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A GENERAL THEORY OF EGG PRODUCTION
by
Malcolm Fitz-Earle, Ian McMillan, Leonard Butler and Douglas Robson*
Department of Zoology
University of Toronto

Toronto, Ontario, Canada

Introduction

Egg production in organisms which lay eggs continuously throughout their
adult lifetimes, can generally be.subdivided into two' components. The first
component is an increasing phase to a maximum egg production rate and the
second component a decreasing phase from this maximum. For typical egg
production profiles' the simplest model involves a von Bertalanffy growth
component and an exponential decay component. The overall profile is the

resultant of these two components.
The Model

For simplicity, consider egg production as a two stage process. Mature
eggs develop from 'primordial' egg cells and are then expelled from the ovary
as 'developed' eggs. Assume that the initial number of primordial egg cells
(AO) is fixed at time to at which time they begin to develop at a constant
instantaneous rate 9. Then the number of primordial egg cells remaining
at time t> tO is

- x(t’“’to>
A(t) = AO e

Assume that mature eggs are deposited at a constant instantaneous ratee(.

*Biometrics Unit, Cornell University, Ithaca, New York, U.S.A. [ocToBeER 1a61]
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If B(t) is the number of maturc eges

and B(to) = 0, then

% B(1t),

=
N
ck
~
Il

-

where ¥(%t) is the rate of deposition

number of mature eggs present in the

rate of development and their rate of deposition,

2 -

present in the female at time 1,

of mature eggs. The,rate of change in the
female 1s the difference between their

Therefore,

3'{t) = 2A(t) - & B(t).

sOiving this oguation with the initial conditions A(ty) = A, and B(t,) = O,

wg have
: B(t) = _* ik xt C
| VT et T A(y) at +
" : . e J éu't
‘where C = constant and A(%) = A e Als - to).
‘ Hence ]
L a"\'tc’ %t At c
C B(t) = e Aa e at  +
G«t e«t
- At (A - -
=ethoo OS (» «)tdt +Ce°<t
At
= e_utAo (-A) e © ~(A =)t c e~ %t
(h=w)
_ g
But B(t,) = O and since e £ 0,
¢ = A& e“to
A - .
ot - (A=) (% - t)
—“
So that B(4) = Toar e ° - e °
?\—' ® L]
Since N(%t) = &< B(%),
. ot (s _
N(t) = o *° dXNA @ o {1 o (A=ot)(t = to) (-
A~
t ot
or, letting § = A -« and defining M= « A A e = o(f+w) Aj e
A=< 3
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E(t) = E.-i'{l - 3 (t-“o)\( o %t
¢ 3
where I is the potential maximum daily egg production
to 1s the initial day of egg laying

§ is the rate of increase in egg production

A is the rate of decrease in egg production

Derivations from the model

The total egg produciion of a female during her productive lifetime may
be found by integrating the function N(t) over the time intervel (t_, t),

whene to>-O iz the time at which the female begins egg production and ts is

.age at death, % ? :
‘ s (t - 1,) _«
ot , t) = ( ¥ (1 - e °%y &%t 4y
O S J
T
s (o]
. o =t - «(tg~ ) - 3(tg - t,)
-7 l-c¢ [l +3(1 - )}
—_— 5
«(1+7%) | . :

Letting t_ < <o , the bracketed term of this expression approaches unity

and we obtain potenitial lifetime egg production,

- %t ‘ .
R * ©
M e

T('to,OQ) = —
«(1 +%) ,

Also, T(%,, Qg) may also be correlated with the production T(ty, t,) during
a specific time interval,

T(tl, "c2) = (%, )11 + }‘3(1 - e_ \s(tl-%)) - e-ﬁ(tz—tl)[l 4%(1 -0

- S(tz-tb)') ]

By differentiatiing the equation for the egg production model,

1 { '—g(t—to)go-o{t

NA{t) =M -+ GE+x) ©
}

L

Therofore, maximum egg production occurs at

-
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It follows that the maximum egg production reached is,

o]

Sy

N5 ) = U 3 %’
- v - U(‘GO 1 +u
max STy, ) (1 +)

Therefore the relationship between the potential total lifetime, T(to, ®),

and the maximum egg production reached is

Tty ®) = SR (€

1
™

P S
a{
8
ﬁv

Interstrain egz production comparisons

‘ ' - =
. Potential lifetime egg production, T(jbo,w) has been expressed as

-t
Me
%(1+ “4)

o
T(to, °°) =

The constant M was defined as

«to'
M=a(3+k) A_e

[
3
-t

Therefore A o= Xe (t, ®)

° w1+ :
Since A is determined at t , it is independent of « and 3 =X+ A. Therefore
the potential lifetime egg production ‘I‘(to, W) is fixed at to and is independent

>

of the parameters and 3 .

Let the number of eggs actually laid by the female during her lifetime
be T(‘bo, ‘bs) where Ty is the time of death of the female, Then
=(t,) = 2(t,, t,) / A, is the proportion of the total potential egg

production actually realised.

- ®(t -t ) =Nt -t )
1 o
Hencs r(ts) =2 1 == Ae 5% Lxae & °

A=«
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Nowr B ..:‘(T,N) \( = P A, K)
J

VP = « { (=A% -t ) = A(t-t)
RN (A ~x)* L{Le 50 - [l-(x_'/\)(ts_to)l ° sy

Ns A g ) = (A=) (t ~t)) -o((t-t)
-gzé ﬁ~ o _[-(m u)(t-t)] 5 o

Therefore , (A ,w) is an increasing function of both L and A . With no
selection pressure, Q(and.7\ would tend to increase indefinitely.  However,
environmentél selection would determine intermediate walues of these parameters
to maximize fitness. This implies that strains of animals of the same species
‘reared in the same environment would have similar | © (,A). Hence r(t,)

. is pot a suitable basis for comparison of egg production between such strains.
-Siﬁce T(to,°°) is independent of ™ and A it therefore becomes the logical

basig of interstrain egg production comparisons,
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Appendix : A modification of the model to include egg loss before deposition

Primordial egg cells Mature eggs

kab kbd

A(t) = B(t) > Deposited

ao kbo

Lost Lost

The egg production model as given earlier does not take into consideration loss
‘f eggs either at the primordial stage or at the mature egg stage. In practice, sucil
genetic wastage could exist through the atrophy and reabsorption of (1) the un-
fertilised developing eggs or (2) the fertiiised eggs, through the effect of the male

on zygote viability.

The first derivation of the model involved a two 'compartment' system: the
primordial egg cells (A(t))developing into mature eggs (B(t)) at an instantaneous
rate ka , then being deposited from the ovary at an instantaneous rate kbd'

If we now include the loss rate from each compartment, kao and kbo for the

primordial and mature stages respectively, then with initial conditions

A(to) = Ao and B(to) = 0 as before, the equations to be solved are

)

- (kao + kab) A(t)

B () = k, A - (g +k ) B(E)

.he solutions are

-(k +k J)(E-t)
A(t) = Ao e ao ab o)
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kA Slg gt - t) (R + k(e - t)
c _

'nd B(t) = ab "o e @

‘(kab"’kao) - (kbd+kbo)

Thus, the rate of egg deposition is

(kbd + kbo) to
N(t) = B(t) = kbd kab Ao e _[(kab+kao)_(kbd+kbo)](t-to) —(kbd-}-kbo)t
kbd - e e

.1
(kab + kao)_ (kbd + kbo)

Letting L ﬁ 3ok tk, o= 7\ ;o kgt k= K ; then

kK k A e(kbd+kbo)to
bd ab o)

(kab+kao) - (kbd+kbo)

=N - =k, k) - (g +k ) and

-3(-t ) -t

.ence we obtain the model in the earlier form: N(t) = M(1 - e ) e

It is to be noted that since two additional loss rates have now been introduced
into the model, the k's cannot be estimated. Since Ao’ the number of primordial
egg cells at time to’ is independent of all variables, it is the best egg production
parameter for characterising a strain. Hence when females of a certain strain X
are mated with a variety of males, it might be expected that Ao is characteristic to
all females and therefore the values of Ao should be the same irrespective of the
male. In practice, this is not the case and the discrepancies could be accounted
for by the various egg losses which have been outlined above and included in the
modified model. Now Ao can be readily obtained from the relationship Ao =
M edto/& a1+ Q%) = T(tO’ %0 ). However, this does not use the loss factors

included in the modified model and is therefore inaccurate. Unfortunately, it

1
.s impossible to obtain values for the k s and hence Ao cannot be estimated using
(g gt ig )t
d o’ o
A = Me [(kab + kao) B (k'bd + kbo)]
© K
kbd ab




