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We present a first-principles theoretical approach to calculate the lattice thermal conductivity of diamond
based on an exact solution of the Boltzmann transport equation. Density-functional perturbation theory is
employed to generate the harmonic and third-order anharmonic interatomic force constants that are required as
input. A central feature of this approach is that it provides accurate representations of the interatomic forces and
at the same time introduced no adjustable parameters. The calculated lattice thermal conductivities for isoto-
pically enriched and naturally occurring diamond are both in very good agreement with experimental data. The
role of the scattering of heat-carrying acoustic phonons by optic branch phonons is also investigated. We show
that inclusion of this scattering channel is indispensable in properly describing the thermal conductivity of
semiconductors and insulators. The accurate adjustable-parameter-free results obtained herein highlight the
promise of this approach in providing predictive descriptions of the lattice thermal conductivity of materials.
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I. INTRODUCTION

Diamond has the highest thermal conductivity, �L, of any
known bulk material. Room-temperature values of �L for
isotopically enriched diamond exceed 3000 W/m-K,1–3 more
than an order of magnitude higher than common semicon-
ductors such as silicon and germanium. In diamond, the
strong bond stiffness and light atomic mass produce ex-
tremely high phonon frequencies and acoustic velocities. In
addition, the phonon-phonon umklapp scattering around
room temperature is unusually weak. These properties result
in the extremely large �L. The unusual thermal properties of
diamond make it a particularly challenging test of any pre-
dictive theoretical approach used to describe it.

The mechanisms of phonon conduction in diamond and
other crystalline semiconductors and insulators are well un-
derstood. Above a few tens of degrees Kelvin, phonon-
phonon scattering typically becomes the dominant scattering
mechanism that limits �L. This scattering process arises be-
cause of the anharmonicity of the interatomic potential. In
addition, scattering of phonons by isotopic impurities re-
duces �L, and this effect can be tuned by varying the isotopic
composition of the material.1–3

Many calculations of �L in semiconductors and insulators
are based on a Boltzmann transport equation �BTE� ap-
proach. Development of a predictive quantum-mechanical
approach is a formidable task because it requires �1� accurate
microscopic descriptions of the harmonic and anharmonic
interatomic forces in crystals and �2� an exact solution of the
phonon BTE. Many theoretical treatments of phonon trans-
port have employed single-mode phonon relaxation time ap-
proximations �RTAs�.4,5 For the case of phonon-phonon scat-
tering the commonly used RTA form is of questionable
validity because it was derived assuming low-frequency

phonons at low temperature.5 Also, RTAs are in principle
incompatible with inelastic scattering processes such as
phonon-phonon scattering.4 Improved approximate solutions
of the phonon Boltzmann equation have been achieved using
variational approaches.6,7 However, it is difficult to gauge the
accuracy of these as they depend on the choice of trial func-
tions used to represent the nonequilibrium distribution of
phonons, and simple trial functions cannot be constructed
that reflect the full anisotropic and nonlinear phonon disper-
sions characterizing most semiconductors.

More recently, an iterative approach to solve exactly the
linearized phonon BTE has been achieved8 and subsequently
applied to bulk semiconductors9–12 and to superlattices.13,14

The only inputs to this approach are the harmonic and third-
order anharmonic interatomic force constants �IFCs�. In
Refs. 9–11, 13, and 14, the IFCs have been introduced as
parameters that have been adjusted to fit bulk thermal con-
ductivity data.

Empirical interatomic potentials have been used in mo-
lecular dynamics simulations of thermal conductivity,15,16

and in phonon BTE approaches.12 However, these are time
consuming to develop and are typically fit to only a small set
of material properties such as lattice constants and cohesive
energies. Consequently, empirical potentials are only avail-
able for a small number of already well-studied materials.
Also, while the molecular dynamics approach, which is more
appropriate at higher temperatures as the atomic motion is
treated classically, has obtained more reasonable agreement
with room-temperature �L for Si,15 the phonon BTE ap-
proach for Si has shown poor agreement with experiment.12

These factors motivate first-principles calculations of the
IFCs, removing the necessity of adjustable parameters.

Over the last few decades, the density-functional theory
�DFT� of Kohn and Sham17 has developed into an extremely
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accurate tool in the calculation of the electronic ground-state
density of many structures. Derivatives of the ground-state
total energy can be found through the use of density-
functional perturbation theory �DFPT�. The “2n+1”
theorem18 states that knowledge of the wave function re-
sponse to nth order in the strength of the external perturbation
allows the calculation of the �2n+1�th energy derivative. This
means that knowledge of the linear response of a crystal is
sufficient to determine both harmonic and third-order anhar-
monic IFCs.

In a recent paper, we have developed a theoretical ap-
proach to calculate intrinsic lattice thermal conductivity free
of adjustable parameters.19 This approach combined an itera-
tive solution of the phonon Boltzmann equation with har-
monic and anharmonic IFCs obtained from ab initio DFPT
calculations. Its application to silicon and germanium dem-
onstrated excellent agreement with measured values of �L
using no adjustable parameters. In this paper, we apply the
method to study diamond. As discussed above, diamond has
a significantly higher �L than silicon and germanium. Fur-
thermore, its thermal conductivity is quite sensitive to isoto-
pic impurity concentration.1–3 As such, it provides a stringent
test of our first-principles theoretical approach.

Section II of this paper describes the ab initio approach to
calculate the harmonic and third-order anharmonic IFCs in
the DFPT framework. Section III gives a brief description of
the Boltzmann transport theory used to calculate the thermal
conductivity. Section IV describes the computational details,
Sec. V gives results along with a discussion, and Sec. VI
provides a summary and conclusions.

II. INTERATOMIC FORCE CONSTANTS

The phonon frequencies and eigenvectors are solutions to
the eigenvalue equation.

�
���

1

�M�M��

D������,q��e����q�� = �2e���q�� �1�

where D�� is the reciprocal space dynamical matrix con-
structed from the real-space harmonic IFCs given by

D������,q�� = �
l�

����0�;l����exp�− iq� · R� l�� �2�

with R� l being the position vector of the lth unit cell, � indi-
cating the atom with mass M� within the lth unit cell and the
real-space harmonic IFCs being described by ���. The real-
space harmonic IFCs are found by using the fast Fourier-
transform technique on a set of reciprocal-space IFCs deter-
mined on an uniform grid in reciprocal space. The matrix of
reciprocal-space harmonic IFCs is a combination of elec-
tronic and ionic parts and can be written

�̃���q�� = �̃��
el �q�� + �̃��

ion�q�� =
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where N is the number of unit cells. The ionic term involves
the second derivative of the Ewald energy.20

The third-order anharmonic IFCs are evaluated first in
reciprocal space, where they are given by the third-order

derivatives of the total energy with respect to the Fourier
transformed atomic displacements:20,21

����
������q� ,q��,q��� =

�3Etot
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��q�� � u��

� �q��� � u��
� �q���
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The “2n+1” theorem provides an analytic expression for
these third-order anharmonic IFCs. The IFCs are symmetri-
cal in the three sets of �� ,� ,q�� and can be expanded into six
terms,21 each of which can be evaluated by the insertion of
the projection operator, Pc on the unperturbed conduction
states.22 This leads to an expression that contains only terms
that are accessible to 1st-order perturbation theory. Further
details of this method are contained in Refs. 18, 21, and 22.

By using crystal symmetries, the ����
����� are evaluated on

a 4�4�4 mesh for forty-two �q� ,q��� pairs �the q�� is ob-

tained from q�� =q� 	q��+K� where K� is a reciprocal lattice
vector�.21 These IFCs are then transformed into real space
with triplet interactions out to seventh nearest neighbors.

III. LINEARIZED BOLTZMANN EQUATION

The lattice thermal conductivities of diamond for different
isotopic concentrations are calculated by means of Boltz-
mann transport theory. We begin by considering a small tem-
perature gradient, �T, that perturbs the phonon distribution
function, n
=n


0 +n

1 where the shorthand 
= �j ,q�� is used, n


0

is the Bose distribution function, and the nonequilibrium
part, n


1, is proportional to the small �T. We solve the linear-
ized BTE

v�
 · �T
�n


0

�T
= � �n

�t
�

c

�5�

where v�
 is the phonon velocity, and the collision term4,8–12

describes the scattering into and out of the state, 
. The
anharmonicity of the interatomic potential causes phonons to
scatter inelastically from one another. Using the calculated
phonon dispersions, the phase space of all possible three
phonon scattering events that conserve both energy and crys-
tal momentum is determined. Such processes must satisfy

� j�q�� 	 � j��q��� = � j��q���

q� 	 q�� = q�� + K� �6�

Here, normal processes correspond to K� =0, while umklapp

processes correspond to K� �0. Three-phonon scattering rates
are computed from Fermi’s golden rule with the anharmonic
IFCs as an input
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where �
 are the phonon frequencies. The three-phonon ma-
trix element is given by
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where the �����0� , l��� , l���� are real-space anharmonic
IFCs, and the e��


 are phonon eigenvectors, with

→−
⇒q� →−q� .

Isotopic impurities introduce elastic scattering of
phonons. The scattering rate due to such impurities is calcu-
lated as9,12
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Here g2 is the mass variance parameter,23 which describes
the concentration and mass change for each isotope type.

These scattering rates are used in an iterative
solution8–12,19 of the linearized phonon BTE. Using the sub-
stitution, n


1 =n

0�n


0 +1��F� 
 ·�T, the phonon BTE can be re-
cast as:
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for Cartesian components �=x ,y ,z, where
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and the total scattering rate is
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We consider a temperature gradient along the �001� �z� di-
rection. The iterative procedure begins by setting
F
z� =F
z� =0. The resulting zeroth-order solution, Eq. �11�, is
equivalent to a single mode RTA.4,5 This solution is inserted
into the right-hand side of Eq. �12� to obtain the first-order
solution. The iteration procedure is repeated until conver-
gence is achieved. The phonon scattering time is related to
F
z as �
z=TF
z /��
v
z. It is used to calculate the lattice
thermal conductivity as

�zz =
1

V
�



C
vz
2�
z �14�

where C
=kBn

0�n


0 +1����
��2 is the specific heat per mode,
�=1 / �kBT�, and V is the crystal volume.

A key feature of the above described approach is that the
only inputs are the lattice constant, harmonic, and third-order

anharmonic IFCs obtained within the DFPT framework with-
out the need for any empirical parameters as discussed in
Sec. II, and the mass variance parameter, which is obtained
from the experimentally determined isotopic impurity con-
centration. The harmonic IFCs are required for calculation of
the phonon frequencies and eigenvectors, the anharmonic
IFCs are used in the calculation of the phonon-phonon scat-
tering rates.

IV. COMPUTATIONAL DETAILS

All ground-state energies and harmonic IFCs were calcu-
lated using the Quantum Espresso program.24 The anhar-
monic IFCs were generated following the method described
in Ref. 21.

The ion-electron interaction and exchange-correlation ef-
fects are modeled in the framework of pseudopotential
theory. For diamond, we have used the BHS
pseudopotential,25 for both harmonic and anharmonic IFCs.
This pseudopotential was constructed from all-electron cal-
culations ensuring that the parameter-less nature of the cal-
culations is preserved. The exchange-correlation energy is
calculated in the framework of the local-density approxima-
tion �LDA� using the results of Ceperley and Alder26 as pa-
rameterized by Perdew and Zunger.27

Mode Grüneisen parameters provide an important mea-
sure of the anharmonicity of the crystal. They describe the
change in the phonon-mode frequency with crystal volume
by

�
 = −
V

�


��


�V
. �15�

The mode Grüneisen parameter can also be expressed in
terms of the third-order anharmonic IFCs �Refs. 12, 28, and
29�
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Where r�l�� is the �th component of the vector describing the
position of the �th atom in the lth unit cell. The linear expan-
sion coefficients can be obtained as a sum of the �
 over all
modes weighted by the mode-specific heat29

� =
�T

3V
�



C
�
 �17�

where �T is the isothermal compressibility.
We have used the calculated linear expansion coefficient

to establish the cut-off energy for the plane-wave basis. Cal-
culations of ��T� were performed as a function of tempera-
ture for successively higher cut-off energies. Convergence
was achieved at 100 Ry and so this cut-off energy was used
for diamond.

The harmonic IFCs were calculated using a 6�6�6
Monkhorst-Pack30 q-point mesh. A 4�4�4 Monkhorst-
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Pack k-point mesh was used in determining the anharmonic
IFCs. The anharmonic IFCs were calculated considering in-
teractions out to seventh nearest neighbors.21 The lattice con-
stant that minimized the ground-state energy for diamond
was found to be 6.675 Bohr. This value is less than the ex-
perimental value of 6.74 Bohr as expected, as it is well
known that ab initio methods in the LDA formalism
“overbind” leading to smaller lattice constants.

To test the consistency of the harmonic and anharmonic
IFCs, Eqs. �15� and �16� were used to evaluate the mode
Grüneisen parameters throughout the Brillouin zone. Excel-
lent agreement was obtained between the two sets of results.

For each temperature, �L was calculated using the itera-
tive solution to the phonon Boltzmann equation as outlined
in Sec. IV and incorporating ab initio IFCs described in Sec.
III. The phase space search for all allowed phonon-phonon
scattering events was performed on a Gaussian quadrature
grid for all three components of q� and the x and y component
of q��. The z component of q�� was chosen from a finer linear
grid.

The final calculations were performed using a 32 point
GAUSSIAN quadrature for each q component and a maximum
of 200 points in the linear qz� grid.

The thermal conductivity calculation proceeds by calcu-
lating a zeroth-order solution and then iterating until conver-
gence is achieved. For higher temperatures, of the order of
30 iterations are performed to achieve convergence. At lower
temperatures, more iterations are required. The large Debye
temperature of diamond ��2200 K� means that 300 K can
be considered low temperature. Also, the umklapp scattering
is exceedingly weak. Both of these facts lead to around 50
iterations for convergence in diamond.

V. RESULTS AND DISCUSSION

The remarkable accuracy of ab initio plane-wave pseudo-
potential calculations within the LDA formalism at calculat-

ing lattice dynamical properties of semiconductors is well
documented.20,31 For completeness, the diamond phonon dis-
persions calculated from the DFPT generated harmonic IFCs
are compared with experiment32 in Fig. 1. The high degree of
agreement between the theory and experiment is clear.

In Fig, 2, the calculated intrinsic lattice thermal conduc-
tivity �g2=0� of diamond is plotted as a function of tempera-
ture. The dashed line shows the RTA �zeroth order� result, �0,
while the solid line, �L, is obtained from the full iterated
solution to the phonon Boltzmann equation. It is evident
from the figure that the RTA solution gives a poor approxi-
mation to the lattice thermal conductivity of diamond. For
example, at 300 K, �L is about 50% higher than �0.

To understand the reason for this, we note that if there is
no umklapp �U� scattering, �L must diverge because normal
�N� scattering cannot provide thermal resistance. This diver-
gence does not occur in the RTA �zeroth-order solution� be-
cause in this approximation, the N and U processes are inde-
pendent and both enter in a purely resistive manner in the
total scattering rate, Eq. �7�. When only N processes are in-
cluded, the lack of thermal resistance manifests itself through
the iterative procedure. With increasing number of iterations
the solution of Eq. �10� approaches F
z=�F
z, which corre-
sponds to a vanishing of the collision term in the phonon
BTE. This means that a flowing phonon current can exist in
the absence of a temperature gradient. In this case, the cal-
culated thermal conductivity diverges.

In materials such as Si and Ge, the U scattering is strong
so the behavior of �L is dominated by this U scattering. In
such cases, we find that the converged solution to the phonon
BTE is less than 10% higher than the RTA solution. In dia-
mond, however, the U scattering is considerably weaker than
in Si or Ge. This is reflected in the dramatically smaller
phase space for three-phonon scattering for diamond as com-
pared to other materials.33 The dominance of N scattering in
diamond has been noted previously.2,3,34 Here, this domi-
nance manifests itself through the converged solution of the
phonon BTE giving a �L that lies far higher than the RTA
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FIG. 1. Phonon dispersions of diamond. Ab initio calculations
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pared to the full solution.
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solution, as can be seen in Fig. 2. Note that the percent error
�dotted curve� increases with decreasing temperature. This is
to be expected since decreasing T further weakens the um-
klapp scattering.

Figs. 3 compares the lattice thermal conductivity of iso-
topically enriched and naturally occurring diamond as a
function of temperature obtained from our ab initio approach
with experimentally measured values. The open squares2 and
triangles3 show the measured values for isotopically enriched
diamond with 99.93% C12, 0.07% C13, 99.9% C12, and 0.1%
C13, respectively. The open diamonds,35 open circles,1

plusses,3 and crosses2 are for naturally occurring type IIa
diamond with 98.9% C12 and 1.1% C13. The mass variance
parameters obtained from the isotopic compositions are
given in Table I. The corresponding calculated results using
the IFCs discussed in Sec. IV is given by the solid curves. It
is evident that the calculated curves for both the isotopically
enriched and naturally occurring diamond are in very good
overall agreement with the data, lying within 10%–15% of
the measured values over the wide temperature range consid-
ered. This agreement is particularly impressive since there
are no adjustable parameters.

Previously, the intrinsic lattice thermal conductivities of
Si and Ge were calculated using the ab initio approach de-
scribed here.19 In the present paper, those results are ex-
tended to include the effect of isotope scattering. Naturally
occurring Si consists of 92.2% Si28, 4.7% Si29, and 3.1%

Si30, while naturally occurring Ge23 has 20.5% Ge70, 27.4%
Ge72, 7.8% Ge73, 36.5% Ge74, and 7.8% Ge76. The isotopi-
cally enriched samples have 99.983% Si28, 0.014% Si29,
0.003% Si30, and 99.99% Ge70 and 0.01% Ge73.

Fig. 4 shows the lattice thermal conductivity of naturally
occurring �dashed curves� and isotopically enriched �solid
curves� Si and Ge compared with the corresponding experi-
mental values.36,37 The agreement between theory and ex-
periment is extremely good for both the naturally occurring
and isotopically enriched Si and Ge. As the temperature in-
creases, the calculations for the naturally occurring and iso-
topically pure samples converge because the U scattering
becomes stronger with increasing temperatures and conse-
quently drives the thermal conductivity. It is evident that the
isotope effect is larger in Ge than Si. This is a consequence
of the spread of isotopes in the naturally occurring Ge, which
gives a larger g2.

In our calculations, we have taken the lattice constant to
be given by its zero-temperature value. For higher tempera-
tures, thermal expansion causes the lattice constant to in-
crease. Thus, in principle, the lattice constant and corre-
sponding IFCs should be found by minimizing the
Helmholtz free energy at each temperature.38 We have inves-
tigated the effect of lattice constant changes by calculating
�L using IFCs determined using larger lattice constants rep-
resentative of the higher temperatures. We find for Si, Ge,
and diamond that �L is relatively insensitive to such changes.
For example, for diamond the room temperature value of �L
drops by only 1% when the lattice constant increases by
0.4% from its zero temperature calculated value of 6.675 to
6.70 Bohr. Such a percentage change in lattice constant
would correspond to a temperature change from 0 K to
around 1000 K.38

The g2 in diamond is considerably smaller than in either
Si or Ge, but its isotope effect is larger. This is a conse-
quence of the much weaker U scattering in diamond com-
pared to Si and Ge. Because of this, the phonon scattering
time, �
z, for isotopically pure diamond becomes very large

TABLE I. Mass variance parameters for isotopically enriched
and naturally occurring diamond, Si and Ge.

Naturally occurring Isotopically enriched

Diamond 7.54�10−5 4.86�10−6

Si 2.01�10−4 2.33�10−6

Ge 5.89�10−4 8.16�10−8
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FIG. 3. Lattice thermal conductivity of isotopically enriched and
naturally occurring diamond as a function of temperature. Measured
values �open triangles, squares, open diamonds, open circles, and
crosses� are compared with the results of ab initio calculations
�solid lines�.
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at low frequency as the behavior is governed by N scattering
processes. Introduction of isotopic impurities more strongly
suppresses the low-frequency �
z in diamond than in Si or
Ge. This behavior has been noted previously.34

That �L of diamond is significantly larger than for the
other group IV materials is due the strong bond stiffness and
light mass of carbon, which produce extremely high phonon
frequencies and acoustic velocities. These quantities enter
directly in the thermal conductivity integral, Eq. �14�, and so
contribute to increasing �L for diamond compared to other
materials. However, we have found that there is an inverse
relationship between the phonon frequency/acoustic velocity
scale and the phase space for phonon-phonon scattering. We
can define a dimensionless fraction, P3, that measures the
availability of actual energy- and momentum-conserving
three-phonon scattering processes governed by Eq. �6� rela-
tive to a hypothetical unrestricted space.33 The much higher
phonon-frequency scale in diamond results in a dramatic re-
duction in the phase space for phonon-phonon scattering. As
a result, there are far fewer resistive scattering processes to
limit �L. Table II lists the calculated maximum phonon fre-
quencies, �LO���, transverse �TA�, and longitudinal acoustic
�LA� velocities, vTA and vLA, along the �100� direction �the
experimental values appear in parentheses� and the three-
phonon phase space, P3, for Si, Ge and diamond. It is evident
that diamond has significantly higher �LO���, vTA, and vLA,
but a considerably lower P3 than both Si and Ge.

To further illustrate this point, the thermal conductivities
of two isotopically pure hypothetical materials, A and B are
investigated. For material A, the calculated diamond veloci-
ties and frequencies are combined with the scattering times,
�
z, for Si in calculating the thermal conductivity from Eq.
�14�. For material B, the opposite combination is used. In this
way, the importance of the frequency/velocity scale in the
one material is weighed against the phonon-phonon scatter-
ing phase space availability in the other. We find the calcu-
lated room-temperature thermal conductivities for materials
A and B to be 712 W/m-K and 1021 W/m-K, respectively.
These values lie squarely between those calculated for isoto-
pically pure Si �145 W/m-K� and diamond �2966 W/m-K�. It
is clear that the large phonon frequencies and acoustic ve-
locities in diamond cannot alone account for its significantly
larger thermal conductivity compared to Si. The reduction in
the phase space for phonon-phonon scattering also plays an
important role.

In most calculations of the lattice thermal conductivity,
optic phonons are not included. This is because optic
phonons have small group velocities, so there is little direct
contribution to �L from the integral over the three optic pho-
non branches. It is certainly the case that the heat-carrying
acoustic phonons account for the majority of the thermal
current. However, the optic phonons provide essential scat-
tering channels for the acoustic phonons.9,10,19 In order to
illustrate this, we have calculated the lattice thermal conduc-
tivities of isotopically enriched diamond and Si as a function
of temperature with all scattering processes between acoustic
and optic phonons removed. Figure 5 shows the results of
these calculations. The solid lines give results of the full
calculations for isotopically enriched diamond �Si� already
shown in Figs. 3 and 4. The experimental data for isotopi-
cally enriched diamond1–3 and Si36 are included for com-
pleteness. The dashed lines give the results with the acoustic-
optic scattering omitted. For Si, �L exhibits a large jump,
showing more than a threefold increase at room temperature.
For diamond, removal of the acoustic-optic scattering pro-
duces an even more striking increase with more than a six-
fold increase at room temperature. This occurs because the
phase space for three-phonon scattering in diamond is ex-
tremely small and around 80% of the energy and momentum
conserving processes that contribute to the total scattering
rates for the acoustic branches involve optic phonons. For
both materials, the gap between the two cases increases with
temperature. This behavior is a result of the fact that the
population of optic phonons increases with temperature
thereby enhancing the acoustic-optic phonon scattering rates.
It is interesting that as the temperature increases, the tem-
perature dependence of the diamond thermal conductivity
without acoustic-optic phonon scattering becomes weaker.
This reflects the fact that for this case, the isotopic impurity
scattering is an important scattering mechanism, and it has
no temperature dependence. In contrast, for Si, the thermal

TABLE II. Zone center frequencies, �LO���, transverse �TA�,
and longitudinal acoustic �LA� velocities, vTA and vLA and three-
phonon phase space, P3, for Si, Ge, and diamond.

�LO���
�THz�

vTA

�m/s�
vLA

�m/s�
P3

�10−2�

Si 15.49 5413 8216 0.3536

�15.5�39 �5843�40 �8420�40

Ge 8.92 3251 4844 0.5795

�9.02�41 �3542�42 �4914�42

Diamond 39.17 12567 17326 0.0796

�40.11�32 �12830�43 �17520�44
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FIG. 5. Isotopically enriched lattice thermal conductivity of dia-
mond and Si from the full calculations �solid lines� and for the case
where the acoustic-optic phonon-phonon scattering channels have
been omitted �dashed lines�. Measured values for isotopically en-
riched diamond and Si are also included.

WARD et al. PHYSICAL REVIEW B 80, 125203 �2009�

125203-6



conductivity is still dominated by three-phonon scattering
even when acoustic-optic scattering have been removed, and
this is reflected in the stronger temperature dependence of
the dashed curve for Si in Fig. 5.

We note that in Ref. 10, a much smaller increase of the
lattice thermal conductivity of diamond was found when the
acoustic-optic phonon scattering channels were removed.
There, only an increase by a factor of 1.2 �2� was obtained at
200 K �500 K�, considerably less that found in the present
work. One possible explanation of this is that in Ref. 10, a
short-ranged central potential model was used. The central
potential parameters fit to the diamond dispersions give
acoustic velocities that are considerably lower than the ex-
perimental values �see Fig. 1 of Ref. 10�. In such a case, the
energy conservation condition in Eq. �6� would cause the
phase space for three-phonon scattering to be weighted more
heavily by aaa scattering so that removal of the acoustic-
optic phonon scattering �aao and aoo� would have a weaker
effect. Our ab initio approach gives phonon dispersions that
are in excellent agreement with measured values �see Fig. 1�,
and from it, we find only about 20% of the three-phonon
scattering events to involve three acoustic phonons, as stated
above. The large increase in thermal conductivity displayed
in Fig. 5 when acoustic-optic phonon scattering is removed
is consistent with this result.

VI. SUMMARY AND CONCLUSIONS

We have calculated the lattice thermal conductivity of dia-
mond using an ab initio DFPT approach for the harmonic
and anharmonic IFCs combined with an exact solution of the
linearized phonon BTE. This approach has predictive capa-
bility since it introduced no adjustable parameters. We have
found very good agreement with the measured diamond ther-
mal conductivity over a wide temperature range for both iso-
topically enriched and naturally occurring diamond. Simi-
larly good agreement has been demonstrated for isotopically
enriched and naturally occurring Si and Ge. We have dem-
onstrated that the commonly used relaxation time approxi-
mation provides a poor representation of the actual solution

to the BTE for diamond because of the weak umklapp scat-
tering.

We have also highlighted the importance of including
scattering between acoustic and optic phonons in properly
representing the lattice thermal conductivity of materials.
The sensitivity of the thermal conductivity to acoustic-optic
phonon-phonon scattering has been the subject of a previous
experimental investigation of III-V materials.45 In that work,
it was demonstrated that III-V materials with larger energy
gaps between acoustic and optic phonon branches showed
higher scaled thermal conductivities. This result was attrib-
uted to the decreased scattering between acoustic and optic
phonons. It has also been suggested recently46 that the low-
lying optic phonon branch in PbTe could explain its anoma-
lously low-thermal conductivity. Here we provide quantita-
tive evidence for this effect. These results suggest that the
ability to tune the frequencies of the optic phonons would
provide a means to tailor the lattice thermal conductivity of
materials.

We note that first-principles studies of structural, vibra-
tional and thermodynamic properties of diamond have also
demonstrated excellent agreement with experiment.38,47 In
addition, recent ab initio studies of phonon linewidths in Si
and Ge,21 and phonon properties and transport in graphene,
graphite, and nanotubes48–51 have been performed. Such
studies along with the present work highlight the promise of
developing predictive first-principles based theories to de-
scribe a wide range of material properties.
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