trials have not begun. Hence, it is possible that an effective vaccine will not be

available for the next five to ten years.
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Figure 2.2: Transmission cycle [11].

2.4 Seasonal trends and the effects on dengue transmission

There are many factors that can influence the transmission of dengue fever, e.g.
climate, vector movement, vector density among others [42, 26, 54, 39]. There has
been significant research on vector-density and there is no clear answer about how
low the density of mosquitoes should be in order to prevent large outbreaks. In
fact, in Singapore the house index dropped to 1% and outbreaks still occurred [42].

See Figure 4.1.



Chapter 3

Review of dengue models and results
Previous dengue models have been developed by [34, 32, 33, 35, 27, 37]. In this
chapter I review some of the models previously analyzed and their results.

Most of these papers focus on the ongoing discussion of what causes Dengue
Hemorrhagic Fever (DHF) or Dengue Shock Syndrome (DSS) [50, 49, 6, 7, 44]. The
main focus in literature was in the immunology of dengue [42, 40, 44, 56, 19, 5].
From previous mathematical modeling few approaches (see [54]) were taken to
study reducing the number of breeding sites which could probably be responsible
for large epidemic outbreaks. Public policies have been implemented in order to
alert communities of the danger of these mosquitoes, however, the strategy works at
some level but dengue strains can invade a susceptible population by immigration
or loss of immunity as it has happened in Central America, South America, and
Puerto Rico [7]. It is widely believed that cross-reaction of strains (DEN — 2 being
the main suspect) is the main catalyst of dengue hemorrhagic fever, DHF.

We reviewed a model for a single strain of dengue [31]. Their model’s equations

are:
N. I
() = N, — Byb—2— 8, —¥ _
Sy (t) pi Ny — Bu NH+mShNU W SH
It = ﬁbLS ]_”_( + )]
H = HNH—i—m HNU HE T~ YH)LH
Ry(t) = ~yuly — puRu
Ny Iy
S'(t) = A—Bb——S,— — 1S,
o(?) Oob oo, T H
Ny Iy
L) = BbteS, -2 —
o(t) Oob N, M

where Ny = Sy + Iy + Ry and N, = S, + I, represent the host and vector



populations respectively with Sy, S, denote the susceptible populations, Iy, I,
the infected and Ry the recovered, here assumed with permanent immunity. The
parameter values are: pugy = 0.0000457, pu, = 0.25, b = 0.5, By = 0.75, B, = 1,
m =0, yg = 0.1428, N = 10,000, and A = 400.

A single strain dengue model is constructed where they include biting rates
and probability of infection (human-mosquito and vice-versa). The analysis of the
model turns out to be more complicated but model results and predictions are
qualitatively similar to those resulting from our proposed model which includes an
egg/larva recruitment function f(L) which is density dependent (L-total mosquito
population).

The model looks at the impact of ULV insecticide treatment. The treatment
is applied during seven days when there is a low prevalence of the virus. The
insecticide does not reduce prevalence of dengue, however, it delays the onset of
the epidemic. Essentially, the model looks at vector mortality as a form of control
and prevention.

In [35] the competitive dynamics of dengue fever using an ode model is studied.
Their objective is to find conditions for or against competitive exclusion. The

model is described by the following system of nonlinear differential equations:

S'(t) = h—(B1+ By)S — pusS, (3.1)
I[(t) = B\S —02Bsl; —ulj, (3.2)
L(t) = BsS—o01Bils—uls, (3.3)
Y/(t) = o01B1l— (e; +u+71)Yy, (3.4)
Y(t) = 09Boly — (s +u+1)Ys, (3.5)

R'(t) = r(Y1+Y5) —uR, (3.6)
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and

M’(t) = q— (Al + AQ)M — (5M, (37)
Vi) = AM -6V, (3.8)
Vi) = AsM — V. (3.9)

Where N=S+L+L+Yi+Ys+Rand T = M + V] + Vs are the total host and
vector populations respectively.

To briefly discuss the outline of the model we have the following population
classes: S, susceptible hosts, I;(i = 1,2), first infection of the host with strain 1
and 2 respectively, Y;(i = 1,2), second infection with strain 1 or 2 depending on
which strain the host had previously, R, recovered class. The primary infection of

the host is given by,

BV
o c—{—whN'

There are two stages for the vector; M, adult vectors, V;(i = 1,2), where a host is

infected with either strain 1 or 2 at a given rate of,

o i (I; +Y;)

c+ w,N

These describe frequency-dependent disease transmission and both are special cases
of the Holling type II functional response [24] and are generalizations of the model
for Malaria [16], and Chagas disease [59].

The authors incorporate vector-host dynamics in a two-strain dengue model.
They carry out numerical simulations to illustrate their results using parameter
ranges from the 1991 dengue fever outbreak in Brazil [51]. They estimate the
basic reproductive number for both strains (=~ 2 for both). The existence of the

interior endemic equilibrium (both strains co-exist) is established via simulations
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for o; € (0,2). If o; (susceptibility index to strain 7) is very small or large only the
boundary equilibria exist. The authors were able to establish conditions for the
existence of the interior endemic equilibrium for ranges in ;. The parameter values
used for simulations are: u = 1/70 years, r = 1/14, «; € (0,0.05), 5; € (0,0.05),
d=1/14,c=1,w = 0.5, and o; € (0,5).

In the next chapters we constructed dengue fever models that look at a single-
outbreak model using current data from Singapore [13], incorporate the early life-
stage of the vector, and a multiple strain model that includes collective host be-

havior changes.



Chapter 4
A case study: a single-outbreak model

for dengue outbreaks in Singapore

Singapore a member of Southeastern Asia Islands is located between Malaysia and
Indonesia. It has a population of approximately 4.5 million and has an area of
692.7 sq. km [15]. The weather is tropical which makes it an ideal habitat for the
vector (Aedes aegypti and Aedes albopictus) that transmits dengue. Dengue fever
has been a problem in Singapore where its public health system has implemented
measures but have not impacted dengue transmission. Some of the preventive

measures include [13]:

Clustering of cases by place and time

-Intensified control actions are implemented in these cluster areas.

e Surveillance control programs
-Vector control

-Larval source reduction (search and destroy)

e Health education
-House to house visits by health officers -Dengue prevention Volunteer Groups

(National Environmental Agency (NEA))

e Law enforcement

-Large fines for facilitating the existence of breeding sites

However, the situation worsen since 2001. Here, we have gathered data from two

different outbreaks (2001 and 2004) and use them to estimate model parameters

12
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Figure 4.1: Confirmed DF/DHF weekly cases from 2001 — 2006 in Singapore [13].

and the basic reproductive number for both years.

In Figure 4.2 we observe that DEN — 1 and DEN — 2 have been the prevalent
strains in Singapore from 1992—2004. In particular, using the data provided by [13]
we can conclude that DEN — 2 strain is responsible for the majority of dengue
cases from 2001 — 2003 (see Figure 4.1). These outbreaks are fairly consistent in
their magnitude. Moreover, in 2004 DEN — 1 took over as the dominant strain
and not surprisingly the number of cumulative cases increased significantly. In
2005, DEN — 1 prevailed as the dominant strain, however, the number of cases
caused by strain DEN — 3 increased. In Figure 4.1 we see that the number of cases
for 2006 is significantly lower than for previous years. These sudden drop in the
number of dengue cases may be due to the increased immunity in the population.
Using geographical data [13] we can see from Figure 4.4 that from 2001 —2003 most
dengue cases were scattered along similar regions. However, in 2004, even when

it’s apparent the most dengue cases occurred in the same regions the concentration
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Figure 4.2: Confirmed DF/DHF cases [13].

of the cases seems to be larger than previous years. This is consistent with data
on the weekly number of cases (see Figure 4.1). It still remains uncertain how the
cases are distributed for 2005. The difference from the 2001 outbreak in comparison
with 2005 is of 11,464 cases. From Figure 4.5 Aedes aegypti is mostly found in
ornamental and domestic containers. This trend points at the importance of social
behavior. It is vital for individuals to reduce the risk of transmission by destroying
uncommon artificial breeding sites. The host is mainly responsible for providing
“artificial” breeding sites for the mosquitoes and increasing the transmission of
dengue. It is worth noting that although anyone can be infected with dengue some
age groups are more affected than others. In Figure 4.6 we look at seven different
age groups and their respective dengue incidence rates (per/100,000). We observe
that although incidence has increased steadily in all age groups since 2001 there
was a major increase in the 5 — 14 age group from 2003 to 2005. This growth

can be correlated to the activity level of this age group along with the increased
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Figure 4.3: Map of Singapore.

number of “artificial” breeding sites. In fact, dengue incidence rates more than
doubled in all age groups from 2003 to 2005.

Laboratory surveillance. Reported cases were serologically confirmed by
one or more of laboratory tests; viz. anti-dengue IgM antibody enzyme linked

immunosorbent assay (ELISA) and the haemagglutination-inhibition test.

4.1 Single-outbreak model

In this chapter we introduce simple single-outbreak mathematical model that de-
scribes the dynamics of dengue between hosts and vectors in Singapore. The
population is divided as follows: S-susceptible, F-exposed (infected but not in-
fectious), I-infected (presumed infectious) and R-recovered (immune). For the

vector we have: V' (susceptible mosquitoes), L (latent mosquitoes) and J (infected

mosquitoes). The following is the system of nonlinear differential equations that
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we use to model the dynamics of a single outbreak:

5
”
”
w
v
o

J/

387,

BSE — pE,

pE — I,

~I, (4.1)
—aV%,

aV = (pm + 9)L,

¢L - lum‘]>

where N=S+FE+I+Rand M =V + L+ J.

We will compare two outbreaks that occurred in Singapore. We fit our model
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Figure 4.5: Distribution of Ae. aegpyti by top five breeding habitats, 2004 [13].

to data and estimate parameters for each outbreak. We will focus on the infectious
period (1/7) and the transmission (contact) rates for human and vector (8 and «a,

respectively). Parameter definitions can be found in Table 4.1

4.2 Results

The basic reproductive number for the system is given by:

Ry— |22 “
’ Y i A ¢+ d g+ d

where (3 is the transmission rate from vector to human. 1/ represents the average
host infectious period. « is the transmission rate from human to vector. 1/(p,+d)

is the average vector infectious period and ¢/(p,, + ¢+ d) represent the proportion
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Figure 4.6: Age-specific incidence (per/100,000) rates of DF/DHF cases [13].

of vectors that make it to the infectious class (J).

We used the data from [13] to fit the model, estimate parameters and the
basic reproductive number from the 2001, 2004 and 2005 outbreaks. For the 2001
outbreak the dominant strain was DEN — 2 followed by DEN — 4, DEN — 1
and DEN — 3. However, in 2004 DEN — 1 surpassed DEN — 2 as the dominant
strain in the population with approximately 70% of the cases (see Figure 4.2).
DEN — 2 followed with approximately 28% of the cases. DEN — 3 and DEN — 4
did not play a big role in the 2004 outbreak. In Figure 4.7, 4.8 and 4.9 we show
the cumulative number of DF/DHF confirmed cases and the model solution. Tt
is important to notice that the average infectious period () is approximately 1.7
days for 2001 and 7 days for 2004. This implies that the window of opportunity of
the mosquito was relatively short in 2004 and much larger in 2005. In 2001 dengue
was possibly a mild illness and in 2005 it was likely that the disease was more

virulent. In fact, the number of hospitalizations due to dengue has increased since
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Table 4.1: Parameter List

Parameters Description
« contact rate (human-vector)
B contact rate (vector-human)
p latent period in humans
10} latent period in mosquito
L per-capita adult mosquito mortality rate
v per-capita recovery rate

2003 [12]. It is not clear if loss of immunity plays a role in the increased virulence

Table 4.2: Rq estimates for dengue outbreaks in Singapore from 2001 — 2005.

Year | Value | Dominant strain
2001 | 1.1 2
2002 | 24 2
2003 | 4.7 2
2004 | 1.2 1
2005 5 1

of dengue. Moreover, the 2005 outbreak in which there were more than 700 cases
the third week of September, the biggest number of new cases seen in Singapore.
Some studies have shown that climate variations such as temperature and rainfall
are key components in the transmission of dengue [43, 26]. Furthermore, the 2005
outbreak seems to behave differently. The number of cases increased by 4, 659 from

the previous year.
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estimated basic reproductive number for this outbreak is Rq = 1.2.
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4.3 Conclusions

Despite the tremendous efforts of the public health system in Singapore to control
dengue the number of confirmed clinical DF /DHF cases has increased over the past
five years by 11,464 new cases. Some factors that could be contributing to the
situation in Singapore are: the introduction of new strains, new pool of susceptible
individuals (via immigration) and lack of significant reduction in vector population
are some of the most important factors.

Other contributing factors are migration and loss of immunity. It was estimated
that in 2006 that the migration rate was 9.12 per 1000 individuals [13]. This
factor could be contributing to the new cases by displacing the immune individuals
(migration) and adding a new pool of susceptible (immigration).

We estimated the basic reproductive number for 2001 — 2005 outbreaks (see
Table 4.2). From the parameter estimates we obtain that the reproductive numbers
for each outbreak. We conclude that the difference in the infectious period (7y) gives
the vector a bigger window of opportunity to transmit the virus. Also, there are
other important factors that could possibly play a major role in transmission such
as: immigration and the diffusion of strains in the population.

Other factors can be contributing to the increased virulence and transmissibility

of the virus. Some of which will be discussed later.



Chapter 5
Single strain model with vector-life

history™

Several models of dengue have been developed in the past [34, 32, 33, 35, 27],
with most of them in the tradition of Ross [57]. Knowledge of life history of the
vector (closely connected to the distribution, size and dynamics of breeding sites)
is the key to the development of potentially effective control measures [36]. Yet,
the vector life history has rarely been included by theoreticians. A model that
includes a detailed account of the life history of the vector may not be amenable
to analysis. Instead, the classical Ross model is expanded to include a simplified
version of the vector’s life history. The impact of selective vector control measures
on dengue dynamics is explored. The model assumes that (female) vectors may be
found in three states: the egg/larvae state, F; the uninfected vector state, V'; and
the infected vector state, J. The host (humans) disease dynamics are modeled via
an SIR model (see [21, 47, 22, 17, 29]), where S(t) denotes the susceptible human
population at time t; I(t) the infected (assumed infectious) host population at

time ¢; and R(t) the recovered individuals (with assumed permanent immunity) at

*Sanchez, F., Engman, M., Harrington, L. and C. Castillo-Chavez. Models for
Dengue Transmission and Control. Modeling The Dynamics of Human Diseases:
Emerging Paraddigms and Challenges. AMS Contemporary Mathematics Series
(in press). Gumel A. (Chief Editor), Castillo-Chavez, C., Clemence, D.P. and R.E.
Mickens.
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time t. The model is given by following non-linear system:

dE

i = (L) = (ne+0)E = fi(BE,V,S,R,JI)

av

e = 5E—,umV—aV%:fg(E,V,S,R,J,I)

4 = uN — BSE —pS = f3(E,V.5.R.J,I)

dR

dt ’}/[—/LR:f4<E,V,S,R,J,I>

(5.1)

& = AV —pmJ = f5(E,V,S, R, J,I)
4 = BSL—(w+y)I = fo(E,V,S R, JI)

where L =V +J and N = S + I + R denote the total adult vector and host
populations respectively. NN is assumed to be constant, a valid assumption when
the time scale of interest is short in relation to the life-span of the host but L is not
assumed to be constant. In fact, the net egg/larvae recruitment function f(L) is of
Kolmogorov type, that is f(L) = Lg(L) with g : RT — R™" a differentiable function
such that g(0) > 0, and g(co) = 0. Dengue is not assumed to increase vector death
rates. Selective control measures (Section 4) are modeled by replacing the more
general function g with ¢.(L) = go(L) — ¢(L), where go(L) represents a (strictly
decreasing) per-capita mosquito fertility rate and ¢(L) the per-capita vector death
rate that results from selective control efforts. Control efforts are modeled in a
phenomenological way via the function ¢(L) which captures, in a rough manner,
the impact of measures geared towards the elimination of the egg/larvae. These
measures may include selective spraying of areas where vector density is high.
Furthermore, it is assumed that such measures negatively impact the net egg/larvae
recruitment functions. Consequently, g;'(y) denotes the, possibly multiple valued,
inverse image of y under control regime ¢, that is, shifting vector densities via
control measures is a possibility. The parameters used in the model are defined

in Table 5.1. Naturally, a reasonable model that includes the life-history of the
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Figure 5.1: Caricature of the model.

vector must be able to support a critical mass of vectors. Enough hosts must also
be available for dengue to prosper. Since our focus is primarily on the study of
dengue in endemic regions with characteristics similar to those found in Singapore,
N is large “enough”. Conditions that guarantee the establishment of a “critical”
mass of vectors are tied into the nature of f(L). Certainly, such a critical mass
exists in places where dengue is endemic (like the Caribbean). The existence of a
minimal critical mass of vectors depends on the demographic threshold R4(0) (see
below). R,(s) will govern the existence and stability of vector densities at level s
where s > 0.

In the absence of control measures (g. = go) only two vector densities may be
possible Lo, = 0 and Ly, > 0. Ry(s), the vector demographic number at vector

density L., = s, is given by

Ra(s) = *) where o= M

; - (5.2)
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Table 5.1: Parameter List

Parameters Description
0 per-capita rate at which viable eggs become adult vectors
a contact rate (human-vector)
B contact rate (vector-human)
e per-capita egg mortality rate
L per-capita adult mosquito mortality rate
7 per-capita natural human mortality rate
vy per-capita recovery rate

Where f is the net egg/larvae recruitment function described above. R4(0) denotes
the invasion demographic reproductive number. R4(0) > 1 corresponds to the
situation where a vector population can successfully invade a habitat. In fact,
Ra(0) > 1 guarantees the existence of a critical mass of vectors (positive and
stable). It is assumed throughout that R;(0) is always greater than one. That is,
the possibility of vector extinction is excluded in this study.

The issue of whether or not a disease can invade a host population and re-
main endemic requires the introduction of a second threshold. Disease invasion
and persistence are typically intimately connected to the disease’s basic reproduc-
tive number Ry. This number or “ratio” is a dimensionless quantity that gives
the number of secondary infections generated by a “typical” infectious individ-
ual (vector or host) in populations at demographic equilibrium. Ry involves the
parameters that drive the “invasion” process. Hence, its study (sensitivity and
uncertainty) helps identify key parameters and evaluate the relative effectiveness

of various control measures. Ry can be computed in various ways. Here, we use
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the next generation operator method [23], [28], and obtain that

_ | oB
Ro =\t (53)

It is shown (R4(0) > 1) that the disease’s basic reproductive number Ry is
the key. The condition Ry < 1 is, at least, a necessary condition for a globally
asymptotically stable disease free state. On the other hand, Ry > 1 allows the
possibility of multiple stable endemic states.

Control is modeled, in the endemic case, as an adult (vectors) harvesting process
with a maximal harvesting rate (effort) e. Although, the economics of control are
not included, it is implicitly assumed that the cost of increasing €, that is, the
cost of eliminating a larger number of adults per unit of time, may grow fast as €
increases. Limitations on our ability to implement control efforts (measured by ¢)
may have a severe impact the vector’s dynamics, a point that will be illustrated

below.

5.1 Disease dynamics and control

In this section it is assumed that the vector has become established, that is, that
Ra4(0) > 1. We also assumed that we have plenty of hosts, N >> 0. The infection-

free equilibrium is

The “mosquito-free” and “disease-free” state (0,0, N,0,0,0), is an essential

singular point of the system is therefore not considered* (see [18]). Conditions

“However, the use of DDT was probably responsible for the disappearance, over
many decades, of dengue in Costa Rica (L. Harrington; personal communication)
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for the existence of positive (disease present) equilibria are immediate from the

formulae:

Eyw = Mnggl(qb)v

Voo = ;%ggl(gb)u

g _ NERY

o0 (#+5)R% ’ (55)

R. — 2Num(RG-1)

0 a(p+p) 7
R2-1) _

Jo = EREF9(0),

[ N (R3-D)

0 a(p+B)

Clearly, positive (endemic) equilibria are possible whenever Ry > 1. The role of
Ry is fundamental in both the free and “controlled” host-vector system as the

following series of results show. The proofs are in the appendix.

Theorem 5.1.1. Consider the system (5.1) with f(L) = Lg.(L) where g, is
differentiable. Assume {g; ()} is non-empty, and let n = card{g,*(¢)} (i-e. the

number of positive vector densities) then

a.) If Ry < 1 then the system has n positive disease-free equilibria (at various

vector densities) and no endemic equilibria.

b.) If Ry > 1 then the system has n positive disease-free equilibria and n endemic

equilibria (at distinct vector densities).

In other words, control measures may support various stable vector densities (a
function of the effort and related parameters). Result 4.1 suggests that as long as
there is a critical stable mass of vectors (and a large host population) the disease

will survive if Ry > 1. Specific conditions are set in Result 4.2 and 4.3 below.

Theorem 5.1.2. Let o (DF) = (Fu, Voo, N,0,0,0) be a disease-free equilibrium
of (5.1) then Zoo(DF) is La.s. if Ro <1 and Ra(g.'(¢)) < 1. If either of Ry or

Ra(g: (@) are greater than 1 then the corresponding equilibrium is unstable.



29

Theorem 5.1.3. Let oy = (Eoo, Vioos Soos Roos Joos Iso) be an endemic equilibrium
of (5.1) then Voo + Jo € {9:1()}, Ro > 1 and T« is locally asymptotically stable
if Ra(9:1(¢)) < 1 and unstable if Ra(g-'(¢)) > 1. Note that Ra(g.'(¢)) < 1

simply states that we have a stable vector population (an attractor).

The condition in Result 4.4 (below) follows from the observation that since

f(L) = Lgo(L) then

F9:(9) =+ 9. (8)g.(9.(9)). (5.6)
Dividing by é gives
Ralar (6)) = 1+ Sac " (@)ai(ar (). (5.7)

Hence, Ra(g. ' (¢)) < 1 if and only if ¢.(g. ' (¢)) < 0, that is:

Theorem 5.1.4. Let o, = (Foo, Voo, Soos Roos Joo, Iso) be a (positive disease free or

endemic) equilibrium of (5.1) then Ra(g. 1 (¢)) < 1 if and only if g.(Veo + Joo) < 0.

In the absence of control measures the system behaves as expected, that is,

Theorem 5.1.5. Assume that ¢(L) = 0, that is, f(L) = Lgo(L) where go(L) is
strictly decreasing. If R4(0) > 1 and Ro < 1 then the unique positive disease-free

equilibrium, T, given by (5.4), is globally asymptotically stable in the domain

QO ={(E,V,S,R,J,I)|E>0,V>0S+I+R=N}CRS.

We note that the same result can be obtained under the weaker hypotheses:

card{g;(9)} = 1 and Ra(g;'(9)) < L.

Vector control is modeled as adult “harvesting” on the “recruitment” function

f(L). In fact, if f(L) is replaced by L(g(L) — ¢(L)) then the choice of ¢(L) can
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impact the qualitative dynamics of the system. The following result outlines some

possibilities.

Theorem 5.1.6. Suppose R4(0) > 1, and that f(L) = Lg.(L). Assume that
ge(L) = ¢ for an increasing, finite sequence {V.L V2 ... V2 1Y where g/ (VT <
0 for all 0 < j < n and g.(V¥) > 0 for all 1 < j < n. If Rg < 1, then there
are n + 1 locally asymptotically stable positive disease free equilibria for the sys-
tem (5.1). These equilibria are given by F2+!" = (L= VI VET N 0,0,0), 0 <
J < n and the basins of attraction for these equilibria are given by gy =
{(E,V,S,R,JJI)|E > 0,V > 0,S+I+ R = N, V¥ <V +J < VI, for

each 0 < j < n, where, for convenience V is defined to be 0 and V"2 = oo.

Similar results have been obtained before. In [60], Wu and Feng constructed
models for Schistosomasis that support alternating stable and unstable equilibria
and computed their corresponding basins of attraction.

In order to provide an explicit illustration to the above results, we take g(L) =
pe=“Land ¢(L) = (ﬁi—LLQ, that is,

el?
a2 + L2

f(L) = pLe™* —

where € is interpreted as the maximal “harvesting” rate (value of Le(L) as L — 00)
a® is a parameter associated with the time needed to handle of or search for adult
vectors, and p is the maximal per-capita vector egg-reproduction rate. Equilibria

are solutions of

oL el

_CL2+L2:¢’

pe
that is, this explicit “¢” corresponds to the generic ¢ in (5.5). There are at most
three positive equilibria. Figure 5.2 illustrates the case when there are three (two

stable and one unstable).
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Figure 5.2: The equilibria alternate stability, the first and third being stable and
the second one being the unstable equilibrium. Graphs of g(L),c(L); p = 15,

€e=15,a=0.5and w =0.2.

5.2 Effects of seasonal variations

The incorporation of seasonality effects on the transmission dynamics of dengue
is important [9], [14]. Seasonality may directly impact host to vector transmission
rates (/3); the per capita fertility rate (p) and possibly the maximal “control” rate
(€) (possibly higher when vector densities are higher). Here, we briefly illustrate its
potential role on each of these parameters via simulations. Three sets of indepen-

dent simulations are conducted. The artificial introduction of seasonality effects

in f(L) = pLe~“L — a;fLQ is as follows: e is replaced by € = €(e1 + sin(25L)), B by

B = Bo(B1 +sin(35)) and « is replaced by @ = ag(ay +sin(35)). These selections

are not driven by particular explicit scenarios or systematically explored. Our

objective here is to illustrate the potential role of fluctuations on key parameters.
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Seasonal variations in € may derive from the observation that (vectors’) “harvest-
ing” efforts may not be equal over the entire year. They may be higher during
the rainy (or dry) season. Here, € is varied independently while all the other pa-
rameters remain fixed. Simulations that include simultaneous fluctuations on both
transmission rates, a and [ are also considered.

Figures 5.3c, 5.3d illustrate effects of seasonality on infected host class lev-
els due to regular fluctuations on the intensity of control efforts (¢). The vec-
tor population exhibits oscillatory behavior with a period of six months (same
as that of €). Figures 5.3¢c and 5.3d illustrate the impact of periodic harvest-
ing effects. The dynamics become regular (oscillatory) after the transients are
“gone” (1000 days). Seasonally-dependent harvesting via the control parameter
e forces the vector population to jump from the low demographic equilibrium
(View = 0.4099141) to the high (V1" = 10.99821) where it remains afterwards.
In the absence of seasonality vector levels remain at the lower equilibria. Although
vector levels (infected and uninfected) shift the corresponding host-infection lev-
els remain unchanged. That is, the host endemic levels found in Figures 5.3c
and 5.3d correspond to both vector levels as illustrated in Figures 5.4c and 5.4d.
Moderate, independent or simultaneous changes in transmission rates (« and [3)
do not drive shifts in vector population levels (from either the low demographic
equilibria (EPY = 0.230129, Vo = 0.4099141 and Ji** = 0.004318148) to the
high (E}"" = 5.527807, Vj"" = 10.99821, JI"™" = 0.3055878), or vice-versa. In
Figure 5.4 there are two sets of simulations a) and b) illustrate that fluctuations
on the transmission rates (a and ) do not cause the vector equilibria to “jump”
from the low demographic equilibria to the high demographic equilibria. In c)

and d) the control parameter (e) is varied and results in the vector density to
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move from the low demographic equilibria (E}** = 0.230129, V¥ = 0.4099141
and Jlw = 0.004318148) to the high demographic equilibria (E" = 5.527807,
V9 =10.99821, JI"" = 0.3055878) for the given set of parameters.

Vector density is started at the low demographic equilibria for all simulations
with seasonality to illustrate the effect of the parameters on the vector density.

It is important to re-state that vector density levels may shift from low to high
levels and viceversa from the impact of strong fluctuations in control efforts (e),
however, simulations suggest that either level of vector density (high or low) leads

to approximately the same level of dengue prevalence in human infections (see

Figure 5.3).
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Figure 5.3: Moderate seasonal effects on host and vector transmission rates («, /3
and €). The parameter values are: p = 0.00004, p. = 0.003, p,, = 0.03, § = 0.09,
v=0.14, p =15, w = 0.2, e = 15, a = 0.5, § = 0.5, a = 0.5 Initial conditions:
So = 9999, Iy = 1, Ry = 0 (host population). In this case we show the infected
host class (I(t)) when seasonal effects take place in the transmission rates (« and

#) and control measures (¢). For a) and b) o and 3 are varied simultaneously; a)

a = 0.5+ 0.4sin(2%) and § = 0.5 + 0.4sin(2L), b) @ = 0.8 4 0.4sin(2Lt) and
B = 0.8+ 04sin(3!). For c) and d) e is varied; ¢) € = 15 + 5sin(3) and d)

e=15+10 sin(%).
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Figure 5.4: Moderate seasonal effects on host and vector transmission rates («, 3
and €). The parameter values are: p = 0.00004, p. = 0.003, p,, = 0.03, 6 = 0.09,
v=0.14, p =15 w = 0.2, ¢ = 15, a = 0.5, § = 0.5, a = 0.5 Initial conditions:
So = 9999, Iy = 1, Ry = 0 (host population). In this case we show the vector
population (V(¢)) when seasonal effects take place in the transmission rates («
and () and control measures (¢). For a) and b) a and 3 are varied simultaneously;
a) @ = 0.5+ 0.4sin(3}) and B = 0.5 + 0.4sin(3gE), b) @ = 0.8 + 0.4sin(35Y)

and 3 = 0.8 + 0.4sin(35t). For ¢) and d) € is varied; ¢) € = 15 + 5sin(35¢) and

d)e=15+4+10 sin(%). The vector begins at the low demographic equilibrium
Elev = 0.230129, Vv = 0.4099141 and Ji°® = 0.004318148 and then jumps to
the high equilibrium E¢*" = 5.527807, VJ"" = 10.99821, J"" = 0.3055878. In

the absence of seasonality ¢ = 15 there is no jump.
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5.3 Conclusions

A model for the transmission dynamics of dengue that includes the egg/larva stage
of the vector and control efforts directed towards the adult vector population is
considered. The model couples, in a simple way, a modified version of the classical
STR model for the host with a vector model that includes vector life stages (from
egg to adult). Sharp conditions for local stability of disease-free and endemic
equilibria are computed in the absence and presence of control measures. It is
shown that, under the right conditions, the disease-free equilibrium is globally
stable provided that Ry < 1 and R4(0) > 1 (that is, when a critical mass of
vectors exists). Selective control measures geared towards the “elimination” of
the adult population (Ry > 1) can give rise to a landscape that supports multiple
stable vector levels. In fact, under some control scenarios, it is possible to establish
the local stability of endemic states having R > 1 and Rq4(g,'(¢)) < 1.

The possibility of “eliminating” a vector population over sustained periods of
time, using drastic policies directed to the adult vectors, seems virtually impossible
since reducing vector densities (even significantly) may not seriously impact host-
dengue prevalence levels in humans (see example). Control methods that include
“attacks” on additional vector-life stages must be implemented. Such efforts should
include for example, dramatic reductions on the numbers and sizes of breeding
sites.

Currently, in the tradition of Ross, most theoretical work has focused on the
use of control efforts aimed at adult vector populations. This is unfortunate. In
fact, Ross was clearly aware of the importance of incorporating our knowledge of
the ecology and life history of vectors in the development of disease control poli-

cies. Ross did not pursue detailed mathematical studies of vector control strategies
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because he lacked access to modern computational tools. Frameworks that include
vector’s life-history dynamics are needed to test control measures that focus on
“vulnerabilities” in non-adult vector populations. The introduction of seasonal
variation in control measures in a rather artificial setting has helped (we hope)
illustrate the view that low vector densities lead to proportionally the same dis-
ease host prevalence levels than large vector densities. Methods that focus only
on controlling adult mosquito populations are simply inadequate. Those that fo-
cus (simultaneously) on vector’s life-history stages (integrated management ap-
proaches) need to be developed, tested and implemented. Finally, eradication of

Aedes aegypti appears to be the only way to eliminate dengue.



Chapter 6
Two-strain dengue model with collective

host behavior change

The mechanisms behind the joint evolutionary dynamics of dengue strains are not
well understood despite its high prevalence around the world. Two dengue strains
are put in competition in a population where collective host behavior changes
can affect the likelihood of repeated infections. Furthermore, we look at collective
behavior change after recovery from first infection. This work is based on a previous

models by [35, 33, 55, 52].

6.1 The model

Let N and M denote the host and mosquito (assumed constant) populations,
respectively. That is, it is assumed that the host/vector ratio remains constant.
This common assumption perhaps not accurate in regions where temperature and
precipitation activity are highly variable. For mathematical simplicity there is no
disease induced mortality. Mortality associated with dengue is low [10]. Hence
the per-capita host death and births rates are assumed to be equal to . Vectors
are also assumed to have the same constant birth and death rates denoted by f,,.
It is assumed that behavioral changes reduce the effective population size, which
may alter significantly the likelihood of infection. We let the subscripts i, k = 1,2
where i # k denote two distinct strains. The host population is stratified as follows:
S, represents susceptible hosts; D;, represents hosts initially infected with strain

i; Z;, represents hosts experiencing their second dengue infection (strain i); B;,

38



39

Host System Vector System
S D, R, B, Ly G,
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Figure 6.1: Caricature of the model.

represents the class of hosts who change their behavior after infection with strain
1; R;, represents hosts who recover from strain ¢; R, represents hosts that recover
from both strains.

In addition, f;, represents the transmission rate of strain ¢ from mosquito to
host; 7; represents the recovery rate of hosts infected with strain i; p, represents
the rate at which individuals change their behavior.

The vector population is divided as follows: susceptible (adults) mosquitoes, V;
mosquitoes infected with strain ¢ but not infectious (latent), L;; and, mosquitoes
infectious with strain i, G;. Furthermore, «;, represents the transmission rate
of strain ¢ from host to mosquito; ¢; represents the rate at which mosquitoes
become infectious; and v is a measure of the effectiveness of behavioral changes in
humans. The transmission dynamics of dengue is modeled by a re-scaled, via the

re-introduction of the following dimensionless variables

S D, B; Z; _ R _ R _ Vv _ L _ Gi
S:N’di:ﬁ,bi:#,zi:ﬁ,fi—ﬁ7r—ﬁ,v—M,li—ﬁandgi—ﬁ,
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set of nonlinear differential equations:

I} = @i% (1 - Z?:l li — Z?:l gi> = (b + 001,

(6.1)
gi/ = ¢ili — tmGi,
where v+ Y27 (l; + g;) = 1.
sl = p— isgi — BkSgk — 1S,
di' = Bisgi — (u+v)di,
bi/ = pri — Bibigr — pb;,
(6.2)
2! = Birkgi + Bibegi — (10 + i)z
ri' = vidi — Berige — (10 + p)ri,
ro= vzt ez — pr

where s + Z?:1(di + b; + z; + ;) + r = 1. Naturally, the first question focuses on
establishing the conditions for disease invasion. The average number of secondary
infections caused by a “typical” infectious individual (host or vector) in a mostly
susceptible population, that is, when the disease is rare, is denoted by Ry. The,

basic reproductive number, Ry of the above system is*:

Ro = maz{R1, R}, (6.3)

where

o Q;0; Bi
= \/um(um + i) (n+ )

is the i strain basic reproductive number. Here 1/, denotes the average lifespan
of the vector; ¢;(pm + ¢;) is the proportion of mosquitoes that progress from the
latent to the infectious stage; 1/(u+ ;) is the average infectious period of the host

(human); and «;, §; are the transmission rates of vectors and hosts, respectively.

*See Appendix for detailed calculation.
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Hence, each R; is given by the geometric mean of host and vector contributions
to secondary infections. In other words, it takes two steps for a vector (host) to
generate a secondary vector (host) infection. Ry < 1 implies the extinction of both

strains while Ry > 1 implies that at least one strain will survive (see Appendix).

6.2 Disease invasion and persistence

The system has a disease-free equilibrium, &j; two boundary equilibria, £ and &7,

where only one of the strains is present and an endemic state. They are:
& o= (1,0,0,0,0,0,0,0,0,0,0,0,0),

& = (57,d1,0,0,0,77,0,07,0,07,0,97,0), (6.4)

55 = (8*707d§7070707r§7O7b;707l;70?g>2k)7

where
- phm (Ri—1)
v Bidi(1=d;+vi)’
o _ w(Ri—1)
9i T BO-stw)
sto= Mt
vi+Ri—0; (65)
d = p(Ri—1)
v (Bt7i) (Ri—0;+v)
N pi(Ri—1)
? (u4p) (i) (Ri—0i+v;)
- wYi(Ri—1)
v (p47i) (ptp) (Ri—6;+v;)?
_ P
(1 +p)(p+ )
and
T
V; = .
Hm + Vi

0; represents the risk of becoming infected with a second strain after behav-
ioral changes and v; represents the efficacy of human transmission of dengue

to mosquitoes. The factors in 9; are: 1, the effectiveness of behavior change;
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vi/ (1t + i), the proportion of individuals who survive from the infection to the re-
covered class; and p/(u+p), the proportion of individuals who change behavior and
survive. The factors in v; are: u/(u+7;), the proportion of humans who die in the
infected class; «;, the transmission rate of infection from humans to mosquitoes;
and 1/, the average life span of mosquitoes. The stability properties of these

equilibria are stated in the following proposition:

Theorem 6.2.1. Let 5;; = (1,0,0,0,0,0,0,0,0,0,0,0,0) be the positive disease-
free equilibrium of (6.1)-(6.2) then it is locally asymptotically stable if and only if

Ro < 1.

Proposition 6.2.2. A necessary condition for the local asymptotic stability of the

endemic equilibria is that (for i,k =1,2, i # k)

—(R2—-1)— 0%
i it 2_ :
1—(RE - 1)Mﬁk¢k(uk+lk—5k) Y?Lﬁzk;) + (v +1—6g)

See Appendix for a proof of Proposition 6.6.

Theorem 6.2.3. Assume 3; = pg, for i # k, where v = 0 and Ry < 1, then
the positive disease-free equilibrium given by 6.4 is globally asymptotically stable
on th€ domain Q= {(Sadi7bia Ry T3, T, U, llagl)|x + Zf:l(dl + bl + Zi + Ti) +r =

Lo+ Y i+ Y, 9=1} CRY fori=1,2

See Appendix for a proof of Theorem 6.2.3.

Four distinct regions of stability are described in Figure 6.2. “DF” represents
the disease-free equilibrium which is globally asymptotically stable when Rq < 1.
Region I represents the region where local stability of the boundary equilibrium

associated with strain 1 (R; > 1) is locally asymptotically stable; and region
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Figure 6.2: Regions of stability when a) a; = 51 = 0.2, ap = 5 = 0.2, = 0.33,
¥ =0.5,p=0.1. Inb) welet g, = = 0.5, ¢ =0.9 and p = 0.9 while in ¢) we

let ap = B =0.5,9% =0.5 and p = 1.

I represents the analogous case for the secondary boundary equilibria (Ro >
1). Region II1 represents the region of strain coexistence. Parameter values can

greatly affect the size of region 71, but not the overall qualitative behavior.

6.3 Numerical simulations

For the numerical simulations we v the parameters oy, 3;, pr, p, and 1 were
varied while maintaining p, tm,, ¢;, and 7; constant. Parameter values and initial
conditions are chosen to be biologically accurate as to display the behavior of
our model. The parameters u, and pu,, were determined from dengue outbreak
studies [32, 33].

In Figure 6.3 we look at the secondary infection for different values of p;. p;
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Figure 6.3: Individuals infected with secondary strain (z;) for three values of the

infection rate (p;) from the behavior change class (bs).

represents the reduced transmission rate from the behavior change class. When
p1 = 0.1 the system takes longer to take off and then stabilizes at a very low
level. This implies that effective preventive measure by the population can have a
significant impact on the transmission dynamics of dengue. It is also important to
note that most of these measures are inexpensive and can easily be implemented,
however, cultural differences and poverty can play a role in the implementation of
these measures. When p; = 0.55 the number of secondary infections grows faster
and does not reach an endemic equilibrium but oscillates at low levels. When
p1 = 1 the number of secondary infections grows faster and at higher levels and
does not stabilize. Over the long term dynamics the system oscillates a low lev-
els (see Figure 6.4). In Figures 6.5, 6.6, 6.9, 6.10 we show the time series of the
system. For these scenarios we let strain two be the more virulent strain. From

Figure 6.5 we can see that strain two, the more virulent strain, takes off faster
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Figure 6.4: Phase plane of secondary infection (z; and z2).
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Figure 6.5: Time series of first infection (dy and dy). Parameter values: (3, = 0.33,
fo = 0.5, 11 =025 7, ¢ = ¢2 = 0.1, a1 = 0.5, ap = 0.33, p1 = 1, po = 4,
p=0.1and ¢ = 0.5. Initial conditions: sy = 0.98, d; = 0.01, dy = 0.01, vy = 0.98,

g1 = 0.01, and g = 0.01.
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Figure 6.6: Time series of behavior change population (b; and by). Parameter
values: By = 0.33, By = 0.5, 71 = 0.25, v, ¢1 = ¢ = 0.1, ay = 0.5, as = 0.33,
pr =1, po =4 p=0.1, and v = 0.5. Initial conditions: sy = 0.98, d; = 0.01,

dy = 0.01, vg = 0.98, g; = 0.01, and g, = 0.01.

and has a larger effect on infected host population. In this case we have sustained
oscillations (see Figure 6.7). In Figure 6.6 it is not surprising that by is larger than
bi. This indicates that the more virulent strain has a more significant effect on
the population that has been previously infected with strain two. See Figure 6.8
for limit cycle of the behavior change class. There is a correlation between the
virulence of the strain and the way the population reacts to the disease. When
larger outbreaks occur the population (collectively) tend to pay more attention
to the risks involved. However, if the outbreak is “insignificant”, i.e., not many
confirmed cases due to asymptomatic cases, the population tend to ignore the
risks and take less caution. In the mosquito population the system also shows
sustained oscillations (see Figure 6.11). Although strain two is the more virulent

strain, strain one has the larger impact on the infected mosquito population.
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Figure 6.8: Phase plane of behavior change population (b and bs).
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Figure 6.9: Time series of secondary infection (z; and z). Parameter values:

B =033, B =05, 71 =025 72, ¢1 = ¢ = 0.1, ay = 0.5, ap = 0.33, p; = 1,

pe =4, p=0.1and ¥ = 0.5. Initial conditions: sq = 0.98, d; = 0.01, dy =

0.01,

vo = 0.98, g1 = 0.01, and g, = 0.01.

a1, g2

0.05

0.04

0.01

0.03 4 2
0.02 4

9.

Jk

o 2000 4000 6000 8000 1e+d 1.2e+4 1.de+4 1.6e+4 1.8e+4 2e+4

TIME

N N GV U WY U G U |

T T T T T
0 2000 4000 6000 8000 le+4
TIME

T T T 1
1.2e+4 1.4e+4 1.6e+4 1.8e+4 2e+4

Figure 6.10: Time series of infected mosquito population (g; and g¢5). Parameter
values: By = 0.33, B = 0.5, v1 = 0.25, %=0.14, ¢; = ¢ = 0.1, a; = 0.5,
as =033, pp =1, po =4, p=0.1 and ¥ = 0.5. Initial conditions: sy = 0.98,

dl = 001, dg = 001, Vg = 098, g1 = 001, and go = 0.01.
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Figure 6.11: Phase plane of infected mosquito population (g; and gs).

This is mostly related to the short infectious period of strain one (y; = 1/4). The
more virulent strain (strain two) has an infectious period of 75 = 1/7. The longer
infectious period relates the virulence of the strain. Typically, if individuals get

a highly virulent strain the effects of the disease are more prevalent and last longer.

Simulations with Seasonality. The introduction of seasonality requires four
control parameters: 7y which controls the growth of the mosquito population, 7,
which controls the strength of the seasonality, w which controls the frequency of
oscillation and ¢ which controls the phase of oscillations. The control parameters
play a large role in determining the dynamics of the system. ny dictates whether
the population will eventually die out, go unbounded, or reach a steady mean
value. Oscillations in both mosquito and host classes can be induced by n; and w
can determine the nature of the oscillations while ¢ is the phase shift. The most
important feature, however, is that the seasonality term is an explicit function of
time. That is, the system of equations is now non-autonomous. This adds a great
deal of complexity to the analysis and numerical solutions were sought in order to

address this issue. Figure 6.12 is a summary of our results. We see that adding
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Figure 6.12: y; when Ry > 1 and ys when Ry < 1.

the seasonality term has a tremendous impact on the total mosquito population.
It was previously assumed that the mosquito population was constant and that
allowed for the re-scaling of the system of equations, transforming them into a very
tractable form. Figure 6.12 (a) clearly shows that the total mosquito population
is not constant and in fact is periodic in time. In Figure 6.12 (b) we see that while
these periodic oscillations are also evident in the number of susceptible mosquitoes,
the dynamics of that class are dominated by the initial growth and decay terms.
The oscillations are of very low amplitude and do not effect the overall dynamics
significantly. Looking at Figure 6.12 (c) and (d), there is little change between the

two systems.

6.4 Conclusions

A model for the transmission dynamics of two strains of dengue, a mosquito-
transmitted disease, were formulated and analyzed with the incorporation of a
behavioral change class. In a region where two serotypes of dengue are present,

the incorporation of a behavioral change class may be essential to more accurately
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model host and mosquito populations in efforts to implement ideas for control
methods. After a primary infection and the severe medical complications that may
accompany the infection, a once primary infected individual may change his/her
behavior to prevent a possible secondary infection. The model shows that the
rate of secondary infections is influenced greatly through the incorporation of a
behavioral change class.

The local and global stability of the disease-free equilibria and the co-existence
of strains was established (numerically). Our results support the necessity of a be-
havioral change class to model the transmission dynamics of dengue. A behavioral
change constitutes any control methods implemented by a once primarily infected,
susceptible population. Any proportion of that population implementing control
methods results in a dramatic decrease of the infectious and infected mosquito
population rates. Control methods instituted by those individuals (collective be-
havior) may be an effective method to control dengue outbreaks. Heighten control
methods implemented continuously may also be an effective method to lessen the
rate of dengue outbreaks.

Social behavior plays a major role in the evolution of infectious diseases. There
are tremendous challenges in modeling social dynamics. Innovative methods of
modeling that incorporate social dynamics are needed in order to have a bigger

impact on emerging infectious diseases.
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Appendix A
Jacobians and Characteristic Equations

for the single strain model

Using the fact that IV is constant, it is a straightforward computation to obtain

the Jacobian of the system (5.1). It is given by

4o w0 0 pw o |
5 —(ptm + %) 0 0 0 —a¥
J(7) = ! T Troe 0 S0 (A1)
0 0 0 — 0 ol
0 o 0 0 —pm %
0 v 70 5ty

At a disease free equilibrium Z..(DF) = (Ex, Ve, N, 0,0,0) it reduces to the

simple form

[ (i) FOM) 0 0 ) 0
) —tm 0 0 0 — ¥
JEaory=| om0
0 0 0 —u 0 0
0 0 0 0 —fim Yoo
0 0 0 0 £ —(u+y)

Due to the block diagonal form of the Jacobian its eigenvalues are those of the

upper left and lower right 3 x 3 matrices whose characteristic equations are

(1 + NN+ (i + e + DA+ (i (e +8) = 0f'(92(6))] = 0 (A.2)
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and
(14 N+ (1 + pm + DA+ (e +7) = af)] = 0. (A.3)

Writing the characteristic polynomial, in a useable form, for the Jacobian at an

endemic equilibrium requires more work.

Proposition A.0.1. The characteristic polynomial of the Jacobian (A.1) at the

equilibrium (5.5) is given by

det(J (7o) — ) =

(14 A) [N+ (o + e + 0N+ pim (p1e +6) — 6. (9. ()]
. {)\3+ |:(ﬂ+'7) + :U’m(/LRg—i_ﬁ) + M(N+B)R8:| )\2

B+ B+ uRj
2 pmp (R — 1) | plp+ B)RE 2
+{umuRo+(u+7)( P + 5+ k2 )]A+u(u+v)um(7€o 1)}

(A.4)

Proof. We first expand det(J(Z) — AI) along the 4th column then subtract column
4 from column 2 and add row 5 to row 3 in the resultant 5 x 5 sub-determinant to

arrive at

det(J(Z) = M) = (—p — A) X

—(pe +0) = A 0 0 J(L) 0
5 —(pm + §) — A 0 0 —a
0 0 —(pu+A) 0 —(+v+A)
0 DLt o + A 0 — i — A av
0 - 2B -
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We now add row 2 to row 4 and expand along the 4th row to get

det(J(Z) = A\) = (—pp — A) X

(

0 0 f(L) 0
(o +y =X 0 0 —aV
0 " " + (pn + A) %
w+Ax 0 Ay + A
-2 H B )

(e +6) — A 0 0 0
5 ~(pm +5) =X 0 —%
0 0 L+ A
0 s 2 (uty) =)

It is not difficult to see that after expansion of both 4 x 4 determinants along
their top rows, a common factor which is a 3 x 3 determinant emerges. Upon
substitution of the equilibrium values, this 3 x 3 determinant yields the cubic

factor of (A.4) and the rest accounts for the quadratic factor. O

Proof of Theorem 5.1.2

Theorem 5.1.2. Let Too(DF) = (Fu, Voo, N,0,0,0) be a positive disease free
equilibrium of (5.1) then Zoo(DF) is locally asymptotically stable if Ry < 1 and
Ra(g: (@) < 1. If one of Ry or Ra(g.'(p)) is greater than one then the equilib-

rium 1s unstable.

Proof. The characteristic polynomial for the Jacobian at ¥, (DF') contains the

quadratic factor

N+ (ptm + e + N+ (s (pte +0) — 61/ (9.1(8))
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so that the negativity of the real parts of its roots requires, that

(b (e +6) — 6f' (921 (9)) > 0,

but this is equivalent, by definition, to R4(g.'(¢)) < 1. The characteristic poly-

nomial at the disease free equilibrium contains a factor

A2 (e o VA [ (e + ) — ),

so that these roots have negative real part if and only if p,, (u+7) — a8 > 0, which

is equivalent to Ry < 1. O

Proof of Theorem 5.1.3

Theorem 5.1.3. Let oo = (Eno, Vioy Sooy Rooy Joos L) be an endemic equilibrium
of (5.1) then Voo + Joo € {g-1(d)}, Ro > 1, and T is locally asymptotically stable

if Ra(9.1(#)) < 1 and unstable if Ra(g. ' (¢)) > 1.

Proof. Voo + Joo € {g-()} follows immediately from the sum of equations V,
and J,. From I, we see that endemicity requires Ry > 1. Now, the roots of the

quadratic factor of equation all have negative real part if and only if

(tm (e +0) =" (92 ' (6)) > 0

but, by definition, this is equivalent to R4(g. ' (¢)) < 1. It remains only to verify

that all the zeros of the cubic factor of,

tim (WRE + 3) M(u+ﬁ)7€3] 2
B+ B+ uRG

(R — 1) p(p+ B)RE
p+p B+ uRg

N+ [(u+7)+

)] A+ i+ ) (R = 1),

(A.5)

+ [um/ﬂ%% + (1 +7) (
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have, under these conditions, negative real parts. For this we use the Routh-
Hurwitz criteria. With aq, as, a3 defined as the coefficients of the second, first and
zeroth degree terms respectively, we clearly have a; > 0, and a3 > 0 when Ry > 1.
We now multiply the first terms of a; and a; and observe that the products of all

the other terms are positive since Ry > 1. Therefore
araz — ag = [ pi(pn + 7)RG + positive terms — fi (i + 7) (R — 1)

= pmp(p+ ) (R3 — (R3 — 1))+ positive terms
and hence ajas — az > 0. Hence, the Routh-Hurwitz criteria are satisfied and the

result is proved. O

Proof of Theorem 5.1.5

Theorem 5.1.5. Assume that ¢(L) = 0, that is, f(L) = Lgo(L) where go(L) is
strictly decreasing. If R4(0) > 1 and Ro < 1 then the unique positive disease-free
equilibrium, T, given by (5.4), is globally asymptotically stable in the domain

QO ={(E,V,S,R,J,I)|E>0,V>0S+I+R=N}CRS.

Proof. The condition R4(0) > 1 together with the fact that go(L) is strictly de-
creasing impliesgo(L) = ¢ has a unique positive solution proving the existence and,
in this case, uniqueness of the equilibrium.

Now, let (E(t),V(t),S(t), R(t), J(t),I(t)) be any solution of the system (5.1)
with initial condition (Ey, Vo, So, Ro, Jo, In) € €. The sum of the differential equa-

tions V' and J’ together with E’ gives the reduced, two dimensional system in E

and L=V +J
dE
o = S = (e +O)E=F(E,L) (A.6)
L Bl =GB, L) (A7)

dt
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on R?.

Both (0,0) and (Ey, Ls) = (Mngo_l(qS),gO_l(@) are equilibria of (A.6), (A.7),
but a short calculation shows that the condition R4(0) > 1 implies that (0,0) is
a saddle point whose stable manifold does not intersect R% \ {(0,0)}. It is also
easy to see that R% \ {(0,0)} is positively invariant. As a result, no positive semi-
orbits starting in R% \ {(0,0)} can converge to (0,0). On the other hand (Ew, Loo)
is locally asymptotically stable by Result 4.2 since gy strictly decreasing implies
Ra(g95'(#)) < 1. The divergence of the vector field defining the flow for (A.6),
(A.7) is negative on all of R2. Hence, by Bendixson’s theorem there is no periodic

orbit.

Integration of (A.6) yields

E(t) < e~ et gy 4

where M is the upper bound for f(L) and, therefore, E(t) is bounded for t > 0.
A similar argument, together with the boundedness of E(t), proves that L(t) is
bounded for ¢ > 0.

The Poincaré-Bendixson theorem now applies as follows: Since (E(t), L(t)) is
a bounded semi-orbit in a region which contains no periodic orbit and only one,
asymptotically stable equilibrium, then the limit set of the semi-orbit must contain
nothing but the equilibrium (Fy, L ). In other words, all semi-orbits of the full

system must enter the invariant set
{(E,V,S,R,J,)|E >0,V >0,E=FEy,V+J=LyS+I1+R=N}.

Now, we need only compute the limits for S, R, J and I, and the limit of V' will

follow from the constraint V' 4 J = L. To this end, we integrate equations J'(t)
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and I'(t) to obtain:

B 16} t So(T)J(T
and
¢
_ ,—Mmt o mT
J(t) = ety + Neﬂmt/o etmTI(T)V (7)dr. (A.9)
Clearly,
J(t)
S(t) < N,I(t) < N,m <1, and V(t) < L(t) (A.10)

~—

and now that we have proved that L(t) approaches a finite limit, by (A.10), all of
V(t), I(t), S(t), and J(t) must also be bounded. Computing lim sup of both (A.8)

and (A.9) and using L'Hopital’s rule, we have

. . J(t) ..
limsup I(t) < lim sup —= lim sup S(¢ A1l
and
limsup J(t) < lim sup I(¢) lim sup V() (A.12)
t—00 Mm t—oo t—oo

We now claim that

limsup J(¢) = lim J(t) = 0.

t—o00 t—00
If limsup,_, ., V(t) = 0 then by (A.12) limsup,_,., J(t) = lim;_« J(t) = 0 and the
claim is established. Now assume lim sup,_, . V'(t) > 0 and suppose limsup,_, . J(t) >
0 for the purpose of proving the claim by contradiction. Since limsup,_, . L(t) =

lim; o L(t) = Lo > 0 exists

_ J(t) 1 .
limsup —=% = — lim sup J(¢ A.13

but also V/(t) < L(t) for all ¢ so that

1
limsup,_, . V(t)

> (A.14)

1
Lo



60

Combining (A.13) and (A.14) gives

J(t) < lim sup,_, . J(¢)

li Al
PR PTR) T limsup,_ V(D) (A.15)
Substituting (A.15) into (A.11) gives us
!
limsup I(t) < B lmsup, .o J(¢) lim sup S(t) (A.16)

t—s00 T p+vylimsup, V() i—oo
And then, finally substituting (A.16) into (A.12) and using the definition for R,

we arrive at
2

R
limsup J(t) < WO lim sup J(¢) lim sup S(¢)

oo t—00 t—o0
but since limsup,_, . S(t) < N this leads to the contradiction Ry > 1. Hence we
must have
tlgglo J(t) =0.
Now from (A.11) and (A.13) it follows that I(¢) — 0. Since L = V + J and
J(t) — 0 we must have V(t) — Lo = gy '(#). Finally, by integrating R'(t) and
using the fact that I(t) — 0 we get R(t) — 0 and since S+1+ R = N, S(t) — N.

This completes the proof. O

Proof of Theorem 5.1.6

Theorem 5.1.6. Suppose R4(0) > 1, and that f(L) = Lg.(L). Assume that
ge(L) = ¢ for an increasing, finite sequence {V.L V2 --- V2L where g/ (VZH) <
0 for all 0 < j < n and g.(V¥) > 0 for all 1 < j <n. If Ry < 1, then there
are n + 1 locally asymptotically stable positive disease free equilibria for the sys-
tem (5.1). These equilibria are given by F2* = (= VI VAT N 0,0,0), 0 <
J < n and the basins of attraction for these equilibria are given by iy =

((E,V,S,R,J,)JE > 0,V > 0,S+1+R =N,V¥ < V+J < VI2} for

each 0 < j < n, where, for convenience V2 is defined to be 0 and V"2 = oo.
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Proof. Result 4.6 implies that the condition ¢/(VZ*!) < 0 is equivalent to the
condition Ry4(g-'(¢)) < 1. The proof follows by observing that the conditions in
the comment after Theorem 5.1.5 hold in each set (25;;;. That is, in sets that

exclude unstable equilibria (V¥ and V2*?). O



Appendix B
Jacobian and proofs of two strain model

of dengue
Using the next generation operator approach of [23] to calculate Ry, the Jacobian

of the infectious classes (d;, z;, g; where i = 1,2) is as follows:

—(p+m) 0 0 0 Bis 0
0 —(p+v2) 0 0 0 Ba2s
0 0 —(p+71) 0 Bira 0
A= 0 0 0  —(uty2) O Bort | . (B.1)
ajprv ajprv _
pumté1 0 pmté1 0 Hmpim 0
ag v agpov _
0 Hm+¢2 0 #m+¢2 0 Hm

The basic reproductive number, Ry, for each strain is calculated from the eigenval-
ues of the matrix M - D~ where M and D are the decomposition of A such that
D consists of the diagonal elements of A where A = M — D with M and D > 0.

The Jacobian of the system (6.1) - (6.2) is given by,

- Ji1 Jo
J(§) =
Js  Jy
where,
= _ov(datz)y — _ ca(datz) — aav(dhtz)y —
U = Togmib)?: 2 = g — (Hm t$2)s a3 = ghg gy, and ag =
_ai(ditz)
1yt ~ Wm + ¢1). Then,
—(,u,—‘,-'yz) 0 0 0 Bas 0 0
Y2 —(B191+p+p) 0 0 0 0 0
0 p —(p2g1+p) O 0 0 0
o agv ag(do+29) ags
‘]1 - 1= (b1 +b2) 0 @ 42 TTZg(by+bg) T-0(b1Tb2) 0 )
0 0 0 P2 —Hm 0 0
0 0 0 0 porit+pibt —(p+72) 0
0 0 0 0 0 0 —(p+71)
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0 0 0 0 0 B2g2
0 0 0 0 —Bir2 0 O
0 0 0 —p2u2 0 0
J2 = | g @2v(datzp)¥  ag(datzy) _ ap(dytzg) 0 0
(1—(b1+bg))2  T=9(b1+b) — 1-9(b1+b2)
0 0 0 0 0 0
| O 0 0 Brs 0 fig
[0 0 0 0 0 0
0 0 0 0 —pBar1 0
0 0 0 0 —p1b1 0
J.= |0 o oqu(datzg)y  ag(ditzy) _ ag(di+zy)
3 — (1—9(by+bg))2  1=w(by+ba)  1—1(by+bg)
0 0 0 0 0 0
0 Big1 p291 0 0 0
L0 0 0 0 —Bas 0
r —(ut+m) 0 0 0 Bis 0
71 —B2g2—(u+p) 0 0 0 0
0 p —p1g2—p 0 ( 0 : 0
. ajv ap(dy+2q ajv
Jy = =9 (b1 +62) 0 43 %4 Ty +by) 1-9(byTb2)
0 0 0 ¢1 —Hm 0
0 0 0 0 Bira+pabe —(ut+1)
L 0 0 0 0 —pis 0
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o
°o o cog

—B191—P2g2—1

Also, for convenience the order of the system in the Jacobian matrix is, & =

(d27 T2, b27 l27 g2, 22, dlv 1, b17 l17 g1, %1, S)‘

At the DFFE, g*(DF) =(0,0,0,0,0,0,0,0,0,0,0,0,1), it reduces to

J(&(DF))
m —(p+2)
7 —(
0

Q
¥

(=Nl NelNo e Ne)

0 0 0 B2 0 0 0
u+p) O 0 0 0 0 0
p —u 0 0 0 0 0
0 0 —(tmtd2) O o 0 0
0 0 b2 —pm 0O 0 0
0 0 0 B2 —(u+72) 0 0
0 0 0 0 0 —(p+m) O
0 0 0 0 0 1 —(ptp)
0o 0 0 0 0 0 D
0 0 0 0 0 aq 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 By O 0 0

[Nl oeNololo ool

[Nl

|
=

[Nl el N No NoNo Nl

*(NmJFd’l)

co®

0 0 0 7

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0

0 a1 0
—m 0 0

0 —(ut+tm) O
-1 0 —p

The Jacobian matrix corresponding to the endemic equilibria is as follows,

where E =

—

J(E(EE))

where,

<d2722a b2vr27l27927d1721a b17r17l17917 S):

Gl =

0 G2



ey 0 00 0 0 “REhe
b, ) 000 0 =pigTe
G1 = 0 0 —(u+2) 0 0 0
0 0 0 — p 0 0
0 Y2 0 0 —(utp) 0 0
0 hy hi  hy 0 hs ha
0 0 0 0 0 ¢ —pm
and,
~(m+u) 0 0 0 o  Almge)
0 —(n+w 0 0 0 hs
G2 = 0 0 G H P 0 0
7 0 0 - ﬁ%};) —p—p 0 0
hg hg 0 0 *(,um+¢1) 0
0 0 0 0 b1 —pim
The following values are found in .J(£*(EE)),
_ Bmp(Ro—=1)  p(Re—1)
hy = o2l B2¢2(v2+102) B2(V2+1—52))
= 1 o 52(R2—1)
vo+Ro—02
_ _ _Hmp(Ro—1)  p(Re—1)
hy = azip(Re — Bag2(va+1-02)  Ba(v2+1d2)
o d2(Ra—1
(1 +72) (v + Ry — 0)(1 — 21022 )2
azpi(Ro — 1)
hy = — — (P2 + ftm)
52(Ra—1
(e +72)(ra +Ro — 2)(1 — %)
b aap(Ry — 1)
4 — = _
(14 72)(ve + Ra — d2)(1 — %)
he — Bipda(Ro — 1) p20a(Ry — 1)
5 =
pY(ve+Ra —02)  P(ve + Ra — da)
o (1 _ _tmp(Re—=1) p(Re—1)
he — 1 P22 (va+1-02)  B2(v2+1-02)
6 = 1 — 52(Ra-1)
v2+Ra—02

Proof of Theorem 6.2.1

Theorem 6.2.1. Let 56‘ = (1,0,0,0,0,0,0,0,0,0,0,0,0) be the positive disease-
free equilibria of (6.1)-(6.2) then it is locally asymptotically stable if and only if

Ro < 1.

Proof. The analysis follows from the eigenvalues of the Jacobian® matrix eval-

*See Appendix
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uated at the the disease-free equilibrium. They are: —1( of multiplicity two ),
—p( of multiplicity three ), —(p 4 71), —(p + 72) and the roots of the cubic equa-
tion:

N (2t A5 + @i A+ (i (pm + 03) + (14 75) (24 + 63)) A+

fn (ftm + 0i) (1 +7:) (1 = Ri) = 0, (B.2)

which are of the form
A4+ N2 4 ao\ + az = 0.
Clearly a; > 0 and a3 > 0 whenever Ry < 1. Then we are left to verify the

condition ayas — ag > 0, or whether or not

(24 + i + @i+ 1) (o (B + Di) + (1 + i) pn + ¢4))

> fon (pm + 01) (1t +7:) (1 — Ro), (B.3)

and,

2t (2ptm + ¢3) (1 + i) + (pos.terms) > pun(pm + ¢3) (1 + 7). (B.4)

where ¢ = 1,2. They both hold when Ry < 1 [

Proof of Theorem 6.2.3

Theorem 6.2.3. Assume (3; = py, for i # k, where ¢» = 0 and Ry < 1, then
the positive disease-free equilibrium given by 6.4 is globally asymptotically stable
on the domain Q = {(s,d;,b;, zi,ri, 70,0, 9:)|x + Zle(di +bi+zi+r) =

Lo+ L+Y0 9 =1} CRY fori=1,2.

Proof. We construct the following Lyapunov function, where i, k = 1,2 and i # k.

2
L= < gﬁ—ll—l—zl—i—zl)zO,
2 i Mm+¢z)

=1
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where the orbital derivative is given by
2

r;zz(—<u+%><z¢+zi>[l—7€o(1—ili—

=1
B

m

2

)]

1

(2

By inspection and with f; sufficiently small (which basically indicates that the

transmission rate is small) but greater than p,, L <0. O]

Proof of Proposition 6.6

Proposition 6.6. A necessary condition for the local asymptotic stability of the

endemic equilibria is that (for i,k =1,2, 1 # k)

“(R2 —1)— 0
R? — 1-(R;—1) (yk+7€%f§k) (v + Ri — k) (B.6)
? m+¢ 2_ ’
1— (R} - 1)Hgk¢:(uk+1k75k) W?Lﬁ'f/k)l) + (g +1—6)

Proof. Tt must be shown that all eigenvalues of the sub-matrix G2 have negative
real part whenever (B.6) holds. The problem reduces to the study of the roots of

the characteristic polynomial,

P(A) = N4+(20m i+ +71+00) N2+ [(ftm + 1) (18 +71) + (1 + Y1+ fon + 1)) A

Brg1(ve +1—02)
1%) + RQ - 52 ’

+ |t (ptm + &1) (1 + 1) — hs(hedr + (B.7)

of this sub-matrix.

With ay, as, and a3 the quadratic, linear, and constant coefficients, respectively.
It is easy to see that ap,as are positive, and that ajas — ag > 0 when (B.6) holds.
The inequality of the proposition is, after substitution of the expressions of hs and

hg, equivalent to the condition that az > 0.



[1]
2]
[3]
[4]

[5]

[6]

[10]

[11]

[12]

[13]

[14]

[15]

BIBLIOGRAPHY

Dengue fever. The Lancet, May 1872.

Dengue fever. The Lancet, October 1872.

Para-scarlet and dengue fevers. The Lancet, February 1920.
Dengue fever. The Lancet, December 1928.

Biology of plasmodium parasites and anopheles mosquitos. http://www-
micro.msb.le.ac.uk/224 /Bradley/Biology.html, 1996, Accessed 2004.

Cdc: Dengue outbreak associated with multiple serotypes — puerto rico.
http://www.cdc.gov/mmwr /preview /mmwrhtml/00055624.htm, November
1998.

Center for disease control (cdc): Dengue fever.
http://www.cdc.gov/ncidod /dvbid /dengue/index.htm, June 2001, Accessed
2006.

Mosquito  control — around the home and in  communities.
http://www.ces.ncsu.edu/depts/ent /notes/Urban /mosquito.htm, July
2001, Accessed 2006.

Geography. http://welcome.topuertorico.org/geogra.shtml, 2003, Accessed
2006.

Center for disease control. http://www.cdc.gov/ncidod/dvbid/dengue/map-
distribution-2003.htm, June 2006, Accessed 2006.

Center for disease control (cdc): Clinical and public health aspects.
http://www.cdc.gov/ncidod /dvbid/dengue/slideset /set1/i/slide02.htm,
February 2006, Accessed 2006.

Ministry of health singapore. health facts singapore.
http://www.moh.gov.sg/corp/publications/statistics/top10.do, August
2006, Accessed 2006.

Ministry ~ of  health: Statistics, publications &  resources.
http://www.moh.gov.sg, Accessed 2006.

U.s. department of the interior. u.s. geological survey. u.s. geological survey
programs in puerto rico. http://water.usgs.gov/pubs/fs/FS-051-96/, Accessed
2006.

The world fact book. http://www.cia.gov/cia/publications/factbook, Ac-
cessed 2006.

67



[16]

[17]
[18]

[19]

[20]

[21]

[26]

[27]

68

J. Aron and R. May. The population dynamics of Malaria. Chapman and
Hall, 1982.

N. Bailey. The Mathematical Theory of Infectious Diseases. Griffin, 1975.

F. Berezovsky, G. Karev, B. Song, and C. Castillo-Chavez. Simple epidemic
models with surprising dynamics. Mathematical Biosciences and Engineering,
1, 2004.

W. Black IV, E. Bennett, N. Gorrochotegui-Escalante, C. Barillas-Mury,
I. Fernandez-Salas, M. Munoz, J. Farfan-Ale, K. Olson, and B. Beaty. Fla-
vivirus susceptibility in aedes aegypti. Archives of Medical Research, 22:379—
388, 2002.

J. Blaney, A. Durbin, B. Murphy, and S. Whitehead. Development of a live
attenuated dengue virus vaccine using reverse genetics. Viral Immunology,
19(1):10-32, 2006.

F. Brauer and C. Castillo-Chavez. Mathematical Models in Population Biology
and Epidemiology, volume 40 of Texts in Applied Mathematics. Springer-
Verlag, 2001.

S. Busenberg and K. Cooke. Vertically Transmitted Diseases, volume 23 of
Biomathematics. Springer-Verlag, 1993.

C. Castillo-Chévez, Z. Feng, and W. Huang. On the computation of ry and
its role on global stability. In: Mathematical Approaches for emerging and
re-emerging infectious diseases, Part II, IMA, 125:224-250, 2002.

C. Castillo-Chavez, J. Velasco-Hernandez, and S. Fridman. Modelling contact
structures in biology. Lecture Notes in Biomathematics, 100:454-492, 1995.

P. Chanthavanich, C. Luxemburger, C. Sirivichayakul, K. Lapphra,
K. Pengsaa, S. Yoksan, A. Sabchareon, and J. Lang. Short report: Immune
response and occurence of dengue infection in thai children three to eight years
after vaccination with live attenuated tetravalent dengue vaccine. American
Journal of Tropical Medicine and Hygiene, 75(1):26-28, 2006.

G. Chowell and F. Sanchez. An outbreak of dengue in mexico, 2003: Quantify-
ing the role of interventions. Journal of Environmental Health, 68(10):40-44,
June 2006.

M. Derouich and A. Boutayeb. Dengue fever: Mathematical modelling and
computer simulation. Applied Mathematics and Computation, 177:528-544,
2006.



[28]

[38]

[39]

69

O. Diekmann, J. Heesterbeek, and J. Metz. On the definition and the com-
putation of the basic reproduction ratio ry in models for infectious diseases

in heterogeneous populations. Journal of Mathematical Biology, 28:365-382,
1990.

K. Dietz. Transmission and control of arbovirus diseases in: D. ludwig et al.
(eds.). Epidemiology, Proceedings of the Society for Industrial and Applied
Mathematics, page 104, 1974.

J. Edman, T. Scott, A. Costero, A. Morrison, L. Harrington, and G. Clark.
Aedes aegypti (diptera: Culicidae) movement influenced by availability of
oviposition sites. Journal of Medical Entomology, Traub Memorial Issue,

35(4):578-583, 1998,

L. Esteva and C. Vargas. Analysis of a dengue disease transmission model.
Mathematical Biosciences, 150(2):131-151, June 1998.

L. Esteva and C. Vargas. A model for dengue disease with variable human
population. Journal of Mathematical Biology, 38:220-240, 1999.

L. Esteva and C. Vargas. Coexistence of different serotypes of dengue virus.
Journal of Mathematical Biology, 46:31-47, 2002.

M. Esteva-Peralta. Modelos matematicos de la enfermedad del dengue. 1996.

Z. Feng and J. Velasco-Hernandez. Competitive exclusion in a vector-host
model for the dengue fever. Journal of Mathematical Biology, 35:523-544,
1997.

D. Focks, R. Brenner, J. Hayes, and E. Daniels. Transmission thresholds for
dengue in terms of aedes aegypti pupae per person with discussion of their
utility in source reduction efforts. American Journal of Tropical Medicine
and Hygiene, 62(1):11-18, 2000.

D. Focks, E. Daniels, D. Haile, and J. Keesling. A simulation model of the
epidemiology of urban dengue fever: Literature analysis, model development,

preliminary validation, and samples of simulation results. American Journal
of Tropical Medicine and Hygiene, 53:489-506, 1995.

B. Gerade, S. Lee, T. Scott, J. Edman, L. Harrington, S. Kitthawee, J. Jones,
and J. Clark. Field validation of aedes aegypti (diptera: Culicidae) age esti-
mation by analysis of cuticular hydrocarbons. Journal of Medical Entomology,
41(2):231-238, 2004.

A. Getis, A. Morrison, K. Gray, and T. Scott. Characteristics of the spatial
pattern of the dengue vector, aedes aegypti, in iquitos, peru. American Journal
of Tropical Medicine and Hygiene, 69(5):494-505, 2003.



[40]

[41]

[42]

[43]

[44]

[47]

[48]

70

D. Gubler. The arbovirus: Epidemiology and Ecology, volume II. CRC press,
1986.

D. Gubler. Cities spawn epidemic dengue viruses. Nature Medicine, 10(2):129-
130, 2004.

D. Gubler and G. Kuno. Dengue and Dengue Hemorrhagic Fever. CABI,
1997.

D. Gubler, P. Reiter, K. Ebi, W. Yap, R. Nasci, and J. Patz. Climate variabil-
ity and change in the united states: Potential impacts on vector and rodent-
borne diseases. Environmental Health Perspectives, 109(2):223-233, 2001.

L. Harrington, J. Buonaccorsi, J. Edman, A. Costero, P. Kittayapong,
G. Gary, and T. Scott. Analysis of survival of young and old aedes aegypti
(diptera: Culicidae) from puerto rico and thailand. Journal of Medical Ento-
mology, 38(4):537-547, 2001.

L. Harrington, J. Edman, and T. Scott. Why do female aedes aegypti (diptera:
Culicidae) feed preferentially and frequently on human blood. Journal of
Medical Entomology, 38(3):411-422, 2001.

L. Harrington, T. Scott, K. Lerdthusnee, R. Coleman, A. Costero, G. Clark,
J. Jones, S. Kitthawee, P. Kittayapong, R. Sithiprasasna, and J. Edman.
Dispersal of the dengue vector aedes aegypti within and between rural com-
munities. American Journal of Tropical Medicine and Hygiene, 72(2):209-220,
2005.

H. Hethcote. The mathematics of infectious diseases. SIAM Review,
42(4):599-653, December 2000.

P. Kaufman, L. Harrington, J. Waldron, and D. Rutz. The importance of
agricultural tire habitats for mosquitoes of public health importance in new
york state. Journal of the American Mosquito Control Association, 21(2):171—
176, 2005.

J. Keating. An investigation into the cyclical incidence of dengue fever. Social
Science & Medicine, 53:1587-1597, 2001.

[. Kurane and T. Takasaki. Dengue fever and dengue hemorrhagic fever:

challenges of controlling an enemy still at large. Reviews in Medical Virology,
11:301-311, 2001.

C. Marques, O. Foratini, and E. Masad. The basic reproductive number for
dengue fever n sao paulo state, brazil 1990-1991 epidemic. Transactions of
the Royal Society of Tropical Medicine and Hygiene, 88:58-59, 1994.



[52]

71

J. Mena-Lorca, J. Velasco-Hernandez, and C. Castillo-Chavez. Superinfection,
virulence and density dependent mortality in an epidemic model. Biometrics
Unit, Cornell University, BU 1299-M, 1995.

J. Mendez Galvan and R. Castellanos. Manual para la vigilancia epidemio-
logica del dengue, 1994, Accessed 2004.

A. Morrison, K. Gray, A. Getis, H. Astete, M. Sihuincha, D. Focks, D. Watts,
J. Stancil, J. Olson, P. Blair, and T. Scott. Temporal and geographic patterns
of aedes aegypti (diptera: Culicidae) production in iquitos, peru. Journal of
Medical Entomology, 41(6):1123-1142, 2004.

M. Nowak and R. May. Superinfection and the evolution of parasite virulence.
Proceedings of the Royal Society of London B, 255:81-89, 1994.

A. Ponlawat and L. Harrington. Blood feeding patterns of aedes aegypti and
aedes albopictus in thailand. Journal of Medical Entomology, 42(5):844-849,
2005.

R. Ross. The prevention of malaria. 1911.

A. Tran, X. Deparis, P. Dussart, J. Morvan, P. Rabarison, F. Remy, L. Poli-
dori, and J. Gardon. Dengue spatial and temporal patterns, french guiana,
2001. Emerging Infectious Diseases, 10(4):615-621, April 2004.

J. Velasco-Hernandez. A model for chagas disease involving transmission by
vectors and blood transfusion. Theoretical Population Biology, 46(1):1-31,
1994.

J. Wu and Z. Feng. Mathematical models for schistosomiasis with delays
and multiple definitive hosts. In: Mathematical Approaches for emerging and
re-emerging infectious diseases, Part II, IMA, 126:215-229, 2002.



Chapter 7

Part II: Introduction

Alcohol abuse has been a problem in the United States and around the world for
decades. There are nearly 14 million people in the United States (1 in every 13
adults) who abuse alcohol or are alcoholic. Some of the more common complica-
tions of alcohol abuse include: HIV, sexually transmitted diseases (STD’s), violent
acts leading to injury/death, less productivity (economic burden), liver diseases
(Cirrhosis), date rape among others [1, 28]. There is no cure for alcohol abuse or
alcoholism.

Formulating drinking behavior models by itself can give rise to many insights
and questions. The process naturally raises and instigates questions that often
help sharpen the focus of the research and on occasion identify directions that
require attention or reformulation. For example, during the process of developing
a population model of the “spread” of drinking behaviors through contacts be-
tween humans mixing in “appropriate” environments a variety of questions arise
including: What is a drink? What are safe drinking levels? What is an occasional
drinker? Of course, the answers are different for each individual but we must use
averages. How does one average? The impact of using “averages” to describe a
population of drinkers has its own pitfalls since our aggregated models are not
derived explicitly from individual based models. In an ideal world, we would have
not only good data but individuals based and time series data that capture the
dynamics of drinking over “legitimate” time horizons. The use of models (their
simulation and analysis) as a tool that enhances understanding by suggesting or

identifying new directions and hypotheses or by closing down unproductive paths
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or identifying wrong turns, is not only necessary but fundamental. But what type
of models? Typically in fields where models have become established (ecology,
genetics, epidemiology, etc.) the model is not thought of as a description that
captures as much detail as it can from a complex system but actually it is thought
of as a tool designed to answer sharp, focused, specific questions. Hence, the level
of detail or information that it is incorporated in a model should be just enough
to guarantee that the question under consideration can be addressed in a non-
obvious and useful setting. This is why in many areas of ecology and epidemiology
(particularly where data are available) the goal has often been to use as simple
models as possible (but not simpler) as one attempts to address a specific question.
Deterministic models have many advantages and can often give solid insights into
processes where data are limited ([11, 12, 10]). The introduction of models with
high degree of complexity is sometimes possible and its analyses often possible
([26, 33, 8]).

The question requires the use of a model that includes two levels of heterogene-
ity: “local” and “global”. We are able to formulate a modeling framework that
captures the impact of two contact mixing levels driven by average residence times
and drinking activity per unit of time. We hope to use this complex setting (still
a highly aggregated model) to study the interactions between “global” drinking
environments and local drinking networks and their effect of such interactions on
the short- and the long-term dynamics of drinking at the population level.

There are many factors that contribute to individuals becoming problem drinkers:
peer pressure from other drinkers, stress level, type of environment, relationships,
among others. It is difficult to take into account many of the factors that could

contribute to the problem.
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There are many different treatments that include medication or psychological
help or a combination of both. One of the main problems is that individuals that
recover could relapse even after being sober for a long time. How this process occurs
is what interests us. We look at the impact of “problem” drinkers on the population
of temporarily recovered and the impact of fast recovery. Also, education plays a
big role in most social and disease dynamics [17], however, educational programs
or rehabilitation programs usually target individuals who typically have strong self
motivation to get better. Moreover, individuals who really need help are usually
timid and rarely seek any type of help.

In Chapter 8 we will focus on the influence of other drinkers on the temporarily
recovered and look at two different types of environments (local and global). We
explored a simple mathematical model (deterministic, networks and stochastic)
that looks at the impact of influence of other drinkers, temporary recovery and
relapse. In Chapter 9 we look at different types of environments play a role in
drinking dynamics. We also look at a more detailed model that includes different
classes of drinkers (abstainers, occasional, moderate, heavy) in a local and global
environments. We study the effects of these environments in the light drinking

classes (abstainer and occasional).



Chapter 8
Drinking as an epidemic—a simple
mathematical model with recovery and

relapse®
The outcomes (patterns) associated with various biological and sociological pro-
cesses are often the result of interactions or contacts between individuals, groups,
sub-populations or populations. For example, some aspects associated with the
process of language acquisition can be thought of as the result of non-specified
contacts between those who speak the language and those who have yet to ac-
quire it. Although contacts between individuals in different states are at the heart
of these processes, the definition of “contact” (effective contact) is highly depen-
dent on context and difficult to define. Gonorrhea transmission, for example, is
most often the result of intimate sexual contacts (intercourse) between infected
and non-infected partners. Tuberculosis (TB) or influenza infections are most of-
ten the result of “casual” contacts (handshakes or kissing) or the result of sharing
close environments, for long-enough periods of time with infected individuals.
Starting with the pioneering work of Ross and his students [29], researchers
who conduct studies of social and health problems in which data are scarce have
often relied on simple mean field deterministic models to generate insights and

understanding. The analysis of such mathematical models is used to generate hy-

*Fabio Sanchez, Xiahong Wang, Carlos Castillo-Chavez, Paul Gruenewald and
Dennis Gorman. Drinking as an epidemic—a simple mathematical model with
recovery and relapse. Evidence Based Relapse Prevention. FEdited by Katie
Witkiewitz and G. Alan Marlatt, 2006 (to appear in).
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potheses or to gain insights (with limited data) on the “transmission” process and
its control [11, 12, 10]. Challenges arise from the fact that the dynamics of social
processes are highly non-linear. Tuberculosis, for example, can be transmitted
through casual interactions (e.g. in public transportation systems) or through the
type of close contacts that take place among household members or close friends.
While it has been difficult to measure explicitly the contribution of each of these
transmission routes in the case of TB, it has been possible to show that both
routes are necessary for the pathogen’s survival [15, 3]. In epidemiology, the result
of contacts between susceptible and infectious individuals may alter temporarily
or permanently an individual’s health status. Flu infections are short (3 — 6 days
on the average), TB infections are life-long (most infected individuals remaining
“forever” in a latent state) and HIV infections are progressive (especially in the
absence of treatment) and life-long.

In addition to studying infectious disease transmission processes, epidemio-
logical contact models have also been applied to the study of the dynamics of
social and behavioral processes such as eating disorders, drug addictions and vio-
lence [16, 34, 30, 14, 27]. There are clearly differences in the generation of addictive
behaviors and the transmission of infectious diseases. However, the fact remains
that the acquisition of both can be modeled (in the context of specific questions)
as the likely result of contacts between individuals in given environments. For
example, the development of alcohol use among young people and the influence of
“supportive environments” on the development and maintenance of heavy drink-
ing, alcohol abuse, dependence and problems among adults, are predicated upon
the combined effects of social influence and access to alcohol [18, 35, 36, 37]. Thus,

additional understanding of the dynamics of drinking behaviors may result from
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the use of a perspective that models drinking as the result of contacts of suscepti-

bles with individuals in distinct drinking states.

8.1 Simple SDR drinking model

Drinking is modeled as an “acquired” state, the result of frequent (i.e., high number
of contacts) or intense (i.e., high likelihood of conversion) interactions between
individuals in three drinking states (susceptible, regular drinkers and temporarily
recovered) within an (implicitly) assumed fixed drinking environment.

This is the first time this approach is used to model drinking dynamics. The
goal of the model is to identify mechanisms (quantitatively speaking) that facil-
itate or limit the conversion of a population of non-drinkers to one of drinkers.
The process of quantification helps to understand the role of social forces on the
time evolution of drinking. Knowledge of these factors may be useful in the de-
velopment of effective drinking control policies and in the evaluation of treatment
interventions.

We describe the dynamics of drinking within the context of the classic SIR
(Susceptible-Infected-Recovered) epidemiological framework [6]. The population
in question is divided into the following drinking classes: occasional and moderate
drinkers (.5); problem drinkers or “infectious” (D); and temporarily recovered (R).
It is assumed that the population size remains constant, that is, that the time
scale of interest is such that the total population size does not change significantly
over the length of the study. New recruits join the population as occasional and
moderate drinkers (S) and mix at random (i.e., homogeneous mixing) with the rest

of the members of the population. Uniform or homogeneous mixing means that

s

the likelihood of coming into contact with members of each class is either %

:3’
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Figure 8.1: Caricature of the model.

% =d or % =71 where N = S+ D + R. Under these assumptions, the process of
transmitting “drinking behaviors” is modeled via the following re-scaled (that is,

we work with proportions) system of nonlinear differential equations:

§ = p—Psd—ps,

d = fsd+ prd— (1 + ¢)d, s1)

r = ¢d— prd— ur,

1 = s+d+r.
The rate of conversion from the susceptible state (occasional drinker) to the regular
drinking state is assumed to be proportional to the size of the susceptible popula-
tion, the likelihood of interacting with a randomly selected drinking partner and
the magnitude and intensity of the contacts. The rate of relapse is the result of
similar forces that involve contacts between r and d individuals.

The fact that individuals can transition to the D class from the S and R classes
suggests that “conversion” may be the result of “group” rather than individual pro-
cesses. The “first” transfer of individuals to the drinking class is the result of a
nonlinear process modeled via a function of S and D, B(S,D). This function
must satisfy the following conditions: B(0,D) = B(S,0) = 0 (in the absence of

susceptible or problem drinkers there is no transmission). Homogeneous mixing

means that B(S, D) can be modelled as 3S% or B(s,d) = 8sd (in re-scaled vari-
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ables). Here 3 is a measure of the average number of effective interactions between
susceptible and problem drinkers per unit of time. The rate of transfer from R
to D is the result of a nonlinear process modeled via the function G(D, R) with
G(0,R) = G(D,0) = 0. Here, we choose to model the total nonlinear relapse
rate by pR% or prd (in re-scaled variables) where the parameter p is a measure
of the average number of effective contacts per unit of time between drinkers and
temporarily recovered individuals. This nonlinear process assumes that R and D
individuals (as well as S-individuals) share the same environments.

From the analysis of the “drinking-free” equilibrium, that is, the state where
drinking is not part of the culture, we compute the model’s basic reproductive

number
.

7
which corresponds to the case when, ¢ = 0 (no treatment). Ry is the number of
secondary cases generated by a “typical” regular drinker in a non-drinking popu-
lation, that is, a population where problem drinkers are so rare that their numbers
are “insignificant” and where treatment is not available. That is, R is computed
in the situation when the R-class does not exist.

Ry measures the growth of drinking behaviors per generation and is the prod-
uct of the average D-residence time, namely ;% (“infectious” window) and the
D-transmission rate 3. It is worth noting that Ry decreases if either i (average

drinking “life-span”) or [ (transmission rate) or both decrease.

The basic reproductive number with recovery is given by

__8
pt ¢’

with Rg—o = Ro. In this case, the SD model dynamics are well known. In fact,

R

if Rg < 1 then the introduction of any number of drinkers does not result in the
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establishment of a culture of drinking (D(t) — 0 as t — 00). On the other hand, if
Ro > 1 even the introduction of a single drinker will lead to the establishment of
a culture of drinkers (D(t) — D* > 0 as t — o00). The results here are not typical.
Ry < 1 does not guarantee that the “epidemic” will die out. Furthermore, when
Ry > 1 the “epidemic” takes off and reaches a “permanent” endemic state (i.e.,

persistence of a regular drinking class over time is guaranteed).

8.2 Population dynamics of drinking under high relapse

rates

Here the relationship between recovery (¢) and relapse (p) rates are explored. Ide-
ally, effective treatments should increase recovery and reduce relapse rates to the
extent that an “epidemic” of heavy drinking is reduced or stopped. However, it
appears from an analysis of the basic drinking reproductive number (with recov-
ery), Ry, that this may be a difficult task. We have the trivial equilibrium (no
drinking state) given (in proportions) by (s*,d*,r*) = (1,0,0). Positive solutions
(s* > 0,d* > 0,7* > 0), that is, solutions where drinking may become established

are solutions of the quadratic equation
f(d)=d*> - Bd+C =0,

where B = 1 — and C = 4[24 — %] with R, = —£2-. Two positive

1 1

Ro Rp Ro LRy pto

solutions d}, d5 in (0,1) exist whenever B > 0,C > 0, f’(1) > 0 and B* —4C > 0.
From the definition of C' it follows that C' > 0 whenever Ry < 1. The positivity
of the discriminant (B* — 4C > 0) requires the following conditions: R, > 1 and

0 <R.<Ryp<1(R.>0 whenever R, < 1) where
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Table 8.2: Description of threshold conditions.

Thresholds

Description

Ro

Number of secondary cases generated by a “typical” problem drinker

in a non-drinking population.

Ry Basic reproductive number with recovery.
R, Number of secondary cases generated by a “typical” problem drinker
in a population of “temporarily” recovered individuals.
Re Critical value to where drinking communities can be under control.
and
_P [ TN &}
C B[+ R Ro pl

If both 0 < R, < Ry < 1and R, < 1 then drinking dies out. However, whether or
not a culture of drinking becomes established (0 < R, < Ry <1 and R, > 1) de-
pends on initial conditions (see Figure 8.5¢, 8.5d). That is, where the system ends
up (including the rapid growth and establishment of a d-class or its elimination)
depends on the size of the initial proportion of problem drinkers. In fact, a rapid
and large “outbreak” is possible whenever the number (or proportion) of initial
drinkers is high. Such an outbreak, the model predicts, will result in the long-term
survival of a regular drinking culture despite the fact that Ry < 1. Furthermore,
in this last case a community of drinkers not only becomes established but may be
nearly impossible to eliminate. In fact, parameters must be modified so that the
value of Ry is lower than that of R.. This result is “unexpected” since the system
has in place parameters that represent the effects of highly effective treatment pro-
grams (that is, R, < 1). Using current drinking literature pertaining to recovery,
relapse and the social interpersonal influences upon drinking behavior [23]-[22], we

have estimated several of the parameters necessary to the initial specification of a
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T >

R 1 R¢

Figure 8.2: Threshold conditions: R, and R.
simple SDR model of drinking behavior (see Table 8.1).

8.3 Uncertainty and sensitivity analysis

The exact measurement of key behavioral and drinking parameters is difficult since
precise data pertaining to these are not readily available. Thus, in order to better
estimate the impact of variation in parameter ranges on dynamical outcomes, we
conduct an uncertainty analysis on R, % and R, (see Table 8.2 for description).
We assigned probability distribution functions to each of the parameters (see Ta-
ble 8.1) in Ry, %—; and R, based on our reading of the relevant literature pertaining

to the initiation, maintenance and cessation of alcohol use, and proceeded to study

their impact on the corresponding R4 and R; distributions.

R

The level of uncertainty in the model’s parameter values is explored via Monte

Carlo simulations (based on 1000 realizations). Figures 8.3 and 8.4 show the

Re
Ry *

resulting histograms R, and
% < 1 provides a necessary condition for the possibility of having two drinking

steady states (dj > 0,d5 > 0). In other words, the number of problem drinkers in
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the population plays a major role in the “spreading” of the drinking culture and
establishment of drinking environments. That is, for any given set of parameter
values there is a critical mass of drinkers that can cause the drinking community
to grow or disappear. This happens when 0 < R, < Ry < 1. Figure 8.4 illustrates
the fact that % < 1 using the distributions from Table 8.1 as well as having the

two positive “drinking” steady states.

450

400

350

300

Frequency

0 20 40 60 8OR1OO 120 140 160 180
¢

Figure 8.3: Histogram for R,;. The mean is 3.12 with a standard deviation of 7.39

and 71% of R4 > 1.

The quantities R4, R. and R, are functions of parameters. Here, we analyzed

the sensitivity of Ry, R; and R, to parameter variations. Using the partial rank

R
correlation coefficient (PRCC) we determined the qualitative relationship between
the parameters and the threshold quantities previously described. The analysis
showed that the alcohol recovery rate was the most significant (sensitive) param-

eter. Furthermore, if ¢ (recovery rate) is not small and the relapse rate p is high

enough then the situation can actually worsen despite treatment effectiveness. In
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Figure 8.4: Histogram of % The mean is 0.16 with a standard deviation of 0.11

and the median is 0.14

other words, if both the initial rate of recovery from treatment and the subsequent
relapse rate are high this will create a critical mass of vulnerable individuals that
can re-enter the problem drinker class. The PRCC value indicates the effect of the
parameter in the quantities R, % and R,.

From Table 8.3 the transmission rate () has a “negative” effect on R, and
R¢/Ry. In other words, it decreases both quantities but it has a greater effect
on Ry. The relapse rate (p) has a “negative” effect on R, and R./R,. It has a

relatively large effect on both quantities, however, the treatment rate (¢) has the

biggest (positive) effect on R./R,. It increases R./Ry. In other words, if %} > 1

the drinking community becomes established.
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8.4 Numerical simulations

Numerical simulations are used to illustrate our model results on drinking dy-

namics. The most general model can support two positive equilibria (backward

bifurcation) when Ry < 1, 2= < 1 and R, > 1 where R, = £(1-Ry) with p > f.

Re
The probability that R, > 1 is high (see Table 8.4), that is, it is highly likely that

drinking becomes established. Individuals who recover then relapse at the total
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Figure 8.5: Backward bifurcation and time series of the d-class. Parameter values:
= 0.0000548, ¢ = 0.2, p = 0.21 and § = [0.001,1.3]. A time series plot of the
system with different initial conditions. Lower left: s = 0.97, d = 0.03 and rq = 0.
Lower right: s = 0.99, d = 0.01 and r = 0. Parameter values: p = 0.0000548,

B =0.19, ¢ = 0.2 and p = 0.21.
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rate pdr (nonlinear relapse). If this rate is high, then the probability that we enter
the region (R4 < 1 and multiple positive steady states) where the development
of successful treatment programs is unlikely is increased. This implies that once
a drinking culture is established it is difficult to bring it to a low enough level to
completely eliminate it. As soon as a drinking culture is established, the effec-
tiveness of treatment (¢) becomes a critical factor in limiting and curtailing its
influence. High rates of recovery with high relapse rates will not affect reductions
in problem drinking. In fact, a new pool of high-risk “susceptible” previous prob-
lem drinkers can become part of such a drinking community and problem drinking
become difficult to eradicate.

In Figure 8.5a) we illustrate a backward bifurcation where drinking behav-
ior can become quickly established and getting it under control would require a

tremendous effort (R, = 0.33). We used a range of parameter values that allows

Re < land R, > 1). In

for the possibility of multiple steady states (R, < 1, R

the case in which recovery and relapse rates are equal (¢ = p =0.2), Ry < lis a
sufficient condition to bring the drinking culture under control (Figure 8.5b).
The number of initial problem drinkers introduced in the population play a
crucial role in the establishment of the drinking community. Figure 8.5¢ illustrates
the role of initial conditions (initial number of occasional and moderate drinkers,
problem drinkers and recovered individuals) in the presence of two drinking en-
demic states (a backward bifurcation). Setting the initial parameter for problem
drinkers within the population at just 3% is sufficient to establish a community of
drinkers. Such a situation might occur, for example, when a new class of fresh-
men arrive at college. The critical proportion of problem drinkers may determine

whether or not a drinking culture becomes endemic (established) even under un-
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Figure 8.6: Problem drinkers (D) vs. p. Parameters: § = 0.5, ¢ = 0.2, and

p = 0.0000548. Initial conditions: sy = 0.99, dy = 0.01, and ry = 0.

favorable conditions (R4 < 1). In contrast, when we start with less than 3% of
the population as problem drinkers then the drinking community is “eliminated”
(see Figure 8.5d). In Figure 8.6 we can see a phase transition that occurs as the
relapse rate (p) increases and becomes larger than the treatment rate (¢). This
phase transition is correlated with the quantity R,. When the number of sec-
ondary conversions from the temporarily recovered population is bigger than one
the proportion of problem drinkers increases. In contrast, in Figure 8.7 we ob-
serve the opposite. As the treatment rate (¢) increases the proportion of problem
drinkers decreases. This happens as the treatment of problem drinkers becomes
more effective the number of secondary cases starts decreasing (R, < 1) and the
proportion of problem drinkers decrease. In the case where the “conversion” rate
() (see Figure 8.8) is varied the proportion of problem drinkers stays at zero until

it crosses 3 = 0.19. This occurs when R4 = 1.
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Figure 8.7: Problem drinkers (D) vs. ¢. Parameters: § = 0.5, p = 0.21, and

p = 0.0000548. Initial conditions: so = 0.99, dy = 0.01, and ry = 0.
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Figure 8.8: Problem drinkers (D) vs. (. Parameters: p = 0.21, ¢ = 0.2, and

1= 0.0000548. Initial conditions: sy = 0.99, dy = 0.01, and rq = 0.
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8.5 Conclusions

We introduced a simple mathematical model to describe the dynamics of drinking
behaviors generated from contacts between individuals in drinking environments.
This simple model, despite its limitations, has generated some useful insights. R,
the basic reproductive number (as a function of treatment), is not always the key.
In fact, in situations where recovery and relapse rates are high R4 < 1 does not
guarantee the successful elimination of drinking from the population. High relapse
rates will occur when treatment programs only have short-term positive effects.
Model results and analyses show that the propagation of drinking behaviors
is the result of two conversion processes: s to d as determined by R4 and 7 to
d. Furthermore, in contrast to classic epidemiology, outbreaks (sudden growth in
the number of problem drinkers) are possible when R4 < 1. In this last situation,
initial conditions play an essential role on the establishment of drinking communi-
ties. The case R4 < 1 and R, > 1 is enhanced by intervention programs with high
relapse rates. Under this scenario the control of problem alcohol use via treatment
may be extremely difficult. It may be more effective to try to limit the average
resident times of s-individuals in drinking environments (i.e., the average time
they spend in places in which alcohol is available and drinking is commonplace).
Indeed, this may be the most efficient way to proceed until treatments with more

sustained effects are identified and widely implemented.



Chapter 9
Drinking model in a small-world network

and a Markov chain model

9.1 Small-world networks

The fact that several processes (like drinking) are highly dependent on the con-
tact of individuals on a given population has driven theoreticians to the study of
epidemics on networks. Initially, most studies have been carried out using distinct
static network structures [25, 24]. These graphs (networks) were brought to light
by the work of Erdds and Rényi in the 1960's [5].

In 1998 Watts-Strogatz introduced an algorithm that generates small-world
networks. The algorithm constructs a one-dimensional ring lattice of N nodes
connected to its 2k (k=average number of connections) nearest neighbors. With
probability p some edges are selected and “rewired” to a randomly selected node.
The algorithm prevents two nodes from having more than one edge running be-
tween them, and there cannot be self-connections from the nodes in this lattice [38].

These type of networks were classified by the level of randomness (clustering)
which is modeled by p. A regular network has a value of p = 0. Every node in the
network is connected to its nearest two neighbors (to the right and left, & = 2).
In a random network which has p = 1, every node has equal probability to be
connected to any node in the network.

The novelty of their work came from the fact that having a small number of
randomly connected nodes (p ~ 0.01) reduces the distance between any two nodes

in the network. For our purposes, this facilitates the spread of drinking behavior.
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These type of networks have shown to support high levels of clustering. Networks
having these two characteristics (clustering and short average distance between
nodes) are known as the small-world effect, a phenomena that has been observed

in various social and other networks [38].

9.2 Drinking behavior on small-world networks

If nodes represent individuals in the population and the edges describe their con-
tacts with other individuals then epidemics on networks can be used to evaluate
the role of contact/social structure in the spread of drinking behavior.

In this setting, individuals can be in one of three distinct states: susceptible
(light drinker), drinkers (“problem” drinker), and “temporarily” recovered (SDR).
A susceptible individual in contact with a “problem” drinker (D) may become a
“problem” drinker with probability 5D where 3 is the risk of “infection” per unit
time. In the same way, problem drinkers can recover with probability ¢ where é
is the average time spent in the “problem” drinking class. After recovery, former
drinkers (R) can relapse into the “problem” drinking class with probability pD.
Note that this probability assumes that former drinkers (R) relapse via contacts
with “problem” drinkers (D) (see Figure 9.5 for transition probabilities). Five
nodes were predetermined to be “problem” drinkers and chosen from the network
uniformly at random. In all cases throughout this section we averaged 30 realiza-
tions over a period of 10* units of time and 52 values of the disorder parameter p.
In Figure 9.1 we determined the mean final size of the spread of drinking behaviors
for p=0and p =1, i.e., very few random connections and connections completely

random, respectively. The final size is almost the same for both values of p.

In Figure 9.2 we do the same tests but there is a significant difference in the final
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Figure 9.1: Mean final size of the “problem” drinking population with 1000 nodes,
(k) =6, 8 =0.03 and p = 0.8 as a function of the treatment rate ¢ for two extreme

values of p (disorder parameter).

size of the drinking community. When p = 1 the community becomes established at
the highest prevalence level (on average between 40% and 55%). From Figure 9.3
we observe that the population of problem drinkers oscillates between 300 and 600
with not much fluctuation for all values of p (disorder parameter). In other words,
the structure of the network does not play a role in the “spread” of the drinking
behavior. Few random connections have the same effect as the probability of
having many random connections being high. This leads to the conclusion that
the system is robust for a particular parameter range, that is, when the relapse
rate (p) is larger than the treatment rate (¢), i.e., treatment is not effective. We
also computed histograms from extreme values of p (0 ad 1). See Figure 9.7.

Figures 9.6, 9.7, we show different distributions for the cases previously discussed

of “problem” drinkers for two values of the disorder parameter p.
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Figure 9.2: Mean final size of the “problem” drinking population with 1000 nodes,
(k) =6, 3 =0.03 and ¢ = 0.8 as a function of the relapse rate p for two different

values of p (disorder parameter).

9.3 Conclusions

In this study, we look at the role of social structure on drinking dynamics. The
setting is provided by networks parametrized via a disorder parameter “p”. For
p = 0, we have a situation where individuals only interact “locally”, that is, only
with the nearest neighbors while when p = 1 they interact with everybody in the
network.

It is not surprising to see that drinking dynamics are enhanced when p = 1. On
the other hand, it is surprising to see that network structure does not significantly
impact population drinking levels.

In addition, in this section we explored the role of varying the treatment rate

(¢) and the relapse rate (p) for two different values of the disorder parameter (p = 0
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Figure 9.3: Mean final size of the “problem” drinking population with 10® nodes
and (k) = 3 as a function of the disorder parameter p. Parameter values: 3 = 0.03,

p=3,and ¢ = 0.8.

and p = 1). In the case of ¢ we find that network structure has no effect on the final
size of the drinking community. However, as the treatment rate increases (more
effective treatment) the final size of the drinking community decreases regardless
of network structure for a fixed relapse rate (p = 0.8).

In the case of the relapse rate (p), the final size of the drinking community
is not affected by network structure. Moreover, as the relapse rate (p) increases
the final size of the drinking community also increases for a fixed treatment rate,
¢ =0.8.

In Figure 9.3 the relapse rate is larger than the treatment rate (p = 3, ¢ = 0.8),
i.e., ineffective treatment. The drinking community is established at around 50%.
Network structure does not impact the size of the drinking community. In Figure

9.4 the treatment rate is larger than the relapse rate (¢ = 0.8, p = 0.4), i.e., effective
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Figure 9.4: Mean final size of the “problem” drinking population with 10® nodes
and (k) = 3 as a function of the disorder parameter p. Parameter values: 3 = 0.03,

p=0.4, and ¢ =0.8.

treatment. The drinking community is established at around 20%. Despite the
fact that network structure does not impact the size of the drinking community,
an effective treatment program can lead to the decrease of the final size of the
drinking community.

In our study we find that for large relapse rates the prevalence of the drinking
community is high and it is very difficult to reduce. Effective treatment rates are
necessary to control and reduce the prevalence of drinking communities.

Also, our simulations show that the number of long-distance connections do not
play a significant role in the establishment and maintenance of such communities.

Treatment programs must develop individual follow-up programs designed to
keep vulnerable individuals from relapse into drinking. Clearly, there are some

issues that need to be addressed (economics) and many well established treat-
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Figure 9.5: Diagram of transition probabilities.

ment facilities that need to re-evaluate their traditional sometimes non-effective

programs.

9.4 Drinking behavior: a continuous Markov chain ap-

proach

In this section we look at the stochastic version of the simple SDR model de-
scribed in Chapter 8 (see [31]) using a continuous time Markov chain model. We
are particularly interested in explaining the role of stochasticity on the backward
bifurcation region and compare it to its deterministic counterpart [2]. We showed
that the mean of the stochastic realizations and the deterministic model match.

We compute final size distributions at a fixed time horizon for R, < 1 and Ry > 1.
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Figure 9.6: Histograms of the “problem” drinking population for two values of p

when p =04, ¢ =0.8, f =0.03 and p = 0.0000548.

9.5 Methods

We describe the dynamics of drinking within the context of the classic STR epi-
demiological framework [6]. The population in question is divided into the follow-
ing drinking classes: occasional and moderate drinkers (.5); problem drinkers or
“infectious (D); and temporarily recovered (R). It is assumed that the population
size remains constant, that is, that the time scale of interest is such that the total
population size does not change significantly over the length of the study. New
recruits join the population as occasional and moderate drinkers (S) and mix at
random (i.e., homogeneous mixing) with the rest of the members of the population.

The rate of conversion from the susceptible state (occasional drinker) to the
regular drinking state is assumed to be proportional to the size of the susceptible

population, the likelihood of interacting with a randomly selected drinking partner
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Figure 9.7: Histograms of the “problem” drinking population for two values of p

when p =3, ¢ = 0.8, 5 =0.03 and p = 0.0000548.

and the magnitude and intensity of contacts. The rate of relapse is the result of
similar forces that involve contacts between R and D individuals.

Here, we looked at the SDR model using a stochastic Markov chain model.
Setup. We divide the model into events that can occur and assign rates to these
events. These events are placed in a vector (/birth S-dead S-D D-dead D-R R-dead
R-DJ). There vector state contains the random variables ¢, S, D and R that will
contain all the simulation data. All parameters and initial conditions are fixed and
the number of realizations is established. Here, we carry out 100 realizations.
Model transitions. Individuals can be in one of three states: susceptible (.5),
drinkers (S) and recovered (R). A susceptible individual in contact with a drinker
(D) may become a drinker at the rate 5SD/N where 3 is the transmission rate.

1

Drinkers can “recover” at the rate ¢D where p is the average time spent in the

drinking class. After recovery, former drinkers (R) can relapse into the drinking



102

Table 9.1: SDR drinking network model. D; denotes the number of “problem”

drinker neighbors of node 1.

transition probability of transition

node i changes from

susceptible into “problem” drinker 1 —exp(—0D;)

node ¢ changes from

“problem” drinker into “temporarily” recovered 1 — exp(—9)

node i changes from

“temporarily” recovered into “problem” drinker 1 — exp(—pD;)

class at the rate pRD/N. Note that these rates become conditional probabilities
after the vector that contains them is divided by the sum of all the rates.

Procedure. The process starts once all the probabilities for each event are deter-
mined and the parameters and initial conditions are set. The stochastic process
runs until the pre-determined time or when there are no more drinkers (D) or

recovered (R).

9.6 Numerical simulations

We explore and compare the mean of the distribution from a Markov chain model
built from the same rates used to construct the deterministic version of the SDR
model. The dynamics of the simple deterministic model “match” the mean dy-
namics of the stochastic model. However, there are differences. When R, < 1
a number of the stochastic realizations go to zero while others generate drinking

communities (endemic states) over a fixed time horizon.
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In the deterministic case for specific parameter ranges and when Ry < 1 we
can have an endemic state (backward bifurcation effect).

The SDR model supports multiple steady states when Rriticar < R < 1 [31].
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Figure 9.8: Left. Stochastic version of SDR model (100 realizations). Mean= 507.
Right. Deterministic version of SDR model. For these simulations the parameters

used were: 3= 0.5, p=0.21, ¢ = 0.1 and p = 0.0000548 with R4 = 5. We started

with five drinkers (Do = 5). Mean= 528.
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9.7 Conclusions

Drinking is easily established in different communities by the presence of restau-
rants, clubs, social gatherings, bars, etc. We explored a simple network model that
takes into account a heterogeneous contact structure. We look at the effect of short
and long distance connections between individuals and how they help establish or
diminish drinking communities.

In the case when we have a backward bifurcation (multiple prevalent states)
we find that once drinking communities are established it is difficult to eradicate
them if there are enough problem drinker in the population.

A stochastic model was built to determine the validity of the simple determin-
istic model using its counterpart stochastic version and allowing for perturbations
(stochasticity). Two cases were studied, Ry > 1 and Ry < 1, albeit the relevant
one is when R, > 1.

From the simulations (preliminary results) we were able to match the deter-
ministic model to the stochastic. We computed final size histograms for specific
stoppage times.

This is the beginning part of this study and further cases are being sought and
simulations are being conducted. Preliminary simulations show that varying the
relapse rate (p) affects the prevalence of the drinking community which is agrees
with our previous results in Section 8.4 and 8.8.

This model can be used to create generic datasets and use them in the sim-
ple deterministic model. Also, note that these simulations are computationally

expensive.



Chapter 10
Effects of local and global alcohol
consumption networks on drinking

dynamics

Drinking is often tied into socially adaptive environmental conditions [20, 19, 21].
Environments can facilitate drinking behaviors. How frequently do individuals find
themselves as temporary residents of these environments? and What is the im-
pact of visits to these environments on their long-term drinking behavior? These
are some of the questions that fit within the overall theoretical framework pre-
sented here. We hope that this framework can shed some additional insights that
facilitate our understanding of these issues. Here, we explored the impact of “lo-
cal” and “global” environments on drinking behavior, frequency and intensity and
longevity. These questions are explored through the construction of a population
level mathematical framework that assumes drinking is promoted via “contacts”

in “local” and “global” environments.

10.1 Mean field example

In order to illustrate our approaches, we introduce a “mean” field model for the
dynamics of the “spread” of drinking. The introduction of the setting uses specific
assumptions and a selected level of complexity but from the process it should be
clear that a great number of possible scenarios can be using a similar modeling

approach. We look at drinking as an environmental and population driven process.
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Here, our model divides the population into four “drinking” classes: abstainers,
occasional, moderate and heavy drinkers. The definitions use to characterize these

states are:

a) Abstainer (very low-risk drinker) - fewer than 12 drinks in a year, no more

than 2 per day.

b) Occasional drinker (low-risk drinker) - 1 to 13 drinks per month and no more

than 2 per day.

¢) Moderate drinker (medium-risk drinker) - 4 to 14 drinks per week and no

more than 2 at once.

d) Heavy drinker (high-risk) - drinks more than 2 drinks per day.

Moderate drinking is the “universal” threshold associated with “safe drinking”. A
drink is defined as 10cc of alcohol (120z. regular beer, 50z. glass of wine, or shot
1.50z. 80-proof distilled spirits [13]).

The model includes drinking interactions at multiple levels. The identification
of what these levels are depends on the question. For example, it may include
local (bars and social activities, where non-drinkers and drinkers are assumed to
interact in their own “neighborhood”) and global activities (interactions outside
own “neighborhood” like downtown bars) where individuals from all neighbor-
hoods place themselves in drinking environments (nightclubs, discotheques, sport
events, etc.). Here, the term “neighborhood” is define as the “space” reserved for
local interactions. Additional possible interpretations are easily concocted. The
population is divided into n neighborhoods. For simplicity, each neighborhood is
assumed to be composed of two types of individuals “homebody” and “social”.

Homebody individuals are those individuals who mostly interact in local drinking
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Figure 10.1: Caricature of the model.

environments. Social individuals have no boundaries. Individuals become part of
drinking environments when they spend a “regular” amount of time in “local” or
“oglobal” activities that involve drinking. Heterogeneity in participation is modeled
via average “neighborhood” activity (drinking) levels. Individuals are assumed
to “budget” their social contacts (scaling parameter) in direct proportion to the
time that they spend in drinking environments, etc. Individuals are assumed to
“progress” towards higher levels of drinking via two routes: “promoting” social
interactions (modeled by contacts between individuals of the various “drinking”
classes) or through longevity in each drinking class (like aging). In other words, it is
assumed that individuals may “influence” others in their social environments. The
relative influence scale used here assumes that abstainers and occasional drinkers
may be influenced only by moderate drinkers while moderate drinkers are only
influenced by heavy drinkers. Heavy drinkers are assumed not to be influenced by

anyone. It is assumed that low-risk drinkers (abstainers and occasional drinkers)
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do not interact with others outside their local drinking neighborhood while mod-
erate drinkers can be influenced by moderate drinkers and heavy drinkers from
all neighborhoods. In other words, we implicitly assume that the proportion of
abstainers and occasional drinkers who visit a “pure” drinking environment is neg-
ligible. All the above assumptions reduces model complexity and the limits of their
validity can be tested, at least, numerically.

The introduction of this “simple” model immediately raises many challenges.
How do we define an effective contact (average number of contacts per unit of
time required for promotion into the next level)? Here, rather than explicitly
defining the concept of contact, we will tend to think of such a parameter as a
“fitting” parameter. Hence, the average contact rate of a particular group will be
a measure of how much more or how much less active is this group in relation to
all other groups. Variability in behaviors (time spent in local is global drinking
environments) will be modeled not only by differential average group contact rates
but also by differential resident times in each environment. The time a moderate
or heavy drinker spends on its neighborhood or in a “pure” drinking place are given
by w; = 7;/(1; + 0;) and ¢; = 0;/(0; + 7;) respectively. Parameters and parameter

descriptions are given in Table 10.2.

Table 10.1: Sub population and classes. i is the neighborhood index.

State Variables Description
N; total population of neighborhood ¢
S; abstainers or non-drinkers from neighborhood i
0O; occasional drinkers from neighborhood i

M; moderate drinkers from neighborhood i

~

H; heavy drinkers from neighborhood i

~
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The highest modeling difficulty comes from our attempts to model the interac-

tions between individuals of the same and different neighborhoods. Mathematical

and theoretical epidemiologists have spent considerable amount of time addressing

this problem [4, 7, 9]. Here, it is assumed that contacts are “frequency” depen-

dent with weights provided by the average-activity group levels and appropriate

residence times. There are two types of individuals in each neighborhood “social”,

that is, those who interact with everybody and everywhere and “homebody”, that

is, those who interact with social and homebody locally. These are some complica-

tions since the population is divided into low-risk drinkers and high-risk drinkers

and high risk drinkers are the only ones who interact with drinkers from other

neighborhoods. The mixing probabilities are:

1)

—_ D _ a;(Si+0;) A .. . .
Py o = P, = b L) ta, (S TowWi — mixing probability between social

and homebody individuals from neighborhood 7 in neighborhood :.

_ D _ bijw; (M;+H;) ) o 5 :
Py = B, = T B0 Thw (M THywWi — mixing probability between social

individuals from neighborhood 7 in neighborhood .

* bj Tj (M] —‘y—H]) LR 212 I : Ixr1
Py, v, ij S hn (nm) T mixing probability between social individ

uals from neighborhood 7 and j in the commonground place.

Py a; = 0 — homebody individuals from neighborhoods ¢ and j do not

interact.

Py, = 0 — a homebody individual from neighborhood i and a social indi-

vidual from neighborhood j do not interact assuming ¢ # j.
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Naturally, for each neighborhood the following “conditional probabilities” identi-

ties hold:

pbiyai + Pbiybi + Z‘Pbi,bj =w;+1 =1
J#i

The nonlinear environmental transition progression rate are:

Miwi
Bs,(t) = fiaiS; [(Si + 0;) + wi(M; + Hi)]’
Miwi
Bo,(t) = fia:0; [(S,- +0;) + wi(M; + Hi)} |
H, N [3 wiH;
(Si + 0;) + wi(M; + H;) " (5i+ 0) + wiM: + Hy)

+

Bu(t) = AbiM, [15%

= H;
P*_—J]
; % (M; + Hj)

Putting all the definitions and assumptions together lead to the “mean field”

model given by the following system of nonlinear differential Equations:

dS;
il pN; — Bs,(t) + piM; — pSi,
dO;
dt - Bsz(t) - Boz<t) +a; M; — (:U’ + ¢1)Oi7
dM;
dt = Boi (t) + ¢1OZ - BMz(t) - (pi + o+t ¢2)Mi7
dH;
i By, (t) + ¢p2M; — pH;,

where ¢ = 1, ., n and Nz = Sz + Oz + MZ + [‘[Z

For simplicity purposes we now use the following re-scaling variables: s; = %,

0; = %, m; = % and h; = % which lead to the system below.

3

1) Pya, = P = — (mi(f?;f;)(s- —,ywi — mixing probability between social and

homebody individuals from neighborhood 7 in neighborhood 1.

2) Pop = pbi = ot f;“’)’g’;]gﬁ Thywi — mixing probability between social in-

dividuals from neighborhood ¢ in neighborhood .



114

3) Py, = Pb*j = %Tl — mixing probability between social individ-
=1

uals from neighborhood ¢ and j in the commonground place.

4) P4, = 0 — homebody individuals from neighborhoods i and j do not

interact.

5) P45, = 0 — a homebody individual from neighborhood i and a social indi-

vidual from neighborhood j do not interact assuming i # j.

m;w;
B,,(t) = [ia;s; — )
Z() ﬁas [(Sz+01)+wz(m,+hz)]
m;w;
B, (t) = pBia;0; )
Z<) ﬁCLO [(sz—i—ol)—l—wz(ml—l—hz)}
hi ~ wihi

Bml(t) = )\,blml[pa +

+ B,
¢ (Si + Oi) + wi(mi + hl) bi (Si + 0,’) + wi(mi + hz)

- H,
P*_—J]
; b (M; + H;)

% = p—= BSi (t) + Pily — [S;,
do;
2L = B, (t) — B,,(t) + aym; — (i + ¢1)os,
s = Bu(t) = Bl (1+61) o
d;’t“ = Bo,(t) + ¢10i — By, (t) — (pi + i + p + ¢a2)m,

where 1 = 1,...,n and s; + 0; + m; + h; = 1.

10.2 Threshold quantities and simulations

In mathematical epidemiology it is traditional to compute non-dimensional quan-
tities that determine the nature of dynamic transitions.
The basic reproductive number R is defined as: the average number of sec-

ondary cases produced by a “typical” infected (assumed infectious) individual during
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his/her entire life as infectious (infectious period) when introduced in a population
of susceptibles.

Let us now outline the role of Ry on the study of stability of equilibria. Most
reasonable epidemic models have at least two equilibria, namely, a disease-free
equilibrium and a positive (endemic) equilibrium. Typically one can show that
the disease-free equilibrium is locally asymptotically stable (l.a.s) if Ry < 1 and
unstable whenever Ry > 1. In addition, there are extensive examples which show
that in fact R > 1 implies the existence of a unique (l.a.s.) endemic equilibrium.
It turns out that for many models a transcritical bifurcation occurs when R crosses
the threshold Ry = 1. This is to say, asymptotic local stability is transferred from
the infectious-free state to the new (emerging) endemic (positive) equilibrium.
Notice that this transfer of asymptotic stability may be sensitive to the choice of
initial conditions when there are multiple equilibria.

Let R} and R2 denote the basic reproductive numbers for neighborhood 1 and
2, respectively. Our method to compute R} and R2 is oulined in the appendix.

We thus obtain,

RL — $181a1w1
0 (n+e1) [(Al bimit2)+(utor+ )]
(10.2)
R% — $182a2wo

(6) [habara-- o) -t 2550

Now, let us address an interpretation of R}, the interpretation of RZ will be anal-

ogous. Consider,

1

<>\1b17'1 + ¢2) + (,U +p+ ulfqil)

T

1
mﬁlalwl

The ratio ﬁ denotes the “system-departure”-adjusted fraction of occasional

drinkers that become moderate drinkers without any type of influence from other



116

drinkers.

Next, f1aiw; denotes the total number of adequate contacts (sufficient contacts
to progress to a higher drinking level).

The term (A\1b;71+¢2) is the contribution to escalate into the the heavy drinking

state. On the other hand, we claim that (1 + ¢1 + ;£75-) is an indirect anti-

contribution to reach the heavy drinking state. Since, (i + ¢1) is an outflow from

J22e5

the fraction that leaves the
ptg1’

the occasional drinking class, which is added to
system from the moderate drinking state passing through the occassional drinking
state. In Figure 10.2 we illustrate the case when we have two neighborhoods. We
illustrate how reducing the pool of moderate drinkers reduces the basic reproductive
ratio. In the upper-left corner we have A\; = 1/20, Ay = 1/50. In this case
individuals from neighborhood two have a higher transmission (“convincing”) rate
and the number of moderate drinkers decreases. In this case Ry = 6.9 and R = 9
for neighborhood one and two as noted. In the upper-right corner the number of
personal contacts moderate drinkers from neighborhood one have. The result is
similar, the number of moderate drinkers decreases and the resulting Rj = 4.96
and R2 = 9. In the bottom-left corner the time moderate drinkers spend on
outside their own neighborhood is increased, that is, this reduces the possibility
of “infecting” local individuals. The resulting Ry = 5.37 and R2 = 9. In the
bottom-right corner we increased the time moderate drinkers from neighborhood
one spend outside their own neighborhood and the number of personal contacts.
In this case R} = 4.2 and R3 = 9.

Uncertainty Analysis for R} for i = 1,2. We used a Monte Carlo procedure
(simple random sampling) to assess the variability in the reproductive ratios due

to the uncertainty in estimating model parameters [32]. We assigned distributions
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moderate drinkers
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Figure 10.2: Two neighborhoods. Parameter values: p = 0.0000548, ¢1 = ¢ =
1/30, 51 = ﬁg = 1/5, ay = Qg = 15, b2 = 30, T = Ty = 01, P1 = 1/5, ) = 1/30
Initial conditions: sy = 0.99, o} = 0, m{ = 0.01, b} = 0, s2 = 0.95, 6 = 0,

m2 = 0.05, h2 = 0.

to each of the parameters in Table 10.5. The sample size was 10°. It is assumed
that a; > ag, w; > we. Figures 10.3 and 10.4 show the resulting histograms of R[l)

and RZ.
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Table 10.3: Estimates of R} from 10 Monte Carlo simulations.

Realization | Mean (R}) | Median (R}) | IQR (R}) | Pr(R{ > 1)
1 49.9 12.7 37 0.913
2 49.8 12.7 36.8 0.913
3 49.6 12.7 36.9 0.913
4 50 12.8 37 0.914
5 49.8 12.7 37 0.913
6 49.6 12.7 36.8 0.913
7 49.9 12.7 37 0.913
8 50.3 12.8 37 0.914
9 49.9 12.7 37 0.913
10 49.8 12.7 36.9 0.913
Mean 49.86 12.72 36.96 0.9134
SE 0.06501 0.009145 0.02109 | 8.163 x 107>
CV 0.004124 0.002273 | 0.001805 | 0.000283
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Table 10.4: Estimates of R2 from 10 Monte Carlo simulations.

Realization | Mean (R3) | Median (R2) | IQR (R3) | Pr(RZ > 1)
1 1.25 0.244 0.835 0.913
2 1.25 0.244 0.833 0.913
3 1.25 0.244 0.835 0.913
4 1.24 0.245 0.836 0.914
5 1.25 0.245 0.833 0.913
6 1.25 0.245 0.834 0.913
7 1.24 0.244 0.835 0.913
8 1.25 0.244 0.836 0.914
9 1.25 0.244 0.835 0.913
10 1.25 0.245 0.838 0.913
Mean 1.248 12.72 0.835 0.2315
SE 0.001578 0.0001226 | 0.000481 | 7.316 x 10~°
Ccv 0.003998 0.001587 0.001822 | 0.0009995
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Figure 10.4: Distribution for R2.
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Table 10.5: Parameter distributions.

Parameter Distribution Parameter Distribution
ay Poisson(200) i Beta(4 x 1079)
as Poisson(15) w1 Uni form[0.5, 1]
Qg Uniform]0,0.5] wa Uni forml0,0.5]
Qg Uni form[0,0.5] o1 Uni f Discrete|0, 28]
b1 Poisson(5) b2 Unif Discrete|0, 28]
by Poisson(5) 01 Uniform[0,1]
B Exponential(30) P2 Uniform]0,1]
B Exponential (30) T Gammal3, 6]
M Exponential (4.6) Ty Gammal3, 6]
A2 Exponential (4.6)
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Potential Control Strategies. As we have explained above, R and R}
are used as threshold quantities that somehow control the transfer of stability of
the “disease-free” into the “endemic” equilibria. In order to keep a population
free of alcohol abusive comsuption (heavy drinkers go extinct) we need to favor
substantial decreases in Rj and RZ. Recall, that if R} < 1 and RZ < 1 then the
disease-free equilibria for both neighborhoods are locally asymptotically stable.

Again, let us focus into R} since the following results apply analogously to R3.

We write,

(I)Lﬁlalwl 1
(1 + 61) [(Albm + o)+ (A pr ey

pté1

1
(u+o1)

It is clear, that a decrease in - fraction of occasional drinkers that become
moderate drinkers- implies a decrease in R}. Similarly, a decrease in (3;ajw;- the
total number of adequate contacts- will induce a decrease in Rj.

Now, let ¢; and oy be fixed. Define,

poy
JU

F(p)=p+ ¢+

It follows that F'(u) = 1+ (ﬁigll)g > 0, which in turn implies that F' is an in-

creasing function of pu. Now, fix all other parameters and let p increase, then

1

[Obrritén)+(utr+ 2L

Let us fix p, and ¢. Define,

)] decreases, which implies that R} decreases as well.

pan

G(Oé1>:/l+¢1+'u+¢1

Then, G'(ay) = M—J’rfz > 0, that is, G is an increasing function of ay. Hence, if one

fixes all the other parameters and let ; increase, then R} decreases.
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10.3 Conclusions

We have developed a mathematical drinking model that describes the interactions
between the classes of drinkers. Our results suggest that the number of personal
contacts and the time that a high-risk drinker spends on its own neighborhood
have the biggest impact on the reproductive ratio, Rj.

The global structure of the model is governed by individuals that meet at other
places. In our model only moderate and heavy drinkers leave their neighborhood
to interact in the drinking environment outside their neighborhood. The resulting
interaction is crucial in determining the number of individuals at risk of becoming
a burden to society or to others (family, friends, etc.). If the number of heavy
drinkers increases due to this interaction we would have to consider a model that
incorporates treatment and its effectiveness.

The local structure of the model plays an important role in the spread of social
contagion (drinking behavior). The number of contacts of low-risk’ drinkers and
the time ’high-risk’” drinkers spend on their neighborhood is crucial to the growth
of the drinking culture.

Our model suggests that the key transition to have an endemic drinking culture
is from occasional drinker to moderate drinker. Furthermore, it is seen in the
basic reproductive ratio that reducing the progression into the heavy drinking
class contributes to the growth of the drinking culture. As a control strategy in
our model the focus should be on moderate drinkers.

We observe that reducing the number of low-risk contacts (a;) can reduce the
growth in the drinking communities. Also, individuals at borderline of becoming
problem drinkers play a crucial role in spreading the sentiment that drinking is

acceptable. However, these drinkers are typically not considered a problem.
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