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Abstract_

A stochastic discrete time model of a two rprey, one predator interaction,

" an extension of on« ! tuo species medels nronosed by Leslie (1958) and Leslie

and Gower (1958, 1940), is studicd  Monte Carlo sirulations and the stability
nroperties of the auanlogous continuous time deterrinistic model sucgest the

following hypothesrs: 1, The two mray, one predator interaction is in general

unstable. The ranze of parameters allowing coexistence of all three species is

small, 2. Deterministically the predator always survives. 3, If the parametérs

-’éefining the effects of density on the rates of population growth are large, the

simulations lead o the rapid extinction of all three species or all but one of
thelﬁfey snacies even if the intevaction &s deterministically stable, 4, The oﬁtcéme
of this. three species interacfion iz largely probabilistic over a wide raﬁge of
parameters. 5. A trey species with a competitive advantage over a second prey
épecies may still find it difficult to invade and disvplace the second prey sPeéies
if the deneity of the fspcond-orey snmcie§ is high., Increasing the density of tﬁe
predator offsets this numerical advanta~e somewhat, 6, The introduction of a
predator common to two non-competing species of prey usually leads to the
°xt1nc+xon of one of the prey speciﬂu. 7. In a stable two'prey, one predator
interaction the fluctuations of thg two prey sfeéies'aré non-periodic and erratic,
The.fluctuationé of the'rarer;preyASpecies atre damped rélative to the commoner

species and théfluctuétions of the rarer prey spscies behave as if the series haé

no flxed mean abundance, The ﬁredator population fluctuates with a remarkably

constant. period, The relevanoe of these hypothesps to the nroblem of relating

.pOnulatzon qtah:li+v and anqistence with the number of species in -a ccmmunitv 1¢ 

discussed,




Introduction

stﬁdied discrete time stochastic modcls of one and twd species population

“interactions based on Kendall's (1940) discrete time bdirth-death process., 1In

Kendall's model the exmected population density at time 141 is

b, -d, ), '-
F‘(Nt+1|Tv)=f>*+ LN, . : : 1).

where Nt is the population densitv at time t and b and d dy

are the intrinsic birth
and- death rates at time t respectively, ‘IF the birth and death rates are constants,
Eé, 1 is easilyAfecognized as a discrete time.version of the familiar exponential
growth function

The variance of the denQitv at +1mP t+l is

‘ b, +d ' § -
Tt (b,~d,) , || (b,-d,) 3
Var(Nt+1[ Nt) — et | et T Ny bt% dy
v T %
2B, N, by =d,

- The growth of the nopulation can be simulated with Monte Carlo techniques, By

assuming that N 4 is normally diSfr{Butéd the effect of chance can be incorporated =
bys 1) cainulating'W(Nt+1[ Nt); 2) caloulating Var(Nt*ll N')‘»B) taking the square - g

root of the varianoe and multin]vinv 1t time°fa random normal deviate with zero mean-

V and variance of one, and #) adding this deviation to E(Nt+1| N ) The proca==

is continued by using the quantity calculated in step four as Nt‘ The normality -

'assumntion is Juetified 1n a paper bv Bartlett ‘Govwer,. and Lﬁslie (1960) Althngh'
"‘the distrihution of dencltwes at nime t+1 cannot ve exactly nornal, the normal
.apnrowimation <hou1d be reasonably good prcvided the abundances of the spe01es are:-

inot too small,



’ - A logistic model can be written as

>\Nt

1 + =< Nt

BNy M) =

where the constante< is ( A - 1)/K with A the finite rate of increase and K the
carryling capacity of the environment, Because the finite rate of increase A is

equal to e¥, 1n A ¢ = Ty The quantity 1 + X y, z'?'iw represents a linear functional

dependence of the rate of increase on density so )\ = >\/_<_1t The variance of . Ny 1

‘ 'can Be found by aesuming that either the= birth rate or the death rate remains
constant, i,e, is not affected by densij:,y, Leslie. (1958) shows- for a birth rate.

" constant model o

O var(N, ., | Nt‘)v - ol 1. ?\t_ -1 .x«:(NH.1 | Ntv) o r fo
'"-=2bE(Nt+1\N,C) | o : ,rt=0‘;~
For two com@.et-ing ‘species 1\11 and- ;\_12 L
7\1N1(t)
N t+1> lMt), N, (t)
1 1+o<uc+.)+/3 (t)
1 1 1 ?

5 z(m
‘N (8) + ﬁ Ni(t)

!
T

- The pararreters <><1 and x, represent the Ar _ce“ of the densit ‘Trof’ each species

?
on - its own rate o:f‘ incrpase , and [31 a.nd P the' e:f‘fect of the density of one

species on the rate of 1ne:rease of‘ the sé’ nd

fThe de*beministi stationary point .

‘of the two compefgj;‘;flg spec%es interaction,, £



s Ny - 1) - By, - 1)
<4, -4 B,

LS -0 - By - 1)
2 BB,

I Ly, L,> 0, the interaction is stable, i.e. both species persist, provided

°(1°< 'p (3,0

’I‘he Leslie—Gownr model of a predator-prey interaction where Ni is the density

© of the prey species and ), the dens1ty of the predator population is

| ’7\1N1(t)
148, N, (t) + \IiNz(t)

7 [y |3, mm)] -

5
o N (t)
4 tety (N (t)/N (t}]

[N (t+1) | N, (t), N (t}]

where Vl represents the effect of the predator density on the prey rate of increase

~and c>(,3 is a param‘eter delno*l;‘ilmzr the 1nf~1uence of 'theb 'dénsity »of' the prey relative
'to the predator density on the rate of 1ncrease of the predator The deterministic

| stationary point of this predator-prey model is

?\ -
o LGN -1
prey {31()\ - 1) +°< °(

3 : " .
1 - ( >‘2 ) 1 )Lprey
predator - T

A Xy

o This stationary point is a stable point provided )\1, >\ 7 1 1n contrast to the
: Lotka—Volterra model 1n which there is no damping of the fluctuations of‘ the two

populations to 'the equilibrium point



The variances of N, , for each species in both. fwo.speciés inﬁexactiéns R ?

" (Egs, 2,3) for the ith species are

>'var.-._[N1(t+1) | Nl(t), Nz(t)J = —-;1—2:)— -1 )\i(t) -1 | E [Ni(tﬂ)] .7\1(1:)741_
2, ® (Ni(t-l-l)] o . A ()=t

Where_bi‘is the constant birth rate of tﬁe ith species, |
The properties of the twq competing species model aiendiscusséd in Leslie‘andnl
beer~(1958).j.The pradatorap#ey system results usualiy'in a pair Of'démpéd curves, |
but stochastié fluctuations afe'continually reassertihg fluctuaticns in b@ﬁh »the-
prey and the predator populations, Aé the bredator pressure,-Yi,iinCreases,rthq_
fluctﬁations relative to the mean density of eachrpopulatioy bécémé ﬁo?ériﬁﬁeﬁ#e
- énd can 1ead.to thevéxtinction of the ﬁref or the predatﬁt.populétipn even ﬁhcggh é
”thp system is deterministiually stable F@r£her prcpertie§ §f'the‘mzéglnare d1s¢ussé§

" in Leslie and Gower (1960)
A Oﬁe»predator, £WO'preytinteractidn1'Thefdéterminisficfmédéi ,»- 5

- The. tasic discrete time model can easily be extended to three 3pecies,
: Dredator and two prey =peci@s This system also corresponds to a one narasite two
' host 1nﬁeraction, Bepresenting the two prey sPecies and the predator as,ﬁi, ﬂz,

and N respectlvely

=3

(tﬂ)h | 1+o< (t) + (31N ‘(t) +. V |




Ao, (4)

Wt =
1 + =N, (1) + {32N1(t) + Y nj(t)
» >\,,_N3(t)
CoNa(t) = 2
ro? L+ oo [ (8)/8 ()43, (8)]

: ' .The stationary vpoints Ll' LZ' and L3 of this system of equations are

| Y, ( h,-1 Y, (At
()\1_1)%2*.' 2( 23 )] - ()\2_1> [ +_._(___3__.>_]

. =<4 =~
Ly =
(Ag-1) Y, (A1)
 Pby 0, e 20T oy
Yy (N5 - Y. (N
(A -1)[« + Al 1)}~(>\1-1)[f3?+ 2{ My J
Ly = : _
- (A1) N,(hge)
~yop Py Py ¥ g (g ) ¢+ T (e PRy
oL (N g-1)(1y + 1)
-3

. Define the following three quantities:

N, Ou) |
(A1) [Pi L J

T E | Ty (>\ -1) o



- and

(Ao ) Y (?\ ‘1)
x = -{31(5 TG =<3 (op -(35) + ~2

(“1 "ﬁi)

=3

It is shown in Appendix I that there are four possible outcomes of this two prey, |

one predator interaction:

1. x> 0; ¥y ¥y & 1 ‘ ©  Interaction stable, all three s;;ec-ies» :
_ survive
2, x&L 0 ¥4 <1, yé >1 ' . Prey species one and the prédatqr

persist, prey species two becomes

extinct o
O 3, ;FA 05 ¥4 > 1, y2<' 1 o Prey specles two and the 'predratpvrr
| | | | 1p_e,ars,ist , Drey species one becomes .
eitinoﬁ, : - |
| b, xg. 0; Yy y2>_ 1 | } . _ Un*stable‘j -stationary péint‘, 'e’ithér prey

specles: one or two ‘oecoming extinct
‘depending on the initial densities of

211 thr:ee ;spec les

If the system is not qtable, the stationary states for the remaining prey svecies
_ and the predator or parasite are given by Eq. LL Some sPecific examples of the
""deterministic model aye given b@low ‘ ’
N No competltion -- The course of population grewth .’Ln the three species with the
“ parameters e<1== 0005, g .0007 Pl {32 0, ‘l =Y,- ooz ?\ *1 2574 A, —1 3378, and
'?\3=1 189? and °(3== 285 and with initia,l densities ‘Nit_ 21=N3='10 1s illustmted in
an;e x 7 o,.,‘;1= 8 55, and 3’2 .9904 Because o

| Fig, 1 The quantitie¢= x, ..yi, Vand 22 :

X 7 0 and bo’t.h y1 and y2 are 1ess than ene th,_:,system'is stable ahd all three .




.Unstablef stationary state - If the parametexs of the model are o< 1=,000Lp u(

species persist ﬁi‘b‘h sté.tionai'y states'§1=37.',;8, ,112*11&1‘.8_‘—5,: and ;3#11‘9,25. ' .Ha;tei}ér,_ :
' if the predator 'pz;éssuxe on svecies two is decreased to Y 2=.001, _;;181.0'56.8 and o
?2=.~8§28; thé first prey species will become extinct and only the second prey slﬁeéié:‘sr
© will persist. 4 Increasing the pressure on the second prey species to | o= .01, = 7823 ':_
‘and y2=1 7654 Thprefore the second prey specles will become extinct and the :f‘irst

" persist, Therefore if two non-competing species occur together and a predator or
;;arasite common. to hoth is introduced, the model predicts that over a wide range

of parameters one or the‘other of the prey specles will become extinct., In field

. studies this unstable interaction might be mistakingly interpreted as competitive

exclusion,

Stable"state, competition present.-- If the parameters of the model are o 1=.GOO§-
",a<2'=.0007, (3 4=.0003, (32=.0005, Y 1=.ooz‘o, Y2==.oo35,o< 3==.285, 7\1m1;_2571¢,

A 2"1.3378, 7\3a1.§892, then x 2 0, y, & 1, ¥,4 1, and the systém is ‘sta’bléf wif:h,

; steady states ‘L1=72 13, L,=77.14, and 1,=99.10, In the absence of the pré.dator

this competitive interaction is also stable with steady states L1=39u 20 and L2='
'201 'OO The preSFnce of the predator has caused both sPecies to reach equilibrium', .
'v'at much lover. densities than 1f the predator were absent If the predato-r‘ pressure_s ;

on bothvsnecies are equal, 1i.e, V-= Y 002, x<& 0, ¥y, 57 1, v, & 1 and only the
1

v V2

'%econd Species of prey will persist even though the two - Species competitive interactionf?
15 stable In fact in the vast magority of cases the three species system will be

. '.uns’cable even though the two prey competitive :’mteraction may be deteministically

>:stab1e

2 10005’ -:

-(li=.oooa. P,=.0007, Y,=.001, Y2 .002, and- the finite rates of increase as before, 7

thén x & 0, yiﬂi 01, and- y2.=1 11, Because both 11 and yz are greater than one, the
stationary state is’ not sta.ble and one species of prey or. the other will become .

| extinct depending on the initial densities of both prey snecies and the Dreda.tor



var (i, (4] 1y (8),1,060, 1,6 =

If initially N1=N?ﬁﬂ3=10, prey specles two will become extinct This intergétioa;

" is shown in Fig. 2. The paths to extinction with different initial densities'are

quite complicated compared with paths to extinction for the non-stable stationary E
state in the two species competition model (e.g. see Barnett, 1962, fig. 1).

Competition with one prey species always persisting,-- If the parameters of the

model are o ,= 00073, «2=.OOO5, f31=.0005, P2=.OOO7, Y1= Y2=.OO2, and the finite

1

“rates of increase as before, then x«< 0, y1=1.06, and y,=.99, Only prey Specieé

- two will persist,

The Stochastic Model

The expected densities of,the three species in the stochastic model, 1i,e,

B [Ni(t+1)1 Ny (t), Né(t), N (ti] are the same as the deterministic values given by'

Bq, 5. TIf the birth rates b, remain constant the variance of the density of the.

<1

A.ith species is :

o e ]
\ _%i(‘t)ﬂ;"
el e

In tbe simulations of the discrete time process that follow, pseudo-random

:ﬂnormal deviates with a zero mean and unit variance were generated using the GAUSS

'+ subrontine of the mv Scientific Su’brourtine ?acka.ge, jon lIII (19?0)




A simulation using these parameters started with initial dénsitiés

" shown in Fig. 3 up to =400,

check this suvposition serial correlations

"the oorrelation of +h
"'time t+s
'ilThe serial vorre]ations are Dlotted as a correlogram in Fig. u{

" correlations were eetima+ed with n~h00 i.e.

 expected from samplP fluctuation% '

,intervale-

_1-N2=N3=10'1s B

The densities of all three species fluctuate con-

sidérably about their equiiibrium values, Because of the nature of the model

consistent periodical fluctuations are not expected, i{,e, fluctuations in the

population densities should have at most variable periods and amplitudes, To

were estimated as

-8
n=-s n
n-s Yt ’ x*+q
X% _ = t=s+l = 7.
! £t t+s nes
ta‘l . i
r = T

ey

n-g n-g - n 1
vl 2

>, X -( X) Ines 2 : - ( \/n-s

= &t T\ & +1 Fite

where -t'is the density of the population at time t and ¥ the population density

Bots

The épria7 correlatioh T,

at time t4s where s is a lag of s time periods, fepreépn£s ‘
population density at time. t with the nonu1a+ion density at
| Lag periods of s=1 to 50 were used and the =Pria1 covrelations estimated
The serial
frOm +=100 to t=500 after tna series
representing the population -densities of the three sPecies had” reached the stationary‘;
voint, | - | | _

The correlograms of the three Qnecies are strikinglj different The

correlogran of Drey species two anpears to damn down ?airly rapid]y, and. the o

. deviaticns of the correlogram around S=O are not consistenf or larﬂer than would be f

=

However the correlogram of prey enecies one

is suprising The COrrelogram has not reached =0 even after a lag of 50 time 3 5

This behavior can possibly be 1nterpreted as an exceedingly long periai j



fyto'eech fluctuation of the density of prey species one‘cr 5efﬁ§§s¢d€er'56ftiﬁe -

_'intervals -In contrast the *1uctuations of prey species two and the’ predator o

:have fluctuations covering on the average only 10 to 15 time intervals, An alternativj

.énd'ﬁossiblg more reasonable interpretation of the first prey species is that the .,51»#a

fluetuaticns are symptomatic of a stochastic ﬁrocess non-statioﬁary in itsAmean.

In fact the failure of the correlogram to decline_to zerc 1s characteristic of

,stochaetic proceesee'behavihg as if they did not have a mean (Box and Jenkins, 1970);

- Therefore, if the fluctuations of prey species one are truly non-stationery'in theftc

mean, prey srecles one will fluctuate in.abundance without any fixed ﬁeac valﬁe in ‘

- spite of the stable stationary' point predicted by the deterministic modsl, Also, e

if the fluctuations of prey species ornie are non-statianary, the drift of the series

}should eventuallv insure the extinction of the first prey Species even though the

system is deterministically-stable In the simulation, however, extinction had net

. occurred by t*hOO although the sPecies approached extinction at 1east once Perhaps

j‘in a stable one nredator, two prey cpecies system the 1nf1ucence of the commoner

.,prey species and the rredator nopulation tends to damp fluctuations in the raxer ftfi;

prey snecies and cause the rarer nrev species to behave as if it had no fixed mean-'tu

_,abundance In a natural 51tuation this tendencv would cause the rarer sPecies of .

: prey to have a much more stable population density, but possibly it would also :"'

ljinsune the eventual extinction of the rarer prey species '

The correlogram of the preator is also interesting. Although the deterministic

S model does not pxedict a periodical fluctuation of the predator Dopulation, the

correlogram of the simulation of the predator ponulation shows a clear tendency for

a perlodical fluctuation of about 16‘time 1nterva1s Up to a lag of 50 time intervals;?:

‘,there does not appear to be any tendency for the correlogram to damp dOWn To |
‘1nvestigate 1ags of longer than 50 time intezvals a spectral analysis of the pop-:%

| “f'_ulanon densities from :c=1oa o ;=5oo was ca.rried out using me‘thods described 1

;Bartlett (1966), The Spectrums of each of the,three sp;fies are measures of the

‘density cf fluctuations of frequency f and pexiod 1/f ;»A&sharp peak 1n the spectrum



is indicative of a true periodical component to the series wh11e mere rounded peaks;?
indicate a periodical tendency of variable frequency or perioed, theiiariabiiityf

of the period increasing as the wildth of the peak increases, Nelther of the prey -
sﬁecies populations showed any tendency for periodical fluctuations up to a period

of 200 time intervals, Two hundred time intervals was the longest intexrval that'eeuld
be investigated, i.e. it is the Nyquist folding frequency with 400 observations and
time intervals equal to one. The predator population*s spectrum, however, Showed
a_strong sherp peak at a spectral frequency equivalent to 16 time intervals, If

_the model accurately represents a one predator, two prey interaction, both pfey

species should show 1rregu1arbf1uctuations and‘the'fluctuations of the rarer‘ePecieé
ghould be 1onger, more damped, and without a constant mean value than the fluctuations
of the commoner prey species, = In contrast the nredator povulation should undergo .
regular fluctuations of a fairly constant perioed, |

In the glimulation in Fig. 3 prey species one approaches extinctlon at t=356

to 400, In fact because of stochasfic fluchuations the time to extinction of fﬁ-"
,one’of tbe prey species is always finite even though the deterministic model predicte_”
fhat all three species will persiet indefinitely. This 1is true even disregarding_l R
the epparent non-stationarity of the prey Speeies one series, In this case the :
_average time to extinction may ee very long, However if Y1=.OO?,>YEé,OO9,‘andA

‘the other parametefs as above, the steady state stable denSities'are L1=22.50 ‘L §6e86;f
and L3=19.ﬁ9i The probabllity of the rapid extinction of one prey sPecles or the- otherx
.is.ﬁow relatively great, " In 50 simulations carried to £=200 both prey suecies
bersieted in only 20 of the simulations The probahility of extinction of one piey,vﬂi
VSpeCiCS or. the other also depends on the initial densities of all three Species

even though the interaction is deterministically stable In Table I the probabilities .

- of orey species one surviving in those replicates out of 50 in which one prey syecies~e



or the other became extinct for different initial densities of the two prey spec:.es
are listed, The population density of the predator p0pulation Has initially always 1
710. Ninety-five percent confidence intervals for the probabilities are'listed iﬂiv'{
if_paréntheses following the probabilities. Because of the relatively §ma11 sample
sizes,vthe'confidénée 1imits are rather wide, but the general tréhd is élear.v Int;f'
Table II thé number df replicates out of 50 in which both prey species persisted

until t=200 are given, There is much'heterogeneity in the table, but apparéhtlyJ

boih species survived unt11 t=200 most often if both speciles ﬁeze,started‘with'equal :i
densities, - '
Unstable steg.__y_ state - If _yi and _y2>1 the deterministic model predicts that i
Jone prey species or the other will become extinct depending on the initial densitiesy%?
of the three specieu. In contrast the stochastic: model associates a probability |

‘ of survival with each Drey specics for eac n Lnlti&l combination of densities of the

..three specles.  If sy=,0004, o ooos, <= 285, [31 ,0008,’ P eoo',z, ‘Yx oo1

| Yza.ooz N = 1257, N =1 3378, )\ =1, 1892 Dy=.2577, b,=.278), and pB-».zszi.

then x< 0, yi—i 0105, yzai 11#2 and there 1s an unstable stationary point Ifif:f{;j

'the 1nit1a1 predator density is 10, the probabilities of prey species one persistingl‘a

based on 50 replicte simulations for several initial &ensity comhinatiOns of the
vftwo prey species are listed in Table TII Because of" the cost of the simulations
each replicate was terminated at t=200 if one prey or the other had not become f{

'extinct by then, In those replicates where bﬂth pxey species had survived to ';“

f-t=2oo the species most likely to becone extinct was;j :,sted as’ extinct. In most

gcases one prey soecies or the other was at such a low evelltw t*@OO that no great o




If the odds on.survival of one prey Species or the other are about even, the

-uf'distribution of the observed timec to extinction is approximately normal,. If-oue

JfOne svecies alwazs gg;sists e If tha parameters of the 1nteractioifajf,'f

','increase and birth rates the same ‘as above then y1=1 0639 and y2=.9494 o
'one does have a vositive probability of survival greaier than zero for any combinationf“;

‘_densitnes of the two prey species hetween 10 and 100

'fto extinction for one. prey species or: the other are also listed'7ﬂff{

 5species will almost always persist over the other, the distribution is piled up

; towardw the 0 to 100 time intervals part of the frequeéncy distribution, Kowever,vr

af the'probabilities of extinction are in the neighborhood:of 15 and 85 pe:céﬁt,'tﬁéi;;_‘

| ”distributioﬁ is bimodal, In these simulations the species with the smaller probabilrﬁyﬁ
of survival becomes extinct relatively fast in some of the repiications,;but in |

other replicates the speciée at the disadvantage will reach a density'relafive to

the other species and the predator making the prouabilitles much more even and

greatly 1enzthening the time to extinction for oné prey Species or. the other : In,

field situation sets of observations on the sane - 1nteraction nay yield two different

sets of observation= and lead one to believe that two different competitive situatiens;;

- were .occurring even though all of the 1nteractions were generated by the same -u;

f_ bjo1og1ca1 parameters

'y .GOG?,

285, and the fi 1te.rates of

:2 | ,+0005, (31 0005, (52=.0008 V Y= ooz,,»'_ 4

'deterministic model predicts that nrey species one should always become extinct and

»fprey species two survive However because of stochastic fluctuation prey sPeoies '

t‘.of initial densities, although for Some combinations this probabilityAmay be ex-‘>

*wceedingly Small In Table IV these probablities are listed~for cambinations af

__n Table IV ﬁhe mean times




 ;‘parameters 9<i=.GOQ3, = 5= .0005, r31= 0005, {52 0007, and the other parameters
ri.as ébbve, then Ii=1.0639, y2=.98?2. Given these parameters the Qutcome of the“?
u,infefaction‘becames munﬁ more unpredictable, *If NiﬂN?%Naaio the estimated pro-'_
':-bability of prey species one surviving is zero based on- 50 replicate simulations
' If ¥, 100, N=t 3~10 prev species two becomes exti'n t in 74 percen* cf ‘the replicates.
However, if N1=100 W —10 and N3=50, prey species one. will survive in only g2 nercent
;of the replicates ir cont¥astwith 74 percent survival if‘y3=10 In this narticular o ;
situation the increase in the predator density appears to work against the first -
 prey epecies, Finally if Ni =500, 10 ‘and N3=1’o the probability of prey snecies _:
one sﬁrviving is 88 percent. . Therefore if two:species»compete and one species has
" a competitive advantage over the othér; the sﬁperibr'epeciés'may etili fiﬁdﬂit
difficuWT to disnlare the other if its initial density is small oompared to the K
'established-population of the first Species The addition of the nredator to the
syqtem tends to compensate to some extent for the numerical advantage of the
- competitively inferior species Therefore the higher the ponulation density of the}?55
;predator or vara31tﬁ +he greater the nrobability that the superior competitive
species will dieplaoe the les compptitive one ‘

1Probability of the extinetion of the pxedator first -~ In the deterministic model

"the predator will always snrviveAprovided it‘has a'finite rate:of inéreése:greéter4 ﬁli
: ﬁh&n,of equal to one> In the stochastic model there is a finite nrobability of the:-ﬁﬁ

predator becoming extinct flrst but in all of the cases 80 far diecussed the
probability has been exceedingly small _ HaWQVer, if the meanutime“ta extinction;:; {5M
of one of the three Species ie short the probability of ths extinction of the -
nredator first may be relatively large.. Simulations were Tian u«ing the parameters  z;ﬁ
">\1=1 2571, \ ot 3378, )~ 5=1.1892, °<1= 010 -, ‘012 ﬁi 050, Buoso -

~ =285, N "~ 070 Y - 080 pia 2577, b 2783, and by 2521 The probabniuesg

| 3 |
. of uhe extinction first of all three species for different densities as. determined {.f{;

:from 50 replicates are . listed 1n Table V The initial density of the predator



'_ponuiation'was always 10, Unlike the other cases studied stachzﬂtic fluctuatione

" have caused the extinetion of the predator first to be a significant possibility.v:
‘The probability of the extinction of the nredator fimt is hrgest if the two prey‘
.species are in approximately equal densities, The mean time to extinction of one f
of the three 5pecies in the interaction is very short (Ta’ble V). If one of the

prey species is ellminated the remaining predator-prey interaction is still
stochastically quite unstable, although determinlstically stable, anﬁ one would
expect the relatively rapid extlnction of either the predator or the prey population
;Therefore an interactlon defined by parameters eimllar to those above would exhibit
either the rapid extinction of all three Species or the eliminatien of-the,preﬁater3;

andone of the prey species,
Biscussion

The nrimary purpose cf this simplified model of a one predator, twc prey specieaf

interaction 1s to generate hynotheses which hopefully may be tested :Same,of thesg g

hypothesee ares -

”l.e The two prey, one predator sPecieq 1nteraction can ‘be stable or unstable dependieg:
on the biolopical parameters defining the interaction. However, the interaction
’is generally unstable The range of narameters allowing coexistence of all
three syecies is small | 4” } : R

2. Deterministically the predator wzll always suxvive provided 1ts finite rate of

| increase is- greater'than or equal to one | '

3, If the parameters defining the effect of density on the Iate of‘population

growth are relatively 1arge the system breaks down exceedingiy rapidly 1eading”ﬁi

, to the extinction of all three speciea or all but one of the prey Speciev.



o Therefore if the carrying capacity of the enviromment for each of the two prey
. specles 1s low, the interaction will rapidly degenerate lea.ving only a single
prey species or none at all, 7 '
‘Vh, The end result of this three species interaétion is largely prbbabilitie.ovér:
-a wide range of parameters, |
5. iA prey species with a competitivg advantage over a second specles may still '
~ find it difficult to invade and displace the second.prey species if tﬁe density‘
of the second prey species is‘ﬁigh.  Increasing the density of fhe predétbr
_ population tends to offset this effect, o
6. If a %fabie two vrey, one predator Speéieq interaction does exist, the '
fluctuations of the two prey Species will be erratic The'fluctuations»of'thé
raxrer prey Speﬂies will be conclderably more damped than those of the commoner _
species and anparently the ‘1uctuations of the rarer prey species behave as’ if |
‘,.' - the series of abundances had no f‘ixed mean., ’I‘he predator population, An contrast
| “should fluctuate pariodically, not erratically.' 7 Y
7. The introduction of a predator or parasite'common to two non~comveting specieSii

can, and perhaps ueually does, 1ead to ‘the extlnction of one of the prey species ;

_even though both prey 9pecie= would persist in the absence of the predator

The narameter values uéed in the simulations were choosen to illustrate the :
possjble outcomes of this thzee sPecies 1nteraction Of course if ue wish to compaiei
. the model and the Dredictions of the model to a real biologicalvtwe prey,,one .
predator 1nteraﬁtion, We should know Hhat parampter values are Siologically o
Jreasonable. Unfortunately 11ttle experimental work has been dcne on this type éf
 three species interaction. Halrston et al (1968) carried out experiments utilizing i
“two-spe01es of Paramecium #nd one or two»nredator species of the»genera Hoedruffﬁa»ES
. and Dldinium In all cases the breakdown of the three species interaction was '_'\
. :rapid and only 13 of 50 replicates contained any Protozoa 13 days after the 1ntrc-i

{dnction of the predator or predators In all of these 13 replicates Qne prey and .

A



the predator had become extinct leaving a. single prey species surviving in the.i
replicates, Although these results are in general aggreement with hypothesis thxee i
above, alternative models Based an different assumptions could 1ead to the same 4

| conclusions. Only if it were possible to estimate the parameters of the-model'fraﬁ;;
',ihe éata gathered by Hairston et al. (1968)’and to compare the experimental resﬁltsf.
' with simulations geherated by the model, cculd the validity of the model be tested

Utida (1953) creaféd a tnree species experiment utilizing Callosobmuchus chinensis

_ and C. qyadrimaculatus as the two prey species and Neocatolaccus mamezophagus-as the

parasi+e 'Jn;ovtunately he was: unable to carry the experjment past the sixth

g generation and the. results are inconclusive The reality of the model could be

 increased by including the effect of tine lags to changes 1in population denaity‘ o
 ':However, thehddition of time lags would make the estimation of the parameters
considerably more complex not ﬁo mention of the analytical difficulty of working . ‘
‘ with the model In addition provision might he made for nrotecting a proportion of‘”
'll the- population ef each of the prey snecies from nredation.i In a preator-prey in-~ |
 "teract10n nrotecting a proportion.of the. prey population from predation tends to ;'fir
‘ increase the stability of the system and undoubtely this is also true of the two prey;
one predator interaction.‘;  | | - fA' ' ol N
The mest important h&nothesis generated by this study, however, 1s that in
- éeneral the ﬁwo nrey, one predator 1nteraction is not a. stab&e ane, althongh scme
parameter combinations do 1ead to the persistence of all three species Thic 5
‘ hypothesis is interesting because Paine (1966) in a study ef the divef”ity of an-
1ntertida1 zone 1n washineton found that the- removal of the top predator, a starfish;;
from the community 1ead to a. rapid and marked deerease in the number af Species in )
the community Paine s observation, if formulated as a, principle, would predict
~ that the introduction of a.predator into & - community might allow the coexistence

 of two competiting prey snecies in.situations where one species_would exclude the

, other 1f the predator were abeent Parrish and Sa11a>ﬂ 9?6) f,rmulated a deteru

fministic continuous time model of - a two prey, ene uredator interaction 1n an




" attempt to. 111usmxate this stabilizing effedt, Unfortunatexy, howev5 f:
of parameter values allowing persistence of both prey 3pecies in ﬁarrish and '

:iSaila 's model is no greater than the parameuer range of the simple two competiting

species interaction (Framer and May, 197?) The same conclusion is’ true of the

three species and two species models studied in this paper, although the Parrish

‘and Salla model and the model of this paper are not directly COmparable because

jof differences in the specification of the nredator portion of the system of equationéi
The predictions of the three species model of this paper are in- agreement w1th the |

.conclusions of May (1971) who postulates that increasing the number of sPeciee |

and interactions- hetween species in a community does not in general 1ncrease stdbilityﬁ

and in fact usually decreases the stabi]ity of the system in tezms of the persistence
of species, |

One can wonder then why Paine (1966) observed that the presence of a dominant
. predator increases the number of species that can survive in a oommunity. There
are at least two possible explanatiOns of the differences between Paine s observation ;
and the hypotheses of the models Firstly the simple multi-sPecies models may have

“little biological reality. These models are only approximation‘: gnoring the en-'ﬁ

'vironmental fluctuations of the ecosystem, he disPersion patterns of the species;.
_and the intrinsic biological characteristics unique to each species. The seoond -
‘possible explanatiOn is the problem of observability. If multiple syecies interactions
are generally unstable, ‘the- ohly interactions we will ohserve in established o
communities will be the stable ones the unstable 1nteraotions having dissolved

Vvlong ago, Undoubtedly hoth factors are to some extent rasponsitﬂe for the dis-'ﬂ

" crepany between theory and observation
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Apvendix I

The stability propertiss of the iwo rey, one uredator model are sl ightly more
éoﬁblex than those of eiiber the Oﬂ“‘j rey, one predator or the two competing
épecies models. 1r order to study the stability'ﬁroperties of'this particular
vthr&e specles syshen of equations consider the én&logoﬁs system'of'differential

equations:

G, \
— = (r, - a,N, - bN, ~ ¢, NN
at 1 171 1 17371
aN,, .
—£ = (7*;., = Ay, - bl - c?uq)zzz
at - h T
dx N,
U = (r - A . “.J \T\'
at o e,
‘ 1 .72
v A stationary point where DNi=DN2‘ 3 ;ijs
byla, ¢ 20y o (y 4 L2
AN T T T T EVE
3 3
Ly = Y fr:,}’ L c;:r?,,'r N
3 L (o 3 N 4 2 2 RN
4,2, - byb, + , las-by) + a (al bi)
CyY, g C. Ty
/ 173 . 2773
r (a, + ——==) = 1,(b, + ——)
AN an 172 Ay
L = 73 L 3
, Pir3 c,
_— - h 1 + : ;— -
aya, ”bin . (a,- u?) + (a b )




Tet §1=Li(1+91), 4,71 ?Q1+u ), and ny_ (1+uﬂ).' For m,, W,, and Uy all sufficiently

small a linear approximation of the system of equations in the deviations is

Du?(L +L ) =7 Liu1 + r3L2U2'fia3L3p3

where D is the omnevator /ﬁ+ - The aux111&ry equation of this anpar sttem is
szl ; DfaZLz ‘,02L3‘

rk

"‘qu (IJ1+1: >maqu

or

02 4 22 ey 4 a1y a0 )+ D |e(a,L, + an,) 5 (cil, + e L) + T,L.(aga,-b,5,)]

- : ','=Q _

P17 P

1 2 3

T+ aLLL ad,,-bb,,

Ir the ystem ie to b@ stﬁble, the aux1¢¢ary equation must Lav«: tbree real neﬂd+1ve o

ont= or one real nevatﬁv» root apd a Ddlr of comnlex ronwuaate root% wnfh npgativm

real Dar+< ~‘In'tn1 case 411 of +ho coefficzent¢ of bhe pé]VﬁoniaT wil" Tﬁ pocitive»y

,and tho zootc t%nreforu al} nega+3vm on$y if +he exwrcssion e

r ¢y S }; "f“
“(39 ‘7" .‘3 \ +

*E 4 .'~bb+
_ 1 aq

}...h
(\J

—(aﬂ\-b ) ? 0
3 V,y -

is true.’ This expression’is the denominator for the steady state .expressions of



prey species on=2 and two,

23

Theoretically some constraints are also necéssary on the

third coefficiert of the aiixillary equation, but within the.reaéonable ranges of

?1[ ?25 blr

Define the feollowing quantities:

T4
TZ(bi M )
v = - 3 - V4 ==
hi = T E] J -
( . ,2A3 \ z
T\ T 77 g

There are

1- X>O' },1’ ,"?4 1
2, x<0; ¥y, <1, v,>1
< 4

Yfa<'1

b, the third coefficient is always positive,

oo™

v, (%, + ..{.:”)

four nossible outcomes of this

2
0113 )
S

~

-
r2(31
three spenies interaction:

'Interaction stable, all three species

pergisting

Prey specles one persists and prey species

two becomes extinet
orey species

Prey specics two persists and

one becomes extinct

Unstable stationary point, either prey

species one or twe becoming extinet
derending on the initial densitiesof “the

three sneciss

The stability conditions for the discrete time model are the same as those of

the contirvous model with annrnsriate narameter substitutions,
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