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Abstract

The maximum likelihood procedure of Hartley and Rao [1967] is modified by
adapting a transformation from Patterson and Thompson [1971]. This partitions the
likelihood under normality into two parts, one of which is free of fixed effects
and so provides estimators of the variance components that are invariant of the
fixed effects. A further transformation, adapted from Hemmerle and Hartley [1973],
reduces computing requirements to dealing with matrices having order equal to the
dimension of the parameter space rather than that of the sample space. These same

matrices also occur in the asymptotic sampling variances of the estimators.

1. Introduction

——_—

The maximum likelihood procedures derived by Hartley and Rao [1967] lead to
simultaneous estimation of both the fixed effects and the variance components that
occur in an analysis of variance model involving both fixed and random effects—a
model customarily called the mixed model. In particular, estimators of the variance
components depend upon the fixed effects. In contrast it has been suggested (e.g.
Rao [1971] and La Motte [1973]) that a useful class of estimators of variance com-
ponents consists of those that are invariant to changes in the fixed effects, i.e.
are invariant to changes in translation of the underlying variable. We call these

translation invariant estimators. Adaptation of a transformation used by Patterson
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and Thompson [1971] leads to a partitioning of the likelihood function into two
parts: one part is entirely free of the fixed effects, and maximization of this
provides what we call translation invariant maximum likelihood (TIML) estimators
of the variance components. These TIML estimators are not only invariant to the
fixed effects but also, for balanced data (having equal numbers of observations
in the subclasses), they reduce to the familiar analysis of variance estimators
for such data, a property not generally possessed by the maximum likelihood esti-

mators of Hartley and Rao [1967]. -

Adaptation of a transformation described by Hemmerle and Hartley [1973] that
simplifies computation of the Hartley-Rao estimators greatly aids the computing of

the TIML estimators and also simplifies derivation of their large~sample variances.

Maximizing that portion of the likelihood not used for the TIML estimators

provides estimation of the fixed effects.

2. The Model

The model for y, a vector of n observations, is specified in terms that closely
follow the notation of Hartley and Rao [1967], Hartley and Vaughan [1972] and

Hemmerle and Hartley [1973]. We take

y =X Upby *eer v Ub, * e (1)

~ ~~

t

where is an n-vector of observations,

i<

]

is an n X k matrix of fixed effects for k = n and of full column rank,

is a k-vector of unknown constants,

[ =

ig an n X m, design matrix associated with the ith random factor

with m, = n levels,



-3-

b, is an m, -vector of random variables which are i. i. d. N(O,a?),
with the gi's being mutually independent,
e is an n-vector of random variables which are i. i. 4. N(0,0%) and

independent of the pi's .
Hence y has a multivariate normal distribution with mean and variance

E(y) = Xu and var{y) = Hu® (2)

where

(]
H= I ¥.U.U'+

= ¢2/g2
jop ~ieisi Iy for ¥y = Gi/c ‘ (3)

The symbol u for fixed effects emphasizes the generality of the model insofar
as fixed effects are concerned. u is a vector of the maximum number of linearly
independent estimable functions of the fixed effects. The simplest such vector
has as its elements the population means of those of the sub-most cells of the fixed
effects factors that contain data. The corresponding E of (1) then has a simple
form. Define y as being the obgervations ordered so that all thoge within each

sub-most cell of the fixed effects factors follow one another sequentially. If

there are k such cells containing data, with the t'th one having n, # O observations,

then
Enl 0O ese 0
k
x=19 1in O 1= 5"1 (4)
O LN 1
L ~Dy |

. + .
where in is a vector of n, ones and vhere ¥ represents a direct sum of matrices.
~y

For example, if the fixed effect factors form a 2-way crossed classification with
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the r'th row effect represented by o, and the s'th column effect represented by
ﬁs and the interaction term by Yrs’ then u has elements (ar + Bs + Yrs) for those

of the cells having data in them.

3. The Estimators

The logarithm of the likelihood for y e~ N(u, 1302) of (2) is
A = - ynlogen - znlogo® - floglH| - #(y - }g)'}}'l(g - Xu)/o® . (5)

To partiticn this into two parts one of which is free of u, Patterson and Thompson

[1971] suggest the singular transformation

S
z=|"|y (6)
3 -~
where
k
Q=x""Y, and s=1- x(xx) ™y = T (5 - n:l J ), (7)
~ .~ ~ 4 AN X L& n, ~ny

where Jn is an n, X n, matrix with every element unity. Then, with S being sym-
Nt ~

metric and idempotent and

sx=0, (8)

~ow

z has the singular multivariate normal distribution

Sy 0 SHSo2 0
z =~ ~ PR PO I = . (9)
~ (Qy) (X'H 1 u) ( 0 X'H 1x«:z)
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It is clear from (9) that the distribution of §Z is free of the fixed effects
b The likelihood function for §g therefore forms the basis of our derivation of
translation invariant maximum likelihood estimators of the variance components in-
volved in §02 . However, to avoid the singularity of SHS in (9), arising from the
form of S shown in (7), we use an alternative derived from S by deleting its n; 'th,
(m +ng ) "th, (ny +ng+ma)'th, +++, and (n +mg+eee+n, )'th rows. Such a matrix has order

(n - k) X n, and denoting it by T, we have

13
i}

;ZZ [(znt-l Ofnt-l) B n'-'.]-.‘?(nt-l) X nt]

“L- 1)
Int ny ~n,.--l - Dt ént-l (20)

3 - x 3
where g(nt-l) X n, is a matrix of order (n,-1)X n, whose every element is unity. From

X of (4) it is readily seen that

IX =0 (1)

Lanad ~

analogous to (8); and by the nature of T itself, it is easy to show that

DS LN (12)

. Ty
As a result of (11), the distribution of [~ | is just like (9) only with S re-
Qy -

~ o~

placed by E « Hence the log likelihood of (5) becomes A\ = Ay + A2 where
M = - 5(n-k)logon - %(n-k)logo?® - £log|THT'| - %y'T(TH.T').lT'x/c2 (13)
and
— kN ; < - - -
Az = - gkloglm - zklogo® - glog|X'H l§l - 3(y - Xu)'H lX X' ) xwNy - Xu)/ o2

(14)
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The estimators of o2 and the Yi‘s that we call translation invariant maximum
. likelihood (TIML) are, following the method of Patterson and Thompson [1971], those

values of 02 and the Y;'s that maximize A . Differentiation of (13) gives

oA\ -
— = - 3(n-k)/0® + % y'T"(THT") "T1y/c* (15)
502 ~ o~ ~N~t~ ~n .~
and
37\1 - 1 tmt =1 tm ] -1 tm1 t -1
—_= a3 tr[UﬂE (THT')™"TU,] + ¥ y'T'(THT') TU, U, T (THT') ~Ty/ 02

for i =1, 2, eee, ¢ , (16)

where tr(A) is the trace of a matrix A .

Equating (15) and (16) to zero gives the TIML estimators. The resulting equa-
tions clearly have no analytic solution and have to be solved numerically. An
iterative procedure is to first assign initial values to Y' = {Y5,°--,Yc} and then

(i) solve

6% = y'T* (THI') "'Ty/ (n-k) (17)

based on (15), and (ii) use the Y-values, and &% from (17), to calculate new
Y-values that make (16) closer to zero. Repetition of (i) and (ii), ending at (i),

is continued until a desired degree of accuracy is attained.

Although Patterson and Thompson [1971] give a procedure based on Fisher's
iterative method for ¢ = 1 and suggest how to use it for ¢ » 1, the Newton~Rhapson
technique is well suited to the problem of finding successive values of Z that
zeroize (16), and has been effectively applied by Hemmerle and Hartley [1973] to
similar equations of the Hartley and Rao [1967] maximum likelihood method. We use
their application here, first adapting a transformation they use, which simplifies

notation and computing procedures.
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4, The W-Transformation

The Newton-Rhapson technique for finding values of the elements of Yy that
zeroize (16) utilizes the second-order partial derivatives of A, with respect to

the Yis. These are, using (16)

3%\
3Y; 3V

= 1y 1y=1 tmt 1y=1
2 tr[U T(THT")""TU, UIT " (THT ') 1Y, ]

- y'T(zEr) " u () Ty i)~y /o2 (18)

J ~ ROrre

fOI‘ i,j = 1, 2, eoe, c .

The matrix products in (16) and (18) are summarized in the following transformation

to W suggested by Hemmerle and Hartley [1973].

Define
U= B o W (19)
and
ZJ ={¥ij} for i,j =1, 2, ees, ctl
U
= |~ | o)y ) (20)
y
so that
yi,j = g'g'(ggg')'lggj, of order m; X m,, for i,j =1, -+, c
H',c+l =W, = H£~'(E§g')-lgz, a vector of order m;, for i =1, «»¢, c

=
]

= V'T'(THT')-lTy, a scalar .

~ron ~

~CcHl, e+l



Then (16) and (18) are

My
— = - % tr(W,) + & wiv./o® (21)
and
az)‘l 1 ? t 2 CR
=5 tr(EﬁjHij) - Eiﬂijﬁj/a for i,j =1, «se, c . (22)
Y. dY,
i J
Additionally, (17) is
82 = w/(n-k) . (23)

To use the elements of W in (21) — (23) we need, from (20), the inverse of

THT', which has order n - k , For many data sets this will be impossibly large for

o~

the computing of (THT')—l, but the following development reduces the inversion to

c
that of a matrix of order m, = X m; the total number of levels of all random
i=1

effects in the model. Although this itself may also be impossibly large for some
data sets, it is always less than n ~ k, frequently much less, and in many instances

will be such that the inversion is computable. Defining

S+

D= £ ¥.I (24)

~ i=1 1.0,
and

z = UP% , (25)
recalling that Yi is by definition positive, we have from (3)

H=1+22" (26)
so that

THT' = TT' + TZZ'T' .

~Noro ~AN e



Then gimilar to the well-known result

gl o (1 +z2)t =1 - 2(1 + g'z)'lz' (27)
we have
(THT')'l = (TT')'1 - (TT')-lTZ[I + z'T'(TT')“lgEJ' g'T'(gg')“l (28)

which, when used in conjunction with (25), leads to T'(THT')"lT of (20) being

PU(THT' )T = § - SIMTIU'S (29)
for
-1 ¢
M=D" + U'SU, of orderm = Z m, . (30)
-~ ~ o i=1
Now define
U' WOO o}
W=~ |slu yl=|"" ~ (31)
~0 ~ o~ ~ 1
y w W
which, because of (12) is W with H replaced by I . Then from S of (7)
W, = U'SU=U'U - U'X dlag{l/m;y .-+ 1/n,}X'U (32)

where U'U is the familiar "coefficient matrix" for the random effects; (i.e., if
p were null and the random effects were in fact fixed, the normal equations for them

would be U'Ub- = U'y). And in (32) a typical sub-matrix in U'X is

~ o~

Uix = dng 5y 4

5 X k matrix whose typical element ni(j),t

} for j =1, eeo, m, and t =1, +-+, k,
an m
is the number of observations in the j'th level
of the i'th random effects factor and the t'th

sub-most cell of the fixed effects factors.



Also in (31)

w
~0

From (7) Sy =

-10=

USy~{USy},m X1, fori =1, eev, ¢ .

~ Aens ~L ~ oo

z is the vector y with each observation replaced by its deviation

from the cell mean of the sub-most cell of the fixed effects factors in which it

occurs
Z
Hence
W
~0
and
w
o)

and on using

1=

= Qv = (t ‘t J )y [{yt 1 } for t = 1, soe, k] . (33)
= {Uiz} = {an m, X 1 vector of totals of the z's, totalled over
each level of the i'th random factor} (34)
for 1 =l, see, C
= y'Sy = total sum of squares of the z's
= within cell sum of squares of the y's for the k sub-most
cells of the fixed effects factors. (35)
(29) in (20), W becomes
VAN
=W - |~ |swtusiu y]
~0 N vt
y
W w_ ] W
_ |~00 ~O ~00 M-l [W w ]
w' oW w' |~ ~00 ~0
| ~o0 o] ~0
(W - W M"lw W~ W M Ty
- ~00 ~0 ~00,., O . (36)
W' w!'M lW w - w My
[~0 = &0 ~ ~00 0 ~0 ~ ~O




-11-

Notice also, from (24), (30) and (32) that

M=Dt+w
~ ~ ~00
¢ + 1 1 . 1
= £ (1/v,) I +U'U - U'X diag{l/n +++ 1/n }X'U (37)
i=1 i"m ~~ o~ ~ ~

In this way W of (20) for use in (21) ~ (23) is obtained from (36) using W of
(31) — (35) and Mt from (37). Since ML has order m it is more readily computed

than is (THT')-l of order n - k in (20).

~ro~

With these expressions, implementation of the iterative solution of equations
formed by equating (15) and (16) to zero can be carried out exactly as suggested by

Hemmerle and Hartley [1973].

5. Estimation of Fixed Bffects

The likelihood (5) has been partitioned into two parts Al + h2 in (13) and
(lh), the first of which has provided the preceding TIML estimators of the variance

components. Maximizing the second part, KQ’ with respect to u provides an estimator

= TRy (36)

L & =354

of the fixed effects. Substituting from (27) for 2" and using (25) for Z the terms

of this expression are

1
v
fl
<
)
’
e
g
P
)
+
1
a
p
[]
|
15e

and
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X'X = diag{ny,see,n,}

Hd
]

f'! = {Yt,} fort =1, .., k, a k X 1 vector of the cell
totals V. of the sub-most cells of the fixed effects

factors

U'y is an m X 1 vector of y-totals for each level of the

random effects factors

1 £ M.

~

[o}

and where X'U is described below (32) and D~ + U'U is, from (37), part

With the TIML estimators of the Yi used in D-l, an estimator of p based on those

estimators is obtained. If ;1 is the value of H when the TIML estimator Y is used

in place of 3’ in H the corresponding estimotor of p will be
no= xmx)xEYy .
The true covariance matrix of this estimator is
var(p) = (X'F0) B X (x'Tx) o
and if the TIML estimators are used for § and o2 this becomes
() = 1Ty~ 152
var(p) = (X'HX) 0%,

the covariance matrix of p using Ho2 in place of Ho2 .

6. large Sample Variances

The preceding TIML estimators of o2 and of Yy = o?_/oz for i =1, s«+, ¢ have

‘ been derived from (13) which is the logarithm of the likelihood of Ty . They are
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therefore the maximum likelihood estimators based on Ty . Define

1]
Q

2 (39)

and

0% = = = . (40)

Then, because Ty-v N(0,THT'02), the covariance matrix of the large~sample maximum

~ oA~

likelihood estimator of o2 is, from Searle [1971],

var 82 = 2Pt = 2{pi3}"l (b1)
with
-1 3 (THT '0®) 1 3(THT '0?)
p.. = tr[(THT'Gz) —zx  (THT 'g2) —-—"ﬂ-———] (k2)
W R 302 T 302
i J

for i, j=90, 1, 2, ¢¢v, ¢ .

The elements Pij are readily obtained from

Ho® =§a U,U; + 02T
of (3). Thus
Py, = trl(1/o®)(THI')" THT 12 = (n=k)/0*
p_. = tr((1/e®)(THT"')" THT (1/0®)(THT" )’lTU u'T']

oJ v v ~Jmdn

1/0* tr[U T'(THT' )1y, ]

~—— ~J

tr(w.jj)/04 from (20), for ,j = l, eee, C
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and
Py = tr[(l/oa)(THT )’1w u,;T’ (1/02)3}55 U Ug ]
= tr(ylawi ,)/o* from (20), for i, j =1, «+¢, c
Hence
-1
(nk)/o* {ex(u, )} /o*
var(§2) =2 (43)
{tr(yj p )}/cr4 {tr(wl jwia )}/a

for i’ j =1, ".’ C Ld
so that from (40)

s (n-k)/o* {tr(w }/02 =

var =2 (4k)
{m(Ej,j )}/02 {tr(W13~lJ )}

QQ

<

for i, jJ =1, eee, ¢ .

These results can also be obtained from second differentials of (15) and (16), by
taking expectations and changing their signs. Estimators of (42) and (43) are ob=-

tained by using the TIML's in place of ¢2 and Y .

Note in passing that because the matrix in (44) is positive definite, the value
of var(o2) obtained from (44) will exceed 20%/(n-k) which is the variance of 6= of

(17). This result is not unexpected since (17) as it stands assumes Y known whereas

(44) is based on estimating 02 and the ¢ elements of Y .
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APPENDIX: The Iterative Procedure

Implementation of the Newton-Rhapson technique follows Hemmerle and Hartley

[1973] very closely.

Since by definition the parameter Yi is positive, negative values are avoided

in the iterative process by defining

Ti = /.Y—i . (h5)
We then have
A A
i 2t 1 (46)
and
2\ Y YN
1 - b, LS 28, 1 (47)
BTiBT aYian BYl

where Sij is the Kronecker delta., The iterating is done on the Ts and at each round

Y; is taken as Ti + On defining, from (21) and (22),

(1) = {} 3 = {Fru,) + /o), ex1 (48)
*(y) = {aY aiLz} {atr(Hl;,W';, -W;E!uﬁa/vz} (49)

for i, j =1, eee, ¢

and
D (1) = diegl® -+ 7.}

and

D (z) = dlag{-——--o- - dlag{f*(y) ees T (Y}}

c
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we then have from (46) and (47)

2%

£(1) = {;_} = 20, (2)£* () (50)
Ti

and

G

6(1) = {—=2F = 4D (5)a*(¥)D, (¢) + 2D,(Y) - (51)

_~ BTiBTj bt RS ASER S R put- A

Suppose Y(r) is an approximate value of y that makes f*(z) of (48) null and

hence (21) zero, and oe(r) is the corresponding value of ¢2 from (23). Let «7) pe
the vector of values Jyé') . Then the Newton-Rhapson method is based on the ap®roxi-

mation

~

£ (¢ r+1) ot = £(7¢7d) + G('r(') )AT

so that if the left-hand side is to be zero, which is what we want,

-1
- G(:E(r) )] f(‘t'(r“')) , (52)

AT

and

= ) gor ot = [ 4 (53)

~

and

2
Y§r+l) = [,‘.:(ir*l)] s for i l’ vee, C . (5"")

Using (54) in (23) gives 02(’+1), and the approximation can be repeated. The itera-
tive procedure is therefore initially
(i) to calculate W from (31) — (35)
and (ii) to assign initial values Efl) to y,

and then the r'th round of the iteration consists of the following steps.



=18~

Step Calculation Equation

1 M and M-l, using Y¢*? for v (37)

2 W (36)

3 02(r) = (v, = v;lj'lgo)/(n - k) (23) and (36)

4 () ana F(¥) (48) and (49)

5 £(x**) and o(s'*)) (50) and (51)

6 4T, 3“+1), and 3"+1) (52), (53) and (54)
T Return to step 1

The (r+l)'th iteration ends after step 3, and the procedure is complete whenever

sufficient accuracy has been obtained.

The estimators are designed to maximize the likelihood Al given in (13). If

02 satisfies (17) then (13) becomes

X, = (n-1)(logen+1) - 3[(n-k)logd? + log|THI'|] . (55)

~rves

Since the estimates are calculated by iteration it will be of interest to evaluate

Xl at successive rounds of the iteration. Clearly, from (55) we need only look at

(n-k)1ogd2 + log|THT'| (56)

~ro~

which can be expected to decrease at each round. To evaluate |THT'| we use the

determinant of a partitioned matrix.



M U'T'(TT')'l
(27) "LTU (zpt)~t

1

i

@™ - @) e )

~

= Ju||(zz) | by (28)

|(zz) ™ i - v (o) oz (o) T

1]

= 1) 0 vy (30) .

Hence

|THT'| = |M||D||TT"|
and so (56) becomes
(n-k)logo2 + log|ﬁ| + log|ﬁ| (57)

since log |TT'| is constant insofar as successive iterations are concerned. This

in turn is

c A A
(n-k)logo2 + 12_31 m Zl.og'Yi + logllﬂ . (58)

i



