BU-T0-M
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For this analysis consider the double change-over design for 3 treatments

in the following design.

Square 1 Square 2
column or sequence column or sequence

Period 1 2 3 total L 5 6 total
1 X111a | %o | Xnzc X100 | %onaa | o128 | Xo13c | *o1-e
2 X018 | %rooc | %1o3a | %izee | Fooac | ¥oooa | %oz | Xoz..
5 Ns1c | %izen | Xizzs | Xizee | Xomip | Fozoc | Fozza | Xoseo
Xl’l‘ xloeo xlo}' Xlooo XQalo x2520 XQ.B- xaaoo

=sl =52 =s3 =S,+ =55 =S6

The linear model, a modification of the one for several latin squares (see

formula (XI-38), Federer, Experimental Design,) is:
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where p = mean effect, ag = effect of g'th square, ﬁgh = effect of h'th row in

g'th square, ug

= effect of i'th column in g'th square, Bj

= direct of j'th

treatment, pp = residual effect of p*th treatment, and eghij = random component,

g =1,2; h=12,5 for each g; i = 1,2,3 for each g; j = A,B,C; p = A,B,C.

The residual sum of squares is

R = ZZ=n(X
ghij

gp1y” ! " ©

g~ Pen ~ Vgt

-, = 2
5= °p)

(2)

Partial differentiation of (2) with respect to the various parameters and

equation of the results to zero leads to the followirg normal equations:
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,l\ N -~ N A N 2l

3lu + 0y + Uyy) + Ty + I8, +ep k0 = Xy,
~ Y o~ A A A A )

3(u + Gy + Vyg) + IBy ¥ IOy + 0y + g = Xy g,

) s
Por the 81:'
A A /; ~ A ’A A
7.5 =
-6k + By) + ZToy + EIp, 4 EZ0gy + 2(pg + og) X,..a

(3)

()
(5)

(6)
(1)
(8)
(9)
(20)

(11)

(12)
(13)
(14)

(15)
(16)

(17)

(18)



-3~
6 N A A o) N
(n + §B) + BZaiv+ ZZth + ZZugi
la)

A A A "
6(n + bc) + 30, + Zzﬁgh + ZZugi

A

o)

1]

-~
+ 2(pA + X,..5

PaY N
+2(p, + pp) X, .uc

A
For the p_:
e

A o) A A N
X101 * 1338 + ¥opic * Koz = Mk +0y) + 250 + B, 4 By,
~ o) N A A A ~N A
+ 322 + 523 +0,, + V)3 + 05y + Vpy + 2(§B + 50) = a
u A A AN A A .
X310 + Xippp + Koppp + ¥y = e +ep) + 250, + B85 + By
A A A A A "~ A A
+ 622 + 623 0y Vg, Oy Vp3 + 2(§A + Sc) = b
h‘ ~ A P A A
x132A + X123A + X2§lB + X225B = 4(p + pc) + 2%, + 2(§A + SB)
N N A N Pa) a) N N
+ 513 + 512 + 523 + B22 + u12 + 013 + °21 + 025 = c

No unique solution for the unknowns in the above equations is possible.

Therefore, additional equations are required for a solution.
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An additional set

of equations, which would hold if this were the entire population, are added;

these are
A
20 = 0;
g ]
N A
P = Wy = 0
o) 2l
Zulh = Z'D_2h = 03
N
B, = 03
J ’
A
z = O
Qp ?
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where the hat (”) indicates that the sum of the estimates for a particular set

of parameters is required to sum to zero. With the addition of equations (24)

to (28) to the original set ( (3) to (23) ), a unique solution for the estimates

is possible; thus,
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o = %, % = i;" - (30)
A X V 90 -
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The remaining equations do not come out so nicely. Perhaps the easiest
A
thing to do first is to obtain the solution for the pp's. From formula (21)

a = (u+ pA) +0 +(-%‘-(X12" + XD" + X5, + X25“) - lm}

~ 2 2{
{ l lv 03' + xaalo + x2020) = ,'HJ. - '5'QA} + 8 X"'B+ x.uC

- 2°A - 12y } ’ (32)
or
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= é{B&H Sp + 8¢+ Xy -%x“, - (=X “Xel~-)} |

= %{3&+52+s6+X”.A-%(2X,., +5(a+b+c))}, (33)
since X, ,, 6 -~ Xll-- - X2l-- = a+b+c.
From formula (22)
b= bt bpg - By - By - 05 -0y - 2By
l}xoooo ~ 1 - - 1
= -—-—]—:8*‘—- +,+QB-'§{X11 “3X+X21 BX} ""5' 13.
+ -6§+2A\-2X -6x+2A)
X2cl-o 3] 3 eeeB DB
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g{ib + 83 +'sh + X’NB -z X, ..o+ Xll" + X21°°}

(EX.”; + 3(a +b+¢) 1
) (34)
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%{Bb + 33 + 5), + X"'B -

= a+b+c.
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%[X“.A-6§+2(—2—E){3a+52+36+X.”A
1
-5—(2X,,,,+3(a+b+c)}]
1 l l 6X-oeo l
'B[X.“A(1+E)+H(3a+82+s6)-W—-E(a+b+c)]
i[sx“.A»fea-b-c+52+s6~?3zx°,,,].-52, (36)
L[58, ..o +2b-a-c+s, +5, ~2X,...] % (37)
-éE seop 3 ,-I- 3¢aco )

= l[SX +2c~a=-b+s5, +8 ~-2-X ] -z (38)
-é-E eoe( 1 5 3 xXxxl X

The estimates of column effects are:
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%{Xl°l° + é‘-[jc +8) 4855+ X, 0" 3%(“" - (a+b+c)]} - X1,..

.
55 {8Xlo1° + 3¢ + 5, + 55 + X'--C + Xy q,, F le”}

Q

“F e (39)

;,:fxlcga +glsa s, +ag+x,, -3, + 5(a+b+c)]}- % ...

1 ’ ' g = _ 5=
s {Bxlogo” 8+ 8y + 85+ Koopt Kyg. Xele)} = X500 % (BO)
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V15 = %{X1_3.+ %[ 3b + 55 + 5, + X, .5~ %’-(2}(””{ 3(at+b+c) ]}

= 5&{8){1,3, + 3b + 53+ 85y + X...5*t¥%q..* XQL-} - ’?10-- - -252 . (k1)
(As a partial check equation (39) + eq. (40) + eqs (41) = zero)

Opy = 1{ = 5=
Vs = 3% 8x201-+ 3b + S5 +5) + X, .5t Xiq..7 Xel“} - X5,,, ~ TX5 (42)

~

Oy, = §%{8X2~2-+ 3c + 8y + Sg + X-=~C+ Xll-°+ le"} - 522_“ - 1%;.; (43)

A 1 . ' - om
%23 = '2'1?{8}{2.3.“' 58+ sy +5g+ Koougt Xyy. 0t X21”} - Tpen = B (44)

(As a partial check eq. (42) + eq. (43) + eq. (44) = zero)

s
If the residual effects pp are set equal to zero then the estimates of the

column parameters are:

~ ' X ...
RN SNV S . L~
Dgi = xgioo ‘{gooo 3 xgloo (LLS)

To estimate the residuél effects of treatments ignoring direct effects of
~ A A
the treatments, it is assumed that §A = SB = SC = O. This assumption

A

changes formulae (21) to (23), in that the 83 are each set equal to zero, but
does not affect the formulae (3) to (17). With these revised equations, the
estimates of residual effects ignoring direct effects are (Séhv = Eéh since the
row and square effects are'orthogonal to the direct effects of the treatments;

P A A
Dgi‘ are obtained from formulae (39) to (k4) with pp' substituted for fp (for-

mula (45)):

(46)
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A‘ 3 h—x.'.. 1 xono- '
¢ o A— = ‘Ia[& bl ——F—l + g(Xll‘. + le.. - 6(""'81 "'""))
| l xl... -
+-5-{s2 + 85 = 6(——-1-8—-)}]
I AL (h+2+2)+-1-(x + )-F-J-‘-( +8.) ]
= 10 18 5% * 25,0 358, + 8¢
1 X,,..+3(@+Db+c) :
= 15 [3a + 8, + Sg - 3 1, (47)
since X, ,,, - Xy4,, = %5,,,, = atb+ec.
Likewise,
N 1 (X,... +3(a +1b+c))
pB' = % [3b + S3 +5) - . ] (48)
and
~ 1 (x,,,, +3(&+b+c))
pcf = 1-6[5c+sl+s5-— ; 1. (49)

The direct effects ignoring residual effects are estimated to be

A
(from formulee (18) to (20) in which Pp = 0):
~ X...
5.! = -X = X - X
J . X xoo oJ X (50)
The various sums of squares are computed as follows:
Total (17 d.f,):
SEEEX L .2 - X 2/18. 1
anig = Xeerd/ (51)

Rows within squares (2 + 2 = 4 4.f.):

2 5 Xghooz 2 E
gzl {hz_: —=— -%..59 (. ) ‘_ (52)
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S~querces (ignoring residual effects) = squares + columns within squares

(ienoring residual effects)(5 =1 + 2 + 2 d.f.):

: 2 , 2 X - X 2
§ Xg..'o - X.o.. + % { g g.io - gooc._- . (55)
g=1 9 . 18 g=1 i=1 3 9 4
Direct effects (imnoring residual effects)(2 d.f.):
Xo 0312 x- ~ e 02
P - o (50

J
Residual effects (eliminating column and direct effects)(? d.f.):

A A A A

+ X + X . + o X
p'Xéoo. mg geee Zzﬁgn gncc gi gaic

A A A A /\:
+ Z‘.BjX”,‘j + (pAa + ppb + pcc) -u );..o,

N ta)

A
- ot - ZIp . 'X - Z¥o_.'X ..
guxg°-o th, ghoo gi “gei-

A K A
- 55.tX = X . (v, =0
J Ted g-1°\ gi gi )
P

CaS F;
- AT ’
oooj(S_J‘ Bj ) + \ A.a + pBb + pcc)

[eq.(39) to {kk) - eq.(45)] + EX..,j(eqo<36) to (38) - eq.(50))

+ ZX

= ngoia
N A N
+ (pAa + pgb + pcc)

1., \ 1. l/
= = ¥ 4+ X + =X + no o =Y + X
= 3\-“] el 2,2/90 5\‘];,2 ]{2.‘2)0’A ¢ 3~ 1e35 2.],)DB

A

11‘. ,11\ 1A ta) A
+ XO..A(BQA) + X..,B\‘ng).‘- Xoooc(.a‘pc) + a'pA + pr + CDC

..lA - lA ( b4
-Z-aA(s2 +8g, +X,,,, +3a)+ Seglss + 8y + Xooup + %b)

1/\
+ -Zfoc(sl * 55+ X, .0t 3c)

(32 + 55 + 55 + X,,.,)% , 3o + 55+ 5) + Xeup)?
N I

(32 + 51 + Sg tX,,,c)

+ o + 3(atbic))? -~ (55)
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The sum of squares for residual effects eliminating columns but ignoring-

direct effects is:

A A A A .
X Z X + ' ' ' . 2
WX ooo B0 Kgug, + a0yt 4 DRT gt - XKy /3

%— {SA(BQ, + 8, F s6) + ;B(Bb + 83 + sh) + gc(3a +8y + 55)}

[}

30{(38.4-8 +s6) +(3’b+33+s,+)2+(3c+s +s5)2}

+ 3(a+b+c))?
20

(x

L RN ]

The sum of squares due to direct effects eliminating residual effects is

equal to

~

A ~
X, .., * mixi"' + ZZthXghg + Z).‘.uglxg.i.

A la) "N A

+ }:‘.‘60)(“.'j +ap, + bpp + cpy - KX,
~ ~ A
- X, ., - ZZthXgh. Z‘.Z\)gi Xg-io

"N ol A
t  § 1
(ap, " + bpg! + cpy?)
. la)
1

= %‘(pA - pAf)(sa +8g +3a) = —;;%

+ g(pB - pr)(s3 +5) + 3b)

+ 3(pc - pc’)(s:L * 5+ 3c) + ZSJX,,,j
= -—]‘—(2a-b«-c+ + + x
120 82 56 SX.-OA -3*0000)(82 +s6 + 38')
+-L(éb-a-c+s +5), + 5X -2 -)(7 b
120 3 l‘, oooB 3 es e e S§+sl'_+3 )
o+ 120(2c--a,-b-!—sl+s5+5}(__,0—-%-)(,,..)(5 +ss+5c)
+ I8.X o2 PP (X..,. + 3(a + b + c))

Jherei T 7360
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%(BA + :'i)(s2 +sg + ‘3a +15X“,A)
%—(GB + X)(s5 + 5y + 30 + 5X,,,p)

%(BC + SE)(sl + éS + 3¢ +'5X...C)
2

. .
—®y - 3%4(....()(..,.. +3(a + b +¢c))
-5-(8A+x)(s2+s6+5a+ 5X,.up = 3
1.5 - (ex,,,,+3(@+b+c))
-5-(63+x)(s3+ sy + 30+ 5X, g - 3
lA - (2xo..o+5(a'+b+c))
-5-(80 +x)(sl+s5+5c+5X".c - 3
(ll-x.o.ﬁ)g

360

)3/360

1.5 +3)2 -
5z:(aj + X) (&,,..
"1'%'6( (5X...A +2 -b=-c+s,+sg - -23-)(.,,,)2
(SX.”B +2b-a-c+s;tsy, - %X"")a

32
(5%,,.0 +2c - a-Db+s) +5g -%—xm;) }

(5x,,,,)2/360
%Zgje - 7].)('.‘.2/1620 (57)



