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Abgtract

Thompson's (1969) iterative estimation method for unbalanced data in a 2-way
classification without interaction is extended to the case with interaction. Spe-

cific computing formulae are developed.

1. Introduction

Iterative methods for estimating variance cdmponents in the 2-way crossed
clagsification mixed model from data with upequal subclass numbers are developed
by Cunningham and Henderson (1968) and corrected by Thompson (1969). This paper
extends Thompson's method to include an interaction component between the random

and fixed effects of the model.

We follow the notation of Searle (1971) and re~write the usual 2-way inter-

action model as

=y+q +tR,FV,, +
y Mot Ay ﬁJ

ijk ij © Cijk

in the more useful matrix form

y=Xbo +Zu+Wv+e. (1)
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The vector of observations, y, has order n = N, its clements yijk for i =1,...,a,
j=1,...,5and k = l,...,n__.‘_‘j are random variables with means given by T(y) = Xb
and variance-covariance matrix

vV =22'0%2 + W'o2 + Io2 ,

- o u - v - e
The vector b of order b has elements y + Bj, the fixed effects, and the correspond-
ing incidence matrix X has full column rank. The vector u contains the random

effects ai and v contains the random interaction effects Yij for s filled célls

of the data. Thus in (1) X is NX Db, Z is NX a and W is N X s.

2. Sums of squares

One problem in estimating fixed effects in a mixed model for known variance
components is the practical one of having to invert var(x) =V, which is of order
N X N and consequently, often large. Henderson, et al. (1959) show that the solu-

tion to the generel least squares equations

is identical to the solution of a substitute set of equations constructed from the
normal equations of a fixed effects model, after adding the inverse of the variance-
covariance matrix of each random effects factor to appropriate submatrices of the
normal equations [see Searle (1971), p. 460]. This modification to the normal

equations for our model (1) is



- - ~ 1 - -
X'z X'z X' b X'y
- 2 -
U N
2% 2721 g al= ]2y |- ?)
. u .o ~
1784 W'z W'w + —IL v W'y
VL W'z L W'y
e v - - - e -

~
When ci, 03 and 02 are known, the estimator of b is b, the same as the solu-

1X€ = ¥'Y-1¥' This estimator is also the maximum likelihood estimator

tion to g'Y-
under normality assumptions. Usually the variance components in (2) are unknown

and a solution is obtained by replacing them by estimates, often the fitting-

constants-method estimates.

Although ci, oi and 02 can be estimated by the fitting constants method of
estimating variance components (Henderson's Method 3), equation (2) provides an
alternative method, iterative in nature, in the manner of Thompson [1969]. This
is based upon the reduction in sum of squares for fitting a model for which equa-
tions (2) would bg the normal equations., By this we mean in general that for normal
equations expressed as §'§§° = g’z for any X, the corresponding reduction in sum of
squares is ¥'¥(§'§)-¥'X where (g'g)- is the generalized inverse of X'X. Consequent-

ly on writing

_ x2/2 = 42/ ~2
= g</0 and A =00
xu e/ u v e/ v

the sum of squares we consider here, based on (2), is
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R (b,u,v) = (y'% 'z y'v  [X'X ¥z X' X'y
z'% z'z+NI 2 z'y| - )
WX W'z WAL W'y

The matrix inverse in (3) exists because the effect of the linear dependencies

among columns of X, WQ and Z is nﬁllified when lu and A, &re non-zero.

We define
— ] — -l,__ ]
P=2'2+ NI, T=I-2P7' =1
(%)
= X'TX and =wY(Tr - sz"lx'T)N + A I
-u - - -V - - e V-

where P, § and § are non-singular. Then it can be shown (see appendix) that

from (3)
% - - - - . -~
R(buy) =y (2272 + T + (2 - mst e mus e - mer ey - (5)

The no-interaction model considered by Cunningham and Henderson [1968] and

Thompson [1969] is, in terms of (1)
y=X+zZute, » (6)

simply a sub-model of (1) with Wv omitted. The reduction in sum of squares

analogous to (5) is then
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Rgu) = (y'x y'2) | X% X'Z Xy - (7)
| BT 2T z'y
= y'(z277 s ) v (8)

The difference between the reductions (5) and (8), which might be called a reduc-

tion due to interaction, is

1

% * 3%
R (Y'E;E) R (E)E‘JY) - R (E’)E)

s (T - T Xy - (9)

= t - 17 =
X (r‘.[‘. g'—%u

In order to estimate oi, oi and di we need three quadratic forms, of which one is

(9). A second is

L3 L +*

R (g,v|b) = R (b,u,v) - R () (10)
where

* — 1 <y U~r -l 1

R (2) = y' 230 x'y (11)

which is also the familiar reduction R(b) due to fitting E(X) = Xb. And finally

we use

* 3
SSE =y'y - R (B,u,v). (12)
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3. Expected values

Equations for estimating oi, o$ and oiuare derived by equating observed values
of (9), (10) and (12) to their expected values. We assume normality and use the

general result for y ~ N(y, V) that

In our case, the model (1), u=Xb and V = gz'oi + ".’W"’f, + goi so that

=1

i(y')

b'X'XD + 02tr(2'Q2) + o2tr(W'QN) + o3tr(Q)
= p'X'Um + oftr(W'Qn) + trl(cfzz’ + oZI)Q]

= b'X'Qh + o2tr(W'ew) + o2trf(zz' + 2 I)Q1 . (13)
Deriving the expected values of the quadratic forms (9)? (10) and (12) now involves
using for Q in (13), the matrices of those quadratic forms. For example, writing

*
(9) as R (v|p,u) = y'Q,y we have
= - -lv-' 8 - 1 - 7 -l ]
q, = (T - W X' DUE, V(T - LX),

and replacing Q of (13) vy 91 leads, as shown in the appendix, to

B R*(‘_"E:E) =02[tr(s ) - A ] . (1%)



Similarly
oo = (n - 2 2
ER (3,v!0) = (0 -1 )(0F +03) (15)
and
. .
E (SSE ) =(n - b)oi, (16)
where
. - 1 2
ku z n.j ‘:_':nlg .
J

4. Estimation

Equating the expected values on the right-hand sides of (14), (15) and (16)
to observed values yields equations in ci, 03 and 02 that cannot be solved ex-
¥ *
plicitly. This is because the quadratic forms R*(Ylg,g), R (u,v|b) and SSE in-
= 42/a2 - g2/2
volve X ce/cu and kv Ge/cv, through P, T S and S/ of (4). However, the

equations can be solved iteratively. Writing them as

' *
o Yy -R (b,\l,V)
R )
e n,,6 -Db n_=b
L
o2 (18) -

v tr(gvff- shy

and
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ve first take initial values of A and L calculate (17), (18) and (19), use the
results to get second values of xu and xv and continue the process until some

satisfactory degree of convergence is (hopefully) achieved.

Note in passing that when 03 = 0, (17) and (19) reduce to Thompson's (1969)
results, [See also Searle (1971), p. 469.] 1In both cases, for balanced data the

results are identical to that of the ANOVA method.

5. Fixed effects

Estimates of the fixed effects represented in the model by b are the solutions

S to equation (2). As shown in the appendix this solution reduces to

10°)
]
10

(1 - W8, (I - Tsp ¥ Dy, (20)

which is calculated after Ei; 8% and 33 have been obtained from (17), (18) and (19).

6. Computing formulae

3% 3
Easy terms to compute are y'y and k. Harder ones are R (vlo,u), R (u,v|b)
and tr(§v). However, from the no-interaction case, Searle [1973], we have express-

* s *
ions for R (b), R (u) and R (?lE)° These and the other terms needed are now listed.

' . . 1
n., *** n., ), including zero n..'s
[ ib™”’ g ij

Ei = il
é(g{ = diagonal matrix of the clements of gi
51(95) = A(g{) omitting the null rows (but not the null columns)

~—~
e
=y
s
|

1 f 1 o
-i’bxb n,, + xu nij nij. for 3,3 1,...,b

M, ; = M, omitting the null rows (but not the null columns)
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1]

M 5 I»_/gi omitting the null rows and null columns

2

Lrxy?

z ! ljk

R*(p.) =z 0:.
J

< J
2
. v
A =V Lee
R (E) Lin, +A
. 1 u
i
T‘ oy y }
= X' = » = vee B
(r')bxl }_( L {y’a [-4 n + }\u fOl Jd l) 2
i
and
= = - ] 3! . .
(g,,:,)bxb S, = D{n } {f for 3, j 1 b
R (13.1‘3) = E*CT Ty
. n..y, .,
9:nx1=?-!'--={yi'. -H—J- for:L-l-n,aandg l,+--,b
= J i. in lex1con order

=]
I
=
3
>
0

N i = cew
oy, = W'TX {z_)_l(gi) - I\_/.Il,j} for i = 1, ,a

= [ ' I

= [4(n) e My
1

&(ny) - -1,2
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— . L A
QSXS Y ?‘..I

L] - - -
R (vlb,u) = y'(T - X7 % TS (T - @.@j&‘@)z

73

= (W'Ty - Y'I'T)$:1X'Ty)'S-I(K*I'Ty - w X Ty).

Iy - WIZs, X'Ty)'s, (WIy X

= (g - HC, )S(q—HC*r*)

R (b,0,v) = K (v]b,u) + K (p]u) +E (u)
sST = y'y - K (b,w,)

R*(g,v[b) = B (b,u,v) - B (b)

k, = tr(§v) - sX,

R (v|Db,u)

r~~,
2 -
0'v 1{*

4%
. R(wvlp)
02 = —— - 02
u n,, - kh v

Iteration commences by using pre-assigned values for Xu = Oi/di and kv = 02/03; with

72

~; ~ ~ ~
these, first estimates it 03 and 62 are obtained from which new values xu and kv are
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calculated and the process repeated. On convergence (hopefully), the fixed effects

estimates are calculated from (20) as IR X
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Apnendix
1A. Introduction
By the nature of the model (1)
by
={) 1. b fori=i...a (a1)
=1
& 4
z= }: b, (a2)
i=1
and \
a + ) +
W= 2 z gni' fori=1,...,aand j =1,...,b in (A3)
i=1 j=1 9 lexicon order and for only those ny 3
for which n,. > O,
iJ
+ b* . .
vhere ¥ represents the operation of direct sum and & -"-n is a matrix of b columns,
J=1 "ij
a direct sum of vectors ,'i;n modified by the convention that the t'th column con-
ij

tains no l-vector when n,. = O and so is null. For example with,

it

nr,j =2,0,4,3,0,6
b, i i
Yolo= - e o
g1
. L) ﬂ__h L . L]
. . . 1, .
=3
L . L] . . L] ‘i6
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These forms imply

X% = ofn J}bXb z'z = Q{nlf}éx and W’W - 12{n:l,j}sXs (a%)
together with

22 = ny o (85)

W'z =5y, (46)

-y

}

for v. being the vector fnij} for j = 1,...,B and nij # 0, i.e. with the zero

n,.'s omitted; and
13

-

WX = x(i,j),k}sxb - {nij ng}st | (A7)

fori=1,...,aand j=1,...,b, in lexicon
order, for those (i,j) for which p #£0,
and for k =1,...,b,

= 1 wvhen j = k. With

where ajk = 0 when J # k and Bjk

= ~2/n2 = 2/a2
X, oe/ou and A, ce/cv, (A8)
and
= /A =
P=2'2+\I=Dln, +21} | (89)
and
T=1-227z =1 (410)

we then have
[] — 1 -1 [] — t -1 t -1 t -1
22'T = 22'(1 - 2272") = 2(I - 2'2P7)2" = 2[I - (B - A DP 12" = zP7 2
so that
1

(22" + A )T = A, (ZB772" + T) =\ I vy (a10) . (A11)
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2A. Sums of squares

On defining

X'X X'z X' X'W
K = -7, R = and L =R'W= (A12)
) z'x P z' z'w
we have for (3)
-1
X't Xz v -1
- K L
Z2'X  Z'Z + ) Z'W =
STt L' WL
WX Wz wWeaI| '
§~1 0 “K-lg -1 -1
. + S, (LT D) (A13)
o 9o | I
where
=WW+\ATI- LKL = w4 LI =W KIR'W . (Alk)
- - - Ve =« = = - V- - — - -
Also, from (Al2)
0 0 I :
Sl DS S ISR vt i & (15)
0 P 22X
where
S, = XX - X'2272'% = X'IX . (ka)
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‘hs inverses in {4£13) and (Al5) are standard results for the inverse of a parti-
tioned matrix. To simplify (Al4) note from (Al2) and (Al5) that

RK R’

2t (- 2T m X (T - 22T

ze”

]

-1 '
I-T+T, KT (A16)

so that (Alk4) becomes
- 1 - -1 ] v - .
8, = W'(T - TS;TX'TW + AT - (kv)

Using (A12) and (Al3) we then have (3) as

-1 -1

| S T S A O B’
R (B,u,v) =y'(R W) * S, (-L'k ™ 1) y
o of |1 W
- <1, -1 -
= y'[RCR ¢ (W - RIS - LEORD Y
-y [RER' 4 (T - RKOROUSI(I - RECRDy
-y (277’ ¢ TS H'T ¢ (T - sl s (T - T D) ly L ()

3*
Also, using (A15), R (b,u) of (7) is

S
o

>
[
]

y'(2R 7+ (1 - 2R s e (T - 2Ty

- - - -1

It

y'(ze7'z' + T e Ty 8)

-eel]



3A. Expected values

We need té evaluate
B(y'Qy) = BA'YE +o2er(Wen) +o2elzz' 4D (13)

for the values of Q implicit in (9), (10) and (12).

First note that, using (l4a),
Y ) < N -1 v = :
(x - misemx = - meGem Ty - o (a17)

———l] = =

For ﬁ*(y‘é,g) = X'glz we see from (Q) that
° 3 . ? .
¢ = (2 - ms e mus (T - T80 XD,
so that in using 91 for g in (13) we have from (Al7)
XY = O, (418)

and also

24 (17!
avxr(y Q @)

o2tr[W'(T - sz'lx'T)ws'lw'(T - sz’lx'T)w]
yooote t= T =Slu = Lfony T Ne T ZlZy = 2/t

n

-1
2¢ - X - 1
o r[§. v§)§ (§v kvz)] from (L4b)

-1
o%tr(s, - A1) - o3tr(I - 2 8 %), (a19)

and
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oZtr[(zz' + A 1)Q
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R . ' -1
2 - V" T 7 r1
oZx brl(I - &8 "X'T) rsv (T T45, X'T) from(all),

-]_]

i}

cf;tr[g;ltg'(T TXS Y'mul - o2tr(s Yermws (T - TS L))

———y - -l

oitr[g:’l(%v - A\,D)] - 02tr(0), from (4b) and. (a17)

-1
= g2 -
o2tr(I - A8 7). (A20)
Adding (A18) through (A20) gives, for using N in (13),
* 2
ER (v|b,u) = c?tr(s - A_I)
-l S v - -
— A2 - ‘
= av[tr(§v) skv]- (1)
%
For R (?’E’Y) =”z'g2¥ we have from (5) and (9)
= zp7l2" + ISTIX'T + Q)
so that
L'X'Q Xb = b'(X'ZP lz X + X'TX 'lx'TX X'Q X)b
- - =2-- - - - -~ meel = == - =1-
= @'(§'§2-1§'¥ +X'T )b, from (4a) and (A18)
= b'X'%b, from (A9). A (A21)
o2br(1'q ) = o2trly'(2272" + TES) K TIW + 02br(W'Q W)

= Qtr[UZPle+WT”+7\I-S]

o 3
2 - - g2 - 1
+ ovtr(gv lVI) cetr(I L2 ), from (4b) and (A19)
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#

-1 . -1
24 o ' 11 - o2tr(T -
thr[g (%g % + ?)g] Uet (5 1V's..v )
-1
- , - -
= oﬁﬁr(yfg) oetr(I A Sy ), from (A9)

=n

-1
2 _ 42 - )
a oetr(z )\vS_ ), from (A4). (a22)

And
2 '
autr[gg + 2,1 )92

1

= 2trl(zz’ + A\ D72 + DB KT + )]

-1 -1
- o2 " . ~ § 2 - A
o2tr[(zz2" + A IN(I - T+ Ix8 "X'T)] + o3tr(I - A 8 7), from (410)&(A20)
= Ptr(zz' + NI - A I+ \XS_X'T) + o2tr(I - AS-), from (al1)
u - u- u- ==l = = e - vey 77

— e ' 2 art A -1 2 - .-'1
= 02tr(2'2) + N oStr(X'TS 7) + oftr(I -~ A S )

n,.02 + 02t:(L) + 026r(L. - A7) from (k)

2 2 _ -1
n,,o% + bai + cetr(z hvgv ). (A23)

Substituting (421) ~ (423) in (13) gives

4*
ER (b,uv) =0'X'%0 + n”oi + n“afr + ba‘:: . (A2k)

Writing R*(g ) = 1'%y gives Q5 = }_c(}_c'}_g)'l)_c' for which
R'E'e = BEXE'D TR - bR, (425)
02tr(4'q W) = o2r WK(x'X) X W] (26)

and
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2 A 2 7 1 et —1v'
zerl(zg’ + D) = o2trl(zz’ + A DD Y]

oi‘br[z"’( X) 1,-'2] + A Uztr( X'X) ;-;',(

H

02br(2'X(X'%) 5 'Z) + bo2. (427)
Hence, on adding (425) through (227)
. ] o
B R (b) = b + o2tr[2 KX ) 7R'2) + o2trlyX( 0 TR W] + bo?

and so
*
E R (wv]o)

i
=1
>3]
~~
“D“
1<

e

<
-

1
1=
sl

{m.- tel2x0 702 lo? + o, - el KD 0wl o2 L (a8)

The trace operations needed here arc derived by first noting from (1) that,

as in Searle [1973],

tr[z'x(x'::)"lx'z] =K, = }:——1-—— T n? (A29)
- =ta W s n 5 i 1
J
Also, from (A4) and (A7)
(Lt °]7:'T={ k} { : }{ g }'
CEGTE R = Any P DAV A, 5 18450
n..a.l , 1
(58 o)
-5 373
so that
. n® &2 -t
e[ X0 W) =Z Z 2_1_‘1_411& =§ Z}J. =z_.l_ g2 =k
- e n, . L n, n. 3 1ij L
ij kY iy 9 7
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Thus (428) is
E R (g,y!g = (n,, - kh)(cu cv).

#
Finally, for Z(SSE ) it is well known that

b

-l

(yy') =b'X'"X® +n 02 +n 02 +n o2
—— . ,-.-1 -- . u .0 V ae e

so that on subtracting (A2k4)

. A
E(SSE ) = (n,, - b)oZ

SA. Fixed effects estimators

The solution to (2) for b is

b = [first row of (a13)] [x'

(I

(5]

(15)

(16)

Y (A30)

and in using (Al5) in (Al3) only the first row of (Al5) is to be involved. Re-

define K™~ of (Al5) as

4 [P G2 (
K~ for B,, = B!, . ‘ A31)
= B B =l 12



Then from (Al2)

. (B, X' + B, 2" W ] F, ]
1311_,=[ e 7 - . (a)
. 1 1Yy i ’
| Gt v | |
So that from (Al5) and (A31l)
F, = s’l(v' - xxe )y = sty (A33)
-1 =u ‘% - < u = =% :
and
r, =Pz - BTl N - Xz W = 2T W - ) (a3h)
With these values (Al3) is
~ - [ h _1
7 ] R
@11 13]_2 9 "1.11 §v [E]_ Eg E]
?21 ?22 9 + 'Eg
0 0O 0 I
- - = T J L T .

so that (A30) becomes

b= (B X'+ B2y - BSUCE Bt Wy

-F!X' - FéZ' +y' = -rX - (W - gig')gg‘lg' + W', from (A34)

1= -0 s 12

=¥'T - I_?_'ié"}i_’, using (AlO)

= W'(1 - msy'x'D), from (a33)



Hence, using (A32) and (433)

z"l' ."11 Syt _,."lo
B 8Ty - 8, XN, (T S BTy - (20)

6A. Computing formulae

Develoggent

To simplify (21) and (22) ve use the following results taken from Searle

(19731
yi..‘ ’
Ty = .Lyi,jk ey for i=1...,a, j=1,...,b in lexicon order
i- "u sXl
(A35)
X'Ty =5, = {7, Zn—l&——- for j = 1,...,b (A36)
and, on also using (l4a),
5, = X D{.} {Zfi;i-é— bfor 3,3 = 1,...,b. (A37)
Thus (21) and (22) are .
* - -1 =L
R (vlwb) = (W' - W 'n,) s W'y - W'T ) (a38)
and
-1
i = tr(0'TY - 0RO R ) (439)

with, from (4b),

S =W'TW - W' T‘{C* 1_( TW + )\ I. (AkO)

- - - - —-
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To calculate (A38) ~ (A40) we need

n,.y ‘
ijiie- . . " 3 -
I_-_J'Ty = {yij' iy _‘_;’\ for i =1,...,aand j =1,...,0 in lexicon order

i- "u sxl (ak1)

from (A3) and (A35);

W'TW = W'W - W'ZRZ'W  from (A10)

]

-1

D{ ;} n ﬂ v,X ,\g’\_)i'), from (a4), (46) and (A9)

D{ 13} 2 [{n N 1 for J>,d' = 1,...,b] and fi5 By F 0; (Ak2)

and finally

W'TY = W'X -~ W'ZP"~ zx

- -- - - - o

I

a, n, .
- g ] A
{nijajg}st i§1 Yi)sxa {ni_+ké}aXb ' (843)
from (A5), (A6), (A7) and (A9) .
Define

1 3 . M
n! = [n.. n._ ... n..) including zero n..’'s
-1 ( il i2 ib = i

ith row of Z'X = {nig} fori=1,...,aand j=1,...,b.
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RS : I . -

A(n!) = diagonal matrix of the elements of r_1:.:
é_l(n].'_) = 5(95'.) omitting null rows (TSut not the rull columns)

1

Y = -——]L—-—— ' = ..._.].'__-..{ } s =
(M3 Dy Lo 2% T a A Uiyl for J,3° = L,.-0,b

l\gl 5 = lfi omitting the null rows (but not the null columns)
] P * .
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