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Abstract

Let D be a BIB(v,b,r,k,\) design on Q. Let also L Q with cardinality
of L being n < v-2. We define D to be locally resistant of degree n if upon
deletion of all the experimental units in D assigned to the treatments in L
the remaining structure is variance balanced in the sense that under the
usual homoscedastic additive linear model every normalized estimable linear
function of the treatment effects are estimable with the same variance. D is
defined to be globally resistant of degree n if it has the above property with
respect to any subset L < (2 as long as its cardinality is n. D is said to be
susceptible if it is not resistant to any non-empty set L. Application of
these concepts in various branches of sciences and engineering are being in-
dicated. In this paper we have characterized all locally and globally resist-
ant designs of degree one in two different ways. Through one of these
characterizations we have been able to relate our theory to the theory of t-
designs or tactical configurations. Methods for constructing some families of
locally and globally resistant designs of degree one are provided. We have also
shown that the property of being resistant depends not only on the parameters of
D but also depends on the way D has been constructed. To illustrate this we
have given three BIB (10,30,12,4,4) designs; the first design is susceptible,
the second is locally resistant to the deletion of a single treatment and the
third design is globally resistant. Several miscellaneous results are also
given, among which a locally resistant design of degree 2 is included. Several

unsolved problems are indicated in the final section.
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Abstract

Let D be a BIB(v,b,r,k,)) design on Q. Let also L — Q with cardinality
of L being n < v-2. We define D to be locally resistant of degree n if upcn
deletion of all the experimental units in D assigned to the treatments in L
the remaining structure is variance balanced in the sense that under the
usual homoscedastic additive linear model every normalized estimable linear
function of the treatment effects are estimable with the same variance. D is
. defined to be globally resistant of degree n if it has the above property with
respect to any subset L < 0 as long as its cardinality is n. D is said to be
susceptible if it is not resistant to any non-empty set L. Application of
these concepts in various branches of sciences and engineering pgg been in-
dicated. 1In this paper we have characterized all locally and globally resist-
ant designs of degree one in two different ways. Through one of these
characterizations we have been able to relate our theory to the theory of t-
designs or tactical configurations. Methods for constructing some families of
locally and globally resistant designs of degree one are provided. We have also
shown that the property of being resistant depends not only on the parameters of
D but also depends on the way D has been constructed. To illustrate this we
have given three BIB (16,30,12,4 L4) designs; the first design is susceptible,
the second is locally resistant to the deletion of a single treatment and the
. third design is globally resistant. We have also indicated that every
BIB(v,b,r,k,x) design is locally resistant of degree k if b = v. Several mis-
cellaneous results are also given, among which a locally resistant design of de-

gree 2 is included. Several unsolved problems are indicated in the final section.
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1. Background Materials.

Let G = <a .,a;} be a set of v treatments. Next let D be a block

WLYEE

design consisting of b blocks of sizes kl’k kb such that the ith treat-

YRRy
ment has been assigned into ro experimental units. We allow any repetition

of any treatment in any block subject to the above restrictions. We also

assoclate the following matrices with D.

N = Lnij] where nij denotes the number of times the ith treatment appears in
the jth block, R = diag[rl,re,...,r;], Klz diag[kl’kQ""’kb] and E :.E-NK- .

~r o~

Definition 1.4. D is said to be pairwise balanced if NN' = & + )\J where & is 2

diagonal matrix, J is a matrix of ones and ) is a scalar.

Two treatments a; and aj, i # 3 in Q are said tc be connected in D provided
that it is possible to construct a chain of treatments beginning with ay and
ending with aj such that every consecutive pair of treatments in the chain occurs
together in a block. The relationship &y connected to bj defines an gquivalence

relation on D which induces disjoint eguivalence classes.

Definition 1.2. D is said to be connected if there is only one cquivalence

class in D under the connected relationship, i.e., D is connscted if every pair

of treatments in G is connected in D.
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i

Lemma 4.4. D is connected if and only if rank of C = v-1.

Let Y be the response vector associated with D. We assume throughout

this paper the homoscedastic additive linear model for y(y) i.e., if y, ig
~ i

Jt
the response associated with the tth replication of the treatment i in the jth
o/ - 4 = f2 e ~ovaris
block, then we assume u\yijt) 8p*65* €5 with var Vigp = ¢ and the zovariance

between any two observations being zero. eo, ei’ gj and 02 are the parameters

of the model and assumed to be constant.

Definition 4.3. D is said to be variance balanced if every normalized estimable

linear functicn of the treatment effects can be estimated with the same variance.

Lemma 1.2. D is variance balanced if and only if the non-zero characteristic

roots of C are all equal.

If D is connected then it is easy to characterize D whenever it is variance

balanced [see e.g., Atiqullah (1961) and Rao (1958)].

Lemma 1.3. If D is connected then it is variance balanced if and only if C is

of the form C = ¢, I + ¢J, ¢ is a scalar and I is the identity matrix.

It can be shown py counter examples that pairwise balancedness is neither
necessary nor sufficient for a design D tc be variance balanced [¥o» more

details see Hedayat and Federer (1971)].



2. Introduction and The Problem.

The classical BIB(v,b,r,k,)\) designs are known to be balanced in the two
different senses which we discussed in section one. However, these two in-
teresting features of BIB designs can be destroyed when these designs are used
in actual experimentation. This destruction may come about by loss of some or
all of the experimental units assigned to one or more treatments. In this paper
we shall explore the case where all of the experimental units assigned to one or
more treatments have been lost. In this case the remaining structure is still
pairwise balanced but it is not in general variance balanced. Our purpose in
this paper is to explore the cases where the variance balancedness of the design
remains invariant under loss or deletion of one or more treatments. More formally,
let D be a BIB(v,b,r,k,)\) design on a set of v treatments Q. ILet Lc O with
cardinality in n < v-2. Delete all the experimental units in D assigned to the

treatments in L. Call the remaining structure D. ‘

Definition 2.7. D is said to be globally resistant of degree n if D is

variance balanced when any subset L of cardinality n is deleted.

Definition 2.2. D is said to be locally resistant of degree n if D is

variance balanced only with respect to some subsets of cardinality n.

Definition 2.3. D is said to be susceptible if there exist no subsets, L, such

that D is variance balanced.

3. Application of Resistant Designs.

Suppose an experiment is going to be conducted on a set of v treatments

using a BIB design, because the experimenter wants to have an equal ‘
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precision in comparing any two treatments. Now consider the following two
possibilities:

(A) The experimenter wants to stop the continuation of the experiment on any
treatment or a specific set of treatments if he is not satisfied with the

condition of the experiment.

(B) The experimenter has doubt about the final outcome of the experiment With
regard to some treatments. For example (i) In an experiment involving drugs,
some of the drugs may be expected to be lethal and thus kill some or all Qf

the assigned experimental units to them, (ii) In an agricultural experiment,

a high amount of a fertilizer or a pest control may totally or partially destroy
the assigned plants or trees, (iii) 1In an experiment testing and comparing
different brands of tires, certain road and/or speed and/or weather conditions
may render some brands of tires unusable, (iv) Or, in a chemical experiment,

certain chemical combinations may be expected to be expicsive, or to fail to

support reaction.
If the experimenter selects his design in an arbitrary manner, then he may

lose the equal precision under one or more of the above conditions. However,
he can guard his goal if he can arrange to have a proper locally or globally
resistant design. He simply assigns those treatments ghcut which he has doubt

to the subset of <r.uctmonts o which the design is resistant.

L. Characterization of Resistant Designs.

In this section we shall give a necessary and sufficient condition under
which a given BIB design is locally resistant with respect to a fixed treatment.
Then'as a generalization a necessary and sufficient condition will be given for
globally resistant designs of degree one. It is also shown that the property
of being resistant (locally or globally) depends not only on the parameters of

the design but also depends on the way the design has been constructed. To support
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this we give three BIB designs with the same set of parameters of vhick the

first is susceptible, the second is locally resistant and the third is globally
resistant. Finally, we shall give a second characterization of globally resist-
ant designs. This latter characterization shows that globally resistant designs
are intimately tied up with t-designs.

Let D be a BIB(v,b,r,k,\) design on  and let L = {x} c Q. Divide D into

two parts, D _and D_. Dx consists of all the blocks which do not contain x; D_
X bl

is the set of blocks which contain x. Next, let D' be the design obtained by
X

deleting x from the blocks of D .
X

Lemma 4.1. DX is a BIB design if and only if D! is a BIB design.
X

Proof. Note that Dx is a block design with parameters v, = v-1, b, = b-r,

1 1
ry = r-) and kl = k. D' is also a block design with parameters Vy = v-1,
X
i} - e el e D .
b2 =1, I, \ and k2 k-1. Tow if Xy,%, are in Q {gj, thern the pair
(xl’XQ) appears kl? times in Dx if and only if 1t appears x-xle times in Di .

Thus Dy is a BIB design if and only if D' is a BIB design.
: X

Theorem 4.1. D is locally resistant with respect to x if and only if D, is &

BIB design.

Proof. Clearly D = Dx U D: is a connectad design. Then D is variance balanced

X

if and only if its C matrix is of the form CLE + cag. Now suppose the htb and
. th (1), . . (2), . i ' ! )

i treatments appear Khi times in DX and Xhi times in D'. Then the diagonal

X

and off-diagonal elements of C are given hy




(el
Il
'
[}
1
=
1
>’

ii k-1 k
(1) (2)
Mg Ay

hi k-1 Xk

) {oen - ™ -t

(1)

Therefore, D is variance balanced if and only if \ns

does not depend on h and 1.

Corcllary 4.1. D is globally resistant of degree one if and only if D, is a

BIB design for all x in Q.

Corollary 4.2. If D is locally resistant with respect to any treatment then

its parameters must satisfy the following conditions:

(Nl> r =z v-1,

(NZ) Ak-2)/(v-2) = integer,

(N3> A>1.

Proof. If D is resistant with respect to x € O then p! is a BIB design which

x
implies (Nl> and (N2>. Condition (NQ> follows from (N2) and the fact that k < v.
3/

There are not very many sets of parameters for D satisfying the conditions
of Corollary 4.2; although one can satisfy them in a trivial sense by letting
D be repeated until A = v-2, the conditions of Corollary 4.2 are far from being

sufficient as the next corollary shows.
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Corollary 4.3. The property of being resistant depends not only on the para-

meters of the design but also depends on the way the design has been constructed.

Proof. By example, We give three BIB(10,30,12,4,4) designs of three different

types.

(1) Let D, = D; U D, where D, is the residual of a BIB(16,16,6,6,2) design.

1
Then DS is a susceptible design.

0O 7 6 3 0 7 6 3
1 8 6 4 1 8 6 &4
2 9 5 6 2 9 5 6
6 8 7 9 & 8 7 9
39 08 3 9 08
L9 17 b9 17
5 7 8 2 5 7 8 2
6 1 0 2 6 1 0 2 '..'
32 7 1 3 2 7 1
L 2 8 o0 Y 2 8 0
5 0 19 5 01 9
L 3 6 5 4 3 6 5
7T 0 5 & 7T 0 5 k4
8 1 5 3 8 1 5 3
9 2 3 4 9 2 3 4

(2) Let Dy =D, U 93 where D, is the BIB(9,18,8,4,3) design given by Fisher and

Yates (1953) and let D_ be the complete lattice, the BIB(9,12,4, 3,1) design with an

3

extra plot containing a new treatment x added to each block. Then Dh is luveally

resistant with respect to the treatment x only.



o
fo—)

2 L C 2 4 7 0 1 2 x 0 4 8 x
. 12 3 5 1 4 5 8 0 3 €6 x 0 5 7 x
2 3 L4 6 2 5 6 0 1 b 7 x 1 5 6 x
34 57 36 7 1 2 5 8 x 1 3 8 x
4L 5 6 8 y 7 8 2 3 4 5 x 2 3 7 x
5 6 7 0 5 8 0 3 6 7 8 x o 4 6 x
6 7 8 1 6 0 1 L
7 8 0 2 7 1 2 5
8§ 0 1 3 8§ 2 3 6

(3) Let Dg = Dé U D, vhere D, is the same design as in (2) and D! is the

3 2

following 3IB(9,18,8,4,3) design given by'sprott(i956).

3 2 5 1 L 5 8 7
Y 0o 7 2 5 3 6 8
5 1 8 0 34 76
o 6 5 0 L 7 8 2 1
7T 3 1 5 8 € 0 2
8 4 2 13 6 7 1 0
0 8 3 7 1 2 5 bk
1 6 4 8 2 0 3 5
2 7 5 6 0 1 4 3
Dg is globally resistant of degree one.
Corollary k.k. D is locally resistant with respect to the treatment z in Q

if and only if every triple containing x appears the same number of times in D.

Proof. Recall tﬁat every block of D_ contains x. Morecver, upon removal of x
E— % .

from the blocks of D_ the remaining structurs viz., D' is a BIB design by lemma

° x x

4.4 and Theorem 4.1, thus the proof.
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Before proceeding further we need the following definition:

Definition 4.1. Given a set Q of v elements, and given positive integers,

k,t(t < k < v) and p, we denote by a tactical configuration Clk,t,u,v] a system

of blocks (subsets of Q), having k elements each and such that every subset of

Q having t elements is included in exactly p blocks [see also Carmichael (1956)].

Tactical configurations C[k,2,u,v] are simply balanced incomplete block
designs and tactical configurations Clk,3,u,v] are referred to as doubly balanced
incomplete block designs. Recently, they have been referred to as t-designs
and many mathematicians are now working on t-designs for t = 3 [see e.g.,

Alltop (1969,1971), Assmus and Mathson (1966,1969), Hanani (1963,1971), Hughes

(1965), Lane (1971) and Pless (1969,1972), Raghavarao and Tharthare {1967,1970)1,

Theorem 4.2. A necessary condition for the existence of a tactical configuration

Clk,t,u,v] is that

Proof. The left side of (#) is the number of blocks of C[k,t,u,v] that contain

h fixed elements of Q.

Corollary 4.5. A tactical configuration C[k,t,u,v] is necessarily a tactical

configuration C[k,t',p,v] for all t' < t.
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. Now we give a second characterization of globally resistant designs of

degree one.

Theorem 4.3. D is globally resistant of degree one if and only if it is &

The proof follows directly from Corollary 4.4 and Definition k4.1.

Corcllary 4.6. Any t-design, t > 3 is at least globally resistant of degree one.

This follows from Thecrem 4.3 and Corollary k4.s5.

This latter characterization of globally resistant designs allows us to
utilize all the available theory related to tactical configurations or t-
‘ designs for our present theory. This alsoc shows the practical usefulness of

t-designs which are currently of great interest in combinatorial analysis.

5. Existence and Construction of Resistant Designs.

Theorem 5.1. The existence of a BIB(v,b,r,k,)\) design on Q such that

: . . . . +
b+2) = 3r implies the existence of a globally resistant BIB(V+1, 2b, b,z§£, r>

design of degree one.

Hereafter, In and Ja indicate the identity matrix cf order n and an axb

50

matrix with unit entries everywhere respectively. We also dencte an mXn matrix

of zeros by Qm 0’
2l
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Proof. Let D, be the given BIB(v,b,r,k,)\) design. Augment every block of D

1 1 ‘l’
Next, let D2 be the

complementary design associated with Dl' Then D = ﬁl U‘-'-D2 is a BIB design with

with a new treatment say ¢. Call the resulting design ]31-
the given parameters and moreover it is globally resistant of degree one. The

fact that D is a BIB design can be easily established. Here we prove that it is glo-
bally resistant. To do so, let x ¢ be an arbitrary treatment in 0. Then

with no loss of generality the incidence matrix of ]-Jl can be written as

gl,r gl,b-r <— related to x
=N N
,{l,r ,{l,b-r <—- related to ¢
T -l

Now write the incidence matrix of D, denoted by N taking into account the same

2
ordering of the treatments upon which N has been formed. Then we have '
Sl,r ' gl,b-r <%— related to x
E = ,:Tv—l,r - Nl ,gv-l,b-r - ,]'\:,12
<
31,1« Bl,b-r related to ¢

Note that the incidence matrix of D will be LIEZN]. Let D_ denote the blocks of
~ X

D which contain x. The incidence matrix of D_ upon deletion of x is

X
- 7
J -
Ny Sv-1,b-r Mo
M =
gl,r Bl,b-r
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Then by lemma 4.1 and corollary 4.1 the design D is globally resistant if and
only if M is the incidence matrix of -a Bi[TB':' design, i.e.,'ﬁlvll’\d;' has a fixed diagonal
entry and a fixed off-diagonal entry. - Computing MM' we obtain

] - - 1
N N\dv-1,p-r Ez)(.fb-r,v-l Ez) N

17r,1
MM =
! 31, rlf\ll 51, r,{l,r
i i
()T, ¥ (308300 v Mo
L )"gl,v-l :

Therefore, for b+2) = 3r we obtain

- J - 1
DL My Maen T
° A\
M%f ) _ A
| T
L lgl,V-l g - i t _

»

The case x = % is straightforward. Q.E.D.

Corollary 5.%. The existence of a BIB(kt-1, ht-1, 2t-1, 2t-1, t-1l)4egign implies the

existence of a globally resistant BIB(4t, 8t-2, ht-1, 2t, 2t-1) design of degree

one.
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Corolléry 5.2, If ht-1 = " = 3(mod 4) or kt-1 = ﬁjqﬁ = 3(mod &), qﬁ =% 4 2,

then the globally resistant design in the preceeding corollary exists.

Proof. By construction.

Case 1. Let Ut-1 = o 3(mod 4). Let Q = {z, z € GF(ht—li}. Then let D

1
be the following known design [Bose(1947)]

L

D, =={(g?+z, g +Z,...,gut_2+z> Yz e GF(ht-li}

where g is a primitive element of GF(kt-1). Note that D, is a BIB(ht-1, ht-1,

2t-1, 2t-1, t-1) design and thus by the method of Theorem 5.1 we can generate

" a globally resistant design of degree one.

 Example. Let 4t-1=7. ThenQ ={0,1,2,3,4,56}. Let g =3. Ten D ={(2,41),
(3,5,2), (4,6,3), (5,0,4), (6,1,5), (0,2,6), (1,3,0)}. Therefore D is the

following design

¢ 2
¢ 3
¢ b
¢ 5
3 6
¢ O
1
[See also Bhat and Shrikhande (1970)].

[

w N O O\
AN U F w Do

oW Fow D

N~ O OV F oW

F w D o~ O O W

yoF w2 O O

0]
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. Case 2. Let 4t-1 = pan, ‘qB = pa +2. let O = {(x,y), ¥ € GF(j:—a),' 7€ ‘GF‘(qp)}.

-—

Define the following addition and multiplication on Q

(Xl’yl) + (XQ)Y2) = (xl+x2) yl+y2))

]

(x 5y ) (x57,) (xx )

o> V1Yo
Let gi be a primitive element in GF(p”) and g, & primitive element in GF(q" ).

Now let

. 0, 1 a-1 - 1
oo {(z H(x,¥7), 2 4%,y ), 02 T H(x,y), O+(x,y), w H(X,¥), -,

ws-2+(x,y)>, ¥ x e GP(p™) and y ¢ GF(qB)}

where

. . s ~ . i a : P .
. 2t = (gi,gé), 0 = (0,0), who=s <g1,0>, s =p and d = (s®-1)/2.

t is shown by Stanton and Sprott (1958) that D, is a BIB(4t-1, ht-1, 2t-1,
2t-1, t-1) design and thus by the method of Theorem 5.1 implies a globally

resistant design «f degree one.

ixample. Let 4t-1 = 15 = 3x5. Then one can easily construct a globally resist-

ant BIB(16,30,15,8,7) design of degree cne by the above procedure.

Since Theorem 5.1 is an important theorem it will be very useful if we
could characterize all BIB designs with b+2)\ = 3r. We shall do this in the

sequel.

Characterization of BIB(v,b = 3r - 2), r, k, 3).

It can be easily shown that in any design with these parameters

Vo {y=1)/2 and r = mk.
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We shall now explore all the possibilities for m.

(i) m = 1. This implies that the design must be a symmetric

BIB(4)\+3, La+3, 2041, 20+, \).

(ii) m = 2. We get the series BIB(2\+3, 4\+6, 25*2, 2+l, A\)designs which have the

parameters of the derived design of symmetric BIB(4)\+7, 4\+7, 2)n+3,
2\+3, 2+1) dosigns which is the same series as in (i).

(iii) m 2 3. We get BIB(2k+l, m(2k+l), mk, k, m(k-1)/2)designs.Now consider 2 cases:
(a) %k odd = 2t+l. Then the design has parameters of m-replicate cf the
BIB(4t+3, Lt+3, 2t+1, 2t+l, t)designs; i.e.,an m-replicatc of the design
in (i).
() k even = 2t. Then the design is m/2 = yu replicate of o BIB(ht+l,

2(4t+1), bt, 2t, 2t-1)design. Note that this BIB design is the samc series
as in (ii) when ) is odd. Thus designs in (iii) have parameters of

i replicate of designs in (i) or (ii).

Thus we have characterized the entire family. Now whether or not all these
designs exist is a major unsolved problem. This is so because the existence of
a RIB(Lt+3, L4t+3, 2t+1, 2t+1, t) design is equivalent to the existence of a
Hadamard matrix of order 4(t+l). fThese prcbably exist for all ¢

, but as of

to-day this 1s an open problem for infinitely meny t's.

Consider the set-up in Case 1 ¢f Corollary 5.2. Let ﬁl be the same design

be the following design

3¢

%

s given there, i.e., D1 augmented with ¢. Now let D

N

Dz = {(z,g2+z,gh+z,...,ght“2+Z) Vze GF(&t-l)}

Now we have the fcllowing theorem

Theorem 5.2. The design Db i ﬁl ' D; is locally resistant with respect to

treatment ¢ only.
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Procf. For the prqof that D is a BIB design see Bese (1947). Now D is locally

resistant with respect to ¢ since D; is a BIB design, see Corollary U4.1. Because
of the cyclic property of 51 and DZ the design is not resistant to any other treat-

ments.
Example. Let 4t-1 = 7. The O, is as follows:

62 4 1 0 2 4 1
43 5 2 1 3 5 2
64 6 3 2 4 6 3
&5 0 L4 2 5 0 &
¢6 1 5 4 6 1 5
p0 2 6 5 0 2 6
1l 3 0 6 1 3 0

Remark. DNote that Corollary 5.2 and Theorem 5.2 again show that property of
being locally or globally resistant depends both on the parameters of the

design and on the way the design has been constructed.

Theorem 5.3. A globally resistant BIB(v,b,r,k,x) design of degree one exists

whenever v = 2k, b = k(2k-1), r = 2(2k-1), k = k, % = 2(k-1) ond 2k-1 is a prime

power ﬁa.

Proof. By construction. Let g be a primitive element of GF(ﬁa). Then the

following design with 4(2k-1) blocks

1 +z ),

i+2 1+2k-h+z) i+2k-3

i i i+
D= {(Z; g *z, g t2,...,8 , (¢, 8 tz, & 3+Z:"‘:g

i=0,1;Vze GF(pO‘)}

is shown by Sprott (1956) to be doubly balanced design and thus by Theorem 4.3

ig globally resistant of degree one.
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Theoren 5.4. A globally resistant BIB(v,b,r,k,\} design of degree one exists

whenever v = Uy, b = 2(4p-1), r = bu-1, k = 2y, A = 2u-1 for all y such that ‘
B

Lu-1 is a prime power q".

Proof. By construction. Let g be a primitive element of GF(qﬁ). Then the

following design with 2(4u-1) blocks
0 - 2 .
D= {(Z) g *z, 82"'2:"')%)4(“ 1)'*'2)) (¢, gl+Z; g3+z)"';gh“ 3+Z)) vVze GF(qﬁ)j

is shown by Sprott (1956) tc be doubly balanced. Therefere it is a globally

resistant design of degree one.

Theorem 5.6. If s is a prime power, then there exists 2z globally resistant

BIB(v,b,r,k,)) design of degree one for any positive integer 4 and ‘
2(a-1) 2(a-1) d-1

v o= sd+1, b = (sd+1)/(s+l) Z g, r= Z sJ, k = s+1, ) = ‘_ R
j=d-1 j=d-1 =0

. 3

Hanani (1971) has constructed a Cls+1,3,1,8 +1], i.e., a 3-design which
implies (by Thecrem 4.3) the existence of the design in the above theorem. Thus
for example, if 8 = 3 and 4 = 2. Then one can construct a globally resistant

BIB(10,30, 12,4, 4) design via the above theorem.

The following theorem establishes a series of 3-designs with v = 2k and

thus a series of globally resistent designs of degree one.

Theorem 5.7. Let D. be a BIB design with v = 2k on O and let D2 be its ccmple-

1
ment. Then D = Dl. U D2 is a 3-design. .
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Proof. The parameters of Dl and of D2 are (2k, 2r,r,k,x); the parameters of D
are (2k, hr,2r,k,2x). We show that each triple appears exactly 3)\-r times in D.
We consider without loss of generality the triple u v w. Let D1 be divided intec

t 1 1 1
four groups of blocks, AO, Au’ Av, Auv as follows, and let AO, Au, Av’ Auv denote
the complements; Auv is the group of ) blocks containing beth u and v, Au has
r-) blocks containing u but not v, the blocks of Av contain v but not u, and the
b-2r+, = )\ blocks of AO contain neither u nor v. Thus u and v appear together

only in Auv and Aé. Suppose that the triple u v w appears in ¢ blocks of A |
uv

Then w appears a times in Auv’ A-0¢ times in each of Au and Av’ r-2\+y times in

A_ and hence 3)\-r-a times in A0

0 , so that the triple appears a+3)\-r-g=3)\-r times.

Thus each triple appears 3\-r times in D and D is doubly balanced and globally

resistant.

Preece (1967) lists non-isomorphic BIB designs with parameters (2k, Ltk-2,
2k-1, k, A) for A =1,2,...,7. He has four non-isomorphic designs for v = 8,
five for v = 10, eight for v = 12, twelve for v = 14 and no fewer than thirty

for v = 16. Each of these designs together with its complement gives a 3-design.

Corollary 4.5 and Theorem 4.3 enables us to utilize all the available results
on t-designs for our theory. Unfortunately, no one, as yet, has found a non- .
trivial t-design for t > 6. The selected references at the end of this paper

can lead the interested reader to the available results on t-designs.

Remark. We warn the reader that some authors like H. J. Ryser, W. G. Bridges,
E. 8. Kramer and perhaps others, have different definitions for t-designs (also

called H-design) which seems of no use in our theory.
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Before closing this section we mention the following important theorem. ‘

Theorem 5.8. Every symmetric BIB(v,k,)) design is locally resistant of degree

k {but not necessarily of degree less than k).

The proof follows from the known fact that if we delete any k treatments
which appear in the same block then the remaining structure is a

BIB(v-k, v-1, k, k-), A) design.
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6. Miscellanecus Results.

In this section we shall give some results which we have not, as yet, been
able to generalize. However, they are interesting enough to be included in this
report. Among these results, a locally resistant design of degree two is also

included.

(a) A locally resistant design of degree one with respect to two treatments.

The following BIB(8,1k4,7,4,3) is Preecé's (1967) type (iv).

0 4 5 6 0O 4 5 7 0 3 6 7 0 1 3 &4 01 2 6
1 5 3 6 1 5 3 7 1 4 6 7 1 2 4 5 01 2 7
2 3 4 6 2 3 L4 7 2 5 6 7 2 0 5 3

This design is resistant if either 6 or 7 is deleted. However, it is not resist-

ant if both 6 and 7 are deleted.

(b) A locally resistant design of degree two. Consider the following
BIB(12,66,33,6,15) design constructed in the following way. The design
consists of four parts. Part one is a BIB(10,15,9,6,5) design. Part two is
a BIB(10,18,9,5,4) design with x added to each block. Part three is a BIB
(10,18,9,5,4) design and y added to each block. Part four is a BIB(16,15,6,
u,2)design and both x and y added to each block. This design is locally

resistant of degree 2, i.e., we may delete either of the two treatments,

x and y, or we may delete both x and y.

(c) Note that we can construct a globally resistant design of degree one
with the same parameters as of the design in part (b). Let D be a
three-fold 3IB(11,11,5,5,2) design. Then D is a BIB(1},33,15,5,6)
design. Since b+2) = 3r in D we can construct a globally resistant
BIB(12,66,33,6,15) design of degree one utilizing D by the method of

Theorem 5.1.
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. N copten (50w ) and ()
(d) A susceptible design which satisfies Khl), (NE/’ and \h3/ of

Corollary 4.2. We have already given an example of this type of design ‘
in (1) of Corollary 4.3. Here we give another example which is more
interesting because it is a cyclic design. This design is the BIB

(12,22,11,6,5) design derived from the initial block 1 2 4 8 9 v and

13k9xy.

1 248 90 1 3 4 9 x vy
2 359 01 2 4 5 0 x vy
346 01 2 356 1xy
L 5 7 1 2 3 L 6 7 2 x ¥y
5 6 8 2 3 & 5 7 8 3 x vy
& 7 9 3 Lk 5 6 8 9 4 x vy
780&156 T 9 05 x vy
8 9 1 5 6 7 80lb6xy
9 0 2 6 7 8 9 1 2 7 x ¥y
0 1 3 7 8 9 0 2 3 8 x vy

~

Note that 11 = 4t-1gsatisfies the condition of Corollary 5.2 and thus one zan also

- . o
construct a globally resistant BIB(12,22,11,6,5) design of degree one.

7. Discussion and Some Open Problems.

In this paper we have opened up a new and practically useful area fcr re-
search. A practical utility of loca'lly and globally resistant designs was
pointed out in section 3. We may mention that our theory is also a contribution
to the theory of balanced incomplete block designs with unequal block sizes;

since from almest all locally and globally resistant designs one can darive .

balanced incomplete block designs witk unequal bleek sizes simply by deleting those



D1
treatments teo which the d_sigus ~re resistant. We hope that ur thecry auc .urages
' further research by these who are interested to expand the theory and applica-
tion of design of experiments. The two major unsclved problems in this area car

be formulated as follows:

(a) Our theory depends heavily on the homoscedastic additive linear mcdel.

Thus a generalization will be for a mcre general mcdel.

(b) We have mainly concentrated o»n locally and globally resistant designs of
degree cne. Hence, the development of the thecry is open for other

degrees. Even for degree one we have not solved all the prcblems.

(c) We have indicated that a sufficient condition for BIB(v,b,r,k,)\) design
to be locally resistant of degree k is v =b. Is this condition also

necessary?
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