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ABSTRACT

Reviewed in this paper are the following deterministic models of

epidemics.
1, Non-recurrent Fpidemics (two models).
2. Geographical Spread of Epidemics.

3. Recurrent Epidemics.

The material in this paper are excerpts from the following papers and
books.

Bailey, N. T. J. (1957). The Mathematical Theory of Epidemics (pp. 25 - 29,
32 - 35).

Kendal, S. G. (1955). Deterministic and Stochastic Epidemics in Closed
Population. Third Berkeley Symposium on Math. Stat. and Prob.
Vol. IV (pp. 149 - 165).

Karlin, S. (1962). Unpublished lecture notes.
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We congider a population of susceptible groups or people invaded by a
disease of the following character: for each member who contracts the disease
there exists

l. a preliminary non-infectious incubation period, followed by

2. an infectious but non-symptomatic period, leading to

3. a symptomatic period at which time the member is removed from the

population of susceptibles.

Model 1, We imagine a population of ntl members with a single person infected
initially. Those infected are not removed.

Let x(t)

y(t)

number susceptibles at time t
number infected at time t

il

Our initial conditions are thus x(0) = n, y(0) = 1; if sick are not removed,
we have x(t) + y(t) = n + 1 for all t. We assume the spread of the epidemic
is caused by relative contact between susceptibles and the infected. Then
dx/dt = - Bxy, and letting T = Bt, dx/dt = - xy. x +y=n + 1 ==>

ax/dt = - x(n + 1L - x) = - x(n + 1) + x* and we have a Bernoulli differential
equation. The solution is standard, x(t) = (n+l)n,/(e(n+1)T +n). It is
common procedure to call -~ dx/dT the epidemic curve, since it represents the

rate of infection of susceptibles.

+
Then, - % = (n+l)2 n e(n+l)’r/ (n+e(n l)T)2
log, (n)
The above function has a maximum at 7 ==

max n+1l
The curve is symmetrical about © . Since X(Tmax) = (nfi)/z_the

epidemic reaches its peak when one-half of the population is stricken.
dx

e —— —— — — e )

loga(n)
n+l
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‘Model. -2..-: This model, was first treated by Kermack and McKendrick in 1927 and
was glven an approximate solution. Kendall later gave an exact solution, We
begin with the approximate solution. Let
x(t) = number susceptibles in population
y(t) = number infected and infectious

z(t) = number removed or cured and immune.

1]
.

Then, the number of susceptibles is reduced by those 1nfected the number of
infected is increased by those stricken and decreased by those cured with
rates” proportional to contact. Therefore '
(1) ax/at = -pxy
~(2) ay/at =pxy - vy
(3) dz/at = - ax/dt - dy/dt = vy,

a(x e 2) = 0 for all t. Tt
is convenient to let p = v/B. p 1s called the "relative removal rate" or the
~ "threshold" constant since, from (2), dy/dt = y(Bx - y), and if initially

.+ x(0) s y/p = p then dy/dt .0 and no epidemic may ensue. From (1) and (3),
dx/dz = - x/p == x = % e” %P yhere g = x(0).. %, dz/dt = y(n-~z~ x, e 2Py

since x + y + z = n, for all t. The approximation now made by Kermack and
-z/p

since x + ¥ + z = n = gize of population ==>

- McKendrick was to employ the first:thrée terms in the expansion of e
. dz
CeE; S v(in - z - x, 1 - z/p + z2/2p2} Y{(n—xo) + z(xo/p - 1) - xozz/Epz}

It is interesting to note that three terms of the expansion were required
since in most cases X, is Jjust above the threshold level and thus
z(xo/p - 1) ~ 22, for z small.

We digress now to examine the solution of the above differential
equgtion, a very common type called Ricatti's equation.

Its most general form is

- %1{1 = u? + p(thu + q(t) ‘ (a)

To find the general solution, we consider the linear second order equation,

o .
d

_(_i__\_f + p(t) -d—}cr + Vq_(t) =0 (‘b)

at? E _
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We claim that, if v is any general solution of (b), then u = v'/v is a
general solution of (a) in any region for which v # O.
Suppose u = v'/v. Then

e 1\2 n 1
wto= Y o (WE vt (vl
(v)? vov
u'-}-ug:ﬂ
v

and u' +u? + p(t)u + q(t) = v'"/v + p(t) v'/v + q(t) = 0 (from (b)) and
u = v'/v is indeed a solution of (a).
Returning to our original equation, let s = xot/2p2, and we have
¥ 20° 2 X
dz _ 20 + z 20 (39 - l) - z2

ds X X
e} o

where we have now let Zy = 0 so that X, + Yo = Be

We thus solve the related equation

2
QEX + (1 - =2) 20" dv _ ZE_ES. =0
at? o T x, dt *o

which has constant coefficients and is solved by utilizing a combination of

exponentials.
‘ The solution is straightforward and

2 X
e 0 1
Z-—-J-{-;{(B—- l) + @ tanh (§ ayt - Q)}

" where o

2X Vg 12
}

— - 1)+ ——m=
2 - 17+ =2

X
-11 /0
] tanh = (B—' - l)

i}

We now difféfentiate to find the "cure rate" curve.

dz _ 1 p% 2 2l
5 = 5 o 0Py sech®(3 oyt - 8) .

(@)
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This curve is symmetric about a maximum which coincides with the ma}ximim

LN LS

infectious rate.

dz
3t

A

W
ot

L

As t --> =, we find
2 ¢ X,
2(=) = £ {2 - 1) + o}
Xo o}

and we interpret this value as representing the total "size" of the epidemic;
i.e., the total number infected. If we assume ¥ << (xo/p) - 1, then
a~(xo/p-l)and Lo

o
2(e) ~ 28 (2 1) = 2p(1.-.20)

Now assume X is a fixed value abqvg phe_thresholdhso that X, = p + V. Then

z(®) ~f2p(l - ——) ~ 2V  where v << p

=) = p(p+v

Thus, through the course of the epidemic, the number of susceptibles will
eventually fall as far below the threshold as it was above at the outbreak.

References:

Bailey, N. T. J. (1957), The Mathematical Theory of Epidemics.

Kermack, W. O., and McKendrick, A. G. (1927-33), Contributions to the
Mathematical Theory of Epidemics, Proc. Roy. Soc. T

Kendall, D. G. (1956), Deterministic and Stochastic epidemics in Closed
Populations, Proc.'Third.Befkeléy“Symboéium on Math, Stat. and Prob,
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[This material follows N. T. J. Bailey, The Mathematical Theory of
Epidemics, pp. 25~-29 which discusses part of a paper by D. G. Kendall,
Deterministic and Stochastic Epidemics in Closed Populations, vol. IV, Third

Berkeley Symposium, pp. 149-165.7

The adequacy of the approximate solution obtained by Kermack and McKen-
drick may be examined by considering the modified model of which it is the
exact solution. As before

/

dx
I - - B
dy _
(1) < g = Bxy -y
dz _
‘oW
\
with x(0) = X, y(0) = Yo z(0) = z, = 0. However p is now temporarily
assumed to be a function of z, B(z). Then
ax g,
dz Y
from which

zZ

X = x_ exp r- % I B(u) du] .
- o

Making the particular choice

(2) plz) = e E
(1-2)+ (-2

with B(0) = B and p = v/B,

z Z og(1l - =) au
[ B)az= [ —2
0 o(1-=2)2+1
p
2
= -y log(l-2+2-).
L P 2p2
Thus
z | z°
X = xo(l -3 + ——;) .
20



Using y = n - z - X,

dz z , 227
- = = ne=z=x\(1==+—;
- W V[ o3 s
o
X x
-
=y fn -x ¥ 2(=2 - 1) - 2 2,

This is exactly the approximation obtained by Kermack and McKendrick.
From (2), B(z) < B for 0 < z S p so that the approximation consistently under-
estimgtes the rate at which infection takes place and hence underestimates the
total size, z(«), of the epidemic. Further, if at any time z > p then
B(z) < O and the number of susceptibles 1s an increasing function of time.

We now return to the model as given by (1) with B and y positive con-

stants. As before, an immediate consequence of (l) is that

where p = v/?, so that

(3) Z=yn-z-x e®)
-7/ p

graph is intersected exactly tW1Ce by the graph of n - z.
-z/p

Since X, e is convex with intercept xo on the function axis, its

X e

Letting -ﬂl and ﬂa be the two roots, one negative and one positive, of
dz/dt = 0, dz/dt > 0 for 0 < z < M, From (3)
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dz

dt = oy
v(in - z - x, e )

and, using z = 0 at t = O,

Z

_ 1 du
t(z) = ; f o ’

on-u-x_e
o

(4) %

with convergence for 0 £ z < ﬂe.

t(z) as given by (4) is one-to-one for 0 £ z < T, and hence has an,
inverse there, so that equations (3) and (%) provide. a formal solution for
dz/dt as a function of t, called the notifiéations curve by Kendall.

For 0 < z < Ty, |

x
2 P12 e-u/p) du
_ 1 du 1 ' P
w2 =g 7523, 7 e
Y% n-u- x, e Y9 h-u - x e
1 -2 =X e'z/p""
= S — log <n o )
N . n-x

o

Therefore 1lim t(z) = ®. Thus z(x) ='2;:= No» aﬁ&“ﬁé'may be interpreted as
2Ny L -
the size of the epidemic.

It is usual, according to Kendall, to discuss the epidemic generated.by
the introduction of a trace of infectives»(yo)xinto a population consisting
entirely of susceptibles. This motivates looking at the limits as X, approa-
cheg n of the elapsed time t(z) untll the numpgr of removals equals z. Balley
asserts that for t(z) as given by (4) and” for' #ixed z between O and Nos
lim t(z) = », and interprets this as showing that an infinite time elapses
diﬂ % .

before the epidemic begins. Treating X as.a“cénﬁinnous variable,

z
1 du 1 du
ety =3 ] 2 —
o Y n-u- X e'u/p N Y,.o_n -x e u/e
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zz eu/pwdu

=£—-f° = £ [1 2o _ - log(n - .
v . o [1og(ne x ) - log(n - x_)]

X
e}

Thus for any fixed z with 0< z < ﬂz, lim t(z) = =.
xodﬂ
Apparently then the time required to reach any fixed positive z may be

made arbitrarily large by picking X, sufficiently close to n. [In fact,
however, X, is discrete and is at most n-1 if there is to be an epidemic, and
for such x_ the Integral defining t(z) converges.] Kendall (and, following
““him, Bailey) sees this as a difficulty which 1s overcome by a shift of the
time origin to that tlme at which the notifications curve achileves its méximum.
Quoting Kendall,

"The complete change in our point of view should be

noted; to begin with we followed the customary procedure

of studying the development of an epidemic subsequent to its

artificial creation by the introduction of Yo infectious

persons into a popula'bion_of_xO susceptibles. We are now

considering an epidemic as an- entity existing from t = - =

to t = + ®», and we have for convenience located our time-

origin at the epoch of greatest activity."

Details of Kendall's analysis can be found in the paper cited sbove. In
these notes the same results will be obtained without employing Kendall's
shift in point of view.

The peak of the notifications curve, dz/dt as a function of t, occurs
- When

a 4 a
& @ =va - vy - w) = (xp) =0

Letting X, §, 2 denote the number of susceptibles, infectives and removals at
the time when dz/dt takes its maximum value, £ = p. Since x = X e'z/p, |
z = p log (xo/x) and 2 = p log(xo/p), and since the total population size
remains constant, § = n - M - M 1og(xo/p).

Using Ken@all's notation, let_glAand~§2 be the number of removals before

and after the peak of dz/dt, respectively. We have taken z, = 0, 80

l/ This derivation is due to Karlin.



: e xo
(5) L el gl =.7 = p log E_
and .
(6) | o= M-

where T, is the unique positive root of n - 1 - X e“Wp = 0. From (5) it is
apparent that gl 2 0 if and only if xo 2 p. If xo < p then, since x is a
decreasing function of t, dz/dt does not peak but is a decreasing function
o e o . 575 T

The intensity of the epidemic is given by I = T 5 the ratio
of the total number of removals to the population size. The ratio of the
number of removals before peak activity to the total number of removals,
gl/(gl + §2) = Ql/ﬂe, serves as a measure of the asymmetry of the epidemic.
The nunber of infectives at the peak of the epidemic is §=n - M - gl so that
the maximum height of the notifications curve is

(&) =¥ -0-¢)

It should be noted that for fixed n and p the values of gl, gg, I and
(dz/dt)max are functions of X e In Kendall's treatment the same symbols are
uged for the limiting quantities as X —> n, obtained by replacing e by n
since the functions are continuous.

In the special case of X, = n,

n n
C
1 lp p
T o e = log._
Ql + §2 In n
and ..e = e I
n Tog(l - 1)

so that the proportion of infectives in the population at the peak of the
epidemic and the ratio of removals prior to pegk to the total number of re-
movals are both functions of the intensity I above. Kendall tabulates their

values at varlous values of I, and a few are given below.
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I 5/n ¢4/ (€5 *+ ¢p)
20 0.6 49
40 2.5 48
60 6.8 L6
80 15.5 43
90 2h.2 41
95 31.9 38
98 Lo.3 35



I, Geographical Spread of Epidemics
References: D. G, Kendall,-Journal of the Royal Statistical Society, Series A,
Vol. 120 (1957) PP, 64-67.

N. T. J. Bailey, The Mathematical Theory of Epidemics, Hafner,
1957, pp. 32-35.

The following analysis is nonrigorous, but i1s useful in revealing
features worthy of study in stochastic versions of the model.

Consider an infinite uniform two-dimensional pobulation for which there
are ¢ individuels per unit area.

Let
x(P,t) = proportion of "susceptibles" in the population at point P, at |
| time t. o , |
v(P,t) = proportion of "infectives" in the population at point P, at time t.
z(P,t) = proportion of "removels" in the population at point P, at time't.
(1) X(P’t)"'y(P:t) + 2(P,t) = 1

for each P and t.
In a small element . of <dreéd @S:cgbout P,

0dS = number of "indlviduals" in the area

" ox(P,t) dS ~ number of "susceptibles" in the area at time t
oy(P,t) dS ~ number of "infectives" in the area at time t
0z(P,t) dS ~ number of "removals" in the area at time t

In this model the time-rate of change of the number of susceptibles in the
area 1s taken to be proportional to the product of the number of susceptibles
in the area and a weighted average, with weights’depending upon P, of the
number of infectives in other parts of the plane. This latter factor is in-
tended to be a measure of the chance of contact of. a susceptible at P with an
infective somewhere. With p as the factor of proportionallty, the differ-
ential equatlon for the time-rate of change of- the number of susceptlbles in
the area is
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%% ox(B,t) dS = - B ox(P,t) 4sS ff oy(Q,t) r(?,Q) as

After cancelling a 0dS on each side we thain

(@ Lx@0) = -5 o) [[ @0 a0 a

“Tet

(3) %(p,t) = [[ x(a,t) A(p,Q) as
3(2,1) = [[ v(e,) a(p,Q) as
2(2,t) = [[ 2(a,t) A(7,0) as

where the integrals are with respect to Q over the whole plane. We assume
that %(P,Q) is such that the integrals in (3) converge. Furthermore, we
assume that ff A (P,Q) dS is constant for each P, There is then no loss of
generality in supposing that : R .

pv(u) ff A(P,Q) as = 1i _‘ o for all P,

since this can be arranged by a suitable adjustment of the factor of pro-.
portionality B.

Those individuals who leave the susceptible class become infectives.
Assume a removal-rate y for infectives. Then using (2) and the second
equation of (3) we have the following set of differential equations (we drop
(P,t) from the notation for typographical convenience): 4

dx

(5) 3 = - Pox¥

%% BOXY - vy

az
it

]

Yy

Multiply the . third equation by x(P,Q) and integrate out Q to obtain'

(6) | E-v
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Divide the first equation of (5) by equation (6) to obtain

ax _ _Box _ _ox
(7) - v S
where
=X
(8) p=3

The differential equation (7) is easily solved by separating variableé and
integrating, The solution is

(9) x(P,t) = x(P,0) exp[- % %(P,t)]

We shall take z(P,O) = 0 for all P. This simply amounts to considering in
the analysis only those individuals who argwcapgble of entering into the

" “epidemic. It then follows from the third equation of (3) that

Z(P,0) = 0 for all P.
Using (1) and (9), rewrite the third equation of (5):

dz
(10) T-W

v[1 -z - x]

)

YL - 2 - x(2,0) exp(-  5(P, )]

It follows from (5) that as t = =, x decreases since g% < 0, and z increases
since %% > 0, Since x and z are bounded they must tend to limits. Denote

the respective limits by the omission of t; i.e{,
x(P,t) --> x(P)
z(P,t) --> z(P)
Z(P,t) --> Z(P) etc.

Since z tends to a limit we shall assume that %% tends to zero (there are
examples of functions which tend to a limit without the derivative tending to
zero). .It then follows from the third equation of (5) that y tends to zero,

i.e., y(P) = 0 for each P. From (1),
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y(P) =1 - z(P) - x(P)
= 1-z(p) - x(,0) expl- 2 Z(F)]
=0
Consequently
(11) 2(P) = 1 - x(P,0) expl- 2 2(P)] .

From the third equation of (3) we have, at least for the case where
A (P,Q) is of the form (13), below,

(12) 2(p) = [[ 2(2) A(2,Q) as .

Denote the distance between two points P and Q by PQ. Suppose that the
weighting-=function \ has the property that for some b > O,

(13) A(P,Q) =0 for BQ = b

r(P,Q) >0 : for PR < b

Further, assume initial conditicns

(14) x(P,0) =1 - 2(P)
y(p,0) = €(P)

whe;e for some a > O,

(15) - e(P) =0 for OF 2 a
e(P) >0 for OP < a

and OP is the distance of P from an origin O. Then from (11), (14) and (15)

we have

(16‘) .z(P). 1-{1-¢(P)] exp[- % zZ(P) for OP < g

z(P)

]

1 - exp[- -g 7(P)] for OF 2 a |

It is clear from the first equation in (16) that z(P) > O for OP < a. Ve

shall show next that z(P) > O for all P, i.e., the epidemic spreads everywhere,
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The argument is by contradiction. Suppose there is a P guch that z(PO) = 0,

This cannot occur for 5?; < as. Then the second equation of (16) implies thag
E(PO) = 0, But

2(e,) = [] 2(0) a(2,,0) as by (12),

where x(PO,Q) in the integral 1s > O for'fgﬁ < b, Consequently, we mist have
z(Q) = 0 almost everywhere for all Q such that TZ@ < b, Continuing towards
the origin in this way, we arrive in a finite number of steps at a contra-
diction of the fact that z(P) > O for all P such that OP < a. Hence z(P) > 0
for all P, and the epidemic spreads everywhere,

Next we shall consider the severity of the epidemic, as measured by
z(P), as P » », We shall use the following additional assumptions:

(a) z(P) is strictly monotome decreasing as OP - = ,
(b) the function A is isotropic, i.e.,

)\(P)Q) = X(—P-Q)

a function of distance alone.

If P = » in a given direction, then z(P) tends to a limit €, say, since
z(P) is bounded below. Assume that the limit 1s the same for all directions
(clearly we have this symmetry property if the function £(P) depends only on
OP). Then from (12), (13) and (4), we have that Z(P) - & as P —» », By (16)
€ mist satisfy

(17) g = 1 exp(- % E) or equivalently

o
1-8=exp(--E).
The function 1-€ equals 1 at £=0, and has constant slope -1l. The convex
function exp(- % €) equals 1 at §=0, and has slope - % at £=0,

If % < 1, then £=0 is the only non-negative root of (17), while if
% > 1, then there is g positive root between O and 1. See Figure 1.
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1-§ 1-€

Figure 1

We shall prove the following theorem which is due to Kendall:

Theorem: Under the assumptions already stated, z(P) - §o as P - =, where
g, = 0 for -g < 1 and §_ is the positive root of § = 1 - exp(- % £) for % > 1.

Proof: What remains to be proved is the assertion concerning the positive
root, The proof is by contradiction. For % > 1, suppose §o = 0. Then far
OP sufficiently large, z(P) is close to zero, since we have assumed that z(P)
1s strictly monotone decreasing as OP = o, If z(P) is close to zero then, so
is Z(P), since by (16)

z(P) = 1 - exp(- & Z(P))
where 6 = % > 1, Expand 1 - exp(- 6%(P)], dropping powers of %(P) higher
than the first:

Z(P) o GE(P)
Hence,

% 2(P) ~ %(P) .
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Then for any @ satisfying 1 > o > %, we have
(18) a z(P) = Z(p) for all OP > c,
for some sufficiently large c. Denote an n-fold iteration of the operation

2(p) = [[ 2(@) 1(r,q) as

vy 200(p), 1.e.,

i) = [ 2001)(@) a(p,0) as

Each E(k)(q) depends on z(k'l) at points within a radius b of Q. Now by (18)

we have
2 ~ ~(2) —
a?z(P) 2 o (P) = 2 °/(P) for OP > b + ¢ .
Repeagted iteration yields

(19) ot z(P) 2 E(n>(P) for OP > (n-1) b + ¢

For fixed @ choose n so0 that Otn < % .

With OP > (n-1) b+c, consider the two circles:

I.: center 0, radius OP

1

1‘2: center P, radius nb

See Figure 2.
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Figure 2

If OP is large enough the interséttion of thé two -¢ircles will be almost a

semicircle of Tz, but in any cage the intersection is at least /4 of F

For Q in the intersection, z(Q) = z(P) by the monotonicity assumption. Let
(n)(P,Q) be the kernel of the n-fold iteration -of Z(P) = JI z(Q) A (P,Q) as,

i.e.,
(20) :0)(e) = [[ 2(a) 17(p,0) as
where integration is with respect to Q over the whole plane. Now since

(21) [[x®)e,a) as =
FE

and x(n)(P,Q) is isotropic, it follows that

.’v:(n>(P) 2 fJn z(Q) X(n)(P,Q) ds

Fl n T2
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220) [ [ 11(z,0) as

Fl n F2

z%z@)
But by (19), with our o <.é ,

é 2(p) = 3,

This 1s a contradiction, so for % > 1 we must have §O > 0.

Q E D.

In the case where z(P) - €, 0 as P = =, we say that there is a

pandemic; in thils case the fraction of individuals succumbing to the disease

will be at least §0 even at indefinitely great distances from the origin.

II. Recurrent Epidemlcs

Suppose we modify the previous model by taking into account a supply of

susceptibles entering the infected area.
Let p be the number of susceptibles entering per unit time.

Then the equations are:

L ; & -
T - Bxy tus Fra e A A

If
(xo, yo) is an equilibrium point, then

0= -pxyy * K
0 = BXg¥, = Wo
xg = g
Yo = %

To. determine stability, let

Xo(1 + u(t))

L}

x(t)

]

y(t) = vy (1 + v(¢t))
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»
I

0T = - Bxgvo (1) (T+v) o+ p

dv _
Yo 3F = BXg¥o(1tu) (1+v) - vy (1+v)
g = .éy.— T = .EL_
U Y
du _ 1
-d—.'E = - o ('U. VIU.V)
dv _ 1
a-_-t- = - 'U.(l“"V’)
du ~ 1
at T o (“+Y)
vl u, S 4 neglecting non-linear terms
dt =
3y I du_ 1
e TE o Tw
_=I dv "
- UT(T-&% ' V) o ' ‘
So
" 1 ! _]-'_. =
v +v,-5__V + O'T.v o .
The solution is
£y 1 1
t) = - =—=) cos Et]; = [ e —
V( ) vo[ex:p( 20) c g ]’ g U'tv LHJZ
provided p is small, so /ot > 1/L4o® .
The solution for p ean be found similarly:
= /T th, 1 /7
u(t) = Uy cos(t + ¢) exp(- 5), cos § = 5 .

Apparently these solutions are periodic, but damped, so that as
t = o, u(t) » 0, v(t) - 0; i.e., x(t) = X0 y(t) - Yo Unfortunately this
model does not seem to conform to observed situations.

In this model, we neglected non-linear terms in the differential equations.

However, even if they are included, the solutions turn out to be periedic and

damped: ‘l'
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du _ -1 Qv 1
‘-5 (utvrtuv); T - u(ltv) .
Let
£(u,v) = 1tu - log(l+u) + % (1+v - log(itv)) .
Note that
u - log(ltu) > 0 if u> -1,
so that
£(u,v) = 1 +-% if ou, v> -1,

Since x(t), y(t) mst be positive, this restriction on u, v is always satisfied

ar(uv) Jdu g | lo,Toave 1y
ol e AL A S A L

Sﬁbstituting the expressions for du/dt, dv/dt in the equation, we get

af(u,v) o _ _u2 o
at S GEDY)

“(strict in equality if u # 0.) Note that £(0,0) = 1 + %: which is the

rinimum value of £(u,v).
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The orilgin correspond to f(O, 0) =1 +'%. Supﬁose that at
t =0, flu(t), v(t)) =c, £ 1+ —. Consider the behavior of f(u(t), v(t)) as
t = ®, Since [df(u, v)]?dt < 0, since u # 0 initially, so the solution curve
will move inward, staying within the curve f(u, v) = 03. If it does not
converge to u = v = O (the equilibrium point), then there is a sequence {tn}
such that f(u(t ), v(t )) converges to some value, say C, < Cg; let
u(t ) - ut , v(t ) - v*.

Now consider f(u, v) as a function of u,v. By the uniqueness of the

3,

solution of the differential equation, f(u, v) has the property that any

,_,1nitial point Uy Voo for any € > O, and to there is a neighborhood N, .of -

4‘(uo, v ), such that if (u} v') € N, then the solution with initial value
(uf v ), is within € of the solution with initial value- (uo, o ) for t < o
If we take u, v* as initial point, then since df/dt < 0, and is at 1east
momentarily negative, the solution must tend inward, staying within the 4
C,-curve. For any O > 0. For sufficiently large n, (u/tn), v(tn) is close
enouth to (4, v') so that £(u(t+t ), v(t+t )) is within € of the solution with
0° But this means that ultimately,
f(u(t+tn){ v(t+tn)) moves inside the C, curve contradlcting the hypothesis
that u? v is the limiting point. Thus if (u, vy # (0, 0), we arrive at a
constrdicti. This proves that for any initial value, f(u, v) tends to
£(0, 0) the equilibrium is stable.

0 #
initial point (u, v ) for a finite time, t

IITI.

Let us consider two distinct groups within the population;'for instance,
they might be geographically separated. ‘.

Let xl(t), yi(t) be the numbers of susceptible and infected individuals
in the first group. Let xe(t), ye(t) be the corresponding number for the

second group. Then ’ "

!

T = - %q[Byy t Bl tu toelx, - %)

dy
1
'a'.E" - Xl[Blyl + Bgye-_] - Yyl + Q(yg - yl))

where 8, ¢ are coefficients representing the mutal immigration rates for the
two groups. The equations for X5y Yo are obtained from those above by intem

changing indices.
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Let x_-(zo Xg, y?_, yg be an equilibrium paint for the system. Then "'
dx dx
0=zt -3 = (% - xp) [Byyy * B,]
dy d;
- 1 2 _ o o
0 =g - g5 = (¢ = %) (B¥] *Byy) *+ vy, - w1,

n

o R o 0 (o o)

. > = =
Bzyz, since ﬁlaz, Yis Yo O. This means ¥y = Yo 0,
which is a trivial equilibrium. Thus the only nontrivial equilibrium point is

fin O o 0
if x) # X5, then Biy;

o _ .o
*1 7%
o_ .0
Y17 %2
S0
o _o
O"'X}’(Bl+52)+u
_ .00 ' o
0=x"y(B) *By) - W
+
1 2 ° Bl ﬁQ B 1s the only nontrivial
’ " equilibrium point
1 2 o v
let
Xy = xo(l + ui); ¥y = yo(l + vi) i=1,2

Substituting these expressions into the differential equations, we obtain

du
1.
XO a?t—' - = XOyO(l + ul)[Bl(l + vl) + 62(1 + V2)] + ot + 9 Xo(u2 - ul)

av
1
= + + + + - +" -
Vo T = E¥oll ¥ w) (B (1 + vy) *8(1 +v,)) -y (T + V) + (v, - vp),
and two other equations with indices interchanged.
Let

By

B TRy G=*_‘Tf3—11r§-27.

a
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Then the equation becomes, S

a |1 a 1-a
(Frr5*0)u gty - B +=5— v, =0

. |
vo, F Lt v -d) folvy - [y -a) +elv, =0

*and two others with interchanged indices.
If we add each equation to the one with indices interchanged, we obtain

. v, t v
a .1 17 Vo
(E—E+E) (ul+u2)+""_"_"o =0,
d : _
EI(Vl + v2) - y(ul + ua) =0,
Let
U= ul + u2
V= vy + Vo
then A
d 1 Vv
@+ U*s=0
SV-Ww=o0
or "
JoLC R .
dt "o ¢
av
x® - W

1
its trace is =~ 5 and

deta=§>o.
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Thus both eigenvalues must have negative real parts.

Furthermore, if we go back and subtract corresponding equatioﬁs;'we

obtain, letting U'! = u; - Uy V=

Vi= Vv
au!

T A

l t l—m
- (3 +28) u' + =

av!

T = W' - [ev(l - ) +29] V!

The matrix of coefficilents is

1 1-x
- = - 20
At =
¥ -2y(1 - a) - 29

Its trace is negative and

det A' = 2(% +28) (y(1 - q) +g) - XL - 201)
det A' = 2E¥2 + % +20[y(1 - a) + 9] >0

s0 both eigenrocots of this matrix have ﬁegafive real parts.
These results.together.show that U, V, U', v' all tend to 0 as t - =™

~and therefore, so do u

17 V1s Yoy V, showing the equilibrium to be stable,

IV, Spatially continucus densitles of susceptibles and infectives

Let x(§, M, t), y(§, N, t) be the two dimensional spatial frequencies
of susceptibles infectives of time t.

Let (€, T) be the coordinates of the point P, Fix P, and a small
directed interval starting at P, AP, Let /3P represent the directional

derivative at P in the chosen direction. Then

x(P, t + at) = x(P,t) - px(P,t) atly(P,t) + a-§? v(P + AP, t) - a-%? ¥(P,t)]
P + AP
+ pdt + e[a’g(épA 2 3) . %? x (P, t)] at

as dt, AP - 0, we obtain,
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-

2 2 2 2.
& x(, t) = -px(B, t)[y(B,t) + afSY + LIy 4y 4 o2 + 12
agz dng dgz a'n2

or

F=-px(y +a W) tu v e Px

similarly, we obtain

§E=Bx(y+aW2y)—w+@W2y.
These equations should be compared with those of Part III, since they may be
regarded as describing a model with a very large number of very small distinct
groups.

Let us use these equations to examine the way a dlsease spreads from a

newly introduced center of infection.

If
A=pBx ~-y; ¢+ opx
we may write T _; .
91: +
Tt AT EEY . | |

Initially x is approx1mately constant, so that this equation is a standard
diffusion equation. We shall solve 1t by ‘means of the Fourier transform for

spatlal coordinates,
M(P; qd, t) = J‘I exp(ip§ + iqu) Y(g) M t) ag an .

oM
Note that =— =

the integral.

3y

1s the Fourier transform of E’

since we may differentiate under

To find the Fourier transform of wgy, consider

H exp(iPE+ iqn) L 55 L ag an

Integrating twice by parts, with résﬁeét*to €, assuming that y(P, t) - O

as P ~ =, we obtain
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® ] expazg + 1am) 'i% % an = ” 'éxzf(,}ps + 1qn) y @"ilidﬁ = - w2

< o

similarly

2
[T exp(ipg + 1am) 2T ag an = - me2
an?

Thus the Fourier transform of Woy is -M(r® + q®). Combining these results
with the equation,

ay - T

= Ay + BWSy
we obtain

f = AM - B(p® + q7) dat
sO

M= C exp[At - B(p® + )] t ;

C is an arbitrary constant.
‘ Using the standard inversion formuls for Fourier transforms, we obtain

%ﬁ Jf exp(- ip§ - iqN] M(p, q, t) dp dq

<
I

= %ﬁ et If exp[- 1qf - iqN] exp(- B(p® + ¢®) t] dp dg

o ] el (5% + Y

] ool (5% + 20 s Conf- )

C At 1 (g2 + 13)
LR AU -2 exp[" LBt ]

2
Y(gy T, t) ='é'%'.€ exp <At - g—']_rgftﬂ—‘

where C 1s now determined by the initial conditions.
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Let YR be the total amount 'of infection Qutslde a circle of radius R;

since y(g, n, t) is a density, we have

oo [ vaaeg | -

£2+1P2R2 - §2+nééRz

T In polay coordinates, this becomes

o
C At r?
BBg ° © f a8 f exp(- gg) T
0 R

C At R
g e o (2 eml- )

anC exp[At - E;E]

and thus

- 2(am)Y/2 1 -

>s}
1

Log(y/ 2100 Y2

]dg an .

R =~ 2(AB)1/2 t as t = @, Fbr‘any'fixed'yR, the circle of radius R, such that
the total infection outside it is yp, grows at the rate R/t; i.e., the

velocity of propogation has the limiting value

2(a8)¥2 = 2[(x - ) (p + opx) 2 .



