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Hilbert functions and free resolutions are central concepts in the field of Com-
mutative Algebra. In chapter 3 we prove some cases of the well-known
Eisenbud-Green-Harris Conjecture. This conjecture characterizes the Hilbert
functions of graded ideals containing a regular sequence in the polynomial ring.
In chapter 4 we study the Hilbert functions of graded ideals in toric rings. We
prove that Macaulay’s Theorem holds for some projective monomial curves,
and show that Macaulay’s Theorem does not hold for all projective monomial
curves. In the last chapter we construct explicitly the minimal free resolutions

of linear edge ideals.
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CHAPTER 1
INTRODUCTION

In the late nineteenth century, David Hilbert [Hi] introduced the notions of
Hilbert functions and free resolutions. From then on, Hilbert functions and free
resolutions became central concepts in the study of commutative rings and their

modules.

Let S = k[xy,..., x,] be the polynomial ring over a field k with deg(x;) = 1
for 1 < i < n. We say that a polynomial f in S is homogeneous if every term of
f has the same degree. A homogeneous polynomial of degree d is also called a
d-form. Anideal I in § is called a graded ideal if I can be generated by a set of
homogeneous polynomials. With the graded structure, we can study the ideal
I degree by degree. More precisely, for any integer d > 0 the set of all homoge-
neous polynomials of degree d in I forms a finite dimensional vector space over

k, which is denoted by 1.

For a graded ideal I in S, the Hilbert function of I is the sequence {dimy ;},50,
which measures the degree-by-degree dimensions of 1. For example, the Hilbert

function of S is the sequence {(”_ ;rd)}dzo.

Which sequences of nonnegative integers can be the Hilbert functions of
graded ideals in §? This question is answered by the celebrated Macaulay’s
Theorem [Ma], which says that given any graded ideal / in S there exists a lex
ideal L in S with the same Hilbert function. Lex ideals (see Definition 2.1.6) have

nice structures and their Hilbert functions are easy to describe.

My research about Hilbert functions is to study the generalizations of

Macaulay’s Theorem in two different directions. In one direction, I study the



Hilbert functions of some special classes of graded ideals in the polynomial ring
S ; in the other direction, I study the Hilbert functions of graded ideals in graded
quotient rings S/J where J is a graded ideal in §; see Chapter 3 and Chapter 4

for details.

Let I be a graded ideal in S minimally generated by homegeneous poly-
nomials fi,..., f,. The Hilbert function of I is closely related to the relations
that fi,..., f, have. That is, we are interested in homogeneous polynomials

gi,...,&r €S such that
gifi+--+gf=0.

The solutions to the above equation are called syzygies. Similarly, we can look
at the relations on the syzygies, the relations on the relations on the syzygies,
etc. By Hilbert Syzygy Theorem (Theorem 2.2.2), this process stops in at most n

steps, and eventually we will get an exact sequence in the following form:
~g ;. . o din d NG 4 By 4o
0= @S (=) <5 @S (=jy 5 D @S (<) @S (- B 150,
J J J j

where [ < n, S(—)) is the ring S but with a shift in grading (i.e. S(=j)s = S_j.a,
for example, in S(-1), x; has degree 2), and the differential maps d, ..., d; are
graded of degree 0 and are given by matrices whose entries are homogeneous
polynomials in S. This exact sequence is called a free resolution of the graded
ideal I over the polynomial ring S. A free resolution is called minimal if the
graded maps d,...,d; are given by matrices whose entries are homogeneous
polynomials in the maximal ideal (xi, ..., x,). In the minimal case, the numbers

B j are called the graded Betti numbers of I.

There is a formula (Theorem 2.2.3) for calculating the Hilbert function of /
in terms of the graded Betti numbers of /. So minimal free resolutions have

more information than Hilbert functions and are often harder to be obtained.



My research on minimal free resolutions is mainly about monomial resolutions.
Namely, I study the minimal free resolutions of monomial ideals: such ideals
are generated by monomials. In Chapter 5 we will construct the minimal free

resolutions of a class of monomial ideals.



CHAPTER 2
BACKGROUND

2.1 Hilbert functions and lex ideals

In Chapter 1, we have defined the Hilbert functions of graded ideals in the poly-
nomial ring S. In general, we can define the Hilbert functions of finitely gener-

ated graded S-modules.

Definition 2.1.1. A finitely generated S-module M is graded if

M = dea M; and S;M;C M., foralliandd,
€z

where M, = {m € M | degm = d} is the k-vector space of degree-d elements of M.

If I is a graded ideal in S, then I and §/I are finitely generated graded S-
modules. Also, if J is a graded ideal in S/, then J is a finitely generated graded
S-module. Actually, these are the only finitely generated graded S-modules we
will study in this thesis, and we will always assume M, = 0 for d < 0. Since S is
a finitely generated k-algebra and M is a finitely generated S-module, each M,

is a finite dimensional vector space over k.

Definition 2.1.2. Let M be a finitely generated graded S-module. The Hilbert
function of M is the sequence of non-negative integers {dim; M,},>0. The gener-
ating function of this sequence is called the Hilbert series of M, which is denoted
by

Hilby, (1) := ) " (dimy My)e".

d>0



Example 2.1.3. Let j > 0, then the Hilbert series of S (—j) is

Hilbs_ (1) = > (dimy S (=)o)’

d>0

= > (dimg S 4

d>j

_ Z(dimk S )t
d>0

0 (A
d>0
£

N

The study of Hilbert functions is closely related to lex ideals because of the

celebrated Macaulay’s Theorem.

Definition 2.1.4. The lexicographic order on S is a total order >, on the monomi-
als of § such that u = x{' -+~ X" > v = x’l" oo xbnif and only if deg(u) > deg(v) or

deg(u) = deg(v) and a; > b;, where i = min{ j | a; # b,}.

Remark 2.1.5. Besides lexicographic order, there is another important monomial
order, called the reverse lexicographic order >,,,, which is defined on the monomi-

An bl

als of § such that u = x{' -+ - X" > v = X] oo xPif and only if deg(u) > deg(v) or

deg(u) = deg(v) and a; < b;, where i = max{ j| a; # b;}.

Definition 2.1.6. Let L be an ideal in § minimally generated by monomials
mi,...,m;. We say that L is a lex ideal if the following property is satisfied: if
m is a monomial that is greater lexicographically than m; and deg(m) = deg(m;)

forsome 1 <i <t ,thenm € L.

Example 2.1.7. (x3, x;x,, X1 x3, x3) is a lex ideal in k[ x|, x, x3] with the Hilbert func-

tion (0,0,3,7,12,---).



Theorem 2.1.8. (Macaulay)[Ma] Let I be a graded ideal in S. Then there exists a lex

ideal L in S with the same Hilbert function.

Let J be a graded ideal in §. Can we generalize Macaulay’s Theorem to the
graded quotient ring S/J? To do this, we first need to generalize the definition

of lex ideals in this quotient ring. This is possible when J is a monomial ideal.

Definition 2.1.9. Let M be a monomial ideal in the polynomial ring S. Let I be
anideal in §/M generated by some monomials. Then I is called a lex ideal in S /M

if there is a lex ieals L in S such that

L+ M
R

[ =

By Theorem 2.1.8 we see that if M is a lex ideal in §, then for any graded
ideal in S/M, there exists a lex ideal in S/M with the same Hilbert function.
Therefore, we say that Macaulay’s Theorem holds over S/M when M is a lex
ideal. However, if M is not a lex ideal, Macaulay’s Theorem may not hold over

S/M.

Example 2.1.10. Let S = k[xy, x2, x3, x4] and M = (x;x,, x3x4). Let I be the ideal
in §/M generated by x,x;. Then dim; /, = 1 and dimy /5 = 2. Assume that there
is a lex ideal L in S/M with the same Hilbert function as I, then xf must be a
generator of L, but then dimy L; > 3. Hence, L can not have the same Hilbert

function as I, which is a contradiction. So Macaulay’s Theorem does not hold

over S/M.

The first nontrivial generalization of Macaulay’s Theorem is the following

Clements-Lindstrom’s Theorem.



Theorem 2.1.11. (Clements-Lindstrom)[CL] Let R = k[xy, ..., x,1/(x]",--- , x;") with
2<a £--- < a, < oo (here we assume x;° = 0). Then Macaulay’s Theorem holds

over R, that is, for any graded ideal in R there is a lex ideal in R with the same Hilbert

function; or equivalently, for any graded ideal I in S containing x{',--- ,x,", there is a
lex ideal Lin S such that L + (x{',--- , x") has the same Hilbert function as I.
Note that in the case a; = --- = a, = 2, the result was obtained earlier by

Katona [Ka] and Kruskal [Kr].

If J is not a monomial ideal then in general, we can not define lex ideals in
S/J. However, if J is a toric ideal, there is a notion of lex ideals in the toric ring

S /J introduced by Gasharov, Horwitz and Peeva [GHP].

a a =
Definition 2.1.12. Let A = 1 s be a subset of N?\{0}. We set A =
1 1
al ... an .
to be the matrix associated to A, and assume rankA = 2. The toric
1 - 1

ideal associated to A is the kernel 14 of the homomorphism:

o  klxy,...,x,] — klu,v]

x; — uv.

The ideal /4 is graded and prime. Set R = S/In = k[u®v,...,u*v]. Then R is
a graded ring with deg(x;) = 1 for 1 < i < n. We call R = §/I4 the toric ring

associated to A.
Theorem 2.1.13. The toric ideal 15 is generated by the set of binomials
el = X X8| (py = g1, -+ Pa — Ga) € Ker(A))

Definition 2.1.14. An element m in the toric ring R = S /1 is a monomial if there

exists a monomial preimage x{" --- x," of m in §. For simplicity, by writing m =



| ay

X' xy"in R, wemean m = x{' - -+ x," + Iz in R. An ideal in R is a monomial ideal
if it can be generated by monomials in R. Let m € R be a monomial, the set of all
monomial preimages of min S is called the fiber of m. The lex-greatest monomial

in a fiber is called the top-representative of the fiber.

Let m,m’ € R, be two monomials of degree d in R. Let p, p’ be the top-
representatives of the fibers of m and m’ respectively. We say that m >, m’ in R,

if p>,, p'inS.

A d-monomial space W is a vector subspace of R, spanned by some monomials
of degree d. A d-monomial space W is lex if the following property holds: for
monomials m € W and g € Ry, if ¢ >, m then g € W. A monomial ideal L in R is

lex if for every d > 0, the d-monomial space L, is lex.

Every projective monomial curve in P*!' can be defined by I4 for some A.
For example, the rational normal curves are defined by the toric ideals associ-

ated to matrices of the form

We say that Macaulay’s Theorem holds for a projective monomial curve defined
by I if Macaulay’s Theorem holds over the toric ring R = S/I4, that is, for any
graded ideal J in R there exists a lex ideal L in R with the same Hilbert function.
In Chapter 4 we will show that for some projective monomial curves Macaulay’s
Theorem holds and for some other projective monomial curves Macaulay’s The-

orem does not hold.



2.2 Free resolutions and Betti numbers

In Chapter 1, we have defined free resolutions of graded ideals in the poly-
nomial ring S. In general, we can define free resolutions of finitely generated

graded S-modules.

Definition 2.2.1. Let M be a finitely generated graded S-module. A graded free

resolution of M over S is an exact complex

F:0- Sy -5 eSS L as i L es— iy 5 M -0,
J J J J

where the differentials d; are graded maps of degree 0. The resolution F is called
minimal if for i > 1 the maps d; are given by matrices whose entries are homo-
geneous polynomials in the maximal ideal (x;,...,x,) of S. F is called a linear
free resolution if for i > 1 the maps d; are given by matrices whose entries are
elements in the k-vector space (xi, ..., x,);. In the minimal case, the numbers 3, ;

are called the graded Betti numbers of M, denoted by g; ;(M).

Note that in the above definition the direct sum over j is always finite be-
cause M is a finitely generated S-module. It is well-known that any two mini-
mal free resolutions of M are isomorphic; also, if G is a free resolution of M and
F is a minimal free resolution of M, then G is isomorphic to the direct sum of F

with a trivial complex.

For any finitely generated graded S-module, there exists a free resolution.

Furthermore, we have a bound for the length [ of the free resolution.

Theorem 2.2.2. (Hilbert Syzygy Theorem) Every finitely generated graded S-module

has a graded free resolution of length < n.



As mentioned in Chapter 1, the Hilbert funtion of M can be calculated from

a graded free resolution of M.

Theorem 2.2.3. Let M be a finitely generated graded S-module with a graded free
resolution F as in Definition 2.2.1. Then the Hilbert series of M is given by a rational

function:

p(1)
Q-0

Hlle(t) =

where p(t) = Yt_o(~1)(Xj=0Bijt’) € ZI1].

Proof. The formula follows from Example 2.1.3 and the fact that if 0 — M, —
M, — Ms — 0 is a short exact sequence of finitely generated graded S-modules

and the maps are graded of degree 0, then

Hﬂsz(I) = I_Ille1 (r+ ]:_:[lle3 (1.

There are two important classes of minimal free resolutions. One is the
Koszul complex of a regular sequence; another is the Eliahou-Kervaire reso-

lution of a Borel ideal.

Construction 2.2.4. (Koszul Complex) Let I be a graded ideal in § minimally
generated by homogeneous polynomials fi, ..., f, of positive degrees aj, ..., a,.

LetKy=Sandforl <p<r,

K,= & S(-a,--—a).

I<iy<-<ip<r

Let e;,..;, be the basis element of S(~a;, — -+ - a;,), then K|, is a free S-module of

rand (;) with basis {e;, ;, | 1 <i; <---<i, < r}. Note that 1 is the basis element of

10



Ky = S. We define the differential map d, : K, — K,_; by setting dy(1) = 1 € §/I,

di(e;)) = fie Kyfor1 <i<r,and
p .
dylei.i) = D (=D feq -
=1
One checks easily that d* = 0. So we get a complex
0= Kp =5 Koy =5 o =5 Ky =5 Ko =5 S /(fis- 1 /) = 0.

This complex is called the Koszul Complex, and denoted by K(fi,..., f,).

Koszul complexes are closely related to regular sequences.

Theorem 2.2.5. The Koszul complex K(fi, ..., f,) is exact if and only if fi,...,f,isa

regular sequence in S, that is, f; is a non-zero-divisor of S /(fi,.... fi-1) for 1 <i<r.

Note that if fi,..., f, is a regular sequence of positive degrees in S, then for
1 < p < r the maps d, are obviously given by matrices with entries in the maxi-
mal ideal (xy,..., x,) of S. So by the above theorem, K(fi,..., f;) is the minimal

free resolution of S/(fi,..., f).

Example 2.2.6. Given positive integers ay,...,a,, x‘l”, ..., X" is a regular se-
quence of S, then by Theorem 2.2.5 K(x{', ..., x;") is the minimal free resolution

of S/(x{',..., xy"). By Theorem 2.2.3 we see that

Hilbg, o1 (1) = o t‘(’l-it)n iESh AR H?(zll(_l t—)nt“")
Similarly, if fi,..., f, is a regular sequence of homogeneous polynomials in §
with degrees ay, ..., a,, then

[Tie, (1 — 1)

..... Sy = Hilbg

This equality is the starting point of the Eisenbud-Green-Harris Conjecture in

Chapter 3.

11



Next, we will construct the minimal free resolutions of Borel ideals.

Definition 2.2.7. A monomial ideal M in S is a Borel ideal if the following condi-

tion is satisfied: if i < j and x;m € M for some monomial m, then x;m € M.

For any monomial m € §, we define max(m) = max{ i | x; divides m} and

min(m) = min{ i | x; divides m}

Lemma 2.2.8. Let M be a Borel ideal in S. If m is a monomial in M, then there exists
a minimal monomial generator u of M such that u divides m and max(u) < min(m/u).

We call u the beginning of m, denoted by b(m).

Construction 2.2.9. (Eliahou-Kervaire)[EK] Let M be a Borel ideal in S mini-
mallly generated by monomials m;,...,m,. We construct the Eliahou-Kervaire

resolution E,; as follows.

For each sequence 1 < j; < --- < j, < max(m;), let the symbol (m;; ji,..., j,)
denote the generator of the free S-module S (-m;x;, - - - x; ) in homological degree
p + 1 and multidegree m;x;, ---x;,. Here in S(-m;x; ---x; ), the element 1 has
multidegree m;x;, - - - x; .
The Eliahou-Kervaire resolution E;; has basis

B={1}U{m;ji,....J») 11 < ji <+ <j, <max(m;),1 <i<r},

where 1 is the basis in homological degree 0, and in homological degree 1, the

basis elements are (m;;0), ..., (m,;0).

We define the map d on the set B by setting d(1) = 1, d(m;;0) = m;for1 <i<r,

12



and forp > 1,

p
dimg; ji, ..., Jp) = Z(—l)qﬂqu(m,’;jl,...,jq, s dp)
g=1

_Z( q+1b( s )(b(mlx]q) ]1,.--,]}.\(1""’-]‘17)’
m ]

where the symbols not in 8 are regarded as zeros.

Theorem 2.2.10. Let M be a Borel ideal in S, then the Eliahou-Kervaire resolution E,,

is the minimal free resolution of M.

Note that lex ideals are Borel ideals. So Construction 2.2.9 also gives the
minimal free resolutions of lex ideals, and then it is easy to get the graded Betti

numbers of lex ideals.

Example 2.2.11. Let L = (x], x1x2, x1x3,x3) be the lex ideal in k[xy, x, x3] as in
Example 2.1.7. By Construction 2.2.9, the minimal free resolution E; of S/L has

basis
15 (x75 0), (x1225 0), (x1x35 0), (253 0); (x1x23 1), (x1.x35 1), (31235 2), (335 1); (x1x33 1, 2).
And we have the map d such that

d(x1x2; 1) = x1(x122;0) — x2(x}50),  d(x1x3; 1) = x1(x1 %35 0) — x3(x7; 0),
d(x1x332) = x2(x1235 0) — x3(x01%2;0),  d(x3; 1) = x1(33; 0) — x5(x1%2; 0),

d(x1x3;1,2) = x1(x1x3;2) — x2(x1x3; 1) + x3(x1x25 1).
Therefore, the minimal free resolution of S/L is
0 = §(=221273) 5 S (=x2x2) ® S (=22x3) B S (—x1 X263) B S (=172

S (D) @ S (—x132) @ S (—x1x3) B S (—x3) 5§ = S/L — 0,

13



where

X3 —X2 —X3 0 0
2
—X2 X 0 -x3 —-x5
dy = , dy = ,dp = (x% X1Xy X1X3 x;)
X1 0 X1 X2 0
0 0 0 0 X1

S0, B12(S/L) =3, B13(S/L) = 1; Bo3(S/L) =3, Boa(S/L) = 1; B34(S/L) = 1.

Macaulay’s Theorem is a special case of the following theorem.

Theorem 2.2.12. (Bigatti-Hulett-Pardue) Let I be a graded ideal in S. Let L be the lex

ideal in S with the same Hilbert function as 1. Then for all i, j,

Bi(S/1) < Bi (S /L),

that is, every lex ideal has maximal graded Betti numbers among all graded ideals with

the same Hilbert function.

The following mapping cone construction is helpful when constructing new

resolutions from old ones.

Construction 2.2.13. (Mapping Cone) Let 0 — M, N M, N M3 — 0be a short
exact sequence of finitely generated graded S-modules. Let

" dy dy dy
F:0-F,— - —F —Fy—M —0

be a graded free resolution of M;. Let
G dG dG dG

d
G:0-5G,—5 - —5G — Gy—> M, >0

be a graded free resolution of M,. Let ® : F — G be be a morphism of complexes

of degree zero which is over the map ¢ : M, — M.

14



Let Cy = Gpand C; = Fi,y @G for 1 <i <n+1. LetdS = yd§ and for

1<i<n+1,
—dr

i-1

(Di—l le

d€ = 0

1

It is easy to check that d© ,d° = 0. We call the new complex

C C C C
n+1 d2 dl

d
MC®D):0-Cpyy — -+ — C —>C0—0>M3—>O
the mapping cone of ®.

Theorem 2.2.14. In the above construction, the mapping cone MC(®) is a graded free

resolution of Ms.

Note that in Construction 2.2.13, even if both F and G are minimal free reso-
lutions, MC(®) may not be minimal. In chapter 5, We will use the mapping cone
construction to get the minimal free resolutions of a class of monomial ideals in

the polynomial ring S.

15



CHAPTER 3
SOME CASES OF THE EISENBUD-GREEN-HARRIS CONJECTURE

3.1 Known results about the conjecture

Given any homogeneous ideal / in S, Macaulay (Theorem 2.1.8) proved that
there exists a lex ideal L with the same Hilbert function. As a generalization of
Macaulay’s Theorem, Clements and Lindstrom (Theorem 2.1.11) proved that if
I c § is a homogeneous ideal containing x{', x3*,...,x" for some integers 2 <
a; <a, £---<a,and 1 < r < n, then there exists a lex ideal L c S such that

L+ (x{',x5,...,x") has the same Hilbert function as I. Here, L + (x{', x3°, ..., x/")
is called a lex-plus-powers ideal in S. Motivated by Example 2.2.6, we have the

following conjecture.

Conjecture 3.1.1. (Eisenbud-Green-Harris)[EGHIIf I c S is a homogeneous ideal

containing a regular sequence of forms fi, fo,..., f, of degrees ay,as,..., a, where
2<a <a < <a,and 1 < r < n, then there exists a homogeneous ideal in S
containing x{', X3, ..., x;” with the same Hilbert function.

The above conjecture is called the EGH Conjecture. By the Clements-
Lindstrom Theorem, the EGH Conjecture can be stated in the following equiv-
alent form: If I ¢ § is a homogeneous ideal containing a regular sequence of
forms fi, f5,..., f, of degrees a;,as,...,a,, then there exists a lex-plus-powers

ideal L + (x{',x3,...,x/") in § with the same Hilbert function.
The following are some known cases of the EGH Conjecture.

Theorem 3.1.2. (Mermin)[Me] If I C S is a homogeneous ideal containing a regular

16



sequence of monomials my,my, ..., m, of degrees a,,as, ..., a,, then there exists a lex-

plus-powers ideal L + (x{', X7, ..., xy") in S with the same Hilbert function.

Note that the above theorem is trivial if r = n.

Theorem 3.1.3. (Cooper)[Col] Let k be an algebraically closed field of characteristic
zero. The EGH Conjecture holds if I C S = k[xy, X2, x3] has minimal generators which
are all in the same degree and two of the minimal generators form a reqular sequence in

k[x1, x2].

Cooper [Co2] also studied the conjecture for some cases withr =n =3 ina

geometric setting.

In [CM, Propositions 9 and 10], Caviglia and Maclagan proved that if the
EGH conjecture holds for all regular sequences of length #n, then it holds for all
regular sequences of length r < n. So the rest of the paper will always assume

r=n.

Definition 3.1.4. (Caviglia-Maclagan)[CM] Fix integers 2 < a; < a, < --- < a,
and let d be a non-negative integer. We say that EGH(d) holds if for any homoge-
neous ideal / ¢ S containing a regular sequence of forms of degrees a;, as, ..., a,,

there exists an homogeneous ideal J C § containing x{', x3’,...,x;" such that

dimk Id = dlmk Jd and dlmk Id+1 = dlmk Jd+1.

Note that given any non-negative integer d, there is a lex-plus-powers
ideal J = L + (x{',x7,...,xy") such that dim,; [; = dim; J;,. And the Clements-
Lindstrom Theorem implies that EGH(d) holds if and only if dim; /., >
dimi{S 1 Js P, x5, ..., X3 )1 . It follows that the EGH Conjecture holds if and
only if EGH(d) holds for all non-negative integers d. In addition, we only need
to check if EGH(d) holds for d < };_(a; — 1) because I, = S, ford > 3", (a; — 1).
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Lemma 3.1.5. (Caviglia-Maclagan)[CM] Fix integers 2 < a; < a, < --- < a, and set
N = Y (a;=1). Then forany 0 < d < N—1, EGH(d) holds if and only if EGH(N—1-d)
holds.

Theorem 3.1.6. (Caviglia-Maclagan)[CM] Fix integers 2 < a; < a, < -+ < a,. If
a; > Y'\(a;— 1) for all 2 < i < n then the EGH Conjecture holds.

An immediate consequence of the above theorem is that the EGH Conjecture
holds for n = 2. Indeed, if 2 < a; < a, then a, > a; — 1. The n = 2 case was also

obtained by Richert [Ri].

Francisco [Fra] proved the following almost complete intersection case.

Theorem 3.1.7. (Francisco)[Fra] Fix integers 2 < a; < ay < --- < a, and let d be an
integer such that d > a,. Let I C S be a homogeneous ideal minimally generated by

forms fi,..., f,, g where fi,..., f, is a reqular sequence, deg f; = a; and degg = d. Let

J = (', X3, ..., xy",m), where m is the greatest monomial in lex order in degree d not
in ()C‘ll1 , )C;z, cees XZ"). Then dlmk Id+1 > dlmk Jd+1.
In section 3.2 and section 3.3, we will focuson thecasea; =a, =--- =a, = 2.

The EGH Conjecture was originally stated in this case [EGH]. Richert [Ri] says
that he verified the EGH Conjecture for a; = a, = --- = a, = 2 and n < 5, but this
result was not published. Herzog and Popescu [HP] proved that if « is a field
of characteristic zero and / is minimally generated by generic quadratic forms,

then the EGH Conjecture holds.

3.2 Some new cases of the conjecture

The following proposition implies that EGH(1) holdsifa; = --- = a, = 2.

18



Proposition 3.2.1. Let I = (fi,..., fu, &1,--.,8m) bean ideal in S, where fi,..., f,isa
reqular sequence of 2-forms and g, . . ., g are linearly independent 1-forms over k with

l<m<n SetJ=(x},%3,....%0,X1,...,%,) CS. Then

dimk 12 > dlmk Jz.

Proof. Since J, = (xi, ..., Xu)2 @ span{x? , ,...,x2}, it follows that

dimy J, = dimg(xq, ..., X,)2 + (n — m).

Without the loss of generality we can assume that g, = xy,...,8, = X, and

then I = (xq,..., X, fi,..., f,). Hence,

dimk L = dimk(xl, N Xm)2 + dimk(l/(xl, N Xm))z.

Set t = dimi(I/(xy,...,%xy))2. Then there exists 1 < i; < --- < i, < n such
that f;,, ..., f, form a basis of the k-vector space (I/(xi,...,x,))2. Thus we have
I = (x1,..., % fiy» ..., fi,) which implies that ht(/) < m + . Since fi,...,f,is a

regular sequence it follows that ht(f,..., f,) = n. But (fi,.... f) €I C (x1,...,x,)

and ht(xy, ..., x,) = n, thus ht(/) = n which impliesn < m + t and then r > n — m.
So dimy I, > dimy J, and the theorem is proved. O
Theorem 3.2.2. Ifa; =a, = --- = a, = 2and 2 < n < 4 then the EGH Conjecture
holds.

Proof. Let N = )i (a; — 1). Note that EGH(0) always holds trivially and EGH(1)
holds by Proposition 3.2.1, so we only need to show that EGH(2),..., EGH(N-1)
hold.

If n = 2 then N -1 = 1 and there is nothing to prove, so that the EGH

Conjecture is true.
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If n =3 then N — 1 = 2. By Lemma 3.1.5, EGH(2) holds if and only if EGH(0)
holds. So EGH(2) holds and the EGH Conjecture is true.

If n =4 then N — 1 = 3. By Lemma 3.1.5, EGH(3) holds if and only if EGH(0)
holds; EGH(2) holds if and only if EGH(1)holds. Therefore, EGH(2) and EGH(3)
hold, and the EGH Conjecture is true. o

Note that if we want to show the cases n = 5 and n = 6 then EGH(2) needs
to be proved directly which is not as simple as Proposition 3.2.1. Richert [Ri]
claimed that he had a proof for n < 5 but not for n = 6 because his proof is

different from mine.

The EGH Conjecture also holds in the following two simple cases where

regular sequences have nice structures.

Proposition 3.2.3. Let fi, ..., f, be a regular sequence of 2-forms in S. Then the EGH
Conjecture holds in the following two cases:
(1) Ai=0,....fu =L, wherel; = Yi_, ajjx; for 1 < i < n, a;; € k and det(a;;) # 0.
(2) For 1 <i < n, fi = Yues, Gimm, Where the sum is over all monomials m in S,
Aim € kand a;,, = 0 for m <, xl.z. Here we assume x; > x, > -+ > x,, and use the

lex order.

Proof. (1) Note that the k-algebra map F : § — § defined by F(x;) = [; for
1 <i < nisan graded isomorphism. So the Hilbert function is preserved under

F~!. Tt follows that the EGH Conjecture holds.

(2) First we claim that q; » # 0 for all 1 <i < n. Indeed, if not, then let j be the

smallest integer such that a; - = 0. If j = 1 then f; = 0 which is a contradiction.
7
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Hence j > 1. Since a;,, = 0 for m <, x7, it follows that (f1,..., f;)) € (x1,...,xj_1),

so that

(fioooos ) € otsee s Xt fiens oo fo)-

Since fi, ..., f, is a regular sequence, we have that ht(f,..., f,) = n which im-
plies ht(xi, ..., xj-1, fjc1,. .., fu) = n, but (xi,...,x;_1, fjs1,. .., fu) is generated by
n — 1 elements and its height can not be n. So we get a contradiction and the

claim is proved.

Now we consider the initial ideal in. , (fi,..., f,) with respect to the reverse
lex order such that x, > --- > x;. With this monomial order, by the above
claim it is easy to see that in., f; = x7. Thus, in., (fi,....f,) = (x,...,x0).
Given any homogeneous ideal / containing fi,..., f,, since in., (/) contains
in., (fi,....f) = (x},...,x3) and in., (/) has the same Hilbert function as /,
it follows that I has the same Hilbert function as a monomial ideal containing

x2,...,x% So the EGH Conjecture holds.

Remark 3.2.4. The above proposition is actually an easy consequence of the fact
that the Hilbert function is preserved under GL(n, k) actions on the variables or
by taking initial ideas. In part (2) of the above proposition, if we replace “lex”

by “reverse lex”, or replace “m <, x” by “m >, x*”, then the result still holds.

1

In general, fi, ..., f, do not satisfy the assumptions in the above proposition.

By part (2) of the above proposition, the EGH Conjecture in the case of
a; = --- = a, = 2 can be stated in the following equivalent form: If I c § is a
homogeneous ideal containing a regular sequence of n 2-forms, then there exists

a homogeneous ideal in S containing fi, ..., f, with the same Hilbert function,
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where fi,..., f, are some 2-forms satisfying part (2) of the above proposition.

3.3 Almost complete intersections

This section proves Theorem 3.1.7 for the case a; = --- = a, = 2. The key in-
gredient of any proof of the EGH Conjecture should be about the use of the
assumption that fi, f5, ..., f, is a regular sequence in S. In [Fra], Francisco made
use of the fact thatif f}, f5, ..., f, is a regular sequence in S then the minimal free
resolution of S/(fi, ..., f,) over S is given by the Koszul complex. In this section
we will use the regular sequence assumption in different ways. Before proving
Theorem 3.3.4, we look at some lemmas about regular sequences. The following
lemma is a special case of Proposition 7 in [CM], which was originally proved

in [DGO].

Lemma 3.3.1. (Davis-Geramita-Orecchia)[DGO] Let fi,..., f, be a reqular sequence
of 2-forms in S. Let I be a homogeneous ideal containing fi,..., f,. Then for all 0 <

d < n, we have

dimy(S/(f1, - - -5 fu))a = dimy(S /Dg + dim(S /((f15 - - - fa) * Dn-as

or equivalently,

dim(Z/(fr, ..., fa))a = dim(S/((f15 - - o, fu) 2 D)p-a-

Lemma 3.3.2. Let I be an ideal in S minimally generated by some 2-forms. If the height

of lisr > 1, that is, ht(I) = r, then I contains a regular sequence f, ..., f. of 2-forms.

Proof. Let s be the maximal integer such that / contains a regular sequence fi, ...,

fs of 2-forms. Then it is easy to see that s > 1 and we have

s=ht(fi,...,f) <htd) = r.
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Hence, it suffices to show that s = r.

To prove by contradiction, we assume s < r. Let fi,..., f; be a regular se-
quence of 2-forms contained in 7, then ht(f;,...,f;) = s < r. Let Py,..., P, be
the prime divisors of the ideal (fi, ..., f;). Since S is Cohen-Macaulay, we have
ht(P;)) = sfor1 <i <[ IfI C PyU---UP,, then there exists i such that I C P;, which
implies ht(/) < ht(P;) = s < r; but ht({) = r, thus I is not contained in P, U---U P,.
Since [ is generated by 2-forms, it follows that there exists a 2-form f;,, in I such
that f;,1 ¢ Py U---U P,. Thus, f; is a non-zero-divisor of S/(fi,..., f;). There-
fore, I contains a regular sequence fi,..., f;, fi+1 of 2-forms, which contradicts

the definition of s. So s = r and the lemma is proved. o

Lemma 3.3.3. If fi,..., f, is a reqular sequence of 2-forms in S and g fi + g2f> +
-+ gufu = 0 for some g-forms g\, g, ..., 8n then gi,82,...,8, € (fi,..., fu)g More
precisely, we have q > 2 and there exists a skew-symmetric nxn matrix A of (q—2)-forms

such that

(81 8 .- gn):(fl o fn)A'

Proof. Let K(fi,..., f,) be the Koszul complex with ey, ..., e, the basis in homo-
logical degree 1. Since fi, ..., f, is aregular sequence, we have H,(K(fi,..., f)) =

0. Thus, if g1 fi + - - + gufu = 0 then there exists (¢ — 2)-forms h;; for 1 <i< j<n

such that
giey+ e+ gney = Z hij(fiei = fie))-
1<i<j<n
Comparing the coefficients of ey, ..., e,, we get

(81 & ... gn):(ﬁ Ao fn)A,

where A is a skew-symmetric matrix with the (i, j)th entry given by —h;; for

i<j. |
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Theorem 3.3.4. Let I C S be a homogeneous ideal minimally generated by a reqular
sequence of 2-forms fi,..., f, and a d-form g with d > 2. Let J = (x},x3,...,x2,m),

where m is the greatest monomial in lex order in degree d not in (x3,x3,...,x2). Then

dimk Id+1 > dll’l’lk Jd+1.

We will prove this theorem by two different methods. The first method uses
Lemma 3.3.1 and Lemma 3.3.2.

Proof. Note that (fi,..., fue1 = (X],...,X2)ur1 = Sue1, hence d < n. Since the
d = n case is also trivial, we will assume that 2 < d < n - 1. It is easy to see that

m = x; - - - xg and then dimy Jyy = dimg(x3, ..., x2)z1 + n — d. On the other hand,

dimy g1 = dimy(fi.. ... fidasr + 1 — dimy ((fi,. ... fi)an 0 S 1span{g}).

Let r = dimk((fl,...,fn)d+1ﬁSlspan{g}) < n. Since dimg(x],...,x2)a =

dimy(fi, ..., fu)a+1 we need only to show r < d.

To prove by contradiction, we assume that r > d. Then without the loss
of generality, we can assume that x,g,...,x.g € (fi,..., f)a+1. Then we have

X1y X € ((fi,..., fn) - ). Note that

N k[Xrs1, - Xl

~

Xt X froeos ) (Fraee s )
where fi,..., f, are the images of fi,..., f, in the quotient ring S/(x,...,x,)
=~ k[Xy41,...,%,]. Since k[X,41,...,X.1/(f1,..., f,) has dimension zero, we have
ht(fi,..., f,) = n — r. Hence, by Lemma 3.3.2, (fi,..., f,) contains a regular se-
quence g, ..., &,—, of 2-forms in the polynomial ring k[x,,1, ..., x,]. Thus, for all
i>0,

dime ks oy %)/l f)i < (” R r).
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Therefore, by Lemma 3.3.1, we have

1 =dimg(Z/(f1,..., fu))a
= dimg(S/((f15- -5 Ju) : D)n-a
<dimg(S /X1, e v s Xy fls e vs fu))ned
= dimk(k[-xr+la ey xn]/(fl’ cees .fn))n—d
n-—r
<
(2]

=0, sincer > d.

So we get a contradiction and r < d. o
The following proof of Theorem 3.3.4 uses Lemma 3.3.3.

Proof. As in the previous proof, we can assume 2 <d <n - 1.
First we consider the case d = 2 and n > 3. Now J = (x},x3,...,x2, x1x) and

dimy J5 = dimy(x7, ..., x2); + n — 2. On the other hand,
dimy 5 = dimy(f1,..., £,)3 + n— dimg ((fi..... )3 N S 1span{g}).
Since dimy(x?, ..., x2); = dimg(fi, ..., f,); we need only to show that
dimg((fi, ..., f)3 N Sispan{g}) < 2.

We prove by contradiction, so assume dimy((fi, ..., f,); N Sispan{g}) > 3. Then

without the loss of generality we can assume that

xi1g=f-pi
g =f- P,
X38:f'l73,
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il P S
where f is the row vector | £, £, ..., f,] and pi, p», p3 are some column vectors

of 1-forms. Hence we have

Since
X2 X3 0
(x1 Xy x3) -x; 0 x =0,
0 —x -x
it follows that

0 —-x -x

=f- (Xzﬁl - X1P2 X3P — X3 X3pa — Xzﬁ3) 0.

By Lemma 3.3.3 there are skew-symmetric n X n matices Aj», A3, Ay of scalars

such that

(Xzﬁl - xlﬁz x3ﬁl - xlﬁ3 x3l72 - X2173) = (Alzf T Apf T Ansf T)'

Since

-x; 0 x3||-x]=0,
0 —-x —-x/| x
it follows that
X3
(Alsz Ale_)T AZSfT) -x|=0,
X1

=4 . . .
so that (x3A1, — XA 13 + x1A23) f T = 0. Since x3A15 — xA13 + X A3 is an n X n matrix

of 1-forms, it follows from Lemma 3.3.3 that x3A;, — x,A|3 + x;4>3 = 0 and then
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A = A3 = Ay = 0. Thus, x, §; —x; p» = 0 which implies that p; can be divided by
x1.So g = f - (P1/x1) and then g € (fi,..., fu)» which contradicts the assumption

that / is minimally generated by fi, ..., f,, g. So we have proved the case d = 2.

Then we consider the case d = 3 and n > 4. Now J = (x3,..., x2, x1xx3) and

dimy Jy = dimg(x7, ..., x2)4 + n — 3. On the other hand,
dimy Iy = dimg(fi, ..., fi)a + n — dimg((fi, ..., f)a N S span{g}).
Since dimg(x2, ..., x2)4 = dimg(fi, ..., f,)« we need only to show that
dimg((fi, ..., fu)a N Sispan{g}) < 3.

We prove by contradiction, so assume dimy((fi, ..., f)« N Sispan{g}) > 4. Then

without the loss of generality we can assume that

xlg:f'ﬁl,
ng:f‘ 78
X38:f' 73,
x48:f'ﬁ4,

where p, p, P3, P4 are some column vectors of 2-forms. Hence we have
g(xl X2 X3 X4) =/ (ﬁl P2 s ﬁ4)'

Since

(.X] X2 X3 X4)
0O —-x3 0 —-x O X4

0 0 —X1 0 —X2 —X3
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it follows that

=f (xzﬁl — X102

X2
94)

0
0

X3
0

0

X4
0
0

X4ﬁ3 - X3ﬁ4) 0.

0 0 0

X3  Xa 0

-x, 0 X4
0 —-x —-x

By Lemma 3.3.3 there are skew-symmetric n x n matices A, A3, ..

forms such that

(xzﬁl - Xlﬁz
Since
X2 X3 X4
—X1 0 0
0 —X1 0
0 0 —X1
it follows that
(Alzf r
that is,

X4p3 — Xaﬁ4) = (A12f_)T

0 0
X3 X4
—X) 0
0 —X2
Asuf T)

((X3A12 - XA 13 + X1A23)]?T

X4

X4 0
0 x4
-X; —X3
0 0
X 0
0 X
0 0
X4 0

-x3 0
0 x4
0 —x3
X X

A34f_)T) .

X4

X2

. ,A34 of 1-

(x3A23 — x3A04 + X2A34)]? T) = 0.
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By Lemma 3.3.3 there are skew-symmetric nxn matices B3, . .

of scalars such that

Since

X3A10 — XA 13 + x1Ax

X4A10 — X0A14 + X1 Aoy

X4A13 — X3A14 + X1 A3y

X4A23 — X3A04 + X2A34

X3
—X)
0
X1

0

0

X4
0
—X
0
X1

0

it follows that forany 1 <i <n,

5
(x43123,i - X3Blz4,i + X23134,i - X13234,i) =0.

0
X4
—X;
0
0

X1

0
0
0
X4
—x3

X2

S
fBi23,1

.
fBi23,

N
fBIZ4,1

S
fBi2a,

S
fBi341

N
fBl34,n

N
fBZ34,1

S
fBa,

X4

X2

—X]

i BlZ3,n, ..

.y 3234,n

Since x4B123; — X3B124; + XoB134; — X1 Bpsa; is an n X n matrix of 1-forms, it follows

from Lemma 3.3.3 that

X4B123; — x3B1oa; + X2B134; — X1 Boza; = 0,
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and then B]23,1 == BZS4,n =0. Thus, X3A12-X2A]3+X1A23 = 0 which 1mp11es that
XA 13— x1A; can be divided by x;. Let A}, and A}, be the skew-symmetric matri-
ces of 1-forms obtained from A;; and Ay; by keeping only the terms containing

x3, then we have
1
Ay = —(0A13 — x1A3)
X3

1 ’ ’
X3

A’ Al
:X2—13—X1£. (31)
X3 X3
Thus,
Npr—xpr=Anf’ =—-x—)f",
X3 X3
and then,

xi(f — i—’ff ") = %P - %f ",
so that g, — /%3 f T can be divided by x;. Note that /%3 is an n X n skew-symmetric
matrix of scalars, which implies that f- %3 £T =0.Sowehave x,g = (5, - /%3 £
and then g = f . ﬁ(ﬁl - %3 f ™y € (fi,..., f,)3 which contradicts the assumption

that / is minimally generated by fi, ..., f,, g. So we have proved the case d = 3.

Proceeding in the same way we can prove the theorem forall2 <d <n -1

and we are done. O

The second proof actually uses the minimal free resolution (Koszul complex)
of §/(x1,x2,...,x;). This is because we add only one polynomial g in degree d. If
we add two or more polynomials in degree d, things get very complicated and
the second proof does not work any more. The first proof also depends heavily
on adding just one polynomial g. If we add two or more polynomials in degree
d, then ((fi,..., f,) : I) will not always contain many variables as in our first

proof.
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After proving theorem 3.3.4, it is natural to consider the following problem,

which is a special case of the EGH Conjecture.

Problem 3.3.5. Let fi,...,f, be a reqular sequence of 2-forms in S with n > 3.
Let g,h € S be 2-forms such that dim(fi,..., fu.8, "), = n + 2. Is it true that

dimg(fi,..., fu. 8 M)z = dirnk(x%, e X2, XX, X1 X3)3 = 2 4+ 20— 57

s Vo

From section 2, we know thatitis trueif 3 <n < 4, orif fi,..., f, satisfy the
assumption of Proposition 3.2.3. From [HP], we know that it is true if g and A

are generic 2-forms and Char(k) = 0.

By theorem 3.3.4 we see that dim((fi, ..., fu)3 N Sispan{g}) can only be 0, 1
or 2. In the next proposition we study the case dimy((fi, ..., f,)3NSispan{g}) =2

by using a combination of techniques used in the two proofs of Theorem 3.3.4.

Proposition 3.3.6. Let fi, ..., f, be a reqular sequence of 2-forms in S with n > 3. Let
g, h be 2-forms such that dim(f1, . .., fu. & h)2 = n+2. If dimg((f1, . . ., f)3NS 1span{g})
=2, then

dimg(fi, ..., fi g h)3 = n* +2n 5.

Proof. Since dim((fi, ..., fu)3NSispan{g}) = 2, there exists linearly independent

1-forms [, and [, such that

hg=f"p,
hg=f" P
where f is the row vector ( fis Fosevns fn) and g, p, are some column vectors of
1-forms.
To prove by contradiction, we assume that dim(fi, ..., f,, & h); < n* +2n —5.
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Since

dimk(fl? e ’fna g, h)3
= dimk(fl, ceey fn, g)3 +n— dimk((fl, ey f;,, g)3 NS 1span{h})
= [dimg(fi,. ... fi)s +1—2) +n — dm((fi...., f. )3 N S1span{h})

=n*+2n -2 —dimi((fi, - .., fo, )3 N S1span{h}),

it follows that dimy((fi, . . ., f,, g)3NS ispan{h}) > 4. Without the loss of generality,

we can assume that

oo

xih=hLg+ f-ps,

oo

Xoh = 1L1g + f - Pa,
xsh=1sg + f- Ps,

xsh = leg + - Por

where L, 14,15, ls are some 1-forms and s, ps, Ps, Ps are some column vectors of
1-forms. Multiplying the above 4 equations by /,, because /,g = f - P, we get
that

x1(lih), xa(Lih), x3(Lih), x4(Lih) € (fis- .-, fu)a

By the second proof of Theorem 3.3.4, we conclude that [,/ € (fi,..., f,);. Simi-
larly, we have Lh € (fi,..., f,);. Thus,

Ll € ((fisoos f) 2 (frsee s fnn 8 D)

Without the loss of generality we can assume that /; = x; and /, = x,. Therefore,
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similar to the first proof of Theorem 3.3.4, we have

2= dlmk((fl’ .. ’fn’g’h)/(fh .. -9ﬁl))2
=dim(S/((fis - os o) - (froe ooy o & )iz
< dimk(S/(x1,x2,f1, ce afn))n—Z

= dimg(k[x3, . . o, %)/ (Fis s f))n2
3
<
n—2
=1,
which is a contradiction. So dimy(fi, ..., f,, g, k)3 > n*+2n—5 and we are done. O

Remark 3.3.7. The key point of the above proof is that there exist two 1-forms /;
and b, such that [, € ((fi,..., ) : (fi,..., fu, & h)), which is not the case if

dimg((fi, ..., fu)3 N Sispan{g}) # 2 and dimy((fi,..., f)3 N Sispan{h}) # 2.
It would be interesting to study the other two cases of Problem 3.3.5.
We end this section by looking at two criteria and one example about regular

sequences. Here we do not assume that fi, f>, ..., f, are of degrees 2. One simple

criterion for fi, f5, ..., f, being a regular sequence in S is the following;:
fi, fo, ..., fuis aregular sequence <= Rad(fi,..., f,) = (x1,...,x,).

The other criterion follows easily from [Mt, Corollary on Page 161], which says:

fi...., fuis aregular sequence in § if and only if the following condition holds:

ifgifi+---+g.f, =0forsomeg,...,g, €S, theng,...,g, € (fi,..., [n).

In general, given homogeneous polynomials fi,..., f, of degrees 2 in §, it

is hard to check by hand whether fi,..., f, form a regular sequence, although
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generically fi,..., f, form a regular sequence. The following example gives a

characterization of a special class of regular sequences.

Example 3.3.8. Let fi = xi[,..., f, = x,l, be a sequence of homogeneous poly-
nomials in §, where [; = 3, a;;x; with a;; € kand i = 1,...,n. Let A be the
n X n matrix (a;;). Forany 1 <r <nmand 1 <i <--- <i, < n, letAli,...,i]
be the submatrix of A formed by rows ii,...,i. and columns i,...,i. By look-
ing at the primary decomposition of the ideal (fi,..., f;), we see that fi,..., f,
is a regular sequence if and only if det(A[ij,...,i]) # O forall 1 < r < n and
1 <i <--- <i < n It would be interesting to know if the EGH Conjecture

holds in this special case.
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CHAPTER 4
MACAULAY’S THEOREM FOR SOME PROJECTIVE MONOMIAL
CURVES

4.1 Introduction

In 1927, Macaulay proved that for every graded ideal in S = k[x, ..., x,] there
exists a lex ideal with the same Hilbert function (see Theorem 2.1.8). Then it
is interesting to know if similar results hold for graded quotient rings of the
polynomial ring S. From 2.1.11 we see that Macaulay’s Theorem holds over the
quotient ring k[x,...,x,1/(x{",--- ,x;"), where 2 < a; < --- < a, < co. Recently,
Mermin and Peeva [MP] raised the problem to find other graded quotient rings

over which Macaulay’s Theorem holds.

Toric varieties, cf. [Fu], have been extensively studied in Algebraic Ge-
ometry. They are very interesting because they can be studied with methods
and ideas from Algebraic Geometry, Combinatorics, Commutative Algebra and
Computational Algebra. In [GHP], Gasharov, Horwitz and Peeva introduced
the notion of a lex ideal in the toric ring (see Definition 2.1.12 and Definition
2.1.14) and raised the question [GHP, 4.1] to find projective toric rings over
which Macaulay’s Theorem holds. They proved in [GHP, Theorem 5.1] that

Macaulay’s Theorem holds for the rational normal curves.

The goal of this chapter is to study whether Macaulay’s Theorem holds for

other projective monomial curves.

In Theorem 4.3.1 we prove that Macaulay’s Theorem holds for projective
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monomial curves defined by the toric ideals associated to matrices of the form
01 -+ n-2 n-1+h

A= , wheren >3,heZ".
1 1 --- 1 1

In Theorem 4.4.1 we consider matrices of the form

O 1+h 2+h --- n—-1+h
A= , wheren >3,heZ*,
1 1 1 . 1
and prove that if # = 1 or n = 3, Macaulay’s Theorem holds; otherwise,

Macaulay’s Thereom does not hold.

Finally, in Theorem 4.4.5 we prove that Macaulay’s Theorem does not hold

O1 - m—-1 m+h --- n-1+h
A= ,
11 -- 1 1 1

wheren>4,2<m<n-2and heZ".

In section 2.1,We have defined toric rings and lex ideals in toric rings. Before
invesgating Macaulay’s Theorem over toric rings, we list some known results

and make some small but useful observations.

By [GHP, Theorem 2.5], we know that for any homogeneous ideal J in R,
there exists a monomial ideal M in R such that M has the same Hilbert func-
tion as J. So, to show that Macaulay’s Theorem holds over R, we only need to
prove that given any monomial ideal M in R, there exists a lex ideal L in R with
the same Hilbert function. Furthermore, we will use [GHP, Lemma 4.2], which

states:

Lemma 4.1.1 (Gasharov-Horwitz-Peeva). Macaulay’s Theorem holds over R if and

only if for every d > 0 and for every d-monomial space W, we have the inequality:

dimk RlLW < dlmk le
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where Ly is the lex d-monomial space in R, such that dimy Ly = dim; W.

Remark 4.1.2. Let W be a d-monomial space spanned by monomials wy,...,w, €

R;, then we have that

dimk W= |{W1, ce ,Ws}l and dlmleW = |{X[Wj € Ry | 1<i<n 1K< ] < S}l
If W’ is another d-monomial space spanned by monomials w/,...,w, € R,, then
we have
dim WN W = [{wy,...,w N {wj,....,wll

an

Remark 4.1.3. Let m be a monomial in R. Pick a representative x{' - -- x;" from
the fiber of m. Then @(x{" ---x;") = uM@*tedyat=+a where ¢ is defined in

Definition 2.1.12. This is independent of the choice of the representative. Define
u(m) = u(xy' - x5") 1= @r1a; + -+ - + Audy.
Note that degm = a; + - - - + @, then for monomials m, m’ € R,
m=m" < u(m) =u(m’) and degm = degm’.

Hence, for any d > 1, we have a natural order >, on the monomials in R,;: for
monomials m,m’ € R,;, we say that m >, m’ if u(m) < u(m’). Note that the lex
order >,, may not concide with the natural order >,. This is illustrated in the

following example.

01 3
Example 4.1.4. Let A = , then in Ry, x1x3 >, x3, but x3 >, x1x3.

I 11

We use lex order >, instead of >, to define lex ideals in R because we want
to have the following crucial property: If L, is a lex d-monomial space in R,, then

R\L, is a lex (d + 1)-monomial space in Ry.,. By [GHP, Theorem 3.4], we know that
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this property holds for the lex order >,,. However, by the above example, it is
easy to see that this property does not hold for the natural order >,. Indeed,
let L, = span{x;} C R, then L, is lex with respect to the natural order >, and
R/ L, = span{x%, X1X2, X1x3} € Ry; butin R,, since x% >, X1X2 >, x% >, X1X3, ONne sees

that R, L, is not lex with respect to the natural order >,.

Remark 4.1.5. In the polynomial ring S we have the following property: if L, is

a lex d-monomial space in §; and m is the first monomial in S ;\L,, then
dimy S \(Ly + km) > dim; S Ly, *)

and in particular, x,m ¢ S,L,. However, this may not be true in R, and we have

the following example.

013 4
Example 4.1.6. Let A = , L, = span{x?, x;xp, x1x3, X1 X4} and m = x

1 111
then L, is lex in R, and m is the first monomial after x;x4. Since

2
27

2 2
u(x1x3) = u(xx1x2), u(x2x5) = u(x;x1x3),

2 2
M(X3X2) = u(x2X1X4), M(X4x2) = u(x3x1x3),

it follows that R](L2 + km) = R/, and xam € RiL,. ThUS, dlmk R(L, + km) =

dimy R, L, and (*) fails.

4.2 Lemmas for general projective monomial curves

In this section, we prove three lemmas which hold for projective monomial

curves. These lemmas will be used later in section 4.3 and section 4.4.

First we make the following observation. Let /4 be the toric ideal associated
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aq a
to A = s ! ; then without the loss of generality, we can assume that

1 1
a; # a; for i # j. By changing the order of the variables in §, we can assume

1 —a
a <---<a, LetB = ] and p = ged(a, — ay, -+ ,a, — a1), then we have
0 1
lBA: 0 (aa—a)/p - (an—al)/l?.
p 1 1 1

Since A and iBA have the same kernel, by Theorem 2.1.13 they define the same
toric ideal, so that we can always assume that 0 = a; < a, < -+ < @, and

gcd(ay, - -+ ,a,) = 1.

Given a d-monomial space W, in order to calculate dim; R, W efficiently, we

have the following lemma.

Lemma 4.2.1. Let W be a d-monomial space spanned by monomials wy,...,ws; € Ry

with u(wy) < --- < u(wy). Then

dim, R\W = sn — Z Awi, w)),

1<i<j<s

where

Awi,w) ={(p,q) | 1 < p < g <n,u(x,) —u(x,) = u(w;) — u(w;),and there exist

nop <r<gq,i<k< jsuchthat u(x,) — u(x,) = uw;) — u(wi)}.

Proof. By induction on s. If s = 1, then the assertion is clear. If s > 1, then setting
W’ = span{w,--- ,w,_ 1}, we get
dimy R{W = dim; Ry(W’ + kwy)
= dlmk (Rl W+ R](kWs))

= dlmk R, W’ + dlmk Rl(kws) - dlmk R, W' N Rl(kws)
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By the induction hypothesis, we have that

dim(RiW' = (s=Dn—= > Aw,w)), and dimR(kw,) = n.

I<i<j<s—1

Note that

dimy RiW’ N Ry (kwy)
=|{1 <p<n|xw,=xwin Ry, forsomel <i<s—1,q> pl

= Z H1 < p <n|x,w, =x,w; in Ry, for some g > p, and there exists

1<i<s—1

noi < k < s such that x,w, = x,wy for some r > pj|

= Z Alwi, wy).

1<i<s—1

So we have

dimRiW = (s=Dn— > Awiw)+n— > Aw,w,)

1<i<j<s—1 I<i<s—1
=sn— > Aw,w)).
1<i<j<s
O
The following two lemmas will be helpful when we prove Theorem 4.4.1.
a a - a, b, by --- b,
Lemma 4.2.2. et A = and A’ = be such that
1 1 - 1 1 1 --- 1
O=ay<ay<--<a,0=b<by<---<b,and a; + byy1_; = a, fori=1,...,n. Set

S =klxy,....x, 0 and 8" = klyi,...,y,l. Then we have an isomorphism f:8 — 8
with f(x;) = yur1—i. Let R = S/I7 be the toric ring associated to A and R = S'/I»
the toric ring associted to A’; then f induces an isomorphism f : R —s R’ such that

i+ 1) = yper-i + L.
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Proof. Given a monomial m = x{'--- x;," in §, we have

w(m) + u(fm)) = u(x" - ) + ulyy' - ¥
=aa) +---+aua, +arb, + -+ a,b;
=a(a +b,) +---+a,(a, + by)
=(+--+aya,

= deg(m)a,.

If m —m’ € 15 for some monomials m,m’ € S, then by Remark 4.1.3 we have that
u(m) = u(m’) and deg(m) = deg(m’). Hence u(f(m)) = u(f(m')) and deg(f(m)) =
deg(f(m")), so that f(m) — f(m') = f(m —m’) € L. Similarly, if m — m’ € I, then
f'm —m’) € I4. Thus, f(I4) = Ix and therefore, f induces an isomorphism f

from R to R’ such that f(x; + I5) = ypr1-i + La. O

Lemma 4.2.3. Under the assumption of Lemma 4.2.2,we have the following two prop-

erties.

(1) If W C Ry is a d-monomial space spanned by monomials my,...,m, € Ry
with u(w;) < --- < u(w,), then f(W) C R/, is a d-monomial space spanned
by monomials f(w)),...,f(w,) € R, with u(f(wy)) > --- > u(f(w,)), and

dimg RiW = dimy R} f(W).

(2) Note that we have defined a lex order >, in R;. Now setting y, > -+ > yy,
we have a lex order >, in S" which induces a lex order >, in R). Let m be a
monomial in R, with top representative x{'---x,", then f(m) is a monomial in
R!, with top representative f(x‘fl s Xy") = Yu' oo ¥|". Furthermore, if monomials
m,m’ € R, are such that m >, m’, then f(m) >, f(m') in R); if L, is a lex d-

monomial space in Ry, then f(L,) is a lex d-monomial space in R’ if Macaulay’s

Theorem holds over R, then Macaulay’s Theorem holds over R’.
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Proof. (1)Itis clear that f(W)is a d-monomial space in R/,. By the proof of Lemma
4.2.2, we see that u(w;) + u(f(w;)) = da,, which implies that u(f(w;)) > u(f(w;)) for
i < j. Note thata,—a, = b,—b, for any p # g and u(w;) —u(w;) = u(f(w;))—u(f(w;))
for any i # j, so that the last part of the assertion follows directly from Lemma

4.2.1.

(2)By contradiction, we assume that V.. -yf” is in the fiber of f(m) and
Vol S Y2y in §7, then fI(4 -y = A8 -+ A" is also in the fiber of
m and x’fl v xS, x{'---x," in S, which is a contradiction. So we have proved
the first part of the assertion, and the rest of the assertion follows easily. o
Remark 4.2.4. If we sety; > --- > y, in Lemma 4.2.3 (2), then the assertion may
not hold. Indeed, considering Example 4.1.6, we have that A = A’; let m = x1x§
in R, then x, 2 is the top-representative of the fiber of m, but f(x;x2) = y;? is not

the top-represtative of the fiber of f(m). Also, by Theorems 4.3.1 and 4.4.1, we

will see that even if Macaulay’s Theorem holds over R, it may not hold over R'.

4.3 A class of projective monomial curves

Throughout this section,

01 --- n=2 n-1+nh
A= , where n>3,heZ",

I 1. 1 1

and R is the toric ring associated to A. We prove:

Theorem 4.3.1. Macaulay’s Theorem holds over R.

For the proof of Theorem 4.3.1, we need the following lemmas 4.3.2, 4.3.3,
435,4.3.7,4.3.8,4.3.9,4.3.10, 4.3.11.
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Lemma 4.3.2. Let m be a monomial in R. Suppose that
um)=am—-1+h)+pn-2)+vy,

where a8 and y are non-negative integers such that f(n—2)+y <n—1+handy < n—-2.
Ify # 0, then x{" =" x| &#_ x& is the top-representative of the fiber of m. If y = 0,

then x{*" PP x2 is the top-representative of the fiber of m.

|

Proof. Pick a monomial x{'---x;," from the fiber of m, and run the following

algorithm.
Input: x{" - x;"

Step 1: If Z;’:_ll a;(i—1) <n—1+h, go to Step 2. Otherwise, choose 35, . ..,B.-1 €
Zsuchthat0 <, < ay,...,0 < B, < @, 1, 205 Bi(i—1) = n—1+hand ¥ Bi(i—1)
is minimial with respect to this property. Run the division algorithm, we get
Z;’:_zl (i—1)=Bmn—-1+h)+6 forsomeB, > 1land 0 <6 <n-1+h. Let

j=min{i | B; # 0}. Then 6 < j — 1, otherwise, it contradicts to the minimality of

S Bii — 1). Setting

a, = a, +ﬁn,
Asy1 = Asp1 + 1,

a = a +(18j+'”+18n—1)_,8n_ L,

we get a new monomial x{" - --x," which is still in the fiber of m and is strictly

bigger with respect to >, in §. Go back to step 1.
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Step 2: If 17 ai(i — 1) < n — 2, stop. Otherwise, choose f,, .. .,8,.2 € Z such
that 0 < By < @2,-++,0 < Buy < @y, D5 Bi— 1) > n =2 and Y17 Bii — 1)
is minimial with respect to this property. Run the division algorithm, we get
S Bii— 1) = Bui(n—2) + 6, for some B,-; > 1and 0 < 5 < n— 2. Let j = min{i |
Bi # 0}. Then ¢ < j—1, otherwise, it contradicts to the minimality of Z;’:_zz Bi(i—1).

Setting

Ap-2 = Ay _ﬁn—Z’
Ap-1 = Ay +ﬁn—1’
Ase1 = Aspp + 1,

ap:=ar+ B+ -+ Bu2) = Bur — 1,

we get a new monomial x{' - - - x;” which is still in the fiber of m and is strictly

bigger with respect to >, in §. Go back to step 2.

The algorithm stops after finitely many steps and the output of the algorithm
is the monomial described in the lemma. If the top-representative of the fiber
of m is different from the monomial given in the lemma, then we can run the
algorithm on the top-representative to get a bigger monomial in the fiber, which
is a contradiction. So the monomial given in the lemma is the top-representative

of the fiber of m. O

Lemma 4.3.3. R has the following two properties.

(1) Let m be a monomial in Ry; if w € S is the top-representative of the fiber of m, then

x,w € S is the top-representative of the fiber of x,m € Ry.1.

44



(2) If Ly is a lex d-monomial space in R, and m is the first monomial in R,\L,, then

dimk Rl(Ld + km) > dll’l’lk RL, and x,m ¢ R{L,.

Proof. (1) Let m € S be the top-representative of the fiber of x,m. Since u(x,m) >
n—1+h, by Lemma 4.3.2 we have x,|m. Suppose thatm = x,w’ for some monomial
w’ € §, then it is easy to see that w’ is the top-representative of the fiber of m, so

that w = w and m = x,w. So x,w is the top-representative of the fiber of x,m.

(2) It suffices to prove that x,m ¢ R,L,. By contradiction, we assume x,m €
R,L,, then there exist x;, 1 <i <nand m’ € L; such that x,m = x;m’ in R;.,. Let w,
w’ be the top-representatives of the fibers of m and m’, respectively; then by (1),
x,w is the top-representative of the fiber of x,m. Since m’ > m in R;, we have
w > win S, and then x;w’ is in the fiber of x,m such that x;w’ > x,w, which is

a contradiction. So, x,m ¢ R|L,. O

Definition 4.3.4. Let W be a d-monomial space spanned by some monomials

Wi,...,ws € Rywith 0 = u(wy) < -+ < u(w,). Fori >0, set
i+l}'

W(i) = {w,| the top representative of w; can be divided by x, but not by x’

The set W(i) is called n-compressed if W(i) = 0 or W(i) = {w,, Wi+1, - - . » Wi;1e), fOr

somet > 0and 1 <k; < s, such that
uwg) =in =1+ h),u(wi1) =in—=1+h)+1,...,u(Wiy) =i(n—1+h) +1.

We say that a d-monomial space C is n-compressed if C(i) is n-compressed for

every i > 0.

Lemma 4.3.5. Let my, m, be two monomials in Ry with u(m,) < u(my). Suppose that
uimy) = ay(n — 1+ h) + By, and u(my) = a(n — 1 + h) + B,, where ay, a»,B,B, are

nonnegative integers and 51,8, <n—1+ h.
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(1) If(l] = a5y, then My >ex My.
(2) Ifal < ap ﬂndﬁl —ﬁz < ((Iz - (Yl)(l’l - 2), then my >ex My.

(3) Ifaq < ay ﬂ?’ldﬁ] —ﬁg > (CYZ - a/l)(n - 2), then My >jex My.

Proof. By Lemma 4.3.2, we can assume that a; = 0.

(1) Now u(my) = Bi,u(my) = 5,0 < B < B, < n—1+ h, and we only need
to prove the case 8, = B + 1. Suppose that 8, = B(n — 2) + y, where 3,y are
nonnegative integers and y < n —2. If y = 0, then 8, = f(n — 2) + 1, so that by
Lemma 4.3.2, x{”x’_ and x{” 'x,2"_| are the top-representatives of the fibers of
my and my respectively, thus m; >jex my. If y > 0, then 8, = f(n —2) +y + 1, so
that by Lemma 4.3.2, x”ll_ﬁ _1xy+1xf _,and xf_ﬁ _lxy+2xfj _, are the top-representatives

of the fibers of m; and m, respectively, thus m; >jex 1.

(2) Suppose that 8, = f(n —2) +y,and B, = f'(n — 2) + v/, where 8,5, v,y are

nonnegative integers and y,y’ < n — 2. Then

Bi=Pr=B-)n-2)+y-y <an-2),

that is,
B-B +a)n-2)<y -vy. *)

If y = ¥ = 0, then by (*), we have 8 < ' + a,; by Lemma 4.3.2, we see that
x‘f‘ﬂ xf _,and x‘f_(ﬂ,m”xf ,_le2 are the top-representatives of the fibers of m; and m,
respectively, so that m; >jex m,. If y = 0 and y’ > 0, then y’ —y < n—2, hence by (¥)
we have § < f'+a,; by Lemma 4.3.2, we see that x‘f—ﬁ xf _,and x‘f_(ﬂ,””_lxyqle /_1 X2
are the top-representatives of the fibers of m; and m, respectively, so that m; >
my. If y >0and y’ = 0, theny’ —y < 0, hence by (*) we have 8 < §'+a,; by Lemma

4.3.2, we see that x‘ll_ﬁ _lxyﬂxf _,and x‘ll_(ﬁ’“”)x’i ’_leZ are the top-representatives of
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the fibers of m; and m, respectively, so that m; >ex m,. If y > 0 and y’ > 0O, then

_ / _1 '/
Eraly lx{j_lx;:z are the top-

by Lemma 4.3.2, we see that x‘f—ﬁ _1xy+1xf _,and x‘f
representatives of the fibers of m; and m, respectively; and by (*), we have either

v >2y,B<B +aory <vy,B<pB +a then it follows that m; e ms.

(3) We use the notations in the proof of (2). Now (8- (8" + a»))(n—-2) >y —v.
If y >y, then 8 > 8’ + a,, and similar to the proof of (2), it is easy to check that
my >ex My; if Y <7y, theny —y > —(n—2), hence 8 > 8’ + a,, so that similar to the

proof of (2), we get my >iex M. O

Remark 4.3.6. By Lemma 4.3.5 we make the following remarks.

(1) By Lemma 4.3.5, we see that the lex order >, induces a total oder on the

set of nonnegative integers.

(2) If L, is a lex d-monomail spce, then by Lemma 4.3.5, it is easy to see that

L, is n-compressed and |L,(0)| > |Ly(1)| > [L,(2)] > ---.

(3) If L, is a lex d-monomail spce and |L,(i)] < n — 1 + h for some i > 0, then by

Lemma 4.3.5, one sees easily that [L,(i + 1)| < max{0, [L,(0)| — (n — 2)}.

(4) If L, is a lex d-monomail spce, then |L,(i + j)| > (IL,()| — 1) — j(n — 2) for
i,j > 0. Indeed, if |L,(i)| — (ILs(i + )] + 1) > j(n —2), then by Lemma 4.3.5 (3),

it is easy to see that L, is not lex, which is a contradiction.

(5) Let L, be a lex d-monomail space spanned by monomials m;,,--- ,m, € Ry
with 0 = u(m;) < --- < u(my), and L), a lex d’-monomail space spaned by
monomials m/,--- ,m} € Ry with 0 = u(m}) < --- < u(m,); then by Lemma
4.3.5, we have u(m;) = u(m’) for 1 < i < s. In particular, by Lemma 4.2.1 we

have dlmk R\L; = dlmk R, L;, .
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(6) Let W be a d-monomial space spanned by monomials wy,...,w, € Ry
with u(w)) < ... < w(wy). If u(wy) > d, setting & = u(w,) —d and W’ =
span{x{wi, ..., x{ws} C Ry, we have that u(x{w;) = u(w;), u(x{wy) = d + «,
and Lemma 4.2.1 implies that dim; R{W = dimy R,W’. So, by (5) and the
above observation, to prove Lemma 4.1.1, we can always assume that
u(ws) < d, and then for any 0 < j < u(wy), there exists m = xf_jxé
in R; such that u(m) = j. Furthermore, there exists w; € R, such that
u(;) = u(w;) — u(wy). Let W = span{wy, ..., w;} C R;; then by Lemma 4.2.1,

we have dimy R{W = dim; R, 17[7, so that to prove Lemma 4.1.1, we can also

assume that u(w;) = 0.

Lemma 4.3.7. Let L, be a lex d-monomial space in R, such that L, # R,;, and m the

first monomial in Ry\L,. Then
n, ifu(m)=0
dimy Ry (Ly + km) — dimy R L,; = 2, lfl <u(m)<h

1, ifu(m) > h.

Proof. Let a,, = dimy Ry(L, + km) — dimy R, L;; by Lemma 4.2.1 and Remark 4.3.6
(5), we see that a,, depends only on u(m) and does not depend on d. If u(m) = 0,
then it is clear that a,, = n. If u(m) > h, then by Lemma 4.3.3 (2), we see that

a, > 1.

If 1 < u(m) < h, then a,, > 2. Indeed, if x,_.;m € R,L,, then x,_;m = x;m" in
R, for some j # n— 1 and m’ € L;. Since u(x,_1m) = u(x,_1) + u(m) < n—2+h, it
follows that u(m’) < n—2+h. Note that m’ >, m, then by Lemma 4.3.5 (1), we see
that u(m’) < u(m), hence x; = x,, and then u(x,_;m) = u(x,m’) > n— 1 + h, which is
a contradiction. Thus, x,_ym ¢ R,L,. By Lemma 4.3.3 (2), we see that x,m is also

notin R,L,;, so a,, > 2.
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Next we set d = n + h and cosider R,.,. By Lemma 4.3.2, it is easy to see that
for any monomial m € R, u(m) > n — 1 + h if and only if m = x,m’ for some

monomial m’ € R,_;.,, so that

n—2+h
Ruh = XoRy 14 @ (@ km,) ,

where m; = X" x} in R, is such that u(m;) = i, thus we have
dimy R, —dimy R,_1,p=n—1+h.

On the other hand, since R,_;.; is a lex (n — 1 + h)-monomial space and R,,; =

R\R,_i.4, it follows that

dimy Ryp = dim Ry o = (n =1+ >~ (@n=D+ D (@1

1<u(m)<h u(m)>h

>n—1+h.
Since the equality holds, we must have that a,, = 2if 1 < u(m) < h and a,, = 1 if
u(m) > h. O

Lemma 4.3.8. Let C be an n-compressed d-monomial space.

(1) R,C is an n-compressed (d + 1)-monomial space.

(2) If C is spanned by monomials cy,...,c; € Ry withu(c;) =i—land s < h+1,
then |IR\C(0)l = n -2+ s, IR\C(1)| = s, |IRIC(j)| =0 for j > 2, and dimy R,C =
n+2(s - 1)

(3) If C is spanned by monomials cy,...,c; € Rywithu(c;) =i—1land h+2 < s <
n—1+h, then |IRiCO)| =n—-1+h, |[RC(1)| = s, IRIC(j)l =0 for j > 2, and

dimRiC=n—-1+h+s.

Proof. (1) Let m be a monomial in R,C such that u(m) = p(n — 1 + h) + g for some

p>0and1<g <n—1+h;thenm = x;m’ for some jand m’ € C. If n—1+h divides
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u(m’) then j # 1 or n, so that x;_;m’ € R,C and u(x;_ym’) = u(x;m’) — 1 = u(m) — 1; if
n—1+h does not divide u(m’), then since C is n-compressed, we have a monomial
m” € C such that u(m”) = u(m’)—1, so that x;m” € R,C and u(x;m") = u(x;m’)—1 =

u(m) — 1. So R,C is an n-compressed (d + 1)-monomial space.

(2) It is clear that |R,C(j)| = 0 for j > 2. By Lemma 4.2.1, we have

dimy R,C = sn — Z Ac;, Civr)

1<i<s—-1
=sn—(s—1n-2)

=n+2(s-1).

Thus, [R,C(0)] +|R,C(1)| = n+2(s—1). By (1), we know that R,C is n-compressed,
so that u(x,_ic;) =n-2+s-1<n-1+hand u(x,c;) =n—-1+h+s—1imply that

IR1IC(0)] >n—2+ sand |[R{C(1)| > s. Thus, [R{C(0)| =n -2+ sand |[R,C(1)| = s.
(3) It is clear that |R,C(j)| = 0 for j > 2. By Lemma 4.2.1, we have

dim; R,C = sn — Z A(ci, Cir1) — Z A(ci, Civne1)

1<i<s—1 1<i<s—h-1

=sn—(s-1Dn-2)—(s—h-1)

=n—-1+h+s.

Thus, [R,C(0)| +|R,C(1)| = n—1+h+s. By (1), we know that R,C is n-compressed,
so that u(x,4—s¢;) =n—-2+h<n—-1+hand u(x,c;) =n—1+h+s—1imply that

IRIC(0)| >n—1+hand |R,C(1)| > 5. Thus, |IRi{CO)=n—-1+hand |[R|C(1)|=s. O

Lemma 4.3.9. Let W be a d-monomial space spanned by monomials wy,...,ws; € Ry
with uwy) < -+ < u(wy) < d, and u(ws) — u(w;) < n—1+ h. Let C be the n-
compressed d-monomial space spanned by monomials cy, ...,c, € Ry with u(c;) =i—1
for1 <i<s,and set W = {monomial m € R\W | u(wy) < u(m) < u(w;) +n — 1 + h).

Then |W| > |R,C(0)| and dim; R,W > dim, R,C.
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Proof. By Remark 4.3.6 (6), we can assume that u(w,) = 0, then u(w,) <n—-1+h,
and W = R, W(0). By Lemma 4.3.8, we see that |[R;C(1)| = s, hence |[R,W(1)| >
s = |[R|C(1)|. Note that dim; R, W = |R,W(0)| + |[R;W(1)| and dimy R,C = |R,C(0)| +
IR,C(1)], thus we only need to prove that |R,W(0)| > |R,C(0)|.

First we suppose s < h + 1, then by Lemma 4.3.8 we have |[R,C(0)| =n -2 + 5.
If there exist w;, wi,; such that u(w;,.) — u(w;) > n—2, then 0 = u(x;w;) < u(x;w,) <
e < ulxwy) < u(xow;) < o < u(Xpmwi) < u(xwipy) < - < ulxwy) <n—1+h,
which implies that |R, W(0)| > s+n -2 = |R,C(0)|. So we can assume that u(w;,;)—
u(w;) <n—-2for1 <i<s—1. For any non-negtive integer / < u(x,_;wy), there
exists w; such that u(w;) is maximal with respect to the property that u(w;) < I,
then it is easy to see that 0 < [ — u(w;) < n — 3 and u(x;_ywy+1w:) = I. Therefore, if

u(x,_1ws) > n—1+ h, then
IRiWO)|=n-1+h>n-2+s=|R,C);
if u(x,_ywy) <n—1+h, then

IRyWQO)| = u(x,-w) + 1> (n=2)+ (s = 1)+ 1 =|R,CO).

Next we suppose h+2 < s < n—1+h, then by Lemma 4.3.8 we have |[R,C(0)| =
n— 1+ h, and it is easy to see that u(w;1) —u(w;) < mn—-2forl <i < s-1,
and u(x,_ywy) > n — 1 + h; therefore, similar to the above argument, we have

IRRW@O)| =n—-1+h=|R,C(0). O

Lemma 4.3.10. Let W be a d-monomial space spanned by monomials wy, ..., w; € Ry
with u(wy) < -+ < u(wy) < d. If there exists 1 < i < j < ssuch that j—i > hand

u(w;) —u(w;) <n—1+h, then
dimk RlLW < dlmkR1W,

where Ly is the lex d-monomial space in R, such that dimy Ly = dim; W.
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Proof. By Lemma 4.3.7, we have that dimyR\Ly < dimyLy + (n — 1)+ h =

dimyW+n—-1+h = s+n—-1+h On the other hand, it is easy to check
thatif 1 < p < i, then xy,w, ¢ Rispan{wp,i,...,w;,...,w;}; if j < g < s, then

xX,wy € Rispan{wy,...,w;,...,w,1}. Thus, we have
dimy R, W > dimy Rispan{w;,...,w;} + (@ —1) + (s — j).
By Lemma 4.3.8 and 4.3.9, it is easy to see that
dimg Rispan{w;,...,wij}>2n—-1+h+(j—i+1).
Therefore, we have

dmyRiW=>2n—-1+h+(G—-i+1D)+@G—-1)+(s—))
=n—-1+h+s

> dlmk R]Lw.
O

Lemma 4.3.11. Let C be an n-compressed d-monomial space in R,, and suppose that

there exists t > 0 such that 0 < |C(i)| < hfori=0,...,tand |C(@i)| = 0 for i > t. Then
dimk R]LC < dlmk R,C,
where Lc is the lex d-monomial space in R, such that dimy L¢c = dim, C.

Proof. If |C(j)l < |C(j + )|+ (n —2) for some 0 < j < t— 1, then we consider the

n-compressed d-monomial space C” such that

IC’DI=1COHI + 1,
IC’'(Ol = ICOI -1,

IC"DI = ICOIif i # j1.
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By Lemma 4.3.8, one sees easily that

IRiC(0)] = [C(O)] + (n - 2),
[R;C(H)| = max{|C(Q)| + (n—2),|C(i — D]} for 1 <i<t,
IR\ C(z + D] = |C()],

[RiC(i)|=0fori>1t+1.
and we have similar formulas for C’. Then it is easy to check that

IRC' (DI < IRICI+ 1,
IR\IC'(D)] < [RiC (D),
IRC'(t+ DI = IR CE+ DI -1,

RiC'(D)| = |[RyC()| fori # jt,t+ 1.

Therefore, we have that dim, C’ = dim; C and dim; R,C’ < dim; R,C. If |C'(j)| = h+
1, then by Lemma 4.3.10, dimy R, L¢ < dimg R;C’, and then dimy R|L¢ < dimy R, C.
So we can assume that |C’(j)| < h, that is, C’ satisfies the assumption of the

Lemma.

By the above observation, we can assume that C is an n-compressed d-
monomial space in R, and there exists r > 0, such that 0 < [C(i))| < hfor0 <i<t,
ICH)I > |CE+ 1)+ (n—-2)for0<i<t—1,and |C(i)| = 0 for i > t. Then by Lemma

4.3.8, it is easy to see that

dimy R, C = [C(O)] + (n = 2) + [CO)[ + [C(D)| + - - - + |C (@)

=|CO)|+n -2+ dim; C.
If |[Lc(0)] > |C(0)], then by Remark 4.3.6 (4), we have thatfor 1 <i<t¢,
ILc()| = |Lc(O)] = 1 = i(n = 2) 2 |C(O)] — i(n - 2) = |C()I,
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and then

dimg Le > |Lc(0)] + [Le(1)] + - -+ + |[Le(2)]
> [CO) +|C(D|+---+[C(D)]

= dlmk C,

which is a contradiction. So we have |L:(0)| < [C(0)| < h. By Remark 4.3.6 (2), we
see that [Lc(i)| < h for i > 0. Thus, by Remark 4.3.6 (3), one sees easily that there
exists ¢’ > 0 such that |Lc(i)| > [Le(i+ D+ (n—=2)for0<i <t —1,and |Lc(i)| =0

fori > . Therefore, by Lemma 4.3.8, it is easy to see that

dimg R\ Le = |Lc(0)] + (n = 2) + |Le(0)| + |Le(D)] + - - - + |Le (@)
= |Le(0)] + (n = 2) + dimy L
< |C0)] +n =2 + dim, C

= dlmk R1C

Proof of Theorem 4.3.1. Let W be a d-monomial space spanned by monomials wy,

.., Wy in Ry with u(wy) < -+ < u(w;); by Lemma 4.1.1, we only need to prove that
dimk RlLW < dlmk R1 VV,
where Ly is the lex d-monomial space in R, such that dimy Ly = dim; W.

By Remark 4.3.6 (6), we can assume that u(w;) = 0 and u(w,) < d. Note that

thereexist 1 =iy <i; <--- <i, < s for somer > 0 such that u(w;)—u(w;) <n—-1+h,
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and for 1 < j <t, u(w;,_1) —u(w;_ ) <n-1+hand u(w;) —u(w;_)>n—1+h. Set

then by Lemma 4.3.10, we can assume that [W[j]| < hfor0 < j <t

Let C be the n-compressed d-monomial space such that [C(j)| = |W[j]| for

0<j<tand|C(j)| =0for j > t+1, then dim; C = dim; W and it is easy to see that

dimy R,C = |[R\CQO)| + |[R,C()| + - -- + R, C(H)| + R, C(t + 1),

dimg RiW = [((RiW)[0]] + [(RyW)[L][ + - -+ + [(RyW)[z][ + [(Ry W)z + 1],

where (R{W)[0] = R{W(0), (R{W)[t + 1] is the set of monomails m € R;W such
that u(m) > u(w;) + n— 1+ h, and for 1 < j <1, (R{W)[;] is the set of monomials
m € RiW such that u(w;, ) + n—1+h <u(m) <u(w;) + n— 1+ h. First it is easy to
see that

((RiW)[z + 1] = [W[t]| = [C(@)| = IR, C(z + ).

Then By Lemma 4.3.9, we get
IR{W(0)| > |R;C(0)|.
Finally, by Lemma 4.3.8 it is easy to see that for 1 < j <¢,
IR\ C(HI = max{|C(j = DL, IC(DI + (n = 2)};
if IR,C(j)| = |C(j - 1)|, then we have

|((RIW)[JII = [W[j = 1] = IC(j = DI = IR C(I;
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if IR, C(j)l = |C(j)| + (n = 2), then by Lemma 4.3.9, we also have

((RiW)LJ1I = IRiC()).

So, we get dimy Ri{W > dim; R,C. By Lemma 4.3.11, we know that dim; R,C >

dimy R;L¢c, where L¢ is the lex d-monomail space such that dim; Lc = dim; C.

Note that Lc = Ly, so dlmk R\W > dlmk R{Ly.

4.4 'Two other classes of projective monomial curves

The main results of this section are Theorem 4.4.1 and Theorem 4.4.5.

Theorem 4.4.1. Let

O 1+hA 2+h - n=-1+h
A= , Wheren >3,h€Z".

1 1 r - 1

Let R be the toric ring associated to A.

(1) If h = 1, then Macaulay’s Theorem holds over R.
(2) If n = 3, then Macaulay'’s Theorem holds over R.

(3) If h > 2 and n > 4, then Macaulay’s Theorem does not hold over R.

In order to prove Theorem 4.4.1, we need the following lemmas 4.4.2,4.4.3, 4.4 4.

Lemma 4.4.2. Let R be the toric ring defined in Theorem 4.4.1 and R’ the toric ring
defined in section 4.3 such that R and R’ satisfy the assumptions of Lemma 4.2.2; then
we have an isomorphismf: S =k[x1,...,x,0 — S’ = k[y1, ..., vl With f(x;) = Yns1-i,

which induces an isomorphism f from R to R'. Setting x; > -+ > x, and y, > -+ > y,

as usual, by definition 2.1.14 we have the lex orders >y, >, in R and R’
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a,

(1) Let m be a monomial in Ry such that y{"' ---y," is the top representative of the
fiber of the monomail f(m) € R/, then f‘l(y(l” ceyn') = x{"-eex,' s the top-

representative of the fiber of m.

(2) Let m and m’ be two monomials in R, such that u(m) < u(m’), then m >, m’ in
Ry, so that the lex order >, in R, is the same as the natural order >, definde in

Remark 4.1.3.

Proof. (1)Suppose that X2 - .- x4 is the top representative of the fiber of m, then
B, = «a, and fA(x'i By = yfl .-y is a monomial in the fiber of f(m). Since
yi'---yy" is the top representative of the fiber of f(m), by Lemma 4.3.2 we have
B. < ay, so that B, = @,, and then 8,.; > «@,_;, but by Lemma 4.3.2 we have
Bu1 < @y_1, so that B,_; = a@,_,. If there exits 2 < i < n — 2 such that 8; > a; and
B; = a; for j > i, then the monomial yfl '-'yf"yffl‘ -+ y," is in the fiber of f(m),
by Lemma 4.3.2 on sees easily that 8; < «;, which is a contradiction, so we have

Bi=a;fori=2,...,n—2.Sincedeg(m) =B, +---+B, = a; +- - - +a,, it follows that

Bi = aj, and then x{" - -- x;,' = x[f 2 is the top-representative of the fiber of m.

(2)Let yi'---y,", yf '...y"" be the top-representatives of the fibers of f(m) and
f(m’), then (1) implies that x{" - - - x5, x[f 2" are the top-representatives of the
tibers of m and m’. Since u(m) < u(m’), by Lemma 4.2.3 (1), we have u(f(m)) >
u(f(m’)), so that Lemma 4.3.2 implies «, > B,. If @, > B,, then m >,, m’ and we
are done. So we may assume «, = f3,. Then similarly, by Lemma 4.3.2 we have
@1 = Bn1, and if a,,_; > B,_1, we are done. So we can also assume that a,_; =

Bu-1.- Then applying Lemma 4.3.2 again, we see that there exist 2 < r < n -2,
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1 <#¥ <r—1such that

| @y d—1-a,-1—a, A1,y

yl Y :yl yryn_lyn’

1 _ d-l-ay_1—«a Wyl
Wyl = iy ey,

and then we have that

xfltn X = xrllnxrzxnflan_rx;l—l—a,,_l—a,,
Zlex -x(lln X(ZI'H Xn+1-r Xg_l_a"‘l o
- xf N
which implies m >, m’. O

Lemma 4.4.3. Let R be the toric ring defined in Theorem 4.4.1 and suppose h = 1. Let
L, be an r dimensional lex d-monomial space in R; with 0 < r < dimy Ry, and m the

first monomial in R;\Ly. If we set
a, = dll’l’lk Rl(Ld + km) - dlmk R\L,,
then ag =n, ay =2 and a, = 1 for 1 <r < dim Ry.
Proof. Without the loss of generality, we can assume d > 1. It is clear that ay = n.

If r = 1, then it is easy to see that L, = span{x/} and m = x¢"'x, in Ry, so that by

Lemma 4.2.1,
dimy R{(Ly + km) = 2n — /l(x”ll, xil_lxz) =2n—-(n-2)=n+2,

hence ap + a; = n+ 2, and thena, = 2. If | < r < dimR,;, by Lemma 4.4.2, we
see that u(x,m) > u(x;m’) for any 1 < j < n and any monomail m’ € L,, hence
x,m & R{L;, and then a, > 1 for 1 < r < dimy R;. Note that dim; R;R; = dimy Ry, 1,

and it is easy to see that
dimy Ryyy — dim; R, = dimkR;H - dlmkR; =n—-1+h=n,
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where R’ is the toric ring defined in Lemma 4.4.2. Thus,
@-D+@-D+ > (@-D=n
1<r<dimk Ry

so that 3., .gim, z,(@- — 1) = 0, which implies a, = 1 for 1 < r < dim; R,. m]

Lemma 4.4.4. Let R and R’ be the toric rings defined in Lemma 4.4.2 and suppose
n = 3. If Ly, L, are lex d-monomial spaces in Ry and R/, such that dimy L; = dimy L,

then dlmk R]Ld = dlmk R,lL:l

0 1+h 2+h
Proof. Since the toric ring R is defined by the matrix A = and

1 1 1
KerA has dimension 1, one sees easily that the toric ideal /4 is generated by

the binomial x3*" — x;x;*", so that we have R = k[x;, x2, x31/(x3*" — x;x}*"), and

similarly, R" = k[y1, 2, y31/(5™" = y}*y3).

Let T, be the set of monomials in k[x;, x,, x3], which can not be divided by
x%*h and T, the set of monomials in k[y;, y,,y3]s which can not be divided by
y3*h. Tt is easy to see that for any monomial m € R, there is one and only one
monomial in the fiber of m that can not be divided by x3**, then it follows that the
monomials in R, are in one-to-one correspondence with the monomials in 7.
Furthermore, if dim; L, = r and L, is spanned by the monomials m;,...,m, € R,
with u(m;) < -+ < u(m,), then my, ..., m, have top-representatives wy,...,w, € Ty
that are the first » monomials in 7,;. Similarly, if dim; L), = r and L/, is spanned by
monomials m},...,m, € R/, then m{, ..., m, have top-representatives w/,...,w, €

T/ that are the first » monomials in 7.

Note that the natural isomorphism g : S = k[xy, x2, x3] — S’ = kl[y1,y2, 3]

with g(x;) = y; for j = 1,2,3 induces an order-preserving bijection between T,

and T, then g(w;) = w; for 1 < i < r. Setting W = span{w,...,w,} € §,; and
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W’ = span{w/,...,w;} € §/, one sees easily that dim; S W = dim; S|W’. Let p be

the number of monomials in §; W that can be divided by x3*" and p’ the number

of monomials in §{W’ that can be divided by y?**; then we have p = p’. Note
that if x,w; can be divided by x3** for some i, then x,w; = x3(x;xiw;/x,*") in Ryy
and x;xiw;/x)*" = w; for some j < i. Therefore, the monomials in the lex (d+1)-
monomial space R;L, are in one-to-one correspondence with the monomials in

S1W that can not be divided by x3**, so that we have

dimleLd = dlmkSlW - p.

Similarly, we have

dimy R\L), = dim; S1W — p/,

and so dimy R|L; = dim, RllL;, O

Proof of Theorem 4.4.1. (1) Let W be a d-monomial space spanned by monomials
Wi,...,w, € Ry with u(wy) < --- < u(w,). By Lemma 4.1.1, it suffices to prove
that dim R, Ly < dimy R, W, where Ly, is the lex d-monomial space in R, such that

dimy Ly = dim W = r.

We prove by induction on r. If r = 1, then dimy R, Ly = dimy R{W = n. If
r = 2, then by Lemma 4.4.3, dimy R|Ly = ap + a; = n + 2, and by Lemma 4.2.1,

dimy Ri\W = 2n — A(wy, wy). It is easy to see that A(w;, w,) < n — 2, thus we have
dim,RiW>2n-—mn-2)=n+2=dimg R Ly.

If r > 2]et W be the d-monomial space spanned by monomials wy,...,w,_; € Ry
and Ly the lex d-monomial space in R, such that dimy Ly = dimy W=r-1,
then by induction we have dim; R, Ly < dimy RW. By Lemma 4.4.3, we see that

dimg R Ly = dimg R,L + 1. On the other hand, since u(x,w,) > u(x;w;) for any
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l<j<nandanyl <i < r-1, we have x,w, ¢ Rlﬁ/, and then dim; R,W >

dim, R, W + 1. Therefore,
dimy R\ W > dimg R\W + 1 > dimy R, Ly + 1 = dimg R, Ly,
and we are done.

(2)Let W be an r-dimendsional d-monomial space in R;. By Lemma 4.1.1,
it suffices to prove that dim; R|Ly < dim; R;W where Ly is the lex d-monomial

space in R, such that dimy Ly = r.

Let f and R’ be as in Lemma 4.4.2, then by Lemma 4.2.3 (1), we see that
f(W) is an r-dimensional d-monomial space in R/, and dim; RiW = dimy R| f(W).

be the lex d-monomial space in R}, such that dim, L', = r, then by

Lemma 4.4.4, we have dimy R, Ly = dimy R’IL}(W). By Theorem 4.3.1, we see that R’

Let L o)

satisfies Macaulay’s Theorem, hence dim; R; L}(W) < dimy R f(W). So, dimy R, Ly <

dim; R; W, and we are done.

(3)Considering the 1-monomial space W = span{x,,xs;} and the lex 1-
monomial space Ly = span{x;, x,} in R;, we have dimy W = dim; Ly = 2. How-

ever, by lemma 4.2.1, it is easy to see that
dimpy RiW =2n—A(x,x3) =2n—(n—-2) =n+ 2,
and

2n—1, ifn<h+2
dimy R\ Ly = 2n — A(x1, x3) =
2n—-(1+n—-h-2)=n+h+1, ifn>h+3.

Since i > 2 and n > 4, one can check easily that dim; R;Ly > dim; R;W. So by

Lemma 4.1.1, Macaulay’s Theorem does not hold over R. O
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Theorem 4.4.5. Let

01 - m—-1 m+h --- n-1+h

wheren > 4,2 <m <n-2andh € Z*. Let R be the toric ring associated to A. Then

Macaulay’s Theorem does not hold over R.

Proof. We have three cases.

Case I: h < m—1. Let W = span{x}, xjxa,..., X1 X X2X,} € Ry and Ly =
span{xl, XXz, ..., XX, X1 X1} € Ry, then W is a 2-monomail space in R, and Ly
is a lex 2-monomial space in R, such that dim;y W = dim; Ly = m + 1. By Lemma

4.2.1, we have

dimy RiW=m+ 1)n-— Z A(x1 x5, X1X5) — Z A(x1 X1, X2X),

1<i<j<m 1<i<m
dimg Ry Ly = (m+ Dn— > A0axi, xix) = > A%, X1,
1<i<j<m 1<i<m

so that we get

dimy R\ Ly — dim RiW = Z A(X1 X, X2 Xp) — Z A(X1 X X1 X 1)

1<i<m 1<i<m

It is easy to see that
X1 Xy X2X) = 10 =2, AX1 Xppy X2 Xm) = 1,

and

Ax1x;, xox,) =0for1 <i<m-1land i #m—h.

Thus, we have

Z A1 X, X0x,)) =n—2+1=n-1.

1<i<m
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On the other hand, one sees easily that

1, fm-h<i<m-1;
A(X1 X5 X1 Xppa1) =
0, ifi<m-h.
Ifn—m—12>h+1,thenitis easy to check that
AX 1 X, X1 X)) = 1+ (m =D —h+ D+ D+ ((n-m-1)—(h+1)+1)
=n-2h-1,

so that we have

Z A X, X1 X)) =h+n-2h—-1=n—-h-1,

1<i<m
and then

dimleLW—dimleW:n—l—(n—h—l):hz1>(),

therefore, by Lemma 4.1.1 we see that Macaulay’s Theorem does not hold over

R. If n—m—1<h+ 1, then it is easy to check that
A1 Xy X1 X)) = 1+ (m = 1) = (h+ 1)+ 1) =m—h,

so that we have

Z AX1Xj, X1 Xppe1) =h+m —h = m,

1<i<m

and then
dimy R\ Ly —dimyRiW=n-1-m>n-1-n-2)=1>0,
so by Lemma 4.1.1 we see that Macaulay’s Theorem does not hold over R.

Case2: h >mand m < n—2. Let W and Ly be the same 2-monomial spaces

as in Case 1, then

dimy R\ Ly — dim RiW = Z A(X1 X4, X2 Xp) — Z A(X1 X5 X1 X))

1<i<m 1<i<m
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It is easy to see that
A X1 X, X0X,,) = 0 — 2, and A(x1x;, Xox,,) =0for1 <i<m-—1.

Thus, we have

Z A(x1x;, X0%,,) = n — 2.

1<i<m

On the other hand, one sees easily that
Ax 1 xi, X1 Xpme1) = 1 for1 <i<m-—1.
If n—m—12>h+1,thenitis easy to check that
A X1 X X1 Xpe1)) =1+ ((m—m—-1)—(h+ 1)+ 1)=n—-m-—nh,

so that we have

Z A X, X1 X)) =m—1+n—-m—-h=n—-h-1,

1<i<m
and then

dimleLW—dimleW:n—2—(n—h—1):h—1Zm—lz1>0,

therefore, by Lemma 4.1.1 we see that Macaulay’s Theorem does not hold over
R. If n—m—1<h+ 1, thenitis easy to check that A(x;x,, x;x,.1) = 1, so that we

have

Z AX X, X X)) =m—1+ 1 =m,

1<i<m

and then
dimleLW—dimlew:n—2—m>n—2—(n—2):0,
so by Lemma 4.1.1 we see that Macaulay’s Theorem does not hold over R.

Case 3: h > mand m = n — 2. Let p be the maximal integer such that p <

(h—1)/(m — 1), then p > 1. Considering R,.;, we see that for any monomial
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w € Ry, 0<u(w)<(p+1)(n—-1+h). More precisely, one can check easily that
there are (n — 1) + (p — i)(m — 1) + i monomials w € R, such that i(n — 1 + h) <
uw) < (i+ 1)(n—1+h)for0 <i < p,so that
)4 pm
dimg R, =1 +Z(n— D+(p-idm-1)+i=1+(p+ 1)(n+7— 1).
i=0
Similarly, we have
)4
dimg Ry = (n— 1+ h) + 1 +Z(n— D+(p=-im=-1+G+1)
i=0

:n+h+p+1+(p+l)(n+%—l).
Setting [ = 1+ (p + 1)(n + 5~ — 1) we have that

dimkRp+1 =1 and dimleRp+] = dimkRp+2 =n+h+ p+ L.

Let W be the [-monomial space spanned by the monomials wy,...,w; € R; such
that u(w;) =i—1for 1 <i </l Let monomials wi,...,w; be a basis of R,.;, and let
Ly be the I-monomial space spanned by the monomials x'*~'w/, ..., X" 'w/ €

R, then it is easy to see that Ly is a lex -monomial space such that
dimy Ly = dimy W = /and dimy R\ Ly = dimy R\R,.1 =n+h+p+1L
However, by Lemma 4.2.1, one can check easily that
dimRiW=h-(I-1)n-2)—((-1)—th+1)+1)=n+h-1+],
so that
dimg RLy —dimRRW=m+h+p+)—-(n+h-1+D)=p+1=>22>0,

so by Lemma 4.1.1 we see that Macaulay’s Theorem does not hold over R. O
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CHAPTER 5
MINIMAL FREE RESOLUTIONS OF LINEAR EDGE IDEALS

5.1 Introduction

In this chapter we consider minimal free resolutions of quadratic monomial ide-
alsin S = k[xi,...,x,]. By polarization, the study of such resolutions is equiva-
lent to the study of the resolutions of squarefree quadratic monomial ideals, that
is, edge ideals. Such an ideal can be easily encoded in a graph as follows: let G
be a simple graph with vertices xi,...,x,, then the edge ideal I; of the graph G
is the monomial ideal in § generated by {x;x; | {x;, x;} is an edge of G}. The gen-
eral goal is to relate the properties of the minimal free resolution of I; and the
combinatorial properties of the graph G. In 1990, Froberg [Fro] proved that I
has a linear free resolution if and only if the complement graph G is chordal (see

Definition 5.2.1). Because of this, I;; is called a linear edge ideal if G is chordal.

Minimal free resolutions were constructed for the following two classes of
linear edge ideals. In [CN], Corso and Nagel used cellular resolutions to get the
minimal free resolutions of the linear edge ideals /; where G is a Ferrers graph.
In [Ho], Horwitz constructed the minimal free resolutions of the linear edge
ideals I; provided that G does not contain an ordered subgraph as in Figure 5.1,
which is called the pattern I' in [Ho]. However, from Example 3.18 in [Ho], we
see that if G is complicated, then it may be impossible to satisfy the I" avoidance
condition. In Construction 5.3.4 and Theorem 5.3.7 we provide the minimal free
resolutions of all linear edge ideals. The construction is different than the one in

[Ho] and the following paragraph explains the difference.
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with a<b<c<d,

ae

oC

Figure 5.1: Patten I

In 1990, Eliahou and Kervaire (See Construction 2.2.9) constructed the min-
imal free resolutions of Borel ideals. In 1995, Charalambous and Evans [CE]
noted that the Eliahou-Kervaire resolution can be obtained by using iterated
mapping cones (See Construction 2.2.13). Then in 2002, Herzog and Takayama
[HT] used the iterated mapping cone construction to obtain the minimal free
resolutions of monomial ideals which have linear quotients and satisfy some
regularity condition. Following this idea, in 2007, Horwitz [Ho] constructed the
minimal free resolutions of a class of linear edge ideals. In [HT] and [Ho], the
constructions are based on induction on the number of generators of the mono-
mial ideal and the resolutions are similar to the Eliahou-Kervaire resolution. In
this chapter we will use the mapping cone construction in a new way: (1) we
use induction on the number of variables, that is the number of vertices of G;
(2) in each induction step, we use the mapping cone construction twice. Con-
sequently, the minimal free resolution in this chapter is very different from the
Eliahou-Kervaire resolution and is not a modification of the resolution obtained

in [Ho] (See Remark 5.3.12).

Another thing that plays an important role in our construction is the notion
of a perfect elimination order (See Definition 5.2.1) of a chordal graph. From
[Di] and [HHZ], we know that every chordal graph has a perfect elimination
order on the set of vertices; conversely, it is easy to see that if a simple graph

has a perfect elimination order then it is chordal. Therefore, a simple graph
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is chordal if and only if it has a perfect elimination order. In general, given a
chordal graph, there are many perfect elimination orders. In section 5.2 we give
an algorithm (Algorithm 5.2.2) to produce a special perfect elimination order on
the vertices of a chordal graph. This special perfect elimination order has a nice
property (Lemma 5.3.2) and will be used in the construction of the minimal free

resolutions of linear edge ideals.

In section 5.3 we construct the minimal free resolutions of linear edge ideals

and Theorem 5.3.7 is the main result of this paper.

In section 5.4 we prove d* = 0 case by case, where d is the differential defined

in Construction 5.3.4. The proof is not difficult but very long.

Section 5.5 gives a nice formula (Corollary 5.5.2) for calculating the Betti
numbers of linear edge ideals and the formula works for any perfect elimination
order of G. Finally, in Corollary 5.5.4, we use our method to prove another Betti

number formula obtained by Roth and Van Tuyl in [RV] (see also [HV]).

5.2 Perfect elimination orders

In this section we use H to denote a chordal graph. In the other sections of this

paper, we have H = G.

Definition 5.2.1. Let H be a simple graph with vertices xi, ..., x,. We write x;x; €
H if {x;, x;} is an edge of H. We say that C = (x;,x;, ... x;,) is a cycle of H of length
rif x;, # xj forall 1 <i<l<randux;x;, € Hforalll <i<r(wherex;,  =x).
A chord in the cycle C is an edge between two non-consecutive vertices in the

cycle. We say that H is a chordal graph if every cycle of length > 3 in H has a
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chord. The order xy, ..., x, on the vertices of H is called a perfect elimination order
if the following condition is satisfied: forany 1 <i < j <[ < n, if x;x; € H and

x;x; € H, then x;x; € H.
The perfect elimination orders we will use in sections 5.3 and 5.4 are given
by the following algorithm.

Algorithm 5.2.2. Let H be a chordal graph with vertices xi,...,x,. Let X be a set

containing a sequence of sets.
Input: T ={{x,....,x,}},i=n+1.

Step 1: Choose and remove a vertex v from the first set in . Set i :==i— 1 and v; 1= v. If

the first set in X is now empty, remove it from X. Go to setp 2.

Step 2: If £ = 0, stop. If £ # 0, suppose £ = {S1,S2,...,S,}. Forany 1 < j <r, replace
the set S ; by two sets T; and T/ such that S ; = T; U T, T;NT; = 0, viw € H for any

weT;and viw' ¢ H for any w' € T’. Now we set

S =T\, To,...., T, T, T},..., T}
Remove all the empty sets from X. Go back to step 1.
Output: vy,...,v,.

Remark 5.2.3. The above algorithm is a modification of an algorithm of Rose-

Tarjan-Lueker. In section 5.2 of [RTL], they set
2= {Tl, T{, T2, Té, ey T,», T;}

The reason we difine X differently in Algorithm 5.2.2 is illustrated in Example

5.2.6 and Lemma 5.3.2.
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Before proving Theorem 5.2.5, we make the following observation.

Lemma 5.2.4. Let vy, ..., v, be an output of Algorithm 5.2.2. If viv; € H, v;v; ¢ H and

i < j <, then there exists A with j < A < lsuch that vyv, ¢ Hand v;v, € H.

Proof. Since viv; € H,v;v; ¢ H and i < j < [, it follows from the algorithm that
after v; is taken from the first set of X, v; and v; will be in different sets of
and the set containing v; is before the set containing v;. If there does not exist
Jj < A<lsuchthatvy, ¢ Hand v;v, € H, then after v;,, is taken from the first set
of X, the set containing v; is still before the set containing v; and in particular, v,
is not in the first set of the new X. So after removing v;,; we need to remove a
vertex different from v;, which is a contradiction. So there must exist j < 1 </

such that viv, ¢ Hand v,v, € H. O

Theorem 5.2.5. The output of Algorithm 5.2.2 is a perfect elimination order of the

chordal graph H.
Proof. First, we see that vy,...,v, is a reordering of the vertices x,..., x, of H.
To show that vy, ..., v, is a perfect elimination order, we need only show that for

any 1 <i< j<Il<nifvy; € Hand vy, € H, then v;y; € H. Assume to the

contrary that v;v; ¢ H.

Since viv; € H, vjvy; ¢ H and i < j < [, Lemma 5.2.4 implies that there exists
Jj <A <lsuchthatvyv, ¢ Hand v;v, € H. And we choose the largest 1, which
satisfies this property. If v;,v; € H, then (v;v;v,,v)) is a cycle of length 4 with no

chord, which contradicts to the assumption that H is chordal. So v,,v; ¢ H.

Since viv; € H, vy,v; ¢ Hand i < A; < [, Lemma 5.2.4 implies that there exists

Ay < A, < lsuchthatvyv,, ¢ Hand v, v,, € H. And we choose the largest 1, which
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satisfies this property. Note that by the choice of 1,, we have that v;v,, ¢ H. If
v,V € H, then (v;v;v,,v,,v)) is a cycle of length 5 with no chord, which contradicts

to the assumption that H is chordal. So v,,v, ¢ H.

Since v;v; € H, v,v; ¢ Hand i < A, < [, Lemma 5.2.4 implies that there exists
Ay < A3 < [ such that vyv,, ¢ H and v,,v,, € H. And we choose the largest A;
which satisfies this property. Note that by the choices of 1, and 1,, we have that
viva, € Hand vy vy, € H. If vy,v, € H, then (viv;jv,,va,va,vi) is a cycle of length 6 with

no chord, which contradicts to the assumption that H is chordal. Sov,,v, ¢ H.

Proceeding in the same way, we get an infinite sequence of vertices v,,,v,,,
Vi ...suchthat 1) <4, < A3 <---. This is a contradiction because there are only

finitely many vertices. So v;v; € H and we are done. m|

The following example illustrates the difference among different perfect
elimination orders.
Example 5.2.6. Let H be the following chordal graph. Then x7, xq, x5, X1, X4, X2, X3
eX|
JXZ
L
e e

X5@ X7

Figure 5.2: Different perfect elimination orders

is a perfect elimination order of H, but it can not be produced by Algorithm
5.2.2 or the algorithm in [RTL]; x7, x5, X, X4, X3, X2, x; is a perfect elimination or-
der which can be produced by the algorithm in [RTL] ; x7, x¢, x5, X4, X3, X2, X; is @

perfect elimination order which is produced by Algorithm 5.2.2.
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If we compare these three perfect elimination orders, the third one looks
nicer in the sense that there is no unnecessary “jump” in the perfect elimination
order. Here, “jump” means going from one branch of the star-shaped graph H to
another branch. For example, in the first perfect elimination order, xs is followed
by x; instead of x4; in the second perfect elimination order, x; is followed by
xs instead of x¢. However, in the third perfect elimination order, this kind of
“jump” does not happen unless it is necessary, say, x¢ is followed by xs. This
nice property of the perfect elimination orders produced by Algorithm 5.2.2 is

reflected in Lemma 5.3.2 .

5.3 Construction of the resolution

Let G be a simple graph with vertices xi, ..., x,. The complement graph G of G is
the simple graph with the same vertex set whose edges are the non-edges of G.
The subgraph of G induced by vertices x;,, ..., x; forsome 1 <i; <--- <i, <nisthe

simple graph with the vertices x;,, ..., x; and the edges that connect them in G.

We define the preneighborhood of a vertex x; in G to be the set

pnbhd(xj) = {X,‘ | i< j, XiX; € G}

The following two lemmas will be important in section 5.3 and section 5.4.

Lemma 5.3.1. Let G be a simple graph with vertices x,,. .., x, such that G is chordal.
Let xy,. .., x, be in the reverse order of a perfect elimination order of G. Forany 1 < i <
j<l<n,ifxix; € G, then x;x; € G or x;x; € G. In particular, if pnbhd(x;) ¢ pnbhd(x;)

for some 1 <i < j<nthen x;x; € G.
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Proof. Assume to the contrary that x,x; ¢ G and x;x; ¢ G, then xx; € G and
XX € G. Since xi, ..., x, is in the reverse order of a perfect elimination order of

G, we have x,x; € G, and hence x;x; ¢ G, which is a contradiction. O

Lemma 5.3.2. Let G be a simple graph with vertices x,, ..., x, such that G is chordal.
Let xy,...,x, be in the reverse order of a perfect elimination order of G produced by

Algorithm 5.2.2.

(1) If x;x; € G for some i < j, then for any i < t < j we have pnbhd(x;) C pnbhd(x,)
inG.

(2) If pnbhd(x;) € pnbhd(x,) in G for some i < t, then x;x; € G forall j > t.

Proof. Note that part (1) and part (2) are equivalent, so we only need to prove
part (1). Assume to the contrary that there exists i < ¢t < j such that pnbhd(x;) ¢
pnbhd(x,) in G. We choose the minimal ¢ which satisfies this property. Then
there exists [ < i such that x,x; ¢ G, x;x, € G. Since xi, . . ., x, is in the reverse order
of a perfect elimination order of G, we must have that x;x; ¢ G and in particular
t # j. Now since x;x; ¢ G, x;x ;€ Gandi <t < j, Lemma 524 implies that there
exists i < m < t such that x,,x, € G, x,,x ¢ G. However, x,,x, € G, x;x, € G and [ <
m < timply that x;x,, € G, so that pnbhd(x;) € pnbhd(x,,) and i < m < t < j, which
contradicts to the minimality of 7. So for all i < ¢ < j, pnbhd(x;) € pnbhd(x,) in
G. O

Let G be a simple graph with vertices xy, ..., x,. The edge ideal I; of the graph
G is the monomial ideal in the polynomial ring S = k[xi, ..., x,] with the mini-
mal generating set {x,x; | x;x; € G}. An important result about edge ideals was

obtained by Froberg in [Fro].
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Theorem 5.3.3 (Froberg). Let I be the edge ideal of a simple graph G. Then I has a

linear free resolution if and only if G is chordal.

By the above theorem, the edge ideal I; of a simple graph G is called a linear
edge ideal if G is chordal. The goal of this section is to construct the minimal free

resolution of S/I; where I; is a linear edge ideal.

Construction 5.3.4. Let G be a simple graph with vertices xi,. .., x, such that G
is chordal. Let xy,..., x, be in the reverse order of a perfect elimination order of

G produced by Algorithm 5.2.2.

Ifp>1lg2>211<i < <i,<j <--<j,<nand{x,...,x,} C
pnbhd(x;,), then the symbol (x;,...,x;|x;,...,x;) will be used to denote the
generator of the free S-module S (-x; --- x; x;, - - - x;,) in homological degree p +

g — 1 and multidegree x;, - - - x; x;, - - - x;,. We set

I<ij<---<i,<ji<--<j,<n
B={1}U U (Xiys oo es Xiy [ Xjs v X))
p=1l,g>1 {Xl'l, ey Xip} c pnbhd(le)

We define the map d on the set 8 by d(1) = 1, d(x;|x;) = x;x;, and for

ptq=3,

d(Xil,...,Xipl.le,.. .,qu)

P
o 1 —_
= Z(—I)H— xl-x(xl-l, N ,x,-p Xjigen- ,qu)
s=1
q
+ Z(_l)prj,(xil, e X [ Xy e Xy e ,qu)
t=1
p
s+1 ol
+ Z(—l)er B (Kigse s Xinee e Xips Xjis oo os Xjg [ Xjgs oo s Xj,)
s=1

p
+ (—1) xjﬁ(xl-l, e Xips Xjs ey X [ X s e .,.qu),
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where f =min{t |2 <t < g,{x;,...,x;,} £ pnbhd(x;)}.

Note that if {x;,...,x;} € pnbhd(x;) for all 1 <t < g, then 8 does not exist
and there are no 8 terms in the above formula. Also, if p+¢ > 3, then the formula
of d may yield symbols which are not in 8 and we will regard them as zeros.
And Lemma 5.3.2 implies that forany 1 <t < g-1and g <t < g, we have

th.x]'t, €G.
Example 5.3.5. The following are some examples for the formula of 4.

(1). If p > 2 and ¢ = 1, then just like the Koszul complex, we have that

p

1 —
d(x,-l, . ,Xiplle) = Z(_l)s+ xl-s(xil, cees Xigy e ,Xip|Xj1).

s=1

2. ftp=24q=3 {x,. . .,x})\pnbhd(x;,) = {x,} and {x;,...,x,} C

pnbhd(x;,), then g = 2 and a computation will reveal that

d(xil, cees xiplxjw Xjps sz)

= xil [(-xiza L a-xipl-xjpsz’xjg) + (xi27 LI 5-xip’-xj1 |xj29xj3)]

)4
s+1 -
+ Z(—I)H— xl-s(x,-] yeees x,-x, ey xl-plle, ij, Xj3)
s=2

2
+ (_1) +pxj2[(xi1’ ey xi,,|xj19xj3) + (xil’ “ee 9-xip9-xj1|xj3)]

3
+ (—1) +px]'3(x,‘1,. .. ,xiplle,sz).

B).Itp=>2,qg>4,=3,{x;,--. ,x, \pnbhd(x;,) = {x;, x;,} and {x;,,...,x;,} £

pnbhd(x;,), then a computation will reveal that
)4
d(xl-l, . ,xil,lle, Ce ,qu) = Z(—l)‘”lxis(xi], . ,)’Cl:, ceey xl-plle, e ,qu)
s=1

q
+ Z(—l)”pxjt(xi,, .. .,.X'l'pl.X'j],. .. ,)E;f,. .. ,qu).
t=1
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Lemma 5.3.6. Let d be the map defined in Construction 5.3.4. Then d* = 0.

The proof of the above lemma is very long and is given in section 5.4. The

next theorem is the main result of this chapter.

Theorem 5.3.7. Let F be the multigraded complex of free S-modules with basis B and
differential d as defined in Construction 5.3.4. Then F is the minimal free resolution of

S/ig.

Proof. We prove by induction on the number of vertices of the graph G. If G
has one or two vertices then it is clear. Now as in Construction 5.3.4, let G have

vertices xi,...,x, withn > 3.

If pnbhd(x,) = 0in G, then x;x, € Gforalll <i<n-1.Sincex,...,x,isin the
reverse order of a perfect elimination order of G, it follows that G is a complete
graph, so that G has no edges. Hence I; = (0) and there is nothing to prove. Next

we will assume that pnbhd(x,) = {x,,,...,x,,} forsome 1 <A, <--- <A, <n-1.

Let G’ be the graph obtained from G by deleting the edges x,, x,, ..., X3, X,.
Then I; and I are both edge ideals in S. Note that G’ is chordal. Indeed, it is
easy to see that x,, x;, x,, ..., x,.; is in the reverse order of a perfect elimination
order of G’ produced by Algorithm 5.2.2. Setting J = (x,,,..., ;) € S, we have
I = I¢ + x,J and a natural short exat sequence

I + x,J S S S
—_

0 e _— =
Io I I I + x,J

— 0.

Note that x,/ NIz = x,ls: indeed, by Lemma 5.3.1 we see that I;; € J and hence
x, 1o € x,J N I ; on the other hand, if x,m € I; for some monomial m € J, then
m € Iz, and hence x,J N I C x,15. Therefore,

Io+xJd  xJ  xJ

Io xJNnlg  xdg
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Let G” be the subgraph of G induced by the vertices x, ..., x,_;. Then G” is
chordal and x,..., x,; is in the reverse order of a perfect elimination order of
G produced by Algorithm 5.2.2. Let S" = k[x,...,x,-1] € S. Then I;~ is an edge

ideal in the polynomial ring " and I5»S = I . Set

(.X,‘,...,.Xi |Xj,...,Xj)€B
B :{I}U U (x,-l,...,x,-ple,...,qu): l P !

plg=1 Jg<n—1

Suppose that L is the multigraded complex of free S’-modules with basis &’
and differential d, = d as defined in Construction 5.3.4, then by the induction
hypothesis, L is the minimal free resolution of S'/Is». Let F¥ = L) S. Since
S = 8'[x,] is a flat S’-module, it follows that F’ is the multigraded minimal free
resolution of the S-module S'/I» X)S = S/(I+S) = S/Iz, and F’ has basis 8’

and differential &’ = dy, = d as in Construction 5.3.4. Setting

A = {Kiys s X X XG5 X0) T (X, X XG0, X)) € B},

T = {(-xi17 sy xiplxn) P = 1’ {xi] L) xip} c pnbhd(xn)}’

we have the disjoint union

B=BUAUT.

LetE : --- - E; - Ey — x,lg be the multigraded minimal free resolution
of x,Is induced naturally by the minimal free resolution F” of S/I;. Then E
has basis A and the basis element (x;,,...,x;, | xj,,...,x;,,x,) is in homological
degree p + g — 2 in E. We denote the differential of E by dg. Note that dg(x;, |
Xj,X,) = X;Xj,x,. Let K be the multigraded complex of free S-modules with
basis 7~ and differential —9 = —d where d is as in Construction 5.3.4. Note that
the basis element (x;, ..., x;, | x,) is in homological degree p — 1 in K. And it is

easy to see that K is the minimal free resolution of x,J.

77



For any (x;,, ..., |xj,...,x),,X,) € A, we have that

A(Xiys e s X X e X Xn) = (X e X X5 o5 X5 X0)
F (X ooy X [ X5 s X Xn)

F (X ey X [ X5 s X X,

where p(x;,,. .., % [xj,...,xj,x,) is the sum of the terms of d(x;,...,x;, |
X XjysXn) that contain basis elements in A, Mo (Xiys ooy Xi Xy v X5 %) 1S
the sum of the terms that contain basis elements in 7 and ws(x;,...,x;, |
Xjiseoes X, Xp) 1S the sum of the terms that contain basis elements in $’. Note
that ps(x;,, ..., % 1x, ., x5, %) = (DI*Px,(x, ..., x |x;,,...,x;,). And by the

definition of d, we can check that if p + ¢ > 3, then

/'ll(xip' .. $-xip|lea .. 'a-quaxn) = dE(xils oo sxip'xj]a‘ .. 9-qua-xl’l)'

We claim that -y, : E — K is a multigraded complex map of degree 0 lifting

the inclusion map ¢ : x,I: — x,J. Indeed, ¢pdg(x; |x;,, x,) = x;, xj, x,, and

a(-le (xi1|xn))7 if Xiy Xn €G
(=) (—p2)(xi,1xj,, x,) =
0(x;, (xj,1x,)), ifx,x, € G

= X, Xj, Xn-

Hence, ¢dr(x;1x;,, x,) = (=0)(—2)(x;,|x},, x,). Then we need to show that for p +

q=3,

(_MZ)dE(-xila e axip xjp RN qu’xn) = (_a)(_IUZ)(xil’ s ’xi], xj]’ B 7quaxn)'
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By Lemma 5.3.6, we have that

0= dz(x,-l,...,xiplle,...,qu,x,,) (5.1)
= M (K« e X 12X+ o X X)) + poftt (K ooy X X5 oo X X)
F UL (K5 s X [ X+ e X Xn) + O (X5 ey X X5 s X0 Xn)
+dus(Xiys oo X XG5 s X Xn)

In the above formula, collecting the terms which contain basis elements in 7-,

we get

Mo (X, - ..,xiplle,...,qu,x,,) + Oua (X, , . s X X X X)) = 0.

Since u; = dg for p + g > 3, it follows that

(_ﬂZ)dE(-xi] PRI xiplxj| DI qu’ -xn) = (_a)(_#Z)(xll IR xip xj] D) -qua -xn)’
and the claim is proved.

Let F” be the mapping cone MC(—u). Then F” : --- — F{ — F{| — x,J/x,1c
is a multigraded free resolution of x,J/x,ls:. Note that F| = K, and F!' =
E._i P K, for i > 1. If we denote the differential of F” by d”, then dg (x;,|x,) =
—0(x; |x0) = —=xi,%,, dY (X3 1xj,, X0) = —po(xi X5, X0), dY (X, Xi,|x,) = —0(xj,, X3, |x,),

thatis, d{ = (=i, -0), and for i > 2,

-dg O T
=" = |
—pr =0 —t, —0

Since the differential matrices of F” have monomial entries, F” is the minimal

free resolution of x,J/x,Is = (I + x,J) /15 .

Next we define a map u : F/ — F such thaty : FjJ = Ky — Fj = S is

given by u(x;|x,) = xix, and fori > 1, u : F/ = E.1 @ K; — F/ is given by
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i = (u3,0). We claim that —u is a multigraded complex map of degree 0 lifting the
inclusion map ¢ : (I + x,J)/1g: = S /Is:. Indeed, if i = 0 then ydj (x;,|x,) = —x;, x,,,

dy(—=p)(x;,1x,) = —x;,x,, and hence ydj = dj(—p). If i = 1 then

(_,U)d;/(xil |Xj1, X)) = (=) (—p2)(x;, |le, Xn)

pCx (k%)) if %%, € G

u(xi, (xj,1x,)), if x;x, ¢ G
= X Xj, Xns
dy (=) (xiy|x ;5 %) = dy(xa(xi, 1))
= X, Xj, Xns
(=p0dy (xiy, xiy|X3) = (=p)(=0) (i, X |X0)
= pxi, (i, ) — x5 (X3, 1))
= Xiy XiyXn = Xiy Xiy Xp = 0,

dy (—=p)(xi,» X |x,) = d1(0) = 0,
and hence (—u)d|' = dj(—p). If i > 2 then it is easy to see that for p > 3,
(=)} (X - - X, [x0) = di(=p)(xiy, - - X3, 1) = 0,
so we need only to prove thatfor p+g=i+1 >3,
(=d;" (xis - ooy X X5 Xj,» Xn) = di(—p)(Xiys - oo X X5 Xj,s Xn),
that is,
M=ty = 1) (K oy X [ X5 s X5 X) = AU (X oy X [ X5 e, X5 X))
Since ppy (x5 - . .5 X, 1%, . .05 X5, X,) = 0, it suffices to prove that

_/13/.[1()(:1‘1, e ’xil, le’ e qu9xn) = dlu3(xi1’ o ’xi],lxjp .o 9qu’xn)'
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However, in formula (5.1), collecting the terms which contain basis elements in

B, we see that

#3#1(xi]? s ,-xip|xj17 e 7qu’ xn) + d/l3(xi|’ ey xipl-xj]a L 7qu7-xn) = 0’

and the claim is proved. So u : F’ — F’ is a complex map lifting — : (I +

x,J)/1e: = S/Ig, and it is eay to see that p is multigraded of degree 0.

Let F* be the mapping cone MC(u). Then F* : --- — F} — F; — coker(—y)
gives a multigraded free resolution of coker(-y) = S/I;. Note that Fj = §,
Fi=F/DF =K @F,andfori>2,F =F' DF = E_,PK._ P F. Ifwe

denote the differential of F* by d*, then dj(1) = 1, d} = (u,d)),

~d7 0| [m 0 0

d; = = s
poody) \us 0 d
and fori > 3,
ur 00
N A
di = = o a 0].
uod
us 0 d

Note that F* and F have the same basis and the same differential. So F* = F, and
then F is a multigraded free resolution of S/I;. Since d,(F;) C (xi,...,x,)F;_; for

all i > 1, the resolution F is minimal, and we are done. O

Example 5.3.8. Let G be the following graph. Then G is chordal and x;, x,, X3, X4

X3

L

/

Xo®

o.Xy

Figure 5.3: A resolution of pattern I



is in the reverse order of a perfect elimination order of G produced by Algorithm

5.2.2. Note that

S = k[XI, X2, X3, x4]’

I = (x1X2, X1 X3, X1 X4, X2X4),

pnbhd(x;) = 0, pnbhd(x,) = {x;}, pnbhd(x3) = {x;}, pnbhd(xs) = {x1, x2}.

By Construction 5.3.4, the minimal free resolution of S/I; has basis

And we have the map d such that

d(x|x2) = x1x2,

d(x1]xs) = x1x4,

L; (x11x2, X3, X4), (x11X2, X3), (X1]X2, X4), (X1|X2);

(x1lx3, x4), (x11x3); (1, X2]x4), (x11X4), (X2]%4).

d(x|x3) = x1x3,

d(x2]x4) = x2x4,

d(x1|x2, x3) = x2(x1]x3) — x3(x1|x2),

d(x1|x2, x4) = x2(x11x4) — x4(x1|x2),

d(x1|x3, x4) = x3(x11x4) — x4(x1|x3),

d(x1, x2|x4) = x1(x20x4) — x2(x1|x4),

d(x11x2, x3, X4) = X2(x11x3, x4) — x3(x1|x2, X4) + x4(x1|x2, X3).

Therefore, the minimal free resolution of S/I; is

d
0 = S (=X X2x3%4) — S(—=X1%,X3) & S (=X X2x4) B S (=X, X324) B S (=X X2X5)

S (—x122) ® S (=x133) © S (—x1%0) B S (—x2s) — S — /1,

where
X4
d3 =
X2
0

X2

X2

X3

X1
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Remark 5.3.9. In the above example, we have that pnbhd(x;) € pnbhd(x,) C
pnbhd(x;) € pnbhd(xs). But in general, given a linear edge ideal I;, there may
not exist a perfect elimination order of G such that its reverse order xi,...,x,
satisfies pnbhd(x;) € pnbhd(x;,) in G fori = 1,...,n — 1. For example, if G
is the star-shaped chordal graph in Example 5.2.6, then we can check that G
has no perfect elimination order satisfying the above property. However, the
following proposition says that if the above property is satisfied then the perfect

elimination order of G can be produced by Algorithm 5.2.2.

Proposition 5.3.10. Let G be a simple graph with vertices x,,. .., x, such that G is
chordal. Let xi,...,x, be in the reverse order of a perfect elimination order of G such
that pnbhd(x;) € pnbhd(x;.,) in G for i = 1,...,n — 1. Then the perfect elimination

order x,, ..., x; of G can be produced by Algorithm 5.2.2.

Proof. First we choose v, = x; in Algorithm 5.2.2. Since pnbhd(x,) € pnbhd(x;)
in G for any 2 < j < n, it follows that if x,x, ¢ G then Xix; ¢ Gforall2 < j<n,
so that in Algorithm 5.2.2 we can choose v,_; = x,. Now suppose that we have
chosen v, = x1,v,-1 = X2,...,Vy_-2) = X for some 3 < i < n. Since pnbhd(x;) C

pnbhd(x)) in G forany i < j < n, it follows that forany 1 </ < i—1,if x;x; ¢ G then

x;xj ¢ G for all i < j < n, so that in Algorithm 5.2.2 we can choose v, ;1) = x;.
So by using induction we see that x,, ..., x; can be the output of Algorithm 5.2.2
and we are done. O

Remark 5.3.11. If the conditions in the above proposition are satisfied, then
there will be no g terms in the differential formula. However, as we have seen
in Remark 5.3.9, the conditions in the above proposition can not always be sat-
isfied, especially when G is a complicated chordal graph. So in general, the 8

terms in the differential formula can not be avoided.
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Remark 5.3.12. Let G = K, be the complete graph with n vertices xi,..., x,.
Then we have the Eliahou-Kervaire resolution of S/I;. It is easy to see that
the basis element (xixj;ii,...,0p, ji,...,J,) With i < -+ < i, < i < j; <

- < J, < jin the Eliahou-Kervaire resolution corresponds naturally to the
basis element (x;,...,x;, xilxj,...,x;,,x;) in Construction 5.3.4. But the dif-
tferential maps defined on them are different. For example, if G = Kj, then
d(xx3;1) = x1(x2x3;0) — x3(x1x2; 0), but d(xy, x2|x3) = x1(x20x3) — x2(x1|x3). So in
the case of complete graphs, the resolution defined in Construction 5.3.4 does
not recover the Eliahou-Kervaire resolution. By contrast, the resolution in [Ho]

recovers the Eliahou-Kervaire resolution in the case of complete graphs.

5.4 The proof of &> =0

Before proving Lemma 5.3.6, we look at the following example.

Example 5.4.1. Let G be the graph such that G is the chordal graph given in Ex-
ample 5.2.6. Then x;, x,, x3, X4, X5, X, X7 is in the reverse order of a perfect elimi-

nation order of G produced by Algorithm 5.2.2. Note that in G,
pnbhd(XS) = {X1, X2, x3} ¢— pnbhd(x6) = {-xl’ X2, X4, xS}'

Next we check that d*(x;, xa, x3/xs5, x6) = 0. In fact, by the definition of d, we have
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that
d(x1, X2, x3|x5, X6) =x1(X2, X3]X5, X6) — X2(X1, X35, X6)
+ x3[(x1, X2lx5, X6) + (X1, X2, X5|x6)] — X6(x1, X2, X3|X5),
d(x1(x2, x3|x5, X6)) =x1X2(x3|x5, X6) — X1X3[(X2]X5, X6) + (X2, X5]X6)]
+ x1X6(X2, X3]X5),
d(—=x2(x1, x31x5, X6)) = — X2x1(x3]X5, X6) + X2x3[(x1]X5, X6) + (X1, X5]X6)]
— XpX6(X1, X3]X5),
d(x3(x1, X2|x5, X)) =x3X1(X2]X5, X6) — X3X2(X1]X5, X6)
— x3x5(x1, X2|X6) + x3X6(x1, X2|X5),
d(x3(x1, X2, X5]X6)) =x3x1(X2, X5]|X6) — X3X2(X1, X5]X6) + X3x5(X1, X2|X6),
d(—x6(x1, X2, X3|X5)) = — Xex1(x2, X3|X5) + X62x2(X1, X3|X5) — X6 X3(X1, X2|X5).
So the sum of the terms in d?(xy, X2, x3]xs, X¢) containing x; x, is
xX1X2(x3]x5, X6) — X2x1(x3]x5, X6) = 0;
the sum of the terms in d*(x;, x2, x3/xs, X¢) containing x;x; is
—x1x3[(x2x5, X6) + (X2, X5|x6)] + X321 (X2|X5, X6) + X3X1(X2, X5]X6) = O;
and similarly, we have
Xox3[(x11x5, X6) + (X1, X5]%6)] — X3X2(X1]X5, X6) — X3x2(X1, X5|x6) = O,
—x3X5(X1, X2|x6) + X3X5(x1, X2|X6) = O,
X1 X6(X2, X3|X5) — X6X1(X2, X3|x5) = 0,
—X2X6(X1, X3|x5) + X6 X2(X1, X3]x5) = O,
X3X6(X1, X2|X5) — Xex3(x1, X2|x5) = 0.

Therefore, d*(x;, x,, x3/xs, x¢) = 0.
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Proof of Lemma 5.3.6. First we have that

d*(x;,|x;,) = d(x;,x;,) = x;,x;, =0 in S /I,
dz(xip Xi2|le) = d(xil (xiz|xj1) — X, (X, |le )
= X X, Xj, — XX Xj, =0,
dz(xillle, %)= d(xj (x;,|x;,) = x;,(x,1x;,),  ifx,x;, €G

d(xil (lelsz) - sz(xil |le)), if Xiy Xjy ¢G

XjXiy Xjp, = XjpXiy Xjy» if Xy Xj, € G

Xiy Xji Xjp = Xjp Xiy Xji » if Xiy Xj, ¢G

=0.

Next we need only to prove that d*(x;,,...,x; |x;,...,x;) = 0 for p + ¢ > 4.
Just as in Example 5.4.1, it suffices to prove that if we write out all the terms
of d*(x;,..., X |xj,...,x;,), then given any A, A’ € {i1,...,ip, ji, ..., jg}, the sum of
the terms containing x,xy is zero, that is all the terms containing x,x, cancel.
Hence, a computation will reveal that if § does not exist, that is {x;,...,x;,} C

pnbhd(x;,) forall 1 <7 < g, then d*(x;,, . . S XX, .., x5,) = 0. So we will assume

that ¢ > 2 and g exists. The proof is case by case and there are five main cases.
[Case Al: A, 2" € {iy, ..., i}

[Case A-a]: if | < s <’ < psuch that x; x;, € G and x;,xj, € G, then the sum

of the terms containing x; x;, is
+1 4 —~ —
(—l)s X,’s(—l)s XZ'S,(XZ'I, R IR I R xiplle, RN ,qu)
41 1 —~ —
+ (—1)S * .Xis,(—l)ﬁ- xis(xil, e Xigy ey iy ,xiplle, .. ,qu) =0.
[Case A-b]: suppose that there is a term containing x; x;, forsome 1 < s,a < p
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such that x; x;;, € G and x; x;, ¢ G. Without the loss of generality, we assume

s <a.

Subcase (i): if {x;,...,X;,...,x,} € pnbhd(xj,), then the sum of the terms

containing x; x;, is

1 —_— —_—
(—1)S+ xis(—l)“xia(x,-l,. .. ,X,’S, .. .,.Xin,. .. ,X,’plle, .. .,.qu)

+ (=D, (=D (s - X

s

,...,X,'a,...,x,'Plle,...,qu) =0.

Subcase (ii): if {x;,...,X;,,...,x;,} € pnbhd(x;,), then we set
B =min{t|B<t<q{x,...,%,,...,x,} £ pnbhd(x;)}.
Lemma 5.3.2 implies that for any 8 <t < g, x;,x;,,..., xj,_, x;, € G, s0 we have

B =min{t|B<t<q{xis .., Xi,... s Xy Xjis oo Xjp } € pnbhd(x;,)}.

Subsubcase (ii)(a): if one of the following conditions is satisfied:

1) B’ does not exist,
2) xisxjﬁ, € G,

3) XiXj, € G and {x;,..., X,

s

seees Xips o5 X, ) € pnbhd(xy,),

then the sum of the terms containing x; x;, is

1 —_— —_—
(—1)S+ x,-s(—l)axia[(xil,...,x,-x,...,xia,.. .,Xip|le,...,qu)
+(—I)B(x,-l,...,)El-:,...,}Z,...,xip,xj,,...,xjﬂ_llxjﬁ,...,qu)]
1 1 - -
+ (_1)a+ )Ci(y[(—l)ﬁ— xis(x,-l,...,xl-s,.. ey Xiys e ..,X,'plle,.. .,)qu)

1 —_ —_—
+ (-1)’8(—1)s+ X,‘S()Cil, e Kigs ooy Xigs ey Xipy Xy e ,xjﬂ_llxjﬁ,. .. ,qu)] =0.
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Subsubcase (ii)(b): if x;,x;, ¢ G, {x;,,... P RS N pnbhd(x;, ), then
the sum of the terms containing x; x;, is
(D o (D X, [y s XKoo Ko X X 0 X,)
+(—l)ﬁ(xil,...,)’c,:,...,fi:,...,xip,le,...,xjﬁfllxjﬁ,...,qu)]
+ (=D D o [y e X e X X X0 X,
+(—l)ﬁ/(xil,...,)’cz,...,fi:,...,xip,le,...,xjﬁ,_llxjﬁ,,...,qu)]
+ (DD X [ e X oo T ey Xy Xy ey X X0 X))

/ _ 1 — —
+(—1)B B+ (x,-l,...,xl-s,...,x,-a,...,xip,le,...,xjﬁ,_llxjﬁ,,...,qu)]} =0.

Note that in the above two subsubcases, if s = 1 and @ = p = 2 then the terms

containing (X;,, ..., Xi ...y Xiy -+ ,xiplle, e qu) are zeros.

[Case A-c]: suppose that there is a term containing x;, x;, for some 1 < a <

@ < psuch that x; x;, ¢ Gand x;,x;, ¢ G.

—_—

Subcase (i): if {x;,...,%;,.... % ,...,x;,} € pnbhd(x;,), then the sum of the
terms containing x; x; , is
1 4 — —
(_1)a/+ Xl'n(—l)a/ xia,(xil, e Xigr e Xiysenn ,xip|xj1, e ,qu)

"+1 1 —_— —_—
+ (—1)(1/+ X,’a,(—l)a-'— x,-a(xil,...,x,-a,.. .,X,’Q,,...,X,’plle,. ..,.qu) =0.

Subcase (ii): if {x;,...,%;,,...,X,...,X;,} € pnbhd(xj), then the sum of the

terms containing x;, x; , is

1 : — —
(_1)a/+ Xi(,(_l)” Xi, [(xil’ cees Xigs e s Xiys e e ,x,-plle, .. .,qu)
+(—l)ﬁ(xil,...,}Z,...,fi;,...,xip,xj,,...,xjﬁ_llxjﬁ,...,qu)]

+1 1 — —
+ (_1)ar+ )C,'a,(—l)a+ x,-a[(x,-l,.. o Xigs e es Xiys - ..,x,-plle,...,qu)

+ (—1)ﬁ(Xl‘l,. ..,}Z,...,)Z;,...,X,’p,xlil,. ..,xjﬁ_llxjﬁ,.. .,)qu)] =0.
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Note thatif @ = 1 and @’ = p = 2, then in the above formula, the two terms

containing (x;,, ..., Xi,, ..., Xi,,,.- o3 Xi | X5 . .. Xj,) Are Zeros.

[Case B]: A € {i},...,i,} and A" = ji.

[Case B-a]: suppose that there is a term containing x; x;, for some 1 < s < p
such that x; xj, € G, then it is easy to see that § # 2 and the sum of the terms
containing x; x;, is

(—1)S+1x,-j(—1)1+(”_1)le (Xl'l, ey .i,:, ey Xl'pl.ij, ey qu)

1 1 o
+ (_1)p+ le(—l)ﬁ— )C,'J(X[], R (I ,X[plXjZ, e ,qu) =

[Case B-b]: suppose that there is a term containing x;,x; for some 1 < < p

such that x;,x;, ¢ G.

Subcase (i): B = 2. If we have {x;,...,X;,...,x,} ¢ pnbhd(x;), then it

is easy to see that there is no term containing x; x;, hence we must have

{Xi,....X;,,..., %} C pnbhd(x;,) and the sum of the terms containing x;, x;, is

1 — —
(—I)CH )Cia[(—l)ple (Xl'l, N AT ,)C,'plle,.XjZ, ey )qu)
1 — —
+ (_1)5(_1)12-*- le(x,-l, RS ,x,-p,x.,-llsz, R ,qu)] =0.

Subcase (ii): if 8 > 2 and {x;,, ..., X;,,...,x;,} £ pnbhd(x},), then the sum of the

terms containing x;, x;, is

1 —_— —_—
(_1)a+ x,-a(—l)”le(xl-l, B, A ,xiplle,sz, e ,.qu)

1 1 —_ -
+ (_1)p+ le(—l)a+ x,-a(xil,. ces Xy e e ,xiplle,sz, .. .,qu) =0.

Subcase (iii): if 8 > 2 and {x;,...,%;,,...,x;,} € pnbhd(x), then the sum of
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the terms containing x;, x;, is

1 —_— —_—
(-1)‘” xl-a[(—l)ple(xil,.. .,xia,...,xl-]} le,ij,...,qu)
1 —_— —_—
+ (_1)5(_1)1” le(xil,...,xia,...,xip,le,sz,...,xjﬁfllxjﬁ,.. .,qu)]
1 1 —_— —_—
+ (D7 DT X [ X X X Xy X))

—1 — —
+ (—l)ﬂ (xl-l,. ces Xigs oo .,xl-p,xj],sz,. .. ,xjﬁ_llxjﬁ, .. .,)qu)] =0.

[Case Cl: A € {ij,...,i)}and A" € {ja, ..., j,}.

[Case C-a]: if 1 < s < p,2 <t < gsuch that x; x;, € G and r # 8, then the sum

of the terms containing x; x;, is

1 -1 fo -
(—1)S+ x,-s(—l)”(” )th(xil, cees Xigsee e X,’plle, e Xy )qu)

+ (=D)Px (D) X (K X X X X X)) = 0.
[Case C-b]: suppose that there is a term containing x;, x; for some 1 < a < p,
2 <t<gsuchthatx,x;, ¢ Gandt #p.

Subcase (i): if {x;,...,X;,...,x;,} € pnbhd(x;), then the sum of the terms

containing x; x;, 18
1 -1 — —~
(—1)(”— X[U(—l)m—(p )xjt(x,-l, ey X,‘a, ey )C,'pl)le, ey th, ey qu)
1 —_— —_
+ (_1)t+pxjt(—1)a+ X,'H()Cil, v Xigs e x,-plle, R R qu) =0.
Subcase (ii): if {x;,...,X;,,...,x;,} € pnbhd(xj), then as in subcase (ii) of
[Case A-b], we set
B =min{t | <t<q{x,....%,,...,x,} £ pnbhd(x;)}

=min{t | B <1< q,{Xijs. s Xigs v ooy Xips Xjpse o5 Xjs } € pnbhd(x))}.

90



Subsubcase (ii)(a): if < §, then the sum of the terms containing x;, x;, is

1 -1 — =~
(=D o [D* PV (s X X X X X))
_1 l —_— —
+ (—l)ﬂ(—l)ﬁ—(‘u )+ Xj,(Xil,...,Xin,.. .,Xip,le,...,Xj,,...,Xjﬁ71|Xjﬁ,. ..,qu)]
1 —_— —_—
+(_1)t+pxjr(_1)a/+ xin[(xil,,..,xia,...,xip le,...,xjt,...,qu)

1 — —
+(—l)ﬁ (X,'l,...,.Xl'n,...,X,’p,le,...,Xj,,...,Xj[Fl xjﬁ,...,qu)] =0.

Subsubcase (ii)(b): if one of the following conditions is satisfied:

1) ¢t > B and B’ does not exist,
2) t>Bandt # S,

3) t=p =g,

4) t=p and {x;,...,%;,...,x;,} € pnbhd(x;,, ),

then the sum of the terms containing x;, x;, is

1 -1 — -
(_1)a+ xi,,[(_l)t+(p )th(xil,...,xia,...,Xl'pl.le,...,th,...,qu)
_l —_— —_
+ (= 1=y X, (Xigs s Xig o ees Xis Xjo v vvs Xju [ X oo Xy ey X))
1 —_— —
+ (_1)t+pxjt(_1)a/+ xin[(xil,. ..,x,-a,...,x,'plle,. ces X e .,qu)

+(—l)ﬁ(xl-l,...,fi:,...,xip,le,...,xjﬁ71|xjﬂ,...,)?;[,...,qu)] =0.

Note that in the above two subsubcases, if @ = p = 1 then the terms containing

(Kigs v v vs Xigs oo s X 1Xj1s .., Xj,0 ..., X;,) are zeros and 8’ does not exist.

Subsubcase (ii)(c): if t = g’ and {x;,..., X;,,..., %} C pnbhd(xjﬁ,ﬂ), then the
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sum of the terms containing x;, x;, is
1 -1 — —~
(=D o D% [y X X X X X))
+(—l)t(x,-1,...,fi:,...,xip,le,...,xjtfllxjm,...,qu)]
+ (1P x [(x Xiseoos Xi y X; xj,|x; x; x;)
Ly e e s Xy e s Xy Xja s X [ X s e vy X e e v s X,
—B+1 —
(—1))f Bt (xil,...,xia,...,xip,le,...,lefllxjtﬂ,...,qu)]}
1 —_— —_
+ (=D x (D" X [ X e X X X X))

+(—1)/3()6,-1,...,FCZ,...,x,-p,le,...,xjﬁ_]|xjﬁ,...,)?;,...,qu)] =0.

[Case C-c]: suppose that there is a term containing x; x;, for some 1 < s < p

such that x; x;; € G. We set
B’ =min{t|B <t<q,{x,...,x,} € pnbhd(x;)}.
Lemma 5.3.2 implies that for any 8 <t < g, x;,xj,,..., xj,_, x;, € G, s0 we have

B’ =min{t|B <t<q,{xi,.... %, Xj,..., X, } € pnbhd(x;)}.

Subcase (i): if 8 = g or {x;,,...,%;,...,x;,} € pnbhd(x,,), then the sum of the
terms containing x; x;, is
(=D o, (0P PO x (s X X X X X,)

1 —_— —_—
+ (—I)B“’xjﬁ(—l)” xis(x,-l,. cesXigsen ,xiplle, .. .,Xjﬁ, . ,qu) =0.

Subcase (ii): if {x;,...,X;,...,x,} € pnbhd(x, ) and x; x;,,, ¢ G, then " =
B + 1 and the sum of the terms containing x; x;, is
1 -1 —~
(—1)S+ x,-s(—l)ﬁJ'(p )xjﬂ[(x,-] N R xi,,l-le yeees xj/p ey qu)
+ (—I)B(x,-l,...,)/cl:,...,x,-p,le,...,xjﬁ_]lxjﬁ+],...,qu)]
+ (=17 x (-1 [(x X, X |x; xX; X;,)
g iy Qs s e o Nigs oo s AiplAjis e ey Ajgs ey Aj,

+ (—I)B(X,'I,...,)El:,...,)C,'p,le,...,Xjﬁ_1|)€jﬁ+l,.. .,)qu)] =0.
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Subcase (iii): if one of the following conditions is satisfied:

1) B < gand B” does not exist,
2) ﬂ” >ﬁ + 1 and Xl's.x]'ﬁ,, € G,

3) B”>B+1,x,x, ¢ Gand {x;,....X;,...,x,} € pnbhd(x;,,)

s

then the sum of the terms containing x; x;, is

1 -1 —~ —

(—1)S+ x[,y(_l)ﬁ"’(ﬂ )xjﬂ[(x,-l,. ces Xigy e s .,x,-plle,. . ’xj,ga .. .,qu)

+(—l)ﬂ(x,-l,...,)@:,...,x,-p,le,...,xjﬁ_llxjﬁﬂ,...,qu)]

+ (=DPPx [(=D g (x A s X .
( X[, (s e X X X X X))

1 —_
+ (DD X (e X X X X X, x5 )] = 0.

Subcase (iv): if 87 > B+ 1, Xi X & G, {xi, .. S X X} C pnbhd(xjﬁ,,), then
the sum of the terms containing x; x;, is
1 -1 = —
(=D o (PP [ X X X X0 XG,)
+ (—1)ﬂ(x,~l,. . .,)’CZ,. e Xy Xjs e ’xjﬁ—1|xjﬁ+l’ .. ,qu)]
s+1 = —
+ (=D (=D [ ey Ko X X e X0 X,)
DT @ B X X T X )]
Kipy oo osXigs oo Xigs Xjiy oo s X oo s X Xjgs oo X5,
s+1 -
+ (—l)ﬂ(—l)H— xis[(xl-], e ,x,-_v, e ,xip,le, e ,xjﬁ_llxjﬁm e ,qu)

+(—1)ﬂ _ﬁ(x,-l,...,ch,...,x,-p,le,...,fj;,...,xjﬂ,,_1|xjﬁ,,,...,qu)]} =0.

[Case C-d]: suppose that there is a term containing x;,x;, for some 1 <@ < p

such that x;,x;, ¢ G. As in [Case C-c], we set

ﬁ”

min{t | B <t < q,{x;,...,x,} £ pnbhd(x;)}

mln{t |ﬁ <t S q, {X[I, “ee a-xipa -lea .o 9xjﬂ_1} g pnbhd(x/,)}-
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Subcase (i): if 8 = g or {x;,,...,X;,...,x;,} € pnbhd(x),,,), then the sum of the
terms containing x;, x;, is
(—I)QHX,-Q(—1)ﬂ+(p_1)xjﬁ(xil, . ,};, ce ,x,-plle, . ,fj;, . ,qu)

1 —_— —_—
+ (—1)ﬁ+pxjﬁ(_1)a+ xia(xiw ey Xigs e .,xl-plxj,,. e Xjgs e ,)qu) =0.

Subcase (ii): if {x;,...,X;,,...,x;,} € pnbhd(x;), then we have the following

three subsubcases.

Subsubcase (ii)(a): if {x;,...,X;,,...,x,} € pnbhd(x,,) and x; x,, ¢ G, then
B” =B+ 1 and the sum of the terms containing x;, x;, is
(=D, [(DP PV (g T X X e X X))

—1 —_—
+ (_1)ﬂ(_1)ﬁ+p xjﬁ(xl-l, e Xigy oo ,xip,le, e ,.?Cjﬁi1 xj,ml’ ce ,qu)]
1 —_— —_—
+ (=P x (D) g, [y X X X X0 X))

+ (—1)ﬂ(x,~1,...,f;,.. .,xip,le,...,xjﬁfllxjﬁﬂ,. ..,qu)] =0.

Subsubcase (ii)(b): if {x;,...,x;,} S pnbhd(x;,,) and one of the following

conditions is satisfied:

1) B” does not exist,
2) xiﬂ/'xjﬂ// € G/

3) X,‘Q)Cjﬁ,, ¢G and {X,‘l, e ,@, ey Xip} ¢_ pl’lbhd()(fjﬁ,,),
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then the sum of the terms containing x;, x;, is

1 -1 — —
(_1)a+ xia[(—l)ﬁ”p )xjﬁ(xil,. ..,xin,...,xiplle,. ""xj/g"' .,qu)
-1 —
+(—1)’B(—1)ﬁ+p xjﬁ(x,'l,...,xin,...,xip,le,...,xjﬁfl xjﬁ+l,...,qu)]
+ (1P Px [(-D* xy (x Xi X; |x; X, X;)
Jg Ig\ Vi s s s Mgy e e ey Niplhjpo e e gy e A,

1 —_—
+ (=P =D X, (K e X e X X e Xy X, X1 = 0.

Subsubcase (ii)(c): if 8”7 > B+ 2, x,x, ¢ G and {x;,...,%;,....%,} C

pnbhd(x;,,), then the sum of the terms containing x;,x), is

(D™, [P0V (o X X X X X))

+ (—1)5(—1)ﬂ+”_1xjﬁ(x,-l, s K Xis X e X X0 X))
+ (=P P (=D o, [ s Koo X0 X e X0 X,)

+ (=D X s Xiys Xjis o oes Xjgoweos Xjg [ Xjrs oo s X))
+ (=1P=D" o [y ey X s Xis Xjpsvvns Xjg [ Xjpisee s X))

+(-1)’8 _ﬁ(.x,'l,...,EZ,...,X,‘[],XJ'I,...,@,...,Xjﬁ,,71|Xjﬁ,,,...,qu)]} =0.

Subcase (iii): if {x;,,...,X;,,...,X;,} € pnbhd(xj), then just as in subcase (ii),

we have the following three subsubcases.

Subsubcase (iii)(a): if {x;,...,X;,,...,x;,} € pnbhd(x;,, ) and x; x,,, ¢ G, then
B” =B+ 1 and the sum of the terms containing x;, x;, is
1 -1 — —
(_1)a+ x,‘w(—l)ﬁ“p )xjﬁ[(xil, e ,xia, e ,xiPIle, e ,Xjﬁ, e ,qu)
(1P iy X e Xy Xy e ey X X X))
1 —_— —_—
+ (—1)ﬁ+pxjﬁ(—1)"+ x,-a[(xl-l, cees Xigs et ,x,-p|xj1, . ,Xjﬁ, . ,qu)

+(—1)”5()6,-],...,};,...,xip,le,...,xjﬂ_llxjﬂﬂ,...,qu)] = 0
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Subsubcase (iii)(b): if {x;,...,x,} S pnbhd(xj,,) and one of the following

conditions is satisfied:

1) B” does not exist,
2) X,‘Q)Cjﬁ,, € G,

3) x,-axjﬁ,, ¢G and {X,‘l yee ey f,':, ey Xip} ¢_ pnbhd(xjﬁ,, ),

then the sum of the terms containing x;, x;, is

1 -1 — —
(=D o, (1P PV [y X X X X X))
+ (—1)ﬁ(x,‘1, e ,E, R ,x,-p,le, e ,Xjﬁ71|Xjﬁ+l, ce ,qu)]
1 —_— —_—
+ (—1)ﬁ+pxjﬁ[(—1)"+ xiw(xil, NS TR ,xiplle, e ,Xjﬁ, e ,qu)

1 —_—
+ (=1DP=D" % (X X S Xis Xjs e Xy X X)) = 0.

Subsubcase (iii)(c): if 87 > B + 2, X, Xjy, & G and {x;,...,X;,...,X,} C
pnbhd(x;,, ), then the sum of the terms containing x;,x;, is
1 -1 — —
(—I)CH Xl‘a(—l)ﬁ+(p )xjﬁ[(xil,.. .,X,‘u,...,X,'pl.le,.. .,Xjﬁ,...,qu)
+(—I)B(x,'l,...,@,...,xip,le,...,xjﬁfllxjﬁﬁ,...,qu)]
1 —_— —_—
+ (—l)ﬁ“’xjﬁ{(—l)w xia[(xil,...,x,'a,. ..,Xip|le,...,Xjﬁ,...,qu)
1 — —_—
- QpoceesNgoee s Ao Aoy AjgseecsAjpy (| AjoyseeesAj
+ (-1 (x X Xi,s X Xj, Xj, Ixﬁ xj,)]
)ﬂ 1 a+1 -
+(—1 (—) x,-a[(x,-l,...,xia,...,xip,le,...,xjﬁfllxjﬁﬂ,...,qu)

7" —_— —_
+ (—1)ﬂ ﬁ(xil,. e Kigr oo s Xips Xjps v ey Xjgy o .,Xjﬁ,,_]|xj‘ﬁ/,,.. .,qu)]} =0.

[Case D]: A = jand A" € {j»,. .., j,}.

[Case D-a]: suppose that there is a term containing x; x;, for some 2 <t < ¢

such that ¢t # B, then 8 # 2 and if t = 2 then B8 # 3. Hence, the sum of the terms
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containing x; x;, 18

1 -1 - -
(—1) +ple(_1)(t )+pth(X,‘1, ey x[plle, B AR qu)

1 —_— —
+ (—1)t+pXj,(—1) +ple(X,'l,. ..,xiplle,...,xjt,...,qu) =0.

[Case D-b]: suppose that there is a term containing x;, x;,.

Subcase (i): B = 2. Assume that {x;,...,x; } ¢ pnbhd(x},), then there is no

term containing x; x;,, hence we must have {x;,...,x;} € pnbhd(x;;) and the

sum of the terms containing x;, x;, is

1 —_—
(1P [~ 1) P, (G 23, K X ,)

+ (=DP(=DP2x) (X X XX  X,)] = 0.

Subcase (ii): if 8 > 2 such that 8 = g or {x;,...,x;,} £ pnbhd(xj,,), then the
sum of the terms containing x;, x;, is
(D" Px; (=D Px, (X X X X))

1 —_—
+ (=D Px (=D x (s X X X0 X)) = 0

Subcase (iii): if 8 > 2 and {x;,...,x;,} € pnbhd(x,,), then the sum of the
terms containing x; x;, is
1 -1 —
(=D"Px;, (=D x [ X X, X 0 X))
-1
+ (-1 (Xigs oo es Xis Xy oo v X [ X e v s X5,
—1PPx; [(-D"Px; (x; x X )
+ ( Xl Xy (K e ey Xi [ X ooy Xjgs o5 X,

2
+ (—l)ﬁ(—l)‘lﬂ— le(x,-l, .. .,x,»p,sz, .. "xj/z—l xjp.+1" . ,qu)] =0.

[Case El: A, X" € {ja,..., jg}
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[Case E-a]: if 2 < r <t < gsuch thatr # fand ¢ # B, then the sum of the
terms containing x; x;, is
(=) Px;, (=D, (e X3 X X X X))

+ (—l)t+pxjt,(—1)’+pxjt(x,-],.. .,x,-p|le,...,i;-t,. ..,)?;,...,qu) =0.

[Case E-bl: suppose that there is a term containing x;, x;, for some 2 <t < ¢
with 7 # 8. Asin [Case C-c], we set
B’ =minf{t |8 <t<q,{xi,...,x,} £ pnbhd(x;)}

=min{t | B <1< q {Xijs. s Xips Xjis e X} & pnbhd(x;,)}.
Subcase (i): if one of the following conditions is satisfied:

) B=gq

2) f=g-landt =g,

3) B/ =B+ landt#p",

4) p" =p+1,t=p"and {x;,...,x,} £ pnbhd(xj,,,),

5) B/ =B+2andr=8+1,

then the sum of the terms containing x;,x;, is

(=D Px;, (=D P x (i X X X X e X))

+ (=P (=D (s X3 X X X X))
=0, fort<p;

(—1)’+”xj,(—1)ﬁ+pxjﬁ(xi,, e X X X X, X))

+ (—I)B”’xjﬂ(—1)(’_1)+pxjt(x,-1, e XX X X, X))

=0, fort>p.
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Subcase (ii): if 8" =+ 1,t = 8” and {x;,, ..., x; } € pnbhd(x;,,,), then the sum
of the terms containing x; x;; is
(_1)t+pxjt(_1)ﬂ+pxjp[(-xi1’ R xiplxj] PRI };’ -fj\',’ R qu)
+ (—l)ﬁ(xi,, cos Xips Xjps e ,Xjﬂ_||Xjﬁ+2, .. ,)qu)]
1 —_— —~
+ (—l)ﬁ”’xjﬁ(—l)(’ )+pth[()C,'1, e )C,'plle, ceey Xjﬁ, Xjjoonns )qu)

+ (—1)ﬁ(X[l,. e Xips Xjps e .,)Cjﬂ_l|le3+2,. ..,qu)] =0.

Subcase (iii): if one of the following conditions is satisfied:

1) B=¢g-1,t<pand {x;,...,x,} C pnbhd(x;),

2) B < g -2 and B” does not exist,

3) B/ >B+1,t+ B suchthatt #B8+1orp” #B+2,
4) B’ >B+landt=p" =g,

5) :8” >:8 + 1, t :IB// and {xil’ e ,x,-p} ¢_ pnbhd(xjﬁ,,ﬂ),

then the sum of the terms containing x;, x;; is

(=D P (=D P [y e X X e X X0 X))
+ (1P O X X K s )]

+ (—1)ﬁ+"xjﬁ[(—1)t+"xj,(xil, e XX X X, X))

+ (DD P (K X X ey X XX+ X,)]

=0, fort<p;
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(=D Px; (=P P (X ey X X e X e e Xy X,)

+ (—I)B(xi,, e X Xy X X S Xy »X5,)]

+ (=D [(=D P (e X X X X X))
+ (=DA=1)"""Px; (x5 - - s Xips Xjioooos Xjg [ Xjgrs v s Xjpuo ooy X5)]

=0, fort>p.

Subcase (iv): if 87 > B+ 1, ¢ = f” and {x;,...,x;,} € pnbhd(x;,,, ), then the

sum of the terms containing x;, x;, is

(=D P, (=1 Px ) (X s X3 X e K ey K X5,)
+ (—l)ﬁ(xil,.. .,X,’p,le,...,Xjﬂq'XjﬁH,.. .,)E;r,.. .,qu)]
_1 —_— —_
+ (=D (=D (X o X X s X ey X X))
—1 —
+ (—l)t (xi,, e Xips Xjs ey Xy e .,thill.XjHl, .. .,qu)]
+ (= D=1 TP [y s Xy Xy o5 Xy X s o s Ko e e e X
14 B 3 q

(=D P Xy X o s X X X e -5 )]} = 0.

Since the above five main cases have included all the possible terms, it fol-

lows that d*(x;,, ..., X |xj» ..., x;,) = 0and we are done. O

5.5 Betti numbers

In Section 5.3, to construct the differential maps of the minimal free resolution
of §/1;, we need to assume that x,, ..., x; is a perfect elimination order of G pro-
duced by Algorithm 5.2.2. However, to get a nice formula for Betti numbers

(Corollary 5.5.2), we only need to know a basis for the minimal free resolution.
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Therefore, we have the following theorem which does not require that the per-

fect elimination order x,, ..., x; of G is produced by Algorithm 5.2.2.

Theorem 5.5.1. Let G be a simple graph with vertices x,, . .., x, such that G is chordal
and xi,...,x, is in the reverse order of a perfect elimination order of G. Then in the
polynomial ring S = k[xi, ..., x,] we have the linear edge ideal I of the graph G. Let

the symbol (x;,, . .. 2 X)X Xj,) be as defined in Construction 5.3.4. And we set

I<i<--<ip,<ji<--<j,<n

B=(u | {G.ox .. x,)
p=l,g>1 {xil seees x,'p} - pnbhd(le)

Then there exists a multigraded minimal free resolution F of S /1 such that ¥ has basis

8.

We will not prove Theorem 5.5.1 because the proof is very similar to the
proof of Theorem 5.3.7. The only difference is that in the proof of Theorem 5.3.7
we know the complex maps —u; : E = Kand u : F” — F’ explicitly, while in
the proof of Theorem 5.5.1 we only know their existence. However, we can still
use the mapping cones to show the existence of the multigraded minimal free

resolution with the desired basis 8.

Now Theorem 5.5.1 imply immediately the following corollary about Betti

numbers and the projective dimension of S /1.

Corollary 5.5.2. Let I; be a linear edge ideal as defined in Theorem 5.5.1. For 2 < i < n,

we set A; = |pnbhd(x;)|. Then for i > 1, the Betti numbers of S /1 are

n A
S(SEE) =i
Bij(S/lg) =1 = = \P/INET P

0, ifj#i+1,

and the projective dimension of S /1 is

projdim(S/Ig) =n—minf{i—A; : 2<i<nand A;#0} <n-1.
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Proof. The formula for Betti numbers follows from counting the number of basis
elements of homological degree i and degree i+ 1 in 8. The projective dimension
formula also follows easily by looking at the basis elements in 8. Since 4; < i—1

for 2 < i < n, it follows that projdim(S/Is) <n - 1. O

Example 5.5.3. Let G be the graph such that G is the chordal graph given in Ex-
ample 5.2.6. Then x;, x,, X3, X4, X5, X, X7 is in the reverse order of a perfect elimi-

nation order of G and we have that
/12:(), /13:1, /14:2, /15:3, /16:4, /17:5.

Therefore, by Corollary 5.5.2, we have projdim(S/I;) = 5 and a computation

will reveal that the Betti numbers of S/I; are

B2 =15, B3 = 40, B34 =45, Bas =24, Bse = 5.

In [RV] and [HV], the following formula for the Betti numbers is proved by

using Hochster’s formula. Now we prove the formula by using Theorem 5.5.1.

Corollary 5.5.4. Let I be the linear edge ideal of a graph G with vertices xi, ..., X,.
For any nonempty subset o of {xy, ..., x,}, let G, be the subgraph of G induced by o
and let #(G,,) be the number of connected components of G,.. Then for i > 1, we have
(#Go-1), ifj=i+1,
Bi,j(S/IG) = OC{X] s X || =i+ 1
0, ifj#i+l.

Proof. Without the loss of generality, we can assume that x,,...,x; is a perfect
elimination order of the chordal graph G. Let 8 be as defined in Theorem 5.5.1.
We say that the vertex x, is smaller than the vertex x, if s < . For any i > 1,

let o = {x4,,...,Xa,,} be a subset of {xi,...,x,} forsome 1 <a; <+ < @1 < 1.
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We claim that (x,,, ..., Xa, ,|Xa,s - - -» Xq,,,) € Bif and only if p # 1 and x,, is the
smallest vertex in the connected component of G, containing x,,. Indeed, if
p > 2 and x,, is the smallest vertex in the connected component of G, containing
Xo,, then x, x,, € Gforall 1 < s < p—1,so that (x4,,..., %, [Xa,s .-+ s Xa,,) € B.
On the other hand, assume that p > 2 and there exists 1 < s < p — 1 such that x,,
and x,, are in the same connected component of G,. Set o’ = {Xa1s--»Xe,} C O
Since X, .-, %, is a perfect elimination order of G, it is easy to see that x,,
and x,, are still in the same connected component of G,.. Therefore, there exists
1 < s < p-1such that x,,x,, € G, and hence XoyXa, € G, which implies
(Xaps -+ > Xap [ Xaps - s Xayyy) & B. SO the claim is proved. It follows that there are

#(G,) — 1 basis elements in 8 with multidegree x,, - - - x,,,, and we are done. O
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[Bi]

[CM]

[CE]

[CL]

[Col]

[Co2]

[CN]

[DGO]

[Di]

[EGH]

[EK]

[Fra]

[Fro]
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